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Abstract 

This paper presents an explicit finite element methodology for predicting fatigue 

delamination in composite laminates using twin cohesive models and a combined static & 

fatigue cohesive formulation; one model is loaded under the peak-load envelope, whilst the 

other model is loaded under the trough-load envelope. The twin models contain pairs of twin 

cohesive interface elements that predict delamination growth by exchanging data at every 

time increment. The cohesive formulation evaluates fracture mechanics parameters, e.g. the 

local minimum to maximum fracture energy ratio via local information associated with the 

twin cohesive elements, without the need to know the global loading information, e.g. the 

global R ratio. The method allows predicting the mechanical condition of a laminate at both 

the peak and trough loads. This method is validated by multiple test cases with varying mode 

mixities and R ratios, showing a high computation efficiency.  
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1. Introduction 

Fibre-reinforced plastic composites demonstrate excellent in-plane specific stiffness and strength by 

laminating plies in multiple orientations. However, their relatively lower resistance against interlaminar disbond 

(delamination) is a major concern for structural engineers. Mechanical fatigue is a typical cause of delamination. 

Experimental characterisation of a composite structure is always very expensive, which is particularly true for 

fatigue cases since an extremely large number of cycles may be needed. It is thus particularly important to 

establish effective numerical models to evaluate the mechanical performance of composite laminates subjected 

to cyclic loading [1]. Most of the numerical models for fatigue delamination predictions are based on fracture 

mechanics or damage mechanics. One critical point of the fracture mechanics modelling methods presented in 

the literature is to determine the energy release rate (G) components, then a modified form of Paris law and G-N 

curves achieved by experimental measurements are employed for evaluating fatigue crack propagation and 

initiation, respectively. Two typical approaches to compute the G components are the virtual crack closure 

technique (VCCT) [2–4] and the level set method [5–7].  

Cohesive-zone models (CZMs), built based on damage mechanics, have been widely used to predict 

delamination. The past two decades have also seen the extension of CZMs into fatigue delamination prediction 

[1]. The existing fatigue CZMs in the literature are implemented in two approaches: the loading-unloading 

hysteresis (LUH) method and the single load envelope (SLE) method [8]. In the LUH method, the laminate 

model is globally loaded in the same manner as in actual tests whilst locally the loading and unloading 

processes of cohesive elements are fully described, which allows knowing the mechanical condition of the 

laminate throughout a whole cycle (see Fig. 1a). A cycle jump strategy is usually needed in a LUH model to 

reduce the computational cost [9,10], as shown in Fig. 1a. Large kinetic energies may be generated if the LUH 

method is implemented by an explicit FE scheme, thus the LUH method is more preferred in an implicit FE 

algorithm. The SLE method is a more efficient modelling approach for an explicit FE scheme, as it globally 

loads a model in a static manner by following the maximum peak envelope of actual cycles (see Fig. 1b). 

Locally, cohesive elements follow a fatigue constitutive law that is usually an extension of a bilinear static 

cohesive law [11–18], taking into account an assumed number of fatigue cycles in a given time increment. The 

number of cycles elapsed in a fatigue model over one second is here defined as ‘numerical fatigue frequency’, 

which is usually much larger than the fatigue frequency of actual tests. The SLE approach allows the application 

of a high numerical fatigue frequency without invoking non-trivial kinetic energies, thus reducing the 

computational cost.  
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The combined static/fatigue cohesive law used in a SLE model is schematically illustrated in Fig. 2a. Under 

static loading (see Fig. 2a), damage initiation is determined by the mode I and II strength pair. Crack 

propagation is controlled by a static damage variable 𝐷 , which linearly degrades the stiffness pair, as shown in 

Fig. 2b. Under fatigue loading, damage initiation is usually predicted by a failure criterion devised based on 

experimental S-N curves [16,19,20]; when the initiation criterion is satisfied, the mode I/II strength pair is 

scaled or reduced to zero [16,20]. Good agreement has been achieved in some cases, however, building up a 

thoroughly validated fatigue damage initiation approach is still a challenge, which becomes even more difficult 

due to the generally large scatter in experimental results [21,22]. Compared to static damage propagation, 

fatigue damage propagation features more rapid degradation of the mode I and II stiffness pair in the softening 

region of the cohesive law (red lines in Fig. 2a). A fatigue damage variable 𝐷  is usually employed to describe 

the fatigue stiffness degradation, thus as shown in Fig. 2b the overall stiffness degradation is controlled by the 

total damage variable 𝐷 , which equals the sum of 𝐷  and 𝐷 : 

𝐷 = 𝐷 + 𝐷                                                                            (1) 

 The fatigue damage variable 𝐷  can be derived as the numerical integral of the fatigue damage rate d𝐷 d𝑁⁄  

over the number of cycles (N). In the SLE models proposed in Refs. [11,23], d𝐷 d𝑁⁄  was devised as a function 

of the interface separation and the total damage variable; satisfactory predictions were demonstrated for mode I, 

mode II and mixed-mode I/II cases. Most of the SLE cohesive models evaluate d𝐷 d𝑁⁄  based on a modified 

Paris law [12–16,24,25]. Turon et al. [12] derived a d𝐷 d𝑁⁄  formula by assuming that the increase in the 

damaged area along a crack front equals the sum of the damaged areas of all the cohesive-zone elements. The 

same assumption was also employed by Pirondi and Moroni [24], and Harper and Hallett [14]. Bak et al. [15] 

derived a d𝐷 d𝑁⁄  formula via establishing a link between the local damage evolution and the global crack 

propagation; the formula has more recently been applied to three-dimensional cases by Carreras et al. in Ref. 

[17], in combination with their efficient approach to evaluate the crack propagation direction as presented in 

Ref. [26]. Kawashita and Hallett proposed a crack-tip tracking fatigue algorithm that assumes that only the 

crack-tip element experiences fatigue degradation [13]; the d𝐷 d𝑁⁄  of a crack-tip element was evaluated by the 

element length measured along the crack propagation direction and a modified Paris law, without the need to 

know the total cohesive zone length. More recently, the crack-tip tracking algorithm has been applied to multi-

interface cases [16,27].  

The SLE methods allow predictions of crack propagation at the maximum load peaks, however, in some 

circumstances a knowledge of the cohesive model at the minimum (trough) load would also be required. All the 
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SLE methods require to use the global R ratio to estimate the local strain energy release rate (SERR) ratio, i.e. 

the ratio (𝑅 ) of the minimum SERR, 𝐺 , to the maximum SERR, 𝐺 , within one cycle, using Eq. 2 [12–

16,24,25,27]. This assumption is derived from linear elastic fracture mechanics (LEFM). 

𝑅 = = 𝑅 = ( )                                                                  (2) 

This paper proposes a double load envelope (DLE) method based on twin cohesive models, which allows 

evaluating the local SERR ratio (𝑅 ) directly, from connected elements within each model, without the need to 

know the global R ratio. It also allows predicting the mechanical condition of a laminate at the points of 

maximum and minimum loads. The main objectives of this study cover: 1) giving very detailed description of 

the twin-cohesive-model based DLE modelling strategy and 2) applying it to fatigue cases with varying mode 

mixities and R ratios. Section 2 gives the detailed description of the DLE method for its static and fatigue parts. 

Section 3 verifies the modelling strategy through mode I Double Cantilever Beam (DCB), mode II four-point 

End Notched Flexure (4ENF) and Mixed-Mode Bending (MMB) tests. The numerical method is then employed 

to predict the fatigue performance of a central cut-ply specimen in Section 4, in comparison with experiments.  

2. Double load envelope method 

2.1 Overall framework 

Fig. 3 illustrates the overall framework of the DLE method, which is implemented here by the explicit finite 

element algorithm. It describes a cyclically loaded composite laminate using twin cohesive models. Firstly, the 

twin models are respectively loaded to the maximum and minimum load peaks of the first fatigue cycle in a 

static step. The static step can follow a linear load curve, or a smooth polynomial load curve to reduce possible 

kinetic effects [13,14]. The two models may need to be held at the load peaks for some time prior to fatigue 

loading to reduce possible dynamic effects. In the following fatigue step, the twin models are loaded by separate 

load envelopes, which comprise the maximum and minimum peaks of actual cycles, respectively. Since the twin 

cohesive models jointly describe the same composite laminate, these two load envelopes remain synchronised 

throughout the whole loading history. Note that the load R ratio (i.e. the ratio between the minimum and 

maximum load peaks) is allowed to change in this modelling strategy, since as shown in the next section, the 

local damage information is purely predicted by the local information associated with twin elements.  

Locally, each segment of an interlaminar interface is described by the combination of twin cohesive 

elements, which follow the mixed mode static and fatigue cohesive law as introduced in Sections 2.2 and 2.3. 

The less deformed element represents the mechanical condition of the interface segment at the trough of a cycle, 

while the more deformed element represents the mechanical condition of the interface segment at the peak of a 
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cycle. Since these two twin cohesive elements jointly describe the same segment of an interlaminar interface, 

they should share the same static damage variable 𝐷  and fatigue damage variable 𝐷 . For the same reason, they 

should simultaneously enter the stiffness degradation region of the cohesive law due to either static damage 

initiation or fatigue damage initiation. The fatigue initiation algorithms are not addressed in the current study, 

since all cases presented initiate in the static loading phase. The constitutive synchronisations between the twin 

cohesive elements will be seen in the cohesive law, which is introduced in Sections 2.2 and 2.3, based on single 

integration-point (IP) elements, and then extended to four-IP elements in Section 2.4.  

2.2. Static cohesive formulation 

The static and fatigue cohesive law used for the DLE method is also an extension to a bilinear cohesive law, 

as illustrated in Fig. 2a. Deformation of a cohesive element is described by three orthogonal displacements (𝛿 , 

𝛿  and 𝛿 ) between the top and bottom surfaces of the element in a local coordinate system, whose 3-axis 

follows the thickness direction of the element; the 1-2 plane is orthogonal to the 3-axis, whilst the specific 

directions of 1-axis and 2-axis are not critical as the resultant shear displacement is used for mode II 

displacement 𝛿 :  

𝛿 = 𝛿 + 𝛿                                                                         (3) 

Mode I (opening) displacement 𝛿  and mixed-mode displacement 𝛿  are defined by: 

𝛿 = max(0, 𝛿 ),      𝛿 = max(0, 𝛿 ) + 𝛿                                          (4) 

Prior to damage initiation, the twin elements deform elastically (recall Fig. 2a) by following Eq. 5; 𝜎 and 𝐾 

indicate interface traction and elastic stiffness, respectively.  

𝜎 = 𝐾 𝛿 ,             𝜎 = 𝐾 𝛿                                                               (5) 

Damage initiation is determined by a quadratic stress criterion [28]: 

 ( , )
+

,
= 1                                                              (6) 

where 𝜎  is mode I strength; 𝜎 ,  is enhanced mode II strength due to through-thickness compression 

(TTC), as defined by: 

𝜎 , = 𝜎 − 𝜂 ∙ min(0, 𝜎 )                                                           (7) 

where 𝜎  is mode II strength without TTC enhancement; η is the enhancement factor, which can be 

determined by experimental measurements [29].  
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A static cohesive zone usually covers more than one element to give satisfactory prediction [30,31]. For any 

two twin cohesive elements in the cohesive zone, once one of the two twin elements satisfies the initiation 

criterion defined by Eq. 6, it means that damage is initiated in the interface described, thus both elements start 

entering the stiffness degradation stage (softening region of the cohesive law). This guarantees the 

synchronisation of the twin elements regarding damage initiation. In the stiffness degradation stage, the stiffness 

pairs of both elements are controlled by a common damage variable 𝐷 , which increases from 0 at damage 

initiation to 1 at full failure. The static damage variable is the maximum of the individual damage variables that 

are obtained by treating the twin elements separately: 

𝐷 = max( 𝐷 , 𝐷 )                                                                   (8) 

where 𝐷  and 𝐷  are two transitional damage variables that are separately calculated for two twin elements 

by Eq. 9. The damage variable definition in Eq. 9 corresponds to the ratio of the damaged area to the total area 

of a cohesive element [12,28]. 

𝐷 = ,         𝑖 = 1, 2                                                              (9) 

In Eq. 9, 𝛿  and 𝛿  are the mixed-mode displacements at damage initiation and full failure, respectively. A 

power law criterion is used here for full failure: 

+
,

= 1                                                                (10) 

where the power  𝛼 ∈ [1,2] is an empirical factor derived from mixed-mode tests for interlaminar fracture 

[28]. 𝐺  is mode I critical SERR. 𝐺 ,  is the enhanced mode II critical SERR due to TTC, as defined by 

[32]:   

𝐺 , = , 𝐺                                                                   (11) 

where 𝐺  is the un-enhanced mode II critical SERR. Mode mixity ∅ is here defined as the ratio of mode II 

SERR, 𝐺 , to the sum of mode I SERR (𝐺 ) and 𝐺 . Mode I and II tractions in the stiffness degradation region 

are determined for both elements by:  

𝜎 = 𝐾 𝛿 ,                𝜎 = 𝐾 𝛿                                                          (12) 

where the degraded stiffnesses 𝐾  and 𝐾  are determined by the static damage variable 𝐷  for the more 

deformed one of the twin cohesive elements [12,28]:  

𝐾 = (1 − 𝐷 ) 𝐾 ,             𝐾 = (1 − 𝐷 ) 𝐾                                           (13) 
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To derive the degraded stiffnesses for the less deformed twin element, it is required to use the damage 

variable (determined by the more deformed element in Eq. 9) in combination with the deformation condition of 

the element. One could imagine that the less damaged element is always accompanied by a reference mixed-

mode bilinear traction-separation curve. This is illustrated in Fig. 4a. The profile of the reference curve can be 

determined by the static cohesive formulation as described above, in combination of the cohesive properties (𝐾 , 

𝐾 , 𝐺  and 𝐺 ) and the mode mixity of the less deformed element. In detail, the mixed-mode displacements 

for damage initiation and full failure on the reference curve, i.e. 𝛿 ,  and 𝛿 ,  in Fig. 4a are respectively 

calculated by Eqs. 6 and 10. The traction peak shown on the reference curve, i.e. 𝜎 ,  is determined by first 

decomposing 𝛿 ,  into individual modes, then using Eq. 5 to get individual mode traction peaks (i.e. 𝜎 ,  

and 𝜎 , ), and finally combining these two components by 𝜎 , = ((𝜎 , ) + (𝜎 , ) ) ⁄ . 

These two displacements (𝛿 ,  and 𝛿 , ) are substituted into Eq. 9 to get the reference displacement 𝛿  

corresponding to the current damage variable. This is mathematically expressed by:  

𝛿 = 𝛿 , + (𝛿
,

− 𝛿 , )𝐷                                                       (14) 

then 𝛿  and 𝛿 ,  are substituted into Eq. 13 by replacing 𝛿  and 𝛿  to get the degraded mode I and II 

stiffnesses of the less deformed element, which is illustrated by 𝐾 (𝐷 ) in Fig. 4a. Finally, Eq. 12 is used to 

calculate the traction components for the less deformed twin element. Fig. 4a illustrates a typical individual 

mode (I or II) component of the traction versus separation response associated with the less deformed twin 

element for both static and fatigue parts. The fatigue part of the response will be discussed in the next section. 

Note that if there is no difference between the twin cohesive elements regarding mode mixity and through-

thickness enhancements, the reference bilinear curve will be the same as the mixed-mode traction versus 

separation response of the more damaged element.    

2.3. Fatigue cohesive formulation 

The crack-tip tracking algorithm as developed in [13] is used, which means that the crack-tip cohesive 

elements in cohesive zones follow both the fatigue crack propagation law explained here and the static cohesive 

law as presented in Section 2.2, whilst the remaining cohesive elements in cohesive zones follow only the static 

cohesive law. Fatigue delamination propagation is described by a variant of the Paris law: 

= 𝐶( )                                                                        (15) 

where 𝑎 is the delamination length; 𝐺  is the critical SERR under a mode mixity, assessed by Eqs. 6 and 10. In 

detail, the mode I and mode II yield stresses at failure initiation determined by Eq. 6 are respectively indicated by 
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𝜎  and 𝜎  in Fig. 2a, while the mode I and mode II displacements at full failure determined by Eq. 10 are 

respectively indicated by 𝛿  and 𝛿  in Fig. 2a. The critical SERR is the sum of the areas associated with the two 

triangles covered under blue lines in the mode I and mode II subplots in Fig. 2a; this can be mathematically 

expressed as 𝐺 = 𝜎 𝛿 + 𝜎 𝛿 . C and m in Eq. 15 are respectively the Paris law constant and exponent. 

These two parameters, determining the fatigue crack propagation rate (d𝑎 d𝑁⁄ ), are sensitive to both the mode 

mixity and SERR ratio [8]. Allegri et al. [33] proposed to consider the effects of both mode mixity and SERR 

ratio by formulating the Paris law exponent (m) as: 

𝑚 =
( )

𝑒 ∅                                                                   (16) 

where the parameter b controls the slope of the d𝑎 d𝑁⁄  versus 𝐺 ⁄𝐺  curve in pure mode I, while the 

parameter h reflects the effect of SERR ratio on the fatigue crack propagation rate; These three material 

dependent parameters (b, h, C) need to be calibrated through curve fitting experimental data, which is normally 

achieved by DCB, ENF and MMB benchmark tests at different R ratios and mode mixities. The parameter 𝛼 is 

employed to describe the interaction between SERR ratio and mode mixity:  

𝛼 =
,

                                                                            (17) 

In the DLE method, the 𝐺  used in Eq. 15 is the maximum SERR of the twin elements, as mathematically 

expressed by:  

𝐺 = max( 𝐺, 𝐺)                                                                 (18) 

where the SERR (G) is defined as the sum of mode I SERR and mode II SERR, which are separately 

assessed as the integral of traction times separation on individual mode traction vs. response curves:  

𝐺 = ∫ 𝜎 𝑑𝛿 ;      𝐺 = ∫ 𝜎 𝑑𝛿                                                       (19) 

𝐺  indicates the minimum SERR value of the twin elements. Thus, the SERR ratio (used in Eq. 16) can be 

directly given by the twin elements, i.e. 

𝑅 = =
( , )

( , )
                                                               (20) 

instead of using the global 𝑅 ratio (Eq. 2). This is a significant asset of the DLE method. It should be 

highlighted that the fatigue cohesive formulation used in the DLE modelling strategy here is fully independent 

on the global loading information, including the R ratio.  

Note that in this study the real-time SERRs of the twin cohesive elements are used to evaluate both 𝐺  and 

𝐺 , as illustrated in Fig. 4b by pure mode traction versus separation response of two twin cohesive elements. 



 

9 
 

This is based on these considerations given here. It can be seen from Fig. 4b that the real-time SERRs increase 

from the end of static stage to the end of fatigue stage. It has been shown in the literature that a crack-tip 

cohesive element would give an underestimate SERR for a pure static loading case, unless an extremely fine 

mesh was used but this is normally unacceptable considering computational cost [31]. It means that the fatigue 

crack propagation rate will be underestimated if the SERR extracted at the end of static stage was used to 

represent 𝐺  in Eq. 15 during the fatigue degradation stage [13,16]. On the other hand, the fatigue crack 

propagation rate may be overestimated if the SERR extracted at the end of fatigue loading is used to represent 

𝐺  for the fatigue degradation stage; it may also require to use a more costly nonlocal approach considering 

neighbouring elements to estimate 𝐺  [13]. Considering the possible disadvantages caused due to these two 

extreme cases, a balanced approach between these two cases is used. That is, the real-time SERR extracted from 

the more deformed one of the twin crack-tip elements is used to estimate 𝐺 ; this approach was also used for 

the SLE modelling method proposed in Ref. [16]. Since the real-time SERR of the more deformed one of the 

twin crack-tip cohesive elements is employed to estimate 𝐺 , it is straightforward to also using the real-time 

SERR of the less deformed twin crack-tip element to represent 𝐺 . Thus, it is also acceptable to use real-time 

𝐺  and 𝐺 , to compute local SERR ratio by Eq. 20. 

The combination of Eq. 10 with Eqs. 16 to 20 shows that by treating twin elements separately, the DLE 

method also accounts for mode mixity variations which may occur within one load cycle (i.e. due to crack 

closure effects) by determining Paris law constant and exponent (C, m) for each twin element independently. 

The contributions from peak and trough states to the global crack growth rate are considered by averaging the 

Paris law constants and exponents, and critical SERRs in Eq. 21. The simple averaging approach is employed 

here as it gives satisfactory results for these models presented in Sections 3 and 4.  

𝐶 = ( 𝐶 + 𝐶) 2⁄ ,      𝑚 = ( 𝑚 + 𝑚) 2⁄ ,     𝐺 = ( 𝐺 + 𝐺 ) 2⁄ ;                        (21) 

Knowing the fatigue crack propagation rate, the number of cycles that a crack-tip element can sustain before 

full failure, ∆𝑁 , can be evaluated by:   

∆𝑁 = 𝑙                                                                       (22) 

where 𝑙  is the fatigue characteristic length, representing the length of the crack-tip element in the crack growth 

direction. For a single-IP crack-tip element, the nonlocal algorithm, as developed in [13] based on comparison 

between element neighbours, is used here to estimate the characteristic length. Interested readers are referred to 

[13] for more details. To account for the possible variation of crack propagation direction within one cycle, the 

averaged 𝑙  value of two twin elements is used in Eq. 22, as expressed by:   
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𝑙 = ( 𝑙 + 𝑙 ) 2⁄                                                                     (23) 

where 𝑙  and 𝑙  are the characteristic lengths of the twin elements that are separately estimated using the 

nonlocal algorithm in [13]. According to Eqs. 15, 18, 21, 22 and 23, the twin elements have the same fatigue life 

(∆𝑁 ); this physically make sense since they are used to describe the same segment of a composites interface.  

Now it is required to derive the fatigue damage rate (d𝐷 d𝑁⁄ ). At a point when the crack-tip twin elements 

have the static damage variable 𝐷 , the elements need the additional fatigue damage equivalent to (1 − 𝐷 ) for 

full failure. The number of cycles that the elements can survive at this point is ∆𝑁  as derived by Eq. 22. Thus, 

the fatigue damage propagation per cycle, i.e. d𝐷 d𝑁⁄  can be defined by Eq. 24 [13]. These twin elements 

share the same fatigue damage rate since they have the same ∆𝑁  and 𝐷 . 

=
∆

                                                                          (24) 

In an explicit FE solution, the fatigue damage variable is updated by [13]:  

𝐷 = 𝐷 + 𝑓 𝛥𝑡                                                                (25) 

where 𝑓  is the numerical fatigue frequency; Δ𝑡 is the time increment. According to Eq. 25, to assure that the 

twin elements have the same fatigue damage variable, it requires that the twin cohesive models have the same 

numerical fatigue frequency and the same time increment. This can be easily addressed in a FE programme. The 

total damage variable 𝐷  for the twin crack-tip elements can thus be obtained by Eqs. 1, 8 and 25. The 

‘reference mixed-mode bilinear curve’ idea as explained previously is also employed to evaluate tractions in 

fatigue step for both the less deformed and more deformed elements. The only change that needs to be made for 

the fatigue traction evaluation is replacing 𝐷  with 𝐷  in Eq. 14 to get the reference displacement for the fatigue 

case, which is indicated by 𝛿 ,  in Fig. 4a. Eq. 13 is used to get the degraded mode I and II stiffnesses due to 

fatigue, which correspond to 𝐾 (𝐷 ) in Figs. 4a. The traction components for both twin elements are then 

computed by Eq. 12. Fig. 4b presents the typical pure mode fatigue response of two twin cohesive elements. 

2.4. Extension to 4-IP cohesive elements 

4-IP elements are found to be more robust and give higher accuracy than single-IP elements in many cases. It 

is thus necessary to extend the DLE method to 4-IP cohesive elements. Two twin 4-IP cohesive elements have 

four pairs of twin IPs. The static formulation as introduced in Section 2.2 can be directly applied to twin 4-IP 

elements, except that the synchronisation between the static damage variables as achieved by Eq. 8 is realised at 

the IP level, instead of the element level. It means that each pair of twin IPs are treated independently from 

another pair by the static law as introduced in Section 2.2.  
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The implementation of the fatigue law by twin 4-IP elements is based on the averaging strategy presented in 

[16]. This was proposed due to the observation that the deformation associated with one IP of a 4-IP element 

non-physically influences another IP, as a result of the element geometry. First, the Paris law constant and 

exponent (C, m), the critical SERR and the maximum SERR are calculated for each pair of twin IPs by 

combining Eqs. 16-20. Then, the averaged values of these parameters associated with four IP pairs are applied 

to the Eq. 15 to achieve a common fatigue crack propagation rate for all four IP pairs. The averaging strategy 

can be written as:  

𝐶 =
∑ ∑

,

 ,  𝑚 =
∑ ∑

,

 ;                                                      (26) 

 𝐺 =
∑ ∑

,

,  𝐺 =
∑ (

,
,

,
)
                                           (27) 

where i indicates the element number and j indicates the IP number. 

The common characteristic length of two twin 1-IP elements is also the averaged value of the twin elements 

(Eq. 23). But for a 4-IP element the characteristic length is here calculated by the length of a line that cuts the 

element mid-plane in the direction of the 𝐺 𝐺⁄  gradient at the element centroid. This is similar to criteria 1 and 

2 of the approach proposed in Ref. [26]. In this study, the 𝐺 𝐺⁄  value at a given location on the 4-IP mid-plane 

is interpolated by the combination of linear shape functions and the 𝐺 𝐺⁄  values associated with four IPs of a 4-

IP cohesive element. Thus the 𝐺 𝐺⁄  gradient at the element centroid can be derived with the aid of the Jacobian 

matrix and the partial derivatives of the shape functions relative to natural coordinates. Then, the averaged 

characteristic length of the twin 4-IP elements is applied to Eq. 22 to evaluate the fatigue life for all eight 

integration points. Eqs. 24 and 25 are employed to evaluate the fatigue damage variable for each IP of the twin 

elements. Thus, each IP of two twin 4-IP elements have the same fatigue damage variable. Finally, the stiffness 

pair and tractions can be calculated for each IP using the ‘reference mixed-mode bilinear curve’ idea as 

explained previously.  

2.5. Logic flowchart of the static/fatigue cohesive law.  

The entire DLE modelling framework is here implemented in the commercial FE software package 

Abaqus/Explicit 6.14, where the static and fatigue cohesive law were compiled in a user-defined material 

subroutine (VUMAT). The overall logic of the cohesive law as implemented in the subroutine by one core is 

outlined in Fig. 5. When the DLE cohesive law was implemented by one core, two twin elements were 

calculated one after the other, which holds true for both single-IP and 4-IP elements. However, it should be 

noted that when multiple cores were employed, two twin cohesive elements may be calculated in parallel if they 
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were not allocated into the same domain (core). As seen in Fig. 5, the interactions between twin IPs/Elements to 

accomplish the aforementioned averaging strategies are implemented after all the IPs have been called from the 

subroutine, thus there exists a delay of one time increment (Δt) between the calculations of damage variables 

and tractions. However, the delay effect is negligible if the time increment is very small, which is normally true 

in an explicit FE analysis.  

3.  Model verification 

The DLE fatigue prediction strategy is first verified through mode I DCB, mode II 4ENF and 50% mode-

mixity MMB fatigue tests of a unidirectional IM7/8552 laminate under 0.1 R ratio. These benchmark tests were 

used to verify whether the predicted fatigue crack propagation rate could reproduce analytical inputs, prior to 

applying the DLE method to a more general case. Fig. 6a gives the geometry and dimensions of the IM7/8552 

laminate. Recalling the overall framework of the DLE method (Section 2.1), the laminate was described by two 

twin FE models, which were loaded following the double load envelopes illustrated in Fig. 3b. Each arm was 

described by regular 1-IP solid elements (C3D8R in Abaqus). There are respectively one element and three 

elements across the width and thickness of each arm. One layer of 0.01 mm thick cohesive elements was 

inserted between the top and bottom arms to predict delamination. Two cases, with the two types of cohesive 

elements, i.e. 1-IP (C3D8R) element and 4-IP (COH3D8) element in Abaqus used to describe the interface, 

were run. These cohesive elements have a size of 0.0625 mm in the laminate length (the delamination 

propagation direction); such a fine mesh was used to ensure that a sufficient amount (>3) of cohesive elements 

exist in a cohesive zone for all the DCB, 4ENF and MMB models considered here [30,31,34,35]. Table 1 lists 

the material properties used for all the models here [16,27,33].  

In the mode I case (Fig. 6b), each twin model was loaded at the pre-cracked end by a pair of equal and 

opposite moments. According to LEFM, this assures a constant mode I crack-tip SERR during crack 

propagation [12,14], which is given by:  

𝐺 =                                                                              (28) 

where M is the applied moment; B is the beam width; E is the longitudinal flexural modulus of the laminate; I 

represents the second moment of area of a DCB arm. In the mode II case (Fig. 6c), each twin model was loaded 

by a rigid bar. The left bottom edge of each twin 4ENF model was constrained in the beam length and thickness 

directions, while its right bottom edge was constrained only in the beam thickness direction. This approach is 

consistent with the set-up used in Refs. [11,12,14]. Analytical solution of the mode II SERR is given by:  

𝐺 =                                                                           (29) 
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where d indicates the distance from the left edge of the laminate to the left end of the loading bar prior to 

deformation (Fig. 6c). For the mixed-mode case (Fig. 6d), in each twin model one arm was loaded by a moment 

at the pre-crack end of the laminate, whilst the other arm was loaded under a lower moment. To achieve a 50% 

mode mixity, the ratio between the two moments is given by Eq. 30, and the SERRs for mode I and mode II are 

given by Eq. 31 [36].  

𝜌 =
√ ⁄

√ ⁄
                                                                           (30) 

𝐺 = 𝐺 =
( √ ⁄ )

                                                               (31) 

The analytically input 𝐺 𝐺⁄  ratios were thus derived by Eqs. 28-31 for each case, and the analytically 

input d𝑎 d𝑁⁄  values were calculated by Eq. 15. The FE models were run by using both 1-IP and 4-IP cohesive 

elements with the analytically input 𝐺 𝐺⁄  ratios at 0.5, 0.7 and 0.8 for the DCB case, 0.25, 0.35 and 0.5 for 

the 4ENF case, and 0.25, 0.35 and 0.55 for the MMB case, respectively. The FE crack propagation rate was 

calculated by counting the number of cycles elapsed over a crack length. The DCB and MMB models give a 

crack propagation rate independent of crack length. In the 4ENF models, the crack length used to compute the 

crack propagation rate was 1 mm, to avoid the minor mode-mixity variation due to the slight sliding of loading 

bar. Fig. 7 compares the FE predictions obtained by both 1-IP and 4-IP cohesive elements with analytical inputs 

regarding the crack propagation rate. Considering that the SERR of a crack-tip cohesive element varies in the 

stiffness degradation region of the fatigue cohesive law (as illustrated in Fig. 4b), the averaged value of the 

SERRs at the points of starting fatigue degradation and full failure was used to indicate 𝐺  in the FE plots (an 

averaged value was used for 4-IP elements). This leads to slight mismatch between the analytically input and the 

FE predicted 𝐺 𝐺⁄  ratios. The second reason that leads to the difference is that the non-perfect correlation 

between the SERR of the crack-tip element extracted at the end of the static step and the analytical SERR given 

by Eqs. 28-31. This point was demonstrated by re-running the DCB model under pure static loading. Fig. 8 

compares the analytical SERR and that given by the DCB model using 1-IP and 4-IP cohesive elements. This 

SERR mismatch during static loading can be resolved by using a very fine mesh [25], but it will significantly 

increase the computation cost. However, it can be seen in Fig. 8 that the averaged SERR when using the 4-IP 

cohesive element and the SERR given by the 1-IP cohesive element largely give satisfactory correlation with the 

analytical SERR, which also supports the averaging strategy used in the Eq. 27 for 𝐺 . 

The numerical models were run with a sensitivity study regarding the numerical fatigue frequency, which 

was incrementally reduced until the predicted crack propagation rate converged. Effect of numerical fatigue 
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frequency will be explained in the next section. Overall, excellent agreement is present between FE predictions 

and analytical inputs in all the cases, which is true for both 1-IP and 4-IP cohesive models, as shown in Fig. 7. 

The 1-IP models and the 4-IP models give very close predictions in all the DCB and 4ENF cases. The minor 

difference in the prediction of these two element types in the MMB case is because that the averaged 𝐺  value 

of a 4-IP element pair given by Eq. 27 is slightly larger than a 1-IP element pair for a given mixed-mode fatigue 

severity.  

As mentioned above, one significant asset of the DLE method proposed here is to allow predicting the 

mechanical condition of a laminate at both the minimum and maximum loads of fatigue cycles.  Fig. 9 plots the 

traction versus separation curves of the twin cohesive elements located at 2 mm away from the initial crack tip 

in the 0.5 𝐺 /𝐺  ratio DCB case. The twin elements keep stiffness synchronised throughout the whole loading 

history, which means that the traction envelope of the less deformed element follows the unloading trace of the 

more deformed element, as shown by a dashed black line in Fig. 9. Fig. 9 also plots the SERR ratio predicted by 

the twin elements versus the separation of the more deformed one of the initial crack-tip twin elements. The FE 

predicted SERR ratio correlates well with the analytical solution given by Eq. 2, and the predicted SERR ratio 

shows no apparent variation during the fatigue degradation stage; these two points hold for all the models 

presented in this section. In combination of Eq. 19, Fig. 9 confirms that the SERR shows an increasing trend in 

the stiffness degradation region due to fatigue.  

For further demonstration of the benefit of using double load envelopes and twin cohesive models, Fig. 10a 

presents the deformation status (thickness-direction displacement) of the 0.55 𝐺 /𝐺  ratio MMB laminate at 

the minimum and maximum loads of the 1000th fatigue cycle, while Fig. 10b givens the failure status of the 

twin 4-IP interface elements used to predict delamination in the laminate. The slight mode ratio (∅) variation of 

the crack tip during the cycle was also captured by the twin cohesive elements; specifically, at the maximum 

load, the mode ratio was 0.348 for the two forward integration points of the crack-tip 4-IP cohesive element in 

the crack propagation direction, while it was 0.640 for the other two integration points (at the crack tip); at the 

minimum load, the mode ratio was 0.353 for the two forward integration points of the crack-tip 4-IP cohesive 

element, while it was 0.645 for the two crack-tip integration points.   

4. Application to a cut-ply case 

The DLE method is further employed to predict the tensile fatigue performance of a unidirectional laminate, 

which comprises eight continuous plies and two central cut-plies. The central cut-ply (CCP) laminate is 

described by two twin FE models (Fig. 11), which were loaded following the double load envelope as illustrated 
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in Fig. 3b. Due to symmetries only one quarter of the CCP laminate needs to be considered in the twin models. 

By assuming the crack front is uniform across the laminate width, a 0.125 mm wide ‘slice’ mesh is employed to 

describe the laminate in combination with a generalised plane strain boundary condition applied to both side 

surfaces of the slice model [13]. The nodes corresponding to the cut are free of any constraint. A layer of 0.01 

mm thick 4-IP (COH3D8) cohesive elements was inserted between the continuous plies and the central cut ply 

to predict delamination. The material properties listed in Table 1 were also used for the CCP modelling 

[16,27,33].  

The CCP laminate was experimentally and numerically characterised under two R ratios (0.3 and 0.5). 

Experimental characterisation of the CCP laminate has been detailed in [37] with 3 repeats for each R ratio. The 

effect of fatigue delamination on the mechanical performance of the CCP laminate is evaluated by the effective 

stiffness 𝐸  as defined by:  

𝐸 =
( )

(∆ ∆ )
                                                                    (32) 

where 𝐿  and A are the original length and cross-section area of the laminate, respectively. ∆𝐿  and ∆𝐿  are 

the tensile elongations corresponding to the maximum and minimum loads. As another benefit of using the DLE 

method, these two elongation parameters can be directly evaluated by the twin models, while in experiments a 

clip-on extensometer was employed to record these two parameters.  

The CCP numerical models were run with a sensitivity study regarding the numerical fatigue frequency, 

which was incrementally reduced until the predicted results converged. As an example, Fig. 12 presents the 

global stiffness and the local response of the twin integration points at the initial crack tip, which were predicted 

for the 0.3 R ratio and 60% severity case by using different numerical fatigue frequencies. The time increment 

used in all the CCP models was 2.735 × 10-6 s. Both global and local results start to converge from 1 × 106 Hz. 

Numerical oscillation was present when using a higher than 1 × 107 Hz frequency (see Fig. 12a); this is because 

that fatigue damage was accumulated faster over one time increment with increasing the numerical fatigue 

frequency (see Eq. 25). The rapid local degradation in the 1× 108 Hz case led to a conservative prediction of the 

global stiffness knock-down versus cycles number. The numerical fatigue frequencies at which the CCP models 

showed good convergence without non-trivial numerical oscillation were respectively 1 × 106 Hz, 1 × 106 Hz, 1 

× 105 Hz, 1 × 104 Hz for the 50%, 60%, 70% and 80% severities in the 0.3 R ratio case. The convergence 

frequencies for the 70%, 80% and 90% severities in the 0.5 R ratio case were respectively 1 × 106 Hz, 1 × 105 

Hz and 1 × 104 Hz.  

Fig. 13 compares the normalised stiffness versus cycle number curves that are given by the CCP models 
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and experimental measurements. The FE predicted E-N curves show excellent agreement to experiment 

measurements. Both show that at a lower load severity (50% for 0.3 R ratio and 70% for 0.5 R ratio), the CCP 

laminate shows minimal delamination at runout (106 cycles). As expected, the CCP laminate shows earlier and 

faster delamination propagation from the cut tip with increasing the load severity for a given R ratio. For the 

same load severity, the fatigue deamination propagation rate decreases with the R ratio. The twin cohesive 

models allow predicting the mechanical condition of the CCP laminate at both the maximum and minimum 

loads. Fig. 14a presents the fibre-direction normal stress fields of the laminate at the maximum and minimum 

loads of the 8000th cycle of 0.5 R ratio and 80% severity fatigue loading. The stress fields at the peak and 

trough loads show quite comparable contours, however, the stress value at a given location of the laminate is 

altered by a factor approximately equal to the R ratio for the trough load versus the peak load. As it was 

observed in experiments, fibre failure was not expected to happen in the models since the maximum 

fibre-direction stress is much lower than the fibre strength [38]. Fig. 14b shows the through-thickness 

displacement (𝛿 ) fields of the interlaminar interface at the peak and trough loads. For both peak and trough 

loads, there exists through-thickness compression in the cohesive zone, while through-thickness tension prevails 

in the interface behind the cohesive zone. The through-thickness displacement for a given location of the 

interface at the peak load is around two times as large as that given at the trough load. In combination with Eqs. 

7 and 11, it can be summarised that the mode II strength and toughness enhancements due to through-thickness 

compression vary within one cycle.  

Due to difference existing between the peak load and the trough load regarding both the mode II strength 

and toughness enhancements, the local SERR ratio given by twin cohesive elements is different from the 

analytical solution given by Eq. 2. This has been first demonstrated in Fig. 12b by plotting the local SERR ratio 

given by twin cohesive elements at the initial crack tip in the 0.3 R ratio and 60% severity case. The SERR ratio 

starts with a value very close to the analytical solution (0.09 for this case), then shows a linear decreasing trend 

relative to the separation of the more deformed twin cohesive element when it deforms elastically. At the static 

degradation stage of the cohesive law, the decreasing trend of the SERR ratio becomes nonlinear and slower, 

while there is no apparent variation during the fatigue degradation stage. In addition, there is change in the local 

SERR ratio with crack extension. This is illustrated in Fig. 15 by plotting the SERR ratios associated with the 

first six discretised interface segments from the initial crack tip for the 0.3 R ratio and 60% severity case. There 

is negligible difference in the SERR ratio among the 4 IP pairs belonging to one pair of the twin cohesive 

elements in the cut-ply modelling cases. It can be seen from Fig. 15a that the SERR ratio shows variation 
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throughout the whole global static loading stage, and there is apparent SERR difference between these interface 

segments. The dashed vertical lines in Fig. 15a indicate when the corresponding cohesive elements start to be 

statically degraded (i.e. 𝐷  > 0). It is interesting to see there is always a sudden change in the SERR ratio of one 

interface segment when its preceding segment has entered static degradation region. There is also a sudden 

change in the SERR ratio when the global fatigue loading starts to be applied (i.e. from 2s for this case). The 

first 5 interface segments had entered static degradation region, while the sixth interface segment was still in the 

elastic deformation stage at the start of global fatigue loading stage. The SERR ratio of an interface segment 

shows negligible change during the fatigue degradation stage of the cohesive law, as shown in Fig. 15b. These 

findings from Fig. 15 regarding the difference between the local SERR ratio given by the twin cohesive 

elements and the analytical value given by Eq. 2 further explain the necessity of building the twin cohesive 

models, respectively at the peak and trough loads. 

Mesh sensitivity study was carried out for the central cut-ply models. Apart from the baseline mesh size 

(0.125 mm), all the CCP models were re-run by using the other two mesh sizes (0.25 mm and 0.5 mm). A very 

fine mesh can capture the slightly local opening at the cut tip [32], however, the global prediction regarding the 

stiffness knock-down versus cycle number shows relatively less sensitivity to the mesh size. As shown in Fig. 

16, all the CCP models started to converge from 0.25 mm. It can also be observed from Fig. 16 that a higher 

severity model was less sensitive to mesh size than a lower severity model for a given R ratio, e.g. the 0.3 R 

ratio & 80% severity case and the 0.5 R ratio & 90% severity case.  

5. Conclusions 

This paper has presented a novel double-load-envelope numerical method to predict fatigue delamination in 

composite laminates. A fatigue laminate is described by twin models; one is loaded under the peak-load 

envelope, whilst the other one is loaded under the trough-load envelope. Each material interface is described by 

twin cohesive elements that exchange data at every time increment of an explicit FE solution and represent the 

evolution of both peak- and trough-load states as fatigue damage is accumulated according to a modified Paris 

law. The cohesive law used in the DLE method allows the direct evaluation of strain energy release rates (𝐺  

and 𝐺 ) and mode mixities [𝐺 /(𝐺 +𝐺 )] at peak- and trough-load states, as well as SERR ratios [𝐺 ⁄𝐺 ] 

independently for crack fronts, without the need to know global loading information, e.g. the load R ratio. The 

numerical technique features the high computational efficiency of a single load envelope method, since a higher 

numerical fatigue frequency than the fatigue frequency of actual tests can be used. It also allows predicting the 

mechanical condition of a laminate at both the peak and trough loads of fatigue cycles. 
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Implementations of the static/fatigue law by 1-IP elements and 4-IP elements have been explained with the 

aid of a logic flowchart. As the first demonstration, the fatigue delamination prediction method has been applied 

to mode I DCB, mode II 4ENF and mixed-mode MMB cases. The predicted da/dN results can accurately 

replicate the analytical input. The modelling strategy has also been applied to a central cut-ply specimen, which 

was tested under two different R ratios; good agreement has been achieved between experimentally measured 

and FE predicted stiffness degradation. The locally determined SERR ratio was used in all these benchmark 

models without the need to input the global R ratio. This opens the door to being able to model more 

complicated loading cases, such as fully reversed loading (R = -1) or when there is asymmetry in the positive 

and negative parts of a reversed cycle, such as was tested in Ref. [39]. One thing that needs to be noted is that a 

modified Paris based law, instead of the one in Eq. 15, may need to be embedded into the twin-cohesive models 

based DLE modelling strategy for fatigue delamination prediction in a load reversal case. This will be addressed 

in future work, when more comprehensive experimental results are available.  
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                                     (a)                                                                   (b)  

Fig. 1. Schematic illustration of (a) the loading-unloading hysteresis (LUH) method and (b) 

the single load envelope (SLE) method used in the literature for fatigue delamination 

prediction, as summarised in Ref. [8].   

 

 

 

 

 

 

                              

                                    (a)                                                                   (b)  

Fig. 2. Illustrations of (a) the mixed mode bilinear static and fatigue law, and (b) the effects 

of static and fatigue damage variables on the interface individual mode stiffnesses.  
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(b)  

Fig. 3. Overall framework of the double load envelope (DLE) method, including (a) two twin 

cohesive models and (b) two synchronised load envelopes.  
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Fig. 4. (a) Determining the individual mode response of the less deformed twin element by a 

reference mixed-mode bilinear curve, and (b) pure mode static and fatigue traction vs. 

separation response of two twin cohesive elements.    
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Fig. 5. Flowchart of the DLE static and fatigue cohesive law when implemented by an 

Abaqus/Explicit VUMAT subroutine on one core; 𝑁  indicates the number of cohesive 

elements in each twin model; 𝑁  indicates the number of IPs for each cohesive element.  
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(a)                                                     (b) 

  

 

 

 

 
 

 (c)                                                    (d) 

Fig. 6. (a) Geometry of the laminate used for (b) mode I DCB, (c) mode II 4ENF and (d) 50% 

mode mixity MMB virtual tests (unit: mm).  

 

Fig. 7. Comparison between FE predicted and analytically input fatigue crack propagation 

rates in DCB, 4ENF and MMB cases. (For interpretation of the references to colour in this 

figure legend, the reader is referred to the web version of this article.) 
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Fig. 8. FE predicted versus analytically input energy release rates in the static DCB case; IP 1 

and IP 2 indicate the two integration points of the 4-IP cohesive element at the initial 

crack tip, while IP 3 and IP 4 indicate other two integration points of the 4-IP cohesive 

element. (For interpretation of the references to colour in this figure legend, the reader is 

referred to the web version of this article.) 

 

Fig. 9. Traction vs. separation curves of two DCB twin elements; the dashed black line 

indicates the stiffness synchronisation between the twin elements. (For interpretation of 

the references to colour in this figure legend, the reader is referred to the web version of 

this article.)  
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(a)  

 

 

 

(b) 

Fig. 10. (a) Deformation of the 0.55 𝐺 /𝐺  ratio MMB laminate and (b) the corresponding 

failure status of its interlaminar interface, at the (top) maximum and (bottom) minimum 

loads of the 1000th fatigue cycle.  

 

  

 

 

 

 

 

 

 

Fig. 11. The twin fatigue models used to describe the central cut-ply specimen.  
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(a) 

 

(b) 

Fig. 12. Effects of numerical fatigue frequency on (a) the global stiffness and (b) the local 

traction vs. separation curves of the initial crack-tip twin integration points in the 0.3 R 

ratio and 60% severity central cut-ply model. (For interpretation of the references to 

colour in this figure legend, the reader is referred to the web version of this article.) 
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(a) 

        

(b) 

Fig. 13. Comparison between experimentally measured and FE predicted stiffness 

degradation curves at (a) 0.3 and (b) 0.5 R ratios. (For interpretation of the references to 

colour in this figure legend, the reader is referred to the web version of this article.) 
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(a) 

 

 

 

  

(b)  

Fig. 14. (a) Fibre-direction normal stress fields of the 0.5 R ratio and 80% severity loaded 

cut-ply laminate and (b) the through-thickness displacement fields of the interlaminar 

interface at the (top) maximum and (bottom) minimum loads of the 8000th cycle. (For 

interpretation of the references to colour in this figure legend, the reader is referred to the 

web version of this article.)  
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(a) 

 

(b) 

Fig. 15. SERR ratios (𝑅 ) given by twin cohesive elements for the first six discretised 

interface segments from the initial crack tip in the 0.3 R ratio and 60% severity case: (a) 

overall plots for both static and fatigue stages and (b) localised plots for the fatigue stage; 

‘IS’ is the abbreviation for ‘interface segment’, which is described by two twin cohesive 

elements in this study. (For interpretation of the references to colour in this figure 

legend, the reader is referred to the web version of this article.)  
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Fig. 16. Mesh sensitivity study on the cut-ply models; 0.125 mm curves in green; 0.25 mm 

curves in blue and 0.5 mm curves in red. (For interpretation of the references to colour in this 

figure legend, the reader is referred to the web version of this article.) 
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Table 1. Material properties for IM7/8552 [16,27,33].  

 

Ply properties Interface properties 
𝐸  (MPa) 161,000 𝐺  (N/mm) 0.2 
𝐸 = 𝐸  (MPa) 11,380 𝐺  (N/mm) 1.0 
𝐺 = 𝐺  (MPa) 5170 𝜎  (MPa) 60 
𝐺  (MPa) 3980 𝜎  (MPa) 90 
𝜈 = 𝜈  0.32 𝐾  (N/mm3) 4.67 × 105 
𝜈  0.436 𝐾  (N/mm3) 1.75 × 105 
  η 0.3 

Paris law parameters for Eqs. 16 and 17 [33] 
𝐶 (mm/cycle) 3.51 × 10-2 𝑏 14.05 
ℎ 1.457   

 

 

 


