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Abstract. One method of efficiently modelling of ultrasonic array data is based on a combination of a ray-tracing 
approach and far-field scattering amplitude of a scatterer. This technique uses two main assumptions: all scatterers are 
located in the far-field from each array element and the size of each scatterer is small relative to its distance to array 
elements. The key part of the model is the so-called scattering matrix, which provides the amplitude and phase of 
scattered waves in the far-field of the scatterer. However, the far-field approximation fails when the size of the scatterer 
becomes comparable to its distance to array elements. In this paper a near-field model of ultrasonic array data is 
developed. In particular, it is shown that the near-field scattering behavior can be extracted from the scattering matrix. 
The applications of the model are discussed and supported with modelling examples.

INTRODUCTION

A mathematical modeling of the ultrasonic array data plays an important part in quantitative NDE. The complete 
model includes the excitation of the incident wave, its interaction with the scatterer and the detection of the reflected 
wave and can be used to assess the performance of a given array or for the interpretation of experimental results. It 
also can serve as a basis for developing and optimizing the imaging methods. One efficient modelling approach 
consists in combining a ray-tracing technique and far-field scattering amplitude of a scatterer [1]. Below this method 
is referred to as a far-field model and is based on two main assumptions: all scatterers are located in the far-field 
from each array element and the size of each scatterer is small relative to its distance to array elements. In the far-
field the scatterer’s behavior can be described in terms of a scattering matrix, which is defined as a far-field 
directivity of scattered wave for a given plane incident wave [1,2]. The scattering matrix depends on directions of 
propagation of incident and scattered waves and also is a function of frequency. However, the far-field 
approximation fails when the size of the scatterer becomes comparable to its distance to array elements. The far-
field of the scatterer can be approximately estimated as:

1F , (1)

where F is the Fresnel number,

r
DF

2

. (2)

Here D is the size of the scatterer and r is the distance from the nominal center of the scatterer. 
In this paper a near-field model of ultrasonic array data is developed. In particular, it is shown that the near-field 

scattering behavior can be extracted from the scattering matrix. The applications of the model are discussed and 
supported with modelling examples.
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THEORY

Plane Wave Decomposition

Any time-domain signal u(t) can be expressed as a linear superposition of its spectral components u( ),

deutu ti)(
2
1)( . (3)

Therefore in this paper only time-harmonic wave fields are considered. A 2D elastic isotropic half-space is 
considered with Cartesian coordinate axes (x,z) defined with the z axis normal to the surface of the half-space. A 
transmitter element is modelled by a time-harmonic load applied to the free surface z=0 in a contact area with its 
center at x=xT. The system is illustrated schematically in Fig. 1.

It is assumed that scatterer occupies the vicinity of the point 0r . Using the integral transform technique [2] it is 

possible to show that the signal transmitted by the array element located at }0,{ TT xr and received by the 

element located at }0,{ RR xr can be written in the form:

2/

2/

2/

2/

)()( 00),(),( RT
ii

RTRT ddeeUu RRTT rrkrrkrr . (4)

Here the transmit and receive wave vectors RT kk , are given by

}cos,{sin TTT kk , }cos,sin{ RRR kk , (5)

and k is the wavenumber.
Expression (4) represents a plane-wave decomposition of the transmitter-receiver signal. The amplitude of plane 

waves is given by the function ),( RTU , which depends on the characteristics of array elements and scatterer. 
Note that in this expression the contribution of evanescent waves, which correspond to the complex angles, is 
neglected. This can be justified by the fact that evanescent waves exponentially decay with the distance from the 
scatterer. Moreover, the directivity of array elements results in 0U for the angles of propagation parallel to the 
array, 2/T or 2/R .

If the transmitter and receiver elements are in the far-field of the scatterer, 
10 Tk rr , 10rrRk , (6)

and the size of the scatterer is small compared to the distance to the array,

1
,min 00

2

rrrr RT

DF , (7)

then the integral (4) can be evaluated by the stationary phase method as

)(),(),( RT RRik

RT
RTRT e

RR
iUu rr . (8)

Here ),( TT R and ),( RR R are the local polar coordinate systems defined with their origins at the center of the 
transmitter and receiver elements, respectively (Fig. 1).
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FIGURE 1. System geometry.

On the other hand, the integral transform method leads to the following far-field expression for the array data 
[2]:

)(4/2)(),()(),( RT RRiki

RT
RTRTTTRT ee

RR
fSfu rr , (9)

where fT is the array element directivity function and S is the scattering matrix. 
By comparing (8) and (9) it can be seen that the plane wave amplitude is given by 

)(),()(2),( 4/3
RTRTTT

i
RT fSfeU . (10)

Therefore, expressions (4) and (10) provide the basis for the near-field model of ultrasonic array data. 
Importantly, it can be seen that the near-field data can be completely reconstructed from the far-field behavior of 
array elements and the scatterer. 

Fourier Series Decomposition

In this section an alternative expression for the near-field array data is derived. The scattering matrix as a 
function of incident and scattered angles can be represented as Fourier series

nm

inim
mnRT

RT eeSS
,

),( , (11)

where coefficients mnS are given by

RT
inim

RTmn ddeeSS RT),(
4

1
2 . (12)

By substituting formula (11) into (4) the following expression for the array data can be obtained

nm
RnTm

inim
mnRT hheeSu RT

,
00 )()(),( rrrrrr , (13)

where 
2/

2/

cos)()( deefh imikr
Tm r , ),( rr . (14)
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It can be shown that the scattering matrix can be accurately represented by a limited number of terms in the 
expansion (11). Below the case of the scalar wave field is considered for simplicity. For the vector wave fields the 
final result is the same, however, the derivation is more complicated. 

Let the wave incident on a scatterer be a plane wave )exp( rk Ti , where Tk is a wave vector in the incident 

direction, characterised by the incident angle T . Each scatterer acts as a secondary source and generates a 
scattered wave field. This secondary source can be modelled by a distribution of forces which are applied in the area 
occupied by the scatterer. The response of the scatterer is described by the force distribution ),( rTf . Then the 
scattered wave field can be written as the convolution integral

')',()'( rrrr dfGu T , (15)

where )()2(
04

)( krHiG r is 2D scalar Green’s function. 

Using asymptotic form of Hankel function the scattering matrix can be written as

')',(
4

),( '
4/

rr rk defeS Ri
T

i

RT , (16)

where Rk is a wave vector in the scattered direction, characterised by the scattered angle R . Note that because of 

the linearity of the scattering problem the effective forces ),( rTf can be expressed as a superposition of 
secondary sources distributed within the scatterer

'),'(),( ' rrrr rk degf Ti
T . (17)

Therefore, the scattering matrix can be written in the general form

''')'','(
4

),( )'''(
4/

rrrr rkrk ddegeS RTi
i

RT . (18)

Using polar coordinates )','(r , )'',''(r in the integrals (18) coefficients mnS can be written as

)''()'()'','('''''''''
16

2/

0

2/

0
3

4/

rrrr nm

DDi

mn qpgdddrrdrreS , (19)

where it is assumed that the scatterer is contained in the circle of diameter D and the functions nm qp , are given by

deep imikr
m

)cos()(r , deeq inikr
n

)cos()(r . (20)

Using the relationship

deeezJ imiz
im

m
cos

2/

2
)( , (21)

where mJ is Bessel function, and the asymptotic of the Bessel function for large positive orders,
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the expression (19) can be estimated as

nm

mn n
eD

m
eD

mn
DconstS

222/3

4

. (23)

The relationship (23) shows that as nm, the coefficients mnS abruptly tend to zero and the scattering 

matrix can be efficiently represented by a limited number of terms in the expansion (11) Nnm, , where N
depends on the size of the scatterer,

02
NeDN , (24)

where N0 is the number of terms for sub-wavelength scatterers, D .

MODELING EXAMPLES

The specifications of a commercial 64-element array (manufactured by Imasonic) were used for the modeling. 
The array has an element pitch of 0.63 mm and a total length of 40 mm. The simulated specimen was aluminum
with a longitudinal wave velocity of 6320 m/s. The transmitted signal was a Hanning windowed toneburst with a 
centre frequency of 5 MHz.

In order to illustrate the performance of the near-field model the array data for three different scatterers were 
simulated. The geometry of the scatterers is schematically shown in Fig. 2. The first scatterer is a straight crack 
oriented parallel to the array. In this case the scattering matrix was calculated using semi-analytical method [3], 
which is based on the boundary integral equation method. Another scatterer represents a circular hole of 6.3 mm (5 

efficient Finite Element 
method [4]. Note that once the scattering matrix of the scatterer is known then the array data for arbitrary orientation 
of this scatterer can be easily modelled. In this section two orientations of the surface breaking crack are considered: 
parallel to the array and normal to the array (Fig. 2b,c). Finally, the simulated transmit-receive array data was 
converted to the images using the Total Focusing Method and the images obtained using far-field model and near-
field model were compared. The distance r in formula (2) for the Fresnel number in all cases was calculated as a 
minimum distance between the nominal center of the scatterer (center of the crack for the straight crack and center 
of the hole for the hole with the crack) and the array.

(a) (b) (c)

FIGURE 2. Geometry of the scatterers. (a) Straight crack; (b),(c) Circular hole with rough surface-breaking crack.
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(a)

(b)

(c)

FIGURE 3. TFM images of straight crack for the crack size (a) 1 Dynamic range is in dB.

Figure 3 shows TFM images for the straight crack. It can be seen that the near-field scattering behavior becomes 
important when the Fresnel number F~1.4. For large cracks the far-field model produces an image which is curved 
towards the array.

Figure 4 shows TFM images for the circular hole with the rough surface-breaking crack oriented parallel to the 
array. It is seen that for this particular configuration the far-field model becomes inaccurate even for small cracks 
about wavelength size. Figure 5 shows images for the circular hole with the rough surface-breaking crack oriented 
normal to the array. In this case differences between the far-field and near-field models become visible for cracks 
greater than 2.5 
hole diameter and crack length.

040001-6



(a)

(b)

(c)

FIGURE 4. TFM images of circular hole with rough surface-breaking crack parallel to the array for the crack size (a) 1
(b) 2.5 5 Parameter D corresponds to the crack length. Scatterer size for the Fresnel number is calculated as a sum of 

hole diameter and crack length. Dynamic range is in dB.

CONCLUSION

In this paper the near-field model of ultrasonic array data has been developed. The model can be used for 
modelling of ultrasonic response from large scatterers (defects or structural features) located close to the array, when 
the distance from the scatterer to the array is compared to the scatterer size. The model is based on a plane wave 
decomposition of incident and scattered wave fields. It has been shown that the amplitude of plane waves in this 
decomposition is directly proportional to the product of array element directivity function and scattering matrix of 
the scatterer. Therefore, the near-field scattering behaviour can be extracted from the far-field scattering matrix. In
general near field effects become important when Fresnel number F~1. However, the exact value strongly depends 
on the scattering behaviour.
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(a)

(b)

(c)

FIGURE 5. TFM images of circular hole with rough surface-breaking crack normal to the array for the crack size (a) 1
Parameter D corresponds to the crack length. Scatterer’s size for the Fresnel number is calculated as a sum of hole 

diameter and crack length. Dynamic range is in dB.
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