
                          

This electronic thesis or dissertation has been
downloaded from Explore Bristol Research,
http://research-information.bristol.ac.uk

Author:
Piddock, Stephen

Title:
Complexity and Simulation of Many-Body Quantum Systems

General rights
Access to the thesis is subject to the Creative Commons Attribution - NonCommercial-No Derivatives 4.0 International Public License.   A
copy of this may be found at https://creativecommons.org/licenses/by-nc-nd/4.0/legalcode  This license sets out your rights and the
restrictions that apply to your access to the thesis so it is important you read this before proceeding.

Take down policy
Some pages of this thesis may have been removed for copyright restrictions prior to having it been deposited in Explore Bristol Research.
However, if you have discovered material within the thesis that you consider to be unlawful e.g. breaches of copyright (either yours or that of
a third party) or any other law, including but not limited to those relating to patent, trademark, confidentiality, data protection, obscenity,
defamation, libel, then please contact collections-metadata@bristol.ac.uk and include the following information in your message:

•	Your contact details
•	Bibliographic details for the item, including a URL
•	An outline nature of the complaint

Your claim will be investigated and, where appropriate, the item in question will be removed from public view as soon as possible.



Complexity and Simulation of
Many-Body Quantum Systems

By

Stephen Piddock

Department of Computer Science
University of Bristol

A dissertation submitted to the University of Bristol in ac-
cordance with the requirements of the degree of Doctor of
Philosophy in the Faculty of Engineering.

February 2019

Word count: Sixty six thousand





Abstract

The Hamiltonians of quantum many-body systems can display an extremely diverse range
of behaviours. In this thesis we show that there exist simple systems which can simulate
all other quantum many-body systems, including all of their physical properties. We call
these universal Hamiltonians.

We first define a notion of analogue simulation which captures what it means for
the Hamiltonian of one system to be reproduced in the Hamiltonian of another physical
system. Then we obtain a full classification of simulation power in the case of families
of Hamiltonians built up as a linear combination of 2-local qubit interactions. The
generalised Heisenberg model and generalised XY model are important special cases
which are universal in this classification. We also prove universality for other restricted
classes of Hamiltonians such as those for which all the interaction strengths have the
same sign or for Hamiltonians with spatially restricted interaction graphs. And we prove
universality for large classes of qudit Hamiltonians (where the local dimension d > 2).

Universality of a family of Hamiltonians implies that the problem of estimating the
ground state energy, known as the Local Hamiltonian problem, is QMA-complete for
Hamiltonians from that family. Our results prove that this is the case for many restricted
families of Hamiltonians, for which the complexity of the Local Hamiltonian problem was
not previously known. We also show that the Local Hamiltonian problem is QMAEXP-
complete for a translationally invariant Hamiltonian of 4-local interactions between spins
of dimension d = 4, arranged on a face-centred cubic lattice, by directly encoding a
verifier circuit into the interaction terms.

Finally we consider the problem of simulating a local measurement in the ground
space of a local Hamiltonian, introduced by Ambainis as APX-SIM. We simplify some
of the prior work on this problem and prove some previously unknown complexity class
inequalities. We show that our notion of simulation preserves hardness of this problem
and obtain a complexity classification of APX-SIM for Hamiltonians of 2-local qubit
interactions.
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Chapter 1

Introduction

1.1 Physics and many-body systems

The aim of physics is to understand physical systems in order to predict their behaviour.

Quantum mechanics has been incredibly successful at matching the outcomes of experi-

ments in the regime in which it applies, and now that we are entering an era where we

are actually able to engineer small quantum devices, understanding the behaviour of

quantum systems is more important than ever.

The properties of any physical system are captured in its Hamiltonian, which describes

all the possible energy configurations of the system. In this thesis we will almost exclusively

focus on finite dimensional systems. We will consider many-body systems, whose Hilbert

space is given by a tensor product of the individual subsystems. So for example a system

of n subsystems, each of local dimension d (we call such particles qudits, or qubits when

d = 2), has a corresponding Hilbert space H = (Cd)⊗n.

The central object of study in this thesis will be local Hamiltonians. These are

Hamiltonians which are built up as a sum of interactions hi, each of which acts non-

trivially only on a small number of qudits:

H =
∑
i

hi. (1.1)

This includes some of the most studied Hamiltonians in theoretical many-body and

condensed matter physics: spin-lattice Hamiltonians, those for which the degrees of

freedom are quantum spins arranged on a lattice, and the overall Hamiltonian is built up

from few-body interactions between these spins. Although these are idealised, toy models

of real materials, different spin-lattice Hamiltonians are able to model a wide variety of

different quantum phases and many-body phenomena: phase transitions [5], frustration

[6], spontaneous symmetry-breaking [7], gauge symmetries [8], quantum magnetism [9],

spin liquids [10], topological order [11], and more.

1



CHAPTER 1. INTRODUCTION

We will show in this thesis that there are simple spin models, for example the

Heisenberg interaction on a 2D lattice, which can simulate all other quantum Hamiltonians.

We say these families of Hamiltonians are universal. This means that these simple

Hamiltonians can reproduce any of the wide range of behaviours exhibited by any other

spin system, including those embedded in 3D or higher spatial dimensions.

Even when the Hamiltonian of a system is known exactly, it is often not easy to

extract the physical behaviour of a system from its Hamiltonian. Simulating a quantum

many-body system is a notoriously difficult problem for a classical computer. Intuitively,

this is because the dimension of the Hilbert space of n spins grows exponentially with n

and so naively performing the necessary matrix operations becomes impossible on modern

classical computers, even for moderately sized quantum systems of ≈ 50 qubits. We

will see that hard computational problems can be encoded into Hamiltonians, thereby

formalising this intuitive difficulty.

Meanwhile, there is an efficient quantum algorithm for simulating the time evolution

of a local Hamiltonian due to Lloyd [12]. But this requires a large scale fault-tolerant

quantum computer, which is still well out of reach of current technology, despite the

enormous effort being devoted to the development of such a machine by research groups

around the world.

One alternative is to physically build model systems which will reproduce the behaviour

of the systems of interest and then test their properties by directly measuring them. This

is the concept of analogue simulation, which will be a primary focus of this thesis. By

fully understanding which Hamiltonians are able to simulate each other, not only do we

reveal surprising connections between apparently unrelated Hamiltonians, but we also

better understand how to build analogue quantum simulators, which may be a practically

useful way of studying quantum many-body systems.

1.2 Hamiltonians and computer science

Having touched upon the concept of simulations between Hamiltonian systems, we now

turn our attention to the complexity of a many-body Hamiltonian, as mentioned in the

title of this thesis.

Another important way of viewing local Hamiltonians is to think of them as gener-

alisations of the objective function in an optimisation problem. Consider an objective

function on n-bit strings f : {0, 1}n → R which is given as a sum of constraints each of

which acts on a small number of bits:

f =
∑
i

ci (1.2)

2



1.3. OVERVIEW OF THESIS

where each ci depends only on O(1) bits, independent of n. Moving to a quantum system

on n qubits, replacing each local constraint ci with a local interaction hi, we see that

local Hamiltonians (1.1) are a natural generalisation of classical objective functions (1.2).

If each constraint ci maps to {0, 1}, then they can be viewed as relations, which are

satisfied if ci = 0, or violated if ci = 1. The aim of a constraint satisfaction problem (CSP)

is to determine if there exists a string x ∈ {0, 1}n which satisfies all of the constraints

ci, or equivalently to decide if the minimum value of f is 0 or > 1. k-SAT is the version

of this problem where each constraint ci is the OR function on at most k bits (or the

negation of those bits). SAT is a fundamental problem in theoretical computer science,

known to be NP-complete by the Cook-Levin theorem, suggesting that there is no efficient

algorithm to solve it.

Generalising to the quantum case we have the problem of computing the ground state

energy (the lowest eigenvalue) of a local Hamiltonian, known as the Local Hamiltonian

problem. The ground state energy is also a practically useful property of the system

and is one of the most basic calculations that one might want to perform for a local

Hamiltonian, and yet even this is known to be very hard in general.

Kitaev famously showed that the Local Hamiltonian problem is complete for the

class QMA – the quantum analogue of NP [13]. This initiated the development of the

field of quantum Hamiltonian complexity, which has demonstrated that even apparently

very simple local Hamiltonians can be computationally complex in many surprising ways.

In this thesis we will borrow the techniques used in this field to construct non-trivial

simulations and to prove that simple families of Hamiltonians are universal. But our

results also give back to this field, showing that the Local Hamiltonian problem is QMA-

complete even for these simple restricted families of Hamiltonians, and that simulations

preserve the hardness of another natural problem called APX-SIM.

1.3 Overview of thesis

We now lay out the structure of the rest of this thesis. In this introductory chapter,

we briefly survey some important background material necessary to put this work into

context, focusing on those results which are most directly relevant.

Then, in Chapter 2, we define the notion of Hamiltonian simulation that we use

throughout the rest of this thesis. This definition is carefully justified starting from a

minimal set of desiderata to ultimately obtain a very strong notion which captures the

idea of a target Hamiltonian being “reproduced” in the low energy space of another

simulator Hamiltonian.

Then we confirm that a simulator Hamiltonian satisfying our definition will indeed

reproduce the physics of the target system. For example, we show that the partition
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function, correlation functions and time evolution of the target system are all preserved

by the simulator.

At the end of Chapter 2 we consider the effect of random noise and errors on

simulators, and take a first step in justifying why error correction may not always be

necessary for analogue simulation. We show that local noise on the physical simulator

system corresponds to simulating the target system with local noise, which may in fact

be what is desired in practice.

In Chapter 3, we introduce the concept of families of Hamiltonians which are uni-

versal : that is, they can simulate all other Hamiltonians. To prove that such universal

families exist, we construct many instances of non-trivial simulations which fit the strong

definition of Chapter 2. We classify the simulation power of Hamiltonians given as

linear combinations of 2 qubit interactions from a set S, and prove a less comprehensive

classification of a large class of 2-qubit interactions, when the Hamiltonian is restricted

to positive linear combinations of interactions from S. Finally, we consider some conse-

quences of universality for quantum computation, including for the complexity of the

Local Hamiltonian problem.

In Chapter 4 we consider Hamiltonians with restricted interaction (hyper)graphs.

We show that the qubit Heisenberg and XY interactions are universal, even when the

interactions of the simulator Hamiltonian are restricted to the edges of a translationally

invariant graph G embedded in RD. Furthermore the simulation is efficient as long

as there are no long-range interactions between qudits of the target system in RD – a

property we call geometric locality, which is a generalisation of spatial sparsity [14].

We then classify which interactions are universal in the special cases when G is

either the 2D square or triangular lattice. Finally we consider the consequences of these

results for the Local Hamiltonian problem, obtaining novel QMA-completeness results.

For example we show that the antiferromagnetic XY or antiferromagnetic Heisenberg

interactions are QMA-complete, even when restricted to the edges of a triangular lattice.

In Chapter 5 we consider many-body qudit Hamiltonians (where each subsystem

has local dimension d > 2). We again categorise Hamiltonians into families in terms of

the interactions they are built from and we prove that some important classes of qudit

interactions are universal.

We completely characterise the k-qudit interactions which are universal, if augmented

with arbitrary 1-local terms, showing that nearly all such families of Hamiltonians are

universal. We prove universality of generalisations of the Heisenberg model that are

ubiquitous in condensed-matter physics, even if free 1-local terms are not provided.

We show that the SU(d) and SU(2) Heisenberg interactions are universal for all local

dimensions d > 2; and that for d = 3 all bilinear-biquadratic Heisenberg interactions are
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universal. Finally, we prove universality of any interaction proportional to the projector

onto a pure entangled state.

In Chapter 6, we consider spin systems in three spatial dimensions, and consider

the computational complexity of the Local Hamiltonian problem, for translationally

invariant Hamiltonians. We prove that the local Hamiltonian problem for 3D lattices

with face-centred cubic unit cells, 4-local translationally-invariant interactions between

spin-3/2 particles and open boundary conditions is QMAEXP-complete, where QMAEXP

is the class of problems which can be verified in exponential time on a quantum computer.

We go beyond a mere embedding of past hard 1D history state constructions, for

which the local spin dimension is enormous: even state of the art constructions have

local dimension 42. We avoid such a large local dimension by combining some different

techniques such as using a recently-developed computational model, called a quantum

ring machine, to describe the verifier circuit; using a classical Wang tiling problem as a

binary counter to write out the problem input; and a carefully engineered history state

construction that implements the ring machine on the cubic lattice faces.

In Chapters 2, 3, 4 and 5 we see that there is a close relationship between simulations

and the complexity of the Local Hamiltonian problem. But in Chapter 7, we are also

interested in the complexity of simulation. That is, we consider the computational

complexity of APX-SIM, the problem of approximately simulating a measurement of a

low energy state, which was previously shown to be PQMA[log]-complete by Ambainis [15].

We modify the constructions to show that APX-SIM is P||QMA-complete, thereby proving

PQMA[log] = P||QMA. We show that for certain restricted families of Hamiltonians, the

complexity of APX-SIM depends on the complexity of the Local Hamiltonian problem in

a natural way. Finally we show that the APX-SIM is hard even for geometrically local

Hamiltonians, and that simulations imply reductions between instances of APX-SIM,

allowing us to apply the results of Chapters 3, 4 and 5 to the APX-SIM problem.

1.3.1 Declaration of contributions

Chapter 2, most of Chapter 3 (excluding Section 3.4), and Section 4.3 is based on joint

work with Toby Cubitt and Ashley Montanaro, which was published in Proceedings of the

National Academy of Sciences [3]. All three authors contributed to all parts of the paper.

The author of this thesis was however the main contributor to Sections 2.2.4 and 2.3.5 on

local encodings in a subspace and the work on local errors and noise, in Chapter 2. In

Chapter 3, the author was primarily responsible for Lemma 3.6 on parallel application of

gadgets, and the novel gadget constructions behind Theorem 3.12 and Lemma 3.10.

Section 3.4, Chapter 4 (excluding Sections 4.3, 4.4 and 4.5), and Appendix B are based

on joint work with Ashley Montanaro, published in Quantum Information & Computation
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[1]. AM suggested the problem, the focus on positive interaction strengths and using

the techniques of [14] to prove results on 2D lattices, but all gadget constructions and

proofs were those of the author. Sections 4.4 and 4.5 on the newly introduced concept of

geometric locality are new pieces of work, presented for the first time here.

Chapter 5 and Appendix A are based on joint work with Ashley Montanaro [16],

which is on arXiv and has been submitted to Communications in Mathematical Physics.

AM was responsible for Lemma 5.7, but all other proofs and gadgets were the work of

the author.

Chapter 6 and Appendix C are based on joint work with Johannes Bausch [2], published

in Journal of Mathematical Physics [2]. Most of the work was done jointly, carefully

designing the transition rules which evolved over many iterations as we reduced the

parameters d and k. The original idea of encoding the computation on the outside of the

cube was that of the author, and the technical analysis required for the hardness proof

based on ULGs was done by JB.

Chapter 7 is based on unpublished joint work with Sevag Gharibian and Justin Yirka.

The work on parallel queries to an oracle and the result PQMA[log] = P||QMA is that of SG

and JY, and the extension to stoquastic and classical Hamiltonians is due to the author,

as is the work on simulations and spatially sparse constructions.

1.4 Notation and terminology

For an arbitrary Hamiltonian H ∈ B(Cd), we let P6∆(H) denote the orthogonal projector

onto the subspace S6∆(H) := span{|ψ〉 : H |ψ〉 = λ |ψ〉 , λ 6 ∆}. We also let H ′|6∆(H)

denote the restriction of some other arbitrary Hamiltonian H ′ to S6∆(H), and write

H|6∆ := H|6∆(H) and H6∆ := HP6∆(H).

We say that a Hamiltonian H ∈ B((Cd)⊗n) is k-local if it can be written as a sum

of terms such that each hi acts non-trivially on at most k subsystems of (Cd)⊗n. That

is, hi ∈ B((Cd)⊗k) and H =
∑

i hi ⊗ 1 where the identity in each term in the sum acts

on the subsystems where that hi does not. An operator on a composite Hilbert space

“acts trivially” on the subsystems where it acts as identity, and “acts non-trivially” on the

remaining subsystems. We will often employ a standard abuse of notation, and implicitly

extend operators on subsystems to the full Hilbert space without explicitly writing the

tensor product with identity, allowing us e.g. to write simply H =
∑
hi. We say that H

is local if it is k-local for some k that does not depend on n1.

We let X, Y , Z denote the Pauli matrices and often follow the condensed-matter

convention of writing XX for X ⊗ X etc. For example, XX + Y Y + ZZ is short for

1Technically, this makes sense only for families of Hamiltonians H, where we consider n to be growing.
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X ⊗X + Y ⊗ Y + Z ⊗ Z and is known as the Heisenberg (exchange) interaction. The

XY interaction is XX + Y Y .

Let M be a k-qudit Hermitian matrix. We say that U ∈ SU(d) locally diagonalises M

if U⊗kM(U †)⊗k is diagonal. We say that a set S of Hermitian matrices is simultaneously

locally diagonalisable if there exists U ∈ SU(d) such that U locally diagonalises M for

all M ∈ S. Note that matrices in S may act on different numbers of qudits, so can be of

different sizes.

We will often be interested in families of Hamiltonians. For a subset S of interactions

(Hermitian matrices on a fixed number of qudits), we define the family of S-Hamiltonians

to be the set of Hamiltonians which can be written as a sum of interaction terms where

each term is either picked from S, with an arbitrary positive or negative real weight, or

is an arbitrarily weighted identity term. For example, H is a {ZZ}-Hamiltonian if it

can be written in the form H = α1 +
∑

i<j βijZiZj for some α, βij ∈ R. We also define

S+-Hamiltonians to be the family of Hamiltonians built up as a linear combinations of

interactions from S, where the interaction strengths are all restricted to be positive.

We define the computational problems S-Hamiltonian and S+-Hamiltonian as

the Local Hamiltonian problem for Hamiltonians from the family of S-Hamiltonians and

S+-Hamiltonians respectively.

A model is a (possibly infinite) family of Hamiltonians. Typically the Hamiltonians

in a model will be related in some way, e.g. all Hamiltonians with nearest-neighbour

Heisenberg interactions on an arbitrarily large 2D lattice (the “2D Heisenberg model”).

A Hamiltonian is stoquastic if there exists a local basis such that all its off diagonal

matrix entries are non-positive with respect to that basis [17].

1.5 Quantum complexity classes

We now introduce some of the quantum computational complexity classes that will be

relevant for this work. For a more detailed introduction to quantum computational

complexity, see the excellent survey [18].

1.5.1 QMA

First we introduce the complexity class QMA, the quantum analogue of NP. Recall that

NP is the class of problems which can be efficiently verified by a classical computer.

Informally, QMA is the class of problems which can be efficiently verified on a quantum

computer.

Definition 1.1 ([13]). QMA is the class of problems for which there exists a poly(n)

sized (where n is the problem size) verifier circuit U acting on |ψ〉 ⊗ |0〉⊗m, where the
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state |ψ〉 is called the witness state, followed by a measurement in the computational basis,

such that

• [Completeness] in a YES instance there exists a witness state |ψ〉 such that the

circuit accepts with probability greater than 2/3.

• [Soundness] in a NO instance the circuit accepts with probability less than 1/3, for

all states |ψ〉.

More precisely, QMA is the quantum version of MA, which is the class of problems

which can be efficiently verified by a probabilistic classical computer (with bounded

probability of error). The name is short for Merlin-Arthur, in reference to the wizard

Merlin who advised the mythical King Arthur. The idea is that the witness is sent by

an all powerful (but potentially untrustworthy) prover “Merlin” to the computationally

bounded “Arthur”, who only has a polynomial time quantum computer.

The exact values of the probabilities 1/3 and 2/3 in the definition are unimportant as

long as they are bounded away from each other by a 1/ poly(n) amount, because these

probabilities can be boosted. This can be done by repetition (by asking for multiple

copies of the witness, and accepting if more than a certain proportion of them accept), or

by the more advanced strong amplification procedure of [19], which does not lead to any

blow up in the size of the witness.

QMA was introduced by Kitaev in [13], where he also showed that the Local

Hamiltonian problem is QMA-complete (see Section 1.6). For a survey of other QMA-

complete problems, see [20].

1.5.2 StoqMA

The complexity class StoqMA was introduced in [21], where it was shown to charac-

terise the complexity of the Local Hamiltonian problem for stoquastic Hamiltonians, see

Section 1.6.3 for more about stoquastic Hamiltonians.

Informally, StoqMA is the class of problems which can be efficiently verified by a

stoquastic verifier: A stoquastic verifier is a circuit consisting of X,CNOT and Toffoli

gates acting on |ψ〉 ⊗ |0〉⊗m⊗ |+〉⊗l for a witness state |ψ〉, followed by a measurement in

the {|−〉 , |+〉} basis, where |−〉 (resp. |+〉) correspond to accept (resp. reject).

Definition 1.2 ([21]). StoqMA is the set of problems for which there exists a poly(n)

sized (where n is the problem size) stoquastic verifier circuit such that

• [Completeness] in a YES instance there exists a witness state |ψ〉 such that the

verifier accepts with probability greater than a.
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• [Soundness] in a NO instance the verifier accepts with probability less than b, for

all states |ψ〉.

where a− b > 1/ poly(n).

Unlike QMA, and other standard complexity class like BQP and MA, the probabilities

a and b can not be amplified, since the restricted verifier is unable to take a majority

vote from multiple witnesses.

1.5.3 QMAEXP

Another variation of QMA which appears in this thesis is QMAEXP. This is like QMA,

but the verifier is allowed to run for an exponentially long time.

Definition 1.3. QMAEXP is the set of problems for which there exists a O(exp(n)) sized

(where n is the problem size) verifier circuit U acting on |ψ〉 ⊗ |0〉⊗m, where the witness

|ψ〉 is a state exp(n) qubits, followed by a measurement in the computational basis, such

that

• [Completeness] in a YES instance there exists a witness state |ψ〉 such that the

circuit accepts with probability greater than 2/3.

• [Soundness] in a NO instance the circuit accepts with probability less than 1/3, for

all states |ψ〉.

It turns out that QMAEXP is the class that characterises the complexity of the Local

Hamiltonian problem for translationally invariant Hamiltonians [22]; see Section 1.9.

1.5.4 PQMA[log]

PQMA[log] is the class of problems solvable by a classical P machine which can make

O(log(n)) (where n is the problem size) queries to an oracle for the class QMA. Note

that this oracle does not produce the quantum witness |ψ〉 in the definition of QMA, or

output an answer with proability > 2/3 of being correct, but this oracle always outputs

the correct YES or NO answer.

Ambainis introduced PQMA[log] in [15], where he described it as a class of problems

“that are slightly more difficult than QMA”. In this paper, he also showed that a number of

natural Hamiltonian complexity problems are PQMA[log]-complete. Of particular interest

to us is the APX-SIM problem, which we discuss in more detail in Section 1.10.

Note that QMA is defined with a promise – the probability of the verifier succeeding

is either > 2/3 or 6 1/3, with no possibility in between. Any QMA-complete problem

will also have such a promise, for example in the Local Hamiltonian problem, the ground
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state energy is either > a or 6 b. But a PQMA[log] verifier may make queries to the oracle

which do not satisfy this promise. In this case, the oracle can output either YES or NO,

and still be “correct”. This is allowed, as long as it does not affect the final outcome of

the PQMA[log] verifier.

We will show in Chapter 7 that PQMA[log] is equal to P||QMA, where P||QMA is the

class of problems solvable by a classical P machine which can make O(poly(n)) parallel

queries to a QMA oracle. This means that all the queries must be made at the same

time, and therefore that the choice of each query cannot depend on the answers to any

other queries.

We can also define similar classes PX[log] and P||X for any complexity class X instead

of QMA, such as StoqMA, for example.

1.6 Local Hamiltonian problem

For the rest of this introductory chapter we will discuss the most relevant results from

the field of quantum Hamiltonian complexity, focusing mainly on the Local Hamiltonian

problem. For more information about other important results in this area see the survey

papers [23, 24].

We focus on many-body quantum system of n particles each of dimension d with a

multipartite Hilbert space H = (Cd)⊗n. A Hamiltonian on this space is any self-adjoint

operator on this space. Since we are working with finite dimensional systems, we can

always think of the Hamiltonian as a large Hermitian matrix.

Recall that a Hamiltonian H is k-local if it can be written as

H =

m∑
i=1

hi (1.3)

where each term hi acts non-trivially on at most k qudits; that is, hi = h′i ⊗ I for some

operator h′i acting on at most k qudits. We say a Hamiltonian is local if it is k-local for

some k = O(1), independent of the size of the system n. Technically this only makes

sense for families of Hamiltonians, where we consider n to be growing.

The Local Hamiltonian problem is (the decision problem variant of) the problem of

estimating the ground state energy of a local Hamiltonian H.

Definition 1.4 (Local Hamiltonian(H, a, b)). Given a local Hamiltonian H =
∑

i hi

on n qubits and real numbers a and b, satisfying b− a > O(1/ poly(n)), where m, ‖hi‖ 6
O(poly(n)) and k = O(1), decide:

• If there exists a state |ψ〉 such that 〈ψ|H |ψ〉 6 a, output YES.

• If for all states |ψ〉, it holds that 〈ψ|H |ψ〉 > b, output NO.
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The Local Hamiltonian problem is therefore often referred to as a quantum generali-

sation of SAT. More accurately the Local Hamiltonian problem is a generalisation of the

(decision version) of the MAX-k-SAT problem, which is the problem of maximising the

number of constraints satisfied by a string.

The quantum computational problem that is a closer analogue of SAT is Quantum-

k-SAT . This the problem of deciding if there exists a ground state which “satisfies” (i.e.

is in the ground space of ) all the interactions hi in (1.3) individually. Quantum-k-SAT

has been shown to be contained in P by Bravyi for k = 2 [25] and QMA1-complete for

k > 4 [25] and for k = 3 [26], where QMA1 is like QMA, except in a YES instance the

verifier must accept with probability 1.

The Local Hamiltonian problem was famously shown to be QMA-complete by Ki-

taev [13], leading to a large amount of research into the problem. We will now highlight

some of the most important developments in the context of this thesis.

1.6.1 Classification result

We start by considering a result that inspired much of the work of this thesis, especially

Chapters 3, 4 and 5.

In [4], Cubitt and Montanaro were able to classify the complexity of Hamiltonians

built up of 2-local qubit interactions, chosen from a fixed set of interactions S. Let

S-Hamiltonian be the Local Hamiltonian problem restricted to Hamiltonians from

the family of S-Hamiltonians (recall that an S-Hamiltonian is a linear combination of

interactions chosen from the set S).

Theorem 1.5 (Cubitt and Montanaro [4], Bravyi and Hastings [27]). Let S be an

arbitrary fixed subset of Hermitian matrices on at most 2 qubits. Then:

• If every matrix in S is 1-local, S-Hamiltonian is in P;

• Otherwise, if there exists U ∈ SU(2) such that U diagonalises all 1-qubit matrices

in S, and U⊗2 diagonalises all 2-qubit matrices in S, then S-Hamiltonian is

NP-complete;

• Otherwise, if there exists U ∈ SU(2) such that, for each 2-qubit matrix Hi ∈ S,

U⊗2Hi(U
†)⊗2 = αiZ

⊗2 +AiI + IBi, where αi ∈ R and Ai, Bi are arbitrary single-

qubit Hermitian matrices, then S-Hamiltonian is StoqMA-complete;

• Otherwise, S-Hamiltonian is QMA-complete.

Important special cases that are shown to be QMA-complete here are the Heisenberg

interaction S = {XX + Y Y + ZZ} and the XY interaction {XX + Y Y } without 1-local

terms.
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Viewing the Local Hamiltonian problem as the quantum analogue of a CSP, we can

think of Theorem 1.5 as a quantum version of Schaefer’s dichotomy theorem [28], which

states that constraint satisfaction problems built up from a finite set S of relations are

either in P or NP-complete.

In [4], this theorem was originally stated as it is here, except that the third case

was shown to be TIM-complete, where TIM was a newly introduced complexity class

satisfying NP⊆TIM⊆StoqMA. TIM is defined as the complexity class for which {ZZ,X}-
Hamiltonian is complete, and is named after this family of Hamiltonians of ZZ and X

interactions, which is known as the Transverse Ising Model.

In [27], Bravyi and Hastings showed that TIM=StoqMA, by a complicated series

of reductions to show that any StoqMA problem reduces to an instance of {ZZ,X}-
Hamiltonian. These reductions are in fact simulations in the sense of 2.23, and show

that transverse Ising model Hamiltonians can simulate all stoquastic Hamiltonians, see

Section 3.3.2. We will discuss stoquastic Hamiltonians and the complexity class StoqMA

in more detail in Section 1.6.3.

1.6.2 Classical Hamiltonians

We say a Hamiltonian is classical if it is diagonal in the computational basis. All the

eigenstates of a classical Hamiltonian are therefore computational basis states. Rather

than specify states as vectors in (Cd)⊗n, we can instead use classical strings x ∈ {1, . . . , d}n.

Making this change we see that a classical local Hamiltonian of the form of (1.3) becomes

an objective function of the form of (1.2). For classical spins which can take two values

each it is conventional to represent each spin with σi ∈ {−1,+1}.

Classical spin systems have been extremely well-studied, initially as a model for

classical magnetic systems, but later in other fields as diverse as graph theory [29], protein

folding [30] and neural networks [31].

The Cook-Levin theorem, which states that SAT is an NP-complete problem, can be

seen as the first proof that the Local Hamiltonian problem is NP-complete for classical

Hamiltonians. Barahona proved that the Local Hamiltonian problem is hard even for

Ising model Hamiltonians of the form

H(σ) = F

n∑
i=1

σi +
∑

(i,j)∈G

Ji,jσiσj (1.4)

where G is the interaction graph of H, and F, Ji,j ∈ R. He showed that the Local

Hamiltonian problem for Hamiltonians of the form (1.4) is NP-complete even when the

interaction graph G is a graph in 2D or 3D with a straightforward structure [32]. In

particular it is NP-complete, even when G is a planar graph and F = 1 = Ji,j for all

(i, j) ∈ G. And it is NP-complete, even when G is two layers of the cubic lattice in 3D
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(this consists of two copies of the square lattice with links between corresponding vertices

of each copy), and the coefficients satisfy F = 0, Ji,j ∈ {−1, 0, 1}.

Cubitt and De las Cuevas showed that simple models like the Ising model can simulate

all other classical spin systems [33]. They showed that this property actually holds for any

family of classical Hamiltonians for which the Local Hamiltonian problem is NP-complete

(and which satisfy some other technical conditions). In this thesis we will generalise

this to show that there exist quantum systems that can simulate all other quantum

systems. Although our methods do not rely on any complexity theoretic properties of

the Hamiltonian, we do notice an apparently tight connection between QMA-hardness of

the Local Hamiltonian problem and the simulation ability of a Hamiltonian (compare

Theorem 3.1 and Theorem 1.5).

1.6.3 Stoquastic Hamiltonians

Recall that we say a Hamiltonian is stoquastic if all off-diagonal matrix entries are non-

positive in some local basis. The word stoquastic is meant to be a mix of stochastic and

quantum.

This is the family of Hamiltonians which do not suffer from the so-called “sign-

problem”. This means that the quantum-to-classical mapping (presented in [5]) produces

a partition function with positive Boltzmann coefficients (for generic local Hamiltonians

these coefficients may be negative or even complex, which is unphysical). This mapping

maps the system to the partition function of a classical system with one extra spatial

dimension [5], and can often lead to efficient Monte Carlo simulation (see e.g. [34]).

Note that by the Perron-Frobenius theorem, for any stoquastic Hamiltonian H, there

must exist a ground state |ψ〉 with a decomposition in the computational basis |ψ〉 =∑
x∈{0,1}n αx |x〉 such that all of the coefficients αx are non-negative real numbers. The

ground state can therefore be interpreted as a probability distribution over computational

basis states.

The Local Hamiltonian problem for stoquastic Hamiltonians was shown to be StoqMA-

complete in [21], see Section 1.5.2 for more information about StoqMA. It is easy to

check that all of the Hamiltonians for which the Local Hamiltonian problem is StoqMA-

complete in Theorem 1.5 are stoquastic Hamiltonians. The Quantum-k-SAT problem for

stoquastic Hamiltonians was shown to be the first non-trivial example of a MA-complete

problem (hardness was shown for k > 6). Recall that MA is the class of problems that

can be efficiently verified on a probabilistic computer, i.e. its definition is entirely classical.

And yet here we see that fully understanding the class MA would correspond to an

understanding of the inherently quantum problem of Quantum-k-SAT for stoquastic

Hamiltonians.
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Note that stoquasticity may hold for a local Hamiltonian H =
∑

i hi, without all

of the terms hi being stoquastic individually. This is possible if there is a basis where

the positive off-diagonal matrix entries of the hi terms are cancelled out. We say a

Hamiltonian H =
∑

i hi for which there exists a local basis such that all the terms hi are

stoquastic, is a termwise stoquastic Hamiltonian. This is an important distinction for

this work, since our methods will only allow us to show that {ZZ,X}-Hamiltonians can

efficiently simulate the family of termwise stoquastic Hamiltonians, see Section 3.3.2.

We remark that identifying when a Hamiltoninan is stoquastic may not be immediately

obvious, as a local change of basis may be required. Although in the case of Hamiltonians

built up from two qubit interactions from a set S a classification is possible, as in

Theorem 1.5, the general case is more complicated. Recent work on developing systematic

methods for determining when a Hamiltonian is stoquastic [35] shows that this problem

is far from trivial.

1.6.4 Families of Hamiltonians for which the Local Hamiltonian

problem is not hard

Although the Local Hamiltonian problem is QMA-hard in general, there are some restricted

families of Hamiltonians for which the problem is easy. In Theorem 1.5, we see that it is

in P for 1-local Hamiltonians, although this is essentially trivial because the state of each

qubit can be optimised separately.

Building on the work of Jerrum and Sinclair for the classical ferromagnetic Ising

model [36], Bravyi showed that there exists a fully polynomial randomised approximation

scheme (FPRAS) for the partition function of an arbitrary ferromagnetic transverse

Ising model Hamiltonian in [37]. The existence of a FPRAS means the Local Hamilto-

nian problem for such Hamiltonians is contained in BPP, the class of polynomial time

probabilistic computation with bounded error. This applies to any Hamiltonian in the

family of {−ZZ,−X}+-Hamiltonians. Note that this is in stark contrast to the case of

{ZZ,X}-Hamiltonians, where interaction strengths of either sign are allowed, and the

Local Hamiltonian problem is StoqMA-complete [27].

Bravyi and Gosset extended these ideas in [38] to prove the existence of a FPRAS for

the partition function for any Hamiltonian of the form:

H =
∑

16i<j6n

−bijXiXj + cijYiYj +

n∑
i=1

di(Zi + I) |cij | 6 bij

An important special case of this result is the ferromagnetic XY model, (−cij = bij > 0).

Another corollary of this result is that {−XX + βY Y }+-Hamiltonian is contained in

BPP for any β ∈ [−1, 1].
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1.7 Perturbative gadgets

The original proof that the Local Hamiltonian problem was QMA-complete [13] only

showed hardness for k-Local Hamiltonians for k > 5. This was improved to 3-local by

Kempe and Regev [39], and then further to 2-local [40]. To prove these results they

introduced the method of perturbative gadgets. The idea is to have a Hamiltonian of

two parts, one of which is much more heavily weighted than the other, and studying the

effective Hamiltonian in the low energy space using perturbation theory.

Perturbation theory is not a new tool, and has been well used in the study of quantum

mechanical systems. Here, however, rather than just understanding an existing model,

the idea is to use perturbation theory to help us design Hamiltonians whose low-energy

part is of a desired form.

This provided a new way to prove hardness of the Local Hamiltonian problem – rather

than come up with a clever way of encoding the verifier circuit directly into the ground

state of a Hamiltonian; simply use perturbation theory to approximately reproduce the

ground state energy of a Hamiltonian from a family which has already been shown to be

QMA-hard. This allows reductions between instances of the Local Hamiltonian problem

directly. As more and more families of Hamiltonians are shown to be QMA-complete,

this becomes an easier task, as there are more target Hamiltonians to aim for.

The main drawback of perturbative gadgets (other than that non-trivial gadgets are

difficult to construct!) is that the resulting Hamiltonians have very large O(poly(n)) sized

interaction strengths, which may be considered physically unrealistic. Note that in the

classical case, the interaction strengths do not need to be so large because the eigenstates

of the Hamiltonian are always the computational basis states anyway. There is therefore

ongoing research trying to bring down the size of the interaction strengths necessary for

perturbative gadget constructions, see for example [41] for some recent work optimising

these parameters.

In [42], it is shown how to implement certain perturbative gadgets with low O(1)

interaction strengths. The trick is to construct a Hamiltonian of O(1) interactions between

all pairs of n qubits, and show that the spectral gap of this Hamiltonian grows with n.

This can then be used as the heavily weighted term in a perturbative gadget construction.

However this method does not work for all perturbative gadgets, but only when this

property of the spectral gap holds. Furthermore the resulting Hamiltonian involves

interactions between many pairs of qubits, which is often considered unphysical. This is

because typically we imagine that the qubits are arranged in space and that they only

interact with nearby qubits, so each qubit only interacts with a small number of other

qubits.
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1.8 Lattices and restricted interaction graphs

Oliveira and Terhal showed that the Local Hamiltonian problem is still QMA-complete

even when the Hamiltonian is restricted to the edges of a 2D square lattice [14]. They

do this by first showing that the Local Hamiltonian problem is QMA-hard even for

Hamiltonians that are spatially sparse, by directly encoding a QMA verifier circuit into

such a Hamiltonian. Spatially sparse Hamiltonians are those which are in a sense “almost”

on a 2D lattice already. The authors then use perturbative gadgets to reduce to the

problem with interactions on a square lattice.

Definition 1.6 (Spatial sparsity [14]). A spatially sparse interaction (hyper)graph G is

defined as a (hyper)graph in which

i) every vertex participates in O(1) hyperedges,

ii) there is a straight-line drawing in the plane such that every hyperedge overlaps with

O(1) other hyperedges

iii) the surface covered by every hyperedge is O(1).

We will examine this definition in much more detail in Chapter 4.

Schuch and Verstraete [43] built on this work showing that it is still QMA-complete

even when the Hamiltonian H consists of Heisenberg interactions of the same strength

on a 2D lattice with additional 1-local terms; that is, H is of the form:

H =
∑

(i,j)∈E

(XiXj + YiYj + ZiZj) +

n∑
i=1

Ai

where E is a 2D square lattice and the Ai are 1-local terms.

This result might appear to avoid the problem of poly(n) sized interaction strengths, as

all the 2-local Heisenberg terms are of the same strength. However this is because the high

strength terms are hidden in the Ai notation for the 1-local terms: ‖Ai‖ = O(poly(n)).

We are still not aware of any results which show that the Local Hamiltonian problem

is QMA-complete for 2-local qubit Hamiltonians with low strength interactions on a

spatially restricted interaction graph.

1.9 Translationally invariant Hamiltonians

We now move onto thinking about even simpler Hamiltonians, those which are trans-

lationally invariant. Intuitively, a Hamiltonian is translationally invariant if it is the

same whichever qudit you look at. As in the previous section the qudits are arranged in

Euclidean space RD and interactions only occur between nearby qudits.
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Translationally invariant Hamiltonians are often considered to be more physically

realistic because they model the situation of a condensed matter spin system where each

spin interacts only with its neighbours and in the same way with each of them. One

might expect that Hamiltonians with translational invariance would be simple and easy

to understand. But there are now multiple results in the field of quantum Hamiltonian

complexity which show this is not the case. Most famously, it was shown in [44] that

deciding if a 2D translationally invariant Hamiltonian H is gapped (if the two smallest

eigenvalues of H are bounded away from each other) is an undecidable problem.

Gottesman and Irani [22] showed that the Local Hamiltonian Problem is QMAEXP

complete for translationally invariant Hamiltonians of two qudit nearest neighbour inter-

actions on a line in 1D, that is Hamiltonians of the form:

H =

n−1∑
i=1

hi,i+1

where hi,i+1 is the same interaction h applied to each pair of nearest neighbour qudits

(i, i + 1) on the line. Here everything about the Hamiltonian is fixed, apart from the

length n of the line. This is why the problem is complete for the class QMAEXP rather

than QMA - an instance on n qudits now can be described using only log(n) bits of

information.

The catch here is that the local dimension d of each qudit in the line is enormous.

Although d = O(1) is independent of n, the construction of [22] has d ≈ 106. This was

brought down dramatically using a variety of advanced and novel techniques to d ≈ 50

in [45]. But this is still far larger than may be considered reasonable for a physical spin.

In Chapter 6, we bring the local dimension down further to d = 4, by considering

translationally invariant Hamiltonians in 3 spatial dimensions. Although this move to 3D

may make the hardness result less surprising, it is clearly still physical.

We formally define the problem here, following the naming convention in [22], i.e. we

abbreviate translationally invariant local Hamiltonian as TILH.

Definition 1.7 ((k, d)-TILH-3D). Let Λ(L,M,N) be a 3D lattice of side lengths L,M

and N , all 6 n, with not necessarily trivial unit cell (e.g. cF, cI). Let H =
∑

i,j,k hi,j,k be

a 3D translationally-invariant and geometrically k-local Hamiltonian on the lattice qudits

(Cd)Λ.

Input. Specification of the lattice size L,M,N , and the matrix entries of h, up to

O(poly n) bits of precision.

Promise. The operator norm of each local term is bounded, ‖h‖ 6 poly n and either

λmin(H) 6 α or λmin(H) > β, where λmin(H) denotes the smallest eigenvalue of H

and β − α ≤ 1/p(n) for some polynomial p(n).
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Output. YES if λmin(H) 6 α, otherwise NO.

We do not prove any results in this thesis concerning universality of translationally

invariant Hamiltonians, although this is an interesting open problem. Certainly our current

techniques based on perturbative gadgets seem to fundamentally require interaction

strengths which vary throughout the Hamiltonian. However recent work has shown that

translationally invariant classical Hamiltonians on a 2D lattice are classically universal [46].

1.10 Approximate simulation of local measurements

(APX-SIM)

So far, we have focused mainly on the Local Hamiltonian problem, but there are other

computational problems which have been studied. Most relevant for this thesis, and Chap-

ter 7 in particular, is the particularly natural problem of simulating local measurements

on low energy states of local Hamiltonians, denoted APX-SIM and defined formally as

follows.

Definition 1.8 (APX-SIM(H,A, k, l, a, b, δ) [15]). Given a k-local Hamiltonian H, an

l-local observable A, and real numbers a, b, and δ such that b − a ≥ n−c and δ ≥ n−c
′
,

for n the number of qubits H acts on and c, c′ > 0 some constants, decide:

• If H has a ground state |ψ〉 satisfying 〈ψ|A |ψ〉 ≤ a, output YES.

• If for all |ψ〉 satisfying 〈ψ|H |ψ〉 ≤ λ(H) + δ, it holds that 〈ψ|A |ψ〉 ≥ b, output

NO.

It was shown in [15] that APX-SIM is PQMA[log]-complete for O(log n)-local observ-

ables and O(log n)-local Hamiltonians, where n is the number of qubits the Hamiltonian

acts on.

In [47], Gharibian and Yirka observed that the PQMA[log]-hardness proof of [15] did

not allow for the possibility of invalid oracle queries. They fixed this issue and improved

the hardness result to 1-local observables and 5-local Hamiltonians by combining the

“query Hamiltonian” construction of Ambainis [15] with the unary encoding trick from

the circuit-to-Hamiltonian construction of Kitaev [13].

In Chapter 7, we modify these constructions further and show how the perturbation

gadgets and simulations from the Local Hamiltonian problem literature can be used in

this new context.
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Chapter 2

Hamiltonian Simulation

In this chapter we introduce the notion of Hamiltonian simulation that we will use

throughout this thesis. We study what consequences we can obtain from this strong

definition of simulation, confirming that the simulator Hamiltonian will reproduce the

physics of the target system. Finally we consider the effect of random noise and errors

on simulators, and take a first step in justifying why error correction may not always be

necessary for analogue simulation. We show that local noise on the physical simulator

system corresponds to simulating the target system with local noise.

This Chapter is based on the first half of [3].

2.1 Introduction

Two quite different notions of Hamiltonian simulation are studied in the literature. The

first concerns simulating the time-dynamics of a Hamiltonian on a quantum computer using

an algorithm originally proposed by Lloyd [12], and refined and improved in the decades

since [48, 49, 50, 51]. This is the quantum computing equivalent of running a numerical

simulation on a classical computer. However, it requires a scalable, fault-tolerant, digital

quantum computer. Except for small-scale proof-of-principle demonstrations, this is

beyond the reach of current technology.

The second notion, called “physical” or “analogue” – in the sense of “analogous” –

Hamiltonian simulation, involves directly engineering the Hamiltonian of interest and

studying its properties experimentally. (Akin to building a model of an aerofoil and

studying it in a wind tunnel.) This form of Hamiltonian simulation is already being

performed in the laboratory using a variety of technologies, including optical lattices,

ion traps, superconducting circuits and others [52, 53, 54]. Just as it is easier to study

a scale model of an aerofoil in a wind tunnel than an entire aeroplane, the advantage

of artificially engineering a Hamiltonian that models a material of interest, rather than
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studying that material directly, is that it is typically easier to measure and manipulate

the artificially-engineered system. It is possible to measure the state of a single atom

in an optical lattice [55, 56, 57]; it is substantially harder to measure e.g. the state of a

single electron spin in a 2D layer within a cuprate superconductor.

Many important theoretical questions regarding analogue quantum simulation remain

open, despite its practical significance and experimental success [52, 53, 54]. Which

systems can simulate which others? How can we characterise the effect of errors on an

analogue quantum simulator? (Highlighted in the 2012 review article [58] as one of the key

questions in this field.) On a basic level, what should the general definition of analogue

quantum simulation itself be? The notion of simulation we develop in this Chapter will

enable us to answer all these questions.

2.1.1 Definition of simulation

We start by establishing precisely what it means for one quantum many-body system

to simulate another. Any non-trivial simulation of one Hamiltonian H with another H ′

will involve encoding the first within the second in some way. We want this encoding

H ′ = E(H) to “replicate all the physics” of the original H. To reproduce all static,

dynamic and thermodynamic properties, the encoding E needs to fulfil a long list of

operational requirements:

1. E(H) should be a valid Hamiltonian: E(H) = E(H)†.

2. E should reproduce the complete energy spectrum: spec(E(H)) = spec(H). More

generally, E(M) should preserve the outcomes (eigenvalues) of any measurement

M : spec(E(M)) = spec(M).

3. Individual interactions in the Hamiltonian should be encoded separately: E(
∑

i αihi) =∑
i αiE(hi). Otherwise, encoding would require solving the full many-body Hamil-

tonian, obviating any need to simulate it.

4. There should exist a corresponding encoding of states, Estate, such that measurements

on states are simulated correctly: for any observable A, Tr(E(A)Estate(ρ)) = Tr(Aρ).

5. E should preserve the partition function (potentially up to a physically unimportant

constant rescaling): ZH′(β) = Tr(e−βE(H)) = cTr(e−βH) = cZH(β).

6. Time-evolution according to E(H) should simulate time-evolution according to H:

e−iH
′tEstate(ρ)eiH

′t = Estate(e
−iHtρeiHt).

7. Any error or noise process on the E(H) system should correspond to some error

or noise process on the H system: for any superoperator N ′, there should exist a

superoperator N such that N ′(Estate(ρ)) = Estate(N (ρ)).
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Figure 2.1: Simulating one Hamiltonian within the low-energy space of another. H ′ (on
right) simulates H (on left) to precision (η, ε) below energy cut-off ∆.

Using Jordan- and C*-algebra techniques, we will prove (see Theorem 2.4) that,

remarkably, the very basic requirements 1 to 3 already imply that all other operational

requirements are satisfied too. Furthermore, any encoding map E that satisfies them

must have a particularly simple mathematical form:

E(H) = U(H⊕p ⊕ H̄⊕q)U † (2.1)

for some unitary U and non-negative integers p, q such that p + q > 1. (H̄ denotes

complex conjugation of H.)

This characterisation of Hamiltonian encodings holds if the entire simulation is to

exactly replicate all the physics of the original. But in practice no simulation will ever be

exact. What if the simulator Hamiltonian H ′ only replicates the physics of the original

Hamiltonian H up to some approximation? As long as this approximation can be made

arbitrarily accurate, H ′ will be able to replicate the entire physics of H to any desired

precision.

Moreover, it suffices if the physics of H is replicated within some well-isolated subspace

of H ′, even if H ′ behaves nothing like H outside that subspace. An important case is

when the simulation occurs within the subspace of states with energy below some cut-off

∆, especially if this energy cut-off can be made as large as desired (see Figure 2.1).

Due to energy conservation, any initial state with energy less than ∆ will be unaffected

by the high-energy sector. Indeed, as long as the cut-off is larger than the maximum

eigenvalue of H, H ′ will be able to simulate all possible states of H. This also holds for

all thermodynamic properties; any error in the partition function due to the high-energy

sector is exponentially suppressed with increasing ∆. In practice, one is often interested

only in low-temperature properties of a quantum many-body Hamiltonian, as these are

the properties relevant to quantum phases and phase transitions. In that case, the energy

cut-off does not even need to be large, merely sufficiently above the lowest excitation

energy. Thus we need to generalise our characterisation to encompass approximate

simulation of H in the low-energy subspace of H ′.
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Finally, for a good simulation we would also like the encoding to be local, in the

sense that each subsystem of the original Hamiltonian corresponds to a distinct subset of

particles in the simulator. This will enable us to map local observables on the original

system to local observables on the simulator system, as well as to efficiently prepare states

of the simulator.

By making all the above mathematically precise, we will show that this leads to

the following rigorous notion of Hamiltonian simulation, which encompasses both exact

simulation (as a special case) and, more generally, approximate simulation within a

low-energy subspace (also see Figure 2.1):

Definition 2.1 (Analogue Hamiltonian simulation).

A many-body Hamiltonian H ′ simulates a Hamiltonian H to precision (η, ε) below an

energy cut-off ∆ if there exists a local encoding E(H) = V (H ⊗ P + H̄ ⊗ Q)V †, where

V =
⊗

i Vi for some isometries Vi acting on 0 or 1 qudits of the original system each,

and P and Q are locally orthogonal projectors, such that:

1. There exists an encoding Ẽ(H) = Ṽ (H ⊗ P + H̄ ⊗Q)Ṽ † such that Ẽ(1) = P6∆(H′)

and ‖Ṽ − V ‖ 6 η;

2. ‖H ′6∆ − Ẽ(H)‖ 6 ε.

Here, we write H ′6∆ = P6∆(H′)H
′ where P6∆(H′) denotes the projector onto the

subspace spanned by eigenvectors of H ′ with eigenvalues below ∆.

The first requirement 1 states that, to good approximation (i.e. within error η), the

local encoding E approximates an encoding Ẽ onto low-energy states of H ′. The second

requirement 2 says that the map Ẽ gives a good simulation of H (i.e. within error ε).

Note that if η = ε = 0 and ∆ → ∞, the simulation is exact. Increasing the accuracy

of the simulation will typically require expending more “effort”, e.g. by increasing the

energy of the interactions.

Definition 2.1 requires the simulating subspace to be the low-energy sector. All

our simulations achieve this. But it is worth noting that Definition 2.1 can readily be

generalised to other types of subspace, by replacing P6∆(H′) by a projector onto the

subspace of interest. Physically relevant examples might include symmetric subspaces,

superselection sectors, or invariant subspaces of another Hamiltonian. Constructing

interesting simulations in such subspaces is an interesting direction for future research.

Our definition of Hamiltonian simulation, which follows from physical requirements,

turns out to be a refinement of a definition of simulation introduced in prior work [27] in

the context of Hamiltonian complexity theory. There are two important differences. We

allow the encoding map E to be anything that satisfies the physical requirements 1 to 3
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from above, which can be more complicated than a single isometry. On the other hand,

we restrict E to be local, since we require simulations to preserve locality. A notion of

universal analogue quantum simulation was also discussed – though not formally defined

– in [59], along with some requirements that a quantum simulator should satisfy. Our

requirements encompass these.

Our notion of Hamiltonian simulation is strong enough to imply that all our require-

ments 1 to 7 are indeed satisfied: all static, dynamic and thermodynamic properties

are preserved up to any desired precision, see the next section (and Section 2.3.3 and

Section 2.3.4 for rigorous statements).

We are usually interested in simulating entire quantum many-body models, rather

than individual Hamiltonians. By “model”, we mean very generally here any family of

Hamiltonians. E.g. the 2D Heisenberg model consists of all Hamiltonians with nearest-

neighbour Heisenberg interactions on a 2D square lattice of some given size, with uniform

coupling strengths. The 2D Heisenberg model with variable couplings is another, more

general model, consisting of all 2D Heisenberg Hamiltonians with any values for the

individual coupling strengths.

When we say that a model A can simulate another model B, we mean it in the following

strong sense: any Hamiltonian H on n qudits (i.e. d-dimensional spins) from model B can

be simulated by some Hamiltonian H ′ on m qudits from model A, and this simulation can

be done to any precision η, ε with as large an energy cut-off ∆ as desired. The simulation

is efficient if each qudit of the original system is encoded into a constant number of qudits

in the simulator (i.e. each Vi in Definition 2.1 maps to O(1) qudits); P |ψ〉 = |ψ〉 for some

state |ψ〉 that can be constructed efficiently; H ′ is efficiently computable from H, and

the energy overhead and number of qubits of the simulation scales at most polynomially

(i.e. ‖H ′‖ = poly(n, 1/η, 1/ε,∆) and m = poly(n, 1/η, 1/ε,∆)).

2.1.2 Consequences of simulation

We arrive at a rigorous notion of Hamiltonian simulation by requiring the simulation to

approximate the entire physics to arbitrary accuracy. This is clearly very strong. Just

as exact simulation preserves all physical properties perfectly, approximate simulation

preserves all physical properties approximately. First, all energy levels are preserved up to

any desired precision ε. Second, by locality of E , for any local observable A on the original

system there is a local observable A′ on the simulator and a local map Estate(ρ) such that

applying A′ to Estate(ρ) perfectly reproduces the effect of A applied to ρ, see Section 2.2.1.

This applies to all local observables, all order parameters (including topological order),

and all correlation functions. Thus all these static properties of the original Hamiltonian

are reproduced by the simulation.
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Third, Gibbs states of the original system correspond to Gibbs states of the simulator,

and the partition function of H is reproduced by H ′, up to a physically irrelevant constant

rescaling and an error that can be exponentially suppressed by increasing the energy

cut-off ∆ and improving the precision ε. More precisely, if the original and simulator

Hamiltonians have local dimension d, then we show in Proposition 2.28 that

|ZH′(β)− (p+ q)ZH(β)|
(p+ q)ZH(β)

6
dm−ne−β∆

(p+ q)e−β‖H‖
+ (eεβ − 1).

Since it is able to reproduce the partition function to any desired precision, all thermody-

namic properties of the original Hamiltonian are reproduced by the simulation. Finally,

all dynamical properties are also reproduced to any desired precision. More precisely,

the error in the simulated time-evolution grows only linearly in time (which is optimal

without active error correction), and can be suppressed to any desired level by improving

the approximation accuracy ε and η:

‖e−iH′tEstate(ρ)eiH
′t − Estate(e

−iHtρeiHt)‖1 = O(tε+ η). (2.2)

We will also derive some important consequences for simulation errors. A recurring

criticism of analogue Hamiltonian simulation is that, because it does not implement any

error-correction, errors will accumulate over time and swamp the simulation. A common

counter-argument is that any real physical system is itself always subject to noise and

errors. If the properties of its Hamiltonian are sensitive to noise, the behaviour of the

real physical system will include the effects of this, so from a physical perspective it is in

fact fine to simulate this noisy system rather than an artificial, perfect, error-corrected

system.

There is truth to both sides. In the absence of error-correction, errors will accumulate

over time, as (2.2) shows. It is also true that the same will happen in the original physical

system, so this may not matter for simulating physical properties. But only if noise

and errors in the simulation closely mimic the noise and errors experienced by the real

physical system we are trying to simulate.

With our precise definition of Hamiltonian simulation in hand, we can take a first step

towards a rigorous version of this argument. Most natural noise models are local: physical

errors tend to act on nearby particles, not across the entire system. The definition of

Hamiltonian simulation we arrive at immediately implies that local errors in the original

system correspond to local errors in the simulator. But we can go further. We prove in

Section 2.3.5 that, under a reasonable physical assumption, a local error in the simulator

approximates arbitrarily well the encoded version of some local error on the original

system. To make this precise, note that if we take the energy cut-off ∆ to be large

enough, errors on the simulator system are unlikely to take the simulated state out of
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the low-energy space of H ′. Assume that this happens with probability at most δ, for

some δ 6 η. Then for any noise operation N ′ acting on ` qudits of the simulator, there is

always some noise operation N on at most ` qudits of the original system (which we can

easily write down, see Theorem 2.31) such that, for any state ρ, the effect of N ′ on the

simulator approximates (again, to any desired precision) the effect of N on the original

system:

Estate(N (ρ)) = N ′(Estate(ρ)) +O(
√
η)

where N and N ′ are superoperators. The fact we can prove the result this way around

is crucial: it shows that any local noise and errors in our simulator just reproduce the

effects of local noise and errors in the original physical system. This is much stronger

than merely showing that errors on the original system can be simulated.

This is as strong a result as one can hope for in a fully general, abstract description

of Hamiltonian simulation. But it still falls far short of a full justification of the lack

of error-correction in analogue quantum simulation. Fully justifying this would require

characterising all the noise and error processes occurring in the particular Hamiltonian

simulator implementation, then determining whether these faithfully reproduce the effects

of the natural noise and error processes in the physical system it is being used to simulate.

Our results provide the mathematical framework required to carry out the latter; the

former is an experimental physics challenge. Even then, the validity of this argument

rests on the validity of the noise characterisation and model. Ultimately, determining

whether or not a simulation is accurate always comes down to testing its predictions in

the laboratory.

2.1.3 Notation

As usual, B(H) denotes the set of linear operators acting on a Hilbert space H. For

conciseness, we sometimes also use the notationMn for the set of all n× n matrices with

complex entries. Hermn denotes the subset of all n× n Hermitian matrices. 1 denotes

the identity matrix. For integer n, [n] denotes the set {1, . . . , n}.

If R,R′ are rings, a ring homomorphism φ : R→ R′ is a map that is both additive

and multiplicative: ∀a, b ∈ R : φ(ab) = φ(a)φ(b) and φ(a+ b) = φ(a) + φ(b). Similarly, a

ring anti-homomorphism is an additive map that is anti-multiplicative: φ(ab) = φ(b)φ(a).

If φ(1) = 1, we say the map is unital.

For a ring R, the corresponding Jordan ring Rj is the ring obtained from R by replacing

multiplication with Jordan multiplication {ab} := ab+ ba. A Jordan homomorphism φ

on R is an additive map such that ∀a, b ∈ R : φ(ab+ ba) = φ(a)φ(b) + φ(b)φ(a). If R is

not of characteristic 2, this is equivalent to the constraint that ∀a ∈ R : φ(a2) = φ(a)2.
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Note that any ring homomorphism is a Jordan homomorphism, but the converse is not

necessarily true.

spec(A) denotes the spectrum ofA ∈Mn, i.e. the set of values λ ∈ C such thatA−λ1 is

not invertible. (This of course coincides with the set of eigenvalues, ignoring multiplicities.)

We say that φ :Mn →Mm is invertibility-preserving if φ(A) is invertible in Mm for all

invertible A ∈Mn. We say that φ is spectrum-preserving if spec(φ(A)) = spec(A) for all

A ∈Mn.

2.2 Hamiltonian encodings

Any non-trivial simulation of one Hamiltonian with another will involve encoding the

first within the second in some way. Write H ′ = E(H) for some “encoding” map E that

encodes a Hamiltonian H into some Hamiltonian H ′. Any such encoding should fulfil

at least the following basic requirements. First, any observable on the original system

should correspond to an observable on the simulator system. Second, the set of possible

values of any encoded observable should be the same as for the corresponding original

observable. In particular, the energy spectrum of the Hamiltonian should be preserved.

Third, the encoding of a probabilistic mixture of observables should be the same as a

probabilistic mixture of the encodings of the observables.

To see why this last requirement holds, imagine that we are asked to encode observable

A with probability p, and observable B with probability 1− p. Then, for any state ρ on

the simulator system, the expected value of the encoded observable acting on ρ should be

the same as the corresponding probabilistic mixture of the expected values of the encoded

observables A and B acting on ρ. In order for this to hold for all states ρ, we need the

mixture of observables pA+ (1− p)B to be encoded as the corresponding probabilistic

mixture of encodings of A and B.

These operational requirements correspond to the following mathematical requirements

on the encoding map E :

1. E(A) = E(A)† for all A ∈ Hermn.

2. spec(E(A)) = spec(A) for all A ∈ Hermn.

3. E(pA+ (1− p)B) = pE(A) + (1− p)E(B) for all A,B ∈ Hermn and all p ∈ [0, 1].

Of course, there are many other desiderata that we would like E to satisfy, such as

preserving the partition function, measurement outcomes, time-evolution, local errors,

and others. For the Hamiltonian itself, we almost certainly want E to not only be convex,

but also real-linear: E(
∑

i αihi) =
∑

i αiE(hi), so that a Hamiltonian expressed as a sum

of terms can be encoded by encoding the terms separately. However, we will see later
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that meeting just the above three basic requirements necessarily implies also meeting all

these other operational requirements (which we will make precise).

It turns out there is a simple and elegant characterisation of what such encodings

have to look like. To prove this, we will need the following theorem concerning Jordan

ring homomorphisms.

Theorem 2.2 (follows from [60], Theorem 4 and [61], Theorem 2). For any n > 2, any

Jordan homomorphism of the Jordan ring Hermn can be extended in one and only one

way to a homomorphism of the matrix ring Mn.

Theorem 2.2 was shown by Jacobson and Rickart for n > 3 [60], and by Martindale

for n = 2 [61], in each case in a far more general setting than we need here.

Lemma 2.3. Any unital, invertibility-preserving, real-linear map φ : Hermn → Hermm

is a Jordan homomorphism.

Proof. The argument is standard (see e.g. [62]).

φ(H−λ1) = φ(H)−λ1, thus spec(φ(H)) ⊆ spec(H) since φ is invertibility-preserving.

In particular, spec(φ(P )) ∈ {0, 1} for every projector P . Since φ(P ) is also Hermitian,

this implies φ(P ) is a projector.

By the spectral decomposition, any H ∈ Hermn can be decomposed as H =
∑

i λiPi

where Pi are mutually orthogonal projectors and λi ∈ R. For i 6= j, Pi + Pj is a

projector, thus φ(Pi + Pj) is a projector and (φ(Pi + Pj))
2 = φ(Pi) + φ(Pj), so that

φ(Pi)φ(Pj) + φ(Pi)φ(Pj) = 0. Therefore, φ(H)2 =
∑

i λ
2
iφ(Pi)

2 +
∑

i 6=j λiλjφ(Pi)φ(Pj) =∑
i λ

2
iφ(Pi) = φ(H2).

Theorem 2.4 (Encodings). For any map E : Hermn → Hermm, the following are

equivalent:

1. For all A,B ∈ Hermn, and all p ∈ [0, 1]:

a. E(A) = E(A)†

b. spec(E(A)) = spec(A)

c. E(pA+ (1− p)B) = pE(A) + (1− p)E(B).

2. There exists a unique extension E ′ :Mn →Mm such that E ′(H) = E(H) for all

H ∈ Hermn and, for all A,B ∈Mn and x ∈ R:

a. E ′(1) = 1

b. E ′(A†) = E ′(A)†

c. E ′(A+B) = E ′(A) + E ′(B)
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d. E ′(AB) = E ′(A)E ′(B)

e. E ′(xA) = xE ′(A).

3. There exists a unique extension E ′ :Mn →Mm such that E ′(H) = E(H) for all

H ∈ Hermn with E ′ of the form

E ′(M) = U
(
M⊕p ⊕ M̄⊕q

)
U † (2.3)

for some non-negative integers p, q and unitary U ∈Mm, where M⊕p :=
⊕p

i=1M

and M̄ denotes complex conjugation.

We call a map E satisfying 1 to 3 an encoding.

Note that 3 is basis-independent, despite the occurrence of complex conjugation;

taking the complex conjugation with respect to a different basis is equivalent to modifying

U , which just gives another encoding. Given that E ′ is unique, for the remainder of the

chapter we simply identify E ′ with E . In particular, this allows us to assume that E is of

the form specified in part 3. The characterisation (2.3) can equivalently be written as

E ′(M) = U
(
M ⊗ P + M̄ ⊗Q

)
U † (2.4)

for some orthogonal projectors P and Q such that P +Q = 1; this alternative form will

sometimes be useful below. We think of the system on which P and Q act as an ancilla,

and often label this “extra” subsystem by the letter E.

Proof. 1 ⇒ 2:

We first show that E is a Jordan homomorphism. Condition 1a states that E preserves

Hermn, and condition 1b implies that E is unital and invertibility-preserving on Hermn,

with E(0) = 0. We next check that E(0) = 0 together with condition 1c are equivalent

to real-linearity of E . For any λ < 0, setting p = λ/(λ− 1), B = pA/(p− 1) and using

condition 1c gives

0 = E(0) = pE(A) + (1− p)E(pA/(p− 1)) ⇔ λE(A) = E(λA). (2.5)

Apply (2.5) to λA to get E(λ2A) = λ2E(A), showing that E is homogeneous for all real

scalars. Additivity follows by combining condition 1c and homogeneity: E(A + B) =

E(2A)/2 + E(2B)/2 = E(A) + E(B). Therefore E is also real-linear so by Lemma 2.3 E is

a Jordan homomorphism.

By Theorem 2.2, there exists a unique homomorphism E ′ : Mn → Mm such that

E ′(H) = E(H) for all H ∈ Hermn. As E ′ agrees with E on Hermn, it satisfies 2a.

As E ′ is a homomorphism, it satisfies 2c and 2d by definition; this also implies that

E ′(xA) = E ′(x1)E ′(A) = E(x1)E ′(A) = xE ′(A) for any x ∈ R, so 2e holds.
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We finally prove 2b. It is sufficient to show that E ′(i1)† = −E ′(i1), because if this

holds we can expand any matrix A ∈Mn as A = B + iC for some Hermitian matrices B

and C to obtain

E ′(A†) = E ′(B − iC) = E ′(B)− E ′(C)E ′(i1) = E ′(B)† + E ′(C)†E ′(i1)† (2.6)

= E ′(B + iC)† = E ′(A)†. (2.7)

To show E ′(i1)† = −E ′(i1), we first write i1 as a linear combination of products of

Hermitian matrices. That this can be done is an immediate consequence of the fact that

Mn is the enveloping associative ring of Hermn. However, it can also be seen explicitly

by writing

i|j〉〈j| = |j〉〈j|(i |j〉〈k| − i |k〉〈j|)(|j〉〈k|+ |k〉〈j|) (2.8)

for any j, and some k 6= j; summing this product over j, we obtain i1. Thus we can

write i1 =
∑

j AjBjCj for Hermitian matrices Aj , Bj , Cj . By taking adjoints on both

sides, it follows that −i1 =
∑

j CjBjAj . So we have

E ′(i1)† = E ′
(∑

j

AjBjCj

)†
=
(∑

j

E(Aj)E(Bj)E(Cj)
)†

(2.9)

=
∑
j

E(Cj)E(Bj)E(Aj) = E ′
(∑

j

CjBjAj

)
(2.10)

= E ′(−i1) = −E ′(i1). (2.11)

2 ⇒ 3:

Existence and uniqueness of E ′ were already shown in the previous part. In the proof of

the remaining claim, for readability we just use E to denote this unique extension. First

define the complex structure J := E(i1) ≡ E(i) (where the latter notation is a convenient

shorthand). We have

J2 = E(i)E(i) = E(i2) = E(−1) = −1, (2.12)

thus J has eigenvalues ±i. Furthermore,

J† = E(i)† = E(i†) = −E(i) = −J, (2.13)

so J is anti-Hermitian, hence diagonalisable by a unitary transformation.

For any A ∈ Hermn, we have

JE(A) = E(i)E(A) = E(iA) = E(Ai) = E(A)J, (2.14)

so that [E(A), J ] = 0. Thus E(A) and J are simultaneously diagonalisable for all A.

H = H+ ⊕ H− therefore decomposes into a direct sum of the ±i eigenspaces of J , on

which E(A) = A+ ⊕A− acts invariantly.
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Now, restricting to either of these invariant subspaces,

E(A)|± = A± (2.15)

E(iA)|± = JA± = ±iA± (2.16)

E(AB)|± = E(A)E(B)|± = A±B± (2.17)

E(A†)|± = E(A)†|± = A†±. (2.18)

Thus E = E+⊕E− decomposes into a direct sum of a *-representation E+(A) := E(A)|+ and

an anti-*-representation1 E−(A) := E(A)|−. Since for any vector |ψ〉 ∈ Cm, E±(1) |ψ〉 =

1 |ψ〉 = |ψ〉, these (anti-)*-representations are necessarily non-degenerate.

By a standard result on the representations of finite-dimensional C*-algebras [63,

Corollary III.1.2], any non-degenerate *-representation of Mn is unitarily equivalent to a

direct sum of identity representations. If φ is an anti-*-homomorphism, let ϕ(A) := φ(A).

Then ϕ(iA) = φ(iA) = −iφ(A) = iϕ(A), ϕ(A+B) = ϕ(A) + ϕ(B), ϕ(A†) = ϕ(A)†, and

ϕ(AB) = ϕ(A)ϕ(B). Thus φ(A) = ϕ(A) where ϕ is a *-homomorphism. Therefore, any

non-degenerate anti-*-representation is unitarily equivalent to a direct sum of complex

conjugates of identity representations, which completes the argument.

3 ⇒ 1 can readily be verified directly.

The above theorem characterises encodings of observables. This immediately tells

us how to encode physical systems themselves, expressed as Hamiltonians: since the

Hamiltonian itself is an observable, the encoding map must have the same characterisation.

It is easy to see from the characterisation in part 3 of the Theorem that any encoding

preserves all interesting physical properties of the original Hamiltonian. For example,

the set of eigenvalues is preserved, up to possibly duplicating each eigenvalue the same

number of times, implying preservation of the partition function (up to an unimportant

constant factor). It is also easy to see that any encoding E properly encodes arbitrary

quantum channels: if {Ek :
∑

k E
†
kEk = 1} are the Kraus operators of the channel, then∑
k

E(Ek)
†E(Ek) = 1. (2.19)

2.2.1 A map on states, Estate

We now show that, for any encoding E , there exists a corresponding map Estate that

encodes quantum states ρ such that encoded observables E(A) applied to encoded states

Estate(ρ) have correct expectation values.

1By “anti-*-representation” we mean an anti-linear algebra homomorphism, not a *-antihomomorphism
(which would be a linear map preserving adjoints that reverses the order of multiplication).
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First, note that for any observable A and any state ρ′ on the simulator system, we

have

Tr(E(A)ρ′) = Tr[U(A⊗ P + Ā⊗Q)U †ρ′] (2.20)

= Tr[(A⊗ 1)(1⊗ P )U †ρ′U)] + Tr[(Ā⊗ 1)(1⊗Q)U †ρ′U ] (2.21)

= Tr[AF (ρ′)] + Tr[Ā B(ρ′))] = Tr(Aρ) (2.22)

where

F (ρ′) = TrE [(1⊗ P )U †ρ′U ], B(ρ′) = TrE [(1⊗Q)U †ρ′U ], (2.23)

ρ = F (ρ′) +B(ρ′) (2.24)

and we label the second subsystem E as discussed after (2.4). Note that F (ρ′) and B(ρ′)

are both positive but not necessarily normalised, but ρ is normalised.

Therefore any map Estate(ρ) on states ρ such that ρ = F (Estate(ρ)) +B(Estate(ρ)) will

preserve measurement outcomes appropriately. One natural choice is

Estate(ρ) =

U(ρ⊗ σ)U † for some σ such that Pσ = σ if P 6= 0

U(ρ̄⊗ σ)U † for some σ such that Qσ = σ otherwise.
(2.25)

Then in the former case F (Estate(ρ)) = ρ, B(Estate(ρ)) = 0; and in the latter case the roles

of F and B are reversed.

We note that for Emeas to be practically implementable, we need both that the unitary

U is not too complex and that the state σ is easy to prepare. This will be formalised

when we introduce the notion of an efficient simulation (Definition 2.23).

We now show that Estate simulates time-evolution correctly too. We have

F (e−iE(H)tρ′eiE(H)t) = e−iHtF (ρ′)eiHt, (2.26)

B(e−iE(H)tρ′eiE(H)t) = eiHtB(ρ′)e−iHt. (2.27)

This is why they are labelled with the letters F and B: the F part evolves forwards in

time while the B part evolves backwards in time. Taking ρ′ = Estate(ρ), we have proven

the following result.

Proposition 2.5. For any encoding E, the corresponding map Estate satisfies the following:

1. Tr (E(A)Estate(ρ)) = Tr(Aρ)

2. For any time t,

e−iE(H)tEstate(ρ)eiE(H)t =

Estate(e
−iHtρeiHt) if p > 1

Estate(e
iHtρe−iHt) if p = 0.

(2.28)
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It is worth highlighting the last point. We see that if p > 1, evolving according to

E(H) for time t simulates evolving according to H for time t, as we would expect; but

that if p = 0, we simulate evolution according to H for time −t. That is, if our encoding

only includes copies of H̄, we simulate evolution backwards in time. To avoid this issue,

we define the concept of a standard encoding as one where p > 1, and hence which is able

to simulate evolution forward in time.

Definition 2.6 (Standard encoding). An encoding E(M) = U(M⊕p ⊕ M̄⊕q)U † is a

standard encoding if p > 1.

2.2.1.1 Gibbs-preserving state mappings

The choice of Estate in (2.25) is convenient, as it allows us to use the same mapping E
for both the Hamiltonian and for observables. However, it does not map Gibbs states

e−βH/Tr(e−βH) of the original system to Gibbs states e−β
′H′/Tr(e−β

′H′) of the simulator.

If we have limited ability to manipulate or prepare states of the simulator, it may be

difficult to prepare a state of the form (2.25). At equilibrium, the system will naturally

be in a Gibbs state. From this perspective, it would be more natural if the state mapping

identified Gibbs states of the original system with Gibbs states of the simulator.

An alternative choice of Estate does map Gibbs states to Gibbs states:

Estate(ρ) =
E(ρ)

Tr[E(ρ)]
=

1

p+ q
U(ρ⊗ P + ρ̄⊗Q)U † (2.29)

where p = Tr(P ) and q = Tr(Q). However, to obtain the correct measurement outcome

probabilities, we now need to choose a slightly different mapping for observables:2

Emeas(A) =


p+q
p U(A⊗ P )U † if P 6= 0

p+q
q U(Ā⊗Q)U † otherwise.

(2.30)

For simplicity, in the remainder of the chapter we will state and prove our results for

the choice of state mapping Estate from (2.25), so that both Hamiltonians and observables

are encoded by E . However, our results also go through with the appropriate minor

modifications for the choice of Gibbs-preserving Estate from (2.29), where the simulator

Hamiltonian is still constructed using E but observables are encoded by the Emeas from

(2.30).

Note that Emeas has been chosen so that measuring Emeas(A) will only pick up the

F (ρ′) part of a state ρ′ on the simulator. We therefore include results concerning the

2The Hamiltonian is of course also an observable. With this choice of state mapping, to construct
the simulator Hamiltonian we must still use the mapping H ′ = E(H). But if we want to measure the
Hamiltonian – i.e. carry out the measurement on the simulator that corresponds to measuring the energy
of the original system – we must measure Emeas(H).
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behaviour of F , in order to cover the choice of Estate given in (2.29), as well other mappings

on states.

2.2.2 The complex-to-real encoding

The only nontrivial encoding (as opposed to simulation, see Section 2.3) that we will need

to use is an encoding of complex Hamiltonians as real Hamiltonians.

Lemma 2.7. There exists an encoding ϕ such that for any Hamiltonian H ∈ B(Cd), the

encoded Hamiltonian H ′ = ϕ(H) ∈ B(R2d) is real.

Proof. This follows from the canonical Hilbert space isomorphism Cd ' R2d where the

latter is endowed with a linear complex structure J .

Concretely, let

J :=

(
0 1d

−1d 0

)
= iY ⊗ 1d (2.31)

where where 1d is the d× d identity matrix, and define the mapping

ϕ : B(Cd) → B(R2d)

ϕ(M) = ReM ⊕ ReM + J ImM ⊕ ImM.
(2.32)

To see that ϕ is indeed a valid encoding, we can either verify directly that it satisfies

all the properties listed in part 1 of Theorem 2.4, or observe that

ϕ(M) = U(M ⊕ M̄)U † where U =
1√
2

(
1 1

i1 −i1

)
=

1√
2

(
1 1

i −i

)
⊗ 1, (2.33)

which is manifestly of the form given in part 3 of Theorem 2.4. The Lemma follows by

setting

H ′ = ϕ(H) = Re(H)⊕ Re(H) + J Im(H)⊕ Im(H). (2.34)

When applied to a Hamiltonian on a system of n qubits, the encoding of Lemma 2.7 is

local (see Section 2.2.3). Indeed, it produces a Hamiltonian H ′ on n+ 1 qubits, given by

H ′ = |+y〉 〈+y| ⊗H + |−y〉 〈−y| ⊗ H̄ (2.35)

where |±y〉 = (|0〉±i |1〉)/
√

2 are the eigenstates of Y . It is easy to see that H ′ is real since

|+y〉 = |−y〉. Any complex k-local interaction is mapped to a (k + 1)-local interaction

involving the additional qubit.

This additional qubit therefore has a special significance in the construction, which

leads to two unwanted consequences. Firstly, the interaction graph of H ′ is in general
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more complicated than that of H. Any geometric locality or spatial sparsity in the original

Hamiltonian H is lost, as all complex local terms are mapped to interactions in H ′ that

involve this additional qubit. Secondly, an error on this single additional qubit would

mix the spaces where H and H̄ act. This could lead to unusual errors when simulating

the time evolution of ρ under H with the simulator H ′.

In Lemma 2.22 below we give an alternative to this encoding that avoids these

problems.

2.2.3 Local encodings

So far, we have considered encodings of arbitrary Hamiltonians, with no additional

structure. However, in Hamiltonian simulation, we are typically interested in many-body

Hamiltonians composed of local interactions between subsets of particles. That is, Hamil-

tonians H ∈ B((Cd)⊗n) with H =
∑

i hSi , where the local terms hSi ∈ B((Cd)⊗ absSi) act

on subsets Si of the particles (implicitly extended to B((Cd)⊗n) in the sum by tensoring

with identity on the rest of the space, as usual).

In this case, we typically want our encoding to be local, i.e. it should map local

observables to local observables, and consequently

E(hSi ⊗ 1) = h′S′i
⊗ 1 (2.36)

so that the simulation H ′ = E(H) =
∑

i h
′
S′i

is itself a local Hamiltonian.

Definition 2.8 (Local encoding). Let E : B(
⊗n

i=1Hi) → B(
⊗n′

i=1H′i) be an encoding,

and let {S′i}ni=1 be subsets of [n′]. We say that the encoding is local with respect to {S′i}
if for any operator A ∈ B(Hi), E(A⊗ 1) acts non-trivially only on S′i.

Theorem 2.9. Let E : B(
⊗n

i=1Hi) → B(
⊗n′

i=1H′i) be a local encoding with respect to

{S′i}. Denote Q0 =
⋃
i,j S

′
i ∩ S′j and Qi = S′i \ Q0 (see Figure 2.2). Then there exist

decompositions HQ0 ' E0⊗(
⊗

iH
(in)
i ) and HQi ' Ei⊗H

(out)
i , together with identifications

Hi ' H(in)
i ⊗H(out)

i and a decomposition E0 =
⊕

α

(⊗n
i=0E

(α)
0.i

)
, such that the encoding

takes the form

E(M) =

UQ0

⊕
α

([⊗
i

U
(α)
(i)

](
M (α) ⊗ 1E1,...,En ⊗ 1E(α)

0.1 ,...,E
(α)
0.n

)[⊗
i

U
(α)
(i)

]†)
U †Q0

(2.37)

where UQ0 acts non-trivially only on HQ0, each U
(α)

Q+
i

acts on H(α)

Q+
i

:= Hi ⊗ Ei ⊗ E(α)
0.i ,

and each M (α) = M or M̄ .
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Qi

Q0

S′i

E0

E1

E2

E4

E3

h1 or h̄1

h2 or h̄2 h3 or h̄3

h4 or h̄4

Figure 2.2: Any local encoding can be decoupled into disjoint subsystems by local unitaries
on the Qi systems. Each subsystem encodes one of the qudits of the original system. Here
S′i denotes the subsystems encoding qudit i as a direct sum of identity and conjugate
representations. Ei denotes ancilla subsystems.

Theorem 2.9 implies that the locality structure of an encoding is fully determined by

how it maps 1-local operators. Note that any of the Hilbert spaces in the decomposition

could be one-dimensional.

The characterisation in Theorem 2.9 shows that the most general possible encoding of

local Hamiltonians looks very like the complex-to-real encoding from Lemma 2.7. Up to

local unitaries, local encodings are just direct sums of product encodings, with a classical

ancilla that determines whether to take the complex conjugate of all the local interactions

or not.

To prove Theorem 2.9, we will need the following (slightly generalised) lemma from

[64], which is itself a special case of a result from [65]:

Lemma 2.10 (Lemma 3.3 of [64]). Let H =
⊗n

i=0Hi be a Hilbert space and let A0,k,

k ∈ {1, . . . , n}, be sets of matrices which act non-trivially only on H0 and Hk, such that

matrices from different sets all commute. Then there exists a direct sum decomposition of

H0

H0 =
⊕
α

H(α)
0 (2.38)

such that inside each subspace H(α)
0 there is a tensor product structure

H(α)
0 =

n⊗
i=0

H(α)
0.i , (2.39)

and any element A ∈ A0,k preserves the subspaces H(α) := H(α)
0 ⊗

⊗n
i=1Hi. Moreover

A|H(α) acts non-trivially only on H(α)
0.k ⊗Hk.

In [64] this lemma is stated only in terms of single operators H0,k rather than sets of

operators A0,k, but the proof from [64] or [65] can be easily seen to generalise to this case.
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Proof (of Theorem 2.9). Let Ai = 〈E(Ai ⊗ 1) : A ∈ B(Hi)〉 be the algebra generated

by the operators {E(Ai ⊗ 1)}. By assumption, Ai acts non-trivially only on HQ0∪Qi .

Multiplicativity of encodings (Theorem 2.42d) yields that, for i 6= j and all A ∈ B(Hi),
B ∈ B(Hj),

[E(Ai ⊗ 1), E(Bj ⊗ 1)] = E([Ai ⊗ 1, Bj ⊗ 1]) = 0. (2.40)

Thus the algebras Ai fulfil the hypothesis of Lemma 2.10 for the Hilbert spaces H =⊗n
i=1HQi . Applying Lemma 2.10, we obtain a decomposition

HQ0 =
⊕
α

[
n⊗
i=0

H(α)
0.i

]
(2.41)

such that Ai =
⊕

αA
(α)
i where A(α)

i acts non-trivially only on the factors HQi ⊗H
(α)
0.i .

Let U †Q0
: HQ0 →

⊕
α

⊗n
i=0H

(α)
0.i be the unitary change of basis corresponding to this

decomposition of HQ0 .

Now, from the general characterisation of encodings (2.3), we know Ai has the form

Ai =
〈
W
(
(A⊗ 1)⊕p ⊕ (Ā⊗ 1)⊕q

)
W †
〉

=
〈
W (A⊕Dp ⊕ Ā⊕Dq)W †

〉
(2.42)

for some unitary W and p, q ∈ N. (D here is the dimension of the identity operator which

acts on all but the i’th qudit of the original system.) Thus Ai is unitarily equivalent to a

direct sum of identity and conjugated identity representations of the full matrix algebra

on Hi. Note that this decomposes Ai into irreducible representations, as the full matrix

algebra in any dimension is irreducible.

Since Ai is simultaneously equivalent to
⊕

αA
(α)
i , each A(α)

i must itself be unitarily

equivalent to a direct sum of copies of identity and conjugated identity representations.

Thus, for arbitrary A ∈ B(Hi),

E(Ai ⊗ 1) = UQ0

(⊕
α

[
U

(α)

Q+
i

(
A⊕ni(α) ⊕ Ā⊕mi(α)

)
U

(α)

Q+
i

†
⊗ 1(α)

rest

])
U †Q0

(2.43)

for some ni(α), mi(α) ∈ N, where U
(α)

Q+
i

acts on H(α)

Q+
i

:= HQi ⊗H
(α)
0.i .

We will show that for each α, either ni(α) = 0 for all i, or mi(α) = 0 for all i. Note

that J = E(i1) = E ((i1j)⊗ 1k ⊗ 1rest) = E (1j ⊗ (i1k)⊗ 1rest) for any qudits j, k of the

original system. From (2.43),

(⊕
α

U
(α)

Q+
j

⊗ U (α)

Q+
k

)†
U †Q0
E((i1j)⊗ 1k ⊗ 1rest) UQ0

(⊕
α

U
(α)

Q+
j

⊗ U (α)

Q+
k

)

= i
⊕
α

[(
1
⊕nj(α) ⊕ (−1)⊕mj(α)

)
⊗ 1(α)

Q+
k

⊗ 1(α)
rest

]
. (2.44)
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Equating this with U †Q0
E(1j ⊗ (i1k) ⊗ 1rest)UQ0 and matching up factors in the direct

sum over α, we obtain(
1
⊕nj(α) ⊕ (−1)⊕mj(α)

)
⊗ 1(α)

Q+
k

= 1
(α)

Q+
j

⊗
(
1
⊕nk(α) ⊕ (−1)⊕mk(α)

)
, (2.45)

which is only possible if either nj(α) = nk(α) = 0 or mj(α) = mk(α) = 0. Since this

holds for any pair j, k, either ni(α) = 0 for all i, or mi(α) = 0 for all i, as claimed. We

write “n(α) = 0”, “m(α) = 0” as shorthand for each of these two cases. Then

U †Q0
E(Ai ⊗ 1)UQ0 =

 ⊕
α:m(α)=0

U
(α)

Q+
i

(
A⊗ 1(α)

E+
i

)
U

(α)

Q+
i

†
⊗ 1(α)

rest


⊕

 ⊕
α:n(α)=0

U
(α)

Q+
i

(
Ā⊗ 1(α)

E+
i

)
U

(α)

Q+
i

†
⊗ 1(α)

rest

 (2.46)

where dim(1
(α)

E+
i

) = ni(α) +mi(α), so that Hi ⊗H(α)

E+
i

' H(α)

Q+
i

.

At this point, since U
(α)

Q+
i

acts on the whole of H(α)

Q+
i

, how we choose to factor H(α)

Q+
i

to

obtain (2.37) is arbitrary, as long as we choose the factorisation consistently across all α.

Recalling that H(α)

Q+
i

' HQi ⊗H
(α)
0.i ' Hi ⊗H

(α)

E+
i

, one possible choice is to take

dimH(out)
i = gcd

{
dimHi,dimHQi

}
, (2.47)

dimH(in)
i = dimHi/ dimH(out)

i , (2.48)

dimEi = dimHQi/dimH(out)
i , (2.49)

dimE
(α)
0.i = dimH(α)

0.i / dimH
(in)
i . (2.50)

(Note that any of these spaces could turn out to be 1-dimensional.) This choice manifestly

satisfies dimHi = dim(H(out)
i ⊗ H(in)

i ), dimHQi = dim(H(out)
i ⊗ Ei), and dimH(α)

0.i =

dim(H(in)
i ⊗ E(α)

0.i ).

To see that this choice is possible for all α, it remains to show that dimH(α)
0.i is divisible

by dimH(in)
i , so that dimE

(α)
0.i is well-defined. First, note that dimH(in)

i and dimHQi are

co-prime by (2.47) and (2.48). But dimH(in)
i divides dimH(α)

Q+
i

= dimHQi · dimH(α)
0.i , so

dimH(in)
i must divide dimH(α)

0.i .

Therefore, we can consistently factor

HQi ' H
(out)
i ⊗ Ei, (2.51)

H(α)
0.i ' H

(in)
i ⊗ E(α)

0.i , (2.52)

H(α)

Q+
i

' H(out)
i ⊗H(in)

i ⊗ Ei ⊗ E(α)
0.i . (2.53)
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Recalling that H
(α)

Q+
i

' Hi⊗H(α)

E+
i

, we can identify H
(α)

E+
i

' Ei⊗E(α)
0.i , allowing us to rewrite

(2.46) in the form

U †Q0
E(Ai ⊗ 1)UQ0 =

 ⊕
α:m(α)=0

U
(α)

Q+
i

(
A⊗ 1Ei ⊗ 1E(α)

0.i

)
U

(α)

Q+
i

†
⊗ 1(α)

rest


⊕

 ⊕
α:n(α)=0

U
(α)

Q+
i

(
Ā⊗ 1Ei ⊗ 1E(α)

0.i

)
U

(α)

Q+
i

†
⊗ 1(α)

rest

 (2.54)

where A and Ā act on H(in)
i ⊗H(out)

i .

Finally, note that (2.54) holds for any single qudit operator Ai⊗1 on any qudit i. For

an arbitrary operator M on n qudits, Theorem 2.9 follows by expressing M as a real-linear

combination of products of single qudit terms, and using additivity, real-linearity and

multiplicativity of encodings from Theorem 2.42.

An alternative statement of the characterisation in Theorem 2.9 is given by the

following corollary:

Corollary 2.11. Let E : B(
⊗n

i=1Hi)→ B(
⊗n′

i=1H′i) be a local encoding with respect to

{S′i}. Denote Q0 =
⋃
i,j S

′
i ∩ S′j and Qi = S′i \ Q0 (see Figure 2.2). Then there exist

decompositions HQ0 ' E0⊗(
⊗

iH
(in)
i ) and HQi ' Ei⊗H

(out)
i , together with identifications

Hi ' H(in)
i ⊗H(out)

i , such that the encoding takes the form:

E(M) = UQ0

(∏
i

U(i)

)(
M ⊗ 1 ⊗ PE0 + M̄ ⊗ 1 ⊗ P⊥E0

)(∏
i

U(i)

)†
U †Q0

(2.55)

where each unitary U(i) acts non-trivially only on Hi ⊗ E0 ⊗ Ei, and the following

commutators vanish for all i, j:

[U(i), U(j)] = 0 and [PE0 , U(i)] = 0. (2.56)

Proof. This is immediate from Theorem 2.9 and the following definitions of PE0 and U(i):

PE0 =
⊕

α:m(α)=0

1
(α)
E0
, and U(i) =

⊕
α

[
U

(α)

Q+
i

⊗ 1(α)
rest

]
, (2.57)

where m(α) is defined as in the proof of Theorem 2.9.

Theorem 2.9 characterises what encodings must look like if they are to map local

Hamiltonians to local Hamiltonians, and more generally local observables on the original

system to local observables on the simulator. We have seen that, because encodings

preserve commutators, observables on different qudits of the original system are necessarily
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mapped to commuting observables on the simulator system, so remain simultaneously

measurable.

However, if the subsets S′i overlap, these observables on the simulator will in general

no longer be on disjoint subsets of qudits; tensor products of operators on the original

system are not necessarily mapped to tensor products on the simulator. If we impose

the additional requirement that tensor products are mapped to tensor products, which is

equivalent to requiring that all the subsets S′i are disjoint, then there is no Q0 subsytem

and the characterisation from Theorem 2.9 simplifies substantially:

Corollary 2.12 (Product-preserving encodings).

Let E : B(
⊗n

i=1Hi) → B(
⊗n′

i=1H′i) be a local encoding with respect to {S′i}, where S′i
are disjoint subsets. Then the encoding must take one of the following forms, where

S′i = {i} ∪ Ei:

E(M) =
(⊗

i

Ui,Ei

)(
M1,...,n ⊗ 1E1,E2,...En

)(⊗
i

U †i,Ei

)
(2.58)

or

E(M) =
(⊗

i

Ui,Ei

)(
M̄1,...,n ⊗ 1E1,E2,...En

)(⊗
i

U †i,Ei

)
. (2.59)

Thus for tensor products to be mapped to tensor products under encoding, the

encoding must be rather trivial. Up to local unitaries, it either consists solely of copies

of M , or solely of copies of M̄ ; it cannot contain both M and M̄ . This rules out for

example the complex-to-real encoding of Lemma 2.7.

Corollary 2.12 applies to product-preserving encodings that map to the entire Hilbert

space of the simulator system. We will see shortly that things are more interesting if

the local encoding maps into a subspace of the simulator’s Hilbert space; non-trivial

tensor-product-preserving encodings into a subspace are possible.

2.2.4 Encodings in a subspace

It may be the case that an encoding E(H) acts only within a subspace S of the simulator

system H′. That is, we say a map E : B(H) → B(H′) is an encoding into the subspace

S if E(H) has support only on S and the map H 7→ E(H)|S is an encoding. Later we

may refer to a map of this form simply as a subspace encoding or even just an encoding

when the subspace is implicit. We call the subspace SE onto which E maps the encoded

subspace.

All the conclusions of the above section still hold, but now the target space SE is

embedded in a larger space H′, so the unitary U is replaced with an isometry V . Any
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subspace encoding may therefore be written in the form

E(M) = V
(
M⊕p ⊕ M̄⊕q

)
V † = V

(
M ⊗ P + M̄ ⊗Q

)
V †. (2.60)

We remark that P and Q may be chosen to be any orthogonal projectors on the ancilla

system E with rank(P ) = p and rank(Q) = q, provided that the isometry V is changed

accordingly. Indeed, even the dimension of the ancilla system E may be increased such

that P and Q do not sum to the identity, as long as the map V |supp(P+Q) is an isometry

onto the subspace SE . This will be useful in the simple characterisation of local subspace

encodings given in the next section. Note that E(1) is the projector onto the subspace

SE .

2.2.5 Local encodings in a subspace

We can now consider encodings into a subspace that are local. Since all the encodings we

construct later will not only be local, but in fact will also satisfy the stronger condition of

mapping tensor products of operators to tensor products on the simulator, we will restrict

our attention here to tensor-product-preserving encodings into a subspace. We therefore

want to be able to decompose the simulator system H′ into n subsystems H′ =
⊗n

i=1H′i
such that H′i corresponds to Hi operationally. The encoding of a local observable should

then be equivalent to a local observable, in terms of its action on the subspace SE into

which the encoding maps:

Definition 2.13. Let E : B (
⊗n

i=1Hj)→ B
(⊗n

j=1H′j
)

be a subspace encoding. We say

that the encoding is local if for any Aj ∈ Herm(Hj), there exists A′j ∈ Herm(H′j) such

that

E(Aj ⊗ 1) = (A′j ⊗ 1)E(1). (2.61)

Note that for a simulation of n particles with m particles, this does not mean we

require m = n, but rather that the m particles can be partitioned into n groups, each

of which is labelled by H′j . First we show that local observables on the original system

correspond to local observables on the simulator system:

Proposition 2.14. Let E be a local encoding into the subspace SE . Let ρ′ be a state in

the encoded subspace such that E(1)ρ′ = ρ′. Let Aj be an observable on qudit j of the

original system. Then there exists an observable A′j on H′j such that

Tr[(Aj ⊗ 1)ρ] = Tr[(A′j ⊗ 1)ρ′] (2.62)

where ρ = F (ρ′) +B(ρ′), for F and B defined as

F (ρ′) = TrE [V †ρ′V (1⊗ P )] and B(ρ′) = TrE [V †ρ′V (1⊗Q)] (2.63)
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Proof. This is an immediate consequence of Definition 2.13 and (2.22).

It turns out that Definition 2.13 is equivalent to saying that E is a tensor product of

encodings acting on the the encoded space SE :

Lemma 2.15. An encoding E is local if and only if it can be written as a “tensor product”

of encodings ϕj : Herm(Hj)→ Herm(H′j) in the following way:

E

 n⊗
j=1

Aj

 =

 n⊗
j=1

ϕj(Aj)

 E(1) (2.64)

Proof. If there exist encodings ϕj such that (2.64) holds, then E is local as for any

Aj ∈ B(Hj) one can take A′j = ϕj(Aj) ∈ B(H′j), and

E(Aj ⊗ 1) =

ϕj(Aj)⊗
⊗
k 6=j

ϕk(1)

 E(1) (2.65)

=

ϕj(Aj)ϕj(1)⊗

⊗
k 6=j

ϕk(1)

 E(1) (2.66)

=

[
(ϕj(Aj)⊗ 1)

(
n⊗
k=1

ϕk(1)

)]
E(1) (2.67)

= (A′j ⊗ 1)E(1). (2.68)

For the converse, we will first show that the map Aj 7→ A′j can be taken to be a subspace

encoding. Since A′j ∈ Herm(H′j) is Hermitian, we have

(A′j ⊗ 1)E(1) = E(Aj ⊗ 1) = E(Aj ⊗ 1)† = E(1)(A′j ⊗ 1), (2.69)

so A′j ⊗ 1 commutes with E(1).

For a given j, consider the subspace Tj of H′j which is entirely annihilated by E(1),

defined by Tj = {|ψ〉 ∈ Hj : (|ψ〉〈ψ| ⊗ 1)E(1) = 0}. We will choose to take ϕj(Aj) =

ΠjA
′
jΠj where Πj is the projector onto T⊥j . We will show that ϕj is a subspace encoding,

by showing the requirements of Theorem 2.41 hold in the subspace T⊥j : Hermiticity

preservation, spectrum preservation and real-linearity. First note that ϕj(Aj) is Hermitian

and has support only on T⊥j .

The projector (1−Πj)⊗1 annihilates E(1) by definition of Tj , so (Πj⊗1)E(1) = E(1).

Therefore

[ϕj(Aj)⊗ 1]E(1) = [ΠjA
′
jΠj ⊗ 1]E(1) = E(Aj ⊗ 1), (2.70)

where we have used the fact that E(1) commutes with A′j ⊗ 1. Thus ϕj(Aj) can be used

as a replacement for A′j in (2.61) which has support only on T⊥j .
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We know that ϕj(Aj)⊗ 1 commutes with E(1) and is therefore block diagonal with

respect to the E(1),1− E(1) split. Furthermore since ϕj(Aj) has no support on Tj , no

eigenvalues of ϕj(Aj)⊗ 1 are completely annihilated when multiplied by E(1). Therefore

spec(ϕj(Aj)|T⊥j ) = spec(E(Aj ⊗ 1)|SE ) = spec(Aj). (2.71)

Next we show that ϕj is real-linear, using the real-linearity of E . For any λ, µ ∈ R,

and Aj , Bj ∈ Herm(H),

[ϕj(λAj + µBj)⊗ 1]E(1) = E((λAj + µBj)⊗ 1) (2.72)

= λE(Aj ⊗ 1) + µE(Bj ⊗ 1) (2.73)

= [(λϕj(Aj) + µϕj(Bj))⊗ 1]E(1) (2.74)

⇔ [(λϕj(Aj) + µϕj(Bj)− ϕj(λAj + µBj))⊗ 1]E(1) = 0. (2.75)

For real-linearity of ϕj we need to show that M = λϕj(Aj) + µϕj(Bj)− ϕj(λAj + µBj)

vanishes. This follows because M ⊗ 1 commutes with and is annihilated by E(1), but M

has no support on Tj . Therefore ϕj is an encoding into the subspace T⊥j .

It remains to show that E can be written in the form of (2.64). This follows from the

fact that E and ϕj are Jordan homomorphisms, and (Aj ⊗1)(1⊗Bk) = (1⊗Bk)(Aj ⊗1).

So for example for a bipartite system with two subsystems labelled a and b:

E(Aa ⊗Bb) = E(Aa ⊗ 1)E(1⊗Bb) (2.76)

= [ϕa(Aa)⊗ 1] E(1) [1⊗ ϕb(Bb)] E(1) (2.77)

= [ϕa(Aa)⊗ ϕb(Bb)] E(1). (2.78)

We remark that if E and ϕj are extended to homomorphisms on all matrices as

described in Theorem 2.9, then (2.64) holds for all matrices, not just Hermitian ones.

This is because the enveloping algebra for the Hermitian matrices includes all matrices,

so any matrix can be written as a product of Hermitian matrices.

This extension to all matrices may seem problematic: for example, when calculating

E(i1) one could put the factor of i on any one of the subsystems Hj before appplying

(2.64). This just implies that the encodings ϕj must satisfy some extra constraints, in

order for the overall map to be an encoding.

In fact, we are able to use this condition to derive the following general form of a

local encoding (see Figure 2.3):

Theorem 2.16. A map E : B(
⊗n

j=1Hj)→ B(
⊗n

j=1H′j) is a local encoding if and only

if there exist n ancilla systems Ej such that E is of the form

E(M) = V (M ⊗ P + M̄ ⊗Q)V † (2.79)
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H1 H′1E1
V1

H2 H′2E2
V2

...
...

Hn H′nEn
Vn

Figure 2.3: Any local encoding within a subspace can be represented as a tensor product
of isometries, as illustrated here.

where

• V is a local isometry: V =
⊗

j Vj for isometries Vj : Hj ⊗ Ej → H′j.

• P and Q are orthogonal projectors on E =
⊗

j Ej, and are locally distinguishable:

for all j, there exist orthogonal projectors PEj and QEj acting on Ej such that

(PEj ⊗ 1)P = P and (QEj ⊗ 1)Q = Q.

Proof. If E is of the form given above then by Theorem 2.4 it is an encoding into the

subspace E(1) = V (1⊗(P +Q))V †. It is easy to check that E is local: for Aj ∈ Herm(Hj),
just take A′j = Vj(Aj ⊗ PEj + Āj ⊗QEj )V

†
j ∈ Herm(H′j) and use the conditions of the

theorem.

For the converse, note that since E is an encoding, it must be of the form E(M) =

W (M ⊗ P̃ + M̄ ⊗ Q̃)W †, where P̃ and Q̃ are projectors on an ancilla system Ẽ and

W : H⊗ Ẽ → H′ is an isometry. By Lemma 2.15, there exist n encodings ϕj such that

E(Aj ⊗ 1) = (ϕj(Aj)⊗ 1)E(1) for any Aj ∈ Herm(H′j). Since ϕj is an encoding, it must

be of the form ϕj(Aj) = Vj(Aj ⊗ PEj + Āj ⊗QEj )V
†
j where PEj and QEj are projectors

on an ancilla system Ej and Vj : Hj ⊗ Ej → H′j is an isometry.

Let E =
⊗

j Ej and define an isometry V =
⊗

j Vj : H ⊗ E → H′. Then by

Lemma 2.15, for any j and Aj ∈ B(Hj):

E(Aj ⊗ 1) = W (Aj ⊗ 1⊗ P̃ + Āj ⊗ 1⊗ Q̃)W † (2.80)

= V (Aj ⊗ PEj ⊗ 1 + Āj ⊗QEj ⊗ 1)V †W (1⊗ (P̃ + Q̃))W † (2.81)

Substituting in Aj = i1 in the above expression and matching up the +i and−i eigenspaces

implies that

V (PEj ⊗ 1)V †W (1⊗ P̃ )W † = W (1⊗ P̃ )W † (2.82)

V (QEj ⊗ 1)V †W (1⊗ Q̃)W † = W (1⊗ Q̃)W †. (2.83)
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We can therefore multiply (2.80) by W (1⊗ P̃ )W † to obtain:

W (Aj ⊗ 1⊗ P̃ )W † = V (Aj ⊗ 1)V †W (1⊗ P̃ )W † (2.84)

implying

V †W (1⊗ P̃ )(Aj ⊗ 1) = (Aj ⊗ 1)V †W (1⊗ P̃ ) (2.85)

Let
∑

lBl⊗Cl be the operator Schmidt decomposition of V †W (1⊗ P̃ ), where Bl ∈ B(Hj)
and Cl :

(⊗
k 6=j Hk

)
⊗ Ẽ →

(⊗
k 6=j Hk

)
⊗ E. Then from (2.85) we have

∑
l

[Bl, Aj ]⊗ Cl = 0 (2.86)

which implies [Bl, Aj ] = 0 for all l by linear independence of the Cl. This holds for all

matrices on Aj ∈ B(Hj). So by Schur’s lemma, each Bl, and hence also V †W (1 ⊗ P̃ ),

must act trivially (i.e. as a multiple of the identity) on Hj for all j, and hence on H.

By the same argument V †W (1⊗ Q̃) acts trivially on all of H and so we can conclude

there must exist an isometry U : Ẽ → E such that

V †W (1⊗ P̃ ) = (1⊗ UP̃ ) and V †W (1⊗ Q̃) = (1⊗ UQ̃) (2.87)

Define P = UP̃U † and Q = UQ̃U †, and remember that E(M) must be in the range of

the isometry V by Lemma 2.15, so we have

E(M) = V V †E(M)V V † = V V †W (M ⊗ P̃ + M̄ ⊗ Q̃)W †V V † (2.88)

= V (M ⊗ P + M̄ ⊗Q)V † (2.89)

and note that (2.82) implies that (PEj ⊗ 1)P = P and (QEj ⊗ 1)Q = Q as required.

When E is a local encoding from n qudits to m qudits of the same local dimension

d, the space H′j is a group of kj qudits. As described at the end of Section 2.2.4, the

dimension of the ancilla Ej can be increased until it is of size dkj−1 so that the dimensions

of Hj ⊗ Ej and H′ match. If this is done for all j, then all the Vj (and hence also

V =
⊗
Vj) are unitaries.

2.2.6 Composition and approximation of encodings

In this section, we collect some straightforward technical lemmas about encodings which

we will need later: that encodings compose properly, and that approximations to encodings

behave as one would expect.

Lemma 2.17. If E1 and E2 are encodings, then their composition E1 ◦ E2 is also an

encoding. Furthermore, if E1 and E2 are both local, then their composition E1 ◦ E2 is local.
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Proof. By the definition of encodings, we can write

E1(M) = V (M ⊗ P (1) + M̄ ⊗Q(1))V † (2.90)

E2(M) = W (M ⊗ P (2) + M̄ ⊗Q(2))W † (2.91)

for isometries V and W , and orthogonal pairs of projectors P (1), Q(1) and P (2), Q(2) .

Then

(E1 ◦ E2)(M) = V
[
W (M ⊗ P (2) + M̄ ⊗Q(2))W † ⊗ P (1) (2.92)

+W (M ⊗ P (2) + M̄ ⊗Q(2))W † ⊗Q(1)
]
V † (2.93)

= U
[
M ⊗

(
P (2) ⊗ P (1) + Q̄(2) ⊗Q(1)

)
(2.94)

+M̄ ⊗
(
Q(2) ⊗ P (1) + P̄ (2) ⊗Q(1)

)]
U † (2.95)

where U = V
(
W ⊗ P (1) + W̄ ⊗Q(1) + 1⊗ (1− P (1) −Q(1))

)
V † is an isometry. Then

observing that P = P (2) ⊗ P (1) + Q̄(2) ⊗ Q(1) and Q = Q(2) ⊗ P (1) + P̄ (2) ⊗ Q(1) are

orthogonal projectors, we conclude that E1 ◦ E2 is an encoding.

If E1 and E2 are both local then the projectors are locally distinguishable, which means

there exist projectors P
(a)

E
(a)
i

and Q
(a)

E
(a)
i

for a ∈ {1, 2} such that

(
P

(a)

E
(a)
i

⊗ 1
)
P (a) = P (a) and

(
Q

(a)

E
(a)
i

⊗ 1
)
Q(a) = Q(a). (2.96)

We can show that P and Q are locally distinguishable by defining orthogonal projectors

on the systems Ei = E
(2)
i ⊗ E

(1)
i as follows:

PEi = P
(2)

E
(2)
i

⊗ P (1)

E
(1)
i

+ Q̄
(2)

E
(1)
i

⊗Q(1)

E
(1)
i

and QEi = Q
(2)

E
(2)
i

⊗ P (1)

E
(1)
i

+ P̄
(2)

E
(1)
i

⊗Q(1)

E
(1)
i

(2.97)

such that (PEi ⊗ 1)P = P and (QEi ⊗ 1)Q = Q.

Furthermore, since E1 and E2 are local, the isometries V and W are tensor products

V =
⊗

i Vi and W =
⊗

iWi, and we can define a local isometry

U ′ =
⊗
i

Vi

(
Wi ⊗ P (1)

E
(1)
i

+ W̄i ⊗Q(1)

E
(1)
i

+ 1⊗ (1− P (1)

E
(1)
i

−Q(1)

E
(1)
i

)

)
V †i (2.98)

such that (E1 ◦ E2)(M) = U ′(M ⊗ P + M̄ ⊗Q)U ′†.

Next we show that, unsurprisingly, if two encodings are close, the results of applying

the encodings to the same operator are also close; and similarly that if two operators are

close, the results of applying the same encoding to the operators are close. We first prove

a small technical lemma, which will be useful both here and throughout.
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Lemma 2.18. Let A,B : H → H′ and C : H → H be linear maps. Let ‖ · ‖a be the trace

norm or operator norm. Then

‖ACA† −BCB†‖a 6 (‖A‖+ ‖B‖)‖A−B‖‖C‖a. (2.99)

Proof. The proof is a simple application of the triangle inequality followed by submulti-

plicativity:

‖ACA† −BCB†‖a 6 ‖ACA† −BCA†‖a + ‖BCA† −BCB†‖a (2.100)

6 ‖A−B‖‖C‖a‖A†‖+ ‖B‖‖C‖a‖A† −B†‖ (2.101)

= (‖A‖+ ‖B‖)‖A−B‖‖C‖a (2.102)

where we have also used ‖A‖ = ‖A†‖.

Lemma 2.19. Consider two encodings E and Ẽ defined by E(M) = V (M⊕p ⊕ M̄⊕q)V †,
Ẽ(M) = Ṽ (M⊕p ⊕ M̄⊕q)Ṽ †, for some isometries V , Ṽ . Then, for any operators M and

M̃ :

1. ‖E(M)− Ẽ(M)‖ 6 2‖V − Ṽ ‖‖M‖;

2. ‖Estate(M)− Ẽstate(M)‖1 6 2‖V − Ṽ ‖‖M‖1;

3. ‖E(M)− E(M̃)‖ = ‖M − M̃‖.

Proof. Write M ′ = M⊕p ⊕ M̄⊕q. Then, for the first part,

‖E(M)− Ẽ(M)‖ = ‖VM ′V † − Ṽ M ′Ṽ †‖ 6 2‖V − Ṽ ‖‖M‖ (2.103)

by Lemma 2.18, using ‖M ′‖ = ‖M‖. For the second part, recall that Estate(ρ) is either

defined as V (ρ⊗ σ)V † or V (ρ̄⊗ σ)V †, dependent on whether p > 1, for some fixed state

σ. Then, writing M ′ = M ⊗ σ or M ′ = M̄ ⊗ σ and observing that ‖M ′‖1 = ‖M‖1, the

argument is the same as the first part (replacing the operator norm with the trace norm

appropriately).

The third part is essentially immediate:

‖E(M)− E(M̃)‖ = ‖V ((M − M̃)⊕p ⊕ (M̄ − ¯̃
M)⊕q)V †‖ = ‖M − M̃‖. (2.104)

2.3 Hamiltonian simulation

2.3.1 Perfect simulation

We have seen that encodings capture the notion of one Hamiltonian exactly reproducing

all the physics of another. We will be interested in a less restrictive notion, where
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this holds only for the low-energy part of the first Hamiltonian. This concept can be

captured by generalising the idea of encodings to simulations. Let H ∈ B((Cd)⊗n) and

H ′ ∈ B((Cd′)⊗m) for some m > n. We usually think of the local dimensions d, d′ as fixed,

but the number of qudits n, m as growing. Recall that S≤∆(H′) = span{|ψ〉 : H |ψ〉 =

λ |ψ〉 , λ 6 ∆} denotes the low energy space of H ′ and P≤∆(H′) denotes the projector onto

this space.

Definition 2.20. We say that H ′ perfectly simulates H below energy ∆ if there is a local

encoding E into the subspace SE such that:

1. SE = S≤∆(H′) (or equivalently E(1) = P≤∆(H′));

2. H ′|6∆ = E(H)|SE .

Note that condition 1 is crucial in order for it to make sense to compare H ′|≤∆ and

E(H)|SE . When condition 1 holds, condition 2 is equivalent to H ′6∆ = E(H), where

H ′6∆ = H ′P≤∆(H′) is the low energy part of H ′.

To gain some intuition for the above definition, taking E to be the identity map, we see

that H perfectly simulates itself. Further, for any U ∈ U(d), we see that U⊗nH(U †)⊗n is

a perfect simulation of H. This freedom to apply local unitaries allows us, for example,

to relabel Pauli matrices in the Pauli expansion of H. It also allows us to bring 2-qubit

interactions into a canonical form [4]. Imagine we have a Hamiltonian on n qubits which

can be written as a sum of 2-local terms, each proportional to some 2-qubit interaction

H which is symmetric under interchange of the qubits. Then it is not hard to show [4]

that there exists U ∈ SU(2) such that

U⊗2H(U †)⊗2 =
∑

s∈{x,y,z}

αsσs ⊗ σs +
∑

t∈{x,y,z}

βt(σt ⊗ 1 + 1⊗ σt) (2.105)

for some weights αs, βt ∈ R. Applying U⊗n to the whole Hamiltonian simulates the H

interactions with interactions of this potentially simpler form.

Both of these examples of perfect simulations are actually also encodings. As an exam-

ple of a perfect simulation which is not an encoding, we observe that qubit Hamiltonians

can simulate qudit Hamiltonians.

Lemma 2.21. Let H be a k-local qudit Hamiltonian on n qudits with local dimension d.

Then, for any ∆ > ‖H‖, there is a kdlog2 de-local qubit Hamiltonian H ′ which perfectly

simulates H below energy ∆.

Proof. We use a local encoding E(M) = VMV †, where V = W⊗n, and W : Cd →
(C2)⊗dlog2 de is an arbitrary isometry. Write P = 1 −WW † for the projector onto the
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subspace orthogonal to the image of W (if d is a power of 2, P = 0). Then we define the

Hamiltonian

H ′ = E(H) + ∆′
n∑
i=1

Pi, (2.106)

for some ∆′ > ∆. The nullspace of the positive semidefinite operator P :=
∑n

i=1 Pi is

precisely the image of V , and the smallest nonzero eigenvalue of P is ∆′. So, as ∆ < ∆′,

E is an encoding into the subspace SE = S6∆(H′); and as ∆ > ‖H‖, H ′|6∆ = E(H)|SE .
Thus H ′ meets the requirements of Definition 2.20 and perfectly simulates H below energy

∆.

Another case where we can achieve perfect simulation is the simulation of complex

Hamiltonians with real Hamiltonians, using an alternative to the complex-to-real encoding

of Lemma 2.7 where no single qubit corresponds to the ancilla qubit of Lemma 2.7. This

enables us to make the subspace encoding in the simulation local.

Lemma 2.22. For any integer k, let H be a k-local qubit Hamiltonian. Then for any

∆ > 2‖H‖ there is a real 2k-local qubit Hamiltonian H ′ which simulates H perfectly below

energy ∆.

Proof. Let H be a k-local qubit Hamiltonian, and let h =
⊗k

i=1 σsi with si ∈ {x, y, z} be

a k-local term in the Pauli decomposition of H. The complex-to-real encoding ϕ from

Lemma 2.7 maps individual Paulis as follows:

ϕ(1) = 1⊕ 1 (2.107)

ϕ(σx,z) = σx,z ⊕ σx,z = 1⊗ σx,z (2.108)

ϕ(σy) = J(σy ⊕ σy) = σy ⊗ σy. (2.109)

For each qubit j in the original Hamiltonian H, add an additional qubit labelled j′ and

apply the map ϕ separately to these pairs of qubits. This results in a term h′ on 2k

qubits of the following form:

h′ =
k⊗
j=1

(
|+y〉 〈+y|j′ ⊗ σsj + |−y〉 〈−y|j′ ⊗ σ̄sj

)
(2.110)

Restricted to the space S spanned by |+y〉⊗n and |−y〉⊗n on the ancilla qubits, h is

of the desired form. (Indeed, the restriction recovers the complex-to-real encoding of

Lemma 2.7.) Let H̃ be the total Hamiltonian formed by the sum of the h′ terms. Then

H̃ is real and

H̃|S = |+y〉 〈+y|⊗n ⊗H + |−y〉 〈−y|⊗n ⊗ H̄ (2.111)

We can add a term ∆′H0 where ∆′ > ∆ and H0 =
∑

i(Yi′Y(i+1)′ + 1) is zero on S and

is > 1 on S⊥. The overall Hamiltonian H ′ = H̃ + ∆′H0 is therefore real and, since

∆′ > ∆ > 2‖H‖, S6∆(H′) = S and H ′|6∆ = H̃|S .
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2.3.2 Approximate simulation

In general we may not be able to achieve perfect simulation, so it is natural to generalise

this concept to allow approximate simulations. If condition 1 in Definition 2.20 no longer

holds exactly for a map E(M) = V (M ⊗ P + M̄ ⊗ Q)V †, it is not immediately clear

how to generalise condition 2, as H ′≤∆ and E(H) now have support on different spaces.

However, if condition 1 holds approximately such that ‖E(1)− P≤∆(H′)‖ 6 η, then there

exists an alternative encoding Ẽ(M) = Ṽ (M ⊗P + M̄ ⊗Q)Ṽ † such that ‖Ṽ − V ‖ 6
√

2η

and Ẽ(1) = P≤∆(H′) (see Lemma 2.24 below); so we can compare H ′≤∆ and Ẽ(H).

Definition 2.23. We say that H ′ is a (∆, η, ε)-simulation of H if there exists a local

encoding E(M) = V (M ⊗ P + M̄ ⊗Q)V † such that:

1. There exists an encoding Ẽ(M) = Ṽ (M ⊗ P + M̄ ⊗Q)Ṽ † such that SẼ = S6∆(H′)

and ‖Ṽ − V ‖ 6 η;

2. ‖H ′6∆ − Ẽ(H)‖ 6 ε.

We say that a family F ′ of Hamiltonians can simulate a family F of Hamiltonians if, for

any H ∈ F and any η, ε > 0 and ∆ > ∆0 (for some ∆0 > 0), there exists H ′ ∈ F ′ such

that H ′ is a (∆, η, ε)-simulation of H.

We say that the simulation is efficient if, in addition, for H acting on n qudits and

H ′ acting on m qudits, ‖H ′‖ = poly(n, 1/η, 1/ε,∆) and m = poly(n, 1/η, 1/ε,∆); H ′ is

efficiently computable given H, ∆, η and ε; each local isometry Vi in the decomposition of

V from Theorem 2.16 is itself a tensor product of isometries which map to O(1) qudits;

and there is an efficiently constructable state |ψ〉 such that P |ψ〉 = |ψ〉.

Note that different notions of computational efficiency could be used in Definition 2.23.

For all the simulations considered in this paper, H ′ is computed using a polynomial-time

classical algorithm, and |ψ〉 = |00 . . . 0〉. We usually think of ∆ as satisfying ∆� ‖H‖.
But we can also consider smaller ∆ by only simulating H up to some energy cutoff. We

may interpret Definition 2.23 as stating that H ′≤∆ is close to an encoding Ẽ(H) of H,

and that the encoding map Ẽ is close to a local encoding E . However, we assume that E
is the map that we understand and have access to, whereas all we know about Ẽ is that

it exists.

A perfect simulation of H by H ′ below energy ∆ is a (∆, η, ε)-simulation of H with

η = ε = 0. Observe that every local encoding is a perfect simulation with ∆ = ∞.

Reducing the inaccuracy η, ε of the simulation will typically require expending more

“effort”, e.g. by increasing the strength of the local interactions.

An alternative definition might try to compare H ′≤∆ and E(H) even though they have

different support. This would be essentially equivalent to our definition because, from
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Lemma 2.19 and the reverse triangle inequality,∣∣∣‖H ′≤∆ − E(H)‖ − ‖H ′6∆ − Ẽ(H)‖
∣∣∣ 6 2‖V − Ṽ ‖‖H⊕p ⊕ H̄⊕q‖ 6 2η‖H‖. (2.112)

Thus the two definitions are equivalent up to a O(η‖H‖) term. Our simulations will

in general assume that η = O(1/ poly(‖H‖)), making the difference negligible. It is

also worth noting that this alternative definition appears to result in worse bounds in

Lemma 2.25 and Corollary 2.30 below.

We remark that our physically motivated definition of simulation is very similar to

one previously introduced by Bravyi and Hastings [27]. The main differences are:

1. The second part of the definition in [27] is stated as

‖H − Ṽ †H ′Ṽ ‖ 6 ε. (2.113)

But we have ‖H − Ṽ †H ′Ṽ ‖ = ‖Ṽ HṼ † − Ṽ Ṽ †H ′Ṽ Ṽ †‖ = ‖Ṽ HṼ † −H ′6∆‖, which

matches the term ‖H ′6∆ − Ẽ(H)‖ in our definition, except that our encoding Ẽ(H)

may be of the more general form Ṽ (H⊕p ⊕ H̄⊕q)Ṽ †. As discussed above, this is

essential to enable e.g. complex Hamiltonians to be encoded as real Hamiltonians.

2. We insist that E is local, whereas [27] deliberately does not impose any restriction on

the isometry V , other than to say it should be sufficiently simple in practice. This

enables us to find stronger implications of our notion of simulation for error-tolerance

and computational complexity.

We also remark that, although Definition 2.23 requires simulation in the low-energy

subspace, this can readily be generalised to other types of subspace, by replacing P6∆(H′)

by a projector onto the subspace of interest. However, some of the physical consequences

of Definition 2.23 later in this section do depend on the simulation being in the low-energy

subspace. All the simulations we construct will achieve this.

We now prove the previously promised claim that if the isometry V used in an

encoding approximately maps to the ground space of H ′, there exists an isometry Ṽ close

to V which maps exactly to this ground space. See [27] for a similar result.

Lemma 2.24. Let E : B(H) → B(H′) be a subspace encoding of the form E(M) =

V (M⊗P+M̄⊗Q)V †, and let Π be the projector onto a subspace S ⊆ H′. If ‖Π−E(1)‖ < 1,

then there exists an isometry Ṽ : H → H′ such that ‖Ṽ − V ‖ ≤
√

2‖Π− E(1)‖ and the

corresponding encoding Ẽ(M) = Ṽ (M ⊗ P + M̄ ⊗Q)Ṽ † satisfies Ẽ(1) = Π.

Proof. Recall that E(1) is a projector. If ‖Π − E(1)‖ < 1, then rank(Π) = rank(E(1))

and hence there exists a unitary U on H′ such that Π = UE(1)U †. One can show using
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Jordan’s lemma that U can be chosen to obey the bound ‖U − 1‖ ≤
√

2‖Π− E(1)‖; the

short argument is contained in the proof of Lemma 3 in [27].

Defining Ṽ = UV , we have Ẽ(1) = UE(1)U † = Π and

‖Ṽ − V ‖ ≤ ‖U − 1‖‖V ‖ ≤
√

2‖Π− E(1)‖ (2.114)

as desired.

Importantly, the notion of simulation we use is transitive: if A simulates B, and B

simulates C, then A simulates C. We now formalise this as a lemma; a very similar result

to this was shown by Bravyi and Hastings [27], but as our encodings are somewhat more

general to those they consider we include a proof.

Lemma 2.25. Let A, B, C be Hamiltonians such that A is a (∆A, ηA, εA)-simulation of B

and B is a (∆B, ηB, εB)-simulation of C. Suppose εA, εB ≤ ‖C‖ and ∆B ≥ ‖C‖+2εA+εB.

Then A is a (∆, η, ε)-simulation of C, where ∆ ≥ ∆B − εA,

η = ηA + ηB +O

(
εA

∆B − ‖C‖+ εB

)
and ε = εA + εB +O

(
εA‖C‖

∆B − ‖C‖+ εB

)
.

(2.115)

Note that any good simulation should satisfy ∆B � ‖C‖ (see Proposition 2.28 below

for one reason why) in which case the condition on ∆B is easily satisfied and we have

η = ηA + ηB + o(1) and ε ≈ εA + εB.

Proof. We closely follow the argument of [27, Lemma 3]. Let EA be the local encoding

corresponding to the simulation of B with A, and let EB be the local encoding corre-

sponding to the simulation of C with B. We will use the composed map E = EA ◦ EB to

simulate C with A. By Lemma 2.17, this map is indeed a local encoding.

Let VA and VB be the isometries in the definition of EA and EB. Recall from the

definition of simulation that there exist isometries ṼA, ṼB such that ‖ṼA − VA‖ 6 ηA,

‖ṼB − VB‖ 6 ηB, ṼAṼ
†
A = P6∆A(A), ṼBṼ

†
B = P6∆B(B). We define the encodings ẼA,

ẼB to be the encodings obtained by replacing VA with ṼA and VB with ṼB. Note that

composing these maps to obtain ẼA ◦ ẼB makes sense (ẼB maps C to the low-energy part

of B, and ẼA maps all of B to the low-energy part of A).

Let N be the dimension of S≤∆B(B). By Lemma 2.27, the Nth smallest eigenvalue

of B is bounded by λN (B) ≤ ‖C‖+ εB. Therefore the condition ∆B ≥ ‖C‖+ 2εA + εB

allows us to put a lower bound on ∆G, the spectral gap between the Nth and (N + 1)th

eigenvalues of B:

∆G = λN+1(B)− λN (B) > ∆B − ‖C‖ − εB ≥ 2εA. (2.116)
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Let ẼA(B) = ṼA(B⊕p ⊕ B̄⊕q)Ṽ †A. By Lemma 2.27, λN(p+q)(A) 6 λN (B) + εA and

λN(p+q)+1(A) ≥ λN+1(B) − εA, so the condition ∆G > 2εA implies that there exists

∆ such that λN(p+q)(A) < ∆ < λN(p+q)+1(A). Furthermore, since λN(p+q)+1(A) ≥
λN+1(B)− εA > ∆B − εA, we can choose ∆ to be at least as big as ∆B − εA.

Let B′ = B⊕p ⊕ B̄⊕q, so we can write ẼA(B) = ṼAB
′Ṽ †A. It is shown in the proof

of [27, Lemma 3] that there exists a unitary operator U such that

S6∆(A) = UṼAS6∆B(B′) (2.117)

and ‖U − 1‖ 6 2
√

2εA/∆G. That is, UṼA maps the low-energy subspace of B′ precisely

onto the low-energy subspace of A. Note that the existence of such a U is nontrivial, as

all we know in advance from the fact that A simulates B is that ṼA maps all of B′ into

the less low-energy subspace S6∆A(A).

The composed approximate encoding in the simulation of C by A will be Ẽ(M) =

U ẼA(ẼB(M))U †. By (2.117), Ẽ maps the Hilbert space of C onto S6∆(A). The overall

isometry Ṽ in the encoding ẼA ◦ ẼB is obtained from the isometry V in the encoding E
by replacing VA with ṼA and VB with ṼB. By the triangle inequality and Lemma 2.17,

‖V − Ṽ ‖ 6 ηA + ηB, so

η = ‖V − UṼ ‖ 6 ηA + ηB +O(εA∆−1
G ). (2.118)

Therefore, E meets condition 1 from Definition 2.23 for simulation of C with A.

It remains to show condition 2. We aim to bound ‖A6∆ − U ẼA(ẼB(C))U †‖, which,

by the triangle inequality, is upper-bounded by

‖A6∆ − U ẼA(ẼB(C))U †‖

≤ ‖A6∆ − U ẼA(B6∆B
)U †‖+ ‖U ẼA(B6∆B

)U † − U ẼA(ẼB(C))U †‖.
(2.119)

The second term in (2.119) is precisely equal to ‖B6∆B
− ẼB(C)‖. By the assumption of

the present lemma that B is a (∆B, ηB, εB)-simulation of C, this term is upper-bounded

by εB. In order to deal with the first term in (2.119), we rewrite it as

‖A6∆UṼA − UṼAB′6∆B
‖. (2.120)

We write U = 1 +M , so

A6∆UṼA − UṼAB′6∆B
= P6∆(A)(A6∆UṼA − UṼAB′6∆B

)P6∆B(B′) (2.121)

= P6∆(A)(AṼA − ṼAB′)P6∆B(B′) (2.122)

+A6∆MṼAP6∆B(B′) − P6∆(A)MṼAB
′
6∆B

. (2.123)

For the first part,

‖P6∆(A)(AṼA − ṼAB′)P6∆B(B′)‖ ≤ ‖AṼA − ṼAB′‖ = ‖A≤∆A
− ṼAB′Ṽ †A‖ ≤ εA (2.124)

52



2.3. HAMILTONIAN SIMULATION

by simulation of B with A. The second part is bounded by ‖M‖‖A6∆‖ and the third

by ‖M‖‖B′6∆B
‖. We have ‖M‖ = O(εA∆−1

G ) by (2.117). By simulation of B with A

and (2.117), ‖A6∆‖ 6 ‖B′6∆B
‖+ εA; by simulation of C with B, ‖B′6∆B

‖ = ‖B6∆B
‖ 6

‖C‖+ εB. Combining all the terms, we get the overall bound that

‖A6∆ − U ẼA(ẼB(C))U †‖ ≤ εA + εB + 2
√

2εA∆−1
G (‖C‖+ εA + 2εB). (2.125)

Since εA, εB ≤ ‖C‖ and ∆B ≤ ∆G + ‖C‖+ εB, we have that the overall error ε is

ε = εA + εB +O

(
εA‖C‖

∆B − ‖C‖+ εB

)
(2.126)

as claimed.

Later we will see that certain families of Hamiltonians are extremely powerful simula-

tors: they can simulate any other Hamiltonian.

Definition 2.26. We say that a family of Hamiltonians is a universal simulator, or is

universal, if any (finite-dimensional) Hamiltonian can be simulated by a Hamiltonian

from the family. We say that the universal simulator is efficient if the simulation is

efficient for all local Hamiltonians.

Although we restrict to finite-dimensional Hamiltonians in this definition, infinite-

dimensional cases can be treated via standard discretisation techniques. Indeed, we will

see one such example later. We restrict our notion of efficiency to local Hamiltonians, as

this is a natural class of Hamiltonians which have efficient descriptions themselves.

First, however, we will show that the definition of simulation we have arrived at has

some interesting consequences.

2.3.3 Simulation and static properties

First we show that Hamiltonian simulation does indeed approximately preserve important

physical properties of the simulated Hamiltonian. Although this is effectively immediate

for perfect simulations from the definition of encodings, for approximate simulations we

need to check how the level of inaccuracy in the simulation translates into a level of

inaccuracy in the property under consideration. We first do this for eigenvalues; essentially

the same result was shown in [27] but we include a proof for completeness.

Lemma 2.27. Let H act on (Cd)⊗n, let H ′ be a (∆, η, ε)-simulation of H, and let λi(H)

(resp. λi(H
′)) be the i’th smallest eigenvalue of H (resp. H ′). Then for all 1 6 i 6 dn

and all j such that (i − 1)(p + q) + 1 6 j 6 i(p + q), |λi(H) − λj(H ′)| 6 ε (where the

integers p, q are those appearing in simulation’s encoding).
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Proof. For any i, j satisfying the above conditions, λi(H) = λj(E(H)) by the definition

of an encoding. By condition 1 of Definition 2.23, the spectrum of Ẽ(H) is the same

as the spectrum of E(H). By condition 2 of Definition 2.23 and Weyl’s inequality

|λj(Ẽ(H))− λj(H ′)| 6 ‖Ẽ(H)−H ′6∆‖, each eigenvalue differs from its counterpart by at

most ε.

Next we verify that simulation approximately preserves partition functions.

Proposition 2.28. Let H ′ on m d′-dimensional qudits be a (∆, η, ε)-simulation of

H on n d-dimensional qudits, with ‖H ′≤∆ − Ẽ(H)‖ ≤ ε for some encoding Ẽ(H) =

Ṽ (H⊕p ⊕ H̄⊕q)Ṽ †. Then the relative error in the simulated partition function evaluated

at β satisfies

|ZH′(β)− (p+ q)ZH(β)|
(p+ q)ZH(β)

6
(d′)me−β∆

(p+ q)dne−β‖H‖
+ (eεβ − 1). (2.127)

Proof. Let S be the low-energy subspace of H ′, S = Im(Ṽ ). We have

(p+ q)ZH(β) = (p+ q) Tr(e−βH) = Tr(e−βẼ(H)|S) (2.128)

and hence

|ZH′(β)− (p+ q)ZH(β)|
(p+ q)ZH(β)

(2.129)

=
|Tr(e−βH

′
)− Tr(e−βẼ(H)|S)|

Tr(e−βẼ(H)|S)
(2.130)

≤ |Tr(e−βH
′
)− Tr(e−βH

′|≤∆)|
(p+ q) Tr(e−βH)

+
|Tr(e−βH

′|≤∆)− Tr(e−βẼ(H)|S )|
Tr(e−βẼ(H)|S)

. (2.131)

For the first term, the numerator is upper-bounded by (d′)me−β∆, whereas in the denom-

inator Tr(e−βH) is lower-bounded by dne−β‖H‖. For the second term, we write λk for

the k’th eigenvalue of H (in nonincreasing order), and λk + εk for the k’th eigenvalue of

H ′|≤∆ (in the same order), and have

|Tr(e−βH
′|≤∆)−Tr(e−βẼ(H)|S )| ≤

∑
k

|e−β(λk+εk)−e−βλk | =
∑
k

e−βλk |e−βεk−1|. (2.132)

By Lemma 2.27, |εk| ≤ ε for all k, so we have |e−βεk − 1| ≤ eβε − 1, and thus the relative

error is upper-bounded by

(d′)me−β∆

(p+ q)dne−β‖H‖
+ (eεβ − 1) (2.133)

as claimed.

We remark that if we choose ∆ � ‖H‖ + (m log d′ − n log d − log(p + q))/β and

ε� 1/β then this relative error tends to zero. All the simulations we construct allow us

to choose ∆� m− n, so these scalings are possible.
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2.3.4 Simulation and time-evolution

We showed in Proposition 2.5 that encodings allow perfect simulation of time-evolution.

We now confirm that this holds for simulations too, up to a small approximation error.

Proposition 2.29. Let H ′ be a (∆, η, ε)-simulation of H with corresponding encoding

E = V (M ⊗ P + M̄ ⊗Q)V †. Then for any density matrix ρ′ in the encoded subspace, so

that E(1)ρ′ = ρ′,

‖e−iH′tρ′eiH′t − e−iE(H)tρ′eiE(H)t‖1 ≤ 2εt+ 4η (2.134)

Proof. Recall that by the definition of simulation there exists an alternative encoding

Ẽ(M) = Ṽ (M ⊗ P + M̄ ⊗ Q)Ṽ † such that Ẽ(1) = P6∆(H′) and ‖Ṽ − V ‖ 6 η. Let

ρ̃ = Ṽ V †ρ′V Ṽ †. Then

‖e−iH′tρ′eiH′t − e−iE(H)tρ′eiE(H)t‖1 (2.135)

≤‖e−iH′tρ′eiH′t − e−iH′tρ̃eiH′t‖1 + ‖e−iH′tρ̃eiH′t − e−iẼ(H)tρ̃eiẼ(H)t‖1

+ ‖e−iẼ(H)tρ̃eiẼ(H)t − e−iE(H)tρ′eiE(H)t‖1
(2.136)

by the triangle inequality. Since ρ′ is in the encoded subspace, we know that V V †ρ′V V † =

ρ′. Therefore Lemma 2.18 lets us bound the first term by ‖ρ′− ρ̃‖1 6 2‖Ṽ V †−V V †‖ 6 2η.

Similarly, noting that

e−iẼ(H)tρ̃eiẼ(H)t = Ṽ V †e−iE(H)tρ′eiE(H)tV Ṽ †, (2.137)

we use Lemma 2.18 to bound the third term by 2‖Ṽ V † − V V †‖ 6 2η. Finally, for

the second term, we note that P6∆(H′)ρ̃ = ρ̃, so e−iH
′tρ̃eiH

′t = e−iH
′
6∆tρ̃eiH

′
6∆t, and by

Lemma 2.18 again this term is bounded by

2‖eiH
′
6∆t − eiẼ(H)t‖ 6 2t‖H ′6∆ − Ẽ(H)‖ 6 2εt (2.138)

where we have used the matrix inequality ‖eA−eB‖ 6 ‖A−B‖‖eA‖‖eA−B‖ [66, Corollary

6.2.32].

Corollary 2.30. Suppose in addition to the conditions of Corollary 2.30 that E is a

standard encoding. Let Estate(ρ) = V (ρ⊗ σ)V † for some state σ satisfying Pσ = σ, and

let F (ρ′) = TrE [(1⊗ P )V †ρ′V ] as defined in (2.23). Then

‖e−iH′tEstate(ρ)eiH
′t − Estate(e

−iHtρeiHt)‖1 ≤ 2εt+ 4η, (2.139)

‖F (e−iH
′tρ′eiH

′t)− e−iHtF (ρ′)eiHt‖1 ≤ 2εt+ 4η. (2.140)

Proof. The first statement follows from setting ρ′ = Estate(ρ) in Proposition 2.29 and

noting that e−iE(H)tEstate(ρ)e
iE(H)t = Estate(e

−iHtρeiHt). The second statement follows

from F (e−iE(H)tρ′eiE(H)t) = e−iHtF (ρ′)eiHt and the fact that F is trace-nonincreasing.
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2.3.5 Errors and noise

An important question for any simulation technique is how errors affecting the simulator

relate to errors on the simulated system. Understanding this in full detail will depend

strongly on the physical noise model being considered and the implementation details of

the simulation. However, our notion of simulation via local encodings enables us to make

some general statements about errors.

First, we show that a local error on the simulator does not map between the forward-

evolving and backward-evolving parts of the simulator. This implies the existence of

a corresponding local error on the original system by using the F map to extract the

forward-evolving part. Second, we show that for the types of encoding used in this thesis,

a stronger result holds: any local error on an encoded state is equal to the encoding of a

local error on the original system. Finally, we show that, under a reasonable physical

assumption, any error on the simulator is close to an error that acts only within the

encoded subspace. This allows us to continue to simulate time-evolution and measurement

following an error.

Theorem 2.31. Let E(M) = V (M ⊗ P + M̄ ⊗Q)V † be a local encoding, where M acts

on n qudits, and let ρ′ be a state on the encoded subspace such that E(1)ρ′ = ρ′. Let N ′

be a CP-map whose Kraus operators each act on at most l < n qudits of the simulator

system.

1. Let P ′ = V (1⊗ P )V † and Q′ = V (1⊗Q)V †. Then

P ′N ′(ρ′) = P ′N ′(P ′ρ′) and Q′N ′(ρ′) = Q′N ′(Q′ρ′). (2.141)

2. Let Estate(ρ) = V (ρ ⊗ σ)V † for a density matrix σ satisfying Pσ = σ. Then the

map defined by N (ρ) = F (N ′(Estate(ρ))) is a CP-map whose Kraus operators act

on at most l qudits of the original system.

Proof. Let N ′(ρ′) =
∑

kN
′
kρ
′N ′†k . For a given k, the Kraus operator N ′k acts on only l

qudits of the simulator system. Therefore N ′k must act trivially on at least one subsystem

H′j . Recall from Theorem 2.16 that there exists a projector PEj which acts only on the

ancilla Ej such that (1⊗ PEj )P = P and (1⊗ PEj )Q = 0. Defining P ′j = 1⊗ VjPEjV
†
j ,

we have P ′jP
′ = P ′ and P ′jQ

′ = 0. Note that P ′j acts non-trivially only on H′j and so

commutes with N ′k. Therefore

P ′N ′kE(1) = P ′P ′jN
′
kE(1) = P ′N ′kP

′
jE(1) = P ′N ′kP

′
j(P

′ +Q′) = P ′N ′kP
′. (2.142)

So, remembering that ρ′ is in the encoded subspace and satisfies ρ′ = E(1)ρ′, we have

P ′N (ρ′) =
∑
k

P ′N ′kE(1)ρ′N ′†k =
∑
k

P ′N ′kP
′ρ′N ′†k = P ′N ′(P ′ρ′). (2.143)

56



2.3. HAMILTONIAN SIMULATION

The statement for Q follows analogously.

We now prove the second part of the theorem. N (ρ) is clearly CP, since it is

defined by a composition of CP maps. Let the spectral decomposition of σ be given by

σ =
∑

j λj |ψj〉〈ψj |. Extend {|ψj〉}j to a basis for the subspace of the ancilla E given by

the support of P . Then

N (ρ) = F (N ′(Estate(ρ))) (2.144)

= TrE [(1⊗ P )
∑
k

V †N ′kV (ρ⊗ σ)V †N ′†k V (1⊗ P )] (2.145)

=
∑
i,j,k

(1⊗ 〈ψi|)V †N ′kV (ρ⊗ λj |ψj〉〈ψj |)V †N ′†k V (1⊗ |ψi〉) (2.146)

=
∑
k,i,j

Ni,j,kρN
†
i,j,k (2.147)

where Ni,j,k =
√
λj(1 ⊗ 〈ψi|)V †N ′kV (1 ⊗ |ψj〉) are the Kraus operators of N . Since

E is a local encoding, the isometry V may be chosen to be local by Theorem 2.16, so

V †N ′kV acts non-trivially on at most l qudits of the original system. Therefore the Kraus

operators Ni,j,k act non-trivially on at most l qudits, as claimed.

For a general encoding with a corresponding map on states Estate(ρ) = V (ρ⊗σ)V †, the

error N ′ may entangle ρ and σ, so it is not possible in general to show that N ′(Estate(ρ)) ≈
Estate(N (ρ)). However, if rank(P ) = 1 (as is the case in all our simulations) then we

are able to get a stronger result, which composes more straightforwardly with our other

results.

Corollary 2.32. Let E(M) = V (M⊗P +M̄⊗Q)V † be a local encoding with rank(P ) = 1

and let Estate(ρ) = V (ρ⊗ P )V †. Let N ′ and N be the CP-maps given in Theorem 2.31.

Then

E(1)N ′(Estate(ρ))E(1) = Estate(N (ρ)). (2.148)

Proof. Let the Kraus operators of N ′ be given by N ′k. Since rank(P ) = 1, we must

have P = |ψ〉〈ψ| for some state |ψ〉 on the ancilla system E. Since Q′Estate(ρ) = 0 =

Estate(ρ)Q
′, where Q′ is defined as in Theorem 2.31, part 1 of that theorem shows that

Q′N ′(Estate(ρ)) = 0 = N ′(Estate(ρ))Q′. Then writing E(1) = P ′ +Q′, we have

E(1)N ′(Estate(ρ))E(1) = P ′N ′(Estate(ρ))P ′ (2.149)

= V (1⊗ |ψ〉〈ψ|)V †
(∑

k

N ′kV (ρ⊗ |ψ〉〈ψ|)V †N ′†k

)
V (1⊗ |ψ〉〈ψ|)V † (2.150)

= V

(∑
k

NkρN
†
k ⊗ |ψ〉〈ψ|

)
V † = Estate(N (ρ)), (2.151)
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where we recall from the proof of Theorem 2.31 that the Kraus operators of N (ρ) are

given by Nk = (1 ⊗ 〈ψ|)V †N ′kV (1 ⊗ |ψ〉) (the sum over i and j is not necessary when

rank(P ) = 1).

Corollary 2.32 is the strongest general result relating errors on the simulator and

simulated systems that one could hope for: it states that any error (CP-map) on the

simulator system corresponds naturally to simulating an error (CP-map) on the simulated

system.

Even in the more general setting of Theorem 2.31, we interpret the map N (ρ) =

F (N ′Estate(ρ)) as the error on the original system corresponding to N ′. This is because

by part 1 of Theorem 2.31 we have B(Estate(ρ)) = 0, and therefore by (2.22), for any

observable A,

Tr[AN (ρ)] = Tr[E(A)N ′(Estate(ρ))]. (2.152)

Although N ′ may not map between the forwards and backwards parts of the encoded

space, it may take a state out of the encoded subspace. But in order to implement a

local measurement with Proposition 2.14 and time-evolve with Corollary 2.30, we need

ρ′ = N ′(Estate(ρ)) to be in the encoded subspace.

The map ρ′ 7→ E(1)N ′(ρ′)E(1) does map within the encoded subspace, and has

the same corresponding error N on the original system. Indeed, it is the map that

appears in Corollary 2.32. For this error map we can therefore apply Proposition 2.14

and Corollary 2.30 as desired. We will make an extra physically-motivated assumption

on the form of the error map N ′, which guarantees that the difference between this map

and N ′ is negligible.

Let H ′ be a (∆, η, ε)-simulation of H with corresponding local encoding E . We might

reasonably assume that errors that take the state out of the low-energy space of H ′ are

unlikely due to the high energy required for such an error. We can formalise this by

considering only noise operations N ′ such that Tr[P6∆(H′)N ′(σ)] > 1− δ for any state σ

supported only on S6∆(H′), and some δ.

Proposition 2.33. Let H ′ be a (∆, η, ε)-simulation of H with corresponding local encoding

E. Let N ′ be a quantum channel acting on the simulator system and let ρ′ be a state in

the encoded subspace, so that E(1)ρ′ = ρ′.

Then, if Tr[P6∆(H′)N ′(σ)] > 1− δ for all states σ supported only on S6∆(H′),

‖N ′(ρ′)− E(1)N ′(ρ′)E(1)‖1 ≤
√
δ(4− 3δ) + 8η. (2.153)

Proof. For readability, write P6∆ := P6∆(H′). Then three applications of the triangle
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inequality give

‖N ′(ρ′)− E(1)N ′(ρ′)E(1)‖1 (2.154)

≤ ‖E(1)N ′(ρ′)E(1)− E(1)N ′(σ)E(1)‖1 (2.155)

+ ‖E(1)N ′(σ)E(1)− P6∆N ′(σ)P6∆‖1 (2.156)

+ ‖P6∆N ′(σ)P6∆ −N ′(σ)‖1 + ‖N ′(σ)−N ′(ρ′)‖1 (2.157)

where σ = Ṽ V †ρ′V Ṽ †. Since N ′ is a quantum channel and E(1) is a projector, the first

and fourth terms are both bounded by

‖ρ′ − σ‖1 = ‖ρ′ − Ṽ V †ρ′V Ṽ †‖1 ≤ 2‖V V † − Ṽ V †‖ ≤ 2η, (2.158)

where we have used Lemma 2.18. Similarly, we can bound the second term using

Lemma 2.18 twice:

‖E(1)N ′(σ)E(1)− P6∆N ′(σ)P6∆‖1 ≤ 2‖E(1)− P6∆‖ ≤ 4η. (2.159)

It remains to bound the third term ‖P6∆N ′(σ)P6∆ − N ′(σ)‖ in terms of δ using

the condition assumed in the proposition. Given any state |ψ〉 such that P6∆ |ψ〉 6= |ψ〉,
define the orthonormal states |φ0〉 = P6∆ |ψ〉 /

√
1− x and |φ1〉 = (1 − P6∆) |ψ〉 /

√
x

where x = 1 − 〈ψ|P6∆ |ψ〉. The operator |ψ〉〈ψ| − P6∆|ψ〉〈ψ|P6∆ is a rank 2 operator

which acts non-trivially only on the space spanned by {|φ0〉 , |φ1〉} as the following matrix:(
0

√
x(1− x)√

x(1− x) x

)
with eigenvalues λ± =

x

2
±
√
x(1− x) +

x2

4
. (2.160)

Therefore ‖|ψ〉〈ψ| − P6∆|ψ〉〈ψ|P6∆‖1 = |λ+| + |λ−| =
√
x(4− 3x). This equality also

holds trivially in the case P6∆ |ψ〉 = |ψ〉.

Using the spectral decomposition, we can write N ′(σ) =
∑

j λj |ψj〉〈ψj | and use the

triangle inequality to show that the third term in (2.157) is bounded by

‖N ′(σ)− P6∆N ′(σ)P6∆‖1 (2.161)

≤
∑
j

λj‖|ψj〉〈ψj | − P6∆|ψj〉〈ψj |P6∆‖1 (2.162)

=
∑
j

λj

√
xj(4− 3xj) =

∑
j

√
λjxj

√
λj(4− 3xj) (2.163)

≤

√√√√√
∑

j

λjxj

(4− 3
∑
k

λkxk)

)
(2.164)

where xj = 1− 〈ψj |P6∆ |ψj〉 and we have used the Cauchy-Schwarz inequality in the last

step. The result follows from
∑

j λjxj = 1− Tr(P6∆N ′(σ)) = δ.
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By setting ρ′ = Estate(ρ) in Proposition 2.33, and using Corollary 2.32, we have

Corollary 2.34. Let H ′ be a (∆, η, ε)-simulation of H with corresponding local encoding

E(M) = V (M ⊗ P + M̄ ⊗Q)V † such that rank(P ) = 1. Let Estate(ρ) = V (ρ⊗ P )V † and

let N ′ be a quantum channel whose Kraus operators act on at most l < n qudits of the

simulator system.

Then, if Tr[P6∆(H′)N ′(Estate(ρ))] > 1 − δ, there exists a CP-map N whose Kraus

operators act on at most l qudits of the original system such that

‖N ′(Estate(ρ))− Estate(N (ρ))‖1 ≤
√
δ(4− 3δ) + 8η. (2.165)

2.4 Conclusions

We close this chapter with some remarks on the limitations of the definitions and results

presented here and how these lead to interesting opportunities for further research.

Most importantly, the definition of simulation is only useful if we are able to construct

examples of non-trivial simulations beyond the simple examples in this chapter. In

Chapter 3, we will see how the framework of perturbative gadgets is a powerful tool for

constructing simulations along with many examples of such non-trivial simulations.

Also, whilst our strong notion of simulation preserves locality in the sense that a

few-particle observable in the original system will correspond to a few-particle observable

in the simulator, it does not make any promises about the interaction pattern of the

simulator Hamiltonian. For example simulating a Hamiltonian with interactions restricted

to the edges of a square lattice in 2D, may require interactions between all qudits in the

simulator system. We consider this problem in detail in Chapter 4.

In Section 2.2, we carefully derived the form of an encoding from a few simple principles,

and then added in the approximation errors ε, η into the definition of simulation. The

derivation of Theorem 2.16 appears to rely on the conditions holding exactly. It would be

nice to prove a “robust” version of this result, where the conditions only hold approximately,

in order to achieve a definition of approximate simulation directly – hopefully one that

matches the current definition!

The conditions for Theorem 2.16 are justified in terms of local observables which

may be measured on the system. Condition 3 is a bit awkward, since performing one

of a number of observables probabilistically is not the same as performing the convex

combination of those observables. The natural language for discussing such probabilistic

combinations of measurements is that of POVMs (positive operator valued measures).

We remark that when we introduced the notion of analogue simulation at the start

of the chapter, we compared it to the idea of testing an aerofoil in a wind tunnel. This

analogy is perhaps misleading, as the “simulator” in this case is much smaller than the
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target system, but our locality condition requires that there is at least one subsystem

in the simulator for each subsystem in the target system. One could come up with an

alternative definition of simulation which would allow a smaller simulator Hamiltonian,

perhaps by only requiring the low-energy part of the target system to be simulated and by

relaxing the condition of locality somewhat. However, even if one was to decide on a new

definition of this form, it seems that the problem of finding any non-trivial simulations of

this kind would be very difficult, if not impossible!

Finally, we comment on the nature of simulations with q > 1. The ability to simulate

forwards and backwards in time in different parts of the Hilbert space may be seen as

either a feature or a bug, depending perhaps on your viewpoint, and your ability to

prepare or control states in one part of the space. However such simulations are allowed

by our definitions, and the complex-to-real Lemma 2.22 is a good example of such a

simulation. In fact, it is the only example of a q > 1 simulation which we use in this

work.

61





Chapter 3

Universal Hamiltonians

In this chapter, we construct many instances of non-trivial simulations which fit the

strong definition of Chapter 2. In fact we go further and show that simple families of qubit

Hamiltonians are universal: they can simulate all other finite dimensional Hamiltonians.

We classify the simulation power of Hamiltonians given as linear combinations of 2

qubit interactions from a set S, and prove a less comprehensive classification of a large

class of 2-qubit interactions, when the Hamiltonian is restricted to linear combination

of interactions from S with positive interaction strengths. Finally, we consider some

consequences of universality for quantum computation, including for the complexity of

the Local Hamiltonian problem.

This chapter is based on the papers [3] and [1].

3.1 Introduction

The notion of Hamiltonian simulation we arrived at in Chapter 2 is extremely demanding.

It is not a priori clear whether any interesting simulations exist at all. In fact, not only

do such simulations exist, we prove that there are even universal quantum simulators. A

model is “universal” if it can simulate any (finite dimensional) Hamiltonian whatsoever,

in the strong sense of simulation discussed in Chapter 2. Depending on the target

Hamiltonian, this simulation may or may not be efficient.

Note that this is a very different notion of “universality” from that of universality

classes in condensed matter and statistical physics [67]. Universality classes capture the

fact that, if we repeatedly “zoom out” or course-grain the microscopic degrees of freedom

of a many-body system, models that are microscopically different become increasingly

similar (converge to the same limit under this “renormalisation group flow”), and their

macroscopic properties turn out to fall into one of a small handful of possible classes. The

“universality” we are concerned with here [33] has a completely different and unrelated
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meaning. It is closer to the notion of universality familiar from computing. A universal

computer can carry out any possible computation, including simulating completely

different types of computer. Universal models are able to produce any many-body physics

phenomena, including reproducing the physics of completely different many-body models.

This computationally-inspired notion of physical universality has its origins in earlier

work on “completeness” of the partition function of certain classical statistical mechanics

models [68, 69, 70]. Results by Cubitt and De las Cuevas built on those ideas to establish

the more stringent notion of universality for classical spin systems [33]. Related, more

practically-focused notions have also been explored in recent work motivated by classical

Hamiltonian engineering experiments [71]. Here we consider the richer and more complex

setting of quantum Hamiltonians, which requires completely different techniques.

For our explicit constructions that establish the existence of universal Hamiltonians,

we are able to draw on a long literature in the field of Hamiltonian complexity [40, 14,

72, 73, 43, 22, 4, 27], studying the computational complexity of estimating ground state

energies. These results per se only concern the ground state energy, and moreover only

the computational complexity of estimating it. Nonetheless, the “perturbative gadget”

techniques developed to prove Hamiltonian complexity results [40, 14] turn out to be

highly useful in constructing the full physical simulations required for our results. By

combining our new and precise mathematical understanding of analogue Hamiltonian

simulation with these Hamiltonian complexity techniques, we are able to design new

“gadgets” that transform one many-body Hamiltonian into another whilst preserving its

entire physics and local structure, as required to construct universal models.

3.1.1 Universality classification

We completely classify all two-qubit interactions (i.e. nontrivial interactions between two

spin-1/2 particles) according to their simulation ability in Theorem 3.1. This classification

tells us which two-qubit interactions are universal. The universal class turns out to be

identical to the class of QMA-complete two-qubit interactions from quantum complexity

theory [4], where QMA is the quantum analogue of the complexity class NP [13].

Theorem 3.1. Let S be any fixed set of two-qubit and one-qubit interactions such that S
contains at least one interaction which is not 1-local. Then:

• If there exists U ∈ SU(2) such that U locally diagonalises S, then S-Hamiltonians

are universal classical Hamiltonian simulators [33];

• Otherwise, if there exists U ∈ SU(2) such that, for each 2-qubit matrix Hi ∈ S,

U⊗2Hi(U
†)⊗2 = αiZ

⊗2 +Ai ⊗ 1 + 1⊗Bi, where αi ∈ R and Ai, Bi are arbitrary
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single-qubit Hamiltonians, then S-Hamiltonians are universal stoquastic Hamiltonian

simulators [27, 4];

• Otherwise, S-Hamiltonians are universal quantum Hamiltonian simulators.

The classification also shows that there are two other classes of two-qubit interaction,

with successively weaker simulation ability. Combining our Hamiltonian simulation results

with previous work [27], we find that there is a class of two-qubit interactions that can

simulate any stoquastic Hamiltonian, i.e. any Hamiltonian whose off-diagonal entries in

the standard basis are non-positive. This is the class of Hamiltonians believed not to

suffer from the sign-problem in numerical Monte-Carlo calculations. Another class is able,

by previous work [33], to simulate any classical Hamiltonian, i.e. any Hamiltonian that is

diagonal in the standard basis.

The Heisenberg and XY models with variable coupling strengths are important

examples which we show fall into the first category, hence are universal simulators. The

(quantum) Ising model with transverse fields falls into the second category, so can simulate

any other stoquastic Hamiltonian [27]. The 2D classical Ising model with fields falls into

the third category, so is an example of a universal classical Hamiltonian simulator [33].

3.1.1.1 Proof sketch

We now summarise the proof of the universality classification result (see Section 3.3 for full

technical details). This involves chaining together a number of steps, the most important

of which are shown in Figure 3.1. In fact, most of the technical difficulty lies in proving

universality of the Heisenberg and XY interactions, as these have the most restrictive

symmetries of all two-qubit interactions. Once these are shown to be universal, recently

developed techniques [4] show that any other Hamiltonian from the universal category

can simulate one of these two (this step is omitted from the illustration in Figure 3.1).

Hence, by universality of the Heisenberg or XY interactions, such Hamiltonians can also

simulate any other Hamiltonian.

Step 1 The Heisenberg interaction hHeis = σx⊗σx +σy⊗σy +σz⊗σz (where σx,y,z are

the Pauli matrices) has full local rotational symmetry. Mathematically, this is equivalent

to invariance under arbitrary simultaneous local unitary rotations U ⊗ U . The XY

interaction hXY = σx ⊗ σx + σy ⊗ σy is invariant under arbitrary rotations in the z-plane,

i.e. U ⊗U with U = eiθσz for any angle θ. Any Hamiltonian composed of just one of these

types of interaction inherits the corresponding symmetry. Thus all its eigenspaces also

necessarily have this symmetry. Yet if it is to be universal, it must simulate Hamiltonians

without this symmetry.
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Heisenberg interactions XY interactions

2-local Pauli interactions with no σy’s

Arbitrary (2k + 1)-local terms with no σy’s

Arbitrary real 2k-local qubit Hamiltonian

Arbitrary k-local qubit Hamiltonian

Bosons Qudits Fermions

Step 1 Step 1

Step 2

Step 3

Step 4

Step 5 Step 5 Step 5

Figure 3.1: Part of the sequence of simulations used in this work. An arrow from one box
to another indicates that a Hamiltonian of the first type can simulate a Hamiltonian of
the second type.

To overcome the symmetry restriction, we develop more complicated simulations based

around the use of “perturbative gadgets” (a technique originally introduced to prove

QMA-completeness results in Hamiltonian complexity theory [40, 14]). In a perturbative

gadget, a heavily weighted term CH0 (for some large constant C) dominates the overall

Hamiltonian H ′ = CH0 +H1 such that the low-energy part of H ′ is approximately just

the ground space of H0. Within this low-energy subspace, an effective Hamiltonian is

generated by H1 and can be calculated using a precise version of perturbation theory

[27], which accounts rigorously for the approximation errors resulting from neglecting the

higher-order terms. The first-order term in the perturbative expansion is given by H1

projected into the ground space of H0, as one might expect. But if this term vanishes,

then the more complicated form of higher order terms may be exploited to generate more

interesting effective interactions.

In order to break the symmetry of the Heisenberg and XY interactions, it is necessary

for the encoded Hamiltonian to act not on the physical qubits of the system, but on

qubits encoded into a subspace of multiple physical qubits. To achieve this, we design a

four-qubit gadget where the strong H0 term, consisting of equally weighted interactions

across all pairs of qubits, has a two-fold degenerate ground space. This two-dimensional

space can be used to encode a qubit. This gadget is used repeatedly to encode all qubits

of the systems separately, as illustrated in Figure 3.2. We then add less heavily weighted

interactions acting between qubits in different gadgets, in order to generate effective

interactions between the encoded qubits. This allows us to generate any two-qubit

interaction that does not involve any σy terms. The detailed analysis of this gadget is

presented in Theorem 3.12.
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Figure 3.2: Schematic illustrating simulation of one Hamiltonian with another. Each
logical (red) qubit is encoded within 4 physical (blue) qubits, forced into their ground
space by strong pairwise interactions. Interactions between the physical qubits implement
effective interactions between the logical qubits. An error on a physical qubit only affects
one logical qubit.

Steps 2+3 The next steps use simpler perturbation gadgets, in which H0 is used to

project a system of ancilla qubits into a fixed state, such that the effective Hamiltonian

that this generates couples the remaining qubits. This type of gadget is known in the

Hamiltonian complexity literature as a mediator qubit gadget [14], because the ancilla

qubits are seen to “mediate” an effective interaction between the other qubits in the

system. Previously known gadgets of this type [14] allow many-body interactions to be

simulated using two-body interactions. We combine these with a new mediator gadget

(see Lemma 3.10) to show how two-qubit Hamiltonians without σy’s can simulate all real

local Hamiltonians.

Step 4 There is still a more basic obstacle to overcome. All matrix elements of hHeis or

hXY are real numbers (in the standard basis). Thus any Hamiltonian built out of these

interactions is also real (hence the lack of σy’s so far). Yet if it is to be universal, it must

simulate Hamiltonians with complex matrix elements.

A simple encoding overcomes this restriction, by adding an additional qubit and

encoding the real and imaginary parts of H separately, controlled on the state of the

ancilla qubit. The Hamiltonian H ′ = Re(H)⊕Im(H) is clearly real and is easily seen to be

an encoding of H, since H ′ = H⊗|+y〉〈+y|+H̄⊗|−y〉〈−y|, where |±y〉 = (|0〉± i |1〉)/
√

2.

To make this encoding local, it can be adjusted to a simulation where there is an ancilla

qubit for each qubit of the system, but these ancillas are forced by additional strong local

interactions to be in span{|+y〉⊗n , |−y〉⊗n}.

Step 5 Finally, higher-dimensional spins (qudits) can be simulated by encoding each

qudit into dlog2 de qubits in the obvious way. And to simulate indistinguishable particles,

one can verify that standard techniques for mapping fermions or bosons to spin systems

give the required simulations see Section 3.3.1.
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3.1.2 Positive weights

Next we consider the family of S+-Hamiltonians, which consist of all Hamiltonians given

as a positive linear combination of interactions from S, where S is again a set of local

interactions. We observe that this apparently minor change leads to a significant difference

to the simulation power of S+-Hamiltonians. The interaction strengths are now fixed to

all be of the same sign (although they are still allowed to vary in magnitude), and so

these families of Hamiltonians may be considered more physically realistic.

We would like to prove a result similar to Theorem 3.1 but for families of S+-

Hamiltonians, where S is again a set of 2-local qubit interactions. We fall short of a full

classification for all sets of interactions S, partly because we are not able to replicate

the techniques used to remove 1-local terms in [4]. Our main result here is Theorem 3.2,

which states that if h is a symmetric 2-local qubit interaction (with no 1-local part), then

{h}+-Hamiltonians are either stoquastic or universal.

Important special cases that are universal include {XX + Y Y }+-Hamiltonians and

{XX + Y Y + ZZ}+-Hamiltonians, which are known as the antiferromagnetic XY model

and the antiferromagnetic Heisenberg model respectively.

The proof of universality involves a simple perturbative gadget which has a single

strong H0 = h term, projecting a pair of qubits into a one-dimensional groundspace.

Adding less heavily weighted h interactions between this pair of ancilla qubits and other

qubits results in a new effective interaction h̃ being simulated between the qubits which

H0 does not act on. It is possible to simulate both +h̃ and −h̃ interactions using only

positively weighted h interactions with this gadget. This suffices to prove universality of

{h}+-Hamiltonians by the classification of S-Hamiltonians, Theorem 3.1. This gadget is

explained in more detail in Section 3.4.1.

Next we show that certain families of S+-Hamiltonians are stoquastic-universal. These

include those symmetric 2-local qubit interactions (with no 1-local part) h which are

“almost” universal, in the sense that for any ε > 0, there is a universal interaction h′ such

that ‖h′ − h‖ < ε. These interactions are on the boundary of the universal region in

Figure 3.5.

We also show that {XX,Z}+-Hamiltonians, known as the Ising model with transverse

magnetic fields, are stoquastic-universal. All of the stoquastic-universality results are

proved with perturbative gadgets to simulate the transverse Ising model, {XX,Z}-
Hamiltonians (with positive and negative interaction strengths), which was shown to

be stoquastic universal in [27]. In [27], it is only claimed that the Local Hamiltonian

problem for {XX,Z}-Hamiltonians is StoqMA-complete, but the same proof is enough

to show stoquastic universality, see Section 3.3.2 for more details.

Theorem 3.2. Given a 2-qubit interaction h = αXX + βY Y + γZZ, the family {h}+-
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Hamiltonians is either:

i) universal, if α+ β > 0, α+ γ > 0 and β + γ > 0;

ii) stoquastic, otherwise.

Furthermore, if α = −β 6= 0, α + γ > 0 and β + γ > 0, then {h}+-Hamiltonians are

stoquastic-universal. If α = β and γ 6 −|α|, {h}+-Hamiltonian is in P.

3.1.3 Consequences

At the end of the chapter we discuss some consequences of these results for quantum

computation. Since eigenvalues are approximately preserved by a simulation, one would

expect that the Local Hamiltonian problem, of estimating the groundstate energy, is as

hard for a universal family of Hamiltonians as for all local Hamiltonians, and is thus

QMA-complete, following the work of Kitaev [13]. We prove that this is indeed the

case in Section 3.5.1, and translate Theorem 3.1 and Theorem 3.2 into results about the

complexity of the Local Hamiltonian problem.

We finish by discussing how universal quantum computation can be achieved by the

time evolution of time-independent Hamiltonians chosen from a universal family, or by

the adiabatic evolution of a Hamiltonian from a universal family.

3.2 Perturbative gadgets

We will now introduce the key technique we use to construct simulations: perturbative

reductions [40, 27, 14, 74].

3.2.1 Schrieffer-Wolf transformation

When perturbative gadgets were first used for the Local Hamiltonian problem in [40], it

was only proved that the ground state energy is preserved. This was improved in [14]

to show that the whole Hamiltonian is preserved. We will work with the perturbation

theory used in [74, 27] based on the Schrieffer-Wolff transformation.

We provide a very brief explanation of this method. The Hamiltonian is split into

two parts H = ∆H0 +H1, where ‖H1‖ = o(∆). When the ∆ factor is chosen to be very

large this ensures that S, the low energy space of H, is approximately just S0, the ground

space of H0. The Schrieffer-Wolff transformation is the unitary U which maps between

the subspaces S0 and S, and which minimises the Frobenius norm of U − I. The low

energy part of H is given (up to a change of basis) by P0U(∆H0 +H1)U †P0, where P0 is

the projector onto S0. We can obtain a perturbative series by writing U = exp(S) for

some infinitesimal antihermitian operator S which we will expand in.
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Let Hsim be a Hilbert space decomposed as Hsim = H+ ⊕H−, and let Π± denote the

projector onto H±. For any linear operator O on Hsim, write

O−− = Π−OΠ−, O−+ = Π−OΠ+, O+− = Π+OΠ−, O++ = Π+OΠ+. (3.1)

Let H0 be a Hamiltonian such that H0 is block-diagonal with respect to the split H+⊕H−,

(H0)−− = 0, and λmin((H0)++) > 1.

Slight variants of the following lemmas were shown in [27], building on previous

work [14, 74]:

Lemma 3.3 (First-order simulation [27]). Let H0 and H1 be Hamiltonians acting on the

same space. Suppose there exists a local isometry V such that Im(V ) = H− and

‖V HtargetV
† − (H1)−−‖ 6 ε/2. (3.2)

Then Hsim = ∆H0 + H1 (∆/2, η, ε)-simulates Htarget, provided that the bound ∆ >

O(‖H1‖2/ε+ ‖H1‖/η) holds.

Lemma 3.4 (Second-order simulation [27]). Let H0, H1, H2 be Hamiltonians acting on

the same space, such that: max{‖H1‖, ‖H2‖} 6 Λ; H1 is block-diagonal with respect to

the split H+ ⊕H−; and (H2)−− = 0. Suppose there exists a local isometry V such that

Im(V ) = H− and

‖V HtargetV
† − (H1)−− + (H2)−+H

−1
0 (H2)+−‖ 6 ε/2. (3.3)

Then Hsim = ∆H0 + ∆1/2H2 + H1 (∆/2, η, ε)-simulates Htarget, provided that ∆ >

O(Λ6/ε2 + Λ2/η2).

Lemma 3.5 (Third-order simulation [27]). Let H0, H1, H ′1, H2 be Hamiltonians acting

on the same space, such that: max{‖H1‖, ‖H ′1‖, ‖H2‖} 6 Λ; H1 and H ′1 are block-diagonal

with respect to the split H+ ⊕H−; (H2)−− = 0. Suppose there exists a local isometry V

such that Im(V ) = H− and

‖V HtargetV
† − (H1)−− − (H2)−+H

−1
0 (H2)++H

−1
0 (H2)+−‖ 6 ε/2 (3.4)

and also that

(H ′1)−− = (H2)−+H
−1
0 (H2)+−. (3.5)

Then Hsim = ∆H0 + ∆2/3H2 + ∆1/3H ′1 +H1 (∆/2, η, ε)-simulates Htarget, provided that

∆ > O(Λ12/ε3 + Λ3/η3).

We will also use fourth order perturbative gadgets, but the statement of these results

are a bit more complicated so we include these in a separate section, Section 3.2.4.
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In fact, whenever we use Lemmas 3.3 to 3.5 we will be able to replace the approximate

equalities up to ε/2 with exact equalities.

The scaling of ∆ assumed in these lemmas is sufficient to ensure that ∆/2 separates

the high- and low-energy parts of the simulator Hamiltonian Hsim. The main difference

between these lemmas and their equivalents in [27] is that here we insist on locality of

the isometry V , corresponding to our local notion of simulation. The correctness proofs

of [27] go through without change.

We remark that, in order to use the above lemmas, it will often be convenient to

add a multiple of the identity to the simulator or target Hamiltonians, corresponding

to an overall energy shift. The families of Hamiltonians which we consider will always

contain the identity, so we are free to do this with impunity. For readability, we often

omit this implicit freely added identity term when we state the form of restricted types

of Hamiltonians below.

3.2.2 Types of gadgets

In the Hamiltonian complexity literature, many constructions, known as “gadgets”, have

been developed to prove that special cases of the Local Hamiltonian problem are QMA-

complete, by reducing more complex cases to the more specialised cases (e.g. [40, 14, 4, 1]).

These reductions often use perturbation theory and can be interpreted as instances of

Lemmas 3.3 to 3.5. Thus, rather than being merely reductions, they are simulations in

our terminology. Two types of gadget are commonly used:

• Mediator qubits. Imagine we have two qubits a and b and would like to implement

some effective interaction across them. One way to achieve this is to attach an

ancilla, “mediator” qubit c, and apply a heavily-weighted local term H0 to c, and a

less heavily-weighted term H2 = Hac+Hbc. If we insist that qubit c is in the ground

state of H0, this produces an effective interaction across qubits a and b, together

with some additional local terms on a and b which we can cancel out by adding

an extra term H1. This puts us in the setting of Lemma 3.4 or Lemma 3.5. The

isometry V is the map which acts as the identity on qubits a and b, and attaches

a qubit c in the ground state of H0. This type of gadget is used in [14, 4, 43]

and elsewhere in the literature. Whenever such gadgets are used and analysed

using second or third order perturbation theory, the preconditions of Lemma 3.4 or

Lemma 3.5 hold, so we obtain that the physical Hamiltonian constructed simulates

the desired logical Hamiltonian.

• Subspace encodings. This type of gadget encodes a logical qubit within ` = O(1)

physical qubits. A Hamiltonian H on ` qubits is chosen whose ground space is
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2-dimensional. Then an overall Hamiltonian is produced using a sum of heavily-

weighted H terms, one on each `-tuple of physical qubits. Within the ground space

of the whole Hamiltonian, each `-tuple corresponds to a qubit. Less heavily-weighted

interactions across `-tuples produce interactions across logical qubits. Lemmas 3.3

to 3.5 can be used to show that the simulator Hamiltonian does indeed simulate

the target Hamiltonian. Now the isometry V is a tensor product of n isometries,

each of which maps a qubit to the ground space of H within the space of ` qubits.

By choosing the right isometry, corresponding to a choice of basis for this ground

space, we obtain desired new interactions across logical qubits.

This type of gadget is used in [4]. However, note that two of the reductions in

that work (simulating an arbitrary 2-local qubit Hamiltonian with a Hamiltonian

made up of interactions of Heisenberg or XY type) were more complicated. In these

reductions H acts on 3 qubits and has a 4-dimensional ground space, corresponding

to two logical qubits. Then additional heavily weighted terms are used to effectively

project one qubit in each logical pair into a fixed, and highly entangled, state of

n qubits. This technique would not comply with our notion of simulation, as the

state attached by the corresponding isometry V would be far from a product state.

Here we no longer need to use this type of reduction as we have a genuinely local

simulation (Theorem 3.12 below).

In this work we will use both of these kinds of simulation. For readability, we will

not fully repeat the correctness proofs of the simulations from previous work, instead

sketching the arguments and deferring to the original papers for technical details. However,

we stress that replacing the analysis of these gadgets in previous work with the use of

Lemmas 3.3 to 3.5 is sufficient to obtain fully rigorous proofs of correctness.

In addition, to gain some intuition, we now describe more formally how one of the

simpler gadgets from [14] can be analysed using Lemma 3.4, and verify that it fits the

constraints. The gadget, which is called the subdivision gadget and is an example of a

mediator qubit gadget, allows a k-local Hamiltonian to be simulated by a (dk/2e+1)-local

Hamiltonian. Consider an interaction of the form Htarget = AaBb, where A acts on a

subset of qubits a, and B acts on a disjoint subset of qubits b. A mediator qubit c is

introduced and we take Hamiltonians

H0 = |1〉〈1|c, H2 =
1√
2

(AaXc −XcBb). (3.6)

Then (H2)−+ = (H2)†+− = 1√
2
|0〉〈1|c (Aa −Bb), so

(H2)−+H
−1
0 (H2)+− =

1

2
|0〉〈0|c(Aa −Bb)2 = |0〉〈0|c(

1

2
A2
a −AaBb +

1

2
B2
b ). (3.7)
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In addition, (H2)−− = 0. We choose H1 = 1
2(A2

a +B2
b ), so (H1)−− = 1

2 |0〉〈0|c(A
2
a +B2

b ).

Consider the isometry defined by V |ψ〉ab = |ψ〉ab |0〉c. Then it is easy to verify that

V HtargetV
† = (H1)−− − (H2)−+H

−1
0 (H2)+−. (3.8)

It follows from Lemma 3.4 that, for sufficiently high ∆, Hsim = ∆H0 +
√

∆H2 + H1

(∆, η, ε)-simulates Htarget. Observe that Hsim contains interactions on only at most

max{|a|+ 1, |b|+ 1} qubits. This idea can be used to reduce the locality of the whole

Hamiltonian simultaneously, by writing each k-local interaction term in the original

Hamiltonian as a sum of tensor product interactions, and adding a new mediator qubit for

each such interaction to simulate it with a (dk/2e+1)-local interaction. The corresponding

isometry simply attaches a state of poly(n) qubits, each in the state |0〉, so is local.

3.2.3 Parallel application of gadgets

In the previous example, since each term of H2 acts on at most one mediator qubit, there

is no interference between gadgets and the total effective Hamiltonian is simply the sum of

the effective interactions of each gadget. We say that the gadgets are applied in parallel.

The following lemma shows when mediator and subspace gadgets can be used in

parallel.

Lemma 3.6. Let the Hamiltonian H0 =
∑

iH
(i)
0 be a sum of terms H

(i)
0 each with ground

space energy 0 and acting non-trivially only on disjoint subsets of qudits Si. Let the

ground space projection operator for H
(i)
0 be given by P

(i)
− so the overall ground space

projection operator for H0 is given by P− =
∏
i P

(i)
− .

• If H1 can be expressed as a sum of terms, H1 =
∑

αH
(α)
1 , the first order perturbation

satisfies

(H1)−− =
∑
α

(H
(α)
1 )−−. (3.9)

• Mediator gadgets. Let H2 =
∑

iH
(i)
2 , where H

(i)
2 acts trivially on all qudits in

∪j 6=iSj. Suppose that all first order terms vanish, i.e. P
(i)
− H

(i)
2 P

(i)
− = 0 for all i.

Then the second and third order terms are given by

−(H2H
−1
0 H2)−− = −

∑
i

P−H
(i)
2 (H

(i)
0 )−1H

(i)
2 P− (3.10)

−(H2H
−1
0 H2H

−1
0 H2)−− = −

∑
i

P−H
(i)
2 (H

(i)
0 )−1H

(i)
2 (H

(i)
0 )−1H

(i)
2 P−. (3.11)

• Subspace gadgets. Let H2 =
∑

(i,j)H
(i,j)
2 for ordered pairs (i, j), where H

(i,j)
2

acts non-trivially only on Si and Sj and raises both sets of qudits completely out
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of their ground spaces such that P
(i)
− H

(i,j)
2 P− = 0 and P

(j)
− H

(i,j)
2 P− = 0. Then the

second order perturbation is given by

− (H2H
−1
0 H2)−− = −

∑
(i,j)

P−H
(i,j)
2

(
H

(i)
0 +H

(j)
0

)−1
H

(i,j)
2 P−. (3.12)

Before providing a proof, we remark why different results are needed for mediator and

subspace gadgets. In the mediator gadget case, the qudits of Si are in a one dimensional

ground space of H
(i)
0 for all i, and the effective Hamiltonian acts non-trivially on the

remaining qudits in ∪jSj . Therefore interesting interactions can be effected, even when

each perturbative term acts on only one of the sets Si. Whereas for subspace gadgets,

the ith logical qudit lives in the groundspace of H
(i)
0 on the physical qudits Si, so we

need perturbative terms to act between different Si in order to make 2-local interactions.

Proof. The first claim is trivial. For mediator qudit gadgets, define a projection operator

P
(i)
− =

∏
k 6=i P

(k)
− and note that it acts trivially on Si, so commutes with H

(i)
2 . Since the

ground state energy for each H
(k)
0 is zero, H

(k)
0 P

(k)
− = 0 and so H

(k)
0 P

(i)
− = 0 for all k 6= i.

Therefore,

(H0)−1P
(i)
− =

(∑
k

H
(k)
0

)−1

P
(i)
− = (H

(i)
0 )−1P

(i)
− . (3.13)

Since P− = P
(i)
− P−, the second order term is given by

−(H2H
−1
0 H2)−− = −

∑
i

P−H2H
−1
0 H

(i)
2 P− (3.14)

= −
∑
i

P−H2H
−1
0 P

(i)
− H

(i)
2 P− (3.15)

= −
∑
i

P−H2P
(i)
− (H

(i)
0 )−1H

(i)
2 P− (3.16)

= −
∑
i

P−H
(i)
2 (H

(i)
0 )−1H

(i)
2 P− (3.17)

where the final equality holds because P
(j)
− H

(k)
2 P

(j)
− = 0 for all j 6= k, and so P−H2P

(i)
− =

P−H
(i)
2 .

Using the same techniques, we can show that the third order term is equal to

−
∑
i,j,k

P−H
(j)
2 (H

(j)
0 )−1P

(j)
− H

(k)
2 P

(i)
− (H

(i)
0 )−1H

(i)
2 P−. (3.18)

If k 6= i, j, then P
(k)
− appears in the product expression for both P

(i)
− and P

(j)
− and

so P
(j)
− H

(k)
2 P

(i)
− = 0. We may therefore assume k = j (the proof for k = i proceeds

analogously), in which case we have

−
∑
i,j

P−H
(j)
2 (H

(j)
0 )−1P

(j)
− H

(j)
2 P

(i)
− (H

(i)
0 )−1H

(i)
2 P−. (3.19)
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The operator P
(j)
− commutes with H

(j)
2 and P

(i)
− , and so, remembering that P

(j)
− (H

(i)
0 )−1 =

0 for i 6= j, we must have i = j, giving the desired result.

The proof is very similar for subspace gadgets, but we instead define a projection

operator P
(i,j)
− =

∏
k 6=i,j P

(k)
− for ordered pairs (i, j), noting that it acts trivially on Si

and Sj , so commutes with H
(i,j)
2 . As before, we have H

(k)
0 P

(i,j)
− = 0 for all k 6= i, j, so

(H0)−1P
(i,j)
− = (H

(i)
0 +H

(j)
0 )−1P

(i,j)
− . Therefore the second order term is given by

−(H2H
−1
0 H2)−− = −

∑
(i,j)

P−H2H
−1
0 H

(i,j)
2 P− (3.20)

= −
∑
(i,j)

P−H2H
−1
0 P

(i,j)
− H

(i,j)
2 P− (3.21)

= −
∑
(i,j)

P−H2P
(i,j)
−

(
H

(i)
0 +H

(j)
0

)−1
H

(i,j)
2 P− (3.22)

= −
∑
(i,j)

P−H
(i,j)
2

(
H

(i)
0 +H

(j)
0

)−1
H

(i,j)
2 P− (3.23)

where the final equality holds since by the form of H
(i,j)
2 assumed in the lemma,

P−H
(i′,j′)
2 P

(i,j)
− = 0 unless (i′, j′) = (i, j), so P−H2P

(i,j)
− = P−H

(i,j)
2 P

(i,j)
− .

3.2.4 Fourth-order perturbative gadgets

We will need the following lemma, which we prove for the first time here. The proof is

technical, and hence (as with the subsequent lemma) deferred to Appendix A.

We note that higher order perturbation theory has been considered before in the

literature in slightly different settings, mostly in a framework where only the ground state

energy is reproduced; for example [75] considers perturbation theory at arbitrary order.

Although the contribution of the fourth order term in a Schrieffer-Wolff perturbative

series has been considered before [41], we are not aware of any explicit demonstration

of how the interactions must be chosen such that this fourth order term dominates as

in Lemma 3.7. Cross gadget interference has previously been seen before for certain

parameter regimes of low strength Hamiltonians [76], where it can be easily shown to

disappear simply by increasing the strength of the interactions; whereas in Lemma 3.8,

the cross gadget terms are independent of the strength of the Hamiltonian.

Lemma 3.7 (Fourth-order simulation). Let H0, H1, H2, H3, H4 be Hamiltonians acting

on the same space, such that: max{‖H1‖, ‖H2‖, ‖H3‖, ‖H4‖} 6 Λ; H2 and H3 are block-

diagonal with respect to the split H+ ⊕ H−; (H4)−− = 0. Suppose there exists a local

isometry V such that Im(V ) = H− and

‖V HtargetV
† −Π−

(
H1 +H4H

−1
0 H2H

−1
0 H4 −H4H

−1
0 H4H

−1
0 H4H

−1
0 H4

)
Π−‖ 6 ε/2
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and also that

(H2)−− = Π−H4H
−1
0 H4Π− and (H3)−− = −Π−H4H

−1
0 H4H

−1
0 H4Π−. (3.24)

Then Hsim = ∆H0 + ∆3/4H4 + ∆1/4H3 + ∆1/2H2 + H1 (∆/2, η, ε)-simulates Htarget,

provided that ∆ > O(Λ20/ε4 + Λ4/η4).

For fourth-order gadgets, unlike the gadgets analysed in previous work, it is unfortu-

nately not the case that one can disregard interference between different gadgets applied

in parallel; there are additional terms generated by interference between gadgets. We

calculate this interference in the following lemma.

Lemma 3.8. Consider a Hilbert space H = H0 ⊗
⊗

i>1Hi with multiple fourth-order

mediator gadgets labelled by i > 1, each with strong Hamiltonian H
(i)
0 which acts non-

trivially only on Hi, and interaction terms H
(i)
1 , H

(i)
2 , H

(i)
3 , H

(i)
4 which act non-trivially

only on Hi ⊗ H0. Let Π
(i)
− denote the projector onto the ground space of H

(i)
0 , and

Π
(i)
+ = I −Π

(i)
− . Suppose that for each i, these terms satisfy the conditions of Lemma 3.7;

in particular, H
(i)
0 Π

(i)
− = 0, H

(i)
2 and H

(i)
3 are block diagonal with respect to the Π

(i)
− , Π

(i)
+

split, Π
(i)
− H

(i)
4 Π

(i)
− = 0 and

Π
(i)
− H

(i)
2 Π

(i)
− = Π

(i)
− H

(i)
4 (H

(i)
0 )−1H

(i)
4 Π

(i)
− and Π

(i)
− H

(i)
3 Π

(i)
− = −Π

(i)
− H

(i)
4 (H

(i)
0 )−1H

(i)
4 (H

(i)
0 )−1H

(i)
4 Π

(i)
− .

For each j ∈ {0, . . . , 4}, let Hj =
∑

iH
(i)
j , and let Λ > max{‖H1‖, ‖H2‖, ‖H3‖, ‖H4‖}.

Suppose there exists a local isometry V such that Im(V ) is the ground space of H0

and also ‖V HtargetV
† −M‖ 6 ε/2, where

M =
∑
i

Π−

(
H

(i)
1 +H

(i)
4 (H

(i)
0 )−1H

(i)
2 (H

(i)
0 )−1H

(i)
4 −H

(i)
4 (H

(i)
0 )−1H

(i)
4 (H

(i)
0 )−1H

(i)
4 (H

(i)
0 )−1H

(i)
4

)
Π−

+
∑
i 6=j

Π−

(
H

(i)
4 (H

(i)
0 )−1H

(j)
4 (H

(j)
0 )−1H

(j)
4 (H

(i)
0 )−1H

(i)
4

−H(i)
4 (H

(i)
0 )−1H

(j)
4 (H

(i)
0 +H

(j)
0 )−1H

(j)
4 (H

(i)
0 )−1H

(i)
4

−H(i)
4 (H

(i)
0 )−1H

(j)
4 (H

(i)
0 +H

(j)
0 )−1H

(i)
4 (H

(j)
0 )−1H

(j)
4

)
Π−

and Π− is the projector onto the ground space of H0.

Then ∆H0 + ∆3/4H4 + ∆1/4H3 + ∆1/2H2 +H1 (∆/2, η, ε) simulates Htarget, provided

that ∆ > O(Λ20/ε4 + Λ4/η4).

Note that the first line of the simulated Hamiltonian is what one would expect when

summing the contributions of each of the gadgets separately. The other terms are in

general not zero and may be thought of as the cross-gadget interference.

We will only need to use Lemma 3.8 via the following simplified corollary.
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Corollary 3.9. Suppose the conditions of Lemma 3.8 hold, and in addition H
(i)
0 H

(i)
4 Π− =

H
(i)
4 Π− for all i (for example when H

(i)
0 is a projector). Then the expression for M is

given by

M =
∑
i

Π−

(
H

(i)
1 +H

(i)
4 H

(i)
2 H

(i)
4 −H

(i)
4 H

(i)
4 (H

(i)
0 )−1H

(i)
4 H

(i)
4

)
Π−−

1

2

∑
i<j

Π−

[
H

(i)
4 , H

(j)
4

]2
Π−

Proof. For i 6= j, by the additional assumption of the present corollary (H
(i)
0 +H

(j)
0 )−1H

(i)
4 H

(j)
4 Π− =

1
2H

(i)
4 H

(j)
4 Π−, so the expression for the cross-gadget interference from Lemma 3.8 simplifies

to ∑
i 6=j

Π−

(
H

(i)
4 H

(j)
4 H

(j)
4 H

(i)
4 −

1

2

(
H

(i)
4 H

(j)
4 H

(j)
4 H

(i)
4 +H

(i)
4 H

(j)
4 H

(i)
4 H

(j)
4

))
Π−

=
1

2

∑
i 6=j

Π−

(
H

(i)
4 H

(j)
4 H

(j)
4 H

(i)
4 −H

(i)
4 H

(j)
4 H

(i)
4 H

(j)
4

)
Π− = −1

2

∑
i<j

Π−

[
H

(i)
4 , H

(j)
4

]2
Π−

where we note that the sum over i 6= j includes both cases i < j and i > j.

3.3 Universal simulators

We are now ready to prove universality of a variety of classes of Hamiltonians. The

overall structure of the argument is illustrated in Figure 3.3; the eventual result is that

each of the classes of qudit Hamiltonians illustrated in the diagram is universal. For

brevity, when we state and prove simulation results, rather than writing “The family of

A-Hamiltonians can simulate the family of B-Hamiltonians” for some A and B, we simply

write “A-Hamiltonians can simulate B-Hamiltonians”. We stress that such a statement is

nevertheless rigorous and should be understood in the sense of Definition 2.23.

We have already proven some of the simulation results required (Lemmas 2.21 and

2.22). We now complete the programme of Figure 3.3 by showing that every remaining

type of qudit Hamiltonian in the diagram is universal. The simulation of Lemma 2.22 may

produce terms which include even numbers of Y components. First we show that such

terms are not necessary. Note that it was already known that Hamiltonians without any

Y components can be QMA-complete [73]; what we show here is that such Hamiltonians

can in fact be universal simulators.

Lemma 3.10. Real k-local qubit Hamiltonians can be simulated by real (k+ 1)-local qubit

Hamiltonians whose Pauli decomposition does not contain any Y terms.

Proof. Let H be a real k-local qubit Hamiltonian. For each k′-local interaction h in the

Pauli decomposition of H (k′ 6 k), add an additional mediator qubit a. Since H is real,

there must be an even number of Y terms in h. We may assume, by reordering qubits if
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Any non-2SLD set of 2-qubit interactions

{XX + αY Y + βZZ +A1 + 1A} {XZ − ZX +A1− 1A}

{XX + αY Y + βZZ}

{XX + αY Y }

{XX + Y Y + ZZ} {XX + Y Y }

2-local Pauli interactions with no Y ’s

{XZ − ZX}

Arbitrary (2k + 1)-local terms with no Y ’s

Arbitrary real 2k-local qubit Hamiltonian

Arbitrary k-local qubit Hamiltonian

Arbitrary k′-local qudit Hamiltonian
with local dimension d

Bosons Fermions

,otherwise

,Theorem 3.12 ,Theorem 3.12

,Theorem 3.11, [14]

,If α = β = 1

,Lemma 3.10

,Lemma 2.22

, Theorem 3.13,
[4, 1]

,Lemma 2.21

Figure 3.3: Sequence of simulations used in Section 3.3. An arrow from one box to
another indicates that a Hamiltonian of the first type can simulate a Hamiltonian of the
second type. Where two arrows leave a box, this indicates that a Hamiltonian of this
type can simulate one of the two target Hamiltonians, but not necessarily both. “2SLD”
is short for “the 2-local parts of all interactions in the set are simultaneously locally
diagonalisable”, and k, k′ > 2 are arbitrary integers such that k > dk′ log2 de.
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necessary, that h = Y ⊗2m ⊗A where A is a tensor product of X and Z terms on k′ − 2m

qubits.

We use second-order perturbation theory (Lemma 3.3) to effectively generate h from

an interaction containing only X and Z terms. Consider a strong interaction term H0

acting only on the mediator qubit, H0 = (1 + Za)/2 = |0〉 〈0|a, with groundstate |1〉a,
and a perturbative term H2 = Xa(X

⊗2m ⊗ 1 + (−1)m+1Z⊗2m ⊗A). H2 acts as a switch

between the ground space and the excited space. It is clear that the first-order term

Π−H2Π− vanishes. The second-order term is, up to a multiple of the identity, of the

desired form:

−Π−H2(H−1
0 )++H2Π− = − |0〉 〈0|a (X⊗2m ⊗ 1 + (−1)m+1Z⊗2m ⊗A)2 (3.25)

= 2 |0〉 〈0|a
(
Y ⊗2m ⊗A+ 1

)
. (3.26)

It follows from Lemma 3.3 that, for sufficiently large ∆, H ′ = ∆H0 +∆1/2H2 is a (∆, η, ε)-

simulation of the interaction h. This can be used to simulate the whole Hamiltonian H

by applying separate mediator qubit gadgets for each term h in parallel; by Lemma 3.6,

different terms do not interfere with each other.

It may be tempting to think that a similar second-order mediator qubit gadget could

be used to simulate a 1-local Y interaction, since ZX = iY . However the same trick

would not work if we took H2 = Xa(X1 + Z1), for example, because the anticommutator

{X,Z} vanishes and so (X + Z)2 = 21. Of course, this should not be surprising, as the

perturbative expansion of any real Hamiltonian can only result in real Hamiltonian terms.

Next we use a result of Oliveira and Terhal [14] to further specialise the class of

Hamiltonians proven universal in Lemma 3.10.

Theorem 3.11 (essentially [14]). k-local qubit Hamiltonians whose Pauli decomposition

does not contain any Y terms can be simulated by 2-local Hamiltonians of the form∑
i>j αijAij +

∑
k(βkXk + γkZk), where Aij is one of the interactions XiXj , XiZj , ZiXj

or ZiZj and αij , βk, γk ∈ R.

We sketch the proof of Theorem 3.11; see [14] for more technical details.

Proof (sketch). The claim is trivial for k 6 2, so assume k > 3. We first note that,

for each k-tuple of qubits, one can decompose any interaction across that k-tuple as a

weighted sum of interactions which are each tensor products of Pauli matrices. These

can be thought of as separate hyperedges in the hypergraph of interactions in H, and

henceforth treated separately.

Then, to effectively produce each of these Pauli interactions, the subdivision gadgets

described in [14] can be used. There are two of these gadgets. One gadget simulates an
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2 3

1

4
2’ 3’

1’

4’

+H11′

+H33′−2H22′

Figure 3.4: One logical qubit is encoded within a quadruple of physical qubits (1–4 and
1′–4′). 2-local interactions are implemented using interactions across the quadruples. The
figure illustrates the Hamiltonian for simulating XLXL, up to 1-local terms.

arbitrary k-wise interaction of the form A⊗B across sets of qubits a and b by using a

mediator qubit c, and dk/2e-wise interactions of the form AaXc +XcBb. This gadget was

discussed in detail near the start of Section 3.2. Repeated use of this procedure enables k-

local interactions to be simulated using 3-local interactions. The second gadget simulates

a 3-local Hamiltonian with a 2-local Hamiltonian. The gadget generates interactions of

the form AaBbCc by introducing a mediator qubit d and a Hamiltonian whose terms are

proportional to AaXd, BbXd and Cc|1〉〈1|d, and using third-order perturbation theory to

generate effective 3-local terms from these [27, 14]. This leads to unwanted 2-local and

1-local terms being generated too, which can be effectively deleted using compensating

terms of the form XZ, X, Z. By Lemma 3.6, these third order mediator qubit gadgets

do not interfere. Note that the analysis of [14] can be replaced with the use of Lemma 3.5

to show that this gadget indeed gives a simulation in our terminology.

Finally, observe that these gadgets do not introduce any Y terms if they were not

present already.

Next we show that the Heisenberg and XY interactions are sufficient to simulate any

Hamiltonian of the form of Theorem 3.11. This is the most technically involved simulation

in this chapter. A similar simulation result could be achieved using a reduction presented

in [4], but this would require attaching a highly entangled state (the projector onto which

corresponds to P in Definition 2.23): for more details see the construction presented in

Appendix B for the case of XY interactions. In this new simulation P is trivial, implying

that it is easy to implement the map Estate(ρ) defined in (2.25).

Theorem 3.12. Let F be the family of qubit Hamiltonians of the form H =
∑

i>j αijAij+∑
k(βkXk + γkZk), where Aij is one of the interactions XiXj, XiZj, ZiXj or ZiZj and
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αij , βk, γk ∈ R. Then {XX + Y Y + ZZ}-Hamiltonians and {XX + Y Y }-Hamiltonians

can simulate F .

Proof. We prove the claim for the Heisenberg interaction XX + Y Y +ZZ; the argument

is completely analogous for the XY interaction XX + Y Y . We use a subspace encoding

gadget to encode a logical qubit in the ground space of the Hamiltonian of the complete

graph on 4 qubits, as illustrated in Figure 3.4.

The overall strong interaction used is

H0 := H12 +H23 +H34 +H14 +H24 +H13 + 61, (3.27)

where we write Hij = XiXj + YiYj + ZiZj . The identity term is present to ensure that

the ground space of H0 corresponds to eigenvalue zero. H0 has a two dimensional ground

space S given in terms of singlet states |Ψ−〉 by

S = span
{∣∣Ψ−〉

12

∣∣Ψ−〉
34
,
∣∣Ψ−〉

13

∣∣Ψ−〉
24

}
where

∣∣Ψ−〉 =
|01〉 − |10〉√

2
. (3.28)

We choose the following orthonormal basis for our logical qubit:

|0L〉 =
∣∣Ψ−〉

13

∣∣Ψ−〉
24

|1L〉 = 2√
3

∣∣Ψ−〉
12

∣∣Ψ−〉
34
− 1√

3

∣∣Ψ−〉
13

∣∣Ψ−〉
24

(3.29)

First-order perturbations We can simulate 1-local interactions XL and ZL using

first-order perturbation theory. By Lemma 3.3, given a perturbation term H1, the first-

order perturbation is given by Π−H1Π−, where Π− is the projector into the ground space.

Note that the ground space is defined in terms of singlet states which have the same form

in any local basis, and so

Π−XiXjΠ− = Π−YiYjΠ− = Π−ZiZjΠ− (3.30)

which we can also check explicitly. Although the strong Hamiltonian H0 is invariant

under permutations of the physical qubits, this symmetry is lost when we fix the basis,

and so Π−XiXjΠ− does depend on (i, j) – the values are given in Table 3.1.

Therefore, we can simulate any real 1-local interaction up to an irrelevant identity

term; by Lemma 3.3, choosing H1 = α√
3
H14 + 1

2( α√
3
− β)H13 will simulate the interaction

Π−H1Π− = αXL + βZL + 1
2(β −

√
3α)1.

Second-order perturbations In order to make an effective interaction between two

logical qubits we need to use physical interactions that act between two of these 4-qubit

gadgets. We label the four physical qubits of one logical qubit as 1, 2, 3, 4, and the qubits

of a second logical qubit with a dash 1′, 2′, 3′, 4′ and consider a perturbation term of the

form H2 =
∑
αijHij′ . All first-order perturbation terms vanish as it is easy to show that

Π−XiΠ− = Π−YiΠ− = Π−ZiΠ− = 0 for all i ∈ {1, 2, 3, 4}.
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(i, j) Π−XiXjΠ−
(1, 3)
(2, 4)

−2
3ZL −

1
31

(1, 2)
(3, 4)

− 1√
3
XL + 1

3ZL −
1
31

(1, 4)
(2, 3)

1√
3
XL + 1

3ZL −
1
31

(3.31)

Table 3.1: Effective interactions produced by physical interaction acting on different
choices of qubits.

Let Htot
0 = H0 ⊗ 1 + 1⊗H0 be the total strong Hamiltonian on these 8 qubits, and

let Πtot
− project onto the groundspace of Htot

0 .

We note that Z1 |Ψ−〉12 |Ψ−〉34 = |Ψ+〉12 |Ψ−〉34 is an eigenvector of H0 with eigenvalue

4, where |Ψ+〉 = (|01〉+ |10〉)/
√

2. Since the other eigenvector spanning the ground space

of H0, |Ψ−〉12 |Ψ−〉34, is of a similar form, it is clear that Z1 maps the ground space of H0

into the eigenspace of eigenvalue 4. By unitary invariance of the Heisenberg interaction,

and the symmetry between qubits 1, 2, 3, 4, we can say the same for any Xi, Yi or Zi.

This allows us to simplify the calculation of the second-order perturbation term,

−Πtot
− H2Π+(Htot

0 )−1Π+H2Πtot
− (3.32)

= −Πtot
− H2Π+

1
4+4Π+H2Πtot

− = −1
8Πtot
− H2

2 Πtot
− (3.33)

= −1
8(Π− ⊗Π−)

 4∑
i,j,k,l=1

αijαklHij′Hkl′

 (Π− ⊗Π−) (3.34)

= −1
8

4∑
i,j,k,l=1

αijαkl
[
(Π−XiXkΠ−)⊗ (Π−Xj′Xl′Π−) (3.35)

+ (Π−XiYkΠ−)⊗ (Π−Xj′Yl′Π−) + . . .
]
. (3.36)

Next, one can check that Π−XiYkΠ− = Π−XiZkΠ− = Π−YiZkΠ− = 0 for any pair (i, k),

so many of these terms vanish. Remembering also that Π−XiXkΠ− = Π−YiYkΠ− =

Π−ZiZkΠ−, this expression simplifies to

− 1
8Π−H

2
2 Π− = −1

8

4∑
i,j,k,l=1

3αijαkl(Π−XiXkΠ−)⊗ (Π−Xj′Xl′Π−), (3.37)

where the effective interactions produced by Π−XiXkΠ− can be read off again from

Table 3.1.

By Lemma 3.4, for any ε > 0 and sufficiently large ∆ = poly(‖H‖, 1/η, 1/ε), ∆H0 +

∆
1
2H2 +H1 (∆, η, ε)-simulates the interaction Π−H1Π− − 1

8Πtot
− H2

2 Πtot
− . Choosing H1 as

above we can cancel out any 1-local part of 1
8Πtot
− H2

2 Πtot
− , so we are interested only in the
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H2 2-local part of effective interaction

H11′ ∓H33′ ±ZLZL
H13′ −H11′ ±H32′ ±ZLXL

H11′ − 2H22′ +H33′ XLXL

35H11′ + 5H22′ − 3H33′ + 5H44′ −XLXL

Table 3.2: Effective 2-local interactions produced from different choices of H2 terms, up
to a non-negative scaling factor.

2-local part. Table 3.2 shows some choices of H2 with integer coefficients that generate

effective interactions whose 2-local part is proportional to ±ZZ, ±ZX, ±XX.

By Lemma 3.6, we can apply this simulation to each interaction in H in parallel.

Letting H ′ denote the overall simulator Hamiltonian, we finally obtain that, for any ε > 0

and sufficiently large ∆ = poly(‖H‖, 1/η, 1/ε), H ′ is a (∆, η, ε)-simulation of H.

Everything follows through in exactly the same way for the XY interaction. If we

set Hij = XiXj + YiYj and use the same gadget, the ground space is left unchanged. So

the only thing to check is that Xi, Yi, Zi all map the ground space into an eigenspace of

H0 again (which they do!). Then the simulated interactions will be the same up to a

constant factor of 2/3.

Finally, we show that every remaining class of qubit Hamiltonians in Figure 3.3 can

simulate either XY interactions or Heisenberg interactions, implying that they are all

universal too.

Theorem 3.13. Let S be a set of interactions on at most 2 qubits. Assume that there

does not exist U ∈ SU(2) such that, for each 2-qubit matrix Hi ∈ S, U⊗2Hi(U
†)⊗2 =

αiZ
⊗2 +Ai⊗1+1⊗Bi, where αi ∈ R and Ai, Bi are arbitrary single-qubit Hamiltonians.

Then S-Hamiltonians can simulate either {XX+Y Y +ZZ}-Hamiltonians or {XX+Y Y }-
Hamiltonians.

Observe that the assumption in the theorem is equivalent to assuming that the set

formed by extracting the 2-local parts of each interaction in S is not simultaneously

locally diagonalisable. Theorem 3.13 was first proven in [4]. These proofs use different

terminology (e.g. they prove “reductions” rather than “simulations”). However, all the

gadgets used are examples of mediator qubit gadgets or first order subspace encoding

gadgets which, as described in Section 3.2, give simulations in our terminology. We

therefore restrict ourselves here to sketching the arguments of [4]. See [4] for a full proof

of correctness and technical details.

Proof (sketch). The claim follows by chaining together various simulations from [4] in

the same order as used in that work; the sequence of simulations used is illustrated in
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Simulator interaction H Simulated interaction H ′ Gadget

XX + αY Y XX + Y Y Hab +Hbc

XX + αY Y + βZZ XX + α′Y Y Hab −Hbc

XZ − ZX XX + Y Y Hab +Hbc +Hca

Table 3.3: Subspace encodings used in Theorem 3.13. In each case a qubit is encoded
within the ground space of H acting on three qubits labelled a–c. Here α, β, α′ are fixed
nonzero real numbers.

Figure 3.3. Most of the steps of the argument show that, given access to one interaction H,

we can effectively produce another interaction H ′. Three of these are listed in Table 3.3.

These are all simulations of the subspace encoding type, where we encode one logical

qubit within the ground space of a Hamiltonian on 3 physical qubits. The simulations can

be analysed using Lemma 3.3 and, as they are subspace encodings, satisfy the definition of

simulation. By applying the right interactions across qubit triples, we obtain new effective

interactions between logical qubits. The effective interactions produced are calculated

in [4].

A somewhat different case is the interaction H = XX + αY Y + βZZ + A1 + 1A,

where at least one of α and β is nonzero. Here the available interaction corresponds

to one which was considered in Table 3.3, but with an additional 1-local term of some

form. The simulation deletes these 1-local terms by introducing 4 ancilla qubits for

each logical qubit a. Labelling these qubits a–d, it turns out that the ground state of

H0 = Hab+Hcd−Hac−Hbd is unique and maximally-entangled across the (a−c : d) split.

If these four qubits are forced to be in this state, applying a −H interaction between

4 and a corresponds to a −A term applied to a. This allows the local A terms to be

effectively deleted for each H interaction used. The corresponding isometry V attaches 4

ancilla qubits for each of the original qubits, in the ground state of H0. The interaction

H = XZ − ZX + A1 − 1A is similar; here the local part of H can be deleted using

H0 = Hab +Hbc +Hcd +Hda.

Now that these special cases have been dealt with, to complete the argument we need

to consider an arbitrary set S of 2-qubit interactions where there is no U ∈ SU(2) such

that, for each 2-qubit matrix Hi ∈ S, U⊗2Hi(U
†)⊗2 = αiZ

⊗2 + Ai1 + 1Bi. We sketch

the argument and defer to [4] for details.

Any 2-qubit interaction Hi can be decomposed in terms of parts which are symmetric

and antisymmetric under interchange of the qubits on which it acts, and each of these

parts can be extracted by taking linear combinations of Hi and the interaction obtained

by swapping the two qubits; so we can assume that all the interactions in S are either

symmetric or antisymmetric. The 2-local part of any symmetric interaction Hi can be

written as
∑

s,t∈{x,y,z}M
(i)
st σs ⊗ σt for some symmetric 3 × 3 matrix M (i). Define the
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Pauli rank of Hi to be the rank of M (i). If there exists Hi ∈ S with Pauli rank 2, we

consider Hamiltonians produced only using Hi interactions. As discussed in Section 2.3,

by applying local unitaries and up to rescaling and relabelling Pauli matrices, we can

replace Hi with XX +αY Y + βZZ +A1+ 1A for some A, and some α, β ∈ R such that

at least one of them is nonzero. This is the special case we just considered.

Otherwise, all Hi ∈ S have Pauli rank 1; we also know that there must exist Hi, Hj ∈ S
such that the 2-local parts of Hi and Hj do not commute, by the assumptions of the

theorem. This implies that there must exist some linear combination of Hi and Hj which

has Pauli rank at least 2. Considering this linear combination, we are back in the same

special case as before. Finally, the case where S contains an antisymmetric interaction

can be dealt with in a similar way, by using local unitaries to put that interaction into

the previously considered canonical form XZ − ZX +A1− 1A.

3.3.1 Indistinguishable particles

Throughout this work so far, we have only considered Hamiltonians on distinguishable

particles with finite-dimensional Hilbert spaces. As stated, our results – and even the

definitions of Hamiltonian encoding and simulation – do not apply to indistinguishable

particles or infinite-dimensional Hilbert spaces. Extending these definitions to arbitrary

self-adjoint operators on infinite-dimensional Hilbert spaces is beyond the scope of the

present work.1

However, as bosonic and fermionic systems are ubiquitous in many-body physics,

and our main focus is to show that there exist simple, universal quantum models that

are able to simulate the physics of any other physical system, we will address the

question of whether universal spin models such as the Heisenberg- and XY-models can

simulate indistinguishable particles. In fact, the required simulations follow from standard

techniques for mapping fermionic and bosonic operators to spin operators, so we only

sketch the arguments here.

3.3.1.1 Fermions

The canonical anti-commutation relation (CAR) algebra describing fermions is generated

by fermionic creation and annihilation operators ci, c
†
i satisfying {ci, cj} = 0 and {ci, c†j} =

δij (where the subscript indexes different fermionic modes). This algebra is finite-

dimensional (as long as the single-particle Hilbert space is). It is well known that this

algebra can be embedded into an operator algebra acting on a many-qubit system, e.g.

by the well-known Jordan-Wigner transformation: ci = −
⊗

j≤i Zi ⊗
Xi+iYi

2 , where we

1As the definition and characterisation of encodings in particular is very C∗-algebraic in character, it
does not seem too difficult to generalise.
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define some arbitrary total-ordering on the qubits. However, this is not sufficient for

our purposes. It transforms individual fermionic creation or annihilation operators into

operators that act non-trivially on all qubits in the system, so does not give a local

encoding.

The mapping introduced by Bravyi and Kitaev [77] improves this to log n-local

operators (where n is the total number of qubits)2. However, simulating these log n-local

interactions using a universal model with two-body interactions, such as the Heisenberg-

or XY-model, will require local interactions whose norms scale super-polynomially in n.

Whilst this gives a simulation with polynomial overhead in terms of the system size, it is

not strictly speaking efficient according to our definition due to this super-polynomial

scaling of the local interaction strengths.

Both of these mappings produce qubit Hamiltonians with the same number of qubits

as fermionic modes. This is much stronger than required for an efficient simulation in

the the spirit of Definition 2.23, which allows a polynomial overhead in the simulator

system size. The fermion-to-spin mappings studied in [79, 80, 81, 82] preserve locality by

adding additional auxiliary fermionic modes before mapping to qubits, at the expense

of a polynomial system-size overhead. The auxiliary fermions must be restricted to the

appropriate subspace, which can be done by adding strong local terms to the Hamiltonian

(see [80, 79]). (These strong local terms mutually commute, and when transformed to spin

operators become products of Paulis. So these terms in fact form a stabilizer Hamiltonian.)

Together with these strong local terms, this mapping gives a spin Hamiltonian that exactly

reproduces the original fermionic Hamiltonian in its low-energy subspace. The resulting

spin Hamiltonian is local if the simulated fermionic system is a regular lattice Hamiltonian

containing only even products of fermionic creation and annihilation operators [79].

Simulating the resulting spin Hamiltonian using any universal model then gives an

efficient simulation for this important class of fermionic Hamiltonians.

3.3.1.2 Bosons

In the case of bosons, the canonical commutation relation (CCR) algebra, generated by

bosonic creation and annihilation operators ai, a
†
i satisfying [ai, aj ] = 0 and [ai, a

†
j ] = δij ,

is infinite-dimensional. To simulate bosons with spins, one must necessarily restrict to

some finite-dimensional subspace of the full Hilbert space, and only simulate the system

within that subspace. The appropriate choice of subspace will depend on the particular

bosonic system, and which physics one wishes to simulate, so one cannot give a completely

general result here.

2Very recent independent work has given an analysis and comparison of different fermion-to-qubit
mappings [78].
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However, a natural choice will often be to limit the maximum number of bosons

to some finite value N , i.e. to restrict to the finite-dimensional subspace spanned by

eigenstates of the total number operator
∑

i a
†
iai with eigenvalue ≤ N . For systems

containing multiple bosonic modes, we can alternatively limit the maximum number of

bosons in each mode separately, i.e. restrict to the subspace spanned by eigenvectors

with eigenvalue ≤ N for each a†iai individually. (Since [a†iai, a
†
jaj ] = 0, this subspace also

contains the subspace with maximum total number of bosons N .)

In this way, each bosonic mode is restricted individually to a finite-dimensional

subspace that can be represented by the Hilbert space of a qudit. The original bosonic

Hamiltonian restricted to this subspace is clearly equivalent to some Hamiltonian on

these qudits. Furthermore, since [ai, aj ] = [ai, a
†
j ] = [a†i , a

†
j ] = 0 for i 6= j, k-particle

bosonic interactions become k-local interactions on the qudits. The resulting k-local qudit

Hamiltonian can then be simulated by the universal model, as shown in previous sections.

In fact, restricting the bosonic creation and annihilation operators to the finite-particle-

number subspace in this way is a well-known procedure. The equivalent qudit operators

S±i are given by the (exact) Holstein-Primakov transformation [83]:

S+
i =

√
d− 1

√
1−

a†iai
d− 1

ai, S−i =
√
d− 1a†i

√
1−

a†iai
d− 1

. (3.38)

3.3.2 Universal stoquastic simulators

It was previously shown by Bravyi and Hastings [27] that the Ising model with transverse

fields acts as a universal simulator for the class of stoquastic 2-local Hamiltonians. The

transverse Ising model (TIM) corresponds to Hamiltonians which can be written as a

weighted sum of terms picked from the set S = {XX,Z}. A Hamiltonian is said to

be stoquastic if its off-diagonal matrix entries are all nonpositive in the computational

basis [17], see Section 1.6.3 for more about stoquastic Hamiltonians. Bravyi and Hastings

used a slightly different notion of simulation to the one we define here; as discussed in

Section 2.3, the most important difference is that in our notion of simulation, the encoding

operation must be local.

In [27], a sequence of 5 encodings is used to map 2-local stoquastic Hamiltonians

to the transverse Ising model. We check each of the encodings in turn to see that the

encodings are indeed local, so the overall result goes through with our definitions. The

encodings proceed through a succession of other physical models, which we avoid defining

here; see [27] for the details.

The encodings used are:

• TIM simulates HCD on a triangle-free graph: the encoding is the identity map.
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• HCD on a triangle-free graph simulates HCB2: the encoding attaches one additional

qubit v′ to each vertex v, and a qubit for each edge in the interaction graph. Each of

the edge qubits is in the state |0〉, and for each vertex v, |0〉v is encoded as |0〉v |0〉v′ ,
|1〉v is encoded as |1〉v |1〉v′ . This is clearly a local encoding.

• HCB2 simulates HCB1: the encoding attaches poly(n) additional qubits, each in

the state |0〉.

• HCB1 simulates HCB∗1: the encoding is the identity map.

• HCB∗1 simulates 2-local stoquastic Hamiltonians: the encoding maps each qubit to

a subspace of two qubits in a “dual rail” encoding, and attaches some additional

“mediator” qubits in a state which is a product of states of O(1) qubits.

As these encodings are all local, we obtain that the transverse Ising model is a universal

simulator for the class of 2-local stoquastic Hamiltonians.

To extend this simulation to k-local stoquastic Hamiltonians for k > 2, one can

use a result from [17]. This work gave (in our terminology) a simulation of k-local

termwise-stoquastic Hamiltonians with 2-local stoquastic Hamiltonians. The simulation

is efficient for k = O(1). A termwise-stoquastic k-local Hamiltonian H is one for which

the matrices HS occurring in the decomposition H =
∑

S HS , where each subset S of

subsystems on which HS acts is of size at most k, can be taken to be stoquastic. Although

all stoquastic Hamiltonians on n qubits are clearly termwise-stoquastic when viewed as

n-local Hamiltonians, not all stoquastic k-local Hamiltonians are termwise-stoquastic

when viewed as k-local [17]. Thus, using the simulation of [17], we obtain that the

transverse Ising model is a universal simulator for stoquastic Hamiltonians, but the

simulation is only efficient for termwise-stoquastic Hamiltonians.

It is shown in [4], using similar techniques to the proof of Theorem 3.13, that any

family of Hamiltonians built from interactions of the form H = αZ⊗2 +A⊗ 1 + 1⊗B,

where A or B is not diagonal, can simulate TIM Hamiltonians. Thus any family of

Hamiltonians of this form is also a universal stoquastic Hamiltonian simulator.

3.3.3 Classification of two-qubit interactions

We can complete the universality picture for two-qubit interactions by classifying the

interactions into universality families. Combining the result of the previous section with

Theorem 3.13 and a previous classification of universal classical Hamiltonians [33], we

obtain a full classification of universality classes:

Theorem 3.1 (restated). Let S be any fixed set of two-qubit and one-qubit interactions

such that S contains at least one interaction which is not 1-local. Then:
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• If there exists U ∈ SU(2) such that U locally diagonalises S, then S-Hamiltonians

are universal classical Hamiltonian simulators [33];

• Otherwise, if there exists U ∈ SU(2) such that, for each 2-qubit matrix Hi ∈ S,

U⊗2Hi(U
†)⊗2 = αiZ

⊗2 +Ai ⊗ 1 + 1⊗Bi, where αi ∈ R and Ai, Bi are arbitrary

single-qubit Hamiltonians, then S-Hamiltonians are universal stoquastic Hamiltonian

simulators [27, 4];

• Otherwise, S-Hamiltonians are universal quantum Hamiltonian simulators.

We remark that the definition of universal classical simulation used in [33] does not

quite match up with our notion of universal quantum simulation. Similarly to ours, that

work associates a small number of physical qubits with each logical qubit in the simulation.

However, in [33] the sets of physical qubits associated with distinct logical qubits are

allowed to overlap. Also note that, as discussed in Section 3.3.2, the second (stoquastic)

class of universal simulators is only efficient for termwise-stoquastic Hamiltonians.

Since the two-qubit interactions that are not universal must satisfy a non-trivial set

of algebraic constraints, this classification immediately implies that generic two-qubit

interactions are universal, an implication that can be formalised as follows:

Corollary 3.14. Given any measure on the set of two-qubit Hamiltonians with full

support, the subset of universal Hamiltonians has full measure.

3.4 Positive weights

We now focus on restricted families of Hamiltonians which we will denote by S+-

Hamiltonians, where all the interaction coefficients are restricted to be positive. Our

main result in this setting is the following theorem:

Theorem 3.2 (restated). Given a 2-qubit interaction h = αXX + βY Y + γZZ, the

family {h}+-Hamiltonians is either:

i) universal, if α+ β > 0, α+ γ > 0 and β + γ > 0;

ii) stoquastic, otherwise.

Furthermore, if α = −β 6= 0, α + γ > 0 and β + γ > 0, then {h}+-Hamiltonians are

stoquastic-universal. If α = β and γ 6 −|α|, {h}+-Hamiltonian is in P.

The latter part of the theorem can easily be seen to hold under relabelling α, β, γ.

Contrasting with Theorem 3.1, we see that if at least two of α, β, γ are non-zero, then

the corresponding family {h}-Hamiltonians is universal; and so Theorem 3.2 shows that

the restriction of having positive coefficients does indeed make a significant difference to

the simulation power of a family of Hamiltonians.
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Figure 3.5: The simulation power of interactions of the form h = αXX+βY Y +γZZ. The
black line indicates stoquastic-universal interactions. At the origin, {h}+-Hamiltonian
is in P in (a) and (b), and h is classical-universal in (c).

Observe that we can transform any 2-qubit interaction h which is symmetric under

swapping the qubits, and has no 1-local part, into the form required for Theorem 3.2

using local unitaries (see [4] and references therein). Theorem 3.2 thus classifies the

complexity of all symmetric 2-qubit interactions with no 1-local part. We illustrate this

classification in Figure 3.5.

Important special cases of Theorem 3.2 are the antiferromagnetic Heisenberg model

(hHeis = XX + Y Y + ZZ) and the antiferromagnetic XY model (hXY = XX + Y Y ),

which are both shown here to be universal for the first time. Childs, Gosset and Webb

showed that the antiferromagnetic XY interaction is QMA-complete [84], using different

techniques. Their result holds even when the αij coefficients in the decomposition

H =
∑

i,j αijhij are all either 0 or 1, but only at fixed magnetisation (i.e. within a fixed

eigenspace of Z⊗n). Another interesting case which does not fit into the framework of

Theorem 3.2 is the antiferromagnetic transverse Ising model, S = {ZZ,X}. We also show

that the family of {ZZ,X}+-Hamiltonians is stoquastic universal.

3.4.1 The basic gadget

We now describe a second-order perturbative gadget which will be used repeatedly in this

work. Let h = αXX + βY Y + γZZ where α+ β > 0, α+ γ > 0 and β + γ > 0. Consider

a system of n qubits labelled by i ∈ {1, 2, . . . n} along with two extra ancilla qubits a

and b. The strong interaction term H0 is just the interaction h applied to the ancilla

qubits and a constant term to ensure that (H0)−− = 0. This could then be multiplied

by a further constant term to ensure that (H0)++ has all eigenvalues greater than 1, as
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required for Lemmas 3.3-3.5. Then

H0 = 1
2 [hab + (α+ β + γ)I] = (α+ β)|Ψ+〉〈Ψ+|+ (α+ γ)|Φ+〉〈Φ+|+ (β + γ)|Φ−〉〈Φ−|

(3.39)

where |Ψ±〉, |Φ±〉 are the maximally entangled states defined by |Ψ±〉 = |01〉±|10〉√
2

, |Φ±〉 =
|00〉±|11〉√

2
.

In this diagonal form, we see that the conditions α+ β > 0, α+ γ > 0 and β + γ > 0

are exactly what is required for |Ψ−〉 to be the unique ground state of h. Furthermore

it is easy to calculate the inverse of h, which will be necessary to determine the second

order perturbation:

H−1
0 =

1

α+ β
|Ψ+〉〈Ψ+|+ 1

α+ γ
|Φ+〉〈Φ+|+ 1

β + γ
|Φ−〉〈Φ−|.

To define H2, partition the qubits {1, 2, . . . n} into two sets A and B; and let

H2 =
∑
i∈A

λihia +
∑
j∈B

µjhjb.

Note that since |Ψ−〉ab is maximally entangled, (H2)−− = 0. We also need to calculate

(H2)−+, which can be done term by term:

(hia)−+ = αXi|Ψ−〉〈Φ−|ab + iβYi|Ψ−〉〈Φ+|ab − γZi|Ψ−〉〈Ψ+|ab = −(hib)−+

To calculate (H2)+−, simply note that for any Hermitian operator H2, (H2)+− = (H2)†−+.

This is now enough to calculate the second order perturbations. First

(hia)−+H
−1
0 (hia)+− =

(
α2

β + γ
+

β2

α+ γ
+

γ2

α+ β

)
|Ψ−〉〈Ψ−|ab = (hib)−+H

−1
0 (hib)+−

These terms just contribute to an overall energy shift in the Hamiltonian. The following

terms simulate more interesting interactions:

(hia)−+H
−1
0 (hjb)+− =

(
− α2

β + γ
XiXj −

β2

α+ γ
YiYj −

γ2

α+ β
ZiZj

)
|Ψ−〉〈Ψ−|ab

(hia)−+H
−1
0 (hja)+− =

(
α2

β + γ
XiXj +

β2

α+ γ
YiYj +

γ2

α+ β
ZiZj

)
|Ψ−〉〈Ψ−|ab

(hib)−+H
−1
0 (hjb)+− =

(
α2

β + γ
XiXj +

β2

α+ γ
YiYj +

γ2

α+ β
ZiZj

)
|Ψ−〉〈Ψ−|ab

We define

h̃ =
α2

β + γ
XX +

β2

α+ γ
Y Y +

γ2

α+ β
ZZ (3.40)

and will use this notation throughout this Chapter and Chapter 4. Lemma 3.4 tells us

that for large ∆, the Hamiltonian ∆H0 + ∆1/2H2 simulates, up to an overall energy shift,

the following target Hamiltonian:
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A Ba b

Figure 3.6: Interaction graph for the basic gadget. In this figure, as throughout the work,
vertices represent qubits and edges represent interactions. Vertices which are filled in
represent qubits between which we would like to produce effective interactions, while
vertices not filled in represent ancilla qubits. Thick lines represent strong interactions,
while thin lines represent weak interactions.

Htarget =
∑

i∈A,j∈B
λiµj h̃ij −

∑
i,j∈A

λiλj h̃ij −
∑
i,j∈B

µiµj h̃ij

The gadget is illustrated in Figure 3.6. We see that a positive interaction is simulated

between any two target qubits connected to opposite ancilla qubits and a negative

interaction is simulated between any two target qubits connected to the same ancilla

qubit.

Antisymmetric case

We will also use a similar gadget for antisymmetric interactions H. A general 2-local

antisymmetric interaction has the form XZ − ZX up to normalisation. We will use the

following basis, in which XZ − ZX is diagonal:

|ψ0〉 =
|00〉+ |01〉 − |10〉+ |11〉

2
, |ψ1〉 =

|00〉+ |01〉+ |10〉 − |11〉
2

|ψ2〉 =
−|00〉+ |01〉+ |10〉+ |11〉

2
, |ψ3〉 =

|00〉 − |01〉+ |10〉+ |11〉
2

.

We consider a Hamiltonian with the same interaction graph as in Figure 3.6. As

before, the strong interaction term H0 acts on a pair of ancilla qubits labelled a and b,

where

H0 = 1
2(XaZb − ZaXb + 2I) = |ψ1〉〈ψ1|+ |ψ2〉〈ψ2|+ 2|ψ3〉〈ψ3|.

And as before the other terms will be of the form

H2 =
∑
i∈A

λi(XaZi − ZaXi) +
∑
j∈B

µj(XbZj − ZbXj).

Note that (XaZi − ZaXi)−− = 0 = (XbZi − ZbXi)−− for all i, so (H2)−− = 0. To

work out the second order terms, we first calculate

(XaZi − ZaXi)+− = Zi|ψ2〉〈ψ0|ab −Xi|ψ1〉〈ψ0|ab
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(XbZi − ZbXi)+− = Zi|ψ1〉〈ψ0|ab +Xi|ψ2〉〈ψ0|ab

So the second order terms are

(XaZi−ZaXi)−+H
−1
0 (XaZi−ZaXi)+− = 2|ψ0〉〈ψ0|ab = (XbZi−ZbXi)−+H

−1
0 (XbZj−ZbXj)+−

which just contribute an overall energy shift, and

(XaZi − ZaXi)−+H
−1
0 (XaZj − ZaXj)+− = (XiXj + ZiZj)|ψ0〉〈ψ0|ab

(XaZi − ZaXi)−+H
−1
0 (XbZj − ZbXj)+− = (ZiXj −XiZj)|ψ0〉〈ψ0|ab

which allows us to simulate an XX + ZZ interaction between qubits connected to the

same ancilla qubit, and a ZX −XZ interaction between qubits connected to opposite

ancilla qubits. That is, by Lemma 2, the Hamiltonian Hsim = ∆H0 + ∆1/2V simulates

the target Hamiltonian

Htarget =
∑

i∈A,j∈B
λiµj(XiZj−ZiXj)−

∑
i,j∈A

λiλj(XiXj +ZiZj)−
∑
i,j∈B

µiµj(XiXj +ZiZj).

3.4.2 Universal interactions with positive weights

We now have all the ingredients we need to prove Theorem 3.2.

Lemma 3.15. Given a purely 2-local symmetric interaction h, which can be written in

the form αXX + βY Y + γZZ, the family of {h}+-Hamiltonians is either:

i) universal, if α+ β > 0, α+ γ > 0 and β + γ > 0

ii) stoquastic, otherwise.

Proof. First we show that for case ii) the interaction H is stoquastic, in the correct choice

of basis, and hence that the Hamiltonian in {h}+-Hamiltonians is stoquastic. Indeed,

by a local change of basis on each qubit, we can relabel X,Y, and Z interchangeably.

Therefore without loss of generality we can assume that α 6 β 6 γ. We have

h = αXX + βY Y + γZZ =


γ 0 0 α− β
0 −γ α+ β 0

0 α+ β −γ 0

α− β 0 0 γ

 .

Looking at the matrix elements of h, the only off-diagonal elements that could be positive

are those equal to α+ β, but since we are not in case i) and α 6 β 6 γ, we must have

that α+ β 6 0. So all off-diagonal elements are non-positive, which is the definition of a

stoquastic Hamiltonian.
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Now we consider case i). We show the interaction is universal, by showing we can use

the basic gadget from Section 3.4.1 to simulate any Hamiltonian which is a sum of terms

of the form

h̃ =
α2

β + γ
XX +

β2

α+ γ
Y Y +

γ2

α+ β
ZZ

with both positive and negative weights. Observe that, as α + β > 0, α + γ > 0 and

β+γ > 0, h̃ is a sum of at least 2 Pauli terms. Therefore by Theorem 3.1, {h̃}-Hamiltonians

are universal.

For each desired interaction between two of the n target qubits we wish to simulate,

we add a pair of ancillary qubits, resulting in a total of at most n+ 2n(n− 1)/2 = n2

physical qubits. Suppose for example that we wished to simulate an interaction between

target qubits 1 and 2. Then we introduce a pair of ancilla qubits a12 and b12 and apply

a strong ∆ha12b12 interaction between them. Then if we wish to simulate a positive

interaction we use a second order perturbation term V = h1a12 + hb122; or for a negative

interaction we use V = h1a12 + ha122. As shown in Section 3.4.1, this will simulate the

interactions h̃12 and −h̃12 respectively.

These gadgets can then all be applied in parallel, as shown by Lemma 3.6.

Of those interactions which are stoquastic, there are some for which {h}+-Hamiltonian

is trivially contained in P. In particular, this holds when |00〉 is the ground state of h.

In this case the state |000 . . . 0〉 is the ground state for any Hamiltonian of the form

Htot =
∑

ij λijhij , with energy 〈00|h|00〉
∑

ij λij .

Since |Φ±〉 and |Ψ±〉 are always eigenstates with energies as in eqn. (3.39), the state

|00〉 is a ground state when both |Φ+〉 and |Φ−〉 have the smallest energy. That is, when

α+ γ = β + γ 6 min(0, α+ β)

which is equivalent to

α = β and γ 6 −|α|.

Therefore for any interaction h which is, up to normalisation and relabelling X,Y, Z, of

the form α(XX + Y Y )− ZZ for |α| 6 1, the problem {h}+-Hamiltonian is contained

in P.

3.4.3 Antiferromagnetic TIM

It remains to prove the stoquastic universal part of Theorem 3.2. Before we do so, we

prove a related but somewhat simpler result about the Transverse Ising Model (TIM).

This model consists of local interaction terms of the form ZZ and X:

H =
∑
i,j

αijZiZj +
∑
k

βkXk
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It may be assumed that βk is non-negative for all k, by conjugating all qubits for which

βk < 0 by Z. This leaves the ZZ part of the Hamiltonian unchanged, and flips the sign

of the affected βk. The problem of finding the ground-state energy of this Hamiltonian

was shown to be StoqMA-complete when both positive and negative signs are allowed

for αij , by Bravyi and Hastings [27]. However Bravyi [37] also showed that if αij 6 0

for all i, j, then there is a polynomial-time probabilistic classical algorithm to find the

ground-state energy (and even to approximate the partition function), so the problem

{−ZZ,X}+-Hamiltonian is in BPP.

We therefore focus on the antiferromagnetic case, where αij > 0 for all i, j.

Theorem 3.16. {ZZ,X}+-Hamiltonians are stoquastic universal and can efficiently

simulate all termwise stoquastic Hamiltonians.

Proof. Bravyi and Hastings [27] effectively showed that {ZZ,X}-Hamiltonians are

stoquastic universal and can efficiently simulate all termwise stoquastic Hamiltonians, see

Section 3.3.2. It will therefore suffice to show that {ZZ,X}+-Hamiltonians can simulate

{ZZ,X}-Hamiltonians. We do this by encoding logical qubits in the two dimensional

ground space of ZZ, which is span{|01〉, |10〉}. We label logical states and operators with

a L superscript, identifying |0L〉 = |Ψ−〉 and |1L〉 = |Ψ+〉, and associate each logical qubit

i with physical qubits ia and ib. We will use operators of the following form to simulate

±XLXL and ZL.

H0 =

n∑
i=1

1
2 (ZiaZib + I) =

n∑
i=1

|00〉〈00|i + |11〉〈11|i

H1 =
∑

i,j:λij>0

λijZiaZja +
∑

i,j:λij<0

−λijZiaZjb

H2 =
∑
i

µi (Xia +Xib)

Calculating the first order perturbations gives:

(ZiaZja)−− = (|Ψ+〉〈Ψ−|i + |Ψ−〉〈Ψ+|i)⊗ (|Ψ+〉〈Ψ−|j + |Ψ−〉〈Ψ+|j) = XL
i X

L
j

(ZiaZjb)−− = (|Ψ+〉〈Ψ−|i + |Ψ−〉〈Ψ+|i)⊗ (−|Ψ+〉〈Ψ−|j − |Ψ−〉〈Ψ+|j) = −XL
i X

L
j .

This is how it is possible to simulate both XX and −XX. Note that (Xia)−− = 0 =

(Xib)−− for all i, so H2 has no first order contribution. To calculate the second order

perturbations for H2, we first show

(Xia +Xib)+− = (|00〉+ |11〉)(〈01|+ 〈10|)i = 2|Φ+〉〈Ψ+|i
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so

(Xia +Xib)−+H
−1
0 (Xia +Xib)+− = 4|Ψ+〉〈Ψ+|i = 2(I − ZLi )

Therefore, by Lemma 3.4, the Hamiltonian Hsim = ∆H0 + ∆1/2H2 +H1 simulates the

target Hamiltonian:

Htarget =
∑
i,j

λijXiXj +
∑
i

2µi(I − Zi).

Relabelling X and Z gives the general TIM Hamiltonian, which was shown to be stoquastic

universal in [27], see Section 3.3.2.

3.4.4 The case h = XX − Y Y + γZZ for γ > 1

We finally show that the remaining cases on the boundary of the stoquastic region are

also stoquastic universal, also by showing they can simulate the transverse Ising model.

The proof is similar to the previous section.

In the case where α = 1 = −β and γ > 1, then both |Ψ−〉 and |Ψ+〉 are ground states

for the interaction h. Therefore we can take a system of 2n qubits labelled by ia and ib

for i = 1, 2, . . . n, and let

H0 =

n∑
i=1

1
2 (hia,ib + γI) =

n∑
i=1

(γ + 1)|Φ+〉〈Φ+|i + (γ − 1)|Φ−〉〈Φ−|i

H1 =
1

γ

∑
i,j:λij>0

λijhia,ja +
1

γ

∑
i,j:λij<0

−λijhia,jb

H2 =
∑
i,j

µij (hia,ja + hia,jb)

The encoding E encodes a logical qubit into each pair of qubits, with |0L〉 = |Ψ−〉 and

|1L〉 = |Ψ+〉.

Calculating the perturbations to first order gives, similarly to before,

(hia,ja)−− = γ(|Ψ+〉〈Ψ−|i + |Ψ−〉〈Ψ+|i)⊗ (|Ψ+〉〈Ψ−|j + |Ψ−〉〈Ψ+|j) = γXL
i X

L
j

(hia,jb)−− = γ(|Ψ+〉〈Ψ−|i + |Ψ−〉〈Ψ+|i)⊗ (−|Ψ+〉〈Ψ−|j − |Ψ−〉〈Ψ+|j) = −γXL
i X

L
j .

Therefore (H1)−− =
∑

i,j λijX
L
i X

L
j , and (H2)−− = 0. To calculate the second order

contribution of H2, consider just one term, V = hia,ja + hia,jb :

V+− = 2(|Φ+〉|Φ−〉 − |Φ−〉|Φ+〉)〈Ψ−|〈Ψ+|+ 2(|Φ+〉|Φ+〉 − |Φ−〉|Φ−〉)〈Ψ+|〈Ψ+|

Since |Φ+〉|Φ−〉 and |Φ−〉|Φ+〉 both have energy 2γ with respect to the Hamiltonian

H0; and |Φ+〉|Φ+〉 and |Φ−〉|Φ−〉 have energies 2γ + 2 and 2γ − 2 respectively, we get:
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V−+H
−1
0 V+− =

(
1

2γ
+

1

2γ

)
4|Ψ−〉|Ψ+〉〈Ψ−|〈Ψ+|+

(
1

2γ + 2
+

1

2γ − 2

)
4|Ψ+〉|Ψ+〉〈Ψ+|〈Ψ+|

=
4

γ
|0L1L〉〈0L1L|+ 4γ

γ2 − 1
|1L1L〉〈1L1L| = 1

γ(γ2 − 1)

(
ZL − (2γ2 − 1)I

)
⊗ (ZL − I)

Then by Lemma 3.4, the total Hamiltonian Hsim = H0 + ∆H1 + ∆1/2H2 simulates

the Hamiltonian

Htarget =
∑
i,j

λijXiXj − µ2
ij

1

γ(γ2 − 1)

(
Z − (2γ2 − 1)I

)
i
(Z − I)j

and so we can implement any Hamiltonian which consists of interactions XX and

F (γ) = −(Z − (2γ2 − 1)I)(Z − I). Simulating a TIM Hamiltonian requires one further

round of perturbation theory to simulate Z interactions. We add an extra pair of ancilla

qubits with a strong F (γ) interaction applied between them to project them into the

ground state |11〉. Then we apply F (γ) between one of these ancilla qubits and another

qubit, to simulate a Z interaction to this qubit.

This completes the proof of Theorem 3.2, which we restate here:

Theorem 3.2 (restated). Given a 2-qubit interaction h = αXX + βY Y + γZZ, the

family {h}+-Hamiltonians is either:

i) universal, if α+ β > 0, α+ γ > 0 and β + γ > 0;

ii) stoquastic, otherwise.

Furthermore, if α = −β 6= 0, α + γ > 0 and β + γ > 0, then {h}+-Hamiltonians are

stoquastic-universal. If α = β and γ 6 −|α|, {h}+-Hamiltonian is in P.

3.5 Consequences of universality

We finally discuss some implications of our results for quantum computation.

3.5.1 Local Hamiltonian problem

The techniques we have used for constructing most of the non-trivial simulations in this

work, for example perturbative gadgets, have come from the Local Hamiltonian problem

literature. Here, we observe that the connection also goes in the opposite direction:

simulations correspond to reductions for the Local Hamiltonian problem.

Lemma 3.17. Let F ′ be a family of Hamiltonians which can efficiently simulate another

family of Hamiltonians F . Then the local Hamiltonian problem for Hamiltonians from F
is at least as hard as the local Hamiltonian problem for Hamiltonians from F .
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Proof. Let (H, a, b) be an instance of the Local Hamiltonian problem for a Hamiltonian

H ∈ F with thresholds a, b satisfying b − a > 1/ poly(n). By the definition of efficient

simulation (Definition 2.23), one can find a simulator Hamiltonian H ′ ∈ F ′ in time

O(poly(n, 1/ε, 1/η)). By Lemma 2.27 the eigenvalues are preserved up to error ε. Choosing

ε = (b − a)/3 and new thresholds a′ = a + (b − a)/3, b′ = b − (b − a)/3 will suffice to

prove that (H ′, a′, b′) is a YES (resp. NO) instance of the Local Hamiltonian problem if

(H, a, b) is a YES (resp. NO) instance.

Since it is known that the Local Hamiltonian problem is QMA-complete in general

[13], Lemma 3.17 straightforwardly leads to the following corollary:

Corollary 3.18. Let F be a family of Hamiltonians which is efficiently universal. Then

the Local Hamiltonian problem is QMA-complete, even when restricted to Hamiltonians

from the family F .

We therefore recover the complexity classification of 2-local qubit interactions as a

corollary of Theorem 3.1. In the third case, we observe that StoqMA is the class charac-

terised by the local Hamiltonian problem for stoquastic Hamiltonians, see Section 1.5.2.

Theorem 1.5 (restated) (Cubitt and Montanaro [4], Bravyi and Hastings [27]). Let S
be an arbitrary fixed subset of Hermitian matrices on at most 2 qubits. Then:

• If every matrix in S is 1-local, S-Hamiltonian is in P;

• Otherwise, if there exists U ∈ SU(2) such that U diagonalises all 1-qubit matrices

in S, and U⊗2 diagonalises all 2-qubit matrices in S, then S-Hamiltonian is

NP-complete;

• Otherwise, if there exists U ∈ SU(2) such that, for each 2-qubit matrix Hi ∈ S,

U⊗2Hi(U
†)⊗2 = αiZ

⊗2 +AiI + IBi, where αi ∈ R and Ai, Bi are arbitrary single-

qubit Hermitian matrices, then S-Hamiltonian is StoqMA-complete;

• Otherwise, S-Hamiltonian is QMA-complete.

We can also combine Lemma 3.17 and Theorem 3.2 to obtain new results about the

Local Hamiltonian problem for Hamiltonians of interactions h with positive coefficients -

we denote this problem by {h}+-Hamiltonian.

Theorem 3.19. Given a 2-qubit interaction h = αXX + βY Y + γZZ, the family

{h}+-Hamiltonians is either:

i) QMA-complete, if α+ β > 0, α+ γ > 0 and β + γ > 0;
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ii) in StoqMA, otherwise.

Furthermore, if α = −β 6= 0, α + γ > 0 and β + γ > 0, then {h}+-Hamiltonian is

StoqMA-complete. If α = β and γ 6 −|α|, {h}+-Hamiltonian is in P.

3.5.2 Quantum computation by simulation

We can connect universal quantum Hamiltonians to universality for quantum computation.

Many constructions are now known (e.g. [85, 86, 87, 88, 89, 90]) which show that

Hamiltonian simulation is sufficient to perform universal quantum computation. Indeed,

this was already shown for universal classical computation by Feynman [91], and his

construction can easily be extended to quantum computation. See [92] for much more on

this “Hamiltonian quantum computer” model, and many further references.

One representative example is a result of Nagaj [87], who showed that for any

polynomial-time quantum computation on n qubits there is a 2-local Hamiltonian H on

poly(n) qubits with ‖H‖ = O(poly(n)), a time t = O(poly(n)), and an easily constructed

product state |φ0〉, such that the output of the computation can be determined (with

high probability) by applying e−iHt to |φ0〉 and measuring the resulting state |φt〉 in the

computational basis. The description of H can be constructed in polynomial time.

Because of the strong consequences of universality, we can use universal Hamiltonians

to simulate an encoded version of H. Let F be an efficiently universal family of qubit

Hamiltonians (see Definition 2.23). For simplicity, assume further that the efficiently

constructable state in Definition 2.23 is |00 . . . 0〉, i.e. P |00 . . . 0〉 = |00 . . . 0〉. This is the

case for all the simulations constructed in this paper. Our definition of efficient simulation

then implies that, for any polynomial-time quantum computation on n qubits, there is a

protocol of the following form to obtain the output of the computation:

1. Prepare a pure state U |φ0〉 |0〉⊗m of poly(n) qubits, for some encoding map U such

that U is a product of unitaries, each of which acts on O(1) qubits.

2. Apply e−iH
′t for some Hamiltonian H ′ ∈ F such that ‖H ′‖ = poly(n), and some

time t = poly(n).

3. Decode the output by applying U †.

4. Measure the resulting state in the computational basis.

Observe that the first and third steps can be implemented by quantum circuits of depth

O(1). By universality of F , there exists H ′ ∈ F such that H ′ is a (∆, η, ε)-simulation of

H for arbitrary ε > 0. By Corollary 2.30, if we take η, ε = 1/ poly(n) and evolve according

to H ′ for time t = poly(n), the resulting state |ψ〉 is distance 1/ poly(n) from an encoded

version of e−iHt |φ0〉; call that state Estate(φt). By Proposition 2.5, the expectation of
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any encoded measurement operator E(A) applied to Estate(φt) is the same as that of A

applied to φt. Thus applying U † to E(φt) in order to undo E , and then measuring in the

computational basis, would result in the same distribution on measurement outcomes as

measuring φt in the computational basis. So the distribution obtained by measuring in

step (iv) is close (i.e. at total variation distance 1/ poly(n)) to the distribution that would

have been obtained from the measurement at the end of the simulated computation.

Thus our results show that these steps, together with time-evolution according to appar-

ently rather simple interactions are sufficient to perform arbitrary quantum computations.

For example, time-independent Heisenberg interactions with a carefully crafted pattern

of coupling strengths, but no additional types of interaction, are sufficient for universal

quantum computation; the same holds for XY interactions. Note that a similar statement

was already known for the case of time-dependent Heisenberg interactions [93, 94]: the

proof of universality there was also based on encoding, though made substantially simpler

by the additional freedom afforded by time-dependence. Also note that, though not

stated explicitly there, universality of the Heisenberg interaction on arbitrary graphs for

quantum computation should follow from the techniques in [88]. Universality of the XY

interaction for quantum computation, when augmented by some additional restricted

types of interactions, was shown in [88, 89, 90].

In the next chapter, we will show that any universal set of 2-qubit interactions

can efficiently simulate any spatially sparse Hamiltonian, even if all interactions in the

simulator Hamiltonian occur on a square lattice. As there exist families of spatially sparse

Hamiltonians which are universal for quantum computation (e.g. [95, 14]) this implies

that these interactions remain universal for quantum computation on a square lattice.

For example, Heisenberg interactions are universal for quantum computation even when

restricted to a 2D square lattice; as are XY interactions.

The converse perspective on this is that these Hamiltonians are more complicated to

simulate than one might have previously thought. Following Lloyd’s original quantum

simulation algorithm [12], a number of works have developed more efficient algorithms for

quantum simulation, whether of general Hamiltonians [48, 50] or Hamiltonians specific

to particular physical systems, such as those important to quantum chemistry [96, 97].

However, although these algorithms use very different techniques, one property which

they share is that they are highly sequential; to simulate a Hamiltonian on n qubits for

time t, each of the algorithms requires a quantum circuit of depth poly(n, t). Quantum

simulation is predicted to be one of the earliest applications of quantum computers, yet

maintaining coherence for long times is technically challenging. So it would be highly

desirable for there to exist a Hamiltonian simulation algorithm with low depth; for

example, an algorithm whose quantum part consisted of a quantum circuit of depth

poly(log(n)).
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Our results give some evidence that such a simulation algorithm is unlikely to exist,

even for apparently very simple Hamiltonians such as the Heisenberg model. If there

existed a Hamiltonian simulation algorithm for simulating a Heisenberg Hamiltonian on

n qubits for time t, whose quantum part were depth poly(log(n, t)), then the quantum

part of any polynomial-time quantum computation on n qubits could be compressed

to depth poly(log(n)). This can be seen as a complexity-theoretic analogue of a query

complexity argument [48] that lower-bounds the time to simulate an arbitrary sparse

Hamiltonian. Unlike the query complexity approach, using computational complexity

theory gives evidence for hardness of simulating explicitly given local Hamiltonians. In

complexity-theoretic terms, our results show that, roughly speaking3, simulating any

universal class of Hamiltonians is BQP-complete under QNC0 reductions, where BQP is

the complexity class corresponding to polynomial-time quantum computation, and QNC0

is the class of depth-O(1) quantum circuits.

3.5.3 Adiabatic quantum computation

The model of adiabatic quantum computation allows arbitrary polynomial-time quantum

computations to be performed in the ground state of a family of Hamiltonians [98]. A

continuously varying family of Hamiltonians H(t) is used, where 0 6 t 6 1. H(0) and

H(1) are chosen such that the ground state of H(0) is easily prepared, while the ground

state of H(1) encodes the solution to some computational problem. For example, it could

be the computational history state [13] encoding the entirety of a polynomial-length

quantum computation. At time t = 0, the system starts in the ground state of H(0). If

the rate of change of t is slow enough, the system remains in its ground state throughout,

and at time t = 1 the solution can be read out from the state by measuring in the

computational basis. In order to perform the adiabatic computation in time poly(n), it is

sufficient that the spectral gap of H(t) is at least δ for all t, for some δ > 1/poly(n), and

that ‖H(t)‖ and ‖ ddtH(t)‖ are upper-bounded by poly(n) for all t [99].

It was shown in [40] that universal adiabatic quantum computation can be achieved

using 2-local Hamiltonians. Here we argue, following a similar argument for stoquastic

Hamiltonians [27], that any of the classes of universal Hamiltonian we have considered

here can perform adiabatic quantum computation, given the ability to perform local

encoding and decoding unitary operations before and after the adiabatic evolution.

3This statement is only approximately true, for several reasons. The Hamiltonian simulation problem
as we have defined it is intrinsically quantum: the task is to produce the state e−iHt |ψ〉, given an input
state |ψ〉. To formalise this complexity-theoretic claim, one would have to define a suitable notion of
quantum reductions which encompassed such “state transformation” problems. And technically, the
hardness result we prove is that the Hamiltonian simulation problem is at least as hard as PromiseBQP,
the complexity class corresponding to determining whether measuring the first qubit of the output of a
quantum computation is likely to return 0 or 1, given that one of these is the case. We choose to omit a
discussion of these technical issues.
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Let H(t) be a family of Hamiltonians used to implement an adiabatic quantum

computation. For each t we define H ′(t) to be a (∆, η, ε)-simulation of H(t) using one of

the previously discussed classes of universal simulators, where η, ε 6 n−c for a sufficiently

small constant c, and let V (t) be the corresponding local isometry. From the definition of

universal simulation, and the fact that the simulations increase the norm of the simulated

Hamiltonian by at most a poly(n) factor, H ′(t) has spectral gap at least δ − 1/ poly(n)

and ‖H ′(t)‖ = O(poly(n)). The ground state of H ′(0) can be prepared efficiently by

applying V (0) to the ground state of H(0), and the ground state of H ′(1) can be read off

efficiently by applying V †(1) and measuring in the computational basis.

It remains to show that ‖ ddtH
′(t)‖ = O(poly(n)). The map H(t) 7→ H ′(t) could in

principle introduce singularities, as implementing an effective interaction of weight α using

a second-order perturbative reduction requires weights whose scaling with α is α1/2, so

for α→ 0 the derivative becomes infinite; a similar issue applies to third-order reductions.

This can be avoided, for example, by choosing a cutoff αmin, and forming a Hamiltonian

H̃ by replacing each weight α in the original Hamiltonian H with α̃ = sgn(α)
√
α2 + α2

min.

If αmin is sufficiently small (yet still inverse-polynomial in n), ‖H̃ −H‖ 6 n−c
′

for an

arbitrarily large constant c′, and also ‖ ddtH̃
′(t)‖ = O(poly(n)).

3.6 Conclusions

We close by highlighting some of the limitations of our results, and possible future

directions.

From the analogue Hamiltonian engineering perspective, our results show that surpris-

ingly simple types of interactions suffice for building a universal Hamiltonian simulator.

Together with the ability to prepare simple initial states, these would even suffice to

construct a universal quantum computer, or to perform universal adiabatic quantum

computation. (However, error correction and fault-tolerance, which are essential for

scalable quantum computation, would require additional active control.) The converse

point of view is that, as these apparently restrictive models turn out to be universal,

simulating them on a quantum computer may be more difficult than previously thought.

Furthermore, our mathematical constructions require extremely precise control over

the strengths of individual local interactions across many orders of magnitude. Though

some degree of control is possible in state-of-the-art experiments [53, 54], the requirements

of our current universal models are beyond what is currently feasible. On the other hand,

it is already possible to experimentally engineer more complex interactions than those we

have shown to be universal. Now we have shown that universal models exist, and need

not be extremely complex, it may be possible to construct other universal models tailored

to particular experimental setups.
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From a fundamental physics perspective, an important limitation of our current results

is that our universal models are not translationally invariant. Although we show there are

universal models in which all interactions have an identical form, our proofs rely heavily

on the fact that the strengths of these interactions can differ from site to site. Classic

results showing that local symmetries together with translational-invariance can restrict

the possible physics [100, 101] suggest breaking translational-invariance may be crucial

for universality. On the other hand, much of the intuition for our proofs comes from

Hamiltonian complexity, where recent results have shown that translational-invariance is

no obstacle to complexity [22, 45].

In light of our results, determining the precise boundary between simplicity and

universality in quantum many-body physics is now an important open question for future

research.
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Chapter 4

Hamiltonians with restricted

interaction graphs

In this chapter we consider Hamiltonians with restricted interaction (hyper)graphs.

We show that the qubit Heisenberg and XY interactions are universal, even when the

interactions of the simulator Hamiltonian are restricted to the edges of a translationally

invariant graph G embedded in RD. Furthermore the simulation is efficient as long

as there are no long-range interactions between qudits of the target system in RD – a

property we call geometric locality, which is a generalisation of spatial sparsity [14].

We then classify which interactions are universal in the special cases when G is either

the 2D square lattice and the 2D triangular lattice. Finally we consider the consequences

of these results for the Local Hamiltonian problem, obtaining novel QMA-completeness

results. For example we show that the antiferromagnetic XY or antiferromagnetic

Heisenberg interactions are QMA-complete, even when restricted to the edges of a

triangular lattice.

This Chapter is based on [1], apart from Section 4.3 which is based on [3], and Sections

4.4 and 4.5 which are new.

4.1 Introduction

We now consider Hamiltonians whose interactions are restricted such that it is no longer

the case that any two qudits can interact. This may seem like a strange condition when

taking the computer science viewpoint of Hamiltonians as generalisations of objective

functions for CSPs. But from a physics perspective, this is a very natural condition,

particularly when modelling condensed matter systems, where spins are arranged in

physical space and are only able to interact with other spins that are nearby.

Up to now, we have not assumed anything about the spatial locality of the Hamiltonians
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we are simulating, nor the simulator Hamiltonians. Remember that the definition of a k-

local Hamiltonian allows interactions between any subset of k qudits in the system. Indeed,

even if the target Hamiltonian has a rather simple spatial structure – for example, is a

lattice Hamiltonian – this structure need not be preserved in the simulator Hamiltonian.

We now show that in certain cases we can find universal simulators where all interactions

take place on a square lattice. The price paid for simulating general Hamiltonians in this

way (for example, those with long-range interactions) is an exponential increase in the

weights required in the simulator. However, when the target Hamiltonian is spatially

sparse (a class which encompasses all 2D lattice Hamiltonians), this exponential increase

can be avoided, by using the techniques developed by Oliveira and Terhal in [14].

We generalise the idea of spatial sparsity to any number of spatial dimensions D with

the notion of geometric locality. We say a Hamiltonian is geometrically local in RD if

the qudits can be embedded in RD with no long-range interactions. This definition is

discussed in far more detail in Section 4.4. By adapting the methods of [14], we are able

to show that geometrically local Hamiltonians are exactly those which can be efficiently

simulated by families of Hamiltonians whose interactions are also spatially restricted.

This gives the main result of this chapter, Theorem 4.1:

Theorem 4.1. Let G be a connected translationally invariant graph embedded in RD for

D > 2. Let S contain {XX + Y Y + ZZ} or {XX + Y Y }. Then S-Hamiltonians are

universal and can efficiently simulate all geometrically local Hamiltonians in RD, even

when the interactions of the simulator Hamiltonian are restricted to the edges of G.

We then consider more specific restricted interaction graphs, in particular the 2D

square lattice and the 2D triangular lattice, but with different two qubit interactions.

With a lot more perturbative gadgetry we are able to translate the universality results of

Theorem 3.1 and Theorem 3.2 to the square lattice and triangular lattice respectively, to

obtain Theorem 4.2 and Theorem 4.3.

Theorem 4.2. Let h be a 2-local qubit interaction with Pauli rank at least 2. Then

{h}-Hamiltonians are universal, and can efficiently simulate all geometrically local Hamil-

tonians in 2D, even when restricted to the edges of the 2D square lattice.

Theorem 4.3. Let h = αXX+βY Y +γZZ be a 2-qubit interaction such that α+β > 0,

α+ γ > 0, β+ γ > 0. Then {h}+-Hamiltonians are universal, and can efficiently simulate

all 2D geometrically local Hamiltonians, even when restricted to the edges of the 2D

triangular lattice.

We remark that the conditions for universality of h in Theorem 4.2 and Theorem 4.3

are exactly the same as those in Theorem 3.1 and Theorem 3.2. These results can therefore
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be interpreted as saying that all of the interactions known to be universal in Theorem 3.1

and Theorem 3.2, remain universal even with these restricted interaction graphs.

Note that the 2D square lattice is a subgraph of the 2D triangle lattice and so

the results of Theorem 4.2 also trivially hold for Hamiltonians restricted to the edges

of a triangular lattice. But we do not expect the results of Theorem 4.3 to hold for

Hamiltonians on a square lattice because the square lattice is bipartite. This allows one

to do a basis change on all qubits on one side of the partition, effectively performing a

basis change on one qubit of the interaction h. This is enough to take any interaction h

satisfying the conditions of Theorem 4.3 into a form that is clearly stoquastic, and we do

not expect stoquastic Hamiltonians to be universal.

Finally in Section 4.8, we recall that Lemma 3.17 states that efficent simulations

preserve hardness of the Local Hamiltonian problem, and consider the consequences of

our results. Oliveira and Terhal introduced spatially sparse Hamiltonians in order to show

that the Local Hamiltonian problem is QMA-complete for qubit Hamiltonians restricted

to the edges of a 2D square lattice, by first showing that it is QMA-complete when

restricted to spatially sparse interaction graphs [14]. Therefore the Local Hamiltonian

problem is QMA-complete for all the families of Hamiltonians that can efficiently simulate

all geometrically local Hamiltonians in 2D.

None of these QMA-completeness results on lattices were previously known. Important

special cases include the antiferromagnetic Heisenberg and XY interactions on a triangular

lattice and Heisenberg and XY interactions on a 2D square lattice.

Let G be a graph. We will use the notation SG-Hamiltonians to denote the family

of S-Hamiltonians whose interactions are restricted to the edges of G. Equivalently, the

interaction graph of any Hamiltonian in SG-Hamiltonians must be a subgraph of G. We

similarly define S+
G -Hamiltonians to be the family of S+-Hamiltonians whose interactions

are restricted to the edges of G

4.2 Mediator qubit gadgets

In [14], Oliveira and Terhal develop “subdivision”, “fork” and “crossing” gadgets involving

a mediator qubit, as in Section 3.2.2. Recall that this is an ancilla qubit a, which is

projected into the state |0〉 by a strong H0 = I − Z interaction, such that when 2-local

terms are applied, such as H2 = h1a + h2a, second order perturbation theory gives an

effective interaction between qubits 1 and 2, even though there is no direct interaction

between them. This allows one to simulate more general Hamiltonians using a Hamiltonian

with a restricted interaction graph.

The subdivision gadget simulates an XX interaction between two non-interacting

qubits a, b using a mediator qubit e, as pictured in Figure 4.1a. This can be used O(log k)
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times in series to simulate an interaction between two qubits separated by k qubits. The

fork gadget simulates the interactions XaXb +XaXc using only one interaction involving

qubit a, as pictured in Figure 4.1b. This can be used multiple times in parallel to reduce

the degree of the vertex a in the interaction graph. The crossing gadget is used to simulate

XaXc +XbXd, for 4 qubits a, b, c, d arranged as shown in Figure 4.1c, via an interaction

graph that has no crossings.

a be

a b

(a) Subdivision gadget

b c

e

a

b c

a

(b) Fork gadget

a b

e

cd

a b

cd

(c) Crossing gadget

Figure 4.1: Subdivision, fork and crossing gadgets from [14]. In each case the top
interaction pattern is simulated using the gadget underneath. White vertices denote
mediator qubits with strong 1-local terms applied.

These gadgets are formally presented in the following lemma:

Lemma 4.4. [14] Let H0 = |1〉〈1|e = (I − Ze)/2 and λ, µ ∈ R. Let ε, η > 0 and let

∆� 1
ε2

+ 1
η2 . Then ∆H0 + ∆

1
2H2 +H1 (∆/2, ε, η)-simulates the following interactions:

1. λXaXb when H2 = XaXe − λXbXe and H1 = 0.

2. λXaXb + µXaXc when H2 = XaXe − λXbXe − µXcXe and H1 = λµXbXc.

3. λXaXc + µXbXd when
H2 = (Xa +Xb − λXc − µXd)Xe

H1 = XaXb − λXbXc − µXaXd + λµXcXd.

See Figure 4.1 which shows the interaction graphs for each of these gadgets.

Lemma 4.4 is proved by a simple application of Lemma 3.4. Changing basis is enough

to show that similar gadgets work for {Y Y,Z}-Hamiltonians and {ZZ,X}-Hamiltonians.

4.2.1 Mediator gadgets for Heisenberg and XY interactions

Here, we want to find similar gadgets for a 2-local interaction h, without the use of 1-local

terms. The direct analogue of these gadgets is to replace the white qubits in Figure 4.1

with a pair of qubits, a and b (c.f. Figures 4.2, 4.3) and project these into the ground
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state of H0 = hab. The second order perturbation theory analysis of this situation is

exactly the basic gadget described in Section 3.4.1; and so when h = αXX+βY Y +γZZ,

the interactions simulated will be of the form:

h̃ =
α2

β + γ
XX +

β2

α+ γ
Y Y +

γ2

α+ β
ZZ. (4.1)

We focus on the Heisenberg interaction, hHeis = XX + Y Y +ZZ and the XY interaction,

hXY = XX + Y Y , in which cases h̃ = h, and so the simulated Hamiltonians have the

same interactions as the simulator, as desired: this is the basis of the subdivision gadget.

For the fork and crossing gadgets, where interactions are simulated between three or more

qubits, unwanted interaction terms are generated that need to be cancelled out by first

order terms.

For the rest of Section 4.2.1, we will use h to denote either hHeis or hXY.

4.2.1.1 Subdivision gadgets

The simplest gadgets are the subdivision gadgets, which are in a sense the most basic

gadgets we can make using the XY interaction. The interaction graphs for the gadgets

are shown in Figure 4.2. There are two additional qubits, labelled 1 and 2, as well as the

mediator qubits, which are either connected to the same or opposite ancilla qubits.

When connected to opposite ancilla qubits, i.e. H2 = h1a + λh2b, the analysis of

Section 3.4.1 shows that ∆H0 +∆1/2H2 simulates a λh12 interaction. And when connected

to the same ancilla qubit, i.e. H2 = h1a + λh2a, the analysis of Section 3.4.1 shows that

∆H0 + ∆1/2H2 simulates a −λh12 interaction.

The positive subdivision gadget can be applied in series, that is it can be used to

simulate any of the interactions h1a, hab, and hb2, using a new strong weight ∆′ � ∆ to

give a Hamiltonian on 6 qubits in a line, with an effective h interaction between the first

and last qubits. This can be repeated to get a simulator Hamiltonian on a line of length

2k − 1 (involving 2k qubits) simulating an h interaction between the qubits at either end

of the line, for any k > 1. By subdividing each part of the path in parallel during each

round of perturbation theory, this requires a total of O(log k) rounds of perturbation

theory.

1 a b 2

(a) Positive subdivision gadget

1 a

b

2

(b) Negative subdivision gadget

Figure 4.2: Subdivision gadgets for XY and Heisenberg interactions
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1 2

a

b

3

1 2

3

(a) Fork gadget

1 2

a

b

3 4

1 2

3 4

(b) Crossing gadget

Figure 4.3: Fork and crossing gadgets. In each case the left-hand interaction pattern is
simulated using the right-hand gadget.

In order to simulate an h interaction between two qubits separated by a line of qubits

of even length, take the above construction for an odd length path and use the negative

subdivision gadget on one of the edges, using just one more round of perturbation theory.

This results in a Hamiltonian involving 2k + 2 qubits, where 2k + 1 qubits are on a path

of length 2k, and one extra qubit is connected to a qubit at an internal position along

this line.

4.2.1.2 Fork gadget

The fork gadget is used to reduce the degree of a vertex in an interaction graph. For a

qubit interacting with two other qubits, we can simulate this using a gadget which only

has one incoming edge to this qubit. The interaction graph is given in Figure 4.3a, and

has H2 = λh1a + µh2a + h3b. This will also generate an unwanted −λµh12 term, so it is

necessary to also include the term H1 = λµh12, which is represented on the interaction

graph by a dotted line. Then, by Lemma 3.4, the Hamiltonian Hsim = ∆H0 +∆1/2H2 +H1

simulates λh13 + µh23.

4.2.1.3 Crossing gadget

The crossing gadget is used to simulate a Hamiltonian in which two edges in the interaction

graph cross, using a gadget with no crossings, as can be seen in Figure 4.3b. The main

second order terms are H2 = λh1a + µh2a + h3b + h4b, and the required correction

terms are H1 = λµh12 + h34 − λh13 − µh24. Then, by Lemma 3.4, the Hamiltonian

Hsim = ∆H0 + ∆1/2H2 +H1 simulates λh14 + µh23.

4.3 Inefficient simulation on a 2D square lattice

Now we will show how to use these gadgets of the previous section to simulate a Hamilto-

nian with an arbitrary interaction graph using one restricted to a 2D square lattice.
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Lemma 4.5. Let S be either {XX + Y Y + ZZ}, {XX + Y Y } or {XX,Z}. Then any

S-Hamiltonian H on n qubits can be simulated by a S-Hamiltonian on a square lattice of

O(n2)×O(n2) qubits using weights of O
(
(nΛ0(1/ε+ 1/η))poly(n)

)
size, where Λ0 is the

size of the largest weight in H.

Before we prove Lemma 4.5, we remark that the weights in the simulator Hamiltonian

are exponential in the system size n and thus the simulations are far from efficient, even

when the weights of the target system are small.

Observe that the following corollary follows from universality of S-Hamiltonians for S
containing either hHeis or hXY by Theorem 3.1. We use the notation SG-Hamiltonians to

denote the family of S-Hamiltonians whose interactions are restricted to the edges of a

graph G.

Corollary 4.6. Let S be either {XX + Y Y } or {XX + Y Y + ZZ} and let � denote

the 2D infinite square lattice. Then S�-Hamiltonians are universal (but not necessarily

efficiently universal).

Proof (of Lemma 4.5). Here we show how the mediator gadgets of Section 4.2 can be

used to simulate a 2-local Hamiltonian whose interaction pattern is the complete graph

on n qubits, via a simulator Hamiltonian on a square lattice of size O(n2)×O(n2). Any

interaction graph which is a subgraph of the complete graph can easily be simulated using

the same construction, simply by setting some weights to zero.

When S = {XX,Z}, we use the gadgets of Lemma 4.4 from [14], and in the other

cases we use the gadgets of Section 4.2.1. The only significant difference here is that

the Heisenberg and XY subdivision gadgets have two mediator qubits as opposed to one

mediator qubit in the gadgets of Lemma 4.4. The procedure is essentially the same in

both cases and we describe them together in this proof.

First, lay out the n qubits in a line. Each vertex in the interaction graph has n− 1

incoming edges. Subdivide each edge just once to isolate these high degree vertices to

obtain an interaction graph as shown in Figure 4.4a. Then using the fork gadget O(log n)

times in series allows us to replace these with binary trees of depth O(log n), which can be

placed directly onto a square lattice as shown in Figure 4.4b. The long range interactions

in this graph (which are of length at most O(n2)), can be fitted to the edges of the square

lattice using O(log n) applications of the subdivision gadget. At each crossing, we also

need to use a crossing gadget.

Note that the fork and crossing gadgets in Figure 4.1 and Figure 4.3 will not fit on

the square lattice directly but we can use the subdivision gadget to make sure that they

do. If there is not enough space to put two crossing gadgets next to each other, then the

lattice spacing can be made twice as narrow to make space. This only makes a constant
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(a) First subdivide each edge to isolate each of the high degree vertices.

O(log n)

O(n2)

O(n2)

(b) Use the fork gadget O(log n) times at each of the high degree vertices, and lay out the resulting
interaction pattern on a 2D lattice as shown above. Finally use the subdivision and crossing
gadgets until the Hamiltonian is on the 2D square lattice.

Figure 4.4: How to simulate a Hamiltonian whose interaction pattern is the complete
graph on n = 5 qubits with a Hamiltonian on a 2D square lattice.

factor difference to the number of qubits used and the number of rounds of perturbation

theory required.

The whole procedure therefore requires a total of O(log n) rounds of perturbation

theory. By Lemma 3.4, second-order perturbation theory requires the weights of the

simulator Hamiltonian to be of size O(Λ6/ε2 + Λ2/η2), where Λ is the size of the terms H1

and H2. Given the simple nature of the gadgets used here, Λ = O(poly(n)Λ0) where Λ0

is the size of the largest weight in H. Therefore r rounds of perturbation theory requires

weights of size

Λsim = O

(
poly(n)Λ0

(
1

ε
+

1

η

))6r

(4.2)

Simulating the complete graph as described above requires r = O(log n), so the weights

of the simulator system are Λsim = (nΛ0(1/ε+ 1/η))poly(n).
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4.4 Spatial sparsity and geometric locality

In [14], Oliveira and Terhal proved that the local Hamiltonian problem is QMA-complete,

even for 2-local Hamiltonians with an interaction graph restricted to the edges of a square

lattice. They did this by first showing directly that the local Hamiltonian problem for

Hamiltonians with a spatially sparse interaction graph is QMA-complete, where they

defined a spatially sparse interaction graph as in Definition 4.7. They then showed that

all spatially sparse local Hamiltonians can be simulated by Hamiltonians on a square

lattice using a constant number of rounds of perturbation theory – thereby keeping the

strength of the interactions O(poly(n).

We will identify some implicit assumptions in the definition of spatial sparsity, which

are required in order for the proof that they can be simulated by 2D square lattice

Hamiltonians to go through.

Definition 4.7 (Spatial sparsity [14]). A spatially sparse interaction (hyper)graph G is

defined as a (hyper)graph in which

i) every vertex participates in O(1) hyperedges,

ii) there is a straight-line drawing in the plane such that every hyperedge overlaps with

O(1) other hyperedges

iii) the surface covered by every hyperedge is O(1).

We observe that this definition seems a bit problematic, in particular condition iii)

“the surface covered by every hyperedge is O(1)” (for hyperedges involving only two

vertices (i.e. a normal edge), we interpret condition iii) to mean “the length of every

edge is O(1)”). There are two problems here: first, any graph can trivially satisfy this

condition simply by rescaling the entire graph and pushing all the vertices very close

together (and this will not affect the other conditions i) and ii)). This clearly seems like

“cheating”, and there must be an implicit assumption that this is not allowed. Indeed this

assumption is crucial when simulating a spatially sparse Hamiltonian on a square lattice,

because the first step is to place a square grid over the graph, and then snap vertices

to the nearest grid point, choosing a small enough grid spacing such that each vertex

moves to a unique grid point. This is not possible with Ω(1) grid spacing if there are

many vertices very close together in an area of o(1) size.

Second, even with this implicit assumption, this condition does not seem to match

what can be simulated with a constant number of rounds of perturbation theory. Consider

an interaction between three vertices located in the plane at coordinates (−n, 0), (0, 1/n),

and (n, 0). The surface covered by this hyperedge is the area of this triangle 1
22n× 1

n = 1,

but the distance between each pair of vertices is > n. Therefore simulating this interaction
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with the subdivision gadgets we have will take more than a constant number of rounds of

perturbation theory. To avoid this problem, the condition should be rephrased as “each

hyperedge is contained in a ball of O(1) radius” or equivalently “each qudit only interacts

with other qudits at most O(1) distance away”.

We therefore propose the following alternative property, which we call geometric

locality, in order to avoid these problems as well as generalising the property to dimensions

of Euclidean space higher than 2.

Definition 4.8 (Geometric locality). A collection of (hyper)graphs embedded in RD are

geometrically local if there exist constants c, C ∈ R such that for each (hyper)graph,

i) there are no more than c vertices in any ball of radius 1, and

ii) there are no (hyper)edges between vertices that are more than distance C apart.

We say that a family of Hamiltonians is geometrically local in RD, if their interaction

(hyper)graphs are geometrically local in RD. The definition of geometric locality therefore

captures the idea of a Hamiltonian without long-range interactions by condition ii), while

ensuring that one cannot “cheat” by putting a large number of particles into the same

space by condition i).

Notice that the first two conditions of the spatial sparsity definition do not need to be

added to the definition of geometric locality in order for geometric locality in 2D to imply

spatial sparsity! Since each vertex in a geometrically local hypergraph only participates

in hyperedges with vertices in an O(1) sized ball and there are at most O(1) vertices in

any O(1) sized ball, each vertex can participate in at most O(1) hyperedges. And each

hyperedge can intersect at most O(1) other hyperedges. Furthermore each hyperedge

can involve at most O(1) vertices (another important condition, assumed implicit when

discussing local Hamiltonians in the definition of spatial sparsity).

Lemma 4.9. Let S be either {XX + Y Y } or {XX + Y Y + ZZ}. Then the family of

Hamiltonians with geometrically local interaction hypergraphs embedded in RD (for D > 2)

can be efficiently simulated by S-Hamiltonians, even when the interaction graph of the

simulator Hamiltonian is a degree 3 subgraph of the hypercubic lattice in RD.

Proof. We first note that any geometrically local family of Hamiltonians must be k-local

for k = O(1), since each qudit can only interact with those in an O(1) ball around it, and

there can only be O(1) other qudits in such a ball. By Theorem 3.1, we know that S-

Hamiltonians can efficiently simulate k-local Hamiltonians, when k = O(1). Furthermore,

the interaction graph of the simulator Hamiltonian is geometrically local in RD.

Then it will suffice to simulate geometrically local S-Hamiltonians. The following

argument adapts the proof in [14] for the D = 2 case. We use the subdivision gadget
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on each edge to isolate high degree vertices. The one can reduce the degree of a vertex

of degree d > 3 by using the fork gadget O(log d) times in series. Doing this for all

vertices in parallel results in a simulator Hamiltonian with a degree 3 geometrically local

interaction graph in RD.

Now place a fine (hyper)cubic lattice over the interaction graph in RD, and snap

vertices to the nearest grid point. Since there at most O(1) vertices in a ball of constant

volume, at most O(1) vertices will snap to each grid point. Therefore decreasing the

grid spacing by a constant multiplicative factor will allow all of the vertices to be locally

reassigned to a unique point on the hypercubic lattice. Each vertex has only moved by a

constant distance so the interaction graph remains geometrically local.

We now snap each edge in the interaction graph to a path along edges of the hypercubic

lattice. We intend to simulate this interaction using multiple applications of the subdivision

gadget along this path, but first we must ensure that no two paths overlap. Because there

are at most O(1) edges in a ball of constant volume, each path can overlap with at most

O(1) other paths. By decreasing the grid spacing by a further constant factor if necessary,

there will be enough space to locally re-route each path so that no two paths overlap.

We now simulate each interaction along one of these paths using multiple applications

of the subdivision gadget. Since each path is at most O(1) in length, this takes only O(1)

rounds of perturbation theory, and so the weights are at most polynomially large.

Finally we note that when D = 2, it will not always be possible to reroute paths

so that they do not cross. This problem can be solved using the crossing gadget from

Section 4.2.1.3.

4.5 Translationally invariant graphs

We have shown that S-Hamiltonians can efficiently simulate all geometrically local

Hamiltonians in RD, even when restricted to the edges of the hypercubic lattice in RD.

We will show that there is nothing special about the hypercubic lattice, and that this

result holds for any connected, translationally invariant graph in RD.

Definition 4.10. Let G be a graph embedded in RD. We say that G is translationally

invariant if there exists a basis {|vi〉}Di=1 for RD such that G is invariant with respect to

a translation by |vi〉 for any i ∈ {1, . . . , D}.

This notion of translationally invariant graphs is slightly more general than the

standard definition of a lattice in which every vertex must be at a location
∑D

i=1 ki |vi〉,
for some basis |vi〉 where all ki ∈ Z.
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Figure 4.5: The hexagonal lattice is isomorphic to a square lattice where each vertex has
been replaced by two vertices in a subgraph T . Each translation of T is coloured blue,
and edges between translations of T are coloured red.

Before we prove the main result of this section about simulating generic Hamiltonians

on translationally invariant graphs, we must first prove the following lemma about

translationally invariant graphs in RD. Recall that a graph H is a minor of G if H can

be obtained by deleting edges and vertices and contracting edges.

Lemma 4.11. Let G be a connected translationally invariant graph embedded in RD.

Then the hypercubic lattice is a minor of G. Furthermore, this happens in a regular way:

there exists a connected subgraph T and a basis {|wi〉}Di=1 such that if each translation of

T with respect to {|wi〉}Di=1 is contracted to a single vertex, we obtain a graph which has

the hypercubic lattice as a subgraph. There is a deterministic algorithm to find such a T

and the basis {|wi〉}Di=1.

Figure 4.5 shows how Lemma 4.11 applies to the hexagonal lattice in 2D. Here T

contains just two vertices. Each quadrilateral with dashed edges contains a translation of

T .

Proof. We identify each vertex x ∈ G with the vector |x〉 ∈ RD representing its location

in the embedding in RD.

Note that the first statement, that the hypercubic lattice is a minor of G, follows

from the rest of the Lemma. Let {|vi〉}Di=1 be the basis of RD with respect to which the
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graph is invariant. We will show how to find an alternative basis {|wi〉}Di=1 and a finite

connected subgraph T , such that the graph is also invariant with respect to this basis,

and that for all i ∈ {1, . . . , D}, T and T + |wi〉 have one edge connecting them and that

T
⋂(

T +
D∑
i=1

ki |wi〉

)
= ∅ for any (k1, . . . , kD) ∈ ZD/{0D}

We prove that this subgraph T exists by induction on j, the number of i for which

this condition holds with each step.

Pick any vertex u ∈ G and let T0 = u. Now let 0 6 j 6 D, and assume that we have

a linearly independent set of vectors {|wi〉}ji=1 and a connected graph Tj such that Tj is

disjoint with Tj +
∑j

i=1 ki |wi〉 for all k ∈ Zj/{0j}; and that there is an edge between Tj

and Tj + |wi〉 for all i 6 j.

Let Sj be the surface effectively spanned by the Tj , defined as:

Sj =
⋃
k∈Zj

(
Tj +

j∑
i=1

ki |wi〉

)

and let sj > 0 be the largest integer such that Sj intersects Sj + |vj+1〉.

Find a shortest path pj between Tj and
⋃
m>sj

(Sj +m |vj+1〉). Let x be the first

vertex along this path (starting from Tj) which intersects with a translation of either pj

or Tj in the positive |vj+1〉 direction; that is, x is a vertex which is in pj and also in

(pj ∪ Tj) + lj+1 |vj+1〉+

j∑
i=1

li |wi〉 for some l ∈ Zj+1 with lj+1 > sj .

Then let p′j be the path pj up to but not including the vertex x (in the direction

starting from Tj) and set

Tj+1 = Tj ∪ p′j and |wj+1〉 = lj+1 |vj+1〉+

j∑
i=1

li |wi〉 .

There is an edge between Tj+1 and Tj+1 + |wi〉 for all i 6 j, by the induction hypothesis

that the same condition holds for Tj . By definition of p′j , there is also an edge from Tj+1

to Tj+1 + |wj+1〉.

We need to check that Tj+1 does not intersect with any translations of itself. We will

do this for Tj and p′j separately.

1. Tj
⋂(

Tj +
∑j+1

i=1 ki |wi〉
)

for k 6= 0j+1

If kj+1 = 0, then this intersection is empty by the inductive hypothesis. If kj+1 6= 0,

then this intersection is empty because |wj+1〉 = lj+1 |vj+1〉 +
∑j

i=1 li |wi〉 and

lj+1 > sj , the largest integer such that Sj ∩ Sj + sj |vj+1〉 is non-empty.
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2. p′j
⋂(

Tj +
∑j+1

i=1 ki |wi〉
)

for k 6= 0j+1

The path pj will not intersect with any translation of Tj because it is a shortest

path between the surfaces Sj and Sj + |wj+1〉.

3. p′j
⋂(

p′j +
∑j+1

i=1 ki |wi〉
)

for k 6= 0j+1

By the definition of p′j , this intersection is empty for kj+1 > 0. And it is also empty

for kj+1 < 0, by a symmetric argument.

So now suppose for a contradiction that pj and pj +
∑j

i=1 ki |wi〉 intersect at a

vertex y. Then since both paths are shortest paths between Sj and Sj + |wj+1〉, y
must be at the same position along the two paths (equal to the distance from Sj).

But since one path is a translation of the other, we must have y = y +
∑j

i=1 ki |wi〉,
which is a contradiction.

This inductive proof gives a deterministic iterative process by which one can construct

a subgraph T and the basis {|wi〉}Di=1.

We are now ready to prove the main result of this section:

Theorem 4.1 (restated). Let G be a connected translationally invariant graph embedded

in RD for D > 2. Let S be {XX + Y Y + ZZ} or {XX + Y Y }. Then SG-Hamiltonians

are universal and can efficiently simulate all geometrically local Hamiltonians in RD.

Proof. Recall that by Lemma 4.9, S-Hamiltonians can efficiently simulate all geometrically

local Hamiltonians in RD, even when restricted to the edges of a degree 3 subgraph of the

hypercubic lattice in RD. And that by Corollary 4.6, S-Hamiltonians are universal even

when restricted to the edges of a 2D square lattice, which is a subgraph of the hypercubic

lattice in RD for all D > 2.

It therefore remains to show that SG-Hamiltonians can efficiently simulate any S-

HamiltonianH whose interactions are restricted to a degree 3 subgraph F of the hypercubic

lattice. We will show that one can subdivide the edges of F to obtain a subgraph of G.

With the subdivision gadgets of Section 4.2.1.1, this will suffice to prove the claim.

By Lemma 4.11 there exists a subgraph T ⊆ G and a basis {|wi〉}Di=1 such that for

all k ∈ ZD, the subgraphs T (k) = T +
∑D

i=1 ki |wi〉 are disjoint and there is an edge

between T (k) and T (m) in G if there is an edge between k and m in the hypercubic

lattice. The subgraph T and the basis {|wi〉}Di=1 can be found using the constructive proof

of Lemma 4.11 in time which depends only on G (and not on the target Hamiltonian H

or its interaction graph F ).

Since F is a degree 3 subgraph of the hypercubic lattice, k shares an edge with at

most three other vertices k(1), k(2), k(3) in F . Let x1, x2, x3 be the three vertices in T (k)
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which have an edge with T (k(1)), T (k(2)), T (k(3)) respectively. We will identify each

vertex k ∈ F with the central point y(k) in T (k) such that there are three non-overlapping

paths from y(k) to each xi. To see that such a central vertex y exists for any three

vertices x1, x2, x3 in a finite connected graph T , first consider a path from x1 to x2 and

then consider the shortest path from x3 to this path. The point where these two paths

meet is such a central vertex.

We have now identified each vertex k ∈ F with a vertex y(k) ∈ G such that for each

edge (k,m) ∈ F there is a corresponding path form y(k) to y(m) in G, and that none of

these paths overlap. Using the subdivision gadgets of Section 4.2.1.1, we can simulate an

h interaction along each of these paths, to simulate the whole Hamiltonian H.

Since T contains only finitely many vertices (independent of n, the number of qubits

of the target Hamiltonian H), finding the central vertex for each translation of T takes

O(1) time, and so finding all such central vertices takes time O(n). Furthermore, each

edge in F is subdivided at most O(1) times and so only O(1) rounds of perturbation

theory are required and thus the simulation is efficient.

4.6 2D triangular lattice with positive weights

We will now consider the special case of a 2D triangular lattice. In this section, we will

prove Theorem 4.3, which proves universality even when the interaction strengths are all

positive. For interactions other than the Heisenberg and XY interactions, we do not have

subdivision gadgets and so we need to design gadgets that fit onto the lattice directly.

4.6.1 Heisenberg and XY interactions

We already know that the Heisenberg and XY interactions are universal on a 2D triangular

lattice by Theorem 4.1.

We will now show that this result holds even when the interaction strengths are

restricted to be positive.

Lemma 4.12. Let S = {XX+Y Y } or S = {XX+Y Y +ZZ}, and let 4 denote the 2D

triangular lattice. Then S+
4-Hamiltonians are universal. Furthermore S+

4-Hamiltonians

can efficiently simulate all geometrically local Hamiltonians in 2D.

Proof. By Theorem 4.1, S4-Hamiltonians are universal and can efficiently simulate

all geometrically local Hamiltonians in 2D. It will therefore suffice to show that S+
4-

Hamiltonians can simulate S4-Hamiltonians efficiently. We will do this by constructing

two gadgets that use only positive h interactions and can simulate either a positive or

negative h interaction. We know that the positive and negative subdivision gadgets
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(a) Positive and negative subdivision gadgets (with one further edge subdivided on the right)
embedded on a triangular lattice.

(b) The above gadgets tessellate on a triangular lattice

Figure 4.6: Positive and negative subdivision gadgets on a triangular lattice.

simulate +h and −h respectively, but they will not tessellate on the triangular lattice

without overlapping. Further subdividing one edge of these gadgets provides new gadgets

with four ancilla qubits, shown in Figure 4.6a, and which can be seen to tessellate on the

triangular lattice in Figure 4.6b.

4.6.2 Other interactions

We now return to considering more general interactions of the form h = αXX + βY Y +

γZZ, where α+β > 0, α+γ > 0 and β+γ > 0. In order to prove that these interactions

can efficiently simulate all 2D geometrically local Hamiltonians on a triangular lattice, we

will simulate a target Hamiltonian of XY interactions on a triangular lattice using only local

gadgets, that is we will show that {h}+4-Hamiltonians can simulate {hXY}+4-Hamiltonians.

We require that when each edge of the target interaction graph is replaced by the local

gadget, the resulting graph (the interaction graph for the simulator Hamiltonian) is still

a subgraph of the triangular lattice. Therefore each local gadget must fit on a triangular

lattice, and in order that separate gadgets do not interfere, they must be able to tessellate

without overlapping. Figure 4.8 shows that the triangular gadget described below does

indeed tessellate in this way.
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1

2

4

3

5

6

(a) Gadget on a triangular lattice

1

2 3

4 5

6

λh̃
∆h′

−h̃

µh̃ ∆h̃ h̃

(b) Hamiltonian simulated by this gad-
get

Figure 4.7: Triangular lattice gadget for simulating XX + Y Y

The idea behind the gadget is to simulate two different interactions h(1) and h(2)

along two different paths between two qubits, and then to take a linear combination of

these to access a different interaction known to be universal, such as the XY interaction.

Figure 4.7(b) shows such a gadget that will simulate two different interactions between

qubits 1 and 6 (where h̃ is as in (3.40) and h′ is defined below). However, both qubits 1

and 6 have two incoming edges, and so this gadget will not tessellate on the lattice. We

therefore need to use an equivalent of the fork gadget so that qubits 1 and 6 only have

one incoming edge each.

The interaction graph of the triangular lattice gadget is shown in Figure 4.7(a), and it

simulates the Hamiltonian shown in Figure 4.7(b). The red and blue sections of the graph

are generalizations of the fork gadget for interactions of the form h = αXX+βY Y +γZZ.

Each of them consists of two parallel applications of the basic gadget. Consider the

fork gadget coloured blue in Figure 4.7; the mediator qubit pair connected to qubit 1

generates interactions of the form +h̃12 and +h̃14, but also an unwanted interaction term

−h̃24 between qubits 2 and 4. This is cancelled out by simulating a +h̃24 interaction

with the other pair of mediator qubits between qubits 2 and 4. If both of the physical h

interactions acting on qubit 2 in this fork gadget have weight λ, and both interactions

acting on qubit 4 have weight µ, then the overall effect of the blue fork gadget is to

simulate λh̃12 + µh̃14.

Similarly the part of the gadget coloured red can be viewed as a kind of fork gadget.

One mediator qubit pair simulates −h̃36,+h̃56 and +h̃35 interactions, while the other

pair of mediator qubits simulates −h̃35 resulting in an overall effective Hamiltonian of

h̃56 − h̃36.

The gadget between qubits 4 and 5 is just the basic gadget and so simulates h̃45, but

the gadget between qubits 2 and 3 is slightly different and needs to be studied separately.

Labelling the qubits in between 2 and 3 as a, b, c, d, the strong Hamiltonian for this gadget

is H0 = hab + hcd + 2(α+ β + γ)I which has non-degenerate ground state |Ψ−〉ab|Ψ−〉cd.
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The other terms are H2 = h2a + hbc + hd3, and it is straightforward to show that

(H2)−− = 0, and (H2)−+H
−1
0 (H2)+− ∝ I

To calculate the third order contribution, it will help to write out H2 as nine terms,

H2 = αX2Xa + βY2Ya + γZ2Za + αXbXc + βYbYc + γZbZc + αXdX3 + βYdY3 + γZdZ3,

and work in the basis |Ψ±〉, |Φ±〉 for the qubit pairs (a, b) and (c, d). Then each term of

H2 maps basis elements to basis elements, and H0 is diagonal.

(H2)−+H
−1
0 (H2)++H

−1
0 (H2)+− =

α3

(β + γ)2
X2X3 +

β3

(α+ γ)2
Y2Y3 +

γ3

(α+ β)2
Z2Z3

Therefore, by Lemma 3.5, the Hamiltonian ∆H0 + ∆2/3H2 simulates the interaction

h′:

h′ =
α3

(β + γ)2
XX +

β3

(α+ γ)2
Y Y +

γ3

(α+ β)2
ZZ =: α′XX + β′Y Y + γ′ZZ

Note that the coefficients of h′ satisfy α′+β′ > 0, β′+γ′ > 0 and α′+γ′ > 0, when the

corresponding conditions hold for α, β, γ; and so h′ can be used as the strong interaction

term H0 in a gadget similar to that of Section 3.4.1.

Therefore, overall the gadget simulates the Hamiltonian shown in Figure 4.7(b).

∆
(
h′23 + h̃45

)
+ λh̃12 − h̃36 + µh̃14 + h̃56

For large ∆, this Hamiltonian can be seen as a parallel application of two second order

gadgets. So by Lemma 3.4 and Lemma 3.6, this simulates an interaction −λh(1)
16 + µh

(2)
16

between qubits 1 and 6, where h(1)is simulated via qubits 2 and 3, h(2) is simulated via

qubits 4 and 5; and where

h(1) =
α̃2

β′ + γ′
XX +

β̃2

α′ + γ′
Y Y +

γ̃2

α′ + β′
ZZ

h(2) =
α̃2

β̃ + γ̃
XX +

β̃2

α̃+ γ̃
Y Y +

γ̃2

α̃+ β̃
ZZ.

We now show that having access to interactions of the form −λh(1) + µh(2), for λ, µ > 0,

is sufficient to produce an XX + Y Y interaction.

4.6.2.1 The case αXX + βY Y

First we consider the case where h has Pauli rank 2, where γ = 0, and so α, β > 0. In this

case it is particularly easy to explicitly find α̃, α′, β̃, β′ in terms of α and β to show that

h(1) =
α6

β5
XX +

β6

α5
Y Y and h(2) =

α5

β4
XX +

β5

α4
Y Y.
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In this case we can directly simulate the XX + Y Y interaction with −λh(1) + µh(2), by

taking

λ =
α9 − β9

α4β4(α2 − β2)
and µ =

α11 − β11

α5β5(α2 − β2)
.

The exact values that λ and µ take are not too significant; but it is important to note

that they are both positive (given that α, β > 0) and are easily computable.

4.6.2.2 The case αXX + βY Y + γZZ

For more general symmetric interactions h, where all of α, β, γ are non-zero, the simulated

interactions h(1) and h(2) are guaranteed to be different unless h is the Heisenberg

interaction hHeis = XX + Y Y +ZZ. In order to normalise −λh(1) + µh(2), let λ = 1− µ,

and define α(µ), β(µ), γ(µ) to be the coefficients of

h(µ) = −h(1) + µ(h(1) + h(2)).

For µ ∈ [0, 1], this is the one parameter family of interactions that can be simulated using

the gadget, up to normalisation. So h(0) = −h(1) which has all coefficients negative and

h(1) = h(2) which has all coefficients positive. Therefore there exists µα, µβ, µγ ∈ (0, 1)

such that α(µα) = 0, β(µβ) = 0, γ(µγ) = 0. In particular:

µα =
α(1)

α(1) + α(2)
, µβ =

β(1)

β(1) + β(2)
, µγ =

γ(1)

γ(1) + γ(2)

Calculating the coefficients α(µ), β(µ), γ(µ) exactly in terms of α, β, γ and µ yields

very messy expressions, but the following lemma gives a very useful relation between

α, β, γ and µα, µβ, µγ .

Lemma 4.13. If γ = α, then µγ = µα. If γ > α and γ > β, then µγ > µα.

Proof. The aim is to show that µγ − µα > 0. First substitute in the expressions for µγ

and µα:

µγ − µα =
γ(1)

γ(1) + γ(2)
− α(1)

α(1) + α(2)
=

α(2)γ(1) − α(1)γ(2)

(γ(1) + γ(2))(α(1) + α(2))

Since every term in the denominator is positive, it will suffice to consider just the

numerator.

α(2)γ(1)−α(1)γ(2) =
α̃2γ̃2

(β′ + γ′)(β̃ + γ̃)(α′ + β′)(α̃+ β̃)

[
(β′ + γ′)(α̃+ β̃)− (β̃ + γ̃)(α′ + β′)

]
Again, the factor outside the square brackets is strictly positive, so we can just consider

the expression inside the square brackets. The following relation will be useful:

β′α̃− β̃α′ = α2β2

(α+ γ)(β + γ)

(
β

α+ γ
− α

β + γ

)
=
α2β2(α+ β + γ)(β − α)

(α+ γ)2(β + γ)2
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The expression in the square brackets (β′α̃− β̃α′) + (γ′α̃− γ̃α′) + (γ′α̃− γ̃α′) is then just

α+ β + γ

(α+ γ)2(β + γ)2(α+ β)2

[
α2β2(α+ β)2(β − α) + β2γ2(β + γ)2(γ − β) + α2γ2(α+ γ)2(γ − α)

]
Note that setting α = γ at this point would give zero, implying µγ = µα, thereby proving

the first part of the lemma. Now considering the case where γ > β and γ > α, we can use

the inequality β2γ2(β + γ)2(γ − β) > β2α2(β + α)2(γ − β) to replace the second term

and show that the previous line is greater than or equal to

α+ β + γ

(α+ γ)2(β + γ)2(α+ β)2

[
α2β2(α+ β)2(γ − α) + α2γ2(α+ γ)2(γ − α)

]
which is strictly positive since γ > α.

We are now ready to prove Theorem 4.3

Theorem 4.3 (restated). Let h = αXX + βY Y + γZZ be a 2-qubit interaction such

that α+ β > 0, α+ γ > 0, β + γ > 0. Then {h}+4-Hamiltonians are universal, and can

efficiently simulate all 2D geometrically local Hamiltonians.

Proof. Note that the result is proved in Lemma 4.12 for the Heisenberg interaction and

the XY interaction. Now assume without loss of generality that γ > β > α 6= 0. There

are two cases we need to consider:

(i) α, β, γ have a unique maximum, say γ > α, β.

Then by Lemma 4.13, µγ > µα, µβ, so α(µγ) and β(µγ) are both positive and we

can simulate h(µγ) = α(µγ)XX + β(µγ)Y Y which is universal on the triangular

lattice as shown in Section 4.6.2.1.

(ii) γ = β > α 6= 0.

Then by Lemma 4.13, µα < µβ = µγ , so we can simulate h(µγ) = α(µγ)XX. So for

ε > 0 small enough, µ = µγ + ε satisfies α(µ) > β(µ), γ(µ) and α(µ), β(µ), γ(µ) all

positive. So h(µ) is of the form we have just shown to be universal on the triangular

lattice in (i).

4.7 Other interactions on a 2D square lattice

A 2D square lattice is a bipartite graph, and for any bipartite graph we can locally change

basis for every qubit in one side of the partition. For a symmetric universal interaction

h = αXX + βY Y + γZZ, with α + β > 0, α + γ > 0, β + γ > 0, conjugating by Z on
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Figure 4.8: Tessellations of the square and triangular lattice gadgets.

1
2

3

4

5
6

Figure 4.9: Square lattice gadget for simulating XX + Y Y . Dashed lines represent
negative interactions.

one side effectively takes α, β → −α,−β. Therefore if we restrict to positive weights then

{h}+�-Hamiltonians are stoquastic. Since we do not expect stoquastic Hamiltonians to

be universal (see Section 1.6.3), we will instead study the case where both positive and

negative weights are allowed.

Given that we are allowed both positive and negative weights and can conjugate one

side of the partition of the graph by X,Y or Z, we can assume without loss of generality

that α, β, γ are all non-negative. Figure 4.9 shows a gadget that fits on the 2D square

lattice and simulates the interaction −λh(1) +µh(2) in exactly the same way as the gadget

on the triangular lattice, by first simulating the six qubit Hamiltonian shown in Figure

4.7(b). Again the blue and red gadgets act as fork gadgets, but in order for the unwanted

h̃23 and h̃56 interactions to be correctly cancelled out, the sign of the interactions marked

as dashed lines in Figure 4.9 must be negative. The other dashed line in Figure 4.9 must

also be negative so that the gadget between qubits 2 and 3 correctly simulates +h′23. It

is also shown in Figure 4.8 that this gadget will tessellate on a square lattice without
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Figure 4.10: Square lattice gadget for removing 1-local terms

overlapping.

Therefore, using the prescription set out for the triangular lattice in the previous

section, we can use −λh(1) + µh(2) to generate XX + Y Y . We have thus shown that

{h}�-Hamiltonians are universal, where h = αXX + βY Y + γZZ and at least two of

α, β, γ are non-zero.

4.7.0.1 Interactions with non-trivial 1-local part

We will finally consider the more general case of 2-qubit interactions hfull with a non-trivial

1-local part. It is sufficient to assume that hfull is symmetric or antisymmetric under

interchange of the two qubits [4]. For a symmetric Hamiltonian we can further assume

that

hfull = αXX + βY Y + γZZ +AI + IA = h+AI + IA

where A is a general 1-local term. An antisymmetric interaction has, up to normalization,

the normal form XZ − ZX +AI − IA.

In both symmetric and antisymmetric cases, it is shown in [4] that the Hamiltonian

H0 = hfull
ab − hfull

cb + hfull
cd − hfull

ad = hab − hcb + hcd − had

has a unique ground state |Ω〉, and that in this state |Ω〉 the reduced density matrix for

each of the qubits a, b, c, d is I/2.

Therefore if we project into the ground state of the Hamiltonian H0, and apply an

extra interaction H1 = −hfull
ed for example, then the first order perturbation term will be

(H1)−− = 〈Ω| − hfull
ed |Ω〉 ⊗ |Ω〉〈Ω| = −Ae ⊗ |Ω〉〈Ω|.

So by Lemma 3.3, we can simulate any multiple of −Ae, which we could use to cancel

out the 1-local part of the interaction hfull acting on e.

This gadget can be implemented on a square lattice as shown in Figure 4.10, to

simulate arbitrary multiples of the 1-local term A on each of the qubits connected to the

central square.
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Figure 4.11: Hamiltonian simulated by parallel use of gadget

These gadgets can be applied in parallel over a square lattice divided into 3× 3 blocks,

with additional physical hfull interactions along the outside of each block, to simulate a

Hamiltonian of the form depicted in Figure 4.11. All of the physical interactions shown

on this interaction graph are of the form hfull, but the 1-local terms simulated using these

gadgets are chosen such that they exactly cancel out the 1-local part of hfull on all the

white qubits.

We label each black qubit with a label i, and label the pair of white qubits between i

and j as aij and aji, where aij is the qubit nearest to i. We will construct a Hamiltonian

acting on the interaction graph of Figure 4.11 that simulates a general Hamiltonian of

the form
∑
λij h̃ij , where interactions take place between adjacent vertices on a square

lattice, which was shown to be QMA-complete in the previous section.

On each pair of white qubits we apply a strong 2-local h interaction, so that the

overall heavily weighted term is

H0 =
∑

(i,j)∈E

J

|λij |
haijaji

where E is the set of edges of the square lattice and J is a large weight to be defined.

We choose the weights of the other interactions so that the 1-local terms all cancel

out on the black qubits, and then we can simulate h̃ interactions as usual by applying

the basic gadget to the resulting h interactions. In order to do this we pick all the other

weights (those between one black and one white qubit) to be of the same magnitude
√
J ,

where J = O(poly(n)) is the max size of the weights in the target Hamiltonian, and let

the sign of the interaction between qubits i and aij be given by µij = ±1, so overall we

have

H2 =
√
J
∑

(i,j)∈E

µij(hiaij +Ai) + µji(hjaji +Aj).

Therefore, ensuring that the 1-local terms cancel out on the ith black qubit is equivalent

to choosing µij such that
∑

j µij = 0. In order to simulate the target Hamiltonian

127



CHAPTER 4. HAMILTONIANS WITH RESTRICTED INTERACTION GRAPHS

htarget =
∑
λij h̃ij , we need µijµji = sgn(λij).

Suppose the black qubits along the top row are labelled 1, 2, . . . from left to right.

Pick (arbitrarily) µ12 = +1, and then choose inductively all the µij values along the top

row according to the following rules:

µi+1,i = sgn(λi,i+1)µi,i+1 and µi,i+1 = −µi,i−1.

Then do the same for every other row as well, and repeat this procedure for each column.

Then only the black qubits on the edge of the lattice still have 1-local terms, and these

can be removed simply by adding extra square gadgets to the outside of the lattice.

Therefore in the symmetric case, where h = αXX + βY Y + γZZ, the overall Hamil-

tonian ∆H0 + ∆1/2H2 will simulate the effective Hamiltonian

Heff = −(H2)−+H
−1
0 (H2)+− =

∑
(i,j)∈E

λij h̃ij ,

where h̃ is defined as in eqn. (3.40). Thus we can simulate any Hamiltonian consisting of

h̃ terms on a square lattice. In the antisymmetric case, h = XZ − ZX, we can choose

signs in exactly the same way so that all 1-local terms are cancelled out and we simulate

the effective Hamiltonian

Heff =
∑

(i,j)∈E

λij (XiZj − ZiXj) .

It remains to show that this Hamiltonian is universal, even when restricted to a 2D

square lattice. We achieve this by simulating XX+ZZ terms on the lattice, to show that

{XZ − ZX}�-Hamiltonians can simulate {hXY}�-Hamiltonians. When two qubits are

connected to the same qubit of a mediator pair using XZ −ZX interactions, as in Figure

4.12a, we showed in Section 3.4.1 that an effective XX + ZZ is simulated. However,

this gadget does not tessellate on the lattice, as there is not enough space to fit the two

mediator qubits between physical qubits. In Section 3.4.1, we also showed that two qubits

connected to opposite ends of a mediator qubit pair can simulate an effective XZ − ZX
interaction, so this is a kind of subdivision gadget. If one of the edges of the gadget in

Figure 4.12a is simulated using this subdivision gadget, we obtain the 6 qubit gadget in

Figure 4.12b. This 6 qubit gadget will tessellate on a 2D square lattice, so we can use it

to simulate the XY interaction (after relabelling Z to Y ) on a 2D square lattice.

We have finally completed the proof of Theorem 4.2.

Theorem 4.2 (restated). Let h be a 2-local qubit interaction with Pauli rank at least 2.

Then {h}�-Hamiltonians are universal, and can efficiently simulate all geometrically local

Hamiltonians in 2D.
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(a) Basic gadget (b) 6 qubit gadget

Figure 4.12: Gadgets for simulating XX +ZZ using XZ −ZX interactions. The 6 qubit
gadget simulates the basic gadget to implement an effective XX + ZZ interaction across
the left- and rightmost qubits.

4.8 Local Hamiltonian problem

Following the discussion of Section 3.5.1, efficient simulations preserve hardness of the

Local Hamiltonian Problem. Combined with the result that the Local Hamiltonian

problem is QMA-complete for spatially sparse qubit Hamiltonians [14], the results of

this chapter can be rephrased in terms of the computational complexity of the Local

Hamiltonian problem. To be precise, one must check that the construction in [14] gives a

Hamiltonian which is geometrically local in RD, and does not break any of the implicit

assumptions discussed in Section 4.4. This is easily done, and we will not repeat the

details of the construction here.

Here we collect the consequences from this chapter, which are corollaries of Theo-

rem 4.1, Theorem 4.2 and Theorem 4.3 respectively.

Theorem 4.14. Let G be a connected translationally invariant graph embedded in RD

for D > 2. Let S be {XX + Y Y + ZZ} or {XX + Y Y }. Then S-Hamiltonian is

QMA-complete even when restricted to the edges of G.

Theorem 4.15. Let h be a 2-local qubit interaction with Pauli rank at least 2. Then

{h}-Hamiltonian is QMA-complete, even when restricted to the edges of a 2D square

lattice.

Theorem 4.16. Let h = αXX+βY Y +γZZ be a 2-qubit interaction such that α+β > 0,

α+ γ > 0, β + γ > 0. Then {h}+-Hamiltonian is QMA-complete, even when restricted

to the edges of a 2D triangular lattice.

In Appendix B we present an alternative proof that {XX + Y Y }-Hamiltonian is

QMA-complete, even when restricted to the edges of a 2D square lattice. This is a simple

corollary of either Theorem 4.14 or Theorem 4.15, but we include this other proof in

Appendix B because we hope it might be of independent interest.
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Chapter 5

Universal Qudit Hamiltonians

In this chapter we consider many-body qudit Hamiltonians (where each subsystem has

local dimension d > 2). We again categorise Hamiltonians into families in terms of

the interactions they are built from and we prove that some important classes of qudit

interactions are universal: they can simulate all finite dimensional Hamiltonians.

First, we completely characterise the k-qudit interactions which are universal, if

augmented with arbitrary 1-local terms. We find that, for all k > 2 and all local

dimensions d > 2, almost all such interactions are universal aside from a simple stoquastic

class.

Next, we prove universality of generalisations of the Heisenberg model that are

ubiquitous in condensed-matter physics, even if free 1-local terms are not provided.

We show that the SU(d) and SU(2) Heisenberg interactions are universal for all local

dimensions d > 2 (spin > 1/2), implying that a quantum variant of the Max-d-Cut

problem is QMA-complete. We also show that for d = 3 all bilinear-biquadratic Heisenberg

interactions are universal. One example is the general AKLT model.

Finally, we prove universality of any interaction proportional to the projector onto a

pure entangled state. This Chapter is based on [16].
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5.1 Introduction

In Chapter 2, we introduced the definition of simulation and in Chapter 3 we characterised

the simulation power of all 2-local qubit interactions.

Let S be a set of interactions on up to k qudits (d-level subsystems), i.e. each element

of S is a Hermitian operator on (Cd)⊗l for some l 6 k. Recall that we say an n-qudit

Hamiltonian H is an S-Hamiltonian if

H =
∑
i

αiH
(i), (5.1)

where for all i, αi ∈ R and the non-trivial part of H(i) is picked from S. That is,

H(i) = h⊗ I for some h ∈ S. H is a so-called k-local Hamiltonian. Recall that we use

S-Hamiltonian to denote the Local Hamiltonian problem for S-Hamiltonians.

We also say that H is an S-Hamiltonian with local terms if it can be written in the

form (5.1) by adding arbitrary 1-local operators. The form (5.1) encompasses a vast array

of the Hamiltonians studied in condensed-matter physics, such as the general Ising model

(S = {Z ⊗ Z}) and the general Heisenberg model (S = {X ⊗X + Y ⊗ Y + Z ⊗ Z}). In

the case where S = {h} for some h, we just call H an h-Hamiltonian.

Here we continue the programme of classifying universality of Hamiltonians – and

hence the computational complexity of the S-Hamiltonian problem – by generalising

from qubit interactions to qudit interactions, i.e. local dimension d > 2, or equivalently

spin > 1/2. As well as being a natural next step from the perspective of computational

complexity, this framework includes many important models studied in condensed-matter

theory [102, 103, 104, 105, 106, 107, 108]. However, it is significantly more difficult

than the qubit case. One reason for this is that in the case of qubits, there was a

simple “canonical form” into which any 2-qubit interaction could be put by applying local

unitaries [4], which dramatically reduced the number of types of interaction that needed

to be considered. No comparably simple canonical form seems to exist for d > 2 [109].

5.1.1 Our results

We first consider S-Hamiltonians with local terms. This is a more general setting than just

S-Hamiltonians, and hence easier to prove universality results. From a computer science

point of view, allowing free local terms corresponds to allowing arbitrary constraints or

penalties on individual variables in a CSP. For conciseness, we say that S is LA-universal

(“locally assisted universal”) if the family of S-Hamiltonians with local terms is universal.

Similarly, we say that S is LA-stoquastic-universal if it can simulate any stoquastic

Hamiltonian. Then our main result about universality with local terms is a complete

classification theorem:
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Theorem 5.1. Let S be a set of interactions, which are not all 1-local, between qudits of

dimension d. Then S is:

• stoquastic and LA-stoquastic-universal, if there exists |ψ〉 ∈ Cd such that all inter-

actions in S are, up to the addition of 1-local terms, given by a linear combination

of operators taken from the set {I, |ψ〉〈ψ|, |ψ〉〈ψ|⊗2, |ψ〉〈ψ|⊗3, . . . };

• LA-universal, otherwise.

We note some general consequences of this result for Hamiltonians assisted by local

terms. First, we see that any nontrivial k-qudit interaction can be used to simulate an

arbitrary stoquastic Hamiltonian. Second, almost any k-qudit interaction can actually be

used to simulate arbitrary general Hamiltonians. Third, perhaps surprisingly, there exist

Hamiltonians whose 2-local part is diagonal, but which are LA-universal.

We highlight some examples for d = 3. Consider

S1 =


1 0 0

0 −1 0

0 0 −1


⊗2
 , S2 =


1 0 0

0 −1 0

0 0 0


⊗2
 .

The single interaction in S1 is equal to |0〉〈0|⊗2 plus some 1-local terms, so S1 is stoquastic

and LA-stoquastic-universal. On the other hand, the interaction in S2 cannot be decom-

posed in this way, so S2 is LA-universal. So, for example, given access to interactions of

the form of S2 and arbitrary local terms, one can perform universal quantum computation.

Next we consider the more general H-Hamiltonian problem, where the lack of “free”

1-local terms makes it much more challenging to prove universality results. Here we

focus on qudit generalisations of the qubit Heisenberg (exchange) interaction (h ∝
X ⊗ X + Y ⊗ Y + Z ⊗ Z). Hamiltonians built from this interaction enjoy significant

levels of symmetry, which made it one of the most difficult cases to prove universal in

previous work (see Chapter 3). The most symmetric such generalisation in local dimension

d is the SU(d) Heisenberg model (often known as “SU(N) Heisenberg model” in the

literature [107, 103]), where the interaction is

h =

d2−1∑
a=1

T a ⊗ T a (5.2)

for some d× d traceless Hermitian matrices T a such that Tr(T aT b) = 1
2δab. Up to adding

an identity term and rescaling, h is just the swap operator, or the projector onto the

symmetric subspace of two qudits,

Psym =
1

4

∑
i,j

(|ij〉+ |ji〉)(〈ij|+ 〈ji|).
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h is invariant under conjugation by local unitaries, implying that the eigenspaces of any

Hamiltonian built only from h interactions inherit this property. Nevertheless, we have

the following result:

Theorem 5.2. For any d > 2, the SU(d) Heisenberg interaction h :=
∑

a T
a⊗T a, where

{T a} are traceless Hermitian matrices such that Tr(T aT b) = 1
2δab, is universal. This

holds even if the weights αi in the decomposition (5.1) are restricted to be non-negative.

The special case d = 2 of Theorem 5.2 has already been shown in Theorem 3.2. As a

corollary of Theorem 5.2, we obtain QMA-hardness of a quantum variant of the Max-d-Cut

problem [110] (equivalently, a quantum generalisation of the (classical) antiferromagnetic

Potts model [111]). In the Max-d-Cut problem, we are given a graph where each edge (i, j)

has a non-negative weight wij , and are asked to partition the vertices into d sets, such that

the sum of the weights of edges between vertices in different sets is maximised. That is,

we find a map c from each vertex i to an integer c(i) ∈ [d] such that
∑

i<j wij(1− δc(i)c(j))
is maximised. The natural “quantum” way of generalising this problem is to replace each

vertex with a d-dimensional qudit, and replace each weighted edge across two vertices

with a weighted projector onto the symmetric subspace across the corresponding qudits

(equivalently, an interaction h). Then the task is to approximate the ground-state energy

of the corresponding Hamiltonian
∑

i<j wijhij , up to precision 1/poly(n). Call this

problem Quantum Max-d-Cut.

To see why this is a suitable (and non-trivial) generalisation, note that Psym gives

an energy penalty to a pair of qudits that are both in the same computational basis

state, similarly to the classical case, but that the behaviour of the quantum variant can

sometimes be quite different. For example, consider the case d = 2, and four vertices

arranged in an unweighted cycle. Classically, the vertices can clearly be partitioned into

two sets such that there are no edges between vertices in the same set. However, there

is no quantum state that is simultaneously in the ground space of all corresponding

projectors Psym. This is because the unique ground state of Psym is maximally entangled,

and each qubit cannot be maximally entangled with both of its neighbours simultaneously.

It is an immediate consequence of Theorem 5.2 that:

Corollary 5.3. For any d > 2, Quantum Max-d-Cut is QMA-complete.

The special case d = 2 of Corollary 5.3 is a special case of in Theorem 1.5.

Next, we consider the case where the interactions are of the form P = |ψ〉〈ψ| for an

entangled two qudit state |ψ〉.

Theorem 5.4. Let P = |ψ〉〈ψ| be the projector onto an entangled two-qudit state |ψ〉 ∈
(Cd)⊗2. Then {P}-Hamiltonians are universal.
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In fact, Theorem 5.4 holds even in the restrictive setting where all the interactions are

required to sit on the edges of a bipartite interaction graph (see Section 5.4 for a precise

statement). Entanglement is a very well studied property of quantum systems, and is well

known to be fundamental to many interesting quantum phenomena. This result can be

viewed as an intriguing and apparently tight link between entanglement and universality.

A perhaps more familiar, and also very well-studied, interaction we consider is another

generalisation of the qubit Heisenberg interaction (e.g. [102, 112, 113]): the SU(2)

Heisenberg interaction in local dimension d (often just called the “spin-s Heisenberg

interaction”, where s = (d− 1)/2). Now the interaction is of the form

h = Sx ⊗ Sx + Sy ⊗ Sy + Sz ⊗ Sz,

where Sx, Sy, Sz generate a d-dimensional irreducible representation of su(2) and corre-

spond to the familiar Pauli matices X, Y , Z (up to an overall scaling factor). Note that,

although the Lie algebra involved is the same as for the qubit case, the interaction h may

have very different properties for higher d; for example, it has d distinct eigenvalues (see

equation (5.33) below). Nevetheless, this generalisation turns out to be universal too:

Theorem 5.5. For any d > 2, the SU(2) Heisenberg interaction h = Sx ⊗ Sx + Sy ⊗
Sy + Sz ⊗ Sz, where Sx, Sy, Sz are representations of the Pauli matrices X, Y , Z, is

universal.

Finally, we consider yet another well-studied generalisation of the Heisenberg model

(see e.g. [114, 104, 105, 106]): the general bilinear-biquadratic Heisenberg model in local

dimension d = 3 (spin 1). Here the interaction used is

h(θ) := (cos θ)h+ (sin θ)h2,

where θ ∈ [0, 2π) is an arbitrary parameter and h is the spin-1 Heisenberg interaction,

which can be written explicitly as

h = X3 ⊗X3 + Y3 ⊗ Y3 + Z3 ⊗ Z3 (5.3)

where

X3 =
1√
2

0 1 0

1 0 1

0 1 0

 , Y3 =
i√
2

0 −1 0

1 0 −1

0 1 0

 , Z3 =

1 0 0

0 0 0

0 0 −1

 .

The special case θ = arctan 1/3 corresponds to the famous Affleck-Kennedy-Lieb-Tasaki

(AKLT) model [114]. Our result here is as follows:

Theorem 5.6. Let h(θ) := (cos θ)h+(sin θ)h2, where θ ∈ [0, 2π) is an arbitrary parameter

and h is the spin-1 Heisenberg interaction. For all θ, h(θ) is universal.
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We therefore see that, although different values of θ may correspond to very different

physics [106], from a universality point of view they are all of equal power.

We remark that, in common with most previous work in this area [4], we usually

allow each interaction weight to be positive or negative. This can lead to physical

systems built from the same interaction having very different physical properties (e.g.

antiferromagnetism vs. ferromagnetism). It is sometimes possible to prove universality-

type results for interactions whose weights all have the same sign as in Section 3.4;

we achieve this in Theorem 5.2, but in general leave this extension for future work.

Another interesting direction is to prove universality for systems with simpler interaction

patterns [14, 43, 1, 3] (see Chapter 4 for more on this), or with less heavily-weighted

interactions [42].

5.1.2 Related work

There has been a substantial amount of work characterising the complexity of various

types of qubit Hamiltonians from the perspective of QMA-completeness; see [4, 20, 115]

for references. In the case of qudits, rather than general classification results, most work

has considered carefully designed special cases where QMA-completeness can be achieved.

Indeed, it is often the case that these results aim to reduce the local dimension of a

QMA-complete construction that achieves some other desiderata. For example, Aharonov

et al. [72] gave a QMA-complete family of local Hamiltonians on a 1D line with d = 12,

later improved to d = 8 by Hallgren, Nagaj and Narayanaswami [116]; Gottesman and

Irani [117] gave a QMAEXP-complete family of translationally invariant Hamiltonians on

a 1D line with d = O(106), later improved to d ≈ 40 by Bausch, Cubitt and Ozols [45].

The local dimension has been reduced even further to d = 4, for a translationally invariant

Hamiltonian on a 3D lattice [2]. We refer to [20] for further examples, including the more

general case where the local dimension can vary across the system being considered. In all

these cases, one fixes the dimension and then carefully tunes the types of interactions used

to achieve the desired result. Here, by contrast, we begin with a fixed set of interactions

and attempt to determine the complexity of Hamiltonians based on these interactions.

5.1.3 Overview of proof of Theorem 5.1

We now give an informal discussion of our LA-universality classification result. The

majority of the work to prove Theorem 5.1 is taken up by the special case of 2-local

interactions, and sets S containing only one interaction. To prove universality of an

interaction H, we use simulations: showing that an interaction known to be universal,

from Chapter 3, can be implemented using Hamiltonians consisting of H terms and

1-local terms. Our simulations are all based on perturbative gadgets, as introduced in [40]

and used for example in [27, 4, 14], to effectively implement one Hamiltonian within
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Some universal 2-qubit interaction

Diagonal, 2-local rank > 2

A⊗A, 3 distinct eigenvalues

A⊗A, A 6= a|ψ〉〈ψ|+ bI

A⊗A+B ⊗B

2-local rank > 2

,Lemma 5.7

,Lemma 5.8

,Lemma 5.9

,Lemma 5.11

,Lemma 5.11

,Lemma 5.12

,
Every 2-qudit interaction that is not

of the form α|ψ〉〈ψ|⊗2 + 1-local terms
effectively fits into one of these categories

Figure 5.1: Sequence of simulations used to prove Theorem 5.1. An arrow from one box to
another indicates that a Hamiltonian of the first type can be simulated by a Hamiltonian
of the second type.

the ground space of another. For example, a type of gadget we often use is a so-called

mediator gadget. In this type of gadget, one or more ancilla (“mediator”) qudits are added

to the system. Strong interactions within the mediator qudits effectively project these

qudits into a fixed state. Then weaker interactions between the mediator and original

qudits implement effective interactions between the original qudits. The interactions

produced are determined rigorously via perturbation theory. For more information about

perturbative gadgets, see Section 3.2.

First we consider the special case of diagonal interactions with 2-local rank > 2,

where the 2-local rank of an interaction H is informally defined as follows: Writing

H = H ′ + 1-local terms, and H ′ =
∑

a,bMabT
a ⊗ T b for some basis T a of Hermitian

matrices, the 2-local rank of H is the rank of M . (For example, H = X ⊗X + Y ⊗ I has

2-local rank 1.) We can think of diagonal matrices symmetric under qudit interchange

and with 2-local rank 2 as being of the form D ⊗D + E ⊗ E for some diagonal matrices

D and E. To show that such interactions are universal (a similar argument works for

non-symmetric interactions), we use our free 1-local terms to apply a strong interaction

to each qudit which effectively projects it into a 2-dimensional subspace. Note that even

though D and E commute, this need not be the case for the corresponding projected

qubit interactions. This allows us to generate a 2-qubit effective interaction within this

subspace which is universal by Theorem 3.1.

Remaining within the special case of diagonal interactions, the next step is to consider

those with 2-local rank 1, which are of the form A⊗A. To deal with this case, we split

into two parts. When A has at least 3 distinct eigenvalues, we design a gadget using
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an additional qudit to implement the effective interaction A ⊗ A2 + A2 ⊗ A, which is

universal from the previous case. When A has 2 distinct eigenvalues, but is not of the

form a|ψ〉〈ψ|+ bI, we show that another gadget can be used to simulate an interaction

B ⊗B where B has 3 distinct eigenvalues. For the remaining diagonal case – interactions

of the form A⊗A for A = a|ψ〉〈ψ|+ bI – we show that local unitary rotations can be used

to transform any Hamiltonian built of such interactions into a stoquastic Hamiltonian, so

we cannot expect this case to be universal.

We then move on to non-diagonal interactions. We first consider those of the form

A⊗A+B ⊗B for some B that does not commute with A (otherwise we would be in the

diagonal case). For all such interactions, we show there exists a gadget which projects

the interaction onto a 2-qubit subspace on which the resulting interaction is universal.

The non-commutativity makes this task simpler than in the diagonal case. The next step

is interactions with 2-local rank > 2, but not of the form A⊗A+B ⊗B. For these, we

show that one can always produce an effective interaction of the form A⊗ A+ B ⊗ B
using two rounds of simulation.

All 2-qudit interactions H can be handled using one of these lemmas. Considering

the interaction H ′ formed by deleting the 1-local parts from H, we know that H is

LA-universal if the 2-local rank of H ′ is > 2. If not, then H ′ = A⊗B for some A and B.

Either A⊗B +B ⊗A has 2-local rank > 2, or B is proportional to A. Either way, we

are in one of the previously considered cases.

The final step to complete the proof of Theorem 5.1 is to generalise to k-local

interactions for k > 2. To do so, we show that our free 1-local terms can be used to

extract 2-local “sub-interactions” from the interactions we are given; this is a generalisation

to d > 2 of an analogous argument for qubits in [4]. Then either we can produce a universal

sub-interaction, or all the sub-interactions of all interactions in S are proportional to

|ψ〉〈ψ|⊗2, up to 1-local terms. In the latter case, the overall interactions must all have

been of the form |ψ〉〈ψ|⊗`, so the whole Hamiltonian is stoquastic.

5.1.4 Overview of proof of Theorems 5.2, 5.4, 5.5 and 5.6

The techniques required to prove universality of interactions without free local terms

are very different, and in general this setting is much more challenging. Given the

symmetry displayed by the interactions we consider, we need to consider some notion of

encoding in order to implement arbitrary effective interactions. In the case of the SU(d)

Heisenberg interaction, we proceed by using a perturbative gadget to encode a qubit

within the 2-dimensional ground space of a system of 2d qudits; this generalises a similar

(but significantly simpler) gadget used for the case d = 2 in the proof of Theorem 3.12.

Interactions across pairs of qudits within the gadget implement effective X and Z

interactions, while interactions across two gadgets can be used to implement a non-trivial
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2-qubit interaction, which is enough to prove universality using the results of Chapter 3.

In order to analyse the gadget’s behaviour, we need to use the representation theory of the

Lie algebra su(N), and in particular analysis of quadratic Casimir operators [118], which

are operators of the form
∑

aR(T a)R(T a) for some representation R of the generators

T a of su(d). The Hamiltonian corresponding to the SU(d) Heisenberg interaction on the

complete graph on k qudits turns out to have a close connection to the Casimir operator

corresponding to the representation R(T a) =
∑k

i=1 T
a
i , whose spectral properties are

well-understood, and which has beautiful algebraic features that enable suitable gadget

weights to be determined for any d.

Theorem 5.4 is proven using a gadget that shows that, when P is the projector onto

an entangled state of two qudits, {P}-Hamiltonians can simulate {P ′}-Hamiltonians for

some P ′ = |ψ′〉〈ψ′| where either |ψ′〉 is an entangled state of two qubits, in which case

universality follows from Theorem 3.1; or |ψ′〉 = 1√
d

∑
i |i〉 |i〉, in which case universality

can be shown to follow from universality of the SU(d)-Heisenberg interaction (Theorem

5.2).

The gadget for the SU(2) Heisenberg interaction h also relies on properties of the

corresponding Casimir operator, but is more complicated than the SU(d) case. Here

the key technical step is to give a gadget that allows h2 interactions to be simulated,

given access to h interactions; once this is achieved, it is not too hard to show that for

any d, this allows the SU(2) Heisenberg interaction to be simulated in local dimension

3 (qutrits). Applying the h 7→ h2 gadget again, we can produce the interaction h+ h2,

which (in local dimension 3) is the same as the SU(3) Heisenberg interaction, and hence

universal. The analysis of this gadget depends on fourth-order perturbation theory, for

which we need the results stated in Section 3.2.4 and proven in Appendix A.

Finally, for the remaining bilinear-biquadratic Heisenberg interactions in dimension

3, we use different gadgets depending on the value of θ, which we can assume is within

the range [0, π] because we are free to choose the signs of interactions arbitrarily. When

θ ∈ (0, arctan 1/3) ∪ (π/4, π) and θ 6= arctan 2, then there exists an entangled state |ψ〉
which is either the unique ground state or the unique highest excited state of h(θ). Using

a perturbative gadget to effectively project some qudits onto |ψ〉, we can obtain a new

interaction h(θ′) for some θ′ 6= θ. Taking a linear combination of these two interactions,

we can simulate the SU(3) Heisenberg interaction. When θ ∈ (arctan 1/3, arctan 5),

h(θ) has a 3-dimensional ground space. We encode a qutrit within this subspace of two

physical qutrits, and use h(θ) interactions across pairs of qutrits to simulate the SU(3)

Heisenberg interaction across logical qutrits. These ranges encompass all values of θ

except θ = arctan 1/3. In this last special case, h(θ) corresponds to the well-studied

AKLT interaction [114]. Here the ground space of h(θ) is 4-dimensional, but we are able

to construct a mediator qutrit gadget which effectively projects 3 qutrits into the unique
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ground state of a 3 qutrit AKLT Hamiltonian. This again allows us to simulate the SU(3)

Heisenberg interaction.

5.2 LA-universal Hamiltonians

We first prove LA-universality (or otherwise) of various classes of interactions, before

bringing these results together into a full classification theorem by showing that every

interaction fits into one of these classes. Before embarking on the proof, we observe that

for any interaction H, we can delete its 1-local part by using our free 1-local terms. This

corresponds to replacing H with

H ′ = H − I

d
⊗ Tr1(H)− Tr2(H)⊗ I

d
+ Tr(H)

I ⊗ I
d2

. (5.4)

We call H ′ the 2-local part of H. For a fixed basis T a of Hermitian d× d matrices, we

can decompose H ′ =
∑

a,bMabT
a ⊗ T b for some real d2 × d2 matrix M . We define the

2-local rank of H to be the rank of M .

Note that this definition is independent of the choice of basis T a. Suppose we instead

write H ′ =
∑

a,b M̃abS
a ⊗ S′b for two other bases {Sa}a and {S′b}b of Hermitian d × d

matrices. Since these are bases there must exist invertible matrices R and R′ such that

T a =
∑

bRabS
a =

∑
bR
′
abS
′b. Then

H ′ =
∑
a,b

M̃abS
a ⊗ S′b

=
∑
c,d

McdT
c ⊗ T d =

∑
a,b

(
∑
c,d

RcaMcdRdb)S
a ⊗ S′b

and thus rank(M̃) = rank(RTMR′) = rank(M) since R and R′ are both full rank.

We now move on to the first case of the proof, diagonal interactions.

5.2.1 Interactions diagonalisable by local unitaries

Lemma 5.7. Let H be a nonzero diagonal 2-qudit interaction. If the 2-local rank of H

is > 2, then H is LA-universal; otherwise, H is LA-stoquastic-universal.

Proof. First note that we can use 1-local terms to replace H with its 2-local part,

as in (5.4). This still results in a diagonal interaction and allows us to assume that

Tr1(H) = 0 = Tr2(H). Let H be given by H =
∑d

i,j=1Aij |i〉〈i| ⊗ |j〉〈j| for some d × d
matrix A. Then the 2-local rank of H is given by rank(A). Next observe that we can

assume that the interaction H is either symmetric or antisymmetric with respect to

permuting the qudits on which it acts, because we can apply it in either direction, with

positive or negative weights. So we obtain either Hij +Hji or Hij −Hji, corresponding
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to mapping A either to A+AT or A−AT . This cannot affect the condition on the rank

of A, because

rank(A) = rank((A+AT ) + (A−AT )) 6 rank(A+AT ) + rank(A−AT );

if rank(A) > 2, then either max{rank(A+AT ), rank(A−AT )} > 2, or rank(A+AT ) =

rank(A − AT ) = 1; but this latter possibility cannot occur because A − AT is skew-

symmetric, so rank(A−AT ) 6= 1.

We will apply Lemma 3.3 by using heavily-weighted local terms to effectively project

each subsystem on which H acts into a 2-dimensional subspace, which will encode a qubit.

Such a projection can be described by a 2× d matrix P . We aim to produce an effective

2-qubit interaction H ′ which is universal. As we can apply arbitrary local terms, we can

project each qudit onto an arbitrary 2-dimensional subspace S by choosing a “strong”

Hamiltonian H0 =
∑

iH
P
i in Lemma 3.3 such that HP has S as its ground space. The

local isometry V in the lemma is just given by P †.

The result of projecting H is the 2-qubit interaction

H ′ =

d∑
i,j=1

Aij

(
P |i〉〈i|P †

)
⊗
(
P |j〉〈j|P †

)
=

d∑
i,j=1

Aij

(
3∑

k=0

βikσ
k

)
⊗

(
3∑
`=0

βj`σ
`

)
,

for some real coefficients βik such that

βik =
1

2
Tr[P |i〉〈i|P †σk].

Reordering the sums, we obtain

H ′ =

3∑
k,`=0

 d∑
i,j=1

βikAijβj`

σk ⊗ σ` =

3∑
k,`=0

〈βk|A|β`〉σk ⊗ σ`,

where we define the unnormalised vector |βk〉 =
∑d

i=1 βik |i〉. We can write down explicit

expressions for these vectors as

βi1 = Re(P ∗1iP2i), βi2 = Im(P ∗1iP2i), βi3 =
1

2

(
|P1i|2 − |P2i|2

)
.

It was shown in Theorem 3.1 that an interaction of the form
∑3

k,`=1Mk`σ
k⊗σ` is universal

if the 3× 3 matrix M has rank at least 2. Our goal will be to choose the vectors |βk〉 to

achieve this.

If A is symmetric, we can expand it as a weighted sum of projectors onto real, orthonor-

mal eigenvectors |ηi〉; as rank(A) > 2, there exist |η1〉, |η2〉 with nonzero eigenvalues. If

A is skew-symmetric, there exist real, orthonormal vectors |ηi〉 such that 〈ηi|A|ηi〉 = 0

for all i, and 〈η1|A|η2〉 = −〈η2|A|η1〉 6= 0 (see e.g. [119]). Hence, in either the symmetric
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or skew-symmetric case, in order to achieve that M has rank at least 2, it is sufficient to

have |β1〉 = |η1〉 and |β3〉 = |η2〉. This fixes a 2× 2 submatrix of M to be either diagonal

(and rank 2), or proportional to
(

0 1
−1 0

)
. So we want to produce a matrix P that achieves

βi1 = 〈i|η1〉, βi3 = 〈i|η2〉 for all i.

If we can find a real matrix P that achieves this, it will automatically have orthonormal

rows (up to an overall normalising constant), and also the entries of M outside a 2× 2

submatrix will be zero. To see this, first note that |η1〉 and |η2〉 are orthogonal to

|+〉 =
∑d

i=1 |i〉. This holds because Tr1(H) =
∑d

j=1

(∑d
i=1Aij

)
|j〉〈j| = 0, and similarly

for Tr2(H), so A |+〉 = AT |+〉 = 0. So as |β1〉 = |η1〉 and |β3〉 = |η2〉,
∑

i βi1 =
∑

i βi3 = 0,

implying that
∑

i P1iP2i = 0 and
∑

i P
2
1i =

∑
i P

2
2i. We can find an explicit expression for

each element of P by solving the simultaneous equations

P1iP2i = γi,
1

2

(
P 2

1i − P 2
2i

)
= δi,

where we write γi = 〈i|η1〉, δi = 〈i|η2〉. It can readily be verified that the following is a

valid solution:
P1i = 0, P2i =

√
−2δi if γi = 0 and δi 6 0

P1i =

√
δi +

√
γ2
i + δ2

i , P2i = γi√
δi+
√
γ2
i +δ2

i

otherwise.

Thus H is LA-universal. This completes the proof of the case rank(A) > 2. If rank(A) = 1,

we know that there exists an eigenvector |η1〉 with nonzero eigenvalue, and can take

|η2〉 to be an arbitrary orthogonal vector. Almost all the above steps go through, but

we end up producing a matrix M such that rank(M) > 1. This case is known to be

stoquastic-universal by Theorem 3.1.

Lemma 5.8. Let H = A ⊗ A be a 2-qudit interaction such that A has three distinct

eigenvalues. Then H is LA-universal.

Proof. We will use a third order mediator qudit perturbation involving three qudits

labelled 1, 2, 3, where 3 will be a mediator qudit. We work in the eigenbasis of A, so that

A =
∑

i λi|i〉〈i| . By the addition of 1-local terms of the form µA⊗ I + µI ⊗A+ µ2I ⊗ I,

it is possible to shift the spectrum of A by a constant µ. Since A has three distinct

eigenvalues, we may therefore assume wlog (relabelling eigenvectors if necessary) that A

has eigenvalues λ0 < 0 and λ1 > 0 such that λ0 + λ1 > 0.

Let H2 = A1A3 + A2A3 and let H0 = I − |ψ〉〈ψ| act only on the mediator qudit 3,

where |ψ〉 =
√
λ1 |0〉+

√
−λ0 |1〉 . Note that |ψ〉 has been chosen so that

〈ψ|A |ψ〉 = 0, 〈ψ|A2 |ψ〉 > 0, 〈ψ|A3 |ψ〉 > 0, (5.5)

which implies that (H2)−− = (A1 +A2) 〈ψ|A |ψ〉 ⊗ |ψ〉〈ψ| = 0.
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Let H ′1 = 〈ψ|A2 |ψ〉 (2A1A2 +A2
1 +A2

2) so that

(H2)−+H
−1
0 (H2)+− = (A1 +A2) 〈ψ|A2 |ψ〉 (A1 +A2)⊗ |ψ〉〈ψ| = (H ′1)−−

as required, where we have used the fact that H−1
0 A |ψ〉 = A |ψ〉 (since A |ψ〉 and |ψ〉 are

orthogonal as shown in (5.5)).

Finally we calculate the third order term:

(H2)−+H
−1
0 (H2)++H

−1
0 (H2)+− = (A1 +A2)3 〈ψ|A3 |ψ〉 ⊗ |ψ〉〈ψ|

so by Lemma 3.5 we can set H1 = −(A3
1 +A3

2) 〈ψ|A3 |ψ〉 and simulate an interaction of

the form A ⊗ A2 + A2 ⊗ A which is universal by Lemma 5.7 unless A2 = λA + µI for

some λ, µ ∈ R. But if A has three distinct eigenvalues, then it cannot be a root of any

polynomial of degree 2.

Lemma 5.9. Let H = A ⊗ A be a 2-qudit interaction such that A is not of the form

a|ψ〉〈ψ|+ bI for any |ψ〉 ∈ Cd, and a, b ∈ R. Then H is LA-universal.

Proof. By assumption A is not proportional to the identity so has at least two distinct

eigenvalues. If A has three distinct eigenvalues then H is LA-universal by Lemma 5.8. It

remains to consider the case where A has exactly two eigenvalues λ1 6= λ2.

Since A 6= a|ψ〉〈ψ|+ bI, there must be at least two orthonormal eigenvectors for each

eigenvalue of A. Let |ψi〉 and |φi〉 be orthonormal eigenvectors with eigenvalue λi for

i ∈ {1, 2}. Let P be the projector onto span{|ψ1〉 , |ψ2〉 , |φ1〉+|φ2〉√
2
}, and let H0 = I − P .

Then by Lemma 3.3, we can simulate interactions of the form B ⊗B where

B = PAP = λ1|ψ1〉〈ψ1|+ λ2|ψ2〉〈ψ2|+
λ1 + λ2

2

(
|φ1〉+ |φ2〉√

2

)(
〈φ1|+ 〈φ2|√

2

)
which has three distinct eigenvalues λ1, λ2,

λ1+λ2
2 , so is LA-universal by Lemma 5.8.

We next show that the one remaining case that is not covered by Lemma 5.9 corre-

sponds to stoquastic Hamiltonians, so is unlikely to be universal.

Lemma 5.10. Let H = A⊗A be a 2-qudit interaction where A is of the form A = a|ψ〉〈ψ|
for some |ψ〉 ∈ Cd and a 6= 0. Then any Hamiltonian of the form

∑
iM

(i) +
∑

j 6=k αjkHjk

– where M (i) are arbitrary single qudit operators acting only on qudit i, Hjk refers to

the interaction H applied to qudits j and k, and αjk ∈ R – is equivalent to a stoquastic

Hamiltonian under conjugation by a local unitary operation.

Proof. By conjugating H by a local unitary U ⊗U and rescaling, we may assume without

loss of generality that A = |0〉〈0|. For each qudit, we demonstrate the existence of a local

unitary acting on that qudit which leaves |0〉 unchanged, but rotates the 1-local term M (i)
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acting on that qudit into a stoquastic term (i.e. non-positive off-diagonal entries). First we

conjugate by a unitary U1 = |0〉〈0|+ Ũ where Ũ acts only on S = span{|1〉 , . . . |d− 1〉},
such that U1M

(i)U †1 is diagonal on the space S; that is,

U1M
(i)U †1 =

d−1∑
j=0

wj |j〉〈j|+
d−1∑
j−1

aj |0〉 〈j|+ a∗j |j〉 〈0| .

Write aj = |aj |eiθj and define U2 = |0〉〈0|+
∑d−1

j=1 −eiθj |j〉〈j| so that

U2U1M
(i)U †1U

†
2 =

d−1∑
j=0

wj |j〉〈j|+
d−1∑
j=1

−|aj |
(
|0〉 〈j|+ |j〉 〈0|

)
.

This operator is clearly stoquastic.

5.2.2 Interactions not necessarily diagonalisable by local unitaries

Having dealt with the diagonal case, we now need to consider other types of interactions.

The first is interactions of the form A⊗A+B ⊗B.

Lemma 5.11. Let A and B be single-qudit Hermitian operators such that the operators

A′ = A − Tr(A)I/d and B′ = B − Tr(B)I/d are linearly independent, and write H =

A⊗A+B ⊗B. Then H is LA-universal.

Proof. If A and B commute, then A and B are simultaneously diagonalisable by the

same unitary U . Conjugating H by U ⊗ U , the result follows from Lemma 5.7. So

suppose A and B do not commute. Then there must exist an eigenstate |ψ〉 of A with

eigenvalue λ such that AB |ψ〉 6= BA |ψ〉 = λB |ψ〉. So B |ψ〉 is not in the eigenspace of

A corresponding to eigenvalue λ, and there must exist an orthogonal eigenstate |φ〉 of A

with distinct eigenvalue µ 6= λ, such that 〈φ|B |ψ〉 6= 0. By multiplying |φ〉 by a phase

eiθ, we may assume 〈φ|B |ψ〉 is real.

We will apply a strong term H0 = I − |ψ〉 〈ψ| − |φ〉 〈φ| with ground space S =

span{|ψ〉 , |φ〉} to each of the qudits on which H acts. Then we can use first-order

perturbation theory (Lemma 3.3) to produce a logical 2-qubit interaction by projecting

H onto S. Let P be the projector onto S, and identify |0L〉 = |ψ〉 and |1L〉 = |φ〉 so that

PAP = λ|ψ〉〈ψ|+ µ|φ〉〈φ| = λ− µ
2

ZL +
λ+ µ

2
IL,

PBP = aZL + 〈φ|B |ψ〉XL +
〈ψ|B |ψ〉+ 〈φ|B |φ〉

2
IL,

where a = (〈ψ|B |ψ〉−〈φ|B |φ〉)/2. So P⊗2HP⊗2 =
∑
Mijσ

i⊗σj +1-local terms, where

M is the matrix defined by

M =

 〈φ|B |ψ〉2 0 a 〈φ|B |ψ〉
0 0 0

a 〈φ|B |ψ〉 0 a2 + (λ− µ)2/4

 ,
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which has rank 2 whenever 〈φ|B |ψ〉 (λ− µ) 6= 0. By Thoerem 3.1, any such interaction

is universal. Hence H is LA-universal.

Next we use Lemma 5.11 to deal with almost all other types of interactions.

Lemma 5.12. Let H be a 2-qudit interaction with 2-local rank > 2. Then H is LA-

universal.

Proof. LetH ′ be the 2-local part ofH, given byH ′ =
∑

a,bMabT
a⊗T b where rank(M) > 2

and {T a}a is a basis for the space of of traceless Hermitian matrices. Let S be a two-

dimensional subspace of Cd spanned by orthonormal vectors |ψ〉 and |φ〉 to be chosen later.

Let P be the projector onto S and let H0 = I − P act on qudit j. Then by Lemma 3.3,

for any i we can simulate interactions of the form Fij =
∑

a,bMabT
a
i ⊗ T bj |S .

Then, using another round of (second-order) perturbation theory, we choose H0 =

|φ〉〈φ| and H2 = F13 + F23. The second-order term is given by

−(H2)−+H
−1
0 (H2)+− = −

∑
a,b,c,d

Mab(T
a
1 + T a2 ) 〈ψ|T b3 |φ〉〈φ|T d3 |ψ〉Mcd(T

c
1 + T c2 )⊗ |ψ〉〈ψ|

= −

[∑
a,c

(Rac +Rca)T
a
1 T

c
2 + 1-local terms

]
⊗ |ψ〉〈ψ|

whereRac =
∑

b,dMab 〈ψ|T b3 |φ〉〈φ|T d3 |ψ〉Mcd = 〈ψ|Ka|φ〉〈φ|Kc |ψ〉 whereKa =
∑

bMabT
b
3 .

Note that R is positive semi-definite and rank 1. Since R+RT is symmetric, if we can

choose |ψ〉 and |φ〉 such that rank(R+RT ) = 2, then the simulated interaction must be

of the form −(A⊗A+B ⊗B) and so is LA-universal by Lemma 5.11.

Suppose for a contradiction that rank(R + RT ) 6= 2 for any choice of |ψ〉 and |φ〉.
Since rank(R) = 1 = rank(RT ), this can only happen if R = RT . That is, for any a and

c and any choice of orthogonal normalised states |ψ〉 and |φ〉,

〈ψ|Ka|φ〉〈φ|Kc |ψ〉 = 〈ψ|Kc|φ〉〈φ|Ka |ψ〉 . (5.6)

By the definition of Ka and the fact that M has rank at least 2, there must be a choice

of a and c such that Ka and Kc are linearly independent. Fix this choice of a and c for

the remainder of the proof. The contradiction we will show is that equation (5.6) implies

that Ka and Kc are not linearly independent.

Fix |ψ〉 and extend it to an orthonormal basis Bψ = {|ψ〉 , |e1〉 , . . . , |ed−1〉}. Then

taking |φ〉 = |ei〉 for any i, equation (5.6) holds. Taking the sum over all i we have

〈ψ|KaKc |ψ〉 = 〈ψ|KcKa |ψ〉. Since |ψ〉 was arbitrary, we conclude that [Ka,Kc] = 0.

So Ka and Kc are simultaneously diagonalisable. Let |Φ〉 = 1√
d

∑
i |i〉, where {|i〉}

is an eigenbasis for both Ka and Kc. We can decompose an arbitrary state |ψ〉 as
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|ψ〉 = |ψ′〉+ b |Φ〉 where |ψ′〉 is an unnormalised vector orthogonal to |Φ〉. Then

〈Φ|Ka |ψ〉 = 〈Φ|Ka
∣∣ψ′〉+ b 〈Φ|Ka |Φ〉 = 〈Φ|Ka

∣∣ψ′〉+ b
1

d
Tr(Ka) = 〈Φ|Ka

∣∣ψ′〉
and similarly for Kc. So, setting |φ〉 = |Φ〉, as |ψ′〉 is orthogonal to |Φ〉 equation (5.6)

holds for any choice of |ψ〉, and hence Ka|Φ〉〈Φ|Kc = Kc|Φ〉〈Φ|Ka. Multiplying on

the left by 〈i| and on the right by |j〉 this gives λiµj = µiλj where λi and µi are the

eigenvalues corresponding to |i〉 of Ka and Kc respectively. This implies there exists

C ∈ R such that λi = Cµi for all i, and hence that Ka = CKc which is the contradiction

we desired.

We have now proven all the ingredients we need to show the following theorem, which

is the 2-local, single-interaction special case of Theorem 5.1:

Theorem 5.13. Let H be a 2-qudit interaction which is not 1-local. If, up to addition

of 1-local terms, H = α|ψ〉〈ψ|⊗2 for some state |ψ〉 and some α 6= 0, then H is LA-

stoquastic-universal. Otherwise H is LA-universal.

Proof. Let H ′ be the interaction obtained from H by deleting its 1-local part. Then, by

Lemma 5.12 H is LA-universal unless H ′ = A⊗ B for some A and B. If A and B are

linearly independent, then A⊗B +B ⊗A has 2-local rank 2 and so is LA-universal by

Lemma 5.12. Otherwise, B = βA for some β 6= 0, so H ′ = βA⊗A. Diagonalising H using

a local unitary U ⊗U and using Lemma 5.7, H is LA-stoquastic-universal. In addition, if

A 6= a|ψ〉〈ψ|+ bI for some |ψ〉 ∈ Cd, then H is LA-universal by Lemma 5.9.

We do not expect any larger class of interactions to be LA-universal than in Theo-

rem 5.13, as shown by Lemma 5.10.

5.2.3 Extension to k-local interactions

In order to extend our results to interaction terms that act on more than 2 qudits, we

first show how 1-local terms can be used to extract (k − 1)-local interactions from k-local

interactions.

Lemma 5.14. Let H be a k-local interaction with a decomposition H =
∑l

i=1Ai ⊗ Bi
where the Ai operators act on k − 1 qudits and the Bi operators are linearly independent.

Then using H interactions and additional 1-local terms we can simulate any interaction

in span{Ai}li=1.

Proof. Fix a single qudit state |ψ〉 ∈ Cd, and let H0 = I − |ψ〉〈ψ|. Then by Lemma 3.3, a

first-order perturbation gadget applying H0 to the k’th qudit will simulate a (k− 1)-qudit

interaction of the form
∑l

i=1Ai 〈ψ|Bi |ψ〉. Using different ancilla qubits projected into
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different states |ψ〉 we can produce a linear combination of such interactions. It therefore

suffices to prove that span{x(ψ) : |ψ〉 ∈ Cd} = Rl, where x(ψ) is the vector in Rl with

coefficients given by x
(ψ)
i = 〈ψ|Bi |ψ〉.

Suppose for a contradiction that the x(ψ) do not span the whole of Rl, then there

must exist some non-zero λ ∈ Rl which is orthogonal to x(ψ) for all |ψ〉, so

0 =

l∑
i=1

λix
(ψ)
i = 〈ψ|

(∑
i

λiBi

)
|ψ〉 ∀ |ψ〉 ⇒

∑
i

λiBi = 0

contradicting the assumption that the Bi are linearly independent.

Let H be a k-qudit Hamiltonian and S be a subset of those k qudits. Define HS

to be the part of H which acts non-trivially only on S but does not have any part in

its decomposition which acts trivially on any subset of S. More precisely, take a basis

{I,Bi} of Hermitian matrices on Cd, where the Bi are traceless, and decompose H as a

linear combination of tensor products of terms from these bases; then HS is the sum of

all terms which are non-identity on S and identity elsewhere. Note that H =
∑

S HS and

Tri(HS) = 0 for any i ∈ S.

The following corollary is an easy consequence of Lemma 5.14.

Corollary 5.15. Let H be a k-qudit interaction, with a decomposition H =
∑

S HS

where HS is defined as above. Then, using H and additional 1-local terms, it is possible

to simulate the interaction HS for any subset S.

Proof. Let H have a decomposition H = A0 ⊗ I +
∑

iAi ⊗Bi where the Bi are traceless

Hermitian matrices acting nontrivially on a single qudit. Then, by Lemma 5.14, we can

simulate A0. This is the part of H which acts trivially on the last qudit and can hence

be expressed as A0 ⊗ I =
∑

S′⊆{1,...k−1}HS′ . By applying Lemma 5.14 repeatedly in this

way, we can simulate any interaction of the form H(S) =
∑

S′⊆S HS′ for an arbitrary set

S.

We now prove the corollary by induction on |S|, noting that the base case |S| = 1 is

trivial since we have access to all 1-local terms. Assume the claim for all subsets of size l

and let S be a subset of size l + 1. By the induction hypothesis, we can simulate HS′ for

all subsets S′ ⊂ S. Taking these away from H(S) we are left with HS as desired.

We are now ready to generalise Theorem 5.13 to k-local interactions.

Theorem 5.1 (restated). Let S be a set of interactions, which are not all 1-local,

between qudits of dimension d. Then S is:
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• stoquastic and LA-stoquastic-universal, if there exists |ψ〉 ∈ Cd such that all inter-

actions in S are, up to the addition of 1-local terms, given by a linear combination

of operators taken from the set {I, |ψ〉〈ψ|, |ψ〉〈ψ|⊗2, |ψ〉〈ψ|⊗3, . . . };

• LA-universal, otherwise.

Proof. First note that by the same argument as Lemma 5.10, the Hamiltonians given in

the first case are stoquastic. Since not all interactions are 1-local, Lemma 5.14 can be used

to extract a 2-local interaction with non-zero 2-local part, which is LA-stoquastic-universal

by Theorem 5.13.

It remains to prove that any other set of interactions is universal. Define Tl to be the

space of l-local interactions that have no m-local part in their decomposition for m < l,

and which can be generated by repeated applications of Lemma 5.14 to interactions

H ∈ S (and taking linear combinations of such interactions). Given an interaction

H in S, and a decomposition H =
∑

S HS , Tl includes all interactions HS such that

|S| = l by Corollary 5.15. It will therefore suffice to prove that there exists |ψ〉 such that

Tl = span{(d|ψ〉〈ψ| − I)⊗l} for all l, as then H =
∑

S HS will be of the desired form.

We prove this claim by induction on l. Note that T2 is non-empty unless all interactions

in S are 1-local. By Theorem 5.13, each interaction in T2 must be proportional to

(d|ψ〉〈ψ| − I)⊗2 for some state |ψ〉. Moreover, the state |ψ〉 must be the same for all

interactions in T2, or we could simulate (d|ψ〉〈ψ| − I)⊗2 + (d|ψ′〉〈ψ′| − I)⊗2 for some

|ψ〉 6= |ψ′〉, which is LA-universal by Lemma 5.11.

Assume now that the claim holds for Tl and consider an interaction F in Tl+1. Write

F =
∑

iAi ⊗ Bi, where Bi are traceless single-qudit operators. Then, by Lemma 5.14,

span{Ai} ⊆ Tl. Therefore, by the induction hypothesis, F = (d|ψ〉〈ψ|− I)⊗l⊗B for some

single-qudit operator B. By applying Lemma 5.14 to a different qudit, we conclude that

B must also be proportional to (d|ψ〉〈ψ| − I) as required.

5.3 SU(d) Heisenberg interaction

In the remainder of the chapter we prove universality for some families of interactions

where we are not assisted by free 1-local terms. We consider interactions that generalise

the familiar Heisenberg interaction h = X ⊗ X + Y ⊗ Y + Z ⊗ Z for qubits. The

Pauli matrices X, Y , Z correspond to generators for the fundamental (2-dimensional)

representation of the Lie algebra su(2). So two natural ways to generalise the interaction

h are to consider su(d) for d > 2, or to consider higher-dimensional representations of

su(2). We study both of these generalisations, beginning with the former.

We first review the mathematical aspects of these generalised Heisenberg models that

will be important for us, and in particular the required concepts from representation
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theory. Throughout this section, [118] will be a useful reference. The fundamental

representation of the Lie algebra su(d) is given by the space of traceless antiHermitian

d × d matrices. We will follow the physics convention of considering a set of traceless

Hermitian operators {T a} such that the real linear span of {iT a} gives the fundamental

representation of su(d). The basis can be chosen such that Tr(T aT b) = 1
2δab so that the

structure constants fabc, defined by [T a, T b] =
∑

c ifabcT
c, are completely antisymmetric.

For example the Pauli spin matrices iX/2, iY/2, iZ/2 are such a basis of su(2). The

SU(d) Heisenberg interaction h is given by

h :=
∑
a

T a ⊗ T a. (5.7)

which (up to rescaling and adding an identity term) is the only two-qudit operator which

is invariant under conjugation by the unitary U ⊗ U for any matrix U in SU(d).

5.3.1 Notes on the representation theory of su(N)

A representation of a Lie algebra g is a vector space Λ and a linear map R : g→ L(Λ)

from g to the space of linear maps on Λ, such that [R(x), R(y)] = R([x, y]) for all x, y ∈ g.

The Lie algebra su(N) is semi-simple, which means that any representation R has a direct

sum decomposition such that:

R =
⊕
i

Ri and Λ =
⊕
i

Λi (5.8)

where each Ri : g→ Λi is an irreducible representation.

The irreducible representations of su(N) can be labeled with a Young diagram of

at most N rows. The fundamental representation has a Young diagram of a single box.

The antifundamental representation or conjugate representation has Young diagram of

a single column of N − 1 boxes, and is given by Rconj(T
a) = −(T a)∗ where ∗ denotes

complex conjugation. The trivial representation is a one dimensional representation in

which Rtrivial(T
a) = 0, with Young diagram consisting of a single column of N boxes.

The adjoint representation is an N2 − 1 dimensional representation in which Radjoint acts

on the Lie algebra itself with the action of the Lie bracket, Radjoint(T
a)T b = [T a, T b].

The adjoint representation has a Young diagram of one column of N − 1 boxes and a

second column of a single box.

For a given representation R of su(N), the quadratic Casimir operator CR is defined

by CR =
∑

aR(T a)R(T a). Note that CR commutes with all elements R(T b):

[CR, R(T b)] =
∑
a

[R(T a)R(T a), R(T b)] =
∑
a

(
R(T a)[R(T a), R(T b)] + [R(T a), R(T b)]R(T a)

)
=
∑
a,c

ifabc (R(T a)R(T c) +R(T c)R(T a)) = 0
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since fabc is antisymmetric in a, c and R(T a)R(T c) +R(T c)R(T a) is clearly symmetric in

a, c.

When R is an irreducible representation, Schur’s Lemma implies that CR = cRI for

some cR ∈ R known as the Casimir eigenvalue. For an irreducible representation R of

su(N) with corresponding Young diagram of nrow rows of length b1, b2, . . . , bnrow and ncol

columns of length a1, a2, . . . ancol and l boxes in total, the Casimir eigenvalue cR is given

by [118]

cR =
1

2

[
l(N − l/N) +

nrow∑
i=1

b2i −
ncol∑
i=1

a2
i

]
. (5.9)

For a representation R with a decomposition as in (5.8), CR =
⊕

iCRi and so each

eigenspaces of CR corresponds to a space Λi with corresponding Casimir eigenvalue cRi .

Given two representations R1 and R2, we can define a new representation R1 ⊗R2

called the tensor product representation on the space Λ1 ⊗ Λ2 by

(R1 ⊗R2)(T a) = R1(T a)⊗ I2 + I1 ⊗R2(T a)

Even when R1 and R2 are irreducible representations, the tensor product representation

is not in general irreducible. The irreducible representations Ri in the decomposition

(5.8) of R1 ⊗R2 can be calculated using the Young diagrams of R1 and R2. This process

is described in detail in, for example, [118]. If R1 and R2 have Young diagrams of l1

and l2 boxes respectively, then every irreducible representation in the decomposition of

R1 ⊗R2 has a Young diagram of l1 + l2 boxes.

5.3.2 Alternative SU(d) invariant interaction

We briefly note that an alternative generalisation of the Heisenberg model has also been

studied in the condensed-matter theory literature [103, 107, 108]. The qudits of the

system are partitioned into two subsets A and B, and the interaction graph is bipartite,

with no interactions acting within A or B. The total Hamiltonian H is of the form

H =
∑

i∈A,j∈B
h̃ij where h̃ =

∑
a

T a ⊗ (−T a)∗

where ∗ denotes complex conjugation. Since
∑

a T
aT a = d2−1

2d I by equation (5.9), we

have

h̃+
d2 − 1

2d
I =

∑
a

T a ⊗ (−T a)∗ +
1

2
(T aT a ⊗ I + I ⊗ (−T a)∗(−T a)∗)

=
1

2

∑
a

T̃ aT̃ a

where T̃ a = T a ⊗ I + I ⊗ (−T a)∗. Thus h̃ is, up to a multiple of the identity, the Casimir

operator in the T̃ a representation and so commutes with T̃ a for all a. This implies that
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the total Hamiltonian H is now no longer invariant under conjugation by the unitary

U⊗n, but is invariant when conjugated by U⊗|A| ⊗ (U∗)⊗|B|.

Note that T̃ a is the tensor product of the fundamental and antifundamental representa-

tion which decomposes into a direct sum of the trivial representation and the adjoint repre-

sentations (this can be seen using the Young diagram method, as described for example in

[118]). Therefore, as T̃ a annihilates the state |φ〉 = 1√
d

∑
i |i〉 |i〉, h̃+ d2−1

2d I = 1
2

∑
a T̃

aT̃ a

also annihilates |φ〉, and has eigenvalue 1
2cadjoint = d/2 on the rest of the space. Therefore

h̃ is just a linear combination of the identity I and the projector onto |φ〉:

h̃ =
1

2d
I − d

2
|φ〉〈φ| (5.10)

We will show that this Hamiltonian can simulate an arbitrarily weighted SU(d)

invariant interaction h =
∑

a T
a ⊗ T a on the A qudits using a second-order mediator

gadget. Consider a system of four qudits with qudits 1, 2, 3 ∈ A and qudit 4 ∈ B. Let Π

be the projector onto the state |φ〉34 and let H0 = I −Π = 2
d(h̃34 + d2−1

2d I), H1 = 0 and

H2 = h̃14 + µh̃24 for some µ ∈ R. Since ΠM4Π = (TrM)Π for any M and the T a’s are

traceless, ΠH2Π = 0. By Lemma 3.4 we can simulate

−ΠH2H
−1
0 H2Π = −ΠH2(I −Π)H2Π = −

∑
a,b

(T a1 + µT a2 )
1

d
Tr(T aT b)(T b1 + µT b2 )Π

= −(1 + µ2)
d2 − 1

4d2
I − µ

d

∑
a

T a1 T
a
2 ,

where we use that
∑

a(T
a)2 = d2−1

2d I in the third equality. By adjusting µ we can obtain

an arbitrarily weighted h interaction up to the identity term.

In order to show that h̃ is universal, it will therefore suffice to consider only h. We

will do this for the rest of the chapter.

5.3.3 Encoding a logical qubit in a 2d-qudit gadget

We now consider a system of k qudits each of dimension d, and will use subscript notation

to denote which qudit an operator acts on, so T ai denotes the action of T a on qudit i and

the identity elsewhere. For a set S we use the shorthand T aS =
∑

i∈S T
a
i . The operators

{T aS}a form a representation of su(d); it is the representation given by the tensor product

of the fundamental representation l = |S| times.

Consider the following Hamiltonian, given by the quadratic Casimir operator in the
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{T aS}a representation:

C(S) :=
∑
a

T aST
a
S =

∑
a

∑
i 6=j

T ai T
a
j +

∑
i

T ai T
a
i

 (5.11)

=
∑
i 6=j

hij +
l(d2 − 1)

2d
I. (5.12)

As discussed above, to understand the eigenspaces of C(S), it suffices to know the

irreducible representations contained in the decomposition of {T aS}a. In particular we

note that C(S) is a sum of squares of Hermitian matrices so is positive semidefinite, and

the Young diagram consisting of a single column of d boxes is a one dimensional irrep, with

Casimir eigenvalue zero, corresponding to the state |Ψ〉, the completely antisymmetric

state on d qudits. The 1-dimensional irrep is known as the trivial representation because

T aS |Ψ〉 = 0 for all a.

We will use a gadget construction to encode a logical qubit within 2d physical

qudits, using a second-order perturbative gadget (via Lemma 3.4) to implement effective

interactions across pairs of logical qubits. We consider a system of 2d qudits, each of

dimension d, and each with a label in E = {1, 2, . . . , 2d}. Let A = {3, 4, . . . , d+ 1} and

B = {d+ 2, . . . 2d} and consider the Hamiltonian

H0 = C(E) + C(A) + C(B)− (d2 − 1)

d
I.

The − (d2−1)
d I term will simply ensure that the ground state energy of H0 is zero, so that

the requirements of Lemma 3.4 are met.

First we will show that the ground space of H0 – which will form our logical qubit –

is indeed two-dimensional. In fact the two states in the ground space of H0 sit in the

respective ground spaces of C(E), C(A) and C(B). The ground space of C(A) is given

by the d-dimensional space Hantisym(d− 1) of antisymmetric states on the d− 1 qudits in

A, corresponding to the Young diagram of a single column of d− 1 boxes. Let {|i〉}di=1 be

an orthonormal basis for Cd, then there is a unique (up to a phase) antisymmetric state

|ψi〉 in span{|1〉 , . . . , |i− 1〉 , |i+ 1〉 , . . . |d〉}⊗d−1. These states are clearly orthonormal

and form a basis for Hantisym(d− 1).

Then the groundspace of H0 contains

|φ1〉 = |Ψ〉1A |Ψ〉2B and |φ2〉 = |Ψ〉1B |Ψ〉2A ,

where |Ψ〉 is the completely antisymmetric state on d qudits,

|Ψ〉 =
1√
d!

∑
σ∈Sd

sgn(σ) |σ(1)〉 |σ(2)〉 . . . |σ(d)〉 (5.13)

=
1√
d

∑
i

|i〉 |ψi〉 (5.14)
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⊗ ⊗ ⊗ =2× ⊕4× ⊕ ⊕ ⊕ ⊕ d

Figure 5.2: Irreducible representations in the decomposition of the ground space of
C(A) + C(B). The rules for taking the tensor product of representations given as Young
diagrams can be found for example in [118].

and {|i〉}i and {|ψi〉}i are the orthonormal bases for Cd and Hantisym(d− 1) as defined

above. Clearly, these states are in the ground space of C(A) and C(B), and |Ψ〉 is the

antisymmetric state on d qudits so T aE annihilates |φ1〉 and |φ2〉, implying that these

states are also in the ground space of C(E). To see that these are the only two states in

the ground space of H0, we note that the ground space of C(A) + C(B) is spanned by

states in the representations given in Figure 5.2. The C(E) term forces the ground space

of H0 to be the two dimensional space corresponding to the two copies of the Young

diagram of two columns of d boxes.

It is important to note that |φ1〉 and |φ2〉 are not orthogonal:

〈φ1|φ2|φ1|φ2〉 =
1

d2

∑
i,j,k,l

(〈i| 〈ψi| 〈j| 〈ψj |) (|k〉 |ψl〉 |l〉 |ψk〉) (5.15)

=
1

d2

∑
i,j,k,l

δikδilδjlδjk =
1

d2

∑
i

δii =
1

d
. (5.16)

In order to calculate perturbative gadgets we want to understand the action of the

physical interaction h defined in (5.7) in this logical qubit space. First we calculate

Mij(T
a
k T

b
l ) := 〈φi|T ak T bl |φj〉 for all a, b, i, j and any k, l ∈ {1, 2, A,B}, and then we

will convert to an orthogonal basis later. We only show the calculations for three of

these values, as all others can be calculated by symmetric arguments, and recalling that

(T a1 + T aA) |Ψ〉1A = 0. For example, we can calculate 〈φ1|T a1 T b2 |φ2〉 = −〈φ1|T a1 T bA |φ2〉 =

〈φ1|T b1T a1 |φ2〉.

〈φ1|T a1 T b1 |φ1〉 =
1

d2

∑
i,j,k,l

(〈i| 〈ψi| 〈j| 〈ψj |)T a1 T b1 (|k〉 |ψk〉 |l〉 |ψl〉) (5.17)

=
1

d2

∑
i,j,k,l

〈i|T aT b |k〉 δikδjlδjl (5.18)

=
1

d
Tr(T aT b) (5.19)
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〈φ1|T a1 T b1 |φ2〉 =
1

d2

∑
i,j,k,l

(〈i| 〈ψi| 〈j| 〈ψj |)T a1 T b1 (|k〉 |ψl〉 |l〉 |ψk〉) (5.20)

=
1

d2

∑
i,j,k,l

〈i|T aT b |k〉 δilδjlδjk (5.21)

=
1

d2
Tr(T aT b) (5.22)

〈φ1|T a1 T b2 |φ1〉 =
1

d2

∑
i,j,k,l

(〈i| 〈ψi| 〈j| 〈ψj |)T a1 T b2 (|k〉 |ψk〉 |l〉 |ψl〉) (5.23)

=
1

d2

∑
i,j,k,l

〈i|T a |k〉 δik 〈j|T a |l〉 δjl (5.24)

=
1

d2
Tr(T a) Tr(T b) = 0. (5.25)

We then have

M(T a1 T
b
1 ) =

Tr(T aT b)

d2

(
d 1

1 d

)
M(T a1 T

b
A) =

Tr(T aT b)

d2

(
−d −1

−1 0

)
(5.26)

M(T a1 T
b
B) =

Tr(T aT b)

d2

(
0 −1

−1 −d

)
M(T a1 T

b
2 ) =

Tr(T aT b)

d2

(
0 1

1 0

)
(5.27)

Choose |0L〉 and |1L〉 to be the orthonormal basis of span{|φ1〉 , |φ2〉} given by:

|0L〉 =

√
d

2(d+ 1)
(|φ1〉+ |φ2〉) (5.28)

|1L〉 =

√
d

2(d− 1)
(|φ1〉 − |φ2〉) (5.29)

Let Π = |0L〉〈0L|+ |1L〉〈1L| be the projector onto the two dimensional ground space.

Then the action of ΠT ai T
a
j Π is given in Table 5.1. Therefore by Lemma 3.3, choosing

H1 = αh1A + βh12 for α, β ∈ R, we can simulate any logical 1-local interaction in

span{XL, ZL}.

5.3.4 Second-order terms

We now want to simulate interactions between two logical qubits using a second-order

gadget, via Lemma 3.4. H1 is chosen as in the previous section to simulate any 1-local

terms desired. Consider two copies of the gadget above with qudit labels {1, 2, . . . , 2d}
and {1′, 2′, . . . , 2d′} respectively. We will choose H2 =

∑
i,j αijhij′ , so we need to calculate

ΠH2(H0)−1H2Π =
∑
i,j,k,l

αijαklΠhij′(H0)−1hkl′Π.
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(i, j) ΠT ai T
a
j Π

(1, 1), (2, 2), (A,A), (B,B) 1
2dIL

(1, A), (2, B) − 1
4
√
d2−1

XL − 1
4(d2−1)

ZL − d2−2
4d(d2−1)

IL

(1, B), (2, A) 1
4
√
d2−1

XL − 1
4(d2−1)

ZL − d2−2
4d(d2−1)

IL

(1, 2), (A,B) 1
2(d2−1)

ZL − 1
2d(d2−1)

IL

Table 5.1: Action of T ai T
a
j in the ground space of H0.

The difficult part of this calculation is to understand how the (H0)−1 term acts. For

any state |ψ〉 in the ground space of H0, it is easy to check that the states {T b1 |ψ〉}b are

orthogonal and that T aE acts on this space as the adjoint representation:

T aET
b
1 |ψ〉 =

T a1 T b1 +
∑
i 6=1

T b1T
a
i

 |ψ〉 =
(
T a1 T

b
1 − T b1T a1

)
|ψ〉 = [T a1 , T

b
1 ] |ψ〉 .

Therefore T b1 |ψ〉 is an eigenvector of C(E) with the Casimir eigenvalue corresponding to

the adjoint representation, which has Young diagram consisting of one column of length

d − 1 and a second column of length 1. By equation (5.9), this eigenvalue is given by

cadjoint = d, which we can also check directly:

C(E)T b1 |ψ〉 =
∑
a

T aET
a
ET

b
1 |ψ〉 =

∑
a

[
T a1 , [T

a
1 , T

b
1 ]
]
|ψ〉 (5.30)

= −
∑
a,c,e

fabcfaceT
e
1 |ψ〉 = −

∑
e

κbeT
e
1 |ψ〉 = dT b1 |ψ〉 (5.31)

where we have used the antisymmetry of the structure constants fabc and the definition

of the Killing form κab =
∑

c,e facefbec = −2dTr(T aT b).

Furthermore, the operator T b1 does not act on A or B so the state T b1 |ψ〉 is still

antisymmetric with respect to permutations within A and B and so is in the zero-energy

ground space of C(A) + C(B)− d2−1
d I. Thus H0hkl′Π = 2dhkl′Π and so

Πhij′(H0)−1hkl′Π =
1

2d
Πhij′hkl′Π =

1

2d

∑
a,b

ΠET
a
i T

b
kΠE ⊗ΠE′T

a
j′T

b
l′ΠE′

=
1

2d

∑
a

ΠET
a
i T

a
kΠE ⊗ΠE′T

a
j′T

a
l′ΠE′ ,

which corresponds to a logical operator that can be read off from Table 5.1. We choose

αij = 1 if (i, j) ∈ {(1, A), (2, B), (A, 1), (B,A), (B,B)} and αij = 0 otherwise. Then by

Lemma 3.4 we find that the simulated interaction is

−ΠH2(H0)−1H2Π =
1

8d(d2 − 1)

(
XLXL +

3

d2 − 1
ZLZL + 1-local terms

)
,
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which can be checked either by hand or using a computer algebra package. As we can

produce arbitrary 1-local terms using the arguments of the previous section, this allows

us to simulate the interaction α(XX + 3
d2−1

ZZ) for an arbitrary positive weight α, which

falls into a family that was shown to be universal in Theorem 3.2. This completes the

proof of the following theorem:

Theorem 5.2 (restated). For any d > 2, the SU(d) Heisenberg interaction h :=∑
a T

a ⊗ T a, where {T a} are traceless Hermitian matrices such that Tr(T aT b) = 1
2δab, is

universal.

The following corollary is an immediate consequence of Theorem 5.2 and the discussion

in Section 5.3.2.

Corollary 5.16. For any d > 2, the alternative SU(d) Heisenberg interaction h̃ :=

−
∑

a T
a⊗(T a)?, where {T a} are traceless Hermitian matrices such that Tr(T aT b) = 1

2δab,

is universal even on a bipartite interaction graph.

5.4 Rank 1 projectors

In this section we consider the family of S-Hamiltonians where S contains a single rank

1 projector P onto a two qudit state |ψ〉 ∈ (Cd)⊗2. We prove universality even in the

restricted setting where interactions are only allowed between qudits on a bipartite

interaction graph. We note that this also trivially implies universality without such a

restriction.

Theorem 5.4 (restated). Let P = |ψ〉〈ψ| be the projector onto the two-qudit state

|ψ〉 ∈ (Cd)⊗2. Then Hamiltonians of the form

H =
∑

i∈A,j∈B
αijPij

where A and B are disjoint subsets of qubits and αij ∈ R, are universal if |ψ〉 is entangled.

Otherwise, if |ψ〉 is a product state, then this family of Hamiltonians is classical.

Proof. We first conjugate the entire Hamiltonian by a total unitary
(⊗

i∈A U
)
⊗
(⊗

j∈B V
)

.

This allows us to perform a change of basis of the form (U ⊗ V )Pij(U ⊗ V )† for each

projector Pij . Therefore, by the Schmidt decomposition, we may assume without loss of

generality that |ψ〉 =
∑d

i=1 λi |i〉 |i〉, where λi > 0 and the λi are in non-increasing order.

If |ψ〉 is a product state, then the Hamiltonian is clearly classical, since P is diagonal in

this basis - it is the projector onto |1〉 |1〉.

So assume that |ψ〉 is entangled; we first show how to simulate some 1-local operators

using mediator qudit gadgets. For three qudits 1, 2 ∈ A and 3 ∈ B, let H0 = I −P32 with
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groundstate |ψ〉32 and let H1 = P12 so that by Lemma 3.3 we can simulate

ΠH1Π = P32P12P32 =

∑
i,j

λiλjI ⊗ |i〉 〈j| ⊗ |i〉 〈j|

∑
k,l

λkλl |k〉 〈l| ⊗ |k〉 〈l| ⊗ I

P32

=

∑
i,j,l

λiλ
2
jλl |j〉 〈l| ⊗ |i〉 〈l| ⊗ |i〉 〈j|

(∑
m,n

λmλnI ⊗ |m〉 〈n| ⊗ |m〉 〈n|

)

=

∑
i,j,n

λiλ
4
jλn |j〉 〈j| ⊗ |i〉 〈n| ⊗ |i〉 〈n|

 = R1P32

where R is the single qudit operator R =
∑

j λ
4
j |j〉 〈j|.

We can now therefore assume we also have access to the 1-local interaction R on any

qudit in A. Let H1 = (α + β2)P12 and H2 = β(P12 − R1) for some arbitrary α, β ∈ R,

with H0 = I − P32 as before. We note that ΠH2Π = 0, so that by Lemma 3.4, we can

simulate

Π
[
H1 −H2(H0)−1H2

]
Π = P32

[
(α+ β2)P12 − β2P12(I − P32)P12

]
P32

= αP32P12P32 + β2(P32P12P32)2 = (αR1 + β2R2
1)P32

By a symmetric argument, we can also simulate the 1-local interaction αR + β2R2 on

any qudit in B. To complete the proof, we consider the following two separate cases:

(i) R has a degenerate eigenspace with non-zero eigenvalue.

Suppose there exists µ > 0 such that J = {i | λi = µ} ⊆ {1, 2, . . . , d} has two or

more elements. Then R2 − 2µ4R+ µ8I = (R− µ4I)2 is positive semidefinite with

ground space projector Π =
∑

i∈J |i〉〈i|. By projecting all qudits into this subspace

with Lemma 3.3, we can simulate a Hamiltonian of interactions of the form

(Π⊗Π)P (Π⊗Π) = µ2
∑
i,j∈J

|i〉 〈j| ⊗ |i〉 〈j|

on a bipartite lattice. This interaction is exactly the alternative SU(d′) invariant

interaction for d′ = |J | (see equation 5.10), which is universal by Corollary 5.16.

(ii) The eigenspaces of R with non-zero eigenvalue are non-degenerate.

Without loss of generality, assume that the λi are ordered in non-increasing order.

The assumption that |ψ〉 is entangled implies that λ1, λ2 > 0. Since we are not

in case (i), we know that λ1 > λ2 and λ2 > λi for all i 6= 1, 2. Then the operator

H0 = R2 − (λ4
1 + λ4

2)R+ λ4
1λ

4
2I has two-dimensional ground space with projector
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Π = |1〉〈1|+ |2〉〈2|. Therefore by Lemma 3.3, we can simulate

ΠPΠ =
∑

i,j∈{1,2}

λiλj |i〉 〈j| ⊗ |i〉 〈j|

=
λ1λ2

2
(XX − Y Y ) +

λ2
1 + λ2

2

4
(ZZ + I) +

λ2
1 − λ2

2

4
(ZI + IZ)

where we have identified |1〉 and |2〉 with the qubit basis states |0〉 and |1〉, and

X,Y, Z are the standard qubit Pauli matrices.

The 2-local part of this interaction was shown to be universal in Theorem 4.2, even

when the interactions are restricted to a bipartite interaction graph. It remains to

note that the gadget for removing the 1-local part of an interaction presented in [4]

takes place on a bipartite interaction graph.

5.5 SU(2) Heisenberg interaction on qudits of dimension d

Next we consider the SU(2) Heisenberg interaction in local dimension d. Let Sx, Sy, Sz

form a d-dimensional irreducible representation of su(2) corresponding to the qubit

operators σx = X/2, σy = Y/2, σz = Z/2. As a representation they must satisfy

[Sa, Sb] =
∑

c iεabcS
c, where εabc is the completely antisymmetric Levi-Civita symbol

which satisfies the following standard identities:∑
a

εabcεaef = δbeδcf − δbfδce ⇒
∑
a,b

εabcεabf = 2δcf . (5.32)

Then the SU(2) Heisenberg interaction on qudits of dimension d is defined by

h =
∑
a

Sa ⊗ Sa.

We first prove some preliminary technical results that will be useful later on.

The trivial representation of su(2) has Young diagram of a single column of two boxes.

Let R(d) be the unique d-dimensional representation such that R(d)(σa) = Sa, which has a

Young diagram of a single row of d−1 boxes. The Casimir eigenvalue of the d-dimensional

representation is given by λ := (d2 − 1)/4 by equation (5.9), and so
∑

a S
aSa = λI.

The tensor product of two d-dimensional representations has a direct sum decomposi-

tion into all odd-dimensional representations of sizes 1, 3, . . . , 2d − 1 (this can be seen

using the Young diagram method, as described for example in [118]):

R(d) ⊗R(d) = R(1) ⊕R(3) ⊕ · · · ⊕R(2d−1) (5.33)
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Letting s = (d− 1)/2, this is the familiar decomposition of the total spin of two particles

of spin s.

For two qudits of dimension d labelled E and F , let H0 = hEF + λI = 1
2

∑
a(S

a
E +

SaF )(SaE + SaF ), which is half the Casimir operator in the representation {SaE + SaF }a, so

has eigenspace decomposition as given in equation (5.33), with eigenvalues half of the

corresponding Casimir eigenvalue for that representation.

Let |ψEF 〉 be the state corresponding to the trivial one dimensional representation in

the decomposition, for which (SaE + SaF ) |ψEF 〉 = 0 for all a. In the standard choice of

basis this is given by

|ψEF 〉 =
1√
d

d−1∑
i=0

(−1)i |i〉E |d− i〉F .

The following identities involving |ψEF 〉 can be derived from the fact that 〈ψEF |ME |ψEF 〉 =
1
d Tr(M) for any single qudit interaction M and the trace formulas provided in [120].

〈ψEF |SaE |ψEF 〉 = 0, 〈ψEF |SaESbE |ψEF 〉 =
λ

3
δab, 〈ψEF |SaESbEScE |ψEF 〉 =

iλ

6
εabc

(5.34)

〈ψEF |SaESbEScESeE |ψEF 〉 =
λ

15

(
(λ− 2)δacδbe + (λ+ 1

2)(δabδce + δaeδbc)
)

(5.35)

In particular the second equation of (5.34) shows that the states {SaE |ψEF 〉}3a=1 are

orthogonal; in fact they span the space on which SaE + SaF acts as the 3 dimensional

adjoint representation in the decomposition, since (SaE + SaF ) |ψEF 〉 = 0 implies (SaE +

SaF )SbE |ψEF 〉 = [SaE , S
b
E ] |ψEF 〉. We can check that H0 has eigenvalue 1 on this space:

H0S
b
E |ψEF 〉 =

1

2

∑
a

[SaE , [S
a
E , S

b
E ]] |ψEF 〉 =

1

2

∑
a,c,e

−εaceεabcSeE |ψEF 〉 = SbE |ψEF 〉 .

Finally we wish to show that the states
(

1
2{S

b
E , S

c
E} −

λ
3 δbc

)
|ψEF 〉 are in the 5-dimensional

eigenspace of H0 with eigenvalue 3.

H0S
b
ES

c
E |ψEF 〉 =

1

2

∑
a

(SaE + SaF )(SaE + SaF )SbES
c
E |ψEF 〉 =

1

2

∑
a

[SaE , [S
a
E , S

b
ES

c
E ]] |ψEF 〉

=
1

2

∑
a

(
[SaE , [S

a
E , S

b
E ]]ScE + 2[SaE , S

b
E ][SaE , S

c
E ] + SbE [SaE [SaE , S

c
E ]]
)
|ψEF 〉

= −1

2

∑
a,e,f

(
εabeεaefS

f
ES

c
E + 2εabeεacfS

e
ES

f
E + εaceεaefS

b
ES

f
E

)
|ψEF 〉

=

2SbES
c
E −

∑
e,f

(δbcδef − δbfδce)SeES
f
E

 |ψEF 〉 =
(

2SbES
c
E − δbcλI + ScES

b
E

)
|ψEF 〉

where we have used equation (5.32) and
∑

e S
eSe = λI.

This implies that H0

(
1
2{S

b
E , S

c
E} −

λ
3 δbcI

)
|ψEF 〉 = 3

(
1
2{S

b
E , S

c
E} −

λ
3 δbcI

)
|ψEF 〉 as

desired.
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5.5.1 Simulating h2 with h

Lemma 5.17. A Hamiltonian consisting entirely of SU(2) Heisenberg interactions h

can simulate a Hamiltonian of the form
∑

ij αijhij + βijh
2
ij for arbitrary αij , βij ∈ R and

βij > 0.

Proof. To apply an arbitrary interaction of the form αh+ βh2 across qudits 1 and 2, we

will use a mediator gadget with a pair of mediator qudits labelled E,F under the strong

interaction H0 = hEF + λI for λ = d2−1
4 as in the previous section. Let Π = |ψEF 〉〈ψEF |

be the projector onto the ground state of H0.

This will be a fourth-order gadget so we must define Hamiltonians H1, H2, H3, H4 in

order to apply Lemma 3.7. Let

H4 = µ2(h1E + h2E) = µ2

∑
a

(Sa1 + Sa2 )SaE = µ2

∑
a

S̃aSaE ,

where S̃a = Sa1 +Sa2 , and let H1 = µ1h12, H2 =
2µ2

2λ
3 (h12 +λI), and H3 = −µ3

2λ
3 (h12 +λI),

where µ1, µ2 are real coefficients to be chosen later. Note that h12 + λI = 1
2

∑
a S̃

aS̃a.

H1, H2, H3 all commute with Π, so are block diagonal with respect to the split H− ⊕H+.

We can use equation (5.34) to check that the remaining condition of Lemma 3.7 is satisfied,

ΠH4Π = µ2

∑
a

(Sa1 + Sa2 ) 〈ψEF |SaE |ψEF 〉Π = 0.

Since H0S
b
E |ψEF 〉 = SbE |ψEF 〉 (when viewing H0 as an operator only on E and F ), we

have H0H4Π = H4Π. This significantly simplifies the calculations required to determine

the effective interaction produced using Lemma 3.7:

ΠH4H
−1
0 H4Π = Π(H4)2Π = µ2

2

∑
a,b

(Sa1 + Sa2 )(Sb1 + Sb2) 〈ψEF |SaESbE |ψEF 〉Π

=
µ2

2λ

3

∑
a,b

δabS̃
aS̃bΠ =

2µ2
2λ

3
(h12 + λI)Π = ΠH2Π;

ΠH4H
−1
0 H4H

−1
0 H4Π = Π(H4)3Π = µ3

2

∑
a,b,c

(Sa1 + Sa2 )(Sb1 + Sb2)(Sc1 + Sc2) 〈ψEF |SaESbEScE |ψEF 〉Π

=
µ3

2λ

6

∑
a,b,c

iεabcS̃
aS̃bS̃cΠ =

µ3
2λ

6

∑
c

S̃cS̃cΠ =
µ3

2λ

3
(h12 + λI)Π

= −ΠH3Π.
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In the final set of equations we have used the following useful identity which holds for any

operators S̃a which form a representation of su(2) and thus satisfy [S̃a, S̃b] =
∑

c iεabcS̃
c:∑

a,b

iεabcS̃
aS̃b =

∑
a,b

i

2

(
εabcS̃

aS̃b + εbacS̃
bS̃a
)

=
i

2

∑
a,b

εabc[S̃
a, S̃b] (5.36)

= −1

2

∑
a,b

εabcεabeS̃
e = −δceS̃e = −S̃c. (5.37)

Let A = ΠH4H
−1
0 H2H

−1
0 H4Π and B = ΠH4H

−1
0 H4H

−1
0 H4H

−1
0 H4Π, so that by

Lemma 3.7 ∆H0 + ∆3/4H4 + ∆1/4H3 + ∆1/2H2 +H1 simulates (H1)−− +A−B. First

we calculate A using equation (5.34) to find

A = ΠH4H2H4Π =
µ4

2λ

3

∑
a,b,c

S̃aS̃bS̃bS̃c 〈ψEF |SaEScE |ψEF 〉Π =
µ4

2λ
2

9

∑
a,b

S̃aS̃bS̃bS̃aΠ.

Calculating B is more complicated:

B = Π(H4)2H−1
0 (H4)2Π = µ4

2

∑
a,b,c,e

S̃aS̃bS̃cS̃e 〈ψEF |SaESbEH−1
0 ScES

e
E |ψEF 〉Π.

We therefore need to calculate 〈ψEF |SaESbEH
−1
0 ScES

e
E |ψEF 〉, which can be done by re-

calling from above that
(

1
2{S

b
E , S

c
E} −

λ
3 δbcI

)
|ψEF 〉 is in the eigenspace of H0 with

eigenvalue 3, and [SbE , S
c
E ] =

∑
e fbceS

e
E for some coefficients fbce, so [SbE , S

c
E ] |ψEF 〉 is in

the eigenspace of H0 with eigenvalue 1. Then we have

〈ψEF |SaESbEH−1
0 ScES

e
E |ψEF 〉 = 〈ψEF |SaESbEH−1

0

(
1

2
{ScE , SeE} −

λ

3
δceI +

1

2
[ScE , S

e
E ] +

λ

3
δceI

)
|ψEF 〉

= 〈ψEF |SaESbE
(

1

3

(
1

2
{ScE , SeE} −

λ

3
δceI

)
+

1

2
[ScE , S

e
E ]

)
|ψEF 〉

= 〈ψEF |SaESbE
(

2

3
ScES

e
E −

1

3
SeES

c
E −

λ

9
δceI

)
|ψEF 〉

=
λ

45

(
(λ− 9

2)δacδbe + (λ+ 3)δaeδbc + (1
2 −

2
3λ)δabδce

)
where we have used equations (5.34) and (5.35) in the last equality. And so we have

A−B =
µ4

2λ

45

∑
a,b

(
(9

2 − λ)S̃aS̃bS̃aS̃b + (4λ− 3)S̃aS̃bS̃bS̃a + (2
3λ−

1
2)S̃aS̃aS̃bS̃b

)
.

Then we substitute in the following relations which are an easy consequence of equation

(5.36):

∑
a,b

S̃aS̃bS̃aS̃b =
∑
a,b

(
S̃aS̃aS̃bS̃b + S̃a[S̃b, S̃a]S̃b

)
=
∑
a,b

(
S̃aS̃aS̃bS̃b +

∑
c

iεbacS̃
aS̃cS̃b

)
=
∑
a,b

S̃aS̃aS̃bS̃b −
∑
c

S̃cS̃c,
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∑
a,b

S̃aS̃bS̃bS̃a =
∑
a,b

(
S̃aS̃bS̃aS̃b + S̃aS̃b[S̃b, S̃a]

)
=
∑
a,b

(
S̃aS̃bS̃aS̃b +

∑
c

iεbacS̃
aS̃bS̃c

)
=
∑
a,b

S̃aS̃bS̃aS̃b +
∑
c

S̃cS̃c =
∑
a,b

S̃aS̃aS̃bS̃b

to get

A−B =
µ4

2λ

45

(11

3
λ+ 1

)∑
a,b

S̃aS̃aS̃bS̃b +

(
λ− 9

2

)∑
c

S̃cS̃c


= µ4

2
λ

135

(
4(11λ+ 3)h2

12 + (88λ2 + 30λ− 27)h12 + (44λ2 + 18λ− 27)λI
)

Π

where we have used
∑

c S̃
cS̃c = 2(h12 + λI).

Let µ1 = α− µ4
2
λ

135(88λ2 + 30λ− 27) and µ2 = (135β/4(11λ2 + 3λ))1/4, noting that

11λ2 + 3λ is positive for all d > 2. Then by Lemma 3.7 we simulate ΠH1Π +A−B =

(αh12 + βh2
12 + cI)Π for some c ∈ R.

Finally, since this is a fourth-order gadget, we must check if there is any cross-gadget

interference when we use multiple gadgets in parallel. Let Πtot be the projector onto the

ground space of all gadgets being applied in parallel. By Corollary 3.9, the interference

between gadgets i and j is given by

−1

2
Πtot

[
H

(i)
4 , H

(j)
4

]2
Πtot.

If H
(i)
4 and H

(j)
4 commute then clearly there is no interference. Assume without loss of

generality that gadget i simulates an interaction between qudits 1 and 2 with H
(i)
4 =

µ
(i)
2 (h1Ei + h2Ei) and gadget j simulates an interaction between qudits 1 and 3 with

H
(j)
4 = µ

(j)
2 (h1Ej + h3Ej ). Normalising by a factor of (µ

(i)
2 )2(µ

(j)
2 )2 for convenience, the

cross-gadget interference is proportional to

− 1

2(µ
(i)
2 )2(µ

(j)
2 )2

Πtot

[
H

(i)
4 , H

(j)
4

]2
Πtot = −1

2
Πtot

[∑
a

(Sa1 + Sa2 )SaEi ,
∑
b

(Sb1 + Sb3)SbEj

]2

Πtot

= −1

2

∑
a,b,c,e

[Sa1 , S
b
1][Sc1, S

e
1]ΠtotS

a
EiS

c
EiS

b
EjS

e
EjΠtot

= −1

2

λ2

9

∑
a,b

[Sa1 , S
b
1][Sa1 , S

b
1] =

λ2

18

∑
a,b,c,e

εabcεabeS
c
1S

e
1

=
λ2

9

∑
c

Sc1S
c
1 =

λ3

9
I

where we have used equation (5.34) in the third equality. Therefore the cross-gadget

interference is proportional to the identity, which corresponds only to an unimportant

energy shift, and so can be ignored.
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5.5.2 h2 and h simulate qutrit Heisenberg, which simulates h2 and h

Let C be the Casimir operator corresponding to the {Sa1 + Sa2}a representation of su(2).

Given access to h2 and h interactions, we can produce the two-qudit interaction

(C − 2I)2 =

(∑
a

(Sa1 + Sa2 )(Sa1 + Sa2 )− 2I

)2

= (2h12 + 2λI − 2I)2

= 4
(
h2

12 + 2(λ− 1)h12 + (λ− 1)2I
)
,

where as before λ = (d2 − 1)/4. This operator is clearly positive semidefinite and has

eigenvalue zero only on the 3-dimensional representation in the decomposition (5.33), since

the 3-dimensional representation has Casimir eigenvalue 2. We will use this 3-dimensional

space to encode a logical qutrit. For any 4 qudits (1, 2), (3, 4), where each pair is restricted

to this space, the operator

h13 + h14 + h23 + h24 =
∑
a

(Sa1 + Sa2 )(Sa3 + Sa4 )

acts as a logical qutrit SU(2) Heisenberg interaction. So by Lemma 3.3 we can simulate

any qutrit Hamiltonian of SU(2) Heisenberg interactions using qudit interactions h and h2.

Then, by Lemma 5.17, it is possible to simulate any HamiltonianH =
∑

ij αijh
′
ij+βij(h

′
ij)

2,

where βij > 0 and now h′ and (h′)2 are the corresponding qutrit interactions. In particular

one can set αij = βij and simulate
∑

ij βij(h
′
ij + (h′ij)

2). Then h′ + (h′)2 is the SU(3)

Heisenberg interaction, which is universal by Theorem 5.2 (even with non-negative

weights). This completes the proof of the following theorem:

Theorem 5.5 (restated). For any d > 2, the SU(2) Heisenberg interaction h =

Sx ⊗ Sx + Sy ⊗ Sy + Sz ⊗ Sz, where Sx, Sy, Sz are representations of the Pauli matrices

X, Y , Z, is universal.

5.6 Bilinear-biquadratic interaction in dimension 3

We finally consider an important variant of the SU(2) Heisenberg model: the bilinear-

biquadratic spin-1 Heisenberg model (i.e. in local dimension 3). Write X3, Y3, Z3 for

matrices such that {iX3, iY3, iZ3} generate a 3-dimensional irreducible representation of

su(2). For example, we can take

X3 =
1√
2

0 1 0

1 0 1

0 1 0

 , Y3 =
i√
2

0 −1 0

1 0 −1

0 1 0

 , Z3 =

1 0 0

0 0 0

0 0 −1

 ;

note that these obey the same commutation relations as the Pauli matrices (up to a

scaling constant). Then the Heisenberg interaction is

h = X3 ⊗X3 + Y3 ⊗ Y3 + Z3 ⊗ Z3.
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Consider the algebra generated by h. We have h3 = h − 2h2 + 2I, so up to scaling

and an identity term any nontrivial interaction in this algebra can be written as h(θ) :=

(cos θ)h+ (sin θ)h2 for some θ. Let α = cos θ and β = sin θ. Because of our freedom to

choose the signs of interactions, we can further assume that 0 6 θ 6 π, and thus β > 0.

Then any Hamiltonian produced from such interactions can be written, up to an overall

identity term, as

H =
∑
i<j

aijh
(θ)
ij .

This model is known as the (general) bilinear-biquadratic Heisenberg model and has been

a popular object of study [102, 104, 105, 106]. The special case θ = arctan 1/3 is the

interaction proportional to h+ 1
3h

2 occurring in the famous AKLT model [114]. We also

already showed that the cases θ ∈ {0, π/4} are universal in the previous section (π/4

corresponds to the SU(3) Heisenberg interaction); here we prove universality for all other

values of θ.

It is easy to check that h has three eigenspaces with eigenvalues −2, −1, 1 and

dimensions 1, 3, 5 respectively. Therefore h(θ) has eigenvalues 4β − 2α, β − α, β + α with

respect to the same eigenspaces. In addition, h2 is proportional to the projector onto

|ψ〉 = |02〉 − |11〉 + |20〉 plus a multiple of the identity. Depending on θ, h(θ) has the

following properties:

• θ = 0: h(θ) = h. The Heisenberg model.

• 0 < θ < arctan 1/3: ground state nondegenerate and equal to |02〉 − |11〉+ |20〉.

• θ = arctan 1/3: ground space 4-fold degenerate (the AKLT model).

• arctan 1/3 < θ < π/2: ground space 3-fold degenerate and spanned by

{|01〉 − |10〉 , |12〉 − |21〉 , |02〉 − |20〉}. (5.38)

• θ = π/2: ground space 8-fold degenerate and the orthogonal complement of

|02〉 − |11〉+ |20〉. The case h(θ) = h2.

• π/2 < θ < π: ground space 5-fold degenerate.

The special case θ = π/4 gives the qutrit swap operator (up to rescaling and subtracting

an identity term), which is in addition SU(3)-invariant. For θ > π/4, the highest energy

state is nondegenerate and is |02〉 − |11〉+ |20〉.

5.6.1 Mediator gadget

We first consider the case where the state |ψ〉 = |02〉 − |11〉+ |20〉 is either the unique

ground state or highest excited state of h(θ).
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Lemma 5.18. Let θ ∈ (0, arctan 1/3) ∪ (π/4, π) \ {arctan 2}. Then h(θ) is universal.

Proof. Our strategy will be to use a second-order gadget via Lemma 3.4 to implement

the effective interaction h(θ′) for any choice of θ′. In particular this allows us to simulate

the interaction h(π/4) which is the qutrit swap operator – the unique SU(3) invariant

interaction shown to be universal in Theorem 5.2. To use this approach, we need to define

Hamiltonians H0, H1, H2 on a system of 4 qutrits. We label these qutrits 1, 2, 3, 4 where

qutrits 3 and 4 are mediator qutrits, and the effective interaction h(θ′) is simulated on

qutrits 1 and 2.

The condition on θ implies that β > 0 and α > 3β or α < β. Consider the operator

h(θ) + (2α− 4β)I, which annihilates |ψ〉 = |02〉 − |11〉+ |20〉, and has eigenvalues α− 3β

and 3α− 3β on the two eigenspaces of h with dimension 3 and 5 respectively, which in

turn correspond to eigenvalues −1 and +1. If α > 3β then both of these eigenvalues are

positive and we set H0 = h
(θ)
34 + (2α− 4β)I, while if α < β then both of these eigenvalues

are negative and the proof will continue analogously with H0 = −(h
(θ)
34 + (2α− 4β)I).

In either case, Π = I ⊗ |ψ34〉 〈ψ34| is the projector onto the ground space of H0. Let

H1 = λ1h
(θ)
12 for some λ1 ∈ R, so that H1 commutes with Π, and ΠH1Π = λ1h

(θ)
12 Π. Then

we choose

H2 = λ2

(
h

(θ)
13 + h

(θ)
23 −

8β

3
I

)
= λ2(α− β/2)A+ λ2βB

where A = h13 + h23, B = h2
13 + 1

2h13 + h2
23 + 1

2h23 − 8
3I, and λ2 ∈ R. It is easy to

check that for any |φ12〉, h13 |φ12〉 |ψ34〉 and h23 |φ12〉 |ψ34〉 are in the eigenspace of h34

with eigenvalue −1, and therefore that AΠ has support only on the eigenspace of H0

with eigenvalue α− 3β. Similarly, one can check that (h2
13 + 1

2h13 − 4
3I) |φ12〉 |ψ34〉 and

(h2
23 + 1

2h23− 4
3I) |φ12〉 |ψ34〉 are in the eigenspace of h34 with eigenvalue +1, which implies

that BΠ has support only on the eigenspace of H0 with eigenvalue 3α− 3β.

Therefore neither AΠ or BΠ have support on the eigenspace of H0 with eigenvalue 0,

and so ΠH2Π = 0 as required to apply Lemma 3.4. The second-order term is given by

ΠH2H
−1
0 H2Π = λ2

2

(α− β/2)2

α− 3β
ΠA2Π + λ2

2

β2

3α− 3β
ΠB2Π.

Calculating ΠA2Π and ΠB2Π separately we find that

ΠA2Π = Π(h2
13 + h13h23 + h23h13 + h2

23)Π =
4

3
(2I + h12)Π

ΠB2Π =

(
2

3
h2

12 +
1

3
h12 +

2

9
I

)
Π.

Then by Lemma 3.4, we can simulate the interaction

ΠH1Π−ΠH2H
−1
0 H2Π =

(
λ1h

(θ)
12 + λ2

2h̃12(θ)
)

Π
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where

h̃12(θ) =
2

9(α− β)

(
β2h2

12 +
6α3 − 12α2β + 8αβ2 − 3β3

α− 3β
h12 +

2(18α3 − 36α2β + 23αβ2 − 6β3)

3(α− 3β)
I

)
.

By repeating the same calculation with H2 = λ2(h
(θ)
13 −h

(θ)
23 ), it is possible to simulate the

interaction λ1h
(θ)
12 − λ2

2h̃12(θ) instead. For all θ satisfying the conditions in the lemma,

it is easy to check that the 2-local part of h̃12(θ) is linearly independent of h
(θ)
12 . So, by

choosing λ1, λ2 appropriately, we can use this gadget to simulate any desired interaction

h(θ′) (with an arbitrary weight), and in particular the case θ′ = π/4.

5.6.1.1 Logical qubit gadget

In the next case we consider, h(θ) has a 3-dimensional ground space.

Lemma 5.19. Let θ ∈ (arctan 1/3, arctan 5). Then h(θ) is universal.

Proof. In this case, the condition on θ implies that 0 < β/5 < α < 3β and that h(θ)’s

ground space is 3-dimensional. We will construct a second-order gadget that encodes

each logical qutrit into one of these 3-dimensional ground spaces of two physical qutrits.

Using Lemma 3.4, we choose H0, H1 and H2 such that the effective interaction between

logical qutrits is proprtional to h+ h2, the SU(3) invariant SWAP interaction shown to

be universal in Theorem 5.2.

By Lemma 3.6, which states that second order logical gadgets do not interfere, it will

suffice to consider just two logical qutrits encoded in 4 physical qutrits. Let one logical

qutrit be encoded into the ground space of h
(θ)
12 in a pair of physical qutrits labelled 1, 2

and a second logical qutrit be encoded into the ground space of h
(θ)
34 in a pair of physical

qutrits labelled 3, 4. The overall strong Hamiltonian H0, with an appropriate multiple of

the identity to ensure the ground state energy is zero, is given by

H0 = h
(θ)
12 + h

(θ)
34 + 2(α− β)I.

Let Π be the projector onto the 9 dimensional ground space of H0, in which the two

logical qutrits are encoded. One can check that for i ∈ {1, 2} and j ∈ {3, 4},

Πh
(θ)
ij Π =

(
1

4
h

(θ)
L + βI

)
Π

where h
(θ)
L denotes the action of h(θ) in the logical qutrit space, with respect to the basis

(5.38). Let H2 = λ2(h
(θ)
13 −h

(θ)
24 ) so that ΠH2Π = 0. Using a computer algebra package we

can calculate the second-order term, remembering that H0 has zero energy on its ground

space, and that the H−1
0 denotes the inverse computed on the higher energy space only:

−ΠH2H
−1
0 H2Π =

λ2
2

2α(α− 3β)

(
(−3α3 + 6α2β − 8αβ2 + β3)h− 1

2
(5α3 − 7α2β + 9αβ2 + β3)h2 + cI

)
Π
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for some c ∈ R.

Let H1 = 4λ1h13 so that ΠH1Π = λ1(h
(θ)
L + 4βI)Π = λ1(αhL + βh2

L + 4βI)Π. Then

by Lemma 3.4, choosing H0 and H2 as above and setting λ1 = α − β, λ2 = 2
√
α will

simulate
5α3 − 8α2β + 13αβ2 − 2β3

3β − α
(
hL + h2

L

)
+ c̃I

for some c̃, which is the SU(3) Heisenberg interaction as desired, up to rescaling and

deletion of an identity term. We note that 3β − α > 0 and

5α3 − 8α2β + 13αβ2 − 2β3 = (5α− β)(α−
√

2β)2 + (10
√

2− 7)α2β + (3− 2
√

2)αβ2 > 0

since α, β > 0 and 5α−β > 0. Therefore this gadget can only produce positively-weighted

interactions, but this restriction is allowed in Theorem 5.2.

5.6.2 The AKLT interaction

Finally we show how the AKLT interaction [114] can simulate the SU(3) Heisenberg

interaction. The AKLT interaction hAKLT is defined in local dimension d = 3 (spin 1) by

hAKLT := 3h+ h2, where h is the SU(2) Heisenberg interaction defined in (5.3).

Lemma 5.20. The AKLT interaction hAKLT := 3h+ h2 is universal.

Proof. We will use a gadget construction to show that hAKLT can simulate the SU(3)

invariant interaction h+ h2, which is shown to be universal in Theorem 5.2. We will use

Lemma 3.4 and construct a second-order mediator qutrit gadget involving 3 mediator

qutrits labelled 3, 4, 5 that will result in an effective interaction between qutrits 1 and 2.

Let H0 = hAKLT
34 + hAKLT

45 + hAKLT
35 + 6I, which has a unique ground state |ψ〉 on qutrits

3, 4, 5

|ψ〉 =
1√
6

(|012〉+ |120〉+ |201〉 − |021〉 − |210〉 − |102〉) ,

the completely antisymmetric state on 3 qutrits. Define Π to be the projector onto the

ground space of H0, and let H2 = λ2

(
hAKLT

13 + hAKLT
23 − 8

3I
)

for some λ2 ∈ R. Then one

can check (either by hand or using a computer algebra package) that ΠH2Π = 0 and

−ΠH2H
−1
0 H2Π = −2λ2

2

27

(
23h12 + h2

12 +
136

3
I

)
Π.

Let H1 = λ1h
AKLT
12 for some λ1 ∈ R so that ΠH1Π = λ1h

AKLT
12 Π. Then by Lemma 3.4,

choosing λ1 = 22 and λ2 =
√

27 we can simulate

ΠH1Π−ΠH2H
−1
0 H2Π = 20(h12 + h2

12)− 272

3
I

which one can check is the SU(3) Heisenberg interaction as desired, up to rescaling

and deletion of an identity term. Note that this can only produce positively-weighted
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interactions, but Hamiltonians of this restricted form are indeed proven universal in

Theorem 5.2.

Combining Theorem 5.5, Lemma 5.18, Lemma 5.19 and Lemma 5.20 yields our final

result:

Theorem 5.6 (restated). Let h(θ) := (cos θ)h + (sin θ)h2, where θ ∈ [0, 2π) is an

arbitrary parameter and h is the spin-1 Heisenberg interaction. For any θ, h(θ) is

universal.
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Chapter 6

Translationally invariant

Hamiltonians in 3D

In this chapter, we consider spin systems in three spatial dimensions, and consider the

computational complexity of estimating the ground state energy, known as the Local

Hamiltonian problem, for translationally invariant Hamiltonians. We prove that the

Local Hamiltonian problem for 3D lattices with face-centered cubic unit cells, 4-local

translationally-invariant interactions between spin-3/2 particles and open boundary

conditions is QMAEXP-complete, where QMAEXP is the class of problems which can be

verified in exponential time on a quantum computer.

We go beyond a mere embedding of past hard 1D history state constructions, for

which the local spin dimension is enormous: even state of the art constructions have

local dimension 42. We avoid such a large local dimension by combining some different

techniques in a novel way. For the verifier circuit which we embed into the ground space

of the local Hamiltonian, we utilize a recently-developed computational model, called a

quantum ring machine, which is especially well-suited for translationally invariant history

state constructions. This is encoded with a new and particularly simple universal gate

set, which consists of a single 2-qubit gate applied only to nearest neighbour qubits. The

Hamiltonian construction involves a classical Wang tiling problem as a binary counter

which translates one cube side length into a binary description for the encoded verifier

input, and a carefully engineered history state construction that implements the ring

machine on the cubic lattice faces. These novel techniques allow us to significantly lower

the local spin dimension, surpassing the best translationally-invariant result to date by

two orders of magnitude (in the number of degrees of freedom per coupling). This brings

our models en par with the best non-translationally-invariant construction.

This Chapter is based on [2].
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6.1 Background and motivation

As we have already discussed in this thesis, Kitaev’s seminal paper proving QMA-hardness

of the Local Hamiltonian problem for the case that each interaction couples at most

five spins [13] motivated significant progress towards understanding the computational

complexity that arises in different variants of the Local Hamiltonian problem [40, 14, 72,

25, 121, 116, 45, 4, 122]. Analysing the energy levels of the resulting hard instances often

required the development of novel mathematical techniques, which are of independent

interest e.g. in the context of spectral analysis of stochastic processes, or perturbation

theory. Yet from the perspective of experimental physics and material sciences, the

resulting many-body quantum systems are too contrived to be of relevance; either the

local spin dimension is vast, the coupling strengths vary from site to site, or the interaction

graphs are not geometrically local.

Moreover, while 1D results are interesting and in a sense the most fundamental

models to study (as any 1D hardness result directly implies hardness of the corresponding

higher-dimensional constructions), most condensed matter systems are in fact two- or three-

dimensional, and the comparison of local dimension between the best non-translationally

invariant results in 1D and 2D —8 [116], and 2 [14], respectively—indicates that moving

beyond 1D allows a significant reduction of the lattice spins’ dimension. It is thus a natural

question to ask whether one can go beyond a simple reduction from previously-known 1D

results, by exploiting these extra dimensions in a non-trivial way (i.e. beyond a simple

embedding), but at the same time retaining nice physical properties such as a regular

lattice structure and translational symmetries. We can even go further: is there a family

of Hamiltonians on a physically realistic 3D crystal lattice with a QMA-hard ground state?

This question is highly relevant, since such crystal structures are found ubiquitously

in nature (e.g. face-centered cubic lattices for sodium chloride, or body-centered cubic

cesium chloride crystals).

In this chapter, we prove that the Local Hamiltonian problem remains computationally

hard, even for a face-centered cubic lattice of spin-3/2 particles with geometrically 4-local

translationally-invariant interactions, and open boundary conditions.

It is clear that there is always a trade-off between local dimension and interaction

range: a Hermitian operator coupling k spins of dimension d each has d2k real degrees of

freedom. In 1D and for 2-local interactions, the best-known construction to date is [116]

with 8-dimensional qudits and nearest-neighbour interactions; for each coupled pair of

qudits, one Hermitian operator thus has 82 × 82 = 16384 free real parameters. Enforcing

translational invariance, we can regard e.g. [45]—nearest-neighbour interactions between

spins of dimension ≈ 50—which would give roughly (502)2 ≈ 6×106 parameters to choose

from.
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The construction we propose in this chapter with at most 4-local interactions between

spins of dimension 4 yields 48 degrees of freedom, a roughly two orders-of-magnitude

improvement over a straightforward embedding of the best one-dimensional construction,

and en par with the best non-translationally-invariant result. It also shows that there is

only about three orders of magnitude left between this construction and spin systems

that we encounter every day (e.g. nearest-neighbour, spin 1).

6.2 Main result

The family of spin systems we study are described by a Hamiltonian on a face-centered

cubic (cF) lattice as shown in Figure 6.1. More precisely, we start with a finite cubic

lattice Λ, where each vertex and each face carries a 4-dimensional spin Hloc = C4; the

overall Hilbert space H is then the tensor product of all spins. For a geometrically local

Hamiltonian h acting on k neighbouring spins (on vertices, faces, or both), we denote

with h~x the k-local operator h when offset by a lattice vector ~x ∈ Λ, and acting trivially

everywhere else; in case that h~x protrudes out of Λ, we set h~x ≡ 0. For a finite index set

I, we consider Hamiltonians of the form

H =
∑
i∈I

(
ci
∑
~x∈Λ

h~xi

)
, (6.1)

where each h~xi couples at most 4 spins, either within a single unit cell, or between

neighbouring unit cells. By construction, this Hamiltonian is translationally-invariant,

and features open boundary conditions since we do not place special interactions at faces,

edges or corners of the lattice cuboid.

The index set I does not depend on the size of the lattice, and neither do any of

the hi; we allow the ci = ci(|Λ|) to depend on the system size |Λ| = W ×H ×D, but

require any ci/cj ∈ [Ω(1/ poly |Λ|),O(poly |Λ|)]. This allows us to define a variant of

the Local Hamiltonian problem where the input is given by a description of the local

terms of a Hamiltonian as in (6.1) (i.e. the matrix entries of the local terms ci × hi, up

to polynomial precision), as well as the three side-lengths W,H and D of the lattice.

Moreover, we are given two parameters α < β satisfying β − α = Ω(1/ poly |Λ|), and a

promise that the ground state energy of H is either smaller than α, or larger than β. The

Local Hamiltonian problem is then precisely the question of distinguishing between these

two cases, and we prove the following main theorem.

Theorem 6.1. The Local Hamiltonian problem is QMAEXP-complete, even for translationally-

invariant 4-local interactions on a 3D face-centered cubic spin lattice (Figure 6.1) with

local dimension 4, and open boundary conditions.
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(a) face-centered cubic (cF) unit cell

(b) cF lattice

layer A

layer B

layer A

layer B

...

D

H

W

(c) layer A

(d) layer B

Figure 6.1: Face-centered cubic crystal lattice. All vertices and faces carry spin-3/2
particles; the red and green sublattice spins sit on the faces defined by the black lattice.

QMAEXP is similar to QMA, the quantum analogue of NP, but with an exponential-

time verifier instead of polynomial-time—a necessary technicality for any translationally

invariant result [22, 45], in which the interaction terms are the same (and given to the

same accuracy) for n qudit instances for all n. This implies that an n-qudit instance can

only encode poly(log n) bits of information (in this case the side lengths of the lattice,

which encode the input in unary). In essence, while a QMAEXP-hard problem can be

verified in exponential time on a quantum computer, just as in the P vs. NP case it is not

expected to be solved as efficiently (see Appendix C.1 for details).

We give a rigorous proof of Theorem 6.1 in Section 6.4; in the following, we want to

give a high-level exposition of the ideas and proof techniques which we employ. As in

past hardness results, we present an explicit construction of a family of QMAEXP-hard

instances of this variant of the Local Hamiltonian problem. We will make use of two types

of local terms, tiling and history state Hamiltonians, both of which have been studied

extensively, but mostly independently of each other. In our work, we will utilize each
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R
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R

R

R

R

R

R

R

R

R

R
Cd

Cd

Cd

Cd

Figure 6.2: Circuit diagram of a QRM with a ring of four dimension d qudits. The
intuition behind proving universality for QRMs is to encode a classical (reversible) Turing
machine’s action into the unitary R; depending on the internal state—which is stored on
classical lanes of the circuit (double lines)—a controlled unitary is applied to the pair of
qubits stored on the quantum lanes (single lines). Special flags also stored on the classical
lanes indicate where the unitary R acts non-trivially in its next round. In this way, the
Turing machine can “write out” and apply a uniform family of quantum circuits in one
go. QRMs are thus quantum Turing complete for a uniform complexity class, given that
the ring scales sufficiently quickly with the input.

method to its strength: the classical tiling terms will be used to encode the bootstrapping

mechanism responsible for the large local dimension in prior work, while the history state

terms will be used as a means of embedding the quantum computation part. First we

will briefly recap these methods.

6.2.1 History state construction

By definition, a promise problem Π is in QMAEXP if there exists a BQEXP quantum

circuit—called “verifier”—such that for any yes-instance l ∈ Π, there exists a poly-sized

quantum state—called “witness”—which the verifier accepts with probability > 2/3; or if

l is a no-instance, all poly-sized witnesses are rejected with high probability. The exact

constant used here is not important, as for any polynomial p, one can always amplify a

QMAEXP promise problem such that the distinction works with probability > 1− 1/3p(|l|)

for an instance l ∈ Π with size |l| (see Remark C.3).

We further know that for any QMAEXP promise problem, we can alternatively obtain

a so-called quantum ring machine (QRM) as verifier (Lemma C.6). In brief, a QRM

is a fixed unitary R on (Cd)⊗2, which acts cyclicly on a ring of n dimension d qudits.

Borrowing terminology from Turing machines (TM)—which are used to prove universality

of the QRM model—we call the unitary R the head of the QRM, and the qudit ring is

essentially a TM tape with cyclic boundary conditions. Figure 6.2 depicts such a QRM

and its action in circuit notation.

We take a specific 2-qubit quantum gate G and prove it to be universal, even when

only applied to adjacent qubits (Lemma 6.2). Together with its inverse G†, we can thus

use Solovay-Kitaev to approximate the QRM head unitary R to within precision ε. Since
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we require that the QRM first writes out an instance l ∈ Π on the ring, the resulting

circuit CR has size |CR| = O(poly |l| log4(1/ε)), see Lemma 6.4. To match the QRM

evolution, we repeatedly apply CR in a cyclic fashion, as described in Figure 6.2.

Keeping with tradition, we encode the circuit CR as a so-called history state Hamil-

tonian. In its simplest form, such a Hamiltonian encodes transitions for each gate Ui

present in CR = UT · · ·U1. More specifically, on the Hilbert space CT+1 ⊗ (Cd)⊗n and a

basis {|j〉}j on CT+1, we define

Hprop :=
T−1∑
t=0

∑
j

(|t〉 ⊗ |j〉 − |t+ 1〉 ⊗Ut |j〉)( h.c. ), (6.2)

where the first component of the Hilbert space stores a clock index taking track of the

current step within the computation. One can verify that ker(Hprop) is spanned by states

of the form

|Ψ〉 =

T∑
t=0

|t〉 ⊗ |ψt〉 :=

T∑
t=0

|t〉 ⊗Ut · · ·U1 |φ〉

for any initial states |φ〉 ∈ (Cd)⊗n. We say that the ground state is spanned by states

encoding the “history” of the computation, meaning that the state of the computation after

t steps—|ψt〉—is entangled with the “time” register |t〉 (we want to point out, however,

that this is a static problem, and the analogy with time steps is purely educational).

A large part of the overhead in terms of local dimension or interaction range present

in prior constructions is due to the fact that the terms in (6.2) are not necessarily local.

A common approach to construct a local clock is to subdivide each computational step

from |ψt〉 7−→ Ut |ψt〉 = |ψt+1〉 into multiple intermediate steps

|ψt〉 7−→ |ψt,1〉 7−→ . . . 7−→ |ψt,st〉 7−→ |ψt+1〉 ,

where no quantum gate is applied, but where some internal reordering takes place which

allows each transition to act on neighbouring spins only. This allows each gate operation

in (6.2) to be written as a local interaction. However, the problem remains that for

each local transition rule, in order to know which gate to apply next, one has to be able

to identify the current computational step locally and unambiguously (for an extensive

discussion see [45, introd.]). Knowing when to apply which transition rule thus requires a

potentially large local Hilbert space dimension, or long-range interactions.

Quantum ring machines circumnavigate part of this problem, as only a potentially

much smaller circuit CR has to be applied in a periodic fashion. However, we still need to

locally store the current step within the circuit CR. In the next section, we explain how

we use diagonal Hamiltonian terms to constrain the ground space of our Hamiltonian

such that the circuit description for CR is exposed at the front edge of the cuboid, in

a periodically repeating fashion (see Figure 6.3). More precisely, we define a diagonal
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Hamiltonian Hcl with spectral gap 1, and a degenerate ground space for which any ground

state of Hcl + Hprop will then be in a product configuration |Φcl〉 ⊗ |Ψ〉. Here |Φcl〉 is a

classical product state that takes a configuration as in Figure 6.3: in particular a string

describing CR is expressed, periodically, on the front edge.

Local terms as in (6.2) can then be used to access this circuit description without any

explicit knowledge of the current position within the circuit, which is implicitly given by

the location on the cube where the transition rule is applied.

6.2.2 Tiling construction

A tiling Hamiltonian is a local Hamiltonian on a lattice, where each term is a projector

onto the complement of the allowed tiles at a specific lattice location (see e.g. [123]). As a

simple example, consider just the 2D layer B-type sublattice from Figure 6.1, and assume

that every spin is a qubit. We denote with white the state |0〉, and with red shading

the state |1〉. Assume the only tiles we want to allow are the four shown in Figure 6.3

(without rotated variants).

By writing a local term for each tile (where we order the corresponding Hilbert space

(C2)⊗4 as a tensor product of the spin on the back, right, front, and left, respectively), we

can write a diagonal projector h = 1−
∑4

i=1 hi on (C2)⊗4 such that the ground space is

spanned by quantum states corresponding to the valid tiles; as an example, for the fourth

tile, we write

h4 := |1〉〈1| ⊗ |1〉〈1| ⊗ |0〉〈0| ⊗ |1〉〈1| .

We can thus easily define a local Hamiltonian on the layer B-type sublattice which in

its zero energy ground state encodes valid tiling patterns, where adjacent edges match,

if possible; if not, the ground state energy of the Hamiltonian will be at least 1. More

specifically, if P indexes all squares with four adjacent spins, then we can write the

Hamiltonian as

Htiling :=
∑
~p∈P

(
1
~p −

4∑
i=1

h~pi

)
⊗ 1 (6.3)

where h~pi ⊗ 1 acts non-trivially only on the spins sitting on the edges of square ~p. For

the aforementioned tiles, the resulting pattern is a binary counter, which can be used to

translate the depth of a lattice, D, into a binary string representation of D at the front

edge (see top face in Figure 6.3).

The same method can equivalently be used to enforce a more complicated tiling

pattern in three dimensions, especially when mixing penalty terms with different weights;

for an extensive proof that the corresponding Hamiltonian ground space is indeed spanned

by the best possible tiling we refer the reader to [123, appdx.].
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Figure 6.3: Structure of the ground state imposed by classical bonus and penalty terms.
Shown here is the lattice as in Figure 6.1; a cut through the top layer of the cuboid shows
the layer B red sublattice depicted in fig. 1 (d). Coloured triangles on the top layer denote
a spin on the tile edge in configuration |1〉, a white tile edge stands for configuration |0〉;
the tiles used on the top layer are the following four:

00000000
0000000000000000

00000000 00000000
1111111111111111

00000000 11111111
0000000011111111

00000000 11111111
1111111100000000

11111111

The same colour coding is used for the squares around the sides, which label the red cF
spins on the sides of the unit cells. The dashed green front edge denotes the computation
edge, where gates will be applied in the history state construction. Observe how the same
binary pattern is repeated periodically along the computation edge.

6.2.3 Hard instances for the Local Hamiltonian problem

We will now explain how these two techniques—tiling and history state Hamiltonians—can

be combined in order to prove Theorem 6.1. As a first step, we define a tiling pattern

to constrain all red layer B spins of the cube—apart from the top and side layers, but

including the bottom layer—to a specific symbol which is used nowhere else, and which

we denote with . All the following terms can then be conditioned on these red spins

being either in state , or not; this allows us to distinguish between the different faces of

the cuboid in a translationally-invariant way and with open boundary conditions. This

technique is commonly used in 1D (e.g. [22]), and we extend it to three dimensions.

As explained in the last section, we then define four tiles which self-assemble to a binary
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counter; this allows us to translates the depth of the cube D to a string representation

of D on the top front edge. Using similar tiles on the sides of the lattice, we wind this

binary string down and around the cube in an anti-clockwise direction; like that, the

string—which is the binary program description of the QRM circuit CR—is expressed

periodically on the front edge of the lattice, which we label the computation edge, see

Figure 6.3.

We further restrict the spins in the green layer A sublattice adjacent to this com-

putation edge to be in a state corresponding to successive pairs of program bits. For

example, if the binary program description is p1, p2, p3, p4, the green spins depend on

(0, p1), (p1, p2), (p2, p3), (p3, p4) and (p4, 0) respectively. A special encoding (see Table 6.3)

allows us to translate any such binary pair into an operation to perform on the computa-

tion edge. All constraints up to this point are diagonal in the computational basis and at

most 4-local; we collect all these static terms on the cF lattice in the Hamiltonian Hstat.

In order to execute the circuit encoded by the binary string, we will assume that we

are working in the ground space of Hstat; any other states necessarily have energy > 1.

On the black layer A spins, we partition the Hilbert space Hloc into C2 ⊕ C2; each spin

either stores a qubit |q〉, or it indicates one of two “mover” symbols J and I.

We write transition rules for the two arrows, which move them around the cube

according to their direction, while staying on the same layer (see Section 6.3.4.1). Any

qubit in their path is pushed down to the next layer and cycled one to the right if passed

by I, or one to the left if passed by J. Once an arrow arrives at the computation edge,

a transition rule conditioned on the program bit pairs (pi, pi+1) (accessible through the

green spins) performs the corresponding computational step on the two adjacent qubits.

The arrow is then re-set to the next lower level, and the whole procedure repeats. Once

the arrow returns to the computational edge and is at the bottom-most layer, there is no

further forward transition; the program terminates.

Symbolically, the operations we can perform with this basic set of instructions are the

following ones. We have a quantum state of N qubits |q1〉 |q2〉 · · · |qN 〉. In one step, we

can either. . .

1. cycle the qubits clockwise, to |qN 〉 |q1〉 · · · |qN−1〉,

2. cycle them anti-clockwise, to |q2〉 · · · |qN 〉 |q1〉,

3. perform a universal two-qubit quantum gate G on the first two qubits,

4. or perform the inverse of this gate, i.e. G†.

We prove in Lemma 6.2 that there exists such a gate G which is universal for quantum

computation, even if only applied to adjacent qubits. Analogously to before, we collect
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all history state terms in the Hamiltonian Hhist.

For us, the lattice instances of interest are the ones where the binary string corresponds

to a circuit approximating the head of a QMAEXP verifier QRM, i.e. CR (the fact that

most program strings do not represent such a QRM is not important). In Lemma 6.4 we

perform a careful analysis of the approximation errors, and show that one can indeed

choose height, width and depth of the lattice (depth corresponding to the encoded

program, width to the ring size, and height to the run time of the verifier) such that the

history state corresponds to a witness verification for any instance l ∈ Π, where Π can be

any promise problem in QMAEXP.

What remains to be done is to penalize invalid history state configurations, such as

multiple active symbols, or no active symbol; collect those terms in an operator P, which

is the only one which will make use of the scaling freedom given in (6.2). Finally, an input

penalty Pin for the computation ensures that some ancillas are correctly initialized for

the computation, and the output penalty Pout raises the lowest energy for no-instances.

Since our history state has branches (since not all transition rules we write down are

completely unambiguous), we have to show that Hprop defines a so-called unitary labeled

graph Laplacian and invoke a recently-proven variant of Kitaev’s geometrical lemma for

this case, Lemma C.9. With a rigorous proof in Section 6.4, we can thus show that the

overall 4-local translationally-invariant Hamiltonian

H := Hstat + Hprop + P + Pin + Pout

defined on the spin-3/2 cF lattice satisfies the promise gap λmin(H) 6 −Ω(1/poly |Λ|) if

l is a yes-instance, and λmin(H) > 0 otherwise. This finishes the construction, and the

claim of Theorem 6.1 follows.

6.3 Proof techniques

6.3.1 Single gate universality

In order to execute the QRM, we have to be able to cyclicly apply the QRM head unitary

on a pair of qudits. Since we will be working with qubits in our construction, we embed

each such qud it into a list of qubits, and approximate the 2-local qud it unitary using a

special 2-local unitary gate G, which can act on any two neighbouring qubits. In order

to apply Solovay-Kitaev to the QRM head unitary and approximate it with a O(log(1/ε))

gate count (as opposed to ∼ 1/ε), we have to be able to apply both G and its inverse,

G†; however, in Solovay-Kitaev, the requirement is that those two gates can be applied

to any pair of qubits, whereas in our construction—as will become clear later—we can

only ever apply either gate to neighbouring qubits.
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1 2 3 4 5 6 7 8 9 10 11

2 3
3 4 5
4 6 7 8
5 9 10 11
6 12 13 14 15 16
7 17 18 19 20 21
8 22 23 24 25 26
9 27 28 29 30 31 32 33

10 34 35 36 37 38 39 40
11 41 42 43 44 45 46 47
12 48 49 50 51 52 53 54 55
13 56 57 58 59 60 61 62 63

Table 6.1: A linearly independent set of generators for su(8) in terms of nested commuta-
tors of H1 and H2. For example, H42 := i[H11,H5].

It suffices to prove that G is universal when applied to adjacent qubits, which is what

the following lemma shows.

Lemma 6.2 (Ozols [124]). Define the 2-qubit unitary G := exp(iH) with

H := σx ⊗ 1 + 1⊗ σz + σx ⊗ σx + σz ⊗ σz =


2 0 1 1

0 −1 1 1

1 1 0 0

1 1 0 0

 .

Then the unitaries {Gk,k+1 mod l : k = 0, . . . , l− 1} generate a dense subset of SU(2l) for

all l > 3, where the subscript denotes where the unitaries act.

Proof. Since 3-qubit unitaries generate a dense subset of U(2l) when applied to adjacent

qubits, it suffices to prove the claim for l = 3. The proof follows techniques in Lie algebra

[125]. Define H1 := H ⊗ 12 and H2 := 1 ⊗H, and let L(H1,H2) be the Lie algebra

generated by these two elements. For j = 3, . . . , 63, we set Hj := i[Hrj ,Hcj ], where rj

and cj are the row and column numbers of entry j in Table 6.1. One can verify—using

a computer algebra system—that the matrices {H1, . . . ,H63} are linearly independent,

and traceless by construction. Since dim su(8) = 63, they furthermore span the entire

algebra, and the claim follows.

6.3.2 Circuit encoding

We work with a face-centered cubic lattice of side lengths D × H ×W , as shown in

Figure 6.3. At each vertex we place a 4-dimensional spin with local Hilbert space
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Hloc = C4, and we want to define a 4-local Hamiltonian on the lattice which embeds the

evolution of a QMAEXP verifier. Our construction comprises the following three main

steps.

1. Binary counter. We construct a 2D tileset which lives on the top face of the cuboid,

and translates the cuboid depth D into a binary description of D on the top front

edge, which is of size log2D. This binary string encodes a circuit C according to

Table 6.3 and Figure 6.4.

2. Shuffling the program. Using another 2D tileset, we cyclicly shuffle this circuit

program around the sides of the cuboid and wind it down diagonally as shown

in Figure 6.3. The front edge—marked in red—is the computation edge and will

periodically see the entire binary description of the program.

3. Performing gates. On the sides of the cuboid, we superpose a layer of qubits.

Labelling the qubits around the top edge of the cube with |q1〉 |q2〉 · · · |qN 〉, we define

transition rules which allow us to perform one of the following four operations:

a) cycle the qubits clockwise, to |qN 〉 |q1〉 · · · |qN−1〉,

b) cycle them anti-clockwise, to |q2〉 · · · |qN 〉 |q1〉,

c) perform a universal two-qubit quantum gate G on the first two qubits,

d) or perform the inverse of this gate, i.e. G†, on the first two qubits.

Once any gate operation is performed, all qubits are swapped with the ones on the

next-lower level while cycling them in the direction specified. On the next layer,

the same procedure repeats until the execution terminates after H steps (H being

the height of the cube). The history state construction for one operation above

thus requires 2× (D +W ) steps.

The necessary transition rules are described in detail in Section 6.3.4.2, and Table 6.3

describes how the binary program description on the computation edge is interpreted

as one of the four actions above at each level. Figure 6.4 shows how any circuit can be

encoded in this way. Observe that due to the winding program description—which is

exposed periodically at the front edge—we necessarily apply the same circuit over and

over again. In between each appearance of the description of CR on the computation edge,

the string of zeroes does not implement any gates or move the tape in either direction.

Naturally, this is precisely the evolution of a Quantum Ring Machine.

For suitable circuits CR, this construction is thus a history state Hamiltonian which

encodes an arbitrary QRM.

180



6.3. PROOF TECHNIQUES

S DGD D UIU S UIUDDDDGD U DGD U UIU UU UIDDDDDGD D UIU UU DGD S

|qi−1〉

|qi〉

|qi+1〉

|qi+2〉

G

G† G†

G

G
G†

G†

G

G†

G

stay (S)

0 0 0
I
J
I

down (D)

0 1 0 0
I
I
J
I

up (U)

0 0 1 0

I
J
J
I

gate (G)

0 0 1 1 0

I
J
J
J G

I

inv (I)

0 1 1 0 0
I
I

I
J

G†

I

Figure 6.4: Execution order of an arbitrary circuit approximated using the universal gate
G and its inverse G†. Each elementary operation start and end in a configuration I,
where the last program bit is a 0—like this, each circuit can be constructed by a simple
combination of these elementary operations, with a constant overhead. Observe that
both gate application and inverse gate application do not end on the same line, which
means that if we want to apply G at the current position, we have to execute DGD, and
similarly UIU for G†. The specific quantum gate G that we use is proven to be universal
in Lemma 6.2.
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Remark 6.3. If we want to encode a QRM which runs for t applications of the QRM

head, we necessarily need H > 2t(D +W ) for our cube. Furthermore, if the QRM head

acts on two qudits of dimension d, the circuit CR acts on m = dlog2 de qubits; we thus

require D +W ≡ 0 (mod m).

For a fixed cube depth D encoding some BQEXP QRM, we need to ensure that we can

tune the remaining two free parameters W and H—width and height of the cuboid—to

provide enough space and time for the computation to run and terminate, while at the

same time keeping the error introduced by approximating the QRM head unitary within

bounds. This is captured in the following technical lemma.

Lemma 6.4. Take a BQEXP promise problem Π. For any precision δ > 0 and instance

l ∈ Π, there exist cube parameters W,H,D = O(exp poly(|l|, log 1/δ)) which allow a

verifier ring machine to be executed on the cube for instance l to within precision δ.

Proof. Let l ∈ Π. A BQEXP witness computation for this instance l of size |l| can be

performed with a QRM with head unitary R ∈ SU((Cd)⊗2) for some d. We require that

the QRM head R contains a description of instance l; this means that d—the size of each

of the two qudits that R acts on—depends on the size of the instance, i.e. d = O(poly |l|).
Denote with t the number of steps the ring machine needs to perform to run the entire

verifier computation.

1. In Lemma 6.2 we show that there exists a specific 2-qubit gate G which is universal

for quantum computation, even when only applied to adjacent qubits.

2. Using S-K and a circuit encoding as described in Figure 6.4 using gates G and its

inverse G†, approximate the QRM head R with circuit CR to some error ε 6 δ/t,

where δ is the overall precision which we require for the verifier. Each qudit Cd

of the QRM verifier is encoded in m = dlog2 de qubits. The circuit CR thus acts

on (C2)⊗2m, i.e. m qubits. By [126], approximating an n-qubit unitary to within

precision ε requires O(n24nlogc(n24n/ε)) gates (for some c 6 4), if using their

gateset; for our purposes it suffices to know that the number of gates required to

approximate R to within precision ε scales as O(poly(d)× logc(1/ε)).

3. The circuit description is thus of length |CR| = O(poly |l| × logc(1/ε)) and therefore

we have to require that the depth of the cube D = O(exp(|CR|)) = O(exp(poly |l|×
logc(1/ε))).

4. The front sidelength W is increased...

• to make the ring r = W + D large enough for the computation, if it is not

already, and
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Position in lattice Alphabet

Layer A (black) 0, 1,I,J
Layer A (green) A,B,C,0

Layer B (red) 0, 1, !,

Table 6.2: Alphabets used for different qubits in the lattice. Note that we also use to
denote any state in {0, 1, !}.

• to make the ring size an integer multiple of m = dlog2 de.

5. Set H = 2t(W +D).

With ε 6 δ/t and t = O(exp poly |l|), we further have logc 1/ε 6 logc(t/δ) = O(poly(|l|, log 1/δ)),

and the claim of the lemma follows.

Remark 6.5. If we require cube parameters of O(exp poly |l|), we can demand a compu-

tation accuracy of at most δ = Ω(1/ exp poly |l|).

Proof. If we demand the two scaling parameters in Lemma 6.4 to be equal, we have

exp log4 (1/δ) = O(exp poly |l|)

⇔ log4 (1/δ) = O(poly |l|)

⇔ log (1/δ) = O(poly |l|)

⇔ δ = Ω(1/ exp poly |l|).

6.3.3 Static lattice constraints

6.3.3.1 Lattice structure

We will work with a face-centered cubic lattice of 4-dimensional qudits. All interactions

will be at most 4-local and translationally-invariant. The system will have open boundary

conditions; in particular, we do not cut off interactions at the boundary or introduce

boundary constraints of any kind. For the sake of clarity, when writing out constraints

in the following, we will usually ignore parts of the sublattice, implicitly assuming that

any interaction term is extended trivially everywhere else. When refering to layer A and

if not explicitly mentioned, we mean the black sublattice, and layer B will be the red

sublattice with side-centered vertices.

Any “static” constraint—i.e. the terms in the following four subsections—will be trans-

lated into local Hamiltonian terms diagonal in the computational basis; see Section 6.3.3.6

for details.
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6.3.3.2 Constraining the lattice bulk

Denoting with a special symbol in the red sublattice, we want to constrain the lattice

to be in this state in the bulk, and in its complement on the topmost red face, as well

as the outermost side faces. We first give a bonus of 1 to spins in the B sublattice in

configuration

All red layers but the top one will then be in state . We then give a bonus of 1 to all of

the following configurations:

This leaves the top layer unchanged. Summarizing the bonus terms so far, all other B

layers, as seen from the top, are then in the configuration

2

2

2

5

5

5

5

5

5

5

5

5

5

5

5

2

5

5

5

2

5

5

5

2

5

5

5

2

5

5

5

We then give a global 1-local penalty to with strength -3. The top B layer will thus be

in the complement of (which we denote with ), while all the other B layers look like

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

6.3.3.3 Binary counter

The top layer of type B will carry a binary counter tiling, which translates the side length

D into a binary representation on the top front edge. In order to achieve this, we need to

initialize the top back edge of the cube to all 0, and the top right edge to all 1. Since we

do not want to use distinct interactions on the outside layers, but have open boundary

conditions, we have to find a configuration in the pre-constrained cube which only occurs

on the top right and back edge, respectively. The following configuration is such an
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example:

top B layer
(6.4)

Since only the top and outer layers have red spins in configuration , this four-local

interaction allows us to pick out the top right boundary of the top layer, and to constrain

it to state 1. A similar interaction allows constraining the top back layer to 0. The top B

layer then looks like

11111111

11111111

11111111
00000000000000000000000000000000

Since this is the only B layer with spins in state , we can use the following tiles from

[127] to get the desired binary counting layer.

00000000
0000000000000000

00000000 11111111
1111111100000000

11111111

11111111
0000000011111111

00000000 00000000
1111111111111111

00000000

It is straightforward to verify that the general tile

aaaaaaaa
bbbbbbbbssssssss

cccccccc

obeys the rules c = carry of a+ b and sum s = a⊕2 b.

6.3.3.4 Winding program diagonally

We use an interaction similar to (6.4) to shuffle the program around the cube in a cyclic

fashion, as depicted in Figure 6.3:

00000000

00000000

and 11111111

11111111
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Observe that, by including the red qudit one layer in, this interaction does indeed only

apply to the front right face; similar interactions on the other three faces achieve the

desired program copying around the cube sides. Additionally, by conditioning on if this

inner qudit is either or , we can apply a different rule at the top layer. In particular at

the top layer of the front right face we want to flip the bit when copying down so that

there are 1’s on the top layer but 0’s on the layer below - see Figure 6.3.

On the corners, we use a similar shape of interaction, i.e.

pi+1pi+1pi+1pi+1pi+1pi+1pi+1pi+1 pipipipipipipipi
pi−1pi−1pi−1pi−1pi−1pi−1pi−1pi−1

pi+1pi+1pi+1pi+1pi+1pi+1pi+1pi+1

pi+2pi+2pi+2pi+2pi+2pi+2pi+2pi+2 pi+1pi+1pi+1pi+1pi+1pi+1pi+1pi+1
pipipipipipipipi

pi−1pi−1pi−1pi−1pi−1pi−1pi−1pi−1

and similarly for all other corners.

Note that in Section 6.3.4.2, we will need to temporarily replace red program bits

with a special symbol ! indicating that the application of a gate is happening in the next

step, so we exclude this case from the constraints in this section (i.e. we allow either pi

and pi, or pi and ! to appear around the computational corner, and similarly for the

diagonal face constraints bordering the computation edge).

As none of the dynamic transition rules below ever changes the number of head

symbols (of which ! is one), we can rule out the cases where there is more than one ! or

other head symbol present at any one time—we analyse these branching cases in detail in

Section 6.3.5.

6.3.3.5 Constraining layer A qudits

We label the states of the green face-centred qubits of the layer A type with the alphabet

{A,B,C, 0}. For all such green lattice qubits we apply a bonus of strength 1/2 to

configuration 0, so that this state is preferred.

In order to access two sequential program bits pi and pi+1 with a single three-local

interaction on the computation edge, we add a strength 1 interaction which constrains

the front column of the layer A green sublattice to a state Pi ∈ {A,B,C} depending on

the two neighbouring computation bits, i.e.

PiPiPiPiPiPiPiPi

pi+2pi+2pi+2pi+2pi+2pi+2pi+2pi+2 pi+1pi+1pi+1pi+1pi+1pi+1pi+1pi+1
pipipipipipipipi

pi−1pi−1pi−1pi−1pi−1pi−1pi−1pi−1
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Note that this interaction will have no effect anywhere else in the lattice, as at least one

of the two red program bits will be .

The rule which governs what state Pi is constrained to will depend on the tuple pi

and pi+1, and is derived from Table 6.3. The idea is that Pi = f(pi, pi+1) will signify

what is to happen at the computation edge. Looking at Table 6.3, we see that at each

stage we either:

A. Apply a gate (either G or its inverse G†, depending on where the arrow is coming

from),

B. go Backwards (i.e. change the direction of the arrow),

C. or Continue in the same direction.

Given the encoding of Table 6.3, we therefore take Pi = f(pi, pi+1) for a function f given

by

f(pi, pi+1) =


B if pi+1 = 0,

C if pi = 0 and pi+1 = 1, and

A if pi = pi+1 = 1.

Due to the aforementioned 1/2 bonus which applies at all green spins, the remainder of

layer A is in configuration 0.

6.3.3.6 Summary of static constraints

As explained in the main text under “Tiling Construction”, we take all static constraints

listed so far and translate them to diagonal and local projectors hi. This allows us to write

a 4-local, translationally-invariant classical Hamiltonian Hstat =
∑

~x

∑
hi

h~xi (i.e. product

and diagonal in the computational basis of each spin) with a ground space spanned by

states with the following properties.

1. Any black vertex spin in layer A is unconstrained.

2. The red layer B spins will be in a state as depicted in Figure 6.3, i.e. on the top

cuboid face, they represent a binary counter translating the depth D of the cuboid

into a binary description of D on the top front edge. This binary string s = p1 . . . pT

is wound down diagonally around the cube, which expresses s periodically on the

front computation edge. Only the spins adjacent to this edge are also allowed in a

configuration !. In the bulk of the cube all the way to the bottom-most layer, the

red spins are in state .
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3. The green layer A is in configuration 0 everywhere but on the front edge; there, the

spins there are in a configuration depending on the two adjacent program bits pi

and pi+1, as outlined above.

This Hamiltonian Hstat is gapped with a size-independent constant gap, and we can

rescale the interactions so far and shift the overall energy to assume that this ground space

as detailed above has energy zero, and any other configuration has energy lower-bounded

by 1.

In the next sections, we will explain the history state construction, which—within this

ground space of Hstat—will represent a valid QRM evolution for the circuit represented

by the binary string s.

6.3.4 Dynamic lattice constraints

The “dynamic” history state transition rules will be translated in a similar fashion to

terms as in (C.1) and (C.2). We always depict a transition rule as connected by a

squiggly arrow  ; the notation is self-explanatory: the brighter blue shading indicates

the original state, whereas the dull blue shading indicates the target configuration. To

give an example, a transition

aaaaaaaa
bbbbbbbb

cccccccc
dddddddd

 

aaaaaaaa
b′b′b′b′b′b′b′b′

c′c′c′c′c′c′c′c′
dddddddd

would be translated into a two-local term h = |bc〉〈bc|+ |b′c′〉〈b′c′| − |b′c′〉〈bc| − |bc〉〈b′c′|,
and correspondingly with an extra quantum register if b or c were labelling vertices that

carry a qubit (i.e. the black layer A sublattice vertices).

6.3.4.1 Moving qubits

The black sublattice (A layers) comprises the alphabet {0, 1,I,J}, where we treat the

0, 1-subspace as a qubit, i.e. C2. The right and left arrows are markers to indicate where
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to move qubits to. As an example on the front face, we have a left moving sequence

aaaaaaaa
bbbbbbbb cccccccc JJJJJJJJ

xxxxxxxx yyyyyyyy
zzzzzzzz

aaaaaaaa
bbbbbbbb JJJJJJJJ yyyyyyyy

xxxxxxxx cccccccc zzzzzzzz

aaaaaaaa JJJJJJJJ xxxxxxxx yyyyyyyy

bbbbbbbb cccccccc zzzzzzzz

and analogously the right moving sequence

IIIIIIII aaaaaaaa
bbbbbbbb cccccccc

xxxxxxxx yyyyyyyy
zzzzzzzz

yyyyyyyy
IIIIIIII

bbbbbbbb cccccccc

xxxxxxxx aaaaaaaa zzzzzzzz

yyyyyyyy
zzzzzzzz IIIIIIII cccccccc

xxxxxxxx aaaaaaaa
bbbbbbbb

To move qubits around a corner, we use an interaction of the form

IIIIIIII aaaaaaaa
bbbbbbbb

cccccccc

xxxxxxxx

yyyyyyyy

zzzzzzzz

yyyyyyyy
I∗I∗I∗I∗I∗I∗I∗I∗

bbbbbbbb

cccccccc

xxxxxxxx

aaaaaaaa

zzzzzzzz
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at the back, left and right corners (different rules as described in Section 6.3.4.2 are used

for the front edge) and similarly for going around the corner in the opposite direction.

A few remarks: first note that all the transitions defined so far are unique, i.e. given

the cube bulk constrained to as done in Section 6.3.3.2, and for every configuration

with only one arrow symbol (the other cases we will penalize as a last step), there exists

precisely one forward and one backwards transition. Another important point is how to

modify the arrows when going around the circumference of the cube once (marked with a

I∗ in the last transition rule); at the moment, if we left the arrow type unchanged for

every corner, we would not be able to shuffle around the qubits in a circle; on the back

face, we would be doing the opposite shuffling operation. Therefore, we change the arrow

type according to the following scheme:

JJJJJJJJJJJJJJJJ
JJJJJJJJJJJJJJJJ
JJJJJJJJJJJJJJJJ
JJJJJJJJJJJJJJJJ
JJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJ

IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII
IIIIIIIIIIIIIIII
IIIIIIIIIIIIIIII
IIIIIIIIIIIIIIII
IIIIIIIIIIIIIIII

sta
rt

and

IIIIIIIIIIIIIIII
IIIIIIIIIIIIIIII
IIIIIIIIIIIIIIII
IIIIIIIIIIIIIIII
IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII

JJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJ
JJJJJJJJJJJJJJJJ
JJJJJJJJJJJJJJJJ
JJJJJJJJJJJJJJJJ
JJJJJJJJJJJJJJJJ

start
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incoming
tape head

program
xn−1xn

operation
on qubits

outgoing
tape head

I 00 1 J
I 01 1 I
I 10 1 J
I 11 G† I

J 00 1 I
J 01 1 J
J 10 1 I
J 11 G J

Table 6.3: Program encoding. The arrow symbols I and J—i.e. the heads moving on the
tape—indicate in which direction the ring is moving. Relative to the tape, the current
head is thus moving in the opposite direction. With this encoding, any circuit can be
executed with the available operations, see Figure 6.4.

6.3.4.2 Computation

In order to execute any circuit as in Figure 6.4, we have eight elementary operations

available, all of which are listed in Table 6.3. It is easy to see that there exists a symmetry

between the right- and left-moving arrow; we will thus explain the right-moving arrows

(including the application of gate G) in detail and leave the reverse direction as an exercise

to the reader.

1. Consider p1p2 = 00 or 10, so that f(p1, p2) = B. The transition is conditioned to

only happen if the green qubit in the layer A sublattice is in the B state. Move ?’ up, b

to the right and flip the arrow. This corresponds to simply reverting the direction as in

Table 6.3.

BBBBBBBB
p4p4p4p4p4p4p4p4 p3p3p3p3p3p3p3p3 00000000 00000000

pnpnpnpnpnpnpnpn

pn−1pn−1pn−1pn−1pn−1pn−1pn−1pn−1

p5p5p5p5p5p5p5p5 p4p4p4p4p4p4p4p4 p3p3p3p3p3p3p3p3 00000000
00000000

pnpnpnpnpnpnpnpn

???????? ???????? IIIIIIII ????????
????????

????????
????????

yyyyyyyy zzzzzzzz aaaaaaaa
bbbbbbbb

?’?’?’?’?’?’?’?’
cccccccc

????????

???????? ???????? ???????? ????????
????????

????????
????????

BBBBBBBB
p4p4p4p4p4p4p4p4 p3p3p3p3p3p3p3p3 00000000 00000000

pnpnpnpnpnpnpnpn

pn−1pn−1pn−1pn−1pn−1pn−1pn−1pn−1

p5p5p5p5p5p5p5p5 p4p4p4p4p4p4p4p4 p3p3p3p3p3p3p3p3 00000000
00000000

pnpnpnpnpnpnpnpn

???????? ???????? ?’?’?’?’?’?’?’?’ ????????
????????

????????
????????

yyyyyyyy zzzzzzzz aaaaaaaa JJJJJJJJ
bbbbbbbb

cccccccc
????????

???????? ???????? ???????? ????????
????????

????????
????????
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2. Consider p1p2 = 01 so that f(p1, p2) = C. We perform the same action as above, but

keep the arrow direction.

CCCCCCCC
p4p4p4p4p4p4p4p4 p3p3p3p3p3p3p3p3 11111111 00000000

pnpnpnpnpnpnpnpn

pn−1pn−1pn−1pn−1pn−1pn−1pn−1pn−1

p5p5p5p5p5p5p5p5 p4p4p4p4p4p4p4p4 p3p3p3p3p3p3p3p3 11111111
00000000

pnpnpnpnpnpnpnpn

???????? ???????? IIIIIIII ????????
????????

????????
????????

yyyyyyyy zzzzzzzz aaaaaaaa
bbbbbbbb

?’?’?’?’?’?’?’?’
cccccccc

????????

???????? ???????? ???????? ????????
????????

????????
????????

CCCCCCCC
p4p4p4p4p4p4p4p4 p3p3p3p3p3p3p3p3 11111111 00000000

pnpnpnpnpnpnpnpn

pn−1pn−1pn−1pn−1pn−1pn−1pn−1pn−1

p5p5p5p5p5p5p5p5 p4p4p4p4p4p4p4p4 p3p3p3p3p3p3p3p3 11111111
00000000

pnpnpnpnpnpnpnpn

???????? ???????? ?’?’?’?’?’?’?’?’ ????????
????????

????????
????????

yyyyyyyy zzzzzzzz aaaaaaaa IIIIIIII
bbbbbbbb

cccccccc
????????

???????? ???????? ???????? ????????
????????

????????
????????

3. Consider p1p2 = 11 so that f(p1, p2) = A. We want to execute a gate, which requires

one intermediate step. We place the computation marker on the right hand side of the

computation edge. This signals that the next step is to perform a gate G on a and b.

Here |a′〉 |b′〉 := G |a〉 |b〉. The program is restored and the arrow left in the right moving

configuration, as required by Table 6.3.

AAAAAAAA
p4p4p4p4p4p4p4p4 p3p3p3p3p3p3p3p3 11111111 11111111

pnpnpnpnpnpnpnpn

pn−1pn−1pn−1pn−1pn−1pn−1pn−1pn−1

p5p5p5p5p5p5p5p5 p4p4p4p4p4p4p4p4 p3p3p3p3p3p3p3p3 11111111
11111111

pnpnpnpnpnpnpnpn

???????? ???????? IIIIIIII ????????
????????

????????
????????

yyyyyyyy zzzzzzzz aaaaaaaa
bbbbbbbb

?’?’?’?’?’?’?’?’
cccccccc

????????

???????? ???????? ???????? ????????
????????

????????
????????

AAAAAAAA
pn−1pn−1pn−1pn−1pn−1pn−1pn−1pn−1 pnpnpnpnpnpnpnpn 11111111 !!!!!!!!

p3p3p3p3p3p3p3p3

p4p4p4p4p4p4p4p4

pn−2pn−2pn−2pn−2pn−2pn−2pn−2pn−2 pn−1pn−1pn−1pn−1pn−1pn−1pn−1pn−1 pnpnpnpnpnpnpnpn 11111111
11111111

p3p3p3p3p3p3p3p3

???????? ???????? ?’?’?’?’?’?’?’?’ ????????
????????

????????
????????

yyyyyyyy zzzzzzzz aaaaaaaa
bbbbbbbb

11111111
cccccccc

????????

???????? ???????? ???????? ????????
????????

????????
????????

AAAAAAAA
p4p4p4p4p4p4p4p4 p3p3p3p3p3p3p3p3 11111111 11111111

pnpnpnpnpnpnpnpn

pn−1pn−1pn−1pn−1pn−1pn−1pn−1pn−1

p5p5p5p5p5p5p5p5 p4p4p4p4p4p4p4p4 p3p3p3p3p3p3p3p3 11111111
11111111

pnpnpnpnpnpnpnpn

???????? ???????? ?’?’?’?’?’?’?’?’ ????????
????????

????????
????????

yyyyyyyy zzzzzzzz
a’a’a’a’a’a’a’a’ IIIIIIII

b’b’b’b’b’b’b’b’
cccccccc

????????

???????? ???????? ???????? ????????
????????

????????
????????

We now move the arrow once around the tape and then arrive at the computational

corner from the other side. Observe—as mentioned—that the encoding in Table 6.3
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is mirror-symmetric, so by reversing all the rules above one can implement the same

rules—while applying G−1 instead of G when Pi = A for an arrow incoming from the

right.

6.3.4.3 Computational input and output constraints

Since the instance is specified within the QRM head, it suffices to provide the computation

with a single ancilla |0〉 as input; in case we need more ancillas than available on the

front edge, we can augment our verifier as in [45, fig. 4]. Due to the configuration of the

red layer B sublattice, it is straightforward to find a local configuration which only ever

appears on a top right corner; more specifically, we utilize the constraint interaction

to enforce that the black symbol is either in an arrow configuration, or 0, respectively.

The rest of the tape is left unconstrained.

Since there is nothing special about the bottom-most layers A and B, we need to use

a pair of interactions to enforce the last black qubit to an accepting state. This can be

readily achieved using

constraining the black qubit to state |0〉, and

giving a bonus to the complement configuration. Everywhere but on the bottom-most

layer, the two penalties precisely cancel; however, on the last layer, only the projection

onto |0〉 survives, which thus acts as output penalty once the computation is terminated.
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6.3.4.4 Multiple heads penalty

Since we only want to allow precisely one head on the computational layer, we will

penalize any configuration where two heads are next to each other. This finishes our

construction.

6.3.5 Analysis of history state branching

In this section, we want to analyse all transition rules and show that the parts where

they are ambiguous do not break the evolution of the computation. First note that all

constraints in Section 6.3.3 are static, i.e. there are no possibilities for any ambiguities in

the configuration. We will call configurations that obey all those static constraints and

have precisely one head symbol on the computational layer—i.e. exactly one of I, J or

!—valid configurations.

We will go through each dynamic penalty in Section 6.3.4 separately.

1. In Section 6.3.4.1, the transition rules for the faces are unambiguous, since they

depend on the red symbol to be in a configuration .

2. The rules for moving around a corner, however, can happen on a face: in this case,

the arrow symbol is moved one layer into the bulk. Observe though that none of the

movement transitions can apply to the arrow when it is inside of the bulk (apart

from moving it back out with a reverse transition), so the computation branches,

but the leg does not proceed: we obtain an evolution of the form

|ψ1〉

|ψ′1〉

|ψ2〉

|ψ′2〉

|ψ3〉

|ψ′3〉

|ψ4〉

|ψ′4〉

where all the primed states are redundant, but at most enlarge the overall evolution

by a factor of 2.

3. In Section 6.3.4.2, the computation transitions are unambiguous; observe in par-

ticular that there is no transition rule that simply copies the arrow around the

computation edge (by construction, see Section 6.3.4.1 ).

4. Finally, the input and output constraints are static again.

This allows us to formulate the following two branching lemmas.

Lemma 6.6. Any valid history state for the given transition rules is of size O(poly(W,D,H)),

where W , D and H are the cuboid’s width, height and depth.
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Proof. Follows by construction; the head can perform at most O(H × (W +D)) unique

transitions.

Lemma 6.7. In case there is more than one head symbol (i.e. !, I or J) present, the

minimal valid evolution splits up into poly-sized slices, each of which carries at least one

penalty from two directly adjacent heads.

Proof. The argument is the same as in [45]. One can keep all but one of the head symbols

fixed; the one left free to move is necessarily meeting another head symbol within poly

many steps.

6.4 QMA-hardness proof of Theorem 6.1

In this section, we provide a rigorous proof of Theorem 6.1. Using statical constraints

and dynamic rules as in (C.1) and (C.2), we translate the transition rules defined in

Section 6.3.2 into a Hamiltonian Hprop, which is geometrically 4-local by construction.

We want to point out that the Hilbert space structure of this lattice Hamiltonian

Hprop is not a product space between clock and computation space Hclock⊗Hcomp, which

would result in a ground state of the standard history state form
∑

t |t〉 |ψt〉. The reason

for this is that depending on which sub-lattice a spin sits on, its local Hilbert space

Hloc = C4 decomposes differently. The red and green spins can be regarded as being

completely in the clock space, as all transition rules which act on them are completely

classical, i.e. they never move any of the red and green spins out of a computational basis

state. The black spins, however, decomposes into a direct sum Hclock ⊕ C2, the latter

space carrying a qubit, and the clock part being reserved for the two arrow symbols J

and I, which are part of the clock.

In order to analyse the spectrum, we note that there exists an isometric transformation

between our Hamiltonian and Hilbert space, and one which respects the product space

structure, which in particular will allow us to regard the Hamiltonian as a ULG Laplacian

and apply Lemma C.9. Let us be precise at this point, and use the recently-developed

Quantum Thue System terminology defined in [45, sec. 6]. With this new machinery, we

can state the following lemma.

Lemma 6.8. The transition rules in Section 6.3.2 define a Quantum Thue System, and

the induced ULG is simple.

Proof. Verifying that the rules define a Quantum Thue System is straightforward by a

simple re-ordering of the spins. Simplicity of the corresponding unitary labelled graph

follows from Lemma 6.6; we refer the interested reader to [45, def. 51, lem. 52 and 53].
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Without further ado, we now proceed to the proof of Theorem 6.1, which we re-state here

in a rigorous, but concise fashion.

Theorem 6.9. (4, 4)-TILH-3D is QMAEXP-complete.

Proof. Containment in QMAEXP is straightforward, see [45]. To show that the Hamilto-

nian instances of the cube construction define a QMAEXP-hard family, we will employ

techniques proven there which should simplify the analysis.

Let Π = (Πyes,Πno) be a QMAEXP promise problem, as in Definition C.4. By

Lemma 6.4, we know that we can pick a constant error threshold δ > 0 such that for any

instance l ∈ Π there exists a cube which allows a verifier circuit for this instance to be

executed on the sides. Since we will require probability amplification later on in the proof

(Remark C.3), we set δ = f(|l|) for some function f to be specified later, and also assume

that the original verifier’s acceptance probability is εl 6 f(|l|).

We translate all static and dynamic penalties into a Hamiltonian as explained in (C.1),

and denote the corresponding Hamiltonian operator with

H = P + Hprop = Pin + Pout + Pstatic + Pheads + Hprop,

where Pstatic comprises all static constraints for the cube (cube structure, binary counter

and winding of program), Pheads penalizes any two head symbols next to each other,

and such that Pin/out represent the input and output penalties, respectively. We further

assume Pstatic is shifted to be positive semi-definite, i.e. such that the ground states

described in Section 6.3.3 span the kernel of Pstatic. Note that this is always possible

using 1-local terms, since—as mentioned in the introduction, see (6.1)—we do allow the

local terms to depend on the lattice size.

Soundness. We first regard the case when l ∈ Πyes. Denote with |Ψl〉 the valid history

state, i.e. the unique uniform superposition ground state of Hprop started out in a valid

initial configuration with a single left-moving head in the top left row, and such that no

initial or static penalty is violated. Then

〈Ψl|H |Ψl〉 = 〈Ψl|Pin |Ψl〉 = 0 (i)

+ 〈Ψl|Pout |Ψl〉

+ 〈Ψl|Pstatic |Ψl〉 = 0 (ii)

+ 〈Ψl|Pheads |Ψl〉 = 0 (iii)

+ 〈Ψl|Hprop |Ψt〉 = 0 (iv).

Term (i) is zero because |Ψl〉 satisfies all input constraints, (ii) because |Ψl〉 is a valid

history state, (iii) because |Ψl〉 has precisely one active head symbol, and (iv) since |Ψl〉
is a ground state of Hprop.
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What remains to be analysed is the output penalty 〈Ψl|Pout |Ψl〉. If we write |Ψl〉 =
1√
T

∑
t∈T |t〉 |ψt〉 where T is the normalization constant for the history state (i.e. the

number of unique vertices in the ULG evolution represented by |Ψl〉), which we know by

Lemma 6.6 to be T = O(poly(W,D,H))—i.e. the number of computational steps taken,

including branching, cannot be larger than a polynomial in the cube width, depth and

height. Then

〈Ψl|Pout |Ψl〉 =
1

T

∑
t,t′∈T

〈t| 〈ψt| |T 〉〈T | ⊗Πout

∣∣t′〉 |ψt′〉


=
1

T
〈ψT |Πout |ψT 〉

=
1

T
P(circuit rejects)

6
1

T
(εl + δ)

=
2f(|l|)
T

. (6.5)

Completeness. If l 6∈ Πyes, we have to show that for any |ψ〉, 〈ψ|H |ψ〉 is bounded

away from the yes-case by a 1/poly gap. If any static constraint is violated, we can

immediately bound H > 1. So we can assume that the state |ψ〉 is in a valid configuration.

Note that the number of head symbols I, J or ! is always preserved for any transition

rule. This means that Hprop—and therefore also H—is block-diagonal in the static cube

configuration and the number of head symbols on the computational layer, we can regard

each case separately.

1. In case of multiple head symbols we first observe that each head necessarily sweeps

the entire surface of the cube. In particular, we know that if there are multiple

head symbols, moving any one of them for poly many steps along the surface will

necessarily place two heads next to each other, which is a configuration we can

penalize; what remains to be checked is that this induced penalty is large enough

to lower-bound the spectrum of H, i.e. of order Ω(1/ poly(W,H,D)).

More formally, the argument goes as follows. We first pick an arbitrary head

symbol on the surface. Now define H′prop to be Hprop with any transition terms

for the other heads removed. Since any transition rule as in (C.2) is itself positive

semi-definite, this necessarily means Hprop > H′prop (spectrum wise, by which we

mean Hprop −H′prop is psd itself). Note that this new operator H′prop is certainly

non-local: the removed rules are global rules, as they depend on the entire state

of the cube. As an example, consider the case of two heads, where we arbitrarily

picked the first head for this argument. The rules we remove are the ones where
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the first head is on any position on the cube, but the second one moves. This

long-range condition cannot be expressed as a geometrically local rule, as the two

head symbols can be spaced very far apart. However, since here we only need H′prop

to lower-bound the spectrum of Hprop locality does not matter for the sake of this

argument.

The head symbol which we chose and for which there are transition rules present

in H′prop will then encounter another head in at most poly(W,H,D) many steps—

it cannot possibly take longer than visiting the entire surface of the cuboid, see

Lemma 6.7. At that point, it will pick up a penalty. Utilizing our variant of Kitaev’s

lemma (Lemma C.9), we conclude

H = Pin/out + Pstatic + Pheads + Hprop

> Pheads + H′prop

> Ω(1/poly(W,H,D)).

We thus need to set f in (6.5) to a function which allows a polynomial separation

(in the system size) between a yes and no instance; by Remark 6.5, this is always

possible.

2. The same argument lets us bound

H > Pin/out + Hprop = Ω(1/ poly(W,H,D))

in case of a single head valid history state since l is a no-instance.

3. What remains to be analysed is the zero head case. There are two standard

approaches: we can either increase the number of symbols on the computational

layer, such that on one side of a head—i.e. behind it in direction of the computation—

we take one kind of symbols, and on the other side we take the other set; constructions

like this can be constrained by a regular expression (without repetition of symbols,

see [22, lem. 5.2]) and thus penalized with local terms.

Since our benchmark tries to reduce the local dimension of the system, we instead

add a bonus term B to the Hamiltonian H, and such that B |ψ〉 = −g(|l|)× h |ψ〉
where h is the number of head symbols for any basis state |ψ〉 of H, and g is a

function chosen such that there is again a 1/ poly separation between the zero

head state and the ground state for yes-instances, but such that multiple head

configurations stay bounded away from 0. It is clear that B can be implemented by

a 1-local term of the form −g(|l|) |head〉〈head|.

To be more precise and to determine how quickly g has to grow, assume that the

construction up to now satisfies λmin 6 1/A for the yes case, and λmin > 1/B
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in the nocase (excluding zero heads), where B = O(poly(W,H,D)), and A >

4B ×W ×H ×D. Choose g = 2/A; since there can be at most W ×H ×D heads

on the cuboid’s faces, we obtain the bounds

λmin 6 1/A− 2/A = −1/A

if l ∈ Πyes, and otherwise, for at least one head,

λmin > 1/B − 4(W ×H ×D)/A > 1/B − 1/B > 0.

Finally, the zero head case can be trivially lower-bounded by H > 0.

We have thus shown a promise gap of 1/ poly in the system size: for l ∈ Πyes, H 6

−Ω(1/ poly(W,H,D)), and H > 0 otherwise. The claim of Theorem 6.1 follows.

6.5 Conclusion

The quest for ever-more physically realistic families of QMAhard local Hamiltonians

has arguably led us to increasingly contrived constructions. The increase in complexity

necessary when going from non-translationally-invariant constructions to translational

invariance is striking [22], and the same holds true for the effort to bring the local

dimension back within reasonable range [45]. On the other hand, almost always some

fundamental new piece of machinery had to be developed, advancing our knowledge

about circuit Hamiltonians: such as allowing branching to happen in the computational

path, or using easier-to-implement computational models (Quantum Ring Machines), of

independent interest e.g. in the context of adiabatic quantum computation ([128]).

In our case, we combine our construction with Wang tiles, which to our knowledge

have not ever been used for this purpose. This “outsourcing” of part of the computation

to a classical constraint satisfaction problem saves a significant amount of overhead for the

control machinery surrounding the actual quantum verification procedure. Furthermore,

the single universal quantum gate could be of independent interest in other applications,

as it is reasonable to imagine a physical set-up where gates can only be applied to adjacent

qubits in a circuit.

In fact, our 3D construction showcases that the embedded computation need not be

highly obscure, and can, in contrast, even be quite elegant, as is evident by the much lower

required local dimension and the therefore much smaller number of possible interactions

necessary. By moving beyond simple spatial lattices, we can show that such structures

support the emergence of more complex behaviour, despite the intrinsic symmetry of the

crystal lattices we employ. By making use of these novel features, we are able to reduce
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the local dimension by two orders of magnitude as compared to the best result known to

date.

We suggest three concrete open problems.

1. While our cube crystal structure is three-dimensional, we do not exploit its bulk

structure beyond making use of its different sides. But there are small universal

machines in higher dimensions (e.g. 2D or 3D Turing machines, Turmites, or cellular

automata) which might be of use for improving this result further. This also leaves

open the question of the required local dimension necessary for any 2D construction.

2. The history state construction we employ still relies on a single moving “head”

state. More recent results (see [129]) utilize a propagating wave-front-like clock

construction in 2D. A more general open question is of course whether there is

any other construction, different from Feynman’s circuit-to-Hamiltonian one, which

would allow one to prove a QMA-hardness result for the Local Hamiltonian problem

(as studied e.g. in [45]). Including classical computation parts with Wang tiles is

one step, but are there other, fundamentally different sets of local interactions even

suitable to encode parts of a quantum computation?

3. A bottom-up approach proving a lower bound on the local dimension (or locality)

of the interactions would be an alternative route to new insights into the local

Hamiltonian problem. We want to emphasize that there is not much space left

for any optimization: as mentioned in the introduction, our construction allows

each coupling to have ≈ 104 free parameters; by the same benchmark, physically

realistic spin lattices found in nature allow somewhere around (3×3)2 ≈ 80 different

couplings.

Recent results show that e.g. 1D gapped Hamiltonian ground states can be approxi-

mated efficiently (i.e. in randomized poly-time, see [122]), but since history state

constructions have a spectral gap that closes inverse-polynomially with the runtime

of the encoded computation, a lower bound on the required local dimension remains

open.
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Chapter 7

Complexity of simulating local

measurements

We study the computational complexity of simulating local measurements on ground

states of local Hamiltonians, denoted APX-SIM [15]. This problem is known to be

PQMA[log]-complete, for PQMA[log] the class of problems solvable by a P machine which can

make a logarithmic number of adaptive queries to a QMA oracle. First, we introduce and

study P||QMA, the class of problems solvable by a P machine with access to polynomially

many non-adaptive queries to a QMA oracle. We show that APX-SIM is P||QMA-hard,

implying PQMA[log] = P||QMA. Then we show that for certain families of Hamiltonians for

which the Local Hamiltonian problem is X-complete, then APX-SIM is PX[log]-complete.

We obtain a classification of the APX-SIM problem for families of 2-local Hamiltonians

built up from interactions from a set S, showing that it is either in P or complete for one

of PNP[log],PStoqMA[log],PQMA[log].

We show that simulations preserve hardness of a seemingly weaker problem, APX-SIM2,

and we provide a 2D geometrically local construction to show that APX-SIM2 is P||QMA-

hard. Therefore APX-SIM is P||QMA-hard for any universal family of Hamiltonians which

can efficiently simulate geometrically local Hamiltonians in 2D, which yields, among other

results, that simulating local measurements on the Heisenberg interaction on a 2D square

lattice is PQMA[log]-complete.

7.1 Introduction

Up to this point in the thesis, we have focused a lot of attention on the Local Hamiltonian

problem. But there is now much interest in research on properties of ground spaces

beyond estimating ground state energies. Such work includes, for example, computing

ground state degeneracies [130, 131], minimizing interaction terms yielding frustrated
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ground spaces [132], detecting “energy barriers” in ground spaces [133, 134], deciding if

tensor networks represent physical quantum states [135, 136], estimating spectral gaps of

local Hamiltonians [15, 137, 47], and estimating the free energy of 1D systems [138].

In [15], Ambainis formalised the particularly natural problem of simulating local

measurements on low energy states of local Hamiltonians as the problem APX-SIM,

defined formally as follows.

Definition 7.1 (APX-SIM(H,A, k, l, a, b, δ) [15]). Given a k-local Hamiltonian H, an

l-local observable A, and real numbers a, b, and δ such that b − a ≥ n−c and δ ≥ n−c
′
,

for n the number of qubits H acts on and c, c′ > 0 some constants, decide:

• If H has a ground state |ψ〉 satisfying 〈ψ|A |ψ〉 ≤ a, output YES.

• If for all |ψ〉 satisfying 〈ψ|H |ψ〉 ≤ λ(H) + δ, it holds that 〈ψ|A |ψ〉 ≥ b, output

NO.

It was shown in [15] that APX-SIM is PQMA[log]-complete for O(log n)-local observables

and O(log n)-local Hamiltonians, where n is the number of qubits the Hamiltonian

acts on. This was improved in [47] to 1-local observables and 5-local Hamiltonians by

combining the “query Hamiltonian” construction of Ambainis [15] with the circuit-to-

Hamiltonian construction of Kitaev [13]. Here our aim is to prove stronger results about

the computational complexity of the APX-SIM problem in two ways. First we refine the

PQMA[log]-completeness proofs, producing stronger results with simpler proof methods.

Second, we use these simpler methods as a tool to help prove hardness for more physcially

motivated Hamiltonians.

7.1.1 Refined completeness proofs of APX-SIM

We modify the PQMA[log]-completeness proofs of the APX-SIM problem, simplifying the

constructions where possible and considering complexity classes other than PQMA[log].

The two most important changes we make are the following:

Adaptive vs parallel queries A primary focus of this work is PQMA[log], the class of

languages decidable by a P machine making a logarithmic number of adaptive queries to

a QMA oracle, and characterized by the complete problem APX-SIM. As described by

Ambainis [15], PQMA[log] is intuitively “slightly more difficult than QMA”, and indeed,

QMA ⊆ PQMA[log] ⊆ PP [47] (note QMA ⊆ PP was known [139] prior to [47]). We show,

by considering a modification to the PQMA[log]-hardness constructions presented in [15]

and [47], that APX-SIM is P||QMA-hard, where P||QMA is the class of problems solvable

by a P machine with access to polynomially many non-adaptive queries to a QMA oracle.
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Our P||QMA-hardness construction for APX-SIM can be seen as giving a simpler

proof of Ambainis’s original claim that APX-SIM is PQMA[log]-hard; this is because in the

context of parallel queries, as for P||QMA, Ambainis’ “query Hamiltonian” construction [15,

47] simplifies significantly.

Hamiltonians for which the Local Hamiltonian problem is not QMA-complete

We observe that in the PQMA[log]-hardness proofs of [15, 47], Hamiltonians Hi for which the

Local Hamiltonian problem is QMA-hard are incorporated into the “query Hamiltonian”

construction, without any dependence on the exact form of the Hamiltonians Hi. We

observe that replacing the Hi with Hamiltonians for which the Local Hamiltonian problem

is X-complete (for some other class X), would prove that APX-SIM is PX[log]-hard. To

prove PX[log] completeness of APX-SIM for these restricted Hamiltonians we also need

to modify Ambainis’ proof that APX-SIM is contained PQMA[log] [15], which we do in

Section 7.3.

Combining the above ideas, we arrive at our first main result:

Theorem 7.2. Let F be a family of local Hermitian operators satisfying the following

properties: (1) F is closed under taking positive linear combinations; (2) if {Hi}mi=1 ⊂ F ,

then Hcl +
∑m

i=1 |1〉〈1|i ⊗ Hi ∈ F , for any local diagonal matrix Hcl; (3) the Local

Hamiltonian problem, when restricted to Hamiltonians in F , is X-complete.

Then

PX[log] = P||X

and APX-SIM, when restricted to instances where the Hamiltonian H ∈ F and the

observable A ∈ F , is PX[log]-complete.

Note that the the Local Hamiltonian problem need not be hard for every Hamiltonian

in the family F for Theorem 7.2 to hold.

By considering the families of classical, stoquastic and arbitrary k-local Hamiltonians,

for which the Local Hamiltonian problem is NP-complete, StoqMA-complete and QMA-

complete respectively, Theorem 7.2 leads to the following complexity class equalities:

Corollary 7.3.

PNP[log] = P||NP PStoqMA[log] = P||StoqMA PQMA[log] = P||QMA

The first case of Corollary 7.3, PNP[log] = P||NP, is already known, but was proven in

[140, 141, 142] using completely different techniques. In the field of quantum Hamiltonian

complexity, computational complexity is often considered a useful tool for studying

Hamiltonian systems. Here we see that considering Hamiltonian many-body systems is a

useful tool for studying computational complexity!
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7.1.2 Hardness of APX-SIM for physically motivated Hamiltonians

In the rest of the chapter, we are concerned with showing hardness of APX-SIM for

simple families of Hamiltonians. Kitaev’s original paper proved QMA-hardness for 5-local

Hamiltonians [13]; this was brought down to 2-local Hamiltonians by Kempe, Kitaev

and Regev [40] via perturbation theory techniques. Since then, there has been a large

body of work showing that ever simpler systems remain QMA-complete, much of which

uses perturbative gadgets to construct Hamiltonians which have approximately the same

ground state energy as a Hamiltonian of an apparently more complicated form. Here we

wish to produce a similarly large number of results for the problem APX-SIM in one go

by using the same perturbative gadget constructions and ideas of analogue simulation.

Ideally, we would like to show that efficient simulations (in the sense of 2.23) lead

to reductions between classes of Hamiltonians for the problem APX-SIM. However,

this is apparently not the case, as the definition of APX-SIM is not robust to small

perturbations in the eigenvalues of the system. We instead consider a seemingly easier,

closely related problem, which we call APX-SIM2.

Definition 7.4 (APX-SIM2(H,A, k, l, a, b, δ)). Given a k-local Hamiltonian H, an l-

local observable A, and real numbers a, b, and δ such that satisfy b−a ≥ n−c and δ ≥ n−c′ ,
for n the number of qubits H acts on and c, c′ > 0 some constants, decide:

1. If for all |ψ〉 satisfying 〈ψ|H |ψ〉 6 λ(H) + δ, it holds that 〈ψ|A |ψ〉 6 a, then

output YES.

2. If for all |ψ〉 satisfying 〈ψ|H |ψ〉 6 λ(H)+δ, it holds that 〈ψ|A |ψ〉 > b, then output

NO.

Let us emphasize that here in the YES case, we have a stronger promise than in

APX-SIM — namely, all low energy states |ψ〉 are promised to satisfy 〈ψ|A |ψ〉 6 a, as

opposed to just a single ground state. Thus, APX-SIM2 is easier than APX-SIM, in that

APX-SIM2 reduces (in polynomial-time) to APX-SIM. We conclude that APX-SIM2

is contained in PQMA[log]. Furthermore, the proof of Theorem 7.2 is actually sufficient to

show that APX-SIM2 is PX[log]-complete.

In Section 7.5 we prove that efficient simulations correspond to reductions between

instances of APX-SIM2. We can then combine this result with Theorem 7.2 and the

universality classification of Theorem 3.1 to obtain a complexity classification for the

APX-SIM problem.

Theorem 7.5. Let S be an arbitrary fixed subset of Hermitian matrices on at most 2

qubits. Then the APX-SIM problem, restricted to Hamiltonians H and measurements A

from the family of S-Hamiltonians, is
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• in P, if every matrix in S is 1-local;

• PNP[log]-complete, if S does not satisfy the previous condition and there exists

U ∈ SU(2) such that U diagonalises all 1-qubit matrices in S, and U⊗2 diagonalises

all 2-qubit matrices in S;

• PStoqMA[log]-complete, if S does not satisfy the previous condition and there exists

U ∈ SU(2) such that, for each 2-qubit matrix Hi ∈ S, U⊗2Hi(U
†)⊗2 = αiZ

⊗2 +

AiI + IBi, where αi ∈ R and Ai, Bi are arbitrary single-qubit Hermitian matrices;

• PQMA[log]-complete otherwise.

Hardness of simulating local measurements on lattices and geometrically local

systems. In Section 7.6, we show that APX-SIM2 is P||QMA-hard even when the

Hamiltonian is restricted to a geometrically local interaction graph (in the sense of

Definition 4.8). This is analogous to the equivalent result for the Local Hamiltonian

problem shown in [14], which was crucial in showing that the Local Hamiltonian problem

is QMA-complete for Hamiltonians on a 2D square lattice.

Combining the results of Sections 7.5 and 7.6 with Corollary 7.3, we arrive at our

second main result:

Theorem 7.6. Let F be a family of Hamiltonians which can efficiently simulate any

geometrically local Hamiltonian in 2D. Then, APX-SIM is PQMA[log]-complete even when

restricted to an O(1)-local observable and a Hamiltonian from the family F .

Given the abundance of research using perturbative gadgets to prove QMA-completeness

of restricted Hamiltonians, there are too many consequences of Theorem 7.6 to list here,

and so we limit ourselves to mentioning only a small selection of corollaries. We note

that the locality of the observable input to APX-SIM may increase after simulation, but

only by a constant factor which can be easily calculated based on the simulation used.

For example, combined with Theorem 4.2, the following is an immediate corollary of

Theorem 7.6:

Corollary 7.7. Let The problem APX-SIM is PQMA[log]-complete even when the observ-

able A is 4-local and the Hamiltonian H is a S-Hamiltonian restricted to the edges of a

square lattice.

But, there is not always a blow-up in the locality of A, as is shown by this corollary which

follows from Theorem 7.6 and [143]:
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Corollary 7.8. The problem APX-SIM is PQMA[log]-complete even when the observable

A is 1-local and the Hamiltonian H is restricted to be of the form:

H =
∑

(j,k)∈E

h(j,k) +
∑
j

Bj , where h(j,k) = XjXk + YjYk + ZjZk,

E is the set of edges of a 2D square lattice, and Bj is a single qubit operator (that may

depend on j).

Finally, we remark that Theorem 5.4 can be used to show the following corollary:

Corollary 7.9. Let |ψ〉 be an entangled two qudit state. Then, the problem APX-SIM

is PQMA[log]-complete even when the Hamiltonian H is restricted to be of the form

H =
∑
j,k

αj,k|ψ〉〈ψ|j,k,

where αj,k ∈ R and |ψ〉〈ψ|j,k denotes the projector onto |ψ〉 on qudits j and k.

Our results bring previous hardness results closer to the types of problems studied in

the physics literature, where typically observables are O(1)-local, interactions physically

motivated, and the geometry of the graph constrained. We note that improving the

coupling strengths to O(1), however, remains an important open question.

Organization. We first introduce some notation and definitions in Section 7.2. We

prove that APX-SIM is contained in PX[log] in Section 7.3 and that APX-SIM2 is

P||X-hard in Section 7.4, thereby proving Theorem 7.2. In Section 7.5, we show that

simulations imply reductions between instances of the problem APX-SIM2. Finally,

in Section 7.6 we construct a geometrically local Hamiltonian for which the problem

APX-SIM2 is P||QMA-hard, thus proving Theorem 7.6.

7.2 Preliminaries

Notation. Let λ(H) denote the smallest eigenvalue of H. For a matrix A, ‖A‖ repre-

sents the operator norm or spectral norm of A, and ‖A‖1 denotes the trace norm.

Definitions. PQMA[log], defined in [15], is the set of decision problems decidable by a

polynomial-time deterministic Turing machine with the ability to query an oracle for a

QMA-complete problem up to O(log n) times, where n is the size of the input. The class

PX[log] is similarly defined, except with an oracle for a X-complete problem.

P||X is the class of problems decidable by a polynomial-time deterministic Turing

machine given access to an oracle for a X-complete problem with the restriction that
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all (up to O(nc) for c ∈ Θ(1)) queries to the oracle must be made in one time step, i.e.

in parallel. Such queries are labeled non-adaptive, as opposed to the adaptive queries

allowed to a PX[log] machine. We note that P||NP has in the past been denoted ≤ptt (NP),

in reference to polynomial-time truth-table reductions (e.g. [140]).

In this chapter, we assume all oracle queries are to an oracle for the Local Hamiltonian

problem, of the form: Given a k-local Hamiltonian H and inverse polynomial-separated

thresholds a, b ∈ R, decide whether λ(H) ≤ a (YES-instance) or λ(H) ≥ b (NO-instance)

[40]. Note that the P machine is necessarily allowed to make “invalid” queries which

violate the promise gap of the Local Hamiltonian problem, i.e. with λ(H) ∈ (a, b); in this

case, the oracle can output either YES or NO. The P machine is nevertheless required to

output the same final answer (accept or reject) regardless of how such invalid queries are

answered [144].

We shall say an oracle query is valid (invalid) if it satisfies (violates) the promise

gap of the QMA-complete problem the oracle answers. A correct query string y ∈ 0, 1m

encodes a sequence of correct answers to all of the m queries made by the P machine and

an incorrect query string is one which contains at least one incorrect query answer. Note

that for an invalid query, any answer is considered correct, yielding the possible existence

of multiple correct query strings.

7.3 Generalised containment proof

Lemma 7.10. Let H be a Hamiltonian, and let A be an observable on the same system

of n qudits. Suppose the Local Hamiltonian problem for λH + µA is contained in the

complexity class X for any 0 6 λ, µ 6 poly(n). Then APX-SIM(H,A) is contained in

PX[log].

Proof. We need to show the existence of a poly(n) time classical algorithm to decide

APX-SIM(H,A, a, b, δ) while making at most O(log n) queries to an oracle for X. As

with the proof in [15], the idea is to use most of the queries to the X oracle to determine

the ground space energy λ(H) of H by binary search, and then use one final query to

determine the answer. In [15] the final query is a QMA query; here we show how this

final query can be performed differently so that only an oracle for X is required.

First calculate a lower bound µ(A) for λ(A), the lowest eigenvalue of A. If A acts

only on O(1) qudits, then λ(A) can be calculated in O(1) time. If A is more complicated

then λ(A) can be calculated to constant accuracy by binary search, querying the oracle

for X O(log ‖A‖) = O(log(n)) times.

Then perform binary search with the oracle for X to find λ∗ such that λ(H) ∈ [λ∗, λ∗+ε]
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where

ε =
δ(b− a)

2(b− µ(A))
> 1/ poly(n)

since b− µ(A) 6 2‖A‖ 6 O(poly(n)). This requires O(log(1/ε)) = O(log(n)) queries to

the oracle for X. Next perform one final query to the X oracle with respect to the Local

Hamiltonian problem for the Hamiltonian H ′ with thresholds a′ and b′, where

H ′ = (b− µ(A))H + δA and
a′ = (λ∗ + ε)(b− µ(A)) + δa

b′ = λ∗(b− µ(A)) + δb

and accept if and only if this final query accepts. First observe that this is an allowed

query for the X oracle because

b′ − a′ = δ(b− a)− ε(b− µ(A)) = δ(b− a)/2 > 1/poly(n)

If APX-SIM(H,A, a, b, δ) is a YES instance, then there exists |ψ〉 such that 〈ψ|H |ψ〉 =

λ(H) and 〈ψ|A |ψ〉 6 a. Then

〈ψ| (b− µ(A))H + δA |ψ〉 6 λ(H)(b− µ(A)) + δa 6 (λ∗ + ε)(b− µ(A)) + δa = a′

and the algorithm accepts as required.

Now suppose it is a NO instance. We will show that 〈ψ|H ′ |ψ〉 > b′ for any |ψ〉 and

so the algorithm rejects as required. First, if |ψ〉 is low energy with 〈ψ|H |ψ〉 6 λ(H) + δ,

then it also satisfies 〈ψ|A |ψ〉 > b, and so

〈ψ| (b− µ(A))H + δA |ψ〉 > λ(H)(b− µ(A)) + δb > λ∗(b− µ(A)) + δb = b′

where we have used 〈ψ|H |ψ〉 > λ(H) > λ∗.

Otherwise, if |ψ〉 is high energy with 〈ψ|H |ψ〉 > λ(H) + δ, then

〈ψ| (b− µ(A))H + δA |ψ〉 > (λ(H) + δ)(b− µ(A)) + δλ(A)

= λ(H)(b− µ(A)) + δb+ δ(λ(A)− µ(A)) > λ∗(b− µ(A)) + δb = b′

where we have used 〈ψ|A |ψ〉 > λ(A) and λ(A)− µ(A) > 0.

7.4 Modified hardness proofs

Here we modify the proof that APX-SIM is PQMA[log]-hard, proving the following lemma,

from which Theorem 7.2 will follow:

Lemma 7.11. Let F be a family of Hamiltonians for which the Local Hamiltonian

problem is X-hard. Then APX-SIM2 is P||X-hard even when b−a = Ω(1), the observable

A is a single Pauli Z measurement, and when restricted to Hamiltonians of the form H =

Hcl +
∑

i |1〉〈1|i ⊗Hi, where Hcl is a classical Hamiltonian, and the Hi are Hamiltonians

from F .
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7.4.1 Parallel query Hamiltonian

First, we develop a simplified version of the “query Hamiltonian” introduced by Ambai-

nis [15] which will be useful in the following lemmas (see also [47], which reduced the

locality of the construction of [15] by applying the unary encoding trick of Kitaev [13];

due to the simplified structure of parallel queries, here we do not require this unary

encoding to achieve O(1)-locality for our Hamiltonian).

Given some P||X computation U , let (HYi , ai, bi) be the instance of the Local Hamilto-

nian problem corresponding to the i-th query made by U , Then, our query Hamiltonian

is

H =
m∑
i=1

Mi :=
m∑
i=1

(
ai + bi

2
|0〉〈0|Xi ⊗ IYi + |1〉〈1|Xi ⊗HYi

)
, (7.1)

where Xi is intended to encode the answer to query i and Yi encodes the ground state of

HYi . Since each query is 2-local, H is 3-local.

Notably, because U makes all of its queries in parallel, we are able to weight each

of the m terms equally, unlike in previous works which studied adaptive queries. This

significantly eases our later analysis. Indeed, given this simplification, the present task

of showing that APX-SIM is P||QMA-hard, rather than PQMA[log]-hard, appears to be a

preferable route to proving completeness.

The following lemma is analogous to Lemma 3.1 of [47], but with an improved spectral

gap. The proof is similar to theirs, but is much-simplified given that in our setting queries

are non-adaptive.

Lemma 7.12. Define for any x ∈ 0, 1m the space Hx1···xm :=
⊗m

i=1 |xi〉〈xi| ⊗ Yi. Then,

there exists a correct query string x ∈ 0, 1m such that the ground state of H lies in Hx1···xm .

Moreover, suppose this space has minimum eigenvalue λ. Then, for any incorrect query

string y1 · · · ym, any state in Hy1···ym has energy at least λ+ ε, where ε = mini(bi − ai)/2.

Proof. We proceed by contradiction. Let x ∈ 0, 1m (y ∈ 0, 1m) denote a correct (incorrect)

query string which has lowest energy among all correct (incorrect) query strings against

H. (Note that x and y are well-defined, though they may not be unique; in this latter

case, any such x and y will suffice for our proof.) For any z ∈ 0, 1m, define λz as the

smallest eigenvalue in Hz.

Since y is an incorrect query string, there exists at least one i ∈ [m] such that yi

is the wrong answer to a valid query HYi . If query i is a YES-instance, the smallest

eigenvalue of Mi corresponds to setting Xi to (the correct query answer) |1〉, and is at

most ai. On the other hand, the space with Xi set to |0〉 has all eigenvalues equalling

(ai + bi)/2. A similar argument shows that in the NO-case, the |0〉-space has eigenvalues

equalling (ai + bi)/2, and the |1〉-space has eigenvalues at least bi. We conclude that
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flipping query bit i to the correct query answer yi allows us to “save” an energy penalty

of (bi − ai)/2 against Mi.

Let y′ denote y with bit i flipped. If y′ is also an incorrect query string, we have

λy′ < λy, a contradiction due to the minimality of y. Conversely, if y′ is a correct query

string, then we must have λy′ ≥ λx + (bi − ai)/2 > λ+ ε, as otherwise we contradict the

minimality of x.

7.4.2 Cook-Levin construction

hU1

hU2

hU3

t = 1

t = 2

t = 3

t = 4

U1

U2

U3

Figure 7.1: Cook-Levin construction of classical Hamiltonian to simulate a P machine.
On the left is a picture of the gates Ui in the circuit of the P machine; the figure on the
right shows the Hamiltonian terms hUi encoding each gate. Each straight line edge on
the right represents the interaction |01〉〈01|+ |10〉〈10|. The initialization terms Hin on
qubits in time step t = 1 are omitted in the diagram.

To use the Cook-Levin construction, we consider the P machine to be given as a

circuit of classical reversible gates U = Um . . . U1, in which one gate occurs at each time

step. The evolution of the circuit is encoded into a 2D grid of qubits, where the tth row

of qubits corresponds to the state of the system at time step t. The overall Hamiltonian

is diagonal in the computational basis with a groundspace of states corresponding to the

correct evolution of the P machine.

Let It be the set of qubits which Ut acts non-trivially on. If a qubit i /∈ It (i.e. it is

not acted on by the circuit at timestep t), then there is an interaction |01〉〈01|+ |10〉〈10|
on qubits (i, t) and (i, t + 1), to penalise states which are not the same on these two

qubits. To encode a classical reversible gate Ut : x 7→ Ut(x) acting at time t, we define an

interaction hUt = I −
∑

x |x〉〈x|t ⊗ |Ut(x)〉〈Ut(x)|t+1 acting non-trivially only on qubits

(i, t′) for i ∈ It and t′ equal to t or t+ 1. See Figure 7.1 for a pictorial representation of

this Hamiltonian. Then

Hprop =

m∑
t=1

hUt +
∑
i/∈It

|0〉〈0|(i,t)|1〉〈1|(i,t+1) + |1〉〈1|(i,t)|0〉〈0|(i,t+1)

 (7.2)

is positive semi-definite and has ground space spanned by states of the form:
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|w(x)〉 = |x〉t=1 ⊗ |U1x〉t=2 ⊗ · · · ⊗ |Um . . . U1x〉t=m+1

Typically, there is an additional term Hin consisting of 1-local |1〉〈1| terms on all

qubits in the first (t = 1) row. Then the Hamiltonian Hprop + Hin has unique ground

state |w(0n)〉 encoding the action of the circuit on the 0n string.

7.4.3 Hardness proof

Before we prove Lemma 7.11, we first state and prove the following straightforward

technical lemma.

Lemma 7.13. Let H be a Hamiltonian and ρ a density matrix satisfying Tr(Hρ) 6

λ(H) + δ. Let P be the projector onto the space of eigenvectors of H with energy less

than λ(H) + δ′. Then,

1

2
‖ρ− ρ′‖1 6

√
δ

δ′
, where ρ′ = PρP/Tr(Pρ).

Proof. First, bound the trace distance by the fidelity in the usual way (using one of the

Fuchs-van de Graf inequalities [145]):

1

2
‖ρ− ρ′‖1 6

√
1− F (ρ, ρ′)2 (7.3)

where

F (ρ, ρ′) = Tr

(√√
ρρ′
√
ρ

)
= Tr

(√√
ρPρP

√
ρ

Tr(Pρ)

)
=

1√
Tr(Pρ)

Tr(
√
ρP
√
ρ) =

√
Tr(Pρ),

where the third equality follows since (
√
ρP
√
ρ)2 =

√
ρPρP

√
ρ and since the latter is

positive semi-definite. Now, it remains to bound Tr(Pρ). We note that H has eigenvalues

at least λ(H)+δ′ on the space annihilated by P and eigenvalues at least λ(H) everywhere

else, and so H � (λ(H) + δ′)(I − P ) + λ(H)P = (λ(H) + δ′)I − δ′P . Therefore, using

the bound on Tr(Hρ), we have

λ(H) + δ > Tr(Hρ) > (λ(H) + δ′) Tr(ρ)− δ′Tr(Pρ) ⇔ 1− Tr(Pρ) 6
δ

δ′
.

Substituting this back into Equation (7.3) proves the result.

We are now ready to prove the main result of this section, Lemma 7.11.

Lemma 7.11 (restated). Let F be a family of Hamiltonians for which the Local

Hamiltonian problem is X-hard. Then APX-SIM2 is P||X-hard even when b− a = Ω(1),

the observable A is a single Pauli Z measurement, and when restricted to Hamiltonians

of the form H = Hcl +
∑

i |1〉〈1|i ⊗Hi, where Hcl is a classical Hamiltonian, and the Hi

are Hamiltonians from F .
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Y1

X1

Y2

X2

Y3

X3

W

Figure 7.2: The structure of the Hamiltonian H = H1 +H2 used in Lemma 7.11, for the
case of 3 queries. H1 acts on the space W ⊗X and H2 acts on X ⊗Y , where X =

⊗
iXi

and Y =
⊗

i Yi

Proof. We split the Hilbert space into three parts W , X =
⊗

iXi, Y =
⊗

i Yi and have a

Hamiltonian of the form H = H1 +H2, where H1 acts on W and X , and H2 acts on X
and Y . H2 is the query Hamiltonian of equation (7.1), and therefore by Lemma 7.12 the

space of eigenvectors of H2 with eigenvalues less than λ(H2) + ε is spanned by states of

the form: |x〉 ⊗ |φ〉, where x is a correct string of answers for the queries to the X oracle.

H1 = Hprop +Hin is the classical Hamiltonian encoding the evolution of a classical P

circuit, using the Cook-Levin construction of Section 7.4.2, where Hprop is as defined in

equation (7.2). We modify the Hamiltonian Hin which initialises the qubits at the start of

the classical circuit. For each qubit Xi in X , we initialise a corresponding qubit of the first

(t = 0) row of W into the same state with a penalty term |1〉〈1|Xi |0〉〈0|+ |0〉〈0|Xi |1〉〈1|.
All other qubits in the first (t = 0) row of W are initialised to |0〉 with a penalty |1〉〈1|.

Therefore the space of eigenstates of H with eigenvalue less than λ(H) + ε is spanned

by states of the form |Φ〉 = |w〉 ⊗ |x〉 ⊗ |φ〉 where x is a string of correct answers to the

oracle queries and w is the classical string representing the entire computation of the P

circuit acting on x. The qubit corresponding to the output bit of the P circuit will be in

the state |1〉 (resp. |0〉) in a YES (resp. NO) instance of APX-SIM2.

To complete the proof let the measurement A = Zout be a Pauli Z measurement on

the qubit corresponding to the output bit of the P circuit, and let δ = ε/16. Let |ψ〉 be a

state with 〈ψ|H |ψ〉 6 λ(H) + δ. Then by Lemma 7.13, there exists a state |ψ′〉 in the

eigenspace of H with eigenvalues less than λ(H) + ε, which satisfies ‖ |ψ〉 − |ψ′〉 ‖1 6 1/2.

So 〈
ψ′
∣∣Zout

∣∣ψ′〉 =

{
−1 in a YES instance

1 in a NO instance

which implies that 〈ψ|A |ψ〉 is 6 −1/2 in a YES instance and > 1/2 in a NO instance, as

required.

Theorem 7.2 is now a straightforward consequence of Lemma 7.10 and Lemma 7.11.
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Theorem 7.2 (restated). Let F be a family of local Hermitian operators satisfying the

following properties: (1) F is closed under taking positive linear combinations; (2) if

{Hi}mi=1 ⊂ F , then Hcl +
∑m

i=1 |1〉〈1|i ⊗Hi ∈ F , for any local diagonal matrix Hcl; (3)

the Local Hamiltonian problem, when restricted to Hamiltonians in F , is X-complete.

Then

PX[log] = P||X

and APX-SIM, when restricted to instances where the Hamiltonian H ∈ F and the

observable A ∈ F , is PX[log]-complete.

Proof. The containment PX[log] ⊆ P||X was shown by [142] for all classes X. By

Lemma 7.10, APX-SIM is contained in PX[log] for Hamiltonians and observables from F .

And by Lemma 7.11 APX-SIM2 is P||X-hard for Hamiltonians from F , and when the

observable is a single Pauli Z measurement, which is contained in F by the assumption

that F contains any classical Hamiltonian Hcl. The proof is completed by recalling that

APX-SIM2 reduces to APX-SIM.

7.5 Simulations and APX-SIM

In this section, we consider how simulations affect the hardness of the problem APX-SIM.

We consider a simplified notion of simulation, defined below, which is a special case of

the full definition given in Definition 2.23. This simpler case includes all of the important

details necessary for the general case. For full proofs with regard to the general definition

of simulation, see Appendix 7.7.

Definition 7.14 (Special case of definition Definition 2.23). We say that H ′ is a (∆, η, ε)-

simulation of H if there exists a local isometry V =
⊗

i Vi such that

1. There exists an isometry Ṽ such that Ṽ Ṽ † = P6∆(H′), where P6∆(H′) is the projector

onto the space of eigenvectors of H ′ with eigenvalues less than ∆, and ‖Ṽ −V ‖ 6 η;

2. ‖H ′6∆ − Ṽ HṼ †‖ 6 ε, where H ′6∆ = P6∆(H′)H
′P6∆(H′).

We say that a family F ′ of Hamiltonians can simulate a family F of Hamiltonians if,

for any H ∈ F and any η, ε > 0, and ∆ > ∆0 for some ∆0 > 0, there exists H ′ ∈ F ′

such that H ′ is a (∆, η, ε)-simulation of H. We say that the simulation is efficient if, for

H acting on n qudits, ‖H ′‖ = poly(n, 1/η, 1/ε,∆); H ′ is computable in polynomial-time

given H, ∆, η and ε and provided that ∆, 1/η, 1/ε are O(poly(n)); and each isometry Vi

maps from at most one qudit to O(1) qudits.

Recall that by Lemma 2.27 eigenvalues are preserved up to a small additive factor ε

in a simulation, but that the YES instance in the definition of APX-SIM is not robust
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to such perturbations of eigenvalues when the spectral gap is very small. We therefore

do not expect to show directly that hardness of APX-SIM is preserved by simulations,

and instead we work with the alternative computational problem APX-SIM2 defined in

Definition 7.4.

Let F-APXSIM2 denote the problem APX-SIM2 restricted to Hamiltonians taken

from the family F .

Lemma 7.15 (Simulations preserve hardness of APX-SIM2). Let F be a family of

Hamiltonians which can be efficiently simulated by another family F ′. Then, F-APXSIM2

reduces to F ′-APXSIM2.

Here, we provide a proof only for the special case where the simulation is of the form

given in Definition 7.14; for a full proof of the general case, see Appendix 7.7.

Proof. Let Π = (H,A, k, l, a, b, δ) be an instance of F-APXSIM2. We will demonstrate

that one can efficiently compute H ′ ∈ F ′ and A′, k′, l′, a′, b′, and δ′ such that Π′ =

(H ′, A′, k′, l′, a′, b′, δ′) is a YES (respectively NO) instance of APX-SIM2 if Π is a YES

(resp. NO) instance of APX-SIM2.

Let H ′ be a (∆, η, ε)-simulation of H. This can be computed efficiently for any

∆ = O(poly(n)) and ε, η = Ω(1/poly(n)) by the definition of efficient simulation.

Assuming the simulation is of the form given in Definition 7.14, then there exists an

isometry Ṽ : H → H′ which maps onto the space of eigenvectors of H ′ with eigenvalues

less than ∆, S6∆ = Span{|ψ〉 : H ′ |ψ〉 = λ |ψ〉 , λ 6 ∆} such that ‖Ṽ −
⊗

i Vi‖ 6 η and

‖H6∆ − Ṽ HṼ †‖ 6 ε.

Let |ψ′〉 be a low energy state of H ′ satisfying 〈ψ′|H ′ |ψ′〉 6 λ(H ′) + δ′. First, we

show that |ψ′〉 is close to a state Ṽ |ψ〉 where |ψ〉 is a low energy state of H; then, we

will show that there exists an observable A′, depending only on A and the isometries Vi,

such that 〈ψ′|A′ |ψ′〉 approximates 〈ψ|A |ψ〉 for any choice of |ψ〉.

Let |φ〉 = P6∆ |ψ′〉 /‖P6∆ |ψ′〉 ‖ be the (normalised) component of |ψ′〉 in S6∆. By

Lemma 7.13, we have

1

2

∥∥|ψ′〉〈ψ′| − |φ〉〈φ|∥∥
1
6

√
δ′

∆− λ(H ′)
.

Since S6∆ = Im(Ṽ ), there must exist a state |ψ〉 in H such that Ṽ |ψ〉 = |φ〉; next, we

will show that |ψ〉 has low energy with respect to H. Note that |ψ′〉 =
√
p |φ〉+

√
1− p

∣∣φ⊥〉
for some p ∈ [0, 1] and a state

∣∣φ⊥〉 in S⊥6∆ which has higher energy:
〈
φ⊥
∣∣H ′ ∣∣φ⊥〉 > ∆ >

〈φ|H ′ |φ〉. Therefore,〈
ψ′
∣∣H ′ ∣∣ψ′〉 = p 〈φ|H ′ |φ〉+ (1− p)

〈
φ⊥
∣∣∣H ′ ∣∣∣φ⊥〉 > 〈φ|H ′ |φ〉 ,
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which implies that

〈ψ|H |ψ〉 −
〈
ψ′
∣∣H ′ ∣∣ψ′〉 6 〈ψ|H |ψ〉 − 〈φ|H ′ |φ〉 (7.4)

= 〈φ| Ṽ HṼ † |φ〉 − 〈φ|H ′ |φ〉 (7.5)

6 ‖H ′6∆ − Ṽ HṼ †‖ 6 ε. (7.6)

So, 〈ψ|H |ψ〉 6 λ(H ′) + δ′+ ε 6 λ(H) + δ′+ 2ε, where the final inequality follows from

Lemma 2.27, which states that eigenvalues are preserved up to error ε in a simulation.

For any local measurement Ai acting on Hi, we can define the local measurement

A′i = ViAiV
†
i on H′i where V =

⊗
Vi is the local isometry in the definition of simulation.

Note that A′i acts only on the O(1) qudits which Vi maps to. Furthermore, V †(A′i⊗I)V =

Ai ⊗ I and so

|
〈
ψ′
∣∣A′i ⊗ I ∣∣ψ′〉−〈ψ|Ai ⊗ I |ψ〉 | = | 〈ψ′∣∣A′i ⊗ I ∣∣ψ′〉− 〈ψ|V †(A′i ⊗ I)V |ψ〉 | (7.7)

6 ‖A′i‖‖|ψ′〉〈ψ′| − V |ψ〉〈ψ|V †‖1 (7.8)

6 ‖Ai‖
(
‖|ψ′〉〈ψ′| − |φ〉〈φ|‖1 + ‖Ṽ |ψ〉〈ψ|Ṽ † − V |ψ〉〈ψ|V †‖1

)
(7.9)

6 ‖Ai‖
(
‖|ψ′〉〈ψ′| − |φ〉〈φ|‖1 + 2‖Ṽ − V ‖

)
(7.10)

6 ‖Ai‖

(
2

√
δ′

∆− λ(H ′)
+ 2η

)
(7.11)

where to get to (7.10), we have used the triangle inequality to bound:

‖Ṽ |ψ〉〈ψ|Ṽ † − V |ψ〉〈ψ|V †‖1 6 ‖Ṽ |ψ〉〈ψ|Ṽ † − V |ψ〉〈ψ|Ṽ †‖1 + ‖V |ψ〉〈ψ|Ṽ † − V |ψ〉〈ψ|V †‖1
(7.12)

= ‖Ṽ − V ‖
(
‖|ψ〉〈ψ|Ṽ †‖1 + ‖V |ψ〉〈ψ|‖1

)
= 2‖Ṽ − V ‖

(7.13)

Therefore, to ensure that Π′ is a YES (resp. NO) instance if Π is a YES (resp. NO)

instance, we will choose a′ = a + (b − a)/3 and b′ = b − (b − a)/3. Choosing δ′,∆, ε, η

such that

δ′ + 2ε < δ and ‖A‖

(
2

√
δ′

∆− λ(H ′)
+ 2η

)
<
b− a

3

completes the proof.

As a fairly simple corollary of our results, we obtain a complete classification of the

complexity of APX-SIM when restricted to families of Hamiltonians and measurements

built up from a set of interactions S.
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Theorem 7.5 (restated). Let S be an arbitrary fixed subset of Hermitian matrices

on at most 2 qubits. Then the APX-SIM problem, restricted to Hamiltonians H and

measurements A given as a linear combination of terms from S, is

• in P, if every matrix in S is 1-local;

• PNP[log]-complete, if S does not satisfy the previous condition and there exists

U ∈ SU(2) such that U diagonalises all 1-qubit matrices in S, and U⊗2 diagonalises

all 2-qubit matrices in S;

• PStoqMA[log]-complete, if S does not satisfy the previous condition and there exists

U ∈ SU(2) such that, for each 2-qubit matrix Hi ∈ S, U⊗2Hi(U
†)⊗2 = αiZ

⊗2 +

AiI + IBi, where αi ∈ R and Ai, Bi are arbitrary single-qubit Hermitian matrices;

• PQMA[log]-complete otherwise.

Proof. In the first case it is clearly trivial to simulate the outcome of 1-local measurements

on the ground state of a 1-local Hamiltonian, as the ground state is an easily calculated

product state. For the other three cases, by Theorem 1.5, we know that the Local

Hamiltonian problem for these three families of Hamiltonians is complete for the classes

NP,StoqMA,QMA respectively. Therefore by Lemma 7.10, APX-SIM is contained in

PNP[log],PStoqMA[log] and PQMA[log] respectively. By Theorem 3.1, these families of Hamil-

tonians can efficiently simulate all classical, stoquastic and arbitrary local Hamiltonians

respectively, and thus by Lemma 7.11 APX-SIM2 (with an arbitrary local operator) is

hard for P||NP,P||StoqMA and P||QMA respectively.

It remains to check that the observable A in the hardness proof can be performed

by an S-Hamiltonian. The hardness construction of Lemma 7.11 requires a single Z

measurement (although by encoding the outcome of the P circuit appropriately, any 2-local

classical measurement will suffice). This is trivial in the second (classical) case, where we

have direct access to a 2-local classical measurement. For the third case, one can check

that the reductions in [27] correspond to a simulation with an isometry V which maps

each qubit |0〉 7→ |0011〉 and |1〉 7→ |1100〉 – see Section 3.3.2. So it is possible to simulate

a 2-local classical measurement with ZZ +AI + IB, because V †(ZZ +AI + IB)V = ZZ.

The final case is slightly more complicated. When showing that these Hamiltonians

are universal the one non-trivial step is simulating {X,Z,XX,ZZ}-Hamiltonians with

{XX +Y Y }-Hamiltonians or {XX +Y Y +ZZ}-Hamiltonians in Theorem 3.12. In both

of these cases, the isometry V maps each qubit

|0〉 7→
∣∣Ψ−〉

13

∣∣Ψ−〉
24

|1〉 7→ 2√
3

∣∣Ψ−〉
12

∣∣Ψ−〉
34
− 1√

3

∣∣Ψ−〉
13

∣∣Ψ−〉
24
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In the proof of Theorem 3.12, it is shown that a single Z observable can be reproduced

by choosing A = h13 (where h is XX + Y Y or XX + Y Y + ZZ), that is V †h13V is

proportional to Z.

The proof is completed by Corollary 7.3.

7.6 Geometrically local construction

In this section we show that APX-SIM2 is P||QMA-hard even for Hamiltonians on a

geometrically local interaction graph in 2D, which we recall is defined as follows:

Definition 4.8 (restated) (Geometric locality). A collection of (hyper)graphs embed-

ded in RD are geometrically local if there exist constants c, C ∈ R such that for each

(hyper)graph,

i) there are no more than c vertices in any ball of radius 1, and

ii) there are no (hyper)edges between vertices that are more than distance C apart.

Lemma 7.16. APX-SIM2 is P||QMA-hard even when b − a = Ω(1), the observable A

is 1-local, and the Hamiltonian H is 4-local and is restricted to a geometrically local

interaction graph in 2D.

Here, we adapt the proof of Lemma 7.11. Recall that the Hamiltonian H in Lemma 7.11

is composed of two parts H = H1 +H2, where H2 uses (a simplifcation of) Ambainis’s

query Hamiltonian on each of the registers Xi ⊗ Yi to encode the answer to that query

into the state of Xi (see Equation (7.1)), and H1 encodes the evolution of the P circuit

using the Cook-Levin construction on the W register (controlling on the states of the Xi
registers). This is represented by Figure 7.2.

We arrange the qubits of theW register on a square lattice and note that H1 is already

manifestly geometrically local. This is one of the advantages of using the Cook-Levin

construction over the Kitaev history state construction. Furthermore the Hamiltonian

HYi , corresponding to the ith QMA query, can always be chosen to be geometrically local

– in fact it can be chosen to have its interactions on the edges of a 2D square lattice [14],

and so we also lay out the qubits of each Yi register on a square lattice.

But the interaction graph of this Hamiltonian is still far from geometrically local

because in (the modified version of) Ambainis’s query Hamiltonian H2, every qubit of Yi
interacts with Xi. We will solve this problem by replacing each single qubit Xi register

with a multi-qubit register of ni qubits labelled by {Xi(j)}nij=1. We spread out the qubits

of the Xi register in space around the Yi register, and modify H2 so that each term is

controlled only on a nearby qubit in the Xi register. To make this work we need to
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introduce a third term H3 which ensures that all the qubits in each Xi register are either

all 0 or all 1.

Figure 7.3: (Color figure) Geometric structure of total Hamiltonian H = H1 +H2 +H3

for the case of 3 queries. In words, H1 is the top square, H3 is the set of connecting wires,
along with the bottom three squares to which they are connected. H2 is the remaining
set of three squares at the bottom of the diagram.

Proof of Lemma 7.16. We will construct a Hamiltonian on the registers W, Xi and Yi
for i ∈ {1, . . .m}, for which the problem APX-SIM2 encodes the output of a P||QMA

circuit, where m is the number of parallel queries to the QMA oracle.

Let the qubits of W and Yi be arranged on distinct parts of a square lattice. For each

qubit of Yi, there is a corresponding qubit in Xi, and Xi contains a path of qubits leading

from Yi to W. See Figure 7.3 for an example layout in the case m = 3.

Let Ei be the set of edges of the square lattice of qubits of Yi and let HYi =∑
(j,k)∈Ei h

i
Yi(j,k) be a 2D nearest neighbour Hamiltonian on Yi corresponding to the ith

query. We have used the subscript notation Yi(j, k) to denote the action of an operator

on the jth and kth qubits of the Yi register. HYi has ground state energy less than ai

if query i is a YES instance and energy greater than bi in a NO instance. Then, let

H2 =
∑

iH
(i)
2 where

H
(i)
2 =

ai + bi
2
|0〉〈0|Xi(1) ⊗ IYi +

∑
(j,k)∈Ei

(
|1〉〈1|Xi(g(j,k)) ⊗ hiYi(j,k)

)
,
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where g(j, k) is the location of the nearest qubit in Xi to the edge (j, k) in Yi.

Let H1 = Hprop + Hin be the Cook-Levin Hamiltonian where Hprop is exactly as

in Lemma 7.11. Let Hin initialise the qubits of the first (t = 1) row of the qubits in

W. For each query i, we have a penalty term |1〉〈1|Xi(1)|0〉〈0| + |0〉〈0|Xi(1)|1〉〈1| which

effectively copies the state of Xi(1) – the qubit at the end of the line nearest W. For

all the remaining qubits in the first (t = 1) row of W, we have a penalty term |1〉〈1|,
effectively initialising the qubit into the |0〉 state.

Restricted to the subspace H where each Xi register is either all |0〉 or all |1〉, H1 +H2

is exactly the same Hamiltonian as in Lemma 7.11. It remains to give a high energy

penalty to all other states not in this subspace.

We do this with H3 =
∑m

i=1H
(i)
3 where each term H

(i)
3 acts on Xi:

H
(i)
3 = ∆i

∑
(j,k)∈Gi

(
|0〉〈0|Xi(j)|1〉〈1|Xi(k) + |1〉〈1|Xi(j)|0〉〈0|Xi(k)

)

where Gi is a graph of edges between the qubits of the Xi register. Gi consists of edges

between nearest neighbours on the square lattice Ei and on the path of qubits from Yi to

W. The overall Hamiltonian H = H1 +H2 +H3 is therefore geometrically local.

H
(i)
3 is a classical Hamiltonian, so all of its eigenstates are of the form |x〉 for some

x ∈ {0, 1}ni . The ground space contains |0〉⊗ni and |1〉⊗ni ; and all other states have

energy at least ∆i. Choosing ∆i > ε+
∑

(j,k)∈Ei ‖h
i
Yi(j,k)‖ will ensure that all states in

H⊥ have energy greater than λ(H) + ε.

Then H = H1 +H2 +H3 is block diagonal with respect to the split H+H⊥; restricted

to H, H is exactly the Hamiltonian from Lemma 7.11, and all states in H⊥ have energy

greater than λ(H) + ε. The result then follows just as in the proof of Lemma 7.11.

Finally we restate Theorem 7.6 which shows APX-SIM is hard not only for families

of Hamiltonians which are universal – that is, families that can efficiently simulate any

k-local Hamiltonian – but also for more restricted families of Hamiltonians which can

only efficiently simulate the family of geometrically local Hamiltonians.

Theorem 7.6 (restated). Let F be a family of Hamiltonians which can efficiently

simulate any geometrically local Hamiltonian in 2D. Then, APX-SIM is PQMA[log]-

complete even when restricted to an O(1)-local observable and a Hamiltonian from the

family F .

Proof. This follows from Lemma 7.15, Lemma 7.16 and Corollary 7.3.
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7.7 General simulations

In this section we will give a full proof of Lemma 7.15 and show that any efficient

simulation will preserve hardness of APX-SIM2, not just the special case considered

in Definition 7.14. Before restating the full definition of simulation, we first recall

Theorem 2.16 which we will use here as the definition of a local encoding.

Theorem 2.16 (restated). A map E : B(
⊗n

j=1Hj)→ B(
⊗n

j=1H′j) is a local encoding

if and only if there exist n ancilla systems Ej such that E is of the form

E(M) = V (M ⊗ P + M̄ ⊗Q)V † (7.14)

where

• V is a local isometry: V =
⊗

j Vj for isometries Vj : Hj ⊗ Ej → H′j.

• P and Q are orthogonal projectors on E =
⊗

j Ej, and are locally distinguishable:

for all j, there exist orthogonal projectors PEj and QEj acting on Ej such that

(PEj ⊗ 1)P = P and (QEj ⊗ 1)Q = Q.

We now restate the full definition of simulation.

Definition 2.23 (restated). We say that H ′ is a (∆, η, ε)-simulation of H if there

exists a local encoding E(M) = V (M ⊗ P + M̄ ⊗Q)V † such that:

1. There exists an encoding Ẽ(M) = Ṽ (M ⊗ P + M̄ ⊗Q)Ṽ † such that Ẽ(I) = P6∆(H′)

and ‖Ṽ − V ‖ 6 η;

2. ‖H ′6∆ − Ẽ(H)‖ 6 ε.

We say that a family F ′ of Hamiltonians can simulate a family F of Hamiltonians if, for

any H ∈ F and any η, ε > 0 and ∆ > ∆0 (for some ∆0 > 0), there exists H ′ ∈ F ′ such

that H ′ is a (∆, η, ε)-simulation of H. We say that the simulation is efficient if, in addition,

for H acting on n qudits, ‖H ′‖ = poly(n, 1/η, 1/ε,∆); H ′ is efficiently computable given

H, ∆, η and ε; and each local isometry Vi in the decomposition V =
⊗

i Vi maps to O(1)

qudits.

We note that Definition 7.14 is just the special case of Definition 2.23 where E(M) =

VMV †. We are now ready to restate and prove Lemma 7.15.

Lemma 7.15 (restated) (Simulations preserve hardness of APX-SIM2). Let F be a

family of Hamiltonians which can be efficiently simulated by another family F ′. Then

F-APXSIM2 reduces to F ′-APXSIM2.
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Proof. Let ρ′ = |ψ′〉〈ψ′| be a state on H′ such that 〈ψ′|H ′ |ψ′〉 6 δ′ and let ρ̃ =

P6∆ρ
′P6∆/Tr(P6∆ρ

′), so that by Lemma 7.13, we have ‖ρ′ − ρ̃‖1 6 2
√

δ′

∆−λ(H′) .

Since P6∆ commutes with H ′, we have

Tr(H ′ρ′) = Tr(H ′P6∆ρ
′P6∆) + Tr(H ′(I − P6∆)ρ′(I − P6∆))

= pTr(H ′ρ̃) + (1− p) Tr(H ′ρ̃⊥) > Tr(H ′ρ̃)

where p = Tr(P6∆ρ
′), ρ̃⊥ = (I−P6∆)ρ′(I−P6∆)/Tr((I−P6∆)ρ′); and the final inequality

follows because Tr(H ′ρ̃⊥) > ∆ > Tr(H ′ρ̃).

Now let

ρ = TrE

(
Ṽ †ρ̃Ṽ (I ⊗ P )

)
+ TrE

(
Ṽ †ρ̃Ṽ (I ⊗Q)

)
and note that for any operator A on H, we have

Tr(Ẽ(A)ρ̃) = Tr
(
Ṽ (A⊗ P + Ā⊗Q)Ṽ †ρ̃

)
(7.15)

= Tr
(
A⊗ PṼ †ρ̃Ṽ

)
+ Tr

(
Ā⊗QṼ †ρ̃Ṽ

)
(7.16)

= Tr(Aρ). (7.17)

Therefore

Tr(Hρ) = Tr(Ẽ(H)ρ̃) 6 Tr(H ′ρ̃) + ‖H ′6∆ − Ẽ(H)‖

6 Tr(H ′ρ′) + ε 6 λ(H ′) + δ′ + ε 6 λ(H) + δ′ + 2ε

At this point the proof diverges from the simpler case because ρ may be a mixed state,

even when ρ′ = |ψ′〉〈ψ′| is pure. Despite having a bound on Tr(Hρ), this bound may

not hold for all pure states in the spectral decomposition of ρ. Let ρδ = PδρPδ/Tr(Pδ),

where Pδ is the projector onto eigenvectors of H with energy less than δ. By Lemma 7.13,

‖ρ− ρδ‖1 6 2
√

δ′+2ε
δ . We will use the spectral decomposition of ρδ =

∑
i µi|φi〉〈φi| where

the |φi〉 are orthogonal states with energy 〈φi|H |φi〉 6 λ(H) + δ and thus

Tr(Aρδ) =
∑
i

µi 〈φi|A |φi〉

{
6 a in a YES instance

> b in a NO instance

Let U = V Ṽ † , which satisfies U Ẽ(A)U † = E(A) for any A, and so E(I)Uρ̃U † =

U Ẽ(I)ρ̃U † = Uρ̃U †. Now we need to choose A′ such that A′E(I) = E(A). For example

if A = Bi ⊗ I, let A′ = Vi(Bi ⊗ PEi + B̄i ⊗QEi)V
†
i ⊗ I. We note that the locality of A′

depends on the number of qudits which Vi maps to, which is O(1) by the definition of

efficient simulation. Then

Tr(Aρ) = Tr
(
Ẽ(A)ρ̃

)
= Tr

(
E(A)U †ρ̃U

)
= Tr(A′E(I)Uρ̃U †) = Tr(A′Uρ̃U †)
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and therefore

|Tr(A′ρ′)− Tr(Aρδ)| 6 |Tr(A′ρ′)− Tr(A′Uρ̃U †)|+ |Tr(Aρ)− Tr(Aρδ)|

6 ‖A′‖
(
‖ρ′ − ρ̃‖1 + ‖ρ̃− Uρ̃U †‖1

)
+ ‖A‖‖ρ− ρδ‖1

6 ‖A‖

(
2

√
δ′

∆− λ(H ′)
+ 2η + 2

√
δ′ + 2ε

δ

)

Therefore we just need to choose ∆, ε, η, δ′ such that this is less than (b− a)/3 and

then set a′ = a+ (b− a)/3 and b′ = b− (b− a)/3.
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Appendix A

Proofs for fourth-order

perturbative gadget lemmas

In this appendix, we prove Lemma 3.7 and Lemma 3.8.

Lemma 3.7 (restated) (Fourth-order simulation). Let H0, H1, H2, H3, H4 be Hamil-

tonians acting on the same space, such that: max{‖H1‖, ‖H2‖, ‖H3‖, ‖H4‖} 6 Λ; H2 and

H3 are block-diagonal with respect to the split H+ ⊕ H−; (H4)−− = 0. Suppose there

exists a local isometry V such that Im(V ) = H− and

‖V HtargetV
† −Π−

(
H1 +H4H

−1
0 H2H

−1
0 H4 −H4H

−1
0 H4H

−1
0 H4H

−1
0 H4

)
Π−‖ 6 ε/2

(A.1)

and also that

(H2)−− = Π−H4H
−1
0 H4Π− and (H3)−− = −Π−H4H

−1
0 H4H

−1
0 H4Π−. (A.2)

Then Hsim = ∆H0 + ∆3/4H4 + ∆1/4H3 + ∆1/2H2 + H1 (∆/2, η, ε)-simulates Htarget,

provided that ∆ > O(Λ20/ε4 + Λ4/η4).

Proof. We will follow the presentation of the Schrieffer-Wolff transformation provided

in [27] and [74]. Let A = ∆3/4H4 + ∆1/4H3 + ∆1/2H2 + H1, so that Hsim = ∆H0 + A.

The Schrieffer-Wolff transformation is a unitary operator eS which maps the low-energy

space of Hsim onto H−, the ground space of H0. Define Ṽ = e−SV , which therefore maps

exactly onto the low energy space of Hsim. And, using equation (22) of [27], we have

‖V − Ṽ ‖ = ‖I − e−S‖ = O(‖S‖) = O(‖A‖/∆) = O(Λ/∆1/4) 6 η, so Ṽ satisfies condition

1 of Definition 2.23.

To check condition 2 of Definition 2.23, it is necessary to bound

‖Hsim|6∆ − Ṽ HtargetṼ
†‖ = ‖V Ṽ †HsimṼ V

† − V HtargetV
†‖ = ‖Heff − V HtargetV

†‖
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LEMMAS

where Heff = (eSHsime
−S)−−, which is in general a very complicated operator. To deal

with this, we expand Heff as a Taylor series in 1/∆. The first three terms are given in

[27] as

Heff,1 = A−− and Heff,2 = − 1

∆
A−+H

−1
0 A+−

Heff,3 =
1

∆2
A−+H

−1
0 A++H

−1
0 A+− −

1

2∆2
(A−+H

−2
0 A+−A−− + h. c.)

The fourth-order term in the Taylor series can be derived using the techniques of [74], where

they consider the more general situation where H0 acts non-trivially on its low energy space.

Let Aod = Π−AΠ+ + Π+AΠ− and Ad = Π−AΠ− + Π+AΠ+ and S1 = ∆−1[H−1
0 , Aod].

In the special case we are considering where (H0)−− = 0, the fourth-order term is given

according to equation (3.22) of [74] as

Heff,4 = Π−

(
1

8
[S1, [S1, [S1, Aod]]]− 1

2
[Aod, [∆

−1H−1
0 , [Ad, [∆

−1H−1
0 , [Ad, S1]]]]]

)
Π−

=
1

2∆3
Π−

(
AH−2

0 AΠ−AH
−1
0 A−AH−1

0 AH−1
0 AH−1

0 A+AH−2
0 AH−1

0 AΠ−A

+AH−1
0 AH−2

0 AΠ−A−AH−3
0 AΠ−AΠ−A+ h. c.

)
Π−

where the h. c. refers to the Hermitian conjugate of all terms contained in the brackets,

where the second equality follows from some tedious algebra or the use of a computer

algebra package.

Next we substitute in A = ∆3/4H4 + ∆1/4H3 + ∆1/2H2 +H1 to get

Heff,1 = ∆1/4(H3)−− + ∆1/2(H2)−− + (H1)−−

Heff,2 = −∆1/2Π−H4H
−1
0 H4Π− +O(Λ2/∆)

Heff,3 = ∆1/4Π−H4H
−1
0 H4H

−1
0 H4Π− + Π−H4H

−1
0 H2H

−1
0 H4Π−

− 1

2

(
Π−H4H

−2
0 H4Π−H2Π− + h. c.

)
+O(Λ3/∆1/4)

Heff,4 =
1

2
Π−

(
H4H

−2
0 H4Π−H4H

−1
0 H4−H4H

−1
0 H4H

−1
0 H4H

−1
0 H4+h. c.

)
Π−+O(Λ4/∆1/4)

Combining these expressions with equations (A.1) and (A.2), and noting that some terms

cancel because Π−H2Π− = Π−H4H
−1
0 H4Π−, we have

‖Heff −V HtargetV
†‖ 6 ‖Heff −

4∑
i=1

Heff,i‖+ ε/2 +O(Λ2/∆) +O(Λ3/∆1/4) +O(Λ4/∆1/4).

Given ∆ > O(Λ20/ε4), we may assume that the sum of the last three terms is less than ε/4.

By equation (23) of [27], we have ‖Heff −
∑4

i=1Heff,i‖ = O(∆−4‖A‖5) = O(Λ5/∆1/4) <

ε/4.
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Lemma 3.8 (restated). Consider a Hilbert space H = H0 ⊗
⊗

i>1Hi with multiple

fourth-order mediator gadgets labelled by i > 1, each with heavy Hamiltonian H
(i)
0 which

acts non-trivially only on Hi, and interaction terms H
(i)
1 , H

(i)
2 , H

(i)
3 , H

(i)
4 which act

non-trivially only on Hi ⊗ H0. Let Π
(i)
− denote the projector onto the ground space of

H
(i)
0 , and Π

(i)
+ = I −Π

(i)
− . Suppose that for each i, these terms satisfy the conditions of

Lemma 3.7; in particular, H
(i)
0 Π

(i)
− = 0, H

(i)
2 and H

(i)
3 are block diagonal with respect to

the Π
(i)
− , Π

(i)
+ split, Π

(i)
− H

(i)
4 Π

(i)
− = 0 and

Π
(i)
− H

(i)
2 Π

(i)
− = Π

(i)
− H

(i)
4 (H

(i)
0 )−1H

(i)
4 Π

(i)
−

and Π
(i)
− H

(i)
3 Π

(i)
− = −Π

(i)
− H

(i)
4 (H

(i)
0 )−1H

(i)
4 (H

(i)
0 )−1H

(i)
4 Π

(i)
− .

For each j ∈ {0, . . . , 4}, let Hj =
∑

iH
(i)
j , and let Λ > max{‖H1‖, ‖H2‖, ‖H3‖, ‖H4‖}.

Suppose there exists a local isometry V such that Im(V ) is the ground space of H0

and ‖V HtargetV
† −M‖ 6 ε/2 where M is equal to

M =
∑
i

Π−

(
H

(i)
1 +H

(i)
4 (H

(i)
0 )−1H

(i)
2 (H

(i)
0 )−1H

(i)
4 −H

(i)
4 (H

(i)
0 )−1H

(i)
4 (H

(i)
0 )−1H

(i)
4 (H

(i)
0 )−1H

(i)
4

)
Π−

+
∑
i 6=j

Π−

(
H

(i)
4 (H

(i)
0 )−1H

(j)
4 (H

(j)
0 )−1H

(j)
4 (H

(i)
0 )−1H

(i)
4

−H(i)
4 (H

(i)
0 )−1H

(j)
4 (H

(i)
0 +H

(j)
0 )−1H

(j)
4 (H

(i)
0 )−1H

(i)
4

−H(i)
4 (H

(i)
0 )−1H

(j)
4 (H

(i)
0 +H

(j)
0 )−1H

(i)
4 (H

(j)
0 )−1H

(j)
4

)
Π−

where Π− is the projector onto the ground space of H0.

Then ∆H0 + ∆3/4H4 + ∆1/4H3 + ∆1/2H2 +H1 (∆/2, η, ε) simulates Htarget, provided

that ∆ > O(Λ20/ε4 + Λ4/η4).

Proof. First we note that since the H
(i)
0 operators act on different subsystems for each i,

all the Π
(i)
− operators commute and Π =

∏
i Π

(i)
− . For a set S, let ΠS be the projector onto

the excited (i.e. not ground) space of all gadgets with label i ∈ S and onto the ground

space of all other gadgets. This is defined by

ΠS =

(∏
i∈S

Π
(i)
+

)∏
j /∈S

Π
(j)
−

 .

These projectors are orthogonal in the sense that ΠSΠT = 0 unless S = T . By definition,

ΠS commutes with H0, and the following relation holds:

H−1
0 ΠS =

(∑
i∈S

H
(i)
0

)−1

ΠS = ΠSH−1
0 . (A.3)

Since Π
(i)
− H

(i)
4 Π

(i)
− = 0, we have H

(i)
4 Π

(i)
− = Π

(i)
+ H

(i)
4 Π

(i)
− for all i. This implies the following

relations:

H
(i)
4 Π− = Π{i}H

(i)
4 Π− and (I −Π−)H

(i)
4 Π{j} = Π{i,j}H

(i)
4 Π{j} for all i, j. (A.4)
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LEMMAS

We will now use equations (A.3) and (A.4) to check that the conditions of Lemma 3.7

hold.

Π−H4H
−1
0 H4Π− =

∑
i,j

Π−H
(i)
4 H−1

0 H
(j)
4 Π− =

∑
i,j

Π−H
(i)
4 Π{i}H−1

0 Π{j}H
(j)
4 Π−

=
∑
i,j

Π−H
(i)
4 (H

(i)
0 )−1Π{i}Π{j}H

(j)
4 Π− =

∑
i

Π−H
(i)
4 (H

(i)
0 )−1H

(i)
4 Π−

=
∑
i

Π−H
(i)
2 Π− = Π−H2Π−;

Π−H4H
−1
0 H4H

−1
0 H4Π− =

∑
i,j,k

Π−H
(i)
4 H−1

0 H
(j)
4 H−1

0 H
(k)
4 Π−

=
∑
i,j,k

Π−H
(i)
4 Π{i}H−1

0 H
(j)
4 H−1

0 Π{k}H
(k)
4 Π−

=
∑
i,j,k

Π−H
(i)
4 (H

(i)
0 )−1Π{i}H

(j)
4 Π{k}(H

(k)
0 )−1H

(k)
4 Π−

=
∑
i

Π−H
(i)
4 (H

(i)
0 )−1H

(i)
4 (H

(i)
0 )−1H

(i)
4 Π−

= −
∑
i

Π−H
(i)
3 Π− = −Π−H3Π−,

where in the fourth equality we have used the fact that Π{i}H
(j)
4 Π{k} = 0 unless i = j = k,

which again follows from Π(i)H
(i)
4 Π(i) = 0.

Finally we use equations (A.3) and (A.4) to calculate the fourth-order terms from

Lemma 3.7:

Π−H4H
−1
0 H2H

−1
0 H4Π− =

∑
i,j,k

Π−H
(i)
4 H−1

0 H
(j)
2 H−1

0 H
(k)
4 Π−

=
∑
i,j,k

Π−H
(i)
4 (H

(i)
0 )−1Π{i}H

(j)
2 Π{k}(H

(k)
0 )−1H

(k)
4 Π−

=
∑
i,j

Π−H
(i)
4 (H

(i)
0 )−1Π{i}H

(j)
2 Π{i}(H

(i)
0 )−1H

(i)
4 Π−

=
∑
i

Π−H
(i)
4 (H

(i)
0 )−1H

(i)
2 (H

(i)
0 )−1H

(i)
4 Π−

+
∑
i 6=j

Π−H
(i)
4 (H

(i)
0 )−1H

(j)
4 (H

(j)
0 )−1H

(j)
4 (H

(i)
0 )−1H

(i)
4 Π−,

where in the third equality we note that [H
(j)
2 ,Π(k)] = 0 for all j, k since H

(j)
2 is

block diagonal with respect to the Π
(j)
− , Π

(j)
+ split, which implies that Π{i}H

(j)
2 Π{k} =

Π{i}Π{k}H
(j)
2 = δikΠ{i}H

(j)
2 Π{k}; and in the final equality we used the fact that for i 6= j,
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Π{i}H
(j)
2 Π{i} = Π{i}Π

(j)
− H

(j)
2 Π

(j)
− Π{i} = Π{i}H

(j)
4 (H

(j)
0 )−1H

(j)
4 Π{i}. Next,

Π−H4H
−1
0 H4H

−1
0 H4H

−1
0 H4Π− =

∑
i,j,k,l

Π−H
(i)
4 H−1

0 H
(j)
4 H−1

0 H
(k)
4 H−1

0 H
(l)
4 Π−

=
∑
i,j,k,l

Π−H
(i)
4 Π{i}H−1

0 H
(j)
4 H−1

0 H
(k)
4 H−1

0 Π{l}Π−

=
∑
i,j,k,l

Π−H
(i)
4 (H

(i)
0 )−1Π{i}H

(j)
4 H−1

0 H
(k)
4 Π{l}(H

(l)
0 )−1H

(l)
4 Π−

=
∑
i,j,k,l

Π−H
(i)
4 (H

(i)
0 )−1H

(j)
4 Π{i,j}H−1

0 Π{k,l}H
(k)
4 (H

(l)
0 )−1H

(l)
4 Π−

Note that H−1
0 commutes with Π{i,j}, and so there is a factor Π{i,j}Π{k,l} which is zero

unless {i, j} = {k, l}. There are three such possibilities:

Π{i,j}H−1
0 Π{k,l} =


(H

(i)
0 )−1 i = j = k = l

(H
(i)
0 +H

(j)
0 )−1 i = k 6= j = l

(H
(i)
0 +H

(j)
0 )−1 i = l 6= j = k

Substituting these three possibilities back into the previous expression above, and summing

over i, j, k, l, we find that Π−H4H
−1
0 H2H

−1
0 H4Π− −Π−H4H

−1
0 H4H

−1
0 H4H

−1
0 H4Π− is

equal to the terms given in the statement of the lemma.
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Appendix B

Alternative proof that XY

interaction is QMA-complete on a

square lattice

In this appendix we present an alternative proof that the Local Hamiltonian problem for

the XY interaction is QMA-complete even when the interactions are restricted to the

edges of a spatially sparse interaction graph.

This proof was first presented in [1], before the gadgets of Theorem 3.12 were discovered

in [3]. Together with the gadgets of Section 4.2.1 and the D = 2 case of Lemma 4.9, this

was used to prove that the XY interaction is QMA-complete even when restricted to the

edges of a 2D square lattice.

We include this alternative proof despite the stronger result of Thereom 3.12, because

the proof method may be of independent interest. It only uses first order perturbation

theory, which means the overheads in the interaction strengths should be lower and

potentially offers a route to proving a QMA-completeness result for interactions of O(1)

strength using the techniques of [84]. We also provide a detailed analysis of the XY model

on a cyclic chain (nearest neighbour interactions on a line in 1 spatial dimension with

periodic boundary conditions), proving some results about the correlation functions and

spectral gap, which may be useful in other contexts.

B.1 Adapting the construction of [4]

In [4], it is observed that the results of [14] and [73] can be straightforwardly combined to

show that a Hamiltonian of XX, ZZ, X and Z terms is QMA-complete even when the

interaction terms are restricted to the edges of a 2D square lattice. We will produce an

effective Hamiltonian of this form using a variant of the gadget used in [4] to show that
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QMA-COMPLETE ON A SQUARE LATTICE

the XY model is QMA-complete. Unlike [4], our gadget will fit onto a spatially sparse

graph.

Let H = XX + Y Y . In the construction of [4], three physical qubits are used to

encode two logical qubits in the ground space of H12 +H23 +H13, which is the asymmetric

subspace of three qubits. It is then shown that effective XI and ZI interactions can

be produced by applying further interactions within this subspace, and that applying

interactions across triples of physical qubits can result in logical interactions of the form:

XiXj(Xi′Xj′ + Yi′Yj′)

ZiZj(Xi′Xj′ + Yi′Yj′)

IiIj(Xi′Xj′ + Yi′Yj′)

where we have labelled the first and second qubit in each pair of logical qubits as i and i′

respectively. We can use the third type of interaction term to project all of the second

qubits in each pair into the ground state of a certain Hamiltonian Hset. Having done this

we can use the first two terms to create a Hamiltonian of the form:∑
k

(αkXk + βkZk) +
∑
i<j

(γijXiXj + δijZiZj)〈Ω|Xi′Xj′ + Yi′Yj′ |Ω〉

where |Ω〉 is the ground state of Hset.

Therefore it is possible to implement any Hamiltonian consisting of terms {XX,ZZ,X,Z},
as long as we can find a Hamiltonian Hset such that:

1. The ground state |Ω〉 is unique;

2. The spin correlation functions 〈Ω|Xi′Xj′ + Yi′Yj′ |Ω〉 can be calculated in poly(n)

time on a classical computer, so that the γij , δij coefficients can be suitably adjusted;

3. In order that γij , δij are O(poly(n)), it is also necessary that the correlation functions

are Ω(1/poly(n));

4. Similarly we need the spectral gap of Hset to be Ω(1/poly(n)).

In the original proof the XY model on the complete graph was used [4], but this does

not satisfy the spatial sparsity constraints. To meet this constraint, we instead consider a

1D model. In this context simultaneously satisfying conditions (3) and (4) is challenging.

We require Ω(1/poly(n)) size correlation functions for qubits at large distance apart on

the chain. But, as it is known that for any system of this form with a constant spectral

gap the correlation functions will decay exponentially [146], we require that the spectral

gap → 0. However, by (4) we also require that the gap does not go to zero too quickly.

Fortunately, however, the XY model on a cyclic chain satisfies all of these constraints:
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B.1. ADAPTING THE CONSTRUCTION OF [?]

√
n

√
n

Figure B.1: Cyclic XY model Hamiltonian overlaid on a 2D square lattice, with
√
n

ancilla qubits (coloured white).

Lemma B.1. Fix N even but not a multiple of 4, and let H =
∑N−1

i=1 (XiXi+1 +YiYi+1)+

X1XN + Y1YN . Then H has a nondegenerate ground state |Ω〉 and spectral gap Ω(1/N).

Further, for any pair i, j such that |i− j| = n and n = o(N4/7), 〈Ω|XiXj + YiYj |Ω〉 =

Ω(n−1/2). There is an efficient classical algorithm to compute the spectral gap and all the

correlation functions.

Lemma B.1 is proved in Section B.2. Most of the claims in the lemma are well-

known [147, 148]; however, we were unable to find in the literature a rigorous lower bound

on the correlation functions for a finite-length chain which is as tight as we need.

To simulate a Hamiltonian H which consists of n qubits on a square lattice, we first

add
√
n ancilla qubits, which are not involved in any interactions, along one edge of the

lattice (see Figure B.1). Then, for each of the qubits in this extended lattice, we use three

physical qubits to encode two logical qubits and apply the Hamiltonian of the XY model

on a cyclic chain to the second qubit in each pair with the path of the cycle arranged as

in Figure B.1. Because the ancilla qubits did not interact with any others in the original

lattice, the longest distance along this path for which we need to calculate the correlation

functions (in order to simulate XX and ZZ interactions) is 2n1/2. By Lemma B.1, the

correlation functions are Ω(n−1/2).

We have now obtained a spatially sparse Hamiltonian which only uses XY interactions,

and which approximately contains a copy of H in its low energy space by first order

perturbation theory. However, we note that this construction does not form a simulation

in the sense of Definition 2.23 because the isometry V : |ψ〉 7→ |ψ〉 ⊗ |Ω〉 is not local

because |Ω〉 is a highly entangled state.

Also the interactions of the simulator no longer take place on a square lattice, because
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each site on the lattice contains 3 physical qubits in a triangle, and there are complicated

interactions between neighbouring triangles. The mediator gadgets of Section 4.2.1 can

be used to get back to a square lattice.

B.2 The XY model on a cyclic chain

This section contains the deferred proof of Lemma B.1. Recall that in this lemma we

consider the XY model on a cyclic quantum spin chain of N qubits, for N even but not a

multiple of 4. This is a system of N qubits on a circle with an interaction of the form

XX + Y Y between nearest neighbour qubits, such that the overall Hamiltonian is

H =
1

4

[
N−1∑
i=1

(XiXi+1 + YiYi+1) +X1XN + Y1YN

]

The overall factor of 1
4 is included in order to match the original formulation in [147]

and the notation used in the rest of literature. The properties of the system that we are

most interested in are the spectral gap (the energy difference between the ground state

|Ω〉 and the first excited state) and the spin correlation functions ρ = 〈Ω|XiXj + YiYj |Ω〉
(the expectation value of XX + Y Y in the ground state). In particular we will show that

both of these quantities are Ω(1/poly(N)).

This model has been extensively studied since the seminal paper by Lieb, Schultz

and Mattis [147]. For a helpful review of the area see [149]. However, works in this area

usually consider the infinite chain, whereas we will need to take N finite (but growing).

In particular, asymptotic expressions for the spin correlation functions of the infinite

chain were determined in [148]. Other related work studying correlation functions in

varying settings (finite temperature, anisotropic interactions, etc.) includes [150, 151].

These can be approached using a mapping to the 2D Ising model (see e.g. [152]). Here we

will start by considering the infinite chain, and then show that the finite chain provides

an asymptotically precise approximation. Following the exposition in [149], we provide

self-contained proofs of the results that we need.

B.2.1 Ground State and Spectral Gap

As is shown in [147] the Hamiltonian H can be transformed to a system of free fermions

with nearest neighbour interactions in the following way:

First let

aj =
1

2
(Xj + iYj) and a†j =

1

2
(Xj − iYj) for j = 1, ..., n
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so that the Hamiltonian of the system is now:

H =
1

2

[
N−1∑
i=1

(a†iai+1 + aia
†
i+1) + a†1aN + a1a

†
N

]

Note that the ai do not satisfy canonical commutation relations for a boson or

canonical anticommutation relations of a fermion, but instead a mix of the two: {ai, a†i} =

I, {ai, ai} = 0 and [a†i , aj ] = 0 = [ai, aj ] for i 6= j . So we apply a Jordan-Wigner

transformation which takes the Hamiltonian into the form of one for a system of fermions,

which can then be solved simply. Let

ci = exp

iπ i−1∑
j=1

a†jaj

 ai and c†i = a†i exp

−iπ i−1∑
j=1

a†jaj


which satisfy the canonical fermionic anticommutation relations {ci, c†j} = δij and

{ci, cj} = 0. For more information on these operators see for example [149]. In terms of

the ci’s the Hamiltonian becomes

H =
1

2

N−1∑
i=1

(c†ici+1 + cic
†
i+1)− (c†Nc1 + c†1cN ) exp(iπ

N∑
j=1

c†jcj)


At this point Lieb, Schultz and Mattis [147] turn to considering the similar Hamiltonian

H− =
1

2

[
N−1∑
i=1

(c†ici+1 + cic
†
i+1) + c†Nc1 + c†1cN

]

as they are interested only in the leading order asymptotics, and this change only results

in an O(1/N) error in the calculation of the eigenvalues. However, we will need to be

more careful here.

Let P = exp(iπN ) where N =
∑N

j=1 c
†
jcj is the fermionic number operator which

has eigenvalues 0, 1, ..., N , so the eigenvalues of P are ±1. Note that P commutes with

H, so we can diagonalise H into block diagonal form and consider its action on the two

eigenspaces of P separately. Then

H = H−
1− P

2
+H+

1 + P

2
where H− is as above, and

H+ =
1

2

[
N−1∑
i=1

(c†ici+1 + cic
†
i+1)− (c†Nc1 + c†1cN )

]

Now we can diagonalise both H− and H+ separately, by first writing H− as
∑
c†iAijcj ,

and finding the unitary matrix U that diagonalises A.
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H− =
∑

c†iAijcj ⇒ Aij =


(δ2j + δjN )/2 i = 1

(δi+1 j + δj i−1)/2 1 < i < N

(δ1j + δj N−1)/2 i = N

Let φkj denote the jth coordinate of the kth eigenvector of A. We can easily verify that

with φkj as below, {φk} is a complete orthonormal set of eigenvectors with corresponding

eigenvalues Λk = cos(2πk/N) :

φkj =
1√
N
e2πikj/N , where 0 6 k 6 N − 1

Then by making a second change of variables ηk =
∑

i φ
?
kicj (or conversely ci =∑

k φkiηk), which are also fermionic operators, the Hamiltonian becomes:

H− =
∑
k

Λkη
†
kηk

To make the ground state energy clear, we will make one final change of variables

ξk =

{
ηk Λk > 0

η†k Λk < 0

Then the Hamiltonian H− becomes

H− =
∑

k:Λk>0

Λkξ
†
kξk +

∑
k:Λk<0

Λkξkξ
†
k =

∑
k

|Λk|ξ†kξk +

 ∑
k:Λk<0

Λk

 I

And so the ground state of H− is |Ω〉, the unique state that satisfies ξk|Ω〉 = 0 for all k,

and which has energy equal to

∑
k:Λk<0

Λk =

3N−2
4∑

n=N+2
4

cos

(
2πn

N

)
= Re

e 2πi(N+2)
4N

N
2
−1∑

n=0

e
2πin
N


= Re

[
ie

iπ
N

2

1− e
2πi
N

]
= − 1

sin
(
π
N

)
The other eigenstates of H− will be of the form ξ†k1

ξ†k2
. . . ξ†kl |Ω〉 with extra energy

above the ground energy of |Λk1 |+ |Λk2 |+ . . . |Λkl |. Therefore in the case where N is not

a multiple of 4, Λk 6= 0 for any k, and so |Ω〉 is the unique ground state of H−.

In order for |Ω〉 to also be a true eigenstate of the full Hamiltonian H with the same

energy, we will also need P |Ω〉 = −|Ω〉. Note that, for N even |{k : Λk < 0}| = N/2, so

N|Ω〉 =
∑
i

c†ici|Ω〉 =
∑
k

η†kηk|Ω〉 =
∑

k:Λk<0

|Ω〉 =
N

2
|Ω〉
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For N even and not a multiple of 4, N/2 is odd and so P |Ω〉 = exp(iπN )|Ω〉 = −|Ω〉 as

required.

We now repeat this procedure for the H+ =
∑
c†iBijcj part of the Hamiltonian.

H+ =
∑

c†iBijcj ⇒ Bij =


(δ2j − δjN )/2 i = 1

(δi+1 j + δj i−1)/2 1 < i < N

(−δ1j + δj N−1)/2 i = N

Let the eigenvalues and eigenvectors of B be given by Λ′k and ψkj respectively. They

have a very similar form to A, only shifted by a factor of π/N :

Λ′k = cos

(
(2k + 1)π

N

)
ψkj =

1√
N
ei(2k+1)πj/N , 0 6 k 6 N − 1

In the case where N is even but not divisible by 4, the ground state of H+ is fourfold

degenerate and has energy

∑
k:Λ′k60

Λk =

3N−2
4∑

n=N−2
4

cos

(
(2n+ 1)π

N

)
= Re

eiπ(
2(N−2)

4
+1)/N

N
2
−1∑

n=0

e
2πin
N


= Re

[
i

2

1− e
2πi
N

]
= − 1

tan
(
π
N

)
Since − sin(π/N)−1 < − tan(π/N)−1, we have now shown that |Ω〉 is the unique

ground state of the whole Hamiltonian H.

B.2.1.1 Spectral gap

In the P = −1 sector, all states orthogonal to the |Ω〉 have an extra energy above the

ground energy of at least | cos(π(N+2)
2N )| = sin(πn).

And in the P = +1 sector, all states have an extra energy above the ground energy of

at least

1

sin
(
π
N

) − 1

tan
(
π
N

) =
1− cos

(
π
N

)
sin
(
π
N

) =
2 sin2

(
π

2N

)
2 sin

(
π

2N

)
cos
(
π

2N

) = tan
( π

2N

)
In particular one of the four eigenstates of H+ that has energy − tan(π/N)−1 will

have P = +1, and so will be a true eigenstate of the total Hamiltonian H. Therefore the

spectral gap is exactly tan
(
π

2N

)
.

B.2.2 Spin correlation functions

We need to calculate the quantity 〈Ω|XiXj + YiYj |Ω〉, but given the symmetry of the

problem it will suffice to calculate ρij = 〈Ω|XiXj |Ω〉. Note that because of the translational

invariance of the original Hamiltonian, we expect ρij to depend only on |i− j|.
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For arbitrary i < j,

XiXj = (a†i + ai)(a
†
j + aj) = (c†i + ci) exp(iπ

j−1∑
k=i

c†kck)(c
†
j + cj)

= · · · = (c†i − ci)
j−1∏
k=i+1

(
(c†k + ck)(c

†
k − ck)

)
(c†j + cj)

So

ρij = 〈Ω|BiAi+1Bi+1Ai+2 . . . Aj−1Bj−1Aj |Ω〉

where we have defined the operators Ai = c†i + ci, Bi = c†i − ci, which obey the following

commutation rules: {Ai, Bj} = 0, {Ai, Aj} = δij , {Bi, Bj} = −2δij . We can use Wick’s

Theorem to express this expectation in terms of a sum over all possible contractions.

We have

〈Ω|BlAm|Ω〉 = 〈Ω|(c†l − cl)(c
†
m + cm)|Ω〉 =

∑
k,k′

〈Ω|(φ∗klη
†
k − φklηk)(φ

∗
k′mη

†
k′ + φk′mηk′)|Ω〉

=
∑
k

φ∗klφkm〈Ω|η
†
kηk|Ω〉−φklφ

∗
km〈Ω|ηkη

†
k|Ω〉 =

1

N

 ∑
k,Λk<0

e2πik(m−l)/N −
∑

k,Λk>0

e2πik(l−m)/N


Noting that this expression depends only on l −m, we define Gl−m = 〈Ω|BlAm|Ω〉 in

order to match the formulation in [147]. Letting r = l −m and pairing up terms k and

N − k, we get

Gr = · · · = 1

N

(1− (−1)r) + 2

N−2
4∑

k=1

cos(2πkr/N)− 2

N
2
−1∑

k=N+2
4

cos(2πkr/N)


Then we pair up the terms k and N/2− k, which cancel out for even r, giving Gr = 0 if

r is even. But for odd r:

N−2
4∑

k=1

cos(2πkr/N) = −

N
2
−1∑

k=N+2
4

cos(2πkr/N) = −1

2
+

(−1)
r+1

2

2 sin
(
πr
N

)
So

Gr =
2(−1)

r+1
2

N sin
(
πr
N

) r odd

Then from Wick’s Theorem (and the calculations 〈AlAm〉 = δlm = 〈BlBm〉 which can

be found in [147]), we get ρij = detRn,N , where n = i− j and Rn,N is the n× n matrix

with entries:

(Rn,N )lm = Gl−m+1 (B.1)
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In [147] (and the rest of the literature) the limit N → ∞ is taken earlier as this

simplifies the calculation of Gl−m (especially in the anisotropic case), and again does not

affect the leading order asymptotics. This then gives a matrix Rn, with entries:

(Rn)lm =

{
0 l −m odd

(−1)
l−m

2
2

π(l−m+1) l −m even
(B.2)

Given the known limit limx→0 x/ sinx = 1 we see that each entry in Rn is the limit

as N → ∞ of the corresponding entry in Rn,N . Since det is a polynomial, and hence

continuous, function of the entries of a matrix, for fixed n

detRn = lim
N→∞

detRn,N .

However we will need a stronger result for the behaviour as n → ∞ and N = poly(n).

The exact result is given in Lemma B.2 below. We will first need to determine the

determinant of the matrix Rn. This was previously obtained in [148]; for completeness,

we include an alternative concise proof based on the general theory of Toeplitz matrices

and a recent result of Ehrhardt [153] on the Fisher-Hartwig conjecture.

B.2.3 Toeplitz matrices

A matrix of the following diagonal form is known as a Toeplitz matrix, see for example [154]

for an introduction.

Tn =



t0 t1 t2 . . . tn

t−1 t0 t1
. . .

...

t−2 t−1 t0
. . .

...
. . .

. . . t0 t1

t−n . . . t−1 t0


These matrices have been especially well studied when there exists a complex-valued

function f integrable on the unit circle such that {tk} are the Fourier coefficients of f :

tk =
1

2π

∫ 2π

0
f(eiθ)e−ikθdθ, k ∈ Z (B.3)

The function f is called the symbol of the corresponding Toeplitz matrix Rn. We can find

such a symbol by calculating the Fourier series with coefficients tk. If f(z) is sufficiently

smooth, then the famous Szegö limit theorem gives the asymptotic behaviour of det(Rn)

as n→∞. However in our case, the symbol of Rn is given by the function g(z), which is

discontinuous:

g(z) =
∞∑

k=−∞
tkz

k =


z arg(z) ∈ [0, π2 ) ∪ (3π

2 , 2π)

−z arg(z) ∈ (π2 ,
3π
2 )

0 z = ±i
(B.4)
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Note that this function g is only defined on the unit circle S = {z : |z| = 1}. In fact the

value of g(z) at z = ±i is unimportant as the coefficients tk as defined by (B.3) will be

the same for functions that agree almost everywhere (i.e. functions that differ only on a

set of Lebesgue measure zero).

The Fisher-Hartwig conjecture is an attempt to generalise the Szegö limit theorem

to piecewise continuous symbols, such as g(z); see [154] and references therein. The

Fisher-Hartwig conjecture has previously been used to study correlation functions of the

XY model, for example in [155]. A function f is said to have Fisher-Hartwig singularities

if it can be written in the following form:

f(z) = eV (z)z
∑m
j=0 βj

m∏
j=0

|z − zj |2αjgzj ,βj (z)z
−βj
j (B.5)

where zj = eiθj , θj ∈ [0, 2π), and gzj ,βj =

{
eiπβj 0 < arg(z) < θj

e−iπβj θj < arg(z) < 2π

The Fisher-Hartwig conjecture states that for V (z) sufficiently smooth and αj , βj ∈ C,

then

det(Rn) ∼ E[f ] exp(nV0)n
∑m
j=0 βj as n→∞

where E[f ] is a constant independent of n, and V0 = 1
2π

∫ 2π
0 V (eiθ)dθ is the zero-th Fourier

coefficient of V .

This conjecture has now been proved to be true for a number of different conditions on

αj , βj and V ; but in particular Ehrhardt [153] showed that this holds under the following

conditions:

i) Re αj > −1/2 for all j

ii) maxj,k |Re βj − Re βk| < 1 for all j, k

iii) αj ± βj 6= −1,−2,−3, . . . for all j

iv) V ∈ C∞ (V is infinitely differentiable).

An alternative proof of this result is presented in [156].

The function g(z) can be written in the form of (B.5) with two Fisher-Hartwig

singularities:

g(z) = zgi,− 1
2
(z)g−i,− 1

2
(z)

Note that for j = 0, 1, αj = 0, βj = −1/2 and V ≡ 0, so all of the four conditions (i)-(iv)

are satisfied. In fact the exact constant can also be calculated:

det(Rn) ∼ En−
1
2
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where E =
√

2G(1
2)2G(3

2)2 =
22/3√e
A6

≈ 0.58835...

where G is the Barnes G-function and A is the Glaisher-Kinkelin constant. This agrees

with the result previously obtained in [148].

B.2.4 Relation between Rn,N and Rn

We now prove the following Lemma:

Lemma B.2. Let Rn,N and Rn be the n × n matrices defined in equations (B.1) and

(B.2). Then, if N = Ω(nα) for α > 7/4,

det(Rn,N ) ∼ det(Rn) as n→∞.

Remark. We have strong numerical evidence to suggest that this result still holds

under more relaxed conditions for N , perhaps even just N > n. However the result as

stated here is enough for our purposes.

Proof. The proof uses the standard Weyl’s inequality for Hermitian matrices to relate the

eigenvalues of matrices closely related to Rn and Rn,N . First introduce the permutation

matrix Sn with entries (Sn)ij = δi,n+1−j . Then RnSn and Rn,NSn are both real symmetric

matrices. Let {λi} and {µi} be the ordered eigenvalues of RnSn and Rn,NSn respectively.

Then, by Weyl’s inequality:

λi − ‖B‖ 6 µi 6 λi + ‖B‖

where B = Rn,N −Rn is the difference between these two matrices. Then divide through

by λi (considering the cases λi > 0 and λi < 0 separately), to obtain(
1− ‖B‖

|λi|

)
6
µi
λi
6

(
1 +
‖B‖
|λi|

)
.

From the general theory of Toeplitz matrices with bounded symbols, we know that

‖Rn‖ 6 ‖g‖∞ = 1, where g is as defined in (B.4). So for all i, |λi| 6 ‖RnS‖ = ‖Rn‖ 6 1.

Also,
∏
i λi = det(Rn) E/n1/2 as n → ∞, so there exists E′ such that for sufficiently

large n, |λi| > E′/n1/2. Then taking the product over i:

(
1− E′−1‖B‖n1/2

)n
6

n∏
i=1

µi
λi

=
det(Rn,N )

det(Rn)
6
(

1 + E′−1‖B‖n1/2
)n

(B.6)

Note that B is another Toeplitz matrix, with entries Bij = bi−j+1, where br = 0 for

even r, and for odd r :

br = (−1)
r−1

2
2

πr

( πr
N

sin(πrN )
− 1

)
r odd
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To deal with the term in brackets, we define h(x) = x/ sinx − 1. Note that since

h′(0) = 0, h′′(0) = 1/3 and h′′(x) is continuous in a region around zero, there exists C > 0

and δ > 0 such that for all x ∈ (−δ, δ):

h(x) =
x

sin(x)
− 1 =

x2

6
+O(x4) < Cx2.

Then for all i and j, and N > πn/δ, we can bound |Bij | 6 |bn| < 2Cπn/N2 so we

can upper bound the operator norm ‖B‖∞, by the Hilbert-Schmidt norm:

‖B‖∞ 6 ‖B‖2 =

√√√√ n∑
i,j=1

|Bij |2 6
2Cπ

N2

√√√√ n∑
i,j=1

n2 =
2Cπn2

N2
.

So if N = Ω(nα), for some α > 7/4, then there exists a constant D > 0 such that

(
1 + E′−1‖B‖n1/2

)n
6

(
1 +

Dn
7
2
−2α

n

)n
6 exp(Dn

7
2
−2α)→ 1 as n→∞

where we have used the inequality 1 + x 6 ex. Similarly, we can use the inequality

1− x > e−2x which is valid for x ∈ [0, ε] for some ε > 0. Then for n sufficiently large

(
1− E′−1‖B‖n1/2

)n
>

(
1− Dn

7
2
−2α

n

)n
> exp(−2Dn

7
2
−2α)→ 1 as n→∞

Finally, combining these results into equation (B.6), we get

lim
n→∞

det(Rn,N )

det(Rn)
= 1.

The following lemma summarises the above discussion:

Lemma B.1 (restated). Fix N even but not a multiple of 4, and let H =
∑N−1

i=1 (XiXi+1+

YiYi+1) + X1XN + Y1YN . Then H has a nondegenerate ground state |Ω〉 and spec-

tral gap Ω(1/N). Further, for any pair i, j such that |i − j| = n and n = o(N4/7),

〈Ω|XiXj + YiYj |Ω〉 = Ω(n−1/2). There is an efficient classical algorithm to compute the

spectral gap and all the correlation functions.
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Appendix C

Technical background for

Chapter 6

C.1 Quantum complexity classes

In order to rigorously define the complexity classes BQEXP and QMAEXP, we need to

understand the notion of a uniform circuit family. Following and referring the reader to

[157, 18] for terminology, we give the following definition.

Definition C.1 (Uniform family of quantum circuits). Let f : N→ N be a function. A

family of quantum circuits (Cn)n∈N is called f -uniform if

i. each Cn acts on n qubits and has a distinct output qubit,

ii. each Cn requires at most f(n) additional ancillas |0〉,

iii. each Cn is composed of at most f(n) gates from some universal gate set and

iv. there exists a classical Turing Machine which, on input 1n produces a description

of Cn in fewer than f(n) steps.

A promise problem is a pair of disjoint sets (Πyes,Πno), corresponding to input strings

for yes and no instances of a set of problem instances Π = Πyes ∪ Πno ⊆ {0, 1}∗. We

are interested in the quantum generalization of EXPTIME and NEXP—P and NP with

exponential runtime.

Definition C.2 (BQEXP). A promise problem (Πyes,Πno) is in the complexity class

BQEXP, bounded-error quantum exp-time, if there exists an exp-uniform family of

quantum circuits (Cn)n∈N such that

Pr(Cn(s) = yes) >
2

3
for s ∈ Πyes,
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and

Pr(Cn(s) = yes) 6
1

3
for s ∈ Πno,

where Cn(s) denotes the distribution obtained from executing Cn on input s ∈ Π of size

n = |s| and measuring the output qubit.

Remark C.3. It is a well-known fact—see [18, prop. 3]—that one can amplify the accept

and reject probability of 2/3 to any 1− 2−p(n) for any fixed polynomial p.

QMAEXP is then the class of promise problems, for which any yes or no answer can

be verified with a BQEXP verifier.

Definition C.4 (QMAEXP). A promise problem (Πyes,Πno) is in QMAEXP, quantum

Merlin-Arthur, if there exists an exp-uniform family of quantum circuits, called verifier,

each of which with an exp-sized witness as input, such that for l ∈ Πyes there exists a

witness such that the verifier accepts with probability at least 2/3, and for l ∈ Πno, the

verifier accepts with probability at most 1/3, for any witness.

The last two conditions on accepting yes and rejecting no instances is also known

as completeness and soundness, respectively. Probability amplification can be directly

translated from their BQEXP counterparts, see Remark C.3.

C.2 Ring machines

Instead of working with quantum circuits or Turing Machines directly, we will work with

a computational model known as Quantum Ring Machine.

Definition C.5 (Quantum Ring Machine). A Quantum Ring Machine—QRM for short—

is a tuple (U, n |qi〉 ,Hf ) of a unitary operator acting on a pair of qudits (Cd)⊗2, and

some n ∈ N. n ∈ N specifies the number of qudits on the ring H := (Cd)⊗n. Starting out

from the initial configuration |qi〉 ∈ H⊗n, we cyclicly apply the unitary U to two adjacent

ring sites until the reduced density matrix on one qudit is completely supported in a halting

subspace Hf ( Cd; before that, the overlap of any qudit with Hf is zero.

QRMs have the distinct advantage of being simple to specify locally—like circuits,

but unlike Turing Machines—whilst maintaining a straightforward evolution—in contrast

to circuits, which can have a very complex global structure. The similarity between

QRMs and TMs is deliberate, as it allows to extend the notions of halting or runtime in

a very straightforward manner. A family of QRMs (U, n)n∈I—labelled by some index set

I ⊂ N—is called exp-time terminating if it halts on any possible input specified on the

tape, and if the number of rounds the unitary U makes on the tape is upper-bounded by
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some function f(n) for all n ∈ I, where f(n) = O(expn). Similar to halting, we specify

accepting and rejecting configurations as special subspaces of H.

If we want to perform a verifier computation with the QRM, we simply leave part

of the tape unconstrained as a witness, however much is required by the verification.

Central to this work is the following lemma, see [45, cor. 34].

Lemma C.6. Let (Πyes,Πno) be a BQEXP promise problem. Then there exists an

exp-time terminating family of QRMs (Ms)s such that for l ∈ Πyes, there exists a witness

w, such that the QRM M|l|(l, w) accepts with probability at least 2/3. Analogously,

noinstances are accepted with probability at most 1/3.

C.3 Kitaev’s history state constructions with branching

By embedding a BQEXP-complete QRM into a local Hamiltonian, which allows the

execution of a QMAEXP verifier circuit, we want to construct a family of QMAEXP-hard

(k, d)-TILH-3D instances. Using i as a multiindex to sum over all 3D lattice sides of Λ,

the Hermitian operators that we regard can be written in the form

H = P + T =
∑
i

pi +
∑
i

ti, (C.1)

where the local terms in P are diagonal projectors in the computational basis—i.e. classical—

and the terms in T are so-called transition rules. Any transition rule always takes the

form

t =
∑
|e〉

(|a〉 ⊗ |e〉 − |b〉 ⊗U |e〉)(〈a| ⊗ 〈e| − 〈b| ⊗ 〈e|U†) (C.2)

≡ (|a〉〈a|+ |b〉〈b|)⊗ 1− |a〉〈b| ⊗U− |b〉〈a| ⊗U†, (C.3)

where |a〉 , |b〉 are basis vectors in some subspace Hc—which we call classical—and the

|e〉 label a basis of some different—quantum—subspace Hq. U ∈ SU(Hq) is a unitary

operator on this quantum subspace. An operator T made up of such transition rules

can be thought of a generalized Laplacian for a simple graph with unitary edge labels,

formally defined as follows.

Definition C.7. A unitary labeled graph (ULG) is an undirected graph G = (V,E),

a Hilbert space Hv for each graph vertex v ∈ V and a function g : E −→
⋃
v B(Hv),

assigning a unitary operator to each edge e ∈ E, where g(e) ∈ B(Ha) if e = (a, b).

In particular, the Hilbert spaces attached to two vertices are necessarily isomorphic if

the vertices are connected. The associated Hamiltonian is then simply defined as a sum
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of transition rules of the form (C.2) for each edge of the graph. We refer the reader to

[45, ch. 5] for details and a simple example.

If the product of unitaries along any loop within the graph is the identity operator—

where we flip U to U† in case we march against an edge direction—we call the ULG

simple. A simple ULG has the following important property.

Lemma C.8. The associated Hamiltonian of a simple and connected ULG is unitarily

equivalent to copies of the underlying graph’s Laplacian ∆, i.e. there exists a unitary W

such that WHW† = ∆⊗ 1n, where n = dimHq.

Proof. See [45, lem. 41].

Note that this extends to non-connected ULGs in a straightforward manner, as the

associated Hamiltonian is block-diagonal in the connected graph components. With this,

we can formulate a variant of Kitaev’s geometrical lemma, which allows us to analyse the

spectra of the Hamiltonians we construct.

Lemma C.9. Take a history state Hamiltonian of the form (C.1), where T is the

associated Hamiltonian of some simple connected ULG with Hilbert space Hq for all vertices

v ∈ V. We require that P =
∑

p∈P Πp ⊗ Πp,q, where Πp is a projector on some vertex

p ∈ P ⊆ V, and the Πp,q are projectors on subspaces of Hq. Then λmin(H) = µΩ(1/|V|3),

where µ = min{λmin(Πpi,qUijΠpj ,q) : pi, pj ∈ P} and Uij is the product of unitaries of a

path connecting vertices pi and pj.

Proof. See [45, lem. 44].
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[29] Béla Bollobás. Modern graph theory.

[30] Joseph D Bryngelson and Peter G Wolynes. Spin glasses and the statistical

mechanics of protein folding. Proceedings of the National Academy of Sciences,

84(21):7524–7528, 1987.
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A quantum gas microscope for detecting single atoms in a hubbard-regime optical

lattice. Nature, 462(7269):74–77, 2009.

[57] Nathan Gemelke, Xibo Zhang, Chen-Lung Hung, and Cheng Chin. In situ observa-

tion of incompressible mott-insulating domains in ultracold atomic gases. Nature,

460(7258):995–998, 2009.

[58] J. I. Cirac and P. Zoller. Goals and opportunities in quantum simulation. Nature

Physics, 8:264–266, 2012.

[59] P. Hauke, F. Cucchietti, L. Tagliacozzo, I. Deutsch, and M. Lewenstein. Can one

trust quantum simulators? Rep. Prog. Phys., 75:082401, 2012.

[60] N. Jacobson and C. Rickart. Homomorphisms of Jordan rings of self-adjoint elements.

Transactions of the American Mathematical Society, 72(2):310–322, 1952.

[61] W. S. Martindale, III. Jordan homomorphisms of the symmetric elements of a ring

with involution. J. Algebra, 5:232–249, 1967.
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