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Abstract

The study of structure in glassy systems is a study of lengthscales. In experiment we
try to access those lengthscales directly with particle resolved systems. Improved
microscopy techniques have allowed us to make real space measurements of smaller
particle systems than ever before which allows us to access new glassy lengthscales
to inform the theory of the glass transition. In Chapter 4 we assess current methods
and look at the development of new methods for the measurement of dynamical het-
erogeneity, one of the key pieces in the puzzle of the glass transition. In Chapter 6 we
then apply these methods to the system of colloidal hard spheres where we study
some of the most supercooled real space particle resolved systems ever. Another
important aspect of smaller particle suspensions is that density matching of particle
suspensions can be neglected for short timescale experiments. This gives access to
new experimental systems which were not previously accessible. One such system
is the "Mermaid" potential also studied in 6, a system of charged particles in a high
dielectric constant solvent where the relevant structural lengthscales are set by the
charge repulsion and polymer depletion interactions. In Chapter 9 we consider de-
velopment of a method for measuring structure in dense systems. The correlations
of these structures are a key piece of the puzzle to understand the role of structure
in glassy systems. We then apply this method to simulations of crystallisation in the
2:1 ratio Kob-Andersen glassformer in Chapter 8 where the behaviour of the system
is dependent on the interactions of a particular favoured structural motif.
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Chapter 1

Introduction to glassy materials

1.1 Glass as a material

The word glass is commonly used to refer specifically to silicate glasses, the material
that makes up windows and beer bottles. Naturally occurring silicate glasses are a
material that has been used since Ancient times and silicate glasses have been manu-
factured for thousands of years. While silicate glasses are the best-known glass, they
are only one type of the diverse class of glassy materials. More generally a glass
is an amorphous solid without the long-range structural order that characterises
crystalline materials and a glass transition, a smooth transition between the solid
and liquid state upon heating. This definition covers a very wide range of materi-
als ranging from polymer glasses such as acrylic or polycarbonate, network glasses
such as those used in rewritable DVDs, metallic glasses and ceramic glasses to name
but a few. Though the term glass covers so many materials they share a common
phenomenology.

1.2 Phenomenology of the Glass Transition

The glass transition describes the phenomenon of the dynamical slowdown of a liq-
uid when it is cooled and crystallisation is avoided. Crystalline materials have a
distinct melting temperature and there is a clear distinction between the liquid and
solid states, both mechanically and in terms of the arrangement of the constituent
molecules. Conversely, glassy materials have no distinct melting point. Upon cool-
ing they gradually transform from the liquid material to a solid. Although this pro-
cess of transformation from liquid to solid is called the glass transition, the majority
consensus in the field is that there appears to be no physical transition between dis-
tinct states. Though there must be some structural change in the particle arrange-
ment between the liquid and glassy states, it is very subtle. As discussed in section
1.2.2, when the molecular arrangement of the liquid and solid are considered, they
are very similar despite the vastly different physical properties.

In 1995 the glass transition was called "The deepest and most interesting unsolved
problem in solid state theory" [3]. Though some progress has been made since then,
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the true nature of the glass transition remains elusive. It is an inherently difficult
phenomenon to study since it has one of the largest dynamic ranges of any problem
in physics with 15 orders of magnitude difference in viscosity between a liquid and
glassy state. What is more, this dynamic range occurs with a small change in tem-
perature, for the molecular glass ortho-terphenyl this dynamic change occurs over
a change in temperature of only 30 %. To complicate the study of glassy materials,
there is not even an obvious order parameter to measure which correlates with the
material properties. This has led to a multitude of differing theories based on differ-
ent metrics and mechanisms.

1.2.1 A large dynamic range

Figure 1.1 shows the evolution of the entropy of a liquid with varying temperature.
A liquid that freezes into a crystalline state will do so at the melting temperature
TM. This is a first order transition and there is a large discontinuity in the entropy
from one state to the other. However, if a liquid is cooled sufficiently rapidly then
crystallisation can be avoided, and the liquid moves to a glassy state at the glass
transition temperature Tg. The glass transition temperature is defined as a point at
which a molecular system has a relaxation time of 100 s. It is worth noting that this is
a value chosen arbitrarily to be conveniently observable in experiment and as such
there is no physical change at this temperature.

liquid

crystal

supercooled
liquid τ ~ 10-13

τ ~ 103

temperature

entropy

Tg Tm

glass

Tk

τ ~ ∞

FIGURE 1.1: The variation of entropy with changing temperature in
a liquid. While the transition from the liquid to the crystal state is
discontinuous and so first order, the transition to the glassy state is

second order [4].

1.2.2 Static structure

One of the most remarkable aspects of the glass transition is that although there is
a dynamical slowdown in particle motion of 15 orders of magnitude, there is little
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structural difference between the liquid and glassy state. Commonly used methods
for probing the structure of experimental glassformers such as x-ray or neutron scat-
tering measure particle pair correlations - so called two point correlations. Figure
1.2 shows 2-point structural measurements on propylene-glycol, a molecular glass-
former [5]. Tg for propylene glycol is 160 K so Figure 1.2 shows both the structure
of the glass and the supercooled liquid. Little difference is seen between the liquid
and glassy states which makes it hard to account for the large change in dynamical
properties. The most significant change in static structural measures is the config-

FIGURE 1.2: The static structure factor measured for the molecu-
lar glassformer propylene-glycol over a wide range of temperatures

above and below the glass transition temperature [5].

urational entropy as shown in Figure 1.1. While not as significant as the 15 orders
of magnitude of the dynamics, there is a factor of 3 decrease in entropy between the
liquid state and the glass transition. The factor of 3 change in configurational en-
tropy has recently been quantitatively confirmed in simulations up to and beyond
the glass transition using swap Monte-Carlo, a special simulation technique which
allows the generation of configurations which are deeply supercooled [6].

1.2.3 Glassy Dynamics

The dramatic slowdown of the dynamics of a glassy material can be seen by plotting
the relaxation time of the liquid against temperature. Typical glassy materials show
a simple Arrhenius-like growth in relaxation time at high temperatures and a super-
Arrhenius growth at lower temperatures.

The form of the Arrhenius equation is,

τ = τ0 exp
EA

kbT
(1.1)
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Where τ is the relaxation time, τ0 is a constant, EA is the apparent activation en-
ergy, kB is the Boltzmann constant and T is the temperature. In the case of super-
Arrhenius behaviour, EA is a function of T, increasing as the temperature decreases.
The term apparent activation energy is used, since the nature of the energy is depen-
dent on the system being considered. This is discussed in more detail later.

The Angell Plot, shown in Figure 1.3 is an Arrhenius plot which describes the change
in viscosity of a liquid as a function of temperature scaled by the glass transition
temperature. Angell noticed that glasses could be classified into two broad cate-
gories. Those which show Arrhenius-like behaviour for the full temperature range
up to the glass transition are termed strong glasses while those which display Ar-
rhenius behaviour at high temperatures but then super-Arrhenius behaviour some
onset temperature (Tonset) are termed fragile glasses [7].

FIGURE 1.3: An Angell plot showing the viscosity of molecular glass-
formers as a function of temperature. Strong glassformers show an
exponential or Arrhenius increase in viscosity with decreasing tem-
perature. Fragile glassformers show a super-Arrhenius increase in

viscosity [7].

Since there is no complete description of the dynamical behaviour of glassy materi-
als, there is no single theoretically determined fit to the dynamics. However, there
are a number of phenomenological fits which are motivated by different theoretical
approaches. The data for the full range of glassy materials does not provide a strong
enough constraint to make one fit definitive, rather a fit is usually selected based
upon theoretical motivations.
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The most popular fit is the Vogel-Fulcher-Tammann (VFT) fit which has the form

τ = τ0 exp
ẼA

T − T0
. (1.2)

where ẼA is a masure of the Fragility of the system. This fit does not fit well for
T < Tonset so it is usually applied in combination with the simple Arrhenius fit below
Tonset. The VFT fit has the implication that the dynamics diverge at T = T0 so T0 is
set such that T0 < Tg. While the VFT fit is popular and can be rationalised with
both by both the Adam-Gibbs and RFOT theories [8], there are cases it is not the best
statistical fit. Other fits which have been considered include the Bässler-Avramov fit
[9, 10] and the fit by Mauro et al. [11].

The dynamics of a supercooled-liquid can be quantified by a correlation function of
the form

φ(t) = 〈(A(0)− 〈A〉)(A(t)− 〈A〉)〉 (1.3)

where A(t) is a measure of some property of the system as a function of time t. Spe-
cific correlation functions are described in section 2.2.1. The decay of the correlation

FIGURE 1.4: An example of a dynamic correlation function for parti-
cle positions. The intermediate scattering function for a supercooled
liquid system at varying temperatures shows a stretched exponeital

decay [12].

functions is exponential for high temperature liquids but becomes more stretched
as the temperature is decreased. This two-step relaxation is characteristic of two
types of dynamics, the short-term dynamics which are termed the β decay and the
long-term dynamics which are termed the α decay. As the temperature decreases,
an intermediate time plateau is formed showing the increasing separation of time-
scales between the α and β decays. Figure 1.4 shows an example of the decay of the
density-density correlation function, the intermediate scattering function. The full
derivation of the ISF is detailed in section 2.2.1, the important point here being that
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it has the form of equation 1.3 for particle positions. The alpha relaxation is typically
fitted with the Kohlrausch-Williams-Watts function, a stretched exponential fit of the
form

φ(t) = c(T) exp

(
−
(

T
τ

)b
)

(1.4)

where c is a factor that describes the length of the plateau before α-relaxation begins
and b quantifies the degree of the exponential stretch. τα is then the characteristic
timescale of the alpha relaxation of the system.

The β and α relaxations can be rationalised in an approximate way by consideration
of a simple model system. In a dense particle system, a single particle is caged by
its neighbours. It is free to move a small amount within this cage but cannot easily
move outside it. This exploration of the local cage takes place on short timescales
and corresponds to the β relaxation process. On longer timescales, cooperative
movement of the neighbouring particles allows the inner particle to escape the caged
region and its position decorrelates further, with this relaxation corresponding to the
α relaxation process. As can be seen in Figure 1.4, the β relaxation process is rela-
tively insensitive to the temperature of the system, while the α relaxation process is
more strongly related to temperature. This is because the exploration of the caged re-
gion is little affected by temperature but the cooperative rearrangement of the caging
particles takes much longer as the average thermal energy of the particles decreases.

1.2.4 Dynamical Heterogeneity

One of the hallmarks of a glassy material is dynamical heterogeneity. While liquids
are dynamically homogeneous, glasses have dynamical heterogeneity, with some
regions moving faster than others. In liquids, the change in the diffusion constant
with temperature is described by the Stokes-Einstein equation,

D ∼ T
η

(1.5)

where η is the viscosity of the solvent. However, at the onset temperature between
the liquid and supercooled liquid state, there is a deviation from this relation where
a decoupling between translational diffusion and the relaxation time is seen. This is
a result of dynamical heterogeneities; some regions are faster moving while others
are slower moving. Dynamical heterogeneities occur on intermediate timescales, the
dynamics of the system are homogeneous on short timescales (∼< 0.1τα) and long
timescales (∼> 10τα). Figure 1.5 shows an example of dynamical heterogeneity in a
2D system of binary silica hard sphere colloids.

1.2.5 Static and dynamic length scales

Length scales can be used to describe the extent of a region having a particular prop-
erty. In glassy systems we consider two types of length scale, static and dynamic
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FIGURE 1.5: An example of dynamical heterogeneity in a 2D system
of binary hard sphere silica colloids. Blue colours represent a small
displacement since the start of the experiment, red colours a larger

displacement.

length scales. A dynamic length scale characterises the typical size of regions with
a higher or lower mobility than the average mobility. Dynamical length scales can
be used in this way to characterise the typical spatial extent of dynamical hetero-
geneities.

A static length scale characterises the typical size of regions of structure. Since struc-
ture in glassy materials is something that is difficult to characterise there are many
different static length scales which measure different aspects of structure. One way
to characterise such a static length scale is to consider the scaling of regions of locally
favoured structures (LFS), multibody correlations which minimise the local free en-
ergy. These LFS occur with increased probability as a liquid is supercooled and have
been linked to slow dynamics. One problem with considering LFS is that they are
system dependent and so this does not easily provide a unified framework for ex-
plaining the glass transition.

A different and more general approach to determining a static length scale is the
point-to-set length. Point-to-set correlations are determined by taking a liquid con-
figuration and pinning a subset of the particles such that a cavity is created contain-
ing unpinned particles. The effect of the pinned walls on the equilibrium structure
of the unpinned particles is assessed for a range of different cavity sizes [13]. This
approach allows determination of the correlation length over which fixed structure
affects the structure of an adjacent liquid.
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Dynamic and static length scales have an important role to play in theories of the
glass transition. It is now agreed that there is an increase in the dynamical length
scale as a liquid becomes more supercooled [14]. Though there is often a correlation
between the increasing dynamical length scale and slowed dynamics there is not yet
agreement on the theoretical basis for the nature of the relation.

Several theories of the glass transition also refer to a growing static length scale. If
the nature of the glass transition is posited as a mechanism of activated dynamics
then an expression can be derived for the dynamical scaling with a static length scale
(ξ) [15, 16],

log(τ/τ0) ≈ B
ξψ

T
, (1.6)

where τ is the relaxation time at temperature T, τ0 is the relaxation time of the liquid,
B is a system dependent scaling parameter and ψ is an exponent which is ≤ d the
number of spatial dimensions. In this case even a modest change in the static length
scale of a factor of 5 is enough to account for the 15 orders of magnitude change in
viscosity seen on approaching the glass transition.

An area that remains debated is the extent to which static and dynamical length
scales correlate. Tanaka and co-workers maintained that there is a direct correspon-
dence between the growth of static and dynamic correlation lengths in a range of
systems [17–19]. However, a number of other groups have reported results show-
ing that the static length scale grows much more slowly than the dynamical length
scale [20–22] and this seems to now have become the accepted picture. [8, 23]. Fig-
ure 1.6 shows the current state of understanding of the scaling of length scales. Up
to approximately the mode coupling transition temperature (TMCT), the dynamics
of liquids can be measured using particle resolved colloidal studies. The results of
these studies are shown in Figure 1.6 as a full line. However, TMCT represents only
a 5 order of magnitude increase in viscosity from the liquid state - far from the glass
transition. The dashed lines in Figure 1.6 are the results of computational studies. An
early study showed an apparent slowing of the growth of the dynamic correlation
length on passing TMCT [20] and more recent studies have also shown a continued
but modest scaling of the static structural length even beyond Tg [6]. However, these
measurements are far from agreed upon. Conducting simulations of these extremely
supercooled liquids requires special simulation techniques. While they are far from
exotic, there remains debate about the validity of their application since some of the
assumptions that the methods make are non-trivial. A detailed review of the differ-
ent length scales in glassy physics was written by Karmakar et. al. [24].
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FIGURE 1.6: Scaling of static and dynamic length scales with increas-
ing supercooling. Up to TMCT the solid lines represent experimental
results. Beyond TMCT the dashed lines represent simulation studies.

Reproduced from [8].

1.3 Current theories of the Glass Transition

1.3.1 Mode Coupling

Mode coupling theory (MCT) presents a description of liquid dynamics based upon
consideration of the caging effects of particles prevented from moving by their neigh-
bours. This leads to a closed set of integro-differential equations for the density cor-
relator (ISF)[8]. At TMCT, MCT predicts a non-decaying ISF and so a transition to
a non-ergodic (glassy) state. MCT is a mean field theory and so fails to predict dy-
namics arising from local fluctuations. This means it is effective at describing slightly
supercooled systems but diverges for deeply supercooled systems.

1.3.2 Energy Landscape

The introduction of the energy landscape picture by Goldstein was a seminal ad-
vance in the way people thought about glassy systems [25]. For a N particle system
in three dimensions, the structure of the system can be fully described by 3N vari-
ables, one each for the X, Y and Z coordinates of each particle. The energy landscape
is then the energy of the system as a function of all 3N variables. Metastability can
then be explained by local barriers preventing the system from reaching the global
free energy minimum. For glassy systems the energy landscape is very rugged with
many local minima in which the system can become trapped.
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1.3.3 Random first order transition theory

The random first order transition theory (RFOT) was developed by Kirkpatrick and
Thirumalai in 1987 [26]. Although RFOT was initially developed as a model for spin
glass systems, it has since been applied to a range of different biological and con-
densed matter systems [27]. The theory was motivated by the observation that there
was a transition from an ergodic to a non-ergodic system at a crossover tempera-
ture. The dynamics of the ergodic part are described well by MCT and for structural
glasses the crossover temperature is TMCT. Below this transition temperature the
dynamics of the liquid are controlled by many unconnected free energy minima as
in the energy landscape picture. The theory is that these exponentially many free
energy minima correspond to structural states which are structurally similar. The
liquid is then made up a ‘mosaic’ of these states. The size of the mosaic regions cor-
responds to a structural length scale which increases as the degree of supercooling
increases.

1.3.4 Adam Gibbs

The Adam Gibbs theory [28] explains the relaxation of glassy systems by considering
them as made up of cooperatively rearranging regions, or mosaics, which increase
in size as the temperature of the system is decreased. In a dense system, particles are
not able to diffuse more than a fraction of their diameter without the cooperation
of their neighbouring particles. As the system is cooled further, particle diffusion
requires the cooperation of a larger and larger region of particles. If the relaxation
time of a region is proportional to its volume, the relaxation time scales as Ea ∝ ξ3

where ξ is the diameter of the cooperatively rearranging region. From this a super-
Arrhenius relaxation can be derived.

Though it shows some correspondence with experimental data, the Adam Gibbs
theory is only a first order approximation. Several assumptions are made which
are not true in many systems. Nonetheless, the idea of cooperatively-rearranging
regions is one that has some merit and has been carried forward into other more
complex models.

1.3.5 Geometric Frustration and Locally Favoured Structures

Geometric Frustration is a theory of the glass transition based upon local structure.
The importance of local structure was first considered by Sir Charles Frank in 1952
[29], where he considered the energy of different packings of argon atoms modelled
by the Lennard-Jones potential, noting that the while a cubic crystal configuration
was the best arrangement for many particles, for a single particle and its closest
neighbours, the 13 particle icosahedron was 8.4 % lower in energy than an FCC or
HCP crystal. However, since the icosahedron is based upon five-fold symmetry, it
does not tessellate in 3D space to form a longer-range crystal. This introduces a
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FIGURE 1.7: a) The basic form of CNT shows a peak where forma-
tion of nuclei is unfavoured before larger nuclei become energetically
favoured. b) With the addition of a term for frustration, there is a

maximum favoured nucleus sizem LMAX.

competition between icosahedral short-range order and longer-range cubic crystal
order. If the icosahedra form locally then a large amount of energy would need to be
expended in order to reach the cubic crystal state, so the icosahedra are kinetically
stable and serve to frustrate crystallisation. This phenomenon was later termed ge-
ometric frustration and the geometric arrangement of particles such to minimise the
local free energy has since been termed a locally favoured structure (LFS).

1.3.6 Glass as a failed crystal - critical nucleation theory

An alternative way to frame the formation of glasses from a liquid is as a failed crys-
tal [30]. When a liquid is cooled sufficiently rapidly to avoid crystallisation it forms
a glass. For this reason, an understanding of some aspects of glassy materials can be
derived by consideration of the energetics of crystallisation. Critical nucleation the-
ory is a simple theory of the nucleation process which models the thermodynamics
of crystallisation. For the formation of a crystalline region in a liquid, it considers
the energy gained due to the increased strength of interparticle interactions in the
crystal over the liquid compared to the energy lost due to the formation of an inter-
face between the two phases. For the formation of a spherical nucleus of crystal in a
liquid

∆GNUC(L, T) = σ(T)L2 − φ(T)L3, (1.7)

where σ is the free energy of the formation of the interface between the two phases,
L describes the linear size of the nucleus and φ describes the energy gained due to
the increased strength of interparticle interactions in the crystal over the liquid. As
can be seen the surface energy term scales as the square of the nucleus diameter
while the binding energy scales as the cube. This physical manifestation of this is
that the formation of small nuclei is not favoured but if a sufficiently large crystal
nucleus is formed it will grow indefinitely. Figure 1.7 a) shows the form of equation
1.7 with an initial positive free energy for small nuclei which becomes negative past
a certain critical nucleus size. A further term can be added to this equation to model
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the effects of geometric frustration,

∆GNUC(L, T) = σ(T)L2 − φ(T)L3 + s(T)L5, . (1.8)

where s is a prefactor which determined the strength of frustration in the system.
This final frustration term is additive since it relates to the frustration induced strain
between non-tessellating regions which increases the free energy of the system. This
strain term has previously been shown to scale as L5 in 3 dimensions [31]. The effect
of this is seen in Figure 1.7 b) where the maximum nucleus size (Lmax) is limited
by frustration effects. This model leads to the formation of regions of structure in
a similar way to the mosaic picture given by the Adam-Gibbs theory. In Chapter 8
we consider the formation of crystalline regions in a model glassformer and use this
model to frame the results.

1.4 Motivation for study

Many theories depend on the behaviour of glassy length scales. It would be ex-
tremely beneficial to have further information on the scaling of these length scales
on reaching increasingly supercooled states. Quantitative measures of the scaling
would allow distinction between competing theories of the glass transition. It is in
this spirit that Chapter 4 considers the development of methods for the measure-
ment of nano-particle resolved colloidal experiments and Chapter 6 considers mea-
surements of such systems. Chapter 8 looks at the problem from a slightly different
perspective where we consider the nature of frustration in a modified Kob-Andersen
Model glassformer where competition between local structures determines has an
effect on the static length scale of the system and subsequent crystallisation. Chap-
ter 9 looks at the development of a structural characterisation algorithm which is
used to identify the structures, the correlations of which can be used to measure the
static length scales in a range of systems.
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Chapter 2

Measurement of structure and
dynamics in colloidal systems

2.1 Identification of Structure

We consider a system of N particles, with positions ri with i = (1, 2....N), volume V
and number density ρ = N/V.

2.1.1 Two point structural characterisation methods

Radial distribution function

The simplest way to measure the structure in a many particle system is to consider
the distances between pairs of particles. Averaging over all pairs of particles in the
system gives the radial distribution function, the g(r). The g(r) is a density corre-
lation function, it gives the probability of finding a particle at a distance r from a
reference particle relative to the probability for a randomly arranged system of non-
interacting particles of the same density. This can be expressed as,

g(r) =
1

Nρ

〈
N

∑
i 6=j

δ(r− rij)

〉
(2.1)

where δ is the Dirac delta function, rij is the separation between particles i and j and
the angled brackets indicate an average over all particles in the system. In order de-
termine g(r) for a physical particle system, we integrate using the rectangle method,
evaluating the density over a finite delta. By considering the number of particles in
a shell of width, ∆,

g(r) =
ρshell

ρ
=

Nshell

ρVshell
(2.2)

where ρ is the average density of the system for normalisation, Nshell is the number
of particles in the shell and Vshell is the volume of that shell. The number of particles
in the shell is

Nshell =

〈
N

∑
i

δr(r− ri)

〉
, (2.3)
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where δr is a delta function which is unity when r − ri is between r and r + ∆ and
zero otherwise. If the shell has a width ∆, then the volume of the shell is,

vshell =
4π(r + ∆)3

3
− 4πr3

3
. (2.4)

Combining the above gives,

g(r) =
3

4πρ(δ + r3)− (r3)

〈
N

∑
i

δr(r− ri)

〉
. (2.5)

This method works well for computational simulations with periodic boundary con-
ditions. However, the normalisation of the g(r) is more complex for experimental
systems where the shell used for the binning of the particles passes partially outside
the observed volume. For this reason, an alternative approach to measuring the g(r)
is to conduct a simulation of an ideal gas in the same volume as the experimentally
observed system. This simplifies the normalisation since the particle density can be
directly divided by the density of the corresponding ideal gas system. This is the
method used for measurement of the g(r) in this work.

If the locations of all particles in a monodisperse system are independent of the other
particles in the system, but particles are not allowed to overlap, the radial distribu-
tion function will be zero below r and 1 at all values greater than r. This is true
for dilute hard sphere systems. For a densely packed but randomly ordered system
such as a supercooled liquid, the g(r) takes a peaked form indicating shells of in-
creased density. For an ordered system such as a crystal, the g(r) is sharply peaked,
reflecting the lattice spacing of the crystal.

Static structure factor

The microscopic density fluctuations described by the g(r) can be probed experimen-
tally using the scattering of radiation. When the radiation falls on the sample, the
scattering centres will scatter the radiation and the scattered waves will interfere.
Measurement of this scattered radiation gives information about the distribution of
the scattering centres [32]. Neutron, x-ray and light scattering work on the same
principles, varying in the wavelength of the probing radiation and the scattering
centres with which they interact. Elastic neutron scattering is primarily used for
structure detection and relies on the reaction of neutrons with the nucleus of atoms.
X-ray and visible light scattering work by interaction of the radiation with the elec-
tron density of atoms and molecules. The exact structure which is probed by each
method depends on the energy of the probing radiation and the structure of the
material being probed. A simple illustration of such a scattering set-up is shown in
Figure 2.1. The measured quantity from scattering experiments is the intensity of the
scattered radiation as a function of the scattering angle. The derivation of the exact
quantity depends on the method and the type of matter being probed but generally
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FIGURE 2.1: Illustration of the basic principles of scattering. The inci-
dent beam is scattered by the particles in the probed medium through

an angle θ and detected by the detector.

the intensity is related to the static structure factor S(q),

S(q) =
1
N

〈
N

∑
i 6=j

exp(iq · rij)

〉
, (2.6)

where rij is the separation of particle i and j and q is the wavevector of the scattered
radiation. To make the connection to the radial distribution profile, S(q) can be re
written as,

S(q) = 1 +
1
N

〈∫
dr expiq·r ∑

i 6=j
δ(r− rij)

〉
(2.7)

substituting in equation 2.1 gives

S(q) = 1 + ρ
∫

dr expiq·r((g(r)− 1) (2.8)

which shows that S(q) is the spatial Fourier transform of g(r).

2.1.2 Multi-point structural characterisation methods

Multipoint structural characterisation is the measurement of correlations between
more than two particles. Many of these methods rely on identification of a neigh-
bour network in order to characterise relations between particles. This is commonly
done with either a distance cut off or Voronoi analysis. When using a distance cut
off, a particle is identified as a neighbour to another if it is within a certain distance.
The advantage of this method is its simplicity, however for many systems the in-
terparticle distance is not well defined and the results are dependent on the cut-off
distance chosen. For a Voronoi analysis, space is divided into cells, each containing
a particle. The space inside the Voronoi cell is closer to the particle than any other.
Particles can then be considered neighbours if their Voronoi cells share a face.

There are many possible multipoint structural characterisation methods including
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common neighbour analysis and bond orientational order parameters. In this work
we mainly use the Topological Cluster Classification.

The Topological Cluster Classification

The Topological Cluster Classification (TCC) is a method for measuring multi-point
structure developed by Stephen Williams and Alex Malins [33]. It works by identify-
ing a neighbour network using a modified Voronoi construction and then identifying
shortest path relations for 3, 4 and 5 membered rings. From these smaller structures,
larger structures are identified hierarchically, up to 13 particles, the maximum sin-
gle layer packing around a particle. The TCC has been applied to many soft matter
systems, both in experiment and in silico including model glassformers [34], hard
sphere colloidal suspensions [35], colloidal gels [36] and emulsions [37]. The TCC
and its further development is discussed in more detail in Chapter 9.

2.2 Measurement of dynamics

2.2.1 Two point dynamic measures

Intermediate scattering function

The intermediate scattering function (ISF) is a generalisation of the static structure
factor which considers correlations in time as well as space. As such it is a density-
density correlation function, time averaged over all particles in the system. The
intermediate scattering function is defined as [38],

F(k, t) =
1
N

〈
N

∑
i,j

exp
[
ik ·

(
rj(t)− ri(0)

)]〉
. (2.9)

The intermediate scattering function is a way of quantifying the decay of collective
density fluctuations in the system. The interpretation of this correlation function is
that it gives the probability of a particle j being in position r at time t, given that
particle i is at the origin at time 0. Alternatively, just the “self” component of the
intermediate scattering function can be determined,

Fs(k, t) =
1
N

〈
N

∑
j

exp[ik · (rj(t)− rj(0))]

〉
. (2.10)

which just considers self-correlations rather than collective correlations. The full and
self-intermediate scattering functions tend to have the same qualitative behaviour
even though they do not strictly measure the same correlation. As described in sec-
tion 1.2.3, for supercooled liquid systems the decay of the ISF typically consists of
two parts, the initial β relaxation which occurs on short timescales and longer range
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α relaxation which occurs on longer timescales. The β relaxation can be fitted with a
stretched exponential which gives a typical relaxation time for the system.

In experiment the intermediate scattering function can either be calculated from par-
ticle trajectories or directly through scattering experiments such as inelastic neu-
tron scattering or dynamic light scattering. The wavevector k corresponds to the
wavevector at which the signal is measured. To consider local relaxations on the
lengthscale of the particles it is relevent to take a wavevector corresponding to the
particle diameter. For this reason, the value of k is often chosen as the value of the
first peak in the static structure factor S(k) [8].

Dynamic Topological Cluster Classification

By identifying structure at many time points using the TCC we can measure time
correlations of structures. This allows the lifetime of clusters to be measured which
gives information about their stability over time. This is one of the primary meth-
ods by which locally favoured structures for a system are identified since the LFS
typically have longer lifetimes than other clusters in the system.

2.3 Identification of Dynamical Heterogeneity

2.3.1 Density-density correlation functions - χ4

As the glass transition is approached, glassy materials show greater dynamical het-
erogeneity. Moving away from the independent diffusion of a liquid, particle rear-
rangements become cooperative with regions of particles moving together. A length
scale can be attributed to this cooperative motion which characterises the spatial
extent of the cooperatively rearranging regions. This is normally quantified by the
measurement χ4, a density-density correlation function. We can define a correlation
function W(t) which measures the overlap of a configuration with itself as a function
of time,

W(t) =
∫

drρ(r, t)ρ(r, 0) =
N

∑
i,j

δ[ri(t)− rj(0)]. (2.11)

In simple terms W(t) characterises the probability of a particle being at a certain
position at time t if it that position was occupied by a particle at t = 0. The δ func-
tion specifies a particle displacement such that a particle is considered to no longer
overlap with its original position. This value is set such that particles are considered
overlapping at short times and not overlapping at long times. If the overlap length
is too small then particles will not be considered overlapping after short timescale
β-relaxation and if the overlap length is too long particles will overlap with multi-
ple particles on longer timescales resulting in a value for W greater than one [39].
For monodisperse hard sphere systems the overlap length is normally set to 0.3σ.
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Though this is the most commonly used form for W, a simple overlap is not the only
possible order parameter than can be used to characterise the spatial heterogeneities
[40]. While the form in equation2.11 represents a binary step function where a parti-
cle is either overlapping or not overlapping, one can also use a continuous function
where the value of W is 1 if the particle remains in the same position and gradually
decreases to 0 as it moves further from that position. This continuous measure of
overlap is analagous to the ISF described in section 2.2.1. W can even be comprised
of measures that do not directly describe the particle position. One study showed
that the persistent volume, characterised by the portion of a Voronoi cell that re-
mained within its original volume over time, and the persistence of Voronoi bonds
are both valid overlap order parameters for measuring dynamical heterogeneities
[41].

The fluctuation of the quantity W(t) is then measured to give the dynamic suscepti-
bility.

χ4(t) =
1

NρkBT

[〈
W2(t)

〉
− 〈W(t)〉2

]
. (2.12)

The susceptibility reaches a maximum (χ∗) at a certain t which is similar to the struc-
tural relaxation time for a displacement of 0.3σ. Note that W(t) is a global measure
of overlap and does not consider the identity of particles, merely the presence or
absence of a particle at time 0 and time t. In this way it is analogous to the collective
intermediate scatting function [39].

The peak value of χ4, χ∗, holds information about the size of dynamically heteroge-
neous regions and so the dynamical correlation length ξ [41]. χ∗ is directly propor-
tional to the number of particles in dynamically correlated regions. The dynamical
length scale will then scale as ξ/d ∝ χ∗ (1/D) where d is the particle diameter and
D is the fractal dimension of the dynamically heterogeneous regions. The value of
D is dependent on the system and there is not yet a unified theory concerning the
compactness of the dynamically heterogeneous regions in supercooled and glassy
systems [42]. However, it is thought that as a liquid becomes more supercooled the
dynamically heterogeneous regions become more compact and in this regime D will
be close to 3 [43].



19

Chapter 3

Introduction to experimental
systems

3.1 Why image colloids in real space?

There are 3 basic classes of method used to study condensed matter systems, simu-
lation, experiments conducted on materials of interest or experiments conducted on
model systems. Colloidal suspensions fall into this latter category of an experimen-
tal model system. Here in brief we consider the advantages and disadvantages of
each class of methods with emphasis on the study of glassy systems.

Computer simulations have a much lower barrier to entry than experimental sys-
tems of any type. With the ongoing developments in computer power, many simu-
lations can now be carried out locally on desktop PCs. Even if simulations do require
more processing power, this can now be rented by the hour from cloud providers.
Although they require planning and forethought in their set up, running and col-
lecting data from simulations is trivial, all particle positions are known at each point
in time by construction. However, simulations are limited in scope. They can only
simulate a limited number of particles and the interaction potentials between par-
ticles approximate those in physical systems. While simulations are an extremely
valuable method for investigation of specific mechanisms and in support of models,
results and extrapolation to physical systems should be interpreted with care.

Experimental studies of molecular glasses offer access to materials at and beyond
the glass transition, yet these too are limited. As well as being experimentally com-
plex to set up and take measurements, the positions of the molecules in the system
usually cannot be directly measured. The available techniques are mostly limited to
those that provide averaged quantities such as scattering, and so direct measurement
of heterogeneous structure is very limited. Some work has been done in measuring
heterogeneous properties in such systems but these often require fitting and are typ-
ically limited to measuring the non-Gaussian behaviour of particle dynamics [44]
rather than a full spatial picture of the heterogeneities. In another example, delicate
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experiments monitoring the orientation of molecular probes confirmed the presence
of dynamical heterogeneities in molecular glassformers [45, 46].

Particle resolved studies of colloidal suspensions are a challenging experimental sys-
tem to set up and collect data from, however they can offer direct insight into the
structural behaviour of condensed matter systems like no other technique. The term
colloidal suspension covers a vast range of systems, typically it includes any system
with particles of 1 nm to 5000 nm suspended in a suspension medium. Colloidal
systems used for particle resolved studies are more typically particles of 100 nm to
5000 nm in a liquid suspension medium. For imaging with a confocal fluorescence
microscope, particles are refractive index and density matched with the suspension
medium and labelled with a fluorescent dye which can be excited by the laser of the
confocal microscope.

Particle resolved colloidal studies sit somewhere between the simulations and ex-
periments on molecular systems and can provide a full picture of the structural ar-
rangement of the particles. Like simulations, the positions of particles can be fol-
lowed over time and so spatially heterogeneous quantities can be quantified. For a
long time, colloidal systems were limited by the resolution of the imaging methods
meaning that they had access to approximately the same range of dynamics as sim-
ulations. In this work we consider nanoparticle resolved studies - by decreasing the
size of the colloids measured we aim to keep the advantages of taking measurements
in real space whilst sampling previously inaccessible highly supercooled states.

3.2 Measurement of experimental colloidal systems in recip-
rocal space

Scattering is a method that probes the structure of matter by measuring the way in
which a medium scatters radiation. Information about the structure and dynamics
of matter can be determined by measuring the intensity of the scattered radiation.
There are different modes of scattering depending on the wavelength and energy
of the radiation and the size and structure of the scattering medium. For colloidal
systems, the best measurements are taken when the wavelength of the radiation
is matched to the relevant length scale of interest in the matter being probed. For
smaller colloidal systems (<100 nm) x-ray [47] and neutron scattering [48] can be
used, while for systems with larger colloids light scattering tends to be the optimum
method [49, 50]. Heterogeneous systems have been characterised to some extent
previously using scattering methods. An early study on crystallisation of a colloidal
hard sphere system provided information about crystal growth rates and domain
size but only based on assumptions about the crystalline structure [51]. In a different
study, the dynamics of a colloidal gel system were studied using time resolved cor-
relation (TRC) spectroscopy which identified temporal dynamical heterogeneities,
however this method cannot a priori assess the size of heterogeneous regions and is
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not suitable at high packing densities due to multiple scattering [52]. A further ad-
vancement is photon correlation imaging (PCI) where the speckle pattern resulting
from diffusion is imaged with a charged couple device (CCD) camera. Each pixel
of the CCD captures a slightly different part of the speckle image so building up a
spatial map of scattering volumes. The evolution of these scattering volumes can
then be compared to get a spatial map of particle dynamics [53]. This combination
of scattering and real space imaging is useful but is still does not give direct informa-
tion about the spatial distribution of heterogeneities and the resolution is somewhat
limited, certainly not sufficient to directly measure correlations on the length scale
of a few particles [40].

Compared to real space imaging, all of these scattering techniques have some no-
table disadvantages. Firstly, the signal is typically small and so many time averages
must be taken in order to get a reasonable result. This may mean measuring the
sample for 10’s or 100’s of τα which may not be possible in highly supercooled sys-
tems. Also in all of these scattering methods the number of probed particles is not
known, this means that normalisation of a measure like χ4 is not possible [54].

3.3 Measurement of experimental model hard sphere colloidal
systems in real space

The real space study of colloidal suspensions was enabled by the development of
high speed video microscopy in the early 1990’s [55]. Temporal tracking of parti-
cles identified deviations from Brownian motion characterised by a non-Gaussian
distribution of particle velocities, first in dark-field microscopy [56] and later with
confocal microscopy [57]. These early studies were limited both by the data cap-
ture rate of early CCDs and the scanning speed of confocal microscopes, allowing
only 2-dimensional images of 3-dimensional systems. Development of the technique
by Weeks quickly allowed full 3D visualisation of dynamical heterogeneities [58].
The underlying data from this particular experiment were fundamentally sound al-
though it was later found that the particles had some degree of softness [59], though
it is very hard to prepare a perfectly hard sphere colloidal system as discussed in
section 3.4.1. In addition, there was some criticism of the metrics used to define par-
ticle mobility in this work which lead to follow up analyses of this data set where
the decay of correlation functions of the magnitude of particle displacements were
used to more rigorously define length scales for cooperative movement [60]. In 2010
Mathieu Leocmach studied dynamical heterogeneity in a similar way to Eric Weeks,
particle tracking colloidal suspensions and calculating the non-Gaussian parame-
ter [61]. While these experiments certainly proved that dynamical heterogeneities
existed and were accessible in experimental systems, none of them accessed partic-
ularly supercooled systems, the main limitation being the slow speed of the rela-
tively large particles required for good imaging. The most recent development by
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Hallett et al. was to measure dynamical heterogeneity in much smaller particle sys-
tems which were much more supercooled [35]. These measurements determined
static and dynamic correlation lengths by measuring the spatial correlation of struc-
ture and slow-moving particles respectively and dividing by the radial distribution
function.

With the recent development in super-resolution microscopy techniques used by
Hallett et al., there is likely to be value in returning to experimental studies of dy-
namical heterogeneity. It would be interesting to make a more direct measurement
of dynamical heterogeneity like χ4 and extend the measurements to systems with
greater degrees of supercooling. If static and dynamic correlation lengths can be
determined, they could be useful in informing theoretical models of the glass tran-
sition.

3.4 Experimental methods for model colloidal systems

3.4.1 Particle Suspensions

One of the attractions of colloidal suspensions as a model system is that they have
a range of different behaviours depending on their composition and the type of sol-
vent in which they are suspended. Though strictly not accurate, the term “solvent" is
often used in place of “suspension medium" when describing colloidal suspensions,
although the particles do not dissolve in the suspension medium. When selecting
a specific colloidal system for a study there are various properties which must be
considered. Firstly, if the particles are to be measured using confocal microscopy
they should have the same refractive index as the solvent in which they are sus-
pended in order to reduce the scattering of the fluorescent signal and consequent
reduction in image quality. One consequence of index matching is that this reduces
the Van-der Waals dispersion forces between the particles which is good for hard
sphere systems where the particles should not interact. Another consideration for
colloidal suspensions is that they should be usually be density matched with the
solvent, this ensures that the particles will not sediment over the course of the ex-
periment, effectively removing the external field of gravity. A further concern is that
particles must be prevented from flocculating. This can either be done by sterically
stabilising particles or by charge stabilising them.

For a model hard sphere system these criteria can be met with polymethyl methacrylic
acid (PMMA) particles suspended in particular mixtures of organic solvents. The
particles are sterically stabilised against flocculation by the addition of an approx-
imately 10 nm layer of poly-12-hydroxyl steric acid (PHSA). This system was first
shown to display hard sphere behaviour in 1986 by Pusey and van Megen [62]. This
system is commonly used since it is possible to both index and density match the
PMMA particles with organic solvents.
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An alternative particle material is silica. With a refractive index of 1.45 the particles
are easily refractive index matched but since the density of silica is approximately
2 g cm−3 these particles cannot be density matched [63]. However, if the particles
are small enough, their rate of sedimentation is sufficiently slow such that it can be
neglected. Monodisperse silica particles can be created using the Stöber synthesis
[64]. While bare silica particles are highly charged due to the silanol groups on the
particle surface, they can be coated with a thin layer of the silane coupling agent
3-(trimethoxysilyl) propyl methacrylate (TPM) which provides a steric stabilisation
layer [65]. These particles have been shown to display hard sphere behaviour in
tetrahydrofurfuryl alcohol (THFFA) [66] and in a mixture of ethylene glycol and
glycerol [67, 68].

3.4.2 Microscopy and the theory of image formation

Since determination of particle positions using a microscope is strongly dependent
on image quality, it is worthwhile considering what factors contribute to image qual-
ity. We define an ideal image as one that is a perfect representation of the sample
being imaged. The main factors which prevent the acquisition of ideal images are
the optical resolution of the microscope, the quality of the microscope optics, and
the setup of the microscope and sample.

For hundreds of years the limiting factor in microscope imaging quality was the
quality of the optical components of the system. If optical components are not de-
signed carefully and manufactured perfectly this will increase the level of optical
aberration. There are multiple sources of optical aberration such as chromatic aber-
ration, where not all wavelengths of light are focussed to the same point, and spher-
ical aberration, where light hitting the edge of a lens is refracted more than light hit-
ting the centre of the lens. Modern high-performance microscopes are constructed
with optical components which are produced to small manufacturing tolerances and
are designed to correct aberrations. While not all forms of optical aberration can be
eliminated, the quality of optical components is increasingly not a limiting factor in
imaging quality.

Experimental setup is also important to prevent optical aberrations. In a typical light
reflectance microscopy setup, light will pass through a lens, the glass coverslip, and
the mounting media and then reflect off the sample returning along the same optical
path. If the refractive index of all these components does not match there will be
diffraction at the boundaries between the materials, resulting in aberration.

In the limit of perfect microscope optics, the resolution of a microscope is limited by
the diffraction of the light used for imaging. For this reason, an imaging system lim-
ited only by diffraction is called diffraction limited. Ernst Abbe determined in 1873
that the smallest object resolvable with a microscope was determined by the wave-
length of illuminating light. A point source when imaged by light of wavelength λ
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will form a spot of size,

d =
λ

2NA
(3.1)

where NA is the numerical aperture of the lens. For a microscope with incident
light of wavelength 520 nm and a lens of numerical aperture 1.4, this gives a spot
size of 185 nm. For a diffraction limited system, a spot source will appear as an
Airy pattern, a bright central spot known as the Airy disk, surrounded by concentric
rings of decreasing intensity. The combination of the Airy pattern and the dispersion
caused by the optical path is called the point spread function (PSF). The PSF is the
overall response of an imaging system to a point source.

As well as the PSF, there are sources of noise in a microscopy system which con-
tribute to reducing the quality of the final image. Shot noise is a source of noise
due to the quantum nature of light. The number of photons emitted by a source is
subject to statistical fluctuations over time which are described by a Poisson distri-
bution[69]. Thermal (Johnson–Nyquist) noise is a separate noise source caused by
the thermal movement of electrons. The primary source of thermal noise is in the
photon detector itself which interprets these thermal electrons as photons forming
the image [70]. Thermal noise follows a Gaussian distribution since the noise events
are uncorrelated random. While shot noise is an unavoidable feature of photon mea-
surement, thermal noise can be reduced by improving the electronic components of
the detector and by cooling the system. The intensity of the overall noise relative to
the signal depends on the microscope and the imaging conditions. Although these
are the primary sources of noise in the system there will be other smaller contribu-
tors [70].

Given the above elements, a simple model for the formation of an image is then,

H = (h + np) ∗ k + ng (3.2)

where H is the measured image, h is the original undistorted image, ∗ is the con-
volution operator, np is shot noise, k is the PSF of the microscope and ng is thermal
noise. When the image is formed, the shot noise is added to the true image signal.
The convolution with the point spread function then takes place as the signal travels
through the optical path of the microscope to the detector. Thermal noise is mostly
added after the light has passed through the optical components and so is additive
after the convolution with the PSF.

3.4.3 Confocal Laser Scanning Microscopy

Conventional wide field fluorescence microscopy illuminates the whole sample at
once resulting in signal from outside the plane of focus interfering with the signal
that is in focus. Confocal laser scanning microscopy (CLSM) prevents this by using
point illumination and a pinhole in the imaging beam. A schematic of the operation
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of a CLSM is shown in Figure 3.1. Point illumination means that the laser only il-
luminates one part of the sample at once and the pinhole prevents any out of plane
contribution from reaching the detector. This allows optical sectioning, imaging of
a thin layer of sample. Many layers at different depths can then be built up to form
a 3D image. Lasers are used as an illumination source since they can provide co-
herent radiation with little dispersion. The laser light is focussed by the objective
lens to a diffraction limited spot on the sample. The fluorescent signal from the sam-
ple returns through the objective and is directed towards the detector by a dichroic
mirror and brought to focus at the pinhole. The size of the confocal pinhole can be
adjusted to suit the sample being imaged. A smaller pinhole results in imaging of a
thinner optical section with less out of plane contribution and increased resolution
but a smaller signal. The size of the pinhole is measured in Airy units (a.u), 1 a.u.
being the size of the Airy disk focussed at the pinhole. For very small pinholes, such
that only part of the Airy disk is transmitted, the resolution of the image can be in-
creased by a factor of 1.4, though this results in a greatly reduced signal intensity and
so much greater noise. As a result, the confocal pinhole is usually set at around 1
a.u. The axial resolution of a confocal microscope is vastly superior to that of a wide
field microscope as a result of the pinhole, but the axial resolution remains poorer
than the lateral resolution. The derivation of the axial resolution limit from wave
optics is complex [71], but in the typical case it is several times the lateral resolution.

With discussion of the confocal pinhole, image noise must also be considered. Noise
can be defined as a signal originating from a source other than the intended observ-
able. There are several noise sources in confocal microscopy including shot noise
and background noise. Shot noise is a result of the random fluctuations of emit-
ted fluorescence photons over time and so obeys a Poisson distribution. Shot noise
is particularly important in confocal microscopy since the number of emitted fluo-
rescence photons is small and so statistical fluctuations can be significant. The shot
noise increases the granularity of the image but does not change the relation between
bright and dark areas of the image. Background noise is a result of stray light in the
measured signal. In confocal imaging this can be a result of autofluorescence from
components in the beam path such as the objective lens. The background noise is
a signal that is added to the whole image, changing the relation between light and
dark areas, essentially reducing contrast.

Due to the pinhole reducing the amount of light reaching the imaging sensor, the sig-
nal from the sample is quite small compared to traditional microscopy. For this rea-
son, sensitive detectors are required, usually photomultiplier tubes (PMT), avalanche
photodiodes (APDs) or a combination of both.

3.4.4 STED Microscopy

Stimulated emission depletion (STED) microscopy is a method of microscopy that
allows super resolution imaging by selectively deactivating fluorophores, so as to
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FIGURE 3.1: Illustration of the basic principles of confocal mi-
croscopy. By Danh at the English language Wikipedia, CC BY-SA 3.0

enhance the resolution in a small area of a sample [72, 73]. The diffraction limited
resolution of a conventional confocal microscope leads to an imaging beam with an
approximately Gaussian shape. As shown in Fig. 3.2a, STED microscopy uses a
high energy toroidal shaped de-excitation beam, which ensures that any excited flu-
orophore molecules in the area surrounding the imaging area, return to the ground
state via stimulated emission at a longer wavelength which is not detected by the
imaging detector. In this way, the only fluorophores which emit light of the wave-
length that is detected are those in the centre of the toroid. Because the spatial extent
of the centre of the toroid is not diffraction limited it can be made arbitrarily small.
This allows for high resolution imaging. Fig. 3.2b shows a comparison of conven-
tional confocal microscopy and STED microscopy on the nucleus of a cell dyed with
two different dyes to highlight cell structures.

3.5 Particle identification and tracking methods

The experimental determination of the structural arrangement of particles goes back
to Bernal [74] and beyond. While photographic microscopy was possible it was both
limited in temporal resolution and required manual processing. The breakthrough
advance in the field was the advent of video microscopy techniques in the 1990’s
which allowed analysis of large systems of microscopic particles on short timescales.
This section describes image processing techniques which can be used to determine
particle positions from digital microscopy images. In short, the information which it
is possible to extract from a series of images depends on the signal to noise ratio of
the images. Each method has a certain threshold beyond which tracking produces
erroneous results. In this work we treat the experimental images with a variety of
methods depending on the quality of the images and the information to be extracted.
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FIGURE 3.2: Illustrations of STED methods.

Determination of time resolved 3D particle positions requires the highest quality of
data, followed by static 3D particle positions, time resolved 2D particle positions and
then time resolved dynamical information without explicit particle identification.

3.5.1 Crocker and Grier

One of the first algorithms in the field of particle tracking from digital microscopy
was published by Crocker and Grier [55]. The method was originally applied only to
2D images captured using brightfield microscopy, though the method is equally ap-
plicable to 3D images such as those which can be produced by confocal microscopy.
Initial image processing involves convolving the image with a Gaussian kernel of
width σ, the same size as the particles. The method identifies candidate particle
positions by identifying pixels which have the highest local brightness. In practice
this is implemented by considering pixels with a brightness greater than all pixels
in a set distance. Upon identifying local maxima, the brightness weighted centroid
of the local region is calculated and used to refine the identified position to a sub-
pixel accuracy. As a part of this process, the local brightness density around a point
can be used to discriminate true particles from noise by setting a threshold. Having
identified particle positions in all frames of the video, the identified positions are
linked into trajectories. Since particles are indistinguishable other than by their po-
sitions, trajectories are formed by proximity - linking the closest particles between
frames. For this reason, it is important that particles move by less than their radius
between frames otherwise particle trajectories will be misidentified, creating a trajec-
tory that corresponds to more than one particle. There are many possible additions
to this algorithm such as more complex filtering to reduce misidentified particles
and adding a memory for particles which are not identified in a small number of
frames to still allow trajectory linking. One of the main criteria which determines
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the success of this method is that the particles have an approximately Gaussian dis-
tribution of brightness, with the brightest pixels in the centre of the particle with
brightness reducing towards the edge. While this is commonly true in brightfield
imaging, confocal imaging of certain systems such as emulsions can prove more dif-
ficult since particles may appear “flat" with little variation in intensity across the
particle.

3.5.2 Multiscale Tracking

The Multiscale Tracking algorithm is distributed as part of The Colloid Toolkit [75].
The initiative for the creation of the algorithm was to offer superior performance to
the Crocker and Grier method for polydisperse colloidal solutions [76]. For a poly-
disperse mixture, there is no appropriate length scale on which to apply a Gaussian
blur since the particles vary in size. The Multiscale method overcomes this by ap-
plying the Scale Invariant Feature Transform (SIFT) method [77], which blurs the
original image multiple times with Gaussian kernels of logarithmically increasing
widths. When the Gaussian kernel is on the same length scale as a feature in the
original image, a bright spot appears in the convolved image. By identifying the
kernel size which results in the largest response for each part of the image, particle
positions and their sizes can be identified. Again, this method relies on a certain
level of image quality with particles of an approximately Gaussian brightness distri-
bution.

3.5.3 Deconvolution

Deconvolution is a method which attempts to improve the quality of microscope
images by doing a reverse convolution of the measured image with either a mea-
sured or estimated PSF. The PSF can either be measured by imaging a small bright
object approximating a point source and taking the resulting image as the PSF or by
estimation based upon the known properties of the microscope such as the lens, im-
mersion medium and refractive index of the sample. The two are slightly different
since the measured PSF will have the effects of the noise while the calculated PSF
will not. It has been shown that the noise in the PSF can reduce the effectiveness
of the deconvolution so a measured PSF is often smoothed with a Gaussian blur to
reduce the effect of the noise [78]. The simplest method of deconvolution is linear
filtering. By dividing the measured image by the point spread function in Fourier
space the original image can be retrieved. One problem with this method is that if
there is any noise added to the image after the convolution with the point spread
function it is effectively added to the Fourier transform of the image. Once the im-
age is divided by the PSF in Fourier space this noise will be strongly amplified [79].
There are a number of possible algorithms which can be used, the one used in this
work is classic maximum likelihood estimation (CMLE) [80]. The CMLE method is
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an iterative method that optimises the most likely source image h based on a calcu-
lated PSF and the assumption of Poisson distributed noise. For deconvolution we
use the proprietary Huygens Professional software [81].

3.5.4 Drift Removal

A difficulty encountered with temporal imaging of any particle suspension is drift.
This is when the particles in the field of view of the microscope move in one di-
rection in a uniform fashion such that a uniform velocity is added to the random
motion of the particle. The primary source of drift is expansion and contraction of
the sample cell, sample and microscope as a result of temperature fluctuations. Since
the optical path, sample holding stage and sample are made from a variety of differ-
ent materials with different thermal expansion coefficients, a change in temperature
will result in a change in position of the system components relative to each other.
This problem is most acute in microscopy methods like scanning probe microscopy
which depend on direct probing of the sample [82], though it is also still a significant
issue in optical microscopy [83, 84]. Ideally the sample and microscope should be
kept at a constant temperature to reduce drift, however this is not always feasible,
especially for confocal microscopes which produce a lot of heat due to the imaging
lasers. While drift can be reduced somewhat by careful sample preparation such as
ensuring that no air bubbles are allowed into the sample cell, even a perfectly pre-
pared sample will exhibit drift to some degree. With larger colloidal systems of 2 µm
particles, thermal drift is something that can be corrected for with relative ease. In
a well-prepared sample, even fluctuations of several degrees Celsius will only cause
drift of one or two particle diameters. If some of the particles remain in the field of
view for the whole time series, then the drift can be corrected in post analysis by
identifying the magnitude of the drift at each timestep and shifting the images at
each timestep to subtract the drift. Images are then usually cropped to the portion
which remains entirely within view during the time series.

The problem of drift becomes larger with small particle systems since a greater zoom
level means that a drift of the same magnitude is now represents a greater proportion
of the field of view. In such cases it is possible that no particle remains in the field
of view for the whole time series and as such no data can be acquired over the full
time series. It is sometimes useful to image a larger area of the sample in all three
dimensions in order to ensure that there is sufficient data available for analysis after
drift correction and image cropping.

Drift becomes even more problematic when considering two-dimensional imaging.
A drift of more than half a particle diameter in the z-axis results in the loss of most
of the particles from the field of view. In order to correct for this, it is required to im-
age a thin z-stack such that correction in Z is possible. This presents two problems,
firstly that z-drift correction is inherently less reliable than in the x and y dimen-
sions due to the poorer resolution of the confocal microscope in this dimension and
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secondly, imaging in z clearly reduces the speed of image acquisition and increases
photobleaching of particles, both of which are primary motivators for imaging in
two dimensions in the first place.

For particles that can be successfully identified and tracked, drift can be measured
by summing the total displacement of all particles in each timestep. Since we expect
particles to move randomly in all directions, any net displacement can be attributed
to drift and corrected for. For systems where particle tracking is harder, it is possible
to use spatial cross correlation to identify drift. Spatial cross correlation measures
the degree to which two images are similar as a function of a displacement. If there
were no drift, it would be expected that two images would be most similar with no
displacement and so identifying the vector which results in the highest correlation
between two timesteps gives the drift. In this work we primarily use the Object
Stabiliser tool in the proprietary Huygens Professional software [81] which works
on this principle.

3.5.5 Photobleaching of fluorescent particles

Fluorescence is a mechanism of photon absorption and emission by molecules. A
fluorescent molecule is excited to a higher energy level upon the absorption of a
photon and reemits a photon later, typically at a longer wavelength. There is a prob-
ability that upon photon adsorption a covalent bond in the fluorophore is broken
which changes the structure of the molecule preventing it from fluorescing further.
This deactivation of the fluorophores is called photobleaching. If a sample is imaged
over time, photobleaching will result in a decreasing signal to noise ratio as the flu-
orophores are damaged. Photobleaching cannot be avoided entirely but its effects
can be decreased by decreasing the power of the imaging laser or using a dye which
is more resistant to photobleaching.

Photobleaching can also be used to the advantage of the experimentalist. It is the
basis of STED microscopy described in section 3.4.4 and can be used to measure
dynamics in some systems. By photobleaching an area of a sample and monitoring
the subsequent diffusion of unbleached fluorophores back into the bleached area,
some information about dynamics can be determined. This method has been applied
to colloidal particle systems [85] as well as more complex biological systems like cells
[86].

3.5.6 Particle tracking reliability and limitations

The success of particle tracking methods can be challenging to evaluate. If the sys-
tem being imaged is one that has been previously characterised, then it can be ex-
pected to match previous measurements which is something that can be quantita-
tively assessed. However, for experimental measurements to be useful they should
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usually measure some new quantity which has not been previously determined in
which case it can be more challenging to validate the results.

It has been known for a relatively long time that a simple processing of particle co-
ordinates from video microscopy can result in significant errors in particle positions.
One example of this is early colloidal microscopy studies which showed the unex-
pected result that colloids in confinement had a weak attraction [87]. While the exact
origin of the attraction is complex, at least some of the result was shown to be due
to particle tracking errors [88].

The error in determining the location of particles in an image is continuous and will
affect differing measures in different ways and to different extents. For this reason,
we need only assess whether the error in the tracked coordinates is sufficiently low
that it does not adversely affect measurements made. This degree of allowable er-
ror depends on the quantity being measured. At the lower end of the scale, for a
quantity like the radial distribution function or mean square displacement, small
errors in particle positions result in acceptable results. Because the radial distri-
bution function is only a pair correlation function it depends only on knowing the
distance between particles, a result which is not too strongly affected by a small er-
ror in the particle positions. After this, quantities like the intermediate scattering
function and χ4 are more strongly affected by errors in particle positions since they
are density-density correlation functions and so errors on particle positions are ac-
cumulated. A study by Wood et al. [89] compared simulation data and coordinates
determined from confocal imaging of large colloidal particles (3.5 µm). The particle
positions determined in 3 dimensions were sufficiently accurate to match simulation
results of particle structure using the Topological Cluster Classification method but
insufficient to replicate simulations of density fluctuations. Further analysis showed
that the density fluctuations in 2 dimensions could be determined correctly but in
3 dimensions the positional error on the particle positions was too great due to the
increased point spread function of the microscope in the z-dimension. This work
shows that care is needed when interpreting coordinates determined from experi-
mental systems since inaccuracies may be subtle but have the potential to signifi-
cantly affect the conclusions of the work.
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Chapter 4

Measurement of relaxation in
experimental systems

Characterisation of the structure and dynamics of particle systems is simple given
accurate trajectories which fully describe the positions of all particles. By their na-
ture, simulations always keep track of all particle positions which makes their char-
acterisation simple. In contrast, experimental systems present much more of a chal-
lenge. In order to determine particle positions, the particles must be identified in
images of the system using an automatic identification algorithm. While this can
be simple for 2 dimensional systems of large particles, particle identification can
be very challenging for more complex systems such as those studied in this work.
Fundamentally, identification of particles requires a signal to noise ratio such that
particles are distinguishable from the background of the image and requires that the
positions of close adjacent particles can be identified accurately. Even though com-
puter algorithms are used to automatically identify particles, the process is still time
consuming since the algorithms typically require user input to adjust parameters in
order to get the best identification performance.

In this chapter we look at an alternative method for the characterisation of the re-
laxation time in particle systems. In the next chapter we look at a similar method
applied to the characterisation of dynamical heterogeneity. These methods have the
potential to extract information from images with a much lower signal to noise ratio
which could greatly expand the range of systems we can analyse. In addition, they
operate much more quickly with less user input and fewer adjustable parameters
and so stand to be more robust than standard particle identification and tracking
methods.

Measurement of particle relaxation is typically done by measuring correlations of
particle trajectories over time. For systems of large particles that are easily imaged
this is a relatively simple matter, particles are identified in each individual frame of
a time series of images and their positions over time are linked to form trajectories.
Correlations of these trajectories can then be measured to determine a relaxation pro-
file. One common way of determining a typical timescale for particle relaxation is by
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measuring the decay of the self-intermediate scattering function (ISF) as described
in section 2.2.1.

Problems arise with smaller particle systems when it is not possible to identify all
particles in all frames of the time series or when it is not possible to link the positions
of particles over time to create trajectories. Since it is often the faster moving particles
that cannot be fully tracked, this may bias the subset of all particle trajectories used
for ISF calculation and so result in a biased ISF. At small frame time differences
(∆t) most trajectories are complete while for larger ∆t more particles are lost and
fewer trajectories are complete for the whole dataset. When too many trajectories
are incomplete for a sufficiently large ∆t, it becomes impossible to make a reasonable
estimate of the relaxation over the time period using this method. A significant
weakness of this method is that it is not clear at which point the measurement has
broken down. A very skewed or noisy ISF may superficially appear reasonable but
give a relaxation time which is very unrepresentative of the particle dynamics.

Since the relaxation time of a system is such a fundamental and important measure
of the dynamics of the system, it is desirable to have a way of measuring the relax-
ation of particle systems which is simple, effective and robust. For this purpose, we
consider Differential Dynamic Microscopy.

4.1 Differential Dynamic Microscopy

Differential Dynamic Microscopy (DDM) is a method for studying the dynamics of
particle motion without explicit identification of particle positions. DDM is similar
to fluorescence correlation spectroscopy (FCS), a technique which probes the dy-
namics of a system by measuring the autocorrelation of fluorescence intensity of a
fluorescently labelled structure over time. Variations in fluorescence intensity are
caused by the microscopic movements of the labelled structure which are related to
properties such as its diffusion constant. The technique can be applied to any fluo-
rescently labelled structure; it was first applied to the study of the binding of ethid-
ium bromide to DNA molecules [90] and has since been applied to a wide range of
systems, especially since the advent of confocal microscopy [91].

The term FCS is usually reserved for methods measuring a single fluorescently la-
belled particle or molecule. An extension to this method is Image Correlation Spec-
troscopy (ICS) which measures fluorescence intensity variation over a larger area,
corresponding to the movement of many particles. A further extension of ICS is k-
Space Image Correlation Spectroscopy (kICS) which measures correlations in Fourier
space which can be more convenient in isotropic systems [92]. While these tech-
niques are mainly used for the study of biological systems, the first application to
colloidal particle systems was in 2008 by Cerbino and Trappe, a method which they
termed DDM [93]. While these initial measurements were made with brightfield
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images, the method was later applied to measure dynamics in systems imaged with
confocal microscopy and termed ConDDM [94, 95].

The DDM method is applied to a series of images I(x, y; t) where I is the pixel inten-
sity at position (x, y) for a 2 dimensional image at time t. Images at time t and t + ∆t
are subtracted to give a difference image, D(x, y; ∆t) = I(x, y; t + ∆t) − I(x, y; t).
Any element of the image which remains stationary over ∆t will give pixel values
of zero in the difference image while regions which change will give non-zero pixel
values. By calculating the spatial variance of the difference image, the amount of
change between the two images can be determined. The spatial variance is defined
as:

σ2(∆t) =
∫
|D(x, y; ∆t)|2 dxdy. (4.1)

Any movement of particles from their initial positions causes an increase in the vari-
ance which saturates over time as the images become completely decorrelated from
the initial state. To demonstrate this relation we use data from a system of 2D bi-
nary particles imaged using brightfield microscopy [96]. The large and small parti-
cles have diameters of 3.16 µm and 2.31 µm respectively and the image pixel size is
0.152 µm. This is a good system for this demonstration since the particles are large
enough to achieve high quality images with a low noise level but small enough so
that they display interesting glassy dynamical behaviour on an experimentally ac-
cessible timescale. A subsection of one of the particle images is seen in Figure 4.5
a).

Figure 4.1 shows how the spatial variance changes over time for this system with the
inset images showing the difference images at early and late times. Dark pixels in the
difference image represent pixels which are the same over ∆t while bright pixels rep-
resent pixels which are different over ∆t. The main figure shows the change in im-
age variance over time. Since the absolute value of the variance is dependent on the
brightness of the images, the units are arbitrary. At ∆t = 0 the images are the same
and so the variance is zero. As ∆t increases the particle positions become decorre-
lated and so the image variance increases. After some time, the variance reaches a
plateau value. This is the time at which the particles are completely decorrelated
from their initial positions and so the variance can increase no further. The change
in variance seen in Figure 4.1 can be fitted with a stretched exponential function of
a form similar to Equation 1.4 used to fit the intermediate scattering functions (ISFs)
shown in Figure 1.4. This stretched exponential form is expected since the changing
variance is related to the decorrelation of particle positions as in the ISF. A decor-
relation timescale can be extracted from a stretched exponential fit to the variance;
however this is not ideal for classifying the dynamics of the particles.

With a real space variance measurement like this, the effective length scale over
which displacement is measured is set to an average length scale weighted by inten-
sity [96]. Since this is not a constant quantity between different datasets, the length
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FIGURE 4.1: Variance of the difference images as a function of time
separation. The images show the difference at different time separa-

tions, the lighter colour indicates greater particle displacements.

scale over which the relaxation is measured is dependent not only upon the system
but the imaging conditions. In addition, it can be helpful to study dynamics simul-
taneously at different length scales, as in the case of binary particle systems where
the two particle species may have different relaxation times.

The problems associated with measuring the variance in real space can be overcome
by considering the variance of the difference images in Fourier space. This allows
selection of a particular wavevector and so length scale at which decorrelation is
measured and also allows easier comparison to traditional scattering methods and
simulations where dynamic correlations are commonly measured in Fourier space.
The Fourier transform of the original image I(x, y; t) can be defined,

Î(ux, uy; ∆t) =
∫

I(x, y; ∆t) exp[−i2π(uxx + uyy)]dxdy. (4.2)

Based on the assumption that the sample is isotropic, the Fourier difference is only a
function of the wavevector not the angle and so an azimuthal average gives the one-
dimensional Fourier power spectrum as a function of time delay |FD(q, ∆t)| where
u =

√
u2

x + u2
y. For comparison to scattering methods, instead of spatial frequency

u we consider the wavevector, q = 2πu.

Correlation of the Fourier transformed image intensities therefore gives the Fourier
difference,

FD(q, ∆t) =
〈∣∣ Î(q, ∆t)− Î(q, 0))

∣∣2〉 . (4.3)

Figure 4.2 shows a plot of the Fourier power spectrum as a function of wavevec-
tor (FD(q)) with ∆t = 100 s for the example binary system considered in Figure 4.1.
The peak in the power spectrum at 2.4 µm−1 corresponds to a real space distance
of 2.6 µm. This is slightly smaller than the diameter of the larger particles which is
around 3.2 µm. This is likely due to the mixing of the signals from the larger and
smaller particles since we do not see a distinct peak for each of the particle types.

To look at the dynamics of the system at a chosen wavevector, we can consider the
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FIGURE 4.2: Fourier power spectrum of the binary particle system as
a function of wavevector for ∆t = 100 s.

Fourier power spectrum as a function of time as shown in Figure 4.3. The appear-
ance is very similar to Figure 4.1 with a stretched exponential form. As before, the
units of the Fourier difference are arbitrary since they depend on the brightness of
the images. To relate the Fourier difference to the dynamics of the physical system
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FIGURE 4.3: Fourier power spectrum of the binary particle system as
a function of time for q = 2.5 µm−1.

we consider that its fluctuations correspond to the movement of the particles in the
system. For a system of Brownian particles the autocorrelation function is [97],

f (q, ∆t) = exp(−∆t/τd) (4.4)
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where τd is the the relaxation time which is the characteristic decay time of the cor-
relations. Modelling the diffusion of Brownian particles as a Gaussian distribution
and applying a Fourier transform leads to the relaxation time of the system through
the relation [94],

τ(q) =
1

Dq2 . (4.5)

We model the Fourier difference signal as the combination of this term and a con-
stant term due to the noise of the image,

FD(q, ∆t) = A(q)[1− exp(−∆t/τ)] + B(q), (4.6)

where A(q) is a related to the scattering properties of the particles and B(q) is equal
to two times the power spectrum of the image noise [98]. The image noise represents
the part of the measured signal which is not associated with the particle movement,
as ∆t→ 0, FD = B(q). If the particles were sufficiently slow moving or imaging suf-
ficiently fast it would be possible to measure this noise directly, however for most
experimental systems β relaxations of particles will happen on a timescale faster
than imaging is possible meaning it is hard to directly determine the contribution of
the noise. Though it is possible to formulate a models for A(q) and B(q), this is com-
plex and not required to extract a relaxation time for the system since FD can simply
be fitted to Equation 4.6 with A, B and τ as free parameters. The relaxation time τ is
then equivalent to the relaxation time determined from measuring the decay of the
ISF, F(q, t) as described in Equation 2.9.

Traditional particle identification and tracking methods tend to have adjustable pa-
rameters which can make them less robust. Since the DDM method is parameter free
it is more robust and easier to automate. The DDM method does have some specific
weaknesses. One is that the series of images must extend in time for at least sev-
eral relaxation times in order to provide enough time for FD to plateau. Secondly, if
images cannot be taken at sufficiently short intervals such that the particle positions
decorrelate fully between image frames, it will not be possible to fit the exponential
function. This second limitation is also true of traditional particle tracking meth-
ods. These limitations will ultimately set bounds on the types of systems that can be
measured, although a wide range of experimental systems are accessible as shown
below.

4.2 Previous uses of DDM for colloidal systems

Early uses of DDM in colloidal systems used were for dilute systems of volume frac-
tion (φ) ≈ 0.01. Normally real-space measurements of small particle dynamics are
difficult because the particles diffuse much faster than they can be imaged. However,
relaxation can be measured at any wavevector with DDM, allowing measurements
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of relaxation over longer length and time scales. In these dilute systems the parti-
cles can be considered non-interacting and so the Stokes-Einstein relation is valid.
In this case the longer time dynamics at longer length scales can be used to deter-
mine the diffusion constant which can be used to determine the relaxation time of
the particles. This even allows measurement of particle systems where the particles
are smaller than the pixel resolution of the imaging camera. The work which first
described the DDM method, measured the diffusion of particles of diameter 73 nm
using brightfield microscopy with a pixel size of 190 nm [93].

The first use of DDM with confocal images of fluorescent colloidal particles was for
a range of particle densities φ = 0.01 − 0.40 [94]. Though the DDM method was
used to measure dynamical behaviour at φ ≈ 0.01, it seems that at higher volume
fractions only the static properties of the system were determined. Later work with
confocal DDM showed that the method could be applied to dense binary systems
where the ability to measure relaxation at different wavevectors allowed simultane-
ous characterisation of relaxation at different length scales [95]. The two colloidal
species were 2 µm and 0.56 µm and labelled with different dyes so that they could
be imaged separately. Since the two species of particle were resolved separately and
the small particles were at a low volume fraction φ = 0.01, it seems likely that the
system could have been tracked using traditional particle tracking methods rather
than DDM.

One area of interest for the application of the DDM method that has not yet seen
much experimentation is for dense glassy systems of colloidal particles. In dense
systems it is difficult to distinguish the boundaries between particles and so accu-
rately locate their centres using traditional particle identification methods. This is
not a problem for the DDM method as long as there is some variation in brightness
in the image caused by the movement of the particles.

The main difference between these dense systems and the dilute Brownian systems
studied previously is that the Stokes-Einstein relation does not hold in dense sys-
tems where the particles interact strongly. This means that the relaxation time of the
particles cannot be extrapolated from measurements at any wavevector, dynamics
must be evaluated at a wavevector corresponding to the length scale of the parti-
cles. This puts limitations on the scale of measurements. The particles in the image
must be of a sufficient size so that their signal can be detected over the noise of the
image - we estimate at least 5 pixels. Nonetheless, this method still offers the poten-
tial for much improved performance with small particle datasets compared to the
traditional particle tracking methods.

4.3 Algorithmic improvements to DDM method

The very nature of computer simulations and data analysis is that more becomes
possible over time as computational power increases. Having said this, for relatively
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new methods there is often more to be gained in improving the implementation of
the method used than just increasing the computational power used. In previous
work it was reported that series of 1000 images of 256 by 256 pixels took several
hours to process [94]. More recent implementations have improved the method in
several ways, most notably by sampling in logarithmic timesteps and reducing the
number of averages taken at low time difference [99] These techniques allowed pro-
cessing of several thousand 512 by 512 pixel images in several minutes. By refining
the method further, we have been able to analyse datasets of similar size on the order
of 10 seconds. This improvement in performance makes data analysis much more
interactive but also potentially allows analysis of much larger datasets, 3D data for
example.

The largest performance improvement was achieved by computing the Fourier trans-
form of each image before computing differences. This allowed the Fourier trans-
formed image to be cropped down to only the relevant wavevectors before com-
puting the difference which greatly reduces the computation required. The code
was also extensively vectorised to improve performance. We stress that although
we achieved good performance, simplicity and maintainability were emphasised
rather than outright performance. As a result, the program was implemented in the
programming language Python and ran on only a single processor core. Greater per-
formance could likely be achieved by implementation in a lower level programming
language, parallelisation and moving some of the computation to a GPU. While the
effort would not be worth it for the datasets considered in this work, it may well be
desirable for processing larger datasets such as full 3D confocal images.

Since we want to emphasise the benefit of DDM as a high throughput method we
also implemented fitting code to fit the resultant Fourier difference over all mea-
sured wavevectors and extract the parameters. Though this will not perform well
for exceptional datasets for which the model is a poor fit, for most datasets it allows
an easy automated analysis process with no adjustable parameters.

The code used for this work was version 0.1 and is archived online [100]. The latest
version can be found at https://github.com/merrygoat/DDM.

4.4 Evaluation of the DDM method

Before we apply the DDM method to our most complex datasets in Chapter 6 we
first evaluate its performance for simpler systems where we can measure relaxation
from particle trajectories measured from particle tracking. As well as validating
our implementation of the algorithm, evaluation of simpler systems determines a
performance baseline to which more challenging systems can be compared.

https://github.com/merrygoat/DDM
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4.4.1 Validation of DDM for a dilute system

The colloidal systems which are simplest to characterise are those where the particles
have a large separation, since this makes them easy to distinguish. An example
of this case is a dilute colloidal model hard sphere system. Since a dilute system
results in a large average separation between particles, we can consider the particles
non-interacting and moving with a random Brownian motion. The Stokes-Einstein
relation describes the self-diffusion coefficient D of a non-interacting particle in a
low Reynolds number system,

D =
kbT

3πηd
(4.7)

where kb is the Boltzmann constant, η is the viscosity of the solvent and d is the
diameter of the particle. As in equation 4.5, we can relate the relaxation time to
the diffusion by assuming Brownian dynamics. As a sample dilute system we con-
sider a hard sphere suspension of 1 % volume fraction TPM coated silica spheres
in an index matching ethylene-glycol glycerol solvent. The solvent has viscosity of
0.15± 0.05 Pa s, the particle diameter is 380 nm and the temperature is 293 K. An ex-
ample of the confocal images of the system is given in Figure 4.4 a) Using equation
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FIGURE 4.4: a) An example confocal image of the dilute system.
b) Relaxation time as a function of q from the DDM method. Black

line is a linear fit with gradient 0.0074 µm2 s−1.

4.7 and the known parameters of the system, the theoretical diffusion constant is
calculated as 0.008 µm2 s−1 ± 0.002 µm2 s−1, the uncertainty due to the uncertainty
in the viscosity. The DDM method gives τ(q) from the fitted Fourier difference
which is plotted in Figure 4.4 b). The data match the linear fit as predicted by equa-
tion 4.5 over more than one order of magnitude in wavevector with a gradient of
0.0074 µm2 s−1, a good match to the theoretical prediction.
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4.4.2 Validation of DDM for a system of large trackable particles and sim-
ulated smaller particles

The DDM method can be compared to conventional particle tracking methods by
using a system of large particles which are easily identified and tracked. Since the
particle positions can be accurately determined, it is simple to calculate the ISF for
the particles. The relaxation time determined from the ISF can then be compared
with the relaxation time from the DDM method to check that they are similar.

For the analysis we use data from a system of 2D binary particles imaged using
brightfield microscopy [96], the same system considered in section 4.1. The large and
small particles have diameters of 3.16 µm and 2.31 µm respectively and the image
pixel size is 0.152 µm. This is a good system for this demonstration since the particles
are large enough to achieve high quality images that can allow particle positions to
be easily and accurately identified using the Crocker and Grier method discussed in
section 3.5.1. The particle displacements between frames are also low which means
that temporal trajectory linking from particle positions is reliable.

In order to benchmark the DDM method further, it would be possible to image
smaller particles, but it would not be possible to accurately identify particle posi-
tions using traditional particle identification methods. This means that we would
not have a ground truth to which to compare the DDM method in order to assess its
performance. To get around this problem, we can simulate the imaging of smaller
particles by taking the high-quality large particle images and add artificial blurring
and noise to the images. Since the relaxation time is already known for the dataset,
the DDM method can be tested to determine how far the method can be pushed
but still return a reliable relaxation time. Benchmarking analysis methods using
simulated microscope images is a common strategy and so there have been many
implementations of simulated images [101]. These cover a range of systems from
simulation of simple particles [102, 103] to simulation of images of biological cells
[104].

The factors that affect the image quality in confocal microscopy are discussed in
Section 3.4.2. In particular we consider Equation 3.2 which models the acquisition
of a microscope image as a product of the point spread function, shot noise and
thermal noise. In our simulated images we model the PSF of the microscope by
adding a Gaussian blur to the high quality 2D images. We then choose to use a
simplified model of noise by adding Gaussian distributed noise to the images after
the blur simulating the PSF.

To calculate the scaling of the simulated particles with the Gaussian blur, we first de-
termine the point spread function of our confocal microscope. Since the formulation
of the point spread function is complex and dependent on the imaging system we
use the estimated PSF generated by Huygens Professional software [81]. This uses
information about the microscope, lenses and sample in order to generate a PSF. The
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PSF is a complex function that is well approximated by a 2D Gaussian with standard
deviation (σ) [105],

σ = 0.21λ/NA (4.8)

where λ is the wavelength of the measured signal and NA is the numerical aperture
of the lens. If we consider the system typically used for our imaging of hard sphere
silica particles, we use a 63X glycerol immersion lens with NA 1.3 and rhodamine
dyed particles with a peak emission at approximately 560 nm. From the simplified
relation above we get σ = 90 nm. Fitting the PSF generated by Huygens Professional
with a Gaussian fit gives σ = 90.8 nm, an excellent agreement with the above cal-
culation, implying perhaps that this is the relation the software uses to generate the
PSF and the more advanced corrections it applies are rather small.

The original images have a pixel size of 152 nm, this means that for the imaging con-
ditions described above, the PSF would be a Gaussian with a standard deviation of
90/152 = 0.6 pixels. This tells us what we already know - imaging of large parti-
cles is easy because they are much larger than the PSF and so are blurred very little
and give high quality images. Since the aberration caused by the PSF is so small
we choose to ignore it and say that these base images are the canonical “unblurred"
dataset. By applying a larger Gaussian blur to the images, we can effectively increase
the size of the PSF relative to the size of the particles thus simulating the imaging of
smaller particles. Since the PSF has σ = 90 nm, if the applied Gaussian blur had the
same radius as the radius of the imaged particles, this would simulate the imaging
of 90 nm particles.

For this test we consider 3 levels of Gaussian blur, of standard deviation 2, 5 and
8 pixels along with the original unblurred images. These blur levels correspond to
effective particle radii of 940, 370 and 230 nm respectively for the three blur sizes.

We also apply Gaussian noise of varying strength to the original images. We do
not have a quantitative basis for setting the noise level, since the noise level in ex-
perimental images depends on many factors and so is hard to model. The amount
of noise is proportional to the number of fluorescent photons emitted by the par-
ticles which are detected by the detector in each time period. This is affected by
many factors such as the type of fluorescent dye, laser intensity, photobleaching of
the particles over time and quality of sample preparation (particularly the refractive
index matching of all components of the system). We apply noise levels of varying
strengths to simulate a range of imaging conditions from high to low signal to noise
ratio. The confocal provides images as 8-bit greyscale and so each pixel in the image
is represented by a number between 0 (black) and 255 (white). For the purpose of
simulating noise, we add a Gaussian distributed random number to each pixel value.
The strength of the noise is determined by the variance of the Gaussian which we
set as a proportion of the total dynamic range of the image. Since the image has a
dynamic range of 256 pixel values, the smallest increment in brightness is a 256th of
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the value between black and white. We call this increment a pixel brightness level.
This means that a Gaussian noise level of 20 % represents addition of Gaussian noise
with a variance of 0.2 ∗ 256 = 51 pixel brightness levels. If the addition of the noise
causes a pixel value to go below 0 or above 255, we cap the value at these levels
since this represents saturation of the detector. We apply a range of noise levels of
between 20 and 120 % which are illustrated in Figure 4.5.

a) c)

d) e)

b)

6 μm

FIGURE 4.5: A subsection of a single particle image with different
noise levels. a) no noise b) 20 % c) 40 % d) 80 % e) 120 %

We begin by we characterising the original unaltered images using traditional parti-
cle tracking methods. This will provide a ground truth for the system to which the
DDM method can be compared. The Crocker and Grier method described in Section
3.5.1 is used for particle identification since it performs well on this simple system.
The quality of particle identification and tracking is excellent as judged from the ra-
dial distribution function and the high percentage of trajectories which are complete
for the full dataset. The relaxation time measured from the fit of the self-intermediate
scattering function is 35 s.

For all subsequent analyses we consider a set of 3000 images and apply the DDM
method to measure relaxation. For each dataset we plot the Fourier difference, FD(t)
at a wavevector of 2.5 µm−1 which corresponds to the peak in FD(q). The relaxation
times are extracted from the decay of A(q) by fitting FD(t) to Equation 4.6.

To begin evaluating the performance of the DDM method, we first consider a sys-
tem with no Gaussian blur and a range of noise levels. These parameters corre-
spond to the series of images shown in Figure 4.5. FD(t, q = 2.5 µm−1) is shown in
Figure 4.6. From 0 to 40 % noise the Fourier difference barely changes. From 80 %,
there is a noticeable increase in the signal at short times. This is due to the noise be-
ing uncorrelated over time which means that it contributes to the variance at short
times but averages out on longer timescales. All of these curves can easily be fitted
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with a stretched exponential and the relaxation time measured at all noise levels is
48 s± 2 s.
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FIGURE 4.6: FD(t, q =2.5 µm−1) for unblurred images with added
image noise from 0 % to 120 % strength.

We now apply a Gaussian blur to the images, beginning with a blur of standard
deviation 2 pixels. The results are shown in Figure 4.7 which shows very similar
results to the unblurred case shown in Figure 4.6. The two higher noise levels show
a slightly increased signal at short t but the curves are all still easily fitted and again
give a relaxation time of 48 s± 2 s frames at q = 2.5 µm−1 for all noise levels.

Figure 4.8 shows results for a blur of 5 pixels. While the low noise levels give much
the same signal, there is now a very significant change in the profile of the Fourier
difference at higher noise levels. At the 80 and 120 percent noise levels the signal
to noise ratio is much lower. Ultimately the limit of this method will be the ability
to reliably fit the decay of the curve over time as the variance from the noise grows
larger than the variance change due to particle movement. At this blur level it is still
possible to fit all of the curves with all of them giving a relaxation time consistent
with the measurements of the unblurred system at 48 s± 3 s.

The most highly blurred system with a Gaussian blur of 8 pixels is shown in Figure
4.9. In this case only the noiseless images show a clear stretched exponential form.
The 0 and 20 % noise signals can still be reliably fitted but the higher noise levels to
not have a sufficiently high enough signal to noise ratio to fit. The 0, and 20 % noise
data sets both give a relaxation time of 48 s± 3 s. Interestingly, the automated fitting
algorithm can pick out a fit for the 40 % noise level with a relaxation time of 47 s± 3 s
which is remarkably accurate considering the degradation of the signal. For the two
highest noise levels the fits are so poor that no relaxation can be measured.
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FIGURE 4.7: FD(t, q =2.5 µm−1) for images blurred with a Gaussian
kernel of 2 pixels with added image noise from 0 % to 120 % strength.

In all of the cases above, the DDM method determines the measured relaxation time
as 48 s. This is longer than the 35 s measured by particle tracking, but as discussed
in section 2.2.1, the two methods do not measure quite the same correlation func-
tion. The self-intermediate scattering function measures self-correlations while the
collective scattering function measures spatial correlations of all particles regardless
of identity. It is to be expected that the collective intermediate scattering function
decays more slowly since the constraint on particle identity is less strict.

If we consider the scaling of the PSF as above, under these imaging conditions we
can expect to be able to reliably measure the relaxation of approximately 300 nm
particles at relatively high noise levels. This is significantly beyond that which can be
reliably achieved using traditional tracking methods although does require a large
sequence of images in time which may or may not be feasible depending on the
experimental system studied. The strength of the DDM method is that if enough
images are taken, it is possible to average out a lot of the image noise over time which
the traditional particle identification methods cannot do since they consider each
image separately. The other advantage of the DDM method is that it breaks down
predictably, providing reliable relaxation times as long as the Fourier difference can
be fitted. In comparison, it is possible for subtle tracking errors to very significantly
skew the results of dynamical correlation calculations without warning to the user.
Traditional particle identification and tracking is labour intensive, reliant on user
skill to select correct parameters and requires some further interpretation to validate
the results whereas the DDM method appears much more robust and quicker to run.

There are several weaknesses to this analysis. The first is that our model of a PSF
and Gaussian noise is a simplified model of image formation. In reality there is more
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FIGURE 4.8: FD(t, q =2.5 µm−1) for images blurred with a Gaussian
kernel of 5 pixels with added image noise from 0 % to 120 % strength.

than one source of noise and a proportion of the image noise is effectively applied
before the blurring effect of the PSF. Although our method not likely to represent an
accurate quantitative picture of small particle imaging, it provides a good qualitative
picture of the reaction of the method to degraded images.

Another weakness of our analysis is that we consider a purely 2D system instead
of a 3D one. This means that particles do not overlap each other which is a com-
mon mode of failure for traditional particle tracking methods since determining the
centres of two overlapping particles is challenging. While overlap of particles will
reduce the signal available for the DDM method somewhat, we anticipate that the
DDM method will be less affected by overlapping particles than traditional particle
identification methods, since the pixel average of the whole particle is considered
rather than just a single coordinate describing the centre of each particle.

A further weakness of our analysis is that the system we consider here is a binary
one. This makes the system somewhat more complex than a monodisperse one since
there are two relevant length scales and two relaxation times, one for each particle
size. Using DDM it is not possible to pick out the relaxation of the two species sep-
arately, even from the highest quality original images. This is because the particles
are too similar in appearance and dynamics to be separated. The advantage of the
particle tracking methods over the DDM is that the large and small particles can be
separated which allows measurement of the dynamics of the two species separately.
For the purposes of comparison of the two methods, the particle species are not iden-
tified here and so both methods give information about the average dynamics of the
whole system.
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FIGURE 4.9: FD(t, q =2.5 µm−1) for images blurred with a Gaussian
kernel of 8 pixels with added image noise from 0 % to 120 % strength.

4.5 Conclusions on the of use of DDM for the analysis of
experimental datasets

Overall the method of degrading sample images with simulated noise and blur gives
a good qualitative assessment of the performance of the DDM method and an ap-
proximate quantitative assessment. The DDM method is robust to very high levels
of random noise in images if enough images can be taken. The method is also quite
robust to the poorer resolution of the particles when imaging smaller particles. Its
advantage over conventional particle identification and tracking in this regard is that
the DDM method seems to fail in a predictable way if the dataset is not of sufficient
quality. Evidence for this was found in our analysis where the measured relaxation
time is valid right until the measured particle signal is barely distinguishable from
the noise. This means that we can be confident in pushing the algorithm to measure
very noisy images.

The results are encouraging, showing that if enough images can be taken it is possi-
ble to measure relaxation times from systems which would be impossible to assess
using traditional methods. The main reason for this is that traditional methods re-
quire each image to be assessed separately whereas the DDM has the power of aver-
aging over many frames to reduce the effects of random noise. This suggests that the
method would be weaker on small datasets, so it is imperative that as many images
are taken as possible when making experimental measurements.
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Chapter 5

Measurement of dynamical
heterogeneity in experimental
systems

We now consider whether a method similar to the DDM method investigated in
the previous chapter can be applied to measure dynamical heterogeneity. The in-
termediate scattering function used to measure relaxation is a two-point correlation
function, which means that it depends on the location of pairs of particles at two
points in time. Dynamical heterogeneity however is the measure of the spatial fluc-
tuations of relaxation and as such is a four-point correlation function. Since errors
on the identification of particle positions now contribute multiple times to the cal-
culation, the data required for a reliable measure of the dynamical heterogeneity
of a system must be of even higher quality than that used to measure relaxation.
Once particle positions have been determined from experimental data, it is easy to
calculate the correlation function to measure dynamical heterogeneity, however the
results are often less satisfactory than those from simulation data due to both the
amount of data available and the errors on particle positions due to tracking errors.
In all but the simplest of systems, some of these tracking errors are inevitable when
determining particle positions in experimental data which means that experimental
measurement of dynamical heterogeneity can be very challenging.

Here we look at different methods for the determination of χ4, an order parameter
defined in section 2.3.1, that measures dynamical heterogeneity. We compare a pixel
based method called Dynamical Variance Analysis (DVA) to direct calculation of χ4

from trajectories determined by particle tracking.

5.1 Evaluation of trajectory based χ4 measurements

Before considering methods for determining χ4 from experimental data we will first
consider the extent to which data quality affects the measurement. We can do this by
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taking particle trajectories from simulation and artificially degrading them to sim-
ulate some of the conditions that are encountered in experimental data. By com-
paring the unaltered trajectories to the modified ones, the effects of each of these
types of error can be determined. The factors investigated were, sampling frequency
(1 samples/τα to 10 samples/τα) where τα is the alpha relaxation time of the system,
trajectory length (1 τα to 100 τα), random positional errors on particle positions (0 d to
0.2 d) where d is the particle diameter, and trajectory truncation. The sample system
used is the Kob-Andersen mixture at T = 0.6, with 3375 particles. The overlap dis-
tance criteria for χ4 is 0.3 d. The system was equilibrated for 200 τα prior to sampling
to ensure it was at equilibrium. This system was chosen for this analysis since it is
a well characterised [106] and easy to simulate model glassformer which displays
dynamical heterogeneity on an easily accessible simulation timescale.
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FIGURE 5.1: Graph showing the effect of sample rate on measurement
of χ4. Sample rates of 0.1 configurations/τα, 0.2 configurations/τα

and 1.0 configurations/τα are evaluated.

5.1.1 Effects of sampling frequency on χ4

The time between subsequent configurations in a trajectory defines the sample rate.
While it is possible to set this to any value in simulation, the possible sample rate
in experiment has a maximum value imposed by the speed of imaging. Figure 5.1
shows a trajectory of length 100 τα at sample rates of 1 samples/τα, 2 samples/τα and
10 samples/τα. The results are strikingly similar showing that varying the sample
rate does not significantly affect the measured dynamical susceptibility. However,
since the maximum of χ4 sits at around t = τα, it would be sensible to ensure at least
several samples per τα such that the location and height of the peak can be accurately
assessed.
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5.1.2 Effects of trajectory length on χ4

10−1 100 101

t (τα)

0

1

2

3

4

5
χ

4
1 τα
5 τα
10 τα
100 τα

FIGURE 5.2: Graph showing the effect of trajectory length on mea-
surement of χ4. Trajectory lengths of 1 τα, 5 τα, 10 τα and 100 τα are

evaluated.

In all but the longest simulations it is easy to increase the amount of data collected by
increasing the length of the simulation. In experiment the length of data collection
may be affected by external factors such as drift of the sample or photobleaching of
the particles. To test the effects of measuring the dynamical susceptibility from short
trajectories, trajectories at a sample rate of 10 samples/τα and lengths of 1 τα, 5 τα,
10 τα and 100 τα were measured. Figure 5.2 shows the results. Shorter trajectories
result in a decrease of the peak dynamical susceptibility and a shift of the peak to
lower values. While the trajectory of 10 τα produces a reasonable measure of χ4,
trajectories shorter than this are too distorted to be of use.

5.1.3 Effects of position errors on χ4

For those particles correctly identified by particle tracking there is still the possibility
of an error in the particle position. This error is dependent on the method used and
the quality of the images. The error on particle location is likely to increase at higher
volume fractions of particles since centres are more difficult to locate if there are
other nearby centres. For this test every particle in the trajectory was displaced by a
random amount selected from a uniform distribution of +/- a certain amount. This
is a very simplistic view of positional particle tracking errors since for real tracking
the errors are likely to be correlated both in time and space. However, this mea-
sure simply aims to give a qualitative estimate of the effect of positional error on
the measurement of χ4. Clearly this measurement will be strongly affected by the
distance cut-off used to determine overlap for the χ4. This is set to 0.3 d, a standard
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FIGURE 5.3: Graph showing the effect of random positional errors on
measurement of χ4. Uniform random positional errors with standard

deviations of 0 d, 0.05 d, 0.10 d and 0.20 d are evaluated.

value discussed in section 2.3.1. As the error approaches a significant proportion
of the cut-off value the signal will become very weak. A range of random errors
was tested from 0 to 0.2 times the particle diameter. The results are shown in Figure
5.3. The effect of an error on particle position is a vertical scaling of the dynamical
susceptibility, decreasing the magnitude of the measured χ4, but not skewing the
distribution. Position errors of 0.05 d, 0.1 d and 0.2 d decrease the magnitude of the
dynamic susceptibility by 10 %, 35 % and 80 % respectively compared to the original
measurement.

5.2 Introduction to Differential Variance Analysis

We now consider Dynamical variance analysis (DVA), an alternative way to measure
χ4 in experimental systems. DVA is a similar method to the DDM method described
in section 4.1 but conducted in real space instead of Fourier space. The method
was first introduced in 2017 by Pastore and co-workers [96]. Images with a time
separation of ∆t are subtracted to give an image difference,

∆I(x, y, t, ∆t) = I(x, y, ∆t)− I(x, y, 0), (5.1)

where I describes the image intensity. At t = 0 this quantity is zero and over time
the difference between the two images increases as they decorrelate. At long times
this value plateaus as the system completely decorrelates from its starting state. To
quantify the change in the difference signal over time, the variance of the image
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difference can be calculated,

σ2(∆t) =
∫
|∆I(x, y, ∆t)|2 dxdy. (5.2)

This is directly the method used in the original construction of the DDM [93], the
difference now being that instead of taking the Fourier transform of this quantity and
averaging over space, the fluctuations of the variance are measured. To normalise
this variance to a signal that decreases from 1 to 0 the quantity Q̂(∆t) is introduced,

Q̂(∆t) = 1− σ2(∆t)
σ2∞

(5.3)

where σ2
∞ is the plateau value of the variance signal at long ∆t. This quantity is

shown to be a dynamical order parameter which measures characterises the relax-
ation of the system [96]. With this known, the fluctuations can be measured directly
following equation 2.12,

χ4(t) = N
[〈

Q̂2(∆t)
〉
−
〈

Q̂(∆t)
〉2
]

. (5.4)

If we compare this to the definition of χ4 from particle trajectories given in Equa-
tion 2.11, it appears superfcially similar, but looking carefully at the definition of
Q̂ in Equations 5.2 and 5.3, it is clear that there is no set length over which parti-
cle decorrelation is measured. As discussed in section 4.1, for real space variance
measurements, the effective lengthscale over which decorrelation is measured is an
average lengthscale weighted by intensity [96].

In the original work the validity of this relation is determined for a simple 2D col-
loidal binary hard sphere system imaged using brightfield microscopy. The authors
did not compare the method to the χ4 measured directly from trajectories saying that
it not possible to track the particles to a sufficient degree of accuracy to maintain the
long trajectories required for the large statistics required for the measurement of χ4.
The reason for this is that they consider W to be a measure self-overlap. We disagree
with this and we set W to be a measure of particle overlap regardless of particle
identity. This means that W is simply a measure of whether there is a particle in a
position at time ∆t given that there was a particle previously located at that position
at time t = 0 - it does not matter whether it is the same particle at time ∆t and time
t = 0. Since the DVA method cannot distinguish particle identities, this will surely
provide a better comparison than setting W as the self overlap. In addition this now
provides a less strict criteria for particle identification and tracking. Since we do not
care about particle identities, we only have to identify the particles in each frame
independently and do not have to link the positions over time to form trajectories.

In this section we will attempt to compare the measurement of χ4 using the DVA
algorithm to χ4 measured from particle trajectories for a simple 2D system as well
as a series of more challenging experimental systems.
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The code used for this work was version 0.1 and is archived online [107]. The latest
version can be found at
https://github.com/merrygoat/Dynamical-Variance-Analysis.

5.3 Evaluation of DVA methods to measure χ4 from experi-
mental systems

To test the DVA method we will use it to measure χ4 for the example system de-
scribed in the original work [96] and attempt to match the authors’ results. For com-
parison we will also calculate χ4 from the tracked particle trajectories. The system is
the same dataset considered in section 4.4.2, a 2D binary system of hard sphere silica
particles. Figure 5.4 shows χ4 calculated both from the tracked particle trajectories
and from the DVA method. In the previous work a χ4 peak of approximately 2 is
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FIGURE 5.4: χ4 for a brightfield 2 dimensional hard sphere system.
χ4 is calculated from tracked particle trajectories and from DVA.

measured [96]. This seems to be reproduced well although we do see a difference
between the χ4 determined from particle trajectories and from the DVA method. As
discussed in section 5.2, this is likely due to the fact that both methods are not mea-
suring overlap using the same cut-off length. While a rage of valid functions can
be used to measure the overlap W and so the exact form of the dynamical hetero-
geneity given by each will be slightly different [39, 40]. While the trajectory based
method measures a binary overlap with a distance cut-off of 0.3 particle diameters,
the overlap measured by the DVA method will be continuous with a small signal for
a small particle displacement and a larger one for a larger particle displacement. In
an attempt to make a comparison between the methods we repeated the trajectory
based χ4 measurements with a range of cut-off lengths. Figure 5.5 shows these re-
sults with a range of cut-off distances from 0.25 to 0.5 particle diameters. The DVA

https://github.com/merrygoat/Dynamical-Variance-Analysis
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FIGURE 5.5: χ4 for a brightfield 2 dimensional hard sphere system.
Solid lines show χ4 calculated from tracked particle trajectories for
a range of overlap cut-offs and the dashed line shows χ4 calculated
from DVA. Data are smoothed by a moving average over 5 frames

(≈0.5 τα).

method matches the trajectory based measurements most closely for the 0.5 particle
diameter overlap cut-off, although the peak occurs slightly earlier in time for the
DVA method. This shows that the DVA method is measuring particle correlations
over a longer lengthscale than is normally used when determining dynamical het-
erogeneity from particle trajectories.

It is worth noting that when a subset of the data was analysed this produced much
poorer results from both methods. This shows that in this case the dynamical hetero-
geneities occur over the timescale of > 10 τα. The exact distribution of dynamically
slow regions is not known, and the measurement would require a density-density
three time correlation. An investigation of this nature was conducted [108] in a
model fragile glassformer where it was determined that dynamical heterogeneities
occur on timescales much longer than τα and the decoupling increases at greater de-
gree of supercooling, with the slow regions becoming even longer lived. This means
that measurement of dynamical heterogeneities must be using data with a large tem-
poral range especially for systems with higher degrees of supercooling.

We hypothesise that this effect is particularly acute for this binary system since a
large source of dynamically slow regions in this system is small phase separated
regions. The single component crystal formed is the global free energy minimum
for the system and so these regions are very stable and have very long lifetimes. An
example of such phase separation is shown in Figure 5.6. We also hypothesise that
this effect will be less acute in a 3 dimensional model hard sphere system since the
dynamically slow regions correlated with the locally favoured structure are much
more subtle and short lived [35, 109].
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FIGURE 5.6: An example of a crystalline phase separated region in a
2D binary system. These regions are persistent and dynamically slow

so contribute strongly to any measure of dynamical heterogeneity.

We next consider a 3-dimensional system of hard sphere particles. The particles are a
density and refractive index matched system of poly(methyl methacrylate) (PMMA)
in cyclo-hepytl bromide (CHB)/cis-decalin solvent approximately 3.5 µm in diame-
ter. The polydispersity is around 8 percent, sufficient to suppress crystallisation. The
particles are at a a volume fraction of 56 % which should lead to a theoretical χ4 peak
of around 4.5 [42]. It is more challenging to identify particles in a 3D confocal sys-
tem than in a 2D brightfield system since the signal to noise ratio is lower. However,
although it is challenging for this system, high quality tracking is possible. First
we consider just a single 2D slice of the system since this is simpler and assuming
that the dynamical heterogeneities are isotropic, should provide similar results to a
measurement in 3D. Results are shown in Figure 5.7. The χ4 as determined from
particle trajectories is exactly as expected, with a peak of 4.5 at around τα. The χ4

measured from DVA again has the expected profile with a peak at around τα but
with an intensity around 4 times lower than expected. This would seem to indicate
that dynamical heterogeneities corresponding to fluctuations in particle dynamics
are being captured but some of the signal is being lost. This may be down to noise
or it may be inherent to the measurement technique.

We believe that this is the first published example of χ4 being measured directly
from particle trajectories for a 3-dimensional experimental hard sphere system. The
relatively short data series show that is it possible to make reasonable measurements
of χ4 with shorter datasets, this one being only 4 τα in length. This system is still
only moderately supercooled however, so for more supercooled systems with more
persistent dynamical heterogeneities, longer datasets would likely be required.

Since it is possible to track the particles in this dataset in 3 dimensions, we now con-
sider the χ4 determined from these 3D trajectories. The result is shown in Figure 5.8.
The χ4 calculated from particle trajectories is peaked but the peak occurs at a shorter
time than expected and is around 30 times too large. The reason for this discrepancy
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FIGURE 5.7: χ4 for confocal imaging of a 3 dimensional hard sphere
system. χ4 is calculated from tracked particle trajectories in 2 dimen-

sions and from DVA in 2 dimensions.
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FIGURE 5.8: χ4 for confocal imaging of a 3 dimensional hard sphere
system. χ4 is calcuated from tracked particle trajectories in 3 dimen-

sions and from DVA in 3 dimensions.

can be seen when inspecting the dataset more closely. It appears that the sample
experienced a non-uniform drift during the measurement with the top half remain-
ing relatively stationary while the lower half of the sample moves several diameters
uniformly in the x-dimension. Although the particle trajectories are corrected for
any uniform drift by subtracting the centre of mass from the particle positions at
each timestep, this cannot account for deformation of the sample. The anomalously
high result is due to a large part of the sample moving multiple particle diameters
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relative to the other part of the sample which is detected as a large dynamical het-
erogeneity. The DVA method again gives a somewhat reasonable result but with a
fraction of the intensity of the χ4 calculated from trajectories. This result highlights
some of the difficulties encountered with the measurement of experimental systems.
Getting data of sufficiently high quality to measure these sensitive correlation func-
tions is very challenging. The problem is only compounded at the higher volume
fractions required to access a greater degree of supercooling where the dynamical
heterogeneity is more evident.
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FIGURE 5.9: χ4 from confocal images of a 3 dimensional hard sphere
system of 380 nm particles at 55 % volume fraction imaged in 2 di-
mensions. χ4 is determined from tracked particle trajectories in 2D

and from DVA in 2D.

We next consider the measurement of χ4 in system with much smaller particles.
This system is a 3 dimensional hard sphere system of 380 nm silica particles in index
matching dimethyl sulfoxide/water solvent at 55 % volume fraction. This setup is
discussed in more detail in the next chapter, however it is hoped that this system will
allow access to highly supercooled dynamics and so measurement of dynamical het-
erogeneities in this sample is of great interest. Only 2D datasets were taken since the
signal to noise ratio is already marginal and particle motion was fast relative to the
image acquisition time. The images were enhanced by deconvolution as described
in section 3.5.3. Particle tracking was conducted on the deconvoluted images while
the DVA method was applied to both the deconvoluted and the raw images. Results
are shown in Figure 5.9.

Trajectory measurement for this system is possible but likely to be of lower quality
due to the poor resolution limiting separation between particles. The tracked coor-
dinates do not give a clear response in the expected region, there is no clear peak
and the data is much lower with the expected peak of 2.
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The DVA method gives a larger than expected signal that decays over time with no
peak. We attribute this to the DVA method calculating the variance in the image
noise. Since the noise is expected to mostly be random noise it makes sense that
it is most intense at short times and averages out at long times. The noise level is
twice as large as the expected peak in the unmodified images. In order to reduce the
signal from the noise we apply a small Gaussian blur of 1 pixel. This significantly
reduces the signal from the noise and this result almost matches that determined
from particle trajectories.

5.4 Conclusions on the of measurement of χ4 in experimental
datasets

Evaluation of the methods was hampered by a lack of reliable datasets, in particular
we have no datasets at greater than 56 percent volume fraction which are stable for
the multiple τα required to determine the dynamical heterogeneity.

Calculation of χ4 from particle trajectories was reliable for datasets where particle
tracking was of good quality. The amount of data required depends on the system.
For systems with persistently dynamically slow regions many 10’s of τα of data are
required. However, it appears that for 3D hard sphere systems a more modest 5τα of
data is sufficient. The DVA method does not allow direct comparison to simulation
studies due to the difference in the way the particle overlap is measured, however it
appears to be a good method for measuring dynamical heterogeneity in a range of
systems which are not of sufficient quality to allow for accurate particle identifica-
tion. In the same way as the DDM method discussed in Chapter4, the DVA method
is also much quicker and easier to run than first identifying the particle positions
and then measuring the correlations.

It also appears that for our studied hard sphere colloid system, the dynamical het-
erogeneity can reasonably be measured from a 2D slice of a 3D system. This is likely
due to the fact that the dynamically correlated regions are compact and spherical.
This is useful as it is often much easier to image a single 2D slice of an experimental
system than to produce 3D images. As discussed in Chapter 6, 2D imaging allows
faster imaging and use of higher confocal laser intensity and so a greater signal to
noise ratio.
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Chapter 6

Experimental studies of colloidal
hard sphere silica suspensions

6.1 What are hard sphere systems and why are they studied?

Hard spheres are one of the simplest models of a liquid. They are particles which
have no interactions aside from the requirement that they do not overlap, the same
as billiard balls. Despite the simplicity of the system the hard sphere model captures
a surprisingly rich range of behaviours which are observed in other liquid state sys-
tems. Mathematical analysis of hard sphere packings goes at least as far back as
the 17th Century where Johannes Kepler considered the most efficient way to pack
together cannonballs. Computational studies of hard sphere systems began in the
1950’s with the development of increasingly powerful computers with Monte-Carlo
[110] and molecular dynamics methods tested. On the experimental side, one of
the most well-known early pioneers of hard sphere packings was Bernal [74, 111]
who considered the packing of macroscopic hard spheres. The invention of confocal
microscopy opened a new avenue of research, allowing particle resolved studies of
colloidal suspensions. Although the idea was first developed in the 1950’s [112] it
took until the late 1980’s before a commercially viable model with good resolution
could be produced [113] and although initially applied solely to biological systems,
by the early 1990’s potential of confocal microscopy to analyse colloidal suspensions
was realised by van Blaaderen [114].

6.2 Current status of real space hard sphere studies

Due to the limitations on the resolution of confocal microscopy, particularly in the
z-dimension, most particle resolved studies of colloidal suspensions are restricted
to particles of 2 µm or greater. The typical timescale for particle diffusion can be
characterised by considering the Brownian motion of the particle. Consideration of
Brownian motion as a Gaussian process in 3 dimensions allows determination of the
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mean squared displacement [115],

〈r〉2 = 6Dt (6.1)

where 〈r〉2 is the mean squared displacement in time t and D is the diffusion coeffi-
cient. The diffusion coefficient is given by,

D =
kBT

γ
(6.2)

where kB is the Boltzmann constant, T is the temperature of the system and gamma
is the the Stokes friction coefficient,

γ = 6πησ (6.3)

where η is the solvent viscosity and σ is the particle radius. By setting the mean
squared displacement equal to the squared radius we can define a Brownian time,
the time typical timescale of Brownian diffusion. The Brownian time is given by

τB =
σ3πη

kBT
. (6.4)

The Brownian time of a typical system of 2 µm PMMA colloidal hard spheres is on
the order of 1 second. This means that one day of measurements can capture 86 000
Brownian times of diffusion, a relatively low degree of supercooling. While it is
possible to simply observe the system for longer, this only affords a linear increase in
the observable dynamics. With experimental limitations such as sample stability the
practical limit to the possible observation time of a sample is around 1 day. However,
observation of smaller particles would allow the observation of much greater levels
of supercooling since the Brownian time of the particles is proportional to the third
power of their radius. Decreasing particle size from 2000 nm to 200 nm allows 3
orders of magnitude more dynamics to be observed, 1 day of measurements with
the smaller particles is equivalent to 3 years of dynamics for the larger particles.

Bases on these ideas, work published by Hallett et al. in 2018 [35] managed to image
550 nm hard sphere colloids in 3 dimensions. This was partly due to improved data
acquisition and processing, particularly the use of deconvolution and improved par-
ticle and sample preparation, particularly the use of core shell particles. This data
was around 3 orders of magnitude more supercooled than any previously published
particle resolved experimental data and the first particle resolved experimental data
which showed supercooling beyond the mode-coupling transition. The analysis of
the data showed an increasing static length scale which provided further support for
the increasingly widely accepted picture of glassy physics which requires growing
dynamic and static lengthscales with increasing supercooling.
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Using similar techniques, it should be feasible to push this analysis further. The lim-
iting factor in the analysis by Hallet et al. was the z-resolution of the 3D images. By
only considering particles in 2D it should be possible to image even smaller particles
and access more supercooled systems.

6.3 Why 2D imaging?

3D colloidal imaging allows the positions of particles in space to be fully resolved.
From these particle positions, any desired dynamic or structural measurements can
be made in the same way as for simulation data. 2D imaging does not allow a full
characterisation of the system since without information on the z-dimension, mea-
surements such as 3D local structure, cannot be made. However, there are several
benefits to taking only 2D images including improved resolution, increased imaging
speed and decreased photobleaching of particles.

As discussed in section 3.4.3, confocal microscopy has a poorer resolution in the
z-axis than in the x and y axes. This means that the point spread function of the
microscope is more extended in the z-dimension. The identification of particle po-
sitions is limited by the resolution of the images which means that the limitation
in identification of particles in 3D systems is the z-resolution. If only the x- and y-
dimensions were considered it would be possible to push the image analysis further
to identify smaller particles in 2D. While tracking particle positions in 2D does not
give full information about properties like local structure, many system properties
can still be measured since they are uniform in all dimensions. This includes mea-
sures of some local structure such as the radial distribution function, dynamics as
explained in section 4.1 and potentially dynamical heterogeneities as explained in
section 5.2. While it is always desirable to extract as much information as possible
from a system it is worth considering whether more interesting systems of smaller
particles can be studied in a more limited way.

In terms of speed, on a modern confocal microscope a single 2-dimensional image
can be taken in as little as a hundredth of a second, though typically a reasonable
quality image of 512 by 512 pixels will take around a tenth of a second. The acqui-
sition of a 3D volume requires many such slices and so acquiring a 512 by 512 by
256 pixel volume at its fastest can be done in around 20 seconds. While reasonable
tracking can be acquired from a 256 by 256 by 128 pixel volume in around 5 seconds,
this significantly reduces the number of particles imaged and also reduces the abil-
ity to stabilise and crop the images to correct for thermal drift. The imaging time is
important since particle tracking relies on particles not displacing more than half a
diameter between subsequent images since the particles are visually indistinguish-
able. For systems of particles that move more than this between images, the particle
positions between subsequent images in time cannot be correlated to form trajecto-
ries. Even for techniques which do not rely on particle trajectories such as DDM and
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DVA discussed earlier, it is important that some correlation is seen between subse-
quent images in order to accurately determine the timescale for decorrelation.

Another significant advantage of 2D imaging is that of reduced photobleaching of
the fluorescent particles. Photobleaching is discussed in detail in section 3.5.5 but
in short is the reduction in signal intensity of a fluorescent dye after many cycles of
excitation and photon emission. When making a 3D confocal measurement, many
2D images are taken at small z-offsets. This means that each particle is captured in
multiple z-slices as the 2D images scan across the particle in the z-dimension with
each particle excited around 10 times in quick succession resulting in an increased
rate of photobleaching. Photobleaching results in a decreased signal to noise ratio
which can results in difficulties resolving particles at the stage of particle identifica-
tion. To reduce the effects of photobleaching, the laser illumination intensity must be
significantly reduced when taking long time series in 3D. This results in decreased
photobleaching but also decreased signal. When taking only 2D images of a sys-
tem, each particle is illuminated fewer times meaning that it is possible to use an
increased laser intensity resulting in a stronger signal.

Overall, the primary advantage of 2D imaging is in an increased signal to noise ratio
which means that smaller particles can be reliably identified in exchange for the loss
of information on the position of the particles in the z-dimension.

We now consider whether it is possible to make representative measurements of a
3D system from 2D images. It has previously been shown that it is not possible to di-
rectly determine the radial distribution function (g(r)) or local bond order parameter
from the tracked particle coordinates from 2D images of a 3D system [116, 117]. The
reason for this is that the confocal microscope has a small but finite depth of field
on the order of one particle diameter. This means that the particles imaged are not
all in the same plane and so in subsequent particle identification some out of plane
particles are identified. As a result, reduced distances between identified particles
are recorded since the x and y components of the separation are measured but not
the z component. This results in a subtly different g(r), termed g2D(r) [118]. Since
the in-plane particles appear brighter than those that are out of plane a correction
can be made by estimating the z-depth based on particle intensity [57] but this will
only work in situations where the particles have a uniform brightness and can be
well resolved with a high signal to noise ratio.

Dynamic quantities that are isotropic such as particle displacement can be deter-
mined from 2D measurements with some caveats. To determine particle trajectories
over time, particles are identified in individual images and then their positions con-
nected in time. The trajectory of a particle will be cut off if the particle diffuses
significantly in the z-axis. After long time periods this introduces a bias whereby
particles which have long trajectories will tend to be those that have diffused more
slowly. This means that at long times the results will be strongly biased towards
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the slow-moving particles. If this result is considered naively then it will result in a
significant underestimate of particle diffusion at longer times and so normalisation
must be considered carefully.

Quantities which measure particle overlap will not be so strongly affected by the
2D measurement since they are measurements of shorter diffusions by their nature.
The overlap function of χ4 for example is typically determined by a particle diffu-
sion from its original position of 0.3 diameters. If particles diffuse more than 0.3
diameters, they are considered decorrelated. The x and y diffusion can be measured
accurately and the decorrelation length in z will be approximately 1 diameter. This
means that overall the overlap measured in 2D will be slightly higher than that mea-
sured from 3D measurements.

6.4 The experimental system

In this work we primarily consider a model hard sphere system of silica colloids.
Silica particles of radius 200 nm are synthesised using the Stöber synthesis [64] and
dyed with rhodamine. These dyed cores are then coated with a further layer of
undyed silica resulting in a final particle diameter of 380 nm with a polydispersity
of approximately 8 %, the size and polydispersity being confirmed by transmission
electron microscopy (TEM). The particles are then coated with an adsorbed layer of
3-(Trimethoxysilyl) Propyl Methacrylate (TPM) to reduce the surface charge on the
particles and provide a steric stabilisation layer. The particles can be index matched
in tetrahydrofurfuryl alcohol (THFFA) which is an organic solvent with a low dielec-
tric constant. Such a system has previously been shown to give good hard sphere
behaviour with only a very small surface charge remaining on the particles after
TPM coating [66]. The core shell nature of the particles means that only the central
core of the particle is dyed with a fluorescent dye while the shell of the particle is
undyed. While this reduces the signal intensity due the decrease in the quantity of
dye, this results in individual particles being more easily resolved in dense systems
due to the increased separation between the fluorescent centres.

The main disadvantage of the silica system over the more commonly used system
of poly(methyl methacrylate) particles (PMMA) is that the silica particles cannot
be density matched with the solvent which means that they sediment over time.
Sedimentation is normally undesirable since it represents an external force acting
on the system and over time results in a density gradient in the sample. However,
this sedimentation can safely be ignored if it is small on the experimental timescale.
The rate of sedimentation of a particle in a liquid can be calculated from the Stokes
equation [119],

vs =
d2∆ρg
18η0

(6.5)
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where vs is the settling velocity, d is the particle diameter, ∆ρ is difference in density
between the particles and the solvent, g is the acceleration due to gravity and η0 is
the solvent viscosity. A correction is required for dense systems of hard spheres since
particle interactions decrease the rate of sedimentation. An empirically determined
correction for hard spheres is [120, 121],

vs =
d2∆ρg(1− φ2)

18η0
∗ 10(−1.82φ) (6.6)

where d is the particle diameter and φ is the colloid volume fraction. Applying this
equation to a system of 380 nm silica particles in THFFA at 58 % volume fraction
gives a sedimentation time of 1780 s to sediment a distance of one particle diameter
- approximately half an hour. This means that sedimentation will become signifi-
cant on the timescale of multiple hours. This may be an issue for the very longest
of measurements but should be negligible for measurements up to several hours.
Ultimately the system of silica particles was chosen since it is simpler to produce
small silica particles with a low polydispersity than a comparatively sized system of
PMMA particles.

6.5 Experimental Results

Relaxation times were measured using both the DDM technique discussed in chap-
ter 4 and from tracked particle trajectories. The methods were in good agreement,
typically within 20 %, with the results shown in Figure 6.1. All but the final data
point was measured from 2D images of the 3D system. At 58 % volume fraction the
sample was sufficiently slow moving that the relaxation time occurred on approx-
imately the same timescale as sample drift (discussed in section 3.5.4) which pre-
vented measurement of the relaxation from a 2D image sequence. This meant that
a 3D image sequence was taken with a small number of images in the z-dimension.
This allowed stabilisation of the image and so measurement of the relaxation time.
It was not possible to take measurements beyond 58 % volume fraction due to the
difficulty of stabilising the images to drift.

The control parameter usually considered in hard sphere systems is the volume frac-
tion, however it has been argued that the reduced pressure is a more appropriate
control parameter since this more closely fits the role of temperature in molecular
glasses [122]. Following the example of previous work [42, 123] we consider the
Carnahan-Starling form of the reduced pressure

Z =
1 + φ + φ2 − φ3

(1− φ)3 . (6.7)
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The Volger-Fulcher-Tamann (VFT) fit described in equation 1.2 can then be expressed
as

τα = τ0 exp
[

Ea

(Z0 − Z)

]
, (6.8)

where τ0 is an exponential prefactor, Ea is a parameter describing the fragility and
Z0 is the reduced pressure at which the fit diverges. The VFT fit gives a value of
Ea = 72, Z0 = 30.3 (corresponding to a divergence at 61 percent volume fraction)
and τ0 = 0.15. These results agree well with previous experimental studies [35]
and simulations [42]. This particles in this experimental system have a Brownian
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FIGURE 6.1: Relaxation time of experimental hard sphere system as
a function of the Carnahan-Starling compressibility (Z) defined in

equation 6.7. Black line is a VFT fit.

time of approximately 0.03 s, while those used previously by Hallett et al. had a
Brownian time of approximately 0.06 s. While this system is a reasonable starting
point, smaller particles will be required to measure significantly more supercooled
dynamics. For this purpose a system of 200 nm PMMA particles in cis-decalin/CHB
was considered. This particle system is not ideal for making detailed hard sphere
measurements since the particles were not core-shell and they have a polydispersity
of around 20 %, however they system gives a good idea of the sort of imaging quality
that should be possible. This system has a Brownian time of 0.002 s - one and a half
orders of magnitude less than that previously considered. The drift of the sample
made it impossible to get images for any significant fraction of a relaxation time at
the tested 60 % volume fraction, however the imaging was clear with the particles
reasonably distinguished. An example section of one of the images is shown in
Figure 6.2.
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FIGURE 6.2: A subsection of an image of 200 nm PMMA particles in
cis-decalin-CHB solvent at approximately 60 % volume fraction.

6.6 Discussion of results

This study makes some progress in measuring particle resolved data from very small
particles. At 380 nm, these are significantly smaller than the particles used previ-
ously [35]. However, it is notable that the system is not that slow, the level of super-
cooling reached is significantly less than that achieved by Hallett et al. who were able
to measure equilibrium systems with a relaxation time of 1× 107 Brownain times -
a further 3 orders of magnitude in dynamics. As explained in section 5.3 these 2D
images are also challenging to extract a dynamical length scale from - something
that can be achieved by considering structural fluctuations in 3D data. The main
limitation in achieving reliable data at higher volume fractions was the thermal drift
in the sample and the inability to correct this in 2D images.

As described in section 3.5.4, if the microscope and sample are not completely tem-
perature stable this can result in particles moving uniformly or “drifting” relative
to the imaging sensor. This uniform movement of particles means that the same set
of particles cannot be followed for times longer than the period of the drift. In 3D
measurements this drift can be corrected for by measuring the drift by image corre-
lation over time and subtracting the drift by shifting the images. While the available
dataset is reduced because of cropping of the particles that do not remain in view for
the whole dataset, this method does allow tracking of particles that remain. How-
ever, when imaging particles in 2D it is only possible to stabilise the images in the x
and y dimensions. If any drift occurs in the z-dimension then all the particles are lost
from the field of view. This can be corrected somewhat by taking thin 3D images and
using drift correction to stabilise a single image slice, however this method results in
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removing most of the advantages of imaging in 2D but without the full information
given by 3D imaging. This also only works if the signal to noise ratio is sufficiently
high that the drift can be identified by time correlation of the images. This “thin 3D”
strategy was employed for the sample at 58 % volume fraction, however beyond this
it was not possible to get images of sufficiently high quality for the stabilisation to
work correctly.

The main way to reduce drift is to improve the temperature stability of the mi-
croscope and sample. Since the laser and imaging system of the microscope pro-
duce significant amounts of heat, it is a requirement that the microscope is in a
temperature-controlled room. Ideally a constant duty cycle air conditioner with suit-
able diffusion should be used both to reduce the temperature variation and to reduce
the rate of air flow around the microscope. The microscope can also be insulated
with some sort of casing that covers the microscope and sample to reduce airflow
around the sample. This can vary from a homemade system to a proprietary com-
mercial product. For optimal imaging both approaches are necessary. A microscope
enclosure is effective at removing high frequency temperature variations caused by
air movement from the microscope operator but they are less effective at prevent-
ing lower frequency temperature variations such as those caused by a non-constant
duty cycle air conditioning unit [124]. Overall it is desirable that the variation in
room temperature be kept to below 0.25 ◦C with as little airflow as possible.

In our case, our microscope room is air conditioned by a general-purpose office unit
which does not have a constant duty cycle. The room temperature was measured
to vary by 3 ◦C on a period of 15 to 20 minutes and in a simple test, measurements
of sample drift were seen to correlate well with this temperature variation. To re-
duce the effect a curtain was placed in the lab to separate the air conditioner and
microscope and while this somewhat reduced the airflow around the microscope, it
was insufficient to prevent the longer timescale temperature variations. Various sim-
ple microscope shrouds were created to cover the microscope stage and while these
again somewhat reduced the effect of temperature variations, the drift was still sig-
nificant enough to make capture of 2D image sequences of more than 15 minutes
impossible.

This restriction limits imaging of the current particle system to around 58 % volume
fraction, or around 4000 Brownian times. This is several orders of magnitude less
that achieved in 3D [35] and indeed no more than achieved in studies 10 years ago.
The result seems clear, while there are significant potential gains to be made from the
imaging of smaller particles, the fundamentals such as long-time sample stability
remain important.
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6.7 Further study

Based upon this study I can make some recommendations for researchers pursuing
this area in future. While there is some small margin to be gained from improving
the image analysis techniques, it is my opinion that the easiest margins are to be
found in the sample preparation. The quality of the particles is key. While both the
silica and PMMA particles offer reasonable performance, using core shell particles
makes particle identification much simpler since it greatly allows the particles to be
distinguished much more easily. While this is not as important for analysis meth-
ods like the DDM and DVA discussed in chapter 4, the methods will still benefit
from a greater distinction between the particles and the background. Further stud-
ies should pursue analysis of smaller particles since there are few further gains to be
achieved by analysis of particles larger than 200 nm. Synthesis of quality particles
of sufficiently low polydispersity in this size range is very challenging and so future
studies will likely be driven by the availability of such particles.

There is a niche interest and viability in imaging particles in 2D rather than 3D. We
have shown that reduced bleaching allows higher laser intensity and so improved
signal to noise ratio. Imaging in the x and y dimensions is also inherently higher
resolution than in the z dimension. The disadvantages of measurement in 2D are the
loss of detailed structural information and the criticality of temperature stability. To
make measurements of any significantly supercooled system it is essential that the
system is very temperature stable. Based on our observations I would estimate that
less than 0.25 ◦C variation at the sample would be required. While this is certainly
possible, it will require a system which is designed carefully around this purpose.
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Chapter 7

Experimental Studies of Mermaid
Systems

7.1 Introduction

Colloidal systems are an attractive model system since attraction and repulsion be-
tween the particles can be changed by altering the composition of the system. One
way to introduce complexity to systems is to consider non-spherical colloids which
have an asymmetric interaction potential [125]. Although advances have been made
in the synthesis of non-isotropic colloids, their synthesis remains complex [126].
Simple systems are desirable in research for the ease of implementing and modelling
and are valued in industry for scalability. To this end there has also been research
into complex morphologies arising from isotropic particles. Though this may sound
like quite a limiting restriction, theoretical studies have shown a diverse range of
morphologies associated with spherical particles. One way to achieve this is to cre-
ate an asymmetrical interaction potential by an inhomogeneous particle composi-
tion or an inhomogeneous coating. This leads to systems such as patchy particles
or Janus particles. Such particles can form phases such as clusters and bilayers [127,
128], but again for these systems the synthesis is non-trivial and reliable preparation
of significant quantities of the particles remains challenging.

The “mermaid potential” we consider here is an even simpler system with no ap-
parent asymmetry at all. By combining a short range attractive potential with a long
range repulsive potential (SALR potential), the idea is that the formation of small
structures is favoured by the short range attractions but these structures are then
repulsive at longer ranges [129]. In some systems there is an additional contribution
from the anisotropic distribution of particle surface charge after the formation of
small structures [130]. Figure 7.1 shows a typical interaction potential for an experi-
mental mermaid system. Note that the hard core of the particle results in an infinite
potential below the particle diameter (d). Beyond the hard core, the potential is only
attractive over a short distance and repulsive above this.
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FIGURE 7.1: Example of a typical interaction potential for an exper-
imental mermaid system, a combination of a hard core, short range

attraction and longer range repulsion.

As expected, simulations of the mermaid potential have predicted formation of small
clusters which are repulsive over longer distances leading to cluster fluids and at
higher volume fractions gels [131]. Simulations have also hinted at the formation
of more interesting complex structures. Basin hopping Monte-Carlo studies in 2004
[132] showed that for pure short range attractive potential the radius of gyration of
the minimum energy clusters scaled with the cubed root of the number of particles.
This corresponds to a fractal dimension of 3 indicating spherical clusters. However,
the addition of a longer range repulsive term increased the scaling exponent, indicat-
ing a lower fractal dimension with more planar structures favoured. Another group
found a phase separated system with a formation of spherical and cylindrical liquid-
like clusters, liquid like slabs and, cylindrical and spherical bubbles depending on
the density of the system [133]. These structures resemble the micelles formed by
diblock-copolymers, a system where the anisotropy is due to the different parts of
the anisotropic molecule interacting differently with the solvent. This link was rein-
forced by the development of a model for competing interactions which predicted
such structures in the two different systems[134]. Recent simulations of the mer-
maid potential with a hard sphere particle core, a short range square well attraction
and longer range repulsion resulted in a cluster fluid or gel at high temperatures but
more give more exotic lamellar and gyroid phases at lower temperatures [135].

Despite these simulations, experimental studies have yet to reproduce any of the
more complex phases. Experiments have so far been limited to the formation of
cluster fluids and gels [136–138]. It seems likely that there remain interesting struc-
tures to be found with this experimental system if the correct area of phase space can
be targeted. In this chapter we first consider how to create the required attractive
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and repulsive interactions in colloidal systems before discussing results from previ-
ous experimental mermaid systems. We then present our experiments of a mermaid
system which has not previously been studied with real space measurements.

7.2 Experimental systems

7.2.1 Colloidal attractions

There are several ways to implement a colloidal attraction in a colloidal system [129],
but one of the simplest is the short range attraction induced by polymer depletion
interactions. When polymers are dissolved in solution they take a configuration
which is dependent on the polymer-solvent interactions. If the interaction between
the polymer and solvent is not strong, the polymer will take up a compact spherical
configuration. The size of the polymer molecule is described by the total end to end
distance which does not depend on the solvent or the radius. The compactness of the
polymer configuration is described by the radius of gyration (RG) which describes
the radius of the polymer. When a polymer is added to a colloidal system, the poly-
mer can occupy any of the solvent volume not occupied by the colloidal particles.
Figure 7.2 shows a schematic of this system where the centres of the polymers cannot
approach the particles more closely than the dotted line without overlapping with
the particle. When two particles approach closely as in Figure 7.2, polymers can-
not fit in the space between the particles. This results in a depletion zone between
the particles and an attraction between the particles caused by the osmotic pressure
from the polymer rich solvent. The interaction length of the attraction can be set by
the polymer RG while the attraction strength is determined by the concentration of
the polymer in solution.

The first theory to describe this behaviour was the Asakura–Oosawa (AO) model
[139] which treats the polymer molecules as hard spheres that do not overlap with
the each other or the particles. The interaction can be described as made up of three
parts, an infinite repulsion at a distance less than the particle radius (σ), a close
range attraction at a distance between σ and σ + (2 ∗ RG and no interaction past this
distance.

βuAO(r) =


∞, for r < σ

π(2RG)
3zPR(1 + q)3

6q3 , for σ ≤ r < σ + (2RG)

0, for r ≥ σ + (2RG)

(7.1)

where r is the inter-particle separation, q is the polymer-colloid size ratio (q =

2RG/σ) and ZPR is the polymer fugacity and. The polymer reservoir concentration
is a small correction over the ideal gas polymer number density which accounts for
the overlap of polymer molecules by considering the number density in a reservoir
of polymer which has an equal chemical potential to the polymer-colloid mixture.
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The AO model is only valid for non-interacting polymer systems at low concentra-
tion where the polymer RG is much smaller than the colloid size. A non-interacting
system implies that there is no energy to be gained from the interaction between the
polymer and the particle. If there is a favourable attraction then the polymer will ad-
sorb to the particle surface instead of remaining free in solution [140]. This adsorp-
tion may be reversible or non-reversible depending on how strongly the polymer
interacts with the particle. Adsorption interactions do not result from the formation
of covalent bonds but rather Van der Waals interactions and so have a strength in the
region of 1-10 KbT. Interaction between particles with adsorbed polymer is complex
and varies depending on the coverage of the polymer. While a complete coverage
results in a repulsive interaction, partial coverage results in a strong attraction in
the interaction potential due to bridging between multiple particles. This regime is
termed bridging flocculation [141]. The subject of bridging flocculation has received
much quantitative study due to its importance in the field of waste water treatment,
however a theoretical description is complex due to the multitude of factors that
must be considered such as the kinetics of polymer adsorption, the many charge
interactions in solution, the kinetics of floc formation and mixing [142]. Polymers
with a shorter chain length will tend to adsorb more closely to the particles, while
those which are longer are more likely to form bridges. The concentration of poly-
mers and particles also affects the structures formed since there are kinetic effects.
At high polymer and low particle concentrations each polymer has a greater amount
of time to achieve a stable configuration on the surface of a single particle before it
meets another particle. In the case of low polymer and high particle concentration,
each polymer will likely adsorb to multiple particles before it has a chance to settle
on the surface of a single particle.

FIGURE 7.2: Illustration of depletion interactions in polymer-colloid
mixtures. The polymers cannot overlap with the particles and so the
centre of the polymers cannot approach the particles more closely
than their radius of gyration Rg, a volume indicated by the dotted
lines. When the particles approach closely the polymer cannot fit be-
tween the particles resulting in a depletion zone between the parti-

cles.
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7.2.2 Colloidal Repulsions

As for colloidal attractions, there are a number of ways to induce a repulsion be-
tween colloidal particles [129], the simplest of which to implement experimentally
is a Coulombic repulsion. Colloidal particles in a solvent naturally have a surface
charge which can be effectively modelled using DLVO theory [143]. The DLVO the-
ory provides a description of the interactions between two charged surfaces in a
liquid, taking into account the repulsion due to Van der Waals interactions as well
as an additional repulsive contribution due to the formation of an electrical double
layer. The potential between two particles takes the form,

βuDLVO(r) = Z2λB

(
eκσ

1 + κσ

)2 e−κr

r
, (7.2)

where Z is the charge number of each particle, λB is the Bjerrum length, κ is the
inverse Debye screening length. The DLVO model works well for the majority of
simple colloidal systems but breaks down in more complex ones such as aqueous
systems where effects such as hydrogen bonding must be taken into account [144].

7.2.3 Particles used for experimental study

Experimental colloidal systems are often referred to as an ‘easily tuneable’ system
[129]. Theoretically it is possible to independently change the attractive and repul-
sive interactions to achieve any arbitrary potential. In reality the way in which the
system is characterised often results in significant experimental constraints. As has
already been discussed in earlier chapters, scattering methods are flexible but lim-
ited in what detail can be spatially resolved. Real space methods impose more con-
straints on the experimental system but allow detailed characterisation of morphol-
ogy, especially important for systems with complex structure. Here we focus on the
experimental systems which are viable for study with confocal microscopy.

The primary constraints of confocal microscopy are particle size and matching the
refractive index and density between the particles and the solvent. Larger parti-
cles are much easier to image and so detailed location and tracking of particles is
only usually possible for particles to the order of 1 µm in size. Structures can be
qualitatively assessed down to a particle size of approximately 100 nm but detailed
characterisation will be much more challenging. In addition to the size restriction
from considerations of image quality, density matching and index matching limit
the viable particle systems considerably. Although there are a couple of potential
systems as described in Section 3.4.1, the one that has been used for the majority of
experimental studies of mermaid systems is PMMA particles in cis-decalin/cyclo-
hepytl bromide (CHB). The limitation of this system is that the dielectric constant of
the solvent mixture is relatively low at around 5. The distance over which charges
interact can be characterised using the Bjerrum length which gives the distance over
which two elementary charges have an electrostatic interaction equal to KBT. For a
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system of PMMA particles 1 µm in size, the Bjerrum length is on the order of 10 nm,
meaning that repulsive interactions are relatively short ranged compared to the de-
pletion attraction.

Silica particles are an alternative system which has not previously been used for
particle resolved studies of mermaid systems. Silica particles are an appealing ex-
perimental system in that they are relatively simple to prepare compared to small
PMMA particles, they are stable and they can be index matched in high dielectric
constant solvents. The main challenge of silica systems is the high density of the
particles. At around 2 g cm−2 it is not feasible to density match the particles and
solvent [63, 145]. The only way the sedimentation can be overcome is to study suf-
ficiently small particles such that the sedimentation is small on the experimental
timescale. As described in earlier chapters, our system of 380 nm silica particles has
some sedimentation, particularly at low volume fractions, however the sedimenta-
tion is sufficiently small that experimental protocols can be devised such that it is
not of critical importance. This study is therefore motivated by consideration of a
system of silica particles with a mermaid potential.

7.3 Previous Studies of mermaid cluster fluids

Previous experimental studies of mermaid systems have mainly been limited to
PHSA stabilised PMMA particles in halogenated organic solvents with low dielec-
tric constants. Dinsmore and Weitz identified a cluster fluid phase while consider-
ing a gel system of 700 nm diameter PMMA particles with a depletion interaction
induced by polystyrene polymer with Rg = 38 nm, giving a colloid polymer ratio
of 0.11 [136]. Clusters up to 1000 particles in size we found to coexist with a fluid
phase of unclustered particles. The mechanism for the formation of the clusters was
not determined, although the clusters were observed to be stable over time and so a
dynamic equilibrium process was discounted. The fractal dimension of the clusters
was determined to be approximately 2, matching the other gel phases which were
characterised.

Campbell et al. demonstrated a system which formed string like ordered clusters
which grew by the association of small cluster units [146]. They identified that the
thin PHSA coating on the particles used for steric stabilisation resulted in a small
but repeatable surface charge. Clusters were formed at low volume fraction and
polymer concentration. Increasing the colloid volume fraction lead to a continuous
transition to an arrested gel phase with the same structural order. Structural char-
acterisation was carried out by considering the Steinhardt bond-orientational order
parameters [147] which indicated the presence of clusters of ordered tetrahedra. It
was hypothesised that this order was the formation of Bernal spirals - one dimen-
sional strings of face sharing tetrahedra. Theoretical calculations around the same
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Particle diameter (nm) Polymer size (nm) Cp Ref.
700 38 0.11 [136]
1500 92 0.15 [146]
2000 190 0.19 [138]
2000 220 0.29 [130]

TABLE 7.1: Summary of experimental studies of the mermaid po-
tential using PMMA particles with depletion induced by polystyrene

polymer.

time support this hypothesis, showing that for a system with a purely attractive po-
tential the minimum energy state of a cluster is spherical regardless of cluster size.
However, with the addition of a repulsive part to the potential the minimum en-
ergy state for small cluster sizes is spherical while growth beyond a certain size is
restricted to one dimension, the stronger the repulsion, the greater the tendency to
one directional growth. [132]. It has been suggested that the relation is dependent
on the ratio of the charge screening length to the cluster size. Clusters smaller than
the screening length are spherical while those larger tend to less compact structures
[148].

In 2010 Klix et al studied a similar system establishing a phase diagram over a wide
range of polymer concentration and colloid volume fraction [138]. The formation of
clusters was seen to be a continuous transition either from a charged glassy phase on
increasing polymer concentration or from a gel state on decreasing polymer volume
fraction. This showed that there was no strong structural transition between the
cluster phase and the other phases. Although this work covered a similar range of
interaction potentials to the work by Campbell et al. [146] the clusters in this study
appeared to have a higher fractal dimension, forming a more compact gel phase.

In 2013 Klix et al looked at a slightly modified version of the system where the di-
electric constant was decreased to 3 by altering the solvent composition [130]. This
had the effect of supressing dissociation of charged groups on the particle surface
resulting in decreased charging of the particles. The structure of the clusters formed
was analysed using the topological cluster classification (TCC) algorithm. By tak-
ing a system of low volume fraction (φ = 0.02) most clusters consisted of fewer
than 10 particles with none greater than 30 particles. A discrepancy was noted in
the structure of clusters with 4 particles where formation planar diamond structures
favoured over tetrahedra. This was unexpected since the tetrahedron as the most
compact structure would be energetically more favourable. This was rationalised as
the increased charge at the colloid surface resulting in an anisotropic interaction po-
tential which resulted in a kinetic barrier to the formation of energetically favoured
tetrahedral clusters.

At this point some common themes can be distilled from these studies. In the pres-
ence of a mermaid potential a low volume fraction of colloids results in the formation
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of a cluster fluid, at intermediate volume fractions these clusters grow until at a vol-
ume fraction on the order of 0.1 the clusters connect to form an arrested metastable
gel. There appears to be no strong transition and little structural change between
these states. The behaviour is somewhat dependent on the size of the charge on
the colloids though - with the typical system of PMMA in low dielectric constant
solvent, only a limited range of charges can be accessed. Higher polymer concentra-
tions and therefore higher attraction strengths result in less compact cluster struc-
tures as characterised by a decreased fractal dimension. In addition, larger clusters
tend to have a lower fractal dimension with the ratio of the screening length to the
cluster size appearing to play an important role.

7.4 Experimental results

The experimental system we consider in this work uses 380 nm TPM coated core
shell silica particles as described in section 6.4. The suspension medium is a mixture
of 90 % dimethyl sulfoxide (DMSO) 10 % deionised water. This has a refractive index
of 1.45 which gives a good refractive index match with the particles. The dielectric
constant by linear interpolation between the two solvents is 50. This is expected to
result in stronger and longer range repulsions than previous studies using PMMA
particles. In order to create the depletion interactions, the polymers polyethylene
glycol (PEO) of molecular weight 252 000 Da and polyvinylpyrrolidone (PVP) of
360 000 Da were used. Using established relations for polymer radius of gyration
(Rg) we estimate Rg for the PEO to be 30 nm [149] and Rg for the PVP to be 38 nm
[150], this gives polymer-colloid size ratios (ξ) of 0.16 and 0.2 respectively.

The polymer overlap concentration (C∗) is the concentration at which the polymer
chains begin to overlap each other, below C∗ there are still regions of pure solvent
between the polymer molecules [149]. The overlap concentration can be calculated
as,

C∗ =
3Mw

4NAπRg
3 (7.3)

where Mw is the molecular weight of the polymer and NA is Avogadro’s constant.
This relation does not hold in a polymer-colloid mixture since the colloidal particles
take up some of the space and so a lower concentration of the polymer is required
to reach the overlap concentration. The polymer reservoir concentration (Cres

p ) de-
fines the concentration of polymer required for polymer overlap in a polymer-colloid
mixture by considering only the free volume available to the polymers which is not
occupied by particles. The free volume fraction (α) is calculated as [151],

α = (1− σ) exp[−Aγ− Bγ2 − Cγ3] (7.4)

where γ = σ/(1 − σ), A = ξ + 3ξ2 + ξ3, B = 9ξ2/2 + 3ξ3 and C = 3ξ3. The
polymer reservoir concentration is then the polymer concentration divided by the
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free volume.

Polymer solutions were prepared at the polymer overlap concentration by adding
polymer to the solvent and stirring over moderate heat until the polymer dissolved
around 10 minutes. The silica particles were swapped into the 90:10 DMSO:water
solvent by adding solvent to the particles, thoroughly mixing with a laboratory
vortex mixer and then centrifuging and removing the supernatant. Particles were
washed 3 times. The particles were then diluted to the desired volume fraction by
adding solvent with appropriate polymer concentration. After thorough mixing the
sample was pipetted into a sample cell which was sealed and placed on sample
rollers for at least 24 hours prior to measurement. The purpose of the rolling period
was to allow the sample to equilibrate but without the particles sedimenting since
the individual particles sediment on a timescale of hours as described in section 6.4
and even faster if the particles cluster together.

Polymer concentrations from 0 to C∗ were considered and volume fractions from 1 %
to 20 %. Two distinct phases were observed using PEO polymer, a fluid like phase
and a gel-like phase with a complex morphology. A phase diagram of the system is
shown in Figure 7.3.
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FIGURE 7.3: Phase diagram for the mermaid system using PEO poly-
mer as a function of colloid volume fraction φ and dimensionless
polymer reservoir concentration Cres

p . Blue squares indicate a sam-
ple in the fluid phase while green triangles represent a sample in the

gel phase. The dotted line is an approximate phase boundary.

The gel like phase is an arrested gel phase with inclusions of more ordered lamellar
structures. The lamellar structures are extensive sheets of particles, two particles
wide often more than 50 particles in the other two axes. These lamellar structures
were evident throughout the samples in which they occurred. Although the sheets
which align perpendicular to the imaging axis are more obvious in the 2D images,
the sheets were found in all orientations in the sample. An example confocal image
of one such lamellar section is shown in Figure 7.4 a). Figure 7.4 b) shows a wider
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view of the same sample showing how the lamellae sit in a network with a more
traditional cluster-like gel structure. The lamellae do not appear to organise on any
longer length scale, mostly forming a connected but disordered network.

9

a) b)
FIGURE 7.4: a) Confocal image of a lamellar section, image is a 2D
slice of a 3D sample. b) Wider view of the same sample showing how
lamellar structures meet and how they sit in a gel like structure with

other more spherical clusters.

Characterisation of these lamellae was challenging due to the small particle size,
however a one of the sheets was imaged in sufficiently high quality to allow for par-
ticle tracking and so quantification of the structure of the sheet. A 3D visualisation
of the particle positions is shown in Fig. 7.5. A radial distribution function of the
tracked particles shown in Fig. 7.6 shows a peak at 1.5σ indicating that the particle
are not directly in contact. This small distance between the particles is the factor that
makes the particles reliably trackable in 3D even though they are relatively small.
Fig. 7.4 b) and the radial distribution function show no indication of regular crys-
talline order in the sheets, with a smooth initial peak followed by a smooth decay.
Aside from the bilayer structure, the particles appear to be disordered. Visually the
particles do not appear to organise in pairs across the two sheets.

One initial hypothesis for the formation of the lamellar structure is that particles
may form dimers which subsequently arrange into the sheet structure with one par-
ticle in each sheet. To determine whether the particles are ordered in pairs in this
way, we consider the orientation of nearest neighbour particle bonds relative to the
orientation of the sheet. It was not possible to use a Voronoi construction to deter-
mine the nearest neighbour bonds because the bilayer structure created extremely
long Voronoi cells which created false neighbour connections. Instead nearest neigh-
bours were determined by using a simple fixed length bond cut-off of 2.2σ , around
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FIGURE 7.5: 3D visualisation of particle positions in the same lamellar
structure as Figure 7.4 a) determined by particle tracking.
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FIGURE 7.6: Radial distribution function of the lamellar structure
shown in Figure 7.5.

1.5 times the distance of the first peak in the radial distribution function. Once the
neighbour network has been assigned, the local orientation of the sheet is then deter-
mined at the location of each particle. This is achieved by considering each particle
in turn and fitting a flat plane to it and its neighbours. From this plane a normal
vector is found for each particle which indicates the orientation of the lamellar sheet
at each point. An example of this construction is shown in Figure 7.7 where the
tracked particle coordinates are shown in red, the plane fitted at a point on the sheet
is shown in black and the blue arrow is the normal vector to the plane which cor-
responds to the normal of the lamellar structure at that point. One of these normal
vectors is generated for each particle in the sheet which gives a vector field describ-
ing the local orientation of the sheet at each point.
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FIGURE 7.7: The tracked particle coordinates are shown in red. A
local fit at one point on the sheet is shown as a black grid and the

normal vector is shown as a blue arrow.

To characterise the structure of the particles, we calculate the bond angle between
a particle and each of its nearest neighbours relative to the normal vector for each
particle in the system. A simplified example of this analysis is shown in Figure 7.8. If
the nearest neighbour of a particle is in the same plane we would expect the bond to
be perpendicular to the local normal, a 90◦ angle. Bonding within the same sheet in
this way corresponds to the yellow bonds in Figure 7.8. Conversely, if the particles
are arranged in pairs, one located in each sheet we would expect the bond between
the particles to be parallel to the normal vector, either at 0 or 180 degrees relative to
the normal of the plane. These cross sheet bonds correspond to the green bond in
Figure 7.8.

Figure 7.9 shows a histogram of the nearest neighbour bond orientations over all
particles in the structure. It can be seen that there is a large peak at 90◦ corresponding
to a strong ordering of particles in the same plane but there are very few particles
at 0 or 180◦ indicating that there are very few particles ordered in pairs across the
plane. This confirms the conclusion reached by visual inspection, there does not
appear to be a direct ordering between the sheets as would be expected if the sheet
were formed from stacked dimers.

Another way of characterising the particle structure in the lamellar structure is to
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FIGURE 7.8: An example of bond angle measurement in a lamellar
system. There are two adjacent sheets of red particles. The normal
vector of the plane is shown by the blue line. The central particle is
bonded to particles in the same sheet with yellow bonds which are
perpendicular to the normal. The central particle is also bonded to
a particle in the other sheet by a green bond, this is parallel to the

normal vector.

consider the bond lengths in different orientations relative to the plane normal. This
will indicate whether there is a significantly different interaction in the plane as there
is between the planes which may give some indication about the mechanism of for-
mation of the structure.

The experiment was repeated with a different batch of silica particles of diame-
ter 450 nm produced using the same synthesis method. In order to keep a similar
polymer-colloid size ratio, a longer chain PEO polymer with a molecular weight of
350 000 Da was used. Only a subset of the state points were tested but the structures
formed at each state point were the same as for the 380 nm particles.

To try and understand the system better, several months after the initial investiga-
tion we also considered the same system but using a different polymer to provide
the depletion interaction. However, even before the preparation of the polymer-
colloid samples, it was found that the particles were showing significant clustering,
even without the addition of polymer. This indicates the presence of a short range
attractive force. This behaviour may provide some indication as to the origin of the
lamellar structures.
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FIGURE 7.9: Distribution of angles between inter-particle bonds and
the local plane normal. The strong peak at 90 degrees corresponds to
bonds perpendicular to the local normal vector while bonds at 0 and
180 degrees correspond to bonds parallel to the local normal vector.

7.5 Discussion of experimental results

Untreated silica particles are highly charged in solvent due to the silanol groups on
the particle surfaces [152]. Although this would intuitively be expected to result in
strong repulsion between the particles due to Coulombic repulsion, in aqueous sol-
vents hydrogen bonding between the silanol groups causes aggregation of the silica
particles [153]. In order to combat this we coat the particles with TPM, in order to
provide a steric stabilisation layer. TPM is attached to the particles by reaction in
a solvent of ammonia and ethanol [65]. Initial adsorption of the TPM to the parti-
cle surface via hydrogen bonding is followed by a distillation which removes water
from the reaction mixture promoting a condensation reaction to form a silanol bond
between the particle and the TPM. This reaction is reversible and the reverse hydrol-
ysis reaction is a energetically favoured in the presence of water.

After the TPM coating procedure the particles are washed in ethanol and then stored
in this way. It is likely that this is not ideal for the long-term storage of the particles.
Even if pure ethanol is used, it is very hygroscopic, and this will lead to some level
of contamination with water. To explain the aggregation of particles over a period
of several months we propose that TPM layer was partially hydrolysed and so the
particles lost some of their steric stabilisation layer. Furthermore, we have found that
once the particles are clustered it is not possible to separate them by vortex mixing.
Particles can be separated by ultrasonication in a typical laboratory ultrasonic bath,
however this would likely result in further removal of the TPM layer from the silica
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particles.

This behaviour may also explain the formation of the lamellar structures. Similar
structures has previously been seen in studies of particles with anisotropic interac-
tion potentials, for example Janus particles, where the particle composition varies
over its surface [154, 155]. A very similar disordered lamellar phase was seen in
simulations of gently sheared Janus particles [156]. One possible way to induce such
an isotropic interaction potential is to consider the polymers as interacting instead
of non-interacting. If the polymers adsorb to the surface of the particles they can
form bridges between the particles. This behaviour is an area of interest in waste-
water treatment where polymer bridging is used to flocculate contaminants in water
allowing for easier removal. In aqueous solvents PEO polymer can adsorb to the
silanol groups on the surface of silica particles at pH < 8 [157]. While most studies
consider the case where polymers completely adsorb to a single particle, it is more
likely in our case that the polymers only partly adsorb to the particles since there are
only limited adsorption sites due to the TPM coating. In these cases the polymer can
bridge across multiple particles [158]. This mechanism is illustrated schematically
in Figure 7.10.
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FIGURE 7.10: Proposed mechanism of lamellar formation. a) When
the TPM coating on the particles is complete the polymers indicated
in purple are non-interacting. b) When the TPM coating is incomplete
this exposes some charge on the surface of the particles which allows
the polymers to adsorb onto the particle surface, potentially bridging

between multiple particles.

If the lamellar phases could be replicated it should be possible to determine whether
the polymers were adsorbing or non-interacting. At low pH (<8) PEO bridging floc-
culation is non-reversible while depletion interactions are reversible. [159]. How-
ever, bridging is reversible at high pH where the hydroxyl ions compete for the
silanol groups [157]. In this way the polymer behaviour could be determined by
looking at the stability of the structures when the temperature or pH of the sample
are altered. For a quantitative assessment, it is also possible to monitor the adsorp-
tion isotherm of the polymer but this is a more complex technique [150].

Although this provides some measure of explanation, it does not give a mechanism
for the formation of the complex lamellar structures formed in our experiments. It
has previously been observed that the behaviour of a PEO bridged silica system is
poorly reproducible [150, 157] since the formation of clusters is strongly dependent
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on the method of preparation. If particles are added to a polymer solution, then
it is likely that a particle will become saturated with polymer quickly whereas if
polymer is added to a suspension of particles it is more likely that each polymer
molecule will meet and adsorb to multiple particles. It seems likely that the phase
we have observed is a product of a delicate balance between surface charge on the
particles and preparation method, the kinetics of which have led to the formation of
this phase.

Such phases have not been noted in previous studies, however, very few such stud-
ies have been particle resolved, with most relying on rheological measurements [160,
161] or scattering [157, 162]. Some studies have seen “necklace” structures, one-
dimensional particle strings [157]. We suggest that this is an area where particle
resolved studies could be beneficial to elucidate the structure of such phases.

From an experimental perspective we suggest that for future studies of a mermaid
system, the silica particles are first sonicated to ensure that they are completely dis-
persed and then TPM coated. For long term storage the particles should be stored in
strictly anhydrous solvent to ensure the stability of the TPM coating. Although the
method specified in literature applies to newly created particles, the same method
can be used to renew the coating on previously coated particles which have subse-
quently become hydrolysed.
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Chapter 8

A study of frustration in the 2:1
Kob-Andersen model glassformer

8.1 Introduction

The Kob-Andersen (KA) model glassformer is a binary mixture which has been
widely studied since it was developed over 20 years ago [163]. The system was
adapted from earlier work which aimed to replicate the amorphous binary alloy
NiP which has a deep eutectic at 19 % P [164]. The KA model thus consists of larger
(A) particles and smaller (B) particles in a ratio of 4:1. NiP, and by extension the
KA system, has two characteristics which act to suppress crystallisation making it a
good glassformer. Firstly the size disparity between the two species, secondly the
strong cross interaction between ‘A’ and ‘B’ particles which tends to supress phase
separation. The KA model is a fragile glassformer and until only this year proved
to be stable to crystallisation in simulations. Since the metastability of the glass is
reliant on its resistance to crystallisation, in this work we focus on the crystallisation
of the KA glassformer.

Early studies of the KA system did not have the required computational power to
study the system over a wide range of conditions and so tended to focus on specific
state points. Work by Middleton at al. showed low energy crystalline states for the
KA system, [165] noting that it was not the energetics of the system that prevented
crystallisation, merely a large free energy barrier. These and other crystal structures
were considered by Fernández and Harrowell in 2003 [166] where they also looked at
the effect of changing the ratio of A to B particles. In general, the lowest energy state
of the system was identified as a phase separated system consisting of an FCC phase
of A particles and a cubic CsCl crystal of A and B particles. Simulations of crystal
growth using a fixed CsCl crystal seed showed that a KA liquid with a 1:1 ratio of
A to B particles rapidly crystallised but for a 4:1 ratio system no crystal growth was
seen. In 2009 Toxvaerd and co-workers showed crystallisation of a modified Kob-
Andersen glassformer that had a reduced attraction potential between A and B par-
ticles. By considering a range of interaction strengths, they extrapolated the results
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to provide an estimate of the crystallisation time. Although the crystallisation was
not directly accessible, this estimate of crystallisation time was only approximately
an order of magnitude more than could be simulated at the time of publication.

In 2018 the full phase diagram of the KA system was published, bringing together
much of this previous work [167]. Simulations showed nucleation of crystalline
phases for B particle ratio up to 20 % and at B particle ratio above 40 %. The compo-
sition with the greatest resistance to crystallisation was found to be approximately
30 % B particles. Work published later that year probed the 4:1 KA system with
larger simulations still, showing that the mechanism for crystallisation is local com-
positional fluctuations leading to the formation of a critical nucleus [168]. The larger
the simulations, the more probable it is that a sufficiently large compositional fluc-
tuation will be seen and the more rapid the crystallisation.

In 2014, motivated by the work of Fernández and Harrowell [166], we considered the
crystallisation of the KA mixture. Our work primarily focussed on the Al2Cu crystal
structure which Fernández and Harrowell identified as a low energy crystal struc-
ture for the system [169]. We hypothesised that the Al2Cu crystal could be formed
by the tessellation of the locally favoured structure (LFS), the bicapped square an-
tiprism Al2Cu crystal. Although the Al2Cu crystal is not the globally lowest energy
configuration, its formation from the LFS should be kinetically much more accessible
than formation of the coexisting CsCl and FCC phase separated system.

One of our first discoveries was that since the KA system is a binary mixture, the
composition of the LFS has to be considered as well as the geometry. 3 different
types of LFS were identified in the KA liquid, A10B1, A9B2 and A8B3 as shown in
Figure 8.1. Only the A8B3 LFS could tessellate to form the Al2Cu crystal structure
shown in Figure 8.1 d). An investigation of the types of LFS found in the regular KA
liquid found that the A8B3 was the least common of the 3 LFS types, representing
only 3 % of the total LFS in the 4:1 KA liquid.

a) b) c) d)

FIGURE 8.1: The 3 species of LFS present in the KA mixture and the
unit cell of the Al2Cu crystal. a) the A10B1 LFS, b) the A9B2 LFS, c) the

A8B3 LFS, d) the unit cell of the Al2Cu crystal.

In order to try and bias the system towards formation of greater amounts of A8B3

clusters, the stoichiometry of the KA mixture was modified, considering 3:1 and
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2:1 ratios of the A to B particles. These mixtures were characterised in equilibrium
simulations to determine the relaxation time and LFS populations. Simulations were
conducted at zero pressure on the basis that this would allow formation of crystal
structures at their equilibrium density.

Though increasing the proportion of B particles in the mixture did increase the num-
ber of A8B3 clusters slightly as shown in Figure 8.2 a), the A8B3 cluster still only rep-
resented less than 30 % of the total LFS clusters in the system. In order to identify
if this was due to energetic factors favouring the formation of the A10B1 clusters, a
Monte-Carlo basin hopping energy minimisation algorithm, GMIN [170, 171], was
used to determine the potential energy of the different clusters. Contrary to expec-
tations, the A8B3 was identified as the lowest energy and A10B1 as the highest as
shown in Figure 8.2 b). Previous work by Malins et al. considered a similar situa-
tion whilst considering small clusters in a model colloid-polymer system [172]. The
justification for the relative proportions of the different cluster types was by con-
sidering the entropy of the clusters. This can be done by considering the amount
of space accessible to each cluster on translation and rotation of the cluster. In this
case, both the A10B1 and A8B3 clusters have the same point group symmetry but the
A10B1 cluster has a larger radius of gyration than A8B3 cluster. This means that upon
rotation of the cluster in space the A10B1 cluster can access a greater volume of space
which increases the entropy of the A10B1 cluster relative to the A8B3 cluster.
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FIGURE 8.2: a) The types of LFS present in each mixture. Increas-
ing the percentage of smaller particles in the mixture increases the
percentage of A9B2 and A8B3 clusters. b) The energy of each cluster
type. The A8B3 are underrepresented in the KA liquid despite being

the lowest in energy.

When the equilibrium simulations of the regular 4:1 and the modified 2:1 mixture
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were compared, it was seen that the 2:1 mixture had slower dynamics which corre-
lates with the increase in quantity of the A8B3 clusters though these were not seen to
significantly cluster in the liquid and never reached a sufficient critical nucleus size
to induce bulk crystallisation.

In this work we aim to extend this previous study by attempting to seed crystallisa-
tion of the LFS structure from the 2:1 liquid to determine the stability of the Al2Cu
structure in the modified 2:1 ratio KA glassformer.

8.2 Methods

Computer simulations are an important tool for describing the microscopic behaviour
of physical systems. By their nature they provide high temporal resolution and de-
tails of particle positions which can be used to make detailed structural measure-
ments of the system. Determining full particle trajectories in experimental systems
is challenging for particles of 1 µm, let alone atomic systems. While there have been
great advances in computer power since the first such simulations in the 1950’s,
the great limitation of simulation methods remains the amount of available com-
putational resources. The performance of simulations varies greatly depending on
the computer hardware used, the type of simulation and the number of particles
being considered, but in general simulations evaluate the motion of systems over
timescales on the order of microseconds. While this pales in comparison to the data
that can be collected from molecular glassformers in experiment, simulations give
access to full particle trajectories and so structural measures can be made easily. In
addition, modification of experimental parameters is trivial meaning that a range of
systems can be easily evaluated as in this work.

8.2.1 Kob-Andersen binary model glassformer

The Kob-Andersen binary glassformer is a Lennard-Jones model metallic glassformer
that is homologous to the glassformer Ni80P20 [163]. It is a binary system which is
composed of two species, A and B particles in a 4:1 ratio. The Lennard-Jones pa-
rameters are, σAA = σ, σAB = 0.8σAA, σBB = 0.88σAA, εAA = ε, εAB = 1.5εAA,
εBB = 0.5εAA. The particles have the same mass, mA = mB. Interactions are trun-
cated at a cut-off radius, rAA

c = 2.5, rAA
c = 2.0, rAA

c = 2.2. As well as the original KA
mixture, we consider two modified mixtures with particle ratios of 3:1 and 2:1 A:B
particles respectively.

8.3 Crystal growth simulations

Motivated by the work of Fernández and Harowell who seeded crystallisation of
CsCl from a modified KA glassformer [166], we attempted to seed the crystallisation
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of the Al2Cu crystal from the 2:1 KA mixture using molecular dynamics simula-
tions at P = 0 in the isobaric-isothermal (NPT) ensemble. The thermostat used for
all simulations was a Nose-Hoover thermostat. We first determined the equilibrium
density of the Al2Cu crystal at P = 0 using simulations of 3375 particles. Simulations
of 20 736 particles were then conducted where a Al2Cu seed of of the corresponding
density was placed in a liquid of KA particles and allowed to evolve at constant tem-
perature and pressure. Crystal growth or crystal melting was observed depending
on the temperature of the system and the crystal seed size. As discussed in section
1.3.6, critical nucleation theory is a simple model of crystal formation in a liquid.
Formation of small nuclei is energetically unfavoured due to the free energy cost of
forming an interface between the two phases outweighing the gain in free energy
from the formation of the crystal. Since the free energy gain of the crystal scales as
the diameter of the nucleus cubed but the free energy cost of the interface only grows
as the diameter squared, at a certain critical nucleus size the crystal becomes stable
in the liquid and continues to grow. We aim to measure this critical nucleus size for
the Al2Cu crystal in the KA mixture.

To allow comparison between different temperatures, it is useful to normalise the
simulation time by the dynamics of the system. Since the crystallising liquid is out
of equilibrium, the relaxation time of the liquid changes over time and this is not
possible. To provide a constant time reference for the seeded crystallisation simu-
lations, we use the alpha relaxation time (τα) of the unseeded KA liquid at 2:1 A:B
ratio at the corresponding temperature.

The simulation protocol for seeded crystallisation is as follows. The system begins
as a solid crystal of Al2Cu, the density of the crystal in its initial state is set to the
equilibrium density of the crystal at P = 0. A central portion of the crystal is fixed in
place to act as a seed. The particles surrounding the crystal seed are then heated to a
high temperature in order to melt these particles to a disordered liquid state. After
equilibrating the liquid at high temperature for at least 100 τα in the NVT ensem-
ble, the system is quenched to the targeted simulation temperature. At this point
the crystal seed is unfixed and the system allowed to evolve at constant temperature
and pressure = 0 (NPT). Configurations of the system are recorded every τα and sim-
ulations were run for 500 τα. The relaxation time is determined from the equilibrium
liquid state at the corresponding temperature. Figure 8.3 shows example snapshots
of the system at T=0.425 showing the crystal seed immediately after it is unfixed and
having grown substantially after 500 τα.

The particles occupying LFS clusters were identified using the Topological Cluster
Classification (TCC) algorithm [33] which is discussed in further detail in Chapter 9.
To monitor crystallisation, the LFS were coarse grained by considering only the cen-
tres of the LFS clusters and then a hierarchical agglomerative clustering method was
used to determine the size of the largest connected cluster of LFS. Since the spacing
of the LFS clusters in the crystal is significantly less than the spacing between the
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a b 

FIGURE 8.3: Snapshots of the simulation at T = 0.425. Red particles
indicate centres of LFS identified in the crystal, grey crosses indicate
centres of LFS in the surrounding liquid. a) Immediately after releas-

ing the crystal seed. b) After 500 τα

LFS clusters in the liquid it was possible to separate the crystal and liquid portions
accurately with a fixed cut-off length. The growth of the Al2Cu crystal for the ini-
tial seed size of 1500 particles at different temperatures is shown in Figure 8.4. Five
different initial seed sizes were considered, 4116, 2592, 1500, 904 and 768 particles.
The crystal growth rates as a function of temperature for the different seed sizes are
shown in Figure 8.5. For the smallest seed size tested (768 particles) it was not pos-
sible to see crystal growth on accessible simulation timescales. Figure 8.6 shows the
melting temperature of the Al2Cu crystal as a function of seed size.
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FIGURE 8.4: The change in size of the largest cluster identified in
the simulation for a starting seed size of 1500 particles. The melting

temperature for this seed size is 0.447± 0.002.

Since the largest crystal seed of 4116 particles is a significant proportion of the to-
tal simulation size of 20 736 particles we checked for finite size effects. Simulations
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FIGURE 8.5: Crystal growth rate for several different seed sizes. From
left to right data series for starting seed sizes of 768, 904, 1500, 2592
and 4116 particles . Dashed lines are linear fits. Error bars show ± 1

standard deviation from 5 simulations.

of a 4116 particle seed in a much larger box size of 165 888 particles found melting
temperatures of 0.470 for the smaller simulation box and 0.472 for the larger simula-
tion. This difference cannot be entirely accounted for by the uncertainly due to the
variation in crystallisation rate over multiple independent runs which shows there
is likely a small finite size effect at the largest seed size tested. This error in included
in the error given in 8.6.

8.4 Stability of the KA mixture as a function of composition

The global energy minimum of the regular KA mixture in the thermodynamic limit
is coexisting FCC and CsCl crystals, with the FCC dominating at a high concentra-
tion of A particles and the CsCl dominating towards the equimolar mixture [166].
However, resistance to crystallisation is not a purely thermodynamic consideration,
since entropy and kinetics also play a role.

Early studies showed that the 2:1 ratio KA mixture is more resistant to crystallisation
in two dimensions than the 4:1 mixture [173]. The 4:1 mixture crystallised relatively
easily in 2D while the 2:1 ratio mixture did not crystallise at any of the cooling rates
tested. Though the crystallisation rate was not measured directly, the same work
suggested that the 2:1 mixture is also a better glassformer than the 4:1 mixture in
3 dimensions due to the greater hysteresis observed in specific heat measurements
for the 2:1 mixture. The role of entropy was considered by Nandi et al. [174] who
showed that the entropic penalty for demixing of the A and B species was greatest
around the 4:1 mixture although this was not the best glassformer, with the tendency
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FIGURE 8.6: Melting temperature for the Al2Cu crystal for a variety
of seed sizes. Line is an empirical fit.

to crystallise to the FCC crystal. They concluded that closer to the equimolar mixture
the stability was the result of slow dynamics and frustration between the FCC and
CsCl structures. In 2018, Ingebrigtsen et al. showed that crystallisation in the regu-
lar 4:1 KA glassformer is simply a matter of sampling a sufficiently large number of
particles. Simulations showed phase separated to form a combination of FCC and
HCP crystal; once a critical nucleus of around 100 A particles was reached the crys-
tallisation occurred quickly. This critical nucleus was found to occur naturally in the
liquid for sufficiently large systems as a result of meta-equilibrium compositional
fluctuations. This is described as meta-equilibrium since the fluctuations occur nor-
mally in the liquid but the liquid is metastable to the crystal. With 100 000 particle
systems fluctuations were sufficient to result in formation of a critical size nucleus
in under 10 tauα. Crystallisation via this mechanism was found to be unreachable
for the 3:1 and 2:1 KA compositions, where the greater percentage of B particles pre-
vented formation of sufficiently large nuclei of pure A particles. For the 2:1 system
the predicted system size necessary to fluctuate a critical nucleus was found to be
1.2× 1012 particles.

The results presented here support the position that the 2:1 KA mixture is the bet-
ter glassformer, showing more fragile behaviour and slower dynamics than the 4:1
and 3:1 mixtures and a strong resistance to a possible nucleation pathway. This is
supported by recent work by Pedersen et al. who mapped the whole phase diagram
for the KA system [167]. KA mixtures with ≤ 20% B particles or ≥ 41% B particles
were crystallised during normal molecular dynamics simulations, the main differ-
ence to previous studies being an increased system size and increased simulation
times. The composition most resistant to crystallisation is around 30 % B particles,
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FIGURE 8.7: Crystal growth rate for a seed size of 4116 particles in a
20 736 particle box (blue crosses) and a 165 888 particle box (orange

triangles).

approximately the 2:1 mixture considered in this work. They also studied the energy
of the Al2Cu crystal, showing that at equilibrium the CsCl crystal is significantly
thermodynamically favoured.

The most surprising result from our work was the strongly first order nature of the
transition to the crystalline state. It seems logical that with the LFS already present
in the system it would be a simple matter to assemble the Al2Cu crystal phase. This
is true in the case of a 2D hard disk system where the transition to the hexatic state
from the liquid is very weakly first order [175, 176]. We rationalise strongly first
order in KA as a result of the competition between different LFS causing frustration,
limiting formation of the Al2Cu crystal. Geometric frustration as described in section
1.3.5 is an established theory in glassy system where competition between differing
locally and globally favoured structures prevents crystallisation. In this case there
is no geometrical frustration since the LFS match the crystal structure but we have
compositional frustration, a mismatch between the composition of the LFS and the
composition of the crystal.

It would be interesting to study the kinetics at the interface between the crystal and
liquid in more detail. In this study we did not see any increase or ordering of the LFS
at the liquid/crystal interface but it has been shown previously that the structure of
the KA liquid is affected around the CsCl crystal [174], although in this case the
stoichiometry of the mixture did not match that of the crystal. This could give a
clearer demonstration on whether the seeded crystal formation is limited by the slow
dynamics or interactions with the non-tessellating but common LFS.

Overall we conclude that although we were able to see seeded nucleation of the
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Al2Cu crystal structure, it seems very unlikely that this phase would be kineti-
cally accessible in regular molecular dynamics simulations. Formation of the crystal
seems to be limited to some extent by compositional frustration, though as is com-
mon with glassformers, the metastability of the mixture is a result of contributions
from various factors.
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Chapter 9

Improvements to the Topological
Cluster Classification Algorithm

9.1 Introduction

As described in section 1.2.2, one of the problems with studying the structure of
glassy systems is that it is challenging to measure or even find a structural order
parameter which correlates with the diverse and complex phenomenology of glassy
systems. The simplest measures of structure are two-point structural measures which
measure the correlations between pairs of particles in a system. However, these mea-
sures show little change between the liquid and glassy states, despite the glassy state
having a viscosity 15 orders of magnitude greater than the liquid. As a result, much
research effort has gone into higher order measures of structure in an attempt to find
correlations with glassy behaviour.

Multi-point structural correlations are observations of correlations between many
particles, typically 3 to 13 particles. The upper limit corresponds to a single particle
with 12 packed around it, the greatest number of nearest neighbours possible in
a monodisperse hard sphere system. The simplest of these multi-point structural
correlations is probably coordination number, a count of the number of particles
surrounding a single particle. Coordination number is a popular measure in studies
of glassy systems since it is relatively easy to measure. Bernal famously measured
the coordination number of randomly close packed hard spheres in macroscopic
experiment by taking a container of ball bearings and pouring paint over them. Once
the paint dried the ball bearings were removed and the number of contacts on each
marble counted [74]. The measure could also be made easily in early simulation
and could be compared to measurement made in molecular glasses using scattering
[177]. The next stage in complexity is to consider not just the number of nearest
neighbours of each particle but also their spatial arrangement. Although simple
measures like coordination number can be derived from scattering methods it is very
complex to measure the spatial distribution of the bonds in non-particle resolved
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systems. As a result, these sorts of structural measurements tend to be made in
simulations and in experiments where particles can be spatially resolved.

A popular and useful higher order measure of structure is bond orientational or-
der parameters which consider the geometrical arrangement of nearest neighbours
around a particle in terms of spherical harmonics [147]. Bond orientational order
(BOO) parameters have been used widely to classify crystalline order and icosahe-
dral order, particularly in the analysis of melting and crystallising systems [178, 179]
but also in glassy systems [180, 181]. BOO parameters are a continuous measure
and for systems with mixed order this can make it challenging to separate different
structures, at some point an empirical cut-off between the structures has to be made.
Another weakness is that thermal fluctuations can cause significant local deviations
in the value of the BOO parameter which results in a more coarse grained measure
of local order, although this can be somewhat overcome by local averaging [182]. A
more fundamental issue is that while BOO parameters can distinguish between dif-
ferent classes of crystalline structure relatively well, they provide poorer distinction
between closely related amorphous structures.

An alternative class of measures are topological methods which consider clusters of
particles determined from a bond network of particles that are identified as neigh-
bours. One such method is common neighbour analysis (CNA) which is based
around identifying the subset of particles which are bonded to a separate bonded
pair of particles [183]. Another similar topological method is Voronoi face analysis
which considers the number of edges of each face in the Voronoi cell of a particle
[184].

A weakness of both of these topological methods and the BOO parameters is that
they identify structure which is centred on a particle or a pair of particles. It may
be the case that interesting structures are formed which do not centre on a specific
particle. In addition, these methods do not take into consideration the system being
studied. We know that some structures are more favoured in certain systems due to
energetic considerations so it should be possible to identify these structures a priori
and search for them specifically. These system agnostic methods may be of benefit
in systems with unknown order but for a system with a known local order a greater
specificity can be expected from a method that takes this into account.

The Topological Cluster Classification (TCC) algorithm is an algorithm based on
these ideas. It identifies topological structures based upon the detection of pre-
identified and system specific low energy clusters. The algorithm first builds a
neighbour network from a configuration of particles and then identifies shortest
path rings of 3, 4 and 5 particles from the neighbour network. Basic clusters are
identified as comprising of the shortest path rings with up to two additional particles
above and below the plane of the rings. The basic clusters are shown in figure 9.1.
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These basic clusters are then built up hierarchically into larger clusters, each assem-
bled cluster is a particular bonded arrangement of smaller clusters. A summary of
the clusters detected by the TCC is shown in figure 9.2. Initially designed for single
component systems with interactions described by the Morse potential [185, 186],
the algorithm has subsequently been applied to a wide range of soft matter systems
in simulation and experiment and the TCC analysis method now feature in over 30
publications.

FIGURE 9.1: a) Shortest path rings of 3, 4 and 5 particles identified
by the TCC. b) The 6 basic clusters comprised of the shortest path
rings with particles above and below the plane of the ring. All larger

clusters are comprised of these basic clusters.

The idea of the TCC was first conceived by Stephen Williams and Paddy Royall [187]
who worked on the basic structure of the code before 2007. It was developed by Alex
Malins as part of his PhD at the University of Bristol from 2008 to 2012, improving
performance, adding clusters relevant to the Wahnström and Kob-Andersen glass-
formers and implementing a dynamical correlation analysis. At this point the code
was functional but had limited generality and had built up a large technical debt. Af-
ter Alex Malins left the group in 2012, the knowledge required to use anything but
the core components of the algorithm became lost and users of the software started
writing extra scripts to work around the limitations of the code.

9.1.1 Technical Debt and Research Software Engineering

It is generally recognised that as code is changed it becomes more complex unless ef-
fort is made to reduce the complexity [188]. This phenomenon has also been termed
software entropy [189], noting that disorder increases unless energy is put in to sort
the code. When a problem is encountered in software development it is sometimes
hastily fixed without concern for the structure of the code. Over time, these many
small sub-optimal changes add up and can lead to code that is difficult to understand
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FIGURE 9.2: All of the clusters detected by the TCC. The 7T clusters
are newly implemented.

and maintain. As the structure becomes increasingly complex it becomes harder to
make small changes without affecting other parts of the code and development be-
comes more challenging. One common metaphor used to describe the situation is
a comparison to monetary debt. Making a careless change is like taking out a loan,
and unless efforts are made to repay the debt by working to simplify the code the
interest builds up over time leading to a large debt. For this reason, problems asso-
ciated with poor maintenance are sometimes termed “technical debt".

The problem of technical debt is widespread in all code development environments,
however it is particularly acute in academia. Software is often written by research
students who do enough to get the code working and produce results at which point
development is stopped. Since the motivating factor in academia is publication, af-
ter the work is published the code is often note maintained. The code may still
be useable for some time but often after the student graduates the code is aban-
doned entirely. Over time, external dependencies, data or even the programming
language itself changes structure and the code become unusable. This often results
in subsequent students who work on similar problems being forced to reinvent the
wheel and writing the same code from scratch themselves and in this way the cycle
continues. Another prevalent issue is that that many of the scientists working on
software development are self-taught meaning that they are more likely to have a
poor awareness good software development practices and their value. A survey of
nearly 2000 scientists working in software development in 2008 identified that only
35 % thought that formal training in software development was important, yet less
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than half said that they had a good understanding of common software develop-
ment good practice in areas of software design, verification and testing [190]. While
there are recent indications of improvement in the adoption of good software de-
velopment processes in academia there remains room for improvement [191]. Over
time academic research is making more use of computational analysis and develop-
ing more complex software and as a result the associated problems of poor-quality
software have increased. As software complexity increases it will become increas-
ingly inefficient and untenable to constantly reinvent it. Another problem that has
come into greater focus in recent times is the reproducibility of results. As software
becomes more complex it becomes more challenging to determine whether the re-
sults are correct or even reproducible. These problems are not just theoretical, there
have been incidents in the past of papers being retracted due to erroneous results
caused by errors in research software [192].

There exist many areas such as avionics and nuclear systems control where the cor-
rect operation of software is critical to safety. Software engineers working in these
areas have developed standards and techniques for ensuring the correct operation
of such software. While most research software is not safety critical to the same
degree, there is a lot which can be learned from these domains. Despite this, adop-
tion of these methods for improving software quality in academia has been slow
[193]. While this can partly be explained by the unique challenges presented in aca-
demic research environments and the computational complexity of the problems
being tackled, there are also cultural elements in academia which limit adoption of
improved software engineering methods [194].

In recognition of some of these issues the Engineering and Physical Sciences Re-
search Council (EPSRC) funded the Software Sustainability Institute in 2009 to ad-
dress some of the issues with software development in academia [192, 195]. The
organisation provides consultancy, training and works to champion the develop-
ment of sustainable software in academia. Sustainable software is software that is
developed with the future in mind such that it can be used and developed by others,
even after the original creator is no longer working on the software.

In 2012 a group of academics who worked primarily on software development for
research noted that although there were many jobs in academia developing soft-
ware there was no unified representative body or even a job title to describe the role
of someone who primarily developed software for research purposes. The group
decided to use the title of “Research Software Engineering" to describe the role of
people who worked in academia but whose role primarily consists of software de-
velopment [196]. Joint work with the Software Sustainability Institute lead to the
development of the UK Research Software Engineering (RSE) Association a couple
of years later. In 2015 the EPSRC recognised the importance of supporting the devel-
opment of research software engineers by funding a fellowship in research software
engineering.
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Although I had begun some small development of the TCC in 2015, the real impetus
for development came in late 2017 with the help of Christopher Woods, a Research
Software Engineer working as an EPSRC Research Software Engineering Fellow in
the Advanced Computing Research Centre at the University of Bristol. Christopher
spent some time with our research group discussing software development and en-
couraged me to pursue development of the TCC. From 2017-18 the TCC was largely
rewritten, partly to increase the functionality and improve performance but primar-
ily to increase the quality, sustainability and make it more validatable. The remain-
der of this chapter describes the goals of the TCC development, a summary of the
changes made and a perspective on the future of the algorithm.

There were several key tasks identified at the beginning of the TCC redevelopment
project. They were to simplify the code, implement good software engineering prac-
tices, and improve the user experience and convenience of the code and to improve
performance. Each of these tasks is discussed in detail below.

9.2 Simplification of code

As discussed earlier, unless an effort is made to simplify and maintain code it be-
comes more complex over time. Simplification of the code first involved identifica-
tion of the core algorithm and removal of non-core functions. Subsequent reorgan-
isation of the code could then be done according to this logical model of the algo-
rithm functions. In addition, the code was generalised to remove instances where
operations conducted on cluster data were done in multiple places in the code which
simplifies the addition of new cluster types in the future.

9.2.1 Design aims

The first step to development of the TCC was to identify the key functionality of the
TCC and what the algorithm should do. Over time the algorithm had become clut-
tered with pre-processing and post-processing code. This resulted in the code being
much more complex than necessary and its structure obscured. The primary focus of
the TCC was defined as the identification of multi-point structure in configurations
of condensed matter systems. The core purpose of the code can then be identified as
the identification of clusters in a single particle configuration.

9.2.2 Description of code structure

Following the above description of the code, the functions of the TCC algorithm can
be broken down into some basic sections which are executed in sequence. Identifica-
tion of these key functions allows the code to be logically organised making it easier
to understand.

• Read Coordinates
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The first step is to read in a set of coordinates that represents a configuration.
For convenience the algorithm should allow the reading of a series of config-
urations from a single file to allow analysis of multiple configurations - most
commonly a temporal series, though these are processed serially.

• Build bond network

A bond network is built identifying which particles are neighbours. There are
two types of neighbour detection implemented, a simple distance based cut
off and a modified Voronoi neighbour detection algorithm [33, 187]. Though
the remit of the TCC is not strictly in determining the bond network this is an
important part of the algorithm since the modified Voronoi method is a custom
implementation important to the detection of certain cluster types.

• Identify shortest path rings

Shortest path rings of 3, 4 and 5 particles are detected from the neighbour
network [197].

• Identify Basic Clusters

Basic clusters are identified from the shortest path rings. These are the basic
building blocks from which larger clusters are detected.

• Hierarchically identify larger clusters

Larger clusters are detected from the intersection or adjacency of smaller clus-
ters. Some larger clusters are used to build even larger clusters.

• Output results

Output statistics on the detected clusters. Optionally output configuration files
showing spatial distribution of clusters.

9.3 Splitting functions and generalising clusters

It is generally good practice to break up code into small sections called subroutines,
each with one specific purpose. If subroutines contain too much code or try to do
multiple things then their purpose becomes unclear and the code becomes harder
to understand [198]. Subroutines which have a similar purpose can then be organ-
ised further by placing them in the same file with one file for each set of related
subroutines. In the past the TCC code was all stored in a single file, and there was
lots of code in each subroutine which made the code very hard to understand and
unwieldy to maintain. The code was split into separate files, broadly following the
categories outlined in 9.2.2. Cluster analysis code was split into a separate file for
each cluster type. Much work was then spent splitting subroutines into multiple
smaller subroutines to more logically organise the code.
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Another problem with the organisation of the code was that the data about the clus-
ters was highly entangled with the code. This meant that any attempt to change the
detection of clusters or add new clusters would require editing the code in many
places. As well as being time consuming to edit such code, it is very easy to make
errors or miss an important parameter or variable somewhere in the code. One ap-
proach to solve this would be to move to an object oriented programming approach
where each cluster type is stored as a class which holds all of the properties and
methods of the cluster. The code would then simply loop through all of the cluster
classes operating on each one present. The addition of a new cluster would be as
simple as adding a new class which would be automatically operated on. However,
the TCC is written in C which is not an object oriented language. It was decided early
on that at this point in the work it would be better to modify the existing framework
rather than start completely anew in a different programming language. As a result,
a compromise was reached. All of the data about clusters such as the variables that
store the number of clusters present and the particle IDs making up each cluster was
moved to lists in the main function of the program. The code was then modified to
iterate over these lists and detect each cluster in the list. This means that the addi-
tion of a new cluster only requires modification of the main function, adding details
about the cluster to the lists and a new function for the detection of that cluster. By
generalising the code in this way, it becomes much easier to maintain and also to
add new clusters.

To test the success of the code refactoring a new cluster was implemented, the 7T
cluster. This is the minimum energy cluster for 7 particles of the hard sphere poten-
tial. Since the hard sphere potential does not have interactions aside from excluded
volume, the formation of this structure is driven by entropy. In this case the 7T
cluster is favoured over the pentagonal bipyramid (7A) cluster since it has less sym-
metry. The cluster is comprised of a tripyramidal (6Z) cluster with an additional
particle. There are many possible locations for the extra particle but most are related
by symmetry. The two unique clusters identified were termed 7Ts and 7Ta to desig-
nate the symmetric and asymmetric variants respectively. The clusters are shown in
figure 9.2. While the design of the algorithm to detect the clusters took some time,
the implementation of the algorithm took only a few hours, a relatively short time.
The implementation was quickly determined to be successful by the tests for the
cluster which are discussed in section 9.4.2. Overall the process of adding a new
cluster was much smoother than it would likely have been previously.

9.4 Implementing Good Software Engineering Practices

In order to improve the long-term sustainability of the code it was desirable to im-
plement good software engineering practices. This included committing the code to
a version control system, the addition of automated tests and documentation of the
method and the code.
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9.4.1 Version Control

Since the performance of software may change from version to version as develop-
ments are made, it is important that any attempt to reproduce results is conducted
with the same version of the software. This means that reproducibility depends on
preserving versions of the software as it changes over time so that the archived ver-
sions may be referred to in the future. The best way to do this is to use version
control [199].

Version control is a system which allows “snapshots" of the code to be stored by the
user. The usual workflow is for a user to make some modifications to the code and
then commit that work to the version control repository creating a snapshot. All
snapshots of the code are saved over time in the repository. Version control serves
several purposes. Firstly, it allows reversion to a previous known working state, ei-
ther for the purpose of reproducing earlier results or if a change to the code is found
to be incorrect. It is inevitable that in a complex code base errors will be made, and
it is hard or impossible to reverse large changes from memory, especially since the
errors might not be identified immediately. Having a version control system allows
the developer to make bold changes and experiment with new methods safe in the
knowledge that the old version of the code is preserved and can be reverted to if
needed. Secondly the version control system allows the code base to exist in sev-
eral different states simultaneously using branches. Commits to the repository can
be labelled as a branch and can be developed in parallel with other branches. This
means that features can be worked on in a development branch whilst keeping a
clean known working version in the main branch. Once work on a branch is com-
plete it can be merged into one of the other branches which copies all changes across
from one branch to another. This system allows a developer to work on multiple fea-
tures simultaneously or multiple developers to work on different features in parallel
[200].

We chose to use the “git" version control system which has become one of the most
popular open source version control systems since its development in 2005 [201].
The system works by having a server which hosts the canonical version of the repos-
itory. The user makes a copy of the repository on their local machine makes changes
and then uploads the changes. This user-server model seamlessly allows many peo-
ple to develop the code on multiple machines. To host the code we use GitHub, a
service that hosts git repositories [200]. Each repository hosted on the site is termed
a project. As well as hosting and allowing distribution of the code, GitHub offers
a variety of features to assist with project development. Many of these are social
features to allow collaboration between multiple users. One of the most useful of
these is the issue tracker which allows users to file reports on bugs they encounter
or suggestions for development. We have used this feature extensively during the
development process to report and track bugs and to collaborate on discussions
about the functionality of the code. The current version at the time of publication
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is v1.0.1 and is archived online at [202]. The GitHub repository is publicly accessible
at: https://github.com/royallgroup/TCC and has the most up to date version.

9.4.2 Tests

It is important that software is verifiable, both initially during its design to see that
it achieves the intended purpose and then in an ongoing fashion to see that any
changes made to the code do not unintentionally affect the results produced. As a
way of verifying the performance of the TCC algorithm we implemented a series of
tests using the pytest framework, a free open-source testing framework for Python.
Two types of test have been implemented, unit tests to check that the code is detect-
ing clusters as intended and integration tests to check that the number of clusters
does not change between code versions.

The absolute metric by which the performance of the TCC is defined is the detection
of certain types of cluster. There are two bond types for which the performance is
defined, the detection being slightly different for the two bond types. To test the
detection of these clusters, the geometry of the clusters is defined in an XYZ file
which specified the coordinates of the particles in the cluster. The unit tests then run
the TCC on each individual cluster, determining whether it is detected. To improve
the automation the testing script uses the Python interface to the TCC.

As well as the unit tests some integration tests have also been added. These test the
TCC on several larger configurations which are representative of the sorts of config-
urations tested with the TCC. Although we cannot a priori define the performance
for a large configuration, these tests are designed to make sure that cluster detection
remains the same over time unless an intentional change is made which affects clus-
ter numbers. The advantage of these tests over the unit tests is that they can be used
to test a wider range of settings and features beyond detection of basic clusters. This
covers aspects such as periodic boundary conditions, file input and output and use
of the cell list.

9.4.3 Documentation

Good documentation is very important for both new users and developers. Since
the TCC is a complex algorithm, new users can find it initially challenging to use.
This can be improved by providing examples and documentation which describes
all of the input parameters used to set up the code. For developers it is useful to
have code documentation which describes the function of each subroutine and the
function of the many variables in the code.

Both of these needs were met by the use of Sphinx [203] an open source documenta-
tion generator. Provided that code is commented following a specific syntax, Sphinx
allows documentation to be generated directly from the code. One of the significant
benefits of this approach is that the code documentation only has to be updated in

https://github.com/royallgroup/TCC
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the code when it is changed and then the changes are automatically propagated to
the documentation files. This elimination of redundancy reduces the chance of the
documentation becoming out of date as the code changes since it needs to be up-
dated only in one place. The automatically generated documentation can then be
supplemented by the user to add other information such as examples and tutorials.
Sphinx then converts all of the documentation to HTML or PDF format. As well
as supplying a copy of the documentation with the source code, this publication is
published online on GitHub at https://royallgroup.github.io/TCC/html/index.
html.

As part of the documentation procedure a licence was also adopted. A software
licence sets out the conditions under which people are able to use modify and re-
distribute the software. While the TCC was nominally open source and a previous
version had been released to some collaborators, this was not formalised. It was
decided to release the TCC under the GNU General Public License v3.0, a licence
which permits anyone to use or modify the software if they also agree to release
their modified version under the same license. This allows end users the maximum
flexibility to use and further develop the code while ensuring that work by others to
improve the software or incorporate it in other software is also free to use under the
same conditions.

9.5 Improving code usability

For code that is only occasionally used, the user experience is less important than the
core functionality. However, when code is run many times on different input data
the user experience in interfacing with the code becomes of increased importance.
As well as decreasing the time required to set up the analysis and subsequently pro-
cess the data produced by the code, a good interface can decrease the potential for
errors in set up or data interpretation. As part of the redevelopment, the input and
output interfaces of the code were improved alongside the addition of an interface
which allows automated operation of the algorithm.

9.5.1 Improving Input and Output

The original TCC had very rigid and inefficient requirements for the format of the
input files. Some of the input parameters which control the behaviour of the code
were read multiple times from different files and there were many parameters which
could be deduced from the configuration but still had to be input manually. Config-
urations could only be read from a single file type with a strict structure. If multiple
configurations were read from a single file to be read in series, the code required
that the data had a constant number of particles and constant simulation box vol-
ume, complicating the analysis of experimental data.

https://royallgroup.github.io/TCC/html/index.html
https://royallgroup.github.io/TCC/html/index.html
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The first step was to move all parameters to a single file and then pare them down
until only those that were necessary remained. Many of the parameters of the con-
figuration could be read from the input file directly and so all of these parameters
were removed. To improve the flexibility of reading the input parameters the open
source C library iniparser was used to read the input parameters file.

To improve the reading of configurations, each configuration in a file containing a
series of configurations is now read and analysed individually. This allows each
configuration to have a different number of particles and a different box volume.
Box volumes can be set in a separate file which has options in include several dif-
ferent periodic boundary types. This means that the TCC can be applied to a much
wider range of configurations more easily, both experimentally determined particle
configurations and simulations with a box size that changes over time.

Options were also added to output the results of the TCC in a wider range of formats
which allows easier data analysis without having to perform intermediate conver-
sion with other scripts.

9.5.2 Python Interface

The TCC application was originally designed to be executed directly, with the in-
put parameters and configuration to be analysed provided in a series of files in the
same directory. In order to increase the flexibility of the algorithm and potential
for automation, a Python wrapper interface was created to run the TCC. The idea
is to provide a simple programmatic interface to run the TCC and collect results.
This wrapper handles the reading of files from a number of different file types in-
cluding DynamO [204] and LAMMPS [1] molecular dynamics configuration files.
The user can import configurations, run the TCC and retrieve the results directly
in Python which provides an efficient pipeline for data processing, especially since
Python is often used for post analysis and data plotting. In order to maintain back-
ward compatibility and provide rapid analysis for simple single configurations, the
old execution method was retained alongside the Python wrapper.

9.6 Performance

The TCC has a short execution time for small configurations of particles. It can
easily analyse a configuration of 1000 particles detecting all cluster types in under
10 seconds. However, the program is much slower for larger configurations. The
desired performance level depends on what specific task the TCC is being used for.
Speed is not critical if it is being used to analyse a single configuration at the end of
a simulation. However, if it is being used to analyse the change in properties of a
system over time for large configurations and each simulation is conducted multiple
times at different temperatures as in Chapter 8, analysis time can quickly become
days which is obviously very limiting.



Chapter 9. Improvements to the Topological Cluster Classification Algorithm 107

Improving performance also opens up new potential applications for the code. At
the moment a full experiment or simulation has to be conducted and then the data
is subsequently analysed. If any adjustments to the method are needed the whole
process must be repeated. If the code could be run in real time it could be used to
analyse experiments or simulations as they occurred and adjusted on the fly. As well
as allowing much faster turnaround times this would allow new types of simulation
or experiment. One example of this is in biased Monte-Carlo simulations where the
simulation can be biased towards to formation of a particular structure by adding
a favourable energetic interaction to the formation of the desired structure. This
requires the TCC to be run many thousands of times during the simulation to de-
termine how the structure of the system evolves. The simulation must be paused to
await the results of the TCC, so a slow TCC analysis restricts the use of the method.
Previous studies have used such biased simulations to produce good results but
were restricted to using simpler structural detection methods due to the insufficient
performance of the TCC [205–207].

A significant reason for the limited performance of the TCC is that a naive approach
to the cluster identification algorithms results in an O(n2) scaling of execution time
where n is the number of particles. This is because the code primarily deals with
identifying correlations between pairs of particles or clusters. For example, to de-
termine the number of particles in a configuration which are closer than a certain
distance requires checking the distance between each pair of particles in the config-
uration, an operation that scales with the number of particles squared. However,
with a more careful algorithm design these operations can often be reduced toO(n).
Two techniques which have been implemented for this purpose in the TCC are cell
lists and memory arrays.

A cell list is used to determine the bond network between particles. Determining the
neighbour network between particles requires checking the distance between each
pair of particles. For a simple distance based bond metric, particles are considered
neighbours if they are within a certain distance. Particles will only be neighbours
with particles to whom they are close, however a naive method for finding the dis-
tances requires calculating the distance between every pair of particles in the system,
an operation that scales with the number of particles squared. A cell list reduces the
computational complexity by dividing configuration space into cells of the inter par-
ticle interaction length. It can then be seen that the particles contained within each
box cannot possibly interact with the particles further away than the neighbouring
boxes. An example of a cell list for a 2 dimensional system is shown in figure 9.3. The
particle indicated in cell 1 must be more than a side length, L, from all of the particles
in cells 3, 6, 7, 8 and 9. This means distances only have to be checked to particles in
cells 2, 4 and 5. This reduces the number of bonds that have to be checked for each
particle to nbox ∗ (d3 − 1) where nbox is the average number of particles in each box
and d is the number of spatial dimensions of the configuration space. The method
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has a small overhead of assigning particles to the cells and traversing the neighbour
cell list but for large systems the reduction of the complexity to O(n) results in a
significant speedup. While cell lists had already been implemented in the TCC, they
would only operate on configurations with a cubic simulation cell and sometimes
gave inconsistent results with smaller simulation boxes. Work to generalise and
fully test the cell list has resulted in a performance increase for all possible systems,
not just a subset of them.

4 5 6

1 2 3

7 8 9

L

FIGURE 9.3: Example of a cell list for a 2D system without periodic
boundaries. The grey particle in cell 1 must be more than length L
away from particles in cells 3, 6, 7, 8 and 9. This means if the bond
length cut-off is L, neighbours of the grey particle can only be in cells

2, 4, or 5.

To demonstrate the performance effect of the cell list, a simulation of 165 888 particles
was analysed with the TCC. The bond list took 3.5 seconds to calculate with the
cell list and 300 seconds without the cell list, a speed-up of nearly 100 times. The
performance increase will be more modest for smaller systems but additional testing
with smaller numbers of particles has shown that the overhead is sufficiently small
operating without the cell list is never measurably faster than with the cell list.

The TCC memory arrays serve a similar purpose to a cell list but based on topology
rather than spatial location. A common operation when constructing large clusters
from smaller ones is to find overlapping clusters. For example, the bicapped square
antiprism structure (identified in the TCC nomenclature as the 11A cluster) is com-
prised of two octahedral (6A) clusters which share one particle. A simple method to
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do this would be to loop over each 6A in the system and see if it overlaps with an-
other 6A. This operation scales as O(n2) since it considers pair correlations between
6A clusters. The TCC memory array works around this by storing a list for each par-
ticle specifying the identity of any basic cluster it is contained in. Checking overlap
between clusters then requires checking only the neighbouring clusters which share
at least one particle with the current cluster. While this system of memory arrays
was already implemented in the TCC, their use was restricted to only a subset of the
cluster types. As part of the development, more of the cluster detection algorithms
were adapted to use the memory arrays. In testing with a 165 888 particle system,
this improvement in the 11A algorithm reduced the time taken for the identification
of 11A particles from 6 minutes to less than a second - on the order of 1000 times
speed-up.

Another significant improvement in speed was achieved by providing an interface
to allow the user to identify a subset of the types of cluster in the system. For some
analyses the user only wants to identify structures relevant to the system. For exam-
ple, when analysing the crystallisation of the Kob-Andersen glassformer in Chapter
8, only the 11A clusters are of interest. The code intelligently analyses only the clus-
ters selected by the user and the prerequisite smaller clusters required to assemble
them. Since only around half of the cluster detection algorithms have been opti-
mised, some cluster detections still run in O(n2) time. Selecting only clusters which
are relevant to the analysis being conducted can reduce analysis time from the order
of days to seconds in the case of 100 000 particle systems.

9.7 Future work and conclusions

In July 2018, version 1.0.0 of the TCC code was publicly released on GitHub. This
includes all of the changes discussed above and marked a stage where the code was
sufficiently well documented and tested for public release. Now these developments
have been made it is hoped that future development will be driven by user feedback.
This prioritises work to areas that will be used, preferably by multiple people. The
collaborative working tools such as the issue tracker and wiki provided by GitHub
will be central to getting feedback on the code and planning future development.
Having said this, there remain some features which I believe are desirable for future
development.

Although more than half of the cluster detection routines have been refactored and
optimised, there remain some routines which have not been worked on. This is
particularly important for the scaling of the algorithm for analysis of systems of
more than 10 000 particles where performance of some clusters remains very slow
and limits the analysis that can be done.

A significant improvement to performance could be achieved by converting the code
to work in parallel. Currently the code is serial and so runs only on a single processor
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core. Modern PCs usually have multiple CPU cores and high performance compu-
tational clusters are built around many hundreds or thousands of processor cores. It
would be challenging and require significant code alteration to parallelise analysis
of a single configuration. However, parallelisation by analysing multiple separate
configurations simultaneously would be relatively simple since temporally spaced
configurations are analysed completely separately. Although this can be done by
separating the input file into parts and running a process for each part separately,
it would be good to provide a simpler interface to achieve this. Probably the most
adaptable way to do this is to use the openmp API which is a relatively simple and
lightweight way to add parallelism to c code. Multiple threads would be launched,
each analysing a separate configuration on a different processor core. Care would
have to be taken to protect any global variables from being accessed by multiple
threads and to collate the results from each thread into a summary of results at the
end of the analysis. Since each processor can operate on a configuration indepen-
dently, the code should have high parallel efficiency and computation time should
scale as n−1 where n is the number of processor cores available for processing. This
will of course only scale up to the number of frames being analysed. For a single
configuration parallelisation would be more complex and unlikely to be worthwhile
unless configurations of millions of particles were being regularly analysed.

As mentioned above, the application of the TCC to biased Monte-Carlo simulations
is currently limited due to the insufficient speed of the algorithm and poor inter-
operability with simulation code. Improved interoperability could be achieved by
compiling the TCC code as a library that could be called from other code. This
would require decoupling the analysis and bond detection from the topological clus-
ter identification routines which would allow the cluster identification routines to be
called directly.

It is my hope that having undertaken this project it will put the TCC on a more
sustainable footing for the future. In the least optimistic case this will allow its
continued use within our research group and validation of our published results.
Optimistically, it may allow other research groups to begin to use and develop the
algorithm independently and apply it to an even wider range of systems.
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Chapter 10

Summary and Conclusions

Here we summarise the results of this work and explore avenues of further re-
search under the broad headings of analysis methods and structural measurements
of model glassy systems.

10.1 Analysis Method Development

Although there is much focus on in academia and improving the equipment and
experimental techniques, there is still much to be gained from improvement of ex-
isting analysis methods and improvement of old ones. The investigation of the DDM
method was a great success, the algorithm proving well suited to measuring relax-
ation in a wide range of experimental systems. We applied the algorithm to a subset
of systems on which it has not previously been tested, colloidal suspensions of small
particles at high volume fraction, where it performed well. We directly compared
the determination of relaxation times by the DDM method to the established method
of measurement of relaxation from trajectories measured by particle tracking. The
DDM method works for a wider range of systems than particle tracking, especially
outperforming particle tracking for those datasets with a poor signal to noise ratio.
As well as this, the method is easier to use and more robust than particle tracking
due to having fewer adjustable parameters and a more predictable breakdown. Hav-
ing produced a simple and high performing algorithm for DDM analysis, it is my
hope that others will be able to use it as a simple but powerful analysis tool in the
future.

The investigation of the DVA method was interesting as it brought to light one of
the fundamental issues with the measurement of dynamical heterogeneities in ex-
perimental colloid systems, namely that it requires a large amount of high quality
particle data to provide reasonable results. The DVA method has been shown to
be effective for the measurement of dynamical heterogeneity in a range of systems,
including some where accurate identification of particle positions is not possible.
The DVA method does not make quite the same of dynamical heterogeneites as the
traditionally used trajectoy based method and so it seems likely it is a good sup-
plementary method rather than completely superceeding particle identification. In
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a broader sense, the measurement of dynamical heterogeneity from experimental
systems is restricted by the acquisition of sufficiently high quality particle images
of a colloidal suspension at a sufficiently supercooled state point. If these datasets
could be taken it would be useful to once again apply the DVA method to see if it is
more effective at higher supercooling where the dynamical heterogeneities should
be more distinct.

The Topological Cluster Classification was already a well-established method be-
fore this work begun, although the implementation has benefited from further de-
velopment work. Although not much value was added in terms of new science, the
developments are structural ones that provide a platform for science in the future
by allowing analysis of larger datasets, addition of new cluster types and making
the algorithm more accessible to a wider audience. I believe that the value of such
structural work and good software engineering development practices are currently
under appreciated in academia. I have been pleased to see an improvement in the
last couple of years with an increase in awareness in the academic community about
the value of good software engineering and the ongoing development of Research
Software Engineering as a role in academia. Now the TCC is on a firm footing for
the future, it is my hope that the method can be applied to a wider range of con-
densed matter systems by different academic groups outside our own and that its
development work can be continued beyond my involvement in the future.

10.2 Structural measurements of model glasses

Turning to the application of the developed analysis methods, the TCC was applied
fruitfully to the study of locally favoured structures in the Kob-Andersen glass-
former. The KA liquid is a model which has received renewed interest recently
and although the equilibrium phase diagram has now been mapped and the glass-
former shown to be surprisingly unstable to crystallisation, the study of the non-
equilibrium structures and their dynamics remains a subject of interest. Our work
provided a new insight into the perspective of locally favoured structures in the
KA mixture, with the introduction of the concept of geometric frustration bringing
something new to the field. Although much is now known about the favoured struc-
tures of the KA system, not much is known about the dynamics of their formation
which is central to the problem of the glass transition and so this remains an inter-
esting avenue for future study.

On the experimental front, while the advent of new higher performance microscopes
has allowed access to analyse new experimental systems of smaller particles, these
new systems have brought with them previously unforeseen challenges. We were
able to successfully image very small particle systems in 2D, proving that the imag-
ing and analysis techniques are up to the task. However, thermal drift of our samples
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greatly restricted the time series we could record and by extension the degree of su-
percooling that we could study. Having had some success with the development of
the particle systems and sample preparation, the area seems to have great potential
if the problem of thermal stability can be addressed.

While quantitative analysis of the hard sphere systems was not possible, we were
able to make progress with a non-hard sphere system using the same particles. We
showed development of an exciting new anisotropic phase and were able to make
quantitative measurements of its structure. Our current hypothesis for the formation
of the structure is that it is related to polymer bridging, though we were unable to
collect conclusive experimental evidence of this. The work has certainly shown that
this remains an interesting area of phase space for experimental study in the future.
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