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Free vibration analysis of a rotating pre-twisted beam subjected to
tendon-induced axial loading

V. Ondraa,∗, B. Titurusa

aUniversity of Bristol, Department of Aerospace Engineering, University Walk, BS8 1TR Bristol, United Kingdom

Abstract

The main objective of this paper is to investigate free vibration of a rotating pre-twisted beam with bending-
bending-torsion coupling that is axially loaded by a tendon. The tendon is connected to the tip of the beam,
passes through its body, and is fixed and loaded at the axis of rotation. Due to their connection, the motion
of the beam influences the motion of the tendon and vice versa. The equations of motion of the beam-
tendon system are introduced and solved numerically by a combination of a boundary value problem solver
and differential quadrature method to obtain the natural frequencies and mode shapes of the system. The
numerical implementation is firstly validated against literature for a non-rotating beam-tendon system and
a rotating pre-twisted blade. Then, the effect of the tendon on the free vibration of the system is studied for
a wide range of loading cases and rotation speeds. From the computed modal characteristics, it is found that
the presence of a tendon leads to the frequency shift of beam’s natural frequencies as well as frequency loci
veering between the beam-dominated and tendon-dominated modes. Both of these effects strongly depend
on the beam-tendon rotation speed.

Keywords: beam-tendon system, rotating pre-twisted beam, Campbell diagram, frequency-loading
diagram, frequency loci veering

Highlights

• A rotating pre-twisted beam subjected to tendon-induced axial loading is studied

• The coupled beam-tendon system is modelled using partial differential equations

• Free vibration analysis is numerically conducted

• The effect of the tendon on the modal properties is studied for a range of configurations

• The presence of the tendon results in frequency shifts and frequency loci veering

Nomenclature

Symbol Description
b Subscript for a boundary
B1, B2 Cross-sectional constants, m5, m6

d Subscript for a domain
e Distance between mass and elastic axes, m
eA Distance between tensile and elastic axes, m
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f Natural frequency, Hz
EI1, EI2 Flapping and lead-lag rigidities, N m2

GJ Torsional rigidity, N m2

kA Polar radius of gyration of cross-sectional area, m
km1, km2 Mass radii of gyration in flapping and lead-lag directions, m
km Polar radius of gyration, m
K Stiffness matrix
Ly, Lz External excitation forces in y and z directions, N m−1

m Mass of the blade per unit length, kg m−1

mt Mass of the tendon per unit length, kg m−1

M External excitation moment about elastic axis (torque), N m
M Mass matrix
Nx Number of sampling points
P Applied tension corresponding to axial force, N
Pcr Critical force, N
R Length of the beam and tendon, m
t Time, s
T , Tt Centrifugal forces acting on the blade and the tendon, N
U Potential energy, J
U Vector of unknown functional values
w, v Flapping and lead-lag bending displacements of the blade, m
vt, wt Flapping and lead-lag transversal displacements of the tendon, m
W,V,Φ,Wt, Vt Mode shape components of the beam and tendon
W Work, J
x Independent spatial variable, m
xi Sampled independent spatial variable, m
β Initial pre-twist angle, rad
φ Torsional displacement, rad
Ψ Mode shape of the system
ω Angular natural frequency, rad s−1

Ω Rotor speed, rad s−1

˙(•) Partial derivative with respect to time
(•)′ Partial derivative with respect to spatial variable
BC Boundary condition
bvp4c Boundary value problem solver
DQM Differential Quadrature Method
F-L Frequency-loading
ODE Ordinary differential equation
PDE Partial differential equation

1. Introduction

It has been recently suggested to investigate an active tendon concept as a means of controlling rotorcraft
blade dynamics properties [1]. This concept uses a tendon that is connected to a blade’s tip, passes through
its whole body and is fixed and loaded at the root of the blade. The applied force, which is transferred
by the tendon, axially loads the blade and can therefore influence its dynamic properties [2]. It was shown
that by varying the applied load, the dynamic properties of the blade can be modified such that a rotorcraft
can operate with a variable rotor speed and/or morphed blades while experiencing no significant loading
due to the resonances. The preliminary studies and experimental demonstrations [3–5] conducted so far
used simplified models of beam-tendon system with no cross-sectional coupling or pre-twist, and the effect
of rotation was only sporadically considered. Therefore, this paper aims to investigate free vibration of an
isotropic rotating beam featuring bending-bending-torsion coupling due to an offset of shear and mass centres
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and pre-twist, which is coupled to and axially loaded by a tendon. The numerical analysis is conducted
using parameters similar to a main rotor blade of a light helicopter so the results can be interpreted in the
context of an active tendon concept development.

Modelling of beams and tendons is in general a well established subject which has been extensively
studied, because beams and tendons are two essential structural elements that are frequently used in many
engineering applications. There is a large number of studies that focus on different aspects of beam and
tendon modelling, application and testing [6–9]. The beams are often modelled as straight with no pre-twist
as this model represents a wide range of practical applications. However, the lack of pre-twist means that
there is no coupling between the two bending directions. Moreover, from a large body of literature [7, 10–
14], it is also known that the pre-twist has significant impact on the beam’s modal properties. Therefore,
to represent a typical rotorcraft blade, the pre-twist must be considered. Many theoretical approaches [9],
ranging from classical theories, such as the Euler-Bernoulli theory [15, 16] and Timoshenko theory [17–19], to
geometrically-exact, fully intrinsic composite blade theory [8], have been developed for rotating pre-twisted
beams that represent rotorcraft blades. Similarly, many applications and theories for tendons (strings,
cables), which are often used as a means of actuating and controlling structures, have been investigated [6, 20–
23].

However, despite a large number of studies, only a few used a similar configuration to the present beam-
tendon system. In [24–26] a tendon was used for vibration control of a simple cantilever beam where it
was found that vibration of the beam can be effectively suppressed by applying and releasing the tendon
tension in a prescribed matter. As these studies modelled the effect of the tendon using an axial force,
the motion of the tendon and its influence on vibration of the beam was not evaluated. The effect of axial
loading on the rotating pre-twisted beams and the application for resonance avoidance in rotorcraft have
been investigated in [2]. It was observed that the axial load has potential to allow rotorcraft to operate with
variable rotor speed without danger of main rotor resonances. However, the effect of the tendon, which is
proposed to deliver the axial loading, has not been considered. All the previous studies considered axially
loaded beams, arguably because the dynamics of such axially-loaded beams is well understood [27, 28]. In
contrast, a string-beam system was modelled in [29] as a representation of an optic cable coupler. However,
the axial tension of the string had no influence on the beam so the dynamics of the beam was not coupled
with the motion of the tendon. In [4, 5, 30] the coupling between a tendon and a cantilever beam has
been considered, but there was no cross-sectional coupling or pre-twist included. Free vibration analysis of
beam-tendon system with bending-torsion coupling was also conduced in [3], but the pre-twist was omitted
and the effect of rotation only sporadically discussed. To the best knowledge of the authors, there are no
studies of rotating, pre-twisted beam-tendon system available in literature. Therefore, the main objective
of the paper is to investigate free vibration of such a system. In particular, the effect of the tendon on the
natural frequencies of the beam, and the effect of the rotation on the tendon are investigated in detail. The
present paper extends previous studies of beam-tendon systems [3–5] by including the effect of rotation,
pre-twist and cross-sectional coupling.

The paper is organised as follows: the theoretical model of the system and a numerical procedure used
are introduced in section 2. The validation of the numerical implementation against the results previously
reported in literature is done in section 3. Then, in section 4, the main numerical results and parametric
studies are reported. In particular, it is shown what is the effect of rotation on the minimum and maximum
allowed loading forces. These are determined by the need to overcome the centrifugal force, and to avoid
stability loss. Then, the difference between the frequency-loading diagram with and without rotation is
studied and finally, the Campbell diagram for selected system parameters is computed. In section 5 the
main findings and limitations of the study are discussed. The paper is accompanied by three appendixes:
in Appendix A the equations of motions are derived using the principle of minimum potential energy, in
Appendix B the details of the used boundary value problem solver (bvp4c) are given, and in Appendix C
the differential quadrature method (DQM) is presented.
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2. Theoretical model and numerical methods

The system under consideration is an isotropic rotating pre-twisted cantilever beam with uniform pa-
rameters loaded by a tendon as depicted in Fig. 1. The tendon is attached at the tip of the beam, passes

tendon

pre-twisted beam

elastic axis

mass axis

tensile axis

Figure 1: Rotating beam-tendon system consisting of an isotropic, pre-twisted cantilever beam which features an offset between
the mass, elastic and tensile axes, and which is subjected to the tendon-induced axial load. The tendon is connected at the tip
of the beam, passes freely through its whole body and is fixed and loaded at the axis of rotation.

through its whole body and is fixed and loaded at the axis of rotation. The tendon is free to vibrate in-
side the beam and, due to an assumption of small deflections, it never collides with its inner surface. The
tendon coincides with the tensile axis so that the effect of the tendon on the beam can be modelled as
an axial force that is acting against the centrifugal force at the tip at all times. The motion of the beam
is described by flapping (bending out-of-plate of rotation) displacement, lead-lag (bending in-plane of ro-
tation) displacement, and torsion about the elastic axis. All three motions are mutually coupled through
the cross-sectional offset of elastic and mass axes, and the beam pre-twist. The parameters characterising
the beam are uniformly distributed, i.e. they do not vary along the span of the beam, with exception of
the pre-twist which linearly changes between the root and the tip. It is assumed that the beam meets all
the requirement of the Euler-Bernoulli theory and can therefore be modelled by the linear Houbolt-Brooks
equations [15] which are modified to account for the tendon-induced axial loading. The tendon is modelled
using the wave equations [20] augmented by the effects of centrifugal forces. Both the beam and the tendon
are fixed (clamped) at the axis of rotation, and coupled with each other through the geometrical and load-
ing boundary conditions at the tip. At the tip, their displacements are identical and the tendon-induced
axial force contributes to the shear and moment boundary conditions of the blade. Unlike [30], no other
connectivity conditions were enforced since the tendon is free to vibrate inside the beam.

2.1. The equations of motion and boundary conditions

The equations of motion and boundary conditions can be derived with the help of the principle of mini-
mum potential energy as detailed in Appendix A. The final partial differential equations (PDEs) describing
the system are

∂2

∂x2

{
[EI1 cos2 β +EI2 sin2 β]w′′ + [EI2 −EI1] sinβ cosβv′′ − TeAφ cosβ + PeAφ cosβ −EB2β

′φ′ sinβ

}
− ∂

∂x

{
Tw′ − Pw′ + Ω2mxeφ cosβ

}
+m(ẅ + eφ̈ cosβ) =

Lz +
∂2

∂x2

{
TeA sinβ − PeA sinβ

}
+

∂

∂x

{
Ω2mxe sinβ

}
, (1a)
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∂2

∂x2

{
[EI1 sin2 β +EI2 cos2 β]v′′ + [EI2 −EI1] cosβ sinβw′′ + TeAφ sinβ − PeAφ sinβ −EB2β

′φ′ cosβ

}
− ∂

∂x

{
Tv′ − Pv′ − Ω2mxeφ sinβ

}
+ Ω2meφ sinβ +m(v̈ − eφ̈ sinβ)− Ω2mv =

Ly +
∂2

∂x2

{
TeA cosβ − PeA cosβ

}
+

∂

∂x

{
Ω2mxe cosβ

}
+ Ω2m(e0 + e cosβ), (1b)

− ∂

∂x

{[
GJ + Tk2A − Pk2A + EB1β

′2]φ′ − EB2β
′[v′′ cosβ + w′′ sinβ

]}
+ TeA(v′′ sinβ − w′′ cosβ)

− PeA(v′′ sinβ − w′′ cosβ) + Ω2mxe(w′ cosβ − v′ sinβ) + Ω2mev sinβ

+ Ω2m
[
(k2m2 − k2m1) cos 2β + ee0 cosβ

]
φ+mk2mφ̈−me(v̈ sinβ − ẅ cosβ) =

M +
∂

∂x

{
Tk2Aβ

′ − Pk2Aβ′
}
− Ω2m

[
(k2m2 − k2m1) sinβ cosβ + ee0 sinβ

]
, (1c)

P
∂2wt

∂x2
+

∂

∂x

(
Tt
∂wt

∂x

)
−mt

∂2wt

∂t2
= 0, (1d)

P
∂2vt
∂x2

+
∂

∂x

(
Tt
∂vt
∂x

)
−mt

(
∂2vt
∂t2
− Ω2vt

)
= 0, (1e)

where w(t, x), v(t, x) are the flapping and lead-lag bending displacements of the blade, vt(t, x), wt(t, x) are
the flapping and lead-lag transversal displacements of the tendon, φ(t, x) is the torsional displacement about
the elastic axis, t is time, x is the independent spatial variable, EI1, EI2 and GJ are the flapping, lead-lag
and torsional rigidities, respectively, e is the distance between mass and elastic axes, eA is the distance
between tensile and elastic axes, kA is the polar radius of gyration of cross-sectional area, km1, km2 are the
mass radii of gyration in flapping and lead-lag directions, respectively, km is the polar radius of gyration,
B1, B2 are cross-sectional constants, m and mt are the mass per unit length of the beam and tendon,
respectively, P is the applied loading force which corresponds to the axial force acting on the beam, β(x) is
linearly varying initial pre-twist angle, Ω is the rotation angular speed, Ly, Lz are the external distributed
excitation forces in flapping and lead-lag directions, M is the external excitation moment about the elastic
axis (torque), and ˙(•) and (•)′ are partial derivatives with respect to time and spatial variable, respectively.
The centrifugal forces acting on the beam T and the tendon Tt are defined as

T = Ω2

R∫
x

mx̃dx̃, Tt = Ω2

R∫
x

mtx̃dx̃, (2)

where R in the length of the system. Equations (1a), (1b) and (1c) are very similar to the Houbolt-Brooks
equations [15], but the effect of the axial force is included.

The boundary conditions (BCs) must ensure the coupling between the beam and the tendon at the tip.
Therefore, at the tip (x = R)

{−(EI1 cosβ2 + EI2 sinβ2)w′′ − (EI2 − EI1) sinβ cosβv′′ + (EB2β
′φ′ − PeA) sinβ − PeAφ cosβ}′

− Pw′ + Ω2meR(sinβ + φ cosβ) + Pw′t = 0, (3a)

(EI1 cosβ2 + EI2 sinβ2)w′′ + (EI2 − EI1) sinβ cosβv′′ + (PeA + EB2β
′φ′) sinβ + PeAφ cosβ = 0, (3b)

{−(EI2 − EI1) sinβ cosβw′′ − (EI1 sinβ2 + EI2 cosβ2)v′′ − (PeA + EB2β
′φ′) cosβ + PeAφ sinβ}′

− Pv′ + Ω2meR(cosβ + φ sinβ) + Pv′t = 0, (3c)

(EI2 − EI1) sinβ cosβw′′ + (EI1 sinβ2 + EI2 cosβ2)v′′ + (PeA + EB2β
′φ′) cosβ − PeAφ sinβ = 0, (3d)
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[
GJ − Pk2A + EB1β

′2]φ′ − Pk2Aβ′ − EB2β
′(v′′ cosβ + w′′ sinβ) = 0, (3e)

wt = w + eA(sinβ + φ cosβ), (3f)

vt = v + eA(cosβ − φ sinβ) (3g)

and at the fixed end (x = 0)
w = w′ = v = v′ = φ = wt = vt = 0. (4)

Equations (3a) and (3c) prescribe the shear force equality at the tip, Eqs. (3b) and (3d) represent the
moments, and Eqs. (3f) and (3g) enforce the same tip displacements of the beam and the tendon. Due to
these coupling conditions, the motion of the beam drives the motion of the tendon which, in turn, influences
the beam by applying the axial force. This is the reason for an interaction between the modes of the beam
and the tendon.

Equations (1)-(3) create a system of two fourth-order and three second-order partial differential equations
with the corresponding number of boundary conditions. All these equations must be solved simultaneously
as there is coupling between the motions of the beam and the tendon, and also due to chord-wise asymmetry
of the beam’s cross-section, pre-twist and the connection condition between the beam and the tendon.

2.2. Numerical free vibration analysis

In order to evaluate the modal properties of the beam-tendon system (the natural frequencies ω and the
corresponding mode shapes Ψ(x) = [W (x), V (x),Φ(x),Wt(x), Vt(x)], where W (x), V (x),Φ(x),Wt(x), Vt(x)
are the components of the mode shape which represent, respectively, the bending in the z and y directions,
the rotation about the elastic axis, and the transversal motion of the tendon in the z and y directions), two
numerical methods, a boundary value problem solver (bvp4c) and a differential quadrature method (DQM),
are used in this paper. Although each of them can be theoretically used separately to obtain the modal
properties of the system, it was found that due to a complicated nature of the system, the combination of
these two methods, as explained in the following, yields accurate and complete sets of results.

A boundary value problem solver used is a Matlab built-in function called bvp4c [31]. The solver is
described in more detail in Appendix B. It utilises a collocation formula and is very versatile allowing
solutions of a wide range of boundary value problems to be found. However, it does require a starting guess
for each vibration mode. In order to obtain all the vibration modes in the frequency region of interest, a
set of sufficiently accurate starting guesses needs to be provided. This is a particular issue for the present
beam-tendon system due to a number of coupling mechanisms involved and the richness of results for some
loading conditions.

In order to obtain the starting guesses required, several approaches may be used. The starting guesses
may be obtained using analytical formulas (if available), extracted from the harmonic analysis of the system
as in [2] or, as in the case of the present paper, provided by another numerical method. In this study, the
differential quadrature method (DQM) [32] was used. The DQM discretises the spatial variable so that the
system of PDEs is transformed into a system of ordinary differential equations (ODEs) whose mass and
stiffness matrices can be analysed using conventional numerical methods to obtain the modal properties
(see Appendix C for more details). From the numerical studies, it was found that the DQM leads to the
same results as the bvp4c for the beam-tendon with no pre-twist (shown in section 3.1) or for a pre-twisted
beam with no tendon (shown in section 3.2). However, it was found that the DQM fails to converge for the
beam-tendon with pre-twist and cannot therefore be used to obtain the modal parameters of the studied
system on its own.

As a result of the numerical problems encounted by the DQM and the need for the starting guess when
using bvp4c, these methods are used in the conjunction with each other to study the full beam-tendon
system in section 4. Firstly, the DQM is used, but the pre-twist is set to zero. This provides a complete set
of modal properties that are very close to the case when β 6= 0 and are therefore suitable as the starting
guess for the bvp4c. The latter solver can then update the results for the pre-twisted beam. The final results
in section 4 are therefore always obtained by the bvp4c solver and the DQM is merely used to provide a
starting guess for all vibration modes.
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The focus of the paper is on the effect of the applied force on the natural frequencies and the mode
shapes of a rotating beam-tendon system. The natural frequencies will be presented mainly using two types
of diagrams, namely frequency-loading diagrams which depict the evolution of the natural frequencies with
the applied force, and Campbell diagrams which show the effect of the rotation (centrifugal forces) on the
natural frequencies.

3. Validation of the developed model against literature

In this section, the numerical model developed is validated against results available in literature. Firstly,
the comparison with [4] where a simplified beam-tendon system was experimentally validated is made, and
then the Campbell diagram of a main rotor blade of a light helicopter is compared with the available reference
to validate the under-lying beam model. This section is meant to not only validate the system of equations
developed, but also show that both DQM and bvp4c give the same results for many cases.

3.1. Non-rotating beam-tendon model

The results obtained using the derived system of equations are compared to a simpler beam-tendon
system studied experimentally in [4]. The main findings about the beam-tendon system are recapitulated
in this section before diving into a more complicated case of the rotating pre-twisted beam with the cross-
sectional coupling which was not studied in [4].

The beam-tendon system consists of a straight non-rotating beam with a rectangular cross-section that
is loaded axially by a tendon. In [4], theoretical and experimental modal analysis of this system has been
conducted and a number of frequency-loading diagrams have been measured. The system was also modelled
using a simpler set of equations (no bending-torsional coupling, pre-twist and rotation were considered),
theoretical modal analysis was carried out using the bvp4c solver and good correlation with the experimental
data was obtained. The parameters of the system are R = 1 m, EI1 = 517.33 N m2, EI2 = 157.79 N m2,
GJ = 175.86 N m2, m = 0.2929 kg m−1, mt = 0.0125 kg m−1, km = 0.0101 m and e = eA = β = Ω = B1 =
B2 = 0.

The frequency-loading diagram of the beam-tendon system is shown in Fig. 2. It can be seen that there
is no difference in the frequency loci computed by the DQM and bvp4c. The experimental results obtained
in [4] are not included to maintain the focus on the main features of the beam-tendon system that can be
summarised as follows

• There are two sets of modes - the frequency loci which appear to be almost parallel to the x-axis
represent the beam-dominated modes while the frequency loci with the rapid increase in the frequency
belong to the tendon. The natural frequencies of the beam-dominated modes slowly decrease with the
increase in the applied load.

• Some of the modes veer [33] while some of them cross each other or pass through the veering region
unaffected. This is given by the nature of the coupling as discussed in [4]. For example, in the red
region highlighted in Fig. 2 two modes veer, and one passes through the veering region. The former
two modes represent the beam bending and tendon transversal motions in the same direction. These
two modes are coupled through the connection of the tendon and the beam at the tip, and hence
they interact with each other. On the other hand, the latter frequency locus represents the tendon
transversal motion in the orthogonal direction, which is not coupled to the former modes, and therefore
does not feature veering. It can also be seen that the torsional mode does not veer with any of the
tendon modes (see the blue highlight in Fig. 2) as it is not coupled to any of them.

• It can be seen in Fig. 2 that for low magnitudes of applied forces, there are many modes in the
investigated frequency band. Many of these modes cannot be computed by the bvp4c because of its
iterative nature which fails to converge even if an accurate starting guess is provided by the DQM.
However, this is not considered to be a significant limitation, because the tendon-dominated modes
for such a low applied force most likely have little to no significance in practice.
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Figure 2: The frequency-loading diagram of the beam-tendon system studied in [4]. The two sets of modes can be observed
- the beam-dominated modes whose natural frequencies are reduced by the applied load, and the tendon-dominated modes
whose natural frequencies increase with the applied load. The two sets of modes interact with each other through frequency
loci veering.

• In addition, the effect of the tendon mass was also established in [4], both numerically and experimen-
tally. The natural frequencies of the tendon-dominated modes for heavier tendons are lower than those
for lighter ones. This means that heavier tendons produce the frequency-loading diagrams that are
more densely populated by the tendon-dominated modes than the same frequency-loading diagrams
obtained for lighter tendons. Consequently, the veering regions shift so they appear at lower loading
for lighter tendons. It was also found that the stability of the beam is not affected by the mass of the
tendon, only by the applied axial force. It will be shown in section 4 that this is no longer true for a
rotating system.

As can be seen from this summary, the beam-tendon system even without cross-sectional coupling, pre-twist
and rotation exhibits rich dynamics. As the main focus of the paper is on a rotating, pre-twisted beam with
cross-sectional coupling, a model of such a beam is validated against available literature in the next section.

3.2. Campbell diagram of a helicopter main rotor blade

A Bo105 helicopter is a a widely-used representative vehicle of a group of light, multi-purpose rotorcraft
deployed for medical services, police, search and rescue, and military missions. A blade of its four-bladed
hingeless main rotor is investigated here, also because this helicopter is used as a reference aircraft in the
SABRE project [1]. The purpose of this section is to introduce the under-lying blade model before including
the tendon in the system. Since the non-uniform structural parameters of the blade are not publicly available,
the uniform parameters, which lead to equivanlent results in terms of the Campbell diagrams, are used
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instead. These are R = 4.912 m, EI1 = 10 000 N m2, EI2 = 170 000 N m2, GJ = 4850 N m2, m = 5.5 kg m−1,
km1 = 0.009 m, km2 = 0.0648 m, e = −0.01 m, eA = 0 m, kA = 0.041 m and B1 = B2 = 0. An equivalent
initial linear pre-twist characterised by β(x) = −0.022x + 0.0663 rad is also considered, and the rotorcraft
operates with the nominal rotor speed of Ωnom = 44.4 rad s−1.

The computed Campbell diagram and selected mode shapes can be seen in Fig. 3. The first ten computed

F1

F2
L1

F3

T1
L2

F4

F5

T2

L3

Figure 3: The Campbell diagram of a beam with uniform parameters and linear pre-twist representing a main rotor blade of a
light rotorcraft. The label Fx marks the x-th flapping-dominated mode, Lx stands for the x-th lead-lad-dominated mode, and
Tx for the x-th torsion-dominated mode. The insets on the left and right side of the Cambell diagram show the coupled mode
shapes (the x-axis represents the span of the blade x and the y-axis is the normalised value of the mode shape)

frequencies are compared to the reference which was computed using a finite element code for non-uniform
parameters and validated against measurements [1]. Overall, the match between the computed results and
the reference is satisfactory, although there are small differences between them caused by the use of the
equivalent parameters.

The frequency of each mode increases due to the stiffening effect of the centrifugal forces. The rate of
increase is different for each mode, with the torsion-dominated modes (marked by T1 and T2) featuring
almost no increase, and the bending-dominated modes increasing more rapidly. Since all the motions are
coupled, all the modes veer with each other.
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From the shown mode shapes, it is clear that all three motions are coupled and, especially for higher
modes, it is no longer possible to characterise them as pure flapping, lead-lag or torsional modes. In addition,
the swap of the mode shapes due to veering can be observed. For example, the first two modes for the non-
rotating case (Ω = 0) changed the mode shape at the nominal rotor speed due the veering. It should be
noted that in the frequency-loading diagram in Fig. 2 the veering is caused by the tendon-induced axial
loading, while in the Campbell diagram in Fig. 3 it is caused by the centrifugal effects. In the full model
of the rotating beam-tendon system these two effects are combined and therefore lead to more complex
behaviour.

It can be seen that the DQM led to the same results as the bvp4c, even when the pre-twist is present.
However, this could only be achieved by selecting a very fine discretisation, and could not be done at all
when the tendon was present in the system. In that case, the DQM would not converge to correct results.
Therefore, the combination of the DQM and bvp4c as described in section 2 is used in the rest of the paper.

4. Free vibration analysis of a pre-twisted rotating beam loaded by a tendon

Having validated the numerical procedure for the non-rotating beam-tendon system, and the rotating
pre-twisted beam, a rotating beam-tendon system is investigated in this section. Firstly, a range of allowed
loading is studied, then the frequency-loading and Campbell diagrams are discussed. The obtained results
are related to the findings made for the non-rotating and uncoupled case summarised in section 3.1 with
emphasis on the effect of the rotation and coupling. Throughout the section, the parameters of the beam
from section 3.2 are used and the numerical procedure described in section 2.2 is employed. Three different
tendon masses are investigated, with mt equal to 1 %, 5 % or 10 % for the beam mass m.

4.1. Structural stability of the beam-tendon system

As the beam is axially loaded the structural stability determines the maximum allowed loading. The loss
of structural stability occurs at the critical force Pcr when the lowest natural frequency of the system drops
to zero [27, 28, 34]. The computed critical force Pcr can be seen in Fig. 4 for all three tendon masses. The
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Figure 4: The critical forces computed for different rotor speeds and tendon masses, and normalised by the critical force for

the non-rotating beam P
(Ω=0)
cr .

critical force is a function of the rotor speed due to the stiffening effect of the centrifugal force and divides
the investigated loading region into two parts:

• P < Pcr - tendon working region - the applied force is lower than the critical force and therefore, this
is the region of interest which will be investigated further.
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• Pcr < P - structural instability - the system does not vibrate as the beam diverges due to the applied
axial load. This loading region is not further investigated in this paper.

It can be also seen in Fig. 4 that the critical force depends on the mass of the tendon. It would seem that
the critical force should not depend on the mass of the tendon since the loss of stability occurs due to the
divergence of the beam subjected to the axial loading. However, the stability is determined not only by
the amount of the axial force, but also by the involved boundary conditions. In particular, Eqs. (3a) and
(3c) give the shear forces at the end of the beam, where the terms Pw′t and Pv′t determine the contribution
of the tendon. For the non-rotating case, the critical force is the same for any tendon mass because both
axial force and the slope of the tendon are the same for any tendon. This is true because the mode shapes
of a taut string with uniformly distributed tension do not depend on its mass, as known from analytical
solutions [6]. However, when the system rotates, the centrifugal force causes non-uniform distribution of the
tendon tension. Because the centrifugal force depends on the mass, the tendon tension depends on the mass
as well and so does its mode shape. Consequently, the slopes of the tendon at the tip (w′t and v′t) depend on
the mass of the tendon and so does the critical force. It can be seen that the critical force at the nominal
rotor speed is approximately nine times higher than at rest for any tendon mass.

4.2. Frequency-loading diagram of the first two beam-dominated modes

It is known from classical stability studies [27, 28] that the decrease of the lowest natural frequency
of a cantilever beam caused by an axial force is not linear. In order to examine the evolution of the first
two frequency loci (F1 and L1 modes) for non-rotating and rotating beam, they are shown in Fig. 5. In

tendon-dominated
modes and veering 

Mode shapes corresponding 
to the places marked 

by a star (   ) can be seen in Fig. 6.

first mode 

second mode 

first mode 

second mode third mode 

Figure 5: Reduction of the first two natural frequencies for 0.01m, 0.05m and 0.1m for (a) Ω = 0 (b) Ω = Ωnom. The x-axis

shows the applied loads normalised by the critical force for the non-rotating beam P
(Ω=0)
cr , and the y-axis represents the natural

frequencies normalised by the nominal rotor speed Ωnom.

Fig. 5(a) it can be seen that the critical force of the non-rotating beam-tendon system does not depend on
the mass of the tendon. The frequency loci for the beam-tendon system are close to the beam’s nominal
frequencies (black horizontal lines) for low loading. With increasing loading, the frequency loci of the first
two modes decrease. The decrease is initially gradual, almost linear, but rapid close to the critical force. At
the very low applied force (marked by the purple ellipse in Fig. 5(a)), it can be seen the frequency loci of
both modes seemingly decrease towards zero. However, at this region, the shown frequency loci belong to
the first tendon-dominated mode which veer with the first two beam-dominated modes.

In Fig. 5(b) the frequency loci of the rotating system (Ω = Ωnom) are shown. It can be seen that the
frequency loci are qualitatively different to the non-rotating case. The critical force is significantly higher
and depends on the tendon mass (as already seen in Fig. 4). There is no veering at the very low applied
force because the natural frequency of the first tendon-dominated modes is higher due to the centrifugal
force acting on the tendon. However, it can be seen that the first, second and also third frequency loci veer
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Figure 6: The first two mode shapes of the rotating and non-rotating beam-tendon system with mt = 0.05m. The corresponding
natural frequencies can be seen in Fig. 5.

with each other close to the critical force. This veering is caused by the coupling between the flapping and
lead-lag motion which is given by the pre-twist.

The mode shapes corresponding to natural frequencies marked by black stars in Fig. 5 can be seen in
Fig. 6. It can be seen in the first row in Fig. 6 that the first mode of the non-rotating system is associated
with pure flapping motion. The typical shape of the first bending mode can be observed and the tendon is
spanned between the root and the tip of the beam in a straight line. On the other hand, more complicated
mode shapes can be seen in the second row in Fig. 6 which represent the second mode of the non-rotating
beam-tendon system. Although the second mode should be dominated by the first lead-lag bending mode,
there is a mix of the first lead-lag and second flap-wise bending. Moreover, the mix becomes more apparent
with the increased applied load and the contribution of the two modes is practically equal in Fig. 6(f). This
mixture of the mode shapes is caused by the veering between the first lead-lag and second flapping modes.
These two modes approach each other because the reduction of the F2 natural frequency is more significant
than the reduction of L1 mode. This will be later seen in Fig. 7(a) as well.

The third row in Fig. 6 shows the first mode of the rotating beam-tendon system. It can be seen in
Fig. 6(g) that for very low applied force, the first lead-lag mode is observed, but the tendon is not a straight
line spanned from the tip to the clamp. The tendon therefore does not reach the maximum deflection at
the tip, but rather close to it. This is caused by the centrifugal force that dominates the internal tension.
In Fig. 6(h) the tendon is already spanned in the straight line between the tip and the clamp due to the
applied force. In this case, the centrifugal force is still present, but it is much lower than the applied force
so the peak deflection close to the tip is not manifested. In Fig. 6(i) the first lead-lag mode is replaced by
the second flapping mode. This is possible due to the strong veering of the second flapping mode whose
frequency locus is rapidly decreasing with the applied force as will be seen in Fig. 7(b). In addition, torsion
can be also observed in this mode due to the cross-sectional coupling. Therefore, the shape of the blade
divergence at rotation is given by the second flapping mode coupled with torsion as opposed to the pure first
flapping mode when at rest. This is an important qualitative feature which should be taken into account if
the structural stability is investigated further.
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In the fourth row in Fig. 6 the second mode of the rotating blade-tendon system can be seen. The first
two subplots (Fig. 6(j) and Fig. 6(k)) show the first flapping mode. At rest, the second mode was dominated
by the lead-lag motion, but at rotation it changed due to the centrifugal stiffening. In Fig. 6(l) a mixture
of the first lead-lag and second flapping mode can be seen. This is again caused by the veering better seen
in Fig. 7(b).

In this section, the operating region of the beam-tendon system has been established and it has been
shown how the first two frequency loci change with the applied load. The numerical results were obtained
for three tendon masses and it can be concluded that the mass of the tendon has an effect on the frequency
reduction and the critical force. However, the tendon mass does not affect the qualitative behaviour of the
beam-tendon system significantly. Therefore, the rest of the analysis in this paper will be carried out for
the middle tendon mass case, with mt = 0.05m.

4.3. Full frequency-loading diagram

The frequency-loading (F-L) diagrams of the non-rotating and rotating beam-tendon system can be seen
in Fig. 7. The position of the natural frequencies of the beam (without tendon) are also indicated. These
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Figure 7: Frequency-loading diagram for mt = 0.05m for (a) Ω = 0 and (b) Ω = Ωnom. For the rotating case, the frequency
reduction of the beam-dominated modes is more significant and the veering regions are wider.

F-L diagrams are extensions of Fig. 5 for the first ten modes. It can be seen that the character of the
F-L diagrams for rotating and non-rotating system is significantly different. Both of them contain beam-
dominated and tendon-dominated modes that veer with each other. However, all the veering regions in the
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rotating systems are much wider. This is arguably because of the fact that the centrifugal force and axial
loading are applied at the same time.

The frequencies of all beam-dominated modes are reduced by the tendon-induced axial loading. The
amount of the frequency reduction vary for individual modes, and rotating and non-rotating case. The
frequencies of the torsional modes decrease only very little, but unlike in Fig. 2 the torsional modes veer
with all other tendon-dominated and beam-dominated modes. Such veering will be described in detail in
section 4.4.

The reduction in the natural frequencies was identified as the mechanism that allows an application of
an active tendon concept in rotorcraft for the resonance avoidance [2]. The reduction therein was achieved
solely by the axial force and the tendon was not explicitly modelled. Although the present results show that
the reduction can be achieved when the tendon is included, a large number and variety of veering regions is
also seen. This makes the F-L diagram of the rotating system look complex and may lead to a conclusion
that the presence of the tendon could limit the resonance avoidance effect as there are many tendon-related
resonances that can be excited. However, it is important to note that the tendon-dominated modes can
be easily damped. In addition, the mass of the tendon is significantly lower than the mass of the beam
and therefore they are not necessarily energetically significant. Moreover, it might be possible to utilise the
veering as an active vibration absorber. This possibility is briefly investigated in [35], but it requires further
research.

4.4. Campbell diagram

In this section, the Campbell diagram from Fig. 3 is recomputed for the blade-tendon system. The
applied load is equal to the 50 % of the critical force Pcr at each rotor speed. The applied force therefore
depends on the rotor speed in a similar manner as in Fig. 4.

The Campbell diagram of the beam-tendon system can be seen in Fig. 8. For the low frequency, there
are many tendon-dominated modes. They always appear in pairs - one frequency locus for each transversal
direction. However, once they start veering with the beam-dominated modes, their trajectories split. The
tendon-dominated frequency loci increase rapidly with the applied force which means that many of them
leave the investigated frequency region before the nominal rotor speed is reached.

The mode shapes shown on the left and right side represent the beam-dominated modes (the same ones
as in Fig. 3). However, the tendon mode shape components are also included. It can be seen that the
tendon and the beam have always the same displacement at the tip as per the boundary conditions. The
beam-dominated mode shapes are similar to those shown in Fig. 3. However, some influence of the tendon
can still be seen. This is particularly visible at the nominal rotor speed for the third mode when compared
to the corresponding mode shape from Fig. 3. It can also be seen that for the non-rotating system the
higher tendon modes with many nodes of vibration are present. However, due to veering and rapid increase
in their frequency loci with the applied force, these higher modes leave the frequency region of interest. For
example, the tenth mode of the beam (L3) is combined with the 8th mode of the tendon at rest, but only
with the 3rd tendon mode at the nominal rotor speed.

There is no crossing in the Campbell diagram as all the frequency loci veer with each other. In order to
further explore the coupling between the tendon and the torsional modes, which are not directly coupled in
the PDEs or BCs, a section of the Campbell diagram is enlarged in Fig. 9. From the displayed mode shapes,
it can be seen that all of them changed their places. For example, the first mode from the bottom on the left
becomes the last mode on the right while it veered several times in between. In the small inset, it can be seen
that the veering even occurs at very small scale with the smallest distance between the frequency loci being
less than 0.002 Ω/Ωnom. This narrow veering modal interaction is observed between the torsional mode and
the mode that is dominated by the motion of the tendon in the lead-lag direction. These two motions are
not directly coupled in the PDEs or BCs. However, they are indirectly coupled where the torsion is coupled
to the flapping via the offset of the elastic and mass axis, flapping is coupled to the lead-lag through the
pre-twist, and the tendon is coupled with the flapping and lead-lag through its attachment to the tip of the
beam. It is believed that this indirect coupling is responsible for the small veering region.
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Figure 8: The frequency diagram the beam-tendon system for mt = 0.05m and P = 0.5Pcr(Ω) and the selected mode shapes.
The same type of mode shapes as in Fig. 3 were selected so the influence of the tendon can be observed.

5. Discussion

In this paper, the theoretical model of the beam-tendon system was derived by the principle of the
minimum potential energy. It was assumed that the rotating, pre-twisted beam meets all the assumptions of
the Euler-Bernoulli theory. Therefore, the model does not take into account the transverse shear deformation,
rotary inertia effects, warping and material diversity of a typical rotorcraft blade. This may certainly be
seen as a limitation with regards to rotorcraft blade modelling, which is usually made of composites may be
more accurately modelled using more sophisticated approaches such as geometrically-exact, fully intrinsic
composite blade theory [8] or three-dimensional linear elasticity-based model [36, 37]. However, it is believed
that the main findings made for the beam-tendon system presented in this paper, such as the frequency
reduction and frequency loci veering, would be also present if a different beam model was used. While
the frequency reduction and frequency loci veering should still be observed regardless of the used beam
model, the amount of frequency reduction and the location of veering regions may differ depending on the
used beam model. Therefore, the future studies should investigate how different beam models influence the
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dynamics of a beam-tendon system. Moreover, in practice the beam model that is most suitable for a given
application should be used and its suitability and accuracy should be experimentally validated.

Since the developed model is a system of coupled PDEs and BCs, it cannot be solved analytically and
the numerical analysis must be therefore employed. It was proposed to use a combination of the bvp4c [31]
and DQM [32] solvers to obtain the final results. This was needed because the DQM would not converge
to the correct results for the pre-twisted beam-tendon system, but would be able to provide a very good
starting guess for the subsequent bvp4c computations. Although the employed procedure works well, it is
acknowledged that further method improvements may be needed to evaluate results in the regions with many
tendon-dominated modes. An entirely different solution procedure could also be tried in the future. The
numerical implementation was validated against the results of the non-rotating, uncoupled beam-tendon
system without pre-twist, and the rotating, pre-twisted beam model. The former validation case introduced
the features of the beam-tendon system, where it was shown that only some of the modes veer, while other
cross, depending on the coupling between them.

In section 4, the rotating, pre-twisted beam-tendon system was investigated. The results were evaluated
with reference to the previously validated case for a non-rotating beam-tendon system. It was found that
all the modes exhibit veering due the the coupling of both bending directions and torsion of the beam due
to the presence of the offset between the elastic and mass axes, and the blade pre-twist. Additionally, it
was observed that the veering regions were significantly wider when the system rotated. It is believed that
a combination of the rotating and axial loading is responsible for this phenomenon.

The structural stability was also investigated in section 4.1. The critical force was determined by the
divergence of the beam which, in this case, depends on the rotor speed and mass of the tendon. It was
shown that the mode shape associated with the loss of stability is different for the rotating and non-rotating
system. The former is the first flap-wise bending mode, whereas the latter is the second flapping mode
coupled with torsion.

The present paper was motivated by the future application of an active tendon concept in rotorcraft as
investigated within the SABRE project [1, 3]. It was already shown [2, 38] that the axial force alone has
potential to allow rotorcraft to operate with variable rotor speed. This paper indicates that the tendon can
be used to induce this axial force which consequently reduces the natural frequencies of the blade. However,
it was also observed that many tendon-dominated modes, and therefore potential resonances, emerge in
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the Campbell diagram. Although this may seem as a potential problem, it is assumed that the tendon
can be easy damped, attached in a several spanwise locations [30] or guided thought the blade. It is also
possible that the tendon’s resonances will have little effect on the blade given the difference in their masses.
Moreover, it is believed that the veering, caused by the interaction between the tendon-dominated and
beam-dominated modes, can be utilised as a vibration absorber, and hence further enhance the capabilities
of an active tendon concept. A preliminary investigation of this possibility has been already conducted
in [35], but a more systematic investigation is needed.

6. Conclusions

In this paper, a rotating, pre-twisted beam loaded by a tendon-induced axial force has been investigated
for the first time. The theoretical model of the system was derived using the principle of minimum potential
energy, the numerical free vibration analysis conducted using a combination of a boundary value problem
solver and the differential quadrature method, and the computed frequency-loading and Campbell diagrams
evaluated. The focus was on the effect of rotation, pre-twist and cross-sectional coupling on the modal
characteristics of the beam-tendon system. From the numerical studies conducted, it can be concluded
that the rotating beam-tendon system exhibits the same features as its non-rotating counterpart, i.e. the
frequency reduction and frequency loci veering. However, these features are significantly affected by the
rotation and cross-sectional coupling. In particular, it was shown that the presence of the offset between the
mass and elastic axes and the beam’s pre-twist causes the coupling between all beam-dominated and tendon-
dominated modes, leading to a complex appearance of the frequency-loading and Campbell diagrams due
to a number of veering regions. In addition, it was demonstrated that when the system rotates the veering
regions are wider and the critical force, which leads to the loss of stability, is considerably higher. The
paper finishes with remarks about the application of the beam-tendon system in rotorcraft for resonance
avoidance. It is concluded that the beam-tendon system can be utilised for this application not only because
of the frequency reduction due to the tendon-induced axial force, but also because of the frequency loci
veering.
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Appendix A. Derivation of the equations of motion and boundary conditions

The equations of motion and the corresponding boundary conditions given in section 2.1 can be derived
using the principle of minimum potential energy

δΠ = δU − δW = 0, (A.1)

where U is the strain energy and W is the potential energy of the applied loads [6]. The total potential
energy U of the system is given by [15]

U =
1

2

R∫
0

{
EI1(v′′ sinβ − w′′ cosβ)2 + EI2(v′′ cosβ + w′′ sinβ)2+

[
GJ + EB1(β′)2

]
φ′2 − 2EB2(v′′ cosβ + w′′ sinβ)β′φ′+P (w′2t + v′2t )

}
dx, (A.2)

where the underlined terms account for the presence of the tendon in the system and the notation is the
same as in the main body of the paper. The work W is given by [15]

W =

R∫
0

(
T

{
− 1

2

[
v′2 + w′2

]
+ eA(v′′ cosβ + w′′ sinβ)− eAφ(v′′ sinβ − w′′ cosβ)− k2A

[
1

2
φ′2 + β′φ′

]}
+

Ω2m

{
xe [−(v′ cosβ + w′ sinβ) + φ(v′ sinβ − w′ cosβ)] +

1

2
v2 + (e cosβ + e0 − eφ sinβ)v+[

−
(
k2m2 − k2m1

)
sinβ cosβ − ee0 sinβ

]
φ− 1

2

[ (
k2m2 − k2m1

)
cos 2β + ee0 cosβ

]
φ2
}

+ pyv + pzw + qφ+
1

2
Tt[v

′2
t + w′2t ] +

1

2
Ω2mtv

2
t + pvtvt + pwt

wt

)
dx, (A.3)

where T = T − P , the centrifugal forces are

T = Ω2

R∫
x

mx̃dx̃, Tt = Ω2

R∫
x

mtx̃dx̃, (A.4)

and the external loadings and vibratory inertia loads obtained by D’Alembert’s principle are [15]

py = Ly −m(v̈ − eφ̈ sinβ) (A.5a)

pz = Lz −m(ẅ + eφ̈ cosβ) (A.5b)

q = M +me(v̈ sinβ − ẅ cosβ)−mk2mφ̈ (A.5c)

pvt = −mtv̈t (A.5d)

pwt = −mtẅt (A.5e)

Submitting Eqs. (A.2) and (A.3) into Eq. (A.1), integrating by parts and separating the variables yields the
following partial differential equations{

[EI1 cos2 β + EI2 sin2 β]w′′ + [EI2 − EI1] sinβ cosβv′′ − TeAφ cosβ − EB2β
′φ′ sinβ

}′′
−
{
Tw′ + Ω2mxeφ cosβ

}′ − {TeA sinβ
}′′ − {Ω2mxe sinβ

}′
+ pz = 0, (A.6a)
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{
[EI1 sin2 β + EI2 cos2 β]v′′ + [EI2 − EI1] cosβ sinβw′′ + TeAφ sinβ − EB2β

′φ′ cosβ
}′′

−
{
Tv′ − Ω2mxeφ sinβ

}′
+ Ω2meφ sinβ −

{
TeA cosβ

}′′
−
{

Ω2mxe cosβ
}′ − Ω2m(e0 + e cosβ) + py = 0, (A.6b)

−
{[
GJ + Tk2A + EB1β

′2]φ′ − EB2β
′[v′′ cosβ + w′′ sinβ

]}′
+ TeA(v′′ sinβ − w′′ cosβ)

+ Ω2mxe(w′ cosβ − v′ sinβ) + Ω2mev sinβ + Ω2m
[
(k2m2 − k2m1) cos 2β + ee0 cosβ

]
φ

−
{
Tk2Aβ

′}′ + Ω2m
[
(k2m2 − k2m1) sinβ cosβ + ee0 sinβ

]
+ q = 0, (A.6c)

(Pw′t)
′ + (Ttw

′
t)
′ + pwt = 0, (A.6d)

(Pv′t)
′ + (Ttv

′
t)
′ + Ω2mtvt + pvt = 0 (A.6e)

and the boundary conditions

δw{−(EI1 cosβ2 + EI2 sinβ2)w′′ − (EI2 − EI1) sinβ cosβv′′ + (TeA + EB2β
′φ′) sinβ + TeAφ cosβ}′

+ Tw′ + Ω2mex(sinβ + φ cosβ)|R0 = 0, (A.7a)

δw′{(EI1 cosβ2 + EI2 sinβ2)w′′ + (EI2 − EI1) sinβ cosβv′′

− (TeA + EB2β
′φ′) sinβ − TeAφ cosβ}|R0 = 0, (A.7b)

δv{{−(EI2 − EI1) sinβ cosβw′′ − (EI1 sinβ2 + EI2 cosβ2)v′′ + (TeA − EB2β
′φ′) cosβ − TeAφ sinβ}′

+ Tv′ + Ω2mex(cosβ + φ sinβ)}|R0 = 0, (A.7c)

δv′{(EI2 − EI1) sinβ cosβw′′ + (EI1 sinβ2 + EI2 cosβ2)v′′

− (TeA − EB2β
′φ′) cosβ + TeAφ sinβ}|R0 = 0, (A.7d)

δφ
{[
GJ + Tk2A + EB1β

′2]φ′ + Tk2Aβ
′ − EB2β

′(v′′ cosβ + w′′ sinβ)
}∣∣R

0
= 0, (A.7e)

δwt {Pw′t − Ttw′t}|
R
0 = 0, (A.7f)

δvt {Pv′t − Ttv′t}|
R
0 = 0. (A.7g)

In order to separate the boundary conditions at the free and fixed end, the usual logic is used [6], i.e. the
variation of displacements and slopes is zero at the fixed end and arbitrary at the free end. The former leads
to the well known conditions for the fixed end (for x = 0)

w = w′ = v = v′ = φ = wt = vt = 0, (A.8)

while the latter requires the expressions in the curly brackets in Eq. (A.7) to be equal to zero, i.e. for x = R

{−(EI1 cosβ2 + EI2 sinβ2)w′′ − (EI2 − EI1) sinβ cosβv′′ + (EB2β
′φ′ − PeA) sinβ − PeAφ cosβ}′

− Pw′ + Ω2meR(sinβ + φ cosβ) = 0, (A.9a)

(EI1 cosβ2 +EI2 sinβ2)w′′ + (EI2 −EI1) sinβ cosβv′′ + (PeA +EB2β
′φ′) sinβ + PeAφ cosβ = 0, (A.9b)
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{−(EI2 − EI1) sinβ cosβw′′ − (EI1 sinβ2 + EI2 cosβ2)v′′ − (PeA + EB2β
′φ′) cosβ + PeAφ sinβ}′

− Pv′ + Ω2meR(cosβ + φ sinβ) = 0, (A.9c)

(EI2 −EI1) sinβ cosβw′′ + (EI1 sinβ2 +EI2 cosβ2)v′′ + (PeA +EB2β
′φ′) cosβ − PeAφ sinβ = 0, (A.9d)[

GJ − Pk2A + EB1β
′2]φ′ − Pk2Aβ′ − EB2β

′(v′′ cosβ + w′′ sinβ) = 0, (A.9e)

Pw′t = 0, (A.9f)

Pv′t = 0. (A.9g)

Equations (A.9a) and (A.9c) describe the shear effects at the tip of the beam. Equations (A.9b), (A.9d)
and (A.9e) express the fact that there are no bending moments or torque applied at the tip, and Eqs. (A.9f)
and (A.9g) describe the transversal forces at the end of the tendon.

In these boundary conditions, however, the important coupling between the tendon and the beam that
is realised through the tip attachment fixture and through which the tendon is excited has not been taken
into account. In order to introduce this coupling, the suitable geometric and load continuity conditions are
needed. The geometric coupling requires the equality of the displacements of the beam and the tendon at
the free end

wt(t, R) = w(t, R) + eA(sinβ + φ(t, R) cosβ), (A.10a)

vt(t, R) = v(t, R) + eA(cosβ − φ(t, R) sinβ). (A.10b)

The load equilibrium is then enforced by combining the boundary conditions in Eqs. (A.9f) and (A.9g),
which can be interpreted as the tendon-induced cross-sectional shear forces acting at the tip of the beam,
with the shear conditions in Eqs. (A.9a) and (A.9c). The new shear equilibrium conditions (A.9a) and
(A.9c) therefore become

{−(EI1 cosβ2 + EI2 sinβ2)w′′ − (EI2 − EI1) sinβ cosβv′′ + (EB2β
′φ′ − PeA) sinβ − PeAφ cosβ}′

− Pw′ + Ω2meR(sinβ + φ cosβ) + Pw′t = 0, (A.11a)

{−(EI2 − EI1) sinβ cosβw′′ − (EI1 sinβ2 + EI2 cosβ2)v′′ − (PeA + EB2β
′φ′) cosβ + PeAφ sinβ}′

− Pv′ + Ω2meR(cosβ + φ sinβ) + Pv′t = 0. (A.11b)

In order to obtain the final set of boundary conditions, Eqs. (A.9f) and (A.9g) are replaced by Eqs. (A.10a)
and (A.10b), leading to the set of BCs given by Eqs. (A.9b), (A.9d), (A.9e), (A.10) and (A.11). The final
set of BCs is summarised and discussed in section 2.1.

Appendix B. Boundary value problem solver (bvp4c)

A solution of a boundary value problem can be conveniently found using a Matlab bvp4c solver [39]. It
solves a system of first-order ordinary differential equations (ODEs)

dy

dx
= f(x, y, p), for x1 ≤ x ≤ x2, (B.1)

where x is an independent spatial variable, y is a vector of dependent variables, p is a vector of unknown
parameters, and x1 and x2 are the boundary points. The system is accompanied by two-point boundary
conditions

g(y(x1), y(x2), p) = 0. (B.2)

The solver uses a finite difference code that implements the three-stage collocation Lobatto IIIa formula,
and mesh selection and error control are based on the residual of the continuous solution [31]. This solver
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is very versatile as it allows solutions of a wide range of boundary value problems to be found. However, it
may suffer from a decreased numerical performance if an appropriate starting guess is not provided.

In order to evaluate the modal properties using a Matlab build-in bvp4c solver, an assumption of the
normal mode must be used. A solution of any given dependent variable is expressed as the multiplication
of the time-invariant mode shape and the time-varying harmonic function at the constant frequency in the
following form

w(t, x) = W (x)eiωt, v(t, x) = V (x)eiωt, φ(t, x) = Φ(x)eiωt,

wt(t, x) = Wt(x)eiωt, vt(t, x) = Vt(x)eiωt,
(B.3)

where ω is the natural frequency and W (x), V (x),Φ(x),Wt(x), Vt(x) are the components of the mode shape
Φ(x) which represent, respectively, the bending in the z and y directions, the rotation about the elastic
axis, and the transversal motion of the tendon in the z and y directions. Substituting the normal mode
forms into the PDEs (Eq. (1)) allows one to eliminate time and rewrite the PDEs into a system of first
order ODEs that, together with the BCs, define a boundary value problem. The final system consists of
14 first-order ODEs with 14 BCs. This boundary value problem can then be solved by a Matlab bvp4c
solver for a single unknown natural frequency ω and the corresponding mode shape Ψ(x) provided that the
appropriate starting guess consisting of the natural frequency and mode shape is provided. The accuracy of
the starting guess is crucial for the successful solution. The initial natural frequency and the mode shape
can be either obtained from a harmonic response of the system, or by using the differential quadrature
method (DQM) as described in section 2.2.

Appendix C. Differential quadrature method (DQM)

In order to discretise the partial differential equations using the differential quadrature method (DQM),
the domain x must be firstly sampled into Nx points. Usually Chebyshev-Gauss-Lobatto point distribution

xi =
R

2

[
1− cos

π(i− 1)

Nx − 1

]
(C.1)

is used for its good numerical properties. In addition, for the present system of the fourth-order PDEs
a δ-point technique [32] must be used to add two more sampling points close to the boundaries of the
domain. These points are used to approximately evaluate two boundary conditions at each end. Secondly,
the derivatives of unknown functions at a specific domain coordinate are approximated by the weighted
linear combinations of the functional values at all other sampling points along the domain, i.e.

w′ =

N∑
j=1

A
(1)
ij wj , w′′ =

N∑
j=1

A
(2)
ij wj , w′′′ =

N∑
j=1

A
(3)
ij wj , w′′′′ =

N∑
j=1

A
(4)
ij wj , v′ =

N∑
j=1

A
(1)
ij vj ,

v′′ =

N∑
j=1

A
(2)
ij vj , v′′′ =

N∑
j=1

A
(3)
ij vj , v′′′′ =

N∑
j=1

A
(4)
ij vj , φ′ =

N∑
j=1

A
(1)
ij φj , φ′′ =

N∑
j=1

A
(2)
ij φj ,

w′t =

N∑
j=1

A
(1)
ij wtj , w′′t =

N∑
j=1

A
(2)
ij wtj , v′t =

N∑
j=1

A
(1)
ij vtj , v′′t =

N∑
j=1

A
(2)
ij vtj ,

(C.2)

where the weighting coefficients A
(r)
ik can be computed in various ways. However, it is known that the

formulas developed in [32] provide very accurate results and good numerical properties. The off-diagonal
terms of the first derivative are given by

A
(1)
ik =

Π(xi)

(xi − xk)Π(xk)
, for i, k = 1, 2, . . . , Nx and k 6= i (C.3)

where

Π(xi) =

Nx∏
υ=1,υ 6=i

(xi − xυ) and Π(xk) =

Nx∏
υ=1,υ 6=k

(xk − xυ) (C.4)
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and the higher-order derivatives are obtained using the following recurrence relationship

A
(r)
ik = r

[
A

(r−1)
ii A

(1)
ik −

A
(r−1)
ik

xi − xk

]
for i, k = 1, 2, . . . , Nx, k 6= i, and r ∈ [2, Nx − 1]. (C.5)

The missing diagonal terms of the weighting matrices are evaluated using

A
(r)
ii = −

Nx∑
υ=1,υ 6=i

A
(r)
iυ for i = 1, 2, . . . , Nx. (C.6)

The system of PDEs in Eq. (1) and the BCs in Eqs. (3) and (4) can be re-written using Eq. (C.2) to the
following form

MÜ +KU = F , (C.7)

where
U = [w1, . . . , wNx

, v1, . . . , vNx
, φ1, . . . , φNx

, wt1, . . . , wtNx
, vt1, . . . , vtNx

]T (C.8)

is a vector of all unknown functional values in all sampling points. All the spatial derivatives have been
removed, but the boundary conditions are still included in the systems and must be eliminated. In order to
eliminate the boundary conditions, the following partition is required

U = [Ub,Ud]
T , (C.9)

where
Ub = [w1, w2, wNx−1, wNx

, v1, v2, vNx−1, vNx
, φ1, φNx

, wt1, wtNx
, vt1, vtNx

]T , (C.10)

and

Ud = [w3, . . . , wNx−2, v3, . . . , vNx−2, φ2, . . . , φNx−1, wt2, . . . , wtNx−1, vt2, . . . , vtNx−1]T . (C.11)

Then, the system from Eq. (C.7) becomes[
0 0
0 Mdd

] [
Üb

Üd

]
+

[
Kbb Kbd

Kdb Kdd

] [
Ub

Ud

]
=

[
Fb
Fd

]
(C.12)

or
KbbUb + KbdUd = Fb, (C.13a)

MddÜd + KdbUb + KddUd = Fd. (C.13b)

From Eq. (C.13a), Ub can be obtained as

Ub = K−1bb (Fb −KbdUd) (C.14)

and by submitting this expression to Eq. (C.13b), the final set of ODEs is obtained as

Mdd︸︷︷︸
M

Üd + (Kdd −KdbK
−1
bb Kbd)︸ ︷︷ ︸

K

Ud = Fd −KdbK
−1
bb Fb︸ ︷︷ ︸

F

, (C.15)

where K is an equivalent stiffness matrix that respects the boundary conditions, M is a mass matrix, and
F is a vector of external excitation forces. Since Eq. (C.15) is a set of ODEs in the standard form, any
conventional analysis, such as the modal analysis used in this paper, can be applied to the obtained structural
matrices to evaluate Ud. Corresponding values at the boundaries can then be computed from Eq. (C.14) if
required.
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