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Abstract

Cables are widely used in cable-stayed bridges and other civil engineering struc-
tures, but they often experience large amplitude vibrations due to their low
inherent damping. Recent studies have shown that inerter-based vibration
absorbers with two or three elements can provide significant performance im-
provements with very large inertance. Such large inertance leads to difficulties
in physical implementation. Meanwhile, alternative inerter-based layouts with
more elements could potentially provide better performance with significantly
smaller inertance. However, studying these configurations one by one is imprac-
tical because the number of possible absorber layouts increases exponentially
with the number of elements. This paper, using two types of fixed-sized-inerter
(FSI) layouts, presents an efficient and systematic optimum configuration iden-
tification methodology. A simplification procedure is also adopted to then sim-
plify the obtained configurations while not compromising the performance gains.
Using this approach, it is shown that when the number of elements is increased
from three to four, significant enhancement can be obtained even with small
inertance values. The proposed approach can also be applied to vibration prob-
lems of other mechanical structures and with other performance criteria.

Keywords: stay cable, vibration suppression, network synthesis, damping
performance, optimum configuration identification

1. Introduction

Cables are widely used in cable-stayed bridges and other civil engineering
structures because of their high axial strength and stiffness. However, due to
their high flexibility in the transverse direction and low intrinsic damping, ca-
bles are often observed to experience large amplitude vibrations under various5

excitation mechanisms. Often, the exact excitation mechanisms are unclear,
but possible causes include aerodynamic forcing on the cables, such as rain-
wind excitation [1, 2], galloping [3, 4], wake galloping [5], and excitation from
deck or pylon motion [6, 7]. For all mechanisms, the low inherent damping
of cables is a contributory factor [8]. Typically, the inherent damping ratio10
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of bridge cables is less than 0.1% [9] (so most past studies on enhancing the
cable damping have neglected it.) Unless suppressed, these effects may cause
severe vibrations, which could result in cable or connection failures due to fa-
tigue, or damage the corrosion protection system. A commonly-used approach
to suppress the vibrations of structural cables is to install a vibration absorp-15

tion device. Normally, only modes with low natural frequencies are considered
as they generally experience more significant vibrations than higher frequency
modes [10, 11, 12, 13, 14, 15, 16].

The current guidelines on stayed cable specify the requirements of damping
systems in terms of the damping ratio (or logarithmic decrement or Scruton20

Number, which are proportional to damping ratio) [17, 18]. Also the damping
ratio affects both the amplitude of vibrations due to buffeting or vortex shedding
and the critical wind speed for the onset of aero-elastic galloping and rain-wind
induced vibrations [18], as well as the critical amplitude of deck vibrations to
cause parametric excitation [6]. Moreover, Zuo and Jones [19] observed large25

amplitude vibrations of various cables due to rain-wind excitation and similar
vibrations in dry conditions up to the sixth mode, whereas Acampora et al. [20]
identified significant vibrations in the first five modes.

Using cross-ties to bind several cables together can increase the natural fre-
quencies and modal masses, hence the dynamic loading and response can be30

reduced. However, they are undesirable aesthetically and can be difficult to
access for maintenance and inspection [12].

Viscous dampers have been used in suppressing cable vibrations for many
years, e.g. on the Fred Hartman Bridge in Texas, and the Erasmus Bridge in
Rotterdam [12]. Viscous dampers are normally installed normal to the cable35

with one end fixed to the bridge deck. The achievable optimum damping ratio
for a certain mode is larger if the damper is located closer to an anti-node.
However, for ease of installation and maintenance, they are usually located
close to the deck end of the cable, up to about 5% of the length along the cable
from the end [12]. A universal curve was presented by Pacheco et al. [13] for40

estimating the modal damping of stay cables with a viscous damper close to
one of the supports. A formula for the universal curve was analytically derived,
based on approach cable modes, by Krenk [14]. Main and Jones [10] used a
similar approach to investigate a wider range of cases with a viscous damper.
Then, Krenk and Høgsberg [16] presented a general approach for the effect of a45

transverse damping force, close to the end of a cable, on the modal vibrations.
A Tuned Mass Damper (TMD) is another type of passive absorber device

that has been used in practice on cables, for example on the Øresund Bridge
[20]. TMDs can provide improved performance over viscous dampers for a
specific mode [21]. However, they have disadvantages, such as needing a large50

mass located near the mid-span of the cable and having limited performance for
multiple modes [22, 23].

For further performance enhancement, an inerter-based absorber device can
be used. The inerter was proposed as an ideal two-terminal mechanical element
with the property that the applied force is proportional to the relative accelera-55

tion between its two terminals [24]. The introduction of the inerter concept has
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fundamentally enlarged the range of dynamic properties that can be realized
by passive vibration absorbers. The constant of proportionality between the
force and the relative acceleration is termed inertance, with dimensions of mass.
Theoretical performance advantages of inerter-based suspension systems and vi-60

bration absorbers have been identified for a wide range of mechanical systems,
including road vehicles [25, 26, 27], railway vehicles [28, 29, 30], aircraft landing
gear systems [31, 32, 33], building structures [34, 35, 36] and bridge cables [37].
Research efforts have also been made regarding physical realizations of inert-
ers, which can take different forms, including rack and pinion [38], ball-screw65

[39], hydraulic [40] and more recently introduced fluid inerters [41, 42]. Even
though larger inertance can be achieved with small device mass via mechanical
or hydraulic gearing, limiting required inertance values is important for practi-
cal applications. This is because physical realizations of inerters, whether via
mechanical or hydraulic gearing, can only achieve a limited range of inertance70

in practice, for example due to weight or space constraints.
Increased attention has recently been given to suppressing cable vibrations

with inerters. Lazar et al. [43] demonstrated the potential benefits of adding a
Tuned Inerter Damper (TID) layout. Note that in the present study, a layout is
defined as a network representing the topological connections of spring, damper75

and inerter elements, while a configuration refers to a layout with specific ele-
ment values. More recently, Lu et al. [44] examined the damping enhancement
potential of a specific absorber layout termed as viscous inerter mass damper,
showing improvements of the achievable modal damping ratio, over that of a
conventional viscous damper.80

Shi and Zhu [45] presented an analytic solution for the dynamics of a cable
with an inerter-parallel-damper layout named the inerter damper. These previ-
ous investigations on this topic have been focused on specific network layouts,
although many alternatives exist. Luo et al. [46] analyzed all layouts with no
more than one inerter, one damper and one spring, and identified beneficial85

configurations for damping ratio enhancement, considering multiple modes. It
was noticed, however, that significant performance enhancement can only be
achieved with large inertance. For example, it was shown that, including a con-
straint for higher modes, for the best three-element configuration the critical
damping ratio can be improved by 451% compared with a damper only, with90

an inertance equal to 2.25 times the total cable mass. However, for a more real-
istic inertance, e.g. 50% of the cable total mass, the maximum improvement in
damping ratio over a damper only reduces to 16%. Layouts with more elements
give more possibility to provide greater improvements with smaller inertance.
However, according to graph theory [47], as the number of elements grows,95

the number of possible layouts increases exponentially. Therefore, a systematic
optimum configuration identification methodology is needed.

For inerter-based vibration absorber layouts with more elements, network
synthesis theory, which originated in the electrical domain [48], provides a
promising way forward for this systematic investigation. A fixed-sized-inerter100

(FSI) layout was introduced by Zhang et al. [35] for building vibration suppres-
sion, which covers a set of seven-element network layouts with one inerter and at
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most six damper and spring elements. However, it will be shown in this study
that no significant performance improvement for cable vibration suppression
can be obtained with this FSI compared with the best three-element layout. To105

further expand the range of network layouts covered, another FSI layout is in-
troduced in the present study. With these two FSI layouts, an approach for the
identification of optimum cable vibration absorber configurations is introduced.
It will be demonstrated that the newly-introduced FSI layout can significantly
enhance the performance with small inertance values. A simplification proce-110

dure is then adopted to reduce the obtained seven-element configurations to
four-element ones, which can be useful for practical implementation.

It is worth pointing out that the contributions of this work, compared with
the previous publications on the same topic [43, 44, 45, 46] are the following.
Firstly, a significantly wider range of inerter-based vibration absorber layouts115

are investigated using the two FSI layouts. Secondly, a simplification procedure
is adopted to minimize the number of elements in the obtained beneficial con-
figurations, while not compromising the performance. And thirdly, significantly
enhanced damping performance with small inertance values is obtained.

This paper is organized as follows: In Section 2, a finite difference cable120

model with a generic vibration absorber is recalled. Two FSI absorber layouts
are introduced and their respective admittance functions are derived. In Sec-
tion 3, the optimum damping performance using the FSI layouts is obtained
and compared with both a damper only and the best three-element absorber
previously identified. In Section 4, a simplification procedure is presented, from125

which two four-element optimum configurations are identified, which have sim-
ilar performance of the optimum FSI configurations. Conclusions are drawn in
Section 5.

2. Mathematical approach

In this section, a finite difference model of a taut cable combined with an130

arbitrary linear passive absorber layout, established in [46], is recalled. Two
different optimization measures are proposed. Then, using network synthesis,
two fixed-sized-inerter layouts are introduced.

The cable vibration problem can be formulated in partial derivative form for
the cable, along with additional equation(s) for the absorber. In principle this135

is exact, but it leads to a transcendental equation for the eigenvalues. Although
asymptotic solutions for the absorber very close to the end of the cable have
been found [10, 13, 16], the form of the equation is different for each different
absorber layout so there is not a general analytically solution. Furthermore, it is
necessary to use approximate or numerical solutions, at which point the benefit140

of the exact equation of motion for the cable is somewhat lost. The proposed
finite difference form, with the absorber represented by a generic admittance
function, has the benefits of the form of the matrix equation being the same for
any absorber layout and a simple, consistent method can be used for its solution
for the eigenvalues. By discretising the cable into a sufficiently large number of145

lumped masses, this formulation converges on the exact solution.
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2.1. Cable model with integrated absorber admittance function

A mathematical model of a taut cable combined with a linear absorber layout
was built in [46], using the finite difference method, and is reviewed briefly here.
Neglecting cable inclination, sag, out-of-plane motion and elasticity of the cable,150

a lumped finite difference model with n degrees of freedom (DOFs) is built, with
a general absorber represented by an admittance function Y (s) at one location,
as shown in Figure 1. The tension along the cable is denoted T , the total mass
of the cable is M and the total length of the cable is L. The circular natural
frequency of Mode 1 of the undamped cable is ω0 = π(T/ML)0.5. There are155

n masses, each of mass m spread along the cable and two masses of mass m/2
connected directly to the supports. Hence, m = M/(n+1). These masses divide
the cable into n+ 1 elements, each of length l equal to L/(n+ 1). In this paper
n is taken to be 99, as this was previously shown to give an appropriate balance
of accuracy and computing time [46]. The ath mass has an associated transverse160

displacement xa(t), which equals zero at equilibrium. The absorber is connected
to mass af . Since the masses at the end-points are connected directly to the
supports, which are assumed to be fixed, x0 and xn+1 are always equal zero.

Figure 1: Finite difference model of a taut cable with an absorber with admittance
functionY (s).

Considering Figure 1, the equation of motion of each mass can be derived.
Then, by taking Laplace transforms of both sides, the following equation for
each mass is obtained [46],

1

n+ 1
s2x̃a = (n+ 1) · (ωo

π
)2 · (x̃a−1 − 2x̃a + x̃a+1) + δaaf

Y (s)

M
· s · x̃af

(s) (1)

where δaaf
represents the Kronecker delta function, the tildes indicate Laplace

transforms and Y (s) = F̃ (s)/[s·x̃af
(s)] represents the admittance function of the

absorber, which is defined as the ratio of force to relative velocity of its terminals.
It has been shown that all admittance functions representing linear, passive
absorbers are positive-real functions [49]. By arranging the displacement of

each mass in the vector x̃= [x̃1, x̃2, x̃3, · · · , x̃n]
T

, Equation (1) can be rewritten
in matrix form as

Ms2x̃ + Csx̃ + Kx̃ = 0 (2)

in which M, C and K are the mass, damping and stiffness matrices respectively.
The inherent damping of the cable is neglected in line with previous studies
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[10, 11, 12, 13, 14, 15, 21, 22, 43, 44, 45], so all elements of the damping matrix
are zero except for the one representing the absorber. The elements of M, C
and K are respectively defined as

mij =
1

n+ 1
δij

cij = 0, except cafaf
= −Y (s)/M

kij = (n+ 1) · (ωo

π
)2 · (2δij − δi(j+1) − δi(j−1))

The complex eigenvalues of the system, represented by [λ λ∗T]T,(where
superscript* indicates the complex conjugate) can be calculated as the roots of

det

([
0 I

−M−1K −M−1C

]
− λ

[
I 0
0 I

])
= 0 (3)

where det means the determinant, λ = [λ1, λ2, λ3, · · · ] , 0 is the square null
matrix of size n and I is the identity matrix of size n.165

Hence, the eigenvalue of Mode i (i.e., λi) of the damped cable can be ob-
tained. Accordingly, the damping ratio ζi and circular natural frequency ωi of
Mode i can be calculated, respectively as

ζi = −Re(λi)/

√
Re(λi)

2
+ Im(λi)

2
(4)

ωi =

√
Re(λi)

2
+ Im(λi)

2
(5)

2.2. Two performance measures

Two different measures are proposed for the optimization in this study. Mea-
sure 1 aims to maximize the damping ratio of any modes with natural frequencies
close to that of the first undamped mode of the cable, while ensuring the damp-
ing ratio of the next few modes are no lower than those for a viscous damper170

optimized for Mode 1. This is the same performance measure as previously used
for multiple modes [46]. Normally, the lowest frequency mode (i.e. Mode 1) is
the most susceptible to vibrations [11]. To cover this mode and any additional
mode with a similar natural frequency, introduced by the absorber, the opti-
mization is applied to the minimum damping ratio of all modes with natural175

frequencies ωi ∈ (0, 1.5ω0). Considering the damping of the rest few modes, the
reference damping ratios for the cable with a viscous damper are taken from the
universal curve [13]. All modes in the frequency range ωi ∈ (1.5ω0, 6.5ω0) are
included to ensure that the first six modes of the undamped cable are covered.
Therefore, the first measure is to maximize the minimum damping ratio, defined180

as the critical damping ratio (denoted ζc ) of all modes with frequencies in the
range ωi ∈ (0, 1.5ω0), with the constraint that modes with natural frequencies
in the range ωi ∈ (1.5ω0, 6.5ω0) have no less damping than those for a cable
with a viscous damper optimized for Mode 1.
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Measure 2 is to maximize the minimum ηi, over all modes of interest where
ηi is defined as the product ζi ·ωi. This measure is applicable to galloping-type
aerodynamic instabilities, for which the motion of the cable in the wind causes
changes in the aerodynamic forces which are equivalent to negative damping
[3]. Based on quasi-steady theory, the aerodynamic damping ratio of mode i is
given by [4],

ζai =
ρDUL

4Mωi
β (6)

where ρ is the density of air, D is the cable diameter, U is the mean wind185

speed and β is a function of the cable orientation and the static aerodynamic
force coefficients of the cross-section. If β is negative, structural damping of at
least −ζai is required to prevent galloping, i.e. dynamic instability of the cable.
Since ρ, D, U , L, M and β are all independent of the mode number, galloping
of mode i occurs if the product ηi = ζi · ωi is less than a certain value. Hence190

the minimum value of ηi for all modes of interest determines the threshold at
which galloping would occur. For this measure, all modes in the frequency range
ωi ∈ (0, 6.5ω0) are included to ensure that the first six modes of the undamped
cable are covered. Therefore, the second measure is to maximize the minimum
ηi, denoted as ηc, of all modes with frequencies in the range ωi ∈ (0, 6.5ω0).195

2.3. Network synthesis and Fixed-sized-inerter layouts

It has been shown in the previous study [46] that with small inertance, only
limited performance advantages compared with a damper can be achieved with
absorber configurations consisting of at most one spring, one damper and one
inerter. In this sub-section, two fixed-sized-inerter (FSI) layouts are introduced200

which include one inerter b and two sub-networks with admittance functions
S1(s) and S2(s) respectively. FSI-I, shown in Figure 2(a), was defined in [35],
where its benefits for vibration suppression were demonstrated for multi-story
buildings. A new FSI layout, FSI-II, shown in Figure 2(b), is introduced in this
paper, covering a different set of network layouts.205

Figure 2: The two FSI layouts. (a) FSI-I and (b) FSI-II.
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The admittance functions of FSI-I and FSI-II, Y1(s) and Y2(s) respectively
can be derived as

Y1(s) =
S2(s)[bs+ S1(s)]

bs+ S1(s) + S2(s)
, (7a)

Y2(s) =
bsS1(s)

bs+ S1(s)
+ S2(s). (7b)

The two functions, S1(s) and S2(s) are restricted to be bi-linear admittance
functions, of the forms

S1(s) =
α1s+ β1
s+ γ1

, (8a)

S2(s) =
α2s+ β2
s+ γ2

. (8b)

To guarantee that S1(s) and S2(s) can be realized with dampers and springs
only, the following two conditions need to be satisfied, according to network
synthesis theory [24],210

α1γ1 − β1 ≤ 0, (9a)

α2γ2 − β2 ≤ 0. (9b)

These two FSI layouts cover a wide range of candidate network layouts for inves-
tigation and also fully control the inertance b, so as to facilitate the identification
of beneficial absorber configurations with practical inertance values.

3. Optimum performance of FSI layouts

For generality, the inertance is non-dimensionlized using the total weight of215

the cable, i.e., letting b′ = b/M . Similarly, the circular natural frequencies of
the damped system and the distance of the damper from one end, relative to
the total cable length are also presented in non-dimensional form as ωi

′ = ωi/ω0

and a′f = af/(n+ 1) respectively. A value of a′f = 0.05 is chosen as an example
for the investigation in the present study. It is worth pointing out that the220

approach demonstrated in this work is directly applicable to problems with
other a′f values.

In this section, for a given non-dimensional inertance b′, ranging from 0 to
1, all the other parameter values in S1(s) and S2(s) are optimized according
to each measure introduced in Section 2.2. The optimum results of the two225

FSI absorber layouts are obtained and analyzed. Matlab is used for the opti-
mization, using the optimization function “patternsearch” to obtain approxi-
mate optimum solutions, with the genetic algorithm “GPS basis 2N” [50]. The
solutions of ”patternsearch” are then used as initial estimates for the gradient-
based function “fminsearch” for fine-tuning. The convergence criterion for both230

“patternsearch” and “fminsearch” is a certain pre-determined tolerance on the
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change in the value of the cost function over the iteration. In this study, the
relative tolerance is set to be 1×10−4. Furthermore, to identify the global min-
imum, multiple starting points are used for the “patternsearch” optimization.

235

3.1. Optimum results for Measure 1

Based on the established cable model, the optimum critical damping ratio,
denoted as ζc,opt, can be obtained for Measure 1. In Figure 3, the dashed curve
represents the optimum results for FSI-I, and the solid curve for FSI-II. Results
for layouts with fewer elements are also shown in Figure 3 for comparison. The240

dotted curve is the optimum performance that can be achieved by all three-
element layouts previously considered [46], and the cross shows the optimized
damping ratio of Mode 1 for a viscous damper only, with a value of 0.026. It
can be seen that both FSI layouts can provide greater optimum critical damping
ratio than that for three-element layouts. Compared with FSI-I, FSI-II is more245

beneficial as it provides better optimum critical damping ratio for all inertance
values considered. It should be noted in particular that, with non-dimensional
inertance b′ < 0.36, the benefits of FSI-II grow rapidly with increasing b′.

Figure 3: Optimum critical damping ratio (Measure 1) versus non-dimensional inertance for
layouts FSI-I, FSI-II, three-element layout and damper only.
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Figure 4: Influence of the higher mode constraint of Measure 1 for FSI-II. (a) Optimum critical
damping ratio versus non-dimensional inertance with and without constraint, (b) percentage
increase in damping ratios of Modes 2 and 3 with the constraint over a damper only optimized
for Mode 1.

The influence of the higher mode constraint on the optimization results of
Layout FSI-II is presented in Figure 4. The optimum results with and without250

the constraint are compared in Figure 4(a). For non-dimensional inertance
0.36 < b′ < 0.7, the optimum critical damping ratio is significantly influenced
by the constraint, but for other inertance values the difference between the
optimized results with and without the constraint is minimal.

The percentage increases in the damping ratios of Modes 2 and 3, for FSI-255

II with the higher mode constraint over a damper only, optimized for Mode
1, are presented in Figure 4(b). When non-dimensional inertance b′ < 0.36,
the optimized results are not influenced by the higher-mode constraint. For
0.36 < b′ < 0.86 the optimized results are limited by Mode 2. For b′ > 0.86 the
optimized results are limited by Mode 3, though for b′ > 0.70 the difference in260

the results with and without the constraint is negligible. Modes 4 to 6 are not
shown in the figure as they do not influence the results.

3.2. Optimum results for Measure 2

The optimization results for the two FSI layouts against Measure 2, i.e., the
optimum critical ηc (denoted as ηc,opt), are presented in Figure 5(a), which shows265

the relationship between ηc,opt and non-dimensional inertance b′, with a dashed
curve for FSI-I and a solid curve for FSI-II. The cross shows the performance
of a viscous damper only for comparison.

It can be seen from Figure 5(a) that for most values of b′ considered, FSI-II
provides much greater ηc,opt than FSI-I. For both FSI-1 and FSI-II with b′ = 0,270

ηc,opt = 0.026, which is the same as for a viscous damper only. Compared with
the ηc,opt = 0.063 for b′ = 1, the local optimum value ηc,opt = 0.055 for a small
inertance of b′ = 0.09 is only marginally less effective, and it provides a 112%
of increase in the value compared with a damper only.
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Figure 5(b) presents ηi for the first two modes for the optimized solutions275

for FSI-II in Figure 5(a). When the non-dimensional inertance b′ < 0.09, the
limiting value is given by η1, while for 0.09 < b′ < 1, the limiting value is
provided by η2. The values of ηi of higher modes are not limiting, so they are
not shown in Figure 5(b).

Figure 5: ηc,opt versus non-dimensional inertance. (a) Optimum results for layouts FSI-I,
FSI-II and damper only, (b) ηi for Modes 1 and 2 for the optimized FSI-II.

4. Optimum performance with simplified configurations280

In the previous section, significant advantages against both performance
measures have been identified for the FSI-II layout (illustrated in Figure 2(b))
with small inertance values. However, to realize these identified configurations,
networks with seven elements are required. For example, using the Foster
preamble [48] one of the possible mechanical structures of FSI-II is shown in285

Figure 6. For physical implementation of a mechanical vibration absorber, it is
highly desirable to minimize the number of elements, so in this section a simplifi-
cation procedure is carried out. The optimum performance of the simplified con-
figurations is then compared with that of the optimized results for FSI-II. The
values of the damping coefficient and stiffness of the dampers and springs are290

expressed in non-dimensional form as c′j = (cj/M)/ω0 and k′j = (kj/M)/(ω0)2 ,
where cj and kj are the physical damping coefficient and stiffness, respectively.

11



Figure 6: One possible mechanical structure of FSI-II.

4.1. Simplification approach

The simplification procedure is carried out in the following way. The op-
timization in Section 3 for FSI-II finds multiple local maximum of the critical295

damping ratio (Measure 1) or critical ηi (Measure 2) with very similar results
but for different values of the parameters in Equations (8a) and (8b). It was
found that for some results, γ1 in S1(s) is very small, and for other results, α1

in S1(s) is very small. If γ1 or α1 is set to zero, S1(s), which in general can be
realized by the sub-network shown in Figure 7(a), can then be realized by the300

layouts shown in Figures 7(b) or 7(c), correspondingly.

Figure 7: S1 and its simplifications. (a) One of the possible sub-networks realizing S1 (Equa-
tion 8(a)) in FSI-II, (b) S1 simplified to a spring-parallel-damper layout for γ1 = 0, and (c)
S1 simplified to a spring-series-damper layout for α1 = 0.
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Similarly, it was found that for all of the optimized results, the values of
α2, β2 and γ2 in Equation (8b) make S2(s) close to a constant value. If S2(s),
which in general can be realized by the sub-network in Figure 8(a), is simplified
to a constant, then it can be realized by a damper only, shown in Figure 8(b).305

Hence the seven-element layout of Figure 6 (or alternative equivalent layouts)
is simplified to a four-element layout. Depending on whether S1 is simplified
to Figures 7(b) or 7(c), two different four-element layouts, LA and LB shown
in Figures 9(a) and 9(b), are obtained. It is important to note that, whether
the admittance function for FSI-II, given by Equation (7b), is realized by the310

mechanical structure in Figure 6 or one of the alternative equivalent structures,
the simplifications that γ1 or α1 equals zero and S2(s) is a constant lead to the
same two simplified structures LA and LB in Figure 9.

Figure 8: S2 and its simplification. (a) One of the possible sub-networks realizing S2(s)
(Equation (8b)) in FSI-II, and (b) sub-networks S2 simplified to a damper only when its
admittance S2(s) is set to a constant.

The values of the performance measures for the simplified layouts are com-
pared with the optimum values achieved for FSI-II in Section 3, which can be315

realized by the seven-element network shown in Figure 6. Where difference in
the performance values is less than 1%, the simplification is considered fully
justified. It is worth pointing out that, after the above simplification procedure,
even though the parameter values of the remaining elements in Figure 9 are
very close to those for the global minimum, an optimization is still carried out320

for fine tuning to obtain more accurate results.
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Figure 9: Mechanical structures of simplified four-element layouts. (a) Simplified layout LA

and (b) simplified layout LB .

4.2. Performance for Measure 1

For Measure 1, the optimum critical damping ratio ζc,opt for Layouts LA

and LB are compared with results for FSI-II and a damper only in Figure
10(a). The corresponding non-dimensional damping coefficients c′1, c′2, c′3 and325

spring stiffness k′1 are respectively shown in Figures 10(b), 10(c) and 10(d).
It can be seen from Figure 10(a) that the optimum critical damping ratio

ζc,opt provided by the simplified layout LA is virtually the same as that for FSI-
II, which requires seven elements to realize, for the full range of b′ considered,
while LB is similarly effective only for b′ ≤ 0.36. Figures 10(c) and 10(d) show330

that for b′ ≤ 0.36 both layouts require virtually the same values of c′3 and k′1. For
both simplified layouts, the value of ζc,opt is not affected by the higher mode
constraint for b′ ≤ 0.36. Figure 10(b) shows that c′2 in LA requires a lower
damping coefficient than c′1 in LB . It should be noted that although for LA, c′2
is very small for b′ < 0.2, it cannot be removed as there is then a significant loss335

in optimum damping ratio.
In Figure 10(d), an approximately linear relationship can be found between

the non-dimensional inertance b′ and the corresponding non-dimensional spring
stiffness k′1 for b′ < 0.9 for LA and b′ ≤ 0.4 for LB . This can be explained
as follows. The frequency provided by the ratio k′1/b

′ is approximately equal340

to one, i.e., the natural frequency of the inerter-spring sub-system is close to
that of the first undamped mode of the cable. Hence, b′ and k′1 are essential
to Mode 1 of the cable. Previous results have shown that for a three-element
layout without the parallel damper [46], very beneficial damping ratios can
be achieved for Mode 1 of the cable, but when the higher mode constraint is345

applied the benefit is marginal. For the four-element layout proposed here, c′3
is smaller than the value of damping coefficient for the damper only optimized
for Mode 1 as shown in Figure 10(c). However, combining c′3 with the tuned
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spring-inerter-damper sub-system, the two types of four-element layouts lead to
most beneficial damping ratio enhancement for Mode 1, while not violating the350

higher mode constraint.

Figure 10: Optimum results for Layouts LA and LB for Measure 1 versus non-dimensional
inertance. (a) Optimum critical damping ratio, (b) corresponding non-dimensional damp-
ing coefficients c′1 and c′2, (c) corresponding non-dimensional damping coefficient c′3 and (d)
corresponding non-dimensional spring stiffness k′1.

Taking two non-dimensionlized inertance values, b′ equal to 0.05 and 0.36
as examples, the increase in damping ratio for each mode relative to a viscous
damper only optimized for Mode 1, are shown in Figure 11, for LA, LB , as well
as the optimum that can be achieved by three-element layouts [46]. It should355

be noted that there are two modes with same damping ratio and very similar
frequencies for both LA and LB around ω′1 = 1, due to the extra DOF(s) intro-
duced by the absorber layouts. Otherwise the changes to the natural frequencies
due to the addition of the absorber are small.(Changes in natural frequencies
due to the addition of absorbers are discussed in mire detail in the previous360
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paper [46]).

Figure 11: Increases in damping ratio for each mode relative to an optimized viscous damper
for Mode 1 for Measure 1. (a) For non-dimensional inertance b′ of 0.05, and (b) for b′ of 0.36.

It can be seen from Figure 11 that, for the two example values of non-
dimensional inertance considered, the performance advantages of optimum three-
element layout are marginal, which is consistent with the conclusion in [46]. In
comparison, significant enhancements are observed for both LA and LB . Com-365

paring the two simplified beneficial layouts, LA provides the greater relative
improvements for b′ = 0.36, while with b′ = 0.05, both layouts give very similar
results for Mode 1 and LB is slightly better for the higher modes. With non-
dimensional inertance b′ of 0.05 shown in Figure 11(a), the relative improvement
of Layout LA over a viscous damper is 72% for Mode 1, which corresponding to370

63% improvement compared with the most beneficial three-element layout. The
damping ratios of the higher modes are also larger than the optimum damper
only case. Thus, the higher mode constraint does not affect the results. This is
because with LA tuned to its maximum performance for Mode 1 it also has ben-
eficial effects on the higher modes. For b′ = 0.36, as none of the three-element375

layouts provides any benefits compared with a damper only, the corresponding
points in Figure 11(b) are all on the 0% increase line. It can also be calculated
that the optimum critical damping ratio ζc,opt for LA for Mode 1 is 206% of both
the viscous damper only case and the most beneficial three-element layout. It
can also be seen form Figure 11(b) that the critical mode has the frequency close380

to the second mode’s frequency of a damper only. For b′ > 0.36, the constraint
on Mode 2 causes a reduction on the achievable optimum critical damping ratio
as observed in Figure 10(a).

4.3. Performance for Measure 2

For Measure 2, ηc,opt(optimal critical ηi) for LA, LB and the optimized385

seven-element FSI-II are presented and compared in Figure 12 along with the
corresponding element values. As shown in Figure 12(a), LA provides almost
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the same performance as FSI-II over the whole range of studied inertance, but
LB can only achieve this with b′ ≤ 0.25. It can be seen from Figures 12(b) and
12(c) that LA requires the same or a lower damping coefficient for c′3 and a lower390

coefficient for the other damper (c′1 and c′2) than LB . Also, the required parallel
damping c′3 for both LA and LB are much less than that of an optimum damper
alone. Figure 12(d) shows that, in the range of b′ < 0.7 for LA and b′ < 0.5
for LB , the non-dimensional stiffness k′1 increases with b′ almost proportionally.
It can be calculated that the internal resonance of the absorber is close to the395

cable’s first mode. For LB with b′ ≥ 0.5, k′1 tends to be infinity, indicating that
a optimum of LB is three-element layout with two dampers and one inerter only,
which leads to is less beneficial performance compared with the original FSI-II
and the simplified LA.

Figure 12: Optimum results for Layouts LA and LB for Measure 2 versus non-dimensional
inertance. (a) ηc,opt, (b) corresponding non-dimensional damping coefficients c′1 and c′2, (c)
corresponding non-dimensional damping coefficient c′3 and (d) corresponding non-dimensional
spring stiffness k′1.

For the inertance provides the local maximum for Measure 2, i.e. b′ = 0.09,400

the corresponding ηi for all modes within the natural frequency range of 0 to
6.5ω0 are presented in Figure 13, for LA and LB and the most beneficial three-
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element layout identified in [46]. It can be seen that all the absorber layouts
have minor influence on the cable’s natural frequencies. It can also be seen that
three-element layouts can only provide marginal improvements compared with405

the damper only case. On the other hand, an improvement of around 102%
for ηc,opt is achieved for both LA and LB . This corresponds to around 84%
improvement compared with the most beneficial three-element layout. It worth
to point out that because of the additional degrees of freedom introduced by
LA and LB are tuned for Mode 1, there are two close modes around ω′1 = 1 in410

Figure 13 for both the LA and LB cases, with very similar values of ηi.

Figure 13: Relative increase in corresponding ηi for all modes in natural frequency range of 0
to 6.5ω0 for b′ of 0.09.

5. Conclusion

In this paper, with a finite difference model of the cable-absorber system
and two proposed performance measures, an investigation has been carried out
to identify absorber layouts that have substantially better performance with415

low inertance values, compared with both a viscous damper only and previously
studied three-element layouts. The systematic identification is facilitated by two
fixed-sized-inerter (FSI) layouts generated via network synthesis. The FSI lay-
outs cover a subset of all 7-element layouts with inerters, dampers and springs,
and have the advantage of being able to fix or constraint the inertance value.420

The results show that both FSI layouts can provide enhanced performance,
while Layout FSI-II can provide significantly better damping performance for
all inertance values investigated. Following a simplification procedure, two four-
element layouts LA and LB are identified. It worth to be noted that when the
problem setup is changed (e.g. with different absorber layouts, performance425

measures number), the network layouts will probably be different (i.e. with
different element number and/or different topological connections). The results
indicate that for low inertance values, both simplified layouts can provide very
similar performance, while Layout LA is as effective as FSI-II over a wider range
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of inertance and meanwhile requires a lower damping coefficient for one of the430

dampers. Taking a non-dimensional inertance value of 0.05 and the first mea-
sure as an example, both LA and LB can achieve 72% and 63% improvements
compared with the optimum damper and the most beneficial three-element lay-
outs, respectively. The level of improvement with low inertance values is critical
for future real-life implementation. The promising results obtained demonstrate435

the significant potential of the network-synthesis-based approach to cover wider
ranges of candidate absorber layouts.The approach established in this study
can work with the existing guidelines [12, 18, 17] to design inerter-based vibra-
tion absorbers for cables on cable-staged bridges, and also it can be directly
applicable to other vibration suppression problems.440
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