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Abstract: The region where the vascular lumen meets the surrounding endothelium cell layer,
hence the interface region between haemodynamics and cell tissue, is of primary importance in the
physiological functions of the cardiovascular system. The functions include mass transport to/from
the blood and tissue, and signalling via mechanotransduction, which are primary functions of the
cardiovascular system and abnormalities in these functions are known to affect disease formation
and vascular remodelling. This region is denoted by the near-wall region in the present work, and
we outline simple yet effective numerical recipes to analyse the near-wall flow field. Computational
haemodynamics solutions are presented for six patient specific cerebral aneurysms, at three instances
in the cardiac cycle: peak systole, end systole (taken as dicrotic notch) and end diastole. A sensitivity
study, based on Newtonian and non-Newtonian rheological models, and different flow rate profiles,
is effected for a selection of aneurysm cases. The near-wall flow field is described by the wall shear
stress (WSS) and the divergence of wall shear stress (WSSdiv), as descriptors of tangential and normal
velocity components, respectively, as well as the wall shear stress critical points. Relations between
near-wall and free-stream flow fields are discussed.

Keywords: cerebral aneurysm; computational haemodynamics; no-slip critical points; near-wall
transport; description of flow field

1. Introduction

Biological systems are complex, often involving a multitude of coupled processes occurring at
different scales, both spatially and temporally. When events such as diseases form, it is a challenging
and daunting task to deconstruct the processes involved in identifying succinctly a relation and cause.
The cardiovascular system is responsible for transport and signalling, thus linking cells throughout the
body, and acting as a conduit. Cardiovascular diseases have benefited from intense research and the
resulting important breakthroughs; however, they remain prevalent and a leading causes of mortality.
A pathophysiology which has been the focus of much research is that of aneurysms, especially cerebral
and abdominal. Aneurysms are largely asymptomatic, until they rupture, at which stage the risks
of mortality or morbidity are very high. The task of unravelling the cause of aneurysm initiation,
growth and rupture has developed immensely over recent decades, and while there are still many open
questions it is widely accepted that the fluid mechanics plays an important role in all aneurysm stages.

Fluids 2019, 4, 89; doi:10.3390/fluids4020089 www.mdpi.com/journal/fluids

http://www.mdpi.com/journal/fluids
http://www.mdpi.com
https://orcid.org/0000-0001-9757-5852
https://orcid.org/0000-0002-3291-2827
https://orcid.org/0000-0002-0520-7938
https://orcid.org/0000-0001-8979-2136
https://orcid.org/0000-0002-4216-6960
https://orcid.org/0000-0002-6895-1318
http://www.mdpi.com/2311-5521/4/2/89?type=check_update&version=1
http://dx.doi.org/10.3390/fluids4020089
http://www.mdpi.com/journal/fluids


Fluids 2019, 4, 89 2 of 27

The consensus is that the haemodynamics plays a determining role in cardiovascular diseases in
large arteries [1–4], and both the mechanical and transport properties have been scrutinised. Simply put,
an abnormal flow field, usually described as complex and disturbed (not necessarily turbulent flow), is
often related to diseased states. The greatest attention has involved principally the fluid mechanics in
the near-wall region, hence the flow field at or near the lumen boundary since it is in this region that the
haemodynamics in effect interfaces with the body’s tissues. Measures such as wall shear stress (WSS)
and spatial WSS gradients [5–17], aneurysm formation index (AFI) [18], oscillatory shear index (OSI) [19],
gradient oscillatory number (GON) [20], transverse wall shear stress [21], viscous dissipation and kinetic
energy [11], energy loss [22,23], helicity and vortical flow [24–26], among others [4,27], have all been used
as correlators to diseases. There have also been efforts in characterising the vessel’s shape, since this is the
no-slip boundary condition, together with the resulting fluid mechanics [22,28–33]. Means of recovering
the no-slip boundary from flow data have also been proposed [34,35]. The fluid-structure interactions and
constitutive models of the cerebral tissues have also been investigated [36,37], but even with the simpler
rigid wall boundary condition one can also show that the spatial gradients of all shear stress would be
expected to generate inter-cellular tension and shearing forces in the vessel tissue [38].

As a result of the many studies, often with limited cohort sizes, overall mean trends have emerged
and have spurred various formulations for fluid mechanics correlators to disease [27]. However,
when considering patient-specific studies with personalised results and conclusions, there is evident
conflicting information and confusion as to how to post-process and extract meaningful information
from the haemodynamic observables [4,39]. It is evident that one cannot singularly look at the
haemodynamics as a indication of disease, and the mass transport [40,41], inflammation process [42,43],
auto-regulation [44] and genetic factors [3], among others, must be ultimately incorporated in
any analysis. While the problem is indeed multi-scale and multi-physics, the consensus that the
haemodynamics plays a determining role in cardiovascular diseases in large arteries still remains.

In recent years, a novel analysis of the flow field at or near the lumen boundary was undertaken,
based on observation from the wall shear stress field, its spatial gradients and temporal evolution.
It was shown in [15] that the flow field at a small distance inside the free-stream domain can be
recovered from the wall shear stress and its gradients, leading to further promising developments
and interest in the field [16,45,46]. The methodology in effect revolves around a perturbation analysis
(which has been previously explored in [47]) together with the realisation that: (i) the wall shear stress,
which is the tangential component of the viscous traction exerted by the flow on the wall, can also be
seen as the tangential component of the fluid velocity in the limit of the wall; (ii) the divergence of
wall shear stress on the other hand is related to the normal component of the fluid velocity in the limit
of the wall [15]. These works were further extended by considering Lagrangian Coherent Structures
(LSC) [48] of the wall shear stress, and the time evolved partitioning of the flow, as well as investigating
the effects of transport and diffusion in the near-wall region [45,46,49].

This is then the setting for the present paper. We do not aim to provide insight into the coupled and
complex problem of cardiovascular diseases. Rather, since it is widely accepted that the haemodynamics
does play an important role, we focus on providing an accessible means to better understand the fluid
mechanics. From this, we can also develop a better appreciation of the lumen-endothelial interface,
denoted by the near-wall region in the present work. In this region, mass transport to/from the blood
and tissue, and signalling via mechanotransduction occurs. We will use the analysis proposed in [15]
based on a Taylor expansion of the flow field, together with wall shear stress critical points, which are
locations where the wall shear stress is zero, to recover dividing surface shear lines, which provide
information about the flow partitioning at an instance in time [16,17]. The physical appreciation, as well
as the numerical tools developed, are certainly valuable in studying cardiovascular and physiological
flows in general, where the near-wall flow field is a defining factor. Additionally, we hope that the
greater physical appreciation of the fluid mechanics will avoid the unfortunate disarray of metrics used
to correlate fluids measures to disease [4,27,39]. In the present investigation, we apply the methodology
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to investigate the near-wall haemodynamics in cerebral aneurysms of six patient cases under pulsatile
flow conditions.

While the patient cohort is limited, to investigate variability and sensitivity to flow conditions and
modelling assumptions, we make use of different cardiac flow rate profiles, as well as both Newtonian
and non-Newtonian rheological models. These results are tabulated in the Appendix A.

2. Materials and Methods

2.1. Patient Anatomies

In this work, the cohort size consists of six patient specific cases. The details of the cases
are provided in Table 1. The datasets were presented as three-dimensional greyscale CTA images.
The segmentation was performed in a semi-automatic manner, using first in-house tools for an
automatic segmentation [50,51], and subsequently by manual correction using ITK-SNAP 3.6.0. The
final segmentation and was verified against the medical images in a similar fashion as reported in [52],
and by an experienced clinician.

2.2. Simulation Setup

The domains were artificially truncated to exclude an extensive computational domain of cerebral
vasculature. Effects to geometry truncation and pruning, as well as outflow boundary condition
models, we investigated in previous work [53,54]. All sections were then extruded in the coaxial
direction as a straight pipe, using Blender 2.79b, to ensure the flow is developed when reaching the
aneurysm and is not sensitive to the artificial domain truncation. The extensions also allow for the
flow to be coaxial, hence enter or leave the computational domain perpendicular to the boundary
sections. The extruded lengths are 20 times the inlet diameter [55–58] and approximately 6 times the
outlet diameter, at respective sections. The mesh at the no-slip boundary consists of eight prism layers,
and within the aneurysm the average total thickness is 0.1 mm, and the height of the first prism layer
was set to 0.005 mm. Polyhedral elements were used to generate the volume mesh in the free-slip
region. The mesh is locally refined in the aneurysm region. This local mesh refinement resulted in a
three-fold finer mesh within the aneurysm compared to the inlet/outlet sections, resulting in a average
cell volume of 7.6× 10−3 mm3. An example cross-section of the mesh for Case 1 is shown Figure 1. Due
to varying volumes of the computational domain, the number of mesh elements varied between cases,
ranging between ∼2.3–4 M elements, with an average of 3 M elements. Mesh convergence studies were
performed based on the wall shear stress values, ensuring differences were below 5%.

Figure 1. Cross-section through aneurysm of Case 1, showing details of the prism layers and
polyhedral mesh.
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Table 1. Patient specific case information.

Case 1 Case 2 Case 3 Case 4 Case 5 Case 6

Gender Female Female Female Female Female Female
Age 69 63 95 48 53 41
Presentation Rupture Incidental Rupture Incidental Incidental/Thrombosis Rupture
Localisation PIC IC AC MC Basilar AC
Side Left Right N/A Left N/A N/A
Unique/Multiple Unique Multiple Unique Unique Unique Unique
Other Vasc. Anom. No MCA aneurysm - No No hypoplasia A1 right
Risk Factor No HAT HAT No HAT/D/DLD No
Neck Area (mm2) 12.6 33.6 41.8 66.1 93.5 18.0
Neck Diameter (mm) 2.6 5.5 5.0 4.7 10.0 3.7
Max Height (mm) 5.4 7.1 12.1 5.8 22.1 6.6
Perpend Height (mm) 5.3 7.1 7.4 4.8 18.9 6.2
Aspect Ratio 2.0 1.3 1.5 1.0 1.9 1.7
Adjac. art. diam. (mm) 1.1/1 2.23/2.32-1.28 1.41/1.49-1.34 0.23/0.2-0.21 2.37/2.72 1.2/0.75-1.28(inlet/outlet(s))
Adjac. art. angle (○) 42/136 54/130-48 68/95-99 15/94-94 24/152 13/52-60(inlet/outlet(s))
Volume (cm3) 0.063 0.340 0.300 0.113 1.78 0.094
Medical Image Dataset 512× 512× 367 512× 512× 189 512× 512× 380 512× 384× 90 512× 512× 383 512× 512× 176
Medical Image (mm) 0.5× 0.5× 0.4 0.39× 0.39× 0.5 0.36× 0.36× 0.4 0.39× 0.39× 0.8 0.24× 0.24× 0.63 0.24× 0.24× 0.6
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Cerebral aneurysms are located inside the cranium, as a result of which there are typically small
displacements in arterial lumen diameter during the cardiac cycle. Consequently, fluid-structure
interaction effects are small, and in this work we have assumed the aneurysm wall to be rigid.
A Standard boundary condition choice was adopted: no-slip boundary condition at the walls, zero
pressure at outflows and a velocity profile was prescribed at inflow. The velocity profile was based on
the work of [59], in which several cardiac flow rates for different patients are reported. Of these, the
cardiac profile of Patient 5 was chosen for our simulations because of its close similarity with patient
dataset we have used. To provide a sensitivity study, hence providing generality to our results and
ensure better translation to the wider research community, the other cardiac profiles reported in [59]
were also investigated for a selection of cases, and these results are reported in the Appendix A. The
flow rate profiles are shown in Figure 2, and have approximately a 0.8 s duration. In order to adjust
the shape of the curve to each aneurysms, the flow rate was scaled using Reynolds number of Re = 450,
based on the time average velocity and the inflow diameter. This Reynolds number was chosen as it
presents a representative value for cerebral aneurysms, and is close to the ‘Patient 5’ dataset in [59].
Since the Reynolds number is fixed for all cases, which allows for direct comparison of the simulations,
it however means that the flow rates are not the same for the cases. Each of the the profiles in Figure 2
is marked by three points, indicating approximately peak systole, end systole (in fact the dicrotic notch)
and end diastole.

Figure 2. Inflow profiles obtained from [59], based on four subject datasets. The profiles from [59] were
scaled to have mean Reynolds number of 450, as shown in the left plot. The right plot shows the flow
rate profile for Case 6. Please note that the flow rate profiles for each Case will differ, due to geometric
differences, however the Reynolds number profiles are the same for all Cases. The cardiac time period
is approximately 0.8 s for each profile. The flow rate profile is marked with time instances, which
approximately relate to peak systole (t = 0.181 s), end systole (dicrotic notch) (t = 0.389 s) and end diastole
(t = 0.768 s). Times in brackets are related to the waveform for Patient 5. Results of the numerical
simulations are presented for these times.

STAR-CCM+13.04.010-r8 (Siemens) was used for both the mesh generation and the numerical
simulations as a finite volume solver. The flow was assumed to be incompressible and unsteady.
The SIMPLE algorithm, with inner iterations which results in an unsteady implicit scheme, was used
for computing pressure and velocity fields in a segregated manner. The temporal and spatial schemes
were second order accurate. The convergence criteria for the residual was set to be 10−8. The time
step size was set to 0.001 s, therefore approximately 800 time steps per cardiac cycle. A total of ten
heartbeats were simulated to avoid sensitivity to initial conditions, and only the last period was used
in the presentation and analysis of the results.

2.3. Newtonian and Generalised Newtonian Model for Blood Rheology

In this work we consider blood as a continuum medium, and adopt both a Newtonian and a
non-Newtonian rheology model for the viscous stresses. The density of blood was considered to be
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1030 kg m3. For the non-Newtonian model, we have chosen the Carreau generalised Newtonian fluid
model. In this model, the stress tensor is given by T(γ̇), hence only a function of γ̇ which is the shear
rate and is calculated from the second invariant of the rate of strain tensor as γ̇ =

√
2D ∶ D, where

D = 1
2(∇u+∇uT) is the rate of strain tensor. The viscosity is defined as

µ(γ̇) = µ∞ + (µ0 − µ∞)(1+ (λγ̇)
2
)
(n−1)/2

The coefficients adopted are taken from [60,61] and are based on experimental results and
comparisons with other non-Newtonian models. These are µ0 = 0.456 Poi, µ∞ = 0.032 Poi, λ = 10.03 s,
n = 0.344. Constants were obtained by nonlinear least squares fit from viscosity data with Ht = 40%
and T = 23 ○C, and extrapolated to T = 37 ○C.

In order to define an equivalent constant viscosity for a Newtonian model, we have followed [60]
and computed the average experimental viscosity in the range γ̇ ∈ [6, 1000] s−1. Consequently for
the Newtonian model, we have considered a kinematic viscosity of ν = 3.883× 10−6 m2 s−1, hence a
dynamics viscosity µ = 0.04 Poi.

Numerical simulations with the Carreau generalised Newtonian fluid model were run for Case 2,
Case 3 and Case 6 for comparison purposes.

2.4. Methods for Analysing the Flow Field in the Near-Wall Region

We can write the wall shear stress τ in terms of the wall traction t = σ ⋅ en, where σ is the stress
tensor and en is the unit normal vector en to the surface

τ = t− (t ⋅ en)en (1)

Since wall shear stress acts tangentially to the wall, the stress tensor σ can be either the full stress
tensor σ = −pI+ 2µ(γ̇)D, or solely the extra stress tensor 2µ(γ̇)D since pressure only acts normal to
the surface.

The near-wall convective transport can be derived by Taylor expansion of a fluid element’s
trajectory (in a moving reference frame) in the limit of wall [15]. In the limit of the wall, the tangential
transport (in the plane of the wall) is given by the wall shear stress τ, while the normal transport
is given by the divergence of the wall shear stress ∇ ⋅ τ. Consequently, the fluid velocity at a small
distance normal to the wall δn can be written as

uπ =
τ δn

µ
+O(δn2

) and un = −
δn2

2µ
∇ ⋅ τ +O(δn3

) (2)

where uπ and un are components of the velocity vector in the local wall tangent plane and normal,
respectively. Similar expressions were also reported in other contexts [62–68]. In this work we will
look at the wall shear stress (τ) as our measure of near-wall tangential velocity component, and
the divergence of wall shear stress (∇ ⋅ τ) as our measure of near-wall normal velocity component,
denoting these respectively by WSS and WSSdiv. Consequently, negative values of WSSdiv indicate
flow towards the wall and postive values of WSSdiv indicates flow away from the wall.

Integration of the wall shear stress on the surface of the conduits results in surface shear lines,
which are aligned with the tangential component of the viscous traction exerted by the flow on the
wall. They indicate the limit in the direction of the flow velocity vector as the wall is approached, and
are useful in describing the near-wall tangential flow, highlighting zones of attachment, separation,
and critical points (where WSS = 0).

Taking the wall shear stress as a planar two-dimensional vector field u(x, t), one can compute the
local instantaneous surface shear lines, hence describing locally the motion of the near-wall tangential
flow. In order to derive these, we could perform a Taylor expansion as detailed in [16], or an alternative
(but mathematically identical) approach would be to locally approximate the vector field to be linear.
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Denoting the wall shear stress vector field by u(x, y) and the local coordinate system by x = (x, y)T ,
we find

u(x, y) = (
u(x, y)
v(x, y)

) = (
ẋ(x, y)
ẏ(x, y)

) = (
a11x + a12y + b1

a21x + a22y + b2
)

= (
a11 a12

a21 a22
)(

x
y

)+ (
b1

b2
)

= A(
x
y

)+B

(3)

where matrix A is the velocity gradient tensor

(
a11 a12

a21 a22
) = A = ∇u =

⎛
⎜
⎜
⎜
⎝

∂u
∂x

∂u
∂y

∂v
∂x

∂v
∂y

⎞
⎟
⎟
⎟
⎠

(4)

The set of equations can be seen as a linear system of ODEs, hence ẋ = Ax, or explicitly

(
ẋ
ẏ

) = (
u11 u12

u21 u22
)(

x
y

) , (5)

whose solution involves either real or imaginary eigenvalues (λi, i = 1, 2):

{
x(t) = x(0)eλ1t

y(t) = y(0)eλ2t , {
x(t) = eλ1t[x(0)cos(λ2t)+ y(0)sin(λ2t)]
y(t) = eλ1t[y(0)cos(λ2t)− x(0)sin(λ2t)]

. (6)

In a two-dimensional vector field, there are five possible cases of solutions which are discussed
in [69], with a corresponding discussion of existence of a unique critical point and degenerate cases.
These are the local instantaneous streamlines, hence describing locally the motion of the flow [70,71].
In unsteady flow, the approximation in Equation (3) is applied at a moment in time, such that the
solution trajectories (Equation (6)) correspond to particle paths, which do not generally coincide with
streamlines except at an instant.

For clarity we will order the eigenvalues such that, if they are all real then λ1 ≥ λ2, while if the
solution comprises of a complex conjugate pair then λ1 ± i λ2. The corresponding unit eigenvectors are
denoted by ζ1, ζ2. The solution trajectories osculate the plane on the no-slip wall and the eigenvectors
indicate the principal directions of motion of the flow locally. In the case of two real eigenvalues, the
eigenvectors will indicate direction of dividing streamlines. In the case of a complex conjugate solution,
the eigenvectors will indicate radii of rotation while the axis of swirl is that of the wall normal.

The ratio of the eigenvalues, if real will indicate the level of stretching and compressing of the
flow along the eigenvectors, and if complex provide the spiralling compactness by λ1/λ2, since from
Equation (6) the time period of one revolution in the spiralling plane is given by 2π/λ2 [64,72]. Also,
we note that the solution trajectories are exponential functions, and consequently two points initially
located at a close distance will be separating (or converging, depending on the sign of the eigenvalues)
at an exponential rate [48,64,73,74].

In the case that a critical point does exist from the solution Equation (6), the classification can be
expressed (following [62]) as

Saddle: λ1 < 0 and λ2 > 0; or λ1 > 0 and λ2 < 0
Unstable Node: λ1 > 0 and λ2 > 0
Stable Node: λ1 < 0 and λ2 < 0
Unstable Focus: λ1 > 0
Stable Focus: λ1 < 0

(7)
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We can evidently see that the unstable node/focus will result in a near-wall flow moving towards
the wall (negative values of WSSdiv) and the stable node/focus will result in a near-wall flow moving
away from the wall (positive values of WSSdiv).

Finally, in order to find the critical points, which are locations where u = 0 we can rewrite the
above linear system as

APc +B = 0 (8)

where Pc are the critical points to be found.

2.5. Numerical Computation of the Near-Wall Flow

In practice, the wall shear stress field is assumed locally linear on piecewise linear mesh elements,
hence consistent with the numerical scheme’s spatial interpolation. All analysis of critical points and
computation of WSSdiv are therefore performed on an element-by-element basis. We briefly now
present the numerical steps to compute these parameters.

Consider a piecewise linear triangle element on the no-slip boundary of the computational domain.
Since the planar triangle element is embedded in a three-dimensional space, the first step involves
creating a local coordinate system which preserves the triangle element shape, in which we denote the
vertices of the triangle element by (xi, yi), i = 1, 2, 3. We also note that the wall shear stress values
are defined at the triangle vertices, and hence the local tangent plane at the vertex is not the same as
the plane of the triangle element. The second step therefore involves projecting (using a simple inner
product) the wall shear stress at each vertex onto the plane of the triangle element, denoting these by
(WSSxi, WSSyi), i = 1, 2, 3. Finally, we can write a linear system from Equation (3) as

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

WSSx1

WSSy1

WSSx2

WSSy2

WSSx3

WSSy3

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

=

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

x1 y1 0 0 1 0
0 0 x1 y1 0 1
x2 y2 0 0 1 0
0 0 x2 y2 0 1
x3 y3 0 0 1 0
0 0 x3 y3 0 1

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

a11

a12

a21

a22

b1

b2

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

(9)

This linear system can be solved for the unknown coefficient vector (a11, a12, a21, a22, b1, b2), and
the critical points Pc can then be found by rearranging Equation (8) as

Pc = −A−1B (10)

One must then perform a check if the critical point lies within the triangle element, and a
barycentric coordinate system is employed.

The computation of WSSdiv = ∇ ⋅ τ can also be computed on an element-by-element basis. Since
each triangle element is piecewise linear, the spatial derivatives of any variable will be constant for
that element. For each triangle element, in the local two dimensional coordinate system, we compute

∇ ⋅ τ =
∂WSSx

∂x
+

∂WSSy
∂y

= a11 + a22 (11)

Now, since the measure will be stored at the mesh vertices, and vertices belong to other mesh
elements also, a simple averaging is finally performed, with constant weights since the mesh quality is
locally nearly uniform.

Before presenting the results for the six patient cases, it is worth providing an example of the
near-wall flow presented above. In Figure 3 we have traced the surface shear lines (surface integral of
WSS) and the streamlines (volume integral of velocity), and plotted the WSS critical points. In the left
plot, we see that even though points are traced from a set of seed points initially in close proximity, as
the streamlines move away from the surface their trajectories are then defined by the free-stream flow,
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which cannot be represented by the near-wall flow field. In the middle and right plots, corresponding
respectively to a stable focus (with positive WSSdiv) and unstable node (with negative WSSdiv), we can
visually appreciate the physical meaning behind the above presentation of the near-wall flow. These
examples also elucidate how effective the techniques outlined are at deconstructing and analysing
the near-wall flow field, and how this then relates to the free-stream flow field. Further examples of
streamlines configurations in the vicinity of wall shear stress critical points can be found in works
including [47,64,67,75,76].

Figure 3. Detail of surface shear lines, instantaneous streamlines and wall shear stress critical points.
Wall shear stress critical points are marked by coloured dots, such that green indicates a focus, hence
complex conjugate pair solution, blue indicates a saddle or node, hence real solution, and red are
locations a small distance along the eigenvectors (hence principal directions of dividing surface shear
lines), see Equation (6). Left plot: solution for Case 1 at time = 0.181 s; velocity streamlines are coloured
blue if originating near a focus WSS critical point, and red if originating near a saddle/node WSS
critical point. Middle plot: detail of stable focus, showing how the flow moves in a spiral manner in the
plane of the wall, gradually moving away from the wall. The red streamline indicates the spiralling core.
We observe an interaction with the free-stream flow soon after, the vortex compresses before stretching
again and continuing further into the aneurysm. Right plot: detail of an unstable node, showing how
flow impinges on the wall and spreads out. The red streamline ends at the stagnation point. Red dots
indicate direction of principal axes (the eigenvectors) on one side only of the critical point.

3. Results and Discussion

Results of the simulations, with a Newtonian viscosity model and inflow flow rate boundary
condition for Patient 5 (see Figure 2), are presented in Figures 4–9 at three instances in the
cardiovascular cycle representing peak systole, end systole (dicrotic notch) and end diastole. In these
figures, the wall shear stress critical points are marked by coloured dots, such that green indicates
a focus, hence complex conjugate pair solution (spiralling motion), blue indicates a saddle or node,
hence real solution, and red are locations a small distance along the eigenvectors (hence principal
directions of dividing surface shear lines). It is apparent that the near-wall flow field is very complex
for all cases, though some particularly so such as Case 3, while others are simpler such as Case 2. We
observe that the WSSdiv patterns, which describes the normal component of the velocity, tends to be
more stable than the WSS, which describes the horizontal component of the velocity. This was also
reported in [16].
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Figure 4. Solution for Case 1. Plots of surface shear lines and WSS critical points (colouring scheme as in Figure 3).
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Figure 5. Solution for Case 2. Plots of surface shear lines and WSS critical points (colouring scheme as in Figure 3).
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Figure 6. Solution for Case 3. Plots of surface shear lines and WSS critical points (colouring scheme as in Figure 3).
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Figure 7. Solution for Case 4. Plots of surface shear lines and WSS critical points (colouring scheme as in Figure 3).
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Figure 8. Solution for Case 5. Plots of surface shear lines and WSS critical points (colouring scheme as in Figure 3).
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A common feature to most cases is that of a persistent focus, which is present throughout the
cardiac cycle. In Table 2 the strongest persistent focus is reported, based on WSSdiv magnitude,
throughout the three instances of the cardiac cycle. When present, these anchored (on the no-slip
wall) vortices help stabilise the flow within the aneurysm. For Case 4 there is no evident persistent
focus, while for Case 6 (Newtonian rheology) the focus appears only in the decelerating phase of
the cardiac cycle. These focii are located in a region of positive WSSdiv, and hence indicate the
near-wall flow is moving away from the wall. This is also identifiable by the negative sign of the
real component of the complex eigenvalue pair which form the solution (see Equation (6)), indicating
these are stable focii. Consequently, the flow moves from the near-wall region into the main free-stream
flow, along a vortex which is anchored at the wall. If we take as example Case 1, at time 0.181 s, from
Table 2 we have WSSdiv = 420,000 Pa m−1 and can approximate the normal velocity component at
a distance δn using Equation (2): for δn = 10 µm then un = 0.005 m s−1, and for δn = 0.1 mm then
un = 0.5 m s−1, highlighting that these vortices are indeed comprised of fast moving flow. The spiralling
compactness (λ1/λ2) is also reported in Table 2, and the observed general trend is a reduction (or
negligible change) in spiralling compactness between peak systole and end diastole. For high values
of spiralling compactness, there is a rapid motion to the focus centre without many rotations about
the centre, while a zero spiralling compactness indicates purely circular motion about the centre with
no radial change [72]. As one would expect from physical principles, we observe similar trends in
positive WSSdiv and negative λ1. The magnitude of the negative λ1 indicates the attractor strength of
the stable focus, and since mass in conserved, as the flow approaches the focus it must also move away
from the wall with a positive WSSdiv, at a similar rate.

The number of critical points within the aneurysm are also reported in Table 2. We observe
an overall trend of a decrease in number, between peak systole and end diastole, however at end
systole both an increase and decrease are observed. The reason for this is that at end systole there is a
deceleration of the flow, which will require dissipation, and commonly this results in eddy formation.
This consequently affects the near-wall flow field as vorticity is generated at the wall and is diffused
and transported into the free-stream flow field. While one should not confuse vorticity (hence angular
velocity) with eddies, this simplified description of the process is useful here. The question then is
at what stage of the overall dissipation due to deceleration does the end systole time instance lie.
This will be case dependent, as the aneurysm shape and flow field will affect this. We in fact see that
for some cases the number of critical points has increased, which suggests significant eddy motion
within the aneurysm is still present at this time, while for other cases there is a decrease in number of
critical points, which suggests that the deceleration of the flow has largely already occurred, though
there is a further reduction in number of critical points by the end diastole stage. The decrease in
spiralling compactness of the strongest persistent focus critical point during the deceleration phase
of the cardiac cycle, supports this discussion of increased eddy motion as a dissipation mechanism.
It is also interesting to observe the shear rate magnitude (γ̇) through the cardiac cycle, since viscosity
diffuses momentum by means of the rate of strain tensor (D), and results for Case 3 and 6 are shown
respectively in Figures 10 and 11. From these we observe a decrease in shear rate from peak systole
through to end diastole for Case 3, however for Case 6 we observe an increase in shear rate from peak
systole to end systole and then a subsequent decrease at end diastole. This trend is similarly seen in
the number of critical points from Table 2.



Fluids 2019, 4, 89 14 of 27

Table 2. Results for the strongest (based on maximum ∣WSSdiv∣) persistent focus critical point located
within the aneurysm. Note: for Case 4 no persistent focus critical point was present and hence different
points are reported; for Case 6 the persistent focus critical point only appeared from end systole to end
diastole. The total number of critical points within the aneurysm are also reported at each time instance
(right column). Units: WSSdiv (Pa m−1), WSS (Pa). Results are presented to three significant figures.

Time (s) λ1 λ2 λ1///λ2 WSSdiv Num. Critical Points
(Strongest Persistent Focus Critical Point) (Node/Saddle)-(Focus)

0.181 −227,000 107,000 −2.13 420,000 7-5
Case 1 0.389 −483,000 121,000 −4.00 1,010,000 12-6

0.768 −12,000 13,000 −0.93 18,200 8-4

0.181 −6420 3270 −1.96 11,800 8-2
Case 2 0.389 −4980 9350 −0.53 5890 7-1

0.768 −3920 1780 −2.20 7490 6-1

Carreau 0.181 −9500 7220 −1.32 20,900 4-1
Case 2 0.389 −6990 7360 −0.95 13,900 8-1

0.768 −3750 2350 −1.60 7492 3-2

0.181 −379,000 242,000 −1.57 1,100,000 56-18
Case 3 0.389 −23,300 17,100 −1.37 54,200 40-14

0.768 −24,500 18,800 −1.30 60,400 35-8

Carreau 0.181 −409,000 237,000 −1.7. 713,000 77-20
Case 3 0.389 −47,500 28,200 −1.68 99,600 71-19

0.768 −24,400 13,200 −1.85 39,500 50-10

0.181 - - - - 20-7
Case 4 0.389 −28,100 23,600 −1.19 49,600 24-9

0.768 2870 695 4.12 −7320 18-5

0.181 −2090 1090 −1.91 4580 11-5
Case 5 0.389 −3430 1810 −1.9 6550 20-10

0.768 −694 507 −1.37 1620 8-6

0.181 - - - - 19-1
Case 6 0.389 −130,000 39,000 −3.34 282,000 22-9

0.768 −8230 8450 −0.97 17300 17-5

Carreau 0.181 −350,000 361,000 −0.97 743,000 25-6
Case 6 0.389 −322,000 160,000 −2.01 678,000 29-8

0.768 −10,100 9510 −1.06 28,300 21-4
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Figure 10. Cross-section plots of shear rate magnitude γ̇ (s−1) of Case 3, for Newtonian and Carreau
rheological models. Location of the cross-section is shown.
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Figure 11. Cross-section plots of shear rate magnitude γ̇ (s−1) of Case 6, for Newtonian and Carreau
rheological models. Location of the cross-section is shown.

An aneurysm’s surface area can been partitioned based on the near-wall flow field characteristics,
and results are presented in Table 3. We should first highlight that while partitioning the aneurysm
surface by values of WSS and WSSdiv, the values of WSS and WSSdiv at a given point are uncorrelated,
as previously reported in [15]. The reason for the lack of correlation is due to the fact that they
describe fluid motion in mutually orthogonal directions. In order to investigate the nature of the
near-wall flow field for each aneurysm, we have chosen the threshold values of WSS = 1 Pa and
WSSdiv = ±1000 Pa m−1 based on previous work [15]. The WSS = 1 Pa threshold is widely used to
indicate propensity for disease [4]. The different near-wall flow regimes covered in Table 3 are listed
here again for clarity, together with the shorthand notation adopted.

• WSS < 1 Pa suggests slow tangential flow, (→)
• WSS > 1 Pa suggests faster tangential flow, (⇉)
• WSSdiv < -1000 Pa m−1 suggests fast perpendicular flow to the wall, (⇊)
• WSSdiv > 1000 Pa m−1 suggests fast perpendicular flow from the wall, (⇈)
• ∣WSSdiv∣ < 1000 Pa m−1 suggests slow perpendicular flow, (�)

We observe that a threshold of WSS = 1 Pa biases the results to lie in the WSS > 1 Pa regions,
except for Case 5 which is a large scaccular basilar aneurysm. From Equation (2) we can approximate
the tangential velocity component for WSS = 1 Pa, and for δn = 10 µm we have uπ = 0.0025 m s−1,
and for δn = 0.1 mm we have uπ = 0.025 m s−1. Given these approximations of very low near-wall
tangential flow, it is worth reconsidering the various WSS thresholds associated with diseases reported
in the literature [4].

While a value of uπ = 0.025 m s−1 at δn = 0.1 mm is indeed not negligible so close to the wall,
the values reported above for the normal component of the velocity for a persistent strong focus at
the same distance is un = 0.5 m s−1, which is clearly substantially larger. At the smaller distance of
δn = 10 µm, the normal and tangential components of velocity for a strong persistent vortex and what
is considered to be a slow tangential flow, are now similar. The discrepancy in magnitude of uπ and un

at larger δn arises from the approximation of uπ(δn) and un(δn2), from which we can see the influence
of the order of δn. These equations are the leading order terms of a Taylor expansion, and it may be
beneficial to include higher order terms to match the order of δn.
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Table 3. Percentage area of aneurysm which satisfies conditions on WSS and WSSdiv. WSS < 1 suggests slow tangential flow (→), WSS > 1 suggests faster tangential
flow (⇉), WSSdiv < −1000 suggests fast perpendicular flow to the wall (⇊), WSSdiv > 1000 suggests fast perpendicular flow from the wall (⇈), ∣WSSdiv∣ < 1000
suggests slow flow perpendicular to the wall (�). The partitioning of the area is based on the underlying discrete surface mesh, the vertices of which hold the function
values. If any vertex of a mesh element did not satisfy the partitioning criteria, it was not included. Consequently the sum of the areas in the rows does not add to
100%, as we have in effect also excluded partial perimeters to the partitioned regions. This does not affect the analysis. Units: WSSdiv (Pa m−1), WSS (Pa). Results are
presented to two decimal places.

Time (s)

WSS < 1 WSS > 1

WSSdiv < −1000 ∣WSSdiv∣ < 1000 WSSdiv > 1000 WSSdiv < −1000 ∣WSSdiv∣ < 1000 WSSdiv > 1000
(→ ⇊) (→ �) (→ ⇈) (⇉ ⇊) (⇉ �) (⇉ ⇈)

0.181 0.02 0.01 0.04 50.67 0.22 36.85
Case 1 0.389 0.01 0.02 0.06 40.87 0.30 47.22

0.768 0.35 1.02 1.47 39.71 2.19 40.73

0.181 0.94 4.43 0.76 25.75 21.71 30.00
Case 2 0.389 0.00 0.00 0.20 29.68 8.19 46.66

0.768 0.84 3.47 1.82 24.14 25.68 28.61

Carreau 0.181 0.51 1.32 0.28 29.29 14.01 40.64
Case 2 0.389 0.00 0.02 0.21 33.01 9.89 42.66

0.768 0.68 5.06 0.72 23.96 26.29 28.92

0.181 0.14 0.00 0.15 39.13 0.33 45.49
Case 3 0.389 0.87 1.17 1.04 34.88 3.79 41.57

0.768 0.83 2.16 1.06 31.99 5.40 41.24

Carreau 0.181 0.02 0.00 0.06 39.84 0.50 45.93
Case 3 0.389 0.86 0.50 0.70 36.20 3.32 42.38

0.768 1.18 5.66 1.57 32.05 6.36 37.27

0.181 0.56 0.58 0.53 44.23 2.48 36.41
Case 4 0.389 0.09 0.01 0.13 38.00 0.69 46.83

0.768 0.88 0.47 0.99 37.74 5.67 37.55

0.181 0.54 19.71 0.67 15.94 42.51 9.83
Case 5 0.389 0.94 9.20 1.42 17.70 34.73 19.96

0.768 0.39 32.37 1.18 9.57 39.14 6.49

0.181 0.00 0.00 0.03 47.90 0.13 42.73
Case 6 0.389 0.00 0.00 0.01 40.73 0.03 50.10

0.768 0.10 0.00 0.30 39.10 1.90 46.13

Carreau 0.181 0.01 0.00 0.01 43.84 0.07 47.68
Case 6 0.389 0.01 0.00 0.04 42.61 0.26 47.46

0.768 0.03 0.09 0.22 41.07 1.13 47.52
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Let us return to Table 3, and focus on the associated percentage aneurysm area for WSS > 1 and
∣WSSdiv∣ > 1000, hence for the more prevalent situations occurring within the aneurysm dome. We
observe that for WSSdiv < −1000 the trend is a decrease in percentage area, from peak systole to end
systole and then to end diastole. On the other hand we observe that for WSSdiv > 1000 the trend is
an increase in percentage area between peak systole and end systole, and then a decrease between
end systole and end diastole. The reasons for this are as follows. During the deceleration of the fluid
(from peak systole to end diastole), we expect a decrease in magnitude of flow impingement on the
wall, hence less observed percentage area for WSSdiv < −1000. Also, during the deceleration phase,
we typically have an increase in eddying motion in order to diffuse momentum, and since the focii
critical points tend to be of stable type, hence locations of positive WSSdiv, we observe the increase
in percentage area with WSSdiv > 1000 from peak systole to end systole. By the time we reach end
diastole the flow has further decelerated and diffused much of the momentum, consequently the
eddying motion has decreased and so has the number of stable focii, resulting in less percentage area
associated with WSSdiv > 1000.

Let us now consider the average values of WSSdiv when WSS < 1 Pa and WSS > 1 Pa, as presented
in Table 4. We note that the average values of negative WSSdiv (near-wall flow moving to the wall)
are greater in magnitude than the counterpart positive WSSdiv (near-wall flow moving away from
the wall). This is due to the fact that flow moving to the wall will have higher momentum, and hence
velocity (we are assuming constant density). This fluid volume will subsequently run along the wall
before moving away again, decreasing its momentum by means of the viscous forces during this
trajectory. In this table, and from the plots shown in Figures 4–9, we observe that some aneurysms
exhibit higher WSS and average WSSdiv magnitude, namely Case 1, Case 3 and Case 6, and the
reason for this is not apparent based on the geometric characterisations presented in Table 1, nor
from qualitative analysis. One therefore needs to investigate the entire flow field to understand how
the fluid is entering the aneurysm, promoting the large near-wall WSSdiv and WSS values observed.
For near-wall transport both to and from the wall, the average WSSdiv magnitude drops between peak
systole and end diastole due to the flow having decelerated, but it typically increases at end systole,
indicating a higher transfer between free-stream and near-wall regions.

We now report on the effects of rheology, between Newtonian and Carreau generalised Newtonian
models, for Case 2, Case 3 and Case 6. Overall we do not observe marked changes in patterns of
WSS and WSSdiv, indicating that the free-stream flow field is unlikely to have altered considerably
also. This has been reported in previous works [54,60]; namely that in large artery haemodynamic
the non-Newtonian rheological models do not affect the flow field and the wall shear stress
field significantly, and variations in boundary conditions (inflow/outflow, no-slip domain) have
a greater effect.

In Table 2 we observe the same trends as discussed above if the Carreau model is adopted. We also
observe greater ∣λ1∣ and WSSdiv for results with the Carreau model in comparison to the Newtonian
model, indicating faster flow leaving the wall at the strongest persistent focus critical point, and in
general either no significant change or an increase in the number of critical point. These are seen
throughout the cardiac cycle.
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Table 4. Average values of WSSdiv as partitioned by WSS = 1 threshold. Only the aneurysm surface is
considered. Units: WSSdiv (Pa m−1), WSS (Pa). Results are presented to three significant figures.

Time (s)
Average WSSdiv if WSS <1 Average WSSdiv if WSS >1

if WSSdiv < −1000 if WSSdiv > 1000 if WSSdiv < −1000 if WSSdiv > 1000

0.181 −20,400 10,900 −38,400 34,600
Case 1 0.389 −14,700 14,500 −48,200 37,000

0.768 −5470 3240 −15,700 11,100

0.181 −1720 2130 −5520 3540
Case 2 0.389 - 7340 −7870 5030

0.768 −1970 1950 −3320 2650

Carreau 0.181 −2330 2090 −6040 3690
Case 2 0.389 - 5740 −6410 4980

0.768 −2120 2010 −3390 2770

0.181 −6790 10,600 −59,200 46,800
Case 3 0.389 −3500 4640 −27,200 21,000

0.768 −3160 4420 −18100 12800

Carreau 0.181 −6670 9950 −46,100 43,500
Case 3 0.389 −3620 5170 −21,700 18,200

0.768 −4050 3190 −12,700 10,900

0.181 −5050 5880 −22,700 16,000
Case 4 0.389 −14,100 9350 −30,300 21,700

0.768 −4900 3520 −11,000 7900

0.181 −1860 1810 −3040 2310
Case 5 0.389 −2100 1730 −4180 2990

0.768 −1700 1360 −2120 1790

0.181 −66,600 21,800 −74,600 60,900
Case 6 0.389 −36,700 28,080 −77,900 60,600

0.768 −10,000 8680 −37,200 23,400

Carreau 0.181 −15,300 32,800 −57,600 33,400
Case 6 0.389 −9420 9360 −28,100 17,900

0.768 −5270 11,500 −19,300 11,300

In Table 3 we see that there is no pronounced change in the percentage area covered by the WSS
and WSSdiv partitions if the Newtonian or the Carreau model is adopted. On closer inspection
we do observe a general modest increase in the percentage area covered by WSS > 1 Pa and
WSSdiv < −1000 Pa m−1 (i.e., non-stagnant flow moving to the wall). In fact there is also a general
increase in the percentage area covered by WSS > 1 Pa and WSSdiv > 1000 Pa m−1 (i.e., non-stagnant
flow moving from the wall), but to a lesser extent. The Carreau model adopted is a shear thinning
model, and since we can in general expect higher shear rates closer to the walls, we would have a
lower apparent viscosity close to the no-slip domain. This will lead to smaller boundary layers, hence
effectively bringing the far field free-stream flow closer to the no-slip wall. Additionally, as the flow
moving to the wall has higher momentum (as indicated in Table 4) since it comes from the faster
flowing free-stream domain, as it encounters the rigid wall with no-slip condition the fluid will be
subjected to higher strain rates. Now, since the flow moving towards the wall is subjected to higher
strain rate it will correspondingly have lower viscosity if the shear-thinning non-Newtonian model
is used, and as such it will also flow less inhibited and cover a larger surface area. These may be
some of the reason for the modest increase in observed flow moving to the wall, which interestingly
occurs throughout the cardiac cycle. Similar reasoning can be applied for the flow moving away from
the wall, though the flow has lost some of its momentum by means of viscosity during its near-wall
trajectory (involving approaching the wall, moving along it, and finally moving away from it), and
will consequently have a lower shear rate magnitude and the apparent viscosity will be more similar
to the Newtonian value. Results for a cross-section of the domain near a set of unstable node critical
points provide a visual aid in understanding the above discussion, as shown in Figure 12. We note the
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higher shear rate magnitude in the non-Newtonian solution, as well as the wider extent of the velocity
moving to the wall, as compared to the Newtonian solution.

cross-section location shear rate, Newtonian shear rate, Carreau

cross-section location detail, velocity magnitude, Newtonian velocity magnitude, Carreau
shaded by WSSdiv (see Figure 6)

Figure 12. Detail of aneurysm dome for Case 3 at t = 0.181 s. Cross-section location and selection of
unstable node critical points are shown in left column. Detail of cross-sections present a snapshot
of in-plane velocity streamlines, with plots of velocity magnitude and shear rate magnitude, for
Newtonian and Carreau rheological models.

In Table 4 we again observe the same trends as discussed above if the Carreau model is adopted.
The differences between shear-thinning and constant viscosity models reported in Table 4 suggest a
general reduction (or effectively unaltered) magnitude of average WSSdiv throughout the cardiac cycle.
As discussed above, the higher shear rates are expected to occur at the no-slip domain, resulting in a
reduced apparent viscosity at the wall for the Carreau model, allowing the fluid to flow more easily.
This will allow the flow to align tangentially to the wall more easily, resulting in a lower magnitude of
near-wall normal velocity. This is also observed in Figure 12.

The results presented thus far have considered a limited cohort of six patient cases, a single
Reynolds number to define the flow regime, and two rheological models. To generalise the results,
allowing for greater robustness of the findings and easier translation to other patient cases, we have
also undertaken simulations for different cardiac profiles as shown in Figure 2 for Case 2, Case 3
and Case 6. The results of these simulations have been tabulated in a similar fashion to the results
discussed above, and can be found in the Appendix A in Tables A1–A3. Without providing detailed
discussion, we summarise the main findings. On changing the inlet flow rate profiles, the flow field
has also noticeably changed and the values reported can be seen to differ considerably from those in
Tables 2–4. The trends between peak systole, end systole and end diastole however still hold, with
the ‘Healthy’ flow rate profile (see Figure 2) reporting the greatest deviation in trends. The ‘Healthy’
flow rate profile exhibits greater acceleration and deceleration phases, as compared to the ‘Patient’
cases. Please note that since the flow field has changed, the strongest persistent focus critical point
reported in Table A1 will not be the same as in Table 2, and hence a direct comparison of values is
not meaningful.
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4. Conclusions

In this paper, we have presented simple, yet effective means to describe the near wall-flow field,
as velocity components tangential to the wall or perpendicular to it, based on previous work [15]. These
velocity components are effectively proportional to the wall shear stress (WSS) and the divergence
of wall shear stress (WSSdiv), respectively. The tangential velocity component (hence WSS) is
then further analysed to observe the local instantaneous surface shear lines, including locations
of critical points and the principal directions of motion at these points, based on previous work [16].
This physically meaningful description, the mathematical tool set developed and simple numerical
formulations, together provide the means to efficiently deconstruct the near-wall flow field, in a
computationally inexpensive manner. These measures are not intended to substitute the existing
correlators to disease [4,11,27,49], but rather they complement those findings and provide a simple
and practical means of observing the near-wall flow field.

The analysis of the near-wall flow field was performed on six cerebral aneurysms. Unsteady
numerical simulations of the haemodynamics were effected, and the aneurysm wall was partitioned
into regions based on the the magnitude and direction of the tangential and perpendicular velocity
components. Changes in the percentage surface area covered by the different regions, together with
the average WSSdiv within each partition, were reported during the cardiac cycle at peak systole, end
systole and end diastole. The WSS critical points were also analysed during the cardiac cycle, with
respect to their type, the relative numbers and the persistence of the strongest stable focus. Together
these provide extensive detail into the dynamics of the near-wall flow, and overall trends between the
six patients cases analysed can be seen, and importantly the outliers also. Flow deceleration during
the cardiac cycle promotes the formation of eddies as a momentum dissipation mechanism, and the
effects of this are evident in the near-wall flow field, with an increase in WSS critical points, changes in
percentage area associated with a flow characteristic and in mean WSS and WSSdiv values.

A comparison of Newtonian versus non-Newtonian rheological models was carried out on three
aneurysms. The results indicate a very modest changes in the near-wall velocity field. Higher shear
rate magnitude at the wall leads to lower effective viscosities at the near-wall region, resulting in
smaller boundary layers, as well as flow aligning more readily to the no-slip wall tangent plane.

Since WSSdiv and WSS are related to orthogonal components of the near-wall velocity, they
provide independent forms of information. The current literature on cardiovascular research commonly
makes use of WSS and derived measures (such as: time averaged wall shear stress, residence times,
oscillatory motion), however this only covers information of the near-wall tangential velocity, and it
is certainly worth including WSSdiv in the analysis in order to describe the near-wall perpendicular
velocity. This physical understanding of the measures provides greater insight into how to analyse
and develop a better understanding of disease occurrence and progression.

In [45,46,49] the analysis of the near-wall flow was incorporated with the analysis method of
Lagrangian Coherent Structures (LCS) in the context of cardiovascular flows. This time-evolved
partitioning of the flow, together with the effects of transport and diffusion in the near-wall region,
does indeed provide additional physically motivated information, important in understanding the
near-wall flow field. Interestingly however, it was shown in these works that the near-wall flow LCS
in fact showed good correlation to the WSS critical points of a time-averaged WSS field. Therefore,
even with the simple methods outlined in this work one can obtain insight into time-evolved results,
by simply performing a time average WSS and WSSdiv field to analyse.

A sensitivity analysis was carried out to quantify the error and its propagation through the data
analysis. Six patient specific cases were investigated, adopting a Newtonian viscosity model and
an inlet flow rate profile (‘Patient 5’, Figure 2). Additionally, three Cases were selected for further
investigation, including using a shear-thinning non-Newtonian model for viscosity and three further
flow rate profiles (also shown in Figure 2). Overall, similar general trends were reported, for three
time instances in the cardiac cycle. The difference between Newtonian and non-Newtonian rheological
models was not as marked as when changing the flow rate waveform. The ‘Healthy’ flow rate
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profile reported the greatest difference in computed solution. This sensitivity study provides greater
robustness of the findings and easier translation to other patient cases.

We expect the methods outlined in the paper to be directly transferable to other problems where
the near-wall region plays an important role, acting effectively as interface domain between wall and
free-stream fluid. This is common in biological and physiological flows, where mass transport and
signalling are important phenomena.
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Abbreviations

The following abbreviations are used in this manuscript:

WSS Wall shear stress—indication of near-wall flow in the plane of the wall
WSSdiv Divergence of wall shear stress—indication of near-wall flow normal to the wall

Appendix A. Tabulated Results for Different Flow Rate Profiles

Table A1. Continuation of Table 2, for Case 2, Case 3 and Case 6 with flow rate profiles shown in Figure 2.

Time (s) λ1 λ2 λ1///λ2 WSSdiv Num. Critical Points
(Strongest Persistent Focus Critical Point) (Node/Saddle)-(Focus)

0.051 - - - - 9-0
Case 2 0.261 −2200 3170 −0.70 4260 10-1

Healthy 0.794 −7910 5880 −1.34 17,000 3-1

Carreau 0.051 −3810 2430 −1.57 6900 7-2
Case 2 0.261 −6990 3160 −2.21 14,800 8-4

Healthy 0.794 −9630 7420 −1.30 19,300 7-3

0.246 −11,200 7550 −1.49 20,700 3-2
Case 2 0.330 −12,500 8610 −1.46 25,000 4-1

Patient1 0.800 −8770 7450 −1.18 20,200 3-1

0.086 −7750 5440 −1.42 14,100 3-2
Case 2 0.298 −22,100 9300 −2.38 49,500 4-1

Patient3 0.800 −9340 4490 −2.08 17,100 3-1

0.051 −650,000 304,000 −2.14 1,220,000 92-23
Case 3 0.261 −90,800 49,300 −1.84 144,000 44-12

Healthy 0.794 −4200 2990 −1.40 9040 35-7

0.246 −119,000 70,600 −1.69 243,000 82-19
Case 3 0.330 −139,000 56,800 −2.44 232,000 65-20

Patient1 0.800 −28,800 1440 −2.00 60,500 44-11

0.086 −81,200 37,500 −2.17 145,000 67-16
Case 3 0.298 −45,700 10,900 −4.18 88,300 44-13

Patient3 0.800 −36,800 8570 −4.3 95,900 37-10

0.051 −689,000 768,000 −0.90 998,000 37-10
Case 6 0.261 - - - - 27-3

Healthy 0.794 −104,000 59,600 −1.75 195,000 19-4

0.246 −317,000 117,000 −2.71 608,000 42-5
Case 6 0.330 −111,000 61,100 −1.82 228,000 31-5

Patient1 0.800 −45,800 48,600 −0.94 101,000 20-5

0.086 −105,000 54,600 −1.93 185,000 16-1
Case 6 0.298 −46,100 27,600 −1.67 96,800 27-3

Patient3 0.800 −104,000 111,000 −0.93 184,000 13-4
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Table A2. Continuation of Table 3, for Case 2, Case 3 and Case 6 with flow rate profiles shown in Figure 2.

Time (s)

WSS < 1 WSS > 1

WSSdiv < −1000 ∣WSSdiv∣ < 1000 WSSdiv > 1000 WSSdiv < −1000 ∣WSSdiv∣ < 1000 WSSdiv > 1000
(→ ⇊) (→ �) (→ ⇈) (⇉ ⇊) (⇉ �) (⇉ ⇈)

0.051 0.37 21.43 1.34 14.05 41.90 9.48
Case 2 0.261 0.16 0.80 0.80 32.20 11.57 38.97

Healthy 0.794 0.40 1.83 0.64 21.43 31.38 27.99

Carreau 0.051 0.41 4.70 0.83 26.59 25.14 28.63
Case 2 0.261 0.18 0.26 0.77 32.45 12.14 39.98

Healthy 0.794 0.42 4.99 1.73 24.81 29.48 25.93

0.246 0.00 0.00 0.09 29.35 7.61 46.80
Case 2 0.330 0.00 0.03 0.63 33.10 7.66 41.98

Patient1 0.800 0.82 4.83 1.75 21.25 29.79 25.20

0.086 0.90 3.24 0.56 20.70 36.07 20.98
Case 2 0.298 0.30 0.21 0.72 31.75 8.91 40.98

Patient3 0.800 0.99 5.93 1.33 21.05 27.28 27.18

0.051 0.05 0.00 0.01 39.77 0.10 47.32
Case 3 0.261 0.93 0.35 0.52 38.88 1.82 43.26

Healthy 0.794 0.15 3.65 2.31 26.20 11.36 39.83

0.246 0.38 0.14 0.07 38.81 1.08 46.50
Case 3 0.330 0.20 0.31 0.49 36.37 1.22 46.93

Patient1 0.800 0.61 2.00 1.60 33.11 3.14 44.36

0.086 0.10 0.06 0.49 38.73 1.19 46.95
Case 3 0.298 0.14 0.03 0.49 34.71 2.17 46.69

Patient3 0.800 0.16 4.14 0.66 32.89 4.39 42.27

0.051 0.00 0.00 0.00 40.65 0.00 51.80
Case 6 0.261 0.00 0.00 0.05 41.37 0.36 49.57

Healthy 0.794 0.01 0.00 0.37 36.57 1.22 51.68

0.246 0.00 0.00 0.00 43.40 0.07 48.16
Case 6 0.330 0.03 0.00 0.13 42.12 0.06 49.15

Patient1 0.800 0.00 0.00 0.06 39.83 0.64 50.40

0.086 0.00 0.00 0.00 40.35 0.11 51.18
Case 6 0.298 0.01 0.00 0.09 38.43 0.32 52.19

Patient3 0.800 0.02 0.01 0.03 37.71 0.60 51.20
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Table A3. Continuation of Table 4, for Case 2, Case 3 and Case 6 with flow rate profiles shown in
Figure 2.

Time (s)
Average WSSdiv if WSS <1 Average WSSdiv if WSS >1

if WSSdiv < −1000 if WSSdiv > 1000 if WSSdiv < −1000 if WSSdiv > 1000

0.051 −5250 1710 −8610 3450
Case 2 0.261 1660 3650 −5080 4240

Healthy 0.794 −2150 3440 −3580 2650

Carreau 0.051 −1460 2080 −7220 4330
Case 2 0.261 −3160 3180 −5530 4460

Healthy 0.794 −1660 1930 −3090 2880

0.246 - 7020 -8800 5390
Case 2 0.330 −1520 3550 −7000 5420

Patient1 0.800 −1910 1740 −3670 2780

0.086 −1780 2380 −3750 2510
Case 2 0.298 −3120 3470 −6530 5170

Patient3 0.800 −1880 1850 −3750 2700

0.051 −8210 16,100 −75,700 73,400
Case 3 0.261 −13,500 25,000 −18,600 16,400

Healthy 0.794 −4130 2920 −9850 7270

0.246 −33,900 28,000 −34,400 27,600
Case 3 0.330 −9630 6000 −23,200 18,000

Patient1 0.800 −8600 6840 −14,000 10,800

0.086 −30,800 9300 −26,700 23,800
Case 3 0.298 −7580 8190 −21,000 16,700

Patient3 0.800 −5520 4430 −12,900 10,200

0.051 - - −41,500 57,200
Case 6 0.261 - - −62,000 68,700

Healthy 0.794 −1140 5290 −21,700 31,100

0.246 −45,800 33,900 −78,200 61,200
Case 6 0.330 −20,200 13,600 −60,100 44,800

Patient1 0.800 −7980 8290 −63,000 54,000

0.086 −13,800 53,800 −65,400 53,400
Case 6 0.298 −34,900 14,500 −51,900 37,500

Patient3 0.800 −14,200 15,700 −67,700 53,600
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