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Outline

• There is substantial research and policy interest in the effects 
schools have on student test scores and whether these 
effects are consistent across subjects and stable over time

• These effects are referred to as value-added school effects
and they are typically estimated via multilevel models

• We explore two approaches to estimating the consistency 
and stability of school effects which have implicitly been 
assumed to give the same correlations

• We reveal that these two approaches can give very different 
correlations and we illustrate this using English schools data 2
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1. Value-added school effects

4



Value-added school effects

• School mean test scores are an unfair and misleading way to 
compare the potential effects schools have on student 
learning as they fail to account for differences in student 
prior test scores and other characteristics across schools

• Still useful for describing school inequalities and 
readiness of students for next phase of education

• Value-added school effects aim to address this criticism by 
statistically adjusting for prior test scores and therefore 
measuring the average ‘progress’ or ‘growth’ students 
actually make in each school

• Preferred for school accountability, choice and 
improvement purposes 5
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Progress 8 vs. Attainment 8
Rankings

• Doing well on Attainment 8 (school mean test scores) does 
not guarantee doing well on Progress 8 (school value-added) 7



Progress 8
‘Underperforming’ & ‘Coasting’

• For school accountability purposes, schools are banded into 
categories; increased scrutiny for underperforming schools 8



2. Estimating school effects
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Standard value-added model
Graphical illustration

• Student age 16 and age 11 scores for four schools 
10



Standard value-added model
Graphical illustration (cont’d)

• The ‘national’ line describes the ‘expected’ scores at age 16 
for students with different age 11 scores 11



Standard value-added model
Graphical illustration (cont’d)

• Students in the Navy school tend do better than expected; 
their scores tend to lie above the national line 12



Standard value-added model
Graphical illustration (cont’d)

• The ‘performance’ of the Navy school is given by the average 
difference between the actual and expected age 16 scores 13



Standard value-added model
Graphical illustration (cont’d)

• Repeating for each school shows a national distribution 
whereby some schools exceed expectations, others don’t 14



Standard value-added model
Graphical illustration (cont’d)

• These school differences are attributed to the efforts of the 
school and are termed ‘value-added’ school effects 15



Predicted school effects (cont’d)

• When we sort the school effects by magnitude we obtain a 
graphical league table with 95% confidence intervals 16



Standard value-added model
Single predictor
• The most popular way to estimate value-added school 

effects is via multilevel models, specifically via a two-level 
students-within-schools random-intercept model

• The model regresses student age 16 scores on age 11 scores

 𝑦𝑖𝑗
actual age
16 score

= 𝛽0 + 𝛽1𝑥𝑖𝑗
expected
age 16 score

+ 𝑢𝑗 + 𝑒𝑖𝑗
total
residual

• The total residual measures how much better students do 
than expected and is decomposed into the value-added 
school effect 𝑢𝑗 of interest and a student residual 𝑒𝑖𝑗

• The school effects with 95% CIs are predicted postestimation 17



Standard value-added model
Shrinkage
• The predicted school effects are actually empirical Bayes or 

‘shrinkage’ estimates rather than simple school average 
differences between students’ actual and expected scores

• The simple school average differences are shrunk towards 
the overall mean with small schools shrunk more than large 
schools as they provide less information

• In absence of shrinkage, the concern is that small schools will 
disproportionately appear at the extremes of the national 
distribution purely as an artefact of having few students

• In absence of shrinkage, there is therefore a risk that users 
will over-interpret the often extreme performances of small 
schools even if they are presented with wide 95% CIs and 
written warnings cautioning against over-interpretation
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Reported score of +9.4 
(i.e., 6% shrinkage)

School average difference of 
+10 based on 180 students



2019

Reported score of +7.4 
(i.e., 26% shrinkage)

School average difference of 
+10 based on 30 students



Standard value-added model
Multiple predictors
• Many other student demographic and socioeconomic 

characteristics also vary across schools and are important 
second-order predictors of student test scores and should 
therefore also be adjusted for

𝑦𝑖𝑗 = 𝐱𝑖𝑗
′ 𝛃 + 𝑢𝑗 + 𝑒𝑖𝑗

𝑢𝑗~𝑁 0, 𝜎𝑢
2

𝑒𝑖𝑗~𝑁 0, 𝜎𝑒
2

• School-level covariates, in particular school averages of the 
student covariates are sometimes also included to account 
for potential peer group effects
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Age, gender, ethnicity, English as 
an additional language, special 
education needs, free school 
meal status, neighbourhood 
deprivation, school mean KS2 
score, school spread of KS2 
scores, …
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3. The consistency and stability of 
school effects
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The consistency and stability of 
school effects
• There is considerable interest in measuring the consistency 

of school effects across subject areas

• Schools may exhibit inconsistent school effects due to 
differences across subjects in teacher effectiveness or in how 
schools concentrate their limited financial resources

• The less consistent school effects are across subjects, the 
more we should look at subject-specific results in school 
accountability and improvement exercises
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school progress in different subjects
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The consistency and stability of 
school effects
• There is also considerable interest in measuring the stability 

of school effects across student cohorts

• Schools may exhibit unstable school effects due to changes 
from one cohort to the next in school policies, leadership, 
staff turnover and teaching methods and materials

• The less stable school effects are over time, the less reliable 
school effects will be as a guide to school choice
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• Value-added school effects in 2007 are imprecise, but some 
statistical separation of schools is possible

• But these school effects are not suitable for school choice as 
they don’t factor in the uncertainly in predicting into the future 31



• The stability of value-added school effects over 7 years is 0.69

• When we factor the uncertainty this represents into the 
calculations, the predicted school effects are now so imprecise 
that there is effectively no statistical separation of schools 32



4. Estimating the consistency and 
stability of school effects
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Traditional approach
Separate value-added models
• The traditional approach to measuring the consistency and 

stability of school effects is to fit separate models to student 
achievement scores in each subject or cohort

𝑦𝑖𝑗 = 𝐱𝑖𝑗
′ 𝛃 + 𝑢𝑗 + 𝑒𝑖𝑗

𝑢𝑗~𝑁 0, 𝜎𝑢
2

𝑒𝑖𝑗~𝑁 0, 𝜎𝑒
2

• and to correlate the resulting empirical Bayes predictions
(i.e., ‘shrinkage’ estimates) of the school random effects 
across different models Corr  𝑢1𝑗

EB,  𝑢2𝑗
EB
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Modern approach
Joint value-added model
• The modern approach is to fit a single joint model

𝑦1𝑖𝑗 = 𝐱1𝑖𝑗
′ 𝛃1 + 𝑢1𝑗 + 𝑒1𝑖𝑗

𝑦2𝑖𝑗 = 𝐱2𝑖𝑗
′ 𝛃2 + 𝑢2𝑗 + 𝑒2𝑖𝑗

𝑢1𝑗
𝑢2𝑗
~𝑁
0
0
,
𝜎𝑢1
2

𝜎𝑢12 𝜎𝑢2
2

𝑒1𝑖𝑗
𝑒2𝑖𝑗
~𝑁
0
0
,
𝜎𝑒1
2

𝜎𝑒12 𝜎𝑒2
2

• and to estimate the correlation between the school random 
effects as a model parameter Corr 𝑢1𝑗 , 𝑢2𝑗 = 𝜎𝑢12𝜎𝑢1

−1𝜎𝑢2
−1
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5. The traditional approach gives 
biased estimates!
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Traditional vs. Modern approach
Different answers

• In these artificial example data, the traditional approach gives a 
correlation of 0.3 while the modern approach gives 0.5! 37



Traditional approach
Joint value-added model
• First realise that fitting two separate models is equivalent to 

fitting the following constrained joint model where we 
assume schools have uncorrelated rather than correlated 
effects across subjects

𝑦1𝑖𝑗 = 𝐱1𝑖𝑗
′ 𝛃1 + 𝑢1𝑗 + 𝑒1𝑖𝑗

𝑦2𝑖𝑗 = 𝐱2𝑖𝑗
′ 𝛃2 + 𝑢2𝑗 + 𝑒2𝑖𝑗

𝑢1𝑗
𝑢2𝑗
~𝑁
0
0
,
𝜎𝑢1
2

0 𝜎𝑢2
2

𝑒1𝑖𝑗
𝑒2𝑖𝑗
~𝑁
0
0
,
𝜎𝑒1
2

0 𝜎𝑒2
2
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Traditional approach
Biased correlation
• Assuming the unconstrained model is the true model and 
𝑛𝑗 = 𝑛, it can be shown that the expected correlation 
between the two sets of school effects from fitting two 
separate models is

Corr  𝑢1𝑗
EB,  𝑢2𝑗
EB =

𝜎𝑢12 +
𝜎𝑒12
𝑛

𝜎𝑢1
2 +
𝜎𝑒1
2

𝑛
𝜎𝑢2
2 +
𝜎𝑒2
2

𝑛

• The terms in orange make this a biased estimator of the true 
consistency correlation

39



Traditional approach
Biased correlation (cont’d)

• The estimator is pulled towards the student-level correlation; 
here we under-estimate the true consistency correlation 40



• The bias cannot be avoided by simply correlating 
‘unshrunken’ or ‘reflated’ versions of the school effects

• Indeed, while these transformations alter the variances of 
the English and maths value-added school effects, the 
traditional consistency correlation remains unchanged, at 0.3

Traditional approach
‘Unshrunken’ or ‘reflated’ effects?
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6. A different bias arises if one 
naively correlates the predicted 
school effects derived from the 
modern approach
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Modern approach (gone wrong)
Different answers

• In our example data, correlating the predicted school effects 
from the joint model gives an upwards biased correlation! 43



Modern approach (gone wrong)
Biased correlation
• Assuming the unconstrained model is the true model, it can 

be shown that the expected correlation between the two 
sets of predicted school effects from fitting this joint model 
can be derived in the usual way from the following 
covariance matrix

Cov
 𝑢1𝑗
EB

 𝑢2𝑗
EB =

𝜎𝑢1
2

𝜎𝑢12 𝜎𝑢2
2

𝜎𝑢1
2 +
𝜎𝑒1
2

𝑛

𝜎𝑢12 +
𝜎𝑒12
𝑛
𝜎𝑢2
2 +
𝜎𝑒2
2

𝑛

−1

𝜎𝑢1
2

𝜎𝑢12 𝜎𝑢2
2

• The terms in orange also make this a biased estimator of the 
true consistency correlation
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Modern approach (gone wrong)
Biased correlations (cont’d)

• This time the estimator is pushed away from the student-level 
correlation; here we over-estimate the consistency correlation 45



• This second bias also cannot be avoided by simply correlating 
‘unshrunken’ versions of these predicted school effects

• However, in contrast to when we fit separate models, this 
second bias can be avoided by correlating the reflated effects

• But, there is no need to correlate the predicted school 
effects at all, as the model-based estimate is unbiased

Modern approach (gone wrong)
‘Unshrunken’ or ‘reflated’ effects?
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7. Application
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• The joint model gives an unbiased estimate for the consistency 
of school effects correlation of 0.786 49



Biased down Unbiased Biased up

• The observed biases are all in the expected directions and are 
substantial 50

← range = 0.15 →



• The joint model gives an unbiased estimate for the stability of 
school effects correlation of 0.747 51



Biased down Unbiased Biased up

• Here the biases are smaller as school sizes are bigger in 
secondary schools and so predicted school effects more reliable52

← range = 0.05 →
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8. Conclusion
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Conclusion

• The traditional approach to estimating the consistency and 
stability of school effects gives biased estimates, but these 
can be avoided by fitting joint models and estimating these 
correlations directly

• The biases can be substantial when the true consistency and 
stability correlations differ greatly from the true student 
residual correlations, especially when school effects are 
relatively weak and school size relatively small

• Our arguments will apply to other areas of application where 
researchers interpret correlations between predicted 
random effects rather than estimating them directly
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Standard value-added model
Shrinkage
• The predicted school effects are actually empirical Bayes or 

‘shrinkage’ estimates rather than simple school average 
differences between students’ actual and expected scores

  𝑢1𝑗
EB

shrunken
school
effect

=
𝜎𝑢
2

𝜎𝑢
2 +
𝜎𝑒
2

𝑛𝑗
shrinkage

factor

1

𝑛𝑗
 

𝑖=1

𝑛𝑗

𝑦𝑖𝑗 − 𝛽0 − 𝛽1𝑥𝑖𝑗

school average difference

between students′ actual and
expected age 16 score

• The simple school average differences are shrunk towards 
the overall mean as an function of their reliability

• The effects of small schools are shrunk more than those of 
large schools as they provide less information 58



95% CICVA score
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• School level correlations are highest for school mean test 
scores, ranging from 0.77 to 0.91.

• Correlations reduce somewhat for value-added school effects, 
showing more variability across subjects, ranging from 0.61 
between English and science in 2006 to 0.88 between 
mathematics and science in 2005. 

• Correlations between contextual value-added school effects are 
only slightly lower compared with correlations between the 
value-added school effects, ranging from 0.56 to 0.87 61



• Correlations only one year apart tend to be higher than the 
correlations two years apart

• Correlations between school value-added school effects are 
lower than for school mean test scores, with correlations 
between contextual value-added school effects lower again

• Correlations for English are particularly low indicating low 
stability over time: schools with strong progress in English in 
one year may have quite different results in other years
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