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Abstract

Curved laminates are prone to delamination failure from applied bending moments that straighten out the laminate
and induce tensile stresses in the unreinforced radial direction. These non-classical through-thickness stresses are im-
portant even for thinner configurations and need to be accounted for in the design of lightweight composite structures,
preferably in a computationally efficient manner. Here, we investigate failure-inducing critical stresses for a number
of curved laminates using a higher-order beam model derived from the Hellinger-Reissner mixed variational principle,
which guarantees that the hoop, interlaminar shear and radial stresses are equilibrated. By solving the governing equa-
tions of the theory in the strong form using the pseudo-spectral differential quadrature method, the model is capable of
predicting accurate 3D stress fields in curved laminates, even in the vicinity of loacalised features such as supported
edges. The model is used alongside commonly used failure criteria to reproduce experimental failure initiation results
found in the literature, and the comparison suggests that failure mode, location and load are all predicted accurately.
Finally, failure maps that highlight the critical stress component for failure initiation are constructed. As the thickness
of the curved laminate increases, the critical stress component transitions from intralaminar hoop stress to interlaminar
shear or radial stress depending on the specific laminate configuration. These findings and failure maps collectively
provide insights into the mechanics of failure initiation that should also prove useful for design purposes.

Keywords: Curved laminates, higher-order modeling, interlaminar stresses, anisotropic materials, damage onset

1. Introduction

Due to their high specific strength and stiffness the
predominance of composite materials in primary load-
bearing aircraft structures is on the rise. In curved lam-
inates, such as T-shaped stringers on aircraft wings, in-
terlaminar stresses arise even for thin wall-thicknesses
when the curved geometry is straightened and these in-
terlaminar stresses are known drivers of delamination
onset [1, 2]. To account for delamination failure as early
as possible in the design process, analytical tools that
accurately predict the stress fields in a computationally
efficient manner are key [3, 4, 5].

To date, the investigation of failure initiation and cer-
tification of load-bearing aircraft structures requires de-
tailed experimental validation from the coupon to the
assembly level. Hence, examples of experimental stud-
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ies on failure initiation in curved laminates are plenti-
ful. Wimmer et al. [6] studied the failure initiation and
propagation in L-shaped laminates experimentally and
numerically. Hao et al. [7] conducted experiments to in-
vestigate delamination in different laminates. Michel et
al. [8] analyzed curved laminates in four-point bending
tests. Sun et al. [9] investigated failure loads and modes
in thick L-shaped laminates with different lay-ups. Al-
though, experimental studies are limited to specific ge-
ometries, boundary conditions and lay-ups, they are es-
sential in validating numerical models used throughout
the design process. In the present paper we use the ex-
perimental results of Sun et al. [9] as a reference to
compare our simulation results, with the ultimate goal
of predicting accurate failure loads, modes and locations
in curved laminates.

Most et al. [3] highlighted the importance of accu-
rately quantifying the stress distribution when analysing
debonding failure in thick curved laminates, and various
methods have been suggested in the literature to cal-
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culate stresses in curved laminates. Three-dimensional
(3D) finite element models are of course the most natu-
ral option, but their computational cost is prohibitive for
iterative design studies as many elements are required
through the thickness of each layer to obtain accurate
stress results [3]. Computationally more efficient mod-
els include closed-form solutions based on first-order
shear deformation theory [10, 11], but these models do
not account for higher-order terms and are therefore
less accurate for thicker laminates or when layerwise
anisotropy of the laminate increases [12]. Kress et al.
[13] suggested a model to analyze radial stresses in rel-
atively thick curved laminates, and this model was later
improved by Roos and Kress [14] to account for inter-
laminar shear stresses.

In a recent publication, the present authors developed
a higher-order beam model from the Hellinger-Reissner
mixed variational principle for stress analysis in curved
multilayered beams of arbitrary thickness [15]. The
model was validated using a high-fidelity 3D finite el-
ement model and the hoop stress, interlaminar shear
stress and radial stress were all predicted accurately
for different loading conditions and lay-ups. Further-
more, by solving the governing differential equations
in the strong form using the pseudo-spectral differen-
tial quadrature method [16], even localized stress fields
and boundary layers towards supported edges were cap-
tured. As this beam model is an equivalent single-layer
model, the computational expense is independent of the
number of layers and is therefore suited for computa-
tionally efficient analysis.

The objective of this paper is to use this mixed higher-
order beam model for the analysis of failure initiation
in curved multi-layered beams with the ultimate goal
of predicting accurate failure loads, failure locations
and failure modes. Furthermore, our aim is to pro-
vide physical insight into the critical stress component
that drives the failure initiation event and show how the
critical stress changes with varying laminate thickness
and boundary conditions. Section 2 provides a brief
overview of the higher-order beam model and the failure
criteria, such as the maximum stress, Tsai-Hill, inter-
laminar failure criteria and the failure index, which are
used to numerically predict the onset of damage. The
experimental benchmark [9] is explained in Section 3.1
and then compared with the higher-order beam model
in Section 3.2. Subsequently, failure maps are presented
showing the most critical stress component throughout
the cross-section of the curved laminate. Finally, Sec-
tions 4 and 5 parametrically study the influence of lam-
inate thickness and boundary condition on damage ini-
tiation.

2. Higher-order beam model for stress prediction

This section provides a brief overview of the mixed
variational higher-order beam model used throughout
this paper. The detailed derivation and verification of
the model can be found in [15].

The model considers a curved laminated beam ele-
ment with constant midplane radius of curvature R and
thickness t as shown in figure 1. This beam is referred
to in a two-dimensional cylindrical co-ordinate system
with co-ordinate r describing the radial direction and
co-ordinate ϕ describing the circumferential direction.

ϕ
r

z R tϕΑ ϕΒ

Figure 1: Definition of a curved beam element [15].

Figure 2 shows the loads acting on this curved beam,
namely prescribed shear and radial tractions T̂t and P̂t

on the top surface and T̂b and P̂b on the bottom surface,
which may vary with the angular co-ordinate ϕ. Addi-
tionally, the beam may be loaded by a hoop stress σϕ or
hoop displacement uϕ, and/or a transverse shear stress
σrϕ or transverse displacement ur at the two ends ϕA

and ϕB.
Figure 3 shows the numbering convention for the

composite layup with N layers. The positions of the
layers are numbered beginning with t0 at the bottom
(z = −t/2) and ending at the top with tN (z = t/2).
The kth layer is thus defined on the interval [tk−1, tk].
Throughout the rest of the paper the midplane of the
beam is assumed as the reference surface of the equiva-
lent single layer.

As a starting assumption, the hoop stressσϕ is formu-
lated as a series of higher-order stress resultants multi-
plied by Legendre polynomials,

σϕ = Q̄(k)εG
ϕ = Q̄(k) 1

z + R
fT (z)sF = Q̄(k) 1

r
fT (r − R)sF

(1)
where Q̄(k) is the reduced stiffness matrix based on ei-
ther a plane-strain or plane-stress assumption in the ra-
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Figure 2: Loads on the beam element [15].
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Figure 3: Layerwise notation [15].

dial direction, f is an array of Legendre polynomials,
and F is an array of stress resultants. In this sense, the
number of Legendre polynomials in f determines the fi-
delity of the model, and the higher the modeling order,
the greater the number of higher-order effects that can
be accounted for. Model assumptions for the through-
thickness shear and normal stresses are derived by in-
tegrating the hoop stress of Eq. (1) in Cauchy’s po-
lar equilibrium equations in the absence of body forces
[17]. Namely,

σrϕ,r +
1
r

(
2σrϕ + σϕ,ϕ

)
= 0 (2)

and
σr,r +

1
r

(
σr − σϕ + σrϕ,ϕ

)
= 0. (3)

As a result, the hoop stress and transverse stress fields
are based on the same set of variables, considerably re-
ducing the computational effort. These stress assump-
tions are used within the principle of minimum comple-
mentary energy to derive a set of 2D stress-displacement
relations. To guarantee interlaminar continuity of the
transverse stresses, the equivalent single-layer form of
Cauchy’s equilibrium equations [15], namely(

1 + t
2R

) (
R + t

2

)
T̂t −

(
1 − t

2R

) (
R − t

2

)
T̂b

+ 1
R Mϕ,ϕ + Nϕ,ϕ = 0

(4)

and (
t
2 + R

)
P̂t −

(
− t

2 + R
)

P̂b − Nϕ

+ 1
R

[
t
2

{(
R + t

2

)
T̂t,ϕ +

(
R − t

2

)
T̂b,ϕ

}
+ Mϕ,ϕϕ

]
= 0

(5)
need to be enforced in the minimisation of the com-
plementary energy. These two equations are enforced
via two Lagrange multipliers, which correspond to dis-
placements in the radial and hoop direction, respec-
tively, such that a Hellinger-Reissner-type functional is
obtained. To obtain the governing equations and bound-
ary conditions of the system, the first variation of the
potential energy functional Π:

Π(λ,F ) = Πr(F )+Πϕ(F )+Πrϕ(F )+ΠΓ(F )+Πλ(λ,F )
(6)

must vanish. Hence,

δΠ = 0 (7)

where Πr, Πϕ and Πrϕ denote the complementary strain
energies of the stress terms in the r-, ϕ- and rϕ-
directions, respectively, ΠΓ represents the potential en-
ergy due to the loads acting on boundary Γ = (z × ϕA)∪
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(z × ϕB), and Πλ is the Lagrange multiplier potential
associated with the equivalent single-layer equilibrium
equations.

The resulting governing equations are of the form of
an ordinary second order differential equation, which
can be solved with little numerical effort. To solve
the governing equations and the related boundary con-
ditions in their strong form the differential quadrature
method (DQM) is used. It has been previously shown
that DQM is an efficient strategy for solving the stretch-
ing and bending problems [18, 19] of composite lam-
inates. In the present work the Lagrangian polynomial
weighting matrix based on the non-uniform Chebychev-
Gauss-Lobatto grid is used [16] which provides excel-
lent numerical convergence and stability properties. By
replacing all the derivatives with the differential quadra-
ture weighting matrix, the differential equations are
transformed into a system of linear algebraic equations
corresponding to the grid points within the Chebychev-
Gauss-Lobatto grid.

2.1. Failure criteria

The stress results of the higher-order beam model
are used to evaluate different failure criteria which are
then compared to experimental data in the literature. A
number of different failure criteria are presented herein,
but in all cases the computed stresses are compared to
known material strengths and damage is assumed to ini-
tiate when the criterion exceeds the value of unity.

The quadratic failure index F which includes the
quadratic terms of all three stress components can be
defined based on a general strength tensor theory pro-
posed by Goldenblat and Kopnov [20]:

F =

(
σϕ

XT

)2

+

(
σr

YT

)2

+

(σrϕ

S

)2
(8)

where XT is the material tensile strength in the hoop di-
rection, YT is the tensile strength in the radial direction
and S is the shear strength. The failure index can be
used to indicate the location where the three stress com-
ponents combine in the most deleterious way. However,
the quadratic failure criterion does not provide informa-
tion about which specific stress component is the most
critical.

Another common failure criterion is based on find-
ing the worst stress component. Hereby, the mate-
rial strengths are individually compared to the acting
stresses, and if a particular material strength is exceeded
then failure is expected to occur. So failure occurs

when,
σϕ ≥ Xt or

σr ≥ Yt or

σrϕ ≥ S .

(9)

Note that compared to the quadratic failure criterion, the
maximum stress criterion is non-interactive as the ef-
fects of a combined stress state are ignored.

The quadratic failure criterion can be modified along
the lines of the maximum stress criterion to provide in-
formation about the dominant stress component within
the structure. This information is useful as it facilitates
plotting of failure maps that show the most critical stress
component in each location of the beam cross section.
In all failure maps plotted herein, a colour code is im-
plemented to indicate the critical stress component.

Hence, if the hoop stress is the critical stress compo-
nent then the following condition(

σϕ

XT

)2

≥ max

(σr

YT

)2

,
(σrϕ

S

)2
 (10)

is fulfilled and the location within structure is shaded
blue.

If the radial stress is critical then the condition(
σr

YT

)2

≥ max

(σϕXT

)2

,
(σrϕ

S

)2
 (11)

must be fulfilled and the location is marked in red.
Finally, if the shear stress is critical the condition

(σrϕ

S

)2
≥ max

(σr

YT

)2

,

(
σϕ

XT

)2 (12)

must be fulfilled and the location is marked in green.
For comparison purposes, the popular Tsai-Hill fail-

ure criterion [21, 22]

FT H =

(
σϕ

XT

)2

+

(σrϕ

S

)2
(13)

which does not consider the radial stress component, is
also used.

Further, we use the interlaminar failure criterion pro-
posed by Chang and Springer which is only valid at
layer interfaces and does not include the hoop stress [23]

FC =

(
σr

YT

)2

+

(σrϕ

S

)2
. (14)
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3. Experimental validation of damage onset in a
curved laminate

The higher-order beam model and failure criteria in-
troduced in Section 2 are used to predict the onset of in-
plane and debonding failure in curved laminates, and to
provide physical insight into the dominant stress com-
ponents that drive the failure event. To do this, a sample
configuration from an experimental test found in the lit-
erature [9] is taken as a benchmark.

3.1. Experimental example for comparison

The experimental study by Sun et al. [9] investigates
L-shaped laminates, with a curved portion connecting
two straight sections. As failure occured in the curved
sections of these L-shaped laminates the results are a
suitable benchmark to compare with the higher-order
beam model. The load case is modeled as a singly
curved laminate with constant curvature and an open-
ing angle of 90◦ subject to a shear force and a bending
moment at one of its ends.

Sun et al. [9] tested L-shaped specimens with three
different lay-ups and thicknesses. The first two lay-ups
are taken as a reference for the present simulation, as the
first lay-up exhibited failure by in-plane matrix cracking
and the second lay-up failed via delamination. Figure
4 shows a microscopic photograph of the initial matrix
cracks in the first sample configuration. Figure 5 shows
a microscopic photograph of the delamination failure
along 0◦/90◦ interfaces in the second sample configu-
ration. These two lay-ups comprise a graphite/epoxy
prepreg system with mechanical properties listed in ta-
ble 1, material strengths listed in table 2, and stacking
sequences given in table 3.

Table 1: Material properties in [Msi] (GPa) and [inch] (mm) [9], the
original research paper used imperial units which are converted to SI
units in parentheses.

Material E1 E2 G12

Graphite 20 (137.9) 1.45 (10) 0.76 (5.2)
ν12 Thickness
0.3 0.005 (0.127)

Table 2: Material strength in [ksi] (MPa)[9].

Material X Y S
Graphite 310 (2137.4) 8.20 (56.54) 18 (124.1)

Figure 6 shows the experimental set-up used in [9]
and the corresponding transformation to the boundary

Table 3: Stacking sequences [9].

Lay-up Stacking sequence Number of plies
1 [90, 03, 902, 03, 90]s 20
2 [903, 0, 903, 0, 90, 0]s 20

Figure 4: Microscope photograph of lay-up 1 specimen showing ini-
tial radial cracks, taken from [9].
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Figure 5: Microscope photograph of lay-up 2 specimen showing de-
lamination along 0◦/90◦ interfaces, taken from [24].

conditions used in the present simulation. The experi-
mental sample is clamped at one leg and a perpendicu-
lar force is applied to the other leg. Hence, the curved
part of the laminate is loaded via a bending moment that
equals the applied force times the lever arm b. As the
exact length of the lever arm is uncertain, it is assumed
herein that the lever arm is equal to the length of the leg,
i.e. 2.72 inch. In the actual experimental setup shown
in Figure 6 the uncertainty in the lever arm length is de-
noted by a small unknown distance ∆b.

Sun et al. also conducted a finite element analysis us-
ing a plane-strain FE model with four-node quadrilateral
elements and three elements per ply. Their analysis was
conducted with a load of 100 lb/in (which does not cor-
respond to the experimental failure load) with the goal
of qualitatively explaining the observed failures.

3.2. Numerical failure investigation

Figure 6 shows the loading of the L-shaped samples
that were tested in the experiments by Sun et al. In the
present simulation only the curved part of the laminate
is considered. In the numerical simulation the experi-
mental loading is reproduced by translating the vertical
force F acting at the end of the horizontal leg to the end
of the curved section. Hence, one end of the curved sec-
tion is loaded by a vertical shear force Q = F and a

F

b

M=F(b+∆b)

N

Q

∆b

Figure 6: Experimental set-up as reported in [9] and the transforma-
tion to the boundary condition applied only to the curved element.

bending moment M = F(b + ∆b) where ∆b denotes the
uncertainty in the lever arm in the experimental set-up,
see also Figure 6. Additionally, at the constrained end
of the curved beam, ϕA, the vertically applied force F is
reacted by a normal force N and a bending moment M.

To replicate the experiments tests conducted by Sun
et al. [9], one end, ϕA, is clamped and a bending mo-
ment M̂ and a shear force Q̂ are applied on the other
end, ϕB, of a curved beam with inner radius 0.18 inch,
opening angle ψ0 = π/2 and an overall thickness of 0.1
inch as shown in figure 7.

ϕ
r

z ψ0

M
^

Q
^

Figure 7: Definition of the boundary conditions.

To validate the stress results of the Hellinger-Reissner
beam model we conducted a finite element analysis of
the entire L-shaped sample including the two protrud-
ing legs. As is the case in the experiments, the sample
was clamped at the end of the vertical leg and a verti-
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cal force was applied at the end of the horizontal leg.
The model was implemented as a plane strain model in
ANSYS classic 14.5 using an 8-node PLANE183 ele-
ment with 4 elements per layer and hence 80 elements
through the thickness, 100 elements in the hoop direc-
tion, and 400 elements along the in-plane direction of
each leg.

Lay-up 1
In the experimental study an average initial failure

load of 33 [lb/in] was found for lay-up 1. Therefore,
the moment applied in the higher-order beam model is
set equal to the failure load times the lever arm of 2.72
inch, i.e. ∆b = 0 inch. With this approach a quantitative
comparison with the experiments is also possible: if the
failure criterion is equal to unity, then the experimental
and numerical failure load match identically.

Figure 8 shows the stress distribution in the curved
laminate for lay-up 1 calculated with the Hellinger-
Reissner model. The solution converges for model-
ing order three, i.e. including up to a third-order Leg-
endre polynomial, and nine Chebychev-Gauss-Lobatto
grid points. As expected the highest hoop stress is ob-
served in the layers with the fibers aligned in the hoop
direction. Due to the relatively large thickness of the
beam, significant radial stresses develop and these in-
fluence the failure behavior. The stress distribution ob-
tained with the Hellinger-Reissner model qualitatively
correlates with the FEM results reported in [9]. Figure
9 shows the comparison between the FE results obtained
by Sun et al., the Hellinger-Reissner beam model, and
the ANSYS FE model results, where a denotes the inner
radius of the curved laminate. The Hellinger-Reissner
model and the ANSYS FE model match very well and the
curves are in fact graphically indistinguishable. How-
ever, the results obtained from these two models are
about 6% smaller for the hoop stress and 8% smaller
for the radial stress when compared to Sun et al.’s orig-
inal FE model. In the beginning of this section we de-
scribed an underlying uncertainty in the exact length of
the lever arm, and this may in fact explain the discrep-
ancy between our results and the results reported by Sun
et al.

Figure 10 shows the maximum stress failure criterion
for the three stress components. The highest values are
observed in the 0◦ layers with the smallest radius of cur-
vature. The maximum stress criterion predicts in-plane
matrix failure in these layers which agrees with the ex-
periments conducted by Sun et al. [9]. The largest hoop
stress to strength ratio is 1.09 in the simulation, hence it
agrees well with the initial failure load measured in the
experiments. Furthermore, the maximum radial stress

-1

0

1

0

2000

4000

6000

0

200

400

10 5σϕ
*

σr

σrϕ

[psi]

[psi]

[psi]

Figure 8: Stress distribution of σϕ, σrϕ, and σr for n = 3 (order of
through-thickness Legendre polynomial) and lay-up 1.

FEM model Sun et. al

HR model 

FEM model

Figure 9: Comparison of stress distribution of σϕ and σr in lay-up 1
obtained with the FEM model by Sun et al. [9], the Hellinger-Reissner
model for n = 3, and our FEM model at ϕ = 25◦.
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to strength ratio reaches a maximum of 0.79 which sug-
gests that this stress component may also be an impor-
tant driver in damage initiation. However, the greatest
radial stress occurs in the middle of the beam and hence
in a different location than the maximum hoop stress.
Finally, for lay-up 1 the effect of the transverse shear
stress is negligible.

Max. stress in ϕ-direction

0.2

0.6

1

Max. stress in r -direction

0

0.5

Max. stress in rϕ-direction

0

0.01

0.02

[-]

[-]

[-]

Figure 10: Max. stress yield criterion for hoop, shear, and radial stress
for lay-up 1.

Figure 11 shows the Tsai-Hill, interlaminar failure
criterion and failure index. The Tsai-Hill criterion pre-
dicts almost the same failure load (max. value 1.19)
and location as found in the experiments and also cor-
roborates the findings for the maximum stress criterion.
The interlaminar failure criterion shows maximum val-
ues of around 0.64 which is therefore not close to induc-
ing failure initiation. Finally, the failure index, which
accounts for intra- and interlaminar components simul-
taneously, also indicates that failure initiates in the 0◦

layer with the smallest radius of curvature although at
a load slightly lower than observed experimentally (the
failure criterion is significantly greater than unity).

Figure 12 shows the failure map for lay-up 1 and sug-
gests that the hoop stress is critical for the outer layers,
whereas the radial stress is critical for the inner layers.
This was also observed in the experiments where in-
plane matrix failure was reported as the initial failure

T sai-H ill failure criterion F T H

0.2

0.6

1

I nterlaminar failure criterion F C

0

0.5

Failure index F

0.2

0.6

1

[-]

[-]

[-]

Figure 11: Tsai-Hill failure criterion, interlaminar failure criterion and
failure index for lay-up 1.

event, followed by debonding in the middle of the beam
as loading continued.

Failure map

σϕ is critical

σrϕ is critical

σr is critical

Figure 12: Failure map for lay-up 1.

Lay-up 2
For lay-up 2 the experimentally found initial failure

load was 44 [lb/in] and a corresponding moment was
applied in the higher-order beam model. Figure 13
shows the stress distribution in the curved laminate for
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lay-up 2 using a modeling order of three (third-order
Legendre polynomial), and nine grid points along the
arc-length of the beam. The greatest hoop stress again
occurs in the layers with fibers oriented in the hoop di-
rection. In this case, significant radial stresses are ob-
served in the middle of the laminate, whereas the trans-
verse shear stresses are more than one order of magni-
tude smaller and hence do not influence the failure be-
havior.

-5
0
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10

0

4000

8000

0

200

400

600

104σϕ
*

σr

ϕσr
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Figure 13: Stress distribution of σϕ, σrϕ, and σr for n = 3 and lay-up
2.

Figure 14 shows the comparison of the stress distribu-
tion calculated by the FEM model of Sun et al. [9], the
ANSYS FEM results and the Hellinger-Reissner model
obtained with a load of 100lb/in. As for the first lay-
up, while the results correlate very well qualitatively,
the stresses for the Hellinger-Reissner and ANSYS FE
model are around 9% smaller for the hoop stress and
12% smaller for the radial stress for ∆b = 0 inch. As
for the previous lay-up a very good match between the
Hellinger-Reissner and our ANSYS FEM model is ob-
tained.

The maximum stress failure criterion in Figure 15
shows that the radial stress is the dominant factor in the
failure initiation with the radial stress to strength ratio
reaching a maximum value of 1.025. Compared to lay-

FEM model Sun et. al

HR model 

FEM model

Figure 14: Comparison of stress distribution of σϕ and σr in lay-up 2
obtained with the FEM model by Sun et al. [9], the Hellinger-Reissner
model for n = 3, and our FEM model at ϕ = 25◦.

up 1 the hoop stress to strength ratio is much smaller at
0.55. This again correlates well with the experimental
findings by Sun et al. who found delamination to be the
first failure in their experiments. Sun et al. found delam-
ination between the 0◦/90◦ interfaces (see Fig. 5) which
is also indicated by the maximum stress criterion in the
radial direction of Figure 15. The load at which failure
initiates is well correlated because the model predicts a
failure criterion of almost unity.

Figure 16 shows the Tsai-Hill, interlaminar failure
criteria and failure index for lay-up 2. For this lay-
up the Tsai-Hill criterion is much smaller than unity,
whereas the interlaminar failure criterion shows values
up to 1.05. Hence the higher-order beam model strongly
suggests that delamination is the mode of failure as is in-
deed reported in [9]. Finally, the failure index which in-
corporates all three stress components predicts the same
failure mode and location as the interlaminar failure cri-
terion, namely interlaminar failure along the 0◦/90◦ in-
terfaces. This corresponds to the failure location and
mode that Sun et al. found (see Figure 5).

Figure 17 shows the failure map for lay-up 2. It in-
dicates that the radial stress is most critical throughout
almost the entire cross-section.

The comparison of experimental results by Sun et
al. [9] and the numerical predictions of the Hellinger-
Reissner model correlate closely for both investigated
lay-ups. When the simulation is run with an applied
load corresponding to the experimental failure load, the
interactive failure criteria produce values close to unity.
The use of intra- and interlaminar failure criteria means
that the correct failure location and mode can be pre-
dicted. In this respect, the accurate stress results of
the higher-order beam model are key in accurately pre-
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Figure 15: Max. stress yield criterion for hoop, shear, and radial stress
for lay-up 2.
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Figure 16: Tsai-Hill failure criterion, interlaminar failure criterion and
failure index for lay-up 2.
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Figure 17: Failure map for lay-up 2.

dicting damage onset. Some remaining differences be-
tween the experimental and numerical results can be ex-
plained by uncertainties or variations in the stiffness and
strength properties of the material, possible hoopwise
thickness variations in the samples due to fabrication
uncertainties, small deformations in the legs of the sam-
ples, as well as uncertainties in the clamping and the
lever arm ∆b which can never fully be avoided in ex-
perimental testing. Similar results are of course readily
computable from a finite element model, but the com-
putational effort using the higher-order beam model is
significantly reduced as it is based on an equivalent sin-
gle layer approach. As the model only requires a few
seconds to run it is ideally suited as an analytical tool
for iterative design studies in industry.

4. Influence of laminate thickness on the critical
stress component

In this section the influence of laminate thickness on
the critical stress component is investigated for a uni-
form lay-up with all fibers aligned along the hoop direc-
tion. In comparison to the simulations done already, we
consider pure bending boundary conditions as shown in
figure 18. The stress response for ten different thick-
nesses is computed while keeping the radius and loading
constant. The thickness of the laminate is varied by in-
creasing the number of layers in the laminate from two
to 20 in two-layer increments. For each configuration
i the squared stress to strength ratio of the three stress
components is calculated over the beam domain(σr

YT

)2

,

(
σϕ

XT

)2

,
(σrϕ

S

)2


i

∣∣∣∣∣∣∣
ϕ=ϕB,r=R+ t

2

ϕ=ϕA,r=R− t
2

. (15)
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Next, the maximum value of each squared stress to
strength ratio is identified and plotted against the R/t ra-
tio. The squared stress to strength ratios are normalized
such that the highest value is unity.

ϕ
r

z ψ0

M
^ M

^

Figure 18: Definition of the pure bending boundary conditions.

Figure 19 shows that for very thin beams, which have
a large R/t ratio, the hoop stress is the dominant stress
field and this leads to in-plane failure. As thickness
increases, the interlaminar stresses, in this case partic-
ularly the radial stress, increase in magnitude and be-
come the dominant driver for failure initiation. Hence,
the failure mode transitions from in-plane failure to de-
lamination failure. The same phenomenon is illustrated
in figures 20 and 21 where the failure criteria are plot-
ted over the domain of the second thinnest beam and the
thickest beam, respectively.
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Figure 19: Failure analysis investigating the critical stress component
for different laminate thickness.

T sai-H ill failure criterion F T H

20
40
60
80

I nterlaminar failure criterion F C

0

50

Failure index F

20
40
60
80

[-]

[-]

[-]

Figure 20: Failure criteria for the second thinnest beam.
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Figure 21: Failure criteria for the thickest beam.
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5. Influence of clamping on critical stress compo-
nent

The previous sections analysed laminates where the
rotations for at least one of the ends, ϕA or ϕB, is not
restricted. In these cases the critical interlaminar com-
ponent is the radial stress. In this section we investi-
gate a curved beam where the rotation at both ends is
restricted. Therefore that the boundary conditions are
modified as shown in figure 22. At ϕA movement of the
beam is completely prevented whereas at ϕB a displace-
ment wdisp is enforced. The curved laminate comprises
10 layers through the thickness, each with the fiber di-
rection aligned in the hoop direction.

ϕ
r

z
wdisp

Figure 22: Clamped boundary conditions.

Figure 23 shows that in most parts of the cross-
section the interlaminar shear stress is the critical stress
component. Hence, for curved beams clamped at both
ends the interlaminar shear stress drives debonding fail-
ure, whereas for curved beams that allow more bending
rotation, the radial stress is dominant.

3: <r is cr

Failure map

σϕ is critical

σrϕ is critical

σr is critical

Figure 23: Failure map for clamped laminate.

Figure 24 shows the influence of beam thickness on

the stresses in the fully clamped beam. The thickness is
again increased by modeling beams with two to twenty
layers in two-layer increments. The normalized squared
stress to strength ratio is plotted for each stress com-
ponent. For very thin beams the hoop stress is again
critical for damage onset. As the number of layers in-
creases, the transverse shear stress becomes the critical
stress field and this leads to delamination cracks rather
than in-plane failure.
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Figure 24: Failure analysis investigating the critical stress component
for different R/t-ratios and clamped ends.

6. Conclusions

Damage onset in curved laminated beams can ac-
curately be predicted using an equivalent single-layer
model derived from the Hellinger-Reissner mixed varia-
tional statement. The stresses predicted with this model
are used to calculate in-plane and interlaminar failure
criteria and the results are compared with two different
experimental tests found in the literature. The results
show very good agreement between the experimental
and numerical data for the damage inititation load as
well as the failure mode and location. Due to the ac-
curate three-dimensional stress fields provided by the
higher-order beam model, both in-plane matrix failure
and delamination initiation are predicted correctly.

The present study also highlights the importance of
accurately modeling through-thickness stresses as these
stresses play a key role in the failure initiation of thicker
curved laminates. A parametric study showed that for
very thin laminates the hoop stress is the critical stress
component and causes in-plane failure initiation. How-
ever, as the thickness increases, interlaminar stresses be-
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come more important and initiate delamination cracks.
An extension of the study was conducted where curved
laminates with two clamped ends were modeled. This
study showed that for this loading condition the inter-
laminar shear stress is the critical interlaminar stress
component, whereas for curved beams with at least one
non-clamped end the radial stress is critical.

In conclusion, the presented Hellinger-Reissner
model can be used alongside commonly used failure cri-
teria to predict the onset of damage in curved laminates
under applied bending moments. The model is espe-
cially attractive as it is based on an equivalent single-
layer premise and therefore remains computationally ef-
ficient even for large number of layers.
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