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Abstract 26 

A new multi-variate approach for assessing the seismic performance of structures is 27 

proposed. The classical safety factor formulation in structural reliability is adopted considering 28 

multi-dimensional limit state functions that are defined in terms of demand-over-capacity 29 

ratios. Variable definitions of multi-dimensional limit state functions represent additional 30 

epistemic uncertainty in reliability problems. The use of different multi-dimensional limit state 31 

functions is investigated either in terms of variability on the resulting fragility curves and as 32 

effect on the risk by calculating the probability of exceeding prescribed limit states. The 33 

proposed method is demonstrated by analyzing four non-ductile reinforced concrete structures 34 

and by considering bi-dimensional damage measures in terms of maximum inter-story drift and 35 

residual drift. Results show that for limit states where the structure behaves elastically, there is 36 

no significant effect on the fragility and risk when alternative multi-dimensional measures are 37 

adopted. Conversely, average variations up to 10% on the assessment of the probability of 38 

failure are observed for limit states where the structure behaves nonlinearly; such variations 39 

can be as large as 50% for some particular cases. 40 

 41 

Keywords: Multi-dimensional damage measure, Limit state function, Risk assessment, 42 

Performance-based earthquake engineering, Incremental dynamic analysis.  43 
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1 INTRODUCTION 44 

Seismic reliability methods aim at evaluating the performance of a structure under seismic 45 

actions and calculating the probability of attaining (or exceeding) a prescribed set of limit states 46 

(Ebrahimian and De Risi, 2014). The probability (P) of attaining a specific limit state (LS) can 47 

be expressed as: 48 

( ) 0LSP P G=   X  (1) 

where G is the limit state function or performance function, and X is a set of uncertain 49 

parameters of the problem, such as aleatory uncertainties (e.g. earthquake ground motions) and 50 

epistemic uncertainties (e.g. material properties and structural details). G defines the boundary 51 

between safe and unsafe domains. Such a limit state function is a multi-dimensional surface 52 

and is itself uncertain. Its variability can be considered by introducing additional random 53 

variables (Hall and Lawry, 2003). With the advancement in computational power, use of 54 

surrogate empirical models of the limit state function, e.g., response surface function (RSF) 55 

and simulation techniques, is becoming more affordable (Schotanus et al., 2004; Liel et al., 56 

2009; Hadidi et al., 2017). The RSF consists of fitting structural responses, obtained through 57 

numerical experiments, by means of a polynomial function in the space of uncertain 58 

parameters. Regarding the limit state function, the shape of the RSF can be uncertain (Gupta 59 

and Manohar, 2004). Approximations have been proposed for seismic reliability problems 60 

(Möller et al., 2009). For high-dimensional reliability analysis (Wang and Song, 2018), for 61 

example, an exponential surrogate model may be adopted as alternative to more classical 62 

quadratic polynomial functions (Hadidi et al., 2017). 63 

Alternatively, seismic reliability analysis can be carried out by analyzing the entire 64 

problem in a modular manner, separating into seismic hazard analysis and structural damage 65 
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assessment, and then integrating them all together (Cornell and Krawinkler, 2000). In this case 66 

the rate of exceeding a given limit state is obtained as: 67 

  ( )|LS P D C IM d IM =    (2) 

where D is the structural demand and C is the capacity, both of which are expressed in terms 68 

of a predefined set of engineering demand parameters EDPs, such as chord rotation or roof 69 

drift, describing the mechanical behavior of the structure. IM denotes the intensity measure, 70 

e.g., peak ground acceleration (PGA) and spectral acceleration (Sa). (IM) is the seismic hazard 71 

curve (Cornell, 1968). P[D>C|IM] is the conditional probability of attaining a given limit state 72 

(or the probability of failure) for a given value of IM and is also known as fragility curve (Celik 73 

and Ellingwood, 2010). Moreover, by adopting the demand-to-capacity ratio Y = D/C (Jalayer 74 

et al., 2007), Equation 2 can be rewritten as:  75 

  ( )1|LS P Y IM d IM =    (3) 

In the above formulations, the main focus of the reliability problems is to perform the seismic 76 

damage assessment in terms of D - C or D/C (= Y).  77 

There are two main concerns in developing seismic fragilities curves. First, the adoption 78 

of a single scalar Y may be insufficient (Ataei and Padgett, 2013). For example, Cimellaro and 79 

Reinhorn (2010) proposed a multi-variate approach for describing the vulnerable behavior of 80 

non-structural components that are sensitive to multiple parameters, such as displacements and 81 

accelerations (e.g., partition walls, service systems, etc.). Tesfamariam and Goda (2015) 82 

presented a case of maximum and residual inter-story drift ratios for non-ductile RC structures 83 

to develop a bi-variate framework for seismic performance assessment for the case of 84 

mainshock-aftershock earthquake sequences. Hariri-Ardebili and Saouma (2017) suggested to 85 

perform multiple-EDP incremental dynamic analysis (IDA, Vamvatsikos and Cornell, 2004), 86 
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when EDPs of interest are strongly correlated. Although they suggested the necessity of a 87 

multiple-EDP IDA, they did not provide details as to how to evaluate the attainment of the 88 

limit state, i.e. the definition of the limit state surface. Zenter (2017) also proposed a general 89 

framework for the estimation of analytical fragility functions based on multivariate 90 

probabilistic distributions. Moreover, Bakalis and Vamvatsikos (2018) presented a short 91 

discussion about the need for multiple-EDPs limit states. In addition, the scalar Y formulation 92 

can also be inappropriate when the EDPs of interest are sensitive to different aspects of seismic 93 

excitations (Bradley et al., 2015), e.g., two different IMs. In such a case, the adoption of a 94 

multi-dimensional limit state surface can help develop simple univariate fragility curves (i.e., 95 

fragilities depending on a single IM) considering the uncertainty introduced by the 96 

insufficiency of the selected IM for all EDPs of interest.  97 

Second, more than one structural component may contribute to the global structural 98 

performance (i.e. the problem is multi-dimensional), and the shape of the function mapping the 99 

response of single components to the response of the entire structure is uncertain (Ataei and 100 

Padgett, 2013). For example, current building codes, such as Eurocodes (CEN, 2002) and 101 

ASCE standards (ASCE/SEI, 2017), provide failure surfaces at element level (e.g. columns 102 

and beams), defining failure domains in terms of internal forces for different directions (e.g. 103 

biaxial flexure and axial load, Bousias et al. 2002) or different internal stresses (e.g. tensile, 104 

shear, and torsional stresses, Lu et al., 1994), and assume that the reliability factor defined at 105 

section/element level is applicable to entire structure (ASCE/SEI, 2017; CEN, 2002). 106 

Therefore, new potential multi-variate damage measures capable of representing the entire 107 

structural performance in a comprehensive fashion are needed.  108 

This paper investigates how the shape of a multi-dimensional limit state function can 109 

have influence on the seismic reliability assessment; the shape of the limit state function 110 

associated with the multi-variate damage measure is a source of epistemic uncertainty to be 111 
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considered in a comprehensive seismic reliability analysis. Building upon the work proposed 112 

in Jalayer et al. (2007), this work presents a novel IDA-based seismic performance evaluation 113 

approach that accounts for multiple EDPs caused by major earthquakes. This is achieved by 114 

defining a multi-dimensional damage measure Y = [Y1,Y2,…,YN], and corresponding multi-115 

dimensional limit state function G(Y,IM). The limit state function can assume different 116 

analytical forms leading to different estimations of the probability of failure. The main output 117 

of IDA results in different fragilities functions for each limit state function. Such fragilities, 118 

integrated with the same hazard curve (according to Eq. 3), can lead to different failure 119 

probabilities. The scope of this work is not to assess which functional form is the best, but to 120 

show the influence of the functional form on the probability of failure. The former can be 121 

investigated only through experimental or theoretical/numerical studies, which is beyond the 122 

scope of this study. Although this study is focused upon the IDA, the proposed approach can 123 

be used also for pushover analyses (Krawinkler, 1996) and can be adapted to cloud analysis 124 

(Jalayer et al., 2015) and multiple stripe analysis (Baker, 2015) using the approach proposed 125 

by Zenter (2017). To demonstrate the proposed procedure, 2-story, 4-story, 8-story, and 12-126 

story RC frame structures described in Tesfamariam and Goda (2015) are adopted as a case 127 

study and the maximum and residual drifts due to earthquakes are investigated by means of 128 

IDA using a set of 50 ground-motion records. Fragilities obtained considering different limit 129 

state surfaces are then convoluted with the seismic hazard for the considered case study area, 130 

and the variability in the failure probability in relation to the assumed shape of the failure 131 

domain is evaluated. 132 

 133 

2 METHODOLOGY 134 

2.1   Multi-dimensional limit state function 135 

A multi-dimensional limit state function G(Y,IM) that considers more than one mechanism, 136 

and therefore more than one ratio (Yi= Di/Ci), can be defined as a non-linear combination of Yi 137 
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(Equation 4) or as union or intersection of multiple limit state functions (Equations 5) 138 

(Melchers and Beck, 2018): 139 

𝐺(𝒀, 𝐼𝑀) = ∑ 𝑎𝑖 ∙ 𝑌𝑖
𝑏 − 1

𝑁

𝑖=1

   𝑤𝑖𝑡ℎ 𝑎𝑖 = 1 𝑜𝑟 0 (4) 

𝐺(𝒀, 𝐼𝑀) = ⋃(𝐺𝑗 ≤ 0)

𝑁

𝑗=1

         𝐺(𝒀, 𝐼𝑀) = ⋂(𝐺𝑗 ≤ 0)

𝑁

𝑗=1

 (5) 

Equation 5 is a generic expression that can be reduced to a one-dimensional linear limit that is 140 

adopted in Jalayer et al. (2007). The presented limit state functions are considered constant 141 

with IM, therefore this term is dropped in the following for simplicity. Varying the power term 142 

b in Equation 4 it is possible to obtain different shapes of the limit state function, however, in 143 

this paper, only values of b greater than or equal to 1 are investigated.  144 

Figure 1 shows the limit state surfaces, at structural level, for the case of two EDPs, 145 

which is mainly focused in this research. In this study, different limit state surfaces are 146 

considered: linear (Fig. 1a), convex-circular (Fig. 1b), convex-square function (Fig. 1c), and 147 

concave surface (Fig. 1d). The four shapes for the limit state functions are selected in order to 148 

represent a broad spectrum of possible functions and therefore to achieve potential significant 149 

variations in the reliability assessment. Such different limit states will depend on the structural 150 

typology (e.g., RC and steel) or will be affected by the construction technique (e.g. moment 151 

resistant frame and braced frame). For example, the square limit state function (Fig. 1c) 152 

represents the conventional safety check performed to design new structures or assess existing 153 

ones, i.e., the more restrictive failure mechanism rules the design/assessment. The linear and 154 

circular limit state functions (Fig. 1a,b) also have a precise physical meaning: none of the 155 

considered EDPs reach its own limit value, but their combination is severe enough to lead to 156 

the global failure. This is the case, for example, of global frame instability, i.e. the global 157 
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collapse is attained before the capacity of each structural element is reached, that is typical of 158 

tall steel frame buildings (Gerasimidis et al., 2017). Finally, the concave limit state surface may 159 

be applicable to a failure mechanism that requires an entire group of elements to fail; this is the 160 

case of the soft-story mechanism, i.e., all top and bottom sections of the columns of a story 161 

need to yield (Jalayer et al., 2007). The union and intersection of limit state functions are typical 162 

of reliability problems of series and parallel systems, respectively (Ebrahimian and De Risi, 163 

2014). 164 

The definition of the appropriate limit state function requires data either (1) from field 165 

surveys after an earthquake or (2) from laboratory tests (Cimellaro and Reinhorn, 2010). Data 166 

can be interpreted based on statistical analysis or engineering judgement. These functions can 167 

be also continuously updated in a Bayesian framework when more data are available (Gardoni 168 

et al., 2002). 169 

With reference to the four limit state functions adopted herein, the linear limit state 170 

function shown in Fig. 1a is obtained for N = 2, b = 1, and ai = 1: 171 

𝐺(𝒀) = 𝑌1 + 𝑌2 − 1 (6) 

The circular limit state function shown in Fig. 1b is obtained for N = 2, b = 2, and ai = 1: 172 

𝐺(𝒀) = 𝑌1
2 + 𝑌2

2 − 1 (7) 

Finally, the square and concave surfaces, shown in Figs. 1c and 1d, are obtained as union and 173 

intersection of linear limit state surfaces, respectively, imposing N = 2, b = 1, and a1 = 1 and 174 

a2 = 0 (i.e., 𝐺1(𝒀) = 𝑌1 − 1), and a1 = 0 and a2 = 1 (i.e., 𝐺2(𝒀) = 𝑌2 − 1), respectively. It is 175 

interesting to note that passing from the linear to the square function there is a progressive 176 

reduction of dependence between Ys. The square function represents the case of independent 177 

Ys (Cimellaro and Reinhorn, 2010).  178 

 179 
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2.2   IDA-based procedure 180 

The adoption of incremental loading for reliability analysis is an established procedure (Wu 181 

and Moan, 1991). The focus is to evaluate values of critical IMs (illustrated as red crosses in 182 

Fig. 1) corresponding to the passage from the safe to the unsafe domain of the multiple-EDP 183 

plane (i.e. from the green to red area in Fig. 1). The IDA procedure is considered since it can 184 

identify such critical points, i.e., the points on the limit state surface. IDA is similar to the 185 

classical first excursion or first passage problem in reliability theory (Au and Beck, 2001). 186 

Therefore, the proposed methodology can be extended to other classical reliability problems 187 

involving a multi-dimensional limit state surface.  188 

With IDA, the structural capacity is estimated by repeatedly scaling a ground motion 189 

record until a specific damage on the structure is attained. The scaling process leads to the 190 

definition of a curve, also known as IDA curve (Fig. 1), that relates increasing IM values with 191 

structural demand parameters EDPs or alternatively damage measures Y. The onset of a 192 

specific limit state can be identified as the IM value for which the demand is greater or equal 193 

to the capacity. By repeating this process for a set of ground motions, a set of IDA curves is 194 

obtained and therefore a set of IM values corresponding to the onset of a specific limit state 195 

can be determined. Eventually, the probability of attaining a specific limit state can be 196 

estimated; for example, the lognormal distribution is often fitted to the empirical distribution 197 

of critical values of IM: 198 

𝑃[𝐺(𝒀) ≤ 0|𝐼𝑀] = Φ (
𝑙𝑛𝐼𝑀 − 𝑙𝑛𝜂𝐼𝑀

𝛽𝐼𝑀
) (8) 

where IM and IM are, respectively, the median and the logarithmic standard deviation of the 199 

intensity measures leading to the overreaching of a given limit state. 200 

For the case of a multi-dimensional limit state surface, the calculation of IM values 201 

corresponding to the onset of a specific limit state is not straightforward. In fact, it will be 202 
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improbable that one of the points of the IDA curve belongs to the limit state surface (i.e., G = 203 

0). Therefore, it is necessary to obtain the performance point (i.e., G = 0). Practically, this can 204 

be done by identifying the first point outside the domain (i.e., G(Y) < 0) and the previous one, 205 

and then by interpolating these two points at G(Y) = 0. Appendixes A and B provide more 206 

details on how to calculate the intersection between the line passing through the two points and 207 

the multi-dimensional planar and circular limit state surface, respectively. 208 

 209 

2.3   Reliability assessment 210 

The closer the limit state surface is to the origin, the lower the critical IMs are and therefore, 211 

the fragility is more conservative (i.e., for the same probability value, the fragility associated 212 

with the linear limit state function provides capacity values smaller than that provided by the 213 

fragility associated with the convex limit state function). On the contrary, the farther the limit 214 

state surface is from the origin, the larger the structural capacity is for the same probability 215 

value. Therefore, passing from the linear limit state function (Fig. 1a) to the concave limit state 216 

function (Fig. 1b), it is expected that vulnerability models lead to lower values of risk. For each 217 

limit state function, a set of critical points is identified and therefore a fragility curve can be 218 

computed using Equation 8. 219 

Figure 2 shows a schematic representation of the four fragility curves corresponding to 220 

the four domains examined herein. In the same figure, a typical shape of a seismic hazard curve 221 

(magenta line) is also included. Integrating the four fragility curves with the same hazard curve, 222 

according to Equation 2, will lead to four different estimations of rate LS and, therefore, to 223 

four estimations of probability of attaining a specific limit state. In this study, to transform the 224 

rate into probability, an observation time window (t) of fifty years is considered and the Poisson 225 

distribution is assumed as an underlying probability model (Der Kiureghian, 2005): 226 
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𝑃𝐹 = 1 − exp (−λ𝐿𝑆 ∙ t) (11) 

In the following the variability of the probability of failure will be investigated as a result of 227 

the different limit state function shapes. 228 

In Figure 2, two additional fragility curves are included: the central estimate fragility 229 

(dashed black line) and the equivalent fragility (continuous black line). The central estimate is 230 

the median curve of the four fragility curves corresponding to the four shapes of the limit state 231 

function. On the other hand, the equivalent fragility curve is obtained according to the mean 232 

estimate approach (Cornell et al., 2002) and therefore it has the same median value of the 233 

central estimate fragility and a logarithmic standard deviation () equal to: 234 

𝛽 = √[
1

2
𝑙𝑜𝑔 (

𝑖𝑚84𝑡ℎ

𝑖𝑚16𝑡ℎ
)]

2

+ [
1

2
𝑙𝑜𝑔 (

𝑖𝑚+

𝑖𝑚−
)]

2

 (12) 

that is the sum of the square of the logarithmic standard deviation of the central estimate 235 

fragility and the uncertainty associated with the median estimation. Such a kind of fragility 236 

considers the variability of the shape of the limit state surface (i.e., Linear, Circular, Square, 237 

Convex) and for this reason has been defined as equivalent. This definition of fragility is 238 

physically appropriate since it contains three information: 1) the central median value, 2) the 239 

central logarithmic standard deviation and 3) the uncertainty on the shape of the limit state 240 

function. The probability of failure will be calculated using this equivalent fragility curve and 241 

results will be compared with those obtained using the fragilities having different shapes of the 242 

limit state function. 243 

 244 

 245 

 246 

 247 
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3 CASE STUDY 248 

3.1  Structural models and performance criteria 249 

Archetypical non-ductile RC frame structures, with four different story numbers (2-, 4-, 8- and 250 

12-story), located in Victoria, British Columbia (BC), Canada, are considered as a case study. 251 

The structures were designed as a space moment resisting frame, considering all columns and 252 

beams part of the lateral resisting system according to the 1967 UBC seismic provisions (ICBO, 253 

1967). Beam and column elements have the same amount of over-strength; each element is 254 

15% stronger than the code-minimum design level. The design is governed by strength and 255 

stiffness requirements, as the 1967 UBC had few requirements for special seismic design or 256 

ductile detailing. 257 

Figure 3a shows a schematic representation of the 4-story building. It has a floor area of 258 

about 2000 m2; columns are spaced at 7.6 m, and story heights are 4.6 m and 4.0 m at the 259 

ground floor and higher floor levels, respectively. The non-ductile RC models used in this 260 

paper are developed by Liel and Deierlein (2008). The models are based on a lumped plasticity 261 

concept and are implemented in OpenSees (McKenna, 2011). Plastic hinges are modeled as 262 

tri-linear nonlinear springs according to Ibarra et al. (2005) model, which is calibrated with 263 

data from 255 RC column test results. Figure 3b shows the tri-linear backbone curve, coupled 264 

with the associated hysteretic rules, which is used to model the structures to post-peak response 265 

and near-collapse response. The post-peak response considers the strain hardening behavior 266 

associated with concrete crushing, rebar buckling and fracture, and bond failure (Liel and 267 

Deierlein, 2008; Haselton et al., 2008). The first vibration periods (T1) for the 2-, 4-, 8-, and 268 

12-story buildings are 1.10 s, 1.92 s, 2.23 s, and 2.35 s, respectively. 269 

The seismic performance of a structure is generally evaluated through the maximum 270 

inter-story drift ratio (maxISDR). Tesfamariam and Goda (2015) highlighted that, based on 271 

recent post-earthquake functionality assessment of structures, the residual inter-story drift ratio 272 
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(resISDR) is an important factor for the post-earthquake safety of a building and for the 273 

economic feasibility of repair and reconstruction. Similar conclusions were also found by 274 

Ramirez and Miranda (2012). Moreover, they demonstrated that maxISDR and resISDR of a 275 

MDOF system are statistically dependent, and that their marginal distributions can be 276 

represented by the Frechet and generalized Pareto distributions, respectively, whereas their 277 

dependence can be characterized by the asymmetrical Gumbel copula (Nelsen, 2007). 278 

Table 1 summarizes the limits of maxISDR and resISDR for IO, DC, LS and CP; 279 

maxISDR limit values are obtained combining the values in Table 6-8 of the FEMA 356 (2000) 280 

with the experimental values reported in the FEMA P-58 supplementary (2009). resISDR limit 281 

values are based on Table C-1 of the FEMA P-58-1 (2012). The resISDR limits for CP are 282 

expressed in terms of the design shear force Vdesign normalized by the building weight W to 283 

consider cases where P-delta might be dominant at smaller drift ratios. 284 

 285 

3.3  Seismic hazard and ground motion selection 286 

Victoria is the provincial capital of BC and is located at the southern tip of Vancouver Island. 287 

Atkinson and Goda (2011) conducted seismic hazard studies for southwestern BC, by 288 

incorporating recent advancements in seismology. Typical outputs from probabilistic seismic 289 

hazard analysis, which are essential for seismic performance assessment of buildings and 290 

infrastructure, are the seismic hazard curves, from which uniform hazard spectra (UHS) and 291 

seismic disaggregation are obtained. Figure 4a shows seismic hazard curves for Victoria for 292 

spectral acceleration varying from the PGA to Sa(T1 = 3s) and for site class C, which is 293 

represented by the average shear-wave velocity in the upper 30 m between 360 m/s and 760 294 

m/s. Figure 4b shows the corresponding UHS for Victoria at 10% and 2% probability of 295 

exceedance (PE) in 50 years. Currently, the UHS at 2% PE in 50 years (equivalent to the return 296 
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period of 2475 years) is adopted as the basis for seismic design provisions for new construction 297 

in Canada. 298 

For ground motion record selection to be used in IDA, the multiple conditional mean 299 

spectrum (CMS) method proposed by Goda and Atkinson (2011) is adopted to define the target 300 

response spectra. The multiple CMS, based on the deaggregation results, allows to select an 301 

adequate set of ground motion records considering relative seismic hazard contributions from 302 

different earthquake sources (i.e. crustal events, interface events, and inslab events) in 303 

subduction zones. A set of 50 records (selected from the NGA, K-NET, KiK-net, and SK-net) 304 

are selected to carry out the IDA. The spectral acceleration at the fundamental period of the 305 

structure is used as reference intensity measure. More specifically, for the 2-story building, the 306 

spectral acceleration at 1.0 s is selected, and the scaling range in IDA is varied from 0.05 g to 307 

1.4 g, while for the 4-, 8-, and 12-story buildings, the spectral acceleration at 2.0 s is used and 308 

it ranges between 0.05 g and 0.7 g. For the risk assessment, the hazard curves of the spectral 309 

acceleration corresponding to 1.0 s and 2.0 s are adopted for the case of the 2-story building 310 

and 4-, 8-, and 12-story buildings, respectively. There are two practical reasons in adopting 311 

only 1.0 s and 2.0 s: (a) Canadian hazard values are only available at 1 s and 2 s, and (b) 312 

considering a common period for 4, 8 and 12 stories facilitated the direct comparison of IDA 313 

results. 314 

 315 

4 RESULTS  316 

4.1  IDA results 317 

Figure 5 shows the 3D representation of the IDAs for the 4-story building in the space of 318 

maxISDR and resISDR. On the same curves, the critical points corresponding to different limit 319 

states are also indicated. It is possible to observe that for the linear (Fig. 5a), circular (Fig. 5b), 320 

and square (Fig. 5c) cases, the points are grouped in regular clouds well separated each other, 321 
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while for the concave case (Fig. 5d), the points are more dispersed, and the clouds are more 322 

overlapped. This is because the limit state surface cuts all the IDA curves in the region of high 323 

nonlinearity of the structure. 324 

 Figure 6 shows the two-dimensional view of the same IDAs but in the plane Y1-Y2 where 325 

Y1 is the ratio between the maximum demand ISDR (maxISDRD) and the associated capacity 326 

(maxISDRC) according to Table 1, and Y2 is the ratio between the residual ISDR (resISDRD) 327 

and the associated capacity (resISDRC). Moreover, different limit states and different limit state 328 

surfaces are shown. Although these results are shown for the 4-story building only, the 329 

following comments are generally applicable to the other three cases (i.e. 2-, 8-, and 12-story 330 

structures). The results for the 2-, 8-, and 12-story structures are included in the tables. It is 331 

possible to observe that for the cases of IO (Figs. 6a-d) and DC (Figs. 6e-h), the concave 332 

functions lead to critical points in the nonlinear part of the IDA, contradicting the physical 333 

descriptions of IO and DC. Therefore, in the following these two cases will be neglected. It is 334 

also worth noting that passing from IO to CP there is a larger part of the limit state surface 335 

intersected by the IDA curves, leading to a larger dispersion of the response. Moreover, for the 336 

case of the square limit state functions (i.e. Figs. 6c,g,f,p), the proposed procedure is almost 337 

coincident with the classic procedure adopted for the case of scalar damage measure; therefore, 338 

in Section 4.3, risk values obtained with the square limit state surface will be adopted as 339 

reference case. 340 

 341 

4.2 Fragilities 342 

Figure 7 shows the fragility curves obtained for the four limit states and for different limit state 343 

functions. As emphasized before, the concave limit state function leads to the unrealistic 344 

fragility curves (blue lines in Figs. 7a-b) for the case of IO and DC, therefore such fragilities 345 

are disregarded. More in general, it is possible to observe that for IO and DC, fragilities 346 
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obtained for different limit state functions are coincident, as also evident from the statistics 347 

listed in Table 2. More variability between fragilities obtained for different limit state functions 348 

can be appreciated for the cases of LS and CP (Figs. 7c-d). For the latter two limit states passing 349 

from the linear to the concave function, there is an increase of both median and logarithmic 350 

standard deviation. Especially for the case of LS, an overall variation of about 50% on the 351 

median and about 40% on the logarithmic standard deviation can be observed (Table 2). 352 

Analogously, for the case of CP, variation of about 20% on the median and about 40% on the 353 

logarithmic standard deviation are observed (Table 2). 354 

 Figure 7 also shows the equivalent fragilities obtained according to Section 2.3, and their 355 

statistics are listed in Table 3. They differ from the fragilities presented in the first row of Fig. 356 

7 for the case of LS and CP. On the contrary, they are almost coincident with the fragilities 357 

obtained for IO and DC. In any case, the equivalent fragility tends to coincide with the fragility 358 

obtained with the square function. 359 

 360 

4.3 Reliability assessment 361 

The probability of attaining a prescribed limit state is calculated according to Section 2.3. Fig. 362 

8a shows the probability of failure for the four limit states and for the fragility models obtained 363 

according to the different limit state surfaces. The risk calculated with the equivalent fragility 364 

model is also presented. First, the probability of failure decreases passing from IO to CP (Table 365 

4). Second, as direct consequence of the fragility shapes, no significant variation of probability 366 

of failure can be observed among the five different fragility models for the case of IO and LS. 367 

In contrast, greater variability is observed for the cases of LS and CP. The risk assessment 368 

based on the equivalent fragility model is a sort of average assessment of the risk values 369 

obtained considering the four different fragilities based on different limit state functions. 370 
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 As mentioned in Section 4.1, the risk value corresponding to the square limit state 371 

function can be used as a reference. Figure 8b shows the probability of failure, normalized with 372 

respect to that of the square limit state function. It is possible to observe that, varying the limit 373 

state function, significant variation can occur (up to 50%) for LS and CP. Considering the 374 

equivalent fragility only, it is possible to observe that a variation between 3% and 8% of the 375 

probability of failure for LS and CP can occur. For the examined case, the variability in the 376 

limit state surface leads to a potential error in the risk assessment on average less than 10%. 377 

Therefore, the additional uncertainty due to the shape of the limit state function should be 378 

considered when the main contribution to the risk is due to the non-linear behavior of the 379 

structure. 380 

 381 

5 SUMMARY AND CONCLUSIONS  382 

This paper presented a new procedure to define multi-dimensional limit state functions based 383 

on non-linear combination of demand-over-capacity ratios or as union/intersection of simple 384 

limit state functions. Such multi-dimensional limit state functions are particularly relevant 385 

when several EDPs need to be considered to assess the performance of a structural system. 386 

This is the case of EDPs strongly correlated, not all well predicted by the same IM, or due to 387 

multi-hazard actions. The effects of different limit state functions were investigated both in 388 

terms of fragility curve variability and risk assessment. The proposed procedure was 389 

specialized for the case of IDA but can still be generalized for other analysis procedures. 390 

Analytical methods of identifying the performance points on the limit state functions were also 391 

provided (Appendices A and B).  392 

As a case study, four reinforced concrete structures, typical of the Canadian 393 

construction, were investigated; more specifically a 2-, 4-, 8-, and 12-story structures were 394 

analyzed. The results indicated that for limit states for which the structure behaves elastically, 395 
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there is no significant effect due to the different definitions of the limit state functions on the 396 

fragility and risk. On the other hand, variations up to 50% on the assessment of the probability 397 

of failure were observed for limit states for which the structure behaves nonlinearly for 398 

different limit state functions. Accounting for the variability of the limit state function via 399 

equivalent fragility curves leads to an average variation of the risk assessment to up to 10%.  400 

Future research should consider more sophisticated case studies, focusing on structural 401 

systems with more than two EDPs or with different non-linear combinations of the basic limit 402 

state surfaces. 403 

 404 
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Figure captions 522 

Fig. 1.  Multi-dimensional limit state surface for the case of two EDPs: (a) Linear, (b) 523 

Circular, (c) Square, and (d) Concave surfaces. 524 

Fig. 2.  Fragility curves corresponding to different limit state surfaces and equivalent 525 

fragility curves. A typical hazard curve is shown in magenta. 526 

Fig. 3.  (a) Nonlinear finite-element model of a 4-story non-ductile RC frame, and (b) 527 

backbone curve for beam-column elements. 528 

Fig. 4.  (a) Seismic hazard curves, and (b) uniform hazard spectra for CP ad LS. 529 

Fig. 5.  Three-dimensional representation of the IDA curves in terms of maxISDR and 530 

resISDR for the four limit state surfaces: (a) Linear, (b) Circular, (c) Square, and 531 

(d) Concave. Colored dots represent the critical points. 532 

Fig. 6  Bi-dimensional representation of IDA curves in terms of Y for (a-d) IO, (e-h) DC, 533 

(i-m) LS, and (n-q) CP, overlaid with the four limit state surfaces considered herein. 534 

Colored dots represent the critical points. 535 

Fig. 7.  Fragility curves obtained for the (a) IO, (b) DC, (c) LS, and (d) CP. Equivalent 536 

fragility curves obtained for (e) IO, (f) DC, (g) LS, and (h) CP. 537 

Fig. 8.  (a) Probability of failure and (b) normalized probability of failure for different limit 538 

states and different limit state surfaces. 539 
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 540 

Fig. 1 Multi-dimensional limit state surface for the case of two EDPs: (a) Linear, (b) Circular, 541 

(c) Square and (d) Concave surfaces. 542 

 543 
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 544 

Fig. 2 Fragility curves corresponding to different limit state surfaces and equivalent fragility 545 

curves. A typical hazard curve is shown in magenta. 546 

 547 

 548 

Fig. 3 (a) Nonlinear finite-element model of a 4-story non-ductile RC frame, and (b) 549 

backbone curve for beam-column elements. 550 

 551 
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 552 

Fig. 4 (a) Seismic hazard curves, and (b) uniform hazard spectra for CP ad LS. 553 

 554 

 555 

 556 

 557 

 558 
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 559 

Fig. 5 Three-dimensional representation of the IDA curves in terms of maxISDR and resISDR 560 

for the four limit state surfaces: (a) Linear, (b) Circular, (c) Square, (d) Concave. Colored dots 561 

represent the critical points. 562 
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 563 

Fig. 6 Bi-dimensional representation of IDA curves in terms of Y for (a-d) IO, (e-h) DC, (i-564 

m) LS, and (n-q) CP, overlaid with the four limit state surfaces considered herein. Colored 565 

dots represent the critical points. 566 

 567 

 568 
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 569 

Fig. 7 Fragility curves obtained for the (a) IO, (b) DC, (c) LS, and (d) CP. Equivalent fragility 570 

curves obtained for (e) IO, (f) DC, (g) LS, and (h) CP. 571 

 572 

 573 

Fig. 8 (a) Probability of failure and (b) normalized probability of failure for different limit 574 

states and different limit state surfaces. 575 

 576 

 577 
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Tables 578 

Table 1 Limit states for maximum and residual inter-story drift ratios (FEMA 356, 2000; 579 
FEMA P-58-1, 2012). *These numbers are applicable to moderate ductility systems. 580 

Limit State maxISDRC resISDRC 

IO 0.4% 0.2% 

DC 0.9% 0.5% 

LS 2.5% 1.0% 

CP 4.5% 2.0%* 

 581 

Table 2 Fragilities statistics for different structural models (S2: 2-story, S4: 4-story, S8: 8-582 

story, S12: 12-story), different limit states and different limit state functions (Li = Linear, 583 
Ci=Circular, Sq=Square, and Co=Convex). 584 

 IO DC 

  g   g  

 Li Ci Sq Co Li Ci Sq Co Li Ci Sq Co Li Ci Sq Co 

S2 0.07 0.07 0.07 0.29 0.11 0.10 0.10 0.25 0.16 0.17 0.17 0.35 0.17 0.16 0.16 0.29 

S4 0.02 0.02 0.02 0.16 0.10 0.10 0.10 0.25 0.05 0.05 0.05 0.18 0.10 0.10 0.10 0.24 

S8 0.04 0.04 0.04 0.17 0.21 0.21 0.21 0.32 0.08 0.08 0.08 0.22 0.22 0.22 0.22 0.37 

S12 0.05 0.05 0.05 0.21 0.25 0.25 0.25 0.35 0.10 0.11 0.11 0.25 0.25 0.25 0.25 0.38 

 

 LS CP 

  g   g  

 Li Ci Sq Co Li Ci Sq Co Li Ci Sq Co Li Ci Sq Co 

S2 0.32 0.37 0.40 0.42 0.25 0.28 0.33 0.34 0.40 0.44 0.45 0.47 0.34 0.35 0.36 0.37 

S4 0.15 0.16 0.16 0.19 0.21 0.21 0.22 0.25 0.18 0.20 0.22 0.24 0.24 0.27 0.30 0.33 

S8 0.17 0.20 0.20 0.25 0.30 0.33 0.34 0.41 0.23 0.25 0.26 0.27 0.39 0.42 0.43 0.44 

S12 0.21 0.24 0.25 0.27 0.33 0.35 0.36 0.41 0.27 0.28 0.28 0.29 0.40 0.41 0.41 0.41 

 585 

Table 3 Equivalent fragilities statistics for different structural models (S2: 2-story, S4: 4-story, 586 

S8: 8-story, S12: 12-story) and different limit states. 587 

 IO DC LS CP 

  g   g   g   g  

S2 0.07 0.10 0.17 0.16 0.38 0.34 0.44 0.36 

S4 0.02 0.10 0.05 0.10 0.16 0.25 0.21 0.32 

S8 0.04 0.21 0.08 0.22 0.20 0.38 0.25 0.43 

S12 0.05 0.25 0.11 0.25 0.24 0.38 0.28 0.41 

 588 

 589 

 590 

 591 

 592 
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Table 4 Probability of failure in 50 years for different structures (S2: 2-story, S4: 4-story, S8: 593 
8-story, S12: 12-story), different limit state functions and different limit states (Li = Linear, 594 
Ci=Circular, Sq=Square, and Co=Convex). 595 

 IO DC 

 Li Ci Sq Co Li Ci Sq Co 

S2 38% 38% 38% 8.6% 19% 18% 18% 6.5% 

S4 38% 38% 38% 6.8% 26% 25% 25% 5.8% 

S8 35% 35% 35% 6.2% 17% 16% 16% 4.4% 

S12 28% 28% 28% 4.7% 12% 12% 12% 3.7% 

         

 LS CP 

 Li Ci Sq Co Li Ci Sq Co 

S2 7.4% 5.8% 5.2% 4.9% 5.3% 4.5% 4.3% 4.1% 

S4 7.7% 6.9% 6.7% 5.2% 5.5% 4.8% 4.3% 3.6% 

S8 6.3% 5.1% 5.0% 3.8% 4.2% 3.8% 3.6% 3.3% 

S12 4.7% 3.8% 3.5% 3.2% 3.3% 3.1% 3.0% 2.8% 

  596 
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Appendix A 597 

Let n ([n1, n2, …, nN]) be the normal vector to the plane representing the limit state surface and 598 

Q ([q1, q2, …, qN]) a point on the plane. Let P ([p1, p2, …, pN]) and R ([r1, r2, …, rN]) also be 599 

two points inside and outside the failure domain, respectively, associated to two values of 600 

spectral acceleration SaP and SaR. The direction l ([l1, l2, …, lN]) of the line passing by P and 601 

R is: 602 

𝒍 =  
[𝑟1 − 𝑝1, 𝑟2 − 𝑝2, … , 𝑟𝑁 − 𝑝𝑁]

√(𝑟1 − 𝑝1)2 + ( 𝑟2 − 𝑝2)2 +  … + (𝑟𝑁 − 𝑝𝑁)2
 (A1) 

Let be X ([x1, x2, …, xN]) the intersection point between the segment linking P and R and the 603 

plane of normal n. To X is associated an unknown value of spectral acceleration SaX that can 604 

be calculated as follows.  605 

First, the point X can be obtained according the following equation: 606 

𝑿 =  𝑷 + 𝑑 ∙ 𝒍 (A2) 

where d is a scalar representing the distance of the segment between P and X that is obtained 607 

as follows: 608 

𝑑 =  
∑ (𝑞𝑖 − 𝑝𝑖) ∙ 𝑛𝑖

𝑁
𝑖=1

∑ 𝑙𝑖 ∙ 𝑛𝑖
𝑁
𝑖=1

 (A3) 

For the specific case of linear limit state surface, Q is equal to [1,0, …, 0] and n is equal to 609 

[1/√𝑁, 1/√𝑁, … ,1/√𝑁] . For the cases of square and concave limit states, the N planes 610 

defining the domains can be completely described imposing both Qj and nj to [0,0, …, jth term 611 

=1, …, 0] for each jth plan (with j varying between 1 and N). 612 

Finally, once X is known, the value of spectral acceleration associated to X can be obtained as 613 

follows: 614 

𝑆𝑎𝑋 =  𝑆𝑎𝑃 +  
𝑥1 − 𝑝1

𝑟1 − 𝑝1
(𝑆𝑎𝑅 − 𝑆𝑎𝑃)  ∙ (A4) 

  615 
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Appendix B 616 

Let’s consider a spherical limit state surface with radius equal to 1 and center in the origin of 617 

the axes. Let P ([p1, p2, …, pN]) and R ([r1, r2, …, rN]) be two points inside and outside the 618 

failure domain, respectively, associated to two values of spectral acceleration SaP and SaR. The 619 

direction l ([l1, l2, …, lN]) of the line passing by P and R is: 620 

𝒍 =  
[𝑟1 − 𝑝1, 𝑟2 − 𝑝2, … , 𝑟𝑁 − 𝑝𝑁]

√(𝑟1 − 𝑝1)2 + ( 𝑟2 − 𝑝2)2 +  … + (𝑟𝑁 − 𝑝𝑁)2
 (B1) 

Let be X ([x1, x2, …, xN]) the intersection point between the segment linking P and R and the 621 

sphere. To X is associated an unknown value of spectral acceleration SaX that can be calculated 622 

as follows.  623 

First, the point X can be obtained according the following equation: 624 

𝑿 =  𝑷 + 𝑑 ∙ 𝒍 (B2) 

where d is a scalar representing the distance of the segment between P and X that is obtained 625 

as follows: 626 

𝑑 =  − ∑ 𝑝𝑖 ∙ 𝑙𝑖

𝑁

𝑖=1

+ √(∑ 𝑝𝑖 ∙ 𝑙𝑖

𝑁

𝑖=1

)

2

− ∑ 𝑝𝑖
2

𝑁

𝑖=1

+ 1 (B3) 

Finally, once X is known, the value of spectral acceleration associated to X can be obtained as 627 

follows: 628 

𝑆𝑎𝑋 =  𝑆𝑎𝑃 +  
𝑥1 − 𝑝1

𝑟1 − 𝑝1
(𝑆𝑎𝑅 − 𝑆𝑎𝑃)  ∙ (B4) 

 629 


