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Abstract: We describe the in-plane compressive performance of a new type of hierarchical cellular 16	

structure created by replacing cell walls in regular honeycombs with triangular lattice 17	

configurations. The fabrication of this relatively complex material architecture with size features 18	

spanning from micrometer to centimeter is facilitated by the availability of commercial 3D printers. 19	

We apply to these hierarchical honeycombs a thermal treatment that facilitates the shape 20	

preservation and structural integrity of the structures under large compressive loading. The 21	

proposed hierarchical honeycombs exhibit a progressive failure mode, along with improved 22	

stiffness and energy absorption under uniaxial compression. High energy dissipation and shape 23	

integrity at large imposed strains (up to 60%) have also been observed in these hierarchical 24	

honeycombs under cyclic loading. Experimental and numerical studies suggest that these 25	

anomalous mechanical behaviors are attributed to the introduction of a structural hierarchy, 26	



2 
	

intrinsically controlled by the cell wall slenderness of the triangular lattice and by the shape 27	

memory effect induced by the thermal and mechanical compressive treatment. 28	

Keywords: hierarchical honeycombs, stiffness, energy absorption, energy dissipation, structural 29	

integrity. 30	

 31	

1. Introduction 32	
	33	

Recent advances in the defense, aerospace, automotive, semiconductor, and energy industries have 34	

triggered a tremendous demand for high-performance materials with lightweight and enhanced 35	

mechanical properties. A typical example of this quest is the research and development activity in 36	

the aerospace field, for which structural components with a combination of lightweight, high 37	

stiffness, energy absorption, and fracture toughness for extreme loading conditions are 38	

continuously sought after [1, 2]. On a smaller scale, electrodes for lithium-ion batteries in energy 39	

applications require porous structures that exhibit considerable damage tolerance to improve the 40	

battery safety and operational life [3, 4]. Compared with bulk materials, cellular structures and 41	

lattice solids can be designed to possess all these desired properties. In this regard, natural materials 42	

such as bone [5-7] and wood [8-11] have offered inspiration to design lightweight materials with 43	

remarkable mechanical properties. One of the reasons behind the presence of unusual deformation 44	

mechanisms in these biological structural materials is because of their hierarchical cellular 45	

configuration at multiscale [12-16]. Several efforts have been devoted to synthesize open or closed 46	

foams with similar cellular structures [17-19]. Yet, specific properties such as stiffness, strength, 47	

and energy absorption are still limited by the random and stochastic microstructure of these porous 48	

materials, which result in structural defects, inhomogeneity, and local stress concentration. In 49	

addition, the stiffness of cellular structures is typically characterized by the bending deformation 50	
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of their ribs, which indicates that the effective mechanical properties decrease dramatically with 51	

the decrease of relative density (cube of the relative density) [20]. 52	

Structural topologies have a significant impact on the mechanical behavior of cellular structures, 53	

and in that sense, efforts have been devoted to designing deterministic materials for new 54	

mechanical functionalities. For example, ultralight metallic micro-lattice materials that exhibit 55	

excellent energy dissipation and recoverability have been designed and fabricated [21]. Their 56	

unusual mechanical properties and recoverability are attributed to their rationally designed 57	

hierarchical structure, which ranges from the nano to the millimeter scale. Ultra-low density lattice 58	

metamaterials with similar structural features have also been introduced. [22-28] Localized 59	

fracture around the nodes of these micro-lattice materials, however, arises during the fabrication 60	

and the uniaxial compression. To circumvent this problem a new type of low-density cellular 61	

structure (shelluar) has been developed [29-31]. In contrast to the sharp shape changes around the 62	

nodes of a classical cellular topology, the shelluar configuration has a three-dimensionally 63	

continuous smooth surface that could carry the load and distribute the stress uniformly. Although 64	

this new configuration allows reaching an ultralow density range, stiffness, and strength are still 65	

low compared to other micro-lattice materials. It is worth pointing out that, besides the rationally 66	

designed architectures, these unusual properties are enabled by using state-of-the-art fabrication 67	

techniques such as two-photon lithography [22] and	projection micro-stereolithography [23]. More 68	

recently, a new type of mechanical metamaterial with a combination of cubic and octet foams has 69	

shown the possibility to reach the theoretical upper bounds for isotropic elasticity and strain energy 70	

storage [32]. This remarkable feature is attributed to the specific topology that allows for a better 71	

load transfer between neighboring members. Moreover, this relatively simple design can be 72	

fabricated by using widely available 3D printers with a broad range of material selections. 73	
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In this work we design and fabricate a new type of hierarchically structured honeycomb with 74	

overall part size at centimeter scale, using a commercially available 3D printer. Our purposes here 75	

are two-folds. On one hand, we aim to explore the unusual properties of hierarchical honeycombs 76	

at large deformations. We also aim to demonstrate the potential of using the commercial 3D printer 77	

to facilitate the mass production of materials with complex architectures by applying a post-78	

processing technique to preserve the shape and structural integrity of the printed structures. 79	

Honeycomb topologies have been the main topic of an extensive body of research due to their 80	

lightweight, novel thermomechanical properties, and energy absorption capability [33-38]. Their 81	

mainly bending-dominated mechanical behavior along the in-plane directions poses, however, a 82	

great limitation to potential applications. Structural hierarchy has been recently used as a new 83	

design strategy to explore improved mechanical and other unusual physical properties in 84	

honeycombs. Structural hierarchy is ubiquitous in both architecture designs and nature; typical 85	

examples range from the Eiffel Tower to hierarchically architected biological materials with 86	

multiple length scales [39-41]. Inspired by these designs researchers have introduced structural 87	

hierarchy into conventional honeycombs materials [42-47]. By replacing the cell walls of regular 88	

honeycombs with Kagome and triangular lattices it is theoretically possible to increase the stiffness 89	

of hierarchical honeycombs by about two orders of magnitude, compared to regular honeycombs 90	

[48, 49]. In addition, recent studies have also shown that it is possible to control wave propagation 91	

by harnessing the multiscale characteristic of hierarchical honeycombs [49-51]. Quite remarkably, 92	

the introduction of a structural hierarchy into regular honeycombs results in significant energy 93	

absorption under crushing loading conditions [52-54]. Though analytical and numerical 94	

approaches have been developed to understand the mechanical response of these hierarchical 95	
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honeycombs, the mechanical behaviors and associated mechanisms under large deformation are 96	

still elusive.  97	

We report in this paper how designed hierarchical honeycombs with particular post-processing 98	

techniques may exhibit improved stiffness and energy absorption under uniaxial compression, as 99	

well as energy dissipation and shape preservation under cyclic loading. A combination of 100	

qualitative and quantitative analysis is performed to reveal the underlying mechanisms responsible 101	

for the mechanical behaviors of the hierarchical honeycombs under large deformations. The 102	

fabrication of the hierarchically structured cellular solids with features ranging from micrometer 103	

to centimeter is made possible by recent advances in additive manufacturing, which allows for 104	

fabricating complex topologies with fine features quickly, inexpensively and at a relatively large 105	

scale. 106	

2. Materials and Methods 107	
	108	

2.1 Characterization of the hierarchical honeycombs 109	
	110	

The hierarchical honeycomb topology described in this work is made by replacing the cell walls 111	

of regular honeycombs with triangular lattices (Figure 1 (a)- (d)). Two geometric parameters are 112	

defined to characterize the hierarchical honeycombs: the hierarchical length ratio tl lg =  and the 113	

number of triangular lattices away from the central axis, N. We indicate by l and lt the lengths of 114	

cell walls of the regular honeycomb and the triangular lattice, respectively. The length and 115	

thickness of the triangular lattices are determined by a mass equivalence between the regular 116	

honeycombs and the hierarchical honeycombs. As a result, the thickness and length of the 117	

triangular lattice can be calculated as:   118	
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where t and tt are the cell wall thickness of the regular honeycomb and the triangular lattice, 120	

respectively. The parameter R stands for the number of triangular lattices, and it is determined by 121	

g and N.  122	

In view of the resolution of the 3D printer and the size of the compression platen, here we 123	

choose 1 5g = , N = 2, and l =3 cm and each sample consists of 2 × 3 representative volume 124	

elements.  As a result, the dimensions of the prototypes are 180 mm × 157 mm (Figure 1 (e)- (f)). 125	

The relative density of the regular and hierarchical honeycombs can be controlled by tailoring the 126	

thickness of the cell wall.  127	

 128	

Figure 1. Design and 3D printing of the hierarchical honeycomb. (a) Regular honeycomb. (b) The 129	

cell wall of the regular honeycomb. (c) Substructure composed of a triangular lattice. (d) 130	

(a) (b) (d)

(e) (f) (g)

l

t

5tl l=

tt

(c)
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Hierarchical honeycomb. (e) 3D printed regular honeycomb. (f)- (g) 3D printed hierarchical 131	

honeycomb. Scale bar: 2cm 132	

2.2 Sample fabrication 133	
 134	

All samples used in the study have been printed by using an Objet Connex260 multi-material 3D 135	

printer (Stratasys). VeroWhite (a glassy polymer) is the constitutive material used for the 3D 136	

printing, the mechanical properties of which are shown in Figure S1. It should be pointed out that 137	

the minimum feature size of cell walls in the 3D printed hierarchical honeycombs is about 400 138	

micrometers, while the maximum allowable sample size is 26 cm. These requirements allow us to 139	

fabricate samples with only 2X3 representative volume elements in this work. The hierarchical 140	

honeycombs consisting of 2 × 3 representative volume elements were fabricated having an overall 141	

dimension of 180 mm × 157 mm × 30 mm (width × height ×thickness) for samples with relative 142	

densities of 0.16, 0.32 and 0.55 and 252 mm × 219.8 mm × 30 mm (width × height ×thickness) for 143	

samples with a relative density of 0.11. Within the limitation of 3D printing technology, the layer 144	

orientation was found to influence the mechanical properties of the material; therefore, all the 145	

samples were printed along the same orientation. For our uniaxial compression and cyclic testing 146	

we have fabricated 11 samples, which include one regular honeycomb with a relative density of 147	

0.16, two hierarchical honeycombs with a relative density of 0.11, four hierarchical honeycombs 148	

with a relative density of 0.16, two hierarchical honeycombs with a relative density of 0.32, and 149	

two hierarchical honeycombs with a relative density of 0.55. The as-fabricated samples were kept 150	

at room temperature for seven days to allow for the saturation of the curing process. 151	

2.3 Mechanical testing 152	
 153	
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To examine the mechanical response of the 3D printed hierarchical honeycombs, uniaxial 154	

compressive testing was performed using a universal mechanical testing machine (SHIMADZU 155	

AGS-X) with a 300 kN load cell. The experimental setup of the compression testing is shown in 156	

Figure S3. All experiments including the cylinder and hierarchical honeycombs were conducted 157	

in a quasi-static regime with a constant strain rate of 0.001 s-1. Compression was applied to reach 158	

the strain of the catastrophic failure of each sample. The load-displacement curves measured from 159	

the uniaxial compressive test were then transferred into nominal stress-strain behaviors based on 160	

the measured dimensions of the samples. The Young’s modulus and the yield stress have been 161	

then obtained from the measured stress-strain curve directly (Figure S1). Images of the samples at 162	

various loading conditions were taken at a rate of 1 FPS (VicSnap, Correlated Solution). It should 163	

be pointed out that due to the large-scale feature of the proposed hierarchical honeycombs, we 164	

have only conducted repeated tests for the hierarchical honeycombs with a relative density of 0.16 165	

(Figure S4). We have achieved some very good repeatability within the elastic range, while some 166	

differences are observed in the nonlinear domain. These differences may be attributed to the 167	

limitation of the 3D printing technique used. In all of our experiments, however, we have recorded 168	

the whole deformation process and did not notice any abnormal behaviors, such as out-of-plane 169	

deformation. 170	

To study the recoverability and energy dissipation behaviors of 3D printed hierarchical 171	

honeycombs, we performed cyclic loading-unloading tests using a universal mechanical testing 172	

machine (SHIMADZU AGS-X) with a 300 kN load cell (Figure S3). The engineering strain rate 173	

of 0.001 s-1 was applied for both compressive loading and unloading processes. All tests were 174	

taken at a room temperature of 23 °C. In the loading-unloading uniaxial compression tests, each 175	

sample was compressed to a target strain endpoint for each loading-unloading cycle. The 176	



9 
	

engineering strain targets were 20%, 40%, and 60% for hierarchical honeycombs with a relative 177	

density of 0.16. By contrast, hierarchical honeycombs with a relative density of 0.11, 0.32, and 178	

0.55 were compressed to a strain of 20%. Each sample experienced five loading-unloading cyclic 179	

tests. 180	

During the unloading procedure, we notice that the samples can recover to 50% of the applied 181	

strain immediately and the recovery of the remaining strain took 72 hours. To accelerate our 182	

experiment procedure, we harness the shape memory effect of the VeroWhite to recover the 183	

compressed samples in a more efficient manner. This method was used for the cyclic testing of all 184	

of the hierarchical honeycombs. Each cycle includes three stages: (1) loading-unloading 185	

compression testing, (2) heating, and (3) cooling.  186	

Heating recovery experiments with 3D printed hierarchical honeycombs after loading-187	

unloading uniaxial compression tests were carried out in an MTS AdvantageTM Environmental 188	

Chamber (Thermcraft LBO-24-10-10-11-5001) with temperature control (Figure S5). Samples 189	

were immersed at room temperature into the chamber at 75 °C. They transformed into their original 190	

permanent configuration within 10 minutes. After that, samples were taken out of the chamber and 191	

placed in room temperature for 10 minutes to cool to the room temperature. 192	

2.4 Finite element analysis 193	
	194	

The numerical simulations related to the mechanical response of the hierarchical honeycombs 195	

under uniaxial compression are conducted using commercial FE package ABAQUS/Standard 196	

(Simulia, Providence, RI). The properties of Verowhite are characterized by Young’s modulus 197	

Es=1.56 GPa, Poisson’s ratio n =0.33, a yield stress ys = 46.3 MPa, and density rs =1174 kg/m3. 198	

The true stress-true strain relation is implemented as the constitutive equation for the mechanical 199	
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behavior simulations. To save computational time, a smallest repeating representative volume 200	

element (RVE) together with periodic boundary conditions is employed in this work (Figure S6) 201	

[55, 56], as each representative volume element has 200,000 triangular elements (each beam has 202	

6 elements along thickness direction). All models are generated by plane strain elements CPE4R 203	

and meshed after a convergence test. In view of the large deformation of the hierarchical 204	

honeycombs, both geometric and material nonlinearities are considered in the finite element 205	

simulations. The constituent phases are taken to be either a representative glassy polymer. The 206	

stress-strain behavior of the glassy polymer is captured using an elastic-plastic model which is 207	

exported from the true stress-strain relation of VeroWhite. Simulated stress-strain relations of 208	

regular and hierarchical honeycombs are plotted in Figure S7. 209	

3. Results and Discussion 210	
 211	

3.1 Mechanical behaviors under uniaxial compression 212	
	213	

Uniaxial quasi-static compression tests have been performed on both regular and hierarchical 214	

honeycombs. For direct comparison, we have considered the case in which the two classes of 215	

honeycombs have the same relative density ( 0.16sr r = ) (Refer to Videos 1 and 2 in the 216	

supporting information for details). Figure 2 (a) shows the measured nominal stress-strain relations. 217	

Quantitative comparisons of the effective stiffness and energy absorption between regular and 218	

hierarchical honeycombs are plotted in Figure 2 (b) and (c), respectively. The stiffness and energy 219	

absorption of the hierarchical honeycombs are 6.6 times and 7.5 times those of the regular 220	

honeycombs. The improved mechanical performance can be explained by the unusual behavior of 221	

the hierarchical honeycombs. The regular honeycomb shows a sudden stress drop immediately 222	

after the first peak stress (~ 0.12ye = - ). This is due to brittle failure of the laminated plastic 3D 223	
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printed elements, which are subjected to bending under uniaxial compression (Figure 2 (d)). 224	

Subsequently, multiple stress drops arise, mainly attributed to the progressive failure of the cell 225	

walls. By contrast, the stress decreases gradually in the hierarchical honeycombs. This gradual and 226	

smoother plateau-like behavior is associated with the local buckling of the triangular cell walls 227	

(Figure 2 (e)-(f)). The global response tends then to become stiffer because the buckled cell walls 228	

increasingly contact with each other and provide additional support to carry the compressive load. 229	

One can notice after 15% of compressive strain a recurrent rise and decrease of the stress, which 230	

may be attributed to the progressive buckling, fracture, and contact of the triangular cell walls. It 231	

is noticeable that densification phenomenon emerges at a larger strain (~ 0.6ye = - ). Compared 232	

with the catastrophic failure of the regular honeycomb, the hierarchical honeycombs tend to 233	

produce a global deformation through local buckling and fracture of cell walls, leading to a 234	

progressive failure behavior and further facilitating the energy absorption. From a general 235	

perspective, the introduction of a cellular structure at a lower hierarchical level provides the 236	

equivalent effect of embedding an open cell foam, which produces an elastic-plateau-densification 237	

behavior similar to classical foam materials. Moreover, the unusual mechanical responses in these 238	

hierarchical honeycombs are attributed to the introduction of the stretched-dominated triangular 239	

lattice structure.  240	
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 241	

Figure 2. Mechanical response of the regular and hierarchical honeycombs under uniaxial 242	

compression. (a) Normalized stress-strain relations for regular and hierarchical honeycombs. (b)- 243	

(c) Comparison between specific stiffness and energy absorption of regular and hierarchical 244	

honeycombs. (d)- (e) Deformation pattern of regular and hierarchical honeycombs. (f) Local 245	
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deformation behaviors of hierarchical honeycomb corresponding to those at each strain level in 246	

(e).  247	

It is evident that the enhanced stiffness, energy absorption, and progressive failure mode in the 248	

hierarchical honeycombs are all associated with the introduction of the internal triangular lattice 249	

structure. The slenderness ratio of the triangular lattice controls these unusual mechanical 250	

behaviors, such as buckling. To better understand this, we have fabricated and subjected to flatwise 251	

compression hierarchical honeycombs with relative densities of 0.16sr r = ( 13.3t tl t = ),252	

0.32sr r = ( 6.5t tl t = ), and 0.55sr r = ( 3.2t tl t = ). Hierarchical honeycomb with slightly 253	

thicker cell walls ( 0.32sr r = ) exhibit a stress drop similar to one observed for thinner cell wall 254	

topologies, which is associated to the local buckling of the cell walls (Figure 3 (a)). At a relatively 255	

large strain range, the progressive multiple stress drops become prominent. With the further 256	

decrease of the slenderness ratio of the triangular cell walls ( 0.55sr r = ), multiple sudden drops 257	

of stress peaks are present and the local buckling is not observed (Figure 3 (c)). Instead, one can 258	

observe a global catastrophic failure similar to the one shown by the regular honeycomb.  259	

These analyses suggest that the slenderness ratio of the triangular lattice is critical to control 260	

the deformation behavior of the hierarchical honeycombs. To understand this point from a 261	

quantitative perspective we have performed finite element analyses to evaluate the uniaxial 262	

compression behavior of the hierarchical honeycombs with different relative densities. The 263	

predicted normalized stress-strain relations are displayed in Figure 3 (b). Compared with the 264	

measured normalized stress-strain relations, one can observe a good agreement for compressive 265	

strains lower than 3%. At relative larger strain ranges our numerical model does not however 266	

capture completely the detailed deformation behaviors, because failure modes and contact friction 267	
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are not included in our simulations. Yet, the numerical simulations still can provide some insightful 268	

information. As shown in Figure 3 (d), the local buckling of the triangular lattice can be predicted, 269	

which agrees well with the experimental observation. By contrast, the plastic deformation-induced 270	

failure is the dominant mechanism responsible for the sudden drop in the stress-strain relation of 271	

the hierarchical honeycomb with a relative density of 0.55sr r = . These experimental and 272	

numerical results suggest that the transition between progressive and catastrophic failure modes in 273	

the hierarchical honeycombs can be indeed tuned by tailoring the cell wall slenderness ratio.  274	
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 275	

Figure 3. The tunability of the mechanical response of hierarchical honeycombs. (a)- (b) Measured 276	

and simulated normalized stress-strain relations of hierarchical honeycombs with different relative 277	

densities, respectively. (c) Measured deformation pattern of hierarchical honeycombs with 278	

different relative densities. (d) Simulated deformation pattern of hierarchical honeycombs with 279	

different relative densities at a strain of 0.04ye = - .Von Mises stress unit is MPa. 280	
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3.2 Mechanical behavior under cyclic loading 281	
	282	

We have shown so far results related to uniaxial compression tests, and have highlighted the 283	

mechanism behind their unusual mechanical behavior. We now proceed to examine the mechanical 284	

response of the hierarchical honeycombs under cyclic loading conditions. Figure 4 (a) displays the 285	

loading ( 0 ~ 0.6ye = - ) and unloading ( 0.6 ~ 0ye = - ) behavior of the hierarchical honeycombs 286	

with a relative density of 0.16sr r = . Upon unloading, the densified hierarchical honeycomb 287	

recovers to a strain of 0.3ye = -  (Refer to Video 3 in the supporting information for details). This 288	

is due to the release of the stored elastic energy in the buckled cell walls of the triangular lattice. 289	

The remaining (and incomplete) compression recovers very slowly, and it took about 72 hours to 290	

fully restore the honeycomb to its initial form. The slow and incomplete recovery is due to 291	

irreversible effects, such as cell wall fracture and plastic deformation.  292	

To accelerate the cyclic tests, each compressed sample after the first cycle was put in a chamber 293	

at 75 ℃ and heated for 10 minutes. This temperature is higher than the nominal 48 ℃ of the Tg of 294	

the polymer, and after this treatment, the samples can recover their initial form due to shape 295	

memory effect. We then performed cyclic tests and shape memory assisted recovery on samples 296	

under maximum compressible strains of 0.2ye = -  and 0.4ye = - , respectively. The measured 297	

loading-unloading stress-strain relations are plotted in Figure 4 (b)- (d). The effective stiffness, 298	

maximum stress, and loss factors are calculated from these measured stress-strain relations, as 299	

shown in Figure 4 (e)- (g). The effective stiffness of each hierarchical honeycombs under 300	

compressive cyclic strains decreases rapidly after each cycle because the above-cited non-301	

recoverable effects are a detriment to the initial loading carry capacity. In contrast to the significant 302	

decrease of effective stiffness, the maximum stress of the hierarchical honeycombs with a 303	
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compressive strain of 0.2ye = -  and 0.4ye = - has a 35 % decrease after the first cycle (Figure 4 304	

(f)), but tends then to stabilize. Quite remarkably, the maximum stresses in the hierarchical 305	

honeycombs with a compressive strain of 0.6ye = - tend to increase by 35 % after the first cycle. 306	

The decreased and subsequent constant maximum stresses at smaller compressive strains are due 307	

to the failure and plastic deformation in the cell walls. On the other hand, the increased maximum 308	

stresses at larger compressive strains are attributed to the contact, slip-stick, and densification of 309	

the triangular lattice. These different deformation mechanisms are also responsible for the energy 310	

dissipation behavior of the hierarchical honeycombs. As can be seen in Figure 4 (g), after the first 311	

cycle all hierarchical honeycomb exhibit a high average loss factor of 0.34. Aside from the contact 312	

friction and plastic deformation, the intrinsic material damping also contributes to the energy 313	

dissipation of the hierarchical honeycombs (Figure S2). Yet, structural damping induced by the 314	

unique failure mode of the hierarchical honeycombs is still dominant.	315	
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 316	

Figure 4. Mechanical response of hierarchical honeycombs under cyclic loading. (a) Loading-317	

unloading of the hierarchical honeycomb. (b)- (d) Stress-strain relations of loading-unloading 318	

cycles with compression strains up to 0.2ye = - , -0.4, and -0.6, respectively. (e)- (g) Effective 319	

stiffness, maximum stress, and energy loss ratio of hierarchical honeycombs under different cycles. 320	

Here the relative density of each hierarchical honeycomb is 0.16sr r = . 321	
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We have shown that the proposed hierarchical honeycombs may exhibit some excellent 323	

structural and shape integrity under large compression strains, which is aided by the release of the 324	

stored elastic energy in the buckled cell walls. The structural integrity is also correlated to the 325	

slenderness ratio of the triangular lattice. To confirm this feature, we have run cyclic loading tests 326	

up to a strain of 0.2ye = -  for hierarchical honeycombs with relative densities of 0.16sr r = , 0.32, 327	

and 0.55. The measured loading-unloading normalized stress-strain relations are plotted in Figure 328	

5 (a) and extracted mechanical responses are summarized in Figure 5 (b). As expected, the specific 329	

effective stiffness and maximum stress increase with the relative density, while a very slight 330	

increase of the loss factor (tand) is observed. It is also evident that shape memory treatment 331	

adopted allows recovering the shape of the hierarchical honeycombs, albeit to a different degree 332	

depending on the slenderness ratio. For a smaller slenderness ratio ( 0.16sr r = ), the compressed 333	

hierarchical honeycomb tends to conserve its overall shape with no visible damage or crack within 334	

its structure. No shape integrity can be however observed in the hierarchical honeycombs with a 335	

large slenderness ratio ( 0.55sr r = ) (Figure 5 (c)). These observations further confirm that the 336	

excellent structural integrity and shape preserving characteristics are intrinsically governed by the 337	

amount of stored elastic energy in the buckled cell walls. 338	
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 339	

Figure 5. The structural integrity of the hierarchical honeycombs. (a) The cyclic response of 340	

hierarchical honeycombs with different relative densities. (b) Effective stiffness, maximum stress, 341	

and energy loss ratio of hierarchical honeycombs with different relative densities. (c) Deformation 342	

pattern of hierarchical honeycombs with different relative densities. Here each hierarchical 343	

honeycomb is compressed up to a strain of 0.2ye = - . 344	
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3.3 Scaling laws of the hierarchical honeycombs 347	
	348	

The simulated and experimental stiffness and strength of the hierarchical honeycombs with relative 349	

densities from 0.02 to 0.32 are plotted in Figure 6 (a) and (b). For the sake of comparison, the 350	

stiffness and strength as a function of the relative density for the regular honeycombs case are also 351	

displayed. One has to notice that the theoretical predictions for regular honeycombs are derived 352	

from the use of the Euler beam theory for truss structures, for which the shear deformation is 353	

neglected. Euler-Bernoulli beam theory is only valid for honeycombs with thin cell walls (relative 354	

density smaller than 0.25) [20]. In the case of thick cell walls, the analytical solutions for stiffness 355	

based on Timoshenko beam theory should be adopted [57, 58]. One can notice that the simulated 356	

stiffness and strength of the regular honeycombs with relative densities smaller than 0.25 agree 357	

well with the linear-elastic and the brittle failure solutions [20]. In the case of regular honeycombs 358	

with a relative density of 0.55, the finite element analysis provides however an effective stiffness 359	

of 0.13, which agrees very well with the Timoshenko beam theory-based solution (0.12). These 360	

results indicate that our numerical modeling can predict the main mechanical response metrics of 361	

regular honeycombs. 362	

Compared with regular honeycombs, the hierarchical honeycombs show a remarkably improved 363	

stiffness, and a comparable strength to the one of regular honeycombs. At a relatively low density 364	

of 0.02, the hierarchical honeycombs exhibit a ~160 times higher stiffness than the regular 365	

honeycombs. We have fit the relative stiffness and strength as a function of relative density using 366	

a scaling law, ( )ms sE E B r r= and  ( )ns sCs s r r= , where E and s are the effective 367	

stiffness and strength of the hierarchical honeycombs, respectively. The parameters B and C are 368	

geometry-dependent proportionality constants, m and n are the scaling exponents. Here we have B 369	
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= 0.37, C = 0.83, m = 1.1, and n = 2. One can notice a nearly linear relation between the non-370	

dimensional stiffness and the relative density for hierarchical honeycombs. Compared with 371	

stochastic materials having a poorly scaling relation between stiffness and relative density, 372	

generally following ( )3~s sE E r r [20], the proposed hierarchical honeycombs demonstrate 373	

great potential to be designed as ultralight mechanical metamaterials. This finding also suggests 374	

that the introduction of an inner triangular lattice enables us to change the bending-dominated 375	

behavior into a stretching-dominated one. The relative density dependency of the compressive 376	

strength for the hierarchical and the regular honeycombs is almost the same, with the hierarchical 377	

honeycombs exhibiting a slightly higher relative strength.  378	

 379	

Figure 6. Relative stiffness and yield strength as a function of relative density. (a) Relative 380	

stiffness and (b) relative yield strength. See main text for the discussion of theoretical solutions of 381	

regular honeycombs. 382	

4. Conclusions 383	
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We have presented a new type of hierarchical honeycomb structure that exhibits a nearly linear 385	

relation between stiffness and relative density. At large uniaxial compression and cyclic loading 386	

conditions, these hierarchical honeycombs show improved energy absorption and recoverability. 387	

These anomalous mechanical behaviors are enabled by introducing a structural hierarchy into 388	

regular honeycombs, thereby resulting in the coexistence of local buckling, cell wall fracture, and 389	

plastic deformation. The recoverability is also aided by a specific heating process that activates the 390	

shape memory effect of the core polymer used in the 3D printing of these cellular structures. 391	

Slender cell walls can be critical in structural engineering applications for the potential onset of 392	

mechanical instability and catastrophic failure. Here we have however demonstrated that slender 393	

cell walls can be efficiently used to tailor the energy absorption and further provide recoverability. 394	

We have given evidence, both from an experimental and numerical standpoint that the slenderness 395	

ratio of the hierarchical triangular lattice is critical to tune the mechanical responses. The thermal 396	

heating applied to the compressed honeycomb above the Tg of the constituent polymer allows 397	

preserving the shape of the hierarchical structures under large deformations, at avoiding visible 398	

cracks or damages inside the honeycombs.  399	

The hierarchical honeycombs structures are fabricated using commercially available 3D 400	

printers and a brittle plastic polymer. It should be pointed out that other advanced manufacturing 401	

techniques, such as two-photon lithography can also be employed to create hierarchical cellular 402	

solids at a smaller length scale and with a broad choice of materials. As such, the mechanical 403	

response of the as-fabricated multiscale hierarchical honeycombs under different conditions, such 404	

as low velocity impact and shock wave loadings, can be investigated accordingly. The findings in 405	

this work not only provide a better understanding of the critical interplay between material 406	
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architectures and mechanical properties, but also offer new opportunities to create new mechanical 407	

metamaterials with anomalous behaviors for a wide range of potential applications. 408	
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 572	

S1. Experimental details 573	

S1.1 Mechanical properties of VeroWhite 574	

The material properties of the VeroWhite were obtained by measuring the mechanical response of 575	

the 3D printed cylinder. The cylinder sample with a diameter of 12.7 mm height of 25.4 mm 576	

complies with the ones prescribed by the ASTM D695-15 standard.  Figure S1 shows the measured 577	

stress-strain curves (true and engineering strain) under uniaxial compression with a constant strain 578	

rate of 0.001 s-1. The mechanical properties of VeroWhite are characterized by an elastic-plastic 579	

behavior with a Young’s modulus of 1.56E =  GPa and Poisson’s ratio 0.33n = . The measured 580	

mechanical properties of VeroWhite were employed in finite element software as the constitutive 581	

equation to predict the mechanical response of the hierarchical honeycombs. 582	
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 583	

Figure S1. Measured stress-strain relation of VeroWhite. 584	

The viscoelastic properties of in bulk were characterized by DMA measurement (TA instrument, 585	

Q800). The storage modulus and loss modulus as a function of temperature (0–90ºC) were obtained 586	

from a 20´2´6 mm3 sample under the tension mode at a frequency of 2Hz and a heating rate of 3 587	

ºC/min. The storage modulus and loss modulus are measured as a function of temperature, and the 588	

corresponding loss tangent is calculated, as shown in Figure S2. It is noticeable that at room 589	

temperature (23 ℃), the loss factor is about 0.12. A glass transition temperature around 65 ℃ can 590	

also be observed. 591	
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 594	

Figure S2. DMA test of VeroWhite showing the storage modulus, loss modulus, and tand as a 595	

function of temperature. 596	

S1.2 Uniaxial compression tests 597	
	598	

The experimental setup of the compression testing is shown in Figure S3.  599	

 600	

Figure S3. Experimental setup of uniaxial compression testing. 601	
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 602	

Figure S4. Mechanical response of the hierarchical honeycombs with a relative density of 0.16 603	

under uniaxial compression. 604	

S1.3 Loading-unloading tests 605	
	606	

Heating recovery experiments with 3D printed hierarchical honeycombs after loading-unloading 607	

uniaxial compression tests were carried out in a MTS AdvantageTM Environmental Chamber 608	

(Thermcraft LBO-24-10-10-11-5001) with temperature control (Figure S5).  609	
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Figure S5. Experiment setup for heating recovery. (a) Chamber and (b) 3D printed hierarchical 611	

honeycomb put in the chamber for heating recovery. 612	

S1.4 Uniaxial compression and cyclic loading tests 613	
	614	

Video 1: Mechanical response of regular honeycomb under uniaxial compression.  615	

https://www.dropbox.com/s/erdd8073esaidiy/Video%201%20Mechanical%20response%20of%2616	

0regular%20honeycomb%20under%20uniaxial%20compression.dvd.dvd?dl=0 617	

Video 2: Mechanical response of hierarchical honeycomb under uniaxial compression.  618	

https://www.dropbox.com/s/1l9e4g1x0chmydl/Video%202%20Mechanical%20response%20of619	

%20hierarchical%20honeycomb%20under%20uniaxial%20compression.dvd.dvd?dl=0 620	

Video 3: Mechanical response of hierarchical honeycomb under cyclic loading.  621	

https://www.dropbox.com/s/59cmdc3w2dm4vmv/Video%203%20Mechanical%20response%20622	

of%20hierarchical%20honeycomb%20under%20cyclic%20loading.dvd.dvd?dl=0 623	

S2. Finite element simulation details 624	

S2.1 Implementation of periodic boundary conditions 625	
	626	

To study the mechanical response of periodic structures, as long as no microscopic bifurcation 627	

happens, modeling on a smallest repeating representative volume element (RVE) together with 628	

periodic boundary conditions is computationally efficient. When the RVE is subjected to a 629	

macroscopic deformation gradient, F, periodic boundary conditions are applied on the sides of 630	

RVE such that	631	

( ) ( ) ( ) ( ) ( ){ } ( ) ( ){ }B A B A B Au -u = F- I X -X = H X -X ,                      (S1) 632	

where A and B are two points periodically located on the two sides of the RVE; u denotes 633	

displacement, X denotes the position in reference configuration, F is the deformation gradient 634	
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tensor, and H=F-I is the macroscopic displacement gradient tensor (Figure S6). Note that for the 635	

plane strain problem in this work, the displacement gradient is reduced to a 2×2 matrix 636	

11 12 11 12

21 22 21 22

1
1

H H F F
H H F F

-é ù é ù
= =ê ú ê ú-ë û ë û

H .		 	 	 	 	 	 																		(S2) 637	

 638	

Figure S6. Schematic illustration of periodic boundary conditions on the representative volume 639	

element of the hierarchical honeycomb. (a) Undeformed and (b) deformed states. Here A and B are 640	

two points periodically located on the two sides of the RVE. 641	

 642	

To evaluate the macroscopic mechanical response of the hierarchical honeycombs, we use the 643	

principle of virtual work, 644	

int extW Wd d= ,                                                                                                                             (S3) 645	

The external virtual work, extWd , can be written as  646	

( ) ( ) ( ) ( )
0 0

ext
0 0 0 0S S

W dS dSd d d= × = ×ò òP X n u X t X u X ,                                                           (S4) 647	

where P is the local first Piola-Kirchhoff stress tensor, n0 is the outward unit vector normal to the 648	

surface area, S0, in the reference configuration. du  and t0 are the virtual displacement and surface 649	

(a) (b)

X

Y

x

y
( ) ( )B A-X X

A B A
B
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traction in the reference configuration, respectively. The macroscopic first Piola-Kirchhoff stress, 650	

P , can be calculated as 651	

( )
0

0
0

1
V

dV
V

= òP P X ,                                                                                                                     (S5) 652	

where V0 is the volume of the representative volume element in the reference configuration. 653	

The internal virtual work, intWd , is given by 654	

( )
0

int
0 0( )

V
W dV Vd d d= × = ×ò P X F X P F ,                                                                                     (S6) 655	

Combining equation (S3), (S4), and (S6), we have 656	

( ) ( )
0
0 0S

V dSd d× = ×òP F t X u X ,                                                                                                   (S7) 657	

As a result, the macroscopic first Piola-Kirchhoff stress is a function of surface traction. 658	

In finite element implementation, the components of F assigned to the RVE model by 659	

introducing two reference nodes with four generalized degrees of freedom, ix  , 660	

1 2 11 12

3 4 21 22

1
1 1

F F
F F

x x
x x

-é ù é ù
=ê ú ê ú- -ë ûë û

,                                                                                                       (S8) 661	

Then the external virtual work can be restated as 662	

4
ext

1
i i

i
Wd dx

=

= Xå ,                                                                                                                         (S9) 663	

where iX  are the reaction forces associated with the assigned displacement ix . By using equation 664	

(S6) and (S9), macroscopic first Piola-Kirchhoff stress can be identified as 665	

1 211 12

3 4021 22

1P P
VP P

X Xé ù é ù
=ê ú ê úX Xë ûë û

.                                                                                                       (S10) 666	

S2.2 Simulated stress-strain relations 667	
	668	
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Simulated stress-strain relations for regular and hierarchical honeycombs with different relative 669	

densities are shown in Figure S7. Effect Young’s modulus and yield strength are extracted from 670	

these simulated relations. Note that the mechanical responses of regular and hierarchical 671	

honeycombs at extremely low densities, such as 0.02 and 0.06, are not shown here. 672	

	673	

Figure S7. Simulated stress-strain relations for regular and hierarchical honeycombs. (a) Regular 674	

honeycombs and (b) hierarchical honeycombs. 675	
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