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Abstract 

Cables are widely used in cable-stayed bridges and other civil engineering structures, but they 

often experience large amplitude vibrations due to their low inherent damping. Compared with 

conventional viscous dampers, inerter-based vibration absorbers can potentially be more effective to 

improve damping performance. The inerter is a two-port mechanical element with the property that 

the applied force is proportional to the relative acceleration between its terminals, with the constant 

of proportionality termed inertance. This thesis is focused on establishing a systematic methodology 

for identifying optimum inerter-based cable vibration absorbers. In order to facilitate the 

investigation of a wide range of candidate absorber layouts, a finite element (FE) taut cable model 

with a generic vibration absorber represented by its admittance function, is firstly established. Then, 

three performance measures and an optimisation approach used in this study are introduced. 

Based on the established model, the effects of different absorber layouts for cable vibration 

suppression are investigated. First, potential advantages of all layouts with no more than one inerter, 

one damper and one spring each, are investigated. Compared with viscous damper only, the three-

element inerter-based layouts can provide significant performance improvements with large 

inertance. However, large inertance leads to difficulties in terms of physical implementation. In order 

to limit the inertance, while maintaining the performance gain, alternative inerter-based 

configurations containing more elements are studied. Based on network synthesis theory, a pair of 

fixed-sized-inerter (FSI) layouts are introduced which cover a set of seven-element network layouts 

with one inerter and at most six other elements (springs and dampers). The results show that one type 

of FSI layout can provide much more beneficial results than all those low-complexity layouts (with 

three elements or fewer), with much smaller inertance. Moreover, a simplification procedure is 

adopted with which two four-element inerter-based layouts are obtained, with no comprise of the 

performance for specific ranges of inertance values. 

For the identified beneficial layouts, the effects of series compliance at connections are 

examined, due to the fact that the connections at either end of the absorber are not fully rigid. Results 

show that without re-optimisation, the series compliance is detrimental, if properly retuned for 

specific inertance, even better performance can be obtained in some cases. The effects of the 

installation location of the absorber on damping performance are also investigated for same identified 

beneficial layouts. Significant influence of location parameter on damping performance has been 

found. 

The study results can be useful for inerter-based absorber for cable vibration problems in 

engineering application, e.g., in design, tuning and installation of absorbers. Besides, the proposed 

methodology in this study can be applied to cable vibration problems with other performance criteria, 

and also other mechanical structures. 
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Chapter 1 

Introduction 

1.1 Background 

Vibration control techniques for mechanical systems have been an attractive research topic 

for many decades. Various techniques have been proposed to isolate or suppress the 

unwanted vibrations, which may lead to human discomfort or structure failure and damage. 

In fact, as a theme in dynamics, vibration control has been used for almost all mechanical 

engineering applications. Since the unwanted vibrations do exist in most structure systems, 

these vibrations need to be controlled in most cases, in order to improve comfort and safety 

performances. Many examples have been successfully applied in different areas, e.g., 

building structures, civil engineering structures, road and rail vehicles, aircraft systems, etc. 

According to whether with the requirement for external energy, the controllers can be 

classified into active and passive ones. Between them, there is a “hybrid” one which may 

only need a small external power demand for operation (e.g., a battery) to control electronic 

control unit or hydraulic valves for instance. This category between active and passive 

controllers is normally classified as “semi-active” controller. Therefore, in this broad area of 

vibration control, three categories, i.e., active, semi-active and passive controllers are 

available for engineering applications. 

Although active control can provide the best performance as it can adjust the control 

force according to feedback in real-time, the required external power resource along with 

resultant additional cost and weight, and also increased complexity, inevitably limit its 

practical applications. Besides, active control might result in stability and robustness 

problems since it can do work on the controlled system itself. In contrast, due to the relatively 
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simple structure and also low maintenance cost, passive vibration suppression devices have 

been widely used in practice for a long time.  

Stay cables are widely used in cable-stayed bridges and other civil engineering 

structures to carry static loads, but they are often observed to experience large amplitude 

vibrations. Cable vibrations are generated depending on different factors and phenomena. 

Although the exact mechanisms for cables are unclear so far, possible causes include forcing 

on the cables such as excitations from rain and wind, wake galloping, and excitation from 

deck or pylon motion, etc. The cable vibrations are coupled with vibration of the bridge deck 

and pylon towers. It is the vibration occurring on the cables which primarily induces 

vibration on the other structural members of the bridge. The different wind-induced 

vibrations are mainly included as aerodynamic galloping, wake galloping, buffeting, vortex 

shedding and fluttering. Some extreme external disturbances may cause very severe 

vibrations, which could cause cable or connection failures due to fatigue, as well as 

damaging the corrosion protection.  

To suppress cables from excessive vibrations, various passive, semi-active or even 

active absorber have been invented, developed and applied. Theoretically, active absorbers 

can be able to suppress multiple resonances with unknown frequencies. However, due to the 

system complexity, e.g., external energy demand and additional weight and cost, active 

control still has been limited to prototype or research domain. In recent decades, some 

researches have been carried out for semi-active controllers and their prototypes. Recent 

studies reported that compared with traditional passive absorbers, i.e., viscous dampers, 

better performance and higher supplemental damping for stay cables can be provided by 

using semi-active technologies, e.g., by using magnetorheological (MR) fluid dampers. An 

engineering application example is Shandong Binzhou Yellow River Bridge with forty MR 

fluid dampers attached to the stay cables to suppress possible vibrations. But compared with 

passive absorbers, the cost of semi-active dampers can be relatively high, and it is 

particularly difficult for maintenance.  

Currently, passive techniques are still dominant in most application cases. Adding 

passive absorbers to cables is the most commonly used method for vibration suppression. 

Among them, viscous dampers have been used in suppressing cable vibrations for many 

years, e.g. on the Fred Hartman Bridge in Texas, and the Erasmus Bridge in Rotterdam. 
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Viscous dampers are normally installed normal to the cable with one end fixed to the bridge 

deck. The optimum achievable damping ratio for a certain mode is larger if the damper is 

located closer to an anti-node. However, for ease of installation and maintenance, they are 

usually located close to the deck end of the cable, up to about 5% of the length along the 

cable.  

Tuned mass dampers (TMDs) are another type of passive absorber device that has been 

used in practice on cables, for example on the Øresund Bridge between Malmo and 

Copenhagen. Normally, TMDs can be more effective than viscous dampers if they are fixed 

at the same location along the cable, but they may have to require a relatively large secondary 

mass in order to be beneficial. An alternative is to use a vibration suppression device 

incorporating an inerter.  

The inerter was proposed as an ideal two-terminal mechanical element with the 

property that the applied force is proportional to the relative acceleration between its two 

terminals. The inerter has fundamentally enhanced the absorbers that can be realised 

mechanically. Furthermore, via gearing, the inertance, which is defined as the constant of 

proportionality with the unit of mass (i.e., kg), can be much larger than the physical mass of 

the device itself. Many researches have been carried out to introduce this new device into 

traditional vibration suppression systems. Performance advantages have been identified for 

many application areas, e.g., road and railway vehicles, buildings structures, and aircraft 

landing gear systems, etc. A typical example is the successful application of inerters in 

Formula one racing car. Significant improvements are provided for ride and handling 

performances by using inerter-based vibration absorbers (Cambridge, 2008). 

For vibration suppression of cables, several theoretical studies have been carried out to 

investigate the potential benefits of adding a tuned inerter damper (TID) system. For 

example, a practical tuning methodology for the TID is proposed by Lazar (2016) to 

minimise the displacement amplitude at the mid-span of the cable for excitation from the 

motion of both supports. However, cable vibrations caused by forcing on the cables, which 

is usually considered the key factor, has not been taken into consideration. Furthermore, 

other passive absorber layouts with different complexity than that specific layout, i.e., the 

TID, have not been investigated or systematically compared.  
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As a commonly used technique, network synthesis has been applied in electrical system 

design for nearly one century. Particularly for electrical circuit design, passive network 

synthesis has been a sophisticated approach. Many theoretical contributions were made in 

early time focusing on the realisation of positive-real transfer functions with electrical 

elements. Due to the introduction of inerter, the network synthesis theory has extended its 

application from electrical systems to mechanical systems. 

The general Bott-Duffin procedure always results in large numbers of elements required, 

though something that was not a significant issue in electrical circuit design. But when 

applying network synthesis to mechanical device design, minimising network complexity is 

particularly important due to some practical constraints, e.g., space, weight and cost. Unlike 

electrical circuits or other complicated electrical systems, it is more difficult for high-

complexity mechanical structure systems to be implemented in practice in most cases. For 

example, it is not practical for high-complexity configurations of inerter-based vibration 

absorbers to be physically implemented and applied in the case of long bridge cables for 

vibration suppression, with difficulty for maintenance as well. 

In order to obtain mechanical network realisations that are as simple as possible, some 

significant contributions have been made over recent decades. Due to the space and cost 

constraints in a mechanical implementation, it is necessary to find an efficient and systematic 

identification methodology for optimum configuration, in order to obtain optimum damping 

performance for multiple modes meanwhile with less number of elements, and also with 

practical small inertance values for mechanical implementation in engineering applications. 

The difficulty for the identification of these inerter-based absorber configurations lies 

in the fact that the number of possible absorber layouts goes up exponentially with the 

increase of element number. In addition, it is understood that larger inertance implies more 

difficulties in terms of physical implementation. These difficulties include space and weight 

constraints in mechanical structure realisation, as well as extra wear and parasitic damping 

that large inertance may cause. Due to the difficulties both in identifying optimum absorber 

configurations among increased number of possible candidates and also in identifying the 

optimum values of increased the number of structure elements, network synthesis can be an 

efficient approach for optimum inerter-based absorber layouts in a systematic way. 
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To limit the number of elements, and also size and weight, fixed-sized-inerter (FSI) 

layouts are introduced by Zhang et al. (2017) which can be realised by a seven-element 

network comprising four dampers, two springs and one inerter. In addition, FSI layouts also 

have the benefit that the inertance value of the inerter-based absorber can be controlled 

within a realistic range. Thus, for an inerter-based absorber with limited size and weight, its 

maximum inertance provided need to be constrained by gearing ratio and rotating weight, 

depending on the type of inerter for example, fly-wheel, external helical tube or fluid inerters, 

etc.  

In order to systematically identify beneficial layouts with both relatively high-

performance gain and also relatively realistic structure for practical applications, among 

many candidate layouts, fixed-sized inerter layouts can be adopted. However, the identified 

beneficial FSI absorber layouts with seven elements still are complicated considering 

practical structure implementation. Therefore, simplification approaches are in need which 

attempting to reduce absorber structure elements as possible, and meanwhile maintaining 

their original optimum performance as possible. In addition, a general representation for 

absorber configuration in modelling has to be considered, e.g., by using a general admittance 

function, which can represent an arbitrary absorber configuration. Meanwhile, a good 

balance between calculation efficiency and accuracy is also important for the comprehensive 

investigation. 

Obviously, it is crucially important to propose optimisation criterion reasonably for any 

optimisation problem. In previous research literature on cable vibrations, damping ratio is 

the most commonly used measure for assessing the vibration suppression effect. Although 

the lowest frequency mode, i.e., the first mode, is most susceptible to the cable vibration, 

higher modes (including the first six modes) may also need to be considered for some severe 

cases. The current guidelines on cable stay specify the requirements of damping systems 

also in terms of the damping ratio. Therefore, for comparing and evaluating the effectiveness 

of the different absorber layouts for cable vibration suppression, damping ratio can be 

considered as the key parameter for optimisation in this study. However, considering 

different forcing conditions (e.g., different aerodynamics cases) and also for different cable 

cases (e.g., different length), optimisation measures should be proposed properly. As the 
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optimisation measures are essential in assessing and quantifying the effectiveness, for 

identifying optimum layouts and all interested modes, they should be considered sufficiently.  

For general purpose and making comparisons efficient for different layouts or various 

absorber configurations with different structure parameter values, all structure parameters of 

the absorber may need to be non-dimensionally scaled in the modelling. Besides, other 

parameters for the system of absorber and cable, e.g., circular natural frequencies of the 

damped system and the location of the absorber, are also need to be represented in non-

dimensional forms. The purpose is to make comparisons of different layouts or various 

absorber configurations with different structure parameter values more efficiently and also 

to interpret the obtained results more clearly.  

Hence, for the purpose of identifying and investigating the beneficial layouts 

systematically, a generic mathematical model of a cable combined with an arbitrary linear 

passive absorber needs to be built, along with all system parameters non-dimensionalised. 

In addition, for more efficient calculations, some considerations, e.g., adequate modelling 

approach, selections for degrees of freedoms and calculation tools in used software, also 

need to be justified and properly selected.  

An efficient and systematic optimum configuration identification methodology is 

presented. The methodology is used to comprehensively investigate the damping 

performance of different absorber layouts in a systematic way. The purpose is to identify 

beneficial inerter-based configurations which can obtain optimum damping performance for 

multiple modes meanwhile with practical small inertance values and with less number of 

elements. First, all low-complexity layouts with no more than one inerter, one damper and 

one spring, are to be examined for their damping ratio enhancement considering multiple 

modes. 

However, layouts with more elements are likely to provide greater improvements with 

smaller inertance. Since the number of possible layouts increases exponentially with the 

number of elements grows, thus, a systematic optimum configuration identification 

methodology needs to be adopted. For inerter-based vibration absorber layouts with more 

elements, network synthesis theory, which originated in the electrical domain, provides a 

promising way for systematic investigation. It is understood that larger inertance implies 

more difficulties in terms of physical implementation. Fixed-sized-inerter (FSI) layouts can 
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be adopted in the study due to their advantages for limiting weight and size. By making use 

of two types of fixed-sized-inerter (FSI) layouts, an efficient and systematic optimum 

configuration identification methodology can be proposed for identifying more beneficial 

absorber layouts than those low-complexity layouts, being classified as the all possible 

layouts with three or fewer elements in this study. A simplification procedure also can be 

adapted to reduce the number of elements to the minimum while not compromising the 

performance gains.  

For the identified beneficial layouts, based on the proposed mathematical approach for 

the study, some other effects, e.g., series compliance at connection and location of absorber 

also can be investigated for the potential application of the identified configurations. 

Due to the fact that the connections at either end of the absorber (with the support and 

with the cable) practically are not fully rigid in most cases, the effects of series compliance 

should be considered for more realistic situations. Since the effects of absorber structure 

parameters along with series compliance are normally coupled with each other, many 

computations may need for re-tuning each parameter in performance optimisation. Hence, 

for the identified inerter-based absorber configurations, the effects of series compliance and 

the coupling effect of the series compliance and structure parameters on optimisation 

performance need to be investigated.  

In practical applications, absorbers are usually installed near the cable support on the 

deck, which may reduce their vibration suppression effectiveness to some extent. Due to the 

physical restriction, inerter-based absorbers also need to be installed near the cable support 

on the deck, for their vibration mitigation effectiveness. The problem of the optimal damping 

constant of a viscous damper located close to one end of a taut cable, studied previously, 

e.g., Pacheco et al. (1993) suggested that the maximum “normalised damping ratio” that 

could be obtained by a concentrated viscous damper, which would be about half the relative 

distance of the damper from the support for a viscous damper within a realistic range. 

Meanwhile, when the damper is close to a support, an approximate value of the optimal 

external damping constant for the lower modes of vibration is also found. However, no 

literature has been found for investigating location effect of inerter-based absorber installed 

on cables. So, it is worth examining the location of inerter-based absorber relative to the total 

length of the cable, and its effect for cable vibration suppression. 
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Therefore, based on an established generic model with all non-dimensionalised 

parameters, other effects, e.g., series compliance at connection and location of absorber, 

need to be investigated for the identified beneficial layouts. The investigation results for the 

identified beneficial layouts may be useful in practice for suppressing cable vibrations.  

1.2 Research objectives 

The aim of this work is to study and to propose an optimum absorber configuration 

identification approach for suppressing cable vibration in a systematic way. For limiting 

vibration of cables, and also to efficiently compare the effectiveness of identified inerter-

based absorber configurations with others in previous studies, damping ratio is taken as key 

parameter in optimisations, and all concerned modes are considered. 

To be specific, the main objectives of the thesis respectively are,  

 to propose an efficient modelling and optimisation approach used in the present study, 

i.e., by using finite element method to establish a cable model combined with an 

arbitrary linear passive absorber, and to propose optimisation measures which 

considering all modes concerned with the cable-absorber system dynamics, for 

comprehensively investigating and identifying inerter-based absorber layouts in a 

systematic way;  

 based on the established model and proposed a mathematical approach to investigate 

the low-complexity inerter-based absorber layouts with three elements or fewer 

firstly, for identifying beneficial layouts among all these low-complexity absorber 

layouts systematically; 

 making use of two types of fixed-sized-inerter (FSI) layouts which are realised by a 

seven-element network, including a new FSI layout which is firstly introduced in this 

study, to investigating all possible layouts covered by the two FSI layouts, i.e., a set 

of layouts with one inerter and at most six other damper and spring elements, and to 

identify beneficial FSI layouts for suppressing cable vibration; 

 to propose a simplification procedure for the identified beneficial FSI layout in order 

to further reduce the number of elements to the minimum while not compromising 

the performance gains, and then to identify overall beneficial configurations 



1.3 THESIS OUTLINE 9 

 

simplified from the identified beneficial FSI layout, i.e., with similar optimum 

performance and with fewer elements compared with the original FSI layout, 

meanwhile with relatively small inertance values considering its physical 

implementation in practice; 

 for identified beneficial layouts, to investigate the effects of the series compliance at 

connections and also the location of the absorber, which can be useful for potential 

applications in practice. 

1.3 Thesis outline 

The thesis focuses on the study of the optimum inerter-based absorber for cable vibration 

suppression. Throughout the whole thesis, a layout is defined as a network representing the 

topological connections of spring, damper and inerter elements, and a configuration refers 

to a layout with element values specified. Based on the research objectives of the present 

study introduced in Section 1.2, the structure of the thesis is organised as below.  

In Chapter 2, a literature review is carried out, introducing stay cable modelling, 

vibration control techniques and inerter-based absorbers. First, the literature on 

mathematical modelling methods for investigating stay-cable dynamics is reviewed. Two 

commonly used methods for cable-absorber system dynamics, i.e., finite element method 

and Galerkin’s method, are introduced in detail. Their advantages and disadvantages for the 

present cable vibration suppression problem are analysed. Relevant researches and 

applications are comprehensively reviewed. Then, an analysis of the advantages and 

disadvantages of active, semi-active and passive vibration control approaches are provided. 

Finally, the researches on network synthesis in mechanical systems are reviewed. Previous 

studies on passive absorbers incorporating an inerter used for cable vibration suppression is 

particularly reviewed. Considering increased attention and research focuses on inerter-based 

absorbers for other mechanical systems, the existing research works to this study are also 

briefly reviewed. 

In Chapter 3, the modelling methodology and optimisation approach used in the present 

study is introduced, an integrated cable model with admittance function representing 

absorber is firstly established. By using finite element (FE) method, and also neglecting the 
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cable inclination, sag, out-of-plane motion and elasticity of the cable, a lumped mass FE 

model with an arbitrary linear passive absorber is used for comprehensively identifying 

optimum absorbers. Considering damping performance of the cable for the first mode and 

higher modes concerned with the present study, three optimisation measures are respectively 

proposed and described. In order for this study to be more representative for general cable 

vibration suppression problems, all parameters for the whole absorber-cable system are 

scaled in non-dimensional forms. Also, based on computational accuracy and efficiency 

considerations, i.e., selection of degrees of freedoms and MATLAB (MathWorks, 2010) 

tools used for performance calculations, are made and justified.  

Chapter 4 focuses on identifying optimum absorber layouts with at most one spring, 

one damper and one inerter. First, all candidate inerter-based absorber layouts with two and 

three elements are presented. Based on the proposed mathematical approach, i.e., the 

established finite element cable model with a generic representation for different absorber 

layouts along with all non-dimensionalised parameters, by using two performance measures, 

i.e., Measures one and two depending on whether higher mode constraints are taken into 

consideration, the damping performance of all absorber layouts with two and three elements 

are comprehensively investigated. According to the analysis of optimisation results, the 

beneficial inerter-based absorber configurations for cable vibration suppression are 

identified, along with their corresponding parameter values presented.  

Chapter 5 focuses on a systematic beneficial layout identification using fixed-sized-

inerter (FSI) layouts. Based on the proposed mathematical approach, by using Measures two 

and three, a systematic investigation is carried out for all possible layouts covered by a pair 

of FSI layouts, i.e., a set of layouts with one inerter and at most six other elements including 

dampers and springs. First, two different FSI absorber layouts synthesized by seven-element 

networks are introduced, including a new one introduced in this study. Their respective 

corresponding admittance functions are also derived. Then, the damping performance of the 

FSI layouts along with the parameter values of their elements are systematically investigated 

to quantify the damping performance for multiple modes. Based on the results, a 

simplification procedure is adopted. Still by using the two performance measures criteria, 

simplified four-element optimum configurations are examined and identified along with 

their parameters presented. Finally, an overall beneficial, simplified configuration, with 
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similar optimal damping performance and with fewer elements compared with the original, 

beneficial FSI layout is identified, along with its element parameter values presented.   

In Chapter 6, for the identified beneficial layouts, some other effects on the performance 

are investigated. First, due to the fact that the connections at either end of the absorber are 

not fully rigid, the effects of series compliance at connections are investigated. The effects 

of series compliance are examined for both cases, i.e., before and after re-tuning cases. Then, 

the effects of the installation location of the absorber on damping performance are also 

investigated for identified beneficial layouts.  

Chapter 7 provides a summary of the main contributions of the thesis, along with 

remarks and outlook for future work. 
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Chapter 2 

Literature review 

This chapter presents a comprehensive literature review for the present study which focuses 

on a systematic identification of absorber layouts for suppressing cables vibration, typically 

for long cables applied in cable-stayed bridges.  

First, cable-stayed bridges and their vibrations are introduced, the vibration 

mechanisms and different excitation sources are preliminarily analysed. Then, control 

techniques for suppressing stay-cables vibration, e.g., by using passive, active and semi-

active controllers, are introduced respectively. Relevant researches and applications based 

on these techniques for stay cables vibration suppression are mainly reviewed. For passive 

control, the literature on the researches of inerter-based absorber and its engineering 

applications are reviewed. Considering the potential applications of inerter-based absorbers 

in increased number of areas, the literature on the structural characteristics and recent 

developments of inerter-based absorbers prototypes are also reviewed. 

Finally, this chapter reviews the researches on network synthesis techniques in 

mechanical systems. Particularly, the Fixed-sized inerters and their advantages are 

introduced and reviewed. 

2.1 Introduction for stay cables vibration 

In this section, the structure of stay-cable for bridges is introduced. Then, their vibration 

mechanisms are discussed. Relevant theoretical researches, experimental works and 

practical applications are reviewed for cable vibration suppression as below. 
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Cable-stayed bridges are competitive for spans in the range 200 meters to 1100 meters, 

(and beyond) thus covering approximately 90% of the present span range (Krenk, 2000). 

The cables usually weight 100kg per meter (Caetano, 2007), thus a typical long cable of 200 

meters could weight about 20 tons. The structural system of cable supported bridges consists 

of four main components: the stiffening girder (or truss) with the bridge deck, the cable 

system supporting the stiffening girder, the towers (or pylons) supporting the cable system, 

and the anchor blocks (or piers) support the cable system vertically and horizontally or only 

vertically at the extreme ends (Caetano, 2007). 

Many applications of stay-cable for bridges can be found in the world. Two examples 

introduced previously are presented here. The Øresund Bridge, presented in Figure (2.1a), is 

nearly sixteen kilometres long, between Sweden and Denmark (Peeters et al., 2009). This 

famous stay-cable bridge also can be an application example to use tuned mass dampers for 

vibration suppressions. Another example of using semi-active dampers is Shandong Binzhou 

Yellow River Bridge in China, which was put into use in 1974 and rebuilt in 1984 with forty 

magnetorheological fluid dampers to suppress possible vibration shown in Figure (2.1b). 

 

 
(a) (b) 

Figure 2.1: Examples of cable-stayed bridges. (a) The Øresund Bridge (Peeters et al., 2009), 

and (b) Shandong Binzhou Yellow River Bridge (Ou, 2003). 

Stay cables are important in securing the safety of the entire structure (Main and Jones, 

2002). However, the resonance of cables will cause large-amplitude vibrations due to their 

low inherent damping, typically 0.1% of the critical damping structure (Main and Jones, 

2002). So, unless suppressed, external disturbances and dynamic loads on cables either from 
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wind, rain etc., or minor motion on the supporting ends on deck and towers due to the vehicle 

or even severe earthquake, etc., will lead to large-amplitude vibrations. Excessive vibration 

may cause fatigue and decrease durability, which reduces the overall safety of bridges. 

Researchers and engineers have tried various methods to improve the cable dynamic 

properties, and many methods are proved to be effective to some extent. Typically, the most 

commonly used methods include, e.g., to treat the cable surface with different techniques in 

order to improve the aerodynamic properties (Flamand, 1995); to use bind several cables 

together (Langsoe and Larsen, 1987); or to provide mechanical vibration absorbers(Gimsing 

and Georgakis, 2011). However, each method has its own advantages and limitations. 

Experiment in a wind tunnel has proved that cable surface treatment method has some 

advantages, e.g., effective over a wide range of wind speeds and performs even better at high 

wind speeds; generally cost-effective and demands little maintenance effort; easily 

implemented in the field and thus can be designed to be aesthetically pleasing; and also 

active in the sense that it reduces the energy input from the moving air (Sarkar, 1999). But, 

this method is not able to deal with vibration caused by minor motion on the supporting ends. 

Besides, a direct relationship has not been found between the surface treatment and the 

improved cable aerodynamics performance yet. Therefore, these uncertainties make it 

extremely difficult to design a suitable or optimum treatment. 

Using crossing-ties to bind several cables together, can enhance the cable reducing the 

effective length by adding constraints on each cable and thereby avoid resonance (Caetano, 

2007). They also somewhat increase cable damping (Lankin et al., 2000). The drawbacks 

include that crossing-ties are too obvious that may conflict with original aesthetics of the 

bridge (Pacheco et al., 1993). Hence, they could easily fatigue and wear out comparing with 

other methods. 

The vibration of stay cable due to moderate wind, sometimes in conjunction with light 

rain, has been observed with increasing frequency in recent years. This problem is not new 

and has been studied extensively over a period of several decades. However, gaps still remain 

in our understanding of the problem. With a growing inventory of cable-stayed bridges and 

development of new application techniques, there is a significant increase for reporting large 

amplitude cable vibrations. Some structures have been retrofitted to mitigate these vibrations. 
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Cable-stayed bridges under design and construction are currently incorporating dampers, 

cross-ties, and/or aerodynamic surface treatments into the cable system. 

The cables of a cable-stayed bridge are made by winding together strands or wires of 

materials like steel or Fibre-Reinforced Plastic (FRP) (Tang and Yan, 2018; Hanselka and 

Hoffmann, 1999). Some materials, e.g., FRP are popularly used for cables because of their 

lightness, flexibility and also low damping characteristics. However, they are excited easily 

and can oscillate severely when subjected wind. Cable vibrations are generated depending 

on different factors and phenomena. The cable vibrations are coupled with the vibration of 

the bridge deck and pylon towers. So, it is the vibration occurring on the cables which 

primarily induces vibration on the other structural members of the bridge. The different 

wind-induced vibrations are included as follows. 

Aerodynamic galloping is a type of galloping due to wind effect, referring to the wave-

like motion of elongated bodies, which are not aerodynamic in shape (bluff bodies). In the 

case of a cable-stayed bridge, the bluff body is usually the bridge deck. So aerodynamic 

galloping is the oscillation of bridge deck when acted upon by wind. It is a low-frequency 

situation and therefore does not create an adverse effect usually. 

Wake galloping is the vibration of the bridge deck induced due to the wake effect 

formed between cables. When the wind is acted on two cables, which are spaced close to 

each other, a force or wake effect is developed between the cables. Under the action of this 

force, the cables tend to rotate in opposite directions which induces torsional oscillations. 

This vibration is transmitted to the bridge deck, which in turn causes galloping effect on the 

deck. 

Buffeting is the sudden instability occurred due to shock wave oscillations or air flow 

separation created when two objects strike each other. The sudden impact of a seismic load 

or dynamic load leads cables to strike one another. This sudden shock induces vibration on 

the whole structure. Buffeting is a high-frequency phenomenon. 

Vortex shedding occurs when air flows past a slender and tall body at certain velocities, 

an oscillation is experienced. This oscillating force is called vortex shedding. In the case of 

a cable-stayed bridge, pylons are prone to experience this effect. When wind flows past the 

pylon, low-pressure vortices are formed on the downstream side of it. This vortex force will 

be likely to move the pylon from side to side. If the vortex shedding frequency becomes 
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equal to the resonance frequency of the structure, the whole structure will vibrate with 

harmonic oscillations. Vortex shedding is a higher frequency phenomenon and it depends 

mainly on the size and shape of the pylon. 

Fluttering is an unstable vibratory motion of the structure due to the coupling between 

elastic deformation of the structure and the aerodynamic force acted on it. Fluttering occurs 

due to the combined effect of bending and torsion. Long span bridges like suspension bridge 

and cable-stayed bridges are more prone to fluttering because of their high ratio value, i.e., 

the depth of structure parallel with the wind to the least lateral dimension.  

Resonant buffeting occurs in bridges with parallel planes of cables. This phenomenon 

happens mainly due to the wake effect formation between the cables. Wind striking the 

upwind and downwind portions of the cable with a time delay induces the whole cables to 

move laterally. 

Many researches have been carried out for investigating stay cable vibration induced 

with different winds and external disturbances. Although the exact excitation mechanisms 

are rather complex, but possible causes include aerodynamic forcing on the cables such as 

galloping (Den Hartog, 1933; Macdonald and Larose, 2006), wake galloping (Tokoro et al., 

2000), rain–wind excitation (Hikami and Shiraishi, 1988; Matsumoto et al., 1990) and 

excitation from deck or pylon motion (Lilien and Pinto, 1994; Macdonald, 2016). It has been 

commonly accepted that large cable vibrations are more often caused by aerodynamic 

forcing which introduces aeroelastic instabilities. Several studies carried out to understand 

this dynamic behaviour, are typically reviewed as below.  

Furthermore, the largest problematic cable vibrations are rain-wind induced vibrations 

and inclined cable galloping (Zuo & Jones, 2010). These mechanisms can be characterised 

by negative aerodynamic damping. Hence to mitigate them, sufficient positive structural 

damping is required. If the total damping is negative the vibrations grow exponentially from 

very small initial vibrations, whereas if the total damping is positive any vibrations decay 

exponentially. Hence, it is not a matter of the amplitude of the vibrations but the total 

damping, which governs the dynamic stability. Therefore, providing sufficient structural 

damping is important for preventing these types of vibrations. This is also in agreement with 

existing guidelines which specify the minimum damping level required. 
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The current guidelines on stayed cable specify the requirements of damping systems in 

terms of the damping ratio (or logarithmic decrement or Scruton Number, which are 

proportional to damping ratio) (SETRA, 2002; Caetano, 2007; Post-Tensioning Institute, 

2012). Also damping ratio affects both the amplitude of vibrations due to buffeting or vortex 

shedding and the critical wind speed for the onset of aeroelastic galloping and rain-wind-

induced vibrations (Post-Tensioning Institute, 2012), as well as the critical amplitude of deck 

vibrations to cause parametric excitation (Lilien and Pinto, 1994; Macdonald, 2016). 

Moreover, Zuo and Jones (2010) observed large amplitude vibrations of various cables due 

to rain-wind excitation and similar vibrations in dry conditions up to the sixth mode, whereas 

Acampora et al. (2014) identified significant vibrations in the first five modes. 

For cable dynamics modelling, linear two-dimensional motion models are used in most 

cases, by neglecting the effect of inclination and sag of the cable. There are a few methods 

in building the cable model together with the absorber. Galerkin’s methods are a class of 

methods which can simplify a continuous operator problem, for example converting a partial 

differential equation to a set of discrete problem. This method is introduced (Pacheco et al., 

1993) to simplify the partial differential equation of stay cable into a series of ordinary 

differential equations. However, a very large member of DOFs is required to reach a 

relatively accurate result, since this method can reach the exact solution only with infinity 

DOFs, theoretically. 

Krenk and Nielsen’s modelling method (Krenk and Nielsen, 2002) provides the full 

solution for the lower modes which is then evaluated numerically. An explicit approximate 

solution for both taut cables and shallowed cables are provided, giving the modal damping 

as well as the optimal tuning of the damper. Although rather accurate analytical 

approximation can be obtained, generalising recent results for a taut cable, this method has 

a disadvantage that it cannot reach the exact solution for different configurations since it is 

only suitable for viscous damper only.  

Being independent of the damper coefficient, Main and Jones (2002) provided a method 

using expression for the eigenvalues which is derived giving the range of attainable damping 

ratios and corresponding oscillation frequencies in every mode for a given damper location. 

This formulation reveals the importance of damper-induced frequency shifts in 

characterising the response of the system. It has benefits in reaching the accurate results 
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without approximation. But, it requires solving partial differential equation, and the 

boundary conditions varies for different absorber locations and structures. 

However, considering the more realistic situation that cables in cable-stayed bridges 

are under three-dimensional parametric excitation, nonlinear inclined cables with small sags 

under such situation were also studied with a Finite Element model (Xu and Yu, 1998; Ouni 

et al., 2012). 

2.2 Vibration control and applications 

Vibration control techniques have been an attractive research topic for many decades. 

Various techniques have been proposed to isolate or suppress unwanted vibrations, which 

may lead to human discomfort or structure damage. In this section, vibration control 

techniques, applications and researches, particularly for stay cables, are reviewed in the 

categories of passive, active and semi-active control respectively. 

2.2.1 Active and semi-active control 

In order to suppress cables from excessive vibrations, various passive, semi-active, or 

even active absorber have been invented.  

Theoretically, by using external power sources, active vibration absorbers are able to 

more effectively suppress multiple resonance with unknow frequencies (Ou, 2003). Some 

experimental studies have also shown that active (Tseng and Hrovat, 2015) and semi-active 

(Karnopp et al., 1974; Hrovat, 1983; Christenson et al., 2001; Jalili, 2002) control techniques 

usually provide better performance than traditional passive absorbers.  

The active control system requires a large power source for actuators to generate a force 

to resist the unwanted motion. As active controllers are able to provide the real-time optimal 

control force according to the sensed feedback information for obtaining the best overall 

performance, they have attracted attention from both researchers and engineers for some 

civil engineering applications.  

It has been theoretically proved that active vibration absorbers are more capable to 

suppress multiple resonances. The simulation study showed that active dampers are more 

capable to suppress multiple resonances with unknown frequencies because a superimposed 
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negative stiffness force can shape damping force (Wang et al., 2014). Also, feasibility studies 

of active control of cable-stayed bridges were carried out (Yang and Giannapolous, 1979; 

Ni et al., 2001). Simulation results showed that seismic response can be significantly reduced 

by the implementation of active mass drivers using only a few dominant modes in the control 

design. However, active control systems are normally expensive, not reliable enough and 

cost-effective, because they require an external power source, which is difficult to be 

supplied and maintained especially in extreme conditions such as power failure. Therefore, 

the development of active control is still at its early stage for cable vibration control. 

A semi-active control system can be defined as a system which typically requires a 

small external power source for operation (e.g., a battery) and utilises the motion of the 

structure to develop the control forces, the magnitude of which can be adjusted by the 

external power source. Unlike active control, semi-active systems do not need energy input 

and hence is unconditionally stable but with performance worse than active control systems. 

Experimental study verified that semi-active vibration absorbers are also able to provide 

much higher supplemental damping of stay-cables than passive damper (Christenson et. al., 

2001).  

Although significant benefits of active and semi-active controllers have been proved by 

both theoretical and experimental studies, for the application of stay-cable vibration 

suppression, passive absorber is more widely used due to their reliable and simple structures, 

and also easy maintenance. So far, passive absorbers still are more cost-effective compared 

with active or semi-active absorbers in practical applications for suppressing stay-cable 

vibrations. 

2.2.2 Passive control 

Although active control provides the best performance as it can adjust the control force in 

real time, it typically requires large energy and maintenance cost. While, due to the relatively 

simple structure and low cost in terms of size, weight and maintenance, passive techniques 

are still dominant in most application cases currently.  

In most studies, passive dampers, including viscous damper, tuned inerter damper, etc., 

are installed with one end on the deck and the other end connected to the cable at a distance 
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of approximately 2 ~ 4% of the total cable span length starts from the support on the deck 

(Gimsing and Georgakis, 2011). While hanged dampers with a secondary mass, such as 

tuned mass dampers (TMDs), can be located at any position on the cable. Previous studies 

showed that (Koo et al., 2004; Fisco and Adeli, 2011; Pinkaew and Fujino, 2001) passive 

absorbers are not as effective as active or semi-active dampers. However, with the invention 

of inerter and usage of force-current analogy (Smith, 2002), mechanical circuits can be 

translated to classical electrical circuits in a completely analogous way. Meanwhile, inerter 

can provide large inertance with only small amount of mass. So the invention of inerter may 

allow engineers and researchers to develop more beneficial inerter-based passive absorbers 

compared with conventional viscous dampers. 

It was showed (Pacheco et al., 1993) that an optimal damper size exists and a “universal” 

design curve was developed to facilitate the design of passive dampers for stay cables. 

Transverse passive viscous dampers have been applied to the cables on many cable-stayed 

bridges. However, the damper location is typically restricted to be close to the bridge deck 

for aesthetic and practical reasons. For longer bridge cables, passive dampers cannot provide 

enough supplemental damping to eliminate vibration effects without significant changes of 

the structure. 

The problem of the optimal damping constant of a viscous damper located close to one 

end of a taut cable was studied by some researchers, e.g., by Pacheco et al. (1993), Cardenas 

et al. (2008), Xu and Yu (1998), etc. The results (Pacheco et al., 1993) showed that the 

maximum normalised damping ratio that could be obtained by a concentrated viscous 

damper, which would be about half the relative distance of the damper from the support. 

Due to the constraints, e.g., space, if the distance of damper from the end support is reduced 

to half, optimal damping for Mode 1 will be obtained by doubling the damper size. 

Meanwhile, when the damper is close to a support, an approximate value of the optimal 

external damping constant for the lower modes of vibration is also found.  

Due to their stability, reliability, robustness and easy maintenance, passive absorbers 

are more preferred for civil engineering applications to suppress vibrations. Two types of 

passive control are reviewed more concisely, i.e., viscous damper and tuned mass damper 

(TMD). Some vibration suppression devices incorporating inerter are also discussed and 

reviewed here, considering their potentials for applications.  
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2.2.2.1 Viscous dampers 

Viscous damper is one of the suitable structures which are thoroughly studied to suppress 

cable vibrations. Several researchers have proposed passive control of cables using viscous 

dampers attached transverse to the cables. Viscous damper is considered ideal as a linear 

damping device, in which its force is exactly proportional to the relative velocity between 

its two ends. Many application examples of cable with viscous damper used in cable-stayed 

bridges, showing fluid viscous damper is an efficient way to suppress cable vibration 

(Pacheco et al., 1993; Duflot and Taylor, 2008). Normally, the viscous damper is installed 

with one end on the deck and the other end connected to the cable at a distance of 

approximately 2~ 4% of the total cable span length starts from the support on the deck  A 

typical structure of these viscous dampers is presented for practical application, illustrated 

in Figure (2.2a). Totally 160 dampers are installed on Waldo Hancock Bridge, shown in 

Figure (2.2b) (TERATEC Inc., 2018). 

 

  

(a) (b) 

Figure 2.2: Viscous damper and its installation. (a) Structure of absorber (TERATEC Inc., 

2018) and (b) cable dampers installed on Waldo Hancock Bridge (TERATEC Inc., 2018). 

Many studies have been carried out for investigating viscous dampers applied in cable 

vibration suppression, here, several of them are typically reviewed as below. 

Carne (1981) was one of the first to study the vibrations of a taut cable with an attached 

damper. He developed an approximate, analytical solution by obtaining a transcendental 
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equation for the complex eigenvalues and an approximation for the damping ratio for the 

first mode as a function of the damper coefficient and location. The study showed that to 

suppress vibration of a particular mode, the viscous damper is most effective if it is located 

at the anti-node of that mode.  

Pacheco et al. (1993) formulated a free-vibration problem using Galerkin’s method with 

sinusoidal functions of an undamped cable as mode shapes, and several hundred terms were 

required for an adequate convergence of the solution. This work also introduced non-

dimensional parameters to develop a “universal curve”(shown below as Figure 2.3) where a 

“normalised damping ratio” is adopted as ζi /(xc/L). The universal curve is useful and 

applicable in many practical design situations. Moreover, a basic study of the influence of 

cable sag is also included.  

 

Figure 2.3: Universal curve from Pacheco et al. (1993) rating modal damping ratio ζi with 

damping coefficient c, location xc, mode number i, and cable mass per unit length m, cable 

length L and the first mode circular natural frequency of ω01. 

Krenk (2000) and later Krenk and Nielsen (2002) developed an exact analytical solution 

of a free-vibration problem for a taut cable, and by using an iterative method, obtained an 

asymptotic approximation for the damping ratios for all modes for damper locations near the 

end of the cable.  

Main and Jones (2002) similarly discussed a horizontal cable with a linear viscous 

damper theoretically, using analytical formulations of a complex eigenvalue problem. They 

discussed the theoretical solutions and the physical situations that those solutions represent. 
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In addition, they pointed out the importance of damper-induced frequency shifts in 

characterising the response of the cable-damper system.  

Based on the previous researches, the dynamics of the cable with viscous damper have 

been well investigated. According to the “universal estimation curve”, the viscous damper 

cannot provide enough damping ratio for all six modes if the damper is too close to one end. 

But if the absorber device is too far away from one end, it will not only influence aesthetics, 

but also make the installation and maintenance more difficult. 

2.2.2.2 Tuned Mass Dampers  

The concept of the tuned mass damper (TMD) dates back to the 1920s. TMDs can provide 

frequency-dependent properties (by tuning its parameter values). It consists of a secondary 

mass with properly tuned spring and damping elements. Compared with those conventional 

mechanical dampers, tuned mass dampers are relatively new countermeasures for stay cable 

vibrations. 

Some studies were carried out for investigation on TMD, including its location and 

scale, etc., both theoretically and experimentally. For example, Tabatabai and Mehrabi (1999) 

reported an experimental investigation on TMD performance.  

Andersson et al. (2013) made a comparison showing that a TMD located at 40% 

distance from the support is more efficient than a viscous damper located very close to the 

support. The tuned mass dampers have been recommended for full-scale implementations 

for two major reasons. First, the TMD is observed to be more efficient than other 

countermeasures in damping out the free vibration. Second, the TMD can be physically 

installed at any location along the cables (but the efficiency is different at each location).  

The other types of mechanical dampers are usually limited to the cable ends, and their 

effectiveness cannot be fully realised. The limitation of tuned mass damper is difficult to 

install as they locate far away from one end. Besides, performance of TMD is limited by the 

amount of mass that can be added to the cable, usually, mass ratio between the secondary 

mass and cable might not be large enough. Besides, a so-called “hybrid damper system”, 

which combines a viscous damper and a TMD, can overcome the shortcoming of single 

damping system and mitigate undesired cable vibration (Cu and Han, 2015). 
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2.2.2.3 Vibration suppression device incorporating inerters  

It has been reviewed that adding passive viscous absorbers to cables is the most commonly 

used method for vibration suppression. Tuned mass dampers (TMDs) are another type which 

can be more effective than viscous dampers if they are fixed at the same location along the 

cable, but they may have to require a relatively large secondary mass in order to be beneficial. 

An alternative is to use a vibration suppression device incorporating an inerter. 

By introducing the concept of the inerter, the theory of network synthesis can be 

extended in its application from electrical systems to mechanical systems (Smith, 2002). 

Mechanical network synthesis provides a methodology for investigating highly-complex 

mechanical systems (Papageorgiou and Smith, 2005; Wang et al., 2009a, b). The inerter was 

proposed as an ideal two terminal mechanical element (Smith, 2002), with the property that 

the applied force is proportional to the relative acceleration between its two terminals. The 

inerter has fundamentally enlarged the range of absorbers that can be realized mechanically. 

Furthermore, via gearing, the inertance (i.e., the constant of proportionality between the 

relative acceleration and force, with dimensions of mass) can be much larger than the 

physical mass of the device.  

Performance advantages of the vibration suppression device incorporating an inerter 

have been identified for road vehicles (Smith and Wang, 2004; Jiang et al., 2015a), railway 

vehicles (Wang et al., 2009a, b, 2012; Jiang et al., 2015b), aircraft landing gear systems (Liu 

et al., 2015; Li et al., 2017a,b), and civil engineering structures (Ikago et al., 2012; Lazar et 

al., 2014; Makris and Kampas, 2016; Yang, 2016; Zhang et al., 2017; Bakis et al., 2017). 

For experimental and innovative use of inerters, following current trends of 

performance-based design, an optimum tuned mass damper inerter (TMDI) design 

framework with uncertain structure properties and seismic excitation is built with the help 

of analytical and simulation-based tools (Giaralis and Taflanidis, 2018). Inerters are also 

used as vibration absorber in robots. A biped robot with inerters, springs and dampers at its 

ankle shows a more excellent walking when compared with traditional ones without such 

optimisation (Hanazawa et al., 2011).  

The potential benefits of adding a Tuned Inerter Damper (TID) system has been 

analysed by Lazar et al. (2016) for suppressing cable vibration. A practical tuning 
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methodology for the TID was proposed to minimise the displacement amplitude at the mid-

span of the cable for excitation from motion of both supports. Furthermore, Lu et al. (2017) 

examined the damping enhancement potential of a viscous inerter mass damper (VIMD) 

system. Significant improvement of the achievable damping ratio over that of a conventional 

viscous damper was found. Both of these previous investigations on this topic were focused 

on specific network layouts (i.e. topological connections of spring, damper and inerter 

elements), although many alternative layouts exist. Further study was carried out on three-

element damping layouts with optimisation results considering a constraint regarding the 

performance in higher modes, showing that the identified beneficial inerter-based vibration 

absorbers can enhance damping performance over multiple cable modes significantly (Luo 

et al., 2017). 

2.3 Inerter and network synthesis in mechanical systems 

Network synthesis is a general technique that can be used for passive, semi-active and active 

control. In this section, the theoretical research work on network synthesis is reviewed firstly. 

A complete summary for analogy between the electrical and mechanical systems is presented. 

From engineering viewpoint, recent research interests on the realisation of biquadratic 

transfer functions with minimum elements haven been also reviewed. Particularly, Fixed-

sized inerters, which to limit size and weight for constraints in terms of more realistic 

physical implementation, are reviewed and introduced. 

2.3.1 Analogy between electrical and mechanical 

systems 

To apply the electrical network analysis to the mechanical structure, an analogy between the 

electrical and mechanical domains has been investigated by some researchers. The first was 

the force-voltage analogy in 1907 (Poincare, 1907). An alternative force-current analogy 

was then proposed by Firestone (Firestone, 1933), this analogy preserves the topology of the 

elements in the network. As shown in Figure 2.4, for a one-port electrical network, the force-

current analogy can be set up by the following correspondences, i.e., 
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Electrical ↔ Mechanical 

current (I) ↔ force (F) 

voltage (V) ↔ velocity (v) 

electrical ground ↔ mechanical ground 

electrical energy ↔ kinetic energy 

magnetic energy ↔ potential energy 

inductor (L) ↔ spring (k) 

resistor (R) ↔ damper (c) 

grounded capacitor (C) ↔ mass (m) 

 

 

Figure 2.4: Electrical and mechanical symbols and correspondences (Smith 2002). 

It should be noticed that one terminal of the mass is always grounded, implying that the 

electrical analogy to a mass is a grounded capacitor. In order to establish the analogy between 

electrical and mechanical systems, Smith introduced a new mechanical device, i.e., inerter 

(Smith, 2002). 

The inerter is a mechanical two-terminal device with the property that the exerted force 

is proportional to the relative acceleration between its two terminals. This force F can be 

represented by F = b(v̇2 − v̇1), where b is the inertance with unit of kg, and v1, v2 are the 

velocity of the corresponding terminals. The introduction of the inerter completes the force-

current mechanical-electrical analogy with springs, inerters and dampers corresponding to 
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inductors, capacitors and resistors, respectively, as shown in Figure 2.4. This makes that all 

the positive-real mechanical transfer functions can be realised by the passive mechanical 

networks consisting of springs, inerters and dampers by using the network synthesis 

procedure. 

Although transfer function is most commonly-used in control theory, however, 

sometimes it is also convenient to use other terms to refer to a complex number which may 

be either the impedance (e.g., ratio of voltage to current in electrical circuits), or 

the admittance (e.g., ratio of current to voltage) of a system. Throughout this thesis, these 

terms are often used in the introduction and literature review of the first two chapters, while 

admittance function are most frequently used in the present study. 

2.3.2 Structure and characteristics of inerter prototypes  

Three prototypes of inerter have been proposed, i.e., rack-pinion inerter (Smith, 2002), ball-

screw inerter (Chen et al., 2009) and fluid inerter (Swift et al., 2013), which are shown in 

Figure (2.5a), (2.5b) and (2.5c) respectively. However, an important feature of all these 

designs for the different inerter prototypes is that they can provide much larger inertance 

than their real mass because of the gearing generated by the mechanism. 

  

(a) (b) 

 

(c) 

Figure 2.5: Different inerters. (a) Rack-pinion inerter, (b) Ball-screw inerter, and (c) Fluid 

inerter (Swift et al., 2013). 
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As shown in Figure (2.5a), rack-pinion inerter consists of rack, gear, pinions and 

flywheel, which drives the flywheel by the plunger sliding. It has been employed in Formula 

one racing cars in 2005 under the name of J-damper (Cambridge University, 2008). 

Ball-screw inerter can be formulated using the mechanism shown in Figure (2.5b), 

which transforms the translational motion to the rotational one. A ball-screw inerter has been 

made in the University of Bristol with the real mass of 2.5kg and the inertance of 70kg, 

almost 30 times of the mass itself. However, such inerter prototypes may suffer low 

durability due to the gearing, especially under large periodic forcing. The fluid inerter was 

introduced in (Swift et al., 2013), which may have the ability to counter this problem. 

Fluid inerters were experimentally studied by some researchers, e.g., by Swift et al. 

(2013). From its mechanism shown in Figure (2.5c), it can be seen that when an external 

force applied to the inerter, the inner piston moves, pushing the encased liquid in the external 

thin helical channel, from one side of the cylinder to the other. The inertial force is generated 

by the mass flow of liquid through this channel. Gearing is provided through the choice of 

channel diameter and length. The inerter considered to generate a purely inertial force may 

be referred to as an ideal inerter. However, in practice, some nonlinear effects affect the 

device behaviour. So, several modelling studies considering these effects have been 

proposed and experimentally tested, with the aim of capturing the nonlinear nature of the 

inerters, respectively reviewed as below. 

The nonlinear effects, e.g., friction, backlash and elastic effect, etc. were experimentally 

studied (Wang and Su, 2008; Gonzalez-Buelga et al., 2016; Li et al., 2012). To investigate 

the nonlinear effects on the inerter-based vibration suppression device, the performance of 

the TID device using an off-the-shelf inerter has been experimentally tested, showing that 

with appropriate retuning of the components in the TID device, the TID incorporating the 

real inerter device is close to the ideal inerter device (Gonzalez-Buelga et al., 2016). 

With the introduction of the inerter, various types of vibration suppression devices are 

expanded and the possibility to obtain the controller providing the superior performance can 

be enlarged. By selecting the fixed-structure inerter-based networks as candidate layouts, 

performance improvement of various mechanical systems have been identified, such as 

automotive (Smith and Wang, 2004), railway vehicles (Jiang et al., 2011, 2015b; Wang and 
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Liao, 2010a) and buildings (Lazar et al., 2014; Ikago et al., 2012; Marian and Giaralis, 2014; 

Wang et al., 2010b; Krenk and Høgsberg, 2016).  

With the electrical mechanical analogy introduced in Section 2.3.1, new possibilities 

for mechanical device design are available and have been applied to a wide range of systems 

(Wang et al., 2009a, 2009b; Zhang et al., 2017). Apart from pure mechanical absorbers, 

mechatronic designs, which enables the controller’s immittance to be realised through a 

combination of mechanical and electrical networks, have also been proposed and proved to 

be beneficial (Wang and Chan, 2011b; Pires et al., 2013; Gonzalez-Buelga et al., 2015).  

2.3.3 Network synthesis 

As a commonly used technique, network synthesis has been successfully applied in electrical 

system design for nearly one century. Due to the introduction of inerter, the network 

synthesis theory has extended its application from electrical systems to mechanical systems. 

Many theoretical contributions were made in early time focusing on the realisation of 

positive-real transfer functions with electrical elements, e.g., from Forster (Foster, 1924) in 

1924 to Bott-Duffin (Bott and Duffin, 1949) in 1949, focusing on the realisation of positive-

real transfer functions with electrical elements. For a given impedance Z(s) which exists and 

is real-rational meanwhile, all these approaches were investigated for a two-terminal 

network, i.e., current  and voltage , shown in Figure 2.3 (Smith, 2002). 

The synthesizing networks approach from a given transfer function was firstly proposed 

by Foster, indicating that a transfer function with a certain property can be realised with an 

electric network built by using two of the three elements, i.e., resistors, inductors and 

capacitors. The realizability of such a function as the driving-point immittance of electrical 

networks consisting of inductors and capacitors only was established in Fosters Reactance 

Theorem (Foster, 1924). 

Afterwards, Brune carried out the study for the networks consisting of all types of three 

elements, i.e., resistors, inductors and capacitors, (Brune, 1931) and concluded that the 

network is passive if and only if its impedance function Z(s) is positive-real. The necessary 

and sufficient conditions for an immittance function to be positive-real was also provided in 

(Brune, 1931). Many similar investigations were carried out for deriving the equivalent 
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condition for positive-realness and well summarised in (Chen and Smith, 2009), also 

showing that any positive-real function can be realised with a two-terminal network 

comprising resistors, capacitors, inductors and transformers. The network realisations were 

used to be represented as the Brune cycle. 

Two decades later after Brune’s synthesis approach, the further relevant studies showed 

that transformers are unnecessary in the synthesis of positive-real functions (Bott and Duffin, 

1949), meaning that any positive-real functions can be realised only with capacitors, 

inductors and resistors. While transformers can be eliminated from Brune cycle, e.g., by 

using of Richards’s transformation (Richards, 1947).  

Same as the Brune’s synthesis, Bott-Duffin procedure also begin with Foster Preamble 

(Van Valkenburg, 1962; Storer, 1957), i.e., extracting poles and zeros on the imaginary axis 

or at infinity, along with a constant less than or equal to the minimum value of the real part 

of the positive-real function, in order to obtain a “minimum function” (Seshu, 1959). Many 

studies have been carried out for realisation of biquadratic impedances, with minimum set 

of elements, e.g., to derive the necessary and sufficient realisability condition (Wang et al., 

2012). Comparatively, for a given positive-real function, the realisation by using the Bott-

Duffin procedure may need more synthesis steps than Brune’s approach. This may result in 

a much larger number of elements required. 

Some studies showed that, it is more difficult for high-complexity mechanical structure 

systems to be implemented in practice in most cases. Hence, minimising network complexity 

is important for practical applications. Studies showed that high-complexity configurations 

of inerter-based vibration absorbers are more difficult to be physically implemented and 

applied in the case of long-stay cables of bridge for vibration suppression, with difficulty for 

maintenance for example. Recent experimental studies showed that for inerter prototypes 

that larger inertance implies more difficulties in terms of physical implementation. These 

difficulties include space and weight constraints in mechanical structures, as well as extra 

wear and parasitic damping that large inertance may cause.  

Since the number of possible layouts goes up exponentially corresponding to the 

increase of each number of structure elements, and due to the increased difficulty for 

choosing optimum absorber configurations, network synthesis can be an efficient approach 

for the present study, i.e., identifying optimum layouts in a systematic way.  
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The difficulty for the identification of these configurations lies in the fact that, 

according to graph theory, the number of possible absorber layouts goes up exponentially 

with the increase of element number (Riordan and Shannon, 1942). In addition, researches 

showed that larger inertance implies more difficulties in terms of physical implementation 

because physical realisations of inerter is either via mechanical gearing (Smith, 2002; 

Papageorgiou and Smith, 2005; Lazarek et al., 2018) or hydraulic gearing (Wang et al., 

2011a; Swift et al., 2013; Liu et al., 2018), and both methods can only achieve a limited 

range of inertance to mass ratios. Some significant works have been carried out to reduce 

the element number required, and most of them focused on the realisation of biquadratic 

transfer functions due to the fact that most engineering mechanical problem can be 

represented by a biquadratic function effectively. Typically, a biquadratic transfer function 

is expressed as, 
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For the realisation of “biquadratic minimum functions”, i.e., a biquadratic function that 

is minimum, it was proved in (Seshu, 1959) both that at least two resistors are required 

without the use of transformers and that seven elements are generally required, except for 

specific cases where a five-element bridge network is needed. According to (Pantell, 1954), 

the seven-element realisations were identified to be the modified structure of the Bott-Duffin 

realisation. Hence, it was concluded that for any given positive-real biquadratic function, 

eight elements are required for the realisation, i.e., with one resistor to reduce a positive-real 

function to a minimum function. However, Wang et al. (2012) had attempted to derive the 

necessary and sufficient realisability condition for realising biquadratic impedances with at 

most four elements. 

It should be mentioned that Ladenheim firstly classified the simple RLC networks with 

up to two “reactive” (i.e. inductors and capacitors) and three “resistive” elements 

(Ladenheim, 1948), over one hundred networks were obtained by an enumeration method 

and various transformations. For each network, the realisability conditions were derived and 

expressed with the parameters A, B, …, F in Equation (2.1). Although the study work is quite 

comprehensive but no complete summary of the results were presented, so it is still not clear 
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how many networks are required to cover the whole set of biquadratic realisable by the five-

element two-reactive networks considered. 

Later, a network containing one inductor, one capacitor and three resistors in the form 

of an unbalanced bridge with one of the reactive elements being in the cross arm of the bridge 

was investigated by Foster and Ladenheim (1964), the realisability conditions for the 

biquadratic were derived and it was shown that under certain conditions, the network can 

realise some functions that cannot be realised by the other five-element two-reactive 

networks. Besides, the realisation of the biquadratic with all the three-reactive five-element 

networks was studied (Ladenheim, 1964), where the realisability conditions and the 

corresponding element values were also provided. The investigation to realise the 

biquadratic by using all these series-parallel six-element networks with three reactive and 

four reactive elements also appeared in (Ladenheim, 1948; Foster and Ladenheim, 1963). 

Basic frequency-response functions and their corresponding causal time-response 

functions of elementary inertia-elastic and inertia-viscous models are systematically 

summarised recently by Makris (2017) in which different layouts incorporating the inerter 

were presented and the relevant admittance functions were defined. 

To be specific, for an inerter of limited size and weight, the maximum inertance 

provided is constrained by gearing ratio and the rotating weight (design of fly-wheel or 

external helical tube and liquid) depending on the type of inerter (Papageorgiou and Smith, 

2005; Liu et al., 2018). 

In order to limit the number of elements, and also size and weight, Fixed-sized inerter 

(FSI) layouts are introduced by Zhang et al. (2017) which can be realised by a seven-element 

network comprising four dampers, two springs and one inerter. It should be mentioned that 

FSI layouts also have the benefit that the inertance value of inerter can be controlled in a 

realistic range. The motivation for proposed FSI layouts is to investigate more different 

candidate configurations in a systematic way so as to facilitate the identification of beneficial 

absorbers with practical inertance values.  
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2.4 Summary  

Based on over one hundred and fifty literature, including 149 published papers, 3 patents 

and also a few resources from the internet, this chapter reviews the literature relevant to the 

present study on the methodology and identification approach of inerter-based absorbers for 

cables vibration suppression, typically for long cables applied in cable-stayed bridges.  

First, the structure of cable-stayed bridges and their cables are briefly reviewed and 

introduced. Also, the cable vibration mechanisms and different excitation sources are 

preliminarily analysed. Considering the potential applications of inerter-based absorbers in 

increased number of areas, the literatures on the structures and recent developments of 

inerter-based absorbers prototypes are also reviewed. 

Focusing on the researches and applications for stay cables vibrations are mainly 

reviewed.  To be specific, vibration control techniques for suppressing stay-cable vibration, 

including passive, active and semi-active control techniques, are reviewed respectively. For 

passive control, the researches and engineering applications of viscous damper, tuned mass 

damper and inerter-based absorber are mainly reviewed.  

The literature review shows that passive absorbers are more preferred for civil 

engineering applications due to their stability, reliability and easy maintenance. On cable 

vibrations, damping ratio is still the most commonly used measure in previous research 

papers. Also, the first six modes should be considered for longer cables or cable in extreme 

forcing conditions. 

Finally, the researches on network synthesis in mechanical systems are reviewed. For 

relatively complex inerter-based absorber layouts with more elements, network synthesis 

can be an efficient approach for identifying beneficial layouts in a systematic way. Besides, 

Fixed-sized inerter (FSI), along with its benefits to limit the weight and size of absorber 

devices for relatively practical, physical implementation, are reviewed and introduced. Since 

the number of possible layouts goes up exponentially corresponding to the increase of each 

number of structure elements, the difficulty for identifying optimum absorber layouts may 

increases. Therefore, FSI layouts can be adopted in the present study, to limit the number of 

elements, and to control the inertance in a realistic range meanwhile. 
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Chapter 3 

Modelling and mathematical 

approach 

The mathematical modelling and optimisation in the present study are for a 

comprehensive identification of optimum absorbers for suppressing cable vibration.  

First, a few methods in building the cable model together with the absorber are 

introduced. Due to the advantages of finite element (FE) methods for investigating 

absorber-cable systems dynamics, both in terms of computational efficiency and accuracy, 

a lumped mass FE model of cable, with a generic vibration absorber represented by its 

admittance function, is established for the present study. In the modelling, all parameters 

for the absorber-cable system are non-dimensionalised. Three optimisation performance 

criteria are proposed to assess and qualify the effects of candidate absorber layouts. Some 

considerations in computation, e.g., properly selection of degrees of freedom and used 

computational tools in MATLAB software environment, are also described.  

In this chapter, the mathematical approach for modelling and optimisation procedure 

used in the present study is presented and described in detail as below. 

3.1 Introduction 

In this section, two methods basically used in previous literatures for an absorber on a 

taut cable are mainly introduced. Firstly, the procedure of using Galerkin’s method is 

reviewed. Then two different type of finite element methods are introduced. The effects 



36 CHAPTER 3 MODELLING AND MATHEMATICAL APPROACH 

 

of lumped mass FE model and consistency mass FE models, are also justified for the 

present study. 

There are a few methods in building the cable model together with the absorber. As 

the most commonly used numerical method for structural analysis, the Finite Element 

(FE) method can be used for investigating cable vibration. By using the idea of FE method, 

taut cable can be considered as a system consisting n unit masses, in which n tends to be 

infinity, on a massless cable under tension force. In general, both types of  FE method are 

more accurate than Galerkin’s method for limited degrees of freedom. One of the most 

important reasons is that the two FE methods can represent the discrete change in gradient 

of the cable (i.e. the kink), which is caused by the absorber force. Galerkin’s methods are 

a class of methods which can simplify a continuous operator problem, for example 

converting a partial differential equation to a set of discrete problem. This method is 

introduced (Pacheco et al., 1993) to simplify the partial differential equation of stay cable 

into a series of ordinary differential equations. However, a very large member of DOFs 

is required to reach a relative accurate result, since this method can reach the exact 

solution only with infinity DOFs, theoretically. The method used refers to a class of 

weighted residuals, which is a class of approaches to simplify a continuous operator 

problem for solving differential equations, for example converting a partial differential 

equation to a set of discrete problems. However, Galerkin’s method presents a set of 

sinusoid curves, which needs much more modes to present the kink. This could result in 

Galerkin’s method less accurate than finite element method in the present study. Other 

methods intorduced by Krenk (2000) and Main and Jones (2002) requires nonlinear 

equations which is more difficult to solve and to incorporate the absorber. Moreover, the 

form of the equation is different for each different absorber layout so there is not a general 

analytical solution. While, the proposed finite difference form, with the absorber 

represented by a generic admittance function, has the benefits of the form of the matrix 

equation being the same for any absorber layout and a simple, consistent method can be 

used for its solution for the eigenvalues. By discretising the cable into a sufficiently large 

number of lumped masses, this formulation converges on the exact solution. 
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In principle, the number of DOFs  should be as great as manageable in order to 

minimise the error due to approximation. However, considering computational efficiency, 

suitable DOFs should be selected, so  has to be limited properly for the present study. 

Based on the comparison of results respectively using FE and Galerkin’s methods, FE 

method is more suitable for present study, either in term of computation accuracy and 

efficiency, or more capable to exhibit the kink in the cable mode shape caused by the 

damper. Therefore, in this study, a FE model is used with properly selected degrees of 

freedom (DOFs), which will be discussed in Sub-section 3.4.2. 

For modelling of cable and absorber, Krenk and Nielsen (2002) provided the full 

solution for the lower modes. An explicit approximate solution for both taut cables and 

shallow cables are provided, giving the modal damping as well as the optimal tuning of 

the damper. Although by using Krenk and Nielsen’s modelling method, rather accurate 

analytical approximation can be obtained, this method has a disadvantage that it cannot 

reach the exact solution for different configurations since it is only suitable for viscous 

damper only.  

Besides, Main and Jones (2002) provided a method using expression for the 

eigenvalues which is derived giving the range of attainable damping ratios and 

corresponding oscillation frequencies in every mode for a given damper location. This 

formulation reveals the importance of damper-induced frequency shifts in characterising 

the response of the system. It has benefits in reaching the accurate results without 

approximation. But, it requires solving partial differential equation, and the boundary 

conditions varies for different absorber location and structures. 

Normally, large vibration of bridge cables are observed in the first few modes in 

practice. So, it should be sufficient to consider the first six modes here. Also, different 

cases are considered, including long cable or severe forcing conditions, e.g., for 

preventing the negative damping resulted from high-speed wind. Considering damping 

performance of the cable for the first mode and higher modes concerned, three 

optimisation measures for assessing and quantifying the effectiveness of absorber layouts 

are respectively proposed for the optimisation and identification in the study. 

In this study, a new method is introduced for simplicity in calculation and versatility 

for different absorber layouts. An integrated cable model with admittance functions 
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representing absorbers is established, along with three optimisation measures to assess 

and quantify the effectiveness, for identifying optimum layouts. For balancing 

computation accuracy and efficiency, the lumped mass model rather than a consistent 

mass model is used here, with a properly selected degrees of freedom, introduced as 

below. 

3.2 Cable model with an admittance function 

representing absorbers  

In the present study, by using finite element method, an integrated cable model with 

admittance function representing absorber is built. The mathematical approach for 

modelling is described as below. Since the equilibrium condition is used for the present 

dynamic modelling and analysis, the tension force of cable resulted from the static load 

of the cable is not considered in the present study. 

With an arbitrary linear passive absorber represented by an admittance function Y(s), 

and also neglecting the cable inclination, sag, out-of-plane motion and elasticity of the 

cable, a lumped FE model with n DOFs is built, as shown in Figure 3.1. The tension along 

the cable is denoted T, the total mass of the cable is M, and the total length of the cable is 

L. There are n masses, each of mass m spread along the cable and two masses of mass 

m/2 connected directly to the supports. Hence, m = M/(n+1). These masses divide the 

cable into n+1 elements, each of length  equal to L/(n+1). The ath mass has an associated 

vertical position xa(t), which equals zero at equilibrium. The absorber is connected to 

mass af. Since the masses at the end-points are connected directly to the supports, x0 and 

xn+1 always equal zero.  

 

Figure 3.1: Finite element model of a taut cable with an admittance function of arbitrary 

absorber. 
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The displacement of the masses from their equilibrium positions leads to an angle θa 

between mass a and mass a+1. As the vertical displacements of each mass element 

 are small compared to the element length L/(n+1), so arctan	

/ / 1  can be approximated using arcsin	 / / 1 . Thus 

the angle θa can be presented as, 

 
 
1arcsin

/ 1
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 (3.1) 

The circular natural frequency of the first mode of the undamped cable can be 

expressed as (SETRA, 2002; Caetano, 2007), 
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The equation of motion for mass a, without any external force, can be expressed as, 

 1sin sin
f ffa a amx T T    . (3.3) 

Similarly, the equation of motion for mass af, where the absorber is located, can be 

expressed as, 

  1sin sin
f ffa a amx T T F t     , (3.4) 

where F(t) is the force provided by the absorber. By substituting Equations (3.1) and (3.2) 

into Equations (3.3) and (3.4), Equations (3.5) and (3.6) can be obtained as below, 
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Taking Laplace transforms on both sides of Equations (3.5) and (3.6), and assuming 

zero initial conditions, the following equation for each mass is obtained as,  
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where tildes indicate Laplace transforms and      /
faY s F s s x s   

   represents the 

admittance function of the absorber, which is defined as the ratio of force to velocity. 

It has been shown that all admittance functions representing linear, passive absorbers 

are positive-real functions (Brune, 1931). By arranging the displacement of each mass in 

the vector x=[x1, x2, x3, …, xn]T, Equations (3.7) and (3.8) can be rewritten in matrix form 

as, 

 s s  2M C K 0  x x x . (3.9) 

In Equation (3.9), the elements of matrices M, C and K are respectively described 

in Equations (3.10) ~ (3.12), in which δij is the Kronecker delta function. 

 
1

ij
ijm

n





, (3.10) 

 0ijc   except   /
f fa ac Y s M  , (3.11) 

       
2

1 11 2o
ij ij i j i jnk

   
  

       
 

. (3.12) 

Complex eigenvalues of the system, represented by [λ  λ*T]T (the superscript * refers 

to the complex conjugate), are calculated as roots of Equation (3.13), where λ = [λ1 λ2 

λ3.... …], 0 is the square null matrix of size n and I is the identity matrix of size n. 

 det 0
s

s 

    
          

1 1

0 I I 0

M K M C 0 I
. (3.13) 

It should be noted that C is a function of s, so the eigenvalues of the system cannot 

be found by conventional numerical methods. However, Equation (3.13) is still 

fundamentally valid, giving a polynomial in s, the roots of which are the eigenvalues. By 

using a similar FE model of a cable with a TID (Lazar et al., 2016), in which the internal 

DOF of the TID was explicitly represented in the matrix equation of motion, making the 

vector x(n+1) element long and the matrices M, C and K (n+1) (n+1). Using that method, 
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the matrices need to be reformulated for each alternative absorber layout. The advantage 

of the current method is that a system with any passive linear absorber can be represented 

by equation of the same form as Equations (3.9) along with Equations (3.10) ~ (3.12), 

with x always being (is) n elements long and the size of matrices M, C and K are always 

n n. The only difference is the admittance function Y(s) representing the absorber. 

The roots of Equation (3.13), i.e., [λ  λ*T]T, are in complex conjugate pairs. The 

number of pairs is given by n plus the number of internal DOFs of the absorber.  However, 

normally only a few pairs, representing low-frequency modes, are of interest. Either 

eigenvalue e  (with positive imaginary part, e = 1, 2, 3…) or its complex conjugate 

eigenvalue *
e  can be used to calculate damping ratio ζe and circular natural frequency 

ωe of mode e of the damped cable, which respectively are (Thomson and Dahleh, 1997),  

      Re / Re Ime e e e     2 2

, (3.14) 

    Re Ime e e   2 2 . (3.15) 

These exact expressions for the damping ratio and circular natural frequency are 

used here, rather than the common approximations    Re / Ime e e      and  Ime e  , 

since with the absorber the damping ratios can become relatively high so the 

approximations become inaccurate. 

For observing mode shape of a cable with a viscous damper, a set of samples is 

examined. Obviously, for a cable of free vibration, i.e., with non-dimensional c’ as zero, 

the real part shows a half sinusoidal curve, with imaginary part equals to zero. The mode 

shape in two other representative cases are shown in Figure 3.2, with the damper at 5% 

of the total length of cable. It can be seen that the real and imaginary parts of the mode 

shape at the location of the damper are of similar magnitude, but for damping coefficients 

far from the optimum the imaginary parts of the mode shape are small. 

For cable with the damper which provides optimum damping ratio, the real part and 

imaginary part versus non-dimensionalised position along the cable, i.e., x/L, are shown 

in Figure (3.2a), here x is the distance along the cable. The obtained results presented in 

Figure (3.2a) fit with the previous results provided by Pacheco et al. (1993). While for 
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the case of cable with extreme large damper (here taking the non-dimensional c’ as 1000), 

shown in Figure (3.2b), it can be seen from the real part that the damper can be considered 

as a fixed node at the cable, and the rest of the cable vibrates freely. The imaginary part 

shows a similar trend as Figure (3.2a), but with much smaller scale due to the large 

damper. Note that the example shows the first mode in each case. The half sine mode 

shape for the undamped cable is of course the first mode. There are of course many other 

modes, with integer numbers of half sines.  

 

  

          (a)              (b)  

Figure 3.2: Samples of mode shape of cable with viscous damper. (a) Optimised damper 

and (b) extreme large damper (c’=1000) versus non-dimensionalised position along the 

cable. 

3.3 Performance measures 

Three performance measures are introduced as examples in the present study to assess 

the damping performance of the absorbers for different cases, though some other 

performance measures can also be adopted with the methodology presented in this thesis. 

A potential cost function is the internal cable loads. However, as stated in Section 2.1, for 

the most problematic cable excitation mechanisms, they are governed by the total 

damping, so the key to preventing them is to provide enough structural damping. If the 

total damping is positive, the vibrations do not grow, so the amplitude, and hence the 

internal loads, never become significant. As the lowest frequency mode is often most 
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susceptible to vibrations (Gimsing and Georgakis, 2011), the first performance measure 

considers only the modes with natural frequencies close to the first mode of the undamped 

cable, without considering higher frequency modes. However, long cables or cables in 

extreme conditions may be susceptible to vibrations in multiple modes, other measures 

are also needed to be proposed to take higher modes into consideration, by proposed 

Measures two or three, introduced as below. 

3.3.1 Measure one 

For shorter cables, the lowest frequency mode (i.e., the first mode) is often susceptible to 

vibrations, while vibrations of other modes can be neglected (Pacheco, 1993). However, 

when an absorber involves both an inerter and a spring, it can have an internal resonance 

which can interact with a cable mode in a similar way to a tuned mass damper. Hence, 

the one mode of the cable only can be split into two close modes of the cable-absorber 

system. Dynamic instabilities such as galloping, rain-wind induced vibrations or 

parametric excitation could occur in either mode, hence it is the lower damping ratio of 

the two modes that is important. In order to capture both potential modes with natural 

frequencies close to that of the first mode of the undamped cable, a natural frequency 

range of 0 ~ 1.5ω0 is chosen, i.e., covering all modes up to halfway between the first and 

second natural frequencies of the undamped cable. Hence, the critical damping ratio ζc 

which is defined as the lowest damping ratio of all modes in the frequency range from 0 

to 1.5ω0, is introduced as the key parameter to identify the effectiveness of the absorber 

layouts. 

Therefore, in the present study, the first performance measure is proposed, i.e., to 

maximise the damping ratio of any modes with natural frequencies around that of the first 

undamped mode of the cable, but without considering a constrain for higher mode 

consideration. To be specific, Measure one is to maximise the minimum damping ratio of 

all modes with frequencies in the range ωe∈(0, 1.5ω0) without considering higher-

frequency modes.  

The performance criterion of Measure one is to optimize the critical damping ratio, 

denoted as ζc,opt, without considering higher-frequency modes. 
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3.3.2 Measure two 

Because longer cables or cables in extreme conditions may suffer from vibrations in 

multiple modes, in some cases, more low-frequency modes should be considered. The 

frequency range of 1.5ω0 ~ 6.5ω0 covers the natural frequencies of the next five modes 

of the undamped cable and, again, allows for changes in the natural frequencies due to 

the absorber. The reason for this choice is that the first six modes of cables have typically 

been observed to be excited in the field. For example, Caetano (2007) suggested 

considering natural frequencies up to approximately 3 Hz, which typically corresponds 

to the first six modes for cables approximately 250 meters long, or fewer modes for 

shorter cables.  

Hence, the second measure is ζc,opt with an extra constraint to ensure that the damping 

ratios of modes with natural frequencies in the range [1.5ω0, 6.5 ω0] are no less than those 

for a cable with a viscous damper optimised for the first mode. In the optimisation process, 

the damping ratio of each mode in the frequency range [1.5ω0, 6.5 ω0] is compared with 

the damping ratio of the corresponding mode of a cable with an attached viscous damper, 

optimised for the first mode, calculated via the universal curve (Pacheco et al., 1993). If 

the damping ratio of any of the higher modes of the cable-absorber system is less than for 

the corresponding mode for the viscous damper, a penalty is added to the objective 

function to realise the constraint.  

Therefore, in this study, Measure two is to maximise the minimum damping ratio 

ζc,opt of all modes with frequencies in the range ωe∈(0, 1.5ω0), meanwhile with the 

constraint that modes with natural frequencies in the range ωe∈[1.5ω0, 6.5ω0) have no 

less damping than those for a cable with a viscous damper optimised for Mode 1. 

It should be noted that this solution is the same performance measure as previously 

used for considering multiple modes (Luo et al., 2017). The reference damping ratios for 

the cable with a viscous damper are taken from the universal curve (Pacheco et al., 1993). 

Then, all modes in the frequency range ωe∈[1.5ω0, 6.5ω0) are included to ensure that the 

first six modes of the undamped cable are covered, i.e., by using Measure one with this 

constraint included. 
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3.3.3 Measure three 

Still considering some extreme conditions, e.g., long cable vibrations in multiple modes, 

a third performance measure is proposed for this study. It is well known that the motion 

of the cable in the wind causes changes in the aerodynamic forces which based on quasi-

steady theory can be considered as equivalent to ζai = [ρDUL/(4Mωi)]β, where ρ is the 

density of air, D is the cable diameter, U is the mean wind speed,  M is the cable mass per 

unit length and β is a function of the cable orientation and the static aerodynamic force 

coefficients of the cross-section. If β is negative, structural damping of at least (-ζai) is 

required to prevent galloping, i.e. dynamic instability of the cable (Macdonald and Larose 

2006).  

Since ρ, D, U, L, M and β are all independent of the mode number, galloping of mode 

i occurs if the product ηi = ζi·ωi is less than a certain value. Hence the minimum value of 

ηi for all modes of interest determines the threshold at which galloping would occur. Since 

lower modes are more concerned in general, without less of generality, all modes in the 

frequency range ωe∈	 (0, 6.5ω0) are included to ensure that the first six modes of the 

undamped cable are covered for this measure.  

Hence, the third performance measure is proposed for suppressing cable vibration, 

i.e., avoiding galloping to occur is the optimised (minimum) value of ζi·ωi  (defined as ηi). 

That is, Measure three is to maximise the minimum ηi over all modes of interest. 

 

3.4 Optimisation approach 

A lumped mass FE model of a taut cable combined with an arbitrary linear passive 

absorber layout is built. Based on proposed three performance measures, by using the 

corresponding optimisation criteria, the effectiveness of different absorbers in terms of 

their damping performance can be assessed and quantified in the present study. 

For the purpose of comprehensively investigating different absorber layouts and also 

making comparison fair, a generalised modelling work is necessary, all parameters of 

absorber elements and also for absorber-cable system need to be non-dimensionalised for 

a general purpose in comparisons. 
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3.4.1 The non-dimensionalised parameters 

Since the established FE cable model with admittance function which can represent 

different absorbers, it will provide a general approach to the comprehensive investigation 

of different absorber configurations. For generality, the parameters of the absorber 

layouts need to be expressed in non-dimensional form. Thus, in the present study, the 

inertance is considered in non-dimensional scaled compared with the total weight of the 

cable by letting b′=b/M. Similarly, the circular natural frequencies of the damped system 

and the location of the damper relative to the total cable length are also presented in non-

dimensional forms as ω′= ωe /ω0 and af′  =af /(n+1) respectively. Since the location of all 

candidate absorbers has been set to be at 5% length of the whole cable, thus a′f  = 0.05. 

For generality, all parameters of the absorber layouts are presented in non-

dimensional form. Here, for all structural elements of absorbers, the values of the 

elements are all scaled in the non-dimensional forms. The other parameters, i.e., damping 

coefficient and stiffness of the absorber elements are defined as c′ = (c/M)/(ω0/π) and k′ 

= (k/M)/(ω0/π)2 respectively. The non-dimensional expressions will be used throughout 

this thesis unless being pointed out particularly. 

Besides, for focusing on a systematic approach to identify beneficial absorber 

layouts, and also for a fair comparison, the location of all candidate absorbers in this study 

are set to be at 5% length of the whole cable. 

3.4.2 Optimisation process and computational 

concerns 

Some computational considerations are presented in this section. First, the suitable 

number n of DOFs for optimisation computation is explained. The results respectively 

with different DOFs are compared and analysed. Then, computational tools used in 

MATLAB software environment for this study are also introduced. 

In principle, the number of DOFs of the cable n should be large enough to increase 

accuracy as possible for the FE analysis approximation. In order to balance accuracy and 

computational time, a lumped mass model rather than consistent mass model is used and 
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a suitable number of DOFs are selected. From preliminary analysis for a number of 

absorber layouts, it was typically found that a lumped mass model with 99 DOFs provides 

similar accuracy to a consistent mass model with 60 DOFs, but the consistent mass model 

took nearly twice the computational time. This is because the mass matrix for the 

consistent mass model is non-diagonal, which leads to a non-trivial inverse in Equation 

(3.13). Hence for similar accuracy, the lumped mass model is more computationally 

efficient. The maximum relative difference in the damping ratio ζe between lumped mass 

models with 99 and 999 DOFs was found to be typically less than 0.1%, considering only 

low-frequency modes with natural frequencies below 6.5 ω0. Therefore, a 99-DOFs 

lumped mass FE model is used in the present study. 

The computations throughout the thesis are performed in the software environment 

of MATLAB. By determine the matrix shown by equation 3.13, a high order polynomial 

can be found. Then the roots of the high order polynomial can be considered as the 

eigenvalues, which is calculated via solve function. The eigenvalues are then shown in 

complex conjugate pairs. After sorted their imaginal parts in ascending order, the results 

with satisfy the measures are analysed and optimized. A sample code for calculation of a 

simple loop is shown in the appendix.   

For each performance measure, for a given non-dimensional inertance, the optimum 

critical damping ratio ζe is found by using the MATLAB optimisation command 

“patternsearch” followed by “fminsearch”. This “patternsearch” uses genetic algorithms 

and is capable to get out of local minimums. The “fminsearch” is gradient-based, and has 

been found to be suitable for accurate identification of the minimum within a convex 

parameter space. Depending on the number of variables that need to be optimised and the 

complexity of the constraints, multiple initial conditions are often needed for both 

optimisations. 

Both "patternsearch" and "fminsearch" in MATLAB require a starting point for the 

minimum/maximum search. Both functions could be sensitive to starting point selection, 

especially for the three-element layouts. It should be mentioned that multiple initial 

conditions are often needed for both optimisations, depending on the number of variables 

that need to be optimised and the complexity of the constraints. MATLAB is used for the 

optimisation, the results can be found by using MATLAB genetic optimisation command 
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"patternsearch" to obtain a rough solution, which is then used as initial condition for a 

gradient-based MATLAB function "fminsearch" for fine-tuning. Typically, a set of 16 

starting points evenly distributed for each non-dimensional variable ′ and ′  (if it exists) 

as the starting points for “patternsearch”. The solution identified by “patternsearch” is 

then used as the starting point for “fminsearch”. Note that for the solutions obtained by 

“fminsearch”, if the value of a parameter is larger than 1×106, then it is considered as 

“infinity”. 
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3.5 Summary 

Aiming to propose an adequate mathematical model with reasonable optimisation criteria 

for comprehensively identifying beneficial absorber configurations, a mathematical 

modelling and optimisation approach is studied and introduced in this chapter.  

An integrated finite element of cable model with admittance functions representing 

absorbers is first established. Using this method, the matrices need not to be reformulated 

for each alternative absorber layout. The advantage of the current method is that a system 

with any passive linear absorber can be represented by equation of the same form as 

Equations (3.9) along with Equations (3.10) ~ (3.12), with x always being (is) n elements 

long and the size of matrices M, C and K are always n n. The only difference is the 

admittance function Y(s) which representing the absorber.  

Then, in order to assess and qualify the performance of suppressing cable vibrations 

for all modes concerned, three measures are proposed in this study. Measure one is to 

maximise the minimum damping ratio ζc of all modes with frequencies in the range of (0, 

1.5ω0). If with the constraint that modes with natural frequencies in the range of (1.5ω0, 

6.5ω0) have no less damping than those for a cable with a viscous damper optimized for 

Mode 1, the second performance measure is proposed. Measure two to maximise the 

minimum damping ratio ζc,opt of all modes with frequencies in the range ωe∈(0, 1.5ω0), 

meanwhile with the constraint that modes with natural frequencies in the range ωe∈[1.5ω0, 

6.5ω0) have no less damping than those for a cable with a viscous damper optimised for 

Mode 1. This the same performance measure as previously used for multiple modes (Luo 

et al. 2017).  

For extreme cases, Measure three used here is to maximize the minimum ηi , defined 

as the product of ζi·ωi, focusing on that the motion of the cable in the wind causes the 

changes in the aerodynamic forces equivalent to negative damping effect. This measure 

is motivated and justified in Sub-section 3.3.3 previously, which is applicable to 

galloping-type aerodynamic instabilities.  

In the present study, all parameters of the cable-absorber system are non-

dimensionalised for generality and easy comparisons. For the structure parameters of 

inerter-based absorber, the inertance is also non-dimensionalised compared with the total 
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weight of the cable by letting b′=b/M. Similarly, the non-dimensional damping coefficient 

and stiffness are defined as c′=(c/M)/(ω0/π) and k′=(k/M)/(ω0/π)2 respectively. The 

circular natural frequencies ωe of the damped system and the location of the damper 

relative to the total length of the cable af are also presented in non-dimensional forms as 

ω′=ωe/ ω0 and a′f =af /(n+1), respectively.  

Some computational considerations are analysed, e.g., the selection of the degrees 

of freedoms. The maximum relative difference in the damping ratio ζe between lumped 

mass models with 99 and 999 DOFs was found to be typically less than 0.1%, considering 

only low-frequency modes with natural frequencies below 6.5ω0. Based on a number of 

results compared with different DOFs by using lumped mass FE model which showed as 

relative efficient in computation, a 99-DOFs lumped mass model is used for the analysis 

in the present study.  

For each performance measure, MATLAB optimisation command “patternsearch” 

followed by “fminsearch” are used to search the optimum critical damping ratio. However, 

multiple initial conditions are often needed for both optimisations, depending on the 

number of variables that need to be optimised and the complexity of the constraints.  

The numerically-obtained performance analysis results can be verified by applying 

the Real-Time Dynamic Substructure technique to physical inerter-based damping 

devices. Alternatively, as the analysis is presented in the non-dimensional form, it may 

be useful for scaled and physical model testing. Also, a few suggestions are made which 

could be useful for future work, the detailed outlook will be presented in Section 7.2. 
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Chapter 4 

Identification of low-complexity 

inerter-based absorber layouts 

4.1 Introduction  

In this chapter, using the proposed mathematical approach introduced in Chapter 3, 

potential advantages of low-complexity inerter-based absorber layouts are systematically 

investigated. These low-complexity passive vibration absorber layouts include all 

possible absorber layouts with no more than one damper, one inerter and one spring each, 

i.e., all layouts with three elements or fewer.  

To be specific, based on established integrated FE cable model with a generic 

vibration absorber represented by its admittance function, introduced in Section 3.2, and 

by using the proposed performance measures, i.e., Measures one and two respectively 

introduced in Sub-sections 3.3.1 and 3.3.2, all these low-complexity absorber layouts are 

investigated, including the layout with a viscous damper only which is taken as standard 

for comparison throughout the whole thesis. Then the most beneficial low-complexity 

inerter-based absorber configurations are identified along with their corresponding 

element values presented. 

4.2 Candidate layouts with two and three elements  

In the previous study by Lazar et al (2016), only one configuration, i.e., a specific layout, 

namely a Tuned Inerter Damper (TID) structure is considered. Since less complicated 
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layouts are more preferred due to space and weight limits in mechanical structures, all 

low-complexity absorber layouts with no more than one damper, inerter and spring each 

are considered as candidate layouts for the investigation in this chapter.  

Because neither an inerter nor a spring can dissipate energy, a damper must be 

present in each candidate layout. The single-element layout with a viscous damper only 

is taken as standard for comparison, denoted as Layout I in the thesis. Apart from Layout 

I, there are in total four two-element absorber layouts that contain one damper, which are 

illustrated by Figure 4.1 as below. 
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Figure 4.1: Candidate absorber layouts with one or two elements. 

Since the inerter is an energy-storage element, the inertance identified in the 

beneficial layouts will always be in combination with damping (and stiffness) factors. 

This means the inertance needs to be combined with a traditional damper, so the 

integrated device can be installed on cable systems in the same way as viscous dampers.  

There are totally eight possible three-element absorber layouts that contain one damper, 

one inerter and one spring each. All these candidate absorbers with three elements 

presented in Figure 4.2.  
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Figure 4.2: Candidate absorber layouts with three elements. 

Therefore, all low-complexity absorber layouts that need to be considered are 

covered by Figures 4.1 and 4.2, totally thirteen including Layout I, i.e., a viscous damper 

only, with properly selected damping coefficient for comparison as a standard.  

For each layout, one terminal is connected to the cable at mass af  and the other is 

attached to a fixed support. The admittance functions of all low-complexity candidate 

absorber layouts are derived and summarized in TABLE 4.1. It should be mentioned that 

similar work has been done and some simple layouts have also been presented with 

corresponding admittance functions very recently (Makris, 2017).  
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TABLE 4.1: Admittance function  for all low-complexity candidate absorbers. 

 

Before the systematic identification for these low-complexity absorber layouts, a 

preliminary analysis is carried out to examine the optimum critical damping ratios 

ζc,opt  for all candidate layouts. Initially, a very large range of non-dimensional inertance 

values, b′, e.g., from 0 to 106, are considered. The results for all candidate absorbers show 

that the maximum optimum critical damping ratio always occurred for b′ less than 2.5, 

with larger inertance decreasing the performance of the absorbers. Therefore, only b′ 

ranging from 0 to 2.5 is considered, with the optimisation results presented in Section 4.2 

and 4.3 correspondingly. However, since lower inertance is more realistic and typically 

less expensive to realise, more detailed discussions focus on a relatively realistic range, 

e.g., with b′ from 0 to 0.5, as presented in Section 4.5 afterwards. 

Layout Admittance function 

I c 

II-1 c+ks 

II-2 1/[(1+c)+(s/k)] 

II-3 bs+c 

II-4 1/[(1+c)+(1/bs)] 

III-1 1/[(1+c)+(1/bs)]+(k/s) 

III-2 1/[(1+c)+(1/bs)+c] 

III-3 1/[(1+c)+(1/bs)]+(s/k) 

III-4 1/[(1+c)+(1/bs)+c] 

III-5 1/[1/(c+bs)+(s/k)] 

III-6 1/[(1/bs)+(s/k)]+c 

III-7 1/[(s/k)+(1/c)]+c 

III-8 bs+c+k/s 
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For generality, all parameters of the absorber layouts have been non-dimensionally 

scaled, as introduced in Section 3.4.1. The new added circular natural frequencies ωe of 

the damped system are presented in non-dimensional forms as ω′=ωe /ω0.  

4.3 Optimisation results using Measure one 

For all considered low-complexity absorber layouts illustrated in Figures 4.1 and 4.2, by 

using Measure one described in Sub-section 3.3.1, this section aims to find the largest 

critical damping ratio ζc for the first mode or around, i.e., in the range ωe ∈(0, 1.5ω0),  

without considering the effect on higher modes.  

In this section, all low-complexity layouts, with three elements or fewer, are 

examined. Their optimisation results are presented in the order of complexity from low 

to high, i.e., Layouts respectively with a damper only, two and three elements, in sequence, 

as below. 

4.3.1 Layout with a viscous damper only 

Based on the lumped-mass FE model with 99 DOFs, the results of the eigenvalue analysis 

for Layout I, i.e., a viscous damper only, are presented in Figure 4.3 for a range of non-

dimensional damping coefficients c′ of 0 ~ 20. The resulted relationship between critical 

damping ratio ζc and non-dimensional damping coefficient c′ is shown in Figure (4.3a) 

which follows the universal curve (Pacheco et al., 1993), and also similar with the results 

from other literatures. The corresponding non-dimensional natural frequency ω′ is shown 

in Figure (4.3b). 

It can be seen from Figure (4.3a) that for Layout I, i.e., a viscous damper, its 

optimum critical damping ratio ζc,opt  is 0.0264, which matches with the maximum value 

on the universal curve, showing the validity of the proposed optimisation approach. While 

Figure (4.3b) shows the corresponding non-dimensional natural frequency ω′, which 

indicates that the viscous damper has a marginal influence on the frequency of the first 

mode. The results for the viscous damper can be taken as a standard in comparison for 

inerter-based beneficial layout identification afterwards. 
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(a) (b) 

Figure 4.3: Results for Layout I (viscous damper only). (a) Critical damping ratio, and (b) 

corresponding non-dimensional natural frequency, versus non-dimensional damping 

coefficient. 

4.3.2 Layouts with two elements 

Then, for low-complexity absorber layouts with two elements, i.e., the four candidate 

absorber layouts shown in Figures 4.1, by using Measure one, optimisations are carried 

out and beneficial layouts are identified.  Here, for absorber layouts with two elements, 

layouts that can provide a larger maximum optimum critical damping ratio than a damper 

only are considered beneficial.  

The optimum critical damping ratios ζc,opt  of both Layouts II-1 and II-2 (one damper 

in parallel or series with one spring), are found to be ζc,opt = 0.026, which is the same as 

that for the viscous damper only. The corresponding non-dimensional damping 

coefficient and stiffness are respectively c′	= 6.430, k′	= 0 for Layout II-1 and c′	= 6.430, 

k′	= ∞ for Layout II-2 (i.e. both without the spring). In fact, for any tested c′ in the range 

of 0 to 30, adding a spring always decreases the damping ratio for these two layouts. 

Therefore, these two layouts are not beneficial. Hence, only Layouts II-3 and II-4 (one 

damper in parallel or series with one inerter) are discussed below, together with the 

damper only (i.e., Layout I). 
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Figure 4.4 presents a three-dimensional shaded surface plot of the critical damping 

ratio ζc for Layout II-3 with 0 ≤ c′ ≤ 20 and with 0 ≤ b′ ≤ 2.5. The bold solid curve indicates 

the optimum critical damping ratio for a given non-dimensional inertance.  

 

Figure 4.4: Three-dimensional plot of damping ratio versus non-dimensional inertance 

and damping coefficient for Layout II-3. 

Optimisation results for Layout II-3 are presented in Figure 4.5. In Figure (4.5a), the 

solid curve presents the optimum critical damping ratio as a function of the non-

dimensional inertance, which corresponds to the bold solid curve in Figure 4.4, while, the 

dashed curve shows the damping ratio for a simultaneously occurring non-critical mode 

also in non-dimensional frequency range 0 ≤ ω′	≤1.5. As there are more than one modes 

in the frequency range considered, the one with provides the lowest damping ratio is 

considered critical and the others are considered as non-critical modes. The corresponding 

non-dimensional natural frequencies of both modes are shown in Figure (4.5b). The 

representation of lines for other layouts in Figures 4.6~4.9 are consistent in style with 

those presented in Figure 4.5. 

As shown in Figure (4.5a), with b′ 	0, as expected, the optimised critical damping 

ratio is the same as that for a viscous damper only. For b′ > 0, Layout II-3 provides a 
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greater optimum critical damping ratio than that for a viscous damper only for any 

inertance b′ investigated. It can be seen from the solid curve that among all the optimised 

results with varying b′, the maximum optimum critical damping ratio ζc,max which is 

defined as the maximum ζc,opt, that can be achieved for any inertance, is 0.155 for 

b′ 	1.760, i.e. 5.9 times that for a viscous damper only. As b′ increases from zero, the 

damping ratio of the original first mode (the mode with the lowest natural frequency, 

which is the initially the critical one) increases, but that of the original second mode 

decreases. At b′ 	1.760, the damping ratios of the two modes are equal and above that 

value, the damping ratio of the second mode is lower than that of the first mode, so the 

second mode becomes the critical one.  

 

 

(a) (b) 

Figure 4.5: Optimisation results for Layout II-3. (a) Damping ratio, and (b) corresponding 

non-dimensional frequency, versus non-dimensional inertance. 

It can be seen from Figure (4.5b) that the natural frequency of the second mode 

decreases as b′ increases and at b′ 	1.760 there is a switch of which mode is the critical 

one. It is notable that in all cases the natural frequency of the critical mode is similar to 

that of the original undamped first mode, showing that the frequency is not greatly 

influenced by the absorber. At b′ 	1.760, the solutions for the critical and the non-critical 
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modes cross over each other, which lead to the breakpoint seen in Figure 4.4 and Figure 

(4.5a). 

Figure 4.6 presents the optimisation results for Layout II-4. The results are of a 

similar form to those for Layout II-3. Layout II-4 is hence another beneficial layout 

compared with a viscous damper only if the non-dimensional inertance is sufficiently 

large. It can be seen from Figure (4.6a) that among all the optimised results with varying 

b′, Layout II-4 can provide ζc,max 	0.159 for b′ 	2.250, which is marginally better than 

the maximum for Layout II-3. However, Layout II-4 has the drawback that large optimum 

critical damping ratio ζc,opt cannot be achieved with relatively small b′. The optimum 

critical damping ratio ζc,opt for Layout II-4 is larger than that of a viscous damper if 

b′ > 1.15. Similar to the case for Layout II-3, the breakpoint at b′ 	2.250 in Figure (4.6a) 

is due to a switch of which mode is the critical one and it can be seen in Figure (4.6b) that 

the natural frequency of the critical mode is always close to that of the original undamped 

first mode. 

 

  

(a) (b) 

Figure 4.6: Optimisation results for Layout II-4. (a) Damping ratio, and (b) corresponding 

non-dimensional frequency, versus non-dimensional inertance. 

Therefore, based on the comparisons of optimisation results, by using Measure one, 

Layouts II-3 and II-4 are considered as beneficial two-element layouts.  
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4.3.3 Layouts with three elements 

Still by using Measure one, this sub-section is to investigate all eight possible three-

element absorber layouts shown in Figure 4.2. Based on the optimisation results, only 

Layouts III-3, III-4, III-5 and III-6 can provide greater optimum critical damping ratio 

ζc,opt than the discussed layouts with fewer elements, i.e., Layouts I, II-3 and II-4, with 

relatively small non-dimensional inertance b′. However, the other four can only provide 

same damping ratio as ether II-3 or II-4 in the selected frequency range. Among these 

four three-element layouts, Layout III-6 is less preferable than the other three due to ζc,opt 

being lower for a wide range of b′. Therefore, optimisation results for only Layouts III-3, 

III-4 and III-5 are discussed and compared in this sub-section. 

Optimisation results for Layout III-3 are presented in Figure 4.7, showing  damping 

ratio and corresponding non-dimensional frequency versus non-dimensional inertance b′ 

in the range of 0 ~ 2.5. It can be seen from Figure (4.7a) that among all the optimum 

results with varying b′, Layout III-3 can provide a maximum optimum critical damping 

ratio of ζc,max 	0.159, for b′ 	2.250, which is the same as Layout II-4, but Layout III-3 

is more effective than Layout II-4 when b′ < 2.250.  
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(a) (b) 

Figure 4.7: Optimisation results for Layout III-3. (a) Damping ratio, and (b) 

corresponding non-dimensional frequency, versus non-dimensional inertance.  

Also, it can be found from Figure (4.7a) that, for any optimum critical damping ratio 

with a given b′ ≤ 2.250, the two modes of the system with non-dimensional frequency 

ω′<1.5 provide the same damping ratio and very similar natural frequencies. This 

indicates that the inerter and the spring provide a resonance to target the first mode. When 

b′ 	2.250, the two modes bifurcate, since the corresponding non-dimensional stiffness 

reaches infinity. For b′ ≥ 2.250 the optimum results are the same as for Layout II-4, i.e. 

the spring in Layout III-3 has become a rigid connection.  

Optimisation results of Layout III-4 are presented in Figure 4.8, by using Measure 

one. In fact, the Layout III-4 is equivalent to a TMD when one terminal is grounded 

(Lazar et al., 2016). The results show that among all the optimum results with varying b′, 

Layout III-4 can provide a maximum optimum critical damping ratio ζc,max 	0.159, for 

non-dimensional inertance of b′ 	2.250 as shown in Figure (4.8a), which is the same as 

for Layout II-4 as seen in Figure (4.6a). It should be noted that this is in line with the 

finding in Lazar et al. (2016), which qualitatively stated that the modal damping limitation 

of a viscous damper can be overcome through the use of a TID.  
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(a) (b) 

Figure 4.8: Optimisation results for Layout III-4. (a) Damping ratio, and (b) 

corresponding non-dimensional frequency, versus non-dimensional inertance. 

Compared with Layout II-4, Layout III-4 is more effective when b′ is smaller. 

Similar to the results of Layout III-3, Layout III-4 also has the property that for any ζc,opt 

for (with a) given b′ ≤ 2.250, the two modes of the system with ω′	< 1.5 provide the same 

damping ratio and very similar natural frequencies. When b′ 	2.250 the two modes 

bifurcate since the non-dimensional stiffness k′ for the optimum result reduces to zero. 

Since k′ cannot physically be negative, for b′  2.250, ζc,opt is the same as for Layout II-

4. 

Optimisation results of Layout III-5 are presented in Figure 4.9, showing the 

damping ratio and corresponding non-dimensional frequency versus non-dimensional 

inertance respectively. It can be seen in Figure (4.9a) that among all the optimum results 

with varying non-dimensional inertance b′, Layout III-5 can provide ζc,max 	0.155, for 

b′ 	1.760, which is the same as for Layout II-3. Due to resonance provided by the inerter 

and spring, for 0.065 ≤ b′ ≤1.760, optimised results for Layout III-5 are better than those 

for Layout II-3. Figure (4.9b) shows that the two modes of the system with ω′	< 1.5 

provide the same damping ratio and very similar frequencies. When 1.760 	b′ or b′ 	

0.065, the optimised results of Layout III-5 are the same as those of Layout II-3, which 

lead to kinks in Figure (4.9a). The optimum value of k′ is then infinity, so the spring acts 

as a rigid link. 
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(a) (b) 

Figure 4.9: Optimisation results for Layout III-5. (a) Damping ratio, and (b) 

corresponding non-dimensional frequency, versus non-dimensional inertance. 
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4.4 Optimisation results using Measure two  

By using Measure two described in Section 3.3.2, optimisation results for all low-

complexity absorber layouts with three elements or fewer, presented in Figures 4.1 and 

4.2, are computed and analysed in this section.  

Measure two is to maximise ζc,opt of all modes with frequencies in the range ωe∈(0, 

1.5ω0), with the constraint that modes with natural frequencies in the range ωe∈[1.5ω0, 

6.5ω0) have no less damping than those for a cable with a damper optimised for Mode 1. 

So, this optimisation measure considering six modes is similar to the Measure one, except 

that the additional constraint is implemented to consider the performance of higher modes. 

Hence, in this section, all optimisation results, by using Measure one or two, are presented 

in form of without or with the higher mode constrain correspondingly, for observing the 

influence of the constraint more clearly via the comparison. 

The results in Section 4.3. show that, for all absorber layouts for Measure one, i.e., 

without the higher modes constraint, Layouts II-3, II-4, III-3, III-4 and III-5 are 

considered beneficial. In this section for Measure two, i.e., with the constraint, 

optimization results show that for two-element layouts, Layouts II-3 and II-4 can provide 

better results than a viscous damper only. While for three-element layouts, Layouts III-4 

and III-6 perform better than the other three-element layouts. Hence, the optimisation 

results for beneficial two-element layouts, i.e., Layouts II-3, II-4, and three-element 

layouts III-4 and III-6, are respectively presented as below. 

4.4.1 Beneficial layouts with two elements  

First, two two-element layouts, i.e., Layouts II-3, II-4, are examined by using Measure 

two. Figure 4.10 presents the optimisation results of beneficial Layouts II-3 respectively 

with and without the higher mode constraint, showing damping ratio versus non-

dimensional inertance in Figure (4.10a) and damping ratios for higher modes optimised 

with b' as 0.195 versus non-dimensional frequency in Figure (4.10b) respectively.  
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(a) (b) 

Figure 4.10: Optimisation results of Layout II-3 with and without the constraint. (a) 

Damping ratio versus non-dimensional inertance, and (b) damping ratios for higher 

modes optimised with b' as 0.195 versus non-dimensional frequency. 

As shown in Figure (4.10a), for Layout II-3 with non-dimensional inertance b′ 	0, 

as expected, the optimised critical damping ratio is the same as that for a viscous damper 

only, i.e. ζc,opt 	0.026. For b′ > 0.170 the constraint affects the results, so ζc,opt is lower 

with the constraint than without it. For b′ > 0, Layout II-3 provides a slightly greater 

optimum critical damping ratio than a damper only. It can be seen from the solid curve 

that among all the optimised results with varying b′, ζc,max is 0.028 for b′ 	0.160. When 

optimised with b′  0.170 without the constraint, the damping ratio of the higher modes 

are all above the constraint. Therefore, results both with and without the constraint are 

the same.  

In Figure (4.10b), the crosses show the damping ratio for the higher modes for the 

optimised system with b′  as 0.195. The optimum critical damping ratio ζc,opt is restricted 

by the damping ratio of the sixth mode, which is on the boundary provided by the solution 

of the viscous damper. However, for b′ > 0.195, the sixth mode cannot meet the boundary 

condition that no worse than that for a viscous damper optimised for the first mode. 

Therefore, the solid curve in Figure (4.10a) terminates. Similar situations can occur for 

the other layouts. 
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The optimisation results of Layout II-4 with and without the constraint is shown in 

Figure 4.11. The maximum optimum critical damping ratio ζc,max with the higher mode 

constraint is 0.062 for b′ 	2.172, which is much greater than for a damper only, but large 

inertance is required. The solid curve starts at b′ 	0.160 since for small b′ the damping 

ratio of the second mode cannot satisfy the constraint. For b′ > 1.50, the optimum solution 

is limited by the sixth mode, giving reduced result compared with the case without the 

constraint. 

 

Figure 4.11: Optimisation results of Layout II-4 with and without the constraint. 

4.4.2 Beneficial layouts with three elements 

In this subsection, the performance of three-element layouts using Measure two is 

presented. Based on the optimisation results, it is found that with suitable amount of 

inertance, all candidate layouts with three elements can provide greater ζc,opt than layouts 

with fewer elements, i.e., Layouts I, II-3 and II-4. Since Layouts III-4 and III-6 are the 

most beneficial ones, therefore, their results are presented as below.  

Figure 4.12 shows the optimisation results for Layout III-4. The maximum optimum 

critical damping ratio ζc,max is 0.141 for b′ 	1.40, which provides 451% more damping 

ratio than a viscous damper only. The solid curve allowing the additional constraint starts 

at b′ 	0.390 since below that the damping ratio of the second mode cannot satisfy the 
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constraint. For b′ 	0.90, the optimum solution is limited by the second mode, and for 

b′ > 1.40 it is limited by the sixth mode. For 0.90 	b′ 	1.40, the results are not limited 

by the additional constraint, so the optimum solution is the same as when only considering 

the critical damping ratio. 

 

 

Figure 4.12: Optimised damping ratio versus non-dimensional inertance with and without 

the constraint for Layout III-4.  

Figure 4.13 shows the optimisation results for Layout III-6. The maximum optimum 

critical damping ratio ζc,max is 0.033 for b′ 	0.215. When b′ 	0.070, the corresponding 

k′ becomes a rigid connection, and it can be simplified to Layout II-3. For b′ > 0.340, 

since the corresponding stiffness k′ 	0, Layout III-6 reduces to a damper only, so there 

is no further change in ζc,opt. Hence, Layout III-6 is considered not as effective as Layout 

III-4.  
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Figure 4.13: Optimised damping ratio versus non-dimensional inertance with and without 

the constraint for Layout III-6. 

4.5 Identified beneficial layouts 

Although inerters can realise large inertance by using gearing, with relatively small actual 

mass, it has been understood that it is difficult and currently uneconomical to realise an 

inerter with extremely large inertance. Therefore, based on the optimisation results 

presented in Sections 4.3 and 4.4 respectively without and with the higher mode 

constraint i.e., for Measures one and two, the identified low-complexity beneficial 

absorber layouts are summarised, further with a more realistic, small range of non-

dimensional inertance 0 <	b′ <	0.5 in this section. 

By using Measure one, optimisation results show that Layouts II-3, II-4, III-3, III-4 

III-5, are more beneficial among all low-complexity absorber layouts, i.e., layouts with 

three elements or fewer. The performance improvements for these five low-complexity 

layouts using Measure one, including their beneficial inertance region, maximum 

improvement (in percentage terms) compared with a damper only and benefit ranges for 

non-dimensional inertance, respectively within 0 ≤	b′ ≤	2.5  and 0 ≤	b′ ≤	0.5, are 

summarized in Table 4.2.  
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TABLE 4.2: Relative improvement of beneficial low-complexity layouts for Measure one. 

  b′ ∈ (0, 2.5] b′ ∈	(0, 0.5] 

Beneficial 

layout 

Range of 

Beneficial b′ 

Maximum 

Improvement 

Corresponding 

b′ 

Maximum 

Improvement 

Correspnding 

b′ 

II-3 (0, 2.5] 487% 1.760 34% 0.5 

II-4 (1.150, 2.5] 502% 2.250 N/A N/A 

III-3 (0.080, 2.5] 502% 2.250 196% 0.5 

III-4 (0.2, 2.5] 502% 2.250 203% 0.5 

III-5 (0, 2.5] 487% 1.760 202% 0.5 

 

First, for relatively small non-dimensional inertance range, two-element beneficial 

layouts are examined by using Measure one. Without considering the constraint for higher 

modes, for b′ ≤	0.5 the optimum critical damping ratios ζc,opt of Layouts II-3 and II-4, and 

their corresponding non-dimensional damping coefficients c′ are compared in Figure 4.14, 

along with the results for a damper only. Layout II-3 provides higher ζc,opt than Layout II-

4 and Layout I (a damper only) in this range. Also, a lower damping coefficient is required 

than that of Layout I. Layout II-4 is only more beneficial than Layout II-3 for b′ > 1.950 

and it can provide a slightly better maximum optimum critical damping ratio 

ζc,max 	0.159 compared with ζc,max 	0.155 for Layout II-3. However, for 0 ≤	b′ ≤	0.5, 

only Layout II-3 is beneficial. Up to 34% increase in the critical damping ratio can be 

realised compared with a viscous damper only by Layout II-3, as shown in Table 4.2.
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(a) (b) 

Figure 4.14: Optimisation results of beneficial layouts with two elements for Measure 

one. (a) Damping ratio, and (b) corresponding non-dimensional damping coefficient, 

versus non-dimensional inertance. 

Then, still for relatively small non-dimensional inertance in range of 0 ≤	b′ ≤	0.5, the 

identified three beneficial layouts with three elements are investigated by using Measure 

one. Without the higher mode constraint, for b′ <	0.5, the optimisation results of the 

identified beneficial layouts, i.e. Layouts III-3, III-4 and III-5, are presented in Figure 

4.15. Note that the gaps between zero and the start point of the curve, and the dotted curve 

shown in Figure (4.15b) is due to the density chosen in b′. 

It can be seen from Figure (4.15a) that, Layout III-4 provides the largest optimum 

damping ratio ζc,opt over a wide range of non-dimensional inertance values b′, though the 

difference with the other two layouts are often small. For b′ ≤ 0.065, Layout III-5 is the 

most beneficial where it reduces to Layout II-3. For b′ > 0.065, Layout III-5 provides 

different solutions with greater ζc,opt, which lead to the jump in c′ as shown in Figure 

(4.15b). For 0.065 ≤	b′ ≤	0.5, there is little difference in performance between the three-

element layouts, while much lower non-dimensional damping coefficients c′ are required 

for Layouts III-4 and III-5 compared with Layout III-3.  

Figure (4.15c) shows that the corresponding non-dimensional stiffness k′ are about 

π2 times b′ for all three layouts, indicating that the inerter and spring provide resonance 

to target the first mode.  
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(a) (b) 

 

 

(c) 

Figure 4.15: Optimisation results for beneficial layouts with three elements for Measure 

one. (a) Damping ratio, (b) corresponding non-dimensional damping coefficient, and (c) 

corresponding non-dimensional stiffness, versus non-dimensional inertance. 

Therefore, by using Measure two, i.e., with the higher mode constraint, only Layouts 

II-3, II-4, III-4 and III-6 are considered beneficial. The performance improvements of 

these four low-complexity layouts using Measure two, including their beneficial inertance 

region, maximum improvement (in percentage terms) compared with a damper only and 

benefit ranges for non-dimensional inertance, respectively within 0 ≤	b′ ≤	2.5  and 0 ≤	b′ 

≤	0.5, are summarized in Table 4.3. 
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TABLE 4.3: Relative improvement of beneficial low-complexity layouts for Measure two. 

  b′ ∈ (0, 2.5] b′ ∈ (0, 0.5] 

Beneficial 

layout 

Range of 

Beneficial b′ 

Maximum 

improvement 

Corresponding

b′ 

Maximum 

Improvement 

Correspondin

g b′ 

II-3 (0, 2.5] 8.96% 0.160 8.96% 0.160 

II-4 (1.150, 2.5] 150% 2.250 N/A N/A 

III-4 (0.080, 2.5] 451% 1.400 N/A N/A 

III-6 (0, 2.5] 27.6% 0.215 27.6% 0.215 

 

For relatively small non-dimensional inertance in range of 0 ≤	b′ ≤	0.5, the identified 

beneficial layouts with three elements or fewer are investigated by using Measure two. 

The optimisation results show that Layout III-6 in the range 0 ≤	b′ ≤	0.510 and Layout 

III-4 in the range 0.510 ≤	b′ ≤	2.5 provide more beneficial optimised critical damping 

ratios than the other layouts.  

With the higher mode constraint, for b′ <	0.5, the optimisation results of Layouts II-

4 and III-6 are presented in Figure 4.16, along with the element values presented. As 

shown in Figure (4.16a), only Layouts II-3 and III-6 can provide results better than a 

viscous damper for b′ ≤	0.5. It can be found from Figures (4.16b) and (4.16c) that. Note 

that, for b′ <	0.08, k′ can be considered infinity, thus the layout III-6 can be simplified in 

the layout II-3, and for b′ >	0.36, k′ =	0, thus layout III-6 can considered as a damper only.  

Compared with the results without the constraint, resulted non-dimensional damping 

coefficient c′ and spring coefficient k′ are of the same order of magnitude, but the higher 

mode constraint has greatly reduced ζc,opt for all the beneficial absorber layouts.  

Optimisation results show that by using Measures one and two, Layout III-4 

provides the overall optimum critical damping ratio compared with other low-complexity 

layouts. Whereas Layout III-6 is still worth considering in practice, since it provides 

reasonable benefits with relatively small inertance.  
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(a) (b) 

 

(c) 

Figure 4.16: Optimisation results for beneficial layouts for Measure two. (a) Damping 

ratio, (b) corresponding non-dimensional damping coefficient, and (c) corresponding 

non-dimensional stiffness, versus non-dimensional inertance. 

4.6 Summary 

Based on the established integrated cable model with an arbitrary absorber layout 

represented by admittance function, the damping performance of all possible low-

complexity absorber layouts, i.e., with three elements or fewer along with a viscous 

damper only, taken as a standard layout, are investigated. By using proposed performance 

measures, optimisation results are presented and analysed to identify beneficial low-

complexity inerter-based absorber layouts for cable vibration suppression, with non-
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dimensional inertance b′ within the range of 0 to 2.5, with further focus on the more 

practical range of 0 to 0.5.  

The results show that all layouts incorporating inerters can provide more beneficial 

optimum critical damping ratios than for a viscous damper only. Compared with two-

element layouts for small inertance, three-element layouts can provide greater damping 

performance. 

By using Measure one, i.e., to maximise the minimum damping ratio of all modes 

with frequencies in the range ωe ∈	(0, 1.5ω0), without the higher mode constraint, three 

beneficial absorber layouts with three elements, i.e. Layouts III-3, III-4 and III-5, are 

found to be most beneficial, offering much greater damping ratios than other layouts when 

the inertance is small.  

While for considering the performance of higher modes, by using Measure two, i.e., 

with the constraint that modes with natural frequencies in the range ωe ∈	[1.5ω0, 6.5ω0) 

have no less damping than those for a cable with a damper optimised for Mode 1, two 

low-complexity layouts, i.e., Layouts III-4 and III-6, are found to be beneficial, even 

though their performance is restricted by the constraint. 

Based on optimisation result comparisons for all low-complexity inerter-based 

absorber layouts, the most beneficial layout is identified as Layout III-4, i.e., the layout 

with overall beneficial damping performance within relatively large range of non-

dimensional inertance. Compared with a viscous damper only, Layouts III-4 can provide 

significant performance improvement, up to 502% for Measure one and 451% for 

Measure two respectively. 
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Chapter 5 

Identification of optimum cable 

vibration absorbers using fixed-

sized-inerter layouts 

5.1 Introduction 

In Chapter 4, all layouts with no more than one inerter, one damper and one spring, 

and identified beneficial configurations for damping ratio enhancement considering 

multiple modes, have been analysed. The results showed that inerter-based vibration 

absorber layouts with two or three elements can provide significant performance 

improvements compared with a viscous damper when the inertance in these absorbers is 

sufficiently large. However, in practice, large inertance implies more difficulties in terms 

of physical implementation. Meanwhile, there are many alternative inerter-based 

configurations containing more elements, which could potentially provide better 

performance with significantly smaller inertance. Although the layouts with more 

elements are likely to provide greater improvements with smaller inertance meanwhile, 

nevertheless, with the number of elements grows, the number of possible layouts 

increases exponentially, according to graph theory (Riordan and Shannon, 1942). Thus, 

a systematic optimum configuration identification and simplification methodology needs 

to be adopted for the layouts with more elements compared with those low-complexity 

layouts discussed in Chapter 4.  
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For inerter-based vibration absorber layouts with more elements, network synthesis 

theory, which originated in the electrical domain, provides a promising way forward for 

systematic investigation. A Fixed-sized-inerter layout was introduced by Zhang et al. 

(2017) which covers a set of seven-element network layouts with one inerter and at most 

six damper and spring elements. However, this study on Fixed-sized-inerter is for 

building vibration suppression, it may not so effective for cable vibration suppression 

with performance improvements obtained with this FSI. Therefore, to further expand the 

range of network layouts covered, another FSI layout can be introduced which covering 

a different set of networks. With these two FSI layouts, a wider range of candidate layouts 

can be covered for investigation and also fully control their inertance meanwhile. 

In this chapter, another FSI layout is introduced to further expand the range of 

network layouts covered. The newly introduced FSI layout may significantly enhance the 

performance with small inertance values. However, for realistic and useful considerations 

in terms of practical implementations, a simplification procedure is needed and then 

adopted to reduce the identified FSI layout from seven to less elements as possible. 

Therefore, for inerter-based vibration absorber layouts with more elements, using 

two types of fixed-sized-inerter (FSI) layouts, optimum inerter-based absorbers for cable 

vibration suppression is investigated. A simplification procedure is also adopted to reduce 

the number of elements to the minimum while not compromising the performance gains. 

So, in Chapter 5, with these two FSI layouts, an approach for the identification of 

optimum cable vibration absorber configurations is introduced. An efficient and 

systematic optimum configuration identification methodology is studied and presented.  

It worth to point out that in this chapter, in order to be consistent with the second 

paper in publication list of the thesis, non-dimensional damping coefficients and spring 

stiffinesses are defined as ′ / / 	 and ′ / / , instead of c′ = 

(c/M)/(ω0/π) and k′ = (k/M)/(ω0/π)2 (as introduced in Sub-section 3.4.1). 

5.2 Network synthesis and Fixed-sized-inerter layouts 

It has been shown in the previous study (Luo et al., 2019) that, with small inertance, 

only limited performance advantages compared with a viscous damper can be achieved 
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from the three-element absorber configurations which consisting of at most one spring, 

one damper and one inerter. However, for inerter-based vibration absorber layouts with 

more elements, network synthesis theory, which originated in the electrical domain, 

provides a promising way forward for systematic investigation. A Fixed-sized-inerter 

layout was introduced by Zhang et al. (2017) which covers a set of seven-element network 

layouts with one inerter and at most six damper and spring elements, for building 

vibration suppression However, it may not effective for cable vibration suppression with 

performance improvements obtained with this FSI. Therefore, to further expand the range 

of network layouts covered, another FSI layout is introduced which covering a different 

set of networks. With these two FSI layouts, a wider range of candidate layouts can be 

covered for investigation and also fully control their inertance.  

The motivation for proposed FSI layouts is to investigate more different candidate 

configurations in a systematic way so as to facilitate the identification of beneficial 

absorbers with practical inertance values.  

In this section, two Fixed-sized-inerter (FSI) layouts are introduced which include 

one inerter and two sub-networks with admittance functions S1 and S2 respectively. The 

FSI-I, shown in Figure (5.1a) was defined by Zhang et al. (2017), demonstrating the 

benefits of vibration suppression for multi-story buildings. A new FSI layout, i.e., FSI-II 

shown in Figure (5.2b) which covering a different set of networks, is introduced in this 

study.  

 

b S1

S2

 

b

S1

S2

 

(a) (b) 

Figure 5.1: The two possible FSI layouts. (a) FSI-I, and (b) FSI-II. 
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The admittance functions of FSI-I and FSI-II can be derived as Y1(s) and Y2(s) 

respectively, as below, 
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In these two functions, S1 and S2 are restricted to be first-order admittance functions, 

respectively expressed as, 
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To guarantee that S1 and S2 can be realised with damper(s) and spring(s) only, following 

two conditions need to be satisfied according to relevant network synthesis theory (Storer, 

1957), 

 1 1 1 0,    (5.5) 

 2 2 2 0.     (5.6) 

These two FSI layouts cover a wide range of candidate network layouts for 

investigation and also fully control the inertance b, so as to facilitate the identification of 

beneficial absorber configurations with practical inertance values. 

5.3 Optimum performance of FSI layouts  

For the two FSI layouts synthesised by seven-element networks, the two proposed 

optimisation measures, i.e., Measures two and three, introduced in Sub-sections 3.3.2 and 

3.3.3 respectively, are used here to quantify the effectiveness of suppressing cable 

vibrations. Measure two is to maximise the minimum damping ratio ζc,opt of all modes 

with frequencies in the range ωe∈(0, 1.5ω0), meanwhile with the constraint that modes 

with natural frequencies in the range ωe∈[1.5ω0, 6.5ω0) have no less damping than those 

for a cable with a viscous damper optimised for Mode 1. While Measure three is to 
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maximise the minimum product ζi·ωi, defined as ηi. The damping performance of FSI 

layouts along with their parameter values of elements are then systematically investigated.  

By using Measure two, all modes in the frequency range ωe∈[1.5ω0, 6.5ω0) are 

included to ensure that the first six modes of the undamped cable are covered by 

considering the high-mode constraint. For extreme cases, Measure three used here is to 

maximize the minimum ηi = ζi·ωi′, mainly focusing on that the motion of the cable in the 

wind causes the changes in the aerodynamic forces equivalent to negative damping effect. 

Note that ωi′ is the value after non-dimensionalisation introduced in Section 3.4.1. This 

measure is motivated and justified in Sub-section 3.3.3 previously, which is applicable to 

galloping-type aerodynamic instabilities. Here, non-dimensional damping coefficients 

and spring stiffinesses are defined as ′ / / 	and ′ / /  respectively. 

Based on the introduced matFor a given non-dimensional inertance, all the other 

parameter values in S1 and S2 inertance b′, ranging from 0 to 1, all the other parameter 

values in S1 and S2 are optimised according to each measures used here. The optimisation 

results of the two FSI layouts are obtained and analysed, respectively for Measures two 

and three as below. 

5.3.1 Optimum results for Measure two 

Firstly, for Measure two, the optimum critical damping ratio, denoted as ζc,opt, are 

obtained, and presented in Figure 5.2, in which the dash-curve represents the optimum 

results for FSI-I, solid-curve for FSI-II, along with two layouts with fewer elements for 

comparison. The dotted-curve is for the most beneficial low-complexity layout, i.e., 

Layout III-4 identified in Chapter 4, which representing optimum performance that can 

be achieved by all low-complexity configurations. And the “cross” represents the 

optimised damping ratio of Mode 1 for a viscous damper only, i.e., Layout I, with a value 

of 0.026. 
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Figure 5.2: Optimum critical damping ratio versus non-dimensional inertance by Measure 

two for layouts of FSI-I, FSI-II, III-4 and I. 

It can be seen from Figure 5.2 that both FSI layouts can provide greater optimum 

critical damping ratio than that of the most three-element beneficial layout with non-

dimensional inertance 0 ≤ b′ ≤ 1. Compared with Layout FSI-I, Layout FSI-II is more 

beneficial as it provides better optimum critical damping ratio for all inertance studied. 

Especially, with small inertance value b′ < 0.36, the benefits of FSI-II grow rapidly with 

increasing b′. However, for the range of 0.36 ≤ b′ ≤ 0.45, the optimum critical damping 

ratio of FSI-II decreases with the growth of b′, due to the limitation that higher modes 

cannot meet the constraint.  
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(a) (b) 

Figure 5.3: Influence of the higher modes for FSI-II. (a) Optimum critical damping ratio 

versus non-dimensional inertance with and without the constraint, and (b) percentage 

increase in damping ratios of Modes 2 and 3 for FSI-II with the constraint over a damper 

only optimised for Mode 1.  

The influence of higher-mode constraint on optimisation results of layout FSI-II are 

presented in Figure 5.3. The optimum results of FSI-II by Measure two, respectively with 

and without the higher mode constraint, are compared in Figure (5.3a), clearly showing 

the influence of the constraint. For non-dimensional inertance 0.36 ≤ b′ < 0.70, the 

damping ratio is significantly influenced by the constraint, but for other inertance values, 

the difference between the optimised results respectively with and without the constraint 

is minimal. 

In order to examine the influence of the higher mode constraint, the percentage 

increase in the damping ratio for Modes 2 and 3, compared between layout FSI-II with 

the higher mode constraint over layout I, a viscous damper optimised for Mode 1, are 

presented in Figure (5.3b) as example. When non-dimensional inertance b′ < 0.36, the 

optimised results are not influenced by the higher mode constraint, neither for the Mode 

2 nor Mode 3. While for the middle range of 0.36 < b′ < 0.86, the optimised result of 

layout FSI-II is limited by the Mode 2. While for b′ > 0.86, the optimised result is limited 
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by the Mode 3 rather than the Mode 2. Modes 4 to 6 are not shown in the figure as they 

do not influence the results. 

5.3.2 Optimum results for Measure three  

The optimisation results for the two FSI layouts against Measure three are presented in 

Figure (5.4a), showing the relationship between optimised critical ηi and non-dimensional 

inertance b′, with solid-curve for FSI-II and dash-curve for FSI-I respectively. The cross 

representing the performance of layout I, i.e., a viscous damper, is also presented as a 

standard for the comparison. Note that all modes in the frequency range ωe∈	(0, 6.5ω0) 

are included for consideration by the optimisation. 

It can be seen from Figure (5.4a) that in most b′ value considered, the FSI-II provides 

much greater optimised critical ηi than that of FSI-I. Obviously for FSI-II with b′  = 0, the 

optimised critical ηi = 0.026, which is the same as that of Layout I. Compared with 

maximum optimum value of ηi = 0.063 for b′ = 1, the local optimum value ηi = 0.055 with 

a small inertance of b′ = 0.09 is only marginally less effective, and it can provide 

significant benefits compared with Layout I. While for relatively large inertance b′, 

changing from 0.09 to 0.68, the optimised values of critical ηi of Layout FSI-II do not 

change significantly. 

To illustrate the results further, Figure (5.4b) presents ηi of higher modes using the 

same parameters which provide FSI-II in Figure (5.4a). When non-dimensional inertance 

b′ ≤ 0.09, η1 shows the lowest value, while for 0.09 ≤  b′ ≤ 1, the optimised result of FSI-

II is provided by η2. The values of ηi of higher modes are not limiting modes, so they are 

not shown in Figure (5.4b). However, no improvements are found from Layout III-4 for 

b′ = 0.36 for the both measures, compared with Layout I. 
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(a) (b) 

Figure 5.4: Optimised ηi versus non-dimensional inertance using Measure three. (a) 

Optimum results for FSI-I and FSI-II, and (b) ηi for Modes 1 and 2 with the optimised 

solution of FSI-II.  

5.3.3 Performance improvements from FSI layouts 

Essentially, FSI-II covers a different set of candidate layouts from FSI-I. Layouts 

IV-1 and IV-2 are special cases, simplified from FSI-II, in which some element values 

were set to zero or infinity. The reason for Layouts IV-1 and IV-2 to be beneficial, 

especially with small inertance, can be explained as below. Compared with the most 

beneficial three-element layout III-4, Layouts IV-1 and IV-2 not only have a resonance 

network tuned to the first cable mode, the parallel damper, i.e.,  shown in Figure 5.6, 

also effectively damps out the vibrations of higher modes. 

By using proposed performance measures, significant improvements obtained from 

FSI layouts, particularly from Layout FSI-II, have been found over optimised damper, 

i.e., Layout I, and also the most beneficial three-element layout, i.e., the identified Layout 

III-4 in Chapter 4.  

Considering both physical implementation issue and also performance improvement 

extents, three typical inertance values of b′ are taken as examples here, i.e., a very small 

b′ of 0.05 which can be more for physical implementation, and 0.36 which corresponds 
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to local maximum optimum critical damping ratio using Measure two and 0.09 

corresponding to local optimum using Measure three.  

The optimisation results for Measure two are presented in Table 5.1, with the three 

different values of non-dimensional inertance b′ as 0.05,0.09 and 0.36 respectively. For 

Measure three, the optimisation results with the three different values of non-dimensional 

inertance are presented in Table 5.2. For b′ = 0.36, no improvements are found from the 

most beneficial three-element layout III-4.I 

 

Table 5.1 Optimisation results (ζc,opt) with different non-dimensional inertances for 

Measure two 

Layouts b′ = 0.05 b′ = 0.09 b′ = 0.36 

FSI-II 0.0452 0.0533 0.0840 

FSI-I 0.0271 0.0278 0.0271 

III-4 0.0271 0.0278 — 

 

Table 5.2 Optimisation results (optimised ) with different non-dimensional inertances 

for Measure three 

Layouts b′  = 0.05 b′  = 0.09 b′  = 0.36 

FSI-II 0.0432 0.0508 0.0454 

FSI-I 0.0271 0.0278 0.0301 

III-4 0.0271 0.0278 — 

 

Based on the optimisation results for Measures two and three (respectively for ζc,opt 

and	 )  with different non-dimensional inertances, respectively presented Tables 5.1 and 

5.2, the relative improvements over a damper only can be obtained for observing the 

benefits from these layouts. The optimum results for a damper only equal to 0.0264 for 

both Measures two and three. 
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With all considered values of non-dimensional inertance, improvements over a 

viscous damper, for Layouts FSI-II, FSI-I and the three-element layout III-4 can be 

calculated based on Tables 5.1 and 5.2. For Layout FSI-I, the biggest improvements 

compared with a viscous damper for Measures two and three are 5.3% and 14%, 

respectively when b′ are equals 0.09 and 0.36. And for the three-element Layout III-4, it 

is even less beneficial compared with FSI-I for both Measures two and three. On the other 

hand, it can be also calculated that Layout FSI-II provides the greatest relative 

improvements in all cases. 

For non-dimensional inertance b′ of 0.36 by using Measure two, the relative 

improvements of Layouts FSI-II to Layout I is up to 221.2%, indicating that optimum 

critical damping ratio can be over twice compared with a viscous damper only. For 

Measure three, relative improvements of FSI-II are also very significant for all considered 

values of non-dimensional inertance, respectively being 63.63%, 92.05% and 71.97% 

corresponding to b′ of 0.05, 0.09 and 0.36. Hence, the fixed-size inerter layout FSI-II is 

identified as the most beneficial layout in the study. 
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5.4 Simplification procedure and identified four-

element optimum configurations 

In Section 5.3, significant advantages against both performance measures  have been 

identified for the FSI-II layout, illustrated in Figure (2b), even with small inertance values. 

However, to realise these identified configurations, networks with seven elements are 

required. For example, using the Foster preamble (Van Valkenburg, 1962), one of the 

possible mechanical structures of FSI-II is shown in Figure 5.5. For physical 

implementation of a mechanical vibration absorber, it is highly desirable to minimise the 

number of elements, so in this section a simplification procedure is carried out. The 

optimum performance of the simplified configurations is then compared with that of the 

optimized results for FSI-II. The values of the damping coefficients and stiffnesses of the 

dampers and springs are still expressed in non-dimensional form as ′ / , but here 

the non-dimensional damping coefficient and spring stiffness are defined as ′

/ / 	and ′ / / , where  and  are the physical damping coefficients 

and stiffnesses, respectively. Note that only in Section 5.4, non-dimensional damping 

coefficients and spring stiffinesses are defined as ′ / / 	and ′ / /

, which are not same as those used in other chapters, as introduced in Sub-section 

3.4.1. 
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Figure 5.5: A seven-element network denoted as FSI-II. 

5.4.1 Simplification procedure and simplified layouts 

The simplification procedure is carried out in the following way. The optimisation in the 

previous section for FSI-II delivers multiple local maximum of the critical damping ratio 

(for Measure two) or critical ηi (for Measure three) with very similar results but for 

different values of the parameters in Equations (5.3) and (5.4). It was found that for some 

results where γ1 in S1 is smaller than 0.001, it can be approximated as zero, and for other 

results where α1 in γ1 is smaller than 0.001, it can be approximated as zero. If γ1 and α1 

are respectively set to zero, the layout represents S1 show in Figure (5.6a) can then be 

realised by the simplified layouts shown in Figures (5.6b) and (5.6c) correspondingly. 
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(a) (b) (c) 

Figure 5.6: Simplification procedure of S1. (a) The sub-network realising S1 in FSI-II, and 

its simplification to (b) a spring-parallel-damper layout, and (c) to a spring-series-damper 

layout. 

 

Similarly, it was found that the optimisation results for α2 β2 and γ2 will make 

Equation (5.4) close to a constant value if we set Equation (5.4) to such a value, then S2 

shown in Figure (5.7a) can be realised by the layout with a damper only, shown in Figure 

(5.7b). Depending on the cases where S1 is simplified to Figures (5.6b) or (5.6c), two four-

element layouts IV-1 and IV-2 shown in Figure 5.8 are obtained. 

 

k2

c3

c4

 

c3

 

                         (a) (b) 

Figure 5.7: Simplification procedure (a) S2 in FSI-II and its simplification to (b) a layout 

with a damper only. 
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The corresponding cost function values of Measure two and Measure three with 

configuration with layouts are then compared with the optimum achieved by the seven-

element FSI-II layout in Figure 5.5. Where the performance difference is within 1%, the 

element simplification is considered worthwhile. 

 

k1

b

c2 c3

 

b

k1

c1 c3

 

(a) (b) 

Figure 5.8: Mechanical structures of simplified four-element layouts. (a) Simplified 

layout IV-1, and (b) simplified layout IV-2. 

5.4.2 Optimum results for Measure two 

For Measure two, the optimum critical damping ratio ζc,opt for the configurations with 

layouts IV-1 and IV-2 are presented and compared in Figure 5.9 and 5.10, along with the 

corresponding element values. In order to examine the effectiveness of the proposed 

simplification approach, the results for the other layouts, i.e. seven-element layout FSI-II 

and also the layout of a damper only are also presented in Figure 5.9. The non-

dimensional damping coefficients c′1, c′2, c′3 and spring stiffness k′1 versus non-

dimensional inertance b′ are respectively shown in Figure 5.10. 
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Figure 5.9: Optimum critical damping ratio of Layouts IV-1, IV-2, FSI-II and I using 

Measure two versus non-dimensional inertance.  

It can be seen from Figure 5.9 that the optimum critical damping ratio ζc,opt provided 

by the simplified layout IV-1 is virtually the same as that for FSI-II with seven elements 

for the full range of b′ considered, while IV-2 is similarly effective only for b′ ≤ 0.36. For 

both simplified layouts, the ζc,opt value not affected by the higher mode constraint with b′ 

≤ 0.36 and a maximum improvement of 206% compared with a optimised viscous damper 

can be seen. It should be noted that layout IV-1 requires less or equal parameter values 

for both damping element and stiffness compared with layout IV-2. 

Corresponding the optimum critical damping ratios of layouts, shown in Figure 5.9, 

the parameters value of the structure elements are presented in Figure 5.10. It can be seen 

from Figure (5.10a) that Layout IV-1 requires a lower damping coe�cient, however, for 

Layout IV-1, c′2 is very small with b′ < 0.2, it cannot be removed as there will be 

significant loss in optimum damping ratio. Figures (5.10b) and (5.10c) shows that for b′ 

≤ 0.36 both layouts requires virtually the same values of c′3 and k′1. 

It can be seen from Figure (5.10c) that compared with Layout IV-2, rather clear 

relationship can be found between ζc,opt element values (c′2 , c′3 and k′1) for Layout IV-1. 
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It can be seen that for b′ ≤ 0.36, the developing trends of damping coefficients c′2 and c′3 

are opposite, the former increases and the latter decreases with the growth of b′. In Figure 

(5.10c), an approximate linear relationship can be found between non-dimensional 

inertance b′ and corresponding non-dimensional spring stiffness k′1 within a wide range, 

i.e., b′ < 0.9. While for Layout IV-2, only when b′ ≤ 0.4, the linear relationship is found 

after this value the impact of spring k′1 decreases rapidly. This can be explained as follows. 

For IV-1 with b′ < 0.9 and IV-2 with b′< 0.4, the frequency provided by the ratio of k′1/b′ 

is approximately equal to one, which has only marginal difference with the natural 

frequency of cable’s undamped Mode 1, implying that the b′ and k′1 is basically tuned for 

the first mode of cable. 

Results showed that with three-element layouts without the parallel damper (Luo et 

al., 2019), very beneficial damping ratios can be provided for the first mode of cable, 

however, damping ratio improvement for higher modes are marginal. While c′3 is smaller 

than the value of damping coefficient for the damper only optimised for Mode 1 as shown 

in Figure (5.10b), it leads to most damping ratio enhancement for the higher modes. 
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Figure 5.10: Corresponding non-dimensional parameter values for Layouts IV-1 and IV-

2 using Measure two. (a) Damping coefficients c1′ and c2′, (b) damping coefficient c3′ and 

(c) spring stiffness k1′.  
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5.4.3 Optimum results for Measure three 

For Measure three, the optimal critical ηi for the configurations with IV-1 and IV-2 are 

presented and compared in Figure 5.11, along with the corresponding element values 

presented in Figure 5.13. As shown in Figure 5.11, the simplified four-element layout IV-

1 provides almost the same performance as the seven-element FSI-II over the whole range 

of studied inertance, but the simplified layout IV-2 can only achieve the similar results 

with b′ ≤ 0.25.  

 

 

Figure 5.11: Optimised critical ηi versus non-dimensional inertance for Layouts FSII-II, 

IV-1 and IV-2 using Measure three. 

 

Using Measure three, based on the optimised critical ηi shown in Figure 5.11, the 

corresponding non-dimensional parameter values for Layouts IV-1 and IV-2 are 

presented in Figure 5.12, including the non-dimensional damping coefficient c1′ of 

Layout IV-2, c2′ of Layout IV-1, damping coefficient c3′, and spring stiffness k1′, as 

illustrated by Figure 5.9 previously. 
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(a) (b) 

 

(c) 

Figure 5.12: Corresponding non-dimensional parameter values for Layouts IV-1 and IV-

2 using Measure three. (a) Damping coefficients c1′ and c2′, (b) damping coefficient c3′, 

and (c) spring stiffness k1′. 

It can be seen from Figures (5.12a) and (5.12b) that the simplified layout IV-1 

requires same or less damping coefficients for both dampers compared with Layout IV-

2. Also, the required parallel damping c′3 is much less than that of the optimum damper. 

Figure (5.12c) shows that, in the range of b′ < 0.7 for IV-1 and b′ < 0.5 for IV-2, non-

dimensional stiffness k1′ increase with the growth of b′ are almost proportionally. This 
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means that the internal resonance of the absorber are close to the first mode of cable. For 

IV-2 with b′ ≥ 0.5, k′ tends to be infinity, indicating that a three-element layout with two 

dampers and one inerter only, which leads to far less beneficial performance compared 

with the original FSI-II and the simplified IV-1. 

Similar to the analysis for the results using Measure two, three typical values of  non-

dimensional inertance are taken as examples, i.e., a relatively small value of non-

dimensional inertance b′ = 0.05, the corresponding inertance providing local maximum b′ 

= 0.09 and a relative large value b′ = 0.36. The improvement of the performance criterion 

for Measure three, i.e., optimised critical ηi compared with the optimised damper for all 

modes within the damped natural frequency range of 0 to 6.5ω0 are analysed and 

compared for different layouts, including the simplified four-element layouts IV-1 and 

IV-2, and the most beneficial three-element layout III-4 which is identified in (Luo et al., 

2019).  

The results showed that the three-element layouts can only provide marginal 

improvements compared with the damper only case. On the other hand, significant 

improvements of the critical ηi are obtained for both the configurations with the simplified 

layouts IV-1and IV-2. An extra ηi can be found with the same reason explained in Sub-

section 5.4.2. For both simplified four-element layouts IV-1 and IV-2, it is found that for 

b′ = 0.05, even though the extra mode is tuned for Mode 1, the original Mode 1 still 

provides the least ηi and remains as critical. For b′ = 0.09 which provides the local 

maximum, the extra mode is tuned for Mode 1, and both Modes 1 and 2 are critical. The 

result analysis and the comparison for different layouts will be summariesed and 

presented in the following section in more details.  
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5.4.4 Improvements of simplified layouts with 

different inertances 

Using the damper optimised for Mode 1 as a standard, corresponding damping ratios are 

compared among identified four-element layouts IV-1 and IV-2, along with the most 

beneficial three-element layouts identified in (Luo et al., 2019), respectively for Measures 

two and three.  

First, for Measure two, taking two non-dimensionalised inertance values b′, equal to 

0.05 and 0.36 as examples, the relative damping improvements from IV-1 and IV-2 along 

with the three-element layout compared with viscous damper only are shown in Figure 

5.13. Both simplified layouts can achieve significant improvements for Measure two. 

With non-dimensional inertance b′ of 0.05 and 0.36, the relative improvements from IV-

1 to viscous damper can be up to 72.05% and 221.2%, shown in Figures (5.13a) and 

(5.13b) correspondingly. 

It should be noted that there could be more than six damped natural frequencies in 

the range from 0 to 6.5ω0 due to the extra DOF(s) in the absorber layout, normally 

resulting in a pair of close modes. The two close modes have very similar damping ratios 

as well as natural frequencies. The resonances introduced by the inerter and spring are 

able to greatly increase the damping ratios of these modes relative to the original 

undamped mode. In this way, the resonances introduced by the inerter and spring 

elements are able to greatly enlarge the damping ratio of that mode. 

It can be seen from Figure (5.13a) that for b′ = 0.05, Layouts IV-1 and IV-2 are much 

more beneficial among all six modes than the three-element layout and the optimised 

viscous damper. For b′ = 0.36 shown in Figure (5.13b), the relative improvement of the 

three-element layout over optimised damper is very marginal. It has been found that none 

of the three-element layouts studied previously can be more beneficial than a viscous 

damper only with these tested b′, and the performance of identified Layouts IV-1 and IV-

2 are limited by the Mode 2 of the cable.  
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         (a)             (b) 

Figure 5.13: Relative improvement to optimised viscous damper by using Measure two. 

(a) For non-dimensional inertance b′ of 0.05, and (b) for b′ of 0.36. 

Therefore, the results for Measure two show that, with considered two values of the 

non-dimensional inertance, the performance advantages of optimum three-element layout 

are marginal. In comparison, significant enhancement are observed for both IV-1 and IV-

2. Comparing the two simplified beneficial layouts, IV-1 provides the greater relative 

improvements in most cases.  

For Measure three, taking the non-dimensional inertance b′ = 0.09 which provides 

the local maximum as example, the optimised performance criteria, i.e., critical ηi are 

compared with the optimised damper for all modes within the damped natural frequency 

range of 0 to 6.5ω0, among the simplified layouts IV-1and IV-2, and the most beneficial 

three-element layout III-4. The relative improvements of corresponding ηi for all modes 

within damped natural frequency range of 0 to 6.5ω0 for b′ of 0.09 are compared in Figure 

5.14. 

It can be seen from Figure 5.14 that three-element layouts can only provide marginal 

improvements compared with the damper only case. On the other hand, an improvement 

of 102% for optimised critical ηi is achieved for simplified layout IV-1, while simplified 

layout IV-2 achieving a similar improvement. This reflects to 84% improvement 

compared with the most beneficial three-element layout III-4. It worth to point out that 
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because of the additional degrees of freedom introduced by Layouts IV-1and IV-2 tuned 

for Mode 1, there are two close modes around ω′ = 1. So, very similar values of ηi for 

both IV-1and IV-2 cases are shown in the figure. 

 

 

Figure 5.14: Relative improvements of corresponding ηi for all modes within damped 

natural frequency range of 0 to 6.5ω0 for b′ of 0.09. 

Therefore, from the Figure 5.14, it can be seen that both Layouts IV-1 and IV-2 can 

provide much greater ηi  compared with Layouts I and III-4 when b′ = 0.09. Besides, 

taking a small non-dimensional inertance b′ = 0.05 as example, the results show that the 

relative improvements of Layouts IV-1 over Layout I and III-4, i.e., the optimised damper 

and the most beneficial three-element layout, can be up to 72.1 and 66.8% respectively. 

5.5 Summary 

In this chapter, with a finite element model of the cable-absorber system and two proposed 

performance measures, i.e., Measures two and three, an investigation is carried out to 

identify absorber layouts that have substantially better performance than both viscous 

damper only and the most beneficial three-element layout identified in Chapter 4. The 

systematic identification is facilitated by using two fixed-sized-inerter (FSI) layouts 

generated via network synthesis and represented by corresponding admittance functions, 

respectively denoted as FSI-I and FSI-II. Their optimum results are searched with non-

dimensional inertance in the range of 0 to 1. The results show that both FSI layouts can 
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provide enhanced performance, while Layout FSI-II, which is firstly introduced in this 

thesis, can provide significantly better overall damping performance for all values of 

inertance tested.  

Two four-element layouts IV-1 and IV-2 are identified with similar performance 

results to the most beneficial seven-element layout FSI-II with a range of inertance values. 

The results indicate that for relatively low inertance values, both simplified layouts can 

provide very similar performance, while Layout IV-1 is as effective as FSI-II over wider 

range of inertance and meanwhile requires a lower damping coefficient for one of the 

dampers. It has been shown that benefit against both measures can be obtained with small 

inertance, which is critical for real-life implementation.  

By using Measure two, the relative improvements to optimised viscous damper are 

significant from Layout IV-1. With non-dimensional inertance b′ of 0.05 and 0.36 

respectively, the relative improvements to viscous damper is up to 72.05% and 221.2% 

correspondingly. By using Measure three, for Layout IV-1 when b′ =0.09 for example, 

an improvement of 102% for optimised critical ηi is achieved over the optimised damper 

and 84% improvement compared with the most beneficial three-element layout III-4 

identified in Chapter 4. The results show that Layout IV-2 can achieve similar 

improvements. 

Since large benefit against both measures can be obtained by simplified layouts even 

with small inertance, the simplified four-element layouts can be more realistic to 

implement in practice than the seven-element FSI layouts.  

Due to its overall beneficial performance, it is concluded that the simplified four-

element layout IV-1 is the most beneficial with a wide range of inertance. Therefore, it 

can be a good candidate layout to effectively suppress cable vibrations in practical 

applications. 
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Chapter 6 

Effects of series compliance and 

absorber location 

6.1 Introduction 

In this chapter, based on the proposed mathematical approach introduced in Chapter 3, 

other effects on damping performances for suppressing cable vibration are investigated. 

For the identified beneficial layouts, comprehensive investigations are carried out to 

examine the effects of connection series compliance velues and absorber locations on 

damping performance, for both before and after tuning the absorber parameters. Due to 

the difficulties for examining the influences of various parameters which influence each 

other, all concerned parameters for a cable-absorber system are non-dimensionalised, 

including the series compliance represented by non-dimensionalised spring stiffness and 

the absorber location parameter which is non-dimensionalised, represented by its relative 

location to the total length of the cable.  

In practice, the connections at either end of the absorber, with the support and with 

the cable, may not be fully rigid. Apart from compliance of the connections themselves 

and of any axial linkage element, for common bridge cables made up of multiple parallel 

strands in an outer sheath, there may be relative movement between the sheath, to which 

the absorber is usually attached, and the structural strands inside. The lack of rigidity may 

be expected to reduce the performance of the absorber. In order to quantify this effect, a 

compliant element is introduced in series with the absorber. 
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Firstly, considering the fact that the connections at either end of the absorber (with 

the support and with the cable) practically are not fully rigid in most cases, the effects of 

series compliance are investigated in this chapter. The influences of the series compliance 

along with structure parameters of various inerter-based absorber configurations on 

optimisation performance are examined. The effects on the beneficial absorber layouts, 

identified in Chapters 4 and 5, are comprehensively studied for both before and after 

retuning of their structure parameters.  

Damper is usually installed near the cable support on the deck, which constrains the 

vibration mitigation effectiveness of the damper. The problem of the optimal damping 

constant of a viscous damper located close to one end of a taut cable was studied, showing 

that the optimum damping ratio of each mode are proportional to the damper’s location 

(Pacheco et al., 1993). Moreover, the relevant study also showed that, that the modal 

damping provided by viscous dampers may drop dramatically, as the cable mode shape 

may be zero close to the support when the cable geometry-elasticity parameter is close to 

the frequency avoidance point (Xu and Yu, 1998). 

Then, the effect of the absorber location is studied to examine the influence of non-

dimensional inertance parameter and the location parameter on optimum critical damping 

ratio, taking two identified beneficial layouts, i.e., III-4 and IV-1 as example, which are 

identified in Chapters 4 and 5 respectively.  

The proposed approach introduced in Chapter 3.3 is briefly recalled here, indicating 

the established finite element cable model, and the three performance measures. For 

generality, all values of element parameter are scaled introduced in Sub-section 3.4.1, 

including damping coefficient and stiffness of the absorber elements, defined as b′=b/M, 

c′=(c/M)/(ω0/π) and k′=(k/M)/(ω0/π)2 respectively. The circular natural frequencies ωe of 

the damped system and the location of the damper relative to the total length of the cable 

af are also presented in non-dimensional forms as ω′=ωe/ω0 and a′f =af /(n+1), respectively.  

Based on the established generic model and proposed approach, the effects of series 

compliance, the structure parameters of the absorber and the installation location of the 

absorber are investigated as below. 
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6.2 Effects of series compliance 

For simplicity, it is modelled as an ideal spring of non-dimensional stiffness ′. The 

upper limit of possible stiffness values is considered infinite. The lower realistic limit is 

estimated using simplified assumptions as following. For vibrations of the main length of 

the cable (from the absorber to the other end) in a half sine wave mode shape, neglecting 

motion of the point where the absorber is attached and the short length of cable between 

that point and the near end, the force on the absorber is given approximately by  (as 

shown in Figure 3.1). The maximum value of  approximately equals / , where 

 is the maximum displacement at the anti-node of the mode. If this force causes a 

deformation between the end of the absorber and the cable, denoted as , the equivalent 

linear stiffness of the series spring, , is equal to / . Hence the non-

dimensional stiffness ′  is simply / . Typically, it is aimed for  to be 

limited to the diameter of the cable, which is normally about 200 mm, whilst the 

deformation  is estimated to be of the order of 10 mm.  Hence the minimum value of 

′	in practice is estimated to be around 60. 

Therefore, in this section, to more than cover the range of expected values, non-

dimensional stiffness ′ is taken to be in the range of 10 to infinity for investigating the 

effect of the series compliance which is idealised as a linear spring element. 

The effects of series compliance are analysed by using the proposed performance 

measures, introduced in Sub-sections 3.3.1 and 3.3.2, i.e., Measures one and two, 

respectively without and with the higher-mode constraint. The higher mode constraint 

used here is the performance of a viscous damper with the same series compliance, rather 

than the universal curve (Pacheco et al., 1993). 

The effect of series compliance is comprehensively investigated, firstly for those 

low-complexity beneficial layouts identified in Chapter 4. However, the beneficial 

layouts with two elements, i.e., Layouts II-3 and II-4, are not discussed here, as the 

optimisation results show that both layouts cannot achieve the same level of critical 

damping ratio when series compliance is included. 

Therefore, four three-element beneficial layouts identified in Chapter 4 and two 

beneficial four-element layouts simplified from beneficial layout FSI-II are investigated 
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in this section. These totally six beneficial layouts, each including the series compliance 

represented by a non-dimensionalised spring ′ , respectively are the three-element 

layouts, i.e. Layouts III-3 , III-4 , III-5  and III-6 , and four-element layouts IV-1  

and IV-2 , presented in Figure 6.1. 
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Figure 6.1: Beneficial three-element and four-element layouts with added series 

compliance. 

By using proposed performance measure, i.e., Measure one described in Sub-section 

3.3.1, the optimisation criterion for these layouts is to maximise the minimum damping 

ratio ζc,opt of all modes with frequencies in the range ωe∈(0, 1.5ω0). The maximum critical 

non-dimensional inertance ’, is introduced, which is defined as the non-dimensional 

inertance of the re-optimised absorber with series compliance. It at least the same 
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optimum critical damping ratio as the corresponding optimised absorber without series 

compliance can be achieved. 

Since Layouts III-3  and III-5  have two springs in series, so it is clear that if 

’ ’, where	 ’ is the original optimised non-dimensional stiffness without series 

compliance, they can be re-optimised to have identical properties to the original optimised 

layouts. The retuned ’ can simply be calculated as ’ 1/ 1/ ’ 1/ ’ . This is 

possible for of ’ ’ , at which ’ ’ , and the maximum value of ,  is 

achieved. For ’ ’ the performance of Layouts III-3  and III-5  rapidly decreases, 

but it is still larger than without retuning	 ’. For Layout III-6  it is still much more 

beneficial than the case where the parameters are not retuned cannot reach the original 

optimum even if the absorber is retuned. Thus the most beneficial three-element and four-

element layouts Layout III-4  and Layout IV-1  are taken as example and analysed in 

this section. 

Still using the previously optimised parameter values, when the series compliance is 

added, the critical damping ratios decrease significantly for all layouts. The effect of ′ 

on critical damping ratios for beneficial Layout III-4  and Layout IV-1  are presented 

in Figures 6.2 and 6.3 respectively.   
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Figure 6.2: Critical damping ratio versus non-dimensional inertance with various 

values of non-dimensionalised series compliance ’ with parameters optimised for 

Layout III-4 . 

 

 

Figure 6.3: Critical damping ratio versus non-dimensional inertance with various non-

dimensionalised series compliance ’ with parameters optimised for Layout IV-1 . 
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The effects of ′ on critical damping ratios for four-element beneficial layout, IV-

1  which is the most beneficial four-element layout, simplified from Layout FSI-II, with 

added series compliance are presented in Figure 6.3. From the figure, it can be seen that, 

similarly results are found as Layout III-4 . But, the tested range of non-dimensional 

inertance is only from 0 to 1 since extreme large inertance value is not realistic and 

necessary duo to the reason explained in Chapter 5. Also, similar results have been found 

for Layouts III-3  and III-5  and IV-1 . 

Within relatively large tested range for non-dimensional inertance ′, it can be seen 

from Figure 6.2 that, without re-optimisation and without considering the higher mode 

constraint, for non-dimensionalised series compliance ′ equal to 1000, 100 and 10, the 

maximum optimum critical damping ratio ,  respectively are 83.0%, 47.2% and 2.7% 

of the original ,  only. Given the detrimental effect, the parameters of the absorbers 

should be re-optimised. 

The re-optimised results for the most beneficial three and four element layouts, i.e., 

Layout III-4  and Layout IV-1  are shown in Figures 6.4 and 6.5 for the ′ equal to 

10, 100 and 1000, as well as infinity. By comparison of the curves of critical damping 

ratio versus non-dimensional inertance with different values of ’, the effects series 

compliance can be found. 
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Figure 6.4: Re-optimised critical damping ratios with various non-dimensionalised 

series compliance ’ with parameters re-optimised for Layout III-4 . 

As shown in Figure 6.4 for Layout III-4 , for different non-dimensionalised 

series compliance ′ within the tested range of non-dimensional inertance ’ ranging 

from 0 to 2.5, for ′ up to a certain value	 ′, indicated by crosses, the optimum critical 

damping ratio of the re-optimised layout is at least as great as for the original layout. 

To achieve the optimum behaviour, both the non-dimensional damping coefficient ′ 

and non-dimensional stiffness ′ need to be adjusted. For	 ′ ′, the re-optimised 

,  for Layout Layout III-4 	cannot reach the original value, but it is still better than 

that without re-optimisation.  
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Figure 6.5: Re-optimised critical damping ratios with various non-dimensionalised series 

compliance ’ with parameters re-optimised for Layout IV-1 . 

While for the most beneficial four-element layout IV-1 , very similar results are 

found, as shown in Figure 6.5, in which the tested range of non-dimensional inertance ’ 

only ranging from 0 to 1. The  of approximately 0.6, represented by cross, which can 

be seen for the case with the softest series compliance tested when ’	= 10. 

The re-optimised results presented in Figures 6.4 and 6.5 show that softer ′ can 

be beneficial if the system is retuned. For a range of ′, which depends on ′, the re-

optimised system can still provide a critical damping ratio the same good as, or in some 

cases even greater than the critical damping ratio provided by the original layout.  

Figure 6.6 shows the relation of maximum critical inertance ’  and its 

corresponding optimum critical damping ratio ,  with series compliance ’ 

respectively for Layouts III-3 , III-4 , and III-5 . For all three layouts, when relatively 

stiff series compliance is considered, i.e.	 ’ 100, only marginal effects can be seen 

on both ,  and ’. 
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(a) (b) 

Figure 6.6: Optimisation results for Layouts III-3 , III-4  and III-5 . (a) Maximum 

critical inertance ′, and (b) corresponding optimum critical damping ratios versus non-

dimensionalised series compliance. 

Figure (6.6a) shows when series compliance is considered soft, i.e. the worst case 

considered when ’ 10, the re-optimised ,  can still reaches 60% of their original 

, . Besides, when ’ 10, the maximum critical non-dimensional inertance ’

0.6 for all three layouts, which means within the range of inertance of most interest, i.e.,  

’  0.5, same or even marginally better ,  can be achieved compared with the case 

without the series compliances. Figure (6.6b) shows the corresponding optimum critical 

damping ratios versus non-dimensional series compliance, the higher mode constraint has 

influenced the local maximum , , for ’ 10. 

Considering the higher-mode constraint, the results using Measure two show that 

Layout III-6  cannot reach the original optimum even if the parameters of the absorber 

are retuned.  

However, it is still much more beneficial than the case where the parameters are not 

retuned. For Layout III-4 , the re-optimised results are presented in Figure 6.7, showing 

that softer ’ can be beneficial if the system is retuned. For a range of ’, which depends 

on ’, the re-optimised system can still provide a critical damping ratio as good as, or 
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in some cases even greater than, that the critical damping ratio provided by the original 

layout. Hence, it is concluded that the effect of series compliance may enhance damping 

performance if parameters of the absorber are properly tuned. 

 

 

Figure 6.7: Optimum critical damping ratio for Layout III-4sc versus non-dimensional 

inertance for re-optimised results with the higher mode constraint and different non- 

dimensionalised series compliance. 

6.3 Effects of absorber location 

Due to the physical restriction, inerter-based absorbers have to be installed near the cable 

support on the deck, which constrains the vibration mitigation effectiveness of the 

absorber. The problem of the optimal damping constant of a viscous damper located close 

to one end of a taut cable was studied previously (Pacheco et al., 1993), suggesting that 

the maximum damping ratio that could be obtained by a concentrated viscous damper, 

would be about half the relative distance of the damper from the support, i.e., ,

/2  for a viscous damper within a realistic range. Meanwhile, when the damper is close 

to a support, an approximate value of the optimal external damping constant for the lower 

modes of vibration is also found. However, no relevant literature has been found on the 

location analysis for inerter-based absorber on cables.  
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In this section, the effects of the location for inerter-based absorber are investigated. 

The two most beneficial layouts, i.e., Layout III-4 and Layout IV-1 identified respectively 

in Chapters 4 and 5, are taken as an example. By using Measure one introduced in Sub-

section 3.3.1, for non-dimensional location parameter in the range af′ ≤ 0.5, the overall 

maximum optimum critical damping ratio achievable are searched and then analysed for 

these beneficial layouts. 

However, since the study is to examine damping performance of the inerter-based 

absorber for cable vibration, the effects of inertance are examined firstly. The relationship 

between the searched maximum optimum critical damping ratio , 	and the location 

parameter 	for the one-inerter layout with optimised inertance is presented in Figure 6.8. 
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Figure 6.8: Maximum optimum critical damping ratio versus non-dimensional location 

parameter for one-inerter layout. 

From Figure 6.8 it can be seen that, the maximum optimum critical damping ratio 

ζc,max increases with the growth of non-dimensional location parameter significantly. 

Obviously, better damping performances are resulted from larger non-dimensional 

location parameter.  

Then, for the most beneficial three-element layout III-4 and the most beneficial four-

element layout IV-1, the effects of the location parameter on damping performance are 



6.3 EFFECTS OF ABSORBER LOCATION 113 

 

examined. The relationships between their maximum optimum critical damping ratio 

, 	and non-dimensional inertance  with different  from 0.01 to 0.05 are presented 

in Figure 6.9. 

 

 

(a) 

 

(b) 

Figure 6.9: Maximum optimum critical damping ratio versus non-dimensional inertance 

with different location parameters for identified beneficial layouts. (a) III-4 and (b) IV-1. 

By comparing the results from beneficial layouts III-4 and IV-1, respectively shown 

in Figures (6.9a) and (6.9b), slightly better performances can be found from four-element 

beneficial layout IV-1 though their trends are very similar. It can be seen from Figure 6.9 
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that, for both beneficial layouts, III-4 and IV-1, the non-dimensional location parameter 

has a significant effect on the searched optimum critical damping ratio , . The 

maximum optimum critical damping ratio ζc,max increases with the growth of location 

parameter 	significantly. As expected, better damping performances are resulted from 

larger location parameter and greater inertance.  

From both Figures (6.9a) and (6.9b), when =0.05, the best curve is obtained even 

with small non-dimensional inertance .  The worst curve from the nearest location when 

=0.01, even with an extremely large non-dimensional inertance which close to 10. 

Figure 6.9 shows that in order to achieve great , , especially for a small	 , an 

extreme larger inertance is needed. Obviously, it is not practical in terms the physical 

implementation, which implying that for inerter-based absorber for cable vibration 

suppression, the location parameter should be reasonably large for its effectiveness.  

Many computations for the identified beneficial layouts show that inerter-based 

absorber can provide significantly larger optimum critical damping ratio ζc,max than that 

of a viscous damper in which , /2  within a realistic range. It should be pointed 

out that not only the seven-element FSI layouts or simplified four-element beneficial 

layouts IV-1 and  IV-2, but other low-complexity layouts, including Layouts II-4, III-1, 

III-2, III-3 and III-4, all can achieve similar results. Also, it is found that, for any single-

element structure listed in the present study, the product of  and 	  can be considered 

as constant. 

Computations carried out for examining the relationships amongst	 ,  and ,  

for different cases indicate that, overall, optimum critical damping ratio is not 

proportional to increased location parameter with a range tested. The exhibited non-linear 

curves imply that there is a best compromise existing between 	   and ,  for a 

configuration though the requirements for location parameter and optimum damping are 

conflicting in practice.  
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6.4 Summary  

Based on the established model of cable-absorber system and the proposed mathematical 

approach introduced in Chapter 3, the effects of series compliance and absorber location 

are respectively investigated for different beneficial layouts. 

First, the effect of series compliance at connections layouts are comprehensively 

investigated for the identified, beneficial layouts respectively with three and four 

elements, totally six layouts. Due to the existing coupling effects of the structural 

elements of absorber and the series compliance, the effects are investigated for both 

before and after retuning cases. The results show that without re-optimisation the series 

compliance is detrimental. However, up to a certain inertance which depends on the series 

compliance, the absorbers can provide virtually the same, or in some cases even better, 

performance as/than those without the series compliance if the values of structure element 

are properly retuned.  

For two identified beneficial layouts, i.e., III-4, and VI-1, the effects of absorber 

location are investigated. The results show the significant influence of location of 

absorber on damping performance. It is found that the greater optimum critical damping 

ratio are resulted from larger non-dimensional location parameter and larger inertance 

non-linearly, implying the best compromise possibly existing between inertance, location 

and optimum damping ratio, since they are conflicting in practice. The obtained results 

can be useful in engineering application for absorber-cable system design, tuning and 

installation. 
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Chapter 7 

Conclusion and outlook 

This thesis is concerned with optimum absorber identification methodology for cable 

vibration suppression. A finite element taut cable model, with a generic vibration absorber 

represented by its admittance function, is firstly established. Three performance measures 

are introduced to quantify the damping performance for multiple modes. An efficient and 

systematic optimum configuration identification methodology is studied by using 

network synthesis and a simplification procedure.  

First, with the proposed approach, potential advantages of low-complexity inerter-

based absorber layouts, i.e., all layouts with three elements or fewer are systematically 

investigated, with corresponding element values in these layouts identified. By using 

proposed performance measures, the effects of these candidate absorbers for suppressing 

multiple modes are examined. However, there are many alternative inerter-based layouts 

containing more elements, which could potentially provide better performance. Due to 

the fact that the number of possible absorber layouts goes up exponentially with the 

increase of element number, and the difficulty for the identification of these layouts, an 

efficient and systematic optimum configuration identification methodology is then 

studied by making use of two types of fixed-sized-inerter (FSI) layouts. Considering more 

practical difficulties possibly existing in identifying complex layouts, and also for larger 

inertance to be physically implemented, a simplification procedure is adopted for the 

identified beneficial FSI layouts. Aiming to reduce the number of elements to the 

minimum while not compromising the performance gains, a beneficial, simplified 

configuration is identified which with fewer elements meanwhile with relatively small 

inertance. 
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For the identified beneficial layouts, other effects including series compliance, the 

structure parameters along with installation location of the absorber are also examined 

for beneficial absorber layouts. 

In this chapter, the research conclusions and main contributions of the study are 

presented, and the remarks along with suggestions for future work are concluded, in 

Sections 7.1 and 7.2 respectively, as below. 

7.1 Conclusions 

In the mathematical modelling of a general representation for absorber layout for cable 

vibration suppression, a lumped-mass Finite Element (FE) model of a cable combined 

with an arbitrary linear passive absorber layout was built and described. Since the 

established integrated model of the cable with various absorber layouts represented by 

admittance functions, all possible passive linear absorbers can be investigated without the 

need of reformulating the system matrices in Equation (3.9). For general purpose, all 

structure parameters of absorber configurations were non-dimensionally scaled. The 

circular natural frequencies of the damped system were also presented in non-dimensional 

forms as respectively. Besides, the location parameter and series compliance (represented 

by a linear spring) were non-dimensionalised as well. For identifying beneficial layouts 

and a fair comparison, the locations of all candidate absorbers were all set same, at 5% 

length of the whole cable, for optimum absorber layouts identification investigation in 

Chapters 4 and 5. 

A lumped mass FE model was built and the effect of the number of degrees of 

freedom is examined. The analysis for a number of absorber layouts showed that, 

typically, a lumped mass model with 99 degrees of freedom (DOFs) provided similar 

accuracy to a consistent mass model with 60 DOFs, but the consistent mass model took 

approximately twice the computational time. Hence, a lumped mass FE model rather than 

a consistent mass FE model was adopted for this study.  

The two commonly used modelling for cable and absorber methods, i.e., Galerkin’s 

method and FE method were mainly introduced, previous studies showed that the lumped 

mass FE model is more suitable for the present study, due to its better computational 
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efficiency, also being able to exhibit kink in results analysis. The preliminary 

computational results showed that the maximum relative difference of the calculated 

damping ratio between the lumped-mass FE models with 99 and 999 DOFs are very small, 

typically less than 0.1%. Considering only low-frequency modes with natural frequencies 

below 6.5 times of the circular natural frequency of the first mode for the undamped cable, 

therefore, a 99-DOF lumped mass FE model was used for the present study.  

Performance measures were proposed to assess and qualify the damping 

performance of suppressing cable vibrations for all modes concerned depending on length 

of the cable and also forcing conditions. Three performance measures were proposed 

respectively considering the first mode only and higher modes (including the first six 

modes totally). Some extreme conditions were also considered to prevent galloping occur. 

Measure one is to maximise the minimum damping ratio of Mode 1 or around, i.e., 

including all modes with frequencies in the range ωe∈(0, 1.5ω0). If with added the 

constraint that modes with natural frequencies in the range ωe∈(1.5ω0, 6.5ω0) have no 

less damping than those for a cable with a viscous damper optimised for the first mode, 

then it is denoted as Measure two. Measure three is to maximise the minimum product of 

damping ratio and natural frequency (i.e., ζi·ωi) for avoiding dynamic insteability of the 

cable. By using these proposed measures, all interested modes were considered sufficient 

for the present study on vibration suppression of stay cables. 

That is, for a systematic identification for different layouts, an optimisation approach 

was proposed, including the lumped mass FE model of the cable with an arbitrary linear 

passive absorber layout represented by its admittance function, and three proposed 

performances measures. For the generalised purpose and making comparisons fair, all 

parameters were non-dimensionalised. Some concerns in computation, e.g., MATLAB 

tools used for the computation, were also examined. The results showed that the proposed 

mathematical approach is computationally efficient for identifying beneficial layouts, 

which balanced well between calculation efficiency and accuracy for the comprehensive 

investigation.  

In terms of different complexities for these inerter-based candidate absorbers, the 

results of optimisation and identification were respectively concluded, i) firstly for low-

complexity layouts, i.e., with three elements or fewer; ii) secondly for two fixed-sized-
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inerter (FSI) absorber layouts which are realised by a seven-element network; and iii) 

thirdly for the four-element beneficial layouts simplified from optimum FSI layout. The 

conclusions for these three classes, with different complexities, are respectively presented 

as below. 

 

i) For low-complexity layouts 

First, low-complexity inerter-based absorber layouts for cable vibration suppression 

were investigated and identified, with structure elements no more than three. To be 

specific, these low-complexity inerter-based absorber layouts refer to the layouts with no 

more than one inerter, damper and spring. All possible candidate low-complexity 

absorber layouts were presented with non-dimensionalised parameters. Based on the 

proposed approach, i.e., FE model of the cable with various absorber layouts represented 

by admittance functions, along with three performance measures which considering the 

first mode only and also the first six modes, absorbers with different layouts were 

optimised to identify beneficial low-complexity inerter-based absorber layouts for cable 

vibration suppression.  

The performances of all possible low-complexity absorber layouts were analysed 

with non-dimensional inertance with the range of 0 to 2.5, with further focus on the more 

practical range of 0 to 0.5 respectively. The results showed that all layouts incorporating 

inerters can provide more beneficial optimum critical damping ratios than those for a 

viscous damper only.  

Compared with two-element layouts for small inertance, three-element layouts can 

provide greater damping. If considering only the critical damping ratio, three layouts with 

three elements were found to be most beneficial, offering much greater damping ratios 

than other layouts when the inerter is small. Including the higher mode constraint, two 

three-element layouts were found to be most beneficial, even though their performance is 

restricted by the constraint. 

 

ii) For FSI layouts with seven elements 

Still based on the proposed mathematical approach, a systematic investigation was 

carried out to identify beneficial absorber layouts that have substantially better 
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performance than those low-complexity inerter-based absorber layouts. Considering the 

difficulty for choosing optimum absorber configurations increases, network synthesis 

was applied for identifying beneficial inerter-based absorber layouts with more structural 

elements. In this thesis, in order to further expand the range of network layouts covered, 

another FSI layout was firstly introduced in this study.  

In the present study, two different fixed-sized-inerter absorber layouts respectively 

denoted as FSI-I and FSI-II, were introduced which covered a wide range of possible 

candidate seven-element absorber layouts. With the two FSI layouts which cover different 

seven-element layouts with one inerter and other six spring and damper elements, 

optimum absorber configurations are identified. The results demonstrated that the newly 

introduced fixed-sized inerter absorber layout, i.e., FSI-II, can significantly enhance the 

performance with small inertance values.  

To be specific, the optimum results of the two FSI absorber layouts were searched 

with non-dimensional inertance in the range of 0 to 1 by using proposed performance 

measures. The results showed that both FSI layouts can provide much more beneficial 

results than for all low-complexity layouts, including the identified most beneficial three-

element layout. It was found and should be mentioned that the firstly introduced fixed-

sized inerter absorber layout in the present study, i.e., Layout FSI-II, showed the best 

overall damping performance for all values of inertance tested. 

 

iii) For simplified beneficial layouts with four elements 

Furthermore, since the identified FSI absorber configurations with seven elements 

still are complicated considering practical structure implementation, a simplification 

approach was proposed and adopted to reduce absorber structure elements, and 

meanwhile maintain their original optimum performance as much as possible. A 

simplification approach was implemented by neglecting parallel elements with an 

extreme small value and replacing a large-valued series element with rigid connections. 

The optimised results of the simplified layouts were compared with the original seven-

element FSI layout results. If the performance reduction is small enough, typically less 

than 1%, then the simplified layouts were considered beneficial. 
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Based on proposed simplification approach, with a certain range of inertance, two 

four-element simplified beneficial layouts, respectively denoted Layout IV-1 and Layout 

IV-2, were identified with similar performance results to the most beneficial seven-

element layout FSI-II, but with only four elements. The results indicated that for low 

inertance values, both simplified layouts can provide very similar performance, but 

compared with Layout IV-2, Layout IV-1 is as effective as FSI-II over a wider range of 

inertance and meanwhile requires a lower damping coefficient for one of the dampers.  

Large benefits against both measures, i.e., Measures two and three, were obtained 

with even small inertance, which may be realistic to implement in practice. For relatively 

small inertance with non-dimensional inertance less than 0.09, the identified beneficial 

layouts still doubled the performance using both measures compared with the layout of a 

damper only.  

Therefore, by adopting the proposed simplification approach, the identified seven-

element fixed-sized-inerter absorber configuration was reduced to four elements. It can 

be concluded that the simplified layout, IV-1, is the most beneficial with a wide range of 

inertance. Thus, it can be a good candidate layout to effectively suppress cable vibrations 

in practical applications. 

Finally, for the identified beneficial absorber layouts, respectively in Chapters 4 and 

5, other effects including series compliance and the installation location of the absorber 

on optimum performance were examined and analysed in Chapter 6, summarised as 

below. 

Considering the fact that the connections at either end of the absorber (with the 

support and with the cable) may not be fully rigid in practice, the effect of series 

compliance at connections for the identified, beneficial layouts respectively with three 

and four elements, totally six layouts were comprehensively investigated. Due to the 

existing coupling effects of absorber’s structural elements and the series compliance, the 

effects were investigated for both before and after re-tuning cases. The results showed 

that without re-optimisation the series compliance was detrimental, however, up to a 

certain inertance, which depends on the series compliance, the absorbers can provide 

virtually the same, or in some cases even better performance as without the series 

compliance if the element values are properly retuned. 
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Then the effects of the installation location of absorber on damping performance 

were investigated. Two most beneficial layouts respectively identified in Chapters 4 and 

5, i.e., Layouts III-4 and VI-1, were examined. It was found that the greater optimum 

critical damping ratio are resulted from larger non-dimensional location parameter and 

inertance, non-linearly anyhow, implying a best compromise possibly existing between 

inertance, location and optimum damping ratio through their practical requirements are 

conflicting in practice. The obtained results can be useful in engineering application for 

absorber-cable system design, tuning and installation. 

The main contributions of this study lie in the proposed generic modelling and 

identification methodology to systematically investigate different absorber layouts. To be 

specific, they are summarised respectively as below, 

 An integrated cable model, with a generic vibration absorber represented by its 

admittance function, is firstly established, in which all parameters are non-

dimensionalised.  

 Two optimum inerter-based absorbers configurations respectively with three and 

four elements were identified along with their structural parameters presented. 

 The effects of series compliance at connections are firstly investigated considering 

a more realistic situation, and some interesting results are found. Besides, for two 

most beneficial inerter-based absorber layouts respectively with three and four 

elements as example, the effects of installation location on optimum performance 

are also examined.  

The study results can be useful for inerter-based absorber for cable vibration 

problems in engineering application, e.g., in design, tuning and installation of the 

absorber. Besides, the proposed methodology in this study can be applied to cable 

vibration problems with other performance criteria, and also other mechanical structures. 

The numerically-obtained performance improvement could be verified by applying 

the Real-Time Dynamic Substructure technique to physical inerter-based damping 

devices. 
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7.2 Remarks and outlook 

Some remarks in the present study are addressed. Also, a few suggestions are made which 

could be useful for future work, respectively presented as below. 

On the presented results throughout the whole thesis, the numerically-obtained 

performance improvement could be verified by applying the Real-Time Dynamic 

Substructure technique to physical inerter-based damping devices. Alternatively, as the 

analysis is presented in the non-dimensional form, a scaled, physical model of the device 

and cable could be used for testing.  

Future work can be carried out on the aspects as below. 

 Investigation of more complex inerter-based absorber layouts for further 

performance improvements.  

The inerter-based absorber layouts with more complexity, e.g. with structure 

elements over seven, may substantially provide further performance improvements 

than those inerter-based absorber layouts tested in this study. While in engineering 

application for cable vibration suppression, it is obviously in need for simplifying the 

structure of absorber device. Best compromise between optimisation performance 

and structural complexity is needed. Meanwhile, they can be further simplified for 

reducing structure elements in terms of physical implements. 

 More considerations including nonlinearities. 

Since this thesis focused on an efficient and systematic optimum configuration 

identification methodology, to comprehensively investigate the damping 

performance of different layouts in a systematic way, the nonlinearities existing in 

the system in modelling, for example, the friction extra wear and parasitic damping 

in absorber devices can be studied in future work. 

 More considerations for coupling effects with other structural members of the bridge. 

Although it is the vibration occurring on the cables which primarily induces vibration 

on the other structural members of the bridge, the cable vibrations are coupled with 

the vibration of the bridge deck and pylon towers, etc.  More considerations for 

coupling effects with other structural members of the bridge can be included, and 
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sensibility analysis can be studied for the parameters of cable-absorber system along 

with other structure parameters for future work. 

 Scaled model for testing. 

As in this study, all analysis is presented in non-dimensional form, a scaled physical 

model for the system with a device and cable could be used for testing. A further 

experimental study can be continued accordingly for investigating the optimum 

damping performance of different absorber configurations for suppressing cable 

vibration. 
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ii) Sample loop of optimisation of a viscous damper 
 

function R6=func0(x) 
% Calculation of eigenvalue for structure with extra DOF 
syms s  
% Starting conditions 
%xc   location of the absorber 
%n    DOF of the cable 
xc=1; 
n=19; 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%Transfer function of absorber's structure 
%TF=c; 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
 
% Calculation for M F K 
f1=zeros(n); 
f1(xc,xc)=1; 
F=f1; 
 
m1=eye(n)/(n); 
M=m1; 
 
k1=eye(n); 
k2=ones(n-1,1); 
k3=diag(k2,1); 
k4=diag(k2,-1); 
k5=2*k1-k3-k4; 
k6=k5*(n+1); 
K=k6; 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%Calculation of eigonvalue with TF method 
O=zeros(n); 
I=eye(n); 
A01=[O,I;-inv(M)*K,-inv(M)*F*TF]; 
A02=eye(2*n)*s; 
A03=A01-A02; 
A04=det(A03); 
 
D01=solve(A04,'s'); 
D02=double(D01); 
D03=D02; 
[~,D04]=sort(imag(D03)); 
D05=D03(D04); 
D06=imag(D05)>=0; 
D07=D05(D06); 
R0=D07; 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
R1=R0; 
R2=imag(R1)<1.5*pi; 
R3=R1(R2); 
[~,R4]=sort(-real(R3)./imag(R3)); 
R5=R3(R4(1 function R6=func0(x) 
% Calculation of eigonvalue for structure with extra DOF 
syms s  
% Starting conditions 
%xc   location of the absorber 
%n    DOF of the cable 
xc=1; 
n=19; 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
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%Transfer function of absorber's structure all parallel 
%TF=c; 
%TF=b*s+c; 
%TF=b*s+c+k/s; 
 
%all series 
%TF=1/(1/c+1/(b*s)); 
%TF=1/(1/(b*s)+1/c+1/(k/s)); 
 
%six simple structures 
%TF=1/(1/(c+k/s)+1/(b*s)); 
%TF=1/(1/(b*s+k/s)+1/(c)); 
TF=1/(1/(b*s+c)+1/(10/s)); 
 
%TF=1/(1/c+1/(k/s))+b*s; 
%TF=1/(1/(b*s)+1/(k/s))+c; 
%TF=1/(1/(b*s)+1/c)+k/s; 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
 
% Calculation for M F K 
f1=zeros(n); 
f1(xc,xc)=1; 
F=f1; 
 
m1=eye(n)/(n); 
M=m1; 
 
k1=eye(n); 
k2=ones(n-1,1); 
k3=diag(k2,1); 
k4=diag(k2,-1); 
k5=2*k1-k3-k4; 
k6=k5*(n+1); 
K=k6; 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%Calculation of eigonvalue with TF method 
O=zeros(n); 
I=eye(n); 
A01=[O,I;-inv(M)*K,-inv(M)*F*TF]; 
A02=eye(2*n)*s; 
A03=A01-A02; 
A04=det(A03); 
 
D01=solve(A04,'s'); 
D02=double(D01); 
D03=D02; 
[~,D04]=sort(imag(D03)); 
D05=D03(D04); 
D06=imag(D05)>=0; 
D07=D05(D06); 
R0=D07; 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
R1=R0; 
R2=imag(R1)<1.5*pi; 
R3=R1(R2); 
[~,R4]=sort(-real(R3)./imag(R3)); 
R5=R3(R4(1,1)); 
R6=real(R5)./abs(R5); 
,1)); 
R6=real(R5)./abs(R5); 

 


