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Online Appendix for Identifying Dynamical
Instabilities in Supply Networks Using

Generalized Modeling

1 Nonlinear Dynamics

We restrict this methodological note to the concepts of nonlinear dynamics used in
this study. We refer the reader to Guckenheimer and Holmes (1983) and Kuznetsov
(1995) for more detailed discussions and advanced topics in nonlinear dynamics.

Consider an N-dimensional nonlinear dynamical system described by

d

dt
X = F(X), (1)

where F = [F1, . . . , FN ] with the function Fi : RN → R representing the rate of change
in the variable Xi as a nonlinear function of the state vector X = [X1, ..., XN ].

In contrast to linear systems, it is generally not possible to find closed form solutions for
high-dimensional nonlinear dynamical systems. A particular strategy in studying such
systems is to analyze the long-term behavior. The advantage of a long-term analysis
is that there is only a limited number of types of behavior that a dynamical system
can exhibit in the long run: stationarity, periodic oscillations, quasi-periodicity, and
chaos (Kuznetsov, 1995). Of these, stationarity is both the most commonly observed
and the easiest to analyze. Even some systems that follow other patterns can often
be gainfully modeled such that they show stationary long-term behavior in the model
(Yeakel et al., 2011).

A steady state (also called stationary state) for a deterministic system is defined by
the vanishing of all individual rates of change Fi(X) for i = 1, . . . , N so that such
a system initialized in the steady state remains there forever. Any X∗ that satisfies
Fi(X

∗) = 0 for i = 1, . . . , N constitutes a steady state of this system. The most crucial
aspect of a steady state is its response to disturbances, i.e. stability. For sufficiently
smooth systems, local asymptotic stability of the system in a given steady state is
characterized by the Jacobian matrix J = [Jij]i,j=1,...,N (Guckenheimer and Holmes,
1983), which is defined as

Jij =
∂

∂Xj

Fi(X1, . . . , Xn)

∣∣∣∣∣
X∗
, (2)

i.e. the partial derivatives of the rates of change with respect to state variables at the
steady state X∗. The steady state is stable if all eigenvalues of J have negative real
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parts. If at least one of the eigenvalues has a positive real part, the steady state under
consideration is unstable.

We are often interested in how the behavior of a system changes when its defining pa-
rameters are changed. In general a gradual change of parameters will induce a gradual
change in the steady-state values of dynamical variables (Guckenheimer and Holmes,
1983). However, sharp thresholds may exist at which the number of steady-state so-
lutions and/or their stability change. These thresholds in parameter values are called
bifurcation points and the corresponding qualitative changes in the dynamics of the
system are bifurcations (Kuznetsov, 1995). Changing a parameter results in a bifur-
cation if it causes one or more eigenvalues of the Jacobian matrix to acquire positive
real parts. Typically, this occurs either due to a single real eigenvalue passing through
zero, or a complex conjugate pair of eigenvalues passing across the imaginary axis of
the complex plane. The former case corresponds to a saddle-node-type bifurcation,
where stationary states meet and annihilate each other (saddle-node bifurcation) or
meet and exchange their stability (transcritical bifurcation). The latter corresponds to
a Hopf bifurcation where a stationary state looses stability while the system embarks
on, at least transient, oscillations.

2 Generalized Modeling (GM)

We illustrate the idea and the constructs of GM using an example of a simple inventory
control system. Consider a company that keeps stock of an item that is continuously
replenished by responding to the current level of inventory P , for instance according
to a base stock policy. Let the item delivery and consumption rates be G and L,
respectively. In the framework of generalized modeling, we call these rates gain and
loss, respectively. For the purpose of illustration, let us now assume that everything but
the stock of this item is external to the system so that orders are delivered immediately
and demand for the item is fixed. We model item delivery and consumption rates as
functions of the inventory level, i.e.G(P ) and L(P ). The level of inventory thus changes
dynamically according to the generalized model

d

dt
P = G(P )− L(P ). (3)

In Generalized Modeling we do not specify G(P ) and L(P ) to be of any specific
functional form so that a whole spectrum of linear and nonlinear policies for inven-
tory replenishment and order satisfaction can be represented and analyzed in a single
model. The main purpose of generalized modeling is to determine mathematically
which properties of such functions impact the local asymptotic stability.

The generalized model in Eq. 3 is too general to compute the steady states in any
meaningful way since the equation G(P ∗) − L(P ∗) = 0 cannot be solved without
knowing the functions. However, the collection of systems described by a properly set
up generalized model will generally contain many different steady states. Although we
cannot compute these states, the GM approach still allows us to analyze their stability.

Consider a particular unknown steady state P ∗. We can compute the Jacobian J ,
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which is
J = GP (P

∗)− LP (P ∗),

where the terms on the right hand side denote partial derivatives, e.g.

GP (P
∗) =

∂G

∂P

∣∣∣∣∣
P=P ∗

.

Now assume that for a given steady state P ∗, the terms evaluate to specific values,
e.g. GP (P

∗) = 5. For the unknown steady states of the generalized model we do not
know these values in advance, but they can be treated as unknown parameters. Now
assume P ∗ > 0 and define the normalized quantities

p =
P

P ∗ , g(p) =
G(P )

G∗ , l(p) =
L(P )

L∗

where we use the shorthand notation G∗ = G(P ∗) and L∗ = L(P ∗). Substituting into
Eq. 3 yields

d

dt
p =

G∗

P ∗ g(p)−
L∗

P ∗ l(p).

Since this system is equivalent to Eq. 3, they have the same steady state, i.e. p = P/P ∗

has its steady state at P = P ∗ and thus p∗ = 1. Analogously, we know that in the
steady state g(p∗) = l(p∗) = 1. The price paid for setting the unknown steady state to
a known value is the appearance of the unknown prefactors G∗/P ∗ and L∗/P ∗.

In the steady state, the rate of change should be zero, i.e.G∗/P ∗ = L∗/P ∗. Importantly,
we note that the prefactors capture a meaningful property, the turnover rate α, i.e. the
inverse of the time that a unit of P spends in the system. Using α := G∗/P ∗ = L∗/P ∗,
we write

d

dt
p = α(g(p)− l(p)). (4)

We have gone from a system without parameters and with unknown steady states to
a system where we know a steady state, but which now contains one unknown but
meaningful parameter: the turnover rate α, which captures the inventory cycle time.

Let us now consider the stability of the system in the steady state. We can write the
Jacobian as J = α(gp−lp), where gp = ∂g

∂p

∣∣∣
p=1

and lp = ∂l
∂p

∣∣∣
p=1

. For the one-dimensional
system, the eigenvalue of the Jacobian is identical to itself, i.e. λ = α(gp − lp). Thus,
the steady state under consideration is stable if

α(gp − lp) < 0. (5)

We have found a condition for the stability that is dependent on the three parame-
ters, α, gp, and lp. Above we have argued that α has an intuitive interpretation as it
denotes the turnover rate. Let us now investigate the interpretation of the other two
parameters. It can be easily shown that these parameters are logarithmic derivatives
of the original functions, for example

gp =
∂g

∂p

∣∣∣∣∣
p=1

=
∂ log(G)

∂ log(P )

∣∣∣∣∣
P=P ∗

. (6)
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Now consider for instance the case where we have a linear outflow, L(P ) = AP , with
some arbitrary constant of proportionality A. This could for example be the case when
demand is partially satisfied from a limited inventory in the steady state. In this case
lp = 1, independently of A. For a general power-law L(P ) = AP β with exponent β
the corresponding parameter value is lp = β. For a general function the logarithmic
derivative corresponds to the exponent of a local power-law fit, which provides an
intuitive indicator of the nonlinearity of the function in the steady state.

Logarithmic derivatives such as gp and lp are also known as elasticities, which are
used widely in economic theory (Nievergelt, 1983), providing valuable insights and
useful interpretations, as well as having advantageous statistical properties, which
allows them to be easily estimated from time series. Furthermore, they are commonly
used in metabolic control theory (Fell and Cornish-Bowden, 1997). In the context
of generalized modeling of dynamical systems these parameters are sometimes called
exponent parameters as they indicate the exponent of a local power-law fit to the
function in the steady state, as indicated above for a simple inventory replenishment
model.

In summary, we can express the stability of the steady state P ∗ in terms of the scale
parameter α and the two exponent parameters gp and lp. Because we considered an
arbitrary steady state, this result must hold for all steady states of the whole class
of models considered, irrespective of their functional forms. We can thus say: In any
model of the form of Eq. 3 any given steady state is stable if and only if the elasticity
of loss in the steady state is greater than the elasticity of the gain. In the simple
one-dimensional system, the results on stability are fairly intuitive. For instance, a
steady state that experiences quadratic loss (lp = 2) and linear gain (gp = 1) is stable,
whereas a system with constant loss (lp = 0) and linear gain is unstable.

Considering the inventory replenishment example, we know that the gain, i.e. the
replenishment rate, should be non-negative and decrease monotonically with P in any
reasonable control policy so that higher inventories lead to less orders, and to zero
orders above a certain level of inventory. Therefore, the inventory gain has a negative
elasticity, i.e. gp ≤ 0. In contrast, L(P ) is increasing in P as the use of items is
constrained by their availability which would saturate to a constant level for sufficiently
high P where all demand gets satisfied. Thus, the inventory loss has positive elasticity,
lp ≥ 0. Therefore, for any plausible inventory replenishment policy of a single company
without constraints such as capacity and part availability, the system is always stable
since α(gp − lp) < 0.

While the results are very intuitive for the simple inventory model, the approach
is particularly valuable because the same procedure can be carried out for supply
networks of arbitrary complexity. Let us now consider an N-dimensional generalized
model described by

d

dt
P = G(P)− L(P), (7)

where P = [P1, . . . , PN ], G = [G1, . . . ...GN ] with Gi : RN → R, and L = [L1, . . . , LN ]
with Li : RN → R denote the vectors of state variables, gain and loss rates, respectively.
By applying the same normalization procedure, the stability of an unknown steady
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state is characterized by its Jacobian matrix J = [Jij]i,j=1,...,N with

Jij = αi
(
g
pj
i − l

pj
i

)
, (8)

where αi is the turnover rate for variable Pi and g
pj
i and lpji are elasticities of gain and

loss rates for Pi to Pj.

Previous applications have revealed the generalized modeling approach to be a pow-
erful and reliable tool to study stability (Gross et al., 2009, Yeakel et al., 2011). The
mathematical transformations used are safe as long as the model is set up such that
positive steady states exist. In a properly set up generalized model, it is easy to write
down a plausible conventional model that corresponds to a given generalized parameter
set (Yeakel et al., 2011). Thus, it is guaranteed that all steady states that fall within
reasonable parameter ranges of the generalized model are actually steady states that
could also have been found in a plausible conventional model. The model needs to be
set up such that a) all essential physical constraints are taken into account and b)
positive steady states, where all variables have strictly positive values, can in princi-
ple exist, i.e. are not precluded by constraints imposed on the system. For instance,
in manufacturing supply networks, material flow across the network needs to be con-
served, i.e. materials cannot appear or vanish from the model except in predefined
sources and sinks.

2.1 Influence and Sensitivity

The use of Jacobian matrices is not restricted to determining the stability of a system.
A further use of the Jacobian in generalized models is to identify sensitive and influen-
tial variables in the system. We define the sensitivity of a variable Pi in terms of how
strongly it is affected by a change at any point in the system, whereas its influence
describes how strongly the whole system is affected from a change in the variable Pi,
which are associated with the right and left eigenvectors, respectively (Aufderheide
et al., 2013). Let λ1 . . . λN be the eigenvalues of the Jacobian in descending order of
their real parts. For each eigenvalue λk we can identify the corresponding left and right
eigenvectors ω(k) = [ωi

(k), ..., ωN
(k)] and v(k) = [vi

(k), ..., vN
(k)], respectively. Then, the

influence and sensitivity of the variable Pi (Ini and Sei, respectively) can be defined
as:

Ini= log

(∑
k

|ωi(k)|
Re(λk)

)
,

Sei= log

(∑
k

|vi(k)|
Re(λk)

)
. (9)

In contrast to Aufderheide et al. (2013) we use influence and sensitivity in the context
of dynamical instability rather than the ecological press perturbations that are the
focus of the mentioned paper. Hence the Jacobian, rather than its inverse appears in
the definition used here.
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Above we defined influence and sensitivity only for a given state. To arrive at proxies
that indicate influence and sensitivity for a given system for a whole spectrum of
different states that are at the border of instability we proceed as follows: In the sample
of parameter values used (see main text), we consider only those parameter sets where
the system is close to instability, i.e. where the leading eigenvalue of the Jacobian has
a real part in the range [0, 0.01]. We then compute the influence and sensitivity of a
given part as the mean of the influence and sensitivity values over the parameter sets
considered. This procedure identifies influence and sensitivity values for each product
in the network. To assess also the sensitivity and influence of organizations, we assign
them a sensitivity and influence value that is computed as the sum over the respective
values for all outgoing and incoming products.

2.2 Computational complexity of GM

To determine the stability of a dynamic system, in the generalized modeling framework
one has to calculate the eigenvalues of a matrix, which is at most an O(N3) problem,
with N being the number of variables, i.e. the size of the system (Press et al., 2007).
Most traditional methods for analyzing dynamic behavior exceed this complexity by
far. For instance solving a set of N coupled ordinary differential equation to determine
the stability of the system means that one has to numerically integrate these N equa-
tions in time, which has to be done for a large number of steps, with step-size h and
for many initial conditions. The simplest step-size method, the Euler method (Press
et al., 2007), has a complexity of O(hN2) per step, where the step size h has to be
small to reduce the error O(h2). Hence, a generalized modeling framework is always
very much faster than numerical integration.

3 Triadic network: generalized model, generalized parameters, and full
demand satisfaction

We elaborate here on aspects of the modeling approach for the triadic network pre-
sented in Section 3 of the paper. The defining set of differential equations for the
triadic network is provided in the main text, Eq. 1. We can rewrite this equation in
matrix form

d

dt
P = NF (P ) (10)

where F (P ) = (F1, . . . , F7) is the vector of product flows and

N =



1 0 −1 −1 0 0 0
0 1 0 0 −1 0 0
0 0 1 0 −1 0 0
0 0 0 1 0 −1 0
0 0 0 0 1 −1 0
0 0 0 0 0 1 −1


(11)
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We know that the flows have to balance in the steady state

N F∗ (P∗) = 0 (12)

As noted in the main text, the material flow across the network is conserved. For
instance, one unit of part 1 is used to produce one unit of part 3 at rate F3 and one
unit of part 4 at rate F4. Therefore, the inventory of part 1 decreases at rate F3 + F4,
while the inventory of parts 3 and 4 increase at matching rates F3 and F4, respectively.
This leads to F ∗

2 = F ∗
3 = F ∗

4 = F ∗
5 = F ∗

6 = F ∗
7 = F ∗ and F ∗

1 = 2F ∗.

Now, we apply normalization by the steady-state levels (see Sec. 2) to Eqs. (10),
resulting in

d

dt
pi =

7∑
j

F ∗
j

P ∗
i

Nij︸ ︷︷ ︸
Λij

fj(p), (13)

where p = (p1, . . . , p6) with pi = Pi/P
∗
i and fj = Fj/F

∗
j .

The Jacobian matrix of the normalized system is then calculated

J = ΛΘp
f with Θp

f :=
∂fx(p)

∂p
(14)

where

Θp
f =



fp11 0 0 0 0 0

0 fp22 0 0 0 0

fp13 0 fp33 fp43 0 0

fp14 0 fp34 fp44 0 0

0 fp25 fp35 0 fp55 0

0 0 0 fp46 fp56 fp66

0 0 0 0 0 fp67



, (15)

where fx = (f1, ..., f7) and f
pj
i denotes the elasticity of Fi to Pj. The elasticity param-

eters have been classified into the following groups in the main text:

• Elasticity to inventory level:fpii for i = 1, . . . , 6, which are collectively denoted as fI .
• Elasticity to supply: fp13 , fp14 , fp25 , fp35 , fp46 , fp56 , fp67 , which are collectively denoted

as fS.
• Elasticity to co-production: fp43 and fp34 , which are collectively denoted as fC .

3.1 Derivation of the elasticity to inventory level

We first consider a linear inventory replenishment rule. Taking the production rate
F6 as an example, it is given by F6 = d + (S − P6)/T , where d denotes the external
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demand, S denotes the desired inventory level, and T denotes the inventory adjustment
time. Then, the elasticity to inventory level, fI ≡ ∂ log (F6) /∂ log (P6), evaluates to
fI = −P ∗

6 /F
∗

T
. We can then consider a hypothetical nonlinear control rule, which is not

investigated in the extant literature. Since the elasticity is the exponent of the local
power law fit to a function, we can take a power law relation for illustration, where
F6 = d+(S − P6)

β/T with β ≥ 0. For this nonlinear control rule, the elasticity is given
by fI = −β P

∗
6 /F

∗

T
, where the nonlinearity of the control rule appears as a multiplier.

Another source of nonlinearity is the limitation by part availability (discussed below
in the context of elasticity to supply) and/or capacity, which has been considered in
the literature (e.g. Venkateswaran and Son (2007), Spiegler et al. (2016). It leads to
zero elasticity for d+(S−P6)/T > C, where production C is the production capacity.

3.2 Derivation of the elasticity to co-production

The positive co-production elasticity can be illustrated by the following specific ca-
pacity allocation rule. Consider that the capacity C is fully used, i.e. F3 +F4 = C and
assume that the capacity is shared between parts 3 and 4 proportional to their desired
production rates F̂3 and F̂4, i.e. F3 = αC and F4 = (1− α)C, where α = F̂3/

(
F̂3 + F̂4

)
is the fraction of capacity allocated to the production of part 3. Then the elasticity
to co-production fp34 satisfies the equation fp34 = αf̂I , where the f̂I is the elasticity to
inventory level for the desired rate.

3.3 Calculation of elasticity parameters from data

Although we presented the approach as a high level network analysis tool in this study,
the model parameters could be calibrated in the following manner if historical inventory
level and material flow data are available for a focal organization. The elasticity of
flow Fj to inventory level Pi (fpij ) is calculated from the logarithmic derivative by
fpij = ∂ log(Fj)

∂ log(Pi)

∣∣∣
Pi=P ∗

i

. Therefore, if there is historical data over which inventory levels

and flow rates are stationary, the elasticity parameter can be estimated as fpij =
1
K

∑
k

log(Fj(tk+1))−log(Fj(tk))

log(Pi(tk+1))−log(Pi(tk))
, where Fj(tk) and Pi(tk) denote the respective quantities at

time point tk with k = 0, . . . , K − 1. This could enable a focal organization to gauge
the impact of specific policies to improve the likelihood of stability.

3.4 Elasticity to supply: PSW of full external demand satisfaction

A generalized supply network framework with random parameters usually describes
a strained system, since the availability of parts is a constraint for fS > 0. However,
supply networks often manage to satisfy the demand of the external buyer or market.
For the triadic supply network, the external demand is fully satisfied if flow F7, which
describes the shipment of the final product 6 to the external market, does not depend
on the inventory level of the final product. This condition is represented by fp67 = 0.
To investigate the behavior under this condition, we considered the particular case
of fp67 = 0. Specifically, we use the sample of identical parameters to initialize the
generalized parameters and investigate the relationship between them and stability
under this additional constraint (see Fig. 1).
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Fig. 1. Relationship between generalized parameters and stability in the triadic supply net-
work when the demand of the external buyer is fully satisfied (fp7S = 0).
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