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Localized post-buckling states of axially compressed cylinders
and their energy barriers

Rainer M. J. Groh∗ and Alberto Pirrera†

University of Bristol, Queen’s Building, University Walk, Bristol, BS1 8TR, UK

The buckling of axially compressed cylinders remains an interesting problem in the engi-
neering mechanics literature. Here we revisit the problem by considering fully localized buck-
lingmodes in the form of a single dimple. By applying a combination of nonlinear finite element
methods and numerical continuation algorithms, we study the evolution of a single dimple into
a ring of circumferential diamond-shaped waves and further into the Yoshimura post-buckling
pattern. This post-buckling sequence is established by cellular buckling (homoclinic snaking)
as the axial compression is increased; i.e. a sequence of de- and restabilizations causes the
single dimple to multiply circumferentially. The initial single-dimple seed corresponds to a
saddle in the energy landscape, and the energy barrier provided by the single-dimple saddle
around the stable pre-buckled path is quantified. The low magnitude of this energy barrier
suggests that the pre-buckling equilibrium is metastable once the single dimple exists as a post-
buckling equilibrium. We parameterize the onset of metastability with respect to geometric
parameters and assess the suitability of this onset as a lower-bound design load. As NASA’s
well-known lower-bound curve is overly conservative for shells manufactured using modern,
tightly-toleranced manufacturing techniques, the onset of metastability could provide a viable
and less conservative lower-bound design load.

I. Nomenclature

E = Young’s Modulus
F = Axial reaction force

Fc = Classical buckling load
(
= 2πEt2√

3(1−ν2)

)
f = Internal force vector
F = Force residual
g = Auxiliary equation
G = Extended system
KT = Tangential stiffness matrix
L = Cylinder length
N = Arc-length constraint equation
p = External force vector
P = Probe force
R = Cylinder radius
t = Cylinder wall thickness
u = Axial compression (end-shortening)

uc = Classical buckling displacement
(
= 1√

3(1−ν2)
Lt
R

)
U = Strain energy
u = Displacement vector
w = Radial displacement
y = Vector of unknowns
Z = Batdorf parameter

(
= L2

√
1−ν2

Rt

)
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δ = Single-dimple imperfection amplitude
η = Non-dimensional buckling parameter
λ = Continuation parameter
Λ = Continuation parameter set
ν = Poisson’s ratio

σc = Classical buckling stress
(
= E√

3(1−ν2)
t
R

)
φ = Critical eigenvector

II. Introduction

The buckling of cylindrical shells is a classic problem in engineering mechanics. Due to the large discrepancy
between theoretically predicted and experimentally observed collapse loads, the problem continues to draw attention

from researchers. While a linear eigenvalue problem suggests a compressive buckling stress of

σc =
E√

3(1 − ν2)
t
R
, (1)

experimental tests often show collapse loads as low as 20% of this value (E = Young’s Modulus, t = shell thickness and
ν = Poisson’s ratio). Von Kármán & Tsien [1] showed that large deformation equilibrium states exist in the post-buckling
regime at much lower values than σc. Hence, they attempted to reconcile theory and experiment by suggesting that
the knockdown effect occurs as a result of unstable (subcritical) post-buckling behavior with a sharp decrease in
load-carrying capacity after the peak load of the classical buckling capacity. The next breakthrough came with Koiter’s
general theory of elastic stability [2], in which he was able to use an asymptotic approach to quantify the sensitivity of
the buckling load with respect to initial imperfections. Due to the sharp unstable post-buckling behavior of the cylinder,
initial imperfections round-off the bifurcation point of the idealized shell. These imperfections can take many forms,
e.g. variations in shell thickness, non-uniform loading, boundary conditions, and geometric imperfections. However, as
illustrated by Babcock [3], the greatest contributing factor can be related to the influence of geometric imperfections of
the cylinder’s mid-surface.

While Koiter’s asymptotic approach has been highly successful in predicting knockdown factors for shells with
geometric imperfections less than an order of the thickness, the asymptotic approach is less accurate for larger
imperfection magnitudes. Furthermore, as pointed out by Zhu et al. [4], classical theories fail to account for the
nonlinear relationship between the buckling stress (σc) and the thickness-to-radius ratio (t/R). While classical theory
(see Eq. (1)) suggests a buckling stress proportional to (t/R)1.0, empirical data have shown that the stress is actually
proportional to (t/R)1.5. Zhu et al. [4] argue that this discrepancy can be explained by focusing on an inherently
imperfect shell—rather than an idealized one with "small" imperfections—where a single dimple is allowed to grow as
the applied compression increases. For example, they show that for the case of self-weight buckling of open-topped
cylinders, a single post-buckling dimple of a certain size can be held in place by a stress level that is proportional to t1.5.

Localizations, such as a single dimple, appear inmany structures with subcritical (unstable) post-buckling behavior [6].
As shown in Figure 1, localizations differ from classic (periodic) eigenmodes in that they are confined to a portion of
the structure’s geometry. Furthermore, localized post-buckling paths can either occur as secondary bifurcations from
periodic post-buckling paths, or occur as separate paths in themselves. As shown schematically in Figure 1, the latter
case occurs for axially compressed cylinders.

Localizations in the axially compressed cylinder have been the focus of a number of theoretical studies, and more
recently, also the topic of experimental work [7]. Using a double-scale asymptotic analysis, Hunt and Lucena Neto [8]
showed that post-buckling modes localized along the axial length of the cylinder exist. Hunt et al. [9] then showed that
one row of this axially localized wave-form can undergo homoclinic snaking as the applied load is varied, thereby adding
more and more rings of buckles along the length of the cylinder. Horák et al. [5] showed that a single dimple, i.e. a
post-buckling mode localized both in the axial and circumferential directions, corresponds to a mountain-pass point. On
an energy landscape, the stable pre-buckled and stable post-buckled equilibria are energy minima separated by a ridge of
unstable maxima. The lowest point on this ridge, i.e. a saddle in the energy landscape, is a so-called mountain-pass point
and provides the lowest energy barrier between the pre-buckled and post-buckled regimes. Because one condition of the
mountain-pass algorithm is that the mountain-pass point separates a stable pre-buckling equilibrium from another state
with lower energy, the existence of a mountain-pass point implies the "metastability" of the pre-buckling equilibrium.
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Fig. 1 Schematic load-displacement equilibrium plot of an axially compressed cylinder. The pre-buckling
path destabilizes at a symmetry-breaking bifurcation and an unstable post-buckling path of periodic waveform
branches from this point. A localized post-buckling mode also exists that does not intersect the pre-buckling
path but arises at a limit point (see inset A). As shown by Horák et al. [5], localizations, such as a single dimple,
represent the smallest energy barrier (saddle in the energy landscape) between the stable pre-buckling and the
restabilized post-buckling regimes (two energy wells). Blue segments denote stable equilibria, red segments
unstable equilibria, and black dots critical points (limit and bifurcation points).
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Hence, once the single-dimple post-buckling mode exists as an equilibrium, the compressed cylinder can transition
out of the metastable pre-buckling energy well and into a post-buckling energy well of lower energy. This suggests a
possible mechanism for premature buckling via the traversal of small energy barriers surrounding the pre-buckling
state. Furthermore, energy barriers of the idealized, perfect shell could, in practice, also be eroded by means of initial
imperfections, loading eccentricities, external disturbances or statistical fluctuations, i.e. "shocks" [10].

Recently, Kreilos & Schneider [11] showed that for changes in the applied compression, a single dimple undergoes
homoclinic snaking in the circumferential direction until the circumference is completely filled with a ring of buckles.
Once this ring is complete, snaking in the axial direction, as shown by Hunt et al. [9], is possible, although the connection
between these two paths could not be established. In this paper, we further examine the stability landscape of an
axially compressed cylinder parameterized by a single dimple. We conduct this analysis using nonlinear finite element
methods coupled with a numerical continuation solver with branch-switching and bifurcation-tracking capabilities. We
show that under variation of the applied compression, the single dimple first grows circumferentially to fill one ring
of diamond-shaped buckles around the circumference. Once this sequence is complete, the single ring of diamonds
destabilizes at a pitchfork bifurcation, initiating a second and third series of snaking sequences that add further rings
along the length of the cylinder. The final shape deep in the post-buckling regime is the well-known Yoshimura
pattern [12], observed many times in experiments. By investigating the stability landscape of the cylindrical shell
with respect to a lateral side force, the energy barrier separating the stable pre-buckling state from the restabilized
post-buckling regime is shown to be an order of magnitude smaller for the single-dimple localization than for a periodic
buckling mode, and this energy barrier decays exponentially as end-shortening is increased. Once the single dimple
exists as an equilibrium solution, the pre-buckled cylinder is poised in a metastable state from which the cylinder could
easily escape through the influence of initial imperfections or external disturbances. Indeed, the onset of metastability is
shown to provide a useful lower-bound limit for many experimental buckling loads in the literature.

III. Theory
Due to its versatility, the finite element method is the preferred technique for solving complex problems arising

in engineering mechanics. In the applied mathematics community, the mathematical methods of nonlinear multi-
parameter analysis, branch switching and bifurcation tracking implemented in numerical continuation codes are well
established [13, 14]. These techniques are, however, not classically used for structural mechanics (statics) applications,
where specialized arc-length techniques restricted to a single parameter—the applied load—are predominantly
used [15, 16]. The application of broader numerical continuation methods within structural finite element solvers often
go by the name of "generalized path-following" [17–19], and it is such a framework that we use herein to analyze the
stability of the axially compressed cylinder.

The present formulation considers a discretized model of a slowly evolving, conservative and elastic structure, where
the internal forces, f (u), and tangential stiffness, KT(u), are uniquely defined from the current displacements, u, by
means of the first and second variations of the total potential energy. Throughout this work, we use so-called "degenerated
shell elements" [20], based on the assumptions of first-order shear deformation theory [21] (shear correction factor
k = 5/6) formulated using the full Green-Lagrange strain tensor and a total Lagrangian reference system. Hence, the
analysis allows for finite displacements and rotations but is restricted to the small strains implicit in a classic Hookean
constitutive law.

In statics, an equilibrium state is expressed as a balance between internal and external forces, and in a displacement-
based finite element setting, this balance is written in terms of n discrete displacement degrees-of-freedom, u, and a
scalar loading parameter, λ,

F(u, λ) = f (u) − p(λ) = 0. (2)

The vectors p(λ) and f (u) are the external (non-follower) load and internal force vector, respectively. In the case of
linear and proportional loading we have p(λ) ≡ λp,λ = λ p̂, where p̂ is a constant reference loading vector (the comma
notation is used to denote partial differentiation).

For generalized path-following, Eq. (2) is adapted to incorporate any number of additional parameters, such that,

F(u,Λ) = f (u,Λ1) − p(Λ2) = 0, (3)

where Λ = [Λ>1 ,Λ
>
2 ]> = [λ1, . . . , λp]> is a vector containing p control variables, with Λ1 corresponding to parameters

that influence the internal forces (e.g. material properties, geometric dimensions, temperature and moisture fields) and
Λ2 relating to externally applied mechanical loads (e.g. forces, moments and tractions).

4



The n equilibrium equations in (3) correspond directly to the n displacement degrees of freedom in the system.
Because the structural response is parameterized by p additional parameters, a p-dimensional solution manifold in
R
(n+p) exists. Specific solution curves on the p-dimensional manifold are defined by incorporating additional equations,

g. Hence, we wish to evaluate solutions to the extended system

G (u,Λ) ≡
(
F(u,Λ)
g(u,Λ)

)
= 0. (4)

For r auxiliary equations, the solution to Eq. (4) becomes (p − r)-dimensional, and hence r = p − 1 auxiliary
equations are required to define a one-dimensional curve on the multi-dimensional solution manifold. These curves
can describe fundamental equilibrium paths (fundamental loading parameter is varied); parametric equilibrium paths
(a non-load parameter is varied); branch-connecting paths that determine the total number of additional branches
emanating from a bifurcation point; paths that track bifurcations in parameter space; etc. To track bifurcations, for
example, the extended system needs to include a criticality condition, e.g. g = F,uφ ≡ KTφ = 0, where φ is a critical
eigenvector associated with a zero eigenvalue. Thus, in the most general form, a vector of q auxiliary variables, v, is
added to the auxiliary equations g,

G(u,Λ, v) ≡
(

F(u,Λ)
g(u,Λ, v)

)
= 0. (5)

Hence, Eq. (5) describes n equilibrium equations and r auxiliary equations in (n + p + q) unknowns leading to a
(p + q − r)-dimensional solution. To determine a curve of singular points, we thus require r = p + q − 1 auxiliary
equations. Following the criticality example for bifurcation tracking referenced above, when the n-dimensional null
vector at the critical state is introduced as the auxiliary variable, v, a singular curve in two parameters, p = 2, is
appropriately constrained by the associated r = n + 1 auxiliary equations KTv = 0 and | |v | |2 = 1.

When evaluating one-dimensional curves, one additional equation is needed to uniquely constrain the system to a
solution point y = (u,Λ, v). Hence,

GN (y) ≡
©«

F(u,Λ)
g(u,Λ, v)
N(u,Λ)

ª®®¬ = 0, (6)

where N is a scalar equation which plays the role of a multi-dimensional arc-length constraint. A specific solution to
Eq. (6) is determined by a consistent linearization coupled with a Newton’s method,

y
j+1
k
= y

j
k
−

(
GN
,y (y

j
k
)
)−1

GN (y j
k
) ≡ y

j
k
+ δy

j
k
, (7)

where the superscript denotes the j th equilibrium iteration and the subscript denotes the k th load increment. The
iterative correction cycle is typically started by a predictive forward Euler step.

Within this framework, any arbitrary solution curve can be traced on the equilibrium manifold, as long as a pertinent
auxiliary equation, g, is defined that constrains the equilibrium equation to the locus of points required. In this particular
study we are interested in classic load-displacement curves with one varying parameter, where critical points (bifurcation
and limit points) are automatically pinpointed while path-following. Additionally, we compute bifurcation-tracking
curves that trace the evolution of a critical point with respect to two parameters. For implementation-specific details on
the modeling framework the interested reader is directed to a previous publication [19].

IV. Model
The cylinder modeled here corresponds to the longest cylinder tested in the experiments by Yamaki [22] with

t = 0.247mm, R = 100mm, L = 160.9mm, ν = 0.3mm, and E = 5.56GPa. The same cylinder was previously
considered in many numerical studies, such as the papers by Hunt et al. [9] and Kreilos & Schneider [11]. To simulate a
physical test condition, both ends of the cylinder are clamped, but one end is free to move axially to impart compression
via displacement control (rigid loading).

To reduce the computational effort, and due to the inherent symmetries of the system, only a quarter of the cylinder is
modeled here. Imposing symmetry conditions significantly reduces the number of symmetry-breaking bifurcations that
can be encountered. Although this curtails the stability landscape, it makes the analysis considerably more manageable.
As will be seen, even with the applied symmetry conditions, the observed stability landscape is sufficiently rich.
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Throughout the analysis the quarter-cylinder is discretized into a mesh of 121 circumferential and 52 axial nodes for
a total of 680 fully integrated 16-node, total Lagrangian shell elements (two rotations per node, no drilling around the
shell director). The effects of shear and membrane locking are minimized by using bi-cubic isoparametric interpolation
functions (16-node elements). The chosen mesh was refined sufficiently until the first 25 eigenvalues and eigenvectors
converged with respect to a 300× 77 (circumferential×axial) element mesh of the full cylinder using reduced integration
S4R elements of the commercial finite element software Abaqus.

V. Results
The analysis involves two fundamental parameters. The first is the applied end compression (u) and the second a

lateral probing force (P) acting at right angles to the cylinder mid-surface, half-way along the cylinder length. The
application of this lateral force is used to probe the resilience of the pre-buckled state to lateral disturbances.

As the cylinder is probed from the side for low levels of axial compression, there is a nonlinear softening/stiffening
relationship between the probe force (P) and the dimple displacement (w), tracing a sigmoidal equilibrium curve. This
curve is drawn in Figure 2(a), where blue segments denote stable equilibria, red segments denote unstable equilibria
and black dots denote stability points (bifurcation and limit points). As the axial compression (u) increases, this
softening/stiffening behavior becomes more pronounced leading to a segment of negative stiffness. In this case, a lateral
probe force would lead to a small pop as the dimple suddenly increases in size across the unstable region. As the axial
compression increases further, the load reduces sufficiently on the unstable portion of the curve to pass through the zero
load axis (P = 0). At this point an additional equilibrium state in the shape of a single dimple has been found. Because
the tangential stiffness at this point has one negative eigenvalue, this equilibrium corresponds to a multi-dimensional
saddle in the energy landscape. Within a specific range of axial end-shortening, the probing curve re-emerges through
the P = 0-axis in the form of a stable dimple. However, if the axial compression is increased beyond a threshold, the
single dimple no longer exists as a stable equilibrium.

Once a self-equilibrated single-dimple solution is found, i.e. an equilibrium solution for vanishing probe force
(P = 0), the probing force can be removed by definition, and the axial compression increased/decreased to trace the
equilibrium curve of the single dimple. Figure 2(b) shows this curve alongside the pre-buckling curve in terms of
applied axial compression (u) vs transverse displacement (w) of the node at the crest of the dimple. The point where
the dimple solution reaches a minimum corresponds to the smallest possible compression for which a single dimple
is possible (u > 1.2 × 10−4). Beyond this point, a snaking sequence commences, which will be further discussed in
Figure 3. Figure 2(b) also includes an orthographic projection of the locus of limit points on the probing curves shown
previously in Figure 2(a). When viewing Figure 2(a)–(b) in aggregate, an interesting stability diagram emerges (see
Figure 2(c)) that qualitatively matches the experimental results on a different cylinder by Virot et al. [7].

The single-dimple saddle forms an energy barrier between stable pre-buckling states and the restabilized post-
buckling regime, and this energy barrier is quantified by the area underneath the probing load vs probing displacement
curves of Figure 2(a). The energy barrier is intuitively represented by the black ridge (limit point curve) in Figure 2(c),
which shows its erosion as compression increases. The energy barrier is quantitatively described in Figure 2(d) as the
percentage difference between the strain energy of the pre-buckled state and the strain energy in the single-dimple
mode, with these energies calculated for the same level of axial compression. For comparison, the percentage difference
between the strain energy of the pre-buckled state and the strain energy of a classic, unstable (subcritical) periodic
post-buckling mode emanating from the first bifurcation point on the pre-buckling path is also shown (i.e. the mode
corresponding to the periodic path in Figure 1). It is clear from Figure 2(d) that the energy barrier of the single dimple
is typically an order of magnitude smaller than the energy barrier provided by the periodic mode. This is not surprising
as the localized dimple deforms considerably less of the cylinder wall than the periodic mode. Second, the percentage
difference between the pre-buckling state and the single dimple is less 0.5% over the range of compression for which
the single-dimple solution exists (u > 1.2 × 10−4). How easily this energy barrier is eroded by initial imperfections
will be discussed later (see Figure 4), but a general observation is that once the single-dimple localization exists as a
post-buckling equilibrium state, the pre-buckling well is "metastable" as it it separated from the post-buckling well of
lower energy by only a very small energy barrier.

Figure 3(a) shows equilibrium curves of applied axial compression (u) vs axial reaction force (F) for the pre-buckling
and dimpled post-buckling states (i.e. the mode corresponding to the localized path in Figure 1). As axial compression
increases from the unloaded state, the shell loses stability at a bifurcation point (F = 1193 N). By probing the cylinder
from the side anywhere in the range of F > 619N we can find an unstable dimple solution. Once one single-dimple
solution is found, the axial compression is increased/decreased to trace the dimpled equilibrium path, i.e. how the single
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Fig. 2 Stability landscape of an axially compressed cylinder probed by a lateral side load at the cylinder’s
mid-length (blue is stable, red is unstable, and black dots/lines are critical points). (a) Probe force (P) vs
probe displacement (w) plots for different values of increasing axial compression (u). The point where P = 0
corresponds to a single-dimple equilibrium. (b) Axial compression (u) vs probe displacement (w) plot of the
pre-buckling and snaking equilibrium paths. The ridge is an orthographic projection of the locus of limit points
in (a). (c) A superposition of (a) and (b) showing the full stability landscape in terms of axial compression (u) vs
probe force (P) vs probe displacement (w). (d) The energy barriers (∆U) around the pre-buckling well formed by
the single dimple and a classic periodic post-buckling mode for different levels of applied axial compression (u).
The energy barriers are expressed as a percentage difference with respect to the strain energy of the pre-buckled
state.

7



0
u (m) × 10-4

0

200

400

600

800

1000

1200

F 
(N

)

0.5 1 1.5 2.0 2.5

u (m) × 10-4
1 2 3 4 5 6 7

(a) (b)

1

1

2

2

3

3

4

4

continues

unstableB
B

A

Fig. 3 Equilibrium curves of applied axial compression (u) vs axial reaction force (F) for the pre-buckling and
dimpled post-buckling states. Statically stable segments are shown in blue, unstable segments in red and critical
points (bifurcation and limit points) as black dots. (a) The stable equilibrium path and snaking post-buckling
path. On the snaking path, a single dimple grows in a sequence of odd waves until an entire circumferential ring
of buckles is filled. At point A (shown in the inset) the snaking curve collides with another curve at a pitchfork
bifurcation, which forms the elongated stable (blue) segment corresponding to 10 diamond-shaped buckles. The
numbered mode shapes (1, 2 and 3) shown, correspond to the numbered locations in the inset. (b) The localized
single ring of buckles destabilizes at bifurcation point B, causing additional series of snaking. Throughout this
additional sequence, the end compression increases considerably until the entire cylinder is in a post-buckled
shape corresponding to the well-known Yoshimura pattern (see mode shape 4).
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Fig. 4 (a) Equilibrium curve of normalized reaction force F/Fc vs normalized displacement uR/Lt of Yamaki’s
longest cylinder (Z = 1000) with a single-dimple imperfection at the mid-length with amplitude (δ) of 0.25× the
wall thickness (t). (b) Maximum and minimum limit points (A) and (B) shown in Figure (a) are traced with
respect to the imperfection amplitude δ.

dimple evolves with varying end-shortening. As shown in Figure 3(a), the unstable (red) path corresponding to the single
dimple is almost indistinguishable from the stable pre-buckling path in blue, indicating the sharp subcritical nature of
this buckling mode. With decreasing axial compression, the single dimple stabilizes at a limit point (u = 0.1168mm,
F = 619N), which corresponds to a non-dimensional value of F/Fc = 0.48, where Fc = 1290N is the classical buckling
load derived from Eq. (1). This value of F/Fc = 0.48 corresponds exactly to the figure reported previously by Kreilos
& Schneider [11].

As the equilibrium path is traced beyond this limit point, the stable single-dimple mode increases in size until it
loses stability at a further limit point denoted by point (1) in Figure 3(a). At this point, the dimpled post-buckling
curve doubles back on itself and shows the winding path of a homoclinic snaking sequence. The inset in Figure 3(a)
shows a feathered equilibrium manifold with five protruding dominant spikes. Each of these spikes corresponds to a
unique odd-numbered mode of increasing frequency. As we proceed along the snaking path (in the general direction of
decreasing load F), the single dimple grows in the sequence of 1, 3, 5, 7 and 9 waves until an entire ring of buckles
around the cylinder is filled. At point A (shown in the inset) the snaking curve takes a total of 10 circumferential waves
and collides with another equilibrium path at a pitchfork bifurcation. This additional path forms the elongated stable
(blue) segment corresponding to the 10 diamond-shaped buckles depicted by mode shape (3). This 10-diamond mode is
axially localized yet circumferentially periodic.

The single row of 10 diamond-shaped buckles then destabilizes at a pitchfork bifurcation (point B). The equilibrium
curve emanating from this point is shown in Figure 3(b) and indicates an additional sequence of snaking behavior.
Throughout this additional snaking sequence, the end-compression increases considerably until the entire cylinder
is in a post-buckled state corresponding to the well-known Yoshimura pattern (see mode (4) in Figure 3(b)). Most
experimental studies confirm this wave-form deep in the post-buckling range, and our analysis suggests that it lies on a
continuous path beginning from a single dimple as the axial compression is increased.

Previously we suggested that the small energy barrier around the pre-buckling well associated with the single-dimple
localization could readily be eroded by initial imperfections. We test this hypothesis by imposing an initial single-dimple
imperfection at the cylinder mid-length and loading the cylinder in compression from the unloaded state. The equilibrium
path describing the behavior of the cylinder in terms of normalized reaction force F/Fc vs normalized displacement
uR/Lt is shown in Figure 4(a). This plot corresponds to a single-dimple imperfection amplitude (δ) of 0.25× the wall
thickness, i.e. δ/t = 0.25. While the idealized perfect cylinder buckled at F/Fc = 0.925 (Figure 3(a)), the buckling load
of the imperfect cylinder is eroded to F/Fc = 0.561, i.e. the compressive limit load is eroded by 40% compared to the
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Fig. 5 Critical curve expressed byEq. (8) and compared to 115 experimental data points from the literature [22–
30].

idealized perfect cylinder for an imperfection magnitude of only one-quarter of the wall thickness. Furthermore, once
buckling commences (point (A) in Figure 4(a)), the cylinder transitions immediately into a localized single-dimple state,
which is followed by the previously discussed circumferential snaking sequence. This behavior agrees qualitatively with
the evidence reported in most experimental studies in that the buckling process is initiated by a single buckle, which
then grows circumferentially (see e.g Yamaki [22]). The result of Figure 4(a) thus suggests that the energy barrier of the
single-dimple localization is indeed readily eroded by a small imperfection (in this case 25% of the wall thickness).

To quantify the sensitivity of the buckling load with respect to the single-dimple imperfection amplitude, we trace
point (A) in Figure 4(a) using the bifurcation-tracking capability. The foldline of limit points in terms of F/Fc vs δ/t is
shown in Figure 4(b). For no applied imperfection (δ/t = 0), the buckling load of the perfect cylinder is recovered,
and as the imperfection is increased, the buckling load drops rapidly. For an imperfection amplitude of δ/t = 0.38,
the maximum limit point (A) and minimum limit point (B) collide in a cusp catastrophe, such that beyond the cusp,
the cylinder buckles immediately into a three-dimple mode once the pre-buckling path loses stability. At the cusp, the
knockdown factor is F/Fc = 0.49, and therefore 47% of the buckling load of the idealized perfect cylinder. Thus, the
buckling load of this cylinder can be eroded by almost 50% for a single-dimple imperfection of only one-third the wall
thickness.

Given that point (B) of the idealized cylinder denotes the lowest value of compression for which the single-dimple
localization exists (metastability of the pre-buckling state), we also trace the evolution of this single-dimple limit
point with respect to geometric parameters t, R and L. A power-law regression of these foldlines suggests that the
end-shortening of the single-dimple limit point varies approximately as usd ∝∼ t1.16, usd ∝∼ R−0.84 and usd ∝∼ L0.68 (to two
decimal places with R2 > 0.99 in all three cases). In combination, this regression suggests a critical boundary with
respect to the classical prediction (uc ∝ LtR−1) of:

usd

uc
=

F
Fc
= 1.48

R0.16t0.16

L0.32 = 1.48η, (8)

where η = R0.16t0.16L−0.32 is a non-dimensional parameter that describes the onset of metastability of the pre-buckling
state. It is striking that there is an apparent power-law relation between the parameter η and the well-known Batdorf
geometric parameter Z , i.e. Z/

√
1 − ν2 = L2/Rt = η−6.25. The critical boundary expressed by Eq. (8) is drawn on a plot

of F/Fc vs η−6.25 in Figure 5 alongside a set of 115 experimental data points taken from nine different studies in the
literature [22–30].
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Figure 5 shows that the experimental data points fall on or above the metastability curve of Eq. (8) with the
exception of one outlier from the study by Hutchinson et al. [29]. Many of the studies listed are efforts from the
1960s and 1970s that explicitly set out to manufacture cylindrical shells with geometric tolerances as "nearly perfect
as possible" [22–24, 26]. For these cases, the experimental buckling load can be seen to fall well above the critical
boundary of metastability. The set of data points also include studies with engineered imperfections [23, 29, 30]. In
most cases, the data points of these imperfect cylinders also fall above the metastability curve. Hutchinson et al. [29]
imposed local axisymmetric imperfections (a localized ridge all around the cylinder circumference) and all data points
but one—corresponding to the maximum imperfection amplitude of 73% the wall thickness—are bounded from below
by the knockdown curve. Axisymmetric imperfections are known to cause the greatest erosions in buckling load [31],
but represent engineered imperfections that are unlikely to occur naturally.

It has been argued [32] that the well-known lower-bound curve of NASA’s SP-8007 guideline [33] is overly
conservative for shells manufactured using modern manufacturing techniques. NASA’s empirical lower-bound curve
falls below the dashed curve of Figure 5, and hence, many experimental results from the early 20th century exist below
the threshold of Eq. (8). However, many of these studies relied on manufacturing technology much less developed than
technology available today. If the geometry can be closely controlled, the onset of metastability as denoted by Eq. (8)
could thus provide a viable and less conservative lower-bound design load.

VI. Conclusion
In this paper we have revisited the problem of cylinder buckling from the perspective of fully localized buckling

modes in the shape of a single dimple. Using nonlinear quasi-static finite element methods and numerical continuation
algorithms we trace the evolution of a single dimple into an axially localized and circumferentially periodic ring of 10
diamond buckles. Furthermore, the single ring of diamond buckles destabilizes at a pitchfork bifurcation, initiating the
formation of additional rings of buckles that culminate in the well-known Yoshimura pattern.

As shown by Horák et al. [5] the single-dimple localization is a mountain-pass point in the energy landscape that
forms the smallest energy barrier between the pre-buckling and post-buckling regimes. This energy barrier is so small
that it could easily be eroded by initial imperfections or external disturbances, and hence, initiate premature buckling of
the cylinder. Thus, once the single dimple exists as an equilibrium solution for a specific amount of end-shortening,
the cylinder is poised in a metastable state. Indeed, initial imperfections in the form of a single dimple are shown to
cause premature buckling at load levels considerably less than the classical buckling load. For a dimple imperfection
amplitude of only 40% of the wall thickness, the buckling load is eroded by 50%.

By tracing the critical point of end-shortening where the single dimple comes into existence, we have established
that the onset of metastability scales approximately as a function of the non-dimensional parameter η = R0.16t0.16L−0.32.
Comparisons with more than 100 experimental data points from the literature suggest that the onset of metastability
could be a viable and less conservative lower-bound design load than NASA’s SP-8007 guideline [33]. Future work will
extend the analysis to more imperfection shapes and extend the analysis to orthotropic material properties.
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