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Quantum-intensity-correlated twin beams of light can be used to measure absorption with precision beyond the classi-
cal shot-noise limit. The degree to which this can be achieved with a given estimator is defined by the quality of the
twin-beam intensity correlations, which is quantified by the noise reduction factor. We derive an analytical model of
twin-beam experiments, incorporating experimental parameters such as the relative detection efficiency of the beams,
uncorrelated optical noise, and uncorrelated detector noise. We show that for twin beams without excessive noise,
measured correlations can be improved by increasing the detection efficiency of each beam, notwithstanding this may
unbalance detection efficiency. However, for beams with excess intensity or other experimental noise, one should
balance detection efficiency, even at the cost of reducing detection efficiency – we specifically define these noise con-
ditions and verify our results with statistical simulation. This has application in design and optimization of absorption
spectroscopy and imaging experiments.

Optical shot-noise is present in all classical imaging
and spectroscopy applications using light, and can limit
the measurement precision of a parameter once all other
technical noise sources have been accounted for1–6. Us-
ing quantum-intensity-correlated light beams (i.e. twin
beams)7–11 is one method to surpass this classical limit and
obtain greater absorption-measurement precision for a given
optical power12. Experiments demonstrating this concept
have been performed at near-infrared wavelengths using ap-
proximately wavelength-degenerate twin beams from down-
conversion9–11,13–15. Monochromatically-pumped Four-Wave
Mixing (FWM) generates energy-conserving twin beams that
are of non-degenerate wavelengths that straddle the pump
wavelength. This is useful for imaging and spectroscopy ap-
plications because FWM can be implemented with a range
of materials and pump wavelengths, providing access to
a range of twin-beam wavelengths above and below the
near-infrared16–21. However, measurement of highly non-
degenerate correlated beams can result in unbalanced detec-
tion efficiency, with uncorrelated optical and detector noise
present regardless of wavelength degeneracy.

Previous work on measuring quantum intensity correla-
tions from wavelength-degenerate spontaneous downconver-
sion sources have approximated that (1) because the wave-
lengths are degenerate, so is the loss and detection efficiency
of both beams, and (2) there is negligible excess optical or
detector noise9,10,14,22,23. Under these assumptions, measured
intensity correlations scale with channel efficiency as 1−η ,
and can always be improved by reducing loss or improving
detector efficiency. Here, we show that if either assumption
is not true, the scaling of measured intensity correlations de-
pends on the relative twin-beam detection efficiency and prop-
erties of the excess noise, and correlations may be improved
by reducing the efficiency of one detection channel or unbal-
ancing detection.

a)Electronic mail: jason.mueller93@yahoo.com
b)Electronic mail: jonathan.matthews@bristol.ac.uk

In this paper, we present a general analytical framework for
twin-beam experiments characterized by intensity-difference
measurements, extending previous work based on detector
calibration24 and high-power twin beams25. Our model out-
puts the Noise-Reduction Factor (NRF), a quantifier of twin-
beam correlations9–11,24–26, with unbalanced detection loss,
uncorrelated optical noise, and uncorrelated detector noise as
variables. It is agnostic to the sources of the uncorrelated
noise and only requires basic experimental characterization of
their mean intensity and variance. We evidence that to im-
prove the quality of measured twin-beam correlations, one
should either maximize detection efficiency of both beams,
or balance detection efficiency, depending on the properties
of the experimental noise. We then confirm our model with
statistical simulations, and give a specific real-world example
modeling a FWM experiment.

The Fano factor27,28 quantifies the intensity noise of a sin-
gle optical beam, labeled i, according to

Fi =
Var [Ni]

E [Ni]
, (1)

where Ni is the random variable associated with the beam’s
photon number (i.e. intensity), characterized by variance
Var [Ni] and mean value E [Ni]. Classically-accessible super-
Poissonian intensity fluctuations correspond to Fi > 1, while
Poisson-distributed statistics, which can be achieved by mea-
suring the intensity of a coherent state, correspond to the clas-
sical limit of Fi = 1. Individual beams exhibiting 0 ≤ Fi < 1
are uniquely non-classical and classified as sub-Poissonian.

The Fano factor can be an important quantifier when
searching for optical beams for parameter estimation, as the
intensity noise of a probe beam maps onto the uncertainty
of estimating a physical parameter, such as absorption13. A
beam with F < 1 is a resource for measuring absorption with
precision beyond the classical limit. It is also possible to use
a beam with F ≥ 1 for measuring parameters with precision
beyond the classical limit, provided the beam is sufficiently
well-correlated to another beam that can be measured9,10.
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To quantify the mutual noise characteristics of two beams,
we use the NRF, given as9–11,24–26

σ =
Var [N1−N2]

E [N1 +N2]
. (2)

Note that some authors use a modified form of the NRF, where
N2 → (E [N1]/E [N2])N2 to account for detection-efficiency
mismatch11,25. Our analysis assumes the form in Eq. 2, and
may be straightforwardly modified to accommodate this alter-
nate NRF definition.

Values of σ ≥ 1 correspond to separable classical beams,
with σ = 1 representing the classical limit of two Poisson-
distributed beams. Values of 0 ≤ σ < 1 correspond to non-
classical twin-beam intensity correlations. However, this
alone is insufficient to achieve parameter estimation with pre-
cision better than what can be achieved with a single pass
of a single beam with F = 1, defined as the classical Shot-
Noise Limit (SNL)9–11. Sub-SNL parameter estimation is also
linked to choice of estimator (see Appendix A).

We describe two correlated twin beams i = 1,2 with inten-
sity mean and variance

E [Ni] = ηiE [N] (3)

Var [Ni] = E [Ni]+βE [Ni]
2 , (4)

where N is the lossless photon number, equal among both
beams due to the energy-conserving nature of twin-beam pro-
duction. The parameter 0 ≤ ηi ≤ 1 is the total efficiency of
each beam’s optical path (i.e. channel efficiency), comprising
loss from all optical components and detection efficiency. The
parameter β ≥ 0 is used to account for super-Poissonian in-
tensity fluctuations of the individual beams of the twin-beam
system29–32, and is equivalent to the second-order intensity
correlation function g(2)(0)−132.

We may write the lossy twin-beam variance in terms of the
lossless photon number Fano factor F using βE [N] = F−1:

Var [Ni] = ηiE [N]+η
2
i (F−1)E [N] . (5)

Using Eqs. 5 and 3 in Eq. 2 yields

σ = 1− 2η1η2

η1 +η2︸ ︷︷ ︸
σp

+
(η1−η2)

2(F−1)
η1 +η2︸ ︷︷ ︸

σsp

, (6)

where we use the covariance Cov [N1,N2] = η1η2(E [N] +

βE [N]2)29–31,33. The first two terms of Eq. 6 (σp) corre-
spond to correlated coherent-state intensity fluctuations. The
final term (σsp) is the contribution to the NRF associated with
super-Poissonian intensity fluctuations. Importantly, σsp has
a dependence on the channel-efficiency mismatch and Fano
factor; the minimum of σ is therefore found by differentiating
Eq. 6 with respect to η2 and considering the boundary condi-
tions, namely 0≤ η2 ≤ 1:

η2 =

{
1, 1≤ F ≤ F ′

η1

(√
4+ 2

F−1 −1
)
, F > F ′,

(7)
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FIG. 1. The NRF from Eq. 6 scaling with relative channel efficiency
(given η1 = 0.7) is shown for values of F from 1 to 10. The mini-
mum NRF is indicated by the dashed line, according to Eq. 7. The
solid line indicates perfectly balanced detection, η2 = η1, to show
the convergence of the minimum NRF for large F .

where F ′ = (η2
1 − 2η1− 1)/(3η2

1 − 2η1− 1). This result is
presented graphically in Fig. 1, where if F is smaller than
the threshold F ′, then increasing channel efficiency improves
measured twin-beam correlations. For large F , it becomes
crucial to balanced detection according to Eq. 7 (η2 → η1)
due to the quadratically-increasing term in σsp.

We now demonstrate the detrimental effects of uncorrelated
noise photons and uncorrelated detector noise on the mea-
sured NRF. Uncorrelated optical noise may come from res-
onant and non-resonant optical processes within the material
used for twin-beam generation, such as fluorescence or broad-
band Raman scattering caused by the pump beam. Optical
noise can also be associated with scattered or ambient light.
Detector noise may be associated with photodiode dark cur-
rent or CCD dark counts. The following derived model is
general enough to account for all of these sources of noise.
For simplicity, we include optical noise Nρ on only one de-
tection channel as N2 → N2 +Nρ , and the procedure may be
similarly adapted to accommodate independent noise on N1 as
well (see Appendix B).

We define the optical noise to have the following realis-
tic properties: (1) the efficiency for detecting the correlated-
signal and uncorrelated-noise photons on channel 2 is as-
sumed to be the same: ηρ = η2; (2) the mean noise in-
tensity is some fraction ρ ≥ 0 of the mean signal intensity:
E
[
Nρ

]
= η2ρE [N]; (3) the Fano factor of the optical noise Fρ

before channel loss can be written as Fρ −1 = ρ(F−1)≥ 0,
according to Eq. 4; and (4) the optical noise photons are
generated via a process distinct from the signal photons:
Cov

[
N1,Nρ

]
= Cov

[
N2,Nρ

]
= 0. Similar to Eq. 5, we have

Var
[
Nρ

]
= η2ρE [N]+η

2
2 ρ(Fρ −1)E [N] . (8)

When considering detector noise, we assume it to be the
same for both channels, N{1,2} → N{1,2}+Nd (see Appendix
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B for unbalanced detector noise). Let the mean dark counts
of each detector E [Nd ] be some fraction d of the optical signal
E [N], independent of η1 and η2, with corresponding Fano fac-
tor Fd . Although detector noise cannot be explicitly derived
from the optical signal, characterizing experimental parame-
ters allows one to draw this equivalence. The variance of the
detector noise may be written as

Var [Nd ] = dE [N]+d(Fd−1)E [N] . (9)

We note the covariance for each detector with each other and
the optical signals is zero, because they are uncorrelated.

Finally, we can write the NRF for individually super-
Poissonian twin beams, accounting for uncorrelated, super-
Poissonian optical and detector noise, combining the results
of Eqs. 8 and 9 in Eq. 2: σ = σp +σsp +σρ +σd , with

σp = 1− 2η1η2

η1 +(1+ρ)η2 +2d
(10a)

σsp =
(η1−η2)

2(F−1)
η1 +(1+ρ)η2 +2d

(10b)

σρ =
η2

2 ρ(Fρ −1)
η1 +(1+ρ)η2 +2d

(10c)

σd =
2d(Fd−1)

η1 +(1+ρ)η2 +2d
, (10d)

where σρ and σd are the optical and detector noise contribu-
tions to the NRF, respectively.

Similar to before, we can now calculate the relative channel
efficiency required to obtain the minimum NRF. Assuming
detector noise is much less than optical noise, d� ρ , as may
be the case for bright optical signals or low-noise detection,
this minimum is achieved when

η2 =

{
1, 1≤ F ≤ F ′′

η1
1+ρ

(√
2+ 2(2ρF+F−ρ)

(F−1)(1+ρ2)
−1
)
, F > F ′′,

(11)

where F ′′ = 1−2η2
1/[η

2
1 (ρ +3)−(2η1+ρ +1)(1+ρ2)]. As

optical noise increases in Eq. 11, η2 → 0, and σ → F . This
result highlights the importance of reducing optical noise on
the twin beams to minimize the NRF.

For specific values characterizing the optical signal and op-
tical and detector noise, we can compare, as in Fig. 2, the
behavior of the NRF as relative channel efficiency is varied,
from the ideal Poissonian twin-beam case to the full model in-
cluding uncorrelated optical and detector noise (see Eqs. 10a–
10d). In the ideal case, one always measures sub-Poissonian
correlations when including a quantum-correlated twin beam.
Using example values for the parameters of Eqs. 10a–10d to
illustrate how the model can be used to quantify the detri-
mental effects of noise, as shown in Fig. 2, the minimum-
attainable NRF increases, and sub-Poissonian twin-beam cor-
relations may not be measurable despite the underpinning
quantum correlations between the beams.

We now derive an example scenario for a proposed twin
beam experiment based on a stimulated FWM formalism to
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FIG. 2. The NRF scaling with relative channel efficiency (η1 = 0.75)
is shown for example experimental parameters. 1: Poissonian twin
beams (F = 1); 2: super-Poissonian twin beams (F = 4); 3: super-
Poissonian twin beams with uncorrelated super-Poissonian optical
noise (ρ = 0.45 and Fρ = 1.2); 4: super-Poissonian twin beams with
uncorrelated super-Poissonian optical and detector noise (d = 0.01
and Fd = 3). Correspondingly-colored points represent statistical
simulation results, showing close agreement with theory (details in
Appendix C). Note in plot 4, σ equals Fano and detector noise for
η2 = 0 (see Eqs. 10a–10d), and is therefore greater than one.

illustrate the effects of noise at various optical powers and
how experimental parameters may be optimized. This exam-
ple scenario shows similar features to high-gain downconver-
sion experiments8,25, and the model may also be applied in the
spontaneous-emission regime9,15,23. We make the following
three assumptions: (1) twin-beam power increases exponen-
tially with pump power p as E [N] ∝ peλ p, for some constant
λ > 0; (2) optical noise power increases linearly with pump
power as E

[
Nρ

]
∝ p; and (3) mean detector noise increases

linearly with e.g. integration time or size, or temperature w,
and has some constant readout noise, but is independent of p:
E [Nd ] ∝ w+λ , for some other constant λ > 0.

Assumption (1) is true if, for example, twin beams are gen-
erated in-fiber via monochromatically-pumped FWM in the
exponential-gain regime, through parametric amplification34.
Assumption (2) may represent optical noise sources such as
Raman scattering at wavelengths far from the pump, where
the phonon density of states is low35,36. Assumption (3) rep-
resents thermal detector noise (linear contribution in w) and
constant readout noise, typical for photodiode37 and CCD38

detectors. Thus, we may write the terms of Eqs. 10a–10d as

F(p) = 1+λ1 peλ2 p (12a) Fρ(p) = 1+λ3 p (12b)

Fd(w) = 1+λ4 +λ5w (12c) ρ(p) = λ6e−λ7 p (12d)

d(p,w) = (λ8w+λ9)p−1e−λ10 p, (12e)

where Λ = {λ1, . . . ,λ10 > 0} are fit parameters of the pro-
posed experiment’s model. Eqs. 12a–12c are found by direct
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FIG. 3. The NRF plotted against pump power for varying exper-
imental parameters, with contour plots projected beneath: (a) in-
creasing detector noise parameter λ8, (b) increasing optical noise
parameter λ6, and (c) varying relative channel efficiency η2 − η1
(see Eqs. 12a–12e). The default parameters for this simulation
are Λ = {0.00005,0.01,0.01,0.5,0.1,1,0.005,1.001,0,0.005}, with
η1 = 0.75 and η2 = 0.7, chosen to demonstrate the general features
of the described FWM experiment. Dashed lines represent the σ = 1
contour, and the scale bar is fixed for all plots.

substitution of assumptions (1)–(3) into Eq. 4, with β > 0;
Eqs. 12d and 12e by substitution into the definitions of ρ and
d. Although detector noise is fundamentally independent of
pump power, their relative intensities can still be compared
using this substitution, as in Eq. 12e. The NRF is plotted in
Fig. 3 as a function of pump power, using Eqs. 10a–10d and
12a–12e, to show how various noise sources impact measured
correlations.

In Fig. 3 (a), detector noise is dominant at lower optical
power, as the signal-to-noise ratio is low in this regime; in-
deed, as p→ 0, then σ → Fd , as expected. Increasing uncor-
related optical noise in Fig. 3 (b) has a more significant effect
at low and intermediate pump powers, highlighting the impor-
tance of filtering optical noise.

As the signal-to-noise ratio increases in Fig. 3 (c) at higher
pump powers due to the different scalings of E [N], E

[
Nρ

]
,

and E [Nd ], balancing channel efficiency becomes the critical
task. This is because the Fano factor of our considered ex-
ample scales exponentially in pump power, so σsp diverges
quickly when η1 6= η2, as seen in Fig. 1. Indeed, η2 = 0.8
outperforms η2 = 1 in Fig. 3 (c), despite being lower chan-
nel efficiency. High-power intensity-correlation experiments
should therefore implement classical noise suppression to re-
duce F39, or appropriately balance channel efficiency, to mea-
sure sub-Poissonian correlations.

We have derived a model of twin-beam intensity correla-
tions which accounts for experimental limitations such as un-
correlated optical and detector noise and unbalanced detection
efficiency. From this model, we analytically and numerically
show that for beams with excess noise below a well-defined
threshold, measured correlations can be improved by maxi-
mizing the detection efficiency of both beams. However, for
beams with intensity or experimental noise beyond this thresh-
old, one should appropriately balance detection efficiency,
even at the cost of reducing channel efficiency. The param-
eters required to determine this threshold and to maximize the
quality of measured twin-beam correlations are experimen-
tally accessible8,9,11,25, and can be optimized by simulating
the resulting behavior of different values using our model.

We have also demonstrated the utility of this model for an
example FWM experimental scenario. While we have only
considered this specific example, the model and the tech-
niques used to derive it apply to many similar experiments,
from wavelength-degenerate downconversion experiments
dominated by detector noise, to non-wavelength-degenerate
FWM experiments dominated by optical noise9,11–15,25,26.

Higher-power measurements find more application than in-
tensities associated with squeezed vacuum and photon count-
ing experiments. We therefore believe this model will find use
as optical quantum metrology targets practical applications at
microwatts to milliwatts of optical power and exotic wave-
lengths beyond the near-infrared, using high-gain twin-beam
experiments to enhance measurement precision.
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SUPPLEMENTARY MATERIAL

See supplementary material for an analysis of twin-beam
absorption estimators, a NRF model which considers indepen-
dent optical and detector noise on both channels, and details
of simulations related to Fig. 2.
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