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The Effect of Spin-Orbit Coupling on the Polar Kerr Effect in Sr2RuO4
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(Dated: September 15, 2017)

The polar Kerr effect arises in states with broken time-reversal symmetry and has recently been
observed in a series of unconventional superconductors. In the normal state, the Kerr effect is driven
by time reversal symmetry breaking of the spin system in conjunction with spin-orbit coupling. In
contrast for the superconducting state the effect may arise from a chiral gap structure breaking
time reversal symmetry within the orbital degree of freedom. Here, we study the interplay of both
mechanisms being present simultaneously in the chiral superconducting phase of Sr2RuO4 including
spin-orbit coupling. It was found that the introduction of spin-orbit coupling induces significant
orbital mixing within the bandstructure. This has a profound influence on calculations of anomalous
Hall transport, and thus the Kerr angle. We also compare our 3D model of Sr2RuO4 to a recent
2D model and analyse in detail which parts of the Brillouin zone predominantly contribute to the
effect in both models.

I. INTRODUCTION

The layered-perovskite compound Sr2RuO4 is consid-
ered a strong candidate for chiral p-wave pairing. A large
amount of research has been carried out in attempts to
confirm this hypothesis? ? , but its order parameter in
the superconducting state is not yet fully understood? .
The proposed spin triplet (L = 1, S = 1) state would
be a charged analogue of the well-described superfluid A
phase of 3He? ? . This chiral state breaks time-reversal
symmetry (TRS), leading to a variety of anomalous phe-
nomena such as orbital magnetism? ? , the quantum Hall
effect? ? and edge currents? ? ? .

A further indication that TRS has been broken is the
occurrence of circular dichroism? ? ? . The Kerr effect is
a consequence of circular dichroism, it is directly mea-
sured as the difference in the reflectivity of right and
left-handed, circularly polarised beams? . A finite Kerr
signal was found experimentally in Sr2RuO4

? , with an
onset temperature equal to the superconducting critical
temperature (Tc = 1.5 K). This provides strong evidence
that TRS is broken at the superconducting transition.
However, controversy remains concerning the supercon-
ducting order parameter as the edge currents predicted
to accompany the chiral state have not been found? ? .

Many theoretical models of Sr2RuO4 were proposed
following the experiment in attempts to describe an in-
trinsic origin of the optical effect? ? ? ? . These works
focussed predominantly on single-band pictures and were
unable to produce a quantitative prediction of the Kerr
angle in the superconducting state. Subsequently, it was
argued that the intrinsic effect must vanish by symmetry
in a spatially homogeneous system? ? ? , and that the
source of the Kerr rotation may be extrinsic, i.e. due to
impurity scattering? ? ? ? .

It has since been shown, however, that the intrinsic
approach to the Kerr effect can indeed produce reason-
able estimates, but a multi-band model is essential to
recover the effect? ? ? . The reason for this result is the
fundamental link between the Kerr effect and the anoma-
lous Hall transport, which in turn requires a finite Berry

curvature? . Contributions to the Berry curvature occur
at near-degeneracies and avoided crossings of different
bands, meaning that the curvature is zero when only a
single band is considered.

In this work, the 3D tight-binding model of Sr2RuO4

used in Ref. ? was extended to include spin-orbit cou-
pling (SOC). We will discuss its implications in detail,
benchmark its influence with respect to experimental re-
sults, and compare our results qualitatively as well as
quantitatively to other model approaches. The findings
will be compared with a recent 2D model proposed by
Scaffidi and Simon? , which attempts to reconcile TRS-
breaking with the absence of edge currents as observed
in experiments. The numerical method will be briefly re-
viewed in section II. In section III, the different models
are compared with respect to their quantitative descrip-
tion of the experimentally found Kerr effect as well as
the heat capacity in the superconducting state.

A. Model of the Normal State and Spin-Orbit
Coupling

II. METHODS

The normal state tight-binding Hamiltonian

Htb(k) =

Haa(k) Hab(k) Hac(k)
Hab(k) Hbb(k) Hbc(k)
Hac(k) Hbc(k) Hcc(k)



is constructed from the Ru 4d dxy, dxz and dyz orbitals,
denoted a, b and c respectively? . The matrix elements
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are defined as the following:

Haa = εa+2t(cos(kx) + cos(ky))

+4t′(cos(kx)cos(ky))

Hbb = εb+2(txb cos(kx) + txc cos(ky))

+8t⊥b (cos(kx/2)cos(ky/2)cos(ckz/2))

Hcc = εb+2(txc cos(kx) + txb cos(ky))

+8t⊥b (cos(kx/2)cos(ky/2)cos(ckz/2))

Hab = 8t⊥ab (cos(kx/2)sin(ky/2)sin(ckz/2))

Hac = 8t⊥ab (sin(kx/2)cos(ky/2)sin(ckz/2))

Hbc = 4tbcsin(kx)sin(ky)

+ 8t⊥bc (sin(kx/2)sin(ky/2)cos(ckz/2))

where εa is the on-site energy and t and t′ are hopping
parameters corresponding to nearest and next-nearest
neighbours respectively for the dxy orbital. Similar terms
are defined for the dxz and dyz orbitals, in addition
to inter-orbital hoppings t⊥ab, t

⊥
bc, and tbc. The on-site

and hopping parameters were fine-tuned so as to re-
produce the experimentally found Fermi surface areas? ,
bandwidth? and cyclotron masses? (the tight-binding
parameters used are listed in Table 1). The only point
we would like to note here, is that the tight-binding
model presented in Ref. ? produces a bandwidth of
roughly 0.7 eV (see Figure 1 a). This is in agreement
with the Fermi surface measured in de Haas-van Alphen
experiments? as well as direct ARPES results giving a
bandwidth of ∼1 eV? . Furthermore, it agrees with other
tight-binding fits. This is in stark contrast to ab ini-
tio results? ? where the bandwidth is significantly larger
than in experiments? . This comparison leads to a band
renormalization by a factor of about 1/4 which will be
highly relevant for the discussion to follow.

This model has been used previously to account for
the Kerr effect and various other aspects such has the
heat capacity. However, in the past the SOC has been
ignored. Given that it is the SOC which is, in combina-
tion with time-reversal symmetry breaking, responsible
for the Kerr effect in the normal state, this seems like a
problematic approximation. Furthermore, for the quan-
titative consideration of edge currents and the orbital
moment the incorporation of SOC appears to be vital.
Here, we introduce Pauli spin-orbit coupling by taking
an on-site approximation. The spin-orbit Hamiltonian is
given in orbital representation as? :

Hso = λ
∑
i

li·si = λ


0 0 0 0 −i 1
0 0 −i i 0 0
0 i 0 −1 0 0
0 −i −1 0 0 0
i 0 0 0 0 i
1 0 0 0 −i 0

 (1)

where the 6 matrix indices account for the 3 orbitals plus
spin.

In the literature, there is an extended controversy con-
cerning the magnitude of the spin-orbit coupling parame-
ter λ. Some authors have suggested that λ .50 meV? ? ,
while orbital excitation spectra suggest a value as high
as 200 meV? .

From ab initio calculations, the SOC parameter within
our notation can be inferred to be λ ∼50 meV. This leads
to an effective splitting of 100 meV at the Γ point? .
Considering the ab initio band width, our tight-binding
model including SOC λ ∼ 50 meV recovers that split-
ting as can be seen in Fig. 1 b. However, in the case
of the experimentally found bandwidth, spin-orbit cou-
pling of that size leads to a complete rearrangement of
the Fermi surface. It is impossible to reconcile such large
SOC parameter with the experimentally found Fermi sur-
face. This is due to the significant band renormalization
increasing the effective SOC on the energy scale set by the
hopping parameter t. In light of this, it appears natural
to apply the same renormalization to the SOC constant λ
as for the hopping parameters t. Scaling it by 1/4 leads
to λ = 12.5 meV which provides a Fermi surface and
effective masses in reasonable agreement to experiment.
The resulting bandstructure is shown in Fig. 4 c.

A. Superconducting State

In order to describe the superconducting state, we
solve the Bogoliubov-de Gennes (BdG) equation self-
consistently in the tight-binding representation? :

(
H(k) ∆̂(k)

∆̂†(k) −H∗(−k)

)(
u(k)
v(k)

)
= E

(
u(k)
v(k)

)
(2)

where H(k) = Htb(k) + Hso and the gap function (∆)
has the chiral structure d∼(kx ± iky)ẑ? .

We consider the superconducting state in a fully three-
dimensional fashion and enforce superconducting gaps on
all three bands at the Fermi surface. The superconduc-
tivity in the dxz and dyz orbitals, mainly contributing
to the α and β bands, is induced by nearest-neighbour
pairing terms mediated via an out-of-plane interaction.
This is indeed of the same p-wave symmetry, correspond-
ing to the group representation Eu, as the chiral pairing
in the dxy orbital. In our phenomenological approach,
the interlayer pairing interaction for the dxz and dyz or-
bitals is tuned in conjunction with the in-plane pairing
for the dxy orbital, such that the superconducting tran-
sition occurs simultaneously for all three bands at the
correct temperature of 1.5 K. The microscopic origin of
such an interlayer coupling is currently unknown, but in-
terlayer exchange of magnetic fluctuations is a possible
origin? ? . In addition, the existence of the chiral p-wave
pairing in the dxz and dyz channel subtly depends on this
orbital dependent pairing. If we reduce this coupling by
only 30%, the self-consistent solution obtained displays
superconductivity driven almost entirely by the dxy or-
bital. This approach leads naturally to the occurrence
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FIG. 1. Tight binding bandstructure along the [110] direction for a) without SOC comparing the large band width (first
principles) to the renormalized band width (experimental), b) including SOC for the large bandwidth and c) including SOC
for the renormalized bandstructure.

of horizontal line nodes at ±π/c along the z-axis.? This
nodal structure accurately accounts for the specific heat
observed experimentally in Sr2RuO4 (see Section III).

The resulting gap is of similar order on all three bands,
being slightly larger on the γ band which is derived pre-
dominantly from the a orbital. The gap function for this
orbital is given by:

∆↑↓aa(k) = ηUaa (sin(kx) + i sin(ky)) (3)

where the parameter U determines the strength of the
pairing interaction.

For the b and c orbitals, the gap function takes the
following form:

∆↑↓bb (k) = ηU
′

bb (sin(kx/2)cos(ky/2)cos(ckz/2)

+ i ηU
′

cc cos(kx/2)sin(ky/2)cos(ckz/2)) (4)

with a similar term for ∆cc. These two terms (as well
as the inter-orbital term ∆bc) are dependent on a differ-
ent interaction parameter U ′, mediated via out-of-plane
hopping. For a thorough discussion of the pairing terms
and the appropriate symmetry considerations, we refer
the reader to the papers? ? ? . It is important to note
that we solve the above equations fully self-consistently,
iteratively calculating ηUaa, ηU

′

bb , and ηU
′

cc from the solution
of Eq. 2 until self-consistency is reached? .

In order to account for the inclusion of SOC, the previ-
ously used pairing interaction parameters U and U ′? had
to be adjusted to derive the correct critical temperature
Tc = 1.5 K (see Table I).

B. Transport Calculations

In order to study the Kerr effect, we must consider
the conductivity of the state due to interaction with an
incident photon. If the state breaks TRS (and is thus
dichroic) there is an off-diagonal response, i.e. a non-
zero optical Hall conductivity (σxy). An expression for
σxy was derived following a linear-response approach? ? ,
giving its real and imaginary components as:

Im[σxy(ω)] =
π2e2

2ωVm2

∑
n,n′,k

f(En(k)) [1− f(En′(k)]

×
(
|〈ψn′k |HI(εL)|ψnk〉|2 − |〈ψn′k |HI(εR)|ψnk〉|2

)
× δ(En(k)− En′(k)− ~ω) (5)

Re[σxy(ω)] =
e2~
V m2

∑
n,n′,k

f(En(k)) [1− f(En′(k)]

×

(
|〈ψn′k |HI(εL)|ψnk〉|2 − |〈ψn′k |HI(εR)|ψnk〉|2

)
(En(k)− En′(k))

2 − (~ω)2

(6)

where ψnk are Bloch wavefunctions and HI(εL/R) is the
Hamiltonian describing the interaction with a left/right-
handed photon.? ? ?

Converting to the tight-binding basis, the matrix ele-
ments of HI are given by:

〈n′k |HI(εL)|nk〉 =
mε∗L/R

i~

(
un′(k)
vn′(k)

)†
×
(
∇kH(k) 0

0 ∇kH(k)

)(
un(k)
vn(k)

)
(7)

The Kerr angle is then directly related to the Hall con-
ductivity by? :

θK(ω) =
1

ε0ω
Im

[
σxy(ω)

n(ω)[n2(ω)− 1]

]
(8)

where n(ω) is the complex refractive index.
Following this approach, it has been previously demon-

strated that a finite Kerr effect can be found intrinsically
in the superconducting state? ? . The influence of spin-
orbit coupling on these results will be presented in section
III.
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C. Two-Dimensional Model

To compare our results using the above model to
other theoretical approaches, we briefly introduce a 2D
model put forward by Scaffidi and Simon? . The main
aim of their model was to accommodate theoretical
predictions? ? ? with the absence of edge currents in ex-
perimental investigations? ? . In order to achieve this,
they performed functional renormalization group calcu-
lations on the Fermi surface. The results of this, trans-
formed to real space, leads to effective longer-ranged pair-
ing terms going beyond the nearest neighbour pairing
that we have considered so far. The derived gap has the
following form:

∆2D
aa (k) = η′aa (sin(kx) + i sin(ky))

+ η′′aa (sin(kx)cos(ky) + i sin(ky)cos(kx))

+ η′′′aa (sin(3kx) + i sin(3ky)) (9)

∆2D
bb (k) = η′bb (sin(kx)cos(ky)) + η′′bb (sin(3kx)) (10)

∆2D
cc (k) = η′bb (i sin(kx)cos(ky)) + η′′bb (i sin(3kx)) (11)

It was demonstrated that including these terms results
in a different Chern number, which is shown to suppress
edge currents.

Although it was shown that this model can produce
a reasonable estimate of the heat capacity jump at Tc

? ,
the effects of the new order parameter on transport prop-
erties and the power law behaviour of the specific heat
were not discussed by Scaffidi and Simon. Here, we aim
to assess the viability of such a model to produce the
experimentally found electronic properties of Sr2RuO4.
The results of the two models in relation to experiment
will be discussed in section III. In contrast to the ap-
proach taken here, in Ref.? the BdG equation was not
solved as a function of temperature and all results were
obtained for T = 0. Therefore, we model the temperature
dependence for the 2D case by ∆(T ) = ∆(0)

√
1− (T/Tc)

in our calculations presented below.

III. RESULTS

Before we start to analyse the specific heat and trans-
port properties of the superconducting state, we would
like to briefly highlight the dominant implications of
SOC on the electronic structure of the normal state of
Sr2RuO4. The three Fermi surface sheets can be seen in
Fig. 2, which displays a series of orbitally-resolved Bloch
spectra. The addition of spin-orbit coupling does not sig-
nificantly alter the areas enclosed by these sheets. How-
ever, the individual contributions of each orbital to the

(a) dxy without SOC (b) dxy with SOC

(c) dxz without SOC (d) dxz with SOC

(e) dyz without SOC (f) dyz with SOC

FIG. 2. a)-f) show the individual contributions of the dxy,
dxz and dyz orbitals respectively, with (right) and without
(left) the inclusion of SOC.
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FIG. 3. Heat capacity calculation alongside experimental
data? .

electronic states are strongly affected by SOC, leading
to a significant mixing of the orbital character within the
different bands. This effect is most prominent at the near
degeneracies along the 110 direction, where all orbitals
contribute similarly to the three bands.

When SOC is included the dxy orbital is no longer con-
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FIG. 4. The imaginary (upper panel) and real (lower
panel) component of the optical Hall conductivity in the low-
frequency regime, for the 3D model with and without SOC.

fined to only the circular γ band, but also contributes to
the α pockets and central β band. Similar mixing oc-
curs for the dxz and dyz bands and has been reported
previously? . In agreement with our results, the addi-
tion of SOC and the subsequent orbital mixing were re-
ported to have a negligible influence on Fermi surface ar-
eas. However, given the fact that the Berry curvature?

driving the intrinsic Kerr effect is mitigated via the hy-
bridization of bands, this mixing is expected to have pro-
found effects on the Kerr effect in Sr2RuO4.

Having solved the BdG equation for the 3D model
self-consistently, the heat capacity, using standard
expressions? , was calculated (see Fig. 3). A remark-
ably good fit with experimental data is observed, in both
the normal and superconducting phases, with the tran-
sition marked by the characteristic jump at Tc. This is
in agreement with previous findings neglecting spin-orbit
coupling? .

In both cases, the 3D as well as the 2D model, the
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FIG. 5. Estimated Kerr angle in the high-frequency regime
with and without SOC.

slope at low temperatures is in very good agreement to
the experiment. However, for higher temperatures the
2D model deviates from the experimental curve which
might be induced by the lack of self-consistency in this
case.

Finally, following the approach outlined in II.B, the
optical Hall conductivity was computed. In Fig. 4, this
is compared with calculations ignoring SOC. In the low-
frequency regime (0− 0.1 eV), SOC clearly has a severe
impact on the behaviour of σxy, showing rich structure
below 0.1 eV.

In the high-frequency regime (0.7−0.9 eV), the imagi-
nary component of σxy vanishes and the addition of SOC
simply results in a shift in the real part. This leads to
an estimated Kerr angle of 6.3 nrads at 0.8 eV, the fre-
quency used experimentally, compared to the 12 nrads
obtained in the previous model. Qualitatively, the re-
duction induced by SOC can be understood by the fact
that it transfers orbital magnetic order, which is driv-
ing the Kerr effect, to the spin degree of freedom. This
is in contrast to the normal ferromagnetic state where
it is the SOC which transfers spin magnetic order to
the orbital degrees of freedom to induce the Kerr effect.
Similar results are obtained for the 2D model showing
a slight reduction but overall the same order of magni-
tude. The theoretical values compare to experimentally-
obtained results, which are in the region 60-90 nrads.
While there is a notable discrepancy between computed
and experimental values, this estimation is orders of mag-
nitude closer than previous findings? ? ? ? . It should
also be stressed that these values are calculated by tak-
ing a rough estimation of the complex refractive index
n(ω). The methods taken to estimate n(ω) and the im-
pact of this approximation on the results are discussed
in more detail in Ref.? .
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IV. DISCUSSION

The occurrence of intrinsic anomalous Hall transport
in any electron system including in the superconduct-
ing state requires the bands to display a finite Berry
curvature.? Such a curvature is induced and enhanced
by near-degeneracies in the quasi-particle bandstructure,
but will be divergent at actual degeneracies. The various
avoided crossings induced by SOC are therefore signifi-
cant in our calculations of σxy.

The orbital mixing displayed in Fig. 2 strongly influ-
ences the photon frequencies for which inter-orbital tran-
sitions can occur. These transitions are the key source
of Berry curvature and thus the Kerr effect. The huge
amount of structure in the low-frequency regime, in-
duced by SOC with a relatively small coupling param-
eter, demonstrate that the spin-orbit interaction can not
be ignored when studying the frequency dependence of
the Kerr effect.

Over all, the two-dimensional model by Scaffidi and Si-
mon? describes the physical observables such as the spe-
cific heat and Kerr angle with results similar to our full
3D model. In the 2D case, the longer-range pairing terms
included induce the required nodal structure, in contrast
to the out of plane interaction in our full 3D model. The
power law for T << Tc correctly reproduces the exper-
imental findings and any deviations for higher temper-
atures have to be considered with caution since we are
not enforcing self-consistency for this model. Ultimately,
it would be interesting to incorporate these higher order
pairing terms into our self-consistent 3D model in order
to more accurately quantify the effects of the additional
terms.

Finally, in Fig. 6 we present heat maps of the kx − ky
resolved optical conductivity as well as specific heat for
the full 3D-model in order to highlight the driving mecha-
nisms behind the different physical observables. For this
figure we choose kz = 0. Evidently, the contributions
to the Hall conductivity and the specific heat stem from
rather distinct regions in the Brillouin zone. Whereas the
contributions to the Hall conductivity peak around the
near degeneracies along the 110 directions this is different
for the specific heat. In the latter case the contributions
are almost uniformly distributed on the Fermi surface of
the dxz and dyz orbitals of Sr2RuO4 with the SOC hav-
ing virtually no effect. In contrast the SOC changes the
picture for the Hall conductivity by inducing a stronger
band mixing as well as further avoided crossings. This
leads to much more fine structure in the otherwise very
localised contributions. Even more importantly we now
see contributions from the predominantly dxy band due
to the additional orbital character mixing as shown in
Fig. 2. However, this band contributes with the opposite
sign which creates much more fine structure over all. In
contrast, the low temperature specific heat is determined
by the line nodes in the quasi-particle bandstructure on
the predominantly dxz and dyz band which is clearly vis-
ible comparing the heat maps to the Bloch spectral func-

tion in Fig. 2.

In summary, we have presented a detailed analysis of
the effect of spin-orbit coupling on the superconducting
state of Sr2RuO4 and its implication on observables such
as the specific heat and the Kerr effect. Despite the fact
that SOC fundamentally changes the orbital contribu-
tions to each band, which ultimately is one of the cru-
cial ingredients to the Kerr effect, the quantitative im-
plications at the experimentally used frequency is rather
limited. The main argument for this is that the rather
high frequency considered in the experiment is signifi-
cantly higher than the natural frequencies of the system
for which the effect is dominant. These frequencies are
between 0.01 − 0.1 eV and are determined by the inter-
orbital hybridization gaps induced in the normal state.
Nevertheless, the importance of the consideration of the
SOC comes from the understanding that it is SOC which
is responsible for the Kerr effect in the normal state in
conjunction with the time reversal symmetry breaking
induced by ordinary spin-induced ferromagnetism. How-
ever, in this study of the chiral pairing in superconduct-
ing Sr2RuO4 the chiral gap structure takes both roles
breaking the time reversal symmetry via orbital order-
ing as well as breaking the crucial mirror symmetries to
allow for a finite Hall conductivity. It implies that the
complex gap function takes the role of time reversal sym-
metry breaking as well as the “spin-orbit coupling” at the
same time which leads to only minor quantitative effects
considering the normal state SOC as well. Nevertheless,
were we able to probe lower frequencies 0.01− 0.1 eV we
showed that the effect of spin-orbit coupling changes the
Hall conductivity dramatically leading to a significant ef-
fect on the Kerr angle.

Finally, we compare the calculations to a distinct 2D
order parameter put forward to account for the particu-
lar findings in Sr2RuO4 such as the vanishing of any edge
currents in the superconducting state. Our quantitative
analysis suggests that, on the level of the currently avail-
able data, we cannot fundamentally decide between the
two order parameters and further experiments are needed
to make a distinction. Clearly, it would be important to
extend the 2D model to a full self-consistent calculation
possibly combining both order parameters.

Extending this work we would like to point to two ad-
ditional aspects. The first was highlighted before and
refers to the complex refractive index required to quan-
titatively gauge the magnitude of the Kerr angle. This
is not well accounted for within our model and has to be
approximated from experimental results. This induces
a large scale of uncertainty in our quantitative predic-
tions. Further work is required to quantify its frequency
dependence more accurately before detailed quantitative
comparisons to the experiments are possible. Secondly,
naturally our work lends itself to the quantitative analy-
sis of the orbital magnetic moment in the superconduct-
ing states for which only rough estimates exist so far. All
experimental efforts in this direction relied on crude ap-
proximations varying by order of magnitudes. The same
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is true for the estimates of edge currents which are sim-
ply a reincarnation of the orbital magnetic moment in
finite size samples. However, our extension and thorough
analysis of the effect of spin-orbit coupling prepares the
ground for a quantitative analysis of this long standing
problem.
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εa εb t t′ txb txc t⊥b t⊥ab tbc t⊥bc U U ′

-131.82 -116.15 -81.62 -36.73 -109.37 -6.56 0.26 -1.05 -8.75 -1.05 41.99 52.69

TABLE I. The numerical parameters for the tight-binding model of Sr2RuO4 and the interaction parameters describing the
superconducting phase in units of meV.


