
                          

This electronic thesis or dissertation has been
downloaded from Explore Bristol Research,
http://research-information.bristol.ac.uk

Author:
Shatil, Namid

Title:
Development of Contact Resonance Atomic Force Microscopy

General rights
Access to the thesis is subject to the Creative Commons Attribution - NonCommercial-No Derivatives 4.0 International Public License.   A
copy of this may be found at https://creativecommons.org/licenses/by-nc-nd/4.0/legalcode  This license sets out your rights and the
restrictions that apply to your access to the thesis so it is important you read this before proceeding.

Take down policy
Some pages of this thesis may have been removed for copyright restrictions prior to having it been deposited in Explore Bristol Research.
However, if you have discovered material within the thesis that you consider to be unlawful e.g. breaches of copyright (either yours or that of
a third party) or any other law, including but not limited to those relating to patent, trademark, confidentiality, data protection, obscenity,
defamation, libel, then please contact collections-metadata@bristol.ac.uk and include the following information in your message:

•	Your contact details
•	Bibliographic details for the item, including a URL
•	An outline nature of the complaint

Your claim will be investigated and, where appropriate, the item in question will be removed from public view as soon as possible.



D E V E L O P M E N T O F C O N TA C T- R E S O N A N C E H I G H - S P E E D
AT O M I C F O R C E M I C R O S C O P Y

Quantitative Stiffness Measurements for Stiff Materials

by

Namid R. Shatil

A dissertation submitted to the University of Bristol in accordance with
the requirements for award of the degree of Doctor of Philosophy in the

Department of Engineering Mathematics, Faculty of Engineering.

2018

52,500 words



Namid R. Shatil : Development of Contact-Resonance High-Speed
Atomic Force Microscopy © September, 2018



A B S T R A C T

The ability to characterise material properties at sub-micron length scales is imperative
for understanding phenomena such as corrosion and fatigue. Atomic force microscopy
(AFM) is one tool to achieve this; it creates topographic maps of materials with nanome-
tre spatial resolution. The high-speed AFM (HS-AFM), developed at the University of
Bristol, captures these topographic images at frame-rate speeds, orders of magnitudes
faster than conventional AFMs. However, alongside the topography of a sample, it has
long been thought that the AFM is capable of the characterisation of non-topographic
properties. In this thesis, we develop the means for stiffness measurements and combine
it with the high–speed AFM to create a valuable tool for material characterisation at
sub-micron length scales.

The quantification of non-topographic measurements is complicated by uncertainties
in the AFM probe, the influence of hydrodynamic forces, as well as lateral forces, on
the cantilever and the scan speed of the HS-AFM. We achieve several important results
by investigating each of these influencing factors in turn, such as our new calibration
method to measure the effective stiffness of a probe and our custom-built FEM solver
that calculates the influence of hydrodynamic effects on a probe as it is brought towards
a sample. Both results are used in our development of a method for quantified stiffness
measurements.

Stiffness measurements of a material can be achieved with AFM by utilising a shift
in the resonant frequency of the AFM probe as it comes into contact with a sample. We
describe the theory that underpins this technique, as well as showing a new method to
estimate two critical parameters of the system, the tip height and offset. We then give
experimental evidence that our findings can be used to quantify the Young’s moduli
of stiff materials, specifically for steel and gold samples, and highlight the existence
of sources of error intrinsic to the method. Finally, we implement our findings on the
HS-AFM to calculate the Young’s moduli of graphene flakes on a silicon substrate. This
demonstrates the sensitivity of our work, which is capable of video-rate mapping of
the elastic properties of materials that are sub-micron in height. The quantification of
stiffness at these length scales is expected to enable important results in material science
applications, such as to predict life of system components, and to be of value to the
nuclear industry, as well as the wider material science community.
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1
I N T R O D U C T I O N

1.1 the atomic force microscope

The quest for an increased understanding of life at the nanometre length scale can be
traced back to 1959, when Richard Feynman delivered his famous talk titled “There’s
Plenty of Room at the Bottom” [1]. He encouraged an exploration of the world at nano-
scale resolution and called for a microscope to be developed with one hundred times
better resolution than any scanning electron microscopes (SEM) available at the time. He
postulated that such a microscope would resolve, by observation, many of the mysteries
in biology, chemistry, and physics. Fifty years after Feynman’s challenge came the atomic
force microscope (AFM), capable of producing topographic images of materials at sub-
atomic resolution [2, 3].

The breakthrough in new microscopy techniques began with Gerd Binnig and his
colleagues working at IBM [4]. In 1986, Binnig and Roher won the Nobel Prize for the
invention of the scanning tunnel microscope (STM), yet six months earlier another new
microscope had already been born. Developed with the help of Quate and Gerber during
Binnig’s sabbatical year in Stanford University, this new microscope was described in
their landmark paper of the same name, Atomic Force Microscope [5].

AFMs and STMs differ in how they utilise the mechanical interactions between a probe
and a sample. While the STM reacts to the current caused by the interaction between the
voltage biased tip and sample, an AFM measures the total interaction force which causes
the probe to deflect, as shown in Figure 1.1. Usually made up of a cantilevered beam
with a sharp tip at the free end, the probe behaves like the tonearm of a record player
where each dimension has been shrunk down to a thousandth of the size; a length of
300 µm compared with 300 mm, for example.

Measurement of the deflection or displacement of the scanning AFM cantilever creates
a topographic map of the sample with nanometre resolution in height. However, the
small lengthscales of these micro-mechanical cantilevers (with length in the hundreds
of microns and tips with radii in the tens of nanometres) have enabled the AFM to
image individual atoms [2]. To put this in perspective, if an atom (approximately 5 Å)
were scaled up to the size of a snooker ball (approximately 5 cm), imaging individual
atoms with an AFM is analogous to being able to look from the Earth and see individual
snooker balls on the Moon (approximately 384 400 km away).

The overarching concept of an AFM has remained relatively unchanged since its first
inception over thirty years ago. Topographic images are still created by inferring the
forces on the tip from measurement of the deflection of the cantilever. Many AFMs
also include a feedback loop which controls the force as the cantilever moves across the

1
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Figure 1.1: Example of how an AFM utilises a cantilevered probe to measure a sample, by moni-
toring the movement of the tip, through some detection system that typically utilises
a detection laser, as it is exposed to tip-sample interaction forces.

surface, tracing out the surface contours. This highlights four of the crucial components
for AFM design [6]: the force sensors, the feedback loop, the piezo-electric transducers
that move the stage (or probe) relative to a sample, and the cantilevered probe. Each of
these can be altered and combined in various ways to create a wide range of operational
modes of AFM.

The many different changes to AFM operation have led not only to different exper-
imental configuration but different images, sample preparation procedures, imaging
conditions, and information about the sample. For example, the interaction between tip
and sample contains additional non-topographic information about the sample. In this
thesis, we will outline the steps undertaken to develop a high-speed AFM (HS-AFM) ca-
pable of non-topographic stiffness measurements. This is achieved by relating a change
in the resonant frequency of an AFM probe to the stiffness of a sample and results in a
tool capable of real-time (8 frames per second) quantitative stiffness mapping of large
areas (µm2).

1.2 micro-mechanical cantilevers

The original conception of an AFM used a scanning tunnelling microscope (STM) as
a force sensor by sandwiching an AFM probe between the sample below and an STM
above [4]. This approach is difficult to implement in practice and most AFM users now
opt for methods that are either more straightforward or that provide extra information
about the displacement or deflection of the AFM probe. These include differential inter-
ferometers [7], laser Doppler vibrometers (LDV) [8], crystal oscillators [9], piezo-resistive
cantilevers [10], and the optical beam deflection (OBD) method [11]. The OBD method is
one of the most widely used [12], as the hardware is often more economical than using
LDVs or piezo-resistive cantilevers. The OBD method directs a laser at the free end of
the cantilevered probe which is then reflected off the back of the probe and onto a detec-
tor. A thin layer of gold, typically tens of nanometres in thickness, is often added to the
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cantilever to boost reflectivity and this can significantly alter the dynamic behaviour of
the probe, as we show in Chapter 2. The cantilevered probe is the means by which the
AFM measures both the topographic and non-topographic sample properties. Hence, it
is important that the micro-mechanical AFM probe is well calibrated. In Chapter 2, we
introduce our method for calibrating both the resonant frequency and the effective stiff-
ness, a measure of the increased stiffness of the probe at higher frequencies, by taking
into account the gold layer and the hydrodynamics of the system.

As the AFM cantilever moves and bends in response to changes in the sample, the
laser beam makes corresponding movements in the detector, tracking the motion of the
cantilever. As the laser spot moves proportionally to the cantilever’s lateral (or torsional
for adapted force sensors) bending, the detector will record changes in the laser position
as a voltage which relates to the inclination of the beam (rather than the displacement)
[13]. The voltage is converted to a cantilever deflection using the so-called inverse op-
tical lever sensitivity value, InvOLS. This value is found by conducting force-distance
measurements, described in Section 1.3, on a hard surface, in order to relate the voltage
measured by the photodetector to the known movement of the cantilever. However, the
measurement of deflection, rather than displacement, and the InvOLS value, can intro-
duce inaccuracies in the position of the tip, leading to alternative methods being used
[6]. For example, an LDV directly measures the displacement (rather than deflection) of
the cantilever, and also gives information about the dynamics of the probe, as an LDV
is capable of directly tracking single locations along the cantilever’s length [14, 15]. For
example, the displacement of the cantilever along its length can be compared to the nor-
malised eigenmode shape in order to confirm the validity of models that describe the
flexural motion of the probe. We demonstrate this in Section 2.5 for the Euler-Bernoulli
model of a cantilevered probe.

The movement of the cantilever offers another possible design parameter for AFM
devices. The original concept of the AFM aimed to keep the cantilever fixed at a constant
net repulsive or attractive force [5]. Known as contact mode or static mode, for many
years this was the most popular technique for AFM users. Most measurements were
taken in water or solvent due to the large lateral forces that come from ‘dragging’ the
tip along the surface [4]. Furthermore, the large forces led to the possibility of either
substantial wear to the tip or to the deformation of soft samples. This can be mitigated by
decreasing the scan speeds, which corresponds to longer experiment time [6]. In order
to minimise the lateral forces and increase scan speed, tapping mode and intermittent-
contact mode AFM were introduced [16–18]. Both methods excite the cantilevers with
large amplitudes of oscillation (relative to the tip size) so that tip-sample contact is not
constantly maintained. This can lead to a range of nonlinear behaviours of the cantilever
motion [19, 20] necessitating complex control loops [21]. Non-contact mode AFMs are
increasingly popular and have been used to image biological objects [16, 22], as well as
both soft [23] and stiff [24] materials.

We can further differentiate between the two types of contact mode AFM: constant-
force contact mode and constant-height contact mode [6]. Conventionally, most contact mode
AFMs have operated in constant-force mode, which seeks to maintain a constant force
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on the cantilever tip [25]. This is achieved by using a feedback loop that keeps the
deflection of the probe fixed at a certain value by moving either the stage underneath the
cantilever or the cantilever itself. On the other hand, this feedback loop can be turned
off so that the height of the cantilever is monitored directly. In this constant-height
mode, the stage adjusts to keep the distance between tip and sample fixed and the stage
movement is taken to be a direct representation of the sample topography. This method
has proved valuable for the HS-AFM developed at the University of Bristol, where any
active control mechanism can suppress maximum attainable speeds [26]. Instead the
feedback loop is replaced with a passive control mechanism which is believed to come
from a thin (typically several nanometres) meniscus layer that sits between the sample
and the probe induced by the high speed of the AFM tip relative to the sample [27]. It
lubricates the movement of the tip, preventing damage to either the tip or the sample,
and avoiding the large lateral forces of the original contact mode. Several design features
allow it to reach scan speeds much faster (1 mm s−1) than many other conventional AFM
techniques, such as the inclusion of LDV force sensors and a high speed piezo scan stage,
as shown in Figure 1.2.

Figure 1.2: The HS–AFM design with pertinant features highlighted such as the use of LDV
detection system and high–speed scanning stage.
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1.2.1 AFM at High Speed

The ability to utilise AFM techniques to build topographic maps at sub-micron and
even sub-nanometre resolution has improved our understanding of processes occuring
at these lengthscales [28–30]. Traditionally, AFM has focussed on biological samples
due to the relatively small sizes of biological objects and a lower requirement for data-
collection times [31]. This is partly due to the slow scan speeds of conventional AFMs.
For example, most commercial AFMs operate at low scan rates that can take up to ten
minutes per image [32]. However, research is increasingly focussed on extending the
operational capabilities of AFM to include larger sample sizes, ranging from several
microns to centimetre frame sizes, for the benefit of material sciences. This requires
implementing improvements to the restrictive imaging speeds of AFMs. We review some
of these improvements below

Faster imaging speeds will lead to the ability to observe natural processes in real time,
whilst increasing sample throughput [31, 33]. There are a number of ways in which
speed can be improved. First, the individual components of an AFM may be optimised
to improve performance, including the AFM probe, the detection system, the control
loop, and the scan stage. For example, some groups have focused on optimising the
cantilevered AFM probe, through miniaturisation of the cantilever dimensions and the
utilisation of lighter materials [33–35]. As the spring constant of a beam can be defined
in material terms, any decrease in length scales will have a corresponding effect on the
spring constant, allowing for softer samples to be imaged faster. However, this must be
weighed against corresponding drops in resonant frequency; the optimum cantilever has
both a high resonant frequency and low spring constant. This is to protect the cantilever
against unwanted forces that cause unstable cantilever behaviour such as uncontrolled
contact with the sample surface [4], as we will show in Chapter 2. Other methods include
utilising smaller and faster actuators [36, 37], a more rigid scanning stage [38, 39] and
modern control methods [40, 41] all of which have improved the rate at which samples
are imaged and leading to an HS-AFM capable of imaging over one hundred lines per
second [33], the first example of an AFM with video rate imaging [42].

The HS-AFMs, developed by Ando et al, were the first to image dynamic phenomena
in real time at the nanoscale [33]. A significant result reported was on the motion of
single molecule which gave new insight into molecule motility [43]. Since then, video-
rate AFM imaging has led to unparalled access to many of the mechanisms used by
biological processes, including diffusion on live cell surfaces and membranes [44, 45],
DNA-protein interactions [46], self-assembly processes [47], as well as a host of other
dynamic events (see, for example [48] for more details). Furthermore, the HS-AFM of
Ando et al. is now being used to consider non-biological samples such as photoresistors
[49], with the aim of aiding the future development of nano-lithography techniques.
However, the HS-AFM developed by Ando et al. suffers from several limitations. The
use of optimised components and highly specialised control loops makes this brand of
HS-AFM expensive to reproduce and offers a steep learning curve for new practictioners.
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Furthermore, there is an upper-bound for the image volume that this HS-AFM can
image, 1 mm3, due to physical limitations in the control loops and components [31, 50].

The ability to image large areas is paramount for extending the usability of AFM
beyond images several microns in diameter [48]. For example, the ability to characterise
material properties with nanometre resolution across several millimetres will offer a
rich data source for the validation of theories of crack propagation and corrosion [51,
52]. However, for samples that are several millimetres in diameter, highly optimised
video-rate AFMs is often too slow for the analysis of large areas. One such method that
circumnavigates the internal restrictions to AFM speeds has been the implementation
of cantilever arrays to raster material surfaces. For example, the IBM ‘milipede’ utilised
an array of 1,024 AFM probes to achieve a thousand-fold increase in scan rates [53, 54].
Similarly, Seong et al. [55] and Somnath et al. [56] achieved AFM images over areas of
hundreds of square microns by using 30 heat-sensitive AFM probes. The use of cantilever
arrays is an ongoing area of study, where issues such as cantilever coupling are yet to
be resolved [57].

The HS-AFM developed at Bristol University is capable of frame-rate imaging that
can capture dynamic phenomena, such as the dissolution of crystalline features [58], as
well as imaging large areas (20 mm2) with high resolution (90 megapixels with a pixel
size of 10 nm) and low data acquisition times (under four minutes to collect) [59].

This HS-AFM operates in a low-wear constant-contact regime that comes from inter-
action of the tip with a meniscus water layer, caused by increasing the tip-velocity to
within the HS-AFM range of 250 µm/s to 1,000 µm/s [60]. This is currently the fastest
contact mode AFM in the world, in terms of tip velocity, and is capable of scan rates in
excess of 1,200 fps and of imaging macro-scale (mm2) sample areas [31]. Imaging with
high-speed tip velocity has been shown to significantly reduce lateral forces compared
to dynamic modes [26], allowing large areas to be mapped out orders of magnitude
faster than a conventional AFM without depreciation of the tip (as observed through
worsening image quality). This feature is crucial in removing some of the uncertainty in
contact resonance measurements, as we observe in Chapter 5.

The meniscus layer that enables the high speeds of the HS-AFM is one example of
the sensitivity of the probe to its surrounding environment. In Chapter 2, we utilise
the hydrodynamics of the surrounding fluid (e.g. ambient air) to discern the cantilever
properties. However, we assume that the probe is free of the influence of the sample.
In Chapter 3, we consider the influence of the surface on the hydrodynamics of the
system and how this changes the fluid loading on the surface of the probe. This work
highlights that the hydrodynamics of the system can have a substantial effect on the
frequency response of an AFM probe and needs to be accounted for when conducting
frequency based measurements, as we do in Chapter 5 and Chapter 6.
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1.3 tip-sample interaction

An AFM probe will be exposed to a range of forces as the distance between the probe
and sample decreases. Furthermore, the amplitude of an oscillating AFM probe will
dictate the contact regime within which an AFM probe will operate. For example, AFM
probes that are excited to high amplitude relates to intermittent-contact and tapping
mode AFM, as the tip of the probe makes contact with the sample for a small section
of the oscillation period [61]. Alternatively, an AFM probe may be kept a distance away
from the sample and forced to oscillate, representing non-contact mode AFM [61]. This
mode is generally used for soft samples, where the tip contact forces would otherwise
be expected to cause damage to the sample. In this thesis, we will be primarily con-
cerned with an AFM probe that undergoes small amplitude oscillations, such that the
tip remains in permanent contact with the sample once contact is made. The forces on
an AFM probe as it comes into contact with a sample surface are typically captured on
force-distance curves, which describe how the interaction between the tip and sample
varies with distance [61, 62]. In Figure 1.3, we show a schematic example force-distance
curve.

The probe initially begins far away from the surface, where it is uninfluenced by the
surface forces (I.). As the distance decreases, the attractive surface forces overcome the
probe’s spring elastic force causing the probe to snap-to-contact (STC) (II.). The snap-to-
contact event gives information about the relative strength of the attractive forces in the
system, shown as the minimum of the blue curve in Figure 1.3. The probe is then pushed
into the surface (III.) until a maximum contact force has been applied (IV.). Following
this, the probe is brought away from the surface by the stage motors (V.). If significant
sample deformation occurs, a hysterisis will occur between the approach and retract
curves, as highlighted in Figure 1.3. This may occur due to plastic deformation of either
sample or AFM tip, or visco-elastic behaviour of the sample such that material creep
prevents the sample from immediately returning to its underformed state. We discuss
visco-elastic material phenomena in more detail in Chapter 5. For many AFMs that
are operated in ambient conditions, a meniscus bridge will form between the sample
and probe (VI.). This introduces additional adhesive forces into the system, as marked
in Figure 1.3, and prevents the probe from returning to its initial position until the
probe’s spring elastic force overcomes the additional forces. When the elastic forces are
sufficently high, the probe will snap-from-contact (SFC) and return to its intial position.

The interaction forces that act on the AFM probe can broadly be separated into long-
range and short-range forces. The long-range forces, often effective at separations of
order 100 nm, can be caused by environmental factors such as electrostatic charge be-
tween tip and sample or liquid adhesion (depending on the operating conditions of the
AFM) [63]. When considerations of electrostatic charge and liquid adhesion are removed,
the long-range forces will comprise of van der Waals forces which are weak interaction
forces operating between molecules. Long-range forces are typically attractive and are
the main contributing factors for the snap-to-contact event [62]. Other attractive forces
include Coulomb forces due to the relative conductivity of tip and sample.
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Figure 1.3: Schematic force-distance curve for an AFM probe based on theoretical descriptions
set out in [62]. The cantilever begins at a free position (I.) under zero load and is
moved towards a sample until the cantilever snaps to contact (II.). While in contact the
cantilever is pushed into the surface (III.) until it reaches a pre–described maximum
penetration distance (IV.) where it begins to retract away (V.). The cantilever will
continue to retract away (VI.) until the surface forces are weaker than the cantilever’s
spring elastic forces which cause the probe to snap for contact.
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Both STC and SFC events are caused by a combination of short–range and long–range
interaction forces. The STC event is caused predominantly by van der Waals and elastic
forces, while SFC typically involves a combination of adhesion and capillary forces. The
van der Waals potential is a result of the combination of different potentials that act be-
tween molecules. These include two potentials which are specifically related to the polar
molecules (known as the polar or entropic contribution) and the dispersion contribution
which is quantum-mechanical in nature and acts between every molecule [64]. As such,
the van der Waals force will be present in all AFM measurements. However, the van
der Waals force is a greater consideration for non-contact mode AFM. This is because
contact mode AFM assumes that contact has been made such that the long range elec-
trostatic or van der Waals forces have less influence on the oscillating cantilever than
the short-range forces. Information about the van der Waals force, such as the Hamaker
constant (which includes physical and chemical information on the interaction between
two bodies) can be gained by considering the snap-to-contact force or the adhesion in
the system, as described in [62]. We will not consider such methods here. Instead, we
focus on the interaction between a tip that is assumed to be in contact with the sample.

When the probe is brought close to the sample, a tip-sample separation distance of
several nm, short-range forces will dominate [61]. These short range interaction forces
typically comprise of both Pauli and ionic forces; for tens or hundreds of atoms, contin-
uum models are typically used. This is the transition into models based on continuum
contact mechanics. The contact region, in which the short-range force dominates, is
marked in Figure 1.3. In this thesis, we shall be concerned with AFM probes that oscil-
late with small amplitudes such that we assume they remain within this contact region
once the tip has made contact with the sample. Specifically, we shall relate the resonant
frequency of an oscillating AFM probe to the material properties of the sample under
the assumption that the tip of the probe and sample remain in contact.

In order to model the contact event occuring within this region, one approach has
been to use Kelvin-Voigt elements [65], such that, for samples that are predominantly
elastic, the contact event is approximated by a contact stiffness [66]. The contact stiffness,
which we will define and study in Chapter 4, is an idealisation of the tip-sample inter-
action during a contact event between an oscillating sensor and sample. Alternatively,
if the material displays viscoelastic behaviour such as creep, then a dashpot can be in-
troduced which describes the interaction damping between sensor and sample [67]. The
interaction damping is a measure of viscous contributions from the sample as well as
viscous contributions from the surrounding medium. In Chapter 5 we will describe how
to relate a contact stiffness to material properties such as Young’s modulus. The use of
springs and dashpots in order to describe the contact stiffness and interaction damp-
ing of a material is particularly popular among non-destructive and non-topographic
techniques that consider the change in resonant behaviour (the resonant frequency and
Q factor) of an AFM probe when it is in contact with the sample [68–71]. These tech-
niques are broadly known as contact-resonance AFM, where contact resonance describes
the change in resonant frequency due to a contact event. In this thesis, we shall show
how contact resonance AFM techniques can be combined with HS-AFM.
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1.4 contact resonance afm

The probe of an AFM is akin to a tiny finger, gently moving across some unknown
surface. The AFM probe qualitatively describes changes in the topography of surface
features and, like a finger, the probe also has the potential to take measurements of non-
topographic properties such as the stiffness and hardness of a sample [66]. One method,
known as contact-resonance atomic force microscopy (CR-AFM) [65], extends the operational
potential of AFM to include stiffness maps of a material. This is achieved by exciting the
AFM probe and measuring the change in the resonant frequencies of the probe that
results from contact between an oscillating sensor and surface. In Chapter 6, we discuss
this technique as well as its extension in more detail and only give an overview of the
technique here.

We assume that an idealised contact stiffness is descriptive of a single instance of
the contact between a quasi-static sensor and sample, the so-called contact event. In
Chapter 4, we describe the contact resonance technique which calculates an idealised
contact stiffness, by measuring the change in resonant frequency of an AFM probe. We
demonstrate that the tilt of the cantilever, which results in additional lateral stiffness
contributions, should be included in order to measure the stiffness of stiff materials
with a soft cantilever and that, by doing so, we are able to estimate the important sensor
parameters of tip height and tip offset. For the lower modes of a soft cantilever, these
parameters are crucial in relating a shift in frequency to a sample material property.
However, as we show in Chapter 5, the higher modes reduce the importance of these
parameters owing to an increased stiffening of the AFM cantilever.

The contact resonance method connects the idealised contact stiffness to a material
property, such as Young’s Modulus, through a model of the contact mechanics. However,
as we show in Chapter 5, the assumptions inherent to these models of contact mechanics
can cease to hold under typical operating conditions of an AFM when measuring stiff
materials. For example, we show that low-resolution measurements on stainless steel
(Grade 316) and gold lead to inconclusive values for the Young’s modulus, ranging over
several orders of magnitude. One possible cause for this is that the tip has been exposed
to substantial wear, such as a change in the geometry and radius of the tip, and this
has altered some of the assumptions implicit in a given theory of the contact mechanics
between sensor and sample [72]. Alternatively, this may be caused by experimentation
errors, changes to the contact event or additional adhesion on the sample. We discuss
these causes in detail in Chapter 5 whilst highlighting the effectiveness of higher modes
for contact resonance measurements.

With the development of HS–AFM, capable of imaging at high resolution in real time,
the possibility of combining contact resonance with imaging is a promising prospect;
the stiffness of large sample areas can be mapped to sub-nanometre resolution, orders of
magnitude faster than any current technique, whilst simultaneously giving a topograph-
ical image of the surface in real time in a non-destructive fashion. This is a significant
improvement on the widely used method of stiffness mapping at the nanoscale, nano-
indentation, which causes irreversible damage to the sample, as shown in Figure 1.4.
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1.5 material characterisation

The characterisation of material properties is critical in the engineering design process
and during the assessment of service components. It encompasses areas such as material
sciences, life sciences, physics, engineering, and any industry that involves some form
of structural design. It is often critical in predicting component life [73]. This is par-
ticularly true within the nuclear power industry, where understanding plant material
behaviour under extreme conditions is crucial for extending lifetimes of existing nuclear
reactors, as well as for the development of materials in the next generation of reactors
[74]. Nuclear plant reactor components are exposed to extreme conditions, which can
cause significant damage due to stress concentrations in the component materials [75].
This can become a critical safety issue, if left unchecked [76].

It is well known that cracks initiate at levels of high stress concentrations on a sample
surface and then spread to micro-structural barriers, often through grain boundaries
[77, 78]. As such, the microstructure of a sample leads to macro-scale mechanical size
effects when the sample is observed at nanometre length-scales [79]. Specifically, metal-
lic materials have inhomogeneous microstructures that reflect their intrinsic crystalline
properties [80]. They will contain combinations of grains with perfect crystallography
as well as others that have defective crystalline structure caused by inclusions and grain
boundaries [81]. These grain boundaries affect the nucleation and propagation of cracks,
and, hence, the ability to identify and measure stress concentration near grain bound-
aries is expected to aid the prediction of material life and fatigue [82].

However, in-service inspection may not provide sufficient detail on the level of stress
within a material component. Moreover, if a component has been damaged, it may prove
too difficult to extract large sections of the in-use material for macro-testing without in-
curring prohibitive costs. Nanoscale testing resolves this with a reduction in the amount
of material required for testing. AFM-based techniques are the only ones capable of
quantitatively measuring material properties at nanometre length scales without also
causing substantial damage to the sample but are prohibitevely slow to use. Hence, the
realisation of a high-speed AFM for assessing the design life of structural and functional
material components in these facilities is expected to be beneficial for ensuring reliable
operation and safety.

At the nano-scale, characterisation of material impurities, carbide formations, phase
segregation, and grain boundaries is still a significant open challenge [83–86]. With the
advent of miniaturisation, a range of techniques has been developed to meet the grow-
ing demand for characterisation of material properties, such as stiffness, at nanometre
resolution [87–90]. For example, nanoindentation measures the stiffness of materials
by measuring the distance that a rigid indentator (typically made of diamond or dia-
mond coated) is able to penetrate into a material under different loads. However, this
technique causes substantial damage to the sample, as shown in Figure 1.4, and can
generate strain-fields that are typically microns in radius [91]. Furthermore, the tech-
nique is low-resolution as measurements on a material comprise of the analysis of tens
of measurement points [92]. On the other hand, the atomic force microscope (AFM) is
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(a) (b)

Figure 1.4: The after effects of a nanoindentation measurement conducted on a sample of nickel,
that has caused irreversible damage over a µm2 area; here a triangular-shaped hole
that is around 450 nm deep.

able to measure the topography of large areas with increasingly high resolution and
scan speeds. Furthermore, contact resonance AFM has nanometre lateral resolution and
is entirely non-destructive [66].

As discussed, the HS–AFM operates in a low tip-wear regime which is thought to
be caused by a super-lubrication effect of a meniscus layer that exists on a sample
surface. As such, it is ideally suited to CR measurements which are particularly sen-
sitive to tip degradation. In this thesis, we will outline the steps undertaken to combine
non-topographic measurements with high speed atomic force microscopy (HS-AFM), to
achieve non–destructive, high–resolution, stiffness measurements at nanometre length-
scales. We demonstrate this in Chapter 6 with non-topographic feature detection and
quantified stiffness measurements on a sample of stainless steel and of graphene (mono-
layers and flakes) deposited on a silicon substrate.

1.6 summary

The parallel development and eventual combination of HS-AFM with the contact reso-
nance method has the potential to vastly improve material characterisation, in terms of
both measurement time and resolution. As this combination matures, the aim is to be
able to simultaneously describe viscoelasticity, stiffness, hardness and other properties
whilst ‘seeing’ the sample in real time. In order to do this, we must first resolve the
problem of how to gain quantitative, rather than qualitative, measurements. The custom
built HS-AFM in the University of Bristol has a unique capability to do this. This thesis
sets out the work that has been done in the development of contact resonance HS-AFM.
The research and key findings are as follows:

• Chapter 2 – We begin by introducing the concept of an effective stiffness, a measure
of the increase in stitffness of a cantilever at high mode number, and use our own
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calibration method to calculate both effective stiffness and resonant frequencies.
The output from this work is published in [93]. This method relies on knowledge of
the hydrodynamics of the system which we investigate in more detail in Chapter 3.

• Chapter 3 – We create our own procedure for calculating the hydrodynamic loading
on an oscillating cantilever using FEM open-source software. We apply our solver
to the specific case of a cantilever oscillating near to a surface at high frequency.
We find that the added mass on the cantilever caused by the hydrodynamic drag
is small at high frequencies but that the damping can be considerable.

• Chapter 4 – We introduce the method of acoustic measurements as applied to
AFM and detail the theoretical steps undertaken to relate a change in resonant
frequency to an idealised contact stiffness, representing the contact event between
a quasi-static probe and surface. We show that higher modes are required for stiff
materials and that this leads to a self consistent means for the estimation of two
key parameters, tip height and tip offset.

• Chapter 5 – We describe the contact mechanics theories that connect a contact stiff-
ness, introduced in Chapter 4, to a material property (such as a Young’s modulus)
and highlight the key theoretical assumptions. We verify the relationship between
contact mechanics and contact stiffness by taking repeated contact resonance mea-
surements on a stiff sample over varying normal loads. We find that the calculated
material properties can range over several orders of magnitude and discuss poten-
tial sources of uncertainty.

• Chapter 6 – By combining CR with HS-AFM, we demonstrate that considerations
of the tip, discussed in Chapter 5, are reduced due to the low-tip wear regime
of the HS-AFM. We apply CR-HSAFM to a sample of steel with carbide features,
and also to graphene monolayers and flakes deposited on a silicon substrate. This
culminates in a device capable of non-topographic feature detection, quantified
stiffness measurements, measurements across µm2 areas with low variation and a
thousand–fold increase in pixel count compared to existing CR-AFM devices.





2
C A L I B R AT I O N M E T H O D S

The work in this chapter has been published in Ref. [93]. The power spectra, I.-V. described in
Section 2.5 were taken using the HS-AFM located at the University of Bristol, with support from
Dr. Loren Picco. The SEM images in Figure 2.11 were taken by Dr. Peter Martin at the Interface
Analysis Centre, University of Bristol.

2.1 introduction

In this chapter, we describe and evaluate methods for calibrating an AFM cantilevered
probe. This enables us to estimate the key parameters which will inform both experimen-
tal investigations as well as analytic models. We are primarily interested in calibrating
the effective stiffness of the cantilever for high mode number, but also discuss the im-
portance of features such as the reflective layer on one side of the AFM probe, and the
AFM tip. We begin by discussing the effective stiffness and its importance. We then de-
scribe existing calibration methods and their limitations in finding the effective stiffness
at high mode number. We address the shortcomings in existing methods by developing
a new method for the calibration of micro-mechanical cantilevers which is applicable at
any mode number, and subsequently describe and apply our method on a commercial
AFM probe.

2.2 preliminary definitions

AFM probes are typically long and thin micro-mechanical cantilevers, often with rect-
angular geometry. While many are rectangular, there are also many cantilevers with
irregular geometry such as V-shaped, U-shaped or picketed. In this work, we will focus
on rectangular geometry, though the approach can be extended to include other can-
tilever considerations. In Figure 2.1, we show the typical dimensions of an AFM probe
(not drawn to scale).

In general, the cantilevers are manufactured such that the length is much larger than
the width and the width is much larger than the thickness. In this section, we are con-
cerned with cantilevers that match these length proportions and are rectangular in their
cross-sectional area and in their geometry. For a rectangular cantilever, with uniform
cross section and undergoing small deflections perpendicular to the centroid of the long
axis and its width, the second moment of area, I, is given as [94]

I =
bh3

T
12

, (2.1)
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Figure 2.1: The AFM probe has length, L, that is considerably larger than width, b, and width that
is considerably larger than the total thickness of the probe, hT. The probe typically
contains a reflective layer, with thickness hAu, on the top side of the beam, used to
boost the signal of the detection system.

where b is the cantilever width and hT is the total cantilever thickness.
The second moment of area, also described as the area moment of inertia or second

area moment, is used to describe the propensity of the cross-section of the cantilever to
resist bending; a large second moment of area implies that a cantilever is less likely to
deflect and has high stiffness. As the thickness of the cantilever is much lower than the
cantilever width, the second moment of area is typically low. Given a point load, FN , at
the free end, x = L, of the cantilever (and clamped at x = 0), the cantilever’s deflection
at x = L, according to Euler-Bernoulli theory, is given by [95]

w(L) =
3FNEI

L3 , (2.2)

where E is the Young’s Modulus of the cantilever and L is its length. Hooke’s law states
that the spring constant, kc, of a structure, forced to extend by x due to a load, FN , is
given by

kc =
FN

x
. (2.3)

By applying Hooke’s law to the above consideration of a point load at the cantilever’s
free end, we introduce the following definition [96],

definition 1: Static Stiffness. The static stiffness, kc, of a rectangular cantilever under
static load at the free end, is

kc =
3EI
L3 . (2.4)

where E is the Young’s modulus of the cantilever.

Knowledge of the stiffness of the beam gives us a means to approximate the cantilever
as a single lumped-parameter model described by a point-mass with an effective mass,
meM, where me is the effective mass factor and M is the cantilever mass, and spring
constant kc. The effective mass represents the mass of the moving section of the beam
(the free end) which is no longer distributed. It can be found using Rayleigh’s method,
which assumes that, for a suspended structure moving at its maximum velocity, the
potential energy at its maximum displacement will be equal to the kinetic energy [97].
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It is commonly presented as a geometric correction factor which multiples the mass of
the system. For a rectangular cantilever with high aspect ratio (such that the thickness
is much less than the width), we have me/M ≈ 0.2427 [97, 98].

The static stiffness is a measure of the cantilever’s stiffness to contact point load; the
theory above is in the absence of any oscillatory motion and relates only to the static
behaviour of the system. However, in this thesis we will be concerned with the dynamic
behaviour of an oscillating AFM probe. Given the effective mass, derived above, we
introduce a further definition for the effective spring constant of the point-mass model.

definition 2: Effective Stiffness. The effective stiffness, kn, of a cantilever, oscillating
at its nth resonant frequency in vacuo1, ωn,vac, is [99]

kn = MmeµLω2
n,vac, (2.5)

where µ = ρbh is the areal mass, for a cantilever of uniform density ρ, and me is the
effective mass factor.

This is also referred to as the modal [100] stiffness of a cantilever. The effective stiffness
is a measure of the stiffness of the cantilever at its nth resonant frequency and is useful
for achieving our aim of quantifying the stiffness of materials at the nanoscale. The
effective stiffness gives practical information for non-topographic measurements. For
example, material properties of a surface in contact with the cantilever can be found via
a shift in the resonant behaviour of the cantilever [66]. Changes in resonant frequency
occur according to the material under investigation, due to the tip-sample interaction,
which we investigate in detail in Chapter 5. In order to avoid damaging the sample or tip,
soft cantilevers are typically used in practice and excited to high frequencies; the higher
modes of the cantilever are used to imitate a stiff cantilever whilst avoiding damage to
the sample surface [101]. The ability to calibrate the effective stiffness of the beam allows
the user to stiffness-match the cantilever to the sample, identifying modes that will give
greatest sensitivity to the sample’s material properties.

Here, we are focused on oscillating cantilevers and their effective stiffness. We discuss
existing means for calibrating a cantilever’s stiffness in Section 2.3, describing how a
cantilever’s static stiffness can be calibrated and why these methods cannot easily be
extended to consider the effective stiffness of the cantilever. We then present two exist-
ing methods for calibrating the effective stiffness of a cantilever, in Section 2.3. Finally,
we introduce our own method for calibrating the effective stiffness of a cantilever in
Section 2.4 before demonstrating our own method in Section 2.5.

1 We will us in vacuo to refer to a cantilever oscillating in an idealised vacuum without hydrodynamic
influences.
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2.3 calibration methods

At the heart of all AFM operations is the mechanical movement of the AFM probe.
One of the first requirements identified by Binnig for successful scanning was finding a
probe with the right sample sensitivity [5]. He understood that the probe must be soft
enough to react to weak tip-sample interaction forces, and must also have a resonant
frequency that would be unaffected by environmental vibrations. This led to the use of
long thin cantilevers [102]. AFMs are able to build topographic images of samples by
measuring the deflection of the probe due to the tip-sample interaction forces. In order
to relate the movement of the cantilever to an interaction force, the spring constant of
these cantilevers must be known to high accuracy. Due to the thinness of the cantilevers
and uncertainties within the fabrication process, manufacturers give values of the static
spring constant that vary by as much as 25% [6]. Similar uncertainties are found in the
thickness, density and Young’s modulus of the cantilever, as well as the position and
geometry of the probe tip [103]. These discrepancies can cause dramatic reduction in
the quality and resolution of AFM images. Hence, the ability to calibrate cantilevers
is an active and important area of research. Furthermore, the effective stiffness, (2.5),
is not included as standard by manufactures of microcantilevers. This creates a signifi-
cant obstacle in quantifying non-topographic properties of a sample, as we explain in
Chapter 5.

In Chapter 5 we demonstrate that the effective stiffness of a soft (low static spring
constant) AFM probe is an indicator for the sensitivity of the resonant mode, found
by ‘stiffness-matching’ the effective stiffness to the expected contact stiffness (which we
define and discuss in Chapter 4). By doing so, we are able to neglect considerations of
difficult to measure cantilever parameters, such as the tip offset and height, and increase
confidence in our measurements. Furthermore, the use of soft cantilevers for measuring
material properties of stiff materials allows for contact resonance measurements, as in-
troduced in Chapter 4 to be combined with high-speed AFM (HS-AFM), which we
undertake in Chapter 6. Hence, the effective stiffness of the cantilever, found here, is a
crucial parameter for later work in this thesis.

The cantilevers used as AFM probes are often made from silicon or silicon nitride with
a reflective top layer of gold or aluminium used to increase the strength of a laser detec-
tion signal. The micro-fabrication process and mixing of materials introduces significant
uncertainty to several of the properties of the cantilever; in particular, the thickness of
the cantilever and reflective layer, as well as the density and Young’s Modulus of the
combined cantilever and reflective layer [104, 105]. However, the static spring constant
of the cantilever is crucial for imaging and the effective stiffness allows for measure-
ment of non-topographic sample information. Therefore, methods have been proposed
to calibrate the spring constants of a cantilever, without reference to the physical geom-
etry and material properties of the cantilever itself. Many of these methods introduce a
calibration device such as a reference cantilever or an additional mass [106–108].

For methods that use a reference cantilever, the tip of the uncalibrated test cantilever is
lowered onto the top side of a cantilever with known properties, and the spring constant,
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as defined in Section 2.2, is found from the relationship between the test cantilever and
its optical beam sensitivity, according to [107]

ktest = kref

(
Sc

Sh
− 1
)(

1− tan(θ)
(

3D
2Ltest

))(
Lref

Lref − ∆L

)3

. (2.6)

Here, kref and Lref are the spring constant and length of the reference cantilever respec-
tively, Sc and Sh are the optical lever sensitivities2 of the test cantilever when it is against
the reference cantilever and a hard surface respectively, D is the distance between test
cantilever and reference cantilever (generally taken to be the imaging tip of the test
cantilever), θ is the angle of inclination of the test cantilever with respect to the refer-
ence cantilever and ∆L is the distance of the end of the reference cantilever to the tip.
The relationship includes a correction term to account for the position along the refer-
ence cantilever’s length and the inclined angle that the test cantilever makes with the
reference cantilever. In practice, it is difficult to accurately locate the test cantilever’s
positioning, though work has been done to resolve this as well as extending this method
to account for non-conventional cantilever shapes [32, 107]. However, this method still
requires signicant experimental work in order to calibrate the cantilever.

Alternatively, calibration can be achieved by adding or removing mass to/from the
cantilever, and measuring the change in resonant behaviour. One of the earliest examples
of such a method is the Cleveland method [109]. The Cleveland method uses the fact
that there is a linear relationship between the volume of added mass and the resulting
shift in resonant frequency. In fact, a single added mass has been shown to be enough to
derive the spring constant of a cantilever. Alternatively, a small amount of mass can be
removed from the tip of the cantilever, using methods such as focused ion beam milling
[110]. However, these methods require that the frequency shift be as high as possible,
while the mass removed remains small in relation to the mass of the cantilever. High
frequency fast-scan cantilevers have proven to be good candidates for these methods as
a small change in mass results in large frequency shifts.

Overall, methods that rely on a calibration device such as a reference cantilevers or
changes to the cantilevers mass are experimentally challenging. They require significant
time taken before measurements can be carried out, due to the involvement of a refer-
ence cantilever, or introducing a change to the cantilever such as added mass. Further-
more, they are only applicable to the static spring constant as they do not consider the
resonant behaviour of the cantilever. To achieve higher mode calibration of the effective
stiffness, we must appeal to indirect methods.

Indirect methods consider the surrounding environment of the cantilever to find the
spring constant, such as the thermal method which uses the equipartition theory to
calibrate the cantilever’s spring constant [111]. The equipartition theory states that, for
a system in thermal equilibrium, the energy of the system is shared out equally across
all degrees of freedom. This implies that every degree of freedom will have, on average,
thermal energy, 1

2 kBT, where kB is the Boltzmann constant and T is the temperature

2 See Chapter 1 for discussion of the optical lever sensitivities of an AFM probe.
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of the surrounding thermal bath [111]. These include translational degrees of freedom
(given by the kinetic energy k = 1

2 mv2 for some velocity, v), and vibrational degrees of
freedom (V = 1

2 kx2, for a stiffness k and displacement x). Here, we are concerned with
the vibration of an oscillating cantilever and its potential energy (which is a vibrational
degree of freedom, as described above). For an oscillating cantilever, driven purely by
thermal excitations, the equipartion theory relates the potential energy according to,

1
2

kBT =
1
2

kn〈x〉2, (2.7)

where 〈·〉 denotes an average across time such that 〈x〉2 is the mean squared fluctuations
of the cantilever. The mean squared fluctuations are found by measuring the RMS am-
plitude of a free thermally excited cantilever. For example, a cantilever left in air at room
temperature with a spring constant of 0.005 Nm−1, will experience thermal fluctuations
of the order of 3Å [111]. Using the optical beam deflection method3, the frequency re-
sponse of the cantilever due to thermal fluctuations can be measured and the resonant
frequency peaks isolated to give the power spectral density (PSD) of the cantilever at
each resonant frequency. The integral of the PSD is then equal to 〈x〉2 and the effective
stiffnesses are found by

kn =
kBT
〈x〉2 . (2.8)

There are several complications with this method. First, the optical beam deflection
(OBD) method does not directly measure the deflection of the cantilever but rather the
inclination [112]. This must be accounted for in the method and corrections have been
proposed in order to do so [112, 113]. Secondly, the spot size and location of the laser
beam used in OBD can have substantial effects on results [35]. Both of these restrictions
can be circumnavigated by using a different detection system, such as laser Doppler vi-
brometry (LDV) [114]. Large spot diameters for OBD boost the signal strength while in-
creasing the area of detection. However, as the mode number of the cantilever increases,
the distance between nodes and antinodes decreases. This causes a corresponding in-
crease in alternating positive and negative slopes which lowers the detection sensitivity
as the spot size is spread across multiple changing gradients. This results in a lower
OBD detection signal at higher modes. Detection systems that use LDV avoid this, al-
lowing for the direct measurement of the displacement of the cantilever, much lower
intrinsic noise, and precision of results that are independent of the laser spot size [114].
Furthermore, LDV methods can take repeated measurements of the displacement of the
cantilever at several points along its length which can be used to build the mode shape
of each eigenmode. We demonstrate this in Section 2.5.

However, the thermal method is only applicable to thermally excited cantilevers. The
dependence of the thermal method on thermal excitations limits the frequency range
and hence the maximum mode number that it can be applied to. Measuring the reso-
nant frequencies for a cantilever driven only by energy from its ambient environment is
challenging as the amplitude of the first mode is typically of the order of angstroms, and

3 For more discussion on the optical beam deflection method, see Chapter 1.
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decreases with higher mode number. Despite this limitation, the thermal method is still
capable of estimating the effective stiffness of a cantilever. Therefore, we use the ther-
mal method as a benchmark for the new calibation method we propose in this chapter,
utilising it at the first few modes.

We note previous studies that adapt the thermal method to consider the effect of
cantilever features on calibration. For example, the thermal method was used to show
that the tip mass causes the mode shape to deviate from that of a tipless cantilever and
that this deviation increases with eigenmode number [115]. It was also shown that non-
rectangular geometry of the cantilever can have a dramatic influence on the behaviour of
the excited cantilever, due to the existence of non-flexural modes (such as torsional and
shear modes). The specific case of approximating V-shaped cantilevers as a rectangular
beam has also been shown to lead to significant errors [116]. However, we will be focused
primarily with rectangular cantilevers with negligible tip mass, which are expected to
be well calibrated by the thermal method and include calculation of the thermal method
as a benchmark for our own calibration technique. We use measurements of the mode
shape, Section 2.5, to validate this.

The thermal method gives a means to calibrate a cantilever that is thermally excitated.
In practice, AFM cantilevers are often driven at the clamped end by piezo-electric ac-
tuators [6]. This ensures that the resonant peaks are easily identified and gives a larger
range of modes that can be detected. However, the thermal method is formulated by con-
sidering the response of a cantilever due to thermal fluctuations caused by its surround-
ing environment which acts as a thermal bath with temperature, T. If the additional
energy from actuation that is imparted to the cantilever is considered, then a different
calibration method is needed which applies for both actuated and thermally excited can-
tilevers. One very widely used technique was proposed by John Sader. Known as the
Sader method [117], this calibration method benefits from its ease of implementation
and wide applicability. Like the thermal method, it avoids the need for knowledge of
difficult to measure properties of the cantilever but it uses a mathematical description
of the surrounding fluid dynamics to do so, rather than a result from statistical physics.

The Sader method describes the dynamic deflection of a cantilever immersed in vis-
cous fluid and excited by an external driving force. This force can be from either thermal
or direct actuation. The theory assumes that the osillation amplitude of the cantilever
is small with respect to the width of the beam such that convective acceleration can be
neglected, a good approximation for the motion of a typical AFM probe. Then, the flow
can be described by an oscillatory version of incompressible Stokes flow, mathematically
equivalent to Brinkman flow for porous media [118],

− iρfωu = −∇p + µf∇2u, ∇ · u = 0, (2.9)

where ω is the frequency of oscillation of the cantilever, u is the velocity field, p is the
pressure field, ρf is the fluid density, µf is the fluid viscosity and ∇2 is the Laplacian of
the flow. We consider this flow in detail in Chapter 3.
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Given by the fluid flow outlined above, the hydrodynamic loading on the cantilever
can be calculated. This loading, represented by a hydrodynamic function, Γ(ω), is due
to the additional inertial mass and drag caused by the oscillatory motion of the beam in
a surrounding fluid. This problem was previously considered by E. O. Tuck [119], who
derived a boundary-integral formulation for the fluid loading on an infinitely thin oscil-
lating boundary. Tuck showed how the asymptotic form of the hydrodynamic loading
function is well-approximated by the hydrodynamic loading function on an oscillating
cylinder, for which a closed-form analytical result was already given by Stokes in 1851

[120]. Sader then calculated a correction factor, approximating the analytic result for
the cylindrical case to that of the infinitely thin case treated by Tuck. What results is
a straightforward means to calculate the hydrodynamic loading on a cantilever using
only the knowledge of its length, width, and the oscillatory Reynolds number of the
flow, avoiding the need for difficult measurements.

We note that, though it sets out specifically to avoid the need to make unnecessary
additional measurements, the Sader method can be inverted to provide the areal mass,
µ = ρhb, which is given as

µ =
πρfb

4
[QΓi(ω)− Γr(ω)] , (2.10)

where subscripts r and i reflect the real and imaginary parts of the hydrodynamic load-
ing function, Γ(ω), Q is the quality factor, and ρf is the density of the surrounding fluid.
Once the hydrodynamic loading has been calculated through the correction factor in-
troduced in [117], the Sader method calibrates the spring constant of the cantilever by
considering the shift in the nth resonant frequency due to the fluid loading. This is given
by

ωvac,n = ωR

(
1 +

πρfb
4ρh

Γr(ωn)

) 1
2

. (2.11)

Combining (2.10), (2.11) and (2.5), gives the final result, namely that the effective stiffness
for the nth mode of a cantilever is4,

kn = 0.1906ρfb2QLΓi(ωn)ω
2
n. (2.12)

The Sader method has been shown to calculate the spring constant of the fundamental
mode of a cantilever to within 5% of the manufacturers value and to within 10% of the
Cleveland method [106]. However, the success of the Sader method at higher modes
of the micro-mechanical cantilever is contingent on the fluid theory that describes the
flow. This becomes increasingly difficult to verify experimentally as the mode number
increases. When applied to the first mode, the fluid theory assumes that the Reynolds
number of the flow is small and considers (in its simplest form) only two-dimensional
flow across the cantilever width. At high mode number, often greater than two or three,
the Reynolds number increases and flow along the length has been shown to dominate
[121]. We investigate how the contributions of the surrounding fluid change at high

4 The 0.1906 is a result of the effective mass factor, me = 0.2427, in (2.5) multiplied by π/4 in (2.10)
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mode number for an oscillating cantilever free and near to the wall in Chapter 3. Here,
we mention only that our method for the calibration of the effective stiffness at higher
modes circumnavigates these difficulties by focussing on estimating material properties
of the cantilever instead.

2.4 a novel calibration method for higher modes

Current calibration methods have developed in such a way that it is possible to quickly
and reliably calculate the effective spring constant of the fundamental mode of a micro-
mechanical cantilever. However, the ability to quantify non-topographic properties of
a sample requires good knowledge not only of the spring constant of the cantilever
but also of the effective stiffness at higher modes, as we demonstrate in Chapter 5.
Furthermore, material properties of the cantilever, such as the density and thickness of
composite layers are of additional benefit to both numerical and analytic models, see
for example [122]. Here, we describe our new method of calibration. We show how
considerations of the composite structure of the AFM probe, along with results about
the fluid dynamics at the first mode can be used to find the effective stiffness of the
cantilever at arbitrary mode number. Our method also estimates the thickness of the
reflective top layer of an AFM probe, which can be some tens of nanometres, as well
as the idealised resonant frequencies of the cantilever were it to oscillate in a vacuum.
These additional results are a benefit to the broader MEMS community as they offer a
straightforward means to predict the resonant peaks in the response of the cantilever
using only measurements from the first mode.

The method is achieved as follows: The resonant frequencies of the Euler-Bernoulli
beam can be calculated provided the material properties of the beam are known, namely
the flexural rigidity EI and the areal mass density µ, as described in Section 2.4.1. How-
ever, as the material properties of micro-mechanical cantilevers are often not known to
high accuracy, considerations of the fluid dynamics at the first mode are use to infer
these properties. This gives a means for calculating the areal mass density, µ, while the
flexural rigidity relies on considerations of the beam composite structure (a result of the
introduction of a gold layer, commonly used to boost the reflectivity of AFM probes), de-
scribed in Section 2.4.2. A further uncertainty comes from the unknown thickness of this
reflective layer, hAu, as well as the total thickness of the beam, hT, as shown in Figure 2.1.
These two unknown thicknesses are found by solving two simultaneous nonlinear equa-
tions: the equation for the flexural rigidity of a composite beam and the shift in resonant
frequency due to fluid damping. Once the two thicknesses are found, the flexural rigid-
ity can then be found which then leads to a calculation for the resonant frequencies of
the beam in vacuo. Finally, these resonant frequencies in vacuo are combined with (2.5)
to find the effective stiffness for each resonant mode, as described in Section 2.4.3.
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w(x, t)

x

L

Figure 2.2: The Euler-Bernoulli beam theory modelsl the flexural bending, w(x, t), of a beam.

2.4.1 The Euler-Bernoulli Beam

We begin by outlining a model for the motion of the cantilever itself. A common model
for describing the AFM probe is the Euler-Bernoulli beam equation [66, 70], which de-
scribes how small, time-varying deflections occur due to flexural bending. Though the
Euler-Bernoulli beam ignores shear deformation and rotary inertia, it can be adapted
to incorporate them either individually or together to give the Timoshenko beam equa-
tion [123]. The Timoshenko model has been shown to give accurate predictions of the
resonance frequency of stocky beams5 at high mode number [123]. This condition is sat-
isfied by beams which are oscillating at frequencies with wavelengths, λn, similar to the
total thickness of the beam, hT [123]. We will show later that this assumes a frequency
far higher than the standard operation of an AFM. As such, we expect the Timoshenko
beam theory to give little improvement in accuracy and here focus exclusively on the
Euler-Bernoulli beam theory.

The Euler-Bernoulli beam theory, reproduced from [124] describes the motion of a
homogenous, non-rotational beam with constant cross-sectional area which is subject to
oscillatory forcing at a single frequency, ω,

EI
∂4w
∂x4 (x, t) + ρA

∂2w
∂t2 (x, t) + γc

∂w
∂t

(x, t) = F(x, t)eiωt, (2.13)

where A is the cross-sectional area, w(x, t) is the position of the neutral axis (the axis
that undergoes no strain) in the x-direction as shown in Figure 2.2, γc is the intrinsic
damping of the cantilever, F(x, t)eiωt is the force per unit length acting on the beam and
ω is the angular frequency, ω = 2π f , for some vibrational frequency, f .

By neglecting damping and considering the unforced case, we can write (2.13) as

EIw′′′′(x, t) + ρAẅ(x, t) = 0, (2.14)

5 Stocky refers to those beams that have thicknesses similar to widths resulting in non-neglibile internal shear
forces.
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Figure 2.3: The first three spatial mode shapes of the Euler-Bernoulli beam with cantilevered
boundary conditions, (2.17) - (2.18), with amplitude normalised according to (2.21)
and length L∗ = x/L.

where dash represents spatial derivative and dot represents time derivative. The first
spatial derivative, w′(x, t), describes the slope or curvature of the deflection, EIw′′(x, t)
describes the moment around which bending occurs at position x, and EIw′′′(x, t) de-
scribes the shear force at position x.

Following a separation of variables approach, we write the solution of (2.14) as an
infinite sum of spatial terms, φn(x), temporal terms, Tn(t), and constant terms, Cn,

w(x, t) =
∞

∑
n=1

Cnφn(x)Tn(t).

When substituted back into (2.14), this gives two ordinary differential equations. The
eigenfunctions φn(x) describe the mode shapes of the beam and once normalised, can
be used to give its spatial deflection. As the PDE is fourth order, we expect solutions of
the form

φn(x) = A1 sin(αnx) + A2 cos(αnx) + A3 sinh(αnx) + A4 cosh(αnx), (2.15)

where Ai, i = 1, ..., 4, are constant coefficients, found from the boundary conditions, and
αn is the nth eigenvalue, also known as the wave number or the frequency parameter.
Combining (2.14) and (2.15) gives the dispersion relation,

α4
n −

ρA
EI

ω2
n = 0. (2.16)

Any solution to the dispersion relation (2.16) must satisfy the characteristic equation of
the cantilever in question. The characteristic equation will differ based on the various
spatial boundary conditions possible. As the PDE is of fourth order in space, we have
four boundary conditions; typically two at each end of the beam.
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For a cantilever clamped at one end and free to oscillate at the other, the boundary
conditions are, at the clamped end (x = 0),

w(0, t) = 0, w′(0, t) = 0, (2.17)

and at the free end (x = L) we have,

w′′(L, t) = 0, w′′′(L, t) = 0, (2.18)

which ensures that there is no bending moment or shearing force at the free end.
The characteristic equation of the beam, also known as the frequency equation, is then

found by seeking non-trivial solutions of (2.15) that satisfy boundary conditions (2.17 –
2.18) namely,

cos(αnL) cosh(αnL) + 1 = 0, (2.19)

where the solutions αnL for n = {1, 2, ...}, give the set of eigenvalues αn of the vibrational
eigenmodes. The roots of (2.19) are well approximated by π

2 (2n− 1) as n→ ∞. Combin-
ing the characteristic equation with the dispersion relation gives a set of n eigenmodes
with corresponding eigenfrequencies, ωn. The associated spatial modes are given by,

φn(x) =
(

cos
(αnx

L

)
− cosh

(αnx
L

))
−

cos(αn) + cosh(αn)

sin(αn) + sinh(αn)

(
sin
(αnx

L

)
− sinh

(αnx
L

))
,

(2.20)

illustrated in Figure 2.3 for n = 1, ..., 3. These spatial eigenmodes, φn(x), can be nor-
malised according to ∫ L

0
φ2

n(x)dx = 1, (2.21)

such that they provide an orthonormal basis for the solution set of the cantilever’s dis-
placement.

Given this expression for the eigenvalues of the cantilevered probe, we briefly return
to the Timoshenko beam theory. Assuming that the eigenvalues will be similar, we can
restate the condition for Timoshenko beam theory; the wavelength, λn = 2π

αn
L ≈ 4L

(2n−1) ,
of a resonant frequency must be of a similar size to the thickness of the beam. Given this
condition, we restate it in terms of the nth mode,

n ∼ 1
2

(
4L
h
− 1
)

. (2.22)

In practice, AFM probes have length to thickness ratios, L/h, equivalent to order 102.
This would require mode numbers as high as the 200th mode before the Timoshenko
beam theory is expected to yield significant increases in accuracy. This justifies our focus
on the Euler-Bernoulli theory.
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Once the solutions to the characteristic equation are found, the dispersion equation
(2.16), gives the angular resonance frequency for each mode,

ωn,vac = α2
n

√
EI
µ

. (2.23)

This represents the angular resonant frequency for a beam that is oscillating without
any fluid damping; the in vacuo resonant response of the cantilever. We will make use of
this relation in what follows.

2.4.2 Flexural Rigidity of a Composite Beam

The micromechanical beams used as AFM probes are rarely constructed from single
materials. Instead, they include a reflective layer, used to boost the signal strength of
the detection system, which introduces significant difficulty in estimating the resonant
behaviour of the cantilever. For example, the Bruker MSNL-B (Bruker Nano Inc., CA,
USA) cantilever (that we consider later when demonstrating our method) is made mostly
of silicon nitride (SiNi) with a gold (Au) layer on the top side of the probe. The gold layer
has a density of 19 320 kg/m3 and a Young’s Modulus of 80 GPa, while the SiNi body
has a density of 3100 kg/m3 and a Young’s Modulus between 280 GPa to 290 GPa [125,
126]. The thickness of the top layer will have significant influence over the structural
and mechanical properties of the entire beam and must be accounted for if the beam is
to be calibrated at higher modes. Staying with properties of the MSNL-B, a 50 nm layer
of gold on the top layer will cause a change in flexural rigidity of the whole beam by
approximately three orders of magnitude (EI ∼ 10−11 to EI ∼ 10−14), calculated using
(2.29) below.

While the gold layer will have different thermal, magnetic, and chemical properties to
the rest of the beam, we focus only on the mechanical properties; the combined density
and the flexural rigidity. Both can be calculated by considering the AFM probe as a
composite cantilever and using classical results from the theory of composite structures.
The density is given by the rule of mixtures for composite materials [127],

ρTVT = ρAVA + ρBVB, (2.24)

such that the product of the total density, ρT, and volume, VT, is equal to the sum of the
product of the constituent parts of the composite, denoted here by subscripts6 A and
B. We assume that the width and the length are equal for both sections. Hence, we can
rewrite (2.24) as,

µ = b(ρThT) = b(ρAhA + ρBhB), (2.25)

where we now consider only width, b, height, h, and the density, ρ, of both the con-
stituent parts and the total beam. We define the product of the thickness, width, and
density of the total beam as the areal mass density, µ. Finally, since we consider only a

6 Note that we will later consider the specific case of a beam with gold top layer such that hB = hAu.
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Figure 2.4: An illustration of a two layer composite, where z1 is the distance from the neutral
axis to the first layer, hB. The composite structure was considered when calculating
the flexural rigidity of the beam, (2.29).

two layer composite, we rewrite this equation in terms of only the top layer and the total
layer,

µ = b (ρA(hT − hB) + ρBhB) . (2.26)

We now consider the flexural rigidity of the AFM probe, found through another clas-
sical result; laminated beam theory [127]. This theory assumes that the composite layers
are perfectly bonded, are linearly elastic, and that there is no rotation in the plane cross-
sections. These assumptions are consistent with a typical AFM probe. The combined
flexural rigidity, EI, of the composite beam is given by

EI =
b
3

N

∑
k=1

Ek(z3
k − z3

k−1). (2.27)

where, b is the total width of the beam, N is the total number of layers, Ek is the Young’s
modulus and zk is the distance from the neutral axis of the kth layer. For our specific case
of an AFM probe with two layers, as shown in Figure 2.4, we have

EI =
b
3

EA

((hT

2
+

hT

2
− hB

)3
)3
+ EB

((
hT

2

)3

−
(

hT

2
− hB

)3
) . (2.28)

Substituting H = hT − 2hB, this further simplifies to,

EI =
b

24
[
EA(h3

T + H3) + EB(h3
T − H3)

]
. (2.29)

We make use of both of these equations in what follows.
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2.4.3 Combining the Sader Method with Composite Beam Theory

We now show how a combination of the Euler-Bernoulli equations for the cantilever,
considerations of the fluid dynamics of the surrounding environment, and the results
from composite beam theory lead to a new calibration method for the higher modes of
the cantilever.

Our method is straightforward to implement, without the need for additional refer-
ence materials or changes to be made to the cantilever. It follows four steps, which only
require measurements to be taken of the first mode,

1. We consider the resonant frequency of the cantilever in vacuo, given by (2.23) and
the equation for the shift in frequency when the cantilever is in ambient conditions,
given by (2.11).

2. We then consider the material properties of the cantilever whilst taking into ac-
count the thickness of the reflective layer, through (2.26 – 2.29).

3. The unknown thickness of the reflective layer and total thickness of the beam
can be found by solving two nonlinear simultaneous equations, (2.32 – 2.33). The
first is the rule of mixtures for composite materials and the second combines the
equation for the flexural rigidity of the beam with the equations for the shift in
resonant frequency due to fluid damping.

4. Finally, the two thicknesses are used to find the flexural rigidity of the beam which,
in turn, gives the resonant frequencies in vacuo and the effective stiffness of the
beam at each resonant frequency.

Before we describe our method in more detail, we note again the equation for effective
stiffness, (2.5),

kn = meµLω2
n,vac. (2.30)

Our approach to the problem of higher mode calibration is to discern the material prop-
erties that are avoided by most other calibration techniques in order to find the resonant
frequency in vacuo, ωn,vac, at any mode number. Given the resonant frequency in vacuo,
we can find the effective spring constant at any desired mode. Furthermore, the shift
in resonant frequency from ωn,vac can also be used to estimate the influence of the sur-
rounding fluid on the cantilever.

As described above, the resonant frequency in vacuo is given by the dispersion re-
lation of the Euler-Bernoulli beam equation, (2.23). We note that this assumes an AFM
probe with rectangular geometry, with negligible tip mass, and constant height variation.
To account for these changes, it is possible to adapt the Euler-Bernoulli beam equation
via, for example, a finite difference (FD) approach or through a change at the bound-
ary conditions [122, 128]. However, we will later show that this is not necessary for the
cantilever we chose to investigate.

When the cantilever is excited in ambient conditions, there is a resulting shift in the
nth resonant angular frequency ωn,R, due to the influence of the surrounding fluid. This
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causes an additional inertial term, Γr(ωn,R), and drag term, Γi(ωn,R), which lower the
resonant frequencies of the cantilever. As we have seen, considerations of the fluid dy-
namics were taken advantage of by Sader [117], which used them to circumnavigate the
need to measure the areal mass density, µ, through the relation

µ =
πb2ρf

4
(Q1Γi(ω1) + Γr(ω1)) , (2.31)

where Q1 and ω1 are the measured Q-factor and angular resonance at the first mode in
ambient conditions. The Sader method also gives the shift in frequency due to presence
of the surrounding fluid, given as (2.11). Thus, we can calculate the the areal mass
density of the probe using (2.31). Once found, we are able to use the dispersion relation,
(2.23), to find the higher resonant frequencies in vacuo. These resonant frequencies serve
three purposes. First, they can be used to verify or identify resonant frequencies in
the frequency sweep of a microcantilever. Second, the ratio of the calculated resonant
frequencies in vacuo and the measured resonant frequencies can be used to estimate
the hydrodynamic loading on the cantilever at any mode. Finally, when combined with
(2.5), they give the effective stiffness of the cantilever at arbitrary mode number using
only the first resonant frequency. However, in order to find these resonant frequencies,
the flexural rigidity must also be known. As discussed, this will be influenced by the
presence of the reflective gold layer on the cantilever and must be accounted for.

The flexural rigidity of the cantilever can be found by taking into account the ad-
ditional reflective layer, included on most AFM probes to boost the detection signal.
However, this also requires knowledge of the thickness of the reflective layer which is
typically tens of nanometres thick. Instead, we calculate this layer using the above equa-
tions, without resorting to additional measurements of the cantilever. First, we assume
the cantilever is a two-layer composite beam and use the results from composite beam
theory, described above in (2.26) and (2.29). By combining the dispersion equation for
the beam, (2.23), with the shift in frequency due to hydrodynamic effects, (2.11), and the
flexural rigidity of a composite beam, (2.29), we have an equation for the two unknown
thicknesses, hT and hAu, in terms of readily measureable quantities,

b
24
[
ESiNi(h3

T + H3) + EAu(h3
T − H3)

]
= µ

[(
L
α1

)4

ω2
1,R

(
1 +

(
πb2ρf

4µ

)
Γr(ω1,R)

)]
,

(2.32)
where subscript SiNi denotes the bulk silicon nitride material of the Bruker MSNL-B
cantilever we consider in Section 2.5 and Au denotes the gold reflective top layer. The
rule of mixture for composite materials gives a second equation,

b (ρSiNi(hT − hAu) + ρAuhAu) = µ, (2.33)

so that (2.32) and (2.33) can be solved numerically as two simultaneous equations for
the two unknown thicknesses given knowledge of the cantilever’s length, width, quality
factor, and resonant frequency of the first mode, as well as the viscosity and density of
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the surrounding fluid. Once these thicknesses are found, they can be used to find the
unknown flexural rigidity of the AFM probe, (2.29), and the angular resonant frequency
in vacuo, (2.23), of the nth mode. Finally, these resonant frequencies are used with (2.5)
to find the effective stiffness at any mode.

2.5 measurements

We demonstrate our method for the calibration of cantilevers, by taking five frequency
sweeps of different MSNL-B (Bruker Nano Inc., USA) type rectangular cantilevers which
feature a gold layer. These peaks were taken with the custom-built AFM at the University
of Bristol, using a Polytec CLV 2534 laser Doppler Vibrometer to measure the displace-
ment of the cantilever and a three axis stiction drive stage system (Smaract, Germany)
controlled through custom software (Bristol Nanodynamics ltd., UK) for independent x-
y-z motion of the cantilever under the focussed LDV laser. However, we note that all that
is required in order to implement our method is the length, width, quality factor, and
resonant frequency of the first mode of the cantilever as well as the density and viscosity
of the surrounding fluid, rather than any specific hardware considerations. However, we
utilise the LDV laser to validate that the beam is well described by the Euler-Bernoulli
beam model.

The first three frequency sweeps, I. - III., were taken when the cantilever was excited
by thermal fluctuations from the ambient environment, and these successfully captured
the first four resonance frequency peaks, shown in Figure 2.5a. Our ability to capture the
effective stiffness of the cantilever will be supported by our ability to correctly identify
the cantilever’s resonant frequencies in vacuo. However, as shown in Figure 2.5a, it is
difficult to identify the higher modes of the thermally excited cantilever due to the small
amplitude of higher resonant peaks. This prevents us from identifying how succesful our
method is at calculating the resonant frequency of the beam in vacuo which is expected
to be near to the measured resonant frequency. Hence, we use a different means for
identifying the resonant peaks of thermally excited cantilevers.

2.5.1 Mode Identification

Our method for higher mode calibration does not depend on measurements of the
higher modes of a micro-mechanical cantilever, but rather gives a means of identification
using only the resonant behaviour at the first mode. In order to correctly demonstrate
our method, we must have a means for higher mode identification so that we can com-
pare against other calibration means such as the Sader method and the thermal method.

As discussed above, an AFM cantilever that is driven by thermal excitations will have
significant noise at high frequencies. This makes it difficult to identify the higher mode
resonant peaks. This can be seen in Figure 2.5a, where the first four resonant peaks can
be visually identified yet the amplitude of the higher modes is not much more than
the noise level. However, the ability to identify resonant peaks is necessary for both the
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(a) Power spectrum of a thermally driven cantilever (I.).

(b) Power spectrum of a thermally driven cantilever (II.).

(c) Power spectrum of a thermally driven cantilever (III.).

Figure 2.5: The average power spectra (I. - III.) from incremental measurements along the length
of a thermally excited Bruker MSNL-B cantilever for the first four modes of the can-
tilever in power spectrum I. (a) and first five in power spectra II.-III. (b-c). A moving
window average filter (red) was applied to find the resonant peaks of the raw data
(blue). Modes, shown as red circles, were identified visually (for I.) and using mode-
shapes identified in Figure 2.6 (for II.-III.).
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Sader method and the thermal method to find the effective stiffness. Furthermore, our ul-
timate aim of quantified non-topographic material measurements utilises the frequency
shift away from a free resonance due to the tip-sample interaction, as described in Chap-
ter 4. Therefore, an inability to identify resonant frequencies, or an incorrectly identified
resonant frequency, will lead to signifcant errors in subsequent measurements.

In order to identify the resonant peaks of the thermally excited cantilever and validate
our method, we adjust the methodology of [15] and use a laser Doppler vibrometer to
take repeated measurements of the displacement along the length, x, of the cantilever.
This gives us a set of points containing the frequency response of the cantilever at inter-
vals across the length, shown in Figure 2.6. We choose to measure the cantilever at 0.5 µm
intervals on the 120 µm cantilever, so as to build an image of the spatial mode-shapes
as a function of frequency. Figure 2.6 shows the displacement of the beam at a specific
frequency and position on the cantilever. Bright yellow areas show high amplitudes and
shades of blue show low amplitudes. The resonant frequencies are then identified by
visual inspection, where we look for an appropriate pattern of nodes and antinodes
along the length. The resonant frequencies are found to be 15.0 kHz, 92.9 kHz, 260 kHz,
511 kHz, 847 kHz for the first five bending modes. These results demonstrate that the
highest amplitude signal for the first mode occured near to the free end (x/L ≈ 1). On
the other hand, we note that there are two additional bandings in Figure 2.6. The first,
at 347 kHz, is likely to be due to the torsional resonance of the beam. The second, at
742 kHz, is unexpected due to the number of nodes and antinodes but may also be a tor-
sional mode. These additional peaks highlight the complexity of the micro-mechanical
cantilever’s resonant behaviour.

One of the underlying assumptions of our method is that the micro-mechanical can-
tilever does not violate any of the assumptions of the Euler-Bernoulli beam theory. We
can now justify this, using the measurements of the frequency response of the beam at
intervals along its length. If the beam follows the assumptions of the Euler-Bernoulli
beam theory, we expect the displacement to be described by the spatial mode shapes
(2.20) at each resonant frequency. Hence, we plot the amplitude of the beam, at resonant
frequencies noted above, together with the normalised mode-shapes for a cantilevered
beam, using the eigenfunction, (2.20) normalised by (2.21). The results are shown in
Figure 2.7. We see very good agreement with the analytic model of the beam and our
measurements of the deflection. This gives us confidence that the cantilever under in-
vestigation behaves according to the theoretical assumptions and that we do not need
to extend our model to account for additional features such as the tip mass or height
changes.

The resonant behaviour of the cantilever in the neighbourhood of each resonance
is expected to behave like a harmonic oscillator. Having selected the peaks, using the
method above, the response of a simple harmonic oscillator (SHO) can be fitted to the
measured thermal noise spectra of the cantilever. The response of a SHO, RSHO, with
white noise is

RSHO(ω) = Awhite +
Anω4

(ω2 −ω2
n) +

(ωωn,R
Qn

)2 , (2.34)
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Figure 2.6: Plots over frequency ranges containing (a) the first (15.0 kHz) and second (92.9 kHz),
(b) third (260 kHz, (c) fourth (511 kHz) and (d) fifth (847 kHz) modes, respectively. The
modes are identified as the plan-view deflection of the beam with nodes represented
as breaks in the yellow bands at the frequencies stated above and marked as solid
boxes. Note the existence of two spurious mode shapes at 347 kHz (b) and 742 kHz
(d), denoted as dashed boxes.

where Awhite is the amplitude of the white noise and ω is the sampled frequency. Curve
fits were performed using the MatLab curve fitting toolbox 7, where the free variables
were the resonance frequency, ωn,R, quality factor, Qn,R, white noise, An, and the ampli-
tude, A, for a given input frequency, ω. These fits gave the resonant parameters for our
method. Examples of these fits are shown in Figure 2.8. In order to have a greater range
of resonant frequencies, additional frequency sweeps, IV. – V., were taken by exciting
the cantilever at its base with piezo-electric actuators and a lock-in amplifier (Zurich
Instruments HS2Li). These sweeps were capable of capturing eleven of the resonant fre-
quencies, shown in Figure 2.9b up to the fifth mode and in Figure 2.10. The noise, even
at high frequencies, was low enough for us to visually identify the resonant peaks with-
out difficulty. This is aided by the high resolution of the LDV detection system, which
is able to detect amplitudes up to ±15 pm.

Having identified the resonant peaks for all five frequency sweeps, we proceed to
calculate the effective stiffness of the beam using the thermal method and Sader method,
outlined in Section 2.3 as well as our own method, outlined in Section 2.4. A comparison
of these methods is shown in Table 2, Table 3, and Table 4. Our method of calibration
also calculates both the thickness of the reflective layer and the cantilever as a whole.
In order to validate these calculations, we obtain estimates of the material properties of
the cantilever by taking images with a scanning electron microscope (SEM), shown in

7 MATLAB and Statistics Toolbox Release 2014b, The MathWorks, Inc., United States.
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Figure 2.7: The deflection of the cantilever measured by the LDV (red, solid line) compared to
the analytic model (blue, dashed line) for modes 2-5.

Figure 2.8: Demonstration of the used SHO fits for modes 2-5 of frequency sweep IV, using
equation (2.34), to give the Q factor and resonant frequency for each mode of the
cantilever.

Figure 2.11. These images showed the tip height, off-set, the total length and width of
the cantilever (used in the calculations for our calibration method and the Sader method)
and an approximation for both the total thickness of the cantilever and the individual
thickness of the gold layer.
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(a) Power spectrum (IV.) of a driven Bruker MSNL-B cantilever for the first five modes of the cantilever. The
first mode (dashed line) was measured with the AC mode of the lock-in amplifier switched off as the
AC mode corresponds to a high-pass (15 kHz) filter.

(b) Power spectrum (V.) of a driven Bruker MSNL-B cantilever for the first five modes of the cantilever.

Figure 2.9: Power spectra of the cantilever when driven, where modes are shown as red circles.

Figure 2.10: The second to eleventh modes of power spectrum IV., starting in the top left (mode
2) and moving from left to right to the bottom right (mode 11). The blue dashed line
marks the calculation of resonant frequency in vacuo for each mode. Details of the
resonant frequency (measured and in vacuo) and the calculated effective stiffness is
shown in Table 3.
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(a) Image showing the length of the cantilever,
measured to be 207.0 µm± 0.5 µm.

(b) An image showing the tip height and width
which was found to be less than 1% of the
total mass of the cantilever.

(c) An image showing the width of the can-
tilever, measured to be 19.0 µm± 0.5 µm.
Note the slight asymmetry of the cantilever
tip position.

(d) An image showing the cantilever thickness,
measured to be 0.50 µm± 0.05 µm.

Figure 2.11: SEM images of the MSNL 10B Bruker Cantilever.
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2.6 results and discussion

The results of applying our method, described in Section 2.4, together with results from
the Sader and thermal methods are shown in Table 1, Table 2, Table 3, and Table 4.

hT hAu Q f1,R f ∗1,vac k1

(µm) (nm) - (kHz) (kHz) (Nm−1)

Manufacturers 0.55 45 - 15 - 0.02

(Uncertainty) (± 0.05) (±5) - ( ±5) - (±0.02)
I. (Thermal) 0.547 37 21 15.1 18.2 0.0212

II. (Thermal) 0.524 29 19 14.7 18.1 0.0194

III. (Thermal) 0.553 36 21 15.1 18.2 0.0215

IV. (Driven) 0.549 36 21 14.9 18.1 0.0217

V. (Driven) 0.524 20 18 15.7 21 0.0187

Table 1: The thicknesses, hT and hAu, Q-factor, Q, measured resonant frequency, f1,R, and esti-
mated resonant frequency, f ∗1,vac, found using (2.23) and ignoring the influence of the
additional gold layer, as well as the effective spring constant of the first mode, k1, found
using our method for frequency sweeps I.–V.

As shown in Table 1, our method for calibration calculates the thickness of the can-
tilever to within 10% of that given by the manufacturer in all cases; the gold layer is
given as 45 nm± 5 nm and the total thickness is given as 0.55 µm± 0.05 µm. For all five
measurements taken, we find that the mean total thickness as 0.52 µm and the mean
thickness of the gold layer to be 34 nm. In three cases (I., III. and IV.), we are within 20%
of the manufacturers value for the thickness of the gold layer. However, we consistently
calculate a value lower than that provided by the manufacturer and cannot say with
certainty whether this is a product of our method, or anomalies within the fabrication
process. Furthermore, we find a consistent value for the resonant frequency of the can-
tilever in vacuo for the first mode, as well as for the effective spring constant. However,
we are primarily interested in the effective stiffness of the higher modes, so turn our
attention to the cases where the cantilever was thermally excited beyond the first mode.

The results of the thermally excited frequency sweeps are shown in Figure 2.5. For the
first frequency sweep, I., shown in Figure 2.5a, we were only able to visually identify the
first four modes. For the first frequency sweep, we failed to record the conversion factor
from Volts to displacement so are unable to calculate the thermal method due to the lack
of information about the thermal fluctuations. The conversion factor was recorded for all
subsequent data collection allowing RMS amplitude data to be gathered from the lock-
in amplifier. For the first measurement of the frequency sweep, we apply both the Sader
method and our own method for calibration. For frequency sweeps II.-III., we were able
to identify five of the resonant frequencies, as discussed in Section 2.5 and summarised
in Section 2.4.3, and use the thermal method, Sader method and our own method to
calibrate the cantilever. All results are shown in Table 2. We found that our method
gives consistent values for the effective spring constant across repeated measurements.
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Mode II. III. σ

1 0.0747 0.0944 0.0139

2 1.74 2.20 0.324

3 9.03 15.1 4.27

4 36.1 38.9 1.98

5 51.4 66.6 10.8
(a) The Thermal Method, as described in

Section 2.3.

Mode I. II. III. IV. V. σ

1 0.0198 0.0179 0.020 0.020 0.0171 0.0014

2 0.357 0.585 0.970 0.789 0.897 0.259

3 3.61 7.88 10.0 5.64 8.03 2.46

4 4.49 70.3 47.2 21.8 25.4 25.4
5 - 166 169 41.8 63.9 66.9

(b) The Sader Method, as described in Section 2.3

Mode I. II. III. IV. V. σ

1 0.0212 0.0194 0.0215 0.0217 0.0187 0.0013

2 0.835 0.764 0.843 0.853 0.736 0.0527

3 6.54 5.99 6.61 6.69 5.77 0.413

4 25.1 23.0 25.4 25.7 22.2 1.586

5 68.7 62.8 169 69.4 70.2 4.33

(c) Our own method, as described in Section 2.4.

Table 2: (a) The effective stiffness of the cantilever found using the thermal method for the first
five modes of power spectra II.-III., (b) the effective stiffness of the cantilever found
using the Sader method for the first five modes of power spectra I.-V. (Note that the fifth
mode of power spectrum I. could not be identified which prevented the Sader method
from being applied) and (c) the effective stiffness of the cantilever found using our own
method for the first five modes of power spectra I.-V. All units are in Nm−1

We also found that the thermal method calculates a higher effective stiffness than both
Sader method and our own.

It is not possible to use the thermal method to calibrate a cantilever that is excited
by piezo-electric actuators, as discussed in Section 2.4. Therefore, we compare only our
method to the Sader method when the cantilever is driven directly (IV. and V.). We
find good agreement between our method and the Sader method, emphasising that our
method is equally applicable to direct and indirect actuation. Furthermore, we found
that the variation in effective stiffness increases significantly with mode number for the
Sader method due to the need to fit harmonic oscillator equations at each mode for
the resonant frequency and Q factor. Instead, our method requires only the measured
resonance and Q factor of the first mode which it uses to find the effective stiffness with
low variation across experimental set-ups. This again emphasises the robustness of our
method which is less exposed to experimental factors such as noise at higher modes.
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Mode fR (kHz) fR,vac (kHz) f ∗R,vac (kHz) kn (Nm−1) kSader (Nm−1)

1 15.7 15.8 21.0 0.0187 0.0171

2 97.4 98.8 132 0.785 0.897

3 273 277 368.7 6.16 8.02

4 536 542 722 23.6 25.4
5 888 896 1,194 64.5 63.9
6 1,330 1,338 1,784 144 99

7 1,861 1,867 2,492 281 191

8 2,482 2,489 3,317 498 472

9 3,191 3,196 4,261 822 646

10 3,987 3,992 5,322 1282 1057

11 4,861 4,877 6,502 1914 1510

Table 3: The measured resonant frequency, fR, the calculated resonant frequency in vacuo, fR,vac,
and the calculated resonant frequency without accounting for the gold layer, f ∗R,vac, for
modes 1 to 11 with units kHz. The effective stiffness found using our own method, kn,
and the Sader method, kSader are included, where units are in Nm−1.

We next consider the resonant frequency of the cantilever in vacuo. When the gold
layer was ignored from our calculations, the frequency of resonance in vacuo, ωn,vac,
was estimated to be as much as 35% higher than the measured resonance as shown in
Table 3. This emphasises that the gold layer has a significant effect and cannot be ig-
nored from calibration considerations. When we took the gold layer into consideration,
we found that the resonant frequencies in vacuo, calculated using the method described
in Section 2.4.3, agreed with the measured resonant frequencies to within 2%. This agree-
ment continued through all our measurements at arbitrary mode number. For example,
Figure 2.10 shows the estimated resonant frequency in vacuo of the cantilever, dashed
blue line, for modes two to ten of power spectrum V. We note that the relative error for
the measured resonant frequency of the tenth mode is less than 0.002 demonstrating
that our method is useful for both calculating the effective stiffness of the cantilever and
quickly finding the location of the higher resonant peaks. This will be relied upon in
Chapter 4, where we utilise a shift in resonant frequency to infer material properties.

Given the estimates for the thicknesses and the resonant frequency in vacuo, we can
also estimate the additional loading of the cantilever due to surrounding fluid effects
by using (2.11) . We found that this gave an overestimate of the fluid loading compared
to that predicted by the Tuck-Sader hydrodynamic function for an oscillating thin beam
[117, 119], and that there was a large spread of potential values, shown in Figure 2.12.
We include the variation across all measurements for modes one to five. However, only
frequency sweep (IV.) gave information for modes six to ten and hence, no variation
is calculatable. The Tuck-Sader beam was derived under the premise of low oscillatory
Reynold’s number, (Ref � 1), yet all higher modes have Ref significantly greater than
unity. Therefore, we expect that the fluid dynamics should be reconsidered for thin
beams oscillating at high frequencies. Despite this, the actual shift in resonant frequency
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Figure 2.12: The real component of the hydrodynamic function representing interial mass from
surrounding fluid on the oscillating cantilever. Orange crosses represent the loading
calculated using (2.11) with errorbars representing variance across experiments I.-V.
In frequency sweep, V., eleven modes of the cantilever were measured, shown in
Figure 2.10, which predicted a decrease in hydrodynamic loading compared to the
Sader correction for rectangular beams [117].

from that calculated is less than 2% at the first mode and less than 1% from the fifth
mode onwards. This corresponds to less than 5% difference in the effective stiffness
and gives a means for identifying the resonant frequencies of the cantilever using a
few easily measured properties. This gives us further confidence that our method does
indeed accurately predict the effective stiffness of a micro-mechanical cantilever at any
mode, as well as providing a means for estimating the thickness of the reflective layer
and for identifying higher mode frequencies using only resonant information measured
at the first mode and the easy to measure properties (length, width, dnesity of fluid and
viscosity of fluid) .

As can be seen in Table 4 and Figure 2.13, our method for the calibration of the effec-
tive stiffness has the lowest variation of all three calibration methods investigated. The
effective stiffness is a modal property that can be influenced by a number of experimen-
tal variables: changes in thickness of the reflective layer, the location and size of the tip,
anomalies in the manufacturing process, debris that accumulates on the cantilever or
environmental conditions such as humidity. It is therefore encouraging to see such low
variation for the calculated effective stiffness considering that it is derived from only the
first resonant peak of the AFM probe. Furthermore, the effective stiffness is useful for
interpreting and modelling the coupled tip-sample interaction which is influenced by
environmental factors such as the surrounding hydrodynamics which do influence the
cantilever in a different manner depending on whether the cantilever is oscillating free
or close to the sample. We consider the influence of the hydrodynamics of the system
when a cantilever oscillates near to the sample in Chapter 3. Hence, it is advantageous
that our method gives the effective stiffness of the beam in vacuo, and this will be made
use of in Chapter 5.
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Mode kn σn kSader σSader kThermal σThermal

1 0.0205 0.0013 0.019 0.0014 0.0846 0.014

2 0.806 0.0527 0.719 0.249 1.97 0.324

3 6.32 0.413 7.03 2.46 12.0 4.27

4 24.3 1.59 33.8 25.4 37.4 1.98

5 66.3 4.33 110 66.9 59.0 10.8

Table 4: Predicted effective spring constant (mean, standard deviation) of modes 1–5, found
using our method, (kn, σn), the Sader method, (kSader, σSader), and the thermal method,
(kThermal, σThermal). All units are Nm−1.
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Figure 2.13: Values of the effective stiffness, kn, found using our own calibration method and
compared against the thermal method and the Sader method.

2.7 conclusions

The AFM probe is the tool that is used to extract non-topographic information about
the sample. When the probe is excited to high frequencies, it undergoes a stiffening
which makes the probe more similar to stiff materials, such as metals. In order to relate
the behaviour of the probe back to a quantifiably material property, we require its free
resonant frequencies. Furthermore, knowledge of the probes effective stiffness at higher
modes can be used to ’stiffness-match’ a specific frequency to the material under inves-
tigation. In Chapter 5 and Chapter 6, we will rely on the process of stiffness matching
in choosing the resonant mode of the cantilever. These considerations combine to create
a requirement for a method to calibrate the properties of a micromechanical cantilever
that can be applied at arbitrary mode number. In this chapter, we have presented a new
method to achieve this, which requires only the first resonant frequency and Q factor, as
well as easily–measured dimensions of the beam (length and width) and the properties
of the fluid. It is able to find the effective stiffness of the cantilever with less variation
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than other methods and does so by calculating the material properties of the beam,
giving further additional information about the probe.

Furthermore, it provides additonal information about the probe such as the expected
higher frequencies of the cantilever in vacuo. Knowledge of these resonant frequencies
holds a double purpose: it allows us to calculate a frequency shift that is independent of
fluid considerations, as we do in Chapter 5 and it allows us to check that we are measur-
ing the correct mode, as we show in Chapter 6). Our interest in using the in vacuo reso-
nant frequencies is motivated by our belief that the hydrodynamics of the first few mode
will influence our measurements of the resonant frequencies of a micro-mechanical can-
tilever, including when near to a sample surface. We next turn to explicitly setting out
the influence of the hydrodynamics of the system.





3
F L U I D D Y N A M I C S A R O U N D A N A F M P R O B E

3.1 introduction

In this chapter we consider the hydrodynamics of fluid surrounding an oscillating micro-
mechanical cantilever, common to both atomic force microscopes (AFMs) and microelec-
tromechanical systems (MEMS). The hydrodynamics of an AFM were used as a calibra-
tion tool in Chapter 2, where we showed that considerations of hydrodynamics can be
used to infer the effective stiffness and material properties of an AFM probe. However,
knowledge of the influence of the surrounding fluid can assist us in other ways. For ex-
ample, we show in Chapter 5 that knowledge of the hydrodynamic loading on an AFM
probe near to the surface can improve acoustic measurements of viscoelastic material
properties.

Furthermore, as we show in Section 3.5, the resonant frequencies of the higher modes
are less susceptible to the hydrodynamics of the system. This motivates our calculation
of the frequency shift of modal pairs of resonant frequencies in Chapter 4 and later relied
upon in Chapter 5 and Chapter 6. In this chapter, we introduce our solver for calculating
hydrodynamic drag on an micro-mechanical oscillating body. We present our results for
the hydrodynamics on a 2D cross-section of a cantilever oscillating free from a surface
and demonstrate how the introduction of a surface influences the hydrodynamic loading.
We explicitly compute (using an open-source finite element method solver) how the
hydrodynamic changes as the distance between sample and oscillating body decreases,
which, to the best of our knowledge, has not been demonstrated before.

We begin, Section 3.2, by discussing past research on the hydrodynamics around os-
cillating bodies and their respective limitations. In Section 3.3, we set out the governing
equations for the hydrodynamics of the system and reformulate these equations to be
solved numerically by the finite element method (FEM). Having made the governing
equations amenable to numerical solutions, we calculate the hydrodynamic drag on the
surface of the cantilever using our FEM solver. In Section 3.4.1, we present results on the
hydrodynamics of fluid aound a 2D cross-section of the cantilever, free from the surface,
with cylindrical and then rectangular cross-section. Our findings are compared to exist-
ing results in the literature and found to agree well. Having gained confidence in the
case of a cantilever oscillating far from a sample, we turn our attention to the influence
of the surface on the hydrodynamics of the system in Section 3.4.2 and compare our
results to those that exist in the literature. We offer a discussion of how our findings
impact AFM measurements, including our own in Chapter 5 and Chapter 6. Finally, we
present possible extensions to this work in Section 3.7 before making our concluding
remarks in Section 3.8 .

45
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3.2 hydrodynamics of an oscillating body

The AFM probe is the tool with which the sample surface is related to discernable to-
pographic and non-topographic features. However, the interaction between sample and
surface does not uniquely influence the motion of the probe. As discussed in Chapter 2,
the probe will be exposed to hydrodynamic effects which can cause a change in the
resonant frequency of the sensor. An increased knowledge of the hydrodynamics of the
system can lead to new techniques for measuring material properties (see, for example,
[129]), or highlight assumptions that require revisiting, such as that the flow along the
length of the cantilever gives non-negligible contributions to the total load (as shown
in [121]). Moreover, the influence of the surrounding fluid on a micro-mechanical can-
tilever encodes additional information about the coupled sensor-sample system such
as the presence of viscous damping within a sample [130]. Ultimately, a better under-
standing will dictate operational limits for AFM measurements, marking the regions
where hydrodynamic effects must be accounted for and those where they may be ne-
glected. We utilise this in Chapter 6 to justify the use of the higher modes of an AFM
probe, as discussed in Section 3.5. Hence, our results highlight the extent to which the
hydrodynamics play a role in contact resonance measurements and contribute to the
development of contact resonance applied to high speed AFM (CR-HSAFM) as a tool
for stiffness measurements of stiff materials at the nanoscale.

3.2.1 Early Studies on the Hydrodynamics of AFM Probes

In 1850, the hydrodynamics of an oscillating body were considered by Stokes [120]. He
examined the hydrodynamics forces on a sphere undergoing small periodic oscillations
within a viscous fluid. The small amplitudes of the body meant that nonlinear inertial
effects were neglected, and a combination of analytic and experimental observations led
Stokes to put forward a closed form expression for the viscous drag on an oscillating
sphere in a fluid medium. In 1969, the question of hydrodynamic forces on oscillating
bodies was again considered by E. O. Tuck [119]. Tuck examined the specific problem
of hydrodynamic drag on the cross-section of an infinite cylinder undergoing small am-
plitude oscillations in 2D flow. He reposed the problem as an integral equation, solved
using the boundary element technique. He went on to analyse the hydrodynamics of an
oscillating body with infinitesimal thickness, and showed how the hydrodynamic drag
varies in the limit of high and low oscillatory frequency.

As discussed in Chapter 2, the formulation put forward by Tuck was utilised in the
method for the calibration of micromechanical cantilevers by Sader [117]. Here, a correc-
tion factor was derived from the work of Tuck [119] that accounted for the rectangular
geometry of a conventional AFM probe. The flexural deflection of the probe was then
decomposed into the resonant modes, weighted by the influence of the fluid damping.
Sader showed that the thermal spectrum of the probe near to a resonant frequency is
well approximated by a damped harmonic oscillator, provided that the dissipative effects
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from the fluid are small. A closed form expression was derived to relate experimental
values of the amplitude, resonant frequency and quality factor, as well as the length and
width of the beam, to the spring constant of the beam. In Chapter 2, we made use of the
hydrodynamic damping for our own method of calibration [93], which goes the further
step of estimating the material properties in order to calculate the effective stiffness of a
cantilever at higher modess.

Prior to the analysis of Sader [117], Elmer and Dreier [131] studied a body oscillating
in fluid flow and demonstrated that a change in resonant frequency will occur due to
the presence of the fluid. However, their investigation was limited to a 1D beam and
neglected viscous effects. Chon et al. [132] compared the full viscous case, the invisid
case, and the response of a simple harmonic oscillator (SHO) against experimental data
for an oscillating body in both air and water. They found that both viscous and SHO
models outperformed the inviscid model (in air and water) demonstrating that viscous
effects cannot be neglected1. Following the increase in attention during the 1990s, sub-
sequent work has continued to investigate how the hydrodynamics of an oscillating
cantilever can be used to find out information about other cantilever types and motion.
The Sader method [117] has been extended to both the torsional motion of a cantilever
[133], and the general case of a sensor with arbitrary cross-sectional geometry [134]. The
extension to sensors with unconventional geometries was achieved through a general
scaling law where the hydrodynamics was calculated through a comparison to beams
of similar shape and sizes [114]. This has lead to the establishment of an online repos-
itory which contains experimental information on the hydrodynamics for beams with
various geometries [135]. In this thesis, we will only be concerned with cantilevers with
rectangular geometry and high aspect ratio, of the type used in Chapter 2 and shown in
Figure 2.11. However, extensions to our results are possible, provided that the material
properties are known to high accuracy. Instead, we utilise the previously reported re-
sults of the hydrodynamic loading on an AFM probe, with conventional geometry and
oscillating free from a surface, to verify our own fluid solver.

There is a high level of interest in the hydrodynamics of oscillating bodies which
continues to be an active area of research within the MEMS community today [129,
135, 136]. However, many past investigations into the hydrodynamics of oscillating can-
tilevers have been restricted to considerations at low frequencies, representing the first
mode of the cantilever. In Chapter 5 and Chapter 6, we will use the change in resonant
frequency of a cantilever, oscillating near to a sample, to discern the stiffness of a sample.
We have already shown in Chapter 2, that kn > kc for n > 1, such that higher resonant
frequencies approximate a stiffer cantilever. This motivates the use of higher modes for
stiffness measurements on stiff materials. However, we are required to also know the
extent to which the surrounding fluid dynamics will affect the resonant frequencies of
an AFM probe in order to rule out additional uncertainties due to the surrounding fluid
environment. We create our own fluid solver in order to achieve this and verify the
influence of a surface on a rectangular cantilever, oscillating at high frequencies.

1 We will only consider a body oscillating in air in this thesis but include numerical results that covers
considerations of other fluid regimes, such as water.
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Past results have also appraised how the presence of an additional surface, either
deformable or non-deformable, will influence the hydrodynamics of a sensor-sample
system [118, 137, 138]. However, these results utilised semi-analytic boundary element
formulations, or commercial packages. Instead we choose to calculate the hydrodynamic
loading on an AFM probe using open-source finite element method (FEM) packages.
This has the advantages of not requiring commercial licenses to run whilst verifying
previous boundary element method formulations. In Section 3.4, we show that the hy-
drodynamic loading calculated by our solver can reproduce results previously achieved
using commerical solvers, such as results reported by [137] and [138]. In this chapter,
we will describe the governing equations of the flow and the necessary steps under-
taken which lead to calculation of the fluid loading on the probe. However, we envisage
further extensions to the work in this chapter to include other considerations of the hy-
drodynamics of the sensor-sample coupled system. We briefly discuss other work that
has focused on such extensions.

3.2.2 Extensions to Models of the Hydrodynamics

The interaction of a cantilever with a surface is of interest to both AFM practitioners
and theoreticians. This is because AFM probes (and other MEMS devices) are extremely
sensitive to small (typically sub-pN) forces. Understanding how the hydrodynamics
couples to a probe-sample system will aid experimental techniques and build confidence
in empirical results. One of the shortcomings of existing fluid theories (which we do
not resolve here) is that only two dimensional flow around a cross-section of an AFM
probe is considered, ignoring length-wise contributions. Numerical simulations have
been carried out previously to address this. For example, Basak et al. [139] demonstrated
an underestimation of the damping when comparing the computational results of a
full three dimensional model to previous semi-analytic results, as well as showing that
changes to the cantilever geometry, such as the introduction of slots or reduction in
cantilever thickness, maximise the signal of the resonant frequency. The influence of the
geometry of a micromechanical probe was also examined by Green et al. [137], who
showed that the assumption of the dominance of spanwise fluid gave good agreement
with experimental work (provided that the thickness of the probe was less than the
width).

The full three dimensional problem of an oscillating cantilever was treated semi-
analytically by Clarke [118], who utilised a slender-body approximation (which makes
use of the slender geometry of an object to approximate nearby field effects) to account
for the flow around a rectangular cantilever with high aspect ratio. Clarke then showed
how a surface, modelled as a non-deformable wall, will influence the hydrodynamics of
the system. The governing equations of the fluid were treated asymptotically for varying
frequencies of oscillation and distance between sample and probe, as well as numerically
through an integral equation formulation of the governing equations and subsequent ap-
plication of this formulation with the boundary element method. We discuss how our
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own results, as presented here, relate to Clarke’s description of the fluid-sensor-sample
in Section 3.7. Green and Sader [137] also considered the introduction of a surface and
demonstrated that the influence of the surrounding fluid is weak when the cantilever is
oscillating with small amplitudes and at distances from the surface greater than the total
width of the cantilever (such that the cantilever can be approximated as oscillating in an
infinite fluid region). However, for cases where the separation distance is less than the
width of the probe, dissipative effects were shown to be significant. The hydrodynamics
of the fluid surrounding both wall and cantilever were calculated through a boundary el-
ement method for oscillatory Reynolds number, a modification of the Reynolds number
for describing the oscillatory behaviour of fluid [117], in the range of 10−3 to 103.

The work of Green and Sader is an example of how the additional hydrodynam-
ics, caused by the introduction of a sample surface, can influence AFM measurements.
However, the variation in hydrodynamic loading at high frequencies as the tip-sample
separation is reduced is not explicitly considered. The influence of the surface at high
frequencies is what we demonstrate in Section 3.4. Similar considerations have been un-
dertaken by Tung et al. [140] who compared the hydrodynamic function found in [137]
and the full three dimensional numerical solution of Basak et al. [139]. Tung et al. [138]
showed that the formulation gave good agreement, with less than 3% error in the calcu-
lated natural frequencies of submerged cantilevers, when compared against measured
frequencies from experimental results. We will compare our own fluid solver to these
results in Section 3.5. Meanwhile, Hosaka et al. [141] approximated the motion of an
oscillating cantilever as a series of coupled spheres and investigated the coupled hydro-
dynamics around this idealisation. Their work highlighted the dominance of squeeze-
film damping on a micro-cantilever ocillating near to a wall. Our results in Section 3.4
may indicate similar effects, though further experimental investigations are required.
Later work by Korayem et al. [142] has built on this approach, where simulations of the
coupled-sphere approach evaluate the influence of both the viscosity of the surround-
ing fluid as well as the beam geometry. It was shown that the increased viscosity due to
the sensor-sample interaction can greatly reduce the quality factor of the corresponding
resonant behaviour of the beam. Both of these methods demonstrate that length-wise
contributions can influence the hydrodynamics and resonant modes of a micromechan-
ical cantilever. We do not consider length-wise contributions here but demonstrate how
to include such extensions in Section 3.7.

The treatment of the hydrodynamics of the beam by Clarke [118] were later used to
infer the properties of soft materials due to the deformation of a sample caused by the
hydrodynamic interaction between sensor and sample by Clarke et al. [129]. They high-
lighted the theoretical possibility of non-contact measurements of the elastic properties
of deformable samples, such as biological objects, through a tipless cantilever. However,
they pointed towards potential problems in their approach due to the difficulty in quan-
tifying the separation gap between probe and sample deformations. The utilisation of
the hydrodynamics of the system to infer sample properties was also studied by Tung
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et al. [138]. Here, the interaction damping2 between an AFM probe and the surface
was corrected to account for the hydrodynamics of the system. This led to an improve-
ment in the measurement of the loss tangent (a measure of the viscoelastic damping
of a material) of polystrene when compared to those found in the literature, as well as
highlighting the sensitivity of the first mode for measurements that include damping
considerations. In Chapter 5, we will apply our own solver, outlined in Section 3.3, to
calculate the loss tangent of stainless steel (grade 316).

All of the results on the hydrodynamic loading on oscillating bodies, as described
above, have assumed that the body is oscillating with small amplitudes. However, the
influence of nonlinear hydrodynamics has also been studied. This occurs for bodies that
have large finite amplitude, as described by the Keulgar-Carpenter number [143],

KC =
2πA

b
, (3.1)

where A is the amplitude of oscillation and b is the width of the oscillating body. This
nondimensional parameter captures the importance of drag forces over inertial forces
for an oscillatory flow field. For a conventional AFM probe, of the type considered in
this thesis, the KC number is typically of the order of 10−3. However, for objects that
are exposed to larger oscillation amplitudes, or are significantly smaller in width, then
changes in the hydrodynamics have been shown to be dramatic. For example, Porfiri
et al. [144] calculated the change in hydrodynamics for an oscillating beam with rela-
tively large amplitude (greater than 1 µm) and worked out a correction factor for the
hydrodynamic function given in [117],

Φ(ω, KC) = Γ(ω)− i0.879Re0.75
(

KC
2π

)2

, (3.2)

where Γ(ω) is the hydrodynamic loading function, described in Section 3.3.1 and i =√
−1. This correction factor holds for 20 ≤ Re ≤ 2000 and KC < 11.42Re0.625. Further

extension to this work has investigated the influence of a wall, and shows that the added
mass was relatively unaffected while the convection-driven nonlinearities can drastically
increase [145]. Both these studies were for KC = O(−1) which are beyond the operation
range that we will examine here. For further extensions to the study of thin laminae
exposed to nonlinear hydrodynamics, see, for example, [146, 147].

The interest and ongoing research into the fluid dynamics of an AFM probe empha-
sises the impact of the interaction between fluid and cantilever. However, there are a
number of assumptions common to each study: the 2D approximation of the flow, the
geometry of the probe, the degree to which compressibility and nonlinearities within the
flow are present, and how the existence of a sensor couples with the sample. The hydro-
dynamic function, which describes the effect of the fluid on the probe, is often limited
to calculation based on tabulated results due to the use of commercial software or tech-
nical difficulties in recreating the codebase of a solver, as most have occured through the

2 See Chapter 1 for more details on interaction damping
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implementation of boundary element solvers or commercial CFD packages. However,
the problem of how the hydrodynamics influences an oscillating body is of importance
to the operation of an AFM. Hence, an understanding of how limiting the assumptions
are to the approach or the freedom to attempt extensions to past investigations would
be an asset to the AFM and MEMS community. Here we show that the hydrodynamics
of an AFM probe can be calculated using open-source FEM solver and that this solver is
amenable to extensions including changes to the geometry and introduction of changes
to the domain.

3.3 flow around an afm probe

The fluid dynamics on an oscillating microbeam is an active field of research. Many
important results have been gained by building custom-made optimised solvers or util-
ising commerically available software [119, 129, 139]. Here we seek to reproduce existing
numerical results using our own solver that is designed using an open-source FEM pack-
age, FEniCS [148–151]. We begin by examing the case of the hydrodynamic drag on an
oscillating cylinder in 2D flow for which an analytic solution exists. We then consider
flow around an oscillating rectangular beam which is more typical to AFM probes. First,
we describe the equations that govern the fluid flow around an oscillating probe far
from a surface.

3.3.1 Governing Equations

Before setting out the governing equations for the fluid, we highlight a number of our
assumptions. As set out in Section 2.2 and shown in Figure 2.1, typical AFM probes
have width, b∗, smaller than the total length, L∗, and thickness, h∗T, smaller than the total
width; h∗T � b∗ � L∗, where the asterix is used to denote dimensional quantities in the
context of this chapter. As the width is far smaller than the length, we assume that the
fluid flow will vary more rapidly across the width of the cantilever than along its length,
and take the width of the beam to be the characteristic length scale for the flow. As
discussed in Section 3.1, the assumption that the width is the characteristic lengthscale
may not hold at high frequencies. However, here we examine only the 2D case where
x∗ = (x∗1 , x∗2) and offer further extensions to this work in Section 3.7. We further assume
that the amplitude of oscillation for the nth mode is small, A∗n ∼ 1 nm, such that we may
neglect nonlinear fluid inertial terms, and that the cross-section and material properties
of the beam are uniform through its length, such that a 2D cross-section is representative
of the rest of the beam. We neglect considerations of the tip and begin by neglecting the
influence from any other structures, including the sample surface. We go on to discuss
the influence of a ‘wall’ in Section 3.4.2. Finally, we assume the material damping in the
beam is negligible.

We are concerned with calculating the hydrodynamic drag, D, on a cantilever that
is oscillating in the x∗2 direction only, with amplitude of oscillation for the nth mode,
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Figure 3.1: Schematic of a body, ∂Ωc with cylindrical (a) and rectangular (b) geometry oscillating
with flexural deflection, iωw(x2) and radius (or half-width) R∗ in a domain of fluid,
Ω.

A∗n. This is described by the Euler-Bernoulli equation, (2.13), introduced in Section 2.4.1,
where both the cantilever’s flexural deflections, with respect to its neutral axis, and
the hydrodynamic drag are assumed to be oscillatory (i.e. real(w∗(x2) exp iωt), and
real(D∗(x∗2) exp iωt), where real denotes the real part to be taken). The external forc-
ing in (2.13) is now given by the hydrodynamic drag per unit length, F(x, t)eiωt = D∗,
found by integrating the fluid stresses over the boundary of the oscillating body, ∂Ωc

[129],
D∗(x∗2) =

∫
∂Ωc

f∗ · ĵdl(x∗2). (3.3)

where ĵ is the unit vector in the x∗2 direction, and f∗ = σ∗ ·n is the hydrodynamic traction
on the surface of the cantilever, ∂Ωc, for stress tensor, σ∗ = −p∗I + µ∗f∇u∗ + µ∗f (∇u∗)T

and unit normal, n. We non-dimensionalise the flexural deflection by the oscillation
amplitude, A∗n, and the spatial variables, (x∗1 , x∗2), by the cantilever radius (or half width
for rectangular cross-section) R∗ = b∗/2,

w∗(x) = A∗w x∗1 = R∗x1, x∗2 = R∗x2. (3.4)

We also non-dimensionalise the temporal variables by the resonant angular frequency
of the fundamental mode, ω1, given by the dispersion relation (2.16) in Section 2.4.1.

t∗ =
t

ω∗1
, ω∗ = ω∗1 ω, (3.5)

where t∗ is time and ω∗ is the angular frequency of the oscillating cantilever.
We make the following assumptions on the flow: that the surrounding fluid is New-

tonian and incompressible with dynamic viscosity µ∗f and density ρ∗f . We non-dimen-



3.3 flow around an afm probe 53

L hT b ω1 Q kc

(µm) (µm) (µm) (µm) (kHz) (N m−1)

MSNL-B 120 0.5 20 15(2π) 20 0.02

Table 5: We show example dimensions and resonant behaviour for cantilevers used in Chapter 2.
All measurements throughout were performed in air, with viscosity µf = 18.1 µPa s and
density, ρf = 1.225 kg/m3 .

sionalise the fluid velocity, u∗(x) = (u∗1(x), u∗2(x)), pressure, p∗, and stress tensor, σ∗,
according to,

u∗ = (A∗ω∗1)u, p∗ =
(

µ∗ω∗1 A∗

R∗

)
p, σ∗ =

(
µ∗ω∗1 A∗

R∗

)
σ. (3.6)

Having non-dimensionalised our system, the governing equations of this flow are given
by the Navier-Stokes equations for incompressible fluid [152]

ρf

(
∂u
∂t

+ (u · ∇)u
)
= −∇p + µf∇2u, ∇ · u = 0. (3.7)

AFM probes typically oscillate with nanometre or sub-nanometre amplitudes, several
orders of magnitude smaller than either the width or length of the probe (typically
tens or hundreds of microns respectively). These small amplitudes (A∗ ∼ 1× 10−9 m)
counteract the high frequencies of the cantilever (ω∗1 ∼ 1× 105 Hz), reducing the char-
acteristic velocity of the flow, (U ∼ 1× 10−4 m s−1). For the characteristic velocity under
consideration, the Mach number (the ratio of the characteristic velocity to the speed of
sound) will be approximately 10−6. This supports our previous assumption of incom-
pressibility above.

Assuming that the width is the characteristic length scale of the flow, we calculate the
dimensionless oscillatory Reynolds number, Ref as

Ref =
ω∗ρ∗f (R∗)2

µ∗f
, (3.8)

The oscillatory Reynolds number describes the frequency dependent flow inertia. For
a typical AFM probe in ambient air with properties listed in Table 5, we find the os-
cillatory Reynolds number to be in the range of 10−1 to 101 for the first ten modes3.
This implies that the inertial acceleration force on the beam, due to the surrounding
fluid is small in relation to the viscous surface forces. Hence, we drop the (u · ∇)u
term. All experiments in this thesis are conducted in air. However, for certain samples
such as biological objects, fluid cells that contain different fluid mediums such as water
are used to minimise the force on the sample. We note that for water at 298 K, density
ρf = 997 kg/m3 and viscosity µf = 0.89 mPa, the oscillatory Reynolds number covers a
range of 101 to 103 for the first ten modes. Therefore, the inertial acceleration terms may

3 For further details about the resonant frequencies of this cantilever, see Table 3



54 fluid dynamics around an afm probe

become significant. As stated, we will not consider such extensions here but include our
numerical analysis up to Re∗f = 103 such that the influence of different fluid mediums is
included (though we continue to neglect inertial acceleration terms). Hence, we rewrite
the governing equations for the flow around the cantilever, (3.7), as

ρf
∂u
∂t

= −∇p + µf∇2u, ∇ · u = 0. (3.9)

Given the oscillatory nature of the cantilevers motion, the velocity component of the
fluid will be imparted with a harmonic component. Due to the linearity of equation (3.9),
the vorticity, hydrodynamic pressure, and stress also become oscillatory. We rewrite
these quantities as

u(x, t) = u(x, ω)e−iωt, p(x, t) = p(x, ω)e−iωt, σ(x, t) = σ(x, ω)e−iωt. (3.10)

Combining (3.10) with (3.9), we have

λ2u = −∇p +∇2u, ∇ · u = 0 (3.11)

where λ2 = iRe f is a measure of the characteristic flow inertia. Equation (3.11) is math-
ematically equivalent to what is known as Brinkman flow [153]. This is previously dis-
cussed in Chapter 2, specifically (2.13). We note that when λ = 0, this equation reduces
to steady Stokes flow (or creeping flow) and for λ = 1, we have Darcy flow which is
commonly used to describe flow through a porous medium. Hence, our results will cor-
respond to applications of Brinkman flow for porous medium, see for example [154]. We
will examine the fluid that is contained in the domain, Ω, around the boundary of the
oscillating body, ∂Ωc. On the boundary, we have the no-slip condition

u(x) = iωw(x2), for x ∈ ∂Ωc, (3.12)

while in the far field, the velocity of the flow returns to zero,

u(x) = 0, for x→ ∞. (3.13)

Given these assumptions, we proceed to solve (3.11) to find the forcing on the can-
tilever boundary due to the surrounding fluid. The hydrodynamic drag, given in (3.3) is
represented by a dimensionless hydrodynamic function,

Γ(Ref) =
D

πλ2 . (3.14)

The real component of the hydrodynamic function corresponds to the additional inertial
mass while the imaginary components correspond to the viscous damping terms. We
repeat our assumption that the internal dissipation of the cantilever due to internal
friction is negligible such that the damping terms are imparted entirely forms the fluid.
The hydrodynamic function, Γ(Ref), will dictate how the drag changes as we vary the
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oscillatory Reynolds number. The additional inertial mass due to the surrounding fluid,
mf, is given by [121],

mf = CfΓr(Re), (3.15)

while the damping coefficient, γf, is,

γf = CfωΓi(Re), (3.16)

and where Cf = ρfπb2L/4 contains (easily measured) properties of the cantilever and
fluid. Given the formulation of the governing equations above, we proceed to solve them
using the finite element method.

3.3.2 The Finite Element Method

Finite element methods (FEM) achieve computational solutions by decreasing a com-
plex problem into many small, interconnected regions. These subregions are known as
finite elements. FEM is only able to calculate approximate solutions. However, these ap-
proximate solutions can achieve high accuracy through increased discretisation of the
solution space. In order to solve a differential equation using FEM, the equations to
be solved must be reformulated into weak variational form, where ‘weak’ refers to the
continuity enforced on the dependent field variable. The weak form of the equations is
achieved by composing the field variables with trial functions (also called interpolation
functions) and integrating over the problem domain. This leads to a discretised system
of equations, often consisting of well-behaved linear equations (provided the underlying
PDE is linear). Here, we describe the steps needed to solve the specific problem of (3.11)
using FEM. For further information on FEM see, for example, [155–158].

We first repeat the governing equations of the problem,

λ2u +∇p−∇2u = f , ∀x ∈ Ω (3.17)

∇ · u = 0, ∀x ∈ Ω, (3.18)

with boundary conditions

u(x) = iωw(x2), for x ∈ ∂Ωc, (3.19)

u(x) = 0, for x→ ∞. (3.20)

We must express (3.17) and (3.18) in weak variational form in order to utilise the FEM
method. We introduce two test functions, v and q which belong in the function space
V̂ and Q̂, respectively. We shall specify the function space explicitly later in this section.
We require two such functions because we seek solutions for both the unknown velocity,
u, and pressure, p. We will choose both test functions such that they are exactly zero on
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the boundary. We then multiply the first equation (3.17) by v, before integrating over the
domain, Ω,

λ2
∫

Ω
u · vdx +

∫
Ω
(∇p) · vdx−

∫
Ω
(∇2u)vdx =

∫
Ω

f · vdx. (3.21)

Using integration by parts and the divergence theorem, we can rewrite (3.21) as,

λ2
∫

Ω
(u · v)dx +

∫
Ω
(∇u · ∇v)dx +

∫
Ω

p(∇v)dx =
∫

Ω
( f · v)dx. (3.22)

We then multiply the continuity equation, (3.18) by our other test function, q, and again
integrate over the domain, ∫

Ω
q(∇ · v)dx = 0. (3.23)

Subtracting (3.23) from (3.22) gives us the weak variational form of (3.17 – 3.18),

λ2
∫

Ω
(u · v)dx +

∫
Ω
(∇u · ∇v)dx +

∫
Ω

p(∇ · v)dx−
∫

Ω
q(∇ · v)dx =

∫
Ω
( f · v)dx. (3.24)

Henceforth, we write the inner-product as (A, B) where A and B are the elements of our
function spaces. Then, (3.24) in its weak variational form becomes

a(u, v) + b(p, v) + b(q, u) = L( f , v), (3.25)

where,

a(·, ·) = λ2(·, ·) + (∇·,∇·) (3.26)

b(·, ·) = (·,∇·) (3.27)

L(·, ·) = (·, ·). (3.28)

Given the weak variational form, (3.25) – (3.28), we consider the case where u and p
are complex valued, u = ur + ui and p = pr + pi, where superscripts r and i denote
the real and imaginary parts of the functions. Similarly, we have complex valued test
functions given by , v = vr + vi and q = qr + qi. We proceed to separate our complex
PDE into two real valued PDEs according to the real and imaginary parts of each of the
functions,

(ur + ui, vr + vi) =
∫

Ω
urvrdx +

∫
Ω

uividx + i
(∫

Ω
urvidx−

∫
Ω

uivrdx
)

. (3.29)

Noting that λ2 = iωRef, we rewrite (3.29) as

ā(ur + ui, vr + vi) + b(pr + pi, vr + vi) + b(qr + qi, ur + ui) = L( fr + fi, vr + vi), (3.30)
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where ā(·, ·) ∈ R, such that

ā(ur + ui, vr + vi) = λ2(ur + ui, vr + vi) + (∇ur + ui,∇vr + vi) (3.31)

= (iωRef)(ur + ui, vr + vi) + (∇ur + ui,∇vr + vi) (3.32)

=
∫

Ω
∇ur · ∇vrdx +

∫
Ω
∇ui · ∇vidx + . . . (3.33)

λ2
(
−
∫

Ω
urvidx +

∫
Ω

uivrdx)
)

(3.34)

As discussed, FEM requires that the solution space is discretised into N subregions
known as finite elements. These finite elements allow the differential equations to be
reformulated as a linear system of equations. The classic definition of a finite element is
the following triplet,

• a geometric simplex, K, which defines the shape of the element,

• a polynomial function space, P, which acts on K,

• the set of n = dim(P) functionals, Lj, which define the degrees of freedom for the
problem.

A wide range of finite elements can be built from different simplices and function spaces.
The choice of each depends on the complexity of the domain or differential equations to
be solved. We will predominantly be concerned with relatively straightforward geome-
tries such that conventional finite elements are expected to suffice. Hence, we implement
our numeric solution using piecewise linear finite elements. These finite elements have
a geometric simplex which is triangular in 2D with a function space of linear polynomi-
als, P1(K). To facilitate working with the function space, we equip it with a nodal basis,
{Nj}n

j=1, for the n functionals Lj(·), j = 1, 2, 3, ..., n. We then introduce shape functions,
φj, for the functionals in Lj(·), such that

Lj(φj) = δi,j for i, j = 1, 2, 3, ..., n. (3.35)

where δi,j is the kronecker delta function.
The set of these shape functions forms the nodal basis for the functionals. When

combined with the field variables, they convert the differential equations into a system
of algebraic equations. Having reformulated (3.11) as a weak variational problem, (3.25),
and specified the finite element for the problem (piecewise linear) we solve (3.17 – 3.18)
using a suitable linear solver. This completes the FEM method for the above case of
oscillatory Brinkman flow, (3.17 – 3.18). We summarise the procedure below.

1. Discretise the domain, Ω, and boundary, ∂Ωc, using Lagrange finite elements.

2. Introduce test functions for the weak formulation given by (3.30).

3. Prepare the system of linear equations to be solved.

4. Solve the linear system for both velocity and pressure in the domain, Ω.
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Having solved for the velocity and pressure in the domain, we calculate the hydrody-
namic drag on the boundary according to (3.14). In order to solve (3.30), we make use of
FEniCS [148–151], an open-source package that is built on Python and C++ architecture
and designed to solve PDEs using the finite element method. Our mesh generation is
performed with gmsh [159], while FEniCS is used for matrix assembly and the solution
of the linear systems.

3.4 results

We have set out our governing equations, (3.17) and (3.18), along with boundary con-
ditions, (3.12) and (3.13), and reformulated them such that they are amenable to FEM
numerical solution, (3.30). In Section 3.4.1, we reproduce past results on the hydrody-
namics of an oscillating cylinder and rectangular beam free from a surface using our
FEM solver. We show that our solver is able to recreate these results with high accuracy
and, in Section 3.4.2, we extend our solver to account for the hydrodynamics of a cylin-
der and rectangular beam osillating near to a surface. For discussion on these results,
see Section 3.5.

3.4.1 Hydrodynamics around a Body Oscillating Free From a Surface

We are interested in the hydrodynamic drag on the surface of the cantilever. First, we
validate our numerical scheme for an infinite cylinder oscillating in a viscous fluid,
such that our problem is reduced to two-dimensional flow around the two-dimensional
circular cross-section. In Figure 3.2, we show an example discretisation. The outer circle,
∂Ωfar, represents the far flow field, where we specify that the fluid velocity is zero,
u∞ = 0. As we are focused on the hydrodynamic drag on the cylinder caused by the
surrounding fluid, we refine the mesh around the inner circle representing the cylinder,
∂Ωc. Having discretised the boundary, we pass our mesh file to our FEM solver to
compute the complex velocity and pressure at each element, as described in Section 3.3.2.
The total domain has a radius of 35, whereas the cantilever surface ∂Ωc has a radius of
1. To improve our confidence in the traction calculated on the inner boundary, we refine
the mesh such that each element has a characteristic length of 10−3, whereas the outer
boundary, ∂Ωfar comprises elements with a characteristic length of 5. This results in
62, 000 elements in the entirety of the domain.

In Figure 3.2, we show example outputs for the oscillatory velocity field of the real
and imaginary components of the fluid velocity. We first show the total domain, where
we can see that our discretisation approach is large enough that the velocity has become
zero by the outer boundary. This gives us confidence that we are well-approximating a
semi-infinite domain, as no transients of the fluid velocity remain. We then examine the
velocity profile centered around the inner boundary. We see that the real component of
the fluid velocity reaches its maximum at the upper and lower regions of the boundary,
which is oscillating in the x2 direction only. This demonstrates that our solver correctly
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Figure 3.2: Mesh for a body with cylindrical cross-section.

(a) (b)

(c) (d)

Figure 3.3: The velocity profile for flow around an oscillating body with cylindrical cross section.
In (a-b) we show the real components of the velocity profile for the entire domain
(a) and a magnified section including the object (b). In (c-d) we show the imaginary
components of the velocity profile for the entire domain (c) and a section around the
object (d).
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captures the fluid displacement due to the displacement of the oscillating body in the
x2 direction.

We next turn our attention to the case of an oscillating body with rectangular ge-
ometry. This case has previously been handled using boundary element methods, [117,
119]. We aim to recreate these results using our FEM solver. An example rectangular
mesh is shown in Figure 3.4. We follow the same procedure as that done with a circular
boundary, using a coarse mesh at the outer limits where the variation in the fluid flow
is expected to be minimal. On the inner boundary, representing the probe, we refine
the mesh to improve our calculations of the traction. The radius of the domain is again
chosen to be 35 and the half-width of the rectangular inner boundary chosen to be 1.
In order to match the geometry of typical AFM probes, we set the non-dimensionalised
height of the inner boundary to be 0.05. As with the cylindrical case, we refine the mesh
on the inner boundary, this time specifying that each element has a characteristic length
of 1.25× 10−3, such that the height of the boundary contains 40 elements on each side,
and the outer boundary, ∂Ωfar comprises elements with a characteristic length of 5. This
results in approximately 52, 500 elements in the entirety of the domain, provided that
they have the same radius (which we have specified here).

In Figure 3.5, we show the velocity profile for real and imaginary components of
the fluid over the entire domain, with an expanded focus for both real and imaginary
velocity profile around the inner boundary in Figure 3.5. We see that the real component
of the fluid velocity is reduced for the rectangular geometry, shown as a reduction in
the magnitude of the velocity. In Figure 3.6, we show the hydrodynamic pressure across
half the length of the beam. We observe a spike in the pressure, localised at the end of
the probe where there exist corners, and which rapidly decay towards the centre. This
has been previously observed, see for example [119], and highlights the difference in the
drag effects between the two geometries.

We next examine what happens with increased frequency of the oscillating probe, and
examine how both real and imaginary components (relating to the the additional mass
and damping caused by the fluid, respectively) vary with frequency. We consider an os-
cillatory Reynold’s number in the range of 10−1 to 103, as shown in Figure 3.7. The FEM
solver outputs both real and imaginary components of the fluid velocity at each element
and calculates the traction on the boundary surface according to (3.14). We see a drop
in both added mass and damping as we increase the frequency of the system, in good
agreement with both the analytic solution found by Stokes [120] and the correction fac-
tor that was calculated by Sader [117] and based on the work of Tuck [119]. Furthermore,
when comparing the hydrodynamic drag calculated on both cylindrical and rectangu-
lar geometries, as shown in Figure 3.3 and Figure 3.4, we see very good qualitative
agreement with the analysis of Tuck showing a reduction in both real and imaginary
components of the drag for rectangular, or ‘thin’, geometries, as shown in Figure 3.7c
and Figure 3.7d. Hence, we have shown that the hydrodynamics of an oscillating body
free from a surface can be calculated using our FEM solver. We have reproduced several
important results including the oscillatory drag on a cylindrical body and a rectangular
body with low aspect ratio.
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Figure 3.4: Mesh for a body with rectangular cross-section.

(a) (b)

(c) (d)

Figure 3.5: The velocity profile for flow around an oscillating body with rectangular cross section.
In (a-b) we show the real components of the velocity profile for the entire domain (a)
and a magnified (with same magnification as in Figure 3.5) section including the
object (b). In (c-d) we show the imaginary components of the velocity profile for the
entire domain (c) and a section around the object (d).
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Figure 3.6: The pressure distribution across one half of a body with thin rectangular cross-section.
We show the real (a) and imaginary (b) components for low frequencies, Re(ω) = 0.1,
0.5, 1, as well as the real (c) and imaginary (d) components for high frequencies,
Re(ω) = 10, 100, 1000. We see siginifcant blow up at the corners L = 1, as reported in
[119].
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3.4.2 Influence of the Surface on Hydrodynamics

We now turn our attention to the influence of a surface, ∂Ωsurface, on the hydrodynamics
of an object oscillating in viscous fluid. The surface is assumed to be semi-infinite and
a distance H∗ from the oscillating body, as shown in Figure 3.8. We are specifically
interested in how the drag and inertial mass on the body vary as the separation distance
decreases. We examine the same cylindrical and rectangular geometries, as described in
Section 3.4.1, but now prescribe a no-slip condition on the surface,

u(x) = 0, for x ∈ ∂Ωsurface. (3.36)

We continue as in Section 3.3.2, changing only the mesh file to include the additional
surface boundary, where we set (3.36) to hold.

We choose the cylindrical and rectangular bodies to both have R = 1 and specify that
the length of the surface, ∂Ωsurface, is 70. We specify that the characteristic size of finite
elements on the outer circular boundary, ∂Ωfar to be 5, on the surface to be 1 and on
the cylindrical body to be 10−3. We also create a semi-circular region with a radius of
10 which has smaller elements, 0.1, in order to properly capture the influence of the
surface on the oscillating body. This results in a total domain of 66,000 elements. An
example mesh file, where H = 5, is shown in Figure 3.9, where we have increased the
size of the elements to aid visibility. We normalise the distance between the cantilever
and the surface, H∗, by the radius (or half width when rectangular) of the probe such
that H∗ = R∗H. As described in [137], we expect the probe to be insensitive to the
influence of the surface when the distance between surface and probe is greater than the
width of the probe, H > 2, where we expect the drag on the oscillating body to return
to that of a body far from a surface, as described in Section 3.4.1. Hence, we begin by
considering the cases where H = 5, 2 and 1 to see how closely our solver matches the
hydrodynamics for the free case.

In Figure 3.10, we compare the hydrodynamic function, Γ(Ref), calculated on the body
using (3.14), as the body is moved closer to the surface. In Figure 3.10a, we show the
change in hydrodynamic drag for a body with circular cross-section and, in Figure 3.10b,
we show a probe with rectangular cross-section. In both inset figures, we show the
relative error in calculated Γ(Ref) for when H = 5 to that of a probe oscillating far from
a surface as given by Stokes [120] and Sader [117], respectively. For H > 2, the relative
error for both geometries is approximately less than 1× 10−2 for almost all frequencies,
supporting our assumption that the surface has little influence on the body for large
distances. However, for H ≤ 2, we see significant influence on the probe due to the
presence of the surface, in line with the observations of [137]. The damping, denoted
by dashed lines, increases for decreased surface-body separation though this diminishes
with increasing frequency. On the other hand, the additional mass, denoted as solid
lines, decreases for low frequencies (Ref(ω) . 1) and increases for large frequencies
(Ref(ω) > 1).
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(a) Comparison with Stokes (Circular) [120]. (b) Comparison with Sader (Rectangular) [117].

(c) Comparison for different geometries. (d) Comparison calculated by Tuck [119]

Figure 3.7: A comparison of the results of our FEM solver for(a) the drag on a cylindrical object
compared against the analytic solution found in [120] and (b) the drag on a rectangu-
lar object compared against the analytic solution found in [117]. We show the relative
error in our calculation inset in both (a) and (b), while in (c) we compare the drag
calculated for both geometries which gives qualitative agreement with the results of
Tuck [119], reproduced in (d).
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In Figure 3.12, we show the real and imaginary components of the fluid velocity for
H = 10, 5, 2, and 1. Here, we have chosen Ref(ω1) = 0.6, which corresponds to the
first resonant frequency for a conventional AFM probe (with properties described in
Table 5) oscillating in air. This mode is most influenced by the introduction of a surface,
as shown in Figure 3.10. In Figure 3.12, we can see a reduction in both the real and
imaginary components of the fluid velocity as we decrease the distance between probe
and surface.

We next examine the case of a body with rectangular cross-section that is brought
towards a surface. We study the same distance regime explored for the cylindrical case,
shown in Figure 3.10a, and observe a decrease in the influence of the wall on the rect-
angular body for these distances and at all frequencies, as shown in Figure 3.10b. We
posit that this is due to the difference in surface area between the two bodies such that
less fluid is displaced for the rectangular case, as described in Section 3.4.1. However,
the qualitative change in the drag remains the same as in Figure 3.10a. We see a large
increase in the damping terms on the cantilever for low frequencies (Ref(ω) < O(2)),
but find that this has a reduced effect at high frequencies (Ref(ω) > O(2)) when com-
pared to the cylindrical case. Similarly, we find a decrease in the fluid inertial mass for

Figure 3.8: Schematic showing the oscillating body with (a) cylindrical cross-section and (b) rect-
angular geometry which is a total distance H∗ from the surface.

(a) H = 5

Figure 3.9: The mesh used for a probe with cylindrical geometry which is brought closer to the
wall. We refine the around the probe geometry and the lower plane which represents
a surface.
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(a) Cylindrical

(b) Rectangular

Figure 3.10: Influence of the wall on the hydrodynamic drag terms, added mass and damping,
as a function of oscillation frequency where (a) demonstrates the effect on a probe
with cylindrical geometry and (b) shows a probe with rectangular geometry. We
see that, for both geometries, there is not much change from the hydrodynamics
calculated in Section 3.4.1 until the distance one or two times the width of the probe,
H = 1, 2, as discussed in [137]. We have highlighted the resonant frequencies for a
cantilever with properties given in Table 5; Ref(ω1) = 0.6, Ref(ω2) = 3.7, Ref(ω3) =
10.4, Ref(ω4) = 20.4 and Ref(ω5) = 33.8.
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low frequencies (Ref(ω) < O(2)) and an increase for high frequencies (Ref(ω) > O(2)),
though this is also reduced when compared against the cylindrical case. We show the
resonant frequencies for cantilevers with the properties given in Table 5 as open circles.
These are discussed further in Section 3.6.

In Chapter 5 and Chapter 6, we shall consider the shift in frequency of the nth mode
in contact with a sample to the nth free mode of an AFM probe (opposed to the first
free mode, or fundamental mode, as is conventionally done in contact resonance (CR)
measurements[66]). Conventional contact mode AFMs4 will have a distance between
probe and sample of H = 0.25− 0.6. Hence, we are interested in tip-sample separations
less than unity for applications to CR-AFM. Hence, we solve for H = 1, 0.9, ... , 0.6
and also H = 0.5, 0.3, 0.2, and 0.1. These results are shown in Figure 3.11. For a beam
which is approximately 20 µm in width, the minimum distance for the rectangular case,
H = 0.1, would equate to 1 µm which is a less than the tip height for many conventional
AFM probes.

In Figure 3.11a, we show the change in drag for a cylindrical probe as it is brought
close to a surface. We find that there is a significant increase in the hydrodnamic drag
for all frequencies as well as a considerable increase in the inertial mass for a body
oscillating at high resonant frequencies (Re(ω) > O(1)). We find that at low frequencies
(Re(ω) ≤ O(1)), the inertial mass decreases as in Figure 3.11a and that this is relatively
insensitive to probe-sample separation. For all frequencies, there is a far larger increase
in the damping term (dashed lines) than the added mass on the cantilever. For small
separation distances, H < 0.6, we see a noticable increase in the hydrodynamic damping
term, as shown in Figure 3.11d. There is also an increase in the inertial mass term but
less pronounced than that of the damping term (which increases by almost two orders
of magnitude for Ref(ω) / 102).

The rectangular probe is shown for the same distances as the cylindrical probe, with
separation distances H = 1, 0.9, ... , 0.6 in Figure 3.11b, and for small separation distances
in Figure 3.11c. We see a substantial increase in drag with sensor-sample separation
when compared to that of the cylindrical case, as shown in Figure 3.11b. Furthermore,
for small distances, shown in Figure 3.11c, we see an increase in the damping on the
probe that can be as large as three orders of magnitude (an order of magnitude larger
than that observed for the cyldrical case) and that this increase exists for all frequencies.
Additionally, we see an increase in the inertial mass term for low tip-sample separation
distances (H ∼ 0.1) and all frequencies, though this less pronounced than the increase in
fluid damping. In Table 6, we give our calculated values for the real and imaginary com-
ponents of drag of the first five resonant frequencies of an AFM probe, with properties
described in Table 5 and marked as open circles in Figure 3.11b.

We have shown that our solver is able to capture a change in the hydrodynamic drag
as an oscillating body is moved towards a surface, assuming that span-wise fluid flow
will dominate such that the dimensionality of the problem can be reduced to two dimen-
sional flow around the cross-section of an infinitely long beam. We have examined both

4 We discuss the distinction between contact mode and tapping mode AFM in Chapter 1.
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(a) Circular Geometry (b) Rectangular Geometry

(c) Circular Geometry (d) Rectangular Geometry

Figure 3.11: Added mass and damping as a function of oscillation frequency for different probe–
sample separations. Both (a) and (b) are for H = 1, 0.9, ..., 0.6, where arrows show
decreasing H. We show the additional tip-sample separations for the rectangular
case in (c) where H = 0.5, 0.3, 0.2, 0.1.
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(a) H = 5 (b) H = 2 (c) H = 1 (d) H = 0.5

(e) H = 5 (f) H = 2 (g) H = 1 (h) H = 0.5

(i) H = 0.4 (j) H = 0.3 (k) H = 0.2 (l) H = 0.1

(m) H = 0.4 (n) H = 0.3 (o) H = 0.2 (p) H = 0.1

Figure 3.12: We show the velocity profile for a probe with cylindrical geometry which is brought
closer to the wall. We refine the mesh around the probe geometry and the lower
plane which represents a surface.
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5

(a) H = 5 (b) H = 2 (c) H = 1 (d) H = 0.5

(e) H = 5 (f) H = 2 (g) H = 1 (h) H = 0.5

(i) H = 0.4 (j) H = 0.3 (k) H = 0.2 (l) H = 0.1

(m) H = 0.4 (n) H = 0.3 (o) H = 0.2 (p) H = 0.1

Figure 3.13: We show the real components of the velocity profile of a probe with rectangular
geometry, oscillating near to a surface, such that Re(ω1) = 3 and ω1 = (2π)15 kHz.
We refine the around the probe geometry and the lower plane which represents a
surface.
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Figure 3.14: A magnification of the last figure showing the real part of the fluid velocity in Fig-
ure 3.12 and Figure 3.13, respectively. Both figures show the same region in the
domain but with updated scalebar to highlight the difference in magnitude of the
fluid velocity for differing geometries.

cross-sectional geometries, cylindrical and rectangular, over a range of realistic separa-
tion distances and find that hydrodynamics of the system remain relatively unaffected
by the influence of the wall for distances greater than the width, supporting the work of
[137]. However, for smaller separations, we find significant increase (by several orders
of magnitude) in the damping on the body, particularly at low frequencies. This has im-
plications for contact mode AFM probes which oscillate within this separation regime.
For both geometries, we find that there is an initial reduction in the inertial term of the
hydrodynamic drag for low frequencies (Re(ω) ≤ O(1)). For all higher frequencies of
oscillation, the added mass is relatively unaffected by wall effects until the separation
distance is small (H ≤ 0.6), where there is a signicant increase in the added inertia for
high frequencies (Re(ω) ≤ O(1)).

We show the velocity profile for the cylindrical beam in Figure 3.12 and rectangular
beam in Figure 3.13. This highlights the qualitative difference in the hydrodynamics of
the two geometries that we have chosen to investigate. The magnitude of the real part of
the velocity is larger for almost all separation distances, for the specific case where both
cylindrical and rectangular body are brought close to the wall (H = 0.1) in Figure 3.14.
It can be seen that a body with rectangular geometry captures more fluid in the space
between the bottom boundary and the wall than a body with cylindrical geometry. This
demonstrates that our solver is capturing the full interaction between the two boundaries
and points to the possibility of a ‘squeeze-film’ damping effect that occurs when a shape
with rectangular geometry oscillates near to a wall, as has been discussed elsewhere in
[118, 142]. However, further investigations are required to validate this. We next turn to
the implications of these results for AFM operation, with specific attention given to how
they will alter the resonant frequency and Q factor of an oscillating AFM probe.
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H = 2 H = 1 H = 0.5 H = 0.3 H = 0.2 H = 0.1

Γ(Ref(ω1)) 3.3 + 10i 3 + 24i 3 + 86i 3.3 + 280i 3.7 + 770i 5 + 5,100i
Γ(Ref(ω2)) 2.4 + 2.2i 2.3 + 4.3i 2.5 + 14i 2.9 + 45i 3.4 + 130i 4.8 + 830i
Γ(Ref(ω3)) 2 + 1.1i 2 + 1.8i 2.3 + 5.3i 2.6 + 16i 3.1 + 45i 4.6 + 300i
Γ(Ref(ω4)) 1.7 + 0.75i 1.9 + 1.1i 2.1 + 2.8i 2.5 + 8.4i 3 + 23i 4.4 + 150i
Γ(Ref(ω5)) 1.6 + 0.56i 1.7 + 0.76i 2 + 1.8i 2.4 + 5.2i 2.9 + 14i 4.3 + 91i

Table 6: Calculated hydrodynamic function, Γ(Re(ωn)), calculated by (3.14), for the first five
modes, n = 1, ..., 5 of the rectangular cantilever with properties given in Table 5. Note
that increase in viscous damping as the sample-probe distance decreases. The resonant
frequencies fn = ωn/(2π) are given in Chapter 2.

3.5 discussion

In Section 3.4.2, we considered the influence of the wall on an oscillating cantilevered
probe over a range of driving frequencies and wall-probe distances. We are primarily
concerned with the behaviour of the probe as it is brought towards a rigid surface,
and the additional contribution to viscous drag due to the surrounding fluid. We have
demonstrated that the probe will be unaffected by the surface when the separation
distance is greater than the width of the probe, in line with what was discussed in [137].
However, for distances smaller than the width, the influence of the surface becomes
significant, as shown in Figure 3.11.

We now turn to the validity of our solver when considering surface influences. Past
work [137, 140] has considered the introduction of a surface on the hydrodynamics of an
oscillating AFM probe (with rectangular geometry only) through a semi-analytic BEM
approach and provided tabulated values for the hydrodynamic function over varying
probe-surface distances. In [137], the hydrodynamics of 2D flow around a cross-section
of a rectangular beam was calculated over the distances, H = 2, 1, 0.6, 0.4, 0.2. Mean-
while, [140] calculated the same 2D function and compared it against the 3D work given
in [139] and experimental work of [132], where they found good agreement. In [140],
the hydrodynamic function is also given in tabulated results and can be calculated for
arbitrary frequency and probe-surface distances. We compare the tabulated values of
[140] against our own for the case of H = 2 in Figure 3.15, where we expect the hydro-
dynamics to match the hydrodynamics of the free probe. Hence, we include the relative
error for the respective solvers when compared to the free hydrodynamics (described in
Section 3.4.1). We find that our FEM solver calculates the drag with equal or improved
accuracy when compared against the tabulated results of [137, 140] for how well it ap-
proximates the hydrodynamic drag on a free oscillating rectangular probe.

In Figure 3.16, we compare our 2D solver to the hydrodynamic drag calculated from
the tabulated results of [137, 140] over the range of separation distances H = 2, 1, 0.6,
0.4, 0.2. We find good qualitative agreement with the hydrodynamic drag calculated by
[140], which has also been validated against [137] and the full three dimensional solver
introduced in [139]. To reiterate, both [137, 140] utilise a boundary element method to
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Figure 3.15: The hydrodynamic drag on a rectangular cantilever for H = 2, calculated using
the tabulated results of (a) [137], (b) [140], and, (c), our own FEM solver. Inset is
the relative error when compared against the hydrodynamic drag on a rectangular
cantilever oscillating far from a surface given in [117].

Figure 3.16: The hydrodynamic drag D on a rectangular probe calculated over the range of sep-
aration distances H = 2, 1, 0.6, 0.4, 0.2. In (a) we show drag calculated using the
tabulated results of [137], and, in (b), the tabulated results of [140]. We find good
qualitative agreement with both [137] and [140] for our own calculation of the hy-
drodynamic drag (c).
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solve for the hydrodynamic drag, whereas we have used a finite element method solver.
To the best of our knowledge, this is the first validation of the work by [137] that has not
employed BEM techniques. This demonstrates that our FEM solver is able to reproduce
existing hydrodynamic results. However, our solver is amenable to extensions (in a way
that BEM is not) including considerations of three-dimensionality and biphasic flow as
we discuss in Section 3.7. Furthermore, as we have developed our solution using open-
source libraries, the work can easily be built upon by others in the AFM and MEMS
community to study, for example how the influence of multiple oscillating bodies near
to a surface as occurs for cantilever arrays [160, 161].

3.6 implications for afm

Our findings are directly relatable to the operation of an oscillating AFM probe. For an
oscillating beam in a vacuum, discussed in Chapter 2, the dispersion relation describes
how the nth resonant angular frequency, ωn = 2π fn, relates to the beam’s material
properties and boundary conditions

ωn = α2
n

√
EI
µ

. (3.37)

where αn is the boundary-specific wavenumber of the nth eigenmode, EI is the flexural
rigidity and ρA is the areal mass density as described in Chapter 2. We rewrite (3.37) in
terms of the static spring constant, defined in (2.4), and the mass of the beam mc = ρAL,
giving

ωn = α2
n

√
kc

3mc
. (3.38)

As discussed in Section 3.3.1, the presence of fluid surrounding the cantilever will in-
troduce additional inertial and damping terms, described by the complex-valued hydro-
dynamic function, Γ, where the real part represents the additional inertial forces due to
the presence of the fluid and the imaginary part denotes viscous fluid damping. Hence,
when the cantilever is oscillating in a fluid, the dispersion relation will also contain
additional inertial effects from the presence of the fluid, mf, such that the total mass is

mT = mf + mc. (3.39)

For an oscillating cantilever that is initially free from any surface contributions and then
brought towards the surface to a separation distance of H, the ratio of the cantilever
free resonant frequency, fR, free, to the resonant frequency when the cantilever is brought
close to the surface, fR, contact, is

∆ fn =
fn,contact

fn,free
=

(
αn, fcontact

αn, ffree

)2√
∆m, (3.40)



3.6 implications for afm 75

where ∆m = mT, free/mT, contact and where we refer to the contact and free wavenumber,
resonant frequency and total mass via their subscript. The change in mass due to addi-
tional hydrodynamic influence of the surface, ∆m, can be found using the definition of
the hydrodynamic function, (3.15 – 3.16),

∆m = mc

(
1 + cΓr, free(ωn,free)

1 + cΓr(ωn,contact, H)

)
, (3.41)

where Γr, free(ωn) denotes the hydrodynamic function for an probe oscillating far from
a surface, Γfree(ω) = limH→∞ Γ(ω, H), where the subscript r denotes the real part of the
hydrodynamic function and c = πρfLb2/(4mc).

The hydrodynamic function also introduces additional viscous damping, γ, to the sys-
tem. Note that, in a vacuum, γ will be predominantly composed of the intrinsic damping
of the probe when oscillating free from a surface. The damping on the cantilever causes
a change in the quality factor of the resonance,

Qn =
mcωn

γ
, (3.42)

where the hydrodynamic damping is given by the imaginary component of the hydro-
dynamic function, according to (3.16). We again consider the ratio of the Q factor for the
cantilever oscillating free from a surface to that of the cantilever oscillating nearby,

∆Q =
Qn,contact

Qn,free
= ∆m∆γ, (3.43)

and where,

∆γ = ∆ fn
Γi, free(ωn,free)

Γi(ωn,contact, H)
. (3.44)

In Figure 3.17, we plot the change in the square root of the added mass (Figure 3.17a)
and the damping scaled by the shift in frequency ∆ fn (Figure 3.17b), for the first five
modes of a MSNL-B cantilever, with properties described in Table 5 and resonant fre-
quencies marked as circles on Figure 3.10b, and where H = 2, 1, 0.5, 0.3 and 0.2. We have
chosen to plot

√
∆m/mc as this represents a potential error when calculating material

properties using a shift in resonant frequency. Similarly, we plot ∆γ/∆ fn as this corre-
sponds to the change in calculated damping when measuring the shift in Q, though we
note that both ∆ fn and ∆m will also be influenced by the added mass, as shown in (3.40)
and (3.43). It can be seen that both the damping and added mass are less affected by
the influence of a surface as the mode number increases, owing to the decreased sen-
sitivity to the influence of the wall at higher oscillatory Reynolds numbers. This gives
further motivation for using the higher modes of a micro-mechanical cantilever to mea-
sure material properties, as discussed in Chapter 1. We also see that for H = 0.2, which
is approximately equal to the tip height of conventional contact-mode AFMs, there is
a decrease in both the scaled influence of the added mass, Figure 3.17a, and of damp-
ing, Figure 3.17b. For n > 2, this is less than 1% for the added mass. However, for the
scaled damping, this is between 25%− 35% demonstrating that the viscous damping
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Figure 3.17: The influence of (a) the hydrodynamic inertial effects, scaled by the mass of the
cantilever according to (3.41) and (b) the hydrodynamic damping, scaled by the shift
in resonant frequency according to (3.44), for the first five resonance frequencies,
Ref(ω1) = 0.6, Ref(ω2) = 3.7, Ref(ω3) = 10.4, Ref(ω4) = 20.4 and Ref(ω5) = 33.8.

term should be accounted for when calculating the damping in the system, through the
Q factor of the resonant peak of an AFM probe.

To the best of our knowledge, the change in the hydrodynamics with respect to a
change in height has not been considered explicitly before using the finite element
method. Instead, previous investigations have examined how the hydrodynamics is in-
fluenced by different fluids [140]. In this thesis, we will show how the resonant frequency
and Q factor, can give additional non-topographic information about the sample. Hence,
the correction factors that are shown in Figure 3.17 are expected to influence the ac-
curacy of acoustic measurements of viscoelastic properties, as described in Chapter 5,
when they are not accounted for. Given the need for improved confidence and accuracy
in measurement techniques, we expect the above discussion to be of relevance to any
method that considers the resonant properties of a probe in fluid environment. We give
examples of this in Chapter 5.

3.7 further considerations

We have demonstrated a new solver for calculating the hydrodynamics on an oscillating
body immersed in fluid. Our solver is versatile in that it can be adapted to different ge-
ometries and frequencies, as discussed in Section 3.4.1. We have been able to reproduce
boundary element results, including those found in [119] and [117], by calculating the
velocity and pressure in the fluid as well as calculating the hydrodynamic drag on the
boundary of an oscillating body. This can be accomplished in approximately 15 s for a
domain with 30,000 finite elements (2.7 GHz Intel Core i5 laptop with 16 GB of RAM).
Having treated the case of a body that is oscillating in a fluid, we then consider how the
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introduction of the surface will influence the system. Again, we find good agreement
with past literature such as [137, 140].

Thus far, we have treated only the two dimensional case of a body oscillating free and
near to a plane surface. However, our solver is conceived such that a full three dimen-
sional version is implementable. In Figure 3.18, we show example meshes that can be
used to implement our solver for the full 3D case. In order to run this script, we must
account for the velocity profile of the beam across the length which is found by consider-
ing the nth mode shape as described in Section 2.5. Once the velocity profile of the beam
has been accounted for, the script is run as before where only the dimensionality of the
elements must be changed. The increase in dimension causes a corresponding increase
in the number of elements that we are required to solve for. In Section 3.4, we 30,000 to
60,000 finite elements. The extension of this solver to three dimensions would require an
increase in the number of elements to retain accuracy. As such, we believe it conducive
to run a parallelised version of our solver on a high performance computing (HPC) sys-
tem. Future work will seek to implement this in order to resolve some of the issues of the
two dimensional flow approximation, such as the discrepancies when back-calculating
the hydrodynamic function in Figure 2.12 and considerations of the length-wise fluid
contributions [121].

As discussed in Section 3.1, Clarke [118] calculated the change in hydrodynamic drag
in the limit of high and low oscillations and proble-sample separation distances. In
[118], the parameter space for different fluid regimes was constructed for the tip-sample
separation, H, and characteristic flow inertia, λ as introduced in (3.11). For moderate
separations, H = O(1) and low frequencies, λ � 1, the viscous terms become neglible
and the governing equations of the flow reduce to the steady Stokes equation [118].
However, as the surface distance becomes small, H � 1, the flow between the wall
and surface can separate due to the disparity in length scales between the radius of the
surface and the separation distance. This leads to a lubrication regime which requires a
relevant change in the governing equations of the flow. We have not dealt with either of
these cases here.

Instead, we have examined the cases where the separation is significantly greater than
the reciprocal of the characteristic flow inertia H � λ−1. This returns the result of
Stokes and Tuck [119, 120] as described in Section 3.4.1. In Section 3.4.2, we describe
the influence of the wall which corresponds to the regime where the characteristic flow
inertia is large and separation distance is moderate to small, λ � max(1, H−1). This
results in invisicid flow with viscous contributions restricted to the boundary layers
on probe and surfaces, as described in [118]. However, a further regime occurs when
the separation distance is decreased such that the boundary layers of both surface and
oscillating body becomes comparable, shown to occur when λ−

4
3 . H . λ−1 [118]. This

results in a bi-phasic fluid regime with an inner lubrication flow and an outer flow that
is comparable to that described in Section 3.4.2. We note that this is of relevance to high-
speed AFM (see Chapter 1) and look to incorporate it into our fluid solver in future
work.
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Figure 3.18: An example mesh for the case of a thin rectangular beam oscillating in 3D flow.

3.8 conclusions

In this chapter, we have demonstrated a new FEM-based approach to calculating the
hydrodynamics on an oscillating body. Our solver is versatile at handling changes to the
cross-sectional geometry as well as the introduction of additional changes to the domain,
such as the presence of a surface. In Section 3.4.1, we compare the calculations from our
solver to previous results, such as [120] which treats the hydrodynamics of fluid around
a cylindrical body, and the rectangular correction factor put forward by Sader [117]. We
find good agreement with both of these methods when calculating the drag on the free
body, where the relative error between these results and our own solver is less than 1%
for almost all oscillatory Reynolds numbers.

The benefits of our solver are two-fold. First, the solver does not require significant
adaptations in order to account for changes in the domain. For example, the mesh file
that was used to calculate the influence of a wall, considered in Section 3.4.2, could
also account for surface geometries to give further insight as to how the surface-sensor
hydrodynamics couple during AFM measurements. Furthermore, our code is capable of
being extended to account for 3D geometries, as we discuss in Section 3.7. This lays the
framework for addressing existing limitations to the assumptions of the hydrodynamic
theory, as described in Section 3.1.

In Section 3.4.2, we investigate the influence of a wall on the hydrodynamics of the
system. We find that a rectangular body will have increased damping than that of a
cylindrical body for high separation distances. This highlights that our solver is cap-
turing the full interaction of the flow between the two boundaries and may be due
to ‘squeeze-film damping’ effects. However, this cannot be shown conclusively without
further experimental investigation as well as considerations of the contributions from
length-wise fluid terms. We find that, for both geometries, the damping increases sig-
nificantly when a surface is introduced, especially at low frequencies (Re(ω) < O(1)).
Similarly, the surface causes a change in the added mass, which decreases at low fre-
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quencies and increases for higher frequencies (Re(ω) > O(1)). We compare our results
to the hydrodynamic function given in [137, 140] and find good agreement with our
solver despite using a different numerical scheme (FEM, rather than BEM). We then
describe how knowledge of the hydrodynamics of a body oscillating near to a surface
will have implications for AFM, especially when calculating material properties using
acoustic information of an AFM probe, such as contact resonance AFM (see Chapter 4

for more information). Specifically, we describe how the higher resonant modes of an
AFM probe are less influenced by the hydrodynamics of the system, but that even util-
isation of the higher modes will require consideration of the hydrodynamic damping
when measuring phenomena such as material creep.

This work has highlighted the influence of hydrodynamic drag on an AFM oscillating
near to a surface. This will motivate our choices and assumptions in later chapters. For
example, in Chapter 4, we describe how to relate a shift in resonant frequency to an ide-
alised contact stiffness which contains information about the sample properties. In this
and subsequent chapters, we calculate the shift with respect to the nth free and in vacuo
resonant frequency of the probe so as to diminish the influence of the hydrodynamics.
In Chapter 5, we demonstrate that the calculated contact stiffness is consistent across
multiple modes of a soft cantilever in contact with a stiff material and use the hydro-
dynamic solver to calculate the viscoelasticity of a sample of stainless steel. Though the
sample does not exhibit significant viscoelastic behaviour, it offers a potential avenue for
the extension of this work; the measurement of viscous properties using the resonant
frequencies of a soft AFM probe.





4
M O D E L L I N G A C O N TA C T S T I F F N E S S

4.1 introduction

In this chapter, we introduce the concept of a contact stiffness, k∗, to model the contact
event between a sensor and sample. We illustrate how to find the contact stiffness from
a measured shift in resonant frequency of a micro–mechanical sensor, and how the in-
clusion of additional considerations into the model of tip-sample interaction leads to
consistency of the contact stiffness across multiple modes. We note that, to the best of
our knowledge, modal consistency of contact stiffness has not been previously observed
across multiple higher modes when measuring ‘stiff’ materials, such as metals, with
soft cantilevers, with low spring constant. Hence, we expect our findings to be influen-
tial within the field of contact resonance as well as motivativing work set out in later
chapters, Chapter 5 and Chapter 6.

4.2 contact stiffness

Micro-mechanical cantilevers are increasingly being used as a characterisation tool in
both material and biological sciences [162–164]. Non-destructive applications are being
developed that rely on the information encoded within a cantilever’s higher oscillatory
modes, such as contact resonance AFM (CR-AFM), a technique that can measure the lo-
calised stiffness of a sample [66, 165]. Contact resonance techniques connect the change
in resonant frequency of a probe when in contact with a surface, ∆ fR, to a contact stiff-
ness, k∗, which describes the interaction between the oscillating probe and the sample
under investigation [68]. The process of using a sensor to measure the contact stiffness
of a sample can be summarised into three parts:

1. Cause: The sample’s material properties that couple with the sensor.

2. Model: The interaction between the sensor and the sample.

3. Effect: The response of the sensor, and the change in its behaviour when in contact.

In CR-AFM, sample information is found by measuring the shift in resonant frequency
due to the tip-sample interaction [68]. The effect on the cantilever’s resonant frequency
is interpreted by means of a model, idealised through the introduction of a contact
stiffness. The contact stiffness, which encapsulates the interaction between the sensor
and sample during contact, is defined below1.

1 This definition is further expanded upon in Chapter 5.
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definition 3: Contact Stiffness. The contact stiffness of a sample, k∗, as measured
by a probe that penetrates a total distance, δ, into a sample due to a contact force, FN,
describes the rate of change in contact force with respect to this penetration depth,

k∗ =
dFN

dδ
. (4.1)

When the contact force is applied normal to the sample, the contact stiffness will contain
only the normal components in all coordinate directions. In particular, it is commonly
assumed [66] that the contact stiffness can be well described by two components, k⊥ and
k‖, the normal and lateral stiffness respectively.

This contact stiffness is used as a proxy to the material properties that cause the devi-
ation in the response of the probe. In this chapter, we show how to relate the effect to a
model; how a change in resonant frequency leads to a sample-specific contact stiffness.
In Chapter 5, we take the further step of relating the model to a cause; namely, how an
idealised contact stiffness encapsulates the material properties of the sample (such as
viscoelasticity). Relating model to cause, as discussed in Chapter 5, requires confidence
that the model captures a true property of the sensor-sample system. Though a rela-
tively new technique, contact resonance techniques have been applied under different
conditions to a wide range of different materials [166–169]. However, the nature of the
technique requires a thorough investigation of the modelling assumptions.

We summarise the work in this chapter as follows. We begin, in Section 4.3, by in-
troducing the contact resonace technique and framing it in the wider field of micro–
mechanical sensing and atomic force microscopy. We then describe, in Section 4.4.1, the
details of how to relate a shift in frequency to the contact stiffness of the sensor-sample
system, as embodied by an idealised spring. In Section 4.4.2, we introduce the simplest
version of the model which describes how a normal spring influences a beam that is in
contact parallel to the surface. As the primary focus of this thesis is in extending the
usability of contact resonance to “stiff” materials (materials with elastic modulus above
or near the 100’s of GPa range), we show how to relate shifts in resonant frequencies
to higher regions of contact stiffness by including both normal and lateral components
of the contact stiffness. Hence, we introduce the necessary modifications to this model:
a beam tilted towards the surface in Section 4.4.3 and a length offset for the tip in
Section 4.4.4. In Section 4.5, we demonstrate for the first time that the introduction of
additional parameters to the model (the distance that the tip is offset from the free end
of the probe as well as the tip height) provides a route to modal consistency of the con-
tact stiffness, i.e. that the calculated properties of this idealised spring remains the same
regardless of the sensor eigenmode used for measurement. We relate this modal consis-
tency back to the stiffness curves described in Section 4.4.1. The theoretical descriptions
outlined here are used as the foundation for Chapter 5 which relates a contact stiffness
to the elastic properties of a sample.
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4.3 acoustic measurements

4.3.1 Scanning Acoustic Microscopy

Since the 1970s, methods that utilise acoustic and ultrasonic waves (those that range
from 100s of kHz to MHz) have been used to test material properties. One of the earliest
examples used a lens that focused acoustic waves onto a surface and gained information,
from the reflected waves, by inferences of the acoustic impedance (the resistance of a
material to the passage of acoustic waves) of a sample [170]. These techniques continue
to gain attention and application in various fields. For example, in 2015, the acoustic
signal recorded from the Philae lander was used to infer material properties of the
surface of a comet [171]. The landing gear of the probe was used as the sensor (with
a radius of 200 mm) by which the comet surface properties were measured. However,
most contact resonance methods use much smaller sensors. The advantage of a small
sensor near to a sample is that the signal to noise level of acoustic measurements is
increased as they become ‘truer’ carriers of acoustic waves (i.e. they are more flexible and
compliant with lower mechanical impedence). Through microfabrication, such acoustic
sensors have been made increasingly smaller with a corresponding improvement in
the resolution of the measurements. For example, in 1989, a quartz tuning fork was
excited over a chromium grating; the tuning fork was 2.5 mm long, 0.265 mm wide and
0.125 mm thick, yet was able to resolve the periodicity of the grating spacing which was
of the order of several microns [172]. It did so by exploiting the hydrodynamic forces that
act on the free end of the fork; we have examined similar hydrodynamic considerations
in Chapter 3. The contact resonance of a tuning fork, with similar dimensions to that
described above, was again used in 2017 to measure the oscillations of helium that
caused crystallisation waves at the solid-liquid interface [173]. The advances in both
contact resonance methods and metrology during the intervening time is demonstrated
by the increased resolution of the measurements in [173] in comparison to [172]; the
oscillation amplitudes in the later work were measured to be as small as 1 Å.

The utilisation of a scanning probe to measure surface properties acoustically has led
to the combination of acoustic measurements with atomic force microscopy. These tech-
niques, which are collectively referred to as contact resonance AFM, have found appli-
cations in both biological and material sciences,see for example [65, 164, 174]. The basic
principle of contact resonance AFM has remained unchanged across these techniques:
an acoustic wave is sent through either sample or probe and the change in the response
of the probe is measured. The response of the AFM probe is a result of the combination
of forcing, its intrinsic dynamics, and the coupled tip-sample interaction. Ultrasonic
Force Microscopy (UFM) is one such method that excites the surface directly, typically
at low frequencies, through a transducer fixed to the underside of the sample [175]. One
of the challenges of ultrasonic actuation is separating the oscillatory behaviour caused
by the sample actuation from the cantilever deflection caused by a surface artefact. This
can be achieved by modulating the ultrasonic amplitude faster than the capability of the
control signal but still within the detection range [176]. While this allows for simulta-
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neous measurements of topography and contact resonance information, the restrictions
on the ultrasonic frequency limits the range of contact resonance frequencies that can
be explored [66]. Furthermore, UFM seeks to minimise damage to the tip or sample by
using small contact forces that are in the order of tens of nanoNewtons. This causes the
vibration of the surface to couple the viscoelastic and topographic information such that
quantification of the properties becomes challenging [176].

In contrast to UFM, acoustic AFM (AFAM), originally proposed by Rabe and Arnold
[177], and Ultrasonic AFM (AFM), originally proposed by Yamanaka and Nakano [178])
excite the cantilever/sample at or near to one of the cantilever’s resonant frequencies.
This greatly increases the sensitivity of the cantilever, as the resulting contact-resonance
frequencies (the shift away from the cantilever’s free resonant frequencies) are typically
two to four times larger than the free resonant frequencies. The influence of exciting the
sample (AFAM) or the cantilever (UAFM) has been investigated both experimentally
and analytically by Rabe [66], who found that the source of excitation has no influence
on the contact resonances but will alter the measured amplitudes of the coupled system
[66]. Quantification of both UAFM and AFAM are possible, provided information about
the cantilever is known [66, 176]. Other forms of excitation have also been investigated,
such as by pulsed excitations which were found to be amenable to measurements of
materials that exhibit significant adhesion [71].

Since the early conception of acoustic measurements through micro-sensors, a wide
range of materials has been investigated, with Young’s modulus that range over sev-
eral orders of magnitude [166–169]. However, the sensitivity of the probe to the sample
properties is greatly dependent on the stiffness of the respective probe and sample.
For materials with elastic moduli that approach tens to hundreds of giga-Pascals, stiff
probes have traditionally utilised in order to gain the appropriate sensitivity to the ma-
terial properties [168, 179]. However, as we describe in Chapter 2, soft probes with low
static spring constants (kc ∼ 10−1) undergo an effective stiffening at high frequencies.
Hence, the higher modes are expected to increase the sensitivity for soft cantilevers to
stiff samples. This is beneficial for several reasons. First, the increased sensitivity of the
probe increases the scope of materials that can be investigated [101]. Furthermore, soft
cantilevers are more responsive to sample topography, such that multi-channel informa-
tion is possible [6]. Finally, utilisation of soft cantilevers minimises damage to the sample
under investigation, a significant aim for material testing techniques [90].

4.3.2 Non-destructive Measurements

The ability to measure the material properties of a sample to nano-metre resolution is
highly sought after [180, 181]. One of the most popular methods for doing so is a fam-
ily of techniques known collectively as nano-indentation [182]. Nano-indentation works
by pressing a tip, generally made from diamond or sapphire, into the sample surface
and measuring the resulting deformation. However, despite the prefix of nano-, this
method does not typically operate at nano-scale resolution. The tips of nanoindentation
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probes are around 100 nm to 10 µm and the stiffness maps that come from repeated nano-
indentation measurements are typically tens to hundreds of micrometers apart, giving
a resolution that is of the order of microns [87]. Another limitation of nano-indentation
is that it cannot be repeated on a sample. Each measurement requires permanent defor-
mation of the sample surface, causing irreversible damage. It currently forms the gold
standard for the stiffness mapping on stiff materials (see, for example, [89, 183]), though
the limitations of this method to material characterisation are severe. On the other hand,
contact-resonance techniques are non-destructive, owing to the low normal forces im-
parted by the cantilevers. CR-AFM techniques have been compared to nanoindentation
methods, and found to perform as well as, or better than, nanoindentation as a quantifi-
cation tool with the added benefit of being entirely non-destructive [184]. Yet, CR-AFM
techniques have not yet gained the same traction in material testing as nanoindentation2.
We posit that this is partly due to the difficulties in quantifying CR-AFM measurements,
as we discuss in Chapter 5, lending motivation to this work.

An advantage in the use of CR-AFM is that not only the fundamental frequency, but
also higher frequencies and modes, can be used [177, 178]. In the case of quantitative
elastic modulus measurements, the resonant frequency is matched to the stiffness of
the sample [71]. The use of higher modes is particularly important as it allows for the
utilisation of cantilevers with a low spring constant, protecting both sample and tip
from damage, as well as giving a substantial decrease in the stress field when compared
with nanoindentation [90] (see Chapter 1 for additional discussions on nanoindentation
and Chapter 5 for a discussion of the contact area of contact-resonance measurements).
While “stiff” cantilevers may lead to large forces and a stress field that covers not just
the test sample area but also the material substrate and neighbouring materials, this is
less of a problem for “soft” cantilevers due to the drop in force [71, 88]. Operating at
the higher modes of a cantilever may lead to much more localised quantification of the
residual stresses for stiff materials, though this has yet to be shown conclusively (we
return to this question in Chapter 6). It is through exploiting the higher modes of the
sensor that we can resolve some of the issues encountered by nanoindentation.

The importance of higher modes for contact resonance has been known since the con-
ception of contact resonance techniques [185]. Subsequent research has highlighted the
benefits of using the higher resonant frequencies, which substantially increase contrast
on stiff materials, and which have increased sensitivity to surfaces with high stiffnesses
[71, 164, 186]. Methods that use the higher harmonics of a cantilever have led to measure-
ments of the elastic properties of a host of materials such as polymers, biological objects,
and cellulose materials [162–164]. However, there have been relatively few attempts to
use the higher modes of an AFM probe to measure stiff materials, such as steels. This is
pertinant as many industries must go through costly and time-consuming testing pro-
ceedures in order to maintain quality and control of relevant system components. For
example, steel that is present in nuclear reactor boilers will undergo signicant loads

2 Here, we compare to the nanoindentation paper in Ref. [182], which, at the time of writing, has been cited
circa fourteen thousand times. Meanwhile, the highest cited CR-AFM paper that we are aware of [68] has
circa seven hundred citations at the time of writing.
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through their lifetime and it is extremely important that they are not allowed to reach
failure. A means to non-destructively assess the steel components in a fast and reliable
manner is highly sought after, further motivating our investigation into the effectiveness
of using the higher modes of an AFM to quantify elastic properties.

4.4 methods

Here, we seek a means to connect the shift in resonant frequency of an oscillating can-
tilever (such as an AFM probe) to the material properties of a sample. Specifically, we are
interested in developing the means to measure the material properties of stiff samples
(such as metals) in a non-destructive manner and with nanometre resolution. We pro-
ceed as follows: First, we outline the theory that relates the shift in resonant frequency
of a probe to a specific contact event (which we assume encodes information about the
sample). Then, we introduce the necessary extensions required to include ‘stiff’ contact
events, those events that occur between soft probes and samples that have elastic moduli
that are above or near the 100’s of GPa range. Finally, we highlight the sensitivity of var-
ious parameters and introduce a new means for parameter calculation which provides
modal consistency of a contact stiffness across multiple oscillatory modes (as we show
in Section 4.5).

4.4.1 Relating a Shift in Frequency to Contact Stiffness

We are interested in how to relate a shift in the resonant frequency of a cantilever oscillat-
ing while coupled to a sample. As we have discussed, we are primarily interested in the
dynamics of a soft cantilever when it is in contact with a stiff material, a material that is
many orders of magnitude stiffer than the static spring constant of the beam. Here, we
describe the necessary steps needed to modify the Euler-Bernoulli model of the beam,
as introduced in Chapter 2, to account for the surface.

We begin by outlining the general principle of converting shifts in frequency to a
contact stiffness. First, we discuss why a shift in frequency occurs. We note that an
oscillating cantilevered beam is well described by the Euler-Bernoulli beam equation for
the deflection of a one dimensional flexural beam[124],

∂4w(x∗, t)
∂x∗4

+
µ

EI
∂2w(x∗, t)

∂t2 = 0, (4.2)

where w(x, t) is the displacement of the cantilever in the x-direction at time t, µ is the
mass per unit length and EI is the flexural rigidity of the beam. In order to simplify cal-
culations, we nondimensionalise the spatial variables by rescaling by the total length of
the cantilever, L∗, such that x∗ = xL∗, where asterix denotes the dimensional quantities.
When seeking solutions for (4.2), we assume that they will be in the form of a harmonic
standing wave,

φn(x) =
∞

∑
n=1

Anei(αnx−ωnt), (4.3)
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where An is the amplitude of oscillation, ωn is the angular resonant frequency (or eigen-
frequency) of the nth mode and αn is the nth (real) eigenvalue, corresponding to the
spatial wavenumber of the nth eigenmode, which satisfies the dispersion relation for the
beam,

α4
n =

µ

EI
(2π fn)

2, (4.4)

where fn = ωn/2π is the resonant frequency of the nth eigenmode. After separation of
variables, the spatial solution to (4.2) will be of the form

w(x) = C1 sinh(αnx) + C2 cosh(αnx) + C3 sin(αnx) + C4 cos(αnx) (4.5)

where Ci for i = 1 to 4, are constants found from the boundary conditions of the system.
The dispersion relation, (4.4), shows that any ratio of two resonant frequencies does not
explicitly depend on the physical properties of the oscillating beam, but only on the
boundary conditions, since

∆ fn =
fn,contact

f1,free
=

(
αn,contact

αn,free

)2

= (∆αn)
2, (4.6)

where we have chosen the ratio of the nth resonant frequency in contact with a sample,
fn,contact, with the nth free resonant frequency, fn,free. Our reason for using the nth reso-
nant frequency, rather than the first (as is commonly done in CR-AFM methods, see for
example [65]) is motivated by the work in Chapter 3. In Section 3.6, we discuss how the
higher modes are less effected by considerations of the hydrodynamics of the system.
Hence, utilisation of higher mode is expected to give ‘truer’ measurements of the sam-
ple material properties. Furthermore, we utilise the resonant frequencies in vacuo, found
using our calibration method described in Chapter 2 to further remove the influence of
hydrodynamics on the cantilever. All reference to free resonant frequencies will refer to
the in vacuo calculated frequencies henceforth.

The coupling of the cantilever tip to the surface can be modelled through a suitable
change in boundary conditions which, when combined with (4.2), leads to the character-
istic equation of the system. This is then solved to find the wavenumbers, αn, for a given
contact stiffness. The squared ratio of the contact wavenumber to the nth free wavenum-
ber will be equivalent to the corresponding shift in frequency from the contact resonant
frequency to the free resonance, provided that (4.2) continues to model the beam such
that the dispersion relation, (4.4), remains unchanged [66]. Under these conditions, any
shift in frequency can be related back to a contact wavenumber for a given contact stiff-
ness introduced at the boundary (the AFM tip). We discuss these boundary changes in
the subsequent sections.

4.4.2 Parallel Cantilever

Having described how the shift in resonant frequency will relate to a contact stiffness at
the boundary, we describe how boundary conditions of the beam are adapted to include
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the contact stiffness. For the simplest case, we follow [66, 177] and assume that the beam
is oscillating strictly parallel to the surface and that the tip, the contact point, is located
exactly at the free end of the cantilever, as shown in Figure 4.1.

k⊥

L

x
y

Figure 4.1: The model of an Euler-Bernoulli beam, (4.2), in parallel contact with the surface. The
interaction that results from the contact between the sensor tip and surface is idealised
by a spring which represents the contact stiffness, k⊥.

We assume the same clamped boundary conditions at the fixed end, x = 0, of the
cantilever as in Chapter 2,

w(0) = 0, (4.7)

wx(0) = 0, (4.8)

At the end in contact with the surface, x = L, there is a single boundary condition
that needs to be adjusted from that in Chapter 2; the shear force due to contact. This
additional force is included in the third spatial derivative of the beam displacement at
the free end, where contact force is introduced as a linear spring fixed normal to the
surface. The contact force, described in more detail in Section 5.2 in Chapter 5, contains
the normal load applied to the cantilever. The introduction of the linear spring leads to
a change in the boundary conditions at the free end, x = L,

wxx(L) = 0, (4.9)

wxxx(L) = − (k⊥EI)w(L), . (4.10)

Though we have introduced a means to calculate the flexural rigidity, EI, of a cantilever
in Chapter 2, we note that a simplification can be made by relating the shear force to the
static spring constant, defined in (2.4) and repeated here,

kc =
3EI
L3 . (4.11)

Using (4.11), we rewrite the boundary conditions in (4.9 – 4.10) in terms of only the
length of the beam, the static spring constant of the cantilever, and the normal contact
spring,

wxx(L) = 0, (4.12)

wxxx(L) = −
(

3k⊥
kcL3

)
w(L), (4.13)
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Solving the spatial equation, (4.5) with boundary conditions, (4.9 – 4.10) gives the char-
acteristic equation,(

3k⊥
kc

) (
cos(αn,contact) sinh(αn,contact)− cosh(αn,contact) sin(αn,contact)

)
= (4.14)

(αn,contact)
3 (cos(αn,contact) cosh(αn,contact) + 1) (4.15)

We can now examine how the stiffness of the contact spring will influence the resonant
behaviour of the cantilever. In order to find the contact stiffness, we use the measured
shift in frequency, ∆ fR, to find the contact wavenumber,

αn,contact = αn,free
√

∆ fn. (4.16)

If the spring is sufficiently weak to be considered negligible, k⊥ � 1, we return to the
characteristic equation for the clamped-free beam [187],

cos(αn,free) cosh(αn,free) + 1 = 0. (4.17)

In this case, there will be no change to the resonant frequency of the beam, which is a
product of the wavenumber and the material properties of the beam.

On the other hand, if the contact stiffness, represented by the linear spring, increases
to that of an infinitely stiff spring then the boundary condition becomes pinned. The
wavenumber will then shift to that of a clamped-pinned beam with the corresponding
characteristic equation,

tan(αn,pinned)− tanh(αn,pinned) = 0. (4.18)

More generally, a measured change in resonant frequency ∆ fn gives a contact stiffness
k⊥, by (4.14 – 4.16). The shift in resonant frequency, found by dividing a resonant fre-
quency when in contact by that of the free resonance, does not require direct knowledge
of the cantilever’s material properties, as shown in (4.6). In this way, the contact stiffness
can be related directly to the change in resonant frequency due to the coupling of the
tip with the sample.

It is important to consider how the wavenumber of the system varies for contact
stiffnesses that fall between the limiting cases of a negligible and infinitely stiff spring.
In Figure 4.2 we show how the contact stiffness varies for the first four modes of a
beam, for L = 1, and over the range of k⊥/kc = 100 − −106. It is clear that there is
a shift in wavenumber from low (the clamped-free case) to high (the clamped-pinned
case) contact stiffness. However, this shift is not identical for each eigenmode of the
beam. At each mode of the beam, there is an effective stiffening caused by the change
in stiffness at the free end. This effective stiffness will reach a maximum such that a
resonant frequency will only be able to shift to a maximum stiffness, that of a pinned
constraint. The pinned constraint will reduce the amplitude of oscillation at the location
of the spring. The wavenumber of the nth mode of a pinned beam can be understood
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Figure 4.2: The mode-stiffness curves for increasing higher eigenmodes of the sensor. Each con-
tact wavenumber, αn, can be related back to a shift in frequency according to (4.6).
This wavenumber relates to the normalised contact stiffness, k⊥/kc, used to model
the tip-sample interaction. We note that some wavenumbers cannot be related to a
contact stiffness with this model, shown as grey bands.

as creating an anti-resonance in the frequency response of the beam, a minimum in the
amplitude at a frequency higher than the resonant frequency of that mode [188].

The anti-resonance of the nth mode of a beam will always occur at a lower frequency
than the free resonance of the (n + 1)st mode. Higher modes will be more susceptible to
larger changes in contact stiffness (as the effective stiffening of the beam increases with
resonant frequency, as shown in Chapter 2) but there will be a plateau for each mode
where the vibrational behaviour of the beam becomes insensitive to changes in stiffness.
In the theoretical case of a beam oscillating parallel to a surface, a plateau represents
an anti-resonance and a maximum shift in the resonant frequency of the beam. For the
parallel case, there will be a gap between modes for which no shift in frequency is
possible, shown in Figure 4.2 as grey bands between the modal stiffness curves. This
gap is a result of the cantilever’s motion being restricted to the x direction only.

Thus far, we have described how to relate a shift in the nth resonant frequency of a
parallel beam in contact with a surface to the nth free resonant frequency of the beam,
∆ fn = fn,contact/ fn,free, to that of a normalised contact stiffness, k⊥/kc, by means of the
contact wavenumber of the beam, αn,contact. However, we have also shown that, using
this model, certain contact wavenumbers cannot be related to a normalised contact stiff-
ness, shown as grey bands in Figure 4.2. This is not an issue if the effective stiffness of
the probe is of similar magnitude to that of the sample (k⊥ ≈ kn), as we show in Chap-
ter 5, but will lead to a restriction in the sensitivity of the probe for anything higher
than the first few modes, shown as flat regions in Figure 4.2. Here, we are primarily
concerned with measurements on stiff samples such that k⊥/kc ≈ 103, which would
require cantilevers with a high static stiffness if we were to restrict ourselves to the
first mode. Instead, we utilise the sensitivity of higher modes by using soft cantilevers,
kc ∼ 2× 10−2 N m−1. This is expected to cause lower modes, such as the first and second,
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to become insensitive to contact stiffnesses, as they are limited to their upper plateau in
sensitivity. We demonstrate in Chapter 5 that the shift in contact stiffness actually results
in contact wavenumbers that are inside the grey bands shown in Figure 4.2, such that
certain shifts in resonant frequency, and hence, contact wavenumbers, cannot be related
to a contact stiffness using this model. In order to include contact wavenumbers that
occur beyond the plateau of lower modes, we must extend the model of the parallel
beam to account for a tilt, Section 4.4.3, and an offset, Section 4.4.4.

4.4.3 Tilted Cantilever

We have shown that through the introduction of a normal spring modelling the tip-
sample interaction, the clamped-free beam will eventually result in a clamped-pinned
beam as the normal spring becomes infinitely stiff. However, the beam may also be re-
strained due to lateral contact forces, parallel to the surface, and modelled by a second
lateral spring which is again implemented through the boundary conditions, described
below. This spring induces a rotational inertia to the system. As the surface becomes
infinitely stiff, without the presence of a normal spring, the system is described by
a clamped-hinged constraint. If both lateral and normal spring are infinitely stiff, the
system is restricted into a clamped-clamped state. The system has previously been in-
vestigated previously; see, for example [66, 189].

In order to incorporate this additional spring, we need only adapt the boundary con-
ditions of the cantilever. The introduction of a lateral contact stiffness is a direct result of
AFM probes being tilted towards the surface, as shown in Figure 4.3. This tilt introduces
an additional shear force and rotary inertia that must be accounted for as well as the
height of the tip, h∗, which now acts as a moment arm. The adapted model can either
ignore or include changes to the tip offset (how far the tip is from the free end of the
sensor) with only minor changes to the boundary conditions. We scale the tip height by
the total length of the cantilever, h∗ = hL∗. To begin with, we neglect considerations of
the tip position.

k⊥

L
θ

x
y

k‖

h

Figure 4.3: An extension to Figure 4.1, where the Euler-Bernoulli beam is now tilted with respect
to the surface by an angle, θ. This tilt introduces two further parameters into the
system, the tip height, h, and a lateral spring representing the lateral contact stiffness,
k‖, of the sensor-sample system.
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Figure 4.4: The tip, with height h, makes contact with the surface. The interaction of the tip with
the surface causes a corresponding tip displacement, xt and yt. This displacement
couples with the lateral and normal contact stiffnesses, k‖ and k⊥, represented as
springs, resulting in additional moment and forces, (4.20).

The tilt of the cantilever introduces additional moment and forces at the tip. As noted
by Dupas [190], the motion of the beam will cause a tip displacement, (xt, yt), in both x
and y directions, given by

xt = hw′(x),

yt = w(x).
(4.19)

The additional forces, F‖ and F⊥, and moments, M‖ and M⊥ at the tip due to lateral
and normal contact stiffness springs are shown in Figure 4.4.

F‖ = (k‖EI) (xt cos(θ) + yt sin(θ)) sin(θ) ≈ (k‖EI)xt sin(θ) to leading order,

F⊥ = (k⊥EI) (−xt sin(θ) + yt cos(θ)) cos(θ) ≈ (k⊥EI)yt to leading order,

M‖ = (hk‖EI) (xt cos(θ) + yt sin(θ)) cos(θ) ≈ (hk‖EI)xt to leading order,

M⊥ = (hk⊥EI) (xt sin(θ)− yt cos(θ)) sin(θ) ≈ −(hk⊥EI)yt sin(θ) to leading order.
(4.20)

The influences of these forces modify the boundary conditions at the non-clamped end
of the cantilever, x = L. We replace EI with the known properties of the cantilever spring
constant, kc, and length, L, using (2.4). The rotary intertia becomes

wxx(L) = M‖x + M⊥,

=
3

kcL3

[
hxt(k‖ cos2(θ) + k⊥ sin2(θ)) + hyt sin(θ) cos(θ)(k‖ − k⊥)

]
= wx(L)Q(k⊥, k‖) + w(L)S(k⊥, k‖)

(4.21)
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while the shear force is

wxxx(L) = F‖ + F⊥,

=
3

kcL3

[
xt sin(θ) cos(θ)(k‖ − k⊥) + yt(k‖ sin2(θ) + k⊥ cos2(θ))

]
,

= w(L)S(k⊥, k‖) + w(L)T(k⊥, k‖),

(4.22)

where Q, S, and T are defined to be

Q(k⊥, k‖) =
3h2

kcL3

(
k‖ cos2(θ) + k⊥ sin2(θ)

)
,

S(k⊥, k‖) =
3h

kcL3

(
sin(θ) cos(θ)(k‖ − k⊥)

)
,

T(k⊥, k‖) =
3

kcL3 k‖ sin2(θ) + k⊥ cos2(θ).

(4.23)

The two boundary conditions, (4.21 – 4.22), show that, through the introduction of a
tilt to our model of the cantilever, we must also account for the height of the tip, h. When
no tilt is present, θ = 0, we return to the boundary conditions for the parallel case, as
given by (4.9 – 4.10).

By including consideration of the second tangential spring, we are immediately able to
account for the increased sensitivity of each mode. Figure 4.5 shows how the wavenum-
ber changes as we vary both normal and tangential spring stiffnesses. We see the exis-
tence of four plateaus. When both (normalised) stiffnesses are neglible (k⊥/kc, k‖/kc �
1) there is no influence of the surface on the beam and the free condition is returned at
the tip. For large normal stiffness and neglible lateral stiffness (k⊥/kc � 1, k‖/kc � 1)
we return the pinned condition at the tip, where the shear force is large but there
is no rotary inertia. Similarly, for large lateral stiffness and neglible normal stiffness
(k‖/kc � 1, k⊥/kc � 1), there is large rotary inertia but no shear force such that the
beam becomes hinged at the tip. Finally, when both normal and lateral stiffnesses are
large (k‖/kc � 1, k⊥/kc � 1) the rotary inertia and shear force are large enough such
that no motion is possible and the beam becomes clamped at the tip.

For an oscillatory mode that is forced to a pinned boundary state by the stiffness of the
contact spring, there is an additional shift in the wavenumber (and resonant frequency)
due to the tangential spring. However, this shift will not surpass the free resonance of
the subsequent mode, as discussed in Section 4.5. This is because of the same restriction
of the anti-resonance applies, as described in Section 4.4.2. A shift in resonant frequency
into the (n + 1)st region will only occur if there exists additional modal influence on the
displacement of the beam. This is caused by the tip being offset from the free end of
the cantilever, as happens for many conventional AFM probes due to the manufacturing
process (see, for example, Figure 2.11). We discuss a cantilever with an offset tip in
Section 4.4.4.
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Figure 4.5: The normal and lateral stiffness space for a shift in frequency at the first mode. The
four plateaus correspond to the small and large limits of the normalised contact
stiffness that act in the normal, k⊥, and lateral, k‖, directions to the sample. These
limits result in the characteristic equation (and resulting wavenumbers) being well
described by specific boundary constraints: free, pinned, hinged and clamped.

4.4.4 Cantilever with Offset Tip

The majority of AFM probes have their tip set some distance away from the free end of
the cantilever. This can be modelled by separating the cantilever into two distinct beams
which are joined at the tip, as shown in Figure 4.6. We will assume that both of these
beams sections have equal material properties other than their length. Each respective
beam section can be thought of as having modal contributions3 which influence the
total modal response of the offset cantilever, as we discuss in Section 4.5. These modal
contributions will further influence how contact wavenumbers are related to contact
stiffnesses. We describe how to account for the tip offset below.

In order to model a cantilever with an offset tip, we follow [66, 190] and use two
co-ordinate systems which relate to the two sections of the beam, one either side of the
tip, fixed with respect to one another. The first section of the cantilever runs from the
clamp to the tip, and has clamped-joined (clamp-tip) boundary conditions, while the
second section has joined-free (tip-free end) boundary conditions. Additional boundary
conditions are imposed at the tip, where the beams meet, which incorporate how normal
and lateral contact stiffnesses influence the total two-beam system. We note that the
resulting characteristic equation of the full model with tilt and offset was previously
described in [190], and only summarise the calculations here with additional details.

3 The additional contributions from the offset tip influences the modal behaviour of the beam through the
second and third derivative at the tip. Hence, for a tip with neglible mass on a cantilever oscillating free
from a surface (as described in Chapter 2) the tip offset does not need to be accounted for.
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Figure 4.6: A further extension of Figure 4.1 and Figure 4.3, where the tip is now offset a dis-
tance L2 away from the free end of the tilted beam in contact with a surface. This is
required to relate a shift in resonant frequency, (4.6), to a normalised contact stiffness,
k⊥/kc. This extension is modelled by separating the beam into two distinct sections,
represented by the change in shading.

To account for the tip off-set, we introduce a second co-ordinate system such that
spatial variables are now described by x∗1 and x∗2 . Both coordinate systems have their
end at the tip off-set position, x∗1 = L∗1 and x∗2 = L∗2 , and start from the respective ends
of the total beam length; one at the clamped end, x∗1 = 0, and one at the free end, x∗2 = 0.
For simplicity, we again non-dimensionalise both spatial variables, such that x1 = x∗1/L∗1
and x2 = x∗2/L∗2 These two coordinate systems means that each beam has a section-
specific displacement function, w1(x1) and w2(x2). The two beam equations requires a
total of eight boundary conditions: two for the clamped end, two for the free end and
four transition conditions where the two beams meet. The first four are unchanged from
Section 4.4.2, other than the introduction of a second coordinate system,

w1(0) = 0, w′′2 (0) = 0 (4.24)

w′1(0) = 0, w′′′2 (0) = 0 (4.25)

With the introduction of an additional coordinate system, we now seek the equation
describing the spatial deflection of two beams, i = 1, 2, in the following form,

wi(x) = A1,i sinh(αnx) + A2,i cosh(αnx) + A3,i sin(αnx) + A4,i cos(αnx), (4.26)

with constants Ak,i, for k = 1, ..., 4. Note that αn will still reflect the n wavenumbers of
the total two-beam system owing to the joined boundary conditions introduced below.
The boundary conditions, (4.24) simplify these equations to,

w1(x) = A1,1 (cosh(αnx)− cosh(αnx)) + A2,1 (sinh(αnx)− sin(αnx)) (4.27)

w2(x) = A1,2 (cosh(αnx) + cosh(αnx)) + A2,2 (sinh(αnx) + sin(αnx)) . (4.28)
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We now seek the remaining four transition boundary conditions that connect the two
beams. First, there is continuity of displacement and slope at the tip,

w1(L1) = w2(L2), (4.29)

−w′1(L1) = w′2(L2). (4.30)

where the change in sign in (4.30) represents the inversion of direction in the coordinate
system. In the absence of a tip, there would also be continuity of rotary inertia and shear
force,

w′′1 (L1) = w′′2 (L2), (4.31)

w′′′1 (L1) = −w′′′2 (L2). (4.32)

In order to account for the tip forces and the tilt of the cantilever, we apply (4.21 – 4.22)
together with the continuity conditions (4.29) to get [66]

[w′′]tip = w′′1 (L1)− w′′2 (L2) = −(Qw′1(L1) + Sw1(L1)), (4.33)

[w′′′]tip = w′′′1 (L1) + w′′′2 (L2) = Sw′1(L1) + Tw1(L1). (4.34)

The boundary conditions (4.29 – 4.30) and (4.33 – 4.34) fully defines the AFM probe
model including both tilt and offset. For the case where θ = 0, L2 = 0, we return to the
case of the parallel beam with boundary conditions given in (4.9 – 4.10). Alternatively,
for the case where θ = 0, L2 = 0, we return to the tilted case with no offset, with
boundary conditions given in (4.21 – 4.22). The characteristic equation of the system
then gives a means to connect a shift in frequency to a contact stiffness, through (4.6),
which we calculate in Section 4.4.5.

4.4.5 Characteristic Equation

The characteristic equation of the tilted two-beam system is found by applying the
boundary conditions (4.29 – 4.30) and (4.33 – 4.34) to (4.26). This results in the linear
equation,

Ma = 0. (4.35)

where a = A1,1, A2,1, A1,2, A2,2 are the constants to be found and M is the matrix encod-
ing the boundary conditions of the system, namely

M =


ch−1 sh−1 −ch+2 −sh+2

αnsh+1 αnch−1 αnsh−2 αnch+2
d1 d2 −α2

nch−2 −α2
nsh−2

d3 d4 α3
nsh+2 α3

nch−2

 , (4.36)
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where

d1 = α2
nch+1 + αnsh+1 Q(k⊥, k‖) + ch−1 S(k⊥, k‖) (4.37)

d2 = α2
nsh+1 + αnch−1 Q(k⊥, k‖) + sh−1 S(k⊥, k‖) (4.38)

d3 = α3
nsh−1 − αnsh+1 S(k⊥, k‖)− ch−1 T(k⊥, k‖) (4.39)

d4 = α3
nch+1 − αnch−1 S((k⊥, k‖)− sh−1 T(k⊥, k‖) (4.40)

ch±i = cosh(αnLi)± cos(αnLi) (4.41)

sh±i = sinh(αnLi)± cos(αnLi). (4.42)

The characteristic equation for the system is given by |M| = 0. After some calculation,
we find that

K2(αn)k2
‖ + K1(αn)k‖ + K0(αn) = 0, (4.43)

with coefficients given by

K2(αn) = (3αnh)2 (k⊥ + 1)(k⊥ + cos(4θ) + 1)(C+
1 C−1 )

K1(αn) = 6(A2α2
n + A0) where,

K0(αn) = −8α6
nC+

1 ,

(4.44)

where
A2 = 2h2(k⊥ cos2 θ + sin2 θ)

[
C−1 D+

2 + D+
1 C+

2
]

A0 = −2(k⊥ sin2 θ + cos2 θ)
[
C+

1 D−2 + D−1 C+
2
]

C+
i = cos(αnLi) cosh2(αnLi) + 1

C−i = cos(αnLi) cosh2(αnLi)− 1

D+
i = cos(αnLi) sinh(αnLi) + sin(αnLi) cosh(αnLi)

D−i = cos(αnLi) sinh(αnLi)− sin(αnLi) cosh(αnLi).

(4.45)

The characterstic equation, (4.43), was previously found by Rabe [66]. We have re-
peated the calculations in order to confirm the validity of the equation and rewritten
it as a quadratic in terms of the normal contact stiffness. Given our reformulation, the
solution of (4.43), k‖, for a known contact wavenumber, αn,contact, and lateral stiffness, k⊥,
is

k‖(αn,contact) =
−K1(αn,contact)±

√
K1(αn,contact)2 − 4K0(αn,contact)K2(αn,contact)

2K2(αn,contact)
. (4.46)

Using (4.46), we are able to quickly calculate the normal contact stiffness for a given
wavenumber. The positive solutions relate to the even modes while the negative solu-
tions relate to the odd modes.

We are now in a position to find the contact stiffness for a given shift in frequency,
provided that the beam has a regular rectangular geometry and that the lateral stiffness,
tilt angle, tip height and length offset are known. The tilt angle is generally known to
high accuracy without the need for additional measurement. The lateral stiffness, which
we discuss further in Section 4.5, is assumed to be approximately equal to the normal
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stiffness. However, the tip height and length offset are often not more than a few per-
cent of the total length of the cantilever and have previously required either additional
measurements to be taken of the cantilever, by e.g. SEM imaging, or by using the man-
ufacturer values which can have significant uncertainty attached to them. Instead, we
show how these tip properties can be found simultaneously with the contact stiffness
such that modal consistency is introduced.

We have describe in detail how the characteristic equation of this system is found. As
we show in Section 4.6, consideration of both tilt and offset causes all contact wavenum-
bers (and hence, all shifts in resonant frequency) to be related to a contact stiffness mak-
ing their introduction important for contact resonance applied to stiff materials with
soft cantilevers. However, the combination of the tip off-set with the tilted cantilever can
cause the nth wavenumber of the characteristic equation to cross into the region of the
(n + 1)st mode, provided that the off-set, L2 is large enough. This is equivalent to cross-
ing from the free-free regime into the free-clamped region of the nth mode and then into
the free-free region of the (n + 1)st mode. It also results in the range of frequency shifts
to be fully explored and, crucially, introduces a second parameter (the length offset)
which brings modal consistency.

4.5 parameter estimation

We have discussed and highlighted some of the most significant details of modelling
an oscillating AFM probe that it is in contact with a sample. We have ignored any
considerations of inhomogenieties, geometry, or material changes, focussing only on the
position of the tip with respect to the sample. By doing so we have introduced four
additional parameters required to match a shift in frequency to a contact stiffness: the
height of the tip, h, the distance of the tip from the unclamped end (the offset), L2, the
lateral spring stiffness, k‖, and the tilt angle of the cantilever, θ. The tilt angle will be
fixed for each AFM and is generally known to high accuracy. It rarely varies by more
than a few degrees so will have a known influence on the system. Here, we take the
value θ =0.19 rad4. We next turn to how the remaining three parameters that influence
the wavenumber-stiffness curves, examples of which are shown in Figure 4.2.

We begin by considering how the lateral stiffness of the sensor-sample system will
influence mode-stiffness curves. In Chapter 5, we relate the normal to the Young’s mod-
ulus of a material. The lateral stiffness is a measure of the shear modulus. Previous
work by Mazeran et al. [191] has found an upper and lower bound for the ratio of lat-
eral stiffness to normal stiffness based on the maximum and minimum ratio of Young’s
modulus and shear modulus of materials. This was calculated to be k‖/k⊥ ≈ 0.67− 0.95.
In Figure 4.7, we demonstrate how this influences the contact wavenumber of the system
using the mode-stiffness surfaces introduced in Figure 4.5. In Figure 4.7a, we show how
a contact wavenumber, α1 = 4.2, calculated from a shift in resonant frequency by (4.6),
intercepts the wavenumber-stiffness surface and in Figure 4.7b, we show a top-down

4 This is the value specified by the Cypher AFM (Asylum Research, Santa Barbara, USA), which we use in
Chapter 5 and hence, use this value when calculating the normal contact stiffness from (4.46).
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view of the interception with the surface. The two straight lines show the upper and
lower bounds for k‖/k⊥, as given in [191]. The normalised contact stiffness, will vary
by as much as 5% within this region, demonstrating that this contact stiffness is only
weakly influenced by choice of lateral stiffness within the quoted range. As such, we
choose k‖ = 0.8k⊥ for calculations involving a tilted cantilever, which corresponds to
contact with stiff materials such as metals [191].

In Figure 4.8, we consider how the gap between the mode-stiffness curves diminishes
as we include further extensions to the Euler-Bernoulli beam model, as described in
Section 4.4. The parallel case, shown in Figure 4.8a, will have the largest region of contact
wavenumbers which cannot be related to a normal contact stiffness. These bands are
problematic in practise, as they prevent certain frequency shifts from being related to
a contact stiffness (and hence, a material property) when using soft cantilevers on stiff
materials, as we demonstrate in Chapter 5. When the length offset is included to the
parallel beam, shown in Figure 4.8b, we see that the grey bands diminish from that the
of the parallel case but are still significant. However, when the tilt of the cantilever is
introduced, shown in Figure 4.8c,the gaps between mode-stiffness curves become much
smaller, such that almost all contact wavenumbers relate to contact stiffnesses. Even
small changes in the tip height will result in increasing the sensitivity of each mode
such that it covers almost all wavenumbers. This is because the boundary condition at
the free end may become quasi-clamped as both normal and lateral springs become very
stiff, demonstrated in Figure 4.5. When both tilt and offset are included in the model,
shown in Figure 4.8d, the contact wavenumbers of high contact stiffnesses for the nth

mode simultaneously relate to the contact wavenumbers for very low contact stiffnesses
(n+ 1)st mode such that all contact wavenumbers will relate to a, not necessarily unique,
contact stiffness.

(a) (b)

Figure 4.7: A demonstration of how a single contact wavenumber, α1 = 4.2, intersects one of the
wavenumber-stiffness surface (a) and a top-down view that highlights the influence
of the lateral stiffness on the calculated normal stiffness.
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(a) Parallel (b) Offset

(c) Tilt (d) Both

Figure 4.8: We describe how the number of contact wavenumbers, αn, (calculated from a shift
in resonant frequency, ∆ fn, using (4.6)) that can be related to a normalised contact
stiffness, k⊥/kc, increases as we introduce both offset (b), tilt (c) and both offset and
tilt (d) to the simplifed model of a parallel cantilever in contact with a surface (a).
These extensions are described more fully in Section 4.4.

Figure 4.9 shows the effect of varying the tip-offset as described in Section 4.4.4. Both
the typical offset and the tip height for a conventional contact mode AFM cantilever
will be between 1% to 3% of the total length of the two-beam system (L2/L, h/L ≈
0.01 to 0.03, respectively). Although the change in offset does not significantly alter the
calculated contact stiffness for a given contact wavenumber, it does increase the number
of contact wavenumbers that are relatable to a specific stiffness (shown as a decrease in
the grey bands between mode numbers in Figure 4.8). Furthermore, the increase in the
range of wavenumbers that can be related to a contact stiffness also increases with mode
number, demonstrated, for example, by mode 5 in Figure 4.9. However, considering only
the offset still introduces a significantly limited range in wavenumbers that relate to
a normalised contact stiffness. In Figure 4.10, we show how the tip height influences
the cantilever. Increases in the tip height moves the second plateau such that lower
normal contact stiffnesses will lead to the upper modal limit of the contact wavenumber,
representing a clamped-clamped condition for that mode of the beam. As shown in
Figure 4.8, this significantly increases the number of contact wavenumbers that relate to
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Figure 4.9: The influence of introducing a tip offset, described in Section 4.4.4. In the first panel
we show the first three modes of the cantilever (blue, green, red, respectively), while
we show the influence on the fifth mode (purple) in the second panel. Bands betwen
modes in the first panel represent regions of contact wavenumbers that cannot be
related to a normalised contact stiffness.

Figure 4.10: The influence of introducing a tilt to the cantilever, described in Section 4.4.3. We
assume that there is no offset, a tilt angle of 0.19 rad and a lateral stiffness of 0.8k⊥.
In the first panel we show the first three modes of the cantilever (blue, green, red,
respectively), while we show the influence on the fifth mode (purple) in the sec-
ond panel. Bands betwen modes in the first panel, representing regions of contact
wavenumbers that do not relate to a normalised contact stiffness, is greatly dimin-
ished when compared with Figure 4.9.
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Figure 4.11: The influence of introducing a tilt and tip offset to the cantilever, described in Sec-
tion 4.4.4. We assume that the both tilt and tip offset are equal, a tilt angle of 0.19 rad
and a lateral stiffness of 0.8k⊥. In the first panel we show the first three modes of the
cantilever (blue, green, red, respectively), while we show the influence on the fifth
mode (purple) in the second panel. There are now no regions of contact wavenum-
bers that cannot be related to a normalised contact stiffness, however a contact stiff-
ness is no longer uniquely related to a contact wavenumber.

a stiffness. The sensitivity of the mode-stiffness curves to the tip height is larger than
that of the offset, further demonstrated by the factor of h2 in the rotary inertia term,
(4.21).

Combining both tip-offset with the tilted beam, as described in Section 4.4.4 makes fur-
ther changes to the range of contact wavenumbers that can be used to recover a contact
stiffness. As shown in Figure 4.11, the plateau (representing the maximum sensitivity of
the nth mode) moves beyond the lower region of sensitivity for the (n + 1)st mode. This
results in all contact wavenumbers being related to a normal contact stiffness. However,
we no longer have uniqueness of the contact wavenumber, as some values may relate
to either higher stiffnesses of the nth mode or lower stiffnesses of the (n + 1)st mode.
The introduction of offset to the tilted cantilever causes the greatest change to how we
relate a contact wavenumber (and, hence, a shift in frequency) to an idealised stiffness
for higher modes, shown for example for mode five in Figure 4.11 (inset). We will now
outline how both these parameters can be found in a self-consistent manner.

One of the advantages of including both the tip height and the tip-offset in the can-
tilever model is that it is possible to estimate them from their influence on experimental
results, without relying on additional measurements. This has been shown previously
for the tip offset in [177, 192]. However, we are unaware of any method for finding both
the tip offset and height simultaneously. Previously, the tip offset was found by assum-
ing that the contact stiffness of each mode should be equal given a value of the length
offset and, hence, that the contact stiffness is modally consistent in the manner described
in Section 4.4.2. Given this assumption, the characteristic equation for a cantilever that is
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(a) Length offset using only one parameter (b) Length offset and tip height found simultane-
ously

Figure 4.12: We show a comparison of the calculated contact stiffness over a range of length
offsets found for modes one to five of a parallel beam. We note that there are multiple
points of intersection for these contact stiffness curves. The majority of intersections
occur around a length offset L2 = 0.012L∗ and tip height h = 0.013L∗.

in contact, parallel to a surface, and with an offset tip, is solved over a range of realistic
tip offsets (normalised by the total length of the cantilever) to find the contact stiffness
for each mode. Plotting the contact stiffness, calculated for each possible offset, gives a
set of curves for the contact stiffness of each mode. The point of intersection for all these
curves is expected to uniquely identify the offset. However, we have found that does not
exist a unique intersection across multiple modes in practise, as shown in Figure 4.12a.

To further restrict the characteristic equation, with the aim of reducing the number of
intersection points and finding a unique contact stiffness for all modes, we repeat this
method for the tilted cantilever. However, we now calculate the normal contact stiffness,
(4.46), given a contact wavenumber for a realistic range of both length offsets and tip
heights. By doing so, we are calculating surfaces of normalised contact stiffnesses in the
parameter space of tip offset L2 and tip height h, as shown in Figure 4.13. To find if there
exists a unique point of intersection, we plot contours that show the difference between
two of these surfaces equal to zero, for all pairs of modes. For example, given a measured
shift in resonant frequency for the first three modes of a cantilever in contact with a
sample, we calculate the difference of the contact stiffness surfaces for the first mode
with that of the second and third modes equal to zero, and the differences between the
second and third modes equal to zero. These contours represent points of intersection
of the planes, as shown in Figure 4.13a and are expected to line up over a single point,
representing the tip offset and height of the system. We show an example of such a
contour plot in Figure 4.12b, which uses experimental data from the first five modes of
a soft cantilever in contact with gold, described later in Chapter 5. We find a very good
approximation for a modal intersection for the first four modes with a tip offset of 0.012
and a tip height of 0.013 (normalised by the total length of the cantilever) L. Additional
discrepencies within this intersection are likely due to inhomogenieties in the beam or
measument anomalies. Further discussion of this method of parameter estimation is
given in Section 5.4.1.
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(a) Modes 1–2 (b) Modes 1–5

Figure 4.13: Demonstration of the intersection between multiple parameter surfaces, showing
two modes in (a) and for five modes in (b), where the intersection point is marked.
All results are shown for measurements described in Chapter 5.

4.6 conclusion

In this chapter, we have investigated how the normal contact stiffness, k⊥, can be calcu-
lated, how it varies with the higher modes of a cantilever, and how it is influenced by
parameters of the system such as tip height, h, tip offset, L2, and the introduction of a
lateral stiffness, k‖. We reiterate that the normal contact stiffness is an idealisation of the
contact event between the AFM probe and sample. As such, we are required to know
the robustness and limits of this idealisation in order to use the contact stiffness as a tool
for measuring material properties at the nanoscale.

By introducing the additional details of a cantilever tilt and tip offset, we have shown
that it is possible to relate any measured shift in resonant frequency to an idealised con-
tact stiffness. Furthermore, we have shown that the introduction of these details, though
making the model more complicated, also leads to a self consistent means for estimating
the crucial parameters of the system, the tip height and tip offset. Specifically, informa-
tion is required of the tip height and the length offset of the tip from the free end of the
probe. We have introduced a method for calculating these two parameters in a straight-
forward manner, without the need for additional measurements such as SEM imaging.
We achieve this by calculating the contact stiffness, given a shift in frequency and cor-
responding contact wavenumber, across multiple cantilever modes, demanding modal
consistency. As shown in Figure 4.13, this leads to well-defined values for both length
offset and tip height. Hence, the inclusion of a lateral stiffness ensures the existence and
consistency of contact stiffness for multiple modes of a sensor. We are not aware of any
previous work that has lead to these properties for an idealised contact stiffness.

Having set-out the theoretical process of relating a measured shift in resonant fre-
quency to an idealised contact stiffness, we describe, in Chapter 5, how this is achieved
in practice and describe the material properties that are contained within the contact stiff-
ness. We illustrate how the contact stiffness becomes consistent across multiple modes of
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a soft cantilever when the proper model and parameters are chosen and relate this con-
tact stiffness to the effective stiffness of the cantilever, introduced in Chapter 2. These
steps further support the higher modes of the cantilever that we utilise in Chapter 6,
where we combine contact resonance techniques with high-speed AFM (HS-AFM).





5
R E L AT I N G C O N TA C T S T I F F N E S S T O E L A S T I C
M O D U L U S

The work in this chapter includes elements from collaborations with Dr Jason Killgore (Nanoscale
Reliability Group, NIST, Colorado, USA) and Miss Stacy Moore (Interface Analysis Centre,
Bristol, UK). Specifically, Killgore assisted with the measurements undertaken in Section 5.3.
The stainless steel (SS) grade 316 (UNS S31600) sample in Section 5.3.1 is a piece of EDF
Energy Cast 69431 ex service AISI Type 316H; the same sample was previously investigated by
Dr Xander Warren [193]1. It was polished and prepared by Moore.

5.1 introduction

In previous chapters, we have investigated how to calculate the effective stiffness (Chap-
ter 2) and the hydrodynamic loading (Chapter 3) of an AFM probe at high mode number.
We have also shown that a change in the resonant frequency of the probe can be related
to a contact stiffness which contains information about the material. We now turn to the
process by which a contact stiffness relates to a material property. We begin by giving an
overview of theories of contact mechanics, in Section 5.2, which connects an idealised
contact stiffness, introduced in Chapter 4, to an elastic modulus. We then set out the ex-
perimental measurements, in Section 5.3, by which we test the relevant theory of contact
mechanics that will be relied upon in Chapter 6. We measure the contact stiffness from
an AFM probe in contact with samples of gold and stainless steel (SS) grade 316 (UNS
S31600) as we decrease the distance between probe and sample causing a corresponding
increase in the normal load. We examine a separate sample of the same SS material in
Chapter 6. First, we show, in Section 5.4.1, how considerations of a lateral stiffness (as
well as the tip height) are required for calculating a contact stiffness on these samples
when using the lower modes of a soft cantilever. We achieve this using a new means for
parameter estimation as well as the considerations of the hydrodynamics in the system,
given in Chapter 3 and the resonant frequency of a beam in a vacuum, calculated us-
ing the method described in Chapter 2. In Section 5.4.2, we use our measurements of
modally consistent contact stiffneses to fit models of contact mechanics, set out in Sec-
tion 5.2, and find that significant uncertainties in the calculation of a reduced modulus
arise when using this measurement procedure. We discuss potential causes for this un-
certainty in Section 5.5 and the impact that this has on contact resonance measurements.
We make our concluding remarks in Section 5.6.

1 For further details, see Section 5.3.
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5.2 the contact region

In this chapter, we will primarily be concerned with the contact event between a can-
tilever and surface. This is the contact region described in Section 1.3. There are two
general approaches to modelling the contact regime, depending on the assumed level of
interaction between tip and sample. The first occurs when very sharp tips are used with
low normal loading such that only a few atoms at the apex of the tip are in contact with
the surface. This is the original formulation of the AFM [194], as described in Chapter 1.
However, for cases where there are tens or hundreds of atoms, a continuum approach
may be more appropriate. The use of continuum models that describe the contact me-
chanics have been used extensively in the contact resonance AFM community, see for
example [61, 62, 68, 69, 130].

We begin by assuming a Hertzian model of contact mechanics, in which the tip is in
contact with a flat plane [195]. For simplicity, we assume that the plane (which repre-
sents the surface) is entirely flat such that there is only a single region of contact and
that the tip is semi-circular in cross-section, with radius R. For discussion of theories in-
cluding multiple points of contact, see for example [168]. Furthermore, we assume that
both bodies are non-conforming and mechanically isotropic. The hemispherical approx-
imation of the tip has been examined in detail (see for example, [91, 196]). It is found
that the approximation holds provided that there has been no tip wear.

Figure 5.1 shows a schematic of a contact event both pre- and post-contact. The tip is
assumed to be hemispherical such that the cross-section of the tip is well approximated
by a parabola, scaled by the tip radius of curvature. The tip begins an initial distance,
d, away from the sample (Figure 5.1a) and is brought into contact (Figure 5.1b) due to
an applied normal load, FN . As the separation distance decreases, a contact zone forms

(a) Far from Surface (b) Contact Event

Figure 5.1: An AFM probe making contact with a surface, where the probe is idealised as a hemi-
sphere with radius R, showing (a) the probe is a distance d away from the surface, and
(b) after making contact with the sample causing a contact area, a, and penetration
depth, δc(a).
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which is determined by the geometry of the tip. The contact area, a, denotes the total
area in which the tip has intersected with the surface. For a hemisphere under normal
load, FN , the radius of this (assumed circular) contact area is given by [195]

a = 3
√

3FN Rtip/4E∗, (5.1)

where E∗ is the reduced modulus of the tip-sample system. The reduced modulus is
given by [69]

1
E∗

=
(1− ν2

s )

Es
+

(1− ν2
t )

Et
=

1
Ms

+
1

Mt
. (5.2)

and where ν refers to the Poisson ratio of the material, E is the Young’s modulus of the
material, and subscripts t and s refer to the tip and sample, respectively. We note that
the effective modulus is also related to the indentation modulus, M = E/(1− ν2). The
maximum vertical distance that the tip has entered into the surface is the penetration
depth, δc, which is a function of both the contact area and radius of the tip; for the
assumed hemispherical geometry, it will be given by δc =

√
2a.

Here, we have assumed that the tip will be parabolic in cross-sectional gemeotry. How-
ever, this does not always hold in practice [91]. During AFM operation, the tip may be-
come sufficiently deformed due to the contact forces such that it more closely resembles
a flat punch than a hemisphere. As outlined in [91], this can cause the exponent of (5.1)
to vary from 1/3 to 0. We shall discuss this further in Section 5.5.

Given the expression for the contact area, we seek to relate this to a contact stiffness.
The contact stiffness, k∗ ,modelled as a perpendicular spring, is defined in (4.1). Un-
der adhesionless conditions, this is related to the reduced modulus and contact area
according to

k∗ = 2aE∗ (5.3)

which, when combined with (5.1), can be written in terms of the normal load, FN , on a
cantilever, the radius of the tip, Rtip, and the reduced modulus, E∗,

k∗ = 3
√

6(E∗)2RtipFN . (5.4)

The final expression, (5.4), has been derived based on what is commonly referred to
as the Hertzian model of contact [197]. It assumes that adhesive forces contribute a
negligible amount to the total interaction potential, and that there is no deformation
of either sample or tip. However, micro-mechanical cantilevers are exposed to multiple
different adhesive forces which can cause deformation of the sample. We next turn to
extensions to the Hertzian model of contact and how these account for adhesion and
deformation.

5.2.1 Extensions to Hertzian Contact Mechanics

The choice on whether to include additional consideration of adhesive forces depends
on whether deformation is expected to occur. If it is assumed that that no deformation
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occurs, we may neglect all adhesion considerations and retain the Hertzian model of
contact. Alternatively, if it is assumed that the total deformation will occur exclusively
during the contact event, then we need consider only the adhesion effect of external
forces. This is known as the Derjaguin, Muller and Toporov (DMT) model of contact
[195]. It is valid for all forcing provided that they act on a body that is deformed by
contact stress alone. For an AFM operating in ambient air, the adhesion will come from
a capillary layer which causes a meniscus bridge to form between the tip and sample.
This capillary layer occurs in all but ultra high vaccuum conditions, and is typically less
than a nanometre in height [198].

In other cases, the influence of the adhesive interaction forces will be strong enough
that the surface undergoes considerable deformation. In this case, we are within the
regime modelled by Johnson, Kendall and Roberts (JKR) model [199]. This approximates
all additional deformation as a flat punch, altering the expression for penetration to
include the reduction in area,

δJKR(a) = δH(a)− δadhesion(a), (5.5)

where δH is the Hertzian penetrative distance, and the additional penetration caused by
the adhesive penetration is given by

δadhesion(a) =

√
2πawadhesion

E∗
, (5.6)

where wadhesion is the adhesion energy. In this case, we can re-write the contact force
according to,

FJKR(a) = FH(a)− k∗(a)δadh(a). (5.7)

The level of sophistication required by a model of the contact mechanics is dictated by
the strength of the adhesive interaction forces relative to the deformation of the sample
and the tip. In the limit of weak interactions, the contact event is well described by
the DMT model which assumes that the total deformation is a result of the contact
event only [195]. As the adhesive force increases, it asymptotes to the strong interaction
regime, described by the JKR model, whereby adhesive forces are considered strong
enough to deform the surface [199]. For cases where there are no adhesion effects, the
contact mechanics are well described by the Hertzian model. Finally, for intermediary
cases between the DMT and JKR models, the Maugis model [200] is used. The Maguis
model considers interaction both inside and outside of the contact zone. We do not
include the details of this model here and refer the reader to [201] for further details.

A single parameter, known as the Tabor parameter, can be used to identify whether
a system behaves according to the DMT model, JKR model or some intermediary case
[201]. The Tabor parameter is the ratio of interaction stresses, σ0 to the contact stresses,
σc. Rewriting the stresses in terms of the penetration depth, we have

µT =

(
16w2

adhesionRtip

9E∗2z3
0

)1/3

≈ δadh

δint
, (5.8)
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Material E (GPa) E∗ (GPa) µT
c k⊥ (N m−1) a (nm)

Au 79 60 0.01 – 0.06 72 – 334 0.5 – 2

Steel 316 198 92.5 0.01 – 0.05 132 – 620 0.5 – 1.5

Table 7: For two of the samples under consideration, we give the Young’s modulus, E, reduced
modulus, E∗, the modified Tabor parameter, µT

c , contact stiffness, k⊥, and contact area,
a, calculated using Rtip = 10 nm, FN = 1− 100 nN

where z0 is the interatomic equilibrium distance for contact between two solids. We
make the following observations [201]

1. For small adhesive penetration, where the adhesion energy transfer is dominated
by interaction stresses (µT � 1), we are within the DMT regime.

2. For large adhesive penetration, where deformations close to the contact edge dom-
inate adhesion energy transfer (µT � 1), then we are within the JKR regime.

3. For all other cases (µT ≈ 1), then we are within intermediary cases.

When a liquid meniscus is present, the capillary forces will dominate over the inter-
atomic forces and should be considered in place of z0. This leads to the modified Tabor
parameter, where a measure of the range of capillary force, s, has replaced the atomic
equilibria distance,

µc
T =

(
16w2

adhesionRtip

9E∗2s3

)1/3

. (5.9)

We will exclusively be concerned with AFM probes that have tips made of silicon
and with a radius of curvature that can be anywhere between tens to hundreds of
nanometres depending on tip wear through contact. For a silicon tip, with an indentation
modulus of 165 GPa [91], the reduced modulus of the tip-sample contact will be between
50− 100 GPa for stiff sample materials with a Young’s modulus in the range of 80−
200 GPa (such as gold and stainless steel). The capillary force will extend through the
height of the fluid layer which is typically a few nanometres high. For the case where
capillary forces dominate, the adhesion energy is given by, wadhesion = 2γm, where γm is
the surface tension in the meniscus layer [201]. For water in ambient temperature (298 K),
γm 0.072 N [62]. Taking these values into consideration, we find that the modified Tabor
parameter will always remain much smaller than 1, shown in Table 7. Hence, we shall
use the DMT model in what follows.

We now assume the following: that the dominant adhesion force is caused by a menis-
cus layer, such that all other adhesive influences are ignored, that the adhesive meniscus
forces are weak in so far that we are within the DMT regime of contact mechanics, and
that this capillary force is constant over repeated measurements. Under these assump-
tions, the adhesive capillary force, FC, introduces no additional deformations to the
tip-sample system. Hence, the Hertzian description of the contact event is unchanged
except for the addition of the capillary force on the tip. We rewrite the contact force as

FT = FN + FC, (5.10)
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and follow [201] in approximating the capillary force as

FC = 2πγmRtip. (5.11)

This changes (5.4) to

k⊥ = 3
√

6(E∗)2RtipFT, (5.12)

where the contact force, FT, is given by (5.10).
The contact resonance measurements, undertaken here, also give a means for estimat-

ing a, as well as the area of material that is measured by an AFM tip. In (5.3), we have a
simple means for relating a contact stiffness to a contact radius given a known reduced
Young’s modulus. This contact radius is the lateral resolution of contact resonance mea-
surements on the sample surface. Example contact stiffness and contact radii are given
in Table 7.

Given the lateral resolution on the surface, it is natural to consider whether the acous-
tic measurements are able to give details of sub-surface properties. Longitudinal waves
that pass through stiff materials, such as the gold and SS samples considered here, typi-
cally have a velocity of v = 1− 5 mm µs−1 [202]. Meanwhile, the AFM sensor is excited
in the frequency range fn = 10 kHz− 5 MHz, shown by our results in Chapter 2. Hence,
the acoustic wavelength ranges from λ = v/ fn = 5 mm− 1 cm [66]. The wavelength is
much larger than the contact radius, such that the penetration depth will be given by
the decay of the mechanical stress field rather than the distance travelled by the acoustic
wave.

For Hertzian contact, the stress field is expected to be several times larger than the
contact area [72], such that sub-surface features can be measured provided that they
have appropriate thinness (less than 10 nm according to the contact area given in Table 7).
This outlines the high spatial resolution of contact resonance measurements, which is
capable of inspecting material properties over several nanometres, much smaller than
the nanoindentation technique reviewed in Chapter 1. Hence, CR-AFM is theoretically
well suited for non-destructive measurements at the nano-scale. However, in order to
be utilised as a tool for quantification of the elastic properties of materials, it must also
be amenable to robust and repeatable measurements. In this chapter, we will focus on
these properties of robustness and repeatability for CR-AFM measurements.

In Section 5.3 will use (5.12) to connect a contact stiffness (calculated from shifts in
resonant frequency) to the reduced modulus, (5.2), of a material. In order to test the
viability of quantified contact resonance measurements on stiff materials, we take a
series of measurements at multiple locations across a range of normal loads and use
these measurements to test the feasibility of using the DMT model of contact mechanics
for quantified stiffness measurements. In order to do so, we assume that the contact
stiffness and reduced modulus follow a power-law relationship according to (5.4). As
discussed, this relationship will hold provided that no changes to the tip geometry
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(or manufacturing faults) have occured. In this case, the power-law relationship can be
written as

(k∗)3 = p̄1FT, (5.13)

where k∗ is the contact stiffness described in Chapter 4, p̄1 = (6E∗2Rtip) and FT is the
contact force combining normal load and capillary force, (5.11). Alternatively, the tip
geometry may have changed such that the 1/3 exponent is no longer valid. In this case,
we rewrite this equation explicitly as a power-law with unknown exponent,

k∗ = ( p̄1FT)
p1 , (5.14)

Taking the log of both sides of (5.14) gives,

log(k∗) = p1 log(FT) + p2. (5.15)

where p2 = p1 log(6E∗2Rtip). This allows us to linear fit to the log-log plot of contact
stiffness and contact force, where the exponent of this fit, p1, gives insight into whether
our assumption that the tip is hemispherical need hold (in which case, p1 = 1/3). We
can then use both gradient and intercept to calculate the reduced modulus,

E∗ =

√
exp(p2/p1)

6Rtip
. (5.16)

Alternatively, we can fit (5.13) which assumes that the tip is hemispherical. In this case,
taking the log of both sides of (5.13) will give

3 log(k∗) = log(FT) + p2, (5.17)

p2 = log(6E∗2Rtip) such that the reduced modulus is calculated by

E∗ =

√
exp(p2)

6Rtip
. (5.18)

We describe the results of these fits and calculation of the reduced modulus in Sec-
tion 5.4.2.

5.3 quantified measurements on steel and gold

In Chapter 4, we outlined how a shift in resonant frequency of the AFM probe relates
to an idealised contact stiffness encoding important information about the sample. We
now demonstrate how the idealised contact stiffness relates to the reduced modulus
of a sample. We begin by giving experimental details before highlighting our findings
in Section 5.4. We demonstrate our method for parameter estimation, as described in
Section 4.5, and show that this leads to modal consistency for measurements taken
on both the gold sample and the sample of SS grade 316. In Section 5.4.2, we use an
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iterative procedure to attempt to relate the contact stiffness to a specific elastic modulus.
We discuss uncertainties in our single point2 measurements and highlight the impact of
our findings for acoustic AFM techniques. We discuss out findings in Section 5.5.

We will be primarily interested in the ability to quantitatively measure the reduced
modulus of metals in a non-destructive fashion, as motivated in Chapter 1. In order to
validate the relationship between contact stiffness, k∗, and the reduced modulus of a
material, E∗, we have designed an experiment that takes iterative low-resolution con-
tact resonance measurements at a single point over a range of normal applied loads.
We have collaborated with Dr. Jason Killgore at the Nanoscale Reliability Group (NIST,
Colorado, USA) to take these measurements, making use of a Cypher AFM (Asylum Re-
search, Santa Barbara, USA). The Cypher AFM excites the cantilever using the blueDrive
excitation system and the z-sensor measures the displacement of the AFM probe at the
tip using an optical beam deflection (OBD) detection system. The blueDrive detection
system ensures that there is minimal mechanical noise imparted to the system by piezo-
electric actuation. Measurements were undertaken in air at room temperature (298 K).

In order to maximise the sensitivity of higher modes and decrease damage to the
sample, we use two different PPP-CONTAuD cantilevers of the same type(Nanosensors,
Neuchatel, Switzerland). This cantilever model is 450 µm± 10 µm long, 50.0 µm± 7.5 µm
wide and has a notional thickness of 2 µm± 1 µm. Furthermore, it has a gold layer to
boost the reflective signal. As these properties are similar to the cantilever investigated
in Chapter 2, we assume that probe has neglible tip mass and rectangular cross-sectional
area and apply our method for cantilever calibration, described in Section 2.4.3. We re-
strict our attention to the first five modes of the cantilever which have good signal as
shown in Figure 5.2.

The measured resonant frequencies for the first five modes deviate by less than 3%
when compared to the values of the resonant frequency in vacuo, calculated using
the method described in Section 5.3. This strengthens our assumption that the AFM
probe acts according to the stated assumptions of our calibration method and will be
well modelled by the Euler-Bernoulli beam theory, utilised in Section 4.4. Using the
method outlined in Section 2.4 and the measured resonant frequency and Q factor,

Figure 5.2: The first five free resonant peaks of the PPP-CONTAuD cantilever that was used,
showing resonant frequencies of 11.8 kHz, 74.4 kHz, 208.4 kHz, 407.4 kHz, and
673 kHz.

2 We note that these measurements are a much lower resolution as the total number of position data points
is far below the high pixel count of typical AFM images, especially those taken in Chapter 6.
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1 2 3 4 5

Au fn,vac (kHz) 12 74 208 407 673

kn (N m−1) 0.066 2.6 20 78 214

SS fn,vac (kHz) 12 76 214 419 692

kn (N m−1) 0.066 2.6 20 78 214

Table 8: The resonant frequencies (in vacuo) and effective stiffness of the two PPP-ContAUD
AFM probes (Nanosensors) used during our measurements..

f1 = 12.1 kHz, Q = 21, of the first mode, we find the effective stiffness of the first five
modes of the cantilever used to investigate the gold sample to be k1 = 0.066 N m−1, k2 =

2.6 N m−1, k3 = 20 N m−1, k4 = 78 N m−1, and k5 = 214 N m−1. We also calculate the
resonant fequency of the beam in vacuo for the first five modes as f1 = 12 kHz, f2 =

74 kHz, f3 = 208 kHz, f4 = 407 kHz, and f5 = 673 kHz. The properties of the second
AFM probe (used to investigate the steel sample) were found to agree with these mea-
surements, with the fundamental resonant frequency and Q factor as f1 = 11.8 kHz, Q =

20, the effective stiffnesses were found to be the same, and resonant frequencies in vacuo
calculated as f1 = 12 kHz, f2 = 76 kHz, f3 = 214 kHz, f4 = 419 kHz, and f5 = 692 kHz.
The effective stiffness and predicted contact stiffness, given in Table 7, implies that the
fourth and fifth mode will be most sensitive for both materials. All these properties are
included in Table 8.

In both this chapter and in Chapter 6, we shall calculate the contact stiffness using
the ratio of the nth contact resonant frequency to the nth in vacuo resonant frequency, as
discussed in Chapter 4. We do so in order to minimise the influence of the surrounding
hydrodynamics, which we have shown to be substantial in Chapter 3. Furthermore, the
means for calculating these in vacuo frequencies, given in Chapter 2, depends only
on the easily measured dimensions (length and width), the resonant properties of the
fundamental mode (resonant frequency and Q factor), and the fluid properties (fluid
density and dynamic viscosity). Hence, we are not reliant on anomalous measurement
of subsequent free resonant frequencies.

We next discuss the means by which we take contact resonance measurements on the
sample. Our procedure is designed to take multiple measurements of the frequency re-
sponse of a soft micro-mechanical cantilever in contact with a stiff sample. We apply the
procedure to a thermally sensitised sample of SS grade 316, known to contain regions of
carbides3. Prior to measurements on SS, we trial our procedure on a section of gold. We
choose these samples as they cover a large range of elastic properties for stiff materials,
as described in Section 5.2. The procedure is designed to move the cantilever towards

3 The SS grade 316 (UNS S31600) sample is a piece of EDF Energy Cast 69431 ex servic AISI Type 316H. The
same sample was previously investigated by Dr Xander Warren [193]; full details of the sample are given
in Warren’s PhD thesis [203], and quoted here: “The ex–service +22000 hour AISI Type 316H stainless steel
specimen was removed from the attachment weldment of an ex–service boiler header component (Cast
69431) from the Heysham B nuclear reactor, which during operation has been subjected to 65015 hours in
the temperature range 490 °C to 530 °C, and then subjected to further thermal ageing for 22100 hours at
550 °C post service.”



116 relating contact stiffness to elastic modulus

Figure 5.3: A schematic showing the experimental set-up for measurements on a single point.

the sample over a range of heights, di for i = 1, ..., N, where d1 is the initial z distance
from the set point, d0. The distances are returned in volts, V, which is converted to a
distance using the inverse optical level sensitivity, described in Chapter 1. For the gold
sample, the inverse optical level sensitivity is 149 nm V−1 whereas for the SS sample, it is
304 nm V−1. Moving the cantilever towards the sample results in a contact event where
the cantilever is subjected to a normal load, FN = kcd1. We then decrease the distance
between sample and cantilever, in effect decreasing the normal load on the cantilever,
and take a measurement of the resonant frequency, a contact tune, with each change
in sample-sensor distance. We repeat these measurements until the stage returns to the
original z-sensor set-point, at a distance dN , and regains the free resonant frequencies,
signified by returning to the original set-point of the z-sensor. The method by which we
perform these measurements is included in Figure 5.3 and outlined below:

1. The cantilever is moved onto the first position on the grid through the X-Y stage
but is not brought into contact.

2. The cantilever is excited near the base of the tip using the blueDrive laser in order
to oscillate the cantilever, up to the higher frequencies of the first five modes.
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Position: 1 2 3 4 5 6 7 8 9 10

Au di (nm) 151.95 607.8 303.9 152 30.4 24.3 18.2 12.2 – –
Fi (nN) 100.8 40.32 20.16 10.08 2.01 1.6 1.2 0.9 – –

SS di (nm) 770 308 154 77 46.2 30.8 15.4 12.32 9.24 6.16

Fi (nN) 50.82 20.23 10.16 5.08 3.04 2.03 1.02 0.81 0.69 0.41

Table 9: The change in distance between sample and AFM tip, di, causing an increased normal
load, FN for both the gold sample (Au) and the SS grade 316 sample (SS). .

3. The cantilever is lowered onto the surface grid until it reaches a known distance
from the set-point. This initial distance, d1, represents contact with a normal load-
ing force according to FN = kcd1.

4. The cantilever is moved to a known distance, d2 > d1, away from the surface,
causing the normal load to decrease. A contact tune is then taken. Once the can-
tilever motion has ceased, the procedure is repeated (at distances di+1) until the
cantilever returns to the original z-sensor set-point, dN . We record the resonant
frequency and Q factor for each separation distance and mode number.

5. The free resonant frequencies of the cantilever are measured.

6. The cantilever is moved by the X-Y stage to the next location on the surface grid.

7. Steps (3) to (6) are repeated until all points on the surface grid have been measured.

At each position on, and distance from, the sample, we measure the contact resonant
frequency of the cantilever, known as a contact tune, using the detection laser. We use
this contact tune to calculate the shift in resonant frequency from the free resonance of
the first mode at each location, and for each normal load. This is used to calculate the
contact stiffness, given the shift in resonant frequency, using (4.46).

We first apply our experimental set-up to a sample of gold, shown in Figure 5.4, where
we record 16 measurements over a 4× 4µm grid. We bring the AFM cantilever into con-
tact from the set-point distance, d0, to an initial distance of d1 = 1.5 µm, corresponding
to loads of 100 nN. The distance is then reduced, resulting in normal loads of 40 nN,
20 nN, 10 nN, 2 nN, 1.6 nN and 1.2 nN and 0.9 nN (calculated with kc = 0.066 N m−1).
These distance and load measurements are given in Table 9.

We find that the measured resonant frequency exhibits a regime change as we in-
creased the distance between the sensor and sample (reflected by a decrease in the
normal load). This is shown in the colour maps of Figure 5.5, where the first mode
shows a transition from high frequency (yellow) to low frequency (blue) where higher
modes increasingly show a jump in frequency between 10 and 2 nN (5V and 0.1 V, re-
spectively). Measurements were taken on the gold sample in order to ascertain whether
the data was being properly recorded and, as such, we note that this data set is missing
two components: a force-distance curve measurement at each location and position data
for the iterative measurements. However, all results are included for completeness. For
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Figure 5.4: An example section of the gold sample that has been investigated. We note that the
circular regions represent grain boundaries and that they vary in diameter from 5 nm
to 20 nm, as indicated by the included scale bar, and up to 15 nm in height, shown by
the colour bar to the right of the image.

(a) Mode 1 (b) Mode 2

(c) Mode 3 (d) Mode 4

Figure 5.5: Heat maps showing the change in frequency over the 16 positions measured on the
Au sample. We note that there exists a significant change in behaviour between a
normal load of 10 and 0.9 nN.
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subsequent measurements on the sample of SS grade 316, these components were in-
troduced. Furthermore, the measurements on the gold sample for the fifth mode of the
cantilever failed to capture the fifth resonant frequencies and have not been included in
the analysis.

For the sample of SS grade 316, we have taken 25 points across a 5× 5µm grid, as
shown topographically in Figure 5.6. This steel sample was polished and prepared by
Miss Stacey Moore (Interface Analysis Centre, Bristol) and a second section of the same
material is used for contact resonance on high-speed AFM (CR-HSAFM) measurements
in Chapter 6. The sample of SS grade 316 contains inclusions and carbide build up,
shown as low and high regions, in Figure 5.6. The carbides relate to the high regions as
they are harder than the bulk steel and are less influenced by the polishing procedure.
They can range from 10 nm2 to 10 µm2 in area. Each grid point position is related to a
spatial position on the sample, marked as numbered circles in Figure 5.6b.

On the sample of SS 316, we bring the AFM cantilever into contact with a distance
of 770 nm from the set-point, d0. This corresponds to an initial normal load of 50.82 nN,
and subsequent load and distance measurements are given in Table 9. We find that
at high distances/low forces, there is a significant long-range force (potentially caused
by electrostatic or van der Waals phenomena) that prevent the cantilever from fully
retracting (and hence losing contact) when taking measurements on SS sample. This
was addressed by adjusting the procedure to break the iterative process of decreasing
the normal load when the z-sensor makes a relative change rather than previous choice
to stop once the cantilever reached the set-point (step (4) above). This prevented the
cantilever from snapping in and out of contact, which would result in a high number of
spurious data-points being collected at low forces.

Our aim is to show that a measured contact stiffness will be consistent across modes
and positions with a low amount of variation. Having calculated the contact stiffness, we
seek to relate the contact stiffness to the reduced modulus of the material using (5.12) for
an assumed hemispherical tip or an unknown geometry (where p1 remains unknown).
We now outline the results from our measurements, which demonstrate modal consis-
tency of contact stiffness, and discuss, in Section 5.5, the possible causes of uncertainty
in our results.
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(a) Larger section of the Steel 316 sample.

(b) Close-up of the region marked in (a).

Figure 5.6: Topographic map of the sensitised SS grade 316 sample, showing (a) larger region
of the sample, demonstrating a build up of carbide across the centre region (high
regions) and where we have marked the section that was investigated (b) by a dashed
black box. In (b) we show a close up of this section and mark the location of the
twenty five grid positions.
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5.4 results

We are concerned with calculating a reduced modulus, E∗, from a shift in the frequency
of an oscillating sensor in contact with a stiff material. To do so, we assume the following,

• The AFM probe is well described by the Euler-Bernoulli beam theory, (4.2).

• The idealised contact stiffness, as defined in (4.1), will have a causal relation to the
contact force. The contact stiffness is found using the theory described in Chapter 4

and outlined in Section 4.4.5.

• The contact stiffness is a measure of a material property of the sample and, hence,
is expected to be consistent across all modes.

We are interested in how well the calculated contact stiffness is described by the rele-
vant contact mechanics theory outlined in Section 5.2. We investigate this by incremen-
tally varying the normal loading force (through a change in the distance between tip
and sample). We examine how the repeated measurements across multiple different lo-
cations on the gold sample and SS grade 316 sample, as described in Section 5.3, will
influence the contact stiffness of the sensor-sample system. We include the unconverted
values for the recorded resonant frequency at each location and tip-sample separation
distance in Appendix A.

In Section 5.4.1, we calculate the necessary cantilever parameters needed to relate a
shift in resonant requency to a contact stiffness using the method described in Section 4.5.
We then describe how these parameters lead to modal consistency of the normal contact
stiffness, over a range of normal loads (caused by a change in the tip-sample separation).
Specifically, we find that the modes of an AFM probe that have an effective stiffness
that most closely matches the contact stiffness of the sensor-sample system also best
approximated by a parallel beam such that additional parameters (the tip height, lateral
stiffness and tilt angle) can be ignored. This is not the case for the lower modes (which
have reduced effective stiffness) when using a soft cantilever to measure a stiff material.
Instead, the tilted cantilever model should be used. Given appropriate model selection
(tilted cantilever or parallel beam), we find that the calculated contact stiffnesses are
consistent across multiple modes.

Having assured ourselves of modal consistency for a contact stiffness, we examine in
Section 5.4.2 how the change in calculated contact stiffness over varying normal loads
can be used to fit the DMT relationship between contact stiffness and reduced modulus,
(5.13) for an assumed hemispherical tip and (5.14) for a tip with unknown geometry.
We find that significant variation in the calculated reduced modulus exists. We discuss
potential causes for this uncertainty in Section 5.5.

5.4.1 Modal Consistency

We first examine whether the cantilevers parameters, estimated using the method de-
scribed in Section 4.5, result in contact stiffnesses that are consistent across multiple
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(a) SS grade 316 (b) Gold

Figure 5.7: Intersections of the parameter surfaces for measurements on Au (a) and SS grade 316

(b), leading to the calculation of calculation of two key parameters; the length offset,
L′/L = 0.012 and tip height, h/L = 0.013. Note that Figure 5.7a appears earlier, in
the introduction of our method for parameter estimation, Figure 4.12.

modes of the cantilever. In Figure 5.7, we show surfaces of normalised contact stiffness
(k⊥/kc) for each mode over a range of tip off-set and tip height. These surfaces are
found to intersect at only one location. This is an experimental validation of our method
of paramater estimation that is described in Section 4.5, and is the key to gaining con-
sistent values of a contact stiffness over multiple modes. We note that previous work
assuming parallel contact (such as [138, 164, 204]) has used a similar method for calcu-
lating the length offset of the tip only. However, we have found that this method results
in non-unique intersection points, such that the uncertainty around the length offset
value remains. Instead, by extending the model of contact to include the cantilever tilt
and simultaneously seeking a value for both the length offset and tip height, we find that
a consistent contact stiffness can be calculated at the fundamental as well as at higher
modes.

For all calculations, we use the ratio of the nth contact frequency (the resonant fre-
quency of the cantilever in contact with a sample) to the nth free resonant frequency of
the beam, calculated using the method, described in Chapter 2, due to the considera-
tions of the hydrodynamics given in Chapter 3. We find estimates for the length offset,
L2/L = 0.012 and tip height, h/L = 0.013 for the AFM probe used on the sample of
gold and length offset L2/L = 0.013 and tip height, h/L = 0.012 for the AFM probe
used on the SS sample. The tip height is slightly lower than the manufacturer value of
h/L = 0.02–0.004, indicating possible tip damage. Information on the length-offset is
not provided by the manufacturer.

The iterative procedure, outlined in Section 5.3, gives data across a range of locations
and sensor-sample distances (which we relate to normal loads). In Figure 5.8, we plot the
contact wavenumber as a function of the normalised contact stiffness (k⊥/kc) for each
mode. We highlight the range of observed contact wavenumbers by red horizontal lines
for each mode and give both the contact stiffness calculated for the model of a tilted
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(a) Gold

(b) Steel 316

Figure 5.8: The normalised contact stiffness, calculated using (4.46) as described in Section 4.4.5.
We note that the contact stiffness calculated on the gold sample has a large standard
deviation, as given in Table 10, owing to the large variation in the measured resonant
frequency as shown in Figure 5.5. The sample of SS grade 316 has much lower vari-
ance, with a mean of 1948.8± 123.8 across all modes, with further details given in
Table 11 .
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beam (shown as a dashed orange line and where we assume k‖ = 0.8 and θ = 0.19) and
a parallel beam (solid blue line), as described in Chapter 4, that both have the tip offset
by the values calculated above.

For the gold sample, shown in Figure 5.8a, we find that there is very large variation
in the observed contact wavenumber, as reported in Table 10, and that this leads to an
average normalised contact stiffness (calculated across all modes) of k⊥/kc = 1744± 843,
where the error is calculated as the standard deviation across modes. This is equal to a
contact stiffness of 115 N m−1 ± 56 N m−1, which agrees well with the predicted range
of k⊥ = 72 − 334 given in Table 7. The variation in contact stiffness will be directly
caused by the variation in the measured resonant frequency, shown in Figure 5.5, which
undergoes a qualitative change when the distance between surface and sample is great
(relating to low tip forces). This is particularly true for the third mode which contains a
variation in α3 of 8% but a corresponding variation in contact stiffness of 74%, as shown
in Table 10.

When considering the SS sample, we find that there is much lower variation in the ob-
served wavenumber, shown as red horizontal lines in Figure 5.8b and given in Table 11.
We find that average normalised contact stiffness, calculated across all modes using the
average wavenumber, is k⊥/kc = 2187± 433, or k⊥ = 144 N m−1 ± 29 N m−1 which is
also within the range of predicted contact stiffness, k⊥ = 132− 640 given in Table 7. The
decreased variation is further emphasised when we observe that the contact stiffnesses
are largely consistent across all modes, as shown in Figure 5.8b. However, we find that
the modal consistency of these contact stiffnesses requires the use of a tilted beam model
for low modes, as shown in Figure 5.6b. We find that the contact wavenumbers cannot
be related to a contact stiffness when using the first mode in conjunction with the model
of a parallel beam with tip offset, as presented in Section 4.4.4. On the other hand, we
find that the higher modes (n = 4, 5) are much less sensitive to lateral forces such that
the difference between the contact stiffnesses calculated using the parallel beam approx-
imation and a tilted beam (both with a length offset) is less than 1%.

Our results indicate that the higher modes of a soft cantilever (which increasingly
behave as a parallel beam) are those that have an effective stiffness, as calculated using
the method in Chapter 2, similar to the resulting contact stiffness. This highlights the
possibility of stiffness matching for soft cantilevers in contact with stiff materials. We
discuss our findings in more detail in Section 5.5. We next turn to how the values of
the contact stiffness represent the theories describing contact mechanics, as outlined in
Section 5.2.

5.4.2 Calculating a Sample–Specific Elastic Modulus

Given our iterative procedure, outlined in Section 5.3, we are able to investigate how
well the theories of contact mechanics between the sample and sensor, as described in
Section 5.2, are observed in practice. To do so, we consider how the normalised contact
stiffness, calculated using (4.46) with the parameter choices given in Section 5.4.1, vary
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Figure 5.9: Log-log plots of the normalised contact stiffness for modes one to four for all sixteen
positions, as well as the calculated normalised contact stiffness across all modes and
positions, against the normal loads considered, as calculated by (5.1) for Rtip = 20 nm.
We see a significant change in the normalised contact stiffness as we move from high
force to low force, most clearly signified by mode 3. Dashed lines represent lines of
best fit across all data points, with errorbars drawn using the standard deviation of
each normal load.

Figure 5.10: Log-log plots of the normalised contact stiffness for modes one to four for all
sixteen positions, as well as the calculated normalised contact stiffness across all
modes and positions, against the normal loads considered, as calculated by (5.1) for
Rtip = 20 nm. We see a significant change in the normalised contact stiffness as we
move from high force to low force, most clearly signified by mode 3. Dashed lines
represent a power-law fit, as described in Section 5.2.
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Contact Wavenumber Normalised Contact Stiffness Contact Stiffness
αn σα k⊥/kc σk⊥/kc k⊥ σk⊥

Mode 1 4.093 (0.060) 2073 (576) 136 (38)
Mode 2 7.215 (0.043) 1855 (781) 122 (52)
Mode 3 9.76 (0.78) 1511 (1110) 100 (73)
Mode 4 13.02 (0.50) 1537 (818) 101 (54)

Table 10: The mean contact wavenumber, normalised contact stiffness and contact stiffness,
shown with standard deviation displayed in brackets for the sample of gold (Au)

Contact Wavenumber Normalised Contact Stiffness Contact Stiffness
αn σα k⊥/kc σk⊥/kc k⊥ σk⊥

Mode 1 4.060 (0.014) 2344 (372) 230 (36)
Mode 2 7.163 (0.014) 2231 (382) 219 (38)
Mode 3 10.261 (0.031) 2352 (489) 231 (48)
Mode 4 13.269 (0.079) 2107 (455) 206 (44)
Mode 5 16.000 (0.297) 1894 (457) 186 (45)

Table 11: The mean contact wavenumber, normalised contact stiffness and contact stiffness,
shown with standard deviation displayed in brackets for the sample of SS grade 316

over a range of positions on the sample, reflecting changes to the normal load on the
cantilever. Furthermore, we are able to do so over a range of locations on a sample. This
gives us an indication as to how robust these theories are to repeated measurements on
a sample.

In Figure 5.9, we show log-log plots of the normalised contact stiffness calculated at
each location on the sample of gold for the range of normal loads investigated. We note
that there appears to be two regions of calculated contact stiffness at low forces (loads
less than 10 µm), most strongly demonstrated by the increased standard deviation in
measurements taken with mode three. We discuss this further in Section 5.5. Instead we
consider how these values of contact stiffness reflect a material property.

We first assume that the tip is hemispherical with radius Rtip = 20 nm. We then fit
(5.17) and calculate the reduced modulus using (5.18). We calculate the mean reduced
modulus across all positions to be 329 GPa± 68 GPa, 272 GPa± 62 GPa, 143 GPa± 81 GPa,
and 199 GPa± 49 GPa for the first four modes (where the error is given by the standard
deviation across all positions). This is significantly larger than the expected reduced
modulus of 60 GPa. We then consider whether treating the exponent of the contact me-
chanics as an additional parameter improves calculation of the reduced modulus, repre-
senting a deviation from a hemispherical tip. These fits are calculated using the lines of
best fit given in Figure 5.10, where the standard deviation across measurement positions
(for each load) is used as a weight in a weighted linear regression procedure, as shown
in Figure 5.9 and results given in Table 12. Each straight line represents a linear fit where
the exponent is assumed to be unknown representing a tip with unknown geometry, as
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(a) Gold (b) Steel

Figure 5.11: The calculated reduced modulus,log10(E∗), found using the power law fits to the
data shown in Figure 5.9 (gold) and Figure 5.12 (SS 316), calculated using (5.15)
described in Section 5.2. We display the log values to highlight that the difference
in the reduced modulus, found using the power law fits, spans several orders of
magnitude. The blue horizontal line represents the expected reduced modulus for
each sample material.

described in Section 5.2. We find that the exponent of the fit varies with mode number,
as 0.32 for mode 1, 0.44 for mode 2, 1.1 for mode 3 and 0.63 for mode 4.

Using these fits, it is possible to back-calculate the reduced modulus of the material.
In Figure 5.11 we show the calculated reduced modulus for the gold sample for each
mode. We find that the reduced modulus varies over several orders of magnitude, owing
to the large difference in fitted exponents. We include these results in Table 12. The first
mode number is closer to the expected reduced modulus for gold but has a standard
deviation that covers over four orders of magnitude. However the standard deviation
decreases with mode number, where the fourth mode has a standard deviation of one
order of magnitude.

We next consider the case of repeated measurements over the SS sample. The contact
stiffness for each mode over a range of forces is shown in Figure 5.12. All contact stiff-
nesses, as well as lines of best fit are shown in Figure 5.12, with error bars representing
the standard deviation across multiple locations on the sample for each mode. The fit-
ting procedure allows us to specify a tolerance for which we can reject measurements
which do not observe a power law relation. We set a tolerance that the weighted linear
regression must have RMSE > 0.95 and a p-value < 0.05, such that we reject all mea-
surements that do not exhibit a significant linear regression relationship. Note that none
of the measurements performed on the gold sample met this criteria.

We first use these lines of best fit to calculate the reduced modulus with an assumed
exponent of 1/3, representing a hemispherical tip. We find that more positions at higher
modes meet the fitting criteria defined above, where the number of positions are 5,
7, 11, 17, 20 for modes one to five, respectively. The mean calculated reduced modu-
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Figure 5.12: Log-log plots of the contact stiffness against the contact force across all positions
on the SS grade 316 sample, shown for the first five modes as well as for all modes.
Dashed lines in each frame show lines of best fit, where errorbars represent standard
deviation across measurement positions.

Figure 5.13: Log-log plots of the contact stiffness against the contact force across all positions on
the SS grade 316 sample, shown for the first five modes as well as for all modes.
Dashed lines in each frame show the results of a linear fit using the method de-
scribed in Section 5.2.
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lus across these positions are 657 GPa± 157 GPa, 558 GPa± 119 GPa, 650 GPa± 165 GPa,
597 GPa± 130 GPa, and 524 GPa± 94 GPa for the first five modes (where the error is
again given by the standard deviation across all considered positions). All are consider-
ably higher than the expected reduced modulus of E∗ ∼90 GPa.

We next consider how fitting with the exponent as a free parameter varies our results.
First, we fit (5.15) to each of the lines of best fit given in Figure 5.12. In Figure 5.14,
we give the calculated reduced modulus for the five modes that we have investigated,
showing the effect of removing those positions that do not meet our fitting tolerance.
Again, we find that the reduced modulus is significantly larger than expected, with
results given in Table 12.

In order to investigate of the possible influence of tip wear on our measurements,
we repeat these fits using three different values for tip radii to calculate the reduced
modulus, Rtip = 20 nm, Rtip = 37 nm, and Rtip = 65 nm. We choose these values as they
have been observed in [91] which investigated the contact mechanics of an AFM probe
with silicon tip, with initial tip radius of Rtip = 7 nm, in contact with a specimen of
fused quartz, with an indentation modulus of 68.4 GPa± 1.7 GPa, and where the tip
was exposed to normal forces that ranged from 0.75 µN to 45 µN. However, the spring
constant of the cantilever used was 3.7 N m−1 and only the first mode was investigated.
As we are utilising a soft cantilever and a lower force regime, we expect the tip radius to
be less exposed to tip wear than those observed in [91] and treat these values as upper
limits for changes to the tip radius.

We show the results of utilising different tip radius in Figure 5.15. We find that the
standard deviation in reduced modulus decreases as we increase the tip radius. How-
ever, we are unable to say with confidence which tip radius is correct without further
measurements such as SEM imaging. Instead, we note that when the tip radius is Rtip

= 37 nm, the exponent most closely matches the hemispherical assumption of 1/3 for
all modes, 0.21, 0.24, 0.31, 0.32 and 0.37, but that the reduced modulus at each mode
is still found to vary over several orders of magnitude, though mode 4 most closely
resembles the expected reduced modulus of the material, 54 GPa± 73 GPa compared to
E∗ ∼ 90 GPa. Hence, we find that we are unable to quantify our measurements, and
confidently relate the calculated contact stiffnesses to a material property. In Section 5.5,
we discuss our findings with regards the modal consistency of the contact stiffness as
well as possible causes for the uncertainty in our fitting procedure.
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(a) (b)

Figure 5.14: By introducing a tolerance based on the goodness of fit parameters from the fitting
procedure described in Section 5.2, we decrease the variation across modes in cal-
culating the reduced modulus. We show an example comparison here, where we
compare the results of the reduced modulus as calculated on the SS grade 316 sam-
ple with an assumed tip radius of 50 nm, shown without a tolerance (a) and with a
tolerance (b).

(a) Rtip = 20 nm (b) Rtip = 37 nm (c) Rtip = 65 nm

Figure 5.15: For the measurements on SS grade 316, we find that an increased radius results
in a reduced modulus, as calculated according to (5.15) as described in Section 5.2,
increasingly matches the expected reduced modulus of the sample, 95 GPa, shown as
the dashed line in all figures. We expect that this is due to significant tip wear during
imaging, resulting in a larger radius of the tip and a corresponding larger contact
area. However, without knowledge of the tip radius, we are unable to quantify these
results. Details of the measurements are included in Table 12
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Mode 1 Mode 2 Mode 3 Mode 4 Mode 5

Au E∗(Rtip = 20 nm) O(11) O(10) O(8) O(9) –

SS E∗(Rtip = 20 nm) O(17) O(17) O(15) O(14) O(13)
E∗(Rtip = 37 nm) O(13) O(13) O(11) O(11) O(10)
E∗(Rtip = 64 nm) O(11) O(11) O(10) O(10) O(9)

SS E∗tol(Rtip = 20 nm) O(16) O(15) O(14) O(13) O(13)
(tol) E∗tol(Rtip = 37 nm) O(13) O(12) O(11) O(11) O(10)

E∗tol(Rtip = 64 nm) O(11) O(10) O(10) O(9) O(9)

Table 12: The results of back-calculating the reduced modulus from the linear fit described in
Section 5.2 for the sample of gold (Au) and SS grade 316, shown for the first four
modes for gold and the first five modes for SS grade 316. We see significant variation
in the reduced modulus of the material across multiple modes. For the SS grade 316,
we note an improvement in the order of magnitude of the results as we increase the tip
radius but note that absolute quantification is impossible without accurate knowledge
of the radius. We find that the results are improved (insofar that there is lower variation
in results) when we introduce a tolerance for the included results.

5.5 discussion

The work in this chapter has been focused on calculating the contact stiffness of stiff
materials, considering how it varies across mode number, the relationship between con-
tact stiffness and load, and considering whether we can fit the model of contact to low
resolution load-stiffness measurements in order to calculate the reduced Young’s mod-
ulus of a material. In Section 5.4.1, we have shown that modal consistency is obtained
when the model of a tilted cantilever with offset tip in contact with a surface is used for
the lower modes of a soft cantilever (in contact with a stiff material), while the higher
modes can be approximated by the model of a parallel beam with offset tip in contact
with a surface.

From our findings, we make the following observations. First, we repeat that our
method for the estimation of the tip height and offset leads to contact stiffness values that
are consistent across modes. This is crucial to the implementation of contact resonance
methods on stiff materials using the lower modes of a soft cantilever. We note that, to
the best of our knowledge, our method of parameter estimation is novel, and has not
been previously implemented. In general, the lower modes of a cantilever will have
improved signal-to-noise ratios due to their higher amplitudes. However, as we have
discussed, their use requires knowledge of additional cantilever and system parameters.
Specifically, the influence of the tip height should not be underestimated; a change in
tip height of 1% will result in a change in a calculated contact stiffness by as much
as 40% for low forces (FT < 10 nN). On the other hand, the higher modes of an AFM
probe increasingly approximate a parallel beam which does not required knowledge
of these parameters. Hence, the importance of the tip height (as well as knowledge of
the lateral contact stiffness and tilt angle, though we show in Section 4.5 that these
have a reduced influence in the resulting contact stiffness) highlights a trade-off for
CR-AFM measurements with soft cantilevers on stiff materials; the ability of the AFM
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detection system to accurately calculate the resonant frequencies of higher modes and
the knowledge of a cantilever’s tip height.

Second, we find that the observed contact wavenumbers on both the sample of gold
and SS move closer to the first inflection point of the contact stiffness curves with
higher mode number. This is particularly true of the measurements on SS (which have
a reduced variation in the measured contact frequencies, demonstrated by the smaller
spread in contact wavenumbers) and is the cause for the decreased sensitivity to lateral
forces, such that the first inflection point is changed by introducing an offset to the po-
sition of the tip and not by a tilt to the sensor-sample system (see Section 4.5 for further
discussion).

This can be further understood in terms of the effective stiffening of a cantilever with
high mode number, as discussed in Chapter 2 and demonstrated by the increased prox-
imity of the effective stiffness of the cantilever, kn, to the observed contact wavenumbers,
as shown by the vertical blue lines in Figure 5.6b. This emphasises the possibility of stiff-
ness matching the higher modes of a soft cantilever for contact resonance measurementts
on stiff materials. Hence, we find that our method for parameter estimation, along with
the concept of modal consistency, motivates the utilisation of higher modes when per-
forming contact resonance measurements on stiff materials using soft cantilevers.

Finally, we note that there can be significant variation in the observed contact wavenum-
ber, caused by a variation in the resonant frequencies. This is observed in the qualitative
change in the contact wavenumber for the sample of gold from low to high normal
loads, as shown in Figure 5.5, but is also observed for certain modes and forces on the
SS sample. For example, we observe a recorded contact wavenumber of 15.2 during data
collection for the fifth mode on the SS sample. Though this corresponds to a decrease of
5% to the average contact wavenumber, given in Table 11, it causes a decrease in the cal-
culated normalised contact stiffness from 1, 894 (the mean value) to 885, a 50% reduction.
Moreover, the difference in this calculated wavenumber from the average wavenumber
corresponds to a 10% difference in the measured resonant frequency. This highlights the
sensitivity of calculations of a contact stiffness to experimental conditions.

We next discuss how the contact stiffness relates to a material property. By fitting the
contact stiffness calculated over a range of forces to a model of the contact mechanics,
given in Section 5.2, we are able to test how well the contact stiffnesses relate to a re-
duced modulus (which contains information about the Young’s modulus of the sample).
However, as discussed in Section 5.4.2, we find that the contact mechanics models over-
estimates the reduced modulus when the tip is assumed to be hemispherical and that
the reduced modulus can range over several orders of magnitude when the tip geometry
is a fitting parameter. We now discuss possible causes for the uncertainty in our results.

First, we consider how the properties of the tip will affect our calculations of the re-
duced modulus. We have shown that, for both samples and across multiple locations,
the fitted exponent can vary significantly from 1/3. This implies that the tip is, in fact,
subjected to considerable tip wear during our single point measurements. Furthermore,
we have found that the change in tip radius will have significant influence on the calcu-
lation of the reduced modulus. A change in the tip radius will influence the adhesion
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Figure 5.16: An example of the force-distance curve measured using the Cypher AFM on a posi-
tion (1) on the SS grade 316 sample. The force-distance curve on all locations shows
no hysterisis between the approach and retract curves, signifying that the material
does not exhibit significant viscoelastic behaviour, as described in Chapter 1.

force, (5.11), with Fc = 9 nN, 16 nN and 30 nN, for tip radii , Rtip = 20 nm, 37 nm and
65 nm, respectively. This causes a change in the resulting fit parameters, increasing the
exponent with increased radii. We note that our means for calculating the reduced mod-
ulus (5.16) also uses the tip radius though this is expected to have a lesser effect. As
such, the tip geometry and radius are critical parameters for these single point CR-AFM
measurements such that the tip properties require careful consideration both pre- and
post-measurement. The influence of the tip geometry has been discussed elsewhere, see,
for example, [205].

We do not have accurate information about the tip radius or tip geometry but can
infer changes in the tip (or the accumulation and subsequent loss of debris) by con-
sidering any sudden changes in the calculated reduced modulus when fitting with a
free exponent and infer that tip wear occurs by considering how the calculated reduced
modulus varies across position number with subsequent measurements. This is shown
in Figure 5.17, where it appears that substantial changes to the system occur for the first
eleven positions (if position thirteen is ignored), shown by the range in reduced modu-
lus over several orders of magnitude for these positions. On the other hand, positions
fourteen onwards (as well as position twelve) appear to correspond to measurement
stability as the calculated reduced moduli vary across a smaller range. We note also
that the higher modes vary across a much smaller range of reduced modulus, which we
posit is caused by the effective stiffening of the AFM probe, discussed in Section 5.4.1.

The tip radius will influence the level of adhesion that is incorporated into the system,
as indicated by (5.11). The adhesion in the system may also play a role in the increased
variation in our measurements. Our procedure operates by bringing the cantilever into
contact with the surface and then reducing the separation distance between tip and
surface until contact is broken. We show an example force-distance curve, similar to the
schematic Figure 1.3 given in Chapter 1, in Figure 5.16. We note that there exists a region
of significant adhesion which is beyond the snap-to-contact event and occurs before
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the contact between sensor and sample is broken (the snap-from-contact event). Hence,
for low separation distances, reflecting small normal loads, our measurements may be
distorted by the influence of a meniscus layer which prevents a snap-from-contact event
from occuring. Note that there is no evidence of viscoelasticity on the SS sample, shown
by the lack of hysterisis in the contact regime.

This motivates a third source for potential error which is caused by the low force
regime under investigation as well as the use of an AFM with OBD detection system.
During data collection, we have not explicitly considered how the sample topography
influences the contact event. For example, the tip may come into contact with the edge of
a feature or a sample region with a large slope. In Section 5.2, we assume that the contact
event initially occurs at a single point and that both tip and surface begin parallel to one
another. However, if the tip comes into contact with an edge (or multiple edges), then
the contact mechanics require altering to account for the subsequent change in contact
area (or the simultaneous introduction of more than one contact area).

For example, the gold sample has grains, shown in Figure 5.4, that range from 5 nm
to 20 nm. The radius of the tip provided by the manufacturer is given as less than
10 nm, though tip wear can lead to an increase in this, as previously discussed. Given
the similarity in size between the tip radius and grain, a variety of contact events are
possible; such as grazing contact or multiple asperity contact. Each would require an
altered representation of the contact event, such as different configuration of contact
springs (see, for example, [168]). This is more likely to occur at low normal forces, as the
contact area is more sensitive to the orientation of the sample and may also occur for the
SS sample, though it is less likely to be caused by the grain size of the SS sample which
are typically much larger than that of gold, as shown in Figure 5.4 and Figure 5.6.

This further motivates a question on the suitability of our assumption that the contact
stiffness is well approximated by a linear spring. Previous research, [185], has noted
the possibility of nonlinearities in contact resonance measurements performed on stiff
materials both theoretically and through direct observations. In [185], the nonlinearities
are found to occur when the cantilever is forced to oscillate at large vibration amplitudes
around its equilibrium condition. However, for the measurements undertaken here, we
have considered small amplitude oscillations, especially when considering the higher
modes of the cantilever. Hence, we do not expect the linear assumption, introduced in
Chapter 4 to be the dominant cause for the uncertainty in material properties given in
Section 5.4.2.

Instead, we suggest that the tip geometry, which will affect both the amount of ad-
hesion in the system as well as the underlying contact mechanics of the system to be
a significant barrier in the quantification of these contact resonance measurements. We
note that we are not the first to come to this conclusion, which was previously discussed
in [192, 205]. However, previous work has focussed on using only the first mode to calcu-
late the contact stiffness (and hence, the material properties of a stiff sample) but the tilt
of the cantilever was not included. As shown in Section 5.4.1, this can result in large in-
accuracies in the calculated contact stiffness. Additionally, we believe that the low force
regime (FN < 0.15 µm) investigated here are more exposed to the influence of adhesive
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(a) All Modes

(b) Mode 5

Figure 5.17: For the measurements on SS grade 316, we find that the initial measurement posi-
tions vary significantly between each position. However, later positions (such as 14

onwards) appear to have much less variation in the reduced modulus (especially
when considering the fifth mode). This supports the possibility of tip wear between
sample positions. Note that data collection occured at subsequent positions, starting
at position one and and continuing until position twenty five.
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forces than the high force regime, shown in Figure 5.16. Therefore, our measurements
motivate the use of a high normal force regime that does not cause significant tip wear
during operation. This is exactly the regime operated in during high-speed AFM, in-
troduced in Chapter 1, as the tip is ‘protected’ from tip wear due to a hypothesised
lubrication layer, as evidenced by the stability in imaging quality over large collection
periods and areas. In Chapter 6, we demonstrate the capabilities of performing contact
resonance on HS-AFM (CR-HSAFM).

5.6 conclusions

In this chapter, we have investigated how to calculate the normal contact stiffness, how
it varies with the higher modes of a cantilever and to what extent there is a clear load
dependence exhibited by measurements of a contact stiffness which can be related to
a reduced modulus. The normal contact stiffness is an idealisation of the contact event
between the AFM probe and sample. As such, we are required to know the robustness
and limits of this idealisation in order to use the contact stiffness as a tool for measuring
material properties at the nanoscale. To this end, we can draw the following conclusions
from our investigations.

First, our results suggest that the contact stiffness is only weakly influenced by mode
number of the oscillating sensor, provided that the material parameters of the probe are
known. Specifically, information is required of the tip height and the length offset of the
tip from the free end of the probe. We have introduced a new method for calculating
these two parameters in a straightforward manner, without the need for additional mea-
surements (e.g. by SEM imaging). We achieve this by calculating the contact stiffness,
given a shift in frequency and corresponding contact wavenumber, for a range of possi-
ble values of length offset and tip height. As shown in Figure 4.12, this leads to values
for both length offset and tip height which give a calculated normal contact stiffness is
consistent across multiple modes. Hence, the inclusion of these two parameters ensures
the existence and consistency of contact stiffness for multiple modes of a sensor.

Second, we find that our measurements do not convincingly follow the DMT theory
of contact mechanics. We note that this is likely due to the low-resolution nature of the
results, where repeated measurements on the cantilever may have caused significant tip
wear, changing the tip radius and geometry between measurements. This highlights that
contact resonance AFM, though non-destructive, is not amenable to single point mea-
surements unless consideration is given to potential tip wear. Hence, contact resonance
measurements are ideally taken under low-wear conditions. We exploit a low-wear high-
force instrument in Chapter 6, where we combine the contact resonance technique with
HS-AFM.
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H I G H S P E E D L A R G E A R E A S T I F F N E S S
M E A S U R E M E N T S

The stainless steel (SS) grade 316 sample (UNS S31600) used for experiments described in this
chapter is a different section of the same sample as that used in Chapter 5, and was polished and
prepared by Miss Stacy Moore (University of Bristol, UK). The silicon-graphene sample, used
in Section 6.3, was prepared by Dr Chris Howard (University College London, UK). Additional
experimental work in Section 6.3 was carried out with assistance and guidance from Dr Loren
Picco (University of Bristol, UK) and Mr Freddie Russel-Pavier (University of Bristol, UK).

6.1 introduction

We have now described the necessary knowledge required to implement acoustic mea-
surements on an AFM. In Chapter 2, we introduced our new method for calibration of
micro-mechanical cantilevers which we use to calculate the effective stiffness of an AFM
probe operated at higher modes, as well as calculating the resonant frequencies of the
cantilever in vacuo. We utilise this method when selecting the resonant mode of the
cantilever which is expected to have the greatest sensitivity to material properties and
to check the resonant frequencies of the probe in Section 6.2.1. In Chapter 3, we showed
that the higher modes of a cantilever are less sensitive to the additional damping terms
caused by the hydrodynamics of the surrounding fluid. In Chapter 4, we have shown
how to relate a shift in resonant frequency to a contact stiffness and, in Chapter 5, we
have shown that the higher modes of an AFM probe with low spring constant are more
sensitive to the properties of stiff materials. The higher modes of an AFM probe also re-
sult in higher frequencies being used, making them ideal for high-speed AFM (HSAFM)
which requires high frequency throughput. We now demonstrate the benefits of com-
bining the contact resonant technique with the HS-AFM developed at the University of
Bristol; that the fast scan rates of the HS-AFM allow for non-destructive measurements
on a range of stiff materials and result in non-topographic feature extraction. This leads
to CR-HSAFM, a tool that is capable of non-topographic non-destructive sample mea-
surements over micron-sized areas with frame-rate capture times.

We begin this chapter by describing AFM at high speeds, and how other contact
resonance techniques detect and measure the frequency response at each pixel of an
AFM image. In Section 6.2, we describe our method for relating a change in amplitude,
as measured using single- or dual-channel information of a lock-in amplifier, to a shift in
resonant frequency. In Section 6.3, we describe measurements on two material samples,
the same stainless steel (SS) grade 316 sample (UNS S31600) as examined in Chapter 5, as
well as a silicon sample with deposited graphene flakes, and discuss the results of these
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measurements in Section 6.4. This represents the combination of work found in all earlier
chapters of this thesis, culminating in quantified stiffness mapping of stiff materials
using HS-AFM. We point towards future avenues of investigation in Section 6.5. We
outline and demonstrate how this achieved in this chapter.

6.1.1 Contact Resonance Imaging Methods

In order to combine the single point contact resonance measurements, described in
Chapter 4 and Chapter 5, we require frequency information at each pixel that can be
used to calculate the change in resonant frequency of an AFM probe. Since the advent
of CR-FM, several methods have been introduced to achieve such frequency maps. We
discuss such techniques here, before proceeding to outline two of our own methods for
creating frequency maps with HS-AFM that do not make use of additional control-loops
or hardware constraints.

Contact resonance techniques, as we have seen in Chapter 4, exploit the shift in the
resonant frequency of an AFM probe due to sensor-sample interaction, in order to infer
stiffness properties of a sample. As such, the resonant frquencies of the cantilever probe
are required at each sample location where the stiffness is under investigation. One
means for constructing such frequency maps is band excitation (BE) which excites and
detects the response of an AFM probe across a suitable band of frequencies simultane-
ously [206]. The band is chosen to contain those resonant frequencies that are expected
to be sensitive to sample properties. BE methods have been successful at exploring how
a sample varies with time, temperature or voltage as well as under different local (as
applied to the tip) or global (as applied to the sample) stimuli (see, for example, [206]
for a review of BE results). This is because the data contained inside an entire frequency
sweep reveals information, not just of the change in frequency but also changes to the Q
factor, phase and amplitude, occuring both on and off resonance. However, BE methods
result in images that are often prohibitively large, as AFM images can contain several
thousands (if not tens of millions for HS-AFM) of pixels, each of which require a fre-
quency sweep to be recorded [206]. As such, many CR-FM techniques resort to less
data-intensive mechanisms.

Dual resonance frequency tracking (DRFT) [207] and dual A/C frequency tracking
(DART) [130] both utilise a lock-in amplifier1 to drive the cantilever at two frequencies,
simultaneously, either side of the resonant frequency that is expected to be most sensi-
tive to changes in material properties. DRFT considers only the change in the cantilever’s
oscillation frequency, as measured by differences in the amplitude at some driving fre-
quency, due to the influence of material properties. The change in frequency is then
used to calculate a shift in resonant frequency. Similarly, DART makes use of a lock-in
amplifier to measure the change in amplitude, but also measures the phase at two driv-

1 See Chapter 1 for more discussion on the utilisation of a lock-in amplifiers.
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ing frequencies either side of the resonant frequency. The change in both amplitude and
phase (a total of four measurements) is then related to a change in frequency by [208],

f ′R =

√
f1 f2

f2X1 − f1X2

f1X1 − f2X2
, (6.1)

where f ′R is the shifted resonant frequency, ( f1, f2) are the driving signal frequencies ei-
ther side of the resonant peak and X1, X2 represent non-dimensional parameters defined
to be

X1 = −1− sign(Φ)
√

1 + Φ2/Ω
Φ

(6.2)

X2 = −1− sign(Φ)Ω
√

1 + Φ2

Φ
,

where Φ = tan(φ′1 − φ′2) and Ω = f1A′1/ f2A′2, for shifted amplitudes A′1, A′2 and shifted
phase measurements φ′1, φ′2.

These methods are the most popular of CR-FM imaging methods, commonly imple-
mented in many commercial AFMs, such as the Cypher AFM used in Chapter 5. They
have been able to calculate material properties of a range of materials including DNA,
ferroelectric materials and viscoelastic property information [130, 208]. However, both
DRFT and DART require the implementation of a control loop that keeps both ampli-
tudes at equal height, as they are based on the symmetry of the resonant peak. This is
problematic for the HS-AFM developed at the University of Bristol, as such control re-
quires additional time-consuming protocols to be implemented which reduces the scan
speed and corresponding sample throughput.

BE, DRFT, and DART all introduce limitations either through the need for additional
hardware, control loops, substantial data storage capabilities or some combination of
these three. Here, we describe how to implement CR-imaging on HS-AFM without re-
course to one of these techniques. As such, we avoid the need for additional control loop
considerations of DRFT/DART, and demonstrate how single- or dual-channel informa-
tion from a lock-in amplifer can be used to rapidly estimate the resonant frequency on a
per-pixel basis. We compare our technique to DART methods in Section 6.4.3, where we
find that our method of dual-channel CR-HSAFM is at least as capable of existing DART
methods for CR-AFM imaging, but with significantly higher pixel count. This results in
a device capable of large area real-time stiffness mapping, with nanometre height resolu-
tion, and which complements existing topographic capabilities by identifying previously
hidden sample features.

6.2 methods

When combining contact resonance techniques with HS-AFM, we make use of a lock-in
amplifier to monitor the change in resonant frequency. The lock-in amplifier can be set
to measure the change in amplitude or phase using one of four independent channels,
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where the measured change in amplitude and phase are used to calculate shifts in the
resonant frequency due to a sensor-sample contact event. Here, we describe our methods
for converting single and dual channel lock-in amplifier measurements to changes in
resonant frequency. We consider the restricted case of one and two channel information
due to restrictions inherent in the hardware used, as described in Section 6.3.1. Once
the shift in resonant frequency is calculated, we utilise the same methodology described
in Chapter 4 to relate a shift in frequency to a contact stiffness and that described in
Chapter 5 to further relate this contact stiffness to a material property.

6.2.1 Single Channel Measurements

Contact resonant information is found by setting the lock-in amplifier to give a sum
of two sine waves fixed at two frequencies bracketing a resonant peak, f1, f2, where
f1 < fR < f2 and fR is the resonant frequency of the peak, and subscripts represent
the use of the first/second channel of the lock-in amplifier. The amplitude of each of
these frequencies reflects its position on the initial measured resonant peak, as shown
in Figure 6.1a. This initial resonant peak is measured when the AFM probe is in contin-
uous contact with a bulk material property, such that the resonant peak is expected to
shift only a small amount (less than if it were to shift from free to contact) causing any
changes in amplitude to be more sensitive to shifts in frequency. The resonant peak will
shift to the right (stiffening) or to the left (softening) as the cantilever is moved away
from the bulk substrate to other material features, causing a change in the amplitude
recorded by the lock-in amplifier, A′1 and A′2, which we henceforth refer to as the shifted
amplitudes. When measuring with a single channel, we have access to only one of these
shifted amplitudes. However, we must utilise the change in amplitude in order to cal-
culate the change in resonant frequency. This change in frequency contains information
about the contact event between sensor and sample, as discussed in Chapter 4.

In order to convert this change in amplitude to a shift in frequency, we make several
assumptions. First, we assume that the resonant frequency peak as well as the shifted
resonant frequency peak are well described by a damped simple harmonic oscillator
(SHO), as defined in Section 2.5. We then note that a shifted resonant peak can be
reconstructed from a single amplitude point only if it is assumed that there is no change
in the width of the curve (the quality factor, Q). This implies that the viscous behaviour
of the material is neglible, as discussed in Chapter 5 and demonstrated by the force-
distance curve in Figure 5.16, or that there is little variation in the hydrodynamics of the
system. This is not likely to occur in practise, as discussed in Chapter 3. However, single
channel information can still be used to identify stiffness information and we outline
the method for doing so below, which assumes constant Q and amplitude.

As we have assumed no change in the quality factor or height from the original res-
onant peak, it follows that any shift in frequency will occur by the same amount for
all points on the resonant peak. Hence, we are only required to calculate the distance
from the resulting amplitude of the lock-in amplifier, A′m, to the same amplitude on the
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original resonant peak and where m = 1, 2 depending on whether the shifted amplitude
relates to a reference frequency is on the left or right of the resonant frequency (relating
to the first or second lock-in channel. As mentioned above, we have assumed that the
resonant peak is well described by the equation for a damped simple harmonic oscilla-
tor, which gives the amplitude of the oscillator for a given frequency. In order to find the
frequency for a given amplitude on the resonant peak, we note that the map from am-
plitude to frequency on an SHO curve has no unique inverse when the range includes
frequencies greater or less than the resonant frequency. In order to create an inverse,
we separate the peak to either side of the resonant frequency and fit an spline curve
representing an inverse SHO for each section, SHO−1(A′1) for f < fR and SHO−1(A′2)
for f > fR, as demonstrated in Figure 6.1b. The change in resonant frequency is found
by calculating the distance between the reference frequency and frequency given by the
appropriate inverse SHO curve,

f ′R = ‖SHO−1(A′m)− f ′m‖. (6.3)

The resonant frequency of the shifted frequency peak is then given by,

fn,contact = fR ± f ′R, (6.4)

where the plus/minus refers to whether the curve has increased in frequency (+) or
decreased in frequency (−).

This concludes how we relate changes in amplitude as recorded by a single channel of
a lock-in amplifier to a change in resonant frequency, where we have assumed that the
Q factor remains constant. However, the damping in the system is also expected to be
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Figure 6.1: (a) shows an example frequency shifts showing the change in amplitude from the
reference amplitudes, A1 and A2 to the shifted amplitudes, A′1 and A′2 and the corre-
sponding shift in resonant frequency to fR ± f ′R. When the AFM probe encounters a
stiff material, the resonant peak is expected to increase in frequency (red), whereas for
soft objects, the resonant peak is expected to decrease (blue). The shift is calculated
by utilising an inverse SHO curve, see (6.3) on either side of the measured frequency
peak (b), where blue represents frequency points below the resonant frequency and
red represents points above the resonant frequency.
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significant when the tip-sample separation distance is small, as discussed in Chapter 3.
This indicates that there will be a similar increase in the Q when imaging, compared
with the free case. Furthermore, imaging on a sample with topographic variation will
result in changing tip-sample separation distances and subsequent changes to the hy-
drodynamic loading in the system. This implies that there will be a change in Q from
imaging on a homogenous and significantly ‘flat’ (low variation in topography data) sec-
tion to imaging on a section with topographic artefacts, such as the carbides we observe
in Section 6.4. Under these operating conditions, we require additional information from
the lock-in amplifier and utilise two channels; dual-channel measurements.

6.2.2 Dual Channel Measurements

To give certainty to the calculated shift in frequency, two channels of the lock-in amplifier
are used to better approximate the change in resonant frequency of the oscillating AFM
probe. This is achieved by continuining our assumption that the cantilever will behave as
a damped harmonic oscillator near its resonance frequency, as discussed in Chapter 2.
Given this, the amplitude at resonance will be a function of the driving frequency, f ,
resonant frequency of oscillation, fR, and the quality factor, QR of the resonant peak.

With dual channel measurements, we are able to measure the amplitude at two driv-
ing frequencies either side of the resonant peak. This gives us two data points for the
three unknowns, which underdetermines our system of equations. In Chapter 3, we
found evidence that a cantilever oscillating near to a flat surface will experience a sub-
stantial increased in the hydrodynamic drag. As such, we expect the Q factor to be
sensitive to changes in the sample topography, to a greater extent than the resonant am-
plitude. We note that further measurements are required to confirm this. However, we
assume that the change in resonant amplitude will be small (compared to the resonant
amplitude of a contact tune measured on the same sample under the sample load) in
order to minimise the system unknowns. Hence, we rescale all amplitude values by the
resonant amplitude value (as measured when the cantilever is in contact with the bulk
material).

When imaging, we will store the amplitude recorded by each of the two channels of
the lock-in amplifier at each pixel. The high throughput of the HS-AFM produces im-
ages that contain several tens of millions of pixels, such that solving the simultaneous
equations at each pixel is a considerably intensive computational task. To simplify the
simultaneous equations, we assume that the shift in resonant frequency is small, such
that we are measuring near to the resonant peak. Given this assumption and the as-
sumption that the change in resonant amplitude will be small, we can approximate the
scaled amplitude at the nth resonance by a two term Lorentzian,

L( f ; fR, γR)

AR( f ≈ fR)
=

γ2
R

( f − fR)2 + γ2
R

, (6.5)



6.2 methods 143

where γn = fn/Qn represents the damping in the system. Hence, we use the measured
amplitude value at each pixel to solve the two simultaneous nonlinear equations,

A1

AR( f ≈ fR)
− γ2

R
( f1 − fR)2 + γ2

R
= 0, (6.6)

A2

AR( f ≈ fR)
− γ2

R
( f2 − fR)2 + γ2

R
= 0.

Solving for both of these equations give us the unknown value of fn and Qn for each
meaurement of amplitude change.

When imaging with two of the channels of the lock-in amplifier, we use (6.6) to calcu-
late the resonant frequency, fn which gives information on the stiffness of the material as
discussed in Chapter 4, and the quality factor, Qn which gives information about the sys-
tem damping (both hydrodynamic and material viscosity), at each pixel. An increased
number of lock-in channels will further characterise the resonant peak and decrease
uncertainty in our measurements. For example, two additonal channels can be used to
calculate the change in phase at a specific location allowing both the resonant amplitude
and the drive phase to be found, (6.1) above.

Finally, we note that the use of dual channels when imaging will cause the image to
invert in each of the channels; regions with high amplitude in one channel will appear
low in the other and vice versa. This is because an increase in resonant frequency will
cause the amplitude, A2, relating to the higher frequency, f2, to decrease and the ampli-
tude, A1, relating to the lower frequency, f1, to increase, given two reference frequencies
chosen to be either side of the resonant frequency, as discussed previously and shown
in Figure 6.1. We repeat that this argument holds for small shifts in the resonant fre-
quency, whereas for large shifts both amplitudes will see a decrease. Furthermore, this
assumes that the amplitude and quality factor remain approximately constant. Hence,
an observed inversion in the lock-in channel data is a good indicator that the shift in
resonant frequency is small, that the quality factor and resonant amplitude have not
drastically altered and that the measurements reflect a ‘true’ stiffness property.

6.2.3 Converting a Shift in Frequency to an Elastic Property

We have shown that there are several adjustments that can be made to increase confi-
dence in contact resonance measurements. First, the higher modes of an AFM cantilever
(with low spring constant) are more sensitive to changes in the stiffness of a material
and less sensitive to cantilever parameters (such as the cantilever tilt, the height of the
cantilever tip, and lateral forces in the system). The most sensitive mode can be found
by choosing the mode that causes an effective stiffening of the cantilever, as described
in Chapter 2 that most closely matches the predicted contact stiffness of the material.

Second, in Section 4.5 we have shown that multiple measurements of the resonant
frequency of a cantilever in contact with a material can be used to estimate the tip
height, which has the largest influence in the calculated contact stiffness. We also utilise
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considerations of the hydrodynamic damping, given in Chapter 3, to recommend that
the free and in vacuo resonant frequencies of the nth mode are use to minimise the
influence of the surrounding fluid on measurements.

In Chapter 5, we highlight potential sources of uncertainty in contact resonant mea-
surements, where we conclude that the two main causes are changes in tip geometry
(and radius) as well as the influence of adhesion forces. However, HS-AFM is thought
to operate within a low wear regime caused by the lubrication of a capillary layer that
exists on the surface [27]. This is demonstrated by the consistency of image quality over
several hours of imaging. Hence, we expect the DMT model of contact mechanics, given
in Section 5.2 to apply when carrying out CR-HSAFM. We note that, in Section 6.4.3,
we compare our measurements to those taken on a different sample of the same mate-
rial using the Cypher AFM, described in Chapter 5, which assumes the same model of
contact mechanics.

Finally, the HS-AFM has a considerable advantage in the volume of data collection
when compared with existing AFM instruments. Images taken using the HS-AFM con-
tain 5 × 105 individual pixels, whereas commerical AFMs (such as the Cypher AFM)
typically contain 5× 104 pixels; CR-HSAFM enables a tenfold increase in data acquisi-
tion. Furthermore, this data is collected in several seconds, compared with conventional
AFMs which can take minutes, if not hours.

We are now in a position to calculate the shift in resonant frequency, and, hence, the
contact stiffness at each pixel of an image taken using the high-speed AFM. The process
of converting a shift in frequency to an elastic property is discussed in detail in Chapter 4

and Chapter 5. We summarise the process below:

1. Measure the free resonant frequencies of the cantilever and the resonant frequen-
cies of the cantilever when it is in contact with the sample at a single location.

2. Use the shift in resonant frequency due to sensor-sample contact to estimate the
parameters of the cantilever, as described in Chapter 4.

3. Calculate the shift in frequency (using either one or two channels of the lock-in
amplifier, as described in Section 6.2).

4. Calculate the contact wavenumber from a shift in resonant frequency,

αn,contact = αn,free

√
fn,contact

fn,free
. (6.7)

5. Calculate the contact stiffness given a contact wavenumber using (4.43), as de-
scribed in Chapter 4, and with parameters found from the method described in
Section 4.5.

6. Finally, relate the contact stiffness to the reduced modulus of the material using
the process described in Section 5.2.
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This fully captures the methodology required to relate a shift in resonant frequency to
a material property when imaging with an AFM and lock-in amplifier at high-speed. We
now demonstrate how to measure the reduced modulus of a material using two different
samples; a sample of stainless steel (SS) (a different section of the same material as that
investigated in Chapter 5) and a sample of silicon with deposited graphene flakes. We
utilise the higher modes of the cantillever, providing high frequency bandwith to the HS-
AFM, resulting in a non-destructive and quantifiable tool for material science that can
image over micron squared areas in real time and with nano-metre height resolution.

6.3 measurements

6.3.1 Experimental Procedure

In this work, we utilise a HS-AFM system (Bristol NanoDynamics, UK), as described
in [26, 31]. An example schematic of the set-up used for contact resonance HS-AFM
measurements is given in Figure 6.2. The HS-AFM utilises a LDV detection system
(Polytec CLB 2534) which measures the change in the cantilever’s displacement. The
LDV measurement system is calibrated by the speed of light to have 50 pm resolution. A
camera is used to place the laser point below the tip, so as to avoid one of the cantilever
nodes. When the cantilever is brought into contact with the sample, the lock-in amplifier
(LIA) (Zi HS2Li) drives the cantilever at its base using one or two waveforms (depending
whether the single or dual-channel method is used). The sample is mounted onto a high-
speed fast-scan stage. Both X and Y stages are closed loop (using optical encoders) to
1 nm resolution. The scanning stage is open loop to allow for the passive control. The
shakers are 5× 5× 1 mm, PICMA (Physik Instrumente, UK). Just one is used for the z
axis oscillation, with an expected resonant frequency to be fR ∼ 106Hz. It is shaken by
approximately 1V which equates in the order of one angstrom in height.

We utilise the same cantilever model as calibrated in Chapter 2, the Bruker MSNL-B
rectangular cantilever. We begin by finding the cantilever’s free frequency response, as
shown in Figure 6.3. We perform a frequency sweep from 0 to 1 MHz, with an additional
sweep from 0 to 20 kHz to better capture the first mode and two higher sweeps to capture
modes six and seven. We find the first resonant frequency at 13.99 kHz with a Q-factor of
18 and use these values to calibrate the cantilever using the method set out in Chapter 2

(also described in [93]).The resonant frequencies in vacuo are calculated and used to
validate the higher resonant modes, shown as dashed red lines in Figure 6.3.

We find that the in vacuo frequencies agree to the measured frequencies with less than
3% error for the first seven resonant modes which have measured resonant frequencies
of f1 = 13.99 kHz, f2 = 88.1 kHz, f3 = 248.1 kHz, f4 = 487.2 kHz, f5 = 807.6 kHz,
f6 = 1.21 MHz, f7 = 1.69 MHz. The ability to identify the resonant frequencies was
particularly useful where visual determination was unreliable, such as the identification
of mode 2, mode 3 and mode 5, shown in Figure 6.3.
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Figure 6.2: A schematic showing the experimental set-up for measurements on a single point.

We also calculate the effective stiffness, using the same calibration method set out
in Chapter 2, for the first eight modes of the cantilever as k1 = 0.087 N m−1, k2 =

0.341 N m−1, k3 = 2.672 N m−1, k4 = 10.26 N m−1, k5 = 28.04 N m−1, k6 = 62.59 N m−1,
k7 = 122.09 N m−1, k8 = 216.4 N m−1. This motivates the seven and eighth mode as those
that are more sensitive to stiffness changes on a steel sample, as discussed in Chapter 5.
These values are largely in agreement with those found in Chapter 2.

As described in Chapter 4 (Section 4.5), utilising a soft cantilever on a stiff material
requires additional parameters to be known in order to confidently connect a shift in
resonant frequency to a contact stiffness, which is then related to a sample-specific sam-
ple property. Two of these parameters, the height of the tip and distance that the tip
is offset from the free end of the cantilever, can be found in a self consistent way by
setting the intersection of multiple contact stiffness parameters surfaces equal to zero.
In Figure 6.4, we show the shifts in frequency for the cantilever when it is in contact
with the silicon surface. We use each of the measured shifts in frequency to calculate
a contact wavenumber according to (4.6). Each of the modal contact wavenumbers are
then used to find the parameters which result in a modally consistent set of contact
stiffnesses. These calculated parameter values are assumed to be good estimates for the
offset and tip height. In Figure 6.5, we show the intersecting parameter surfaces along
with a contour plot for the difference in two parameter surfaces equal to zero.
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Figure 6.3: In (a) we show the region containing the fundamental resonance as well as the subse-
quent four modes, measured using the HS-AFM. We highlight the predicted resonant
frequencies in vacuo, marked as dashed red lines and found using the calibration the-
ory described in Chapter 2, that highlight the location of each mode. In (b) and (c),
we show the sixth and seventh mode as well as the corresponding predicted resonant
frequency in vacuo, marked by dashed red lines.

Figure 6.4: Frequency sweep showing the shift in resonant frequency at higher modes due to
contact with the silicon substrate. We use the shift in resonant frequency for the fifth,
sixth, seventh and eighth mode to calculate the parameters (tip offset and tip height)
using the method described in Chapter 4. The lower modes were not used due to
uncertainty in the contact frequency spectra.
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Figure 6.5: In (a) we show a contour plot for the various intersections of parameter surfaces set
to zero, while in (b) we show the actual parameter surfaces. We find an intersection
point at L′ = 0.01 and h = 0.03, which we use in subsequent analysis.

We find that the majority of points intersect around L2 = 0.01 and h = 0.03, which we
use in subsequent analysis. Both values are in keeping with values calculated from the
SEM images in Chapter 2 (from a different AFM probe of the same make and model, and
hence expected to be similar) and the material properties given by the manufacturer. The
tilt of the cantilever is set to 0.12 rad, preset for the HS-AFM used here, and the lateral
stiffness of the sample is assumed to be k‖ ≈ 0.8k⊥ for all samples, as discussed in
Chapter 4. Using these parameters, we convert the amplitude measurements (for both
the sample of SS grade 316 and of silicon with deposited graphene flakes) to frequency
shifts, using (4.46) in Section 4.4.5, and then into elastic properties of the sample using
the theory of contact mechanics described in Section 5.2.

In order to verify the measurements taken using the HS-AFM, we utilise the DART
method with the Cypher AFM to create a stiffness map over a different sample of the
same stainless steel material (SS grade 316) considered in this chapter. Initial measure-
ments were taken using the same PP-CONTAuD cantilever as in Chapter 5. However,
the soft cantilevers experienced a significant snap-down event that caused the tip to foul
and image quality to reduce. Instead, a PPP-NCLAUd cantilever (Nanosensors, Switzer-
land) was used, which has a large thickness, hT = 38± 8 µm and higher spring constant,
kc = 48 ± 30 N m−1 and, hence, less influenced by long–range tip-sample interaction
forces2. The PPP-NCLAUd cantilever has a spectrum (taken using the Cypher AFM
with blueDrive excitation) is shown in Figure 6.6, where the resonant frequencies were
identified using our calibration method, described in Chapter 2, whereas the spring
constant is found from the manufacterers values. The second resonant mode was used.

2 See Section 1.3 in Chapter 1 for more dicussion on the long–range interaction forces.



6.4 results 149

Frequency (kHz)

200 400 600 800 1000 1200 1400

A
m

p
lit

u
d

e
 (

a
.u

.)

10
-4

10
-2

10
0

Figure 6.6: The free resonance of a PPP-NCLAUd (Nanosensors, Switzerland) AFM probe
with free resonance at 157 kHz and 974 kHz, measured using a Cypher AFM with
blueDrive excitation. The blue vertical lines show the predicted resonant frequency
in vacuo using the method described in Chapter 2.

6.3.2 Driving with Two Channels

In Section 6.2.1, we discussed the means for relating a change in the measured amplitude
of either one or two channels of the lock-in amplifier to a change in frequency. As we
will show in Section 6.4, we find an improvement in the reliability of our measurements
when using two channels. However, we are unable to drive with two channels and image
simultaneously in practise due to cross-talk between the two channels. In Figure 6.7, we
show examples of the beating that occurs when driving with two channels.

The beating occurs due to sine wave interference. The destruction and construction
of sine waves causes an envelope wave with a frequency that is equal to the difference
between both of the excitation frequencies. When the distance is small, the frequency of
the envelope wave is small, such that it is theoretically possible to match the beating fre-
quency to the the HSAFM fast-scan speed stage (1 kHz). However, this is difficult to do
in practise due to differences in the internal clock of the LIA and stage inputs. The slope
of interference shown in Figure 6.7 is caused by the number of waiting waveforms that
are present in the fast scan direction. When there is a non-integer amount of waveforms
present, the image appears distorted due to aliasing effects.

6.4 results

We discuss the results gained from measurements on a sensitised SS grade 316 sample
with carbide features and a silicon sample with deposited graphene flakes and single
layers. All experiments were taken with the high speed atomic force microscope (Bristol
NanoDynamics, UK) and MSNL-B rectangular cantilever, the same model as that used
in Chapter 2.
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(a) (b)

Figure 6.7: Example of beating shown on in the lock-in channel (1) of (a) the steel 316 sample
and (b) the silicon-graphene sample when imaging and driving with two channels
simultaneously. The beating between both channels when using two lock-in amplifier
channels bracketing the resonant frequency mean that contact stiffness measurements
cannot be gained.

6.4.1 Carbides on SS grade 316

Figure 6.8 shows a section of the SS sample that contains no grain boundaries or carbide
formations. This area is thought to be representative of the bulk material as there is little
variation in the topography (less than 0.5 nm, as shown in Figure 6.8a) and is used as
a reference material for subsequent measurements. The frequency sweep is taken when
simultaneously imaging over this section, and the change in amplitude for both lock-in
amplifier channels is recorded. An example from one of the lock-in amplifier channels
is shown in Figure 6.8b. We note that there appears to be discernable stiffness variation
even over a section of the bulk material which appears as dark lines in the lock-in
amplifier amplitude channel, highlighted by white dashed lines in Figure 6.8a. These
lines may be due to surface contamination during imaging or material preparation.

As we have frequency information from both channels, we proceed to calculate the
change in frequency due to contact with the bulk SS sample and use this change in
frequency to calculate a normalised contact stiffness. In Figure 6.8c, we show the same
section after being converted into stiffness, while in Figure 6.8d we show a histogram
of the data showing the distribution of contact stiffness across the 3 × 3µm sample.
We can use this distribution to calculate an estimate of the material properties of the
bulk steel using the theories of contact mechanics considered in Chapter 5. The artefact
is still visible but reduced when compared to the amplitude data given in Figure 6.8b,
highlighting that the final stiffness values of the sample section has a reduced sensitivity
compared with the raw lock-in amplitude data. It is expected that this is due to a lack
of knowledge of changes in amplitude, as described in Section 6.2.1.

We next turn to sections of the SS grade 316 sample which contain sample artefacts
such as carbides and grain boundaries. In Figure 6.9b, we show a topographic map of
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Figure 6.8: (a) The topographic map of a section of bulk steel, with less than 1 nm height varia-
tion, as well as (b) the corresponding lock-in channel information of the same section
and (c) the same section as normalised contact stiffness. In each of these three maps,
height, amplitude and contact stiffness, we see a stiffness feature marked as dashed
white lines which is not clearly identifiable using topography information alone. In
(d) we show the count information for the stiffness map given in (c).

a section of the SS grade 316 which includes a large high region (maximum height is
2 nm) which is expected to be a carbide formation and significant low regions (minimum
depth is 3 nm) which appears as a possible grain boundary. We make the following ob-
servations. First, the height map demonstrates the presence of three salient topographic
features of SS grade 316, the bulk steel, carbide build up and the existence of a grain
boundary, as observed previously in Chapter 5. The total height of the carbide is found
to be approximately 2.0 nm± 0.5 nm.

Second, we are able to use the lock-in amplifier channels to observe non-topographic
feature information. In Figure 6.9c and Figure 6.9d, we show the output of two channels
from the lock-in amplifier, corresponding to the reference frequencies f1 = 2.173 MHz
and f2 = 2.184 MHz, respectively. We note that the general topography of the sample sec-
tion is retained. However, there now also appears an artefact in the carbide which is not
present in the height map, highlighted in both Figure 6.9c and Figure 6.9d. This clearly
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Figure 6.9: Topographic measurements (a) were taken of a single section of SS which included a
carbide feature and a grain boundary. The lock-in amplifier channels showed image
contrast, (c) and (d), emphasising that a true stiffness feature was detected. Note that
there was little change to the frame location across multiple images. Each megapixel
frame was collected in 0.5 seconds.

demonstrates that the lock-in amplifier channels, measuring a change in amplitude due
to a shift in resonant frequency, are able to measure features that are non-topographic
and invisible in the topographic data alone.

Third, we note that the channel data is inverted such that high amplitude regions in
the first channel appear low in the second and vice versa. These observations indicate
that we are correctly identifying elastic information on the sample as the amplitude
of the left reference frequency will increase while the right reference frequency will
decrease when a resonant frequency shift occurs. This amplitude inversion is due to a
variation in the material property, as described in Section 6.2.

In order to relate the amplitude data to a shift in frequency, we implement the method-
ology described in Section 6.2.1, and calculate the resonant frequency of a damped har-
monic oscillator using information at both channels. This requires two simultaneous
equations to be solved at each pixel. In Figure 6.10a and Figure 6.10b, we show the re-
sulting maps of quality factor and resonant frequency. As shown in Figure 6.10b, the
resulting calculated frequency data retains the overall topography of the sample section,
including both high region (thought to be carbide) and low region (thought to be grain
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(a) (b)

(c) (d)

(e) (f)

Figure 6.10: The resonant frequencies, calculated using the dual channel method described in
Section 6.2.1, (a) and the observed bimodality in this data which represents the car-
bide and SS materials. Additional Q-factor map (b) of the same section of the sam-
ple with bimodal count information (d), which does not display significant material
variation. We then show the normalised contact stiffness map (e) which continues to
reflect (f) the bimodality of count data.
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Figure 6.11: The final normalised contact stiffness can be fitted with a two term Gaussian to
capture the relevant material properties. The fit parameters are a1 = 27, 890, b1 =
51, 550, c1 = 566, a2 = 12, 860, b2 = 52, 510, c2 = 298, where ai is the amplitude, bi is
the centroid location (representing the mean), and ci is the width (representing the
standard deviation) of the ith peak

boundary). Furthermore, when considering the distribution of calculated frequencies
across the sample, we see a bimodality representing two different material properties.
The calculated quality factor data also retains the overall topography, however does not
appear to pick out the additional grain boundary feature. Furthermore, the distribution
of Q factor data across the sample does not display the same bimodality, indicating that
the two materials do not have significantly different viscous behaviour.

We use (6.7) to convert these frequencies to a contact wavenumber. Using the param-
eters found in Section 6.3.1 and the equation for converting contact wavenumbers to a
contact stiffness, (4.46) in Section 4.4.5, we are able to calculate the normalised contact
stiffness of the sample, which we show in Figure 6.10e. These represent the final (per
pixel) contact stiffness for the sample. We see the same carbide region, now denoted by
high contact stiffness, as well as grain boundary, denoted by low contact stiffness. The
non-topographic artefact in the carbide (emphasised by the red arrow in Figure 6.9) is
also retained.

As shown in Figure 6.11, we see a bimodal distribution of the contact stiffness of the
frame shown in Figure 6.9, and fit a two-peak Gaussian3, with the fit parameters of
a1 = 27, 890, b1 = 51, 550, c1 = 566, a2 = 12, 860, b2 = 52, 510, c2 = 298, where ai is
the amplitude, bi is the centroid location (representing the mean), and ci is the width
(representing the standard deviation) of the ith peak. We assume that the higher ampli-
tude peak (yellow) represents the bulk steel substrate and that this contact stiffness is
a reflection of that material. Using the spring constant of the cantilever, we calculate a
contact stiffness of 4484 N m−1 ± 49 N m−1 for the SS sample (using b1 and c1 above).

3 We use the MATLAB and Curve-fitting Toolbox Release 2017b (The MathWorks, Inc., Natick, Massachusetts,
United States).
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This is higher than the expected contact stiffness of 132−62 N m−1, given in Chapter 5.
Uncertainties in the tip radius and the contact force on the cantilever tip introduce diffi-
culties in relating the contact stiffness to a material property as discussed in Chapter 5

(Section 5.5) and Section 6.5. For example, given an assumed expected reduced mod-
ulus for the SS sample of E∗ = 93 GPa± 2 GPa and a tip radius of R = 2 − 100 nm,
this implies a contact force of FC ∼ 10−3 − 10−5N, significantly larger than the expected
contact force of 50 nN. Hence, we will utilise the bulk material (of the SS and silicon
materials) as a reference material to calculate the properties of the other topography
features. We demonstrate how these contact stiffnesses reflect the elastic properties of
the two materials in Section 6.4.3.

6.4.2 Graphene Flakes on Silicon

We now turn our attention to the contact resonance images of graphene flake on sil-
icon. We have chosen to consider this sample in order to highlight the sensitivity of
CR-HSAFM to non-topographic features, as the deposited graphene includes single
layer graphene which is expected to have an effective thickness of 0.335 nm [209]. Single
graphene sheets have been reported to have Young’s modulus of 1± 0.1 TPa [209], while
wrinkled graphene can have a Young’s modulus of 250 GPa [209] and the Young’s mod-
ulus of graphene flakes is currently an open research question. Meanwhile, silicon has
a typical Young’s modulus of 169 GPa [210]. The large difference in material properties,
as well as the high Young’s modulus of graphene is expected to enable us to identify
sections of graphene even when there is low signal in the topographic data.

Figure 6.12: The frequency peak of the cantilever in contact with bulk silicon substrate (blue
squares) which allows for a SHO curve (red dashed line) that can be used to turn
amplitude information into frequency data. The chosen driving frequencies for the
two channels are marked a solid circles with vertical lines.
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Figure 6.13: Topographic map (frame 6 in Figure 6.14), highlighting the observed graphene flake
and graphene monolayer.

We repeat the same process described in Section 6.3 and first identify a clear section
that is expected to be largely bulk silicon. This will form the reference material for
subsequent measurements. In Figure 6.12, we show the measured frequency response
of the seventh mode (blue circles) and a fitted simple harmonic oscillator to the curve
(red line). This resonant peak was taken on a section of the sample that is expected to
contain no graphene flakes or additional artefacts (evidenced by low variation in the
topography data, not included here). Hence, we assume that it is a representative of the
resonant behaviour of the beam when in contact with bulk silicon. We also highlight
the position of both reference frequencies (vertical black lines), which were chosen to be
f1 = 2.147 MHz and f2 = 2.19 MHz, which bracket either side of the resonant frequency,
fR = 2.165 MHz.

We focus on the ability to capture material properties while imaging and only use a
single channel of the lock-in amplifier. In Figure 6.14a, we show several frames of the
displacement data taken while moving across different areas of the sample, while in
Figure 6.14b, we see the same regions, but taken using the first channel of the lock-in
amplifier. We begin by seeing a large graphene flake that is identified in the height map
of Figure 6.13. However, as the scan area moves away from this flake, we find that there
also exists a single graphene layer, also identified in Figure 6.13, which is harder to
clearly identify by topographic information alone. When considering the lock-in ampli-
fier channel information, we find that the material edges allow for clear identification
of different sample features. Furthermore, the single graphene layer is identifiable from
the bulk silicon substrate.
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(a) Height

(b) Lock-in Amplifier Channel 1

Figure 6.14: The flattened height map (a) and output from the lock-in amplifier channel 1 (b)
shows that the lock-in amplifier values are capable of detecting changes to the mate-
rial properties such as graphene flakes and layers more clearly than the height topog-
raphy. This demonstrates the benefit of combining HS-AFM with non-topographic
capabalities. Data is collected at two frames per second and two million pixels per
frame.
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(a) (b)

Figure 6.15: A histogram of the amplitude count data (a) shows that there is a signifcant collec-
tion of low amplitude count data, which when removed (b), reflect edge effects that
result in increase normalised contact stiffness and correspondingly low amplitude.
The channel information shows no inversion as we are driving with one frequency.

The topographic map, shown in Figure 6.14a, records the height of the first graphene
layer as being several angstroms. However, the stiffness channel, channel 1 of the lock-in
amplifier, picks out additional features of the graphene layer. We proceed to improve
the identification of the graphene in the lock-in channel data by considering how the
amplitude varies while imaging. We first consider the edge effects, which occur due to
the increased contact area when the AFM tip meets the edge of a feature. This increase
in area causes a corresponding increase in the resulting tip-sample contact stiffness,
known as multiple asperity contact [168]. As the edge effects have lowest amplitudes,
we predict that these regions also have the highest contact stiffness. Hence, we remove
all those regions that have an amplitude less than 1 Vrms, corresponding to regions
that have shifted away from the bulk resonant peak. In Figure 6.15a, we demonstrate
that these regions correspond with to the long tail to the left of both histogram plots
in Figure 6.15, whereas in Figure 6.15b, we show the resulting graphene flake with
potential edge effects removed.

The resulting images, given in Figure 6.15, show that the low amplitude regions cor-
relate well with the regions expected to be caused by edge effects. The contrast between
the substrate and the flake has increased, highlighting the difference between the two
materials. The low amplitude regions remove both the edge effects around the graphene
flake as well as the artefact on top of the single layer of graphene. Intuitively, the low am-
plitude regions correspond to those contact stiffnesses that are unrealistically produced
by a single asperity contact event and are not captured by the current model. However,
we note that we did not observe such contact events when imaging steel. An alterna-
tive explanation may be that the existence of adhesion effects over certain regions of the
graphene, due to wrinkling. This would also result in a significant increase in the contact
stiffness. The associated resonant frequency shift would have to be so far shifted to the
right that the resulting fall in amplitude would be drastic. Hence, the choice to remove



6.4 results 159

(a) (b)

Figure 6.16: We show (a) how the change in amplitude can be separated out into regions that
decrease and increase in amplitude (i) reflecting higher and lower frequency shifts
(ii). When combined with the initial resonant frequency (b), we see bimodal count
information reflecting the two material properties, silicon and graphene.

amplitudes below a certain threshold has introduced an upper limit to the measurable
contact resonance that is possible when using single channel information. The resulting
images, shown in Figure 6.15a, validate that these regions are likely contact-induced
anomalies, owing to their locality around the edge of the larger graphene flake.

In Figure 6.16, we demonstrate how we separate out the amplitude data and the
resulting separation of the frequency data for the panel highlighted in Figure 6.14. We
separate amplitude count data into regions that have increased and decreased from
the initial lock-in amplifier channel denoting the left frequency point, shown in the
amplitude data of Figure 6.16a, with (i) a histogram of amplitude data from the first
lock-in channel (with edge-effects removed) and (ii) the resulting frequencies calculated
using the inverse SHO described in Section 6.2. We explicitly separate the frequencies
into two regions, where red represents all regions that have decreased in amplitude
and yellow denotes an increase in amplitude. We find that the increase/decrease in
amplitude reflects the bi-modality of the distribution of amplitudes. In Figure 6.16b, we
show the resulting shifted resonant frequencies, fn,contact.

We use only one channel as we are primarily concerned with the observation of non-
topographic contrast whilst imaging, highlighting the sensitivity of the contact reso-
nance with HS-AFM. However, it is not possible to image whilst using the two-channel
method as discussed in Section 6.3.2. Instead, we follow the procedure, described in
Section 6.2.1, to relate the results to frequency formation.

Finally, we use the frequency data to convert each pixel to a normalised contact stiff-
ness using the theory outlined in Chapter 5. We utilise the same parameters as in Sec-
tion 6.3 and calculate the contact stiffness using the first mode. The results are shown
in Figure 6.17. We can clearly identify the graphene flakes that are deposited on the
sample surface. We note that the expected edge sections, identified as having low am-
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(a) With edge effects

(b) Without edge effects

Figure 6.17: The contact stiffness of the bulk silicon, calculated by considering the shift in reso-
nant frequency shown in Figure 6.16, where (a) shows the stiffness map including
those regions of high contact stiffness expected to occur due to edge effects and (b)
shows the same frames with edge effects removed. We see the greatest contrast be-
tween the silicon substrate and graphene features where both graphene layer and
flake are present. This implies that larger material mass increases stiffness sensitivity
when imaging. Data is collected at two frames per second.
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plitude in Figure 6.17 result in significantly higher contact stiffness than the rest of the
sample, as expected. The graphene flake has a higher contact stiffness than the bulk
silicon substrate whereas the graphene layer has a more similar stiffness count. We next
turn to how the contact stiffness data reflects the material properies for both steel and
silicon-graphene samples.

6.4.3 Comparing to Material Properties

We have shown how to relate a change in amplitude on a lock-in amplifier to a stiffness
measurement when imaging with HS-AFM. Our measurements have shown contrast
on two different materials, carbide features on a sample of sensitised SS grade 316,
and graphene flakes deposited on a silicon substrate. This demonstrates for the first
time that HS-AFM can be combined with contact resonance techniques to measure non-
topographic sample features, previously hidden from investigation. The direction of the
frequency shifts are as expected (both graphene and carbide features are more stiff than
bulk material). This is all achieved without reliance on additional control procedures
which would diminish the high sample throughput of a HS-AFM.

We seek to relate the contact stiffness to material properties, which we examine in
Chapter 5. Here, we outline a means for doing so in order approximate the relative
change in elastic properties of different stiff materials. In order to relate the contact stiff-
ness to a material property, we first assume that there is a adhesive but non-deformed
contact event (DMT in Section 5.2) between the tip and sample [72],

k⊥ = 3
√

6R(E∗)2FN , (6.8)

where R is the tip radius, FN is the normal loading force, and E∗ is the reduced mod-
ulus of the coupled tip-sample, as given by (5.2) in Section 5.2. Assuming a silicon tip,
with a Young’s modulus of 169 GPa and Poisson ratio of 0.26 [211], we expect to see the
reduced modulus for the sample of gold, steel 316 and carbide sections to be approxi-
mately 60 GPa, 93 GPa, and 125 GPa, respectively. However, as discussed in Chapter 5,
there are significant uncertainties in relating a contact stiffness to a reduced modulus
due to changes that can occur to the tip radius (due to tip wear) and the influence of
additional adhesion forces (as discussed in Chapter 1). Instead, we use (6.8), to calculate
the relative difference in the tip-sample reduced modulus, according to the calculated
contact stiffness. Given two contact stiffnesses (calculated using a tip of equal radius
and equal normal force) the relative contact stiffness is

E∗1
E∗2

=

(
k⊥,1

k⊥,2

) 3
2

. (6.9)

This equation assumes that the 1/3 power law applies, such that there has not been
significant tip wear and that the tip apex can be assumed to be hemi-spherical. The
low tip-wear regime of HS-AFM, evidenced by the stability of image quality of several
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hours, gives support for this assumption. When comparing the relative stiffness for SS
sample and carbides to DART measurements, we utilise the same power law relationship
in both calculations. This allows us to compare CR-HSAFM methods to existing CR-
AFM methods. Our subsequent measurements on graphene are also calculated using
this power law. However, the focus of the measurements on graphene was the ability
to utilise contact resonance AFM whilst imaging at high speed with a single channel.
Further work will look to demonstrate measurements on graphene whilst imaging using
two (or more) channels to relate the lock-in amplifier data to contact stiffnesses.

In Figure 6.18, we show a comparison of the material properties of the sample nor-
malised to the reduced modulus of steel. The reference stiffness was chosen as the
mean value of the higher peak in Figure 6.11. In Figure 6.18a, we show values from
our own measurements and, in Figure 6.18b, we show a comparison to values taken by
the Cypher AFM (Asylum Research, Santa Barbara, USA), described in Chapter 5. We
find similar values between the two measurement devices. The Cypher AFM calculates
the normalised reduced modulus of the carbide feature to be E∗carbide = 1.057E∗steel ±
0.015E∗steel, whereas our own measurements give a normalised reduced modulus of
E∗carbide = 1.032E∗steel ± 0.011E∗steel.

We next investigate the repeatability of our measurements over multiple frames as
well as the difference in using a single channel and two channels of the lock-in ampli-
fier. The frame shown in Figure 6.18a and subsequently analysed is one of a series of
frames taken over the same section of SS grade 316. As discussed in Section 6.3.2, we
are unable to drive the sample simultaneously with both channels whilst imaging due
to the presence of interference across both channels. In order to circumvent this obstacle,
we drive with one channel and then switch to driving with a second. This results in the
inverted amplitude count data, shown in Figure 6.7. We repeat our analysis for each of
the frames in this series and calculate the reduced modulus of the carbide feature for
each frame.

For the nine frames, we find the normalised reduced modulus of the carbide region (as
specified by the increased height of the material) to be E∗carbide = 1.059E∗steel ± 0.029E∗steel

when using the single channel data and E∗carbide = 1.032E∗steel ± 0.0047E∗steel when using
two channels. We find that the gradient matching method that utilises both channel
counts gives a lower standard deviation than the single channel method. Finally, we
relate the carbide material to an equivalent Youngs modulus. This has larger uncertainty
owing to the anisotropic behaviour of the tip as well as the unknown poisson ratio of
the carbide feature. We assume a indentation modulus of the tip of 165 GPa [69] and
Poisson ratio for the carbide as 0.28 – 0.3 resulting in a calculated Young’s modulus
of 2173 GPa, for the normalised reduced modulus calculated using two channels of the
lock-in amplifier.

We now examine how the material properties of graphene relate to the silicon sub-
strate. In Figure 6.19, we show the contact stiffness distribution calculated at three dif-
ferent frames of Figure 6.20 which reflect the large graphene flake, a single graphene
layer and a combination of both flake and layer. We find that the flake introduces sig-
nificant change to the stiffness distribution, in a way that the single layer does not. We
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(a) CR-HSFM Measurements

(b) DART Measurements

Figure 6.18: We show a comparison between the measured modulus normalised to that of Steel
316 taken using (a) the HS-CRFM method described here and (b) the DART method
implemented on the Cypher AFM described in Chapter 5. We find very good agree-
ment between the two measurements.

also find that the edge effects of the graphene-silicon sample are far more pronounced
then similar effects on the SS sample. As we are primarily concerned with how contrast
remains whilst imaging, we note that we have resticted all measurents to single channel
information using the first channel. Further research will re-examine this sample using
the dual channel approach (or multi-channel information), described in Section 6.2.1,
which will allows us to account for changes in the quality factor as well as the resonant
frequency. This will further constrain the simple harmonic oscillator equations, giving
higher confidence in the calculated contact stiffness, as well as highlighting changes in
the viscous properties of the two material (silicon and graphene) samples.

We now look at how the graphene material properties relate to the bulk silicon. In
Figure 6.20a, we show the results of fitting a bimodal Gaussian distribution to the con-
tact stiffness data shown in Figure 6.19, with fit parameters a1 = 25470, b1 = 20890, c1 =

1823, a2 = 11120, b2 = 24270, c2 = 1967 (where ai is the amplitude, bi is the centroid loca-
tion (representing the mean), and ci is the width (representing the standard deviation)
of the ith peak for i = 1, 2, see Section 6.4.1). We use the value for the contact stiffness as-
sociated with the larger peak for the reference contact stiffness and calculate the relative
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(a)

(b)

Figure 6.19: Three different sections of the silicon-graphene sample shown as (a) normalised con-
tact stiffness images and (b) the corresponding count data. We find that the largest
contrast between the silicon substrate and the graphene occurs when both flake and
single layer are present, reflected in the bimodality of the first frame compared to
the almost symmetrical peak of the last frame.

reduced modulus value according to (6.9), E∗ = 1.252E∗silicon± 0.0289E∗silicon. We find that
the modulus values of the graphene can only be identified in the first frame, where there
is appreciable count data showing two materials. We next turn to how this value reflects
a Young’s modulus for the graphene material. Recall that the anisotropic nature of the
silicon substrate introduces uncertainty in the Young’s modulus of silicon and Poisson
ratio of the graphene material is also unknown. This makes calculation of the reduced
modulus of the graphene features difficult. By assuming a value of ESilicon = 169 GPa4

and ν = 0.14− 0.19 according to [210, 212] and find the resulting Young’s modulus of
the graphene flakes to be 283 GPa± 15 GPa, which is similar to the Young’s modulus of
graphene flakes (250 GPa) recorded in [209].

4 Note that the previously assumed value of the indentation modulus relates to single crystal silicon whereas
this value refers to the Young’s modulus of the bulk material.
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(a) (b)

Figure 6.20: Utilising the high-contrast first frame of Figure 6.19, we are able to (a) fit a two-term
Gaussian, with fit parameters a1 = 25470, b1 = 20890, c1 = 1823, a2 = 11120, b2 =
24270, c2 = 1967 and where ai is the amplitude, bi is the centroid location (repre-
senting the mean), and ci is the width (representing the standard deviation) of the
ith peak, to capture the increased stiffness of the bulk graphene material and calcu-
late (b) the modulus normalised to the silicon substrate. We find that the graphene
features are significantly stiffer than the silicon substrate, as expected.

6.5 discussions and conclusions

In this chapter, we have shown that the combination of HS-AFM with contact resonance
allows for non-topographic mapping which can identify sample artefacts that do not
clearly appear in the topographic data above. Furthermore, when considering the mea-
sured material properties of carbides, we find that material stiffness properties agree
with the existing DART method of contact resonance as well as with literature values.

We have presented examples of how we are able to use CR-HSAFM techniques to iden-
tify features with low topographic signal when imaging. Specifically, we have demon-
strated the ability to pick out graphene monolayers in the contact resonance signal when
a monolayer has an expected height of 0.335 nm. This is achieved using a single channel
of the lock-in amplifier which increases the difficulty in quantifying these results (due to
assumptions on the amplitude and quality factor of the shifted resonant peak). Further
improvements are expected when utilising two or more channels of the lock-in amplifier.

Additionally, we are able to use a single channel to quantify a surface feature when it
encompasses a larger volume of the frame, such as the larger graphene flake. This indi-
cates a sensitivity of CR-HSAFM measurements to the quantity of material that is being
observed and raises questions over the interaction depth of the acoustic signal when
imaging at high speed, which may be influenced by the lubrication layer that is believed
to enable the HS-AFM to achieve fast scan speeds with diminished lateral forces on
the AFM tip. Though this line of enquiry will be of interest for the eventual ability of
CR-HSAFM to image material stiffness properties without reliance on reference materi-
als, our results utilising CR-HSAFM will be of use for stiffness quantification of large
material features such as the carbide on SS sample. However, future application of CR-
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HSAFM should seek to expand the operational capabilities to measure the bulk material
and additional stiffness features simultaneously without reliance on relative measure-
ments. We describe below further experiments that may be performed to achieve such
extensions.

First, we note that the theory of contact mechanics, as outlined in Chapter 5, requires
the normal loading force that is applied to the cantilever to be known. In practice, the
exact specifications of such a loading force is difficult to ascertain due to uncertainties
as to the exact moment when the snap-down event occurs. However, this could be ad-
dressed by using an additional detection system that measures both the displacement (as
is currently implemented on the HS-AFM) as well as the deflection such that the exact
position of the tip is tracked, see, for example, [213]. Once the contact-event is known to
occur, the distance between tip and sample can be diminished to create stiffness-loading
curves at a single location, such as those seen in Chapter 5. This method would allow a
single location on the bulk material to be quantified, but would be exposed to the same
uncertainties of tip radius as in Chapter 5.

As the HS-AFM operates in a low-tip wear regime, it is conceivable that the iterative
single point measurement methodology of Chapter 5 could be expanded to occur across
multiple locations on the sample while imaging. This could be achieved such that a
frame is taken of a chosen section of the sample and the distance between tip and sample
is diminished on a per frame basis such that the load on the cantilevered AFM probe
increases for each frame. The load dependence of the stiffness measurements across the
frame would occur on a per pixel basis, such that a data volume (multiple stiffness maps,
stacked across the change in load) is constructed showing how the stiffness at each pixel
varies with load. While this would result in a large volume of data, it could give insight
into the suitablity of existing models of contact mechanics for HS-AFM as well as the
influence of the lubrication layer that occurs at high-scan speeds [31, 60].

Both approaches could give insight into the normal loading force as well as additional
adhesive forces, caused by the lift-off force and lubrication effect that occurs at high-
scan speeds [27], reducing one of the sources of uncertainties when relating a contact
stiffness to a material property. However, there may still be significant uncertainties
resulting from the material property and geometry of the tip geometry. These can be
addressed through tip reconstruction methods [214] or using hard tips with known
properties, such as diamond tips. However, we note that our work has successfully
achieved non-destructive and non-topographic measurements using HS-AFM without
such considerations.

These results present the first occurance of quantified stiffness measurements on stiff
samples taken using contact resonance with HS-AFM. We find that CR-HSFM is of simi-
lar accuracy as existing CR-AFM techniques (when compared against DART performed
on the Cypher AFM), but with significantly decreased data collection times and stan-
dard deviation across measurements. For example, the HS-AFM is able to collect two
million pixels of topography and contact resonance data simultaneously per second,
compare to approximately 100,000 data points per second for the Cypher AFM [215].
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By combining contact resonance techniques with HS-AFM, we have developed a tool
for stiffness measurements that operates in a non-destructive regime and with a lateral
resolution of several nanometres at each pixel, as described in Section 5.2. This consti-
tutes a significant improvement over existing techniques, such as nanoindentation (see
Section 4.3), as CR-HSFM can carry out large area non-destructive material testing in
real-time. We expect this to be a benefit both for industry and the wider field of material
science, as set out in Chapter 1.





7
C O N C L U S I O N S

This thesis sets out the steps required to relate the contact-resonance measurements
of a micro-mechanical AFM probe to the stiffness properties of a stiff material using
a high-speed AFM (HS-AFM). Specifically, quantification of the Young’s (or reduced)
modulus through high-speed contact resonance AFM. Below we summarise the main
contributions of our work.

1 . new method for higher mode cantilever calibration

We have developed a new means for calibrating a micro-mechanical cantilever at high
mode number. Our method utilises the hydrodynamics of the first mode to calculate the
material properties of the probe that are typically hard to measure, such as the thickness
of the gold layer (commonly included on AFM probes) as well as the total thickness of
the beam. Once the material properties are known, two key properties of the AFM sensor
can be calculated and validated experimentally: the resonant frequencies, in vacuo and
oscillating far from any surface contributions, and the effective stiffnesses.

The calculated resonant frequencies, in vacuo, are used to identify the location of
resonant peaks in noisy data, such as those presented in Section 2.6, Section 5.3 and Sec-
tion 6.3. Separately, the effective stiffnesses describes how the probe approximates stiff
materials as the oscillation frequency increases. Hence, the mode number of an AFM
probe can be ‘stiffness-matched’ to a material to give the highest sensitivity when per-
forming contact resonance mesaurements. We demonstrate this explicitly in the contact
resonance experiments carried out in Chapter 5.

2 . calculation of the change in hydrodynamic loading at high fre-
quencies and low sensor–sample separation distances

Considerations of the hydrodynamics, as utilised in our calibration method, highlights
the sensitivity of AFM probes to environmental conditions and raises the question of
how the hydrodynamics around a sensor will alter when a surface is introduced. In
Chapter 3, we consider this explicitly by building our own numerical solver that sim-
ulates 2D hydrodynamics around oscillating bodies, with typical AFM cross-sectional
geometry, near to a rigid surface. We consider the case where the frequency of oscil-
lation is high and the separation distance between the body and surface is small (rep-
resenting sensor-sample contact). We find that the resonant frequency of the cantilver
is relatively unaffected by hydrodynamics but that the quality factor, a measure of the
system damping, can increase significantly.

169
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Our approach to calculating the hydrodynamics differs from previous results as it
utilises open-source FEM methodology rather than commercial numerical packages or
semi-analytic boundary element formulations. Using our numerical solver, we are able
to recreate previous results with high accuracy. Given a known velocity profile of the
cantilever at a given mode number, and an increase in computational power, our ap-
proach is amenable to considering 3D length-wise flow contributions. Alternatively, our
results can be extended to include the bi-phasic fluid regime that has been suggested to
lead to low-tip wear when scanning at high speeds [27].

3 . method for estimation of crucial contact resonance parameters :
tip height and length off-set

The utilisation of micro-mechanical cantilevers, such as AFM probes, allows for sub-
micron to nanometre resolution of material properties. In Chapter 4 and Chapter 5, we
have detailed and verified the theoretical steps and modelling assumptions required to
relate the change in resonant frequency of an AFM probe to a material property. Impor-
tantly, we show that the assumption of parallel sensor-sample contact is not sufficient
when considering stiff materials with soft cantilevers, especially at low mode number,
as the shift in resonant frequency may not relate back to a contact stiffness. Instead,
we show that the introduction of a tilt to the sensor-sample system creates a means for
estimating two crucial parameters, the length offset as well as the tip height, which are
required to calculate an idealised contact stiffness. This avoids the need for additional
measurements to be taken.

4 . investigation into shortcomings of low resolution contact reso-
nance measurements as applied to stiff materials

In Chapter 5, we verify the contact resonace technique by measuring the change in
frequency of an AFM probe at multiple locations on two samples of stiff materials, gold
and stainless steel, under different load conditions. These are used to test the underlying
assumptions, commonly repeated within the contact resonance literature [66, 69, 71];
that the contact stiffness is related to a material property by means of a suitable theory
of contact mechanics.

We give experimental validation of the sensitivity of higher modes to material stiffness
when using a soft cantilever. We highlight that the use of the parallel beam approxima-
tion will lead to significant inaccuracies when the first few modes of a soft cantilever are
used to measure contact stiffnesses of stiff materials, but that the higher modes are far
less sensitivity to tilt parameters (such as tip height and lateral stiffnesses). By including
these considerations and the method for estimation of contact resonance parameters, we
are able to calculate contact stiffnesses that are consistent across all modes.

When relating the contact stiffnesses to a specific material property (the reduced mod-
ulus which contains information about the Young’s modulus of both tip and sample),
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we find that the calculated values can vary over several magnitudes. These results high-
light the sensitivity of contact resonace measurements to experimental conditions when
applied to stiff materials. Specifically, the interdependence of the tip radius and geom-
etry to the theory of contact mechanics motivates that tip-wear is a significant obstacle
in quantifying contact resonance measurements. Additionally, the presence of adhesive
forces may influence the low force regime that we consider. This highlights a potential
lower limit in the validity of the contact mechanics models. Further investigations are
required to fully understand and differentiate between these causes.

Hence, we find that, for low-resolution contact resonance measurements on stiff ma-
terials, ongoing consideration of the tip radius and geometry is required, as well as
possible changes to the modelling of the contact event (such as the influence of adhe-
sive forces). We conclude that contact resonance measurements on stiff materials will be
most robust, with lowest uncertainty and most amenable to quantification, when taken
under low tip wear conditions such as using a HS-AFM.

5 . demonstration of the strengths of contact resonance when com-
bined with hs-afm

The work in this thesis culminates in the combination of high speed atomic force mi-
croscopy (HS-AFM) with contact resonance (CR) measurements, as applied to stiff sam-
ples. We show that the preceding contributions allow for quantified stiffness measure-
ments of sample artefacts on two examples of stiff materials: carbides in a sample of
stainless steel (grade 316), and graphene flakes and monolayers, deposited on a buk sil-
icon substrate. The realisation of contact resonance on stiff samples holds the following
benefits over conventional contact resonance techniques:

• We demonstrate in Chapter 2 that the higher modes of an AFM probe increase
its effective stiffness, allowing it to be ‘stiffness matched’ to stiff materials. The
HS-AFM operates in a high–frequency domain in order to achieve the high scan
speeds. Hence, the higher modes are easily accessed and utilised.

• The HS-AFM operates in a low tip-wear regime, emphasised by the stability of im-
age quality over large time frames (minutes to hours). Therefore, we conclude that
CR-HSAFM is not restrained by considerations of the AFM tip that we describe in
Chapter 5.

• In Section 6.4, we show that CR-HSAFM is capable of non-topographic feature
detection. This is significant for the area of material testing as it highlights the
possibility of nanoscale stiffness measurements which cannot be achieved with
existing techniques.

• By combining CR with HS-AFM, we achieve quantified stiffness maps that have
a thousand–fold increase in pixel count when compared to existing methods, as
shown in Figure 6.18. This results in a tool that can measure sub–nanometre stiff-
ness variations over µm2 areas in seconds. This is a significant improvement on the



172 conclusions

destructive and widely used nanoindentation method that has a lower resolution
of tens of nanometres across minutes to hours.

7.1 further extensions

The versatility of AFM methods and techniques make it a rich area for scientific research.
Several of the chapters in this work are amenable to extensions that would be beneficial
to the wider area of AFM, as well as specifically with regards to stiffness measurement
using contact resonance techniques. For example, our method of calibrating the effective
stiffness of an AFM probe, given in Chapter 2, was formulated and applied to thin rect-
angular beams with a thin gold layer as this is one of the most common AFM cantilevers
and also relied upon in Chapter 6. However, this method is equally applicable to beams
with multiple composite layers or different reflective coating. Specifically, our method
could be applied to AFM cantilevers that have a thin piezo or magnetic coating, or to an
AFM with trapezoidal or ‘stocky’ (large width) geometry. However, both require careful
consideration of the suitability of the Euler-Bernoulli beam model and hydrodynamics
of the system.

The hydrodynamics of the system, as investigated in Chapter 3, can be considered
using extensions to our FEM solver. First, the aforementioned changes to a cantilever’s
cross-sectional geometry, trapezoidal or stocky, can be considered using changes to the
mesh files and experimental validation. Second, the solver can be extended to include
three dimensional flow, which would require the inclusion of a mode-specific velocity
profile for the cantilever and consideration of how the flow is treated at the clamped end.
Additionally, high-performance computing is likely to be required to solve the full three
dimensional system. Finally, the two dimensional case that we have presented deals
with both a beam with rectangular and cylindrical cross-sectional area. However, we
may alternatively consider the case of the tip–sample interaction by treating the circular
geometry as an approximation for the apex of an AFM tip. Given this approximation
(which requires careful treatment), an additional fluid layer situated between the ‘tip’
and ‘sample’ (the surface introduced in Section 3.4.2) could give additional insight into
both the adhesive effects for regular AFM operation as well as the lubrication effect
thought to occur during HS-AFM imaging.

Adhesive effects between the tip and sample (such as adhesion forces that prevent the
cantilever from ‘snapping from contact’) are one of several sources of uncertainty during
our single point measurements in Chapter 5. Repeating these experiments on similarly
stiff samples using higher normal loads will reduce the effect of adhesion as we move
away from effect of the snap-from-contact event. However, the tip remains a significant
source of uncertainty in quantifying the material properties of a sample without recourse
to other sample properties. We perform these measurements on gold and stainless steel
(SS) samples which contain surface features such as grain boundaries, surface slopes,
and other topographic variations. Repeatition of our procedure on a flat material with
known elastic properties would aid the specification of how the tip geometry alters the
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contact stiffness of a measured material and the suitability of higher modes for contact
resonance measurements on stiff materials using soft cantilevers.

Ultimately, the use of soft cantilevers is beneficial for the high throughput of HS-AFM
imaging. However, HS-AFM also relies on a hemispherical assumption of tip geometry.
Hence, additional measurements on a flat surface with calibrated properties would aid
HS-AFM as the tip is expected to experience less tip wear than measurements on a single
point on a sample (due to a theorised lubrication effect). The contact stiffness measured
in Chapter 6 highlights one of the most promising avenues for further investigation into
contact resonance methods applied to HS-AFM; the large increase in observed contact
stiffness. We note that the measured contact resonance is significantly higher than that
observed when measuring at a single point. If the tip is assumed to have similar radius
(as implied by the low tip wear regime), the elastic properties of the SS sample inves-
tigated in Chapter 5 and Chapter 6 are similar (where different sections of the same
material were studied), and that the DMT theory of contact mechanics holds, then the
total contact force is left as the only remaining parameter that could cause a significant
increase in the contact stiffness.

The low tip wear regime is believed to be preceded by a ‘lift-off’ force that increases
the tip-sample separation distance and diminishes the lateral force in the system. Hence,
CR-HSAFM measurements may give a means for quantifying the magnitude of this
lift-off force as well as leading to quantified stiffness measurements that are not reliant
on reference material properties. Quantification of the lift-off force, possibly supported
by the numerical scheme introduced in Chapter 3, would give additional evidence for
and insight into the mechanism that allows the HS-AFM to achieve its several orders of
improvement over other existing AFM techniques (with regards to its scanning speed,
data aquisition abilities, and large area mapping) without degradation to the tip.

Even without these additional measurements, this work outlines and expands upon
contact resonance applied techniques and develops their readiness for combination with
HS-AFM. We expect that CR-HSAFM will greatly enhance material science due to the
non-destructive, high resolution, and impressive throughput of the device and we look
forward to its use in bringing further advances in material science and beyond.
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5 V 2 V 1 V 0.5 V 0.1 V 0.08 V 0.06 V 0.04 V

Position 1 57254.9 57129.6 57037.7 56494.3 55698.7 56157.8 55965.7 55860.3

Position 2 57111.3 56970.2 57097.3 56724.1 56446.5 56507.0 56749.4 56342.8

Position 3 57556.4 56988.4 56976.8 56901.0 55988.3 56062.3 56101.5 56009.7

Position 4 57711.8 57404.2 – 56570.3 56453.1 55984.2 55632.6 55749.8

Position 5 57582.2 57280.5 56799.2 56490.0 56052.0 54871.3 55226.8 55504.6

Position 6 57111.8 56894.0 56888.1 56278.3 – 55163.8 55398.2 55281.0

Position 7 57473.2 57199.5 55948.5 56731.0 55124.4 56322.4 55885.8 55882.3

Position 8 57045.0 57304.9 57063.9 56513.9 56597.8 55965.2 56480.6 56500.5

Position 9 56976.5 57095.3 56580.5 56678.5 55986.8 56426.8 56419.6 56105.0

Position 10 56189.4 57126.0 57203.7 56877.9 56428.4 56491.5 56694.4 56570.3

Position 11 57227.7 57214.4 56138.3 56453.1 55984.2 55046.6 54929.4 55163.8

Position 12 57029.2 57280.6 57108.6 56421.9 55645.1 55862.6 55927.8 55852.8

Position 13 57249.0 56636.9 57076.6 55820.9 56000.3 56272.9 55998.3 55880.8

Position 14 57300.5 57090.3 57399.0 56008.1 55159.5 55239.9 55297.4 –

Position 15 57248.0 57019.0 56911.8 56633.7 55800.5 56064.3 55922.8 55872.2

Position 16 57024.9 57153.6 56782.6 56863.3 56068.1 56132.3 55101.9 55318.8

Table 13: Experimental data for contact resonance on sample of SS grade 316 (Mode 1)
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5 V 2 V 1 V 0.5 V 0.1 V 0.08 V 0.06 V 0.04 V

Position 1 177831 177944 177616 176481 174589 175335 174920 174430

Position 2 177915 177343 177557 176966 175582 175833 176055 175008

Position 3 178274 177362 177453 177269 175136 175543 175581 175257

Position 4 178456 177915 178281 176500 175746 175746 174239 174239

Position 5 178337 177678 177116 176010 175182 169842 171744 173939

Position 6 177636 177258 177265 175685 – 170973 172229 171978

Position 7 178489 177919 174476 177275 172954 175509 174819 174804

Position 8 177555 177982 177660 176406 176404 173678 175226 175749

Position 9 177761 177598 176162 176421 174426 175379 175773 174503

Position 10 175318 177548 177938 177379 175995 176279 176766 175746

Position 11 177872 177600 – 176751 174239 172481 172732 172481

Position 12 177663 177849 177488 176303 174666 174954 174412 174753

Position 13 178046 176604 177345 174264 172149 174268 172993 172682

Position 14 178233 177565 177977 174804 172580 172687 172682 173238

Position 15 178044 177321 177323 176709 174043 175382 174717 174985

Position 16 177845 177680 177162 177319 175315 175524 171676 172359

Table 14: Experimental data for contact resonance on sample of SS grade 316 (Mode 2)

5 V 2 V 1 V 0.5 V 0.1 V 0.08 V 0.06 V 0.04 V

Position 1 365056 365144 364045 361334 292172 294309 286596 281469

Position 2 365539 363981 364221 362511 351530 350570 253799 218301

Position 3 365488 363795 363796 363633 357234 354884 353770 351562

Position 4 365897 365063 363724 358092 291554 290806 279218 278470

Position 5 366270 364338 363464 358054 295578 293010 292998 290965

Position 6 363660 364058 363312 358903 291937 268003 267256 218286

Position 7 366182 365065 357443 362403 356538 354498 354341 351445

Position 8 364373 365191 364414 361691 291638 291390 235899 240103

Position 9 364870 364755 360997 362694 349271 346650 348900 347999

Position 10 360389 364271 364989 363773 288751 262546 218670 218286

Position 11 365022 364917 360366 357345 291180 290806 291180 218286

Position 12 365129 364267 364600 359989 287431 286360 283567 288203

Position 13 365405 362167 363188 308871 299030 311338 306859 –

Position 14 365663 364615 364397 357284 348026 252714 257635 219408

Position 15 365221 363657 363648 362012 353140 352747 354014 352262

Position 16 365111 363699 363231 363071 302129 297406 299802 284836

Table 15: Experimental data for contact resonance on sample of SS grade 316 (Mode 3)
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5 V 2 V 1 V 0.5 V 0.1 V 0.08 V 0.06 V 0.04 V

Position 1 613052 609472 609349 601726 576818 581846 586887 578374

Position 2 614601 611106 611298 606100 537078 537115 – 536807

Position 3 614793 609807 609705 606395 592815 588413 587871 585669

Position 4 615282 612388 609904 597970 569129 536310 558686 536807

Position 5 614791 610890 606114 595786 535468 535488 534620 534822

Position 6 610454 611453 606604 594448 534321 535315 534818 534321

Position 7 615048 611154 595297 605043 590972 589836 586471 583347

Position 8 612461 613044 609769 602333 536587 537502 536949 536563

Position 9 612565 607541 603225 605190 536851 536880 – 538299

Position 10 604109 611325 610947 605969 580686 – 571118 537304

Position 11 613905 611227 602985 594489 534818 535812 534818 534818

Position 12 614066 608724 608348 599734 535625 532875 533587 532096

Position 13 613820 607325 606668 534845 535078 531408 552245 537867

Position 14 611756 610908 605839 588477 535882 535965 – 535812

Position 15 612455 609193 607268 601153 536917 536783 536212 536658

Position 16 612737 610274 605291 606386 536942 535233 535378 535313

Table 16: Experimental data for contact resonance on sample of SS grade 316 (Mode 4)

5 V 2 V 1 V 0.5 V 0.1 V 0.08 V 0.06 V 0.04 V

Position 1 910450 887293 891936 864419 901741 902117 902276 901932

Position 2 914760 900753 900079 883324 799022 801721 – 719124

Position 3 914787 896873 895021 882414 – 850929 – –

Position 4 916470 903408 898072 870208 902406 901787 901787 764945

Position 5 911087 898727 882162 852810 716927 733822 781893 747221

Position 6 902889 901745 882996 902709 696833 694356 689403 689403

Position 7 912527 896352 856892 879805 – 900503 837691 –

Position 8 910842 901624 896043 869999 728173 749466 760851 –

Position 9 901753 878634 877602 882287 777579 772142 – 754418

Position 10 889162 902254 896915 877196 900537 – 902406 902406

Position 11 913605 904305 887546 862159 736462 736462 745750 742034

Position 12 913917 887684 888370 858266 961495 807545 808038 –

Position 13 911191 894849 882461 780226 749594 765810 745269 753047

Position 14 893160 899088 872824 692890 779483 769192 – 738938

Position 15 899750 897773 883511 853590 – 851805 852991 –

Position 16 901734 – 877369 875903 834519 739597 741704 725944

Table 17: Experimental data for contact resonance on sample of SS grade 316 (Mode 5)
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