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Abstract 

Fractals provide an extreme test of representing fine detail in terms of 

band-limited functions, i.e. by superoscillations. We show that this is 

possible, using the example of the Weierstrass nondifferentiable fractal. If 

this is truncated at an arbitrarily fine scale, it can be expressed to any 

desired accuracy with a simple superoscillatory function. In illustrative 

simulations, fractals truncated with fastest frequency 216 are easily 

represented by superoscillations with fastest Fourier frequency 1.  
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1. Introduction 

Two mathematical-physics concepts that have been extensively studied in 

recent decades are fractals and superoscillations. Our purpose here is to 

show how they can be connected.  

Fractals [1-3] are geometric structures with a hierarchy of scales 

extending infinitely small: they contain exact or statistically similar 

copies of themselves, and can be described by a noninteger dimension D; 

for fractal curves in the plane (e.g. graphs of functions), 1<D<2. Fractals 

have been applied to scale-invariant phenomena in many areas, including 

geophysics, biological branching (blood vessels, lungs, trees...), critical 

states in statistical mechanics, the border of chaos in dynamical systems, 

and signal and image processing.  Superoscillations [4-8] are variations 

faster than the fastest Fourier components of band-limited functions. 

They have been applied to quantum weak measurements [9-11], speckle 

[12, 13], superresolution microscopy [14-20], radar superdirectivity [21, 

22], and optical vortices [23, 24]. 

It is known that superoscillations can be adapted to represent not 

only trigonometric oscillations but also small features of aribtrary shape 

(for example narrow antenna radiation patterns [22] and narrow 

Gaussians [25, 26]). But a particularly challenging application is to use 

superoscillations to approximate fractals: describing functions with 

infinitely fine scales by functions that are band-limited. To demonstrate 

that this is possible, we employ an example, namely the celebrated 

Weierstrass fractal [1, 2]: a function that is continuous everywhere but 

differentiable nowhere. 
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2. Theory 

The Weierstrass fractal [1] can be conveniently written as 

W x,D,γ( ) = cos γ nx( )
γ n 2−D( ) γ >1, 1< D < 2( )

n=0

∞

∑ ,
  

           (1) 

in which γ is a multiplicative scaling factor describing levels of the 

hierarchy, and D is the fractal dimension of the graph of W; for this 

function, the different definitions of fractal dimension [1] (for example 

Haussdorff-Besicovitch, Minkowski, and potential) coincide. If γ is 

integer, W(x,D,γ) is periodic with period 2π. A slight modification, in 

which the sum is extended to negative integers n, and random phases are 

included in the sum, gives the Weierstrass-Mandelbrot function [3], 

which has no largest scale as well as no smallest scale, and enables the 

description of functions with statistical self-similarity; for present 

purposes, it is sufficient to consider simply W, defined by (1).  For the 

reason why D is the fractal dimension, see [3, 27]. 

 Truncating the sum in (1) at n=nmax represents W down to scales 

Δx = γ −nmax . Figure 1 shows W over several intervals –X<x<X, illustrating  

how it scales under magnification. 
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Figure 1. The Weierstrass nondifferentiable function W(x) (equation 1) for fractal 
dimension D=3/2 and scaling factor γ=2, showing successive magnifications over 
intervals –X≤x≤X, where (a) X=π, (b) X=0.1π, (c) X=0.01π, (d) X=0.001π, The sum in 
(1) is truncated at n=20, sufficient to show all scales that can be resolved visually 

 For our band-limited approximation to W, we will write the fast-

varying factors cos γ nx( )  in (1)  in terms of the following well known 

superoscillatory function [9, 15]: 

S x,a,N( ) = Re cos x
N

+ iasin x
N

⎛
⎝⎜

⎞
⎠⎟
N⎡

⎣
⎢

⎤

⎦
⎥

= cos2 x
N

+ a2 sin2 x
N

⎛
⎝⎜

⎞
⎠⎟
N /2

cos N tan−1 a tan x
N

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

               a >1,N  even integer >>1( ).

       (2) 

This is periodic with period Nπ. It is band-limited because it can be 

written as a Fourier series with fastest component cosx: 

figure 1
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S x,a,N( ) = Cn cos 2nx
N

⎛
⎝⎜

⎞
⎠⎟n=0

N /2

∑ ,  where

Cn =
N! −1( )1

2N+n a2 −1( )1
2N−n

a +1( )2n + a −1( )2n( )
2N 1

2 N + n( )! 1
2 N − n( )! 1− 1

2δ n,0( ).
        

(3) 

The superoscillatory behaviour of S for small x is exhibited by the 

expansion 

S x,a,N( ) = cos ax +O x3( )( )exp x2

2N
a2 −1( ) +O x4( )⎛

⎝⎜
⎞
⎠⎟

.  (4) 

This shows that the parameter a describes the degree of superoscillatory 

compression: a times faster than the fastest Fourier component cosx. The 

parameter N controls the extent of the region where superoscillation 

occurs, outside which S increases antigaussianly. The superoscillatory 

behaviour and antigaussian increase are illustrated in figure 2. Explicitly, 

if we want to approximate S by cos(ax) over the interval |x|<X, we must 

choose N sufficiently large: 

S x,a,N( ) ≈ cos ax( )  if x < X& N >> Nmin X,a( ) ,   (5) 

where 

Nmin X,a( ) = X 2 a2 −1( )⎡⎢ ⎤⎥        (6) 

( ...⎡⎢ ⎤⎥  denotes the (nearest integer above ...).  
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Figure 2. The superoscillatory function S(x) (equation 2) for a=4, N=20. (a) full 
curve: log|S(x)|; dashed curve: fastest Fourier component cosx, over a period –
10π≤x<10π; (b) full curve: S(x); dashed curve: antigaussian approximation (4), over 
the interval–3≤x<3; the approximation cos(4x) is accurate over the interval                  
-1.2≤x<1.2, consistent with (6), which gives Nmin(1.2, 4)=22. 

 Now we can write the band-limited approximation of the 

Weierstrass fractal (1) over the interval –X<x<X, by replacing the fast-

oscillating factors cos(γnx) by their superoscillatory counterparts S, with a 

replaced by γ n . To suppress the antigaussian increase of S, we choose 

N=KNmin where K>>1. Thus, denoting the approximation by WS, we get 

our main result: 

WS x,D,γ ;X,K( ) =
S x,γ n ,KNmin X,γ n( )( )

γ n 2−D( )
n=0

∞

∑  .   (7) 

We expect the accuracy to increase with K; however, figure 3a, 

which should be compared with figure 1a,  illustrates that even with K=1 
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the band-limited function WS can reproduce the fractal fine structure of 

the Weierstrass function.  In figure 3a we have truncated the sum in (7) at 

n=16, so detail is reproduced down to the scale 2-16. Therefore the 

Weierstass function (1), with fastest Fourier component cos(216x), is 

reproduced with a band-limited function whose fastest fourier component 

is cosx (also shown in figure 3a). The value of the parameter N 

corresponding to this truncation is Nmin=232-1=4294967295. 

 
Figure 3. (a) The superoscillatory fractal function WS(x) (equation 7) for fractal 
dimension D=3/2 and scaling factor γ=2, over the interval –X≤x≤X with X=π and 
antigaussian suppression factor K=1, with the sum truncated at n=16. Also shown is 
the fastest Fourier component cosx in WS. (b) As (a) but showing the error W(x)-
WS(x) in the approximation, for the indicated values of K and the smaller interval 
0≤x≤0.01π. 
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On casual visual inspection, the approximate figure 3a agrees with 

figure the exact figure 1a,  but more careful examination indicates 

discrepancies increasing near the boundaries x=X=1. The approximation 

improves with increasing K; to illustrate this, we show (figure 3b) the 

error W(x)-WS(x) for K=1, 2 and 5, over the more discriminating interval 

0≤x≤0.01π. 

The appproximation WS is not periodic, because the period πN of 

the component superoscillatory functions depends on n; if the fractal sum 

is truncated at n, the period is πX 2 γ 2n −1( )  – far larger than the range X 

being approximated.  

As always superoscillations come at a cost.  WS rises to enormous 

values outside the approximated range. From (2), (6) and (7), the 

maximum value of |S| is 

Smax = aN = γ NK X2γ 2n−1( )  .       (8) 

For the parameters in figure 3a, Smax ≈102.0×10
11

 . Associated with these 

large values is extreme sensitivity to noise [28]. 

 

3. Concluding remarks 

The connection with fractals that we have explored here is perhaps the 

most stringent test of the ability of superoscillations to mimic fast-

varying functions. Using the particular example of the Weierstrass 

function (1) and the simple canonical superoscillatory function (2), we 

have successfully demonstrated extreme frequency compression (e,g, 216 

represented with fastest Fourier frequency 1 in figure 3). 
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It is obvious that the idea is more general. Other fractals could be 

represented band-limitedly; this is straightfoward for fractals that are 

expressed as Fourier series, and a wider class of fractal patterns could be 

represented using superoscillatory functions of more than one variable 

[13, 29]. Examples of such patterns are optical waves in the Talbot effect 

from gratings with sharp edged rulings [30], and quantum waves evolving 

in enclosures from initial states with discontinuities [31, 32]. And 

although we have employed the superoscillatory function (2), the analysis 

could equally have been carried out with other elementary 

superoscillations (see e.g. [25]). Our analysis also suggests the possibility 

of further compression of images that have already been made smaller by 

fractal compression [33-36]. In practice, extreme compression might be 

compromised by noise, as already mentioned, because of the very large 

Fourier coefficients whose almost-complete cancellation is responsible 

for superoscillations [28]. We have not explored the intriguing possibility 

of using superoscillations to represent multifractals [37, 38], in which 

there is a spectrum of scaling exponents. 

We have discussed the function WS as an approximation to the 

fractal W. In the limit K →∞  in (7), WS would be a formally exact 

representation of W. The limit is very singular, because of the enormous 

increase of S outside the interval where it superoscillates, especially for 

the very large values N>>Nmin that are relevant here. The precise 

mathematical sense in which WS represents W in the limit K →∞  would 

be an interesting project, extending existing rigorous studies [5, 39] of 

related singular limits involving superoscillations. 
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Figure captions 

Figure 1. The Weierstrass nondifferentiable function W(x) (equation 1) 

for fractal dimension D=3/2 and scaling factor γ=2, showing successive 

magnifications over intervals –X≤x≤X, where (a) X=π, (b) X=0.1π, (c) 

X=0.01π, (d) X=0.001π, The sum in (1) is truncated at n=20, sufficient to 

show all scales that can be resolved visually   

Figure 2. The superoscillatory function S(x) (equation 2) for a=4, N=20. 

(a) full curve: log|S(x)|; dashed curve: fastest Fourier component cosx, 

over a period –10π≤x<10π; (b) full curve: S(x); dashed curve: 
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antigaussian approximation (4), over the interval–3≤x<3; the 

approximation cos(4x) is accurate over the interval –1.2≤x<1.2, consistent 

with (6), which gives Nmin(1.2, 4)=22.. 

Figure 3. (a) The superoscillatory fractal function WS(x) (equation 7) for 

fractal dimension D=3/2 and scaling factor γ=2, over the interval –X≤x≤X 

with X=π and antigaussian suppression factor K=1, with the sum 

truncated at n=16. Also shown is the fastest Fourier component cosx in 

WS. (b) As (a) but showing the error W(x)-WS(x) in the approximation, 

for the indicated values of K and the smaller interval 0≤x≤0.01π. 

 


