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Abstract 

Diffuse delamination initiating from the tips of transverse cracks is usually the secondary 

damage mode when a composite laminate experience tensile loading. Transverse cracking has 

been widely investigated in analytical methods and recently, new “mechanism-based” 

constitutive laws were proposed for considering the cracked layer as a continuum medium. 

Delamination induced by matrix cracking was studied analytically, however, a proper 

homogenization way has not been proposed yet. In this paper, a modification to an available 

cohesive constitutive law is proposed to be capable of considering the effect of diffuse 

delamination without the necessity of consideration of an actual discontinuity between the layers. 

The proposed constitutive law is then compared with its equivalent models containing 

interlaminar discontinuity in terms of surrounding plies elasticity and distance between repetitive 

interlaminar cracks. It is shown that the obtained results are in good agreement with different 

elasticity of surrounding layers. Then the proposed modification is used in Double Cantilever 

Beam (DCB) specimen. Obtained results in this case are coincident with the results of an 

equivalent model in which diffuse discontinuity is assumed at the interface.  

Introduction 

When composite laminates experience tension loading, the primary damage mode is transverse 

cracking. The density of matrix cracks increases until a certain value known as critical or 

saturation crack density and beyond this value, damage may grow as diffuse delamination from 

the tips of transverse cracks. The interaction of transverse cracking and delamination has been 

widely investigated in micromechanics by analytical solutions [1-5]. In these methods, a uniform 

distribution of transverse cracking was assumed at each ply and therefore damage analysis could 

be confined in a representative volume element or unit-cell in the laminate level. Figure 1 (a) 

shows a typical unit-cell containing induced delamination. Both transverse and interlaminar 

cracks are assumed as discontinuities in the displacement field in these methods. The main 

drawback of the available micromechanics methods is that they are restricted in terms of layup 

configuration and/or loading type.  
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Another approach is the meso-scale modeling; firstly introduce to composite materials and then 

developed by Ladeveze, Allix and Lubineau [6-9] using continuum damage mechanics. The 

main concept in meso-modeling is the use of an intermediary scale related to the scale of the 

laminate. On this scale, two basic meso-constituents of single layer and interface, which transfers 

displacements and normal stresses from one ply to another one, are considered. Material models 

are introduced to both layer and interface using the internal variables framework and continuum 

damage mechanics is applied to describe their degradation. The advantage of this method is a 

simple damage mechanism on the constituents’ scale that can be very complex on the structure’s 

scale.  

The initially proposed models for single layer damage were more inspired by classical theory of 

plasticity [10-11], however, it seems that the recently proposed works are more “mechanism 

based”[12]. In other words, the damage tensors of 2
nd

 and 4
th

 order in traditional formulation of 

CDM are exchanged to more physically based state variables such as “transverse crack density” 

and “diffuse delamination rate” in recent proposed methods [9, 13-15]. Figure 1 (b) shows the 

equivalent laminate in meso-scale modeling. The cracks or discontinuities in the traditional unit-

cell are replaced by deterioration of the material properties at interfaces and damaged plies 

group.  

 

Figure 1- (a) a unit cell with evenly induced delamination from matrix cracks (b) the equivalent unit cell in 

meso-scale modeling 

Small interlaminar cracks induced by transverse cracks have two different consequences in 

meso-scale modeling: (i) deteriorate the interface of the attached plies and (ii) weaken the ply 

group, surrounded by induced delamination, leading to generate “dead material”. The effects of 

induced delamination on in-plane damage variable has been recently investigated [1, 9, 15-16] 

and will not be addressed here. However, to the best knowledge of the authors, interface 

deterioration due to many interlaminar cracks has not been investigated in meso-scale modeling 

yet. This means that in the available meso-models, despite that the interface is weakened by 
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induced delamination, the employed cohesive laws have not been modified accordingly. To 

overcome this shortcoming, a modification to an available cohesive constitutive law is proposed 

in this paper considering the explained damage mode. For validation, a unit-cell with 

interlaminar discontinuity and another one with proposed continuous cohesive formulation are 

compared. The obtained results in both damage initiation and deterioration are appropriately 

coincident. Then to show the capability of the proposed method, crack propagation of a DCB test 

specimen containing diffuse delaminaion on its interface is compared with another model but 

with proposed continuous diffuse delamination. The results of both models are in agreement with 

each other. [I think it is not proper to enter more details here! Because it would be the same as 

the result and discussion part. However I included that the crack propagation of both models are 

compared now.] 

Methodology 

In this paper, effects of diffuse delamination on deterioration of the interface between two plies 

groups are investigated by proposing a modification to the available cohesive constitutive law. 

By this modification, one may use that for considering the diffuse delamination in progressive 

damage analysis of layered components. Transverse cracking is not considered at the first stage 

of developing the idea in this study as shown in Figure 2(a) and the unit-cell is assumed to 

comprise the interface and surrounding plies as shown in Figure 2(b). The modification of 

cohesive constitutive law is then proposed in the context of an equivalent unit-cell in which no 

real discontinuity is considered as shown in Figure 2(c). The idea behind the model is that the 

elastic and damage behavior of a unit-cell with a delamination of length Q under the external 

stresses of    and     be the same as the equivalent unit-cell but with a new homogenized 

cohesive zone at the interface part. In the proposed model, the “diffuse delamination rate” with 

the value of Q/L is assumed to be uniform while damage grows at the interface.  
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Figure 2- (a) lay-up with uniform diffuse delamination (b) unit-cell with discontinuity as delamination (c) the 

equivalent unit-cell with homogenized cohesive zone 

The explained modification is implemented to an available bilinear cohesive constitutive law 

proposed in [17-18] for modeling the behavior of laminates with diffuse delamination rate of 

φ=Q/L. The procedure is quit straight forward and can be easily adapted for any conventional 

cohesive constitutive law. From cohesive side of view, φ is a nonlocal variable came up from the 

intralaminar damages models. Therefore, in addition to a existed damage variable as the state 

variable in the presented cohesive constitutive law in [17-18], the nonlocal variable of φ is 

introduced here as another state variable. The formulation details are presented in the following 

sections. In the first part of deriving the formulation, the compliance effect of the surrounding 

plies is not considered, but in the next step, the elasticity of the surrounding plies is taken into 

account.  

Damage Initiation  

In an ordinary cohesive constitutive law, the elastic limit stress is used to determine the initiation 

of damage. In the proposed homogenized unit-cell with an induced delamination rate of φ, the 

components of the elastic limit stresses are decreased by the ratio of (1-φ) due to the damaged 

interface area. Equation (1) is the damage initiation relation of such homogenized unit-cell. 

  
  

      
 
 

  
   

      
 
 

  
   

      
 
 

   
(1) 

Where    (i=z, xz, and yz) are stress components on the interface and T and S are tensile and 

shear elastic limit of stress respectively.  

In the ordinary cohesive constitutive laws (without nonlocal variable of diffuse delamination), 

while stress is lower than the elastic limit, the damage variable of cohesive zone remains equal to 

zero, D=0. However, in the homogenized cohesive model, the stiffness of the cohesive is 

decreased due to the damaged area. Ignoring the compliance of the surrounding plies, the 

stiffness of the homogenized cohesive zone is proportional to the non-delaminated zone in the 
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original unit-cell by the factor of (1- φ). Therefore, the stress-displacement relations become as 

follows. 

            (2) 

Where    (i=z, xz, and yz) is the relative displacement components of the cohesive zone and K is 

the original penalty stiffness. To find the relative elastic displacement limit, the stress 

components are substituted from (2) into (1). Then, the damage initiation criterion becomes as 

follows: 

  
  

  
  

 

  
   

   
  

 

  
   

   
  

 

   
(3) 

While   
  and    

  are found from the following relations. 

     
  

      
  

(4) 

Relation (3) shows that although the stress components of damage initiation in homogenized 

interface are reduced by diffuse delamination rate of φ, the relative displacements at damage 

initiation are independent from φ. Defining the mode ratio as         , shear displacement as 

        
     

  and mixed-mode displacement as       
     

  , it is possible to find 

the mixed-mode damage initiation displacement from (5) which has been similarly proposed in 

[17] too. This means that the damage initiation condition would not change by choosing the 

relative displacement criteria. 

  
    

    
  

    

   
       

   
 

(5) 

Figure 3 compares original bilinear cohesive law with the explained modified cohesive 

constitutive law considering the induced delamination with the rate of φ in mixed-mode 

condition. This figure shows that the damage initiation stress is decreased in the homogenized 

interface of the unit-cell with induced delamination, but the relative damage initiation 

displacements are similar for both original (φ=0) and modified cohesive law (φ≠0).  
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Figure 3- Comparison of original bilinear cohesive constitutive law with the one modified by diffuse 

delamination rate of φ 

 

Damage propagation 

Various criterions have been proposed in mixed-mode crack propagation of cohesive constitutive 

modeling. The proposing nonlocal constitutive law can be used with many of them and the 

mixed-mode criterion proposed by the Benzeggagh and Kenane [19] is used here. For 

homogenized cohesive constitutive law, since the un-cracked area of the unit-cell is reduced by 

the ratio of      , it is assumed that the critical energy release rate of the cohesive zone 

associated with the studied unit-cell in meso-scale modeling is reduced by the same ratio. This 

can be interpreted as equivalency of energy absorption capacity of both original and continuous 

interfaces. For a mixed-mode case of I and II loading condition in a homogenized interface with 

diffuse delamination rate of φ, this criterion is defined as follows. 

                         
   

      
 
 

         (6) 

Where,    ,      and    are mode I, mode II and mixed-mode critical energy release rate.    and 

    are also the energy release rates at a certain gauss point.   is also a material constant which 

can be determined by tests under different mode ratios. The term       reflects the decrease in 

capacity of energy absorption of the homogenized interface here and it vanishes when there is no 

diffuse delamination.  The value of              depends on the mixed-mode ratio of ‘ ‘.  

Obviously, the term       can be easily omitted from both side of (6) and then the criterion is 

not changed comparing with the original one without the effect of defuse delamination. Since 

this criterion is used for calculation of critical relative displacement in mixed-mode,   
 , it means 

that although diffuse delamination decrease the capability of energy absorption, the   
  doesn’t 

depend on the diffuse delamination rate. This point is taken into account in Figure 3 as well. 

Therefore, the critical relative displacement is as follows. More details can be found in [17]. 
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(7) 

 

Constitutive law 

While cohesive element is not under pressure (     , the relationship between stress and 

relative displacement becomes as follows.  

 

           if      
 

                     if   
       

 

                       if      
 

  
(8) 

The difference between the first and second conditions in Equation (8) is that φ remains constant 

in cohesive constitutive law, therefore when      
 ,     is calculated straightly in an elastic 

way. But, when    
       

 , the damage variable of D is firstly calculated in cohesive 

constitutive law, and then the stresses are found from Equation (8) which means that the solution 

procedure would be iterative. It is worth to note that the damage parameter “D” depends on the 

factor of       as will be shown later in this section. In crack closure (    ), the normal 

stress is calculated without considering any damage variable from        and it also doesn’t 

take part in the damage growth. 

The damage variable D can now be calculated by relating the slope of an arbitrary point with 

   
       

  like OC to line OA in Figure 3. After some manipulation, D of a homogenized 

cohesive zone can be found as follows: 

         
   

    
      

 

       
    

    (9) 

Where   
    is the maximum relative displacement occurred in the cohesive zone and in 

monotonic loading it is equal to   .  

 

Effect of surrounding layers 

In the assumed unit-cell (Figure 2 (b) and (c)), the capacity of energy absorption is just related to 

the cohesive zone, however the stiffness of the whole unit-cell is affected by both stiffness of 

cohesive zone and adjacent ply groups. If the stiffness of the layers is not much larger than the 

stiffness of the interface (which is usually the case), it is necessary to take into account the 

stiffness of the surrounding layer. In 2D model shown in Figure 2 (b), if a uniform infinitesimal 

displacement in z-direction,   , is applied to the top surface of the unit-cell, the stress in z-

direction is fairly 0 in the detached part of the laminate and    in other parts. The ratio of applied 

force,   , to the applied displacement,   , is assumed to be the stiffness of the unit-cell in z-

direction as follows: 
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 (10) 

The stiffness of the equivalent unit-cell shown in Figure 2(c) can be found similarly as follows: 

    
   

   
 

  

  
  

 
 

   

 
(11) 

[all of the equations are re-written in another editor, and they will be corrected there- regarding 

your comment on prime in the equations] 

Where, the prime sign shows the values in equivalent unit-cell. The subscript z is added to    to 

show that this value is just for the stiffness of the laminate in mode-I. Because shear stiffness is 

different from normal stiffness of the ply, the equivalent stiffness of the cohesive constitutive 

law is affected differently for various loading directions. To achieve the coincident behavior of 

both unit-cells in elastic condition, it is necessary that       . Then the value of penalty 

stiffness in the equivalent cohesive zone can be determined from the following relation.   

    
   

 
   

  
  

 (12) 

Apparently when the neighboring layers of the interface is very thin or very stiff, the term 

“H/Ez” in the denominator of Equation (12) is almost zero. Similarly, the shear stiffness of the 

cohesive zone can be calculated as follows. 

     
   

 
   

  
   

 (13) 

Where     is the shear modulus of the plies around the cohesive zone.  

 

Numerical results 

In this part, firstly the stress-displacement response of a unit-cell with modified cohesive 

constitutive law is compared with the response of a unit-cell with real delamination as 

discontinuity in the geometry. Then real conventional specimens are modeled with the proposed 

cohesive constitutive law.  

Unit-cell with rigid plies 

External normal stress in the z-direction is applied to the top surface of a unit-cell with 0˚ layers 

around the interface with the material properties listed in Table 1. The bottom of the interface is 

assumed to be fixed in the z-direction at all nodes and top surface nodes are uniformly displaced 

in the z-direction. The value of E3 is spuriously increased to make a rigid ply condition around 
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the interface. Therefore, it is expected that the response of the whole laminate in the z-direction 

would be almost the pure response of the cohesive zone.  

Table 1. Unit-cell properties for rigid ply example 

Mechanical properties of the ply Interface properties Unit-cell 

E1 

(GPa) 
E3 

(GPa) 
ν31 

G12 

(GPa) 
GIC 

(N/mm) 
GIIC 

(N/mm) 
K 

(N/mm
3
) 

T 

(MPa) 
S 

(MPa) 
L 

(mm) 

H 

(mm) 

138e3 8.9e5 0.3 7e3 0.222 0.99 1.0e5 51.7 91.7 3 0.25 

 

The obtained FEM results for using the explained approaches and considering of two diffuse 

delamination ratios of       and       are depicted in Figure 4. Obviously, the behavior 

of the unit-cell with real discontinuity is well approximated by the proposed homogenized 

model. The value of initial elastic stiffness of the cohesive zone was also calculated using both 

Equations (12) and (2) and shown in  

Table 2. Because of the assumed large value of E3, the obtained results from two equations are 

very close to each other.  

 

 

Figure 4- Applied stress vs. displacement for unit-cell with rigid plies considering diffuse delamination and 

the proposed cohesive constitutive law 
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Table 2. Elastic stiffness of the cohesive zone for unit-cell with rigid layers obtained from (12) and (2) 

  
    from Equation (2) 

N/mm
3
 

    from Equation (12) 

N/mm
3
 

    0.666e5 0.654e5 

    0.333e5 0.321e5 

 

Unit-cell with elastic plies 

The previous problem is resolved while the material modulus in the z-direction is changed back 

to a real carbon/epoxy material property of E3=8.9e3 N/mm
2
, ν13=0.3 and all other values in 

Table 1 are reused. The numerical simulation is repeated by the same boundary conditions on top 

and bottom of the unit-cell and the obtained results for original unit-cell (with diffuse 

delamination) and one with the proposed cohesive constitutive law is depicted in Figure 5. 

Obviously the value of critical relative displacement   
  and elastic stress limit in all of the cases 

are coincident which shows that the absorbed energy in each case is similar to its equivalent unit-

cell. The initial stiffness of the equivalent unit-cell is also in agreement with the original unit-cell 

result for both considered delamination ratios. To show the effect of the Equation (12), the 

stress-displacement behavior of the unit-cell using Equation (2) is also depicted for the case 

     ,. The critical relative displacement and elastic limit are acceptable but the initial 

stiffness of the unit-cell is more close to the unit-cell with no delamination, Q=0. This is due to 

ignoring the term “H/Ez” in the denominator of Equation (12). Table 3 also shows the 

considerable difference between the values of initial stiffness obtained from Equations (2) and 

(12).  
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Figure 5- Applied stress vs. displacement for unit-cell with elastic plies considering diffuse delamination and 

the proposed cohesive constitutive law 

 

Table 3. Elastic stiffness of the cohesive zone for unit-cell with elastic layers obtained from (12) and (2) 

  
    from Equation (2) 

N/mm
3
 

    from Equation (12) 

N/mm
3
 

    0.666e5 0.234e5 

    0.333e5 7061.8 

 

DCB Specimen 

To show the capability of the proposed method, crack propagation of a DCB specimen is 

modeled by the explained two approaches. The selected DCB specimen is already analyzed using 

cohesive elements in [20]. The material properties are similar to those used in the last section for 

the analysis of unit-cell with elastic plies and diffuse delamination. The length, width and 

thickness of the specimen are 150 mm, 25.4 mm and 3.05 mm respectively and the length of pre-

cracked part is also 31.75 mm as shown in Figure 6 along with the mesh scheme. The applied 

load versus opening displacement of the end point are compared with the results of [20] in Figure 

7 and seems valid. Then the same specimen with a periodic interlaminar crack size of 0.1 mm 

and a distance of 0.4 mm on the interface is also assumed to investigate the effects of diffuse 

delamination on main interlaminar crack. This means that between each 0.4 mm of regular 

cohesive elements, a discontinuity of 0.1 mm was embedded at the interface. Such a diffuse 
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delamination scheme means that the diffuse delamination rate,  , is equal to 0.2 and the length 

of the unit-cell is 0.5 mm. The problem was also analyzed without considering any real 

discontinuity at the interface, but using the modified cohesive constitutive law assuming 

     . The obtained results from both techniques are also presented in Figure 7. Obviously, 

the obtained results are coincident which means that the proposed modification for diffuse 

delamination could model the behavior of the diffuse delamination without a need to considering 

any real discontinuity in the model.  

 

Figure 6- DCB specimen and applied mesh scheme 

 

Figure 7- numerical results of the DCB for original and “diffuse-delaminated” specimen  

Unit-cell length may affect the results of such analyses. Figure 8 shows the obtained results for 

the same diffuse delamination rate (     ) but different unit-cell lengths of 0.5 mm, 1.0 mm, 

2.0 mm and 4.0 mm using real discontinuity as the interlaminar crack at the interface. It shows 

that the obtained results for various unit-cell lengths other than 4.0 mm are in agreement with 
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those obtained from the proposed modification for considering diffuse delamination. However, 

for the unit-cell length of 4.0 mm, the original response includes more details and the proposed 

cohesive constitutive law could just capture the average response of that. The reason of behavior 

can be interpreted by the process zone length. Figure 9 indicates the normal stress distribution in 

the z-direction exactly at the crack tip in the mentioned models with various unit-cell lengths. 

The process zone length in all cases is almost equal, however, for unit-cell lengths of 0.5 mm, 

1.0 mm, 2.0 mm the process zone is spread over three or more unit-cells, however, for the unit-

cell length of 4.0 mm, the process zone is located mainly in only one unit-cell. Therefore, the 

response of this specimen with unit-cell length of 4.0 mm, becomes oscillatory and 

homogenization of such a behavior obviously loses some details, though it could properly 

capture the average.  

[Unfortunately I am not aware of thickness of the one ply in the main reference. (it is not 

mentioned in the main reference)] 

 

Figure 8- numerical results of the DCB specimen with diffuse delamination 
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Figure 9- process zone at the crack-tip of DCB specimen 
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Cross-ply laminate under out-of-plane loading 

The effect of the mentioned modification on the cohesive constitutive law can be shown by the 

lateral stiffness of the whole laminate. A cross-ply laminate of [0/904]s with the material 

properties listed in Table 1 and ply thickness of 0.125 mm is assumed. The length of the 

specimen is 12 mm with a unit width. The laminate is assumed to contain the uniform transverse 

crack spacing of L=2 mm and diffuse delamination rate of φ=1/2. The analyses in this part 

comprises the solution of four different conditions: i) laminate without any damage, ii) laminate 

with discontinuities as transverse and interlaminar cracks, iii) laminate with homogenized 

damaged 90° layers and ordinary cohesive constitutive law, and iv) laminate with homogenized 

damaged 90° layers along with the new proposed modification of cohesive law in section 2.  

In the first step, the laminate is assumed under a uniform tensile loading to find the 

homogenization properties. The damage variable of 90° layers group (    ), which represents the 

deterioration of these layers, is related to the longitudinal stiffness of the whole laminate (      ) 

using (14). This means that in the homogenization of such a damaged laminate, the stiffness of 

the 90° layers is equal to           . Determination of in-plane damage variables such as      

is in fact the responsibility of the applied continuum damage models. However, those modeling 

and procedures are not employed here and the damage variable is directly derived by the equality 

of stiffness of the two models with discontinuous and homogenized damage. So, the obtained 

damage variable is expected to be more accurate and consistent with the original model.  

       
                    

        
 (14) 

 

The obtained tensile stress values for the 1% applied tensile strain of the mentioned four cases 

are mentioned in Table 4. By finding the laminate stiffness value of the cracked model, it is 

possible to calculate the damage variable of 90° (    ) layers and their effective elastic modulus 

from (14). For the mentioned damage scheme on the laminate, the damage variable can be 

calculated,     =82.31%, which means that the 90° layers are significantly damaged. Using such 

a damage variable for homogenizing of the 90° layers              , it is possible to check 

the obtained stress for 1% applied strain as mentioned in Table 4. This value for both cases of the 

modified and un-modified cohesive laws is similar and it is slightly different from the model 

with discontinuous cracks by about 0.6%.  
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Table 4. Tensile stress and lateral load for different models of [0/904]s cross-ply laminate 

no. model condition 
tensile stress 

(Mpa) at =1% 
3-point Bending 

Force (N) 

1 no damage 349.75 233.29 

2 
crack as discontinuity 
with contact elements 

288.68 149.44 

3 
homogenized damaged 

90° layers with usual 
cohesive law 

290.38 200.38 

4 
homogenized damaged 
90° layers with modified 

cohesive law 

290.38 155.04 

 

In the second step, the laminate is assumed under the 3-point bending load with span of 12 mm 

and applied displacement of 1 mm at the middle (Figure 10). For the assumed laminate, L=2 

mm, Q=1 mm, the diffuse delamination rate becomes, φ=0.5. The shear penalty stiffness of the 

cohesive elements at the interface of 0°/90° layers according to (13) becomes     =3439 N/mm
3
. 

The normal value of the penalty stiffness of the cohesive elements is assumed to remain 

unchanged because of the compressive normal stress between 0°/90° interface.  

The obtained concentrated load for each case is listed in Table 4. The lateral force of the cracked 

laminate, which is the representative of the lateral stiffness of the laminate, is about 36% lower 

than the laminate with no damage. A proper homogenized model should be able to correctly 

simulate both axial and longitudinal stiffness. The obtained out-of-plane load of the laminate 

with homogenized damaged 90° layers in the case of usual cohesive law is considerably different 

from the case with the modified cohesive law as listed in Table 4. The difference of cracked and 

homogenized model with usual cohesive elements is 34.1% but this value decreases to 3.7% 

when comparing the results of the homogenized model with modified cohesive law. It can be 

concluded that despite the model with unmodified cohesive constitutive law predicted the axial 

stiffness decrease properly, but it is not enough accurate for the prediction of lateral stiffness 

decrease. On the other hand, the combination of  continuous damage model for 90° layers and 

the proposed modification for cohesive constitutive law (Figure 10 (b)) which is much simpler 

than the cracked laminate (Figure 10 (a)) is accurate enough for prediction of both axial and 

lateral stiffness. 
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Figure 10 (a) the cracked laminate (b) the homogenized damaged laminate under 3-point bending 

 

Conclusion 

In this paper, a new simple nonlocal modification for an available cohesive constitutive law for 

homogenization of diffuse delamination was proposed. The predicted results using this new 

approach were compared with the models of a unit-cell and a DCB specimen in which diffuse 

delamination are implemented as discontinuities on the interface and they were found in good 

agreement with each other.  While unit-cell length is shorter than the process zone, the predicted 

results of the model is coincident with the obtained results from the original models, in which 

diffuse delamination are treated as discontinuities. In the case of longer distance between the 

interlaminar cracks, if the load-displacement curve behaves oscillatory, the proposed model can 

properly predict the average of such a curve. Finally, it was shown that using the usual 

unmodified cohesive constitutive law would lead to inaccurate prediction of lateral stiffness of a 

laminate with transverse crack and delamination, however by using the proposed cohesive 

constitutive law the obtained out-of-plane force was acceptable. 
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