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Some classical model theory

Definition
A theory T is categorical in a cardinal κ if there is a unique model of T
of cardinality κ (up to isomorphism).

Theorem (Morley, 1965)
If a first-order theory in a countable language is categorical in some
uncountable cardinal, then it is categorical in every uncountable cardinal.

Theorem (Shelah, 1974)
If a first-order theory T in a language of cardinality λ is categorical in an
uncountable cardinal greater than or equal to λ then it is categorical in
all cardinalities greater than λ.
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Generalising

AECs
The notion of an Abstract Elementary Class (AEC) K generalises that of
a category (class) of models for a theory, extracting the salient points
about models and maps between them and removing references to syntax
(although they are still taken to be classes of structures for some
language L(K )).

Example requirement
There is a cardinal LS(K ) ≥ ‖L(K )‖+ ℵ0 such that for any M ∈ K and
A ⊂ |M|, there is some N ≺K M such that A ⊆ |N| and ‖N‖ ≤ ‖A‖+ λ.
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Shelah Categoricity Conjecture

Conjecture (Shelah)
For every λ, there is a µλ such that if K is an AEC with LS(K ) = λ and
K is categorical in a cardinal greater than or equal to µλ, then K is
categorical in every cardinal greater than or equal to µλ.



Some current model theory

Theorem (Grossberg & VanDieren)
Suppose K is an AEC with amalgamation, joint embedding, and no
maximal models. If K is χ-tame and λ+ categorical for some
λ ≥ LS(K )+ + χ, then K is categorical in all µ ≥ λ.

Theorem (Boney)
If K is an AEC with LS(K ) < κ and κ is strongly compact, then K is
κ-tame. If moreover there is some λ with cf(λ) ≥ κ, then K≥κ has
amalgamation, joint embedding and no maximal models.

Theorem (Shelah Categoricity Conjecture for Successors,
Boney)
If there is a proper class of strongly compact cardinals, then for every λ
there is a µλ such that if an AEC K with LS(K ) = λ is categorical in
some successor cardinal greater than µλ, then it is categorical in all
cardinals greater than µλ.
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Generalising in a different direction

Accessible categories
The notion of an accessible category K generalises that of a category of
models for a theory, extracting the salient points about models and maps
between them and removing references to syntax.

. . . although they can still taken to be classes of structures for some
language L(K):

Theorem (Rosický)
Accessible categories are precisely the categories equivalent to the
categories of models of basic theories.
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Basic?

A formula (possibly in an infinitary language Lλ,λ) is called

I positive-primitive if it has the form ∃y(ψ(x , y)) where ψ(x , y) is a
conjunction of atomic formulae,

I positive-existential if it is a disjunction of positive-primitive formulae,

I basic if it has the form ∀x(ϕ(x)→ ψ(x)) where ϕ(x) and ψ(x) are
positive-existential.

A basic theory is a set of basic sentences.



Not such a different direction. . .

Theorem (Lieberman & Rosický)
An AEC is exactly an accessible category K with a faithful functor U to
Set that preserves directed colimits, satisfying

1. all morphisms of K are monomorphisms,

2. coherence

3. iso-fullness.

1 can be arranged without loss of generality, and 2 and 3 can be seen as
properties of the functor U.

Key observation
Shelah’s Categoricity Conjecture is a property of K itself, without
reference to the choice of U.
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An AEC is exactly an accessible category K with a faithful functor U to
Set that preserves directed colimits, satisfying

1. all morphisms of K are monomorphisms,

2. coherence

3. iso-fullness.

1 can be arranged without loss of generality, and 2 and 3 can be seen as
properties of the functor U.

Key observation
Shelah’s Categoricity Conjecture is a property of K itself, without
reference to the choice of U.



Not such a different direction. . .

Theorem (Lieberman & Rosický)
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Categoricity in accessible categories

Lieberman and Rosický formulated tameness for accessible categories
with concrete directed limits, and showed that, assuming the existence of
a proper class of strongly compact cardinals, every accessible category
with concrete directed colimits is tame. This then reproves and
generalises Shelah’s Categoricity Conjecture for Successors.

In fact, in this context the result follows from an old theorem of Makkai
and Paré.



Some category-theoretic translations

Definition
An isomorphism f : B → C is a morphism such that there is a morphism
g : C → B such that g ◦ f = 1B and f ◦ g = 1C .

Definition
A monomorphism f : B ↪→ C is a morphism such that for any object A
and any g , h : A→ B, if f ◦ g = f ◦ h then g = h.

In the category of sets, the monomorphisms are precisely the injections.
In fact, for any signature Σ the monomorphisms in StrΣ are precisely the
injections (as seen by arguing using the free Σ-structure on 1 generator).
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Some category-theoretic translations

Definition
A subobject of an object B is an isomorphism equivalence class of
monomorphisms A→ B. That is, (f : A ↪→ B) ∼ (f ′ : A′ ↪→ B) if there
is an isomorphism g : A→ A′ such that f ′ ◦ g = f .

A
∼=
g

//� o

f ��

A′oO

f ′~~
B

As usual, we are sloppy in our terminology and use subobjects and
representatives of the equivalence classes interchangeably.



Powerful subcategories

A powerful subcategory A of a category C is a full subcategory that is
closed under taking subojects.

Motivating example
The category FrAb of free abelian groups is a powerful subcategory of the
category Ab of abelian groups. Ab is accessible, and FrAb is accessible if
there exists a strongly compact cardinal (but is not if V = L).

Note that FrAb is also the image of the free abelian group functor
F : Set→ Ab.
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Powerful images

For a functor F : A → C, the powerful image of F is the least powerful
subcategory of C containing the image of F , that is, the full subcategory
with objects given by the closure of Im(F ) under subobjects.

A functor F : K → L between λ-accessible categories K and L is
λ-accessible if it preserves λ-directed colimits (as we saw in RIMS, under
very strong large cardinal assumptions, this will automatically hold for
sufficiently large λ).

Eg
The free abelian group functor F : Set→ Ab is (finitely) accessible.
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Powerful images

Theorem (Makkai & Paré)
Suppose there is a proper class of strongly compact cardinals. Then the
powerful image of any accessible functor is accessible.



Weakening the large cardinals

Recall that a cardinal κ is strongly compact if every κ-complete filter (on
any set) extends to a κ-complete ultrafilter.

We say κ is γ-strongly compact if every κ-complete filter (on any set)
extends to a γ-complete ultrafilter.

Clearly if κ is strongly compact it is γ-strongly compact for every γ ≤ κ.
Also note that if κ is γ-strongly compact and λ > κ then λ is also
γ-strongly compact.

It is consistently a strictly weaker notion: Bagaria and Magidor have
shown that the least ℵ1-strongly compact cardinal may be singular!
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Embedding reformulation

Theorem (Bagaria & Magidor)
A cardinal κ is γ-strongly compact if and only if for every α ≥ κ there is
an elementary embedding j : V → M definable in V , where V is the
universe of all sets and M is an inner model of ZFC, such that

I κ ≥ crit(j) ≥ γ (recall that crit(j) is the least cardinal δ such that
j(δ) 6= δ),

I there is a set A ⊇ j“α such that A ∈ M and M � |A| < j(κ).



Our improvement

Theorem (B.-T. & Rosický)
Suppose for every γ there is a γ-strongly compact cardinal. Then the
powerful image of any accessible functor is accessible.

Corollary
Suppose for every γ there is a γ-strongly compact cardinal. Then the
Shelah Categoricity Conjecture for Successors holds.
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Sketch of the proof of the Theorem

See whiteboard



Happy birthday Sakaé!


