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Theoretical and experimental free vibration analysis of a beam-tendon
system with an eccentrically placed tendon

V. Ondraa,∗, B. Titurusa

aUniversity of Bristol, Department of Aerospace Engineering, University Walk, BS8 1TR Bristol, United Kingdom

Abstract

Theoretical and experimental free vibration analysis of a beam-tendon system is presented in this paper.
The system consists of a thin-walled cantilever beam with an open cross-section and a tip mass which is
loaded by an eccentrically placed tendon. The novel beam-tendon system is modelled using a set of partial
differential equations and numerical free vibration analysis is conducted using a boundary problem solver.
The results are thoroughly validated using a bench-top experiment and a high-fidelity finite element model.
The effect of the tendon location on the frequency-loading diagrams is systematically investigated for the
first time. The results demonstrate that the location of the tendon significantly influences natural frequency
shifts caused by the applied axial load and it is observed that some natural frequencies can even increase with
the increasing compressive axial loading for certain locations of the tendon. In addition, veering between
the beam-dominated and tendon-dominated modes is studied and the structural stability of the system is
discussed. The paper concludes with suggestions of practical applications of a beam-tendon system with an
eccentrically placed tendon.

Keywords: beam-tendon system, free vibration analysis, eccentric axial loading, frequency loci veering,
frequency-loading diagram

Highlights

• A beam axially loaded by an eccentrically placed tendon is studied

• A theoretical model of the beam-tendon system is validated using an FE model and experimentally

• The effect of tendon location is shown to have significant effect on modal properties

• Frequency loci veering between beam-dominated and tendon-dominated modes is observed

• The impact of the tendon location on the structural stability is discussed

Nomenclature

Symbol Description
A Area of the cross-section, m2

ey, ez Coordinates of the tendon location, m
E Young’s modulus of elasticity, Pa
f Natural frequency, Hz
G Shear modulus of elasticity, Pa
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Itip Mass moment of inertia of the tip fixture, kg m2

Iy, Iz Sectional moments of inertia of the cross-section about y and z axis,
m4

J Torsional constant, m4

L Total length of the beam and tendon, m
Ly, Lz External excitation forces in y and z directions, N
m Mass of the beam per unit length, kg m−1

mt Mass of the tendon per unit length, kg m−1

Mtip Tip mass, kg
Nm Number of considered modes
P Applied axial force, N
Pcr Critical force, N
Q External excitation moment about elastic axis (torque), N m
rc Polar radius of gyration about mass axis, m
t Time, s
v, w Bending displacements of beam in y and z directions, m
vt, wt Transversal displacements of tendon in y and z directions, m
W,Wt, V, Vt,Φ Mode shape components of the beam-tendon system
W,V Mode shapes evaluated in the place of experimental measurement
x Independent spatial variable, m
y, z Coordinate axes in the plane of the cross-section
ya, za Coordinates of the experimental measurements, m
y0 Distance between the mass and elastic axes, m
βy Cross-sectional parameter, m
Γ Warping moment of inertia, m6

φ Torsional displacement, rad
ω Angular frequency, rad s−1

Ψ Mode shape of the system
˙(•) Partial derivative with respect to time

(•)′ Partial derivative with respect to spatial variable
ABQ Marks results obtained using Abaqus
BC Boundary condition
BM Marks results obtained from beam model without warping
BMW Marks results obtained from beam model with warping
c.g. Centre of gravity
EoM Equations of motion
FRF Frequency response function
MAC Modal assurance criteria
LSCF Least-square complex frequency estimator
F-L Frequency-loading
ODE Ordinary differential equation
PDE Partial differential equation
s.c. Shear centre

1. Introduction

In this paper, a thin-walled beam with an open mono-symmetric cross-section which is subjected to the
axial loading generated by an eccentrically placed tendon is investigated. Dynamics of beams and tendons
(taut strings, cables) has been previously extensively studied, due to their frequent usage in engineering
applications. The beams mostly present the main structural elements while tendons are often utilised as
actuators or a means of vibration control as reviewed in [1, 2]. An overwhelming number of studies that
focus on different aspects of beam and string modelling, application and testing has been published [3–6].
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A number of studies also investigated vibration of axially loaded beams [7] and their stability [8, 9]. It was
often assumed that the axial force acts through the centroid of an open cross-section. For example, in [10]
dynamic stiffness matrix for an axially loaded beam element was derived. Similarly, beam element matrices
based on Vlasov’s theory of axially loaded beam were derived in [11, 12]. In [13] bending and torsional
vibration of thin-walled Euler-Bernoulli beam loaded through the centroid was presented. It has been
also acknowledged that, despite not being extensively studied, the eccentric axial loading can significantly
influence the structural stability of thin-walled beams [14]. The equations of motion describing the stability
of eccentrically loaded thin-walled beams were derived in [9, 15], and further augmented by an effect of
warping and axial displacement in [8].

In the previous studies, the effect of the axial loading on the structural stability and vibration has been
investigated, but it was not considered how such an axial force is applied. In contrast, the axial force was
induced by tendons, for example, in [16] where large-deflection equilibrium and small vibrations about this
equilibrium were considered, or in [17, 18] where the use of the axial load for control of vibration response
was examined. Tendons have also been used to support beams during experimental studies as shown in
[19]. However, none of the previous papers considered the tendon response and its effect on dynamics of the
system. On the other hand, a coupled system which consists of a cantilever beam which is axially loaded by
a tendon is considered in this paper. The tendon is attached at the tip of the beam, freely passes through its
body parallel to the elastic axis, and is fixed and loaded in the same plane as the beam. Since the motions
of the beam and the tendon influence each other, they create a coupled beam-tendon system, and the beam
and the tendon must be modelled and analysed simultaneously.

A simple beam-tendon system was previously investigated in [20, 21] both numerically and experimen-
tally. It was found that the beam-tendon system exhibits reduction in the beam’s natural frequencies due to
the tendon-induced axial force as well as veering between beam-dominated and tendon-dominated modes.
These findings were further numerically examined in [22] for rotating pre-twisted beams and for a system
with intermittently attached tendon in [23, 24]. It was shown that although the rotation has a considerable
effect on the tendon, the tendon is still able to influence the modal characteristics of the beam significantly.
Therefore, it has been suggested to incorporate a tendon in a rotorcraft blade to introduce a means of
controlling its dynamics properties [25]. This was shown [26] as a possible resonance avoidance mechanism
which allows rotorcraft to operate with shape adaptive blades or with variable rotor speed, thereby increas-
ing their performance and efficiency. In all these studies, the tendon was attached to the beam’s tip so that
the place of the attachment coincided with the shear centre of the beam. Moreover, in the experimental
studies [20, 21, 24] a cantilever beam with a double symmetry cross-section has been used so the elastic and
mass axis were the same. A mono-symmetric channel cross-section was however also experimentally studied
in [27], but the effect of the tendon placement has not been systemically investigated. To the best knowledge
of the authors, the beam-tendon system, consisting of a mono-symmetric open cross-section beam and an
eccentrically placed tendon, which is presented in this paper has not been previously studied.

The paper is organised as follows: the theoretical model of the system, given by a set of partial differential
equations and boundary conditions, is introduced in section 2, where the numerical procedure used to obtain
the modal properties and a finite element model of the system are also described. The results of the numerical
free vibration analysis are then experimentally validated in section 3 for three selected locations of the tendon
(in the elastic axis, in the mass axis and in a general location). In section 4 further investigations of the effect
of the tendon location are conducted. Firstly, the effect of the tendon location on the natural frequencies of
the system is investigated both experimentally and computationally using the validated theoretical model.
Then, the effect of the tendon location on structural stability is discussed. In section 5 the main findings
of the study are summarised, the limitations and assumptions of the theoretical model are discussed and
possible applications of the beam-tendon system with an eccentrically placed tendon are suggested.

2. Theoretical model

The system under consideration is an isotropic straight thin-walled cantilever beam with mono-symmetric
cross-section loaded by an eccentrically placed tendon as depicted in Fig. 1. The eccentrically placed tendon
is attached at the tip of the beam, passes through its whole body parallel to the elastic axis, and is fixed

3



y

z

x

vt

wt

free end with
rigid tip fixture

tendon

fixed end
 slender thin-walled beam with 

mono-symetric open cross-section 

centre of gravityshear centre

z

yv

w

applied force

Figure 1: The beam-tendon system studied: it consists of an isotropic thin-walled cantilever beam which features an offset
between the mass and elastic axes, and which is subjected to an eccentric tendon-induced axial load. The tendon is connected
to the tip of the beam, passes freely through its whole body parallel to the elastic axis and is fixed and loaded in the same
plane as the beam.

and loaded in the same plane as the beam. Unlike in the previous studies [21, 22, 26, 27], the tendon does
not coincide with the elastic or mass axis and can be placed in any point of the cross-section as long as it
does not collide with the walls of the beam during its motion. The tendon is attached using a tip fixture,
characterised by its mass and moment of inertia. The tip fixture is assumed to be perfectly rigid and allows
the tendon to be placed even outside the beam’s cross-section. The motion of the beam is described by
flapping (out-of-plane, vertical bending in the z direction) displacement of the elastic axis, lead-lag (in-
plane, horizontal bending in the y direction) displacement of the elastic axis, and torsion of the cross-section
about the elastic axis. The out-of-plane bending and torsion motions are mutually coupled through the
cross-sectional offset of the elastic and mass axes. The parameters characterising the beam are uniformly
distributed, i.e. they do not vary along the span of the beam. It is assumed that the beam meets all the
requirement of the Euler-Bernoulli theory and can therefore be modelled by the linear Euler-Bernoulli theory
with warping [8, 9] which accounts for the tendon-induced axial loading. It is further assumed that the static
bending deflection caused by an eccentrical placement of the tendon is small and can be neglected. The
tendon is modelled using the wave equations and it is assumed that it does not change its cross-sectional area
under loading [6]. Both the beam and the tendon are fixed (clamped) at one end and coupled with each other
through the geometrical and loading boundary conditions at the other end. At the tip, their displacements
are identical and the tendon-induced axial force contributes to the shear and moment boundary conditions
of the beam. Unlike [23, 24], no other connectivity conditions were enforced since the tendon is free to
vibrate inside the beam.

2.1. Equations of motion and boundary conditions

The equations of motion (EoM) describing the coupled beam-tendon system consist of three equations
for the motion of the beam, and two equations of the motion of the tendon. The Hamilton’s principle can
be used to derive the equations of the axially loaded beam as detailed in [8] as well as the wave equations
describing the tendon as shown in [3]. The EoM describing the coupled beam-tendon system can be then
written as

EIzw
′′′′ + Pw′′ − P (y0 − ey)φ′′ +m(ẅ − y0φ̈) = Lz, (1a)

EIyv
′′′′ + Pv′′ − Pezφ′′ +mv̈ = Ly, (1b)

EΓφ′′′′ − (GJ − Pβyey − Pr2c )φ′′ − Pezv′′ − P (y0 − ey)w′′ +m(r2c φ̈− y0ẅ) = Q, (1c)
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− Pw′′t +mtẅt = 0, (1d)

− Pv′′t +mtv̈t = 0. (1e)

where w(t, x), v(t, x) are the flapping and lead-lag bending displacements of the elastic axis of the beam,
vt(t, x), wt(t, x) are the flapping and lead-lag transversal displacements of the tendon, φ(t, x) is the torsional
displacement about the elastic axis, t is time, x is the independent spatial variable measured spanwise from
the fixed end of the system, E is Young’s modulus of elasticity, G is a shear modulus of elasticity, Iz and
Iy are centroidal moments of inertia, J is a torsion constant, Γ is a warping moment of inertia, y0 is the y
coordinate of the elastic axis (negative for the channel beam studied), ey and ez are the coordinates of the
tendon, r2c is the polar radius of gyration about mass axis, m and mt are the mass per unit length of the
beam and tendon, respectively, P is the applied loading force which corresponds to the axial force acting on
the beam, Ly, Lz are the external distributed excitation forces in flapping and lead-lag directions, Q is the

external excitation moment about the elastic axis (torque), ˙(•) and (•)′ are partial derivatives with respect
to time and spatial variable, respectively, and βy is a cross-sectional parameter defined [8] as

βy =
1

Iy

∫
A

y(y2 + z2) dA− 2y0,

where y and z are principal centroidal axes, and A is the cross-sectional area.
The novelty of these EoM lies in the consideration of the coupled beam-tendon dynamics and an eccentric

placement of the tendon. While the EoM in the present form have not been considered in literature, certain
similarities with previous studies can be observed. Equations (1a), (1b) and (1c), describing the flapping,
lead-lag and torsion of the beam, respectively, are identical to the EoM used to assess structural stability
of a beam with an open mono-symmetric cross-section subjected to eccentric axial loading in [8, 9, 15] (the
inertia terms were not considered in these studies). For the axial force applied through the cross-sectional
centroid, Eqs. (1a)-(1c) reduce to the EoM used in [10, 11, 13] to perform free vibration analysis. For the
axial force applied through the elastic axis, and neglecting the effect of warping and the cross-sectional
parameter βy, Eqs. (1a)-(1c) augmented by the effect of centrifugal forces and beam pre-twist were used
in [28, 29] to demonstrate a possibility of using the axial force for resonance avoidance in rotorcraft. The
full set of EoM in Eq. (1) (including the wave equations describing the motion of the tendon) was used
in [21, 27] with no warping and the tendon placed in the elastic axis to perform free vibration analysis of a
simpler beam-tendon system. When augmented by the effect of centrifugal forces and beam pre-twist, and
for the tendon placed in the elastic axis, and excluding the effect of warping and ignoring the cross-sectional
parameter βy, Eq. (1) were used in [22, 26] to study a rotating blade-tendon system and its application in
rotorcraft with variable rotor speed. There are no studies investigating the effect of the tendon sectional
position and the coupled beam-tendon dynamics.

The equations of motion are accompanied by a set of boundary conditions (BCs) which ensures the
coupling between the beam and the tendon. The BCs at the fixed end of the system for x = 0 are

w = w′ = v = v′ = φ = φ′ = wt = vt = 0. (2)

The BCs for the free end (for x = L, where L is the length of the system) in which the connection between
the beam and the tendon is reflected can be written as

− Pw′ + P (y0 − ey)φ′ − EIzw′′′ +Mtipẅ + Pw′t = 0, (3a)

HHPez + EIzw
′′ = 0, (3b)

− Pv′ + Pezφ
′ − EIyv′′′ +Mtipv̈ + Pv′t = 0, (3c)

HHPey + EIyv
′′ = 0, (3d)

− EΓφ′′′ + (GJ − Peyβy − Pr2c )φ′ + P (y0 − ey)w′ + Pezv
′ + Itipφ̈−P (y0 − ey)w′t − Pezv′t = 0, (3e)

EΓφ′′ = 0, (3f)
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wt = w − (y0 − ey)φ, (3g)

vt = v − ezφ. (3h)

where Mtip is the mass of the tip fixture, and Itip is its moment of inertia evaluated with respect to the
axis that coincides with the elastic axis of the beam.

Equations (3a) and (3c) prescribe the shear force equality at the tip in the z and y direction, respectively.
The underlined terms in these two equations capture the contribution of tendon-induced forces in the shear
directions. These terms are invariant to the position of the tendon (they do not depend on ey or ez) and were
also used in [21, 22, 26, 27] for the beam-tendon systems and approximated in [28, 29] for a compressively
loaded blade. Equations (3b) and (3d) represent the bending moments acting on the beam. In these
two equations, the crossed terms represent the bending moments caused by the static axial force that are
neglected in the following analysis. This is in line with the previous assumption that the deflections caused
by the static bending moments can be neglected. Equations (3e) and (3f) prescribe the torque and warping
at the tip of the beam, respectively. The latter condition was not included in the previous studies [21, 22, 26–
29] as the effect of warping was assumed to be negligible. In the former equation, the underlined terms relate
to the additional moments that are introduced by the shear forces of the eccentrically placed tendon. Both
of these terms disappear when the tendon is placed in the elastic axis (these terms cannot be found in the
previous studies of beam-tendon systems). It is interesting to note that Eq. (3e) introduces the coupling
between the lead-lag motion and torsion when the tendon is not placed on the axis of symmetry of the
cross-section, i.e. ez 6= 0. For a general placement of the tendon, so that ey 6= 0, ey 6= y0 and ez 6= 0,
there would be coupling between flapping, lead-lag and torsion motions of the beam even if its cross-section
is symmetric. Finally, Eqs. (3g) and (3h) enforce the same tip displacements of the beam and the tendon
in the z and y, respectively. These conditions reduce to the corresponding conditions in [21, 26] when the
tendon is placed in the elastic axis. Due to these coupling conditions, the motion of the beam drives the
motion of the tendon which, in turn, influences the beam by applying the axial force. This is the reason for
an interaction between the modes of the beam and the tendon.

The derivation of the EoM and BCs without the coupling terms provided by beam-tendon interaction
can be found in [8, 9, 15] and the coupling boundary conditions can be derived as described in the following.
In Fig. 2(a) a deformed cross-section can be seen. During motion, the cross-section undergoes translation,

0
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C** T*
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y
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Figure 2: The origin of the coupling boundary conditions: (a) the geometric coupling between the beam and the tendon, and
(b) the loading conditions

which is defined by the displacement v and w of the shear centre 0, and rotation about the shear centre
defined by φ. During translation, the shear centre 0 moves to 0∗, and the tendon moves from its original
position T to T ∗. During rotation, the position of the shear centre remains unchanged while the tendon
moves to T ∗∗. The final position the tendon can be therefore written as [9, 15]

vt = v − ez sinφ ≈ vt = v − ezφ

wt = w − (y0 − ey) sinφ ≈ wt = w − (y0 − ey)φ
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in which the angle φ was considered to be a small quantity. As a sanity check, it can be seen from Fig. 2(a)
that for the positive rotation of the cross-section, the tendon moves in the negative direction of the y axis
and the positive direction of the z axis, which agrees with the derived equations.

The tendon-induced shear forces contributions to Eqs. (3a) and (3c) can be deduced based on Fig. 2(b).
After deformation, the tendon’s slope at the tip is not equal to the slope of the beam. The applied force P
is not perpendicular to the tip plane of the beam and its direction is determined by the slope of the tendon.
Therefore, in order to obtain the shear and axial forces acting on the beam, the applied force P must be
decomposed into the original undeformed directions as shown in Fig. 2(b). The contribution to the shear
forces in the y and z directions can be found as Pw′t and Pv′t respectively and the axial component of the

force is given by P
√

1− v′2t − w′2t ≈ P . In these expressions, w′t and v′t were considered as small quantities.
Equations (1)-(3) create a system of three forth-order and two second-order partial differential equations

with the corresponding number of boundary conditions. All these equations must be solved simultaneously
as there is coupling between the motions of the beam and the tendon due to asymmetry of the beam’s
cross-section and the connection between the tendon and the beam.

2.1.1. Numerical free vibration analysis

In order to evaluate the modal properties (natural frequencies and mode shapes) of the beam-tendon
system, the same procedure as in [21, 24] is used. The excitation forces and moments in Eq. (1) are set to
zero and an assumption of the normal mode is used. Therefore, a solution of any given dependent variable
is expressed as the multiplication of the time-invariant mode shape and the time-varying harmonic function
of the constant frequency in the following form

w(t, x) = W (x)eiωt, v(t, x) = V (x)eiωt, φ(t, x) = Φ(x)eiωt,

wt(t, x) = Wt(x)eiωt, vt(t, x) = Vt(x)eiωt,
(4)

where ω is the angular natural frequency, and W (x), V (x),Φ(x),Wt(x), Vt(x) are the components of the
mode shape which represent, respectively, the bending in the z and y directions, the rotation about the
elastic axis, and the transversal motion of the tendon in the z and y directions. The complete mode shape of
the system can then be formally written as Ψ(x) = [W (x), V (x),Φ(x),Wt(x), Vt(x)]. In the rest of the paper,
if the mode shape is dominated by the motion of the beam, it will be refer to as a beam-dominated mode.
On the other hand, if the mode shape is determined by the tendon activity, the term tendon-dominated
mode will be used instead.

As in the previous studies [21, 24], substituting the normal mode forms into Eqs. (1), (2) and (3) allows
one to eliminate time and rewrite the PDEs into a system of first order ordinary differential equations (ODEs)
that, together with the BCs, define a boundary value problem. This boundary value problem is then solved by
a Matlab bvp4c solver [30] for the unknown natural frequencies ω and corresponding mode shape components
W (x), V (x), φ(x), Wt(x) and Vt(x). This solver is very versatile since it uses a collocation method but may
suffer from a decreased numerical performance if an appropriate starting guess is not provided.

In order to obtain an appropriate starting guess, the following process, which is similar to the one used
in [28], was implemented. Instead of removing the excitation forces and moments in Eq. (1), the harmonic
excitation is assumed. By submitting the harmonic response from Eq. (4) to the system of equations with
the harmonic forcing, a slightly different boundary value problem can be defined. In this boundary value
problem, the excitation frequency ω is known and the response W (x), V (x), φ(x), Wt(x) and Vt(x) can be
evaluated from any non-zero starting guess easily. The natural frequencies and the mode shapes can then be
approximately estimated from the obtained responses and used as the initial guesses to evaluate the natural
frequencies and mode shapes accurately.

The results obtained by the described numerical procedure from the proposed analytical equations of
motion will be referred to as “theoretical results” in the rest of the paper. In contrast, the results obtained
from the finite element model described in the following section will be referred to as “numerical results”. It is
noted that the theoretical results are of higher importance since they originate from the novel mathematical
description of the system. The finite element model is not considered to be a novel aspect of this study
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(although it describes previously unstudied system) and it is meant to merely complement the experiment
in validating the proposed theoretical model.

2.2. Finite element model

In addition to the experimental validation, a finite element (FE) model of the system is used to further
validate the proposed theoretical model for high applied forces that cannot be achieved in the experiment
and to put the observed discrepancies between the computed and experimental results into perspective. It is
not claimed that the used finite element model is a novel aspect of the study and it should not be perceived
as such. The finite element model is present merely for the mentioned validation purposes. The model
is build and analysed in Abaqus CEA [31]. The beam and the tip fixture are modelled using linear shell
elements and the tendon using linear truss elements. The meshes of the beam, tip mass and tendon are
rigidly connected so there is no relative motion between them. In order to obtain the modal parameters
of the beam-tendon system, a two step procedure was carried out. Firstly, the axial force was applied
to the tendon and the static deformed position of the beam-tendon system was found. Then, the modal
characteristics were evaluated for this new deformed configuration of the system. Therefore, unlike in the
theoretical model, the deflection caused by the static axial force was not neglected in the FE model. The
FE model allows the effect of the position of the tendon and its tension on the modal characteristics of the
system to be studied and compared to the experimental and theoretical results.

3. Experimental verification of free vibration analysis

In this section, the experimental validation of the results of the theoretical and numerical free vibration
analysis is presented. Firstly, the experimental system configuration is described, then the frequency-loading
diagrams of three selected configurations are used to thoroughly validate the theoretical model.

3.1. Experimental set-up description

The experimental set-up can be seen in Fig. 3. A similar experimental set-up to test the beam-tendon
systems was already used in [21, 24, 27]. It features a channel section aluminium beam which is rigidly
clamped at one end and free at the other, and is axially loaded by a steel cable. The tendon is attached to
the tip using a rigid tip fixture which enable various tendon locations (as seen in the left inset in Fig. 3 in
which “s.c.” stands for the shear centre, and “c.g.” for the centre of gravity). The tendon then passes inside
or outside of the beam towards the clamp, but it is always parallel to the beam’s original position. This is
ensured by an acrylic tendon guide which is placed close to the clamp (as seen in the right inset in Fig. 3).
This guide also limits the active length of the tendon to the same length as the beam, so the experimental
system represents the system shown in Fig. 1 and can therefore be modelled using the proposed theoretical
model. The tendon then continues through the clamp and pulley and is attached to a hanging platform.
The tension in the tendon, and hence the axial load applied to the beam, is controlled by the amount of
weight placed on the platform.

The beam was excited using a modal shaker controlled via a modular control and data acquisition (DAQ)
system. Random excitation was used to excite the frequency range between 5 and 450 Hz and the response
data were recorded using a two small uni-directional accelerometers located close to the tip of the beam. The
load was varied using the weights placed on the hanging platform in two kilogram increments from 2kg to up
to 90kg. The response data and the input force were used to estimate the FRFs using the Hv-estimator [32]
and the natural frequencies were estimated using the least-square complex frequency (LSCF) estimator [33].
Several locations of the tendon are experimentally investigated as marked in the left inset in Fig. 3. For
locations 3 (centre of gravity) the measurement was performed firstly in the z direction and then in the y
direction by rotating the beam in the clamp by 90 degrees (the shaker remained vertical). For locations 1,
2 (shear centre), 4 and 5 the measurement was only performed in the z direction since in the y direction,
the tendon would collide with the stinger or it would not be possible to lead it through the clamp.

The nominal parameters describing the beam-tendon system are as follows. The web height of the
channel cross-section is equal to 0.5 in = 12.7 mm, the flange length is 1 in = 25.4 mm and the wall thickness
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Figure 3: Experimental set-up. A channel section beam subjected to the tendon-induced axial force generated by the applied
load is excited by a shaker to obtain frequency response functions for estimation of the modal properties which are then used
to validate the theoretical model.

is 16 swg = 1.626 mm. From these parameters, the cross-sectional characteristics can be computed as in [9]
and are equal to Iz = 2.6649× 10−9 m4, Iy = 6.2746× 10−9 m4, J = 8.8664× 10−11 m4, y0 = −0.0219m,
Γ = 1.6382× 10−13 m6, r2c = 5.6923× 10−4 m2 and βy = 0.0459 m. The length of the beam is L = 1 m and
its weight per unit length is m = 0.259 kg m−1. The beam is made of aluminium with the nominal Young’s
modulus equal to E = 69.5 GPa and Poison’s ratio µ = 0.3. The tip fixtures can be weighted so its mass is
known and equal to Mtip = 45 g (the weight of accelerometers is included) and its moment of inertia can be
approximately estimated as Itip = 7.9101× 10−7 kgm2. The tendon mass is equal to mt = 0.011 kg m−1.

3.2. Under-lying beam model updating

Before including the tendon into the experiment, the theoretical and numerical models of the beam with
and without the tip mass were validated. The purpose of this step was to obtain the underlying model of
the beam as accurately as possible so that the effect of the tendon can be studied separately. In the previous
studies [21, 24, 27] it was observed that the errors in the under-lying beam model propagate to the beam-
tendon system, and lead to inaccuracies between the measured and computed frequency-loading diagrams.
The modal properties of the beam were obtained by the impact hammer testing, where two accelerometers
at the tip were used to acquire the response data, and the roving hammer technique applied to excite the
beam in various span locations. The modal properties were estimated from the measured FRFs using the
least-square complex frequency (LSCF) estimator [33].

In order to compare the theoretical, numerical and experimental mode shapes, they all have to be
expressed in the same location of the beam. The two accelerometers collecting the experimental data were
placed approximately 4mm from the upper corner of the beam (see the left inset in Fig. 3) and roving
hammer excitation was also applied along the edge. Therefore, the mode shape values from the finite
element model were also estimated along the same edge. In order to compare the theoretical mode shapes
with the experiment, the theoretical mode shape, which is computed with respect to the elastic axis, was
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transferred to the place of the measurement as follows

W (x) = W (x) + yaΦ(x), and V (x) = V (x)− zaΦ(x), (5)

where W and V are the theoretical mode shapes evaluated in the measurement location, ya is the y distance
between the elastic axis and the location of the accelerometer which measures the flapping (vertical) motion
(ya = 15 mm) and za is the z distance between the elastic axis and the accelerometer which measures in the
lead-lag (horizontal) motion (za = 2.3 mm).

3.2.1. Under-lying beam model without the tip mass

The comparison of the experimental and computed natural frequencies (using the nominal parameters
from section 3.1) is given in Tab. 1 and visualised in Fig. 4(a). From this table, it can be seen that there

fexp [Hz] fABQ [Hz] error [%] fBM [Hz] error [%] fBMW [Hz] error [%]

1: 1F 12.77 13.82 8.21 13.77 7.82 13.91 8.90

2: 1L 21.22 22.73 7.12 22.96 8.2 22.96 8.20

3: 2F 59.86 62.25 3.99 57.47 -3.99 63.09 5.40

4: 1T 98.56 103.28 4.89 104.20 5.71 106.24 7.79

5: 2L 132.38 141.91 7.20 143.90 8.70 143.90 8.70

6: 3F 145.76 148.65 1.99 130.17 -10.69 150.79 3.45

7: 4F 245.13 248.70 1.45 202.35 -17.45 252.85 3.15

8: 2T 318.10 336.53 5.79 353.04 10.99 346.52 8.94

9: F5 367.46 378.34 2.96 263.01 -28.42 389.53 6.01

10: L3 371.14 394.90 6.40 402.92 8.56 402.92 8.56

Σ|error|/10 5.00 14.36 6.91

Table 1: Comparison of the natural frequencies of the beam without the tip when described by nominal parameters. fexp

represents the experimentally measured natural frequencies, fABQ represents the results obtained by the finite element model,
fBM represents the results from the beam model without warping, and fBMW denotes the natural frequencies of the beam
model with warping. iF marks the ith vibration mode dominated by the flapping motion, iL marks the ith mode dominated by
the lead-lag motion, and iT stands for the ith mode driven by the torsion of the beam.
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Figure 4: The beam with the nominal parameters without the tip mass: (a) natural frequencies comparison, (b) MAC between
the experimental and theoretical (BMW) mode shapes, and (c) MAC between the experimental and numerical mode shapes

are ten vibration modes with the natural frequencies lower than 400 Hz. Five of them are dominated by the
flapping motion (marked by iF), three of them by the lead-lag motion (marked by iL) and two of them by
the torsion (marked by iT). The average absolute error is also included in Tab. 1. It can be seen that average
error of the FE model and the beam model with warping are similar, being 5 % and 6.91 %, respectively.
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On the other hand, the error of the beam model without warping is much higher, over 14 %. This indicates
that the warping must be included in the theoretical model in order to describe the free vibration of the
beam accurately. This fact is also reinforced by the graphical comparison of natural frequencies in Fig. 4(a)
where it can be clearly seen that while the natural frequencies obtained from the FE model and the model
with warping are well correlated with the experimental ones, the beam model without warping significantly
diverges from the experimental values. The modal assurance criteria (MAC) between the measured and
computed mode shapes for the nominal parameters can be seen in Fig. 4(b) and Fig. 4(c). Since all MAC
values are very high, it can be concluded that both the FE model and the theoretical beam model with
warping describe the mode shapes of the system very well.

Although the modal parameters are well represented by the used model, it was decided to further reduce
the error in the natural frequencies by updating the Young’s modulus of the beam. This was driven by
the observations from previous studies [21, 24, 27] where the errors in the under-lying beam models led to
discrepancies in the results for the full beam-tendon system. It is therefore desired to reduce the relative
error of the beam’s natural frequencies as much as possible for all frequencies in the investigated frequency
band. To this end, the value of the Young’s modulus was optimised using the following objective function

Eupd = argmin
E

1

Nm

Nm∑
i=1

∣∣∣1− f expi

f comp
i (E)

∣∣∣, (6)

where Nm is the number of considered mode shapes (Nm = 10), and f comp is the computed natural frequency
obtained either from the FE model or the beam model with warping. The optimisation showed that in order
to obtain the minimal error for the FE model, the updated Young’s modules must be equal to EABQ =
0.9025E, whereas for the beam model, it is EBMW = 0.8607E. The resulting natural frequencies and
corresponding errors are written in Tab. 2 and visualised in Fig. 5(a). It can be seen that average errors

fexp [Hz] fABQ [Hz] error [%] fBMW [Hz] error [%]

1: 1F 12.77 13.13 2.80 12.90 1.03

2: 1L 21.22 21.60 1.76 21.30 0.38

3: 2F 59.86 59.14 -1.21 58.53 -2.22

4: 1T 98.56 98.22 -0.35 98.57 0.00

5: 2L 132.38 134.81 1.84 133.50 0.85

6: 3F 145.76 141.22 -3.11 139.89 -4.02

7: 4F 245.13 236.26 -3.62 234.58 -4.31

8: 2T 318.10 319.70 0.50 321.48 1.06

9: F5 367.46 359.43 -2.19 361.38 -1.65

10: L3 371.14 375.22 1.08 373.81 0.72

Σ|error|/10 1.84 1.62

Table 2: Comparison of the natural frequencies of the beam without the tip described by the updated parameters

of both models have decreased and the error of the beam model is even lower than that of the FE model,
being 1.62 % and 1.84 %, respectively. While the natural frequencies improved, no detrimental changes can
be seen in the MAC values in Fig. 5(b) and Fig. 5(c). Therefore, the optimised Young’s moduli will be used
in the rest of the paper.

In addition to the MAC values, the modes shapes are graphically compared in Fig. 6, and the same
set of mode shapes from the FE model can be seen in Fig. A.17. It can be seen that the match between
all three sets of mode shapes is very good. The biggest discrepancies can be observed in the torsional
modes (Fig. A.17(d) and Fig. A.17(h)) where it is seen that the values of experimental mode shapes in the
y direction do not agree with the prediction of the theoretical and numerical models. Since both models
gave the same results, it is concluded that the experimental torsional mode shapes have not been accurately
estimated from the measured FRFs. This is most likely caused by their weak excitation during the impact
hammer testing. Due to the small size of the cross-section, it was not possible to excite them properly.
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Figure 5: The beam with the updated parameters and the tip mass: (a) natural frequencies comparison, (b) MAC between the
experimental and theoretical mode shapes, and (c) MAC between the experimental and numerical mode shapes
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Figure 6: Comparison of the mode shapes for the beam without the tip mass: (a) the first flapping (out-of-plane bending)
mode - 1F, (b) the first lead-lag (in-plate bending) mode - 1L, (c) 2F, (d) the first torsion mode - 1T, (e) 2L, (f) 3F, (g) 4F,
(h) 2T, (i) F5, (j) L3. The same sets of mode shapes obtained from the finite element model can be seen in Fig. A.17.

3.2.2. Under-lying beam model with the tip mass

Having obtained the parameters of the beam without the tip mass, the tip fixture was mounted on
the beam and experimental modal analysis using the impact hammer was repeated. In this section, the
experimental results are compared with the theoretical and numerical models augmented by a tip mass.
The mass of the tip fixture (including the accelerometers) could be weighted, but its moment of inertia,
needed for the theoretical model, could be only approximately estimated. Therefore, in order to improve the
correlation between the theoretical and experimental results, the moment of inertia was optimised (using
the same objective function as for the Young’s modulus). The resulting final moment of inertia was found

to be Iupdtip = 0.1366Inomtip . In the FE model, no optimisation was performed. It was only ensured that the
mass of the tip attachment modelled matches the physical mass accurately.

The comparison of the computed and experimental natural frequencies, and their relative errors is given
in Tab. 3 and visualised in Fig. 7(a). It can be seen that the average error of both models increased by
approximately 2 % compared to the updated beam without the tip mass. While the numerical and theoretical
model led to similar average error, there are differences in errors of each mode. Most notably, the error
of the second flapping mode of the theoretical model is over 15 % while the finite element model’s error is
less than 1 %. Both model also gave larger errors for the natural frequency of the first torsion model, being
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fexp [Hz] fABQ [Hz] error [%] fBMW [Hz] error [%]

1: 1F 10.12 10.25 1.25 10.35 2.28

2: 1L 16.49 15.33 -7.03 16.23 -1.00

3: 1T 43.27 39.90 -7.79 38.25 -11.61

4: 2F 63.39 63.72 0.82 73.63 16.14

5: 2L 111.89 105.09 -6.08 111.72 -0.15

6: 3F 131.90 132.01 0.08 132.13 0.18

7: 4F 226.98 227.25 0.12 222.16 -2.12

8: 2T 239.52 244.45 2.05 239.52 0.00

9: 3L 323.50 305.59 -5.66 326.73 1.00

10: 5F 340.44 344.59 1.21 332.72 -2.27

Σ|error|/10 3.21 3.99

Table 3: Comparison of the natural frequencies of the beam with the tip mass
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Figure 7: The beam with the updated parameters and the tip mass: (a) natural frequencies comparison, (b) MAC between the
experimental and theoretical mode shapes, and (c) MAC between the experimental and numerical mode shapes

almost−8 % for the numerical model, and almost −12 % for the theoretical model. Despite these errors,
both models correctly captured the changes in the natural frequencies caused by the present the tip mass.
In particular, the frequencies of the bending modes have decreased due to additional mass at the tip and the
order of the modes changed. The first torsional mode’s natural frequency changed significantly due to the
presence of the tip fixture with large moment of inertia so the torsional mode moved to the third position.
Since all these changes were captured adequately by the theoretical and numerical model, these models are
considered as validated and are used in the following study of the beam-tendon system.

The corresponding MAC can be found Fig. 7(b) and Fig. 7(c), and the visual comparison of the mode
shapes in Fig. 8, and the same set of mode shapes from the FE model can be seen in Fig. A.18. As in
the previous case, a good overall correlation between the three sets can be seen. However, there are some
differences that are worth noting. The largest errors can be observed in the MAC value related to the
torsional modes. Since numerical and theoretical results correspond to each other well, it is likely that
the torsional modes (Fig. 8(c) and Fig. 8(h)) have not been estimated accurately from the experiment,
which caused small MAC values as seen in Fig. 7. The poor estimation was probably caused by insufficient
excitation of the torsional modes during the impact hammer testing due to a small cross-section which makes
it difficult to excite torsion. Since there is also coupling between bending and torsion, the first torsional
mode and the second flapping one look very similar and this is also reflected in the MAC values. In Fig. 8(j)
it can be seen that the theoretical model incorrectly predicted the motion of the y direction. The reason for
this has not been further investigated as all other modes are predicted correctly.
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Figure 8: Comparison of the mode shapes for the beam with the tip mass: (a) the first flapping (out-of-plane bending) mode
- 1F, (b) the first lead-lag (in-plate bending) mode - 1L, (c) the first torsion mode - 1T, (c) 2F, (e) 2L, (f) 3F, (g) 4F, (h) 2T,
(i) 3L, (j) 5F. The same sets of mode shapes obtained from the finite element model can be seen in Fig. A.18.

3.3. The beam-tendon system

In the previous section, the under-lying theoretical and numerical beam models were carefully validated
and updated against the experimental results. In this section, the full beam-tendon system is investigated.
The frequency-loading diagrams of the three selected tendon locations are investigated in detail and com-
pared with the numerical and theoretical results.

3.3.1. The tendon placed in the shear centre

In the first investigated case, the tendon was placed in the shear centre of the channel cross-section
(location 2 in the left inset in Fig. 3). It was therefore located outside of the cross-section, and its coordinates
in the theoretical model were ey = y0 (y0 < 0) and ez = 0. The comparison of the experimental, numerical
and theoretical frequency-loading diagrams can be seen in Fig. 9. Since it was not possible to perform
the measurements in both directions, only the results from the measurement in the z direction are shown.
Therefore, some modes that are dominated by the motion in the y direction are not excited very well, so
the corresponding natural frequencies may not be very accurate. As in the previous studies [21, 24] two
sets of frequency loci can be distinguished. The frequency curves that are almost parallel to the x-axis
represent the vibration modes which are dominated by the motion of the beam. Thus, they are termed as
beam-dominated modes. On the other hand, the frequency loci that are increasing rapidly with the applied
force represent the tendon-dominated modes that are driven by the motion of the tendon. These two sets of
modes interact with each other through the frequency loci veering since the beam and tendon are coupled
via their connection at the tip of the beam.

The agreement between the computed and experimental results can be considered as satisfactory. The
level of discrepancy is similar to the previous experimental studies [21, 24] and it is given by the error in
the under-lying beam models’ natural frequencies. It can be observed that while the experimental tendon-
dominated modes are very well matched by the theoretical and numerical model, there is an approximately
constant offset in the computed and measured beam-dominated modes. Despite this offset, their rate of
change (the frequency shift due the applied axial loading) is well represented. It can be also noticed that the
mode with the natural frequency just under 250 Hz has not been captured in the experiment. This is the
eighth mode, which represent the second torsional mode, and has not been excited properly by the shaker.
While the mode is missing in the experimental results, the theoretical and numerical models predict it and
their results can be considered as equivalent. Their difference is given by the differences in the under-lying
beam models. Table 3 shows that the finite element model over-predicts the natural frequency of the second
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Figure 9: The frequency-loading diagram for the beam-tendon system with the tendon located in the shear centre of the
cross-section.

torsion mode by 2 % while the theoretical model gives negligible error. These errors then propagate into the
beam-tendon system and so the numerical results show higher frequency for this mode.

It can be noticed that each beam-dominated mode is influenced differently by the applied axial load.
Some natural frequencies remain practically constant while some of them decrease. However, it can be also
seen that the natural frequency of the highest mode (which represent the fifth flapping mode) is increasing
with the applied axial loading. This is caused by the location of the tendon in the shear centre and will
be discussed in detail in section 4.1. The veering region depicted in the detail in Fig. 9 is also very well
represented by both the numerical and theoretical model. It can be noticed that some experimental values
are missing. The missing natural frequencies are associated with the motion of the system in the y direction,
which has not been properly excited for the present case since it was not possible to place the shaker so that
it would not collide with the tendon in the y direction. Therefore, a detailed discussion of veering will be
given for the other two cases, in which the veering region were better experimentally characterised.

3.3.2. The tendon placed in the centre of gravity

In the second case, the tendon was located in the centre of gravity of the channel cross-section as indicated
by point 3 in the left inset of Fig. 3. Therefore, the coordinates of the tendon were ey = 0 and ez = 0. The
comparison of experimental, theoretical and numerical frequency-loading diagrams can be seen in Fig. 10.
Since it was possible to perform the measurements in both directions, two sets of experimental results are
given. The green square markers represent the results measured in the z direction, while the red circles are
the results measured in the y direction. As in the previous case, two sets of modes - the beam-dominated
and tendon-dominated modes - can be seen. The agreement between the experimental and computed results
is again satisfactory, and the observed discrepancies originate in the error of the under-lying beam model.
As in the previous case, the second torsion mode has not be excited in the experiment. Each mode exhibits
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Figure 10: The frequency-loading diagram for the beam-tendon system with the tendon located in the centre of gravity of the
cross-section.

different frequency shift due to the applied axial loaded, but none of them is seen to increase. This is caused
by the location of the tendon in the centre of gravity and will be further discussed in section 4.1.

Two sets of tendon-dominated modes have been excited in the experiment - one corresponding to the
motion of the tendon in the z direction and the other one in the y direction. It can be seen that the
frequency loci of these modes overlay very well when not influenced by veering with the beam-dominated
modes. This is given by the symmetry of the tendon’s circular cross-section. Depending on the nature
of the modes involved, some modes veer with each other while other modes are not influenced and pass
through the veering region unaffected. This behaviour is depicted in detail in Fig. 10 and also visualised
by the theoretical mode shapes in Fig. 11 and numerical mode shapes in Fig. A.19. There are two veering
regions seen in this highlighted region. The first veering region is between 40 kg and 55 kg and involves
the second lead-lag bending mode and the first tendon-dominated mode in the the y direction as seen from
the corresponding mode shapes. While at 40 kg (before the veering region) the natural frequency of the
tendon-dominated mode is lower than the natural frequency of the beam-dominated mode, at 65 kg (after
the veering region) the opposite is true. The mode shapes of these two modes have swapped during the
veering and the phase changed as is typical for the veering phenomena [34, 35]. The first tendon-dominated
mode in the z direction (the green markers) passes through the first veering region unaffected, and its mode
shape is not influenced. This is given by the fact that there is no coupling between the motion in the z
and y direction when the tendon is placed in the centre of gravity. In the second veering region, between
approximately 60 kg and 70 kg the veering occurs between the six mode of the beam, which is a coupled
bending-torsion mode termed as the third flapping mode (3F) in the previous text, and the first tendon-
dominated mode in the z direction which previously passed the first veering region unaffected. Once again,
typical features of the veering can be observed, i.e. the mode shapes swap and their phase changes, and the
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Figure 11: Theoretical mode shape variations during veering for the beam-tendon system with the tendon placed in the centre
of gravity. Corresponding mode shapes of the finite element model can be found in Fig. A.19.

tendon-dominated mode which is not coupled with the z direction passes the veering region unaffected.

3.3.3. The tendon placed in a general location

In the third case, the tendon was located in location 5 as marked in the left inset of Fig. 3. The location
does not lie on the axis of symmetry and is far from the centre of gravity of the cross-section. Due to this
fact, the static tendon loading causes large bending moments that significantly deflect the beam. Therefore,
it was only possible to perform the experiments in a range between 2 kg and 60 kg. In the theoretical model,
ey = 2y0 (y0 < 0) and ez = h, where h is the web height of the channel cross-section. The comparison of the
experimental, theoretical and numerical frequency-loading diagrams can be seen in Fig. 12. Again, two sets
of vibration modes - the beam-dominated and tendon-dominated ones - can be observed. As in the previous
cases, the comparison of all three data sets is satisfactory and the discrepancies can be attributed to the
errors in the under-lying beam models. This means that the proposed theoretical model is able to describe
the situation in which the tendon is placed off the axis of symmetry accurately.

From the theoretical model, specifically from Eq. (3e), it can be seen that when ez 6= 0 there is a
coupling between the y direction bending and torsion. This coupling is then responsible for the appearance
of the veering region detailed in Fig. 12. The corresponding theoretical and numerical mode shapes can be
seen in Fig. 13 and Fig. A.20, respectively. When the tendon was placed in the centre of gravity, there were
tendon-dominated modes passing through the veering regions. These modes were not affected by the veering
because they were not coupled to the modes that veered with each other. In contrast, for the present case,
all modes are mutually coupled together and all of them are affected by the veering. From Fig. 13, it can be
seen that the tendon moves simultaneously in both bending directions due to the aforementioned coupling.
Typical features of veering can also be seen. For example, the third mode (counted from the bottom) at
P = 35 kg represents the second lead-lag mode which is already coupled with the torsion due to the eccentric
placement of the tendon. This mode than veers with both tendon-dominated modes, therefore becoming
the first mode (the very bottom one) at P = 60 kg. Similarly, the tendon-dominated mode that is the first
at P = 35 kg veers with the other modes and becomes the third mode at P = 60 kg while the phase of its
component changes. The upper row of the mode shapes in Fig. 13, which represent the third flapping mode
does not change since its frequency loci is far away from the other modes.
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Figure 12: The frequency-loading diagram for the beam-tendon system with the tendon located in a general location.

Figure 13: Theoretical mode shape variations during veering for the beam-tendon system with the tendon placed a general
location. Corresponding mode shapes from the finite element model can be found in Fig. A.20.
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3.4. Summary of the experimental validation

In this section, experimental validation of the proposed theoretical and numerical models has been
presented. Overall, a good agreement between theoretical, numerical and experimental results has been
observed, and all discrepancies can be attributed to the errors in the under-lying beam models. It was
found that the beam-tendon system with an eccentrically placed tendon possesses two sets of vibration
modes, i.e. beam-dominated and tendon-dominated modes. The natural frequencies of the beam-dominated
modes depend not only on the magnitude of the applied tension, but also on the location of the tendon. It
was observed that for the tendon placed in the centre of gravity, the beam-dominated natural frequencies
decrease, while when the tendon is located at or after the shear centre, the natural frequencies of some of the
beam-dominated modes increase. In addition, it was observed that the interaction and veering between the
beam-dominated and tendon-dominated modes depends on the location of the tendon. Most notably, when
the tendon is not placed on the axis of symmetry of the cross-section, bending-bending-torsion coupling is
observed. The effect of the tendon location will be further studied both experimentally and computationally
in section 4.

4. Further systematic studies

In the previous section, the experimental validation of the proposed theoretical model has been conducted.
In this section, further systematic studies that explore the effect of the tendon location on free vibration
and stability of the beam-tendon system are conducted.

4.1. Experimental results demonstrating the effect of tendon location

Here, the comparison of several sets of experimental data is given in order to show the effect of the
tendon location. These data sets represent the frequency-loading diagrams for locations 1 to 4 in which
the tendon is always placed on the axis of symmetry of the cross-section. The comparison can be seen in
Fig. 14 in which the data measured in the z direction are used. It can be seen that all tendon-dominated
modes coincide with each other very well. This indicates that the experiment was performed with sufficient
accuracy and repeatability, and that the tendon-dominated modes are not influenced by the location of the
tendon as expected.

The natural frequencies of the beam-dominated modes, on the other hand, exhibit very strong dependency
on the location of the tendon as seen in Fig. 14 also summarised in Tab. 4. Each beam-dominated mode is

location 1 location 2 (s.c.) location 3 (c.g.) location 4

1: 1F -13.05 -14.14 -17.61 -28.37

2: 1L 19.07 3.3 3.24 -6.4

3: 1T 7.39 2.33 -5.32 -23.09

4: 2F 13.88 2.09 -9.33 -10.24

5: 2L 2.06 -3.48 -4.28 -7.14

6: 3F 4.93 -1.97 -11.07 -23.73

7: 4F 9.17 2.83 -4.7 -15.59

8: 2T n/a n/a n/a n/a

9: 3L 28.09 26.92 26.63 24.87

10: 5F 10.15 3.92 -4.27 -15.05

Table 4: The relative shifts (in %) of the experimental beam-dominated natural frequencies from Fig. 14 for the applied load
equal to 90 kg with respect to the experimental natural frequencies of the under-lying beam.

influenced differently. The first mode always decreases with the applied axial load regardless of the tendon
position. Other coupled flapping and torsional modes’ natural frequencies decrease for the position of the
tendon in the centre of gravity and further away from it (for positive ey beyond the centre of gravity),
and they increase when the tendon is placed in the shear centre and further away from it (for negative
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Figure 14: Comparison of experimental frequency-loading diagrams: (a) the frequency band between 0 Hz and 160 Hz, and (b)
the continuation of (a) for the frequency band 160 Hz and 375 Hz. The black dashed lines indicates the experimental natural
frequencies of the under-lying beam with the tip fixture.

y0 beyond the shear centre). These findings are also supported by the numerical studies shown in the
previous sections, and will be further emphasised in section 4.2 by further parametric studies. Since the
beam-dominated frequency loci changes while the tendon-dominated ones stay the same, the veering regions
are shifted accordingly, and as seen in the previous cases, their complexity varies due to coupling introduced
by the tendon. The lead-lag bending modes were not properly excited in these data due to the placement
of the shaker, but it will be shown that they are not influenced by changes in the y location of the tendon
for the tendon is located on the sectional axis of symmetry.

It is worth noticing that the data obtained from the system with the tendon located in location 4 (furthest
from the shear centre) exhibit some defects for the applied load higher than 70 kg. This can be seen in the
4th mode, which suddenly increases without an apparent reason since no veering occurs. Similarly, the first
mode in Fig. 14(b) (about 200 Hz) shows an unexpected increase in its frequency. These defects can be
attributed to an imperfect clamped boundary conditions as will be further discussed in section 4.3.

4.2. The effect of the tendon location on the first three natural frequencies

The effect of the tendon location on the natural frequency of the first three vibration modes (first out-of-
plane bending, first in-plane bending and first torsion) is studied in this section. The parametric studies were
performed for three magnitudes of the applied forces, i.e. for P = 200, 400 and 600 N. The location of the
tendon varied between ez ∈ [−h, h] and ey ∈ [2y0,−y0]. The resulting variation in the natural frequencies
can be seen in Fig. 15. The main observation is that the first lead-lag mode is not influenced as much as
the other two. Even for the highest applied force, its natural frequency is shifted by approximately 0.5 %
while the changes for the other two modes are about 20 %. The natural frequency of the first mode (1F)
is highest when the tendon is placed in the shear centre and always lower for any other location. On the
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c.g.s.c.

Figure 15: Parametric studies showing the effect of the tendon location on the first three vibration modes (1F, 1L and 1T). The
surfaces are normalised so that the natural frequency of the beam-tendon system with the tendon placed in the shear centre is
equal to 100 %. ey varies between −y0 and 2y0, and ez between −h and h.

other hand, the natural frequency of the first torsion mode is higher when the tendon is placed in 2y0. It
can be also noticed that the flapping and torsion modes are mainly influenced by ey while the lead-lag mode
is influenced mainly by ez. All these observation were also confirmed by the experimental data presented
in section 4.1. In addition, it can be noticed that the natural frequency of the first lead-lag mode varies
not only with ez but also with ey for ez 6= 0. This is given by the fact that the general location of the
tendon leads to the coupling between the two bending directions, and hence the natural frequencies are also
influenced. The effect of ez on the 1L is however small when compared to ey.

4.3. The effect of the tendon location on structural stability of the beam-tendon system

Since the beam is axially loaded, its structural stability is investigated in this section. The critical force
is obtained when the first natural frequency drops to zero. The mode shapes on which the system loses
stability and the critical forces for different locations of the tendon are shown in Fig. 16. The critical force
is at its maximum when the tendon is placed in the shear centre, and the stability is lost by pure bending
(no torsion is observed). This is in line with classical stability studies [8, 9] where it was shown that the
critical force in case of bending-torsion is always lower than for pure bending. When the tendon is placed in
ey = 2y0 the critical force is lower and the stability is lost by bending-torsion of the beam. When the tendon
is placed in the sectional centre of gravity, the critical force is lower than for the placement in the shear
centre, and the mode shape shows bending-torsion coupling. For the placement in ey = −y0, the lowest
critical force is observed. This critical force correspond to 74.6 kg which means that the beam-tendon system
should have lost its stability during the experimental investigation for the tendon in location 4. However, as
seen from the results in Fig. 14 this did not happened. It is believed that this is caused by the flexibility of
the clamp combined with the additional stiffness provided by the shaker. During the eccentric loading, the
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(a): 1370.88 (b): 1579.81 (c): 1179.11 (d): 732.02

(e): 1381.07 (f): 1579.81 (g): 1192.88 (h): 736.12

(i): 1370.88 (j): 1579.81 (k): 1179.11 (l): 732.02

Figure 16: Stability of the beam-tendon system for different locations of the tendon. The numbers in the plot titles represent
the critical forces in Newton. The equivalent set of the mode shapes as obtained from the finite element model can be seen in
Fig. A.21.

beam is significantly bent so it is possible that it slides in the clamp and therefore the considered boundary
conditions (i.e. the ideal fixed end) does not accurately represent the experimental set-up for such a high
eccentrically applied load. As mentioned in section 4.1, some defects in the experimental data were observed
when the loading exceeded 70 kg. It is possible that these effects are also caused by the finite flexibility of
the clamp.

While no effect of ez is observed when tendon is placed in, under and above the shear centre, the effect
of ez is seen for other cases. The offset of the tendon from the axis of symmetry lowers the critical force
(and changes the mode shapes), but the decrease is not significant. The critical force does not depend on
the sign of ez.

The finite element model was also used to find the critical force which corresponds to the zero natural
frequency of the first mode. This was only possible for the cases where ez = 0, because for the tendon placed
off the axis of symmetry, the bending of the beam which is caused by the static axial force was so large that
the first step (static analysis) in the finite element calculation did not converge. For ez = 0, the critical
force obtained from the FE model were equal to 1329.2 N for ey = 2y0, 1485.2 N for ey = y0, 1179.8 N for
ey = 0 and 782.8 N for ey = −y0. These critical forces are comparable to the theoretical ones, validating the
theoretical model proposed beyond the loading range that could be achieved in the experiment.

5. Discussion

In this paper, the theoretical model of the beam axially loaded by an eccentrically placed tendon has
been proposed and its experimental validation in terms of the frequency-loading diagrams conducted. In
this section, the main findings, assumptions and limitations, and a possible application of the beam-tendon
system are discussed.

The validation of the theoretical model was conducted using the bench-top experiment and a high-fidelity
finite element model. The validation was performed on the thin-walled beam with a mono-symmetric
open cross-section which was loaded in several locations by a tendon. Throughout the paper, a good
agreement between the theoretical, experimental and numerical results has been observed. As in the previous
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studies [21, 24], it was observed that two sets of vibration modes - beam-dominated and tendon-dominated
ones - are present in the beam-tendon system, and that they interact with each other through frequency loci
veering. Unlike in the previous studies, however, the effect of the tendon location was investigated in the
detail and it was observed that (i) it has a significant effect on the natural frequencies of the beam-dominated
modes while it does not influence the tendon-dominated ones, (ii) the natural frequency of the first system
mode decreases regardless of the location of the tendon, while the natural frequencies of other modes can
increase or decrease depending on the tendon’s location and (iii) the location of the tendon has a significant
effect on the structural stability and the critical force reaches its maximum when the tendon is placed in
the shear centre.

A number of assumptions have been considered to derive the governing equations of motion as docu-
mented in [8, 9, 15] in detail. Most importantly, the Euler-Bernoulli theory with warping was used and
the tendon was modelled as a taut string where it was assumed that its diameter remains constant [6]. In
order to satisfy the Euler-Bernoulli theory, the transverse shear deformation and rotary inertia effects were
neglected [3]. In addition, the effect of the static axial load, which bends the beam for eccentric place-
ment, was neglected in the theoretical model. These assumptions do not seem to limit the accuracy of the
frequency-loading diagrams. The derived model is linear and the linear modal analysis has been used since
no apparent non-linearity was observed in the system or experimental set-up.

The structural damping or other energy dissipation effects have not been included in the proposed
theoretical or numerical models. This is justified by the fact that the damping in the present system is very
weak and hence it has a negligible impact on the natural frequencies and mode shapes. However, in general,
if the damping is shown to be significant, it could be included in the theoretical model using, for example,
Kelvin-Voigt model of damping [36]. Moreover, when the tendons are designed to specifically introduce
very high or non-linear damping into a vibrating system (for example, the use of the smart memory alloy
cables to introduce passive structural damping was investigated in [37] or semi-active friction tendons were
considered in [38]), an appropriate damping model must be employed.

The motivation of the research was the application of an active blade-tendon system in rotorcraft as
suggested in [22, 25] where it was shown that the blade-tendon system with the tendon placed in the elastic
axis can be used as a means of resonance avoidance [26, 28]. The active tendon concept should ultimately
introduce control capabilities by which the natural frequencies of rotorcraft blade could be adjusted and,
in turn, this should enable rotorcraft to operate over a wider range of rotor configurations or rotor speeds,
thereby increasing their efficiency and decreasing their fuel burn, air pollution and noise emission in the
future. As seen in this paper, the sectional location of the tendon can significantly influence the modal
properties of the under-lying beam as well as its stability. Therefore, the future development of the active
tendon concept should take this into account and examine the possibility that the resonance avoidance
can be achieved not only by the applied force, but also by adjusting the position of the tendon within the
cross-section.

6. Conclusions

In this paper, the beam-tendon system with an eccentrically placed tendon was studied for the first time.
A theoretical model of the system was proposed and thoroughly validated using experimental and numerical
studies. The effect of the tendon location was examined in detail and the main findings can be summarised
as follows:

• The location of the tendon has significant impact on the beam-dominated modes, while the tendon-
dominated modes remain the same.

• Due to the additional coupling introduced by an eccentrically located tendon, veering between the
beam-dominated and tendon-dominated modes is complex and bending-bending-torsion coupling is
observed.

• Each natural frequency is affected differently by the tendon’s location. For the investigated system,
it can be concluded that (i) the natural frequency of the first mode always decreases regardless of the
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tendon’s location, (ii) the natural frequencies of other flapping and torsional modes increase when the
tendon is placed in the shear centre and further away for the centre of gravity, and decrease when the
tendon is placed in the centre of gravity and further away from the shear centre, and (iii) the lead-lag
modes are influenced when the tendon is not placed on the axis of symmetry, in which case various
locations along the axis of symmetry affect their natural frequencies as well as the natural frequencies
of other modes due to the bending-bending-torsion coupling introduced.

• The sectional location of the tendon has significant impact on the stability of the system. The critical
force is at its maximum when the tendon is placed in the shear centre and the stability is lost due to
pure bending of the beam in this case. The critical force decreases with the distance from the shear
centre and the loss of stability due to bending-torsion is observed.
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Appendix A. Mode shapes obtained from the finite element model

In this appendix, the mode shapes obtained from the finite element model are presented. They comple-
ment the mode shapes computed from the theoretical model and extracted experimental mode shapes that
are shown in the main body of the paper.
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Figure A.17: The mode shapes of the beam without the tip fixture as obtained by the finite element model. Equivalent set of
mode shapes can be seen in Fig. 6.
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Figure A.18: The mode shapes of the beam with the tip fixture as obtained by the finite element model. The equivalent set of
the theoretical mode shapes can be seen in Fig. 8.
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P = 40 kg P = 50 kg P = 65 kg P = 80 kg

Figure A.19: Numerical mode shapes variations during veering for the beam-tendon system with the tendon placed in the
centre of gravity. The equivalent set of the theoretical mode shapes can be seen in Fig. 11.

P = 35 kg P = 45 kg P = 50 kg P = 60 kg

Figure A.20: Numerical mode shapes variations during veering for the beam-tendon system with the tendon placed in a general
location. The equivalent set of the theoretical mode shapes can be seen in Fig. 13.
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(a): 1328.2 (b): 1485.2 (c): 1197.8 (d): 782.3

Figure A.21: Stability of the beam-tendon system for different locations of the tendon. The numbers in the plot titles represent
the critical forces in Newton. Equivalent set of mode shapes can be seen in Fig. 16.
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