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Structural Modeling of Compliance-Based Camber Morphing
Structures under Transverse Shear Loading

Andres E. Rivero∗, Paul M. Weaver†, Jonathan E. Cooper‡ and Benjamin K.S. Woods §

University of Bristol, Bristol, United Kingdom, BS8 1TR

A parametrically driven structural model based on Mindlin-Reissner plate theory is devel-

oped to capture the three-dimensional deflections of a compliance-basedmorphing trailing edge

device with severe structural discontinuities. The model is used to study the Fish Bone Active

Camber (FishBAC) device, which is represented as a discontinuous plate structure that cap-

tures the step changes in stiffness created by the concept’s geometrical configuration. Courant’s

penalty method is implemented in the form of artificial penalty springs to account for stiffness

discontinuities. A numerical validation is performed using Finite Element Analysis (FEA),

followed by experimental validation under actuation loads. This analytical model represents a

robust, efficient, mesh-independent and parameter-driven solution to modeling discontinuous

plate structures. These traits make it useful for ongoing fluid-structure interaction analysis

and optimisation of the FishBAC concept, and also for application to other complex composite

structures.

I. Nomenclature

Ai j = Laminate’s membrane stiffness matrix terms

ai = Chordwise length in the x-direction

Bi j = Laminate’s extension-bending coupling stiffness matrix terms

bj = Spanwise length in the y-direction

Di j = Laminate’s bending stiffness matrix terms

Ei j = Young’s Modulus in the i, j-direction

Gi j = Shear Modulus in the i, j-direction

νi j = Poisson’s Ratio in the i, j-direction

Hi j = Transverse shear stiffness matrix terms

κ = Timoshenko shear correction factor
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kk = Artificial penalty spring stiffness

γi j = Transverse shear strain in the i, j-direction

Γx = Boundary conditions’ circulation function

ε = Actuation mechanical efficiency factor

Mx = Applied distributed moments

ζi = Normalized chordwise position

ηj = Normalized spanwise position

Qi j = Ply stiffness in the global coordinate system

uo
ij = In-plane displacement in the chordwise x-direction

voij = In-plane displacement in the spanwise y-direction

wi j = Out-of-plane displacement in the through-thickness z-direction

U = Strain energy

W = Potential energy due to external loads

ψx = xz-plane rotation

ψy = yz-plane rotation

T(ζ) = Chebyshev polynomials of the first kind

X(x) = Chebyshev polynomial expansion in the x-direction

Y (y) = Chebyshev polynomial expansion in the y-direction

ω = Servo actuator angular velocity

kt = Torque Constant

II. Introduction

Morphing structures have been a subject of interest in the aerospace sector, in recent years, due to their ability to

change shape without surface discontinuities. This characteristic makes them attractive for designing adaptive

aircraft structures that can exploit this capability of changing shape to continuously optimize aerodynamic performance

throughout flight [1]. Among all of the types of morphing techniques applicable to fixed-wing aircraft (e.g. span

morphing, variable sweep, variable twist, etc.), camber morphing is the most commonly pursued. Aiming for smooth

and continuous variations in airfoil camber, this technique represents a better alternative to varying camber using

traditionally rigid and discontinuous hinged flaps—e.g. in ailerons, elevators, rudders, etc. Smooth changes in camber

provide similar lift coefficient control authority with a much lower drag penalty [2]. Therefore, variable camber offers

higher lift-to-drag ratios and lower noise than conventional control surfaces. Furthermore, unlike hinged flaps, camber

morphing devices can be designed to vary their camber continuously along the span. This feature can potentially be

used for controlling the spanwise lift distribution in real time, leading to induce drag reductions [3].

Another attractive aspect of camber morphing is that it can achieve large changes in aerodynamic forces and

moments with relatively small changes in airfoil shape, which furthermore can be limited to the trailing edge of the
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airfoil. This consideration makes camber morphing attractive in terms of maximising aerodynamic control authority

while minimising the structural impact and actuation energy requirements [4].

Variable camber is not a new concept, indeed several camber morphing mechanisms were presented and patented in

the 1920s and 1930s [5–7]. These concepts were not successfully implemented however, likely due in part to the use

of heavy and complex mechanisms which made them unattractive for conventional applications. Due to advances in

smart materials and structures in the last couple decades, there has been renewed interest in camber morphing, and

many new concepts have been introduced. Specifically, research efforts have focused on smart material actuation,

including using piezoelectric actuators [8, 9], shape memory alloys (SMAs) [3, 10], exploiting bistability in composite

laminates [11, 12], developing zero-Poisson’s Ratio cores [13], and also on shape optimization [14, 15].

One of the first "modern" morphing concepts was the NASA’s F-111 Mission Adaptive Wing [16], which

implemented sliding and bending skins over internal linkage mechanisms to achieve smooth leading and trailing edge

camber deflections. Other highlighted concepts are the DARPA Smart Wing, where a combination of a plate structure

with honeycomb and silicone skin is used [17]; the Flexys FlexfoilTM, which can achieve a ±10° trailing edge deflection,

as well as twist; the DLR Belt-Rib concept [18], and the Fish Bone Active Camber (FishBAC) device [19], which is the

subject of study in this work.

The Fish Bone Active Camber (FishBAC) is a morphing trailing edge device capable of achieving large, smooth and

continuous changes in camber without surface discontinuities (Fig. 1). It consists of a central bending plate (the spine)

that defines the camber line and a series of spanwise stringers that support an elastomeric skin. The stringers are designed

to provide a high level of spanwise rigidity without adding significant chordwise stiffness, while maintaining the airfoil’s

thickness distribution during morphing. The elastomeric skin is pre-tensioned before bonding to significantly increase

out-of-plane stiffness (thereby reducing deformations under aerodynamic pressure loading) and to avoid skin buckling

when in compression. The structure is actuated using antagonistic fabric tendons that transfer the actuation loads from a

driving pulley to the trailing edge of the spine (Fig. 2). Current designs include two servo-based actuation points along

the span, at equidistant points from the center of the wing. However, these are open design variables; the number and

location of actuation points and type of actuators can be modified in accordance with design requirements, and the

concept is "actuator agnostic" in that it can work with any type of actuator capable of generating rotational output.

Leading Edge
Central Rigid SectionBox Spar

FishBAC

Leading Edge Mounting Plate

Fig. 1 Wind tunnel wing model with composite FishBAC trailing edge device

3



Servo Actuators

Kevlar Tendon

Silicone Skin

Spooling Pulley

Stringers

Composite Spine (Bending Plate)

Fig. 2 FishBAC structure and actuation mechanism

Because of its geometrical configuration—a chordwise compliant spine with intermittent spanwise stringers and a

compliant elastomer skin as the outer surface—the FishBAC is highly anisotropic: it is significantly more compliant

in the chordwise direction than in the spanwise. This configuration allows obtaining large and continuous changes in

camber with low actuation energy requirements, while providing significant spanwise rigidity. Furthermore, recent

work has shown that using carbon fiber-reinforced polymer (CFRP) laminates in the FishBAC spine allows for further

amplification of this anisotropic nature and adds another variable for tailoring structural stiffness [20].

To analyze and design carbon fiber FishBAC devices, a two-dimensional structural model capable of analyzing

composites laminates is needed. Therefore, a Kirchhoff-Love based plate theory model was developed in previous work

by the authors [21] to analytically study the static behavior of a composite FishBAC under transverse pressure and

actuation loads. Although successful in predicting deflections under uniform transverse pressure and uniform actuation

loads (when validated against Finite Element Analysis), the model failed to accurately predict deflections when the

FishBAC is subject to spanwise twist due to asymmetric actuation loads. The authors showed that this limitation is

caused by the existence of transverse shear strains due to torsion, which cannot be captured using Kirchhoff-Love plate

theory because it neglects transverse shear strains.

The objective of this work is to address these limitations and enhance the modeling technique proposed by Rivero

et al. [21]. This goal is achieved here by replacing the Kirchhoff-Love plate model with Mindlin-Reissner plate

theory [22], which models transverse shear deformations by applying a First-Order Shear Deformation Theory (FSDT),

which assumes that transverse shear displacements vary linearly across the thickness of the structure [23]. This enhanced

analytical structural model, implemented in MATLAB® R2016a, is validated both numerically and experimentally.

The numerical validation was performed using Finite Element Analysis (FEA), developed in ABAQUS/CAE® 6.14-1,

whereas the experimental validation was performed using a composite FishBAC wing prototype developed for wind

tunnel testing [24].

The novelty of this work resides in the ability of this model to capture displacements of a highly discontinuous

plate structure subjected to different load cases—including transverse shear loads—using a series of individual plates
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that are joined together using artificial penalty springs. This model will become a key element in future design,

optimization and fluid-structure interaction analysis of the FishBAC. Moreover, its use is not exclusive to the FishBAC

device; any geometrically linear continuous or discontinuous composite plate-type structure can be modeled with this

technique. This article will first introduce the modeling technique, including the solution method, boundary conditions

and assumptions. It then describes the Finite Element Analysis used for validation purposes, followed by a static

experimental validation using the composite-spine wind tunnel wing model.

III. Analytical Structural Model
The analytical structural model that is developed in this article is based on the Rayleigh-Ritz Method, which is

used to solve the plate differential equation using a weak formulation. Furthermore, Classical Laminate Theory (CLT)

extended for Mindlin-Reissner plates is used to calculate the stiffness terms [25]. This solution technique requires the

use of assumed shape functions, in this case, the authors have selected Chebyshev Polynomials of the First Kind. Lastly,

to account for the large number of chordwise and spanwise stiffness discontinuities created by the stringers and discrete

actuation inputs, the structure is discretized in sections of uniform stiffness that are joined using the Courant’s penalty

method in the form of artificial springs [26]. This approach is similar to the Equivalent Plate Theory used by several

authors to model and optimize tapered wings [27–30]. However, the main difference is that the equivalent plate theory

does not account for stiffness variations along the chord, which limits its use to model spanwise changes in geometry

(e.g. taper).

A. Mindlin-Reissner Plate Theory

In beam analysis, Euler-Bernoulli beam theory is unable to accurately predict deflections of thick beams. This

limitation is due to its inability to represent transverse shear deformations. In response to this, Timoshenko developed

his famous transverse shear deformation theory of beams [31]. Similarly, Kirchhoff-Love plate theory is analogous to

Euler-Bernoulli beam theory and is likewise unable to model the behavior of thick plates as it assumes no through-

thickness shear deformations. Mindlin-Reissner Plate Theory extends Kirchhoff-Love Plate Theory to include the

effects of transverse shear deformations by allowing the rotation of the through-thickness normal planes. It assumes that

transverse shear displacements vary linearly across the thickness of the plate, thus, it is also known as the First-Order

Shear Deformation Theory of Plates (FSDT) [32].

In order to solve the Mindlin-Reissner equations with the Rayleigh-Ritz Method, a strain energy formulation of the

plate’s differential equation is needed. This equation considers total strain energy in the plates as the summation of

strain energies due to stretching and bending and transverse shear [25, 33]
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where Ai j , Bi j,Di j and Hi j matrices are the plate’s material and geometric stiffness, uo, voand w are the plate displacements and ψx

and ψy are the plate rotations. Note the subscript ABD in Eq. (1) denotes the strain energy terms present in Kirchhoff-Love theory,

whereas the subscript H in Eq. (2) denotes the additional terms added by Mindlin-Reissner theory to capture the strain energy due to

transverse shear. These plate rotations include transverse shear strains, such that

ψx =
∂w

∂x
− γxz and ψy =

∂w

∂y
− γyz . (3)

The Ai j ,Bi j and Di j terms in Eq. (1)— commonly known as the ABD matrix—are, respectively, the extension, bending-coupling

and bending material and geometric stiffness of the laminate, and these are obtained using Classical Laminate Theory (CLT) [34].

Furthermore, the Hi j terms in Eq. (2) correspond to the transverse shear stiffness, and are derived from the expression

Hi j =
1
κ

∫
h

Qi j dz =
1
κ

K∑
k=1

Qi j,k (zk − zk−1) dz , (4)

where i, j = 4, 5 and κ is known as the Timoshenko Shear Correction Factor, which has an approximate value of 6/5 for rectangular

cross-sections. Although this approximation is valid for isotropic plates, it has been shown to provide accurate results when used to

model composite laminates [33]. Therefore, a value of κ = 6/5 is used throughout this study. Lastly, the Qi j terms correspond to

the stiffness of each ply in the global coordinate frame, which are a function of fiber orientation angle and the following material

properties: E11, E22, ν12, G12, G13 and G23, in which the subscripts i, j = 1, 2, 3 refer to the fiber, transverse and trough-thickness

directions, respectively.

B. Shape Functions and Boundary Conditions

When solving the plate equation by minimizing total energy (i.e. by using Rayleigh-Ritz Method), the displacements and

transverse shear strains of the plate are unknown—and become the independent variables of the problem. Therefore, the underlying

shape functions of the displacements and transverse shear strains need to be assumed, such that the corresponding amplitudes can

be solved for. Commonly, when in 2-D, these are assumed in the form of a double summation in x and y. Therefore, the three

displacements become
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u0
i j =

M∑
m=0

N∑
n=0

Oi j
mnX i

m(x)Y
j
n (y) , v0

i j =

M∑
m=0

N∑
n=0

Pi j
mnX i

m(x)Y
j
n (y) and wi j =

M∑
m=0

N∑
n=0

Ri j
mnX i

m(x)Y
j
n (y) , (5)

and the transverse plane rotations have a similar form

ψx =

M∑
m=0

N∑
n=0

Si jmnX i
m(x)Y

j
n (y) and ψy =

M∑
m=0

N∑
n=0

V i j
mnX i

m(x)Y
j
n (y) . (6)

In this study, orthogonal polynomials are chosen as the assumed shape functions because, unlike simpler formulations, they can

successfully predict deflections when a high degree of anisotropy exists. Specifically, the type of orthogonal polynomials that are

implemented are the Chebyshev Polynomials of the First Kind. This selection is motivated by Rivero et al. [21], where the authors

explain that Chebyshev Polynomials of the First Kind allow for direct integration in a normalized domain without leading to values of

zero. For additional details on how these polynomials are integrated and coordinate frames are normalized, please refer to Rivero

et al. [21].

Lastly, it is important to implement the correct boundary conditions. In this particular application, the FishBAC is modeled as

a cantilever plate that is clamped at one of its chordwise edges. It can be observed in Fig. 3 that Chebyshev Polynomials do not

naturally meet this condition, as they have non-zero displacements at the boundaries. Therefore, the clamped condition needs to be

enforced separately. To achieve this, a circulation function [35]

Γx(ζ) = (ζ − ζc)
n , (7)

is added as a multiplier to the displacement and rotations (i.e. Eqs. (5-6)). This condition forces certain boundary condition at a

location ζc and the type of boundary condition is set by choosing the value of n. The relevant values for different conditions are given

in depth in Table 1. Furthermore, it is important to note that using this circulation function does not affect the orthogonality of the

Chebyshev Polynomials—so as long as every polynomial term in the expansion is multiplied by it.

As the FishBAC structure is modeled as a clamped plate, all three translations uo, voand w and two rotations ψx, ψy must be

equal to zero at the root. However, the transverse shear strains γxz, γyz need not be zero, as transverse shear straining at the root is a

likely deformation mode [36]. Hence, for a clamped edge, a value of n = 1 must be used in Eq. (7), as this yields zero displacement

and rotations at the root, while still allowing for non-zero transverse shear strains at this location.

The derivatives of the Chebyshev Polynomials that are required to solve Eq. (1) are computed analytically, while all of the

required integrations in this analytical model are computed numerically using MATLAB’s adaptive quadrature functions ‘integral’

and ‘integral2’, for 1-dimensional and 2-dimensional integrals, respectively. Because all integrals are computed in a normalized

coordinate system, these can be calculated beforehand and their values can be stored and then transformed to the physical coordinate

system, as long as the relationship between the normalized and physical coordinate systems is assumed to be constant (i.e. constant

Jacobian with rectangular elements). This property leads to a significant reduction of the computational cost of running this analytical

model as the integrals have to be performed only once “up front” for each set of boundary conditions. This development represents a

significant improvement over the previous approach from Rivero et al. [21], which required “on line” calculation of these integrals.

However, one disadvantage of this modeling approach is that the use of orthogonal polynomials in high aspect ratio rectangular
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Table 1 Boundary Conditions as implemented by circulation function in Equation (7) [33, 36]

Boundary Condition at ζc ndisplacement nrotation Disp. (uo, vo,w) Rot. (ψx, ψy) Transverse Shear Strains (γxz, γyz )
Free Edge (F) 0 0 Free Free Free

Simply Supported (SS) 1 0 0 Free Free
Clamped (C) 1 1 0 0 Free

-1 -0.5 0 0.5 1
-1

-0.5

0

0.5

1

 T
n
(

)

Chebyshev Polynomials of the First Kind

0

1

2

3

4

5

6

Polynomial Terms

Fig. 3 Chebyshev Polynomials of the First Kind in a normalized domain

elements may lead to ill-conditioning. These numerical instabilities are attributed to rounding errors when high-order terms (and their

derivatives) are integrated. To mitigate ill-conditioning, Ilanko et al. (2015) recommend selecting the minimum possible number of

orthogonal polynomial functions with the lowest possible order, while still ensuring convergence [26].

C. Stiffness Discontinuities

Due to the presence of stringers, the chordwise taper of the airfoil thickness, and the presence of localized actuation sections

along the span, the stiffness of the FishBAC structure is discontinuous. To account for this, the FishBAC is modeled in this work as

individual plate units of uniform stiffness that are joined together using a series of artificial penalty springs. These penalty springs act

by enforcing displacement and rotation continuity at the joints of each partition, so as long as the artificial penalty springs is ‘large’

enough (i.e. usually between 106 and 1012 N m−1) [37]. Although different penalty spring stiffness kk at each joint can be specified,

it was decided to use the same value for all penalty springs for simplicity reasons.

To implement this approach within the Rayleigh-Ritz Method, the strain energy of these artificial springs need to be minimized to

enforce displacement and rotation compatibility at joints. The penalty spring energy due to displacements is derived by Rivero et

al. (2018) [21]. Also, the rotation penalty terms are defined as

Uprx,kl =
kk
2

∫ b j /2

−b j /2
(ψxk (x

(+)

kl
, yj ) − ψxl (x

(−)

kl
, yj ))

2dy and Upry,kl =
kk
2

∫ b j /2

−b j /2
(ψyk (x

(+)

kl
, yj ) − ψyl (x

(−)

kl
, yj ))

2dy . (8)

For more details on how the penalty method is applied in this model, please refer to Rivero et al. (2018) [21].
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𝒙+

𝒛+

Fig. 4 Displacement and rotation compatibility enforced at each plate-stringer joint using artificial penalty
springs.

D. Actuation Loads

As previously mentioned, the composite FishBAC prototype is actuated at two locations along the span of the wing which are

equidistant from the center. This actuation is currently performed by a set of two servo actuators, at each actuation point, that drive a

tendon spooling pulley. This pulley is connected to a Kevlar tendon tape that travels through slots in the stringers until reaching the

trailing edge portion of the composite spine—where it is stitched and bonded directly to the spine. In this way, torque and rotation

input to the spooling pulley is transformed into force and displacement of the tendons, before being transformed back into a bending

moment at the trailing edge. It is this bending moment which drives the morphing deformation. To capture the impact of this

actuation method within this analysis, the external actuation loads are incorporated as an additional source of potential energy. These

are modeled as applied distributed moments over each short actuated segment of the FishBAC, according to the expression

Wi j = −

∫
Mx ψx(ai, y) dy , (9)

where ai is the location where the distributed moment is applied. Note that this neglects any friction on the pulley-tendon system.

E. Rayleigh-Ritz Method: Minimum Potential Energy

As mentioned in the introduction, the solution method that this structural model is based upon is the principle of conservation of

energy. In this structural model, there are no non-conservative energy losses (such as friction), and so the total energy of the system is

constant. Any frictional losses in the experimental results are later accounted by estimating the actuation efficiency factor, as later

explained in Section VI.A.

Therefore, if the total energy is defined as the sum of strain energy and potential energy due to external loads

Π(u0, v0,w, ψx, ψy) = UABD +UH +Upenalty +W = constant , (10)

differentiation with respect to the unknown amplitudes Oi j
mn, Pi j

mn, Ri j
mn, Si jmn and V i j

mn leads to a state of minimum potential

energy—where the right hand side of Eq. (10) is equal to zero [38]. This feature allows a system of 5× (M ×N) × (i× j) independent

linear equations to be generated, such that
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∂Π

∂Oi j
mn

,
∂Π

∂Pi j
mn

,
∂Π

∂Ri j
mn

,
∂Π

∂Si jmn

,
∂Π

∂V i j
mn

= 0


m = 1, 2, ..., M

n = 1, 2, ..., N
. (11)

This analytical model represents a fast approach to modeling the behavior of the FishBAC morphing device using 1% of degrees

of freedom (DOFs), compared to Finite Element Analysis. Due to the multi-plate assembly procedure and its mesh-independence,

this model allows for simple, fast, parameter driven analysis of new FishBAC configurations. The authors have used this approach

to automate the generation of completely different FishBAC geometries from simple vectorized inputs of geometry and material

properties. This allows for easy modification of the dimensions, airfoil, detailed component geometries, material properties, and

stacking sequence. Note that these changes in parameters do not significantly impact the convergence of the model.

IV. FishBAC Morphing Wing: Material Properties and Dimensions
This section introduces the characteristics of a composite FishBAC wind tunnel wing model, which is the structure that is modeled

in this study. The main structure corresponds to the first ever composite-spine carbon fiber FishBAC, which has been designed and

manufactured for wind tunnel testing. The wind tunnel wing model is a rectangular planform NACA 23012 wing with a chord of

270 mm and a span of 1000 mm, with the FishBAC occupying the aft 69 mm of the chord. It has two actuation points with tendons

mounted 415 mm in either direction from the center of the wing span: one on the left hand side (Mx2 ) and one on the right hand side

(Mx4 ), when viewed from above. Fig. 5 shows a schematic diagram of this structural configuration and its primary dimensions.

A. Wind Tunnel Wing Model

The wind tunnel wing model was designed and manufactured using a combination of metallic and 3D-printed plastic parts, with

silicone sheet skins and a carbon fiber spine. The spine was manufactured using Hexcel®’s 8552/IM7 carbon fiber prepreg under

vacuum bag and autoclave pressure curing. With a total cured ply thickness of 0.39 mm, this composite FishBAC provides another

level of anisotropy—beyond what the plate-stringer configuration provides—as it has a layup ([90/0/90]T ), which produces low

chordwise bending stiffness to minimise actuation requirements while maintaining spanwise stiffness to reduce elastic washout.

A series of 3D-printed plastic (Digital ABS Plus by Stratasys) stringers and trailing edge sections were bonded to the cured

composite spine using Cyanoacrylate adhesive. Whereas the use of plastic for the stringers implies that the spanwise bending stiffness

of this FishBAC is significantly lower than a fully composite version, the choice was made to use 3D printed polymer to reduce the

complexity and risk of this first attempt at a composite FishBAC. This feature significantly increases the amount of elastic washout of

Clamped Edge

1000 mm

𝑥+

𝑦+

Fig. 5 FishBAC wind tunnel wing model global dimensions and actuation points
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deformation which occurs along the span (particularly for more highly loaded cases), but can be readily addressed in future designs.

The structure is actuated at two locations using a total of four KST X10 HV servo actuators—two in each location [39]. As mentioned

above, the actuation loads are transferred to the spine by a pulley-tendon system using a Kevlar-tape tendon that is stitched to the

carbon plate. Finally, a pre-tensioned elastomeric silicone sheet covers the FishBAC structure and provides the airfoil shape. Fig. 6

shows a close-up view of the composite FishBAC morphing device—note that the fairing that covers the very rear of the trailing edge

were removed for this photograph.

B. Material Characterization

In order to predict the deflections of the FishBAC, a material characterisation was performed to obtain experimental stiffness and

Poisson’s ratio values. The carbon fiber used for this material characterisation was cured in the same vacuum bag as the FishBAC

spine and underwent the same curing cycle.

The carbon fiber’s 0° and 90° Young’s modulus are determined in accordance with ASTM D3039 test standard [40], whereas the

in-plane shear modulus is determined using ASTM D3518’s test standard [41]. Furthermore, the ABS 3D-printed plastic was tested

by following ASTM D638’s test standard guidelines [42]. Finally, the silicone skin was tested using 25 mm × 150 mm samples,

which where bonded to 3D-printed ABS end tabs to not only test the Young’s modulus of the silicone skin, but also to test the

adhesive that was used to bond the skin on the FishBAC wing. Tables 2 and 3 present the results of these material tests, which are the

material properties that are used in both analytical and FEA models.

Fig. 6 Composite FishBAC device used for experimental validation of the analytical structural model

Table 2 Material properties of the 8552/IM7 carbon fiber prepreg. Properties obtained via tensile tests.

Material E11 [GPa] E22 [GPa] G12 [GPa] ν12

8552/IM7 Carbon fiber 169.50 8.58 5.03 0.28

Table 3 Material properties of Isotropic silicone and ABS plastic. Properties obtained via tensile tests.

Material E [MPa] G [MPa] ν

40° Shore Silicone 1.18 0.427 0.39
ABS Plastic 2010 728 0.38

11



V. Numerical Validation: Finite Element Analysis
In order to provide a reference for validation and comparison, a Finite Element Analysis (FEA) model of the FishBAC was created

in Abaqus/CAE 6.14 using a combination of shell and solid elements (Fig. 7). The composite plate, stringers and skin are modeled

using four-node shell elements (S4R), whereas the thick non-morphing sections of the FishBAC are modeled using solid eight-node

elements (C3D8R). In terms of material definitions, the spine is modeled as a composite laminate—on a ply-by-ply basis—and the

stringers, solid trailing edge sections and skin are modeled as isotropic regions. The solid and shell elements are connected using the

Shell-to-Solid constraint in ABAQUS/CAE, which couples the motion of solid and shell nodes at the shell-to-solid boundary.

A fully clamped boundary condition is applied at the root of the FishBAC and the actuation loads are introduced as distributed

moments at the tendon-spine anchor points. To transfer these actuation loads to the solid elements, two external reference points are

created and coupled via Kinematic Coupling to the node sets that correspond to the anchor points. This coupling transfers rotation

from the point moments to the solid elements. Furthermore, displacements are tracked along all three free edges of the FishBAC at

the nodes located at the center of the spine (in the through-thickness direction), and are then used to validate the analytical model.

Finally, the FishBAC’s skin pre-tensioning is modeled by applying a pre-defined stress field equal to the Young’s modulus of the

silicone times a strain of εx = 0.3, which corresponds to the applied 30% pre-tension of the skin in the wing tunnel wing model.

A comparison between linear and nonlinear analysis was performed and it was determined that the difference between both

approaches was negligible, suggesting that the FishBAC behaves linearly, in the geometric sense, for the range of deflections that

are considered in this study. Therefore a linear FEM analysis was performed throughout. Finally, a mesh-convergence study was

performed by tracking tip displacements when the overall element size was reduced from 10 mm to 2.5 mm (in increments of 2.5 mm).

The mesh was considered to be converged when both tip displacements varied by less than 0.5%, with respect to the previous meshing

iteration. A nominal element size of 5 mm was used to mesh the structure, resulting on a total of 231 167 elements.

The comparison between the discontinuous Mindlin-Reissner and the FEM models is performed in terms of the percentage error

difference along the spanwise free edge. Besides obtaining displacement fields under several load cases, two convergence studies

were performed: the first one to estimate the required number of polynomial terms to achieve convergence and the second one to

determine the stiffness of the artificial penalty springs. The stacking sequence and geometrical dimensions used correspond to the

manufactured FishBAC wind tunnel wing model (i.e. stacking sequence of [90◦/0◦/90◦]T and spine thickness of t = 0.39 mm).

Solid Elements
(C3D8R)

Shell elements
(S4R)

Fig. 7 A combination of shell and solid elements are used to model the complex FishBAC structure in
Abaqus/CAE FEA software.
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The FishBAC structure is discretized into 16 chordwise and 5 spanwise partitions of uniform thickness. These 16 chordwise

partitions capture the presence of the stringers and the geometric taper of the airfoil. The tapered trailing edge is modeled as 7 sections

of constant average height. While the trailing edge could be discretized into more partitions, this region of the airfoil is relatively

rigid and adding partitions increases the size of the system of equations (Eq. (11)), and so 7 partitions was found to be sufficient.

A. Analytical Model: Polynomial Term Convergence

A convergence study was performed to determine the number of Chebyshev Polynomial terms needed to capture the deformed

shapes with sufficient accuracy while avoiding unnecessary computational cost. In this study, the same FishBAC geometrical

configuration was used and, for simplicity purposes, the number of chordwise and spanwise terms in each plate segment are equal to

each other (although more plate segments are used along the chord than along the span). To assess convergence, both maximum and

root-mean-square (RMS) percentage errors are calculated along the free spanwise edge. The chosen load case for this convergence

study is a differential moment input of Mx2 = − 1 N m and Mx4 = 1 N m, respectively. This corresponds to the load case that the

Kirchhoff-Love formulation was unable to model, while the selected moment magnitudes yield to deflections that are similar to the

maximum ones that can be achieved by the composite wind tunnel prototype.

Table 4 shows a summary of the corresponding percentage errors, and Fig. 8 also shows the stability of the system of

equations—in terms of the condition number1 —and the total computational time per iteration. It is important to note that all results

were computed on a single Intel® Core™ i7-4790 3.60 GHz CPU processor, using a 64-bit OS with 32 GB of physical memory.

Results show convergence with as few as three polynomial terms (in each direction), with a 4.2% and 2.7% maximum and RMS

percentage errors, respectively. It can also be observed that increasing the number of terms only reduces both errors by a maximum

of ≈ 1%. Furthermore, results show that the maximum error has a minimum value at five polynomial terms, and then increases

with additional terms. This is due to the increase in condition number of the coefficient matrix when the number of polynomial

terms is increased, as the system becomes more sensitive to small changes in input. It can be concluded from this convergence

study that this model, converges at five Chebyshev Polynomial terms, for this combination of material and geometrical properties.

Table 4 Comparison of Analytical and geometrically linear FEA results as a function of Chebyshev Polynomials
terms (polynomial order).

Laminate Material Polynomial Terms (M=N) Max. Error (Abs. Value) [%] RMS Error [%] DOF

[90◦/0◦/90◦]T
8552/IM7

2 99.90 43.00 1600

Carbon fiber

3 4.172 2.688 3600
4 3.478 1.879 6400
5 3.287 1.686 10000
6 5.740 1.645 14400
7 5.728 1.618 19600
8 5.097 1.465 25600

1The condition number of a matrix is defined as the product of the Euclidean norm of the matrix and its inverse, such that κ(A) = ‖A‖ ‖A−1 ‖.
A high condition number indicates an ’ill-conditioned’ system, which are more sensitive to changes in response due to small changes in input [43, 44].
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Fig. 8 Convergence study of analytical Mindlin-Reissner plate model versus Finite Element Analysis. Study
also analyzed the stability of the system—in terms of the condition number—and the total computation time of
each iteration. A spring stiffness of k = 107 N m−1was used for this convergence study.

B. Penalty Stiffness Convergence

A second convergence study was performed to determine the impact that the artificial penalty spring stiffness values have on

the stability of the solution. The objective of this convergence study is to determine whether the discontinuous Mindlin-Reissner

model converges for spring stiffness values between 106 N m−1 and 1012 N m−1—as similar models in the literature do [23, 37]. To

assess this, the spanwise RMS error and the condition number are calculated for different penalty stiffness values. Fig. 9 shows the

results of this convergence study, where it can be observed that the solution remains stable in terms of percentage error for penalty

spring stiffnesses between k = 106 N m−1 and k = 1013 N m−1. This is consistent with other structural models that implement

this technique [21, 33, 37]. Furthermore, a minimum percentage error is observed when the penalty stiffness is k = 106 N m−1,

however, this value may vary depending on the geometric and material configuration, as well as the number of polynomial terms.

Consequently, it is considered that a value of k = 107 N m−1 guarantees convergence throughout this study, as it presents a stable

condition number and low percentage error. Therefore, a value of k = 107 N m−1 is used during the rest of this study.
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Fig. 9 Root-mean-square error—along the spanwise edge—and condition number, as a function of penalty
spring stiffness. Note that, for values lower than k = 102, there is no solution as the coefficient matrix is singular.
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C. Kirchhoff-Love vs. Mindlin-Reissner Model

The presented discontinuous Mindlin-Reissner model was primarily developed to address the inability of a discontinuous

Kirchhoff-Love plate theory to capture deflections when differential actuation loads are applied (i.e. actuation moment loads with

opposite direction). It was determined that this inability was due to the presence of transverse shear, as the structure reacts this load

case by twisting, which induces transverse shear on the yz-plane. Since Kirchhoff-Love models cannot capture transverse shear

deformations, a First-Order Transverse Shear Deformation (FTSD) approach was implemented. Fig. 10 shows a direct comparison

between Kirchhoff-Love, Mindlin-Reissner and FEA models, when the FishBAC is loaded under differential actuation (i.e. equal

magnitude but opposite direction). On the one hand, it can be observed that the Kirchhoff-Love model fails to predict the FishBAC

displacement (compared to FEA), presenting a RMS percentage error —along the spanwise edge— of 35 %. On the other hand,

it can be observed that the Mindlin-Reissner model successfully captures the displacement of the FishBAC, presenting an RMS

percentage error of less than 2%. This result highlights the importance of developing this new model, which will be used for further

design, optimization and fluid-structure interaction modeling of this morphing concept.
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Fig. 10 Comparison between Kirchhoff-Love (dash) and Mindlin-Reissner (solid) discontinuous plate models
and Finite Element Analysis (circle).

D. Comparison Study: Mindlin-Reissner vs. FEA

A more thorough comparison study of FEA vs. analytical displacement fields was also performed. Three different load cases

were considered: uniform actuation (i.e. equal magnitude and direction), differential actuation (i.e. equal magnitude, but opposite

direction) and single input (i.e. only one actuation input instead of two). The following subsection presents these results.

1. Uniform Actuation

The uniform actuation case corresponds to equal actuation inputs—in magnitude and direction—at both FishBAC’s actuation

points. Figs. 11 and 12 show a comparison between analytical and FEA results, showing an agreement with a maximum and RMS

percentage error—along the spanwise edge—of 12.94% and 7.485%, respectively. One important characteristic of these displacement

fields is the significant elastic washout along the span, which both models are able to capture. As mentioned above, this is due to the
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use of plastic instead of carbon fiber composite for the stringers in the wind tunnel wing model. While future designs will most likely

be stiffer in the spanwise direction, the ability to capture the washout created by spanwise compliance is still crucial to the efficacy of

this model, as washout will significantly impact the aerodynamic performance.

2. Single Actuation Input

This load case corresponds to having actuation input to only one actuation point. To simulate this case, negative actuation inputs

between Mx4 = −0.25 N ·m and Mx4 = −1 N ·m were applied at the right-end actuation point, while the left-end actuation input

was set to zero. Fig. 13 shows these results, which present a maximum and RMS error—along the spanwise edge—of 13.70% and

9.132%, respectively. This actuation case is primarily reacted as bending on the chordwise direction, with significant displacement

variations along the span. This type of actuation case could potentially be useful for controlling spanwise aerodynamic loads, as

different lift distributions along the span can be obtained.

3. Differential Actuation

The differential actuation case consists of applying torque inputs of equal magnitude but opposite sign to the two actuation

points. In addition to chordwise bending moments, this creates a net torque on the FishBAC structure, inducing transverse shear.

Consequently, this scenario cannot be accurately captured using Kirchhoff-Love Plate Theory.

Actuation inputs of magnitudes between Mx = 0.25 N m and Mx = 1 N m, in increments of 0.25 N m, are applied. Fig. 14 shows

the displacement fields obtained using both FEA and the analytical model. It can be observed that the FEA and analytical results

agree with each other (Fig. 14), with a maximum and RMS percentage error—along the free spanwise edge—of 3.28% and 2%,

respectively. This is a significant improvement from the Kirchhoff-Love model, which presents a RMS percentage error of 33%.
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Fig. 11 Mindlin-Reissner discontinuous plate model vs. FEA under uniform actuation loads (trailing edge
down). Solid lines correspond to analytical result, whereas circle markers to FEA.
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E. Numerical Efficiency

This subsection summarises the presented work by evaluating the total percentage errors of the Mindlin-Reissner model—with

respect to FEA—and by estimating the total number of degrees of freedom (DOFs) that each approach requires. Table 5 shows a

summary of these degrees of freedom (DOFs) required for convergence. Furthermore, it shows the maximum RMS percentage error

that both analytical models have, with respect to FEA. It can be observed that the number of DOFs increases by 66% when transverse

shear is modeled, however, the analytical approach still needs only a very small fraction (around 1%) of the DOFs’ that finite element
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Table 5 Efficiency study, in terms of required degrees of freedom (DOFs) for convergence.

Model DOFs RMS Error [%]
FEA 1,086,426 –

Kirchhoff-Love 6,000 35.42
Mindlin-Reissner 10,000 9.13

analysis requires. In terms of CPU time, the Mindlin-Reissner discontinuous plate model is also more efficient as it takes on average

128.94 s to converge (when using 5 polynomial terms), whereas the FEM model takes on average 230.70 s (i.e. a 78.9% increase).

Furthermore, a summary of the comparison study between the Mindlin-Reissner discontinuous plate model and FEA is presented

in Table 6. It can be observed that the maximum RMS error occurs when a single actuation input is applied. This maximum

percentage error of ≈ 9% is a significant improvement from the errors between 35% and 45% obtained using a Kirchhoff-Love

discontinuous plate model [21].

VI. Experimental Validation: Static Displacement Measurements
To validate both the discontinuous Mindlin-Reissner analysis and the FEA Model, a series of experimental displacement

measurements were performed on the composite FishBAC wind tunnel model under actuation loads. Displacements were measured

at several chordwise and spanwise points using an Imetrum®3D Precision Displacement Tracker. The system consists of two-5

megapixel cameras in a stereo configuration, measuring at a 117 Hz frequency rate. These two cameras are mounted to a 3D

measurement head (ICA-3D-0500-03) —a pre-calibrated frame where both cameras are installed at a fixed angle and distance from

each other (Fig. 15). For the selected 3D measurement head, a measurement area of 600 mm × 600 mm with a 14 µm resolution is

achieved [45].

Table 6 Maximum RMS error of Mindlin-Reissner discontinuous plate model, under different load cases.
Errors are calculated with respect to Finite Element Analysis.

Load Case RMS Error [%] Maximum Error[%]
Symmetric 7.485 12.94
Single-Input 9.132 13.70
Differential 2.128 3.28

Fig. 15 Imetrum’s 3D Precision Displacement Tracker system for in-plane and out-of-plane displacement
measurements.
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The actuation torque inputs can be estimated by measuring current in each actuator, and then using the DC motor’s torque-current

linear relationship [46]

T = εkt I , (12)

where ε is the mechanical efficiency factor of the actuation mechanism and kt is the torque constant —which links the mechanical

torque and current. The torque constant depends on the servo’s magnetic circuit design and coil winding and can be calculated

experimentally by performing a torque-current test. The torque constant of the KST X10 servos was obtained from a previous torque

cell test [24], and it has an estimated value of kt = 0.82 N A−1—for a constant voltage of 6 V, used throughout the experiment.

Furthermore, the mechanical efficiency factor ε was obtained experimentally by comparing analytical vs. experimental displacements.

This efficiency factor accounts for frictional losses and energy loss due to tendon-pulley slack, friction at each pulley, energy loss

due to deformation at the tendons, etc. During this experiment, the servos were controlled by prescribing Pulse-Width Modulation

(PWM) signals using a SSC-32U control board.

To measure current, four (one per actuator) LEM® 6 A CASR 6-NP Hall Effect current sensors (Fig. 16) are used. These sensors

measure the strength of the magnetic field induced by the current flow through the the actuator leads and generate an output voltage

that is directly proportional to the magnitude of current—at a rate of 312.6 mA V−1. A series of 5 mm diameter bullseye stickers were

used as target points, and voltage and current measurements were recorded using a National Instruments® USB-6211 data acquisition

card. These tracking points were placed every 50 mm along the span at the trailing edge, as well as every 10 mm along the chord

at the following locations: mid-span, three-quarter-span, chordwise free edge and at the center of the tendon. Three-dimensional

position and displacements of each point were directly obtained from the point tracking software, and time averages are calculated at

each point. These displacements are calculated based on the motion of each tracking point—around its surrounding pixels—relative

to the previous frame. The presence of outliers was determined based on shape continuity, and were later removed from each data set.

A. Experimental Results

As explained in Section VI, the first step of the experimental validation is to estimate the efficiency factor ε of the actuation

mechanism. A comparison between the analytical and experimental tip deflections was performed, and the efficiency factor is

calculated using a linear fit. As observed in Fig. 17, the estimated mechanical efficiency factor is ε = 0.503.

After estimating the efficiency factors, direct displacement comparisons can be established. First, the displacements along the

Fig. 16 Hall Effect actuator current sensor for estimating torque measurements
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Fig. 17 Experimental vs. analytical tip deflection. Results are used to estimate the actuation mechanism
efficiency factor.

spanwise edge are compared, as seen in Fig. 18. Note that, due to a reduced measuring area of 600 mm × 600 mm, only half of

the span can be measured. Two different load cases are considered: positive (i.e. trailing edge up) and negative (i.e. trailing edge

down) actuation. It is observed that the model predicts the downward displacements with an average error along the spanwise edge of

6.60% among the three downward deflections seen in Fig. 18. The upward trailing edge deflections are not predicted as well, as the

average percentage error along the spanwise edge increases to 11.95% among the considered deflections. There appears to be an

offset and the model overpredicts slightly the displacements, possibly due to glare and light reflections off of the silicone skin which,

compounded by resolution and focus issues, did make point tracking more difficult for the positive displacements (i.e. away from the

cameras). Furthermore, the transverse displacements was also tracked along the chordwise direction—at two spanwise locations. Fig.

19 shows transverse displacements along the chord, at midspan (left) and three-quarter-span (right). These results are consistent with

those observed in Fig. 18: over-predicted positive deflections at mid-span, and good agreement at three-quarter-span.
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Fig. 18 Experimental (circle) vs. analytical(solid) tip deflection along the FishBAC’s spanwise edge. Results
are used to estimate the actuation mechanism efficiency factor
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Fig. 19 Experimental (circle) vs. analytical (solid) transverse deflection, along chordwise direction, at two
spanwise locations: mid-span (left) and three-quarter-span (right)

VII. Conclusion
A discontinuous, mesh-independent Mindlin-Reissner plate model was developed to model the highly anisotropic composite

FishBAC morphing device. The novelty of this model lies in its ability to fully capture both chordwise and spanwise transverse

shear displacements of the FishBAC—when subjected to different load cases—using only around 1% of the degrees of freedom of

Finite Element Analysis. This model addresses the limitations of a previously developed Kirchhoff-Love plate model, which failed to

predict the FishBAC’s behavior at certain important load cases due to its inability to account for transverse shear strains.

Some of the main advantages of this model is that it converges on a fixed number of degrees of freedom, it does not require

meshing and all the polynomial integrals can be calculated once up-front. These up-front polynomial integrations are performed and

saved before the structural model is executed. Once the model is run, the required integrals are simply retrieved from a lookup table,

meaning that all the computationally expensive steps are performed in advance. A summary of the main findings of this study is

given as follows:

1) The Mindlin-Reissner plate theory-based model is able to predict the out-of-plane displacement of the FishBAC when the

structure is subject to twist, with a percentage error of ≈ 2% when compared to FEA.

2) The worst-case RMS error between the Mindlin-Reissner plate model and the numerical (FEA) solution for all of the loading

conditions considered is approximately 9%, with typical RMS error values of 2-7%.

3) The Mindlin-Reissner plate model converges using 99% fewer Degrees of Freedom (DOFs) than the Finite Element Analysis

approach. It is mesh-independent, parametrically defined, computationally efficient and can be used to model any continuous

or discontinuous anisotropic plate structure subject to changes in thickness along either of the in-plane dimensions.

4) Average percentage differences of 6.60% (downward deflections) and 11.95% (upward deflections) were obtained when

validating the discontinuous Mindlin-Reissner plate model against experimental results.

Future work using this model will include further design refinement and optimization of the FishBAC, as well as fluid-structure

interaction analysis of this promising camber morphing composite device to fully capture its coupled aeroelastic behavior.
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