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ABSTRACT

The fragility of quantum states rapidly leads to errors in the operation of quantum com-
puters. However, error-correction schemes overcome this challenge by entangling many
physical qubits into composite logical qubits, which are error-protected. Consequently,

any viable platform for quantum computing must demonstrate a route for the generation and
control of large-scale entangled states. In the measurement-based model of quantum computing,
error correction is intrinsically encoded in entangled resource states, known as graph states,
such that the fault-tolerant operation of logical qubits naturally arises. Theoretical proposals
for graph state processing in the platform of integrated photonics are appealing because, in
principle, today’s foundry tools might be sufficient to fabricate the required large number of
components. However, the crucial experimental steps of realising graph states, logical qubits
and error-correction schemes in an integrated photonics device have, until now, not been demon-
strated.

In this thesis, we propose and demonstrate integrated photonic schemes for the realisation of
large reconfigurable graph states based on qubit and qudit encodings. We implement this photonic
architecture on programmable silicon chips that can generate high-quality graph states with
up to eight qubits. Reporting an increase in both the number of on-chip generated photons and
their local dimension, we substantially expand the space of entanglement classes it is possible to
experimentally realise. Embedding several error-correction encoding schemes into graph states,
we explore measurement-based protocols and applications in both the physical and logical graph
state scenarios, showing significant improvements in the computational performance of our
platform. Finally, we show the first experimental investigation of hypergraph states, generalised
resources for novel approaches to measurement-based quantum computing, with potential for
protecting against correlated errors.

These results are an important step forward for correcting quantum errors in CMOS com-
patible technologies. As research around the world focuses on developing applications for noisy
intermediate-scale quantum devices, early noise-reduction methods will provide greater scope
for running quantum algorithms. Subsequent progression towards fault-tolerant quantum com-
puting with integrated photonics can only be achieved by further development of the results
presented in this thesis.
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INTRODUCTION

S cience, for the first time, is on the way to achieve the expertise and the techniques to create

and control networks of highly entangled quantum states of many particles, systems so

complex that even the best classical computers cannot simulate them. The consequences

of this emerging capability for quantum computing will be vast and extremely diverse, and,

excitingly, in part still undiscovered. Quantum technologies could open new trajectories towards

understanding nature in a more profound way, providing efficient simulators of complex quantum

systems. Apart from the fundamental interest in opening novel perspectives for the study of

quantum systems, these technologies promise to produce real benefits, targeting new computing

machines with dramatic improvements in resources.

Even though recent quantum computing devices have now entered a regime where tasks that

were intractable on classical hardware can now be solved [8, 15, 120], they are still considerably

more susceptible to errors than conventional digital computers. While still not clearly envisioning

what hardware will stand out in the race for building a quantum machine, we can be quite

confident that any practical quantum computer will incorporate methods of controlling and

correcting those errors to maintain a reliable computation when scaling up. No proposal can be

considered really scalable unless fault-tolerant processing is developed.

Among the different approaches to fault-tolerant quantum computing architectures, measurement-

C.V., Ascent, Bristol, United Kingdom (2020).
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CHAPTER 1. INTRODUCTION

based approaches show a promising route, providing a natural way of embedding error-correction

schemes. In order to realise the measurement-based quantum computing framework, the genera-

tion and manipulation of large entangled states is needed. Such resources are called graph states

and constitute the computational backbone on which quantum algorithms can be run.

Photonics offers an ideal setting for measurement-based quantum information processing. Ad-

ditionally, the platform of silicon quantum photonics offers the tools for large-scale and high-

precision graph state manipulation. This thesis shows that is possible to build a programmable

hardware of high-quality components (silicon chips), to realise reconfigurable graph states of

different geometries and sizes. With these resources, error-correction encodings can be included

(graph codes) to improve the performance of simple protocols and algorithms.

Outline of the thesis

The thesis is organised in four parts as follows. We start with an introduction (Chap. 2) to the

basic concepts and notations that will be used in the research parts of the thesis. We will focus on

providing the necessary background knowledge of photonic quantum information processing, used

for photonic quantum computing architectures. We will introduce linear optical building blocks,

and describe how they can be used to set up a photonic architecture for quantum computing in

the measurement-based paradigm. We will define the quantum resources needed to realise it

and the working principles of qubit processing. Subsequently, we will provide some background

knowledge of quantum error-correction, discussing some basic encodings for controlling and

correcting the inevitable errors that happen in a quantum computing machine. Finally, we will

close with a brief overview of silicon quantum photonics’ technological progress. This platform

will provide solutions for the optical functionality needed to process graph states.

The core of the research work resides in Chapters 3 and 4. Chapter 3 will be concentrating on

the integrated reconfigurable generation of graph states. As computing resources, graph states

have featured strongly in experiments, in both optics and other platforms. However, one major

bottleneck of all these realisations was the impossibility of realising the quick, reconfigurable gen-

eration of arbitrary graphs, key for the development of many measurement-based fault-tolerant

applications. Here, we report the results from two experiments, the arbitrary four-qubit graph

state experiment and the eight-qubit graph state experiment, both devoted to the reconfigurable

generation of arbitrary graph states and realised in the silicon photonics platform. We will

discuss the quality of the generated states in both cases and give examples of rudimentary

measurement-based quantum information protocols performed on them.

2



The main branches of measurement-based fault-tolerant quantum computing — error-correction

graphical encodings and the implementation of error-protected quantum algorithms — will be

the main topic of Chapter 4. Here, the high quality, scale and reconfigurable properties of the

eight-qubit graph state generator device will allow us to experimentally study not only the prob-

lem of multi-photon entanglement generation, but also the implementation of stabiliser codes in

quantum protocols. We show and experimentally demonstrate that it is possible to incorporate

error correction in the design of a quantum computing hardware, to protect information during

all of its processing in a quantum algorithm, giving significant improvements in throughput.

We will assemble the ingredients for constructing a graph state resource of logical qubits, i.e.

graph states in which each node is a graph code built from many entangled physical qubits,

describing the theory behind graph codes. Then, we will experimentally show programmable

graph states composed of error-correctable logical qubits, implementing a range of quantum

information processing tasks on them and comparing several schemes with and without error

correction. We will observe a success rate increase from 62.5% to 95.8% when running a phase

estimation algorithm without and with error correction, respectively.

In Chapter 5, finally, we will describe generalisations to the measurement-based model for quan-

tum computing: hypergraph-based quantum computing. Hypergraph states, a generalised class

of resource states where higher-order correlations are present, could represent a novel universal

computing resource and offer protection against more general error scenarios. In this chapter,

we review this new quantum computing framework and test it by the same integrated silicon

photonic means, realising a hypergraph state generator of states with up to 5 qubits. We perform

high-quality state generation and test the measurement-based rules in this more exotic scheme.

The results reported in this thesis show that simple quantum error correction encodings can

be implemented with resource-efficient photonic architectures to dramatically improve the

performance of quantum algorithms, already on near-term photonic technologies. By generating

arbitrary graph states on a technology that supports millions of high-performance components,

we show the first steps towards the experimental development of a photonic architecture able to

support fault-tolerant quantum computing at scale.
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BACKGROUND

The greatest challenge of all the efforts aimed at the development of quantum technologies

is the engineering of a set of well characterized two-level quantum systems — quantum

bits or qubits. To ultimately compute arbitrary quantum information processing tasks in

an accurate and efficient way, qubits have to be easily initialisable, processable by a universal

gate set and measurable with high fidelity on a scalable physical platform, i.e. a physical system

whose resources grow at most polynomially with the number of generated and manipulated

qubits [48]. Moreover, such two-level systems must have long decoherence times, much longer

than the gate operation time, and must have low interactions with the environment, so to preserve

their state during long computations. If this condition is not satisfied, the quantum state of a

qubit would soon decohere into a classical mixed state, leading quantum algorithms to failure.

While preserving their isolation from the environment, qubits have to be allowed to interact to

realise the necessary multi-qubit gates required for universal computation.

These requirements open several experimental challenges and are difficult to realise si-

multaneously. Each physical experimental platform proposed so far for the implementation of a

quantum device has shown positive and negative sides regarding the stability of a single state, the

loss of information when interacting with the environment, the quality of information processing

gates and read-out techniques. Many of the requirements needed to perform quantum information

processing can be found in existing proposals, with qubits being defined by single atoms [37, 153],

single electrons [30], or by more complicated systems, like very cold superconducting electrical

Giacomo Balla, Landscape (1913).
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CHAPTER 2. BACKGROUND

circuits in which electrons move [99].

One of the most appealing platforms for satisfying the conditions necessary for constructing a

quantum computer is photonics. In this thesis we will focus on photonic qubits, i.e. quantum bits

carried by single photons — the fundamental particles of light. Photons are an attractive physical

system for representing qubits for many different reasons. They can encode qubits in different

ways, regarding which of their dichotomic characteristics is considered: polarization, time-bin,

frequency, orbital angular momentum, spatial mode or path. They not only provide a scalable

system of robust, well characterized quantum bits, with robust physical representations which

retain their quantum properties, but are also systems in which qubits can evolve as desired by a

universal set of unitary transformations, including single-qubit gates and two-qubit controlled

gates able to build entanglement by using interference and measurement. Moreover, quantum

states can be generated with high fidelity and with long coherence times, maintaining the correct

encoding of the information even when guided along long distances in optical fibers. Finally,

they have a reliable read-out technique, with recently developed superconducting nano-wire

single-photon detectors displaying measurement efficiencies up to 98% [7, 14, 108, 132].

Photonic quantum states will have natural applications in many quantum technologies,

from quantum communication to quantum sensing and metrology, for their innate property of

being easily distributed. On top of that, photonic architectures are considered among the best

candidates for quantum computing and simulation, carrying the possibility of incorporating

fault-tolerance in the hardware design to protect information as it is processed in a quantum

algorithm. But to build efficient quantum algorithms, highly complex large entangled quantum

systems are needed, which inevitably require complex photonic circuitry. For this reason, we

combine photonic information processing with recently developed integrated silicon photonics

technologies, to generate and manipulate large entangled quantum systems in miniaturised and

stable chips.

In this chapter we provide the necessary background knowledge of photonic quantum informa-

tion processing, for a grasp of photonic quantum computing architectures. We will introduce the

linear optical building blocks that will be useful for constructing a specific computing framework

based on large entangled quantum states called graph states. We will therefore describe the com-

puting framework, called the measurement-based paradigm, by defining the quantum resources

needed to realise it and the working principles of qubit transformations. Subsequently, we will

provide some background knowledge of quantum error-correction, discussing some basic encod-

ings for controlling and correcting the inevitable errors that happen in a quantum computing

machine. We will conclude with an overview of integrated silicon quantum photonics, a natural

platform for large-scale photonic quantum computing, which provides solutions for the scale,

complexity and optical functionality needed. Specifically, we will discuss recent developments in

the design of large-scale integrated quantum circuits, from the generation of single photons to

the generation and manipulation of entanglement. This will be the backbone of the experimental
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realisations of reconfigurable entangled graph states, discussed in the following chapters.

2.1 Quantum information processing with linear optics

The following section is intended to provide a general background on photonic quantum infor-

mation processing, focusing on how qubits can be encoded, manipulated and measured using

photonic states and linear optical components.

2.1.1 Single photons for qubit encodings

In the second quantisation formalism, light is described as an ensemble of quantum harmonic

oscillators with Hamiltonian [57]

(2.1) Ĥ =∑
k

Ĥk, with Ĥk = ~ωk

(
â†

k âk +
1
2

)
,

where each Hamiltonian Ĥk refers to a single harmonic oscillator with angular frequency ωk

associated with the k-th mode of the electromagnetic field. These modes can be, for example,

spatial modes, spectral modes, polarisations, and so on. In this thesis we will mainly consider

spatial modes: waveguides in a photonic chip, for instance. The operators â†
k and âk are bosonic

creation and annihilation operators for excitations in mode k, and obey the bosonic commutation

rules.

Photons represent the single bosonic quantum excitations of the electromagnetic field. The

photonic states are indicated via Fock vectors |n〉k, where n represents the number of photons in

mode k, and satisfy [57]

(2.2) â†
k |n〉k =

p
n+1 |n+1〉k , âk |n〉k =

p
n |n−1〉k and N̂k = â†

k âk,

where N̂k is the number operator on mode k. Photons occupying the same optical mode are said

to be indistinguishable, and are distinguishable otherwise. If mode k is occupied by n photons,

the energy of the electromagnetic field associated with it is 〈n|k Ĥ |n〉k = ~ωk(n+ 1
2 ). The state

|0〉k, where no photons are present in the k-th mode, is the vacuum state associated to mode k.

Any Fock state can be written as

(2.3) |n〉k =
1p
n!

(
â†

k

)n |0〉k .

In a configuration where a total of n =∑m
k=1 nk photons are in m different modes, where the k-th

mode contains nk photons, the total Fock state of the system is given by the tensor product of the

Fock states for each mode:

(2.4) |n〉 = |n1n2...nm〉 = |n1〉⊗ |n2〉⊗ ...⊗|nm〉 .

This class of states forms an orthogonal basis of the Hilbert space H n
m of n indistinguishable

photons in m modes, which has dimension
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CHAPTER 2. BACKGROUND

FIGURE 2.1. Photonic qubit and qudit path encoding. a. The presence of a photon
over two spatial modes encodes a qubit. b. The presence of a photon over d spatial
modes encodes a qudit.

(2.5) dim(H n
m )=

( m+n−1

n

)
,

equal to the number of possible configurations for allocating n indistinguishable objects in m

slots. An arbitrary state of n photons in m modes can thus be written as the superposition

(2.6)
∣∣ψ〉=∑

n
βn |n〉 ,

where n ranges over all possible configurations (n1,n2, ...,nm) with fixed total number of photons

and
∑

k |βk|2 = 1.

Fock states can be used to define qubits in many ways. Throughout this thesis we will focus on

dual-rail qubits, whereby two modes are used to encode a qubit: the presence of a photon in the

first mode encodes the |0〉 state and the presence of a photon in the other encodes the |1〉 state

(see Fig. 2.1). When we look at the path taken by the photon we say that the qubit is encoded in

the path degree of freedom. Multiple-level systems (qudits) can be easily encoded by increasing

the number of paths a photon can take (see Fig. 2.1).

2.1.2 Linear optical building blocks

To make photonic qubits useful for quantum computing applications, it is crucial to be able to

define a set of universal gates in the encoding described above, i.e. a set of gates that are sufficient

to approximate any unitary operation to an arbitrary accuracy via a quantum circuit. This goes

through the implementation of single qubit gates and some two-qubit entangling gates such
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as the controlled-not gate (CX) or the controlled-phase (CZ) (see Appendix A). The control and

manipulation of such qubits is accomplished by using combinations of beam-splitters and phase

shifters. In the following section we will give a brief review of linear optics, while in Sec. 2.4

we will explain in more detail how optical operations can be implemented in integrated optical

environments using the same encodings.

Single-qubit gates

Arbitrary operations on dual-rail qubits can be described by transformations of the optical modes

(Bogoliubov transformations that do not mix the creation and annihilation operators, usually

described as passive):

(2.7)
â†

1 → â′†
1 =α11â†

1 +α12â†
2

â†
2 → â′†

2 =α21â†
1 +α22â†

2.

Here, the transformation Û =
(
α11 α12

α21 α22

)
is a unitary matrix. These mode transformations

can be decomposed into beam-splitter transformations (with reflectivity r) and phase-shifter

transformations (with phase φ):

(2.8) ÛBS(r)=
( p

r i
p

1− r

i
p

1− r
p

r

)
, ÛPS(φ)=

(
1 0

0 eiφ

)
.

A phase-shifter with phase ϕ, embedded between two balanced beam-splitters, forms a Mach-

Zehnder interferometer (MZI), which is equivalent, up to a global phase, to a beamsplitter

with variable reflectivity r = sin2(ϕ/2). If, for simplicity, we label with ÛBS the unitary matrix

corresponding to a balanced (50% reflectivity) beam-splitter, we can write the overall MZI unitary

FIGURE 2.2. Path-encoded arbitrary single-qubit gates with linear optics. A
unitary transformation on a single qubit can be decomposed into three rotations
along the Ẑ, Ŷ and again Ẑ axes. On the left we show its decomposition into
beam-splitters and phase-shifters.
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as follows:

(2.9) ÛMZI (ϕ)= ÛBSÛPS(ϕ)ÛBS = ie−iϕ/2

(
sin

(
ϕ/2

)
cos

(
ϕ/2

)
cos

(
ϕ/2

) −sin
(
ϕ/2

)) ,

where ϕ indicates the phase shift on the beam-splitter’s reflected arm. If we add another phase-

shifter (φ1) to the MZI we can achieve a general mode transformation:

(2.10) Û = ÛBSÛPS(ϕ)ÛBSÛPS(φ1)= ie−iϕ/2

(
eiφ1 sin

(
ϕ/2

)
eiφ1 cos

(
ϕ/2

)
cos

(
ϕ/2

) −sin
(
ϕ/2

) )
.

It is important to note that not all qubit transformations are rotations in the Bloch sphere, but

some operations, like the Hadamard, are reflections with respect to a particular axis. To realise

these transformations an extra phase shift is added to the rotation (φ2), as shown in Fig. 2.2. Any

SU(2) matrix can be therefore decomposed in terms of Pauli rotations along the Ẑ, Ŷ and again

Ẑ axes:

(2.11) Û(2) = R̂Z(γ) R̂Y (β) R̂Z(α) = ÛPS(φ2)ÛMZI (ϕ)ÛPS(φ1),

with the second equality being valid up to global phases. Moreover, this setup allows us to map a

given single qubit basis to any other basis, not just any given state to any other state.

Unitary operations on d modes

Any unitary operator Û(d) on d modes can be implemented by an optical interferometer as

proposed by Reck et al. [131]. This takes the form of a d×d multi-port interferometer, built up

from a series of Û(2) transformations, which can ultimately be decomposed into beam-splitters

and phase-shifters (see Fig. 2.3a). Any measurement of observables that corresponds to discrete

Hermitian matrices can also be experimentally realised in this way. To do so, it is only required

to implement the unitary that relates the eigenbasis of the Hermitian operator to the single

mode occupation basis (or computational basis). The output can be measured with an array of d

detectors, one per optical mode, each corresponding to an orthogonal eigenstate of the Hermitian

matrix. The maximum number of MZIs required is
(d

2
)= d(d−1)

2 , which is quadratic in the number

of modes. This decomposition is optimal as it has the exact same number of parameters needed to

fully describe a Û(d) matrix. Only in recent years, with the development of integrated photonic

platforms, have experimental demonstrations of such schemes become possible thanks to their

intrinsic phase stability necessary for such large interferometers. Recently, a reprogrammable

version of the Reck scheme has been experimentally implemented in integrated optics [23], with

variable phase-shifters that allow the implementation of all possible linear optical protocols up to

the size of the circuit (6 modes).

An alternative decomposition for achieving universal linear optics was subsequently proposed by

Clements et al. [38], which consists instead of a square network of MZIs, as shown in Fig. 2.3b.
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2.1. QUANTUM INFORMATION PROCESSING WITH LINEAR OPTICS

FIGURE 2.3. Universal d-mode transformations with linear optics. a. Example
of a six-mode Reck scheme. b. Example of a six-mode Clements scheme.

This decomposition is equally universal and requires the same number of total optical components

as the Reck decomposition, but presents a few key advantages, such as a constant optical depth. In

other words, the number of optical elements seen by each photon is equal to d and is independent

on the input and output mode. This property makes the Clements scheme more resilient to

loss-induced errors. On the other hand, both Reck and Clements schemes have been shown

to be equivalent in terms of robustness to noise in setting the phase shifters [117, 136]. The

experimental versatility of this kind of structures demonstrates that universal schemes are not

only a theoretical curiosity but a fundamental piece of technology for future linear optical circuits.

Two-qubit gates can be simulated with linear optics

So far we have only considered single-photon operations, over two modes or over d modes. Prob-

lems start to arise when trying to perform two-photon entangling operations, made difficult by the

absence of photon-photon interaction. One could think that to achieve a two-photon entangling

gate, it would be necessary to use a non-linear material in which the photons could accumulate for

example a phase-shift depending on their state, if interacting with the medium for a long enough

time. However, the non-linearity induced by the intensity of a single photon is so low that, in order

to obtain a control-not gate, we would require approximately 109 meters of non-linear material.

Substantial non-linearities of this type are impossible to achieve while keeping the noise levels

low enough for performing quantum information tasks [90, 145]. Fortunately, an alternative

exists, which consists of using so-called measurement-induced non-linearities [140], first theorised

by Knill, Lafamme and Milburn (KLM) [89]. By combining photon interference, ancillary modes
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and projective measurements, this approach artificially creates the necessary non-linearities,

yielding non-deterministic entangling operations. This type of simulated interaction has, unfortu-

nately, the characteristic of being intrinsically probabilistic. Only after measuring the photons in

a specific pattern can one know if the gate has succeeded, with a gate’s success probability being

determined by the number of valid patterns over all the possible ones.

Throughout this thesis we will make use of such non-linearities in the form of two two-qubit

entangling gates such as the post-selected control-phase and post-selected fusion gate. Here,

we briefly describe both of them. The post-selected control-phase, realised via the interferom-

eter shown in Fig. 2.4b, was developed by Ralph et al. and, independently, by Hofmann and

Takeuchi [80, 125]. The scheme consists of an interferometer with six modes (two for each qubit

plus two ancillary ones), and three beam-splitters with transmittivity 1/3. The four central modes

encode two input qubits carried by two photons. The valid patterns will consist of measuring one

photon in the top two output central modes and the other photon in the bottom two output central

modes, i.e. the patterns in which the qubits are still well-defined in their dual-rail computational

space. All other possible output configurations are discarded. This process of filtering photons

detected in a specific computational subspace of the overall available space, is commonly referred

to as post-selection, and is frequently used in quantum photonics. It is easy to calculate that,

independently from the input states of the two qubits, the probability of ending up in a valid

output configuration is 1/9. Whenever that happens, the computational basis states are coherently

mapped into

(2.12) |00〉AB → 1
3
|00〉AB |01〉AB → 1

3
|01〉AB |10〉AB →−1

3
|10〉AB |11〉AB → 1

3
|11〉AB ,

which correspond to performing the gate matrix Û = 1
3diag(1,1,−1,1), equivalent to a control-

phase gate up to relabelling of the output modes and a prefactor 1/3 which derives from the

success probability (1/9). The post-selected fusion gate, on the other side, swaps |1〉A and |1〉B

of the two input qubits, as shown in Fig. 2.4a. This non-unitary operation, when restricting to

coincidence patterns that have one photon per output qubit, removes any |01〉AB or |10〉AB compo-

nents, transforming them to two-photon-per-qubit patterns, which do not survive post-selection.

For example, the action of this gate on the separable state |++〉AB results in the (sub-normalised)

entangled two-qubit Bell state 1
2 (|00〉AB + |11〉AB). It has to be noted that, from Fig. 2.4, both

control-phase and fusion gates can be traced back to the same interferometric structure composed

of three stacked Mach-Zehnder interferometers.

In conclusion, a set of universal single-qubit and two-qubit operations can be combined together

to perform universal operations, in a fashion that closely resembles a classical algorithm: the

circuit model. A quantum algorithm can be run by applying one-qubit and two-qubit gates in

sequence on a set of qubits initialised in a fiducial state. The results are read at the end as the
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FIGURE 2.4. Post-selected two-qubit gates. a. Interferometer for realising a post-
selected fusion gate. b. Interferometer for realising a post-selected control-phase
gate. A reconfigurable post-selected entangling gate, with three variable inter-
ferometers, instead of beam-splitters with fixed reflectivities, can perform both
gates.

outcome of single qubit computational basis measurements. The entanglement and interference

necessary for the quantum speedup is built up during the computation.

2.1.3 Architectures for large scale devices

We now have all the ingredients to build a blueprint of a linear-optical quantum computer. We

are missing, however, a few secret sauces to make its construction and its physical implementa-

tion feasible. The main drawback comes from the fact that single photon generation is usually

probabilistic, being implemented in materials with weak second or third-order non-linearities

(see Sec. 2.4.1). Moreover, entanglement generation and post-selected gates have an inherent

probabilistic nature as well, as we have seen in the two previous examples. Cascading many

probabilistic sources and probabilistic gates for building larger and larger systems will inevitably

imply lower probabilities of success. On top of that, post-selected gates cannot in general be

arbitrarily cascaded: their successive application might move photons back into a valid post-

selected qubit basis even if discarded at a first post-selected gate level [2]. Redistributed photons

can therefore re-enter in the selected subspace of the overall space resulting in a gate failure.

Fortunately there are solutions for both of these problems, in the form of single photon and gate

heralding [135], followed by multiplexing and feed-forward [84, 121].

Heralding implies making the use of a number of single photons larger than the number of

photons actually used for quantum information processing, usually referred to as heralds and

signals. The detection of a specific output pattern in the heralds subset, will signal the presence

of a specific quantum state in the complementary set of signal photons, without requiring their
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direct measurement. States generated in this way are said to be event-ready, as they are still

unmeasured and can undergo future gates. This is conceptually different from post-selection

approaches, where all the photons contribute to the encoding of useful information and, for the

success of the gate, must all be simultaneously measured, having no chance of further manipula-

tion.

Heralding could mitigate the probabilistic nature of single photon state generation: to generate

a single usable photon, rather than having one photon-pair source, we could have several next

to each other, all pumped simultaneously. Each of them will have some heralding patterns (and

heralding detectors) signalling the occurrence of a photon being generated. When one of those

successful heralding patterns is detected, the information is fed to a switch network, which

enables the routing of only the heralded signal through a master output. It could also include

quantum gates if changes of basis are needed. The action of manipulating “on the fly” the future

gate undertaken by an already generated quantum state is usually called a feed-forward opera-

tion. This overall process, referred to as multiplexing, combines the probabilities of generating

single heralded states across many different sources, increasing the overall probability of deliv-

ering these states: ptot = 1− (1− p)N , where p is the efficiency of each single element and N is

the number of parallel resources. By picking some fairly large number of resources and large

switching networks, the generation rates can be greatly increased. Heralded states can then

undergo cascaded unitary gates without worrying about post-selection rules and gate failures:

once heralded, the state has its own existence and can be arbitrarily manipulated, even lost.

From this construction, the resource requirements for a practical realisation of an optical quan-

tum computer look very prohibitive, especially if, after generation, these photonic qubits have to

be interfered for building fiducial initial quantum states and quantum gates through the circuital

model for quantum computing. Fortunately, remarkable advances in theoretical architectures for

linear-optical fault-tolerant universal quantum computation have been developed in the last few

years. State-of-the-art approaches are now based on the measurement-based quantum computing

paradigm (MBQC) first theorised by Raussendorf and Briegel [127, 128]. We will make extensive

use of this computing model throughout this thesis. In contrast to the standard gate-based model

of quantum computing, MBQC is based on performing only single-qubit measurements on an

initial universal highly entangled resource state, known as a graph state (or cluster state in some

specific cases), previously prepared in order to process quantum information.

As in the circuit model, also in this formalism heralding and multiplexing are needed, however

in a somewhat less expensive form, such as heralded GHZ [67] state preparation and heralded

fusion. The target is to construct a large universal entangled resource once, on which the computa-

tion proceeds by simple deterministic single-qubit measurement sequences. For this purpose, the
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FIGURE 2.5. Ballistic construction of large 3D cluster states. a. Schematic for
the modular photonic MBQC architecture reported in Ref. [60]. Three photon GHZ
states are entangled together (type-II fusion gates) to form the different layers
of a 3D diamond lattice. b. Instance of the percolated cluster. c. Probability of
percolation for different system sizes as a function of the success probability of the
fusion gates. Images reproduced from Ref. [60].

concepts of heralding and multiplexing can be directly applied to GHZ state generation, skipping

single-photon multiplexing. In this case, the direct probabilistic creation of heralded GHZ entan-

gled states is needed. A scheme for generating event-ready Bell pairs with probability 3/16, upon

detection of two photons in specific modes, was first proposed by Zhang et al. [182]. Subsequently,

a scheme for generating entangled three-qubit GHZ states was proposed by Varnava, Browne,

and Rudolph [168]. Thanks to such schemes, GHZ state generation can be achieved with very

high probability through multiplexing, in the same way sources are multiplexed. Subsequently,

larger entangled states can be realised by performing equivalent versions of the post-selected

fusion gates, now performed in a heralded fashion, to construct the needed cluster state. These

heralded gates in turn involve the consumption of one or two heralding photons (type I or type II

heralded fusion gates [19, 51]). But, at this point, despite having boosted the initial entangled

state generation, to construct the full-blown cluster state we face again the same probabilistic

problem! All the needed heralded entangling gates must succeed simultaneously, implying that

the probability of generating the final cluster state decreases exponentially with the number of

entangling gates, i.e. with the size of the cluster itself. So, in the end, also this approach rapidly

becomes very intensive in terms of the resources needed to implement it, especially when going

towards the realisation of larger and larger 3D cluster states for the implementation of quantum

error correcting codes (we will talk about this in Chap. 4).

In 2015 a new proposal for a ballistic construction of a cluster state was put forward, which

overcomes the problem of the probabilistic nature of the entangling gates and the resources’

increasing complexity (no need for active feed-forward) [60, 135]. It requires an order of magnitude

fewer resources than previously proposed schemes, and also benefits from a natural loss tolerance
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(tolerating the presence of up to 50% loss when including error-correcting schemes). The proposed

way of constructing a cluster state uses percolation-based models [85]: as small clusters of

entangled photons (three-qubit GHZ states) are heralded, entangling fusion gates are attempted

once and only once. The resulting lattice will be a highly-connected cluster state (similar to

the Raussendorf 3D lattice [129, 130]), whose bonds and sites can be effectively removed due

to failures of probabilistic entangling gates and photon loss (see Fig. 2.5). If the probability

of creating a bond exceeds a critical value, the percolation threshold ensures that there will

always exist an infinite crossing cluster spanning the entire lattice that can be used for universal

quantum computation.

2.1.4 NISQ devices

This thesis is partially dedicated to developing the technology able to match the requirements for

these linear-optical large-scale architectures for quantum computing. The complex interferometry

and ideal modularity of these architectures makes integrated silicon photonics a necessary

platform, providing the integration of photon-pair sources, switching networks, fast electronics

and measurement apparatuses at scale, in miniature environments. However, so far, we have

not yet achieved the simultaneous realisation of multiple integrated multiplexed single-photon

sources, nor the deterministic generation of heralded GHZ states and heralded gates on the

same chip. Fault-tolerant quantum computing on large cluster states still remains a rather

distant dream. Nevertheless, we are now entering in an era where quantum technologies allow

for Noisy Intermediate Scale (NISQ) devices, i.e. quantum computers able to process a few tens

of “not-very perfect” qubits [120]. NISQ technology, without having the presumptions of changing

the world, could give us new tools for exploring the physics of many entangled particles, enabling

useful applications of interest. Surely, it is a step towards more powerful quantum technologies

we will be able to develop in the future. In the following chapters we will try to pursue this

“dream”, pushing integrated photonic platforms to generate larger and larger graph states for

measurement-based quantum computing applications, by means of post-selection (not heralding).

As we will see in the next chapter, we will use post-selection as a “crutch” to explore a large variety

of reconfigurable graph states; a crutch that takes the form of post-selected Bell pair generation

and post-selected entangling gates, assisted by high-dimensional encodings to mitigate the effects

of post-selection rules and increase the number of possible entanglement operations.

2.2 Quantum computing with graph states

In this section, we will describe the fundamental concepts of measurement-based quantum

computing (MBQC), a computing scheme that uses a given entangled state, the so-called graph

state, as its central physical resource and sequences of one-qubit projective measurements [127].

As measurements are the central tools that drive the computation [65, 89] this scheme is called
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measurement-based. A computer that adopts this scheme can also be referred to as a “one-way

quantum computer” since the qubits and the entanglement in the graph state are destroyed every

time a one-qubit measurement is performed – therefore they can only be used once [128].

Before showing the working principles of MBQC and giving examples of implementations of the

fundamental gates needed to demonstrate the universality of this computing framework, we

will define the resources it relies on: graph states. Through their definition using the stabiliser

formalism, we will introduce simple techniques for verifying their quality (fidelity, entanglement

witnesses and multipartite Bell tests) and discuss their entanglement properties.

2.2.1 Graph states and the stabiliser formalism

Many highly entangled n-qubit states can be classified as stabiliser states, i.e. states
∣∣ψ〉

that

are defined as the simultaneous eigenvector with eigenvalue 1 of n commuting and independent

Pauli group elements Ĝ i. The n eigenvalue equations Ĝ i
∣∣ψ〉= ∣∣ψ〉

define the state
∣∣ψ〉

completely,

up to an arbitrary phase, and the set:

(2.13) S = {
Ĝ ∈ Pn | Ĝ ∣∣ψ〉= ∣∣ψ〉}

is called the stabilizer group of the state
∣∣ψ〉

. Here Pn indicates the n-qubit Pauli group (see

Appendix A). S is a group in the sense that any product of its elements is still a stabiliser of

the state. There are 2n total Pauli operators in the group that can be derived as products of

the n operators Ĝ i, called the generators of S. We label a generic stabiliser operator in S with

ĝ i, where i indicates the set of generators whose product composes the stabiliser (e.g. ĝ12 = Ĝ1Ĝ2).

A special class of stabilizer states are so-called graph states [77, 128]. They are states whose

stabilisers can be defined starting from an unweighted and undirected simple graph structure [45].

A graph is a pair of sets of vertices (V ) and edges (E), labelled as (V , E), in which |V | = n and

the elements of E are two-element subsets of V . Usually, a graph is pictured by drawing labelled

dots for each vertex i ∈ V , and lines for every connection between dots i and j, with {i, j} ∈ E.

Mathematically a graph can be represented by its adjacency matrix Γ, a symmetric n×n binary

matrix where Γi j = 1 if {i, j} ∈ E, while Γi j = 0 otherwise. We will consider the class of adjacency

matrices which have zeros on the diagonal, or, equivalently, graphs in which none of the points

holds a self loop. Given a graph, there is always a unique adjacency matrix representation, and

vice versa. At this point, given an n-vertex graph with adjacency matrix Γ, a graph stabiliser

state can be defined: qubits composing the graph state are graphically represented by the graph’s

vertices and quantum correlations are represented by the graph’s edges. The elements of Γ

capture all the relevant information about the graph state and allow the determination of n

commuting Pauli operators,

(2.14) Ĝ i = X̂ i

n∏
j=1

(
Ẑ j

)Γi j ,

17



CHAPTER 2. BACKGROUND

FIGURE 2.6. Graph state construction. a. Example of how to build a graph state
from its graph representation. Five qubits, initialised in the |+〉i state, are entan-
gled by successive applications of CZi j according to the entries of the adjacency
matrix of the graph that represents it. b. Quantum circuit corresponding to the
creation of the graph: every edge connecting qubits i and j implies a CZi j.

through which the graph state
∣∣ψ(V , E)

〉
is then unambiguously defined:

(2.15) Ĝ i
∣∣ψ(V , E)

〉= ∣∣ψ(V , E)
〉

.

A state that holds the above properties is canonically constructed by the following quantum

circuit (see Fig. 2.6):

• each vertex i is assigned a qubit, initialised in the |+〉i state: the overall initial state is then

given by |+〉⊗n;

• a control-phase operation (CZ) is applied according to the entries of the adjacency matrix:

if the qubits {i, j} are connected by an edge, then CZi j is performed.

The resulting state is:

(2.16)
∣∣ψ(V , E)

〉= ∏
{i, j}∈E

CZi j |+〉⊗n .

To write down a graph state by its explicit form would be quite space-consuming since the number

of required terms to define it scales exponentially with the number of qubits. Since for computing

applications we will be considering rather large cluster states, we will refer to graph states by

their graphical representation: an ensemble of edges and vertices. Nevertheless, we give a few

examples of linear graph states with a small number of qubits, that will be useful in the next
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sections. The linear states of 2, 3 and 4 qubits are:

|L〉2 =
1p
2

(|0〉1 |+〉2 +|1〉1 |−〉2),

|L〉3 =
1p
2

(|+〉1 |0〉2 |+〉3 +|−〉1 |1〉2 |−〉3),

|L〉4 =
1
2

(|+〉1 |0〉2 |+〉3 |0〉4 +|+〉1 |0〉2 |−〉3 |1〉4 +|−〉1 |1〉2 |−〉3 |0〉4 +|−〉1 |1〉2 |+〉3 |1〉4 .

(2.17)

Note that the state |L〉2 is equivalent to a Bell state up to a local unitary rotation and |L〉3
is equivalent to the Greenberger-Horne-Zeilinger (GHZ) state. |L〉4 is not equivalent to a four-

particle GHZ state.

2.2.2 Fidelity estimates in the stabiliser formalism

The set of n stabiliser generators generates an Abelian stabilizer group with 2n elements which

defines the corresponding graph state in an unequivocal way: the state stabilised by the set S

is the unique state for which Ĝ j
∣∣ψ(V , E)

〉= ∣∣ψ(V , E)
〉
. If we consider the whole set of 2n stabiliser

observables

(2.18) S = { ĝ i| ĝ i =
∏
j∈V

(Ĝ j)i j with i ∈Zn
2 },

where Zn
2 is the tensor product of n groups of integers modulo 2, we can see that the graph state’s

density matrix can be expressed as:

(2.19)
∣∣ψ(V , E)

〉〈
ψ(V , E)

∣∣= n∏
j=1

Ĝ j + Î
2

= 1
2n

2n∑
i

ĝ i.

This equation simply implies that to estimate a graph state’s fidelity it is sufficient to measure

the complete set of stabiliser expectation values and average over them:

(2.20)
〈
ψ(V , E)

∣∣ρ ∣∣ψ(V , E)
〉=Tr(ρ

∣∣ψ(V , E)
〉〈
ψ(V , E)

∣∣) = 1
2n

2n∑
i

Tr(ρ ĝ i) = 1
2n

2n∑
i
〈 ĝ i〉.

These estimates are less demanding than a tomography in terms of measured operators, but give

less information on the state actually generated.

Graph states are a sub-class of stabiliser states. However, it has been shown that, given a

stabilizer state, there is always an equivalent graph state under the action of the local Clifford

group [142]. Thus, discussing the entanglement properties of stabilizer states, is equivalent to

considering the entanglement properties of graph states, since for any stabilizer state there exists

a graph state with the same entanglement properties. We will discuss entanglement classes in

the next section.
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2.2.3 Graph state classes and local complementation rules

Different graphs lead to different graph states. However, different graphs might share the same

entanglement properties, despite being represented in different forms. These graphs are called

local-equivalent: one graph can be transformed into the other by the application of single-qubit

local unitaries (LU). As this operation does not change the entanglement properties of the state

(it is only a change of basis), the two states are once and for all equivalent. There are many

entanglement classes for graph states and their number grows more than exponentially as the

number of qubits increases. However complex the problem of the identification of local equivalent

graphs might seem, in the exploration of local-equivalence a single basic transformation rule,

which exploits the states’ graphical representation, plays a role: local complementation (LC) [166].

Given a graph state, the set of its local-equivalent states under local Clifford unitaries, called

the orbit, is generated by the repeated application of local complementation. Its action on graph

states can be translated into transformations on their associated graphs, i.e. transformation rules

stated in purely graphical terms, which completely characterize the evolution of graph states

under local Clifford operations.

Before describing the action of local complementation let us introduce a few concepts. Given a

graph G = (V , E) with adjacency matrix Γ, we call adjacent vertices or neighbours two vertices i

and j such that {i, j} ∈ E. The neighbourhood N (i)⊆V of a vertex i is the set of all neighbours of

i. A graph G′ = (V ′,E′) which satisfies V ′ ⊆ V and E′ ⊆ E is a subgraph of G and we will write

G′ ⊆G. Given a subset A ⊆V of vertices, the induced subgraph G[A]⊆G is the graph with vertex

set A and edge set {{i, j} ∈ E | i, j ∈ A}. A graphs’ complement is a graph with adjacency matrix

Γ+I , where I is the n×n matrix which has all ones in its off-diagonal terms and zeros in its

diagonal entries. Addition is to be performed modulo 2. In other words, a graph’s complement is

obtained by removing all existing edges and adding all the missing ones.

The action of local complementation can be described as follows: for each i = 1, ...,n, the graph

transformation LCi, acting on qubit i, sends an n-vertex graph G to the graph LCi(G), which is

obtained by replacing the induced subgraph of the neighbourhood of the ith vertex G[N (i)], by

its complement. For example consider the five-vertex graph shown in Fig. 2.7a. Local comple-

mentation on qubit 3 removes edges in the induced subgraph of its neighbourhood (the graph

composed of vertices {2,4,5} and edges {4,5}) and adds the missing ones: {{4,5}} is removed and

{{2,4}, {2,5}} are added. For all complete graphs, which are the ones with adjacency matrix entries

Γi j = 1 for all i 6= j and Γii = 0 for all i, local complementation provides only another local equiva-

lent graph: the star graph, which in turn is equivalent to a GHZ state. The application of local

complementation to generate all four-qubit graph states is shown in Fig. 2.7b.
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FIGURE 2.7. Local complementation graphical rules. a. Example of local com-
plementation applied on qubit 3 of a five-qubit graph. b. Application of local
complementation transformations on four-qubit graphs to obtain the complete
set of local-equivalent graphs for the two existing four-qubit graph entanglement
classes.

The operations LCi can indeed be realized as local Clifford operations [77, 166]:

(2.21) LCi =
√
−iX i

⊗
j∈N (i)

√
iZ j .

We will make an extensive use of this transformation to characterize the LU equivalence classes

of experimentally achievable stabilizer states, to find suitable representatives within each equiv-

alence class for constructing measurement-based protocols (see Chap. 3 and Chap. 4). We will

use the LC graphical transformation rule and carry graph state class explorations in purely

graphical terms, without passing by state vector representations. This other approach would be

computationally much harder as the state vector size grows exponentially with the number of

qubits and, on top of that, the number of members in each class grows super-exponentially with

the number of qubits. For states of only twelve qubits, over 1 million families are present, for a

total of over 36 billion distinct graphs [41]!

2.2.4 Mermin tests and entanglement witnesses in the stabiliser formalism

The quantification of multipartite pure state entanglement is far from being understood and

a systematic exposition of the subject in its whole is extremely complex. If we restrict to the

interesting subclass of stabilizer states, a simple way of assessing their multipartite entanglement

properties can be found through the use of the stabiliser measurements. Tests that take this form

are usually referred to as Mermin tests [20, 75, 161]: they are based on stabiliser measurements,
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thus require few simple Pauli measurements, and are optimised for the specific state they test, i.e.

provide the maximal violation against local realism. Here, we will discuss two types of Mermin

inequalities, one based on the measurement of a full set of stabiliser operators [75] and a second

one based on a subset of the whole set, which is chosen depending on the geometry of the graph

under test [161]. We will label them as M G
III and M G

II as they involve three and two measurement

settings per party respectively:

(2.22) M G
III =

2n∑
i=1

g i

and

(2.23) M G
II =G i

∏
j∈I

(1+G j).

In M G
III the sum is taken over all the 2n stabilisers of the graph G. The maximum of |〈M G

III〉|
reachable for a quantum state G stabilized by {g i} is 2n, while the maximum for LHV models

(C(G)) depends on the number of qubits. If we look at the normalized parameter C(G)/2n, the

violation of these inequalities, and therefore their strength, increases exponentially with the

number of qubits [75]. For example, in linear graphs, for n = 4 C(G)= 12 and C(G)/2n = 3/4, while

for n = 10, C(G)= 352 and C(G)/2n = 22/64< 3/4. On the contrary, M G
II is defined starting from

an arbitrary vertex i, and the product is taken over all the stabiliser generators of the graph

acting on qubits j, where j are all neighbours of i that are not connected by edges. The maximum

of |〈M G
II 〉| reachable for a quantum state G stabilized by {G i} and the maximum for LHV models

both depend on the number of qubits and on the graph’s geometry [20, 161]. Also in this case,

the violation of these inequalities, i.e. their strength, increases with the number of qubits. For

n = 4, the ratio between the classical and quantum maxima is 1/2, while for n = 10 it can go up to

1/16, in the case of star graphs. M G
II inequalities are always easier to violate, because they limit

the non-locality testing to subgraphs of the overall graph. However, many of these inequalities

can be constructed from different choices of i and j in Eq. 2.23, following the graph’s symmetries,

to fully verify the presence of quantum correlations throughout the graph. As an example, the

following two-setting Mermin tests can be composed for the |S4〉 and |L4〉 star and line four-qubit

states (graph symmetries are indicated by an arrow) [20]:

M S
II =G4(1+G2G3 +G2G1 +G3G1), G4 →G4G1,

M S
II ′ = G4(1+G i)(1+G j), G4 →G4Gk,

(2.24)

where G i indicates stabiliser generators, i, j,k = {1,2,3} and qubit 4 is the center of the star. For

the line state:

M L
II = G1(1+G2)(1+G3), G2 →G2G4,

M L
II ′ = G1(1+G3)(G2 +G4), G2 →G2G4 and G i →G iG i+1,

(2.25)
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for i ∈ {1,2,3,4}.

Inequalities of this sort can always be compared with other entanglement properties. Here, our

restriction to Pauli observables becomes crucial. Entanglement witnesses (Ŵ) can be constructed,

able to detect genuine multipartite entanglement in the neighbourhood of a given graph state

|G〉 such that:

(2.26) 〈Ŵ〉 =
Tr(ŴρGME)< 0,

Tr(ŴρS)≥ 0,

where, ρGME is a density matrix representing a connected entangled state of a multipartite

quantum system, while ρS is a state that may be written as a convex combination of bi-separable

states. This type of witnesses can be constructed from the same stabiliser measurements used for

Mermin tests. Usually they are referred to as a fidelity witness, as they are a simple rescaling of

the stabilisers’ mean, whose expectation value represents the fidelity [160]:

(2.27) Ŵ := 1
2

Î−|G〉〈G| = 1
2

Î− 1
2n

2n∑
i=1

g i.

The coefficient 1/2 is usually chosen as the maximum overlap between the state |G〉 and a pure

bi-separable state over all possible bi-partitions. The number of local measurement settings

required for measuring this witness increases exponentially with the number of qubits and is the

same as the ones required for estimating the fidelity.

The efficiency of the constructed witnesses can not only be evaluated by the number of local

measurement settings required to be measured, but also on the basis of their robustness to noise.

Let p be the probability of some white noise to act on a graph state |G〉, such that the state after

its action is ρεG = p I
2n + (1− p) |G〉〈G| with 0 ≤ p ≤ 1. The robustness parameter is the the limit

value pn for p, such that Tr[ρεGŴ]< 0 for all p < pn. For this witness:

(2.28) pn = 2n−1

2n −1
.

This projector-based entanglement witness needs a number of local measurement settings that in

general is exponentially growing with the number of qubits. To improve the experimental efforts,

a second witness can be defined starting from only stabiliser generators, that indeed needs a

number of local measurement settings that grows linearly with the number of qubits. However,

this displays a lower robustness parameter. This witness can be defined as:

(2.29) ˆ̃W :=βnÎ−
n∑

i=1
Ĝ i.

It is related to the previous witness by the relation:

(2.30)
〈

ˆ̃W
〉
−2

〈
Ŵ

〉
≥ 0.
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βn is a coefficient depending on the number of qubits in the graph: βn = n−1. Therefore, in the

case of an n-qubit connected graph state this second witness takes the form:

(2.31) ˆ̃W = (n−1)Î−
n∑

i=1
Ĝ i.

The witness ˆ̃W, being a sum of single stabilizer generators, can always be measured efficiently

as the number of local measurement settings required grows linearly with n. However, it has a

robustness threshold of

(2.32) p̃n = 2
2n

.

Finally, considering Eq. 2.27 and 2.29 and the relation between the two different witnesses

(Eq. 2.30), lower bounds on the fidelity can be extracted if only stabiliser generator measurements

are performed:

(
(n−1)

〈
Î
〉− n∑

i=1

〈
Ĝ i

〉)
−2

(
1
2

〈
Î
〉−Tr(ρ |G〉〈G|)

)
≥ 0 → 2

(
1
2

〈
Î
〉−F

)
≤

(
(n−1)

〈
Î
〉− n∑

i=1

〈
Ĝ i

〉)
→ F ≥ (

1− n
2

)〈
Î
〉+ 1

2

n∑
i=1

〈
Ĝ i

〉
.

(2.33)

This implies that, for example, for states with n = 4 (n = 8), the average of the stabiliser generators

has to be higher than 0.5 (0.75) to have a fidelity greater than 0.5 and therefore violate the

original entanglement witness. Examples of experimental implementations of these witnesses

and the relative fidelity estimations can be found in Sec. 3.1 and Sec. 3.2 in which graphs with up

to eight qubits are analysed.

2.2.5 Qubit operations in the measurement-based approach

In a measurement-based quantum computer, the entire resource for the quantum computation is

provided initially in the form of a specific graph state of a large number of qubits, usually one

constructed on regular structures as 2D square lattices. These more regular structures are also

referred to as cluster states. Information is then written onto the cluster, processed, and read out

by one-qubit measurements only. The state with its specific entanglement properties serves only

as a substrate for an arbitrary quantum computation. The demonstration of universality of this

type of quantum computation passes through the implementation of arbitrary one-qubit rotations

and CNOT gates, building blocks for realising any quantum logic circuit. We will see how these

building blocks can be performed in the measurement-based picture on small clusters, such that

the functioning of the gates can be easily perceived. In the following section we will frequently

distinguish between cluster physical qubits, the ones that are measured during the process of
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the computation, and logical qubits, the ones that constitute the quantum information being

processed. The latter are represented by rows in the cluster resource. Note that in Chap. 4 we will

add another level of “logicality”, defining a new type of logical qubits based on measurement-based

logical qubits equipped with error correcting schemes.

Teleporting information

Let us consider a two-qubit graph state as shown in Fig. 2.8a: |L2〉 =CZ
∣∣ψin

〉
1 |+〉2, with

∣∣ψin
〉=

α |0〉+β |1〉. We can rewrite it in the form:

|L2〉 =CZ (α |0〉+β |1〉) (|0〉+ |1〉)=α |00〉+β |10〉+α |01〉−β |11〉 =
= α (|+〉+ |−〉) |0〉 + β (|+〉− |−〉) |0〉 + α (|+〉+ |−〉) |1〉 − β (|+〉− |−〉) |1〉 =
= |+〉 (α |+〉+β |−〉) + |−〉 (α |+〉−β |−〉) = |+〉 Ĥ

∣∣ψin
〉 + |−〉 X̂ Ĥ

∣∣ψin
〉

.

(2.34)

If a X̂ -measurement is performed on the first qubit, the state that derives on the second qubit is:

(2.35)

Ĥ
∣∣ψin

〉
2 if the outcome is |+〉1

X̂ Ĥ
∣∣ψin

〉
2 if the outcome is |−〉1 .

We can group the two cases by saying
∣∣ψout

〉
2 = X̂ s1 Ĥ

∣∣ψin
〉
, where s1 is the result of the measure-

ment on qubit one: s1 = 0∨1 for outcomes |+〉1 ∨|−〉1. From this expression we can see that the

state of the first qubit can be transferred to the second qubit, up to a Hadamard transformation,

by measuring X̂ on the first qubit. We have thus teleported the information of a logical qubit

(encoded in the first physical qubit) to the second qubit of the chain. We can note that information

processing is possible even though the result of the measurement is random. Once the result

is known the relative inverse rotation can be applied to retrieve the original encoded state.

The individual measurement results are random but correlated, and these correlations enable

quantum computation on the cluster.

Rotating a logical qubit

Imagine now we change the basis of the measurement on the first qubit: if we choose a basis in

the X̂ − Ŷ plane M̂(α)= {|0〉+ eiα |1〉 , |0〉− eiα |1〉} the resulting state is:

(2.36)

ĤR̂Z(α)
∣∣ψin

〉
2 if the outcome is |0〉1 + eiα |1〉1

X̂ ĤR̂Z(α)
∣∣ψin

〉
2 if the outcome is |0〉1 − eiα |1〉1 .

It can be simply verified following the previous case, by using the fact that R̂Z(α) commutes with

a CZ (Fig. 2.8b). The state on which the second qubit collapses,
∣∣ψout

〉
2 = X̂ s1 ĤR̂Z(α)

∣∣ψin
〉
, is

now equivalent to the initial logical qubit rotated by a unitary which depends on the measure-

ment angle α. We can therefore teleport a qubit of information and perform a R̂Z(α) rotation

on it. Classical post-processing of the data is needed also in this case to take into account the
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FIGURE 2.8. Examples of MBQC operation on a two-qubit line. a. One qubit
teleportation and relative circuital representation. b. One qubit rotation along the
X̂ -axis and equivalent quantum circuit.

randomness of the outcome. Note that, also in this measurement configuration, a Hadamard

rotation is induced.

Longer chains of entangled qubits can be used to realise more general rotations. If we consider

Euler’s decomposition [109], three successive measurements in the X̂ − Ŷ plane are sufficient to

implement a given arbitrary unitary Û(α,β,γ), as shown in Fig. 2.9. The teleported state from

the first to the last qubit of the chain is:
∣∣ψout

〉
5 = ÛΣÛ(α,β,γ)

∣∣ψin
〉
, where ÛΣ =−X̂ s2+s4 Ẑs1+s3

takes into account the intermediate measurement outcomes. The latter is commonly called a

by-product operator. This result can be easily derived by assuming that at every measurement a

rotation X̂ si ĤR̂Z(θi) is accumulated and the following relations hold:

(2.37)

Ĥ X̂ = ẐĤ, ĤẐ = X̂ Ĥ,

ĤR̂X (α)= R̂Z(−α)Ĥ, ĤR̂Z(α)= R̂X (−α)Ĥ,

ĤR̂X (α)Ĥ = R̂Z(α), ĤR̂Z(α)Ĥ = R̂X (α),

R̂X (α)X̂ = X̂ R̂X (α), R̂Z(α)Ẑ = ẐR̂Z(α),

X̂ R̂Z(α)= R̂Z(−α), X̂ si R̂Z(α)= R̂Z((−1)siα).

Note that the measurement angles are related to the angles in the Euler’s decomposition of the

gate and to the previous measurement outcomes in the following way:

(2.38)


Qubit 2 → θ2 = (−1)s1α

Qubit 3 → θ3 = (−1)s2β

Qubit 4 → θ4 = (−1)s1+s3γ,

where {s1, s2, s3} indicate the measurement outcomes on qubits 1, 2 and 3 respectively.
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FIGURE 2.9. Arbitrary one-qubit unitary in MBQC. a. Circuit representation for
an arbitrary one-qubit unitary. Any Û can be decomposed into three rotations, along
the X̂ , Ẑ and X̂ axes respectively: Û(α,β,γ). b. MBQC procedure to implement
Û(α,β,γ).

Feed-forward for deterministic gates

In light of the above implementation of arbitrary gates, we can see that the basis in which each

cluster qubit is measured might depend on the results of preceding measurements, to correct for

possible X̂ rotations. This introduces a temporal order in which the measurements have to be

performed. Qubits can still be simultaneously measured if we restrict the measurements to the

observation of one of the two possible outcomes for each qubit, in some way post-selecting the

overall available space. The overall teleportation process would become in this way probabilistic.

Enforcing a temporal order in the measurements can instead lead to a deterministic circuit. To

achieve a deterministic teleportation process, some classical information processing must be

introduced between the different measurement layers, to feed the outcome of previous measure-

ments to the following ones: this is commonly called feed-forward, and the measurements become

adaptive. In such a way each X̂ (θi) measurement performs an operation ĤR̂Z(θi) on the logical

state.

Two qubit gates

Vertical connections among different horizontal layers naturally represent CZ gates between

the two corresponding logical qubits (see Fig. 2.10a). Their combination with arbitrary rotations,

realised by subsequent measurements on each of the two horizontal layers, allows us to realise

any two-qubit gate. For an example of the mapping between a MBQC two qubit process and the

corresponding circuit see Fig. 2.10b. For instance, a controlled-not gate (CX) between two adjacent

logical qubits can be realized on a cluster state of fifteen qubits by X̂ and Ŷ measurements,

which can all be performed simultaneously [128]. The CX gate, together with arbitrary one qubit
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FIGURE 2.10. Two-qubit logical operations in the MBQC picture. a. Vertical
links naturally represent control-phase operations among two qubits encoded by
horizontal layers. b. Example of equivalent processes in the MBQC form and in
the circuit form with embedded single qubit and two-qubit gates. In the MBQC
framework only single qubit measurements are required.

rotations, constitutes a universal set of gates: any computation can be assembled by these two

elementary blocks. Moreover, CX gates between non-adjacent horizontal layers can be realised

via next-neighbour CX and swap gates, which can themselves be composed of next-neighbour

CXs.

2.2.6 Universality of the measurement-based approach

Observables in the X̂−Ŷ plane are used to realize arbitrary rotations of logical qubits represented

by the horizontal layers of the cluster. Vertical links between different horizontal lines perform

control-phases, thus enabling arbitrary two-qubit operations. The basis in which each of the

cluster qubits is measured depends on the results of previous measurements, thus a temporal

order is introduced. The processing finishes once all qubits except the last one on each wire have

been measured. The remaining unmeasured qubits form the output quantum register which is

now ready to be read out. The readout measurement needs to be reinterpreted depending on the

measurement bases and on the measurement outcomes, according to the resulting by-product

operators.

Given a quantum circuit, the elementary constituents of the quantum logic network can be

mapped onto the corresponding basic blocks of the MBQC scheme. The read out register of one

block becomes the input register for the successive ones, thus creating a universal scheme. A net-

work of quantum gates can be thus decomposed into measurement sub-patterns on sub-clusters

of a large entangled state each corresponding to elementary gates in the circuit. It is important to

notice that, in this sequential scheme, the entanglement operations needed for every sub-cluster

commute with all the measurements carried out on previous ones as they act on different particles.
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Thus, the overall process can be decomposed into one initial entangling operation, involving a

large number of qubits encoding the initial state, and subsequent sequences of measurement

patterns. A two-dimensional rectangular cluster state, for example, can allow for any computation

fitting in the cluster’s size. The scaling of spatial and temporal resources (number of physical

qubits and the minimal number of steps to which quantum gates and readout measurements can

be parallelised) is at worst polynomial as compared to the circuit model. The required classical

processing increases the computation time only logarithmically in the number of logical qubits

and thus there is no exponential overhead in either classical or quantum resources [128].

In this modular approach, given a quantum process, sub-clusters with specific shapes need to be

carved out from the overall cluster resource to realise each specific sub-routine. For each of these

sub-routines there will always be qubits on the cluster which are not needed for its realization.

The removal of redundant qubits does not require the physical removal of the qubit from the

lattice at the initialisation stage, but can be realised by making them ineffective by measuring

each of them in the Ẑ basis. A Ẑ measurement, in fact, acts as follows. Imagine to have the same

two-qubit linear state used to describe teleportation:

(2.39) |L2〉 =CZ
∣∣ψin

〉
1 |+〉2 =CZ (α |0〉+β |1〉) |+〉2 =α |0〉 |+〉2 +β |1〉 Ẑ |+〉2 .

We can see that, up to a Ẑ rotation, a measurement in the computational basis ({|0〉 , |1〉}) is

equivalent to deleting a physical qubit from the cluster state, independently on its initial state. If

we do it on a set CN of qubits, one is left with an entangled quantum state on the cluster C \ CN

of the unmeasured qubits (see Fig. 2.11).

However this modular approach for combining elementary gates can be intuitive and useful

for translating a familiar quantum circuit into a measurement pattern on a cluster, quantum

gates are not the fundamental constitutive elements of MBQC: these are instead one-qubit

adaptive measurements performed in a specific temporal order and in a specific spatial pattern,

throughout the overall computational time T. The most efficient pattern of measurements and

its temporal order could in principle not even follow the sequence of gates in the original circuit

picture. In general, the cluster C can be divided into disjoint subsets Ct ⊂ C composed of qubits

that can be measured simultaneously, with 0≤ t ≤ T, such that ∪T
t=0Ct = C and Cti ∩Ct j =; for

all ti 6= t j. The sets are measured one after another in light of the measurement outcomes of

the previous ones. The set C0 will consists of all those qubits for which no measurement bases

have to be adjusted. At the second time step qubits in C1 are measured, with measurement

bases determined by outcomes from C0. C0 and C1 together will determine the bases for C2,

measured at the third step, and so on. Finally, the result of the computation is calculated from

the measurement outcomes obtained in all the measurement rounds. It is important to highlight

that the whole Clifford part of any quantum circuit can be performed in a single time step at the

start of the computation. This is because the measurement bases to realize Clifford gates do not
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FIGURE 2.11. Ẑ measurements for shaping the cluster. a. A Ẑ measurement
removes a qubit from the cluster, independently of the state encoded in it, up
to a Ẑ operation induced by the measurement outcome. b. To realise a specific
computation, multiple Ẑ measurement can be used to remove redundant qubits.
Outcomes can be relabeled at the end of whole process, in light of the measurement
outcomes.

need to be adapted, since only Pauli operators are measured. Crucially, this is valid regardless of

their location in the network. In the subsequent measurement rounds only adaptive operators of

the form cos(θ)X̂ ±sin(θ)Ŷ are measured, where 0< |θ| <π/2.

FIGURE 2.12. Information flow in the MBQC picture. All qubits in C0, correspond-
ing to qubits that are measured in Pauli bases, can be measured out as a first step
of the MBQC protocol, or equivalently removed from the cluster. The outcomes of
this Clifford part of the circuit will specify the corresponding graph, which in the
end will be task-dependent, but composed of fewer resources.
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We can simplify even further: given that all the qubits measured in Pauli bases do not need

adapting, but only final interpreting of the outcomes, they may be removed once and for all from

the cluster. The resulting state of the unmeasured qubits after the measurement of qubits in

C0 is now not necessarily a regular cluster state, but in general a graph state, or a state locally

equivalent to it. This will be a new, non-universal quantum resource, tailored for the specific

algorithm determined by the adaptive measurement blocks (C1, C2, ...). The Clifford part of the

circuit will specify the corresponding graph. We can then use this new graph state directly as

a resource, modifying the measurement bases in (C1, C2, ... ) instead of performing the local

rotations prior to the measurements. The way of processing the classical information will be the

same as in the case of a universal resource.

Finally we need to note that, as the pattern of measurements follows a specific temporal order

with the cluster being divided into disjoint subsets Ct of simultaneously measurable qubits, the

generation of the overall graph resource does not have to be necessarily simultaneous. New layers

of entangled states can be assembled on the fly, in light of classically stored information about

the measurement outcomes obtained in previous layers [60, 135].

2.3 Protecting quantum states: quantum error correction
essentials

Nature, unfortunately, does not provide us with naturally error-free quantum systems needed to

process quantum information without faults. One could think of trying to avoid noise completely,

a task that is almost impossible to achieve, given the complexity of isolating a quantum system

from the environment. On the contrary we need to cope with errors, admitting their presence in

various forms and building strategies for protecting the information against their detrimental

effects. The core for error protection is the introduction of redundancy: every bit string is encoded

into a longer one by adding some redundant information. In this way, even if some of the infor-

mation is corrupted by noise, there will be still enough redundancy to decode the bit string so

that all the information in the original message is recovered. In other words, error-correcting

codes have to be introduced. Quantum states are encoded by a unitary operation into a quantum

error-correcting code, formally defined as a subspace C of some larger Hilbert space. The possible

bit strings in C are defined as codewords, just like coded words in a new coded dictionary. After

encoding, the code is subjected to noise, following which the codewords evolve. To diagnose what

error occurred, and to what extent, measurements are performed on the evolved encoded states:

the outcome of these measurements is called the error syndrome. Once this has been determined,

a recovery operation is performed to re-establish the quantum information contained in the

original state.
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In this section we will discuss schemes for error-correction, under different formalisms, taking into

account different encoding approaches and different error scenarios. Finally we will review the

more general theory of fault-tolerant quantum computing, in which also the quantum gates and

the encoding and decoding processes can be themselves noisy. Impressively, fault-tolerance allow

us to perform logical operations on encoded quantum states, in a manner which tolerates faults in

the underlying gate operations: provided the noise in individual quantum gates is below a certain

constant threshold it is possible to efficiently perform an arbitrarily large quantum computation.

This will be translated into the threshold theorem, a theorem with deep philosophical implications:

noise poses no fundamental barrier to the performance of large-scale quantum computations.

2.3.1 Simple codes for simple noisy channels

Suppose we send one qubit through a bit flip channel (as defined in Appendix B), which leaves

the qubit untouched with probability (1− p) or flips it with probability p. In other words, with

probability p its state
∣∣ψ〉

is transformed to X̂
∣∣ψ〉

, where X̂ is the Pauli X operator, or bit flip

operator. A qubit can be protected against this noisy channel through the adoption of the three-

qubit bit flip code: we encode a single qubit state
∣∣ψ〉 = α |0〉+β |1〉 in the state of three qubits∣∣ψ〉

L =α |000〉+β |111〉 by adopting the following mapping:

(2.40)
|0〉→ |0〉L = |000〉
|1〉→ |1〉L = |111〉 .

The notation |0〉L and |1〉L indicates that these are logical states, i.e. states that are encoded

in a set of n physical states. At this point the system of these three qubits is passed through

an independent copy of the bit flip channel. If a bit flip occurs on one or fewer of the qubits, a

simple error-correction procedure can be used to recover the correct quantum state. We perform

two measurements which tell us what error, if any, occurred on the quantum state, the result of

which is called the error syndrome. The observables can be taken to be Ẑ1Ẑ2 and Ẑ2Ẑ3. Each of

these observables has two possible eigenvalues, ±1, so each measurement provides a single bit of

information for identifying which error occurred. A total of two bits of information are available -

four possible syndromes - corresponding to four faulty scenarios: no error has happened, or a bit

flip error happened on qubit i with i ∈ {1,2,3}. The first measurement, of Ẑ1Ẑ2, can be thought

of as comparing the digits of the first and second qubits to see if they are the same: a +1 out-

come implies they are the same, while −1 implies they are different. Similarly, measuring Ẑ2Ẑ3

compares the values of the second and third qubits. The combination of these two measurement

results determines whether a bit flip occurred on one of the qubits or not, and if so, which one.

We can recover the information by re-applying the bit flip operator X̂ on the affected qubit. We

have therefore learned the presence of an error without destroying the encoded quantum state,

not even knowing anything about the coefficients in the superposition α and β.
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A similar encoding technique can be used for protecting against more interesting noisy quantum

channels such as the one-qubit phase flip channel (as defined in Appendix B). In this error

model the qubit is left alone with probability (1− p), while with probability p the relative phase

between the states of the computational basis is flipped. In other words, a phase flip operator Ẑ

is applied to the qubit with probability p with the state
∣∣ψ〉=α |0〉+β |1〉 being transformed to∣∣ψ〉=α |0〉−β |1〉. There is an easy way to adapt the bit flip code to protect against phase flips, by

noting a simple fact: in the Hadamard basis, the phase flip operator Ẑ acts as a bit flip, i.e. takes

|+〉 to |−〉 and vice versa. This suggests that the logical states

(2.41)
|0〉L = |+++〉
|1〉L = |−−−〉

can give protection against single phase flip errors. All the operations needed for error-correction

(error-detection, and recovery) are performed just as for the bit flip channel, but with respect

to the Hadamard basis instead of the computational basis. The measurements required are

very similar to the previous case, but rotated by Hadamard gates: Ĥ⊗3Ẑ1Ẑ2Ĥ⊗3 = X̂1 X̂2 and

Ĥ⊗3Ẑ2Ẑ3Ĥ⊗3 = X̂2 X̂3. These correspond to comparing the sign of qubits one and two, and two and

three respectively, thus identifying the presence and the location of the phase flip unambiguously.

We can recover the information of the phase by re-applying the phase flip operator Ĥ X̂ Ĥ = Ẑ on

the affected qubit.

2.3.2 Correcting a continuum of errors

In the previous section we have seen how to use repetition codes to correct for phase flip or bit

flip errors. These errors are, however, only a very small subclass of the possible errors that can

affect a quantum bit. First of all, they are discrete errors, as they flip bits with no intermediate

possibilities, very much like the errors that would affect a classical digital computer. On the

contrary, quantum computers can provide a continuum of states, implying in principle the

possibility of a continuum of errors. At first, one could think this infinite amount of sources

of errors would be uncorrectable, for an infinite amount of syndromes would be required. For

instance, a likely source of error would be an arbitrary Ẑ-rotation on qubit ν:

(2.42) R̂Zν
(θ)=

(
e−iθ 0

0 eiθ

)
= cosθ Îν− isinθ Ẑν,

acting on a codeword
∣∣ψ〉

as:

(2.43) R̂Zν
(θ)

∣∣ψ〉= cosθ Îν
∣∣ψ〉− isinθ Ẑν

∣∣ψ〉
.

Even for very small angles, the actual state would be very close to the correct state, but still wrong,

and therefore will have to be detected as well as all the infinite codeword mutations between∣∣ψ〉
and Ẑν

∣∣ψ〉
. Following the detection strategies illustrated in Sec. 2.3.1, we would have to
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introduce some measurements which unambiguously determine which of these infinite errors

happened. The collapse of a continuum of errors to a discrete one, will enable their correction,

thanks to the infinite number of probabilities of quantum measurement outcomes performed on

the physical system. In the case of a discrete Ẑ phase-flip on qubit ν we had:

(2.44)

Îν
∣∣ψ〉

with prob. 1− p

Ẑν

∣∣ψ〉
with prob. p

In the continuous case, following Eq. 2.42:

(2.45)

Îν
∣∣ψ〉

with prob. 1− p = cos2θ

Ẑν

∣∣ψ〉
with prob. p = sin2θ.

In this case, through the probability of the two different measurement outcomes we can identify

the amount of phase-flip introduced, and, therefore, the angle of the induced rotation. Still mea-

suring a discrete number of syndromes (the same as the phase-flip), it is their continuous possible

outcome probability that indicates how to rotate the original state to recover the information. For

example, for θ close to zero, it is highly probable to still be measuring the system in
∣∣ψ〉

.

This type of error correction strategy demonstrates that, for correcting a R̂Zν
(θ) error, we only

have to correct for Îν or Ẑν discrete errors, through which we can decompose any R̂Zν
(θ) rotation.

What changes in the correction of a continuous rotation is the probability of the two discrete

errors to be happening. It is only the latter that depends on the continuous parameter θ. It is

easy to see that this argument works for any linear combination of errors.

Theorem 2.1 (Correction of combination of errors). If a quantum code corrects errors A and B, it

also corrects any linear combination of A and B. In particular, if it corrects all Pauli errors, then the

code corrects arbitrary errors on one qubit. Moreover, it corrects a general E (ρ)=∑
ν Êν

∣∣ψ〉〈
ψ

∣∣ Ê†
ν

CPTP map, as it can be written as a superposition of Pauli errors.

This holds because Pauli matrices are a basis for SU(2). Moreover, in CPTP maps each super-

operator can be decomposed as:

(2.46) Êν = ẽν0 Î+ ẽν1 X̂ + ẽν2Ŷ + ẽν3 Ẑ = eν0 Î+ eν1 X̂ + eν2 Ẑ+ eν3 X̂ Ẑ,

and therefore

(2.47) Êν

∣∣ψ〉= eν0

∣∣ψ〉+ eν1 X̂
∣∣ψ〉+ eν2 Ẑ

∣∣ψ〉+ eν3 X̂ Ẑ
∣∣ψ〉

.

In this example a discrete set of errors (the bit flip X̂ , the phase flip Ẑ and their combination

X̂ Ẑ) decomposes an arbitrary operation. Measuring a syndrome collapses the evolved codewords

into one of the states in the superposition above. Their detection, together with their outcome
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probability, informs us of the correction to make to recover the encoded state. The same is valid

for all the other operation elements Êν in the map, resulting in the original state being recovered,

despite the fact that the error on the qubits was arbitrary.

We can go even further and discuss the case of continuous errors acting on more than one

qubit in a code which can correct up to t errors. It can be demonstrated that if a quantum code

corrects up to t Pauli errors, then it can also correct all t-qubit errors. Now, overall, what is the

improvement we have achieved on our state? It is not unreasonable to expect that every qubit in

an experimental realisation of a quantum error correcting code will be undergoing some small

error. If every qubit ν in an n-qubit code experiences an error Î+εÊν, then the overall error will

be [64]:

(2.48) (Î+εÊν)⊗n = Î +ε (Ê1 + Ê2 + ...Ên) + O (ε2) (Ê1Ê2 + Ê1Ê3 + ...),

that is, to order ε, the actual error is the sum of single-qubit errors. With single-qubit error

correcting codes the state after the error correction procedure will be correct to O (ε2) - that is up

to the point when the two-qubit error terms begin to become important. If a code cannot provide

enough syndromes to completely correct these higher order errors, it still produces a significant

improvement over not doing error correction (O (ε)) when ε is small. A code correcting up to

t-qubit errors would do even better (O (εt+1)).

2.3.3 General properties of codes

Let us now review the essential properties for the success of an error correcting code and report

conditions for the subspace of the codewords to correct a set of errors. The following condition,

usually referred as the Knill-Laflamme condition [88], is a keystone in assessing the capabilities

of a set of codewords. In general, given a code basis
{∣∣ψi

〉}
for the logical states, spanning a

subspace of a larger Hilbert space H , and given a linear space of errors E acting on H , the

following condition has to be satisfied in order to be able to identify all set of errors
{
Êa

} ∈ E :

(2.49)
〈
ψi

∣∣ Ê†
aÊb

∣∣ψ j
〉=αabδi j,

where αab is an hermitian matrix, not necessarily invertible but diagonalisable, independent

from i and j. Êa can be any operator acting on any t qubits among the physical ones. This means

that, in a useful code different errors transform the different codewords into orthogonal states,

such that there will always be a syndrome identifying the operation needed to recover the encoded

state. Moreover, in any code, we must never confuse |0〉L with |1〉L, even in the presence of errors.

If, however, two different errors act on the same codeword, it is not necessary for them to have an

unambiguous syndrome (〈0|L Ê†
µÊν |0〉L = 〈1|L Ê†

aÊb |1〉L = 0) as we can correct either one with the

same operation. The matrix αab can be diagonalised by choosing a convenient set of errors. The

terms on the diagonal will inform us of the probability of each error to occur. If one eigenvalue
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is zero, the corresponding error has no chance of correction; it has also no chance of happening

after all. If the matrix αab has maximum rank, the code is called non-degenerate. If not, the code

is degenerate and different errors might have the same effects when acting on the coding subspace.

For the non-degenerate cases, the parameters of a code have to satisfy a simple bound that can be

derived just by counting the number of states it is possible to discern: this is called the quantum

Hamming bound. Each error Ea acting on each basis codeword
∣∣ψi

〉
has to produce a linearly

independent state. In a code with n physical qubits, all of these states must fit in the full Hilbert

space of n qubits, which has dimension 2n. If k is the number of encoded logical qubits, and t is

the number of errors tolerated by the code, then:

(2.50)

(
t∑

j=0
3 j

(
n
j

))
2k ≤ 2n.

The quantity on the left side is the number of possible errors that can happen in a string of

n qubits, having up to t of three possible fundamental errors (X̂ , Ŷ and Ẑ). For t = k = 1 the

quantum Hamming bound (2(1+3n) ≤ 2n) enforces n ≥ 5. This means that the optimal error

correcting code for correcting arbitrary one-qubit errors with an accuracy of O(ε2) has to use five

physical qubits. We will see the details of this code in Sec. 2.3.4.

Let us now introduce a compact notation, commonly used to indicate a code through its funda-

mental parameters. Before doing this, we have to introduce one last quantity: the code’s distance,

i.e. the number of errors that needs to happen to get from one codeword to another. A code that

corrects t errors is said to have distance 2t+1, because it takes 2t+1 single-qubit changes to get

from one codeword to another. We can alternatively define the distance as the minimum weight of

an operator E = Ê†
aÊb that violates Eq. 2.49 (here with weight we indicate the number of terms

in the tensor product which are not equal to the identity). A quantum code that uses n physical

qubits to encode k qubits with distance d is indicated as [[n,k,d]]. This is enough to identify a

code and its properties. The five-qubit optimal code is for example a [[5,1,3]] code.

One further bound, known as the Knill - Laflamme bound [88] or the quantum Singleton bound,

applies even to degenerate quantum codes: for an [[n,k,d]] quantum code,

(2.51) n−k ≥ 2d−2.

2.3.4 Notable quantum codes

The nine-qubit code (Shor code)

The simplest quantum code which can protect against the effects of an arbitrary error on a

single qubit is the nine-qubit code, known as Shor’s code after its inventor [146]. The code is
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a [[9,1,3]] code and is an example of a concatenated code, i.e. a code that provides multiple

levels of protection, in which every physical system in the code is in turn a code itself. The

Shor code is a combination of a three-qubit phase flip and bit flip codes: a logical qubit is first

encoded in a three-qubit repetition code for the correction of a phase flip error (|0〉L →|+++〉 and

|1〉L →|−−−〉); then each of those qubits is encoded in another three-qubit repetition code for the

correction of a bit flip error (|+〉i → 1p
2

(|000〉+ |111〉)i,i+1,i+2 and |−〉i → 1p
2

(|000〉− |111〉)i,i+1,i+2

for i = 1,4,7). The result is a nine-qubit code, with the following codewords:

(2.52)
|0〉L = ( 1p

2
(|000〉+ |111〉))⊗3,

|1〉L = ( 1p
2

(|000〉− |111〉))⊗3.

Using these codewords, Shor’s code provides protection against phase flip and bit flip errors on

any qubit, therefore against an arbitrary error, given the Theorem 2.1. In every block of three

qubits, a pairwise Ẑ-measurement corrects for the presence of bit flips. For example, in the first

block, a Ẑ1Ẑ2 measurement compares the digits first two qubits, and gives a -1 syndrome if they

are different, while a Ẑ2Ẑ3 measurement compares the digits second and third qubits, giving a

-1 syndrome if they are different. The outcomes of these two measurements uniquely identifies

which qubit among the three underwent a bit flip, just like in the three-qubit bit flip code. In a

similar way we can detect and recover from the effects of bit flip errors on any of the nine qubits

in the code, by measuring Ẑ4Ẑ5, Ẑ5Ẑ6 and Ẑ7Ẑ8,Ẑ8Ẑ9. We fully recover from this error by flipping

the bit in the relative block to its original value. Phase flip errors are corrected in a similar way,

but, in this case, the sign of the digits can be flipped. A phase flip on any of the qubits in each block

transforms (|000〉+|111〉) in (|000〉−|111〉) and vice versa. To identify an error, we have therefore to

compare the sign of the first and second blocks of three qubits, and then the sign of the second and

third blocks. Comparing the sign of the first two blocks corresponds to measuring the observables

X̂1 X̂2 X̂3 X̂4 X̂5 X̂6. For example, (|000〉123 +|111〉123)(|000〉456 +|111〉456) will give a +1 syndrome,

just like (|000〉123 − |111〉123)(|000〉456 − |111〉456), while (|000〉123 + |111〉123)(|000〉456 − |111〉456)

and (|000〉123 −|111〉123)(|000〉456 +|111〉456) will give a -1 syndrome, meaning that a bit flip error

occurred in either the first or second block. Finally, a similar measurement is performed to

compare the sign of the second and third blocks of qubits: X̂4 X̂5 X̂6 X̂7 X̂8 X̂9. The sign of these two

X̂ -type measurements identifies in which block of three qubits the phase flip occurred. We recover

from this by flipping the sign in the relative block of three qubits back to its original value. The

logical operators are defined as Z = Ẑ1Ẑ2Ẑ3Ẑ4Ẑ5Ẑ6Ẑ7Ẑ8Ẑ9 and X = X̂1 X̂2 X̂3 X̂4 X̂5 X̂6 X̂7 X̂8 X̂9.

The seven-qubit code (Steane code)

A more efficient example of a quantum code, correcting an arbitrary error on a one qubit logical

space, is the seven-qubit code devised by A. Steane [152]. In this [[7,1,3]] code seven physical
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qubits are used, which encode the following logical computational basis:

(2.53)

|0〉L = 1p
8

(|0000000〉+ |0001111〉+ |0110011〉+ |0111100〉
+|1010101〉+ |10011010〉+ |1100110〉+ |1101001〉),

|1〉L = 1p
8

(|1111111〉+ |1110000〉+ |1001100〉+ |1000011〉
+|0101010〉+ |01100101〉+ |0011001〉+ |0010110〉).

The logical zero is the equally weighted superposition of all the codewords with weight zero

and four (therefore with an even number of 1’s), while the logical one is the equally weighted

superposition of all the codewords with weight seven and three (odd number of 1’s). Single bit flips

are detected in the block by measuring Ẑ operators in either four adjacent positions, two adjacent

positions or one every other positions: Ẑ1Ẑ2Ẑ3Ẑ4, Ẑ1Ẑ2Ẑ5Ẑ6 and Ẑ1Ẑ3Ẑ5Ẑ7. Single phase flips

are detected in the block in a similar way: by applying a Hadamard rotation on every qubit we

can change the basis in such a way that phase errors become bit flip errors and the operators for

syndrome measurement become X̂1 X̂2 X̂3 X̂4, X̂1 X̂2 X̂5 X̂6 and X̂1 X̂3 X̂5 X̂7. The logical operators

are defined as Z = Ẑ1Ẑ2Ẑ3Ẑ4Ẑ5Ẑ6Ẑ7 and X = X̂1 X̂2 X̂3 X̂4 X̂5 X̂6 X̂7.

The five-qubit code

In light of the quantum Singleton bound (Eq. 2.51), the minimum size for a code encoding a single

logical qubit, such that any one-qubit error can be detected and corrected, must be five qubits.

This optimal code, referred as [[5,1,3]], has the following codewords:

(2.54)

|0〉L = 1
4 (|00000〉+ |10010〉+ |01001〉+ |10100〉

+|01010〉− |11011〉− |00110〉− |11000〉)
−|11101〉− |00011〉− |11110〉− |01111〉)
−|10001〉− |01100〉− |10111〉+ |00101〉),

|1〉L = 1
4 (|11111〉+ |01101〉+ |10110〉+ |01011〉

+|10101〉− |00100〉− |11001〉− |00111〉)
−|00010〉− |11100〉− |00001〉− |10000〉)
−|01110〉− |10011〉− |01000〉+ |11010〉).

For recovering the syndromes, the following four measurements are needed: X̂1Ẑ2Ẑ3 X̂4, X̂2Ẑ3

Ẑ4 X̂5, X̂1 X̂3Ẑ4Ẑ5 and Ẑ1 X̂2 X̂4Ẑ5. The intuition behind this choice of syndrome measurements

is not as transparent as the previous two codes, however this is a very useful code as it is the

smallest code capable of protecting against a single error. 24 = 16 syndromes are available from

the four operators measurements and they are as many as the possible single qubit error configu-

rations: five physical qubits, undergoing three possible Pauli errors plus the identity case, lead to

5×3+1= 16 single qubit errors. There are therefore no unused syndromes. The logical operators

38



2.3. PROTECTING QUANTUM STATES: QUANTUM ERROR CORRECTION ESSENTIALS

are defined as Z = Ẑ1Ẑ2Ẑ3Ẑ4Ẑ5 and X = X̂1 X̂2 X̂3 X̂4 X̂5.

The above description of these exemplary codes can be rephrased using a new point of view

through the stabilizer formalism. We will discuss this framework in the following section. In this

new picture we will see that the properties of the codes (e.g. the type and number of correctable

errors and the number of logical qubits) will easily follow by enforcing one condition to the

generators of the stabilizer group.

2.3.5 Stabiliser quantum codes

In this section we will introduce an alternative method of constructing codes, based on the

identification of a set of operators called the code stabilisers. In this picture, instead of starting

from a codeword basis and then, given a set of errors, deriving the set of operators that are

needed to measure all syndromes, we start from the operators themselves. It turns out that many

quantum codes can be much more compactly described in this way rather than using a state

vector description. A code C, called a stabiliser code, can be represented by a set of operators S

such that:

(2.55) S = {
Ĝ ∈ Pn | Ĝ

∣∣ψ〉= ∣∣ψ〉
, ∀ ∣∣ψ〉 ∈ C

}
,

where Pn is the n-qubit Pauli group. S is a group, i.e. if Ĝ1,Ĝ2 ∈ S then also Ĝ1Ĝ2 ∈ S. The size of

S is 2r if there are r initial operators in the group. The latter are called the stabiliser generators

of the code. The codewords of a stabiliser code are defined as the space of states that are stabilised

by S, with a positive eigenvalue:

(2.56) C(S)= {∣∣ψ〉 | Ĝ
∣∣ψ〉= ∣∣ψ〉

, ∀ Ĝ ∈ S
}
.

Usually, a description through the stabilisers is more efficient than a list of codewords bases.

All the properties of a stabiliser code can be deduced just by looking at the properties of S. The

Hilbert space of the physical qubits is the Hilbert space on which each Ĝ acts. The logical Hilbert

space is determined by the total number of generators r: C(S) encodes k = n− r logical qubits into

n physical qubits. This can be visualised as follows: every time a stabiliser generator is measured,

a syndrome "bit" ({0,1}) is generated, depending on the measurement outcome. Every time a

syndrome bit is measured the space of all possible n-qubit states (of dimension 2n) is divided

by 2. If we measure r generators, with 2r possible syndrome outputs, the codewords collapse in

one of the states of the n-qubit Hilbert space outside the space of the codewords. Therefore the

dimension of the Hilbert space of the states that is possible to discriminate is: 2n/2r = 2n−r. If no

error occurs, codewords remain in the codeword space, thus no syndrome is detected for there is

no need of correction.
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Given n−k generators for the stabilizer group S, we can choose any of the 2k orthonormal vectors

in the code C(S) to act as our logical computational basis states. A systematic way of choosing

these states can be found by defining the logical operators first. We choose logical operators

{Z1, Z2, ..., Zk} in the space of n qubits, such that they form an independent and commuting set

with the r generators of the code. This can be done by arranging the stabilizers of the code in a

matrix called the check matrix, and arranging it in what is called the standard form of a stabiliser

code [109]. The Zν operator will play the role of a logical Pauli Ẑ operator on logical qubit ν, so

the logical computational basis state |x1, x2..., xk〉L is therefore defined to be the state stabilised

by the stabiliser generators together with the operators {(−1)x1 Z1, (−1)x2 Z2, ..., (−1)xk Zk}. In this

way, as for normal qubits, Zν |0ν〉L = |0ν〉L and Zν |1ν〉L =−|1ν〉L. Similarly, we define the logical

Pauli X̂ operator on logical qubit ν, Xν: it has to be that product of Pauli matrices which takes

Zν to −Zν under conjugation, and leaves all other Zµ and the generators of the code alone when

acting by conjugation. In other words it has to act as a swap gate on qubit ν, thus it can be found

by imposing anticommutation rules with Zν and commutation rules with all the generators of

the stabilizer.

Another advantage in using a stabiliser formalism towards the construction of codes, lies in the

fact that the stabilisers, and therefore the codewords, can be directly computed from the types of

errors we want to tackle. Vice versa, if we have a set of code stabilisers, we can easily find out

which errors can be successfully detected and corrected by the code. Suppose we have a set of

code stabiliser generators (S) and we want to know which types of errors (Ê) we can successfully

detect. For simplicity, let us assume Ê ∈ Pn. If a generator Ĝ ∈ S commutes with E then:

(2.57) ĜÊ
∣∣ψ〉= ÊĜ

∣∣ψ〉= Ê
∣∣ψ〉

,

i.e. Ê
∣∣ψ〉

is an eigenvector of Ĝ with eigenvalue +1, just like the initial codeword
∣∣ψ〉

. A Ĝ

measurement cannot therefore identify that the error Ê happened, as the outcome of the mea-

surement is exactly the same as the case of no error happening. On the contrary, if a generator

Ĝ ∈ S anticommutes with E then:

(2.58) ĜÊ
∣∣ψ〉=−ÊĜ

∣∣ψ〉=−Ê
∣∣ψ〉

.

This equation implies that Ê
∣∣ψ〉

is an eigenvector of Ĝ with eigenvalue −1. A Ĝ measurement

can now detect the presence of the error Ê, as the outcome of the measurement is the opposite

with respect to the case of no error happening. As an example we can recall the nine-qubit Shor

code: every time bit flip errors have to be detected (X̂ Pauli errors) the operators measured to

recover useful syndromes are combinations of Ẑ Pauli operators. And, in fact, {X̂ , Ẑ}= 0. More

in general it is sufficient that [Ĝ, Ê] 6= 0. This condition can be summed up the the following

theorem [64, 109].
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Theorem 2.2 (Correctable errors in stabiliser codes). A quantum error correcting code with

stabilisers S, detects errors outside N(S)\ S, where

(2.59) N(S)= {
N̂ ∈ Pn | [N̂,Ĝ]= 0, ∀ Ĝ ∈ S

}
.

N(S) is called the normaliser of the stabiliser group. The set N(S) contains all the errors that

cannot be identified, because, by definition, don’t affect the syndromes, thus transforming code-

words into codewords or a linear combination of them (see Fig. 2.13). They are therefore errors

that are indistinguishable from the identity operation and thus undetectable. Errors in S are

also not detectable, as they don’t even represent a set of errors! They transform every codeword

into the very same codeword, acting exactly as the identity. Only operators outside N(S) can

really be detected in a non-trivial way, as they contain operators that transform codewords in

other states of the physical n-qubit Hilbert space, that live outside the logical space of k-qubits.

When a stabiliser generator is measured on these transformed codewords, an eigenvalue different

from 1 is measured, thus producing a syndrome "bit". The full list of r eigenvalues of the code

stabiliser generators gives the syndrome. The code distance can be defined as the size of the

smallest undetectable error, that is the minimum weight of an operator in N(S)\ S.

It has to be noted that this theorem is also valid for any map E ∈ Pn: S can correct for E if

and only if Ê†
1Ê2 ∉ N(S)\ S, ∀Ê1, Ê2 ∈ E . For stabiliser codes this theorem gives an equivalent

condition to the Knill-Laflamme condition in Eq. 2.49 and will be very useful in the identification

of graph-state-based stabiliser codes (see Sec. 4.1.1).

FIGURE 2.13. Correctable errors in stabiliser codes. The normaliser of the sta-
biliser set, N(S), determines all the errors that cannot be identified. The stabiliser
group, in particular, determines the allowed logical operators, being by definition
the set of operations that transform valid codewords into other codewords.

The stabiliser formalism can also be used to describe the dynamics of the logical states living in a

larger state space, giving us insights on how to realise code swaps for different error scenarios.
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Imagine we want to apply a unitary operation Û to a vector space C(S) of codewords
∣∣ψ〉

, stabilised

by the group S. For any element Ĝ in the stabiliser group:

(2.60) Û
∣∣ψ〉= ÛĜ

∣∣ψ〉= ÛĜÛ†Û
∣∣ψ〉

,

which implies that the state Û
∣∣ψ〉

is stabilized by ÛĜÛ†. From here we can derive that the vector

space with codewords ÛC(S) is stabilized by the group ÛSÛ† = {ÛĜÛ† | Ĝ ∈ S}. Furthermore

the new stabiliser generators of this group are the old stabiliser generators, rotated by Û, so

to compute the change of code we need only to compute how it affects the generators of the

code stabilizers. An example of this is the phase bit repetition code transformation into a phase

flip repetition code, through the application of Hadamard rotations on the physical qubits (see

Sec. 2.3.1).

Stabiliser representation of famous codes

To conclude this section we give a stabiliser representation of some of the famous codes cited

above. The seven-qubit Steane code has stabiliser generators:

(2.61)
X X X X III ZZZZIII

X X IIX X I ZZIIZZI

X IX IX IX ZIZIZIZ.

The three operators on the left correct for phase flip errors, while the ones on the right correct for

bit-flip errors. We have omitted hats on operators for ease of reading. These are exactly the same

operators we defined in the previous section, obtained by looking at the necessary parity checks

among different sets of physical qubits. In light of this new theorem, these are valid operators for

syndrome measurement as {X̂ , Ẑ}= 0: every error we want to detect, phase flip, bit flip or their

linear combination, anticommutes with at least one of the stabiliser generators, thus at least

one stabiliser measurement after the action of an error map results with a changed eigenvalue,

revealing a syndrome. There are r = 6 stabilisers in the code, with n = 7 physical qubits. The

number of logical qubits is therefore k = 7−6= 1. The minimum weight of an operator in N(S)\S

is three. The code is therefore a [[7,1,3]] code as we have seen before. The logical operators

ZL = ZZZZZZZ and XL = X X X X X X X transform logical codewords in other valid codewords,

which can be expressed as linear combination of the logical computational basis.

The five qubit code [[5,1,3]] has stabiliser generators:

(2.62)

X ZZX I

IX ZZX

X IX ZZ

ZX IX Z.
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There are r = 4 stabilisers in the code, with n = 5 physical qubits. The number of logical qubits is

therefore k = 5−4= 1.

At this point a question arises. A code can be represented by the set of its stabilisers, and the

associated codewords are the states stabilised by the set itself. Following the stabiliser formalism,

this codeword definition is very similar to the definition of graph states! Can we thus represent

the codewords and therefore the whole set of characteristics of the code through graph states? The

answer is yes, and we will investigate this in Sec. 4.1.1. We will see that the key codes presented

above can have a graph state representation, which completely encapsulates all the information

about the code. We will use this formalism to build universal resources for quantum computation

equipped with error correcting codes, eventually leading to a fault-tolerant quantum machine.

2.3.6 Fault-tolerant quantum computation

Error correction encodings can protect quantum information as far as storage is concerned. The

schemes reported before are only static backup techniques for retrieving the correct information

with high fidelity, despite the presence of noise. More important is the processing of this encoded

information, and this has to be error-corrected as well! When operating a quantum computer

quantum gates must be performed directly on logical qubits: we cannot decode, perform an

unprotected gate and then re-encode, otherwise the quantum information will be exposed, leading

to a catastrophic propagation of errors. The study of how errors propagate through arbitrar-

ily long computation, assuming error correction strategies, is referred to as fault-tolerance. In

this analysis all the components of a quantum computation need to include some form of error

correction to detect and repeatedly recover information from the error that accumulate. We

need therefore to consider error-corrected gates, encoding and recovery operations. Despite the

necessary growth of elementary qubits when including error-correction schemes, the errors will

not build up exponentially. A device that works effectively, even when their components are faulty

and imperfect is called fault-tolerant. The study of fault-tolerance culminates with the threshold

theorem, which states that arbitrarily long computations can be performed reliably, provided

that the average probability of error per quantum gate is less than a critical value [4, 119]. The

existence of such a threshold is already impressive. More strikingly, the threshold theorem states

that if we can achieve a platform with error rates below the critical error rate, we can perform

arbitrarily long computations always reliably. Therefore, the ultimate goal is to incorporate error

correction in the design of a quantum computer to push down the elementary error rate, up to

reaching the threshold.

Unless we use intrinsically fault-tolerant qubits, such as topological qubits, the trick of con-

catenating error correcting codes can come in our help. Concatenation is a “matrioska” of error

correcting codes, in which logical qubits are provided with multiple levels of protection. Every
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physical qubit in the code when inspected at a higher resolution is in turn a code itself, and so

on up to a k-th level of real physical qubits. If the probability of error per qubit is p, the errors

uncorrelated and recovery fault-tolerant, then the probability of a recovery failure is of order

(p)2
k
, while the code size is nk, where n is the number of physical qubits of the elemental code in

the “matrioska”. Now, if the error rate for our fundamental gates is small enough, we can improve

the error-per-gate probability by concatenation, reaching an accuracy threshold, i.e. the point

where the accuracy of our “logical” hardware is good enough to perform arbitrarily long quantum

computations with arbitrarily high reliability.

In the circuit model, fault-tolerant thresholds have been extensively studied, assuming con-

catenated codes such as the Steane code or the five-qubit code and Pauli error models [63, 119]

applied stochastically and independently. This is achieved by defining logical (fault-tolerant)

gates, including Pauli and two-qubit gates which can also cause instances of correlated errors.

So far the best claimed thresholds have come in simulations by Knill [87], who has achieved a

threshold as high as 5%, depending on the details of the error model. The current best rigorous

lower bound on the threshold, gives 10−3 [6, 133]. In general, pessimistic analytic bounds were

given on the threshold, but the exact value still has to be established. A variety of different

codes and fault-tolerant protocols have been studied to reach the above threshold values and, in

the attempt of optimizing them, large costs in physical resources have been found [6, 87, 133].

Studies have been also performed to achieve a trade-off between such overheads and thresholds

values [40, 154], but much more could be done in that direction.

In the measurement-based picture, however, the theory of fault-tolerance needs to be reformu-

lated: the very different nature of cluster state computation demands new error propagation

techniques, and care must be taken in comparing the values of thresholds in this model with the

ones for the standard quantum circuit model. One of the tools is to convert a fault-tolerant quan-

tum circuit into its simulation through cluster states, obtaining a noisy, but fault-tolerant, optical

cluster-state computation. The problem of fault-tolerant computation in the measurement-based

picture has been reported in few works, in which the noise model is composed of probabilistic

Pauli errors [129, 130], or more realistic general noise models, such as photon loss, arbitrary non-

Markovian noise or even errors occurring in the accompanying classical computation [42, 43, 110].

Optimal threshold values of 7.5×10−3 can be obtained using topological error correcting codes by

the Raussendorf lattice [129], but these are maybe not best suited for optical quantum computing.

Some studies have been performed specifically for optical cluster-state quantum computing in

the combined presence of loss and depolarizing channels, demonstrating combined thresholds of

3×10−3 for loss probability and 10−4 for depolarization probability. However, when thinking about

comparing these fault-tolerant thresholds to our physical experimental realisation of MBQC we

come against some issues. Are the errors in our linear optical architecture described by the type
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of error models commonly used in fault-tolerant studies? What are the errors that arise from the

non-deterministic sources and gates used to build the cluster? Initial studies have been discussed

in [59], where a new type of error model is analysed for the two-dimensional cluster case. A more

complete analysis still needs to be performed: errors in the linear optical architecture need to be

understood better, especially their mapping to computational errors and loss [171].

2.4 A silicon photonics platform for quantum computing

As we have seen in Sec. 2.1, photons are an ideal candidate for encoding quantum infor-

mation. We conclude this chapter with a brief review of integrated photonics applications

in quantum optics. Integrated platforms, only recently developed for quantum implementa-

tions, potentially offer the miniaturisation and scalability required to build a photonic quantum

computer, thus attracting increasing interest in the quantum optics community over the last

decade [23, 76, 111, 115, 148, 171, 174]. The complex schemes required for quantum optical ma-

nipulation suffer from severe limitations when realised with bulk components, as far as stability,

precision and physical size are concerned [175, 180]. Indeed, it happens to be a very difficult

task to build large scale advanced interferometric structures for quantum computing using bulk

optical components that would reach precise control. Applications outside the laboratory would

be even harder to achieve.

To overcome these limitations an appealing route is to employ miniaturized optical waveguide

devices provided by the integrated photonics technology. This technology promises new levels

of scale for optical quantum devices, allowing to fabricate practical, standardised, low cost,

inter-connectable and reconfigurable optical schemes in small-scale chips [23, 95, 111, 174]. It

offers robustly mode-matched, miniature components, fabricated on semi-conductor substrates

using lithographic techniques already developed for electronic technologies. State-of-the-art

chip-scale devices now exhibit loss and error performance approaching that of bulk and fibre

systems with the advantage that phase stability and optical path length matching are guaran-

teed. Quantum optical functionality has been demonstrated in all major technology platforms:

lithium niobate [5], silica [39, 118, 151] (both lithographic and laser-written), silicon nitride [156],

gallium arsenide [46], indium phosphide [147] and silicon [148, 149]. In recent years, silicon

chips have rapidly grown in complexity, with quantum devices now exceeding 500 on-chip compo-

nents [174] and classical silicon photonic devices having thousands [34, 155]. Integration with

CMOS electronics could push this scale further still, by miniaturising control and interconnect

functionality [34].

The works, described in Ch. 3, 4 and 5, will take advantage of the silicon photonics platform

to operate photonic circuits to generate and manipulate quantum states entirely on-chip. This
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enables a large variety of applications from implementations of measurement-based quantum

computation, including graph and hypergraph state generation, single-qubit and two-qubit

computation and the demonstration of error correction.

2.4.1 Integrated optical components in silicon

Silicon chips can be successfully used to realize all the key components necessary for realising

large scale quantum photonic circuits, as shown in Fig. 2.14. We will narrow this description to

the elements that will constitute the building blocks for the experiments discussed in this thesis,

overlooking on other, although relevant, integrated components (e.g. micro-ring-resonators and

fast phase modulators). For a more complete list refer to [24, 94].

Silicon waveguides

Waveguides are the “optical wires”, guiding light by total internal reflection throughout the chip.

Typically they are composed of a silicon core with rectangular cross section (strip waveguides,

500×220 nm) and a silicon dioxide cladding with lower refractive index. Due to the large refractive

index contrast between the silicon core and the silicon dioxide cladding, light can be highly

confined in waveguides with dimensions on the order of a few hundred nanometers, allowing

for incredible miniaturisation. Light is guided along the waveguide (Z direction) according to

Maxwell’s equations: the transverse field can be described in terms of discrete modes of electric

field profiles A(x, y), given by the solutions of the Helmoltz equation using a plane wave, the

material parameters, and the boundary conditions between the materials [24]:

(2.63)
[ ∂2

∂x2 + ∂2

∂y2 − ω2

c2 n2(x, y)
]

Am(x, y)=−ω
2

c2 neff,m Am(x, y)

where m indexes the different modes (i.e. the eigenfunctions of the equation), neff,m is the

effective refractive index for the mode Am(x, y) (associated to its eigenvalue), and ω is the

frequency of the propagating light. The propagation along the waveguide axis for the m-th mode

is described by an evolution e−iβm z, where βm = ω
c neff,m is the wave-vector. The associated group

velocity for the propagating mode m is then given by vg,m = c(neff,m −λ ∂
∂λ

neff,m)−1, where we

have included the dependence of the effective refractive index on the wavelength. An image of a

simulation of a single mode profile, shows that the light is primarily confined in the core of the

waveguide (Fig. 2.14a). Modes with field profiles with higher intensities closer to the waveguide

facets are more sensitive to edge fabrication imperfections, experiencing higher losses. Typical

wavelengths used are inside the so-called C telecommunication band, around 1550 nm, as silicon

is transparent to wavelengths longer than a micron (but not to visible or near-infrared). Typical

losses experienced in standard waveguides at these wavelengths are approximately −3 dB/cm

with the current fabrication technologies.
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FIGURE 2.14. Integrated components in silicon. An example of a multi project
wafer: in an area of dimension 16× 2.8 mm several different experiments are
present. The chip is illuminated with LED light to visualise circuits and integrated
elements. a. Silicon strip waveguides, dimensions and single mode confinement. b.
Crossers: schematics and SEM image. c. Directional couplers and MMIs: schemat-
ics and SEM image. d. Mach-Zehnder symmetric and asymmetric interferometers:
schematics and microscope images. e. Grating couplers: standard and focussing
structures. f. Spiral photon-pair sources.

Directional couplers (DC) and multimode interferometers (MMI)

These structures take the place of bulk optics beam-splitters, both devoted to spatially separate

one light beam in two of equal intensity. The first exploits the quantum tunneling effects that

derive when two waveguides are brought close together for a length Z, called interaction region

(see Fig. 2.14c). If the distance between the two waveguides in the interaction region is small

enough, the fields associated to the two waveguides become evanescently coupled in the cladding,
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enabling light to tunnel between the two optical modes. The transfer matrix that derives is:

(2.64) UDC = 1p
2

(
1 −i

−i 1

)
.

Directional couplers can be very low loss components (less than −0.05 dB) but can be very

sensitive to small fabrication errors in the coupling distance, resulting in unbalanced beam-

splitters. Multimode interferometers, on the other side, are integrated beam-splitters designed

to be very resilient against fabrication variations. They are composed of two input single-mode

waveguides brought together into a larger multi-mode region, where multiple higher-order

modes are supported. As they propagate with different group velocities inside the multi-mode

region, they accumulate different phases, giving rise to interference patterns with beatings. By

appropriately tailoring the length of the multimode section, the output light can be collected

exactly at the point where the image created by each input is equally split between the two

outputs (see Fig. 2.14c). In this case, the transformation operated by the MMI is that of a balanced

beam-splitter with transfer matrix:

(2.65) UMMI =
1p
2

(
1 i

i 1

)
.

Crossers

In building circuits, light needs to be routed to the right places. Being the space limited to two

dimensions, there will necessarily be the need of crossing light-paths. Crosser elements help

to do this, allowing for waveguides swapping (see Fig. 2.14b). In this thesis we will report on

crossers designed using multimode structures similar to the ones used for MMIs, in which two

multimode waveguides are crossed in the exact point where the first image of the input is created.

In that point the two modes associated to the two inputs are orthogonal, thus avoiding crosstalk.

Insertion loss in this structures can be very low, holding typical values of −0.1 dB per crosser.

Thermal phase shifters

The thermo-optic effect in silicon can be used for building phase shifters for path encoded qubits.

Changing the temperature of a waveguide’s region can induce a localised change in the refractive

index, which in turn induces a phase-shift

(2.66) ∆φ= 2πL
λ
∆n = 2πL

λ

dneff

dT
∆T.

To precisely control the phase in a waveguide, a resistive metal film is placed on top of it: the

amount of power thermally dissipated in the metal film, and hence the temperature of the

waveguide beneath, can be tuned by electrically controlling the voltage applied to it. Phases

on the chip can thus be directly related to the voltages applied to each resistive element [24].
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Typical silicon waveguides, require a change in temperature as high as ∆T ' 100 K to obtain a

full 2π phase shift, corresponding to a dissipated power of approximately 50 mW. It is evident

that complex devices comprising several tens of phase shifters, as the ones reported in this

thesis, require techniques to carefully dissipate the heat generated by the thermal phase shifters.

Combined with two integrated beam-splitters, phase shifters can be used to build up Mach-

Zehnder interferometers.

Asymmetric Mach-Zehnder interferometers (AMZI)

Interferometers with arms of different lengths can be used to implement on-chip filters. Light at

different frequencies can be spatially split, enabling both separation of single photons of different

colours and separation of single photons from the laser light used to generate them. If, in a

Mach-Zehnder interferometer, one of the two arms is longer than the other by ∆L, then the phase

acquired in the two arms will differ by

(2.67) ∆φ= 2π
ω∆L

vg
,

where vg is the group velocity in the single-mode waveguide. The phase, and hence the inter-

ference, depends linearly on the frequency. If we have two photons whose frequencies differ by

∆ω, and we want to separate them, we can choose ∆L = vg/∆ω so that constructive interference

happens in the top output port of the AMZI for the first photon (∆φ(ω0)= 0), while constructive

interference happens in the bottom port for the second photon (∆φ(ω0 +∆ω)=π). The resulting

filter has a free spectral range of vg/∆L. The central frequency ω0 of the filter can be shifted

by adding a phase shifter inside the AMZI. This also rigidly shifts the whole filter spectrum,

facilitating its matching with given experimental combinations of single photons and pump

wavelengths.

Grating couplers

Grating couplers are periodic structures used to guide light in and out of integrated circuits,

diffracting light from free space propagation (out of the silicon wafer plane) to waveguide prop-

agation (in the silicon wafer plane). Given the huge mismatch between the waveguide mode

dimensions (order of a hundred nanometers) and optical fibers mode dimensions (order of a few

hundred micrometers), obtaining efficient fiber to chip coupling, and vice versa, is a hard task.

Currently, the highest grating efficiency coupling has been demonstrated [47], with an insertion

loss around 0.5 dB. Other techniques can be used exploring edge coupling [101, 163] which can

lead to even lower coupling losses. Nevertheless, compared to edge coupling, surface coupling

has several advantages: easy alignment through fiber arrays allowing to perform non-contact,

hence non-destructive, wafer or chip-scale automated testing, arbitrary positioning on the chip

area allowing flexibility in the design, and one-step fabrication process. An optical microscope

image of a grating coupler as seen from the top is shown in 2.14e. They are immediately visible
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as bright spots scattered throughout the chip, characterized by diffraction color patterns. They

are approximately 50 microns in length, with a grating period of about 300 nanometers. Grating

couplers can be designed for any polarization, wavelength, spatial mode and coupling angle; they

can also include gradual tapers to adiabatically focus in the integrated waveguides with low loss.

Photon-pair sources

Over the last decade, a huge effort has been carried out to integrate photon sources themselves in

silicon chips, allowing a significant step forward against loss of signal [52, 114, 149, 150]. Usually,

these exploit the non-linear properties of silicon itself, taking the form of long spiral waveguides

or ring resonators in which spontaneous processes enable the generation of single photon pairs.

However, with the present technology, photon sources are still based on spontaneous processes,

thus in most part highly inefficient (typical efficiencies between 1-3%). Other approaches envisage

the hybrid integration of solid-state-based photon sources within miniaturised photonic elements

and circuits. For example, quantum dots could embody near-ideal single photon sources, with

efficiencies higher than 90% and good indistinguishability [144], representing a very appealing

route for future photonic implementations. Here, we will review on the most common photon-

pair sources currently used in silicon, based on spontaneous four-wave mixing. Despite being

probabilistic, we can successfully fabricate them in arrays and control them simultaneously for

the generation of tens of entangled photons.

Spontaneous four-wave mixing

Electromagnetic waves interact with the medium through which they pass. This interaction is

usually described by the non-linear dependence of the polarisation field in the medium P from

the electric field E [57]:

(2.68) Pi(r, t)= ε0

[
χ(1)

i j E j(r, t)+χ(2)
i jkE j(r, t)Ek(r, t)+χ(3)

i jklE j(r, t)Ek(r, t)E l(r, t)+ ...
]
,

where ε0 is the vacuum permittivity and i, j,k, l ∈ {x, y, z}. χ(n) is a tensor representing the n-th

order susceptibility (sums are implied over the indices of the electric fields). In quantum optics,

χ(2) gives rise to the most used types of non-linear effects, such as spontaneous parametric down

conversion (SPDC), which has been a faithful servant for quantum photonics sources for many

decades [92]. Being silicon a centro-symmetric crystal, it does not posses a χ(2), thus SPDC cannot

be used to generate photon pairs. We can use the χ(3) non-linearity instead, which involves four

field mixing. The general Hamiltonian for third order non-linearities can be written as [18]

(2.69) Ĥ(t)=−ε0

4

∫
drχ(3)

i jkl Ê i(r, t)Ê j(r, t)Êk(r, t)Ê l(r, t),

where again summation over all four indices is implied. If we limit to the transverse mode sup-

ported by a single-mode waveguide, propagating along the Z direction, the quantum mechanical
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description of the total propagating field can be written as [16, 57]

(2.70) Ê(z, t)∝
∫

dω â(ω)ei(β(ω)z−ωt) +h.c.,

where β(ω) is the wavenumber associated to the waveguide mode. When we substitute this field

expression in the previous equation, we obtain a Hamiltonian decomposed in all the possible

third-order non-linear effects (third-harmonic generation, cross-phase modulation, two-photon

absorbtion, etc.), containing all 24 possible combinations of creation and annihilation operators.

Here, we are interested in spontaneous four-wave mixing (SFWM), a process in which two

pump photons get converted in two signal (s) and idler (i) photons. The bright laser pump

field, associated to the i-th and j-th fields in Eq. 2.69, can be treated with a semi-classical

approximation, substituting the mode operator â (â†) with the field amplitude α (α∗) in Eq. 2.70.

In this scenario, the only non-negligible terms in the Hamiltonian are of the form, â†
i (ωi)â

†
s(ωs)+

h.c. giving [33]

(2.71) Ĥ =−γL
∫

dωp1 dωp2 dωidωsΦ(ωp1 ,ωp2 ,ωi,ωs)αp1(ωp1)αp2(ωp2)â†
i (ωi)â†

s(ωs)+h.c..

The constant γ is the non-linear parameter, which depends on the susceptibility and on the mode

properties [18] while L represents the length of the interaction region. From this Hamiltonian we

can see that two pump photons, one from each of the two pump fields p1 and p2, are converted into

two signal and idler photons, as shown in Fig. 2.15. They are related by energy and momentum

conservation, implying the following conditions:

(2.72) ωp1 +ωp2 =ωs +ωi,

and

(2.73) Φ (ωp1 ,ωp2 ,ωi,ωs) = sinc
(∆βL

2
ei∆β/2)

.

Momentum conservation is encapsulated in the phase-matching function Φ, where ∆β=βp1(ωp1)

+βp2(ωp2)−βi(ωi)−βs(ωs). Both these conditions can be satisfied in two different scenarios,

depending on the pumping scheme, labelled non-degenerate SFWM and degenerate SFWM.

In non-degenerate SFWM we use pump photons at the same wavelength (p1 = p2). The resulting

converted photons have, therefore, different frequencies, symmetric with respect to ωp, as implied

by energy conservation: 2ωp =ωi +ωs (see Fig. 2.15). The Hamiltonian can thus be written as

Ĥ =−γL
∫

dωpdωidωs Φ (ωp,ωi,ωs)α(ωp)α(ωi +ωs −ωp) â†
i (ωi) â†

s(ωs)+h.c.

=−γLP
∫

dωidωsA (ωi,ωs)â
†
i (ωi)â†

s(ωs)+h.c.,
(2.74)

where P = |∫ dωpα(ωp)|2 is the total pump power, and the function A (ωi,ωs) =
∫

dωp
1
Pα(ωp)

α(ωi +ωs −ωp)Φ (ωp,ωi,ωs) is the joint spectral amplitude (JSA). All the terms in the integral
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correspond to two-mode squeezing Hamiltonians, with squeezing parameter given by |ξ| = γLP,

which linearly depends on the pump power used. Non-degenerate SFWM is, therefore, a two-mode

vacuum squeezed state source, entangled in frequency. For low pump powers (γLP ¿ 1) the state

produced by the non-degenerate SFWM Hamiltonian acting on the vacuum can be approximated

with

(2.75)
∣∣ψ〉' (

1− iγLP
∫

dωidωsA (ωi,ωs)â
†
i (ωi)â†

s(ωs)
) |0〉i |0〉s = |0〉i |0〉s +

∣∣ψ11
〉

i,s ,

where higher order squeezing terms are neglected. In this regime, the process is approximating a

probabilistic photon-pair source, emitting a two-photon state

(2.76)
∣∣ψ11

〉
i,s =

∫
dωidωsA (ωi,ωs) |1〉i |1〉s

with probability p = γ2L2P2. Ideal frequency un-correlated photons can be extracted from this

process by introducing tight filtering on the output signal and idler fields, enforcing the factora-

bility of A (ωi,ωs). The sources used in the experiments described in Chap. 3 - 5 will be based on

this process.

The second pumping scheme is the degenerate SFWM regime (see Fig. 2.15). In this case, a dual

pump scheme is used, where pump light is injected at different frequencies and photons at the

same frequency are emitted. Proceeding analogously as for the non-degenerate SFWM regime,

we obtain a single-mode squeezed state, corresponding, for low pump powers, to the generation of

degenerate photon pairs.

FIGURE 2.15. Spontaneous four wave mixing pumping schemes. Simplified pic-
ture of energy levels in silicon optics, schematising two different photon-pair
generation schemes determined by energy and momentum conservation conditions.
In the non-degenerate scheme (left), two pump photons at the same wavelength
(depicted in green) are annihilated, resulting in two photons spontaneously emit-
ted at different frequencies (red and blue), symmetric with respect to the pump
frequency. On the contrary, in the degenerate scheme (right) two different pump
photons (depicted in red and blue) are converted in two identical single photons
(green).
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FIGURE 2.16. Bell pair generation with integrated optics. Interferometer used to
realise a Bell pair

∣∣φ+〉= |00〉si+|11〉si in post-selection. Two non-degenerate signal
and idler photons, indicated in blue and red and generated in a superposition over
two spiral sources, encode one qubit each.

In conclusion, SFWM can be used to generate single photon states on a silicon chip with a

probability depending on the input pump power, the mode’s properties and the interaction

length. To increase such probability it is sufficient to propagate the pump through a long silicon

waveguide, usually ∼ 1 cm, which intrinsically possesses the required χ(3) non-linearity. The total

pump power is usually kept low to suppress multi-pair generation contributions to the overall

state. This type of cavity-free sources are usually called waveguide sources and all experiments

reported in this thesis will be based on them (see Fig. 2.14f).

2.4.2 Large-scale integrated optical circuits

Entanglement generation

Entangled pairs of photons can be post-selected by coherently pumping two sources, selecting

the case where one photon pair is generated in a superposition between the two sources. The

circuit is shown in Fig. 2.16: two parallel SFWM sources of non-degenerate photons produce two

pairs that can be spatially routed by asymmetric Mach-Zehnders into four modes defining two

path-encoded qubits (signal (s) and idler (i)). If we look at the unnormalised state produced by

the two SFWM sources in the Fock basis

(2.77)
∣∣ψ〉= |0000〉s0s1 i0 i1+η |1010〉s0s1 i0 i1+η |0101〉s0s1 i0 i1+η2 |2020〉s0s1 i0 i1+η2 |0202〉s0s1 i0 i1+...,

where the modes are ordered so that signal photons come before idler photons, and pedices indi-

cate the dual-rail qubit modes, we can see that, if we restrict to only one photon pair generation,

this is equivalent to the Bell pair
∣∣φ+〉= |00〉si +|11〉si in the qubit basis. When we place a beam

splitter on the path of each dual-rail qubit we erase the information about which source fired,

enabling quantum state superposition. The state is post-selected by the detection of coincidences

53



CHAPTER 2. BACKGROUND

of one photon in each qubit. By placing d of these sources in parallel we can post-select, with the

same principle, entangled bi-partite d-dimensional path encoded systems, i.e. two qudit GHZ

states [174]. If we place side by side n of such entangled pair sources (each containing d SFWM

sources), and pump them coherently, a product state of n GHZ pairs can be post-selected, with a

probability that decreases exponentially as n is increased. Overall, 2n photons are measured in

coincidence, with one photon representing each qudit.

Fully entangled multipartite states of different forms can be created among those pairs when

introducing post-selected entangling gates among photons belonging to different pairs, using the

techniques shown in Fig. 2.4. However, care must be taken to ensure that, after the entangling

gates, the correct 2n photons are measured. When mixing qudit modes, we ideally want to

select only the cases where one source fires in each of the n GHZ state generators, discarding

other combination of sources when simultaneously pumping the whole ensemble. This will

determine specific rules when trying to cascade post-selected entangling gates and GHZ qudit-

pair generation [2], to avoid gate failures.

Arbitrary gates and measurements

Arbitrary gates and measurements on each of these d-dimensional systems can be easily realised

by linear optical components and single photon detectors, as we have seen in Sec. 2.1. This time,

however, the building blocks will be integrated beam splitters and integrated phase shifters.

Large stable circuits able to precisely manipulate large path encoded states have been recently

demonstrated [3, 22, 95, 174]. Linear optical component integration is now well established, and

has seen a rapid increase of complexity over the last ten years (see Fig. 2.17). The concomitant

challenge is the increase of photon number, which will have to pass through minimization of loss

and ultimately the integration of single photon detectors. This will likely mean more engineering

work on the components design and on the integration of optical and electronic control at cryogenic

temperatures. Both of which are still a significant challenge! On the component integration side,

we try to make our best. The last point in the plot shown in Fig. 2.17 represents the experiment

reported in this thesis, demonstrating our efforts to push silicon architectures to manipulate

more and more qubits.
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FIGURE 2.17. Bristol’s history of components integration. The last decade has
seen an incredible increase of the complexity of chips’ design and development.
From the first silica chips [118], with just one integrated directional coupler, to
chips with hundreds of components, including MMIs, directional couplers, crossers
and grating couplers [174]. From the plot it is clear that every time a new challenge
is tackled, the complexity of the circuit has to be necessarily brought down (for
example first source integration in 2013 [149] or the first significant step in photon
generation in 2018 [115]).





GRAPH STATES: ON-CHIP GENERATION AND MEASUREMENT

Towards the achievement of an architecture for photonic universal quantum computing,

measurement-based approaches show a promising route. In order to realise this computing

framework, the reconfigurable generation and manipulation of large graph states is

needed. As such, graph states have featured strongly in experiments, in both optics [12, 35,

36, 173, 175, 181] and other platforms [93, 176]. However, one major bottleneck of all these

realisations was the impossibility of realising the quick, reconfigurable generation of arbitrary

graphs, key for the development of many measurement-based applications. The works discussed

in this chapter try to go in this direction, showing a promising route to further explore and scale up

measurement-based processing with linear optical quantum computing. Future optical quantum

computers based on this approach will require a reliable hardware, based on a technology that

supports millions of high-performance components. Silicon photonics technologies will help us in

this direction, offering enormous scale and proven quantum optical functionality.

We will discuss two experiments, the arbitrary four-qubit graph state experiment and the eight-

qubit graph state experiment, both realised on this platform. The first one is a miniature photonic

generator of arbitrary graph states limited to four qubits, while the second one is a generalisation

of the first, which exploits qudit encodings to create graph states of up to eight qubits. For

both experiments, we will show the concepts behind state generation, describe the experimental

devices and discuss the main results. The two sections that constitute this chapter are adapted

from two works reported in Refs. [3, 171].

Gustav Klimt, The Tree of Life, Stoclet Frieze, Museum of Applied Arts, Vienna, Austria (1909).
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3.1 Arbitrary four-qubit graph state experiment

Here, leveraging on some recent developments in post-selected schemes for the generation of

graph-states [2], we present a four-photon four-qubit quantum photonic device for the generation

and analysis of multi-qubit graph state entanglement. Our device integrates all the fundamental

quantum photonic components described in Sec. 2.4.1, such as photon-pair sources, two-qubit

gates and single qubit unitaries, to generate all the existing classes of four-qubit graph states.

This device was the first to establish multi-photon generation and processing capabilities on

the silicon-on-insulator platform (SOI), introducing a new kind of general-purpose device for

measurement-based quantum computing.

3.1.1 Four-qubit four-photon chip

The quantum photonic chip operation can be explained in four steps (see Fig. 3.1). First, two pairs

of single photons are generated. Secondly, they are placed in a dual-rail qubit representation,

leading to the generation of two disentangled Bell pairs. Subsequently, they are entangled and

finally rotated into one of the six graph states of four qubits.

The device operates by splitting bright, 1550 nm pump pulses into four spiral photon-pair sources.

Here, pairs of pump photons undergo spontaneous four-wave mixing (SFWM), getting converted

into signal and idler photons at symmetric, energy-conserving wavelengths centred around the

pump wavelength. In normal operation, we aim to generate a superposition of four photons

(two pairs) among all of the sources, i.e. we want to select only the cases in which any two out

of the four sources fire. Signal and idler photons are subsequently deterministically spatially

separated by thermo-optically tuned asymmetric Mach-Zehnder interferometers (AMZIs), to

generate two
∣∣Φ+〉

Bell pairs across four dual-rail qubits [150]. Our device post-selects the state∣∣Φ+〉
1,3 ⊗

∣∣Φ+〉
2,4 = 1

2 (|0000〉+ |0101〉+ |1010〉+ |1111〉). Subsequently, the signal photonic qubits

are routed to a reconfigurable post-selected entangling gate (EG) [2, 138], which can implement

either a CZ gate [81, 125], or a fusion gate [17, 19], with post-selection success probability of 1/9

and 1/2 respectively (see Sec. 2.1.2 for more details on entangling gates). These two gates can

generate four-qubit entanglement of either the line or star types. Finally, the photonic qubits can

be individually measured via a series of thermo-optically tuned Mach-Zehnder interferometers

(MZIs), which can implement arbitrary projective measurements with embedded single-qubit

local unitaries. Setting the chip to perform a CZ, right after the EG we generate the state:

(3.1)
∣∣C′

4
〉= 1

2
(|0000〉− |0101〉+ |1010〉+ |1111〉).

Then, we can embed a local unitary within our measurement stage to obtain the line graph state:

(3.2) Z1H3H4
∣∣C′

4
〉= |L4〉 .
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FIGURE 3.1. Four-qubit four-photon graph state generator concept. The
schematics can be simplified in four stages, labelled at the bottom. Four spiral
sources are coherently pumped in order to generate pairs of non-degenerate sig-
nal and idler photons. Four AMZIs and an array of crossers allow us to spatially
separate signal and idler photons, enabling the realization of two disentangled
Bell pairs

∣∣Φ+〉
1,3 ⊗

∣∣Φ+〉
2,4. A reconfigurable two-qubit post-selected entangling

gate allows us to create correlations between the two Bell pairs: configured as a
CZ gate or as a fusion gate enables the creation of the line class or the star class
respectively. Finally, MZIs on each qubit perform local unitaries and tomographic
projections. The detection of a four-fold coincidence post-selects on the success of
the entangling gate, selecting the correct part of the overall final state. All the
possible non-isomorphic graph states of four qubits are grouped above in their two
local-equivalence classes. Image reproduced from Ref. [3].

Similarly, setting the EG to perform a fusion, we can generate:

(3.3) |GHZ〉 = 1p
2

(|0101〉+ |1010〉),

which is locally equivalent to the star graph state:

(3.4) H1X2H2H3X4 |GHZ〉 = |S4〉 .

Since the line class and the star class are the only equivalence classes of four-qubit graph state

entanglement, the device can generate the entire library of four-qubit graph states. The rest of
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the four qubit existing graphs are locally equivalent to one of these two, as shown in Fig. 3.1,

and therefore can be easily obtained by applying single qubit unitaries on them. After being

manipulated, the photons are coupled off-chip via grating couplers, filtered by pump rejection

filters which select the signal an idler wavelengths λs = 1539.77 nm (CH. 47, ITU grid) and

λi = 1549.32 nm (CH. 35, ITU grid) and detected by superconducting nano-wire single photon

detectors (SNSPDs).

3.1.2 Experimental setup details

ch.47Y
DWDMY

ch.35Y
DWDMY

ch.35Y
DWDMY

1nm

1nm

1nm

ch.41Y
DWDMY

1.4Ynm
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COUNTINGY
LOGIC

POWERY
METER

500YMHz

ELECTRONICY
CONTROL

FIGURE 3.2. Four-qubit four-photon graph state generator setup. Pulsed laser
light is input to our device via a polarisation controller and a 1.4 nm filter. Optical
coupling is realised via a V-groove fibre array. Extracted single photons are sent
through 0.7 nm filters and detected in superconducting nano-wire single photon
detectors. A computer simultaneously controls on-chip phase shifters through
analogue voltage controllers, four-fold coincidences though a timetagger, and the
chip’s temperature though a temperature controller, thermistor and peltier module
underneath the chip’s PCB. A micrograph of the device is shown in the centre.

Details on the experimental set up used for testing our device are reported in Fig. 3.2 and 3.3.

Bright laser light from a pulsed amplified erbium-doped fibre laser at 1544 nm (500 MHz repeti-

tion rate, Pritel) is filtered with square-shaped, 1.4-nm-bandwidth filters (Opneti) and injected

into the device. Figure 3.3 shows the spectral characteristics of the laser and the off-chip filters.

Polarisation is controlled via a fiber polarisation controller. Optical access to the device is via
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a 24-channel fibre V-groove array (OZ Optics), controlled with a 6-axis stage and piezo-electric

actuators (Thorlabs). Idler and signal photons are extracted at 1549±0.35 and 1539±0.35 nm

respectively through square-shaped 0.7-nm-bandwidth filters (Opneti) to tailor spectral proper-

ties and pump rejection (see Fig. 3.3). Mean transmission efficiencies through the off-chip filters,

averaged over the 4 channels used, are measured to be 87% (-0.57 dB). Single photons are then

detected in superconducting nano-wire single photon detectors with 78±5% efficiency (Photon

Spot), operating around 0.85 K. Their typical output pulse, signature of the detection of a single

photon, is shown in Fig. 3.3. Time-tags are generated (16-channel UQD-Logic) and converted

to coincidences by bespoke software with bin resolution of ∼ 156.25 ps, handling count rates up

to 7 MHz. For calibration, the filters are removed and the SNSPDs replaced with bright-light

photodiodes (Powermeter, Thorlabs); a continuous wave laser at the same wavelengths is used in

this case. The on-chip phase shifters are controlled by analogue voltage controllers (Q8iv, Qontrol

Systems), with 16-bit and 305µV resolution. The device is mounted using thermal epoxy and

wire-bonded to an FR4 printed circuit board (PCB); temperature is stabilised using a closed-loop

thermo-electric cooler (Arroyo Instruments).
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FIGURE 3.3. Off-chip components in the four-qubit four-photon graph state
experiment. a. Spectrum of the filtered input pulsed laser. b. Transmission spec-
tra of the off-chip filters. c. Detector response as a function of time at a single
photon arrival.

3.1.3 Device performance

On - chip losses

The overall device insertion loss is −26.1 dB for the light-path from the first source to the first

qubit output, after optimising the relevant phase settings. Grating couplers show an on-board

loss of −4 dB, over the three wavelengths used, with a 3 dB bandwidth of ∼ 35 nm, as shown

in Fig. 3.4. Multimode interferometers (MMIs) have −0.65 dB losse. These are combined to

form AMZIs (interferometers with arms difference ∆L) which can implement finely tunable

filters, as shown in Fig. 3.4a. Typical extinction ratios of ∼ −23 dB are observed. In our case
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∆L =λ2/(ngFSR)= 90µm is specifically chosen to have an FSR that matches the wavelength dif-

ference (∆λ) between signal and idler photons, in order to have maximal transmissions of signal

and idler photons in the two opposite ports of the AMZIs. Finally, the device shows linear losses

of −3 dB/cm in straight waveguides and −7.5 dB/cm in spiral waveguides. All measurements are

at λp = 1544.4 nm.
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FIGURE 3.4. Integrated components in the four-qubit four-photon graph state
experiment. a. Integrated filters’ transmission as a function of the input’s wave-
length. b. A grating coupler transmission as a function of the input wavelength.
Light is collected at the output of the first filter, when it is set to maximal trans-
mission. Typical 3 dB bandwidths are ∼ 35 nm. c. Heaters’ typical characterisation
fringes. The inset shows a MZI optical fringe as a function of the applied voltage
and of the derived phase.

Phase-shifters characterisation

To control the device, the phase-voltage relationship of thermo-optic phase shifters must be

known. Each phase shifter has a particular voltage-phase nonlinear relation due to variations in

the fabrication process, therefore each heater has to be individually characterised. Loss-matched,

evanescently coupled waveguide taps with 2% transmission are strategically placed around the

device to allow independent calibration of each on-chip phase shifter. We perform this calibration

in two steps. We first perform current-voltage curves for all the heaters, taking into account

deviations form the ideal linear case, mainly due to a non-ohmic behaviour as the temperature

changes. We fit the data with I(V ) = ρ0 +ρ1V +ρ2V 2, obtaining therefore the power-voltage
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3.1. ARBITRARY FOUR-QUBIT GRAPH STATE EXPERIMENT

relation, through the three resistance parameters ρ0,ρ1 and ρ2: P(V )=V I =V (ρ0 +ρ1V +ρ2V 2).

Secondly, we scan the heater’s voltage to perform a bright-light optical fringe, collecting the

optical power transmitted though one port of an MZI including the heater we want to calibrate,

independently from all the other heaters. The intensity of the collected light depends on the

heater’s dissipated power with the following relation: Popt(P)= (B+ A)− A cos
(
ωP −φ0

)
, where

φ=ωP −φ0 is the effective phase applied in the MZI. By fitting the classical fringe data with

the above function we obtain ω and φ that allow us to completely reconstruct the phase-voltage

relation: φ(V ) = ωP(V )−φ0 = −φ0 +ω(ρ0V + ρ1V 2 + ρ2V 3). In this process average classical

visibilities of 98% are observed. Examples of this curves are reported in Fig. 3.4c.

Crosstalk characterisation

This device exhibited complex thermal crosstalk effects between the thermo-optic phase shifters

due to bulk heating of the device, despite having active temperature stabilisation via a PID-

controlled Peltier unit. This effect was minimised by calibrating each phase shifter whilst the

others were at nominal operational voltages. We pick these operational points by measuring
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FIGURE 3.5. Crosstalk in the four-qubit four-photon graph state device. a.
Thermo-optic phase shifters dissipated power histogram for all the star and line
graph state tomographic configurations. b. Bright-light fringes observed when
sweeping one of the on-chip MZI’s heaters under different chip heating conditions:
the purple fringe is the scan observed with all chip heaters off, while the red fringe
is the scan observed with all the heaters to their maximum voltage. When the
other chip heaters are sequentially switched on to their maximum voltage, the
observed fringe rigidly shifts to the left. c. The phase offsets, i.e. the effective phase
values corresponding to having applied no voltage on the scanned heater in (b.),
are reported as a function of the number of the on-chip phase shifters sequentially
turned on. From the slope of a linear fit we can extract a thermal phase crosstalk
coefficient of 0.003 rad/mW.

the phase deviation within one on-chip MZI as a function of the power dissipated in the other

thermo-optic modulators. To isolate this effect, we perform a series of bright-light fringes using
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the first AMZI, whilst sequentially activating the rest of the heaters on the chip to their maximum

voltage. The heat dissipated in the chip varied from 0 mW to 750 mW, with each heater dissipating

50 mW. In this measurement, we observe a linearly increasing shift in the phase offset of the

fringes up to 2.2 radians (see Fig. 3.5b). Since the physical proximity of each heater seems to

have no overall effect, we believe it is consistent with with a substrate heating effect. This results

in a thermal crosstalk coefficient of 0.003 radians per mW dissipated for this phase shifter (see

Fig. 3.5c). We have to consider, however, that in typical tomographic-style measurements the

distribution of dissipated power is less dramatic, being distributed around 465±40 mW (see

Fig. 3.5a). Therefore, much less phase offset deviation is expected at normal operation: from the

histogram of the dissipated powers in a set of typical tomographic measurements, we estimate

a maximal crosstalk-induced phase variation of ∼±0.24 radians. To overcome this problem, we

characterise each heater whilst configuring the others to be in an average dissipated power

region.

Sources initial characterisation

Once the device’s active components are characterised, preliminary tests on the photon-pair

sources can be performed. In our chip four 1.5-cm-long spiral silicon waveguides are present.

In these, bright telecommunications-band pump pulses are converted into quantum-correlated

signal and idler photons through spontaneous four-wave mixing (see Sec. 2.4.1 for more details).

In order to analyse each source individually, we tune the AMZIs in such a way that only the

photons produced by the source we want to analyse are transmitted through the circuit. Firstly,

we measure the rate of two-photon coincidences whilst changing the launched power, finding a

quadratic relationship that confirms the presence of a third-order non-linear process (SWFM)

(Fig. 3.6a).

Secondly, we compare the generation rates of all the sources, finding them to be well balanced

(Fig. 3.6b). This is a key property affecting the overall four-photon rate and the production of

high fidelity entangled Bell pairs at the basis of subsequent graph state generations [150]. To

estimate the photon pair generation rate pi, i.e. the probability of each pulse to generate one

or more photon pairs in source i, we use a coupling-independent metric [126]. By assuming the

coincidences and singles rates to be C = ηsηiR and Ss = ηsR, Si = ηiR, where ηs, ηi are the

signal and idler transmissions, and C and Ss, Si are the coincidence and singles rates, the ratio

between the product of the singles and the coincidence rates gives an estimate of R. Dividing

then R by the laser’s repetition rate we obtain pi. Values of photon pair generation rates for all

the sources at different input powers are shown in Fig. 3.6b.

Further, we measure the unheralded g2(0) of both photons of all sources to estimate their spectral

purity [32]. The measured purities, all between 0.82 and 0.92, are shown in Fig. 3.6d, together
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FIGURE 3.6. Sources characterisation in the four-qubit four-photon device.
a. Coincidences rates for the four on-chip photon pair sources. b. Probability to
generate at least one photon pair as a function of pump attenuation. c. A typical
histogram measuring an unheralded g(2)(0) - the ratio between the central and
side peaks areas. This histogram was measured on signal photons from source S1,
for p1 = 0.03. d. Purities of the signal and idler photons of each source, calculated
as g(2)(0)−1 [32].

with a typical histogram of the photon’s arrival time for an unheralded g2(0) measurement

(Ref. [1, 113] for more details on this common technique). Here, spectral entanglement of the

photon pairs is minimized by using the off-chip filters. The pair generation probability for this

measurement is chosen to be ∼ 0.03, as this will be the operating point for all the graph state

generation experiments.

Finally, using the simultaneous equations for the pair generation rate above and solving for

signal and idler loss ηs, ηi, we estimate the effective losses that signal and idler photons undergo

since their generation. Transmissions for the signal photons are −20.3 dB, −20.7 dB, −19.1 dB

and −18.8 dB for sources one to four. For the idlers we find −22.2 dB, −23.1 dB, −22.3 dB and

−22.0 dB. These transmissions represent the heralding efficiencies of the four waveguide sources.
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3.1.4 Heralded HOM interference

Indistinguishability of photons independently emitted from two integrated sources is a key

characteristic to be assessed in every quantum optical implementation that involves more than

one photon pair. Sources distinguishability would insert noise in the generated states, decreasing

their purity, and therefore affecting their computing performances. While temporal distinguisha-

bility is not a problem in integrated circuits as path differences are carefully compensated during

the design process, spectral distinguishability still represents a problem. For this reason off-chip

narrow filters (0.7 nm bandwidth) are used, and the indistinguishability is tested by performing

a heralded Hong-Ou-Mandel (HHOM) fringe [52, 82] between a choice of source pairs, as shown

in Fig. 3.7. This measurement can be related to a standard bulk-optics HOM dip experiment with

time delays [1, 113].
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FIGURE 3.7. Experimental heralded Hong-Ou-Mandel fringe in the four-qubit
four-photon device. a. Simplified schematics of the on-chip heralded Hong-Ou-
Mandel experiment. b. Heralded HOM fringe obtained by recording four-fold
coincidences from sources S2 and S3, scanning the central phase of the entangling
gate stage. A visibility of V = 0.82±0.02 is measured. The equivalent HOM visibility
is VHOM = 0.80±0.02.

A typical device configuration for HHOM experiments is reported in Fig. 3.7a: two signal photons

from two different sources, heralded by their respective idlers, are let interfere in a MZI with

variable phase φ, in our case the central MZI of the reconfigurable EG. This type of experiment

informs us on both the indistinguishability of the sources (two signal photons from different

sources are interfering) and on their purity: heralding of frequency correlated photons is happen-

ing at the same time, so an uncorrelated joint spectral amplitude is required to have maximal

fringe visibility (see Ref. [1, 113] for more details).

A HHOM fringe obtained by recording four-fold coincidences of photons emitted by sources S2 and

S3, at a photon-pair generation probability of p = 0.06, is plotted in Fig. 3.7b. The measured fringe
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exhibits a visibility of V = 0.82±0.02, in line with other on-chip measurements [52, 169]. Here,

V = (Nmax−Nmin)/(Nmax+Nmin), where Nmax and Nmin are the maximum and minimum values

of the fitted sinusoid; classical light is limited to V < 1/3. The conventional HOM-dip-equivalent

visibility, upper-bounded by the heralded purity of our photons, is VHOM = (Nmax−2Nmin)/Nmax =
0.80±0.02 [1, 3]. Note that VHOM is corroborated by the unheralded second-order correlation

measurements (g(2)(0)), which imply heralded purities between 0.82 and 0.92 [32] (Fig. 3.6d).

3.1.5 Bell pairs’ characterisation

The core of our scheme for generating graph states relies in the creation of two on-chip Bell

pairs:
∣∣Φ+〉

1,3 and
∣∣Φ+〉

2,4. The quality of these states can be negatively affected by various

factors: power imbalance in the sources that manifests as an imbalance between the |00〉〈00| and

|11〉〈11| terms, miscalibration of the RZ(θ) rotations on the tomography stages that manifests

as a phase on the coherence terms |00〉〈11| and |11〉〈00| or miscalibration of the RY (θ) rotations

that manifests as a non-zero amplitude in the |01〉〈01| and |10〉〈10| components. Multi-photon

contamination has the same effect as a miscalibration of the RY (θ) rotations, while photon

distinguishability appears as a mixed state contribution.

To establish the performance of these initial resources we set the entangling gate to perform

the identity and use the reconfigurable local projectors to perform a tomographic set of measure-

ments. From this data we calculate fidelities of 0.974±0.011 and 0.970±0.011 for the two states

respectively. The reconstructed density matrices are shown in Fig. 3.8: we observe that none of

the above listed sources of errors dominate.

We also examine the non-local properties of these Bell states, testing various relative phase

combinations between the |00〉 and |11〉 terms. With each source pair (1-3 or 2-4) we encode the

state
∣∣ψ〉= (|00〉AB + eiφr |11〉AB)/

p
2 = RZ(θB)RZ(θA)

∣∣Φ+〉
, where θA +θB =φr. Scanning φr we

generate fringes in the coincidental basis (see Fig. 3.8d) that contain a series of CHSH Bell test

measurements, providing Bell parameters Si, depending on the choice of measurement angles on

A and B. The maximal violations obtained in these CHSH tests are S1 = 2.79±0.01 for the first

Bell state, and S2 = 2.71±0.01 for the second. These exceed the maximal local-realist value of

S = 2 by 79 and 71 standard deviations respectively.

3.1.6 Graph states’ characterisation

A this point, the two Bell pairs can be entangled in two different forms to create the two

entanglement classes of four-qubit graph states. The quality of the produced graph states is

tested by means of stabilisers measurements, particularly useful for providing an efficient way

to assess a graph state’s fidelity with very few measurements. Refer to Sec. 2.2.2 for more

details on fidelity estimates of stabiliser states. We verify the generation of the four-photon star
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and line graph states (|S4〉 and |L4〉) by measuring their 16 stabilisers, g{i}, where {i} is the

set of generators whose product composes each stabiliser (e.g. g12 = g1 g2). The four stabiliser

generators of the state |S4〉 are:

(3.5) g1 = X IIZ, g2 = IX IZ, g3 = I IX Z, g4 = ZZZX ,

where X , Y , and Z are Pauli matrices and I is the identity matrix. For ease of reading we omit

hats on operators and qubit index pedices. The Pauli operators combining each of the measured

four-qubit stabilisers are reported in qubit order 1, 2, 3, 4. Tensor products are implied. For |L4〉,
the stabiliser generators are:

(3.6) g1 = X ZZI, g2 = ZX IZ, g3 = ZIX I, g4 = IZIX .

Measurements for each stabiliser are plotted in Fig. 3.9a and 3.9b, for |S4〉 and |L4〉 respectively.

The full set of stabiliser operators measured is reported in Tab. 3.1 and 3.2, for the star and line
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FIGURE 3.8. Bell pairs characterisation in the four-qubit four-photon device.
a. Ideal state generated from a two-source pumping scheme with no relative phase:
(|00〉+ |11〉)p2 . b.-c. Maximum-likelihood tomographic reconstruction of the state
generated by pumping sources S1 and S2 or sources S3 and S4, measured collecting
coincidences between qubits 1 and 3 or between qubits 2 and 4. Fidelities with the
above ideal state are both 0.97±0.01. d. Two-dimensional fringes demonstrating
on-chip manipulation of the two on-chip Bell pairs: (|00〉+ eiφr |11〉)p2 . For qubit
pairs (i, i+2), R i

Z and R i+2
Z are manipulated whilst phases R i

Y = R i+2
Y = π

2 such
that R i

Z + R i+2
Z = eiφr .
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states respectively. From these sets, we compute fidelities of 0.78±0.01 and 0.68±0.02, as shown

in Tab. 3.3 with all the other generated graphs’ fidelities. In these and subsequent four-photon

measurements, we had reduced the photon-pair generation probability to p = 0.03 to suppress

multiphoton noise.

FIGURE 3.9. Star and line stabiliser expectation values. a. - b. Full set of sta-
bilising operators (g{i}) measured for the star and line states respectively: state
fidelities of 0.78±0.01 and 0.68±0.02 are obtained from the stabilisers’ mean. c.
Outcomes of the best two-setting Mermin tests for the star and line states respec-
tively. Both states exceed the classical bound of 2. All the possible choices of tests
are reported in Tab. 3.4. d. Outcomes of the three-setting Mermin tests for the
star and line states respectively. The star state violates the classical bound of 12,
ensuring the presence of genuine multipartite entanglement. For the line state we
can only conclude to have multipartite entanglement, but not strictly genuine.

Generators product Stabiliser Generators product Stabiliser

g1 XIIZ g2 g4 ZYZY
g2 IXIZ g3 g4 ZZYY
g3 IIXZ g1 g2 g3 XXXZ
g4 ZZZX g1 g2 g4 -YYZX

g1 g2 XXII g1 g3 g4 -YZYX
g1 g3 XIXI g2 g3 g4 -ZYYX
g1 g4 YZZY g1 g2 g3 g4 -YYYY
g2 g3 IXXI g1 g1 IIII

TABLE 3.1. Full set of four-qubit star stabilisers. For ease of reading we omit hats
on operators and qubit index pedices. The Pauli operators combining each of the
measured four-qubit operators are reported in qubit order 1, 2, 3, 4. The central
qubit of the star is in our case qubit 4.
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Generators product Stabiliser Generators product Stabiliser

g1 XZZI g2 g4 ZYIY
g2 ZXIZ g3 g4 ZZXX
g3 ZIXI g1 g2 g3 -XYYZ
g4 IZIX g1 g2 g4 -YXZY

g1 g2 YYZZ g1 g3 g4 YIYX
g1 g3 YZYI g2 g3 g4 IYXY
g1 g4 XIZX g1 g2 g3 g4 XXYY
g2 g3 IXXZ g1 g1 IIII

TABLE 3.2. Full set of four-qubit line stabilisers. The Pauli operators combining
each of the measured four-qubit operators are reported in qubit order 1, 2, 3, 4.
The qubit of our generated line are numbered from left to right as 3, 1, 2, 4.

3.1.7 Mermin multipartite non-locality tests

In order to support the observation of four-partite entanglement, we investigate the non-local

properties of the generated graph states. We choose to measure Mermin-type inequalities [74, 75,

161], since they are specifically crafted for graph states and require only stabilizer observables.

More details on these multipartite tests are reported in Sec. 2.2.4. For each graph state we

generate, we measure all possible Mermin operators which are sums of stabiliser operators

as in Ref. [74] and provide the highest violation. We construct tests comprising two [20] and

three [75] measurement settings per qubit, M G
II and M G

III , for each graph state G. Results are

listed in Tab. 3.3 and plotted in Fig. 3.9c-d. M G
II allows a choice of stabilisers, one for each

graph symmetry: in Tab. 3.3 we report only the optimal choice, though all choices exceed the

classical bound. The expressions for these other operators are reported in Tab. 3.4: they are

formed following the symmetries of the graph itself starting from fewer stabilizer generators.

We find that |S4〉 exceeds both M G
II < 2 and M G

III < 12 classical bounds by 16 and 3 standard

deviations respectively, while |L4〉 exceeds the classical bound for M G
II by 5 standard deviations,

but not for the more strict M G
III . The higher post-selection penalty of the CZ, required to generate

|L4〉, results in a decreased fidelity, of which M G
III is a simple rescaling.

3.1.8 Basics of measurement-based quantum computing

Studying the effects of measurements on a graph state resource is key—they have to be verified

for useful MBQC applications [127]. The basic working principles of MBQC can be easily tested

on our platform given our ability to project any qubit of the graph onto arbitrary states. We check

the effect of Ẑ measurements by projecting various qubits of |S4〉 onto |0〉, and measuring the

remaining two- and three-qubit graph states, as shown in Fig. 3.10. We label these states as

|S4〉J = (⊗
j∉J 〈0| j

) |S4〉, where J is the set of remaining (un-projected) qubits. The three-qubit

state |S4〉1,3,4 and the two-qubit states |S4〉1,4 and |S4〉3,4 can be produced by projecting qubits
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State Fidelity M G
II (2,4) M G

III Count rate Counts

|S4〉 0.78±0.01 3.17±0.07 12.45±0.13 (12,16) 5.7 mHz 2640
|L4〉 0.68±0.02 2.61±0.13 10.93±0.29 (12,16) 1.1 mHz 1085

|S4〉1,3,4 0.77±0.01 2.79±0.09 6.16±0.11 (6,8) 3.3 mHz 1142
|S4〉1,4 0.83±0.02 - 3.32±0.09 (2,4) 4.0 mHz 416
|S4〉3,4 0.83±0.02 - 3.31±0.09 (2,4) 4.1 mHz 369∣∣Φ+〉

1,3 0.97±0.01 2.79±0.01† 3.90±0.03 (2,4) 1.8 kHz 38003∣∣Φ+〉
2,4 0.97±0.01 2.71±0.01† 3.88±0.03 (2,4) 1.9 kHz 41769

TABLE 3.3. Summary of measured parameters for on-chip graph states with
up to four photons. State fidelities, Mermin test parameters, and photon statis-
tics are listed. For convenience, we use M G

II and M G
III to indicate both the test’s

operator and the modulus of its expectation value (e.g. |〈M G
II 〉|). Classical and quan-

tum bounds are listed in parentheses, where they apply. ‘†’ indicates a Bell-CHSH
test. All error bars represent the standard error of the mean, obtained from Monte
Carlo simulations assuming a Poissonian distribution of the measured counts.

M S
II |〈M S

II
〉 | M L

II |〈M L
II

〉 |
g4 + g234 + g124 + g134 3.06±0.07 g1 + g12 + g13 + g123 2.48±0.16
g24 + g34 + g14 + g1234 3.14±0.07 g1 + g13 + g124 + g1234 2.59±0.16

g4 + g14 + g24 + g124 3.16±0.05 g12 + g14 + g123 + g134 2.51±0.16
g4 + g24 + g34 + g234 3.14±0.06 g14 + g124 + g134 + g1234 2.61±0.15
g4 + g14 + g34 + g134 3.03±0.06 g12 + g23 + g124 + g234 2.61±0.13

g34 + g234 + g134 + g1234 3.04±0.08 g23 + g34 + g134 + g123 2.55±0.16
g14 + g124 + g134 + g1234 3.06±0.07 g14 + g34 + g124 + g234 2.57±0.13
g24 + g124 + g234 + g1234 3.17±0.07

TABLE 3.4. All two-setting Mermin tests for star and line states. Results of every
two-setting Mermin test that can be generated from the stabilisers of the star and
line graph states. M S

II ′ and M L
II ′ , as defined in Sec. 2.2.4, are separated by a gap.

All choices exceed the classical bound.

{2}, {2,3}, and {1,2} onto |0〉, respectively. Fidelities for these states are reported in Fig. 3.10 and

listed in Tab. 3.3, along with the fidelities of the two input Bell pairs,
∣∣Φ+〉

1,3 and
∣∣Φ+〉

2,4. Values

of generalised Bell tests performed on them are also listed.

3.1.9 Understanding the device’s performance

In light of the values for the state fidelities obtained, an analysis of the sources of error is

needed. Moreover, as quantum devices of increased complexity will be investigated in following

experiments, the study of errors’ scaling is of critical importance. The first step towards correcting
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FIGURE 3.10. Basics of MBQC in the four-qubit four-photon device. Effects of
Ẑ measurements on |S4〉. The resulting entangled states show good fidelities even
after qubit removal. Notice that the two photons encoding |S4〉1,4 are orthogonal in
colour, and have never interacted.

any error is to understand its source, as error models differ substantially between platforms,

even within optics. In our platform the most realistic error factors are the effect of partial distin-

guishability of the sources, high squeezing inducing multi-photon pair generation and normally

distributed thermo-optic phase errors. In order to understand how these error factors interplay

in our device’s performance, we develop a simple technique that uses a Bayesian Parameter

Estimation (BPE) approach. For each of these error models we build an independent simulator

that outputs a series of four-fold simulated rates, from which we can extract the normalized

output probabilities for each of the 144 stabiliser measurement configurations, for each generated

state. Our interest is to find the values for distinguishability, squeezing parameter and average

phase error that matches the output probabilities experimentally observed.

Bayesian Parameter Estimation protocols [10, 116] is a useful method to address this kind of

problem. Consider a system described by a known model M(θ) with free parameter θ, a set of

N observables Π = {πi}N
i=1 and a data set X = {xi}N

i=1: the general aim of Bayesian parameter

estimation is to find the parameter θ̄ that best describes the data outputted by the system.

Learning θ̄ relies on the estimation of likelihoods, over a discretised space {θk}K
k=1 of K possible

θk: L(θk)=∏N
i=1 P(xi|θk,πi), where P(xi|θk,πi) is the probability of having observed xi given the

model parameter θk and having measured the observable πi. This probability can be calculated

from the frequency of the observed data xi over many samples of simulated data x̃i. We can

therefore derive the probability of θk being the parameter that best describes the data by applying

Bayes’s rule:

P(θk|X ,Π)= P(X |θk,Π)P(θk)∑K
l=1 P(X |θl ,Π)×P(θl)

=
∏N

i=1 P(xi|θk,πi)∑K
l=1

∏N
i=1 P(xi|θl ,πi)

= L(θk)∑K
l=1 L(θl)

,
(3.7)

thus retrieving a probability distribution for the parameter over discretised θks. These methods

do not require having precalibrated assumptions on the a priori distribution of the parameters
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describing the system and assume the measurements to be uncorrelated. We can assume this to

be valid for our experimental case.

We can apply this method to retrieve the probability distribution for the indistinguishability

parameter (σ), squeezing parameter (p) and phase error parameter (δ), assuming, in first approx-

imation, the three models to be acting independently. The probability distributions obtained for

the three parameters are reported in Fig. 3.11, for both the star and the line states. The best

estimation for the parameter values, obtained from fitting the probability distributions with a

Gaussian distribution are reported in Tab. 3.5. The parameter estimates obtained are compatible

FIGURE 3.11. Bayesian error parameter estimation in the four-qubit four-
photon device. Indistinguishability parameter (σ), squeezing parameter (p) and
phase error parameter (δ) probability distributions obtained through Bayesian
parameter estimation. Central values obtained are reported in Tab. 3.5.

Star Line

σS 0.82±0.01 σL 0.82±0.01
pS 0.036±0.009 pL 0.037±0.012
δS 0.185±0.007 rad δL 0.182±0.009 rad

TABLE 3.5. Estimated error model parameters in the four-qubit four-photon
device. The errors are obtained by taking 3 standard deviations from the fits in
Fig. 3.11. They are compatible with the parameters measured with direct tech-
niques like HOM dips, histograms’ coincidence to accidentals ratios and crosstalk
measures.

with our other measurements (HOM interference, g(2), source brightness, and crosstalk mea-

surements) and the distributions for the two states |S4〉 and |L4〉 also broadly agree. This result

shows that this Bayesian approach could reveal additional device performance information from

existing data, as no new measurements are required. However, we need to note that to completely

describe a device’s performance a holistic error model—one that simultaneously captures all the

effects—is needed. To formulate such a model requires knowledge of difficult-to-access quantities
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and significant computational power. A distinguishability model, for example, must have the

Schmidt spectrum of each source—inaccessible from simple HOM dips—and a common basis

for them. Computationally, modelling variable, high photon-number states in high-dimensional

spaces is a challenge. Meanwhile, our model could be a first quick tool to analyse low-level device

parameters using readily available data.

3.1.10 Discussion: performance optimisation

The results presented above show a clear feature: the entangled resources have a sufficient

fidelity to violate several Mermin inequalities, though future scaling will need higher fidelity

still, for these resources to be useful in quantum information processing applications. The main

bottleneck here is loss. Our four-fold coincidence rate is of the order of mHz, despite the fast

repetition frequency of the pump pulses. This low rate is due to the low fibre-to-fibre transmission

of the chip: −26.1 dB with a further −2.5 dB in off-chip detection. By excluding the components

that come before the photon generation, each of the single photons experiences around −20 dB

transmission. As each photon experiences this loss, the reduction in four-fold rate is of −80 dB.

Improved throughput (lower loss) would increase fidelity both directly and indirectly. Directly,

multiphoton noise scales with loss due to an increase in the relative likelihood of a multiphoton

term being detected. Indirectly, lower loss implies shorter integration times, via higher through-

put and increased rates; this would yield improved stability and reduced variation in system

parameters (phase setting error, calibration, pump, fibre-chip coupling, detector efficiency, etc.).

Using state-of-the-art silicon photonics and customised fabrication processes, four-fold coinci-

dence rates could be propelled to the 100-kHz regime. The post-source loss for the same device

made from state-of-the-art components such as sub-dB grating couplers [102], low loss 2dB ·cm−1

waveguides [13] and −0.1 dB couplers (via low loss MMIs [50] or evanescent couplers [25]) could

be as low as −5 dB (−20 dB for the four-fold rate). This would increase the four-fold coincidence

rate to over 40000 Hz. In our case, we have demonstrated a multi-photon, multi-qubit capability

using standard, commercially-available silicon photonic components.

The technique we have demonstrated—combining multiple post-selected Bell-pairs in reconfig-

urable entangling gates—can be applied to construct more sophisticated chip-scale graph state

generators. However, four is the largest number of dual-rail qubits for which all entanglement

classes can be post-selected: six- and eight-qubit devices with degenerate pairs can still access

most classes, (10/11) and (73/101) respectively, but a large class of them remains outside the

post-selectable space [1, 2]. The combination of multiple photons and high-dimensional tech-

niques [174] will make vaster Hilbert spaces accessible. In the next section we will explore these

other types of encodings to enable the larger-scale graph state generation needed for photonic

quantum computation.
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3.2 Eight-qubit graph state experiment

In this section we demonstrate an architecture, based on high-dimensional encodings, that

makes the generation of reconfigurable graph states of tens of qubits possible. High-dimensional

encodings can provide not only a natural resource-saving approach to explore larger Hilbert

spaces in current pre-fault-tolerant photonic architectures [174], where the number of photons

is limited by loss, but can also provide advantages in the variety of reachable graph topologies.

In this experiment, as in the one discussed in the previous section, we use the silicon photonic

platform which provides fast-reconfigurable, high-precision, compact and mass-manufacturable

circuitry. We experimentally implement the architecture on a device for eight-qubit reconfigurable

graph states encoded in four four-dimensional photons (ququarts). We demonstrate the generation

of a large variety of graph states that will be used as building blocks for MBQC processes. We will

show that such intermediate-scale graphs will be also useful for real applications in error-full

scenarios, where we will take into account error correction schemes (see Sec. 4.2).

3.2.1 Eight-qubit four-photon chip

In this architecture multiple highly-connected small clusters of qubits are encoded in single

high-dimensional photons; different clusters are then fused to form globally entangled graph

states via photon-photon probabilistic gates. We adopt a modular approach, with the production,

processing, and measuring of the graph states performed on different photonic modules within

the same chip. Each module embeds tens of optical components, resulting in more than 220 total

on-chip components, including 8 photon-pair sources and 48 reconfigurable phase shifters.

The operation of our device can be decomposed in three stages, as shown in Fig. 3.12.

• Generation of entangled qudit pairs (black shaded rectangles): in each of these, arrays

of four spiral sources are coherently pumped in order to generate two pairs of signal-idler

(blue-red) photons. The generated photons are subsequently spatially separated by colour

by 8 integrated filters (asymmetric Mach-Zehnder interferometers) and a crossers array.

The generated state at this stage is a product of two maximally entangled ququart pairs
1
2 (|00〉+ |11〉+ |22〉+ |33〉)AB ⊗ 1

2 (|00〉+ |11〉+ |22〉+ |33〉)CD .

• Reconfigurable entangling gates (EGs, black circles): signal-signal and idler-idler in-

teractions are allowed in order to entangle the two ququart pairs. This can be done by

allowing interference between modes |0〉 and |1〉 of ququarts B and C and the modes |0〉 and

|2〉 of ququarts A and D.

• Measurement stages (blue and red squares): a triangular structure of Mach-Zehnder

interferometers allows the performance of arbitrary projections over the four-dimensional

space. Projective measurements on the computational basis are simply obtained by detecting
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photons in the optical spatial mode associated with the computational basis state, setting

all the phases to perform the identity. A projection onto any other state can be performed

by a detection in one of the two central modes in the triangular structure of MZIs, with

phases settings determined by a vector elements elimination algorithm [113, 174]. Photons

are fibre coupled off-chip, using low-loss (< 1 dB) grating couplers [47], to high-efficiency

superconducting nano-wire single photon detectors. The detection of a four-fold coincidence

among any four modes belonging to the four different qudits post-selects on the success of

the entangling gate.

4. Measure

       MMI

Beam-Splitter

Crosser

Photon

   Pair 
SourceGrating

coupler
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1. Entangled A-B
qudit-pair source

2. Entangling 
   gate A-D

3. Entangling 
   gate B-C

4.Measure4.Measure

4.Measure 4.Measure
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2. Entangling gate A-D

EP1 

EP2 
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FIGURE 3.12. Eight-qubit four-photon device description. An overview of the
circuitry associated to each silicon chip module is reported on the right. Two
entangled qudit-pair modules (black shaded rectangles), embedding four photon-
pair sources each, are used to generate two pairs of maximally entangled ququarts
(A-B and C-D) by coherently pumping the sources array and grouping the signal
and idler modes via integrated filters and crossers. Each ququart, encoded in either
a signal (red) or an idler (blue) photon, is mapped into a two-qubit system. Two
entangling fusion-type gates modules (black circles) between photons A-D and B-C
are used to generate entanglement between the two pairs, producing four-party
four-dimensional entangled states. Measurement modules (blue and red squares),
composed of triangular networks of Mach-Zehnder interferometers, are used to
perform arbitrary projective measurements on each photon.

Overall, the state generation can be reconfigured by tuning the number of pumped integrated

sources, the entangling gates and the two-qubit unitaries embedded in the measurement stage.

Examples of graphs achievable with this architecture will be reported in Sec. 3.2.4, 3.2.5

and 3.2.6.
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3.2.2 Device and experimental setup details

Experimental set-up
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FIGURE 3.13. Setup of the eight-qubit four-photon experiment. a. Schematics
showing the off-chip components and their connectivity. b. Photograph of the device.

A schematics of the full setup and a photograph of the chip are shown in Fig. 3.13. Pump

pulses at 1541.35 nm (4.80±0.03 ps pulse duration, 500 MHz repetition rate) from an ampli-

fied erbium-doped fibre laser (Pritel) are filtered with square-shaped, 1.4-nm-bandwidth filters

(Opneti) and injected into the device, with average launched pump power of 11.2 mW. Signal

and idler photons are collected via a fiber array at 1546.12±0.35 nm and 1536.61±0.35 nm

respectively, filtered with square-shaped 0.7-nm-bandwidth filters (Opneti) to minimise spectral

correlations and to reject the pump. Single photons are then detected off chip by an array of

four superconducting nano-wire single photon detectors with an average efficiency of 78±5%

(PhotonSpot), operating around 0.85 K. Average transmission efficiencies through the off-chip

filters, over the 4 channels used, are measured to be 87% (-0.57 dB). Time-tags are generated

(16-channel UQD-Logic) and converted to coincidences by bespoke software with a resolution

of ∼156.25 ps, handling count rates up to 7 MHz. The device is mounted using thermal epoxy

and wire-bonded to an FR4 printed circuit board; temperature is stabilised using a closed-loop

thermo-electric cooler (Arroyo Instruments). Optical coupling to fibre is achieved via a single

mode fiber (SMF, input) and via a 24-channel fibre V-groove array (output, OZ Optics). Both are

controlled with 6-axis stages and piezo-electric actuators (Thorlabs). Analogue voltage drivers

(Qontrol Systems) are used to drive the on-chip phase modulators, with 16-bit and 305µV resolu-

tion.
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Device fabrication

Our silicon photonic chip embeds components specifically crafted to minimise on-chip losses: in

particular, fully-etched apodized grating couplers composed of photonic crystals are used, which

include an underpinning aluminium (Al) layer realised via a flip-bonding process, to minimise

scattering of light in the substrate [47]. The fabrication process starts from a commercial silicon-
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FIGURE 3.14. Integrated components in the eight-qubit four-photon device. a.
Grating couplers. Inset shows a SEM micrograph of the grating with its frequency
response. b. AMZIs characterisation. Inset shows a SEM image of an MMI structure
and AMZI transmission as a function of the input wavelength and phase shifter
voltages respectively. c. Crosser arrays. Inset shows a SEM image of a crosser
and typical transmission as a function of wavelength. d. Oblong spiral sources are
designed to minimise bending losses.
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on-insulator (SOI) wafer with top silicon thickness of 250 nm and buried oxide layer of 3µm,

and proceeds in the following steps. First, a 1.6µm thick layer of SiO2 is deposited by the

plasma-enhanced chemical vapour deposition (PECVD) process on the SOI wafer. Next, the

Al mirror is deposited by an electron-beam (e-beam) evaporator, and followed by another thin

layer of SiO2 deposition with thickness of 1µm. Following that, the wafer is flip-bonded with

a Benzocyclobutene bonding process to another silicon carrier wafer. The substrate and buried

oxide layers of the original SOI wafer are removed by fast dry-etching and buffered hydrofluoric

acid chemical-etching, successively, resulting in the final Al-introduced SOI wafer. After that,

the silicon photonic circuit is fabricated by standard e-beam lithography (EBL) followed by

inductively coupled plasma etching and e-beam resist stripping. The grating couplers on the

device are fully-etched, meaning only one silicon etch step is required.

Once the photonic part is fabricated, 1.3µm thick SiO2 is deposited by PECVD, followed by

polishing process to planarize the surface with approximately 300 nm sacrifice, resulting in a

final top SiO2-cladding layer of 1µm. The phase shifters are patterned afterwards by another

EBL process followed by 100 nm titanium (Ti) deposition and liftoff process. The conducting wires

and electrode pads are obtained by standard ultraviolet lithography followed by Au/Ti deposition

and lift-off process.

Device components

Microscope images of the individual chip components and their characterisation are both shown

in Fig. 3.14 and 3.15. The waveguides on our device are fully-etched silicon waveguides with

cross section 450×250 nm. Propagation loss through straight waveguides was estimated via cut-

back measurements to be approximately 2 dBcm−1. To reduce transmission losses, long straight

waveguides are expanded via a taper to a width of 8000 nm (Fig. 3.15a). Grating couplers have

efficiencies of ∼-1.0 dB for the three wavelengths used, with 1 dB coupling bandwidth of 40 nm, as

shown in Fig. 3.14a. Phase shifters are composed of Titanium micro-heaters, which locally change

the temperature, and thereby the refractive index, of the silicon waveguides. Their dimensions

are 1.5×100µm (see Fig. 3.15b) and are able to access a 2π phase shift within the range of [0,6]

V. The average resistance of the phase shifters on the device is 500Ω.

To reach their accurate modulation a precise characterisation is necessary. We follow the same

routine described in Sec. 3.1.3 for the four-qubit four-photon graph state experiment: once the

current-voltage response for each phase shifter is studied, the optical phase shift as a function of

the applied heating power is characterised (inset of Fig. 3.15b). This is done for each individual

phase shifter in an independent MZI configuration, therefore allowing a full reconstruction of the

voltage-phase relation. Similarly to previous works [116, 139, 174] our heaters display non-Ohmic

current-voltage characteristics, which is taken into account in their calibration. Typical sinusoidal

responses are observed and reported in the inset of Fig. 3.15b. Average visibilities are 99.9%.
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Mach-Zehnder interferometers are realised via 2×2 MMIs which have < 0.5 dB insertion loss

(see Fig. 3.14b and 3.15b).

We use asymmetric MZIs (AMZIs) with arm-length difference ∆L to implement finely tunable

sinusoidal filters, with typical extinction ratios of ∼−40 dB. We implement a ∆L =λ2/(ngFSR)=
22.7µm to route the signal and idler frequencies to the two different output ports of our AMZIs.

Fig. 3.14b shows the integrated filters’ transmission as a function of wavelength for different

applied voltages, showing good tuning over the filter’s free spectral range for matching the wanted

signal and idler wavelengths. Along with AMZIs, arrays of crossers are used to route signal and

idler photons in their relative qudit modes. Individual insertion losses and crosstalk values are

below −0.1 dB and -40 dB respectively, calculated via cut-back methods.
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FIGURE 3.15. Active components in the eight-qubit four-photon device. a. Mi-
croscope picture of a selected area of the chip showing waveguides bends and
expanded waveguides. b. MZI structures. Inset shows the triangular MZI scheme
used for quantum measurements, the current-voltage non-ohmic curves and the
optical power-phase relationship for every phase shifter on the device. From the
optical power-phase fringes, obtained by scanning each heater’s voltage to a max-
imum of 6 V, a full 2π phase shift can be achieved. Different zero-voltage phase
offsets are present due to fabrication variations in the heaters’ and waveguides’
dimensions.

80



3.2. EIGHT-QUBIT GRAPH STATE EXPERIMENT

FIGURE 3.16. Full schematics of the eight-qubit four-photon device. The inte-
gration of all the chip modules is shown, following the logical overview described in
Fig. 3.12. All the stages are highlighted at the top. The combination of 8 integrated
photon-pair sources, 48 thermo-optic phase modulators and more than 200 passive
integrated components results in an optical circuit of ∼0.2cm×0.8cm.

The above components contribute to the overall chip schematic reported in Fig. 3.16, following the

logical overview described in Fig. 3.12. The overall size of the optical circuit is ∼0.2cm×0.8cm,

for a total of 48 thermo-optic titanium phase modulators and more than 200 passive integrated

components. The chip’s maximal transmittance from the output of source S1 to output of qudit

B is ∼−12.9 dB. The average channel efficiency for a single photon from source to detector

was ∼−15 dB (3%), measured by the coincidences to singles ratio [149]. This includes average

detector efficiencies (78%,−1.0 dB), average transmission of off-chip filters (87%,−0.57 dB) and

fibre connection losses (90%,−0.46 dB).

3.2.3 Source characterisation and heralded HOM interference

Once the device’s active components are characterised, preliminary tests on the photon-pair

sources can be performed. In our chip, eight 1.5-cm-long spiral silicon waveguides are present.

In these, bright telecommunications-band pump pulses are converted into quantum-correlated

signal and idler photons through the third-order non-linear process spontaneous four-wave mix-

ing. We test indistinguishability of photons emitted from different sources by performing reverse

Hong-Ou-Mandel (RHOM) interference between choices of sources pairs, as shown in Fig. 3.17.

This represents the time reversal of the Hong-Ou-Mandel experiment: two photons in the same

spatial mode (coming from the same source) impinge on a beam-splitter and come out at different

ports, resulting in a coincidence peak. We can reconfigure the chip to include two chosen sources

in a large MZI (see Fig. 3.17a), such that by scanning the local phase associated to the mode

of one of the two sources and performing single-photon coincidence detection between the two

outputs, we obtain a quantum interference fringe. We find that the resulting fringes have the
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FIGURE 3.17. Reverse HOM fringes. a. Device configuration for reverse Hong-Ou-
Mandel (RHOM) fringes. b. Visibilities of RHOM interference fringes for different
choices of pairs of sources, compared to their classical counterparts. Visibilities are
all above 0.88, showing a good degree of source indistinguishability. c. Classical,
bright-light detection pattern for the same choices of sources. d. Single-photon
detection pattern: a quantum interference fringe is obtained with a doubled fre-
quency with respect to the classical case. All error bars are obtained assuming a
Poissonian distribution of the measured counts.

signature phase-doubling associated with two-photon Fock states (Fig. 3.17d) when compared to

their classical counterparts (Fig. 3.17c). By performing RHOM interference between different

choices of pairs of sources we obtain a pairwise characterisation of the sources indistinguishability.

The choices of source pairs are the same used for calibrating the phase differences among the

sources: the initial Z phases on modes |1〉 , |2〉 , |3〉 in the measurement stage of each qudit are

calibrated relatively to mode |0〉, therefore with respect to the emission from source S1 and source

S5. The measured visibilities of the RHOM fringes are all above 0.88, showing a good degree of

indistinguishability (Fig. 3.17b).

We also perform a Heralded Hong-Ou-Mandel (HHOM) interference experiment, the chip con-

figuration of which is shown in Fig. 3.18a. Here, two signal photons from two different sources,

heralded by their respective idlers, are let interfere in a MZI with variable phase φ. This type of

experiment informs us on both the indistinguishability of the sources and on their purity [113].

The depth of this fringe can be related to the visibility of a traditional HOM dip, and there-

fore to the total indistinguishability of the photons, lower bounding their purity [3]. A HHOM

fringe obtained by recording four-fold coincidences of photons emitted by sources S1 and S2,

for input power of ∼10mW, is shown in Fig. 3.18b. The visibility obtained from a sinusoidal

82



3.2. EIGHT-QUBIT GRAPH STATE EXPERIMENT

FIGURE 3.18. Heralded HOM fringes. a. Device configuration for Heralded Hong-
Ou-Mandel (HHOM) experiments. b. A HHOM fringe generated from sources S1
and S2 with a visibility of 0.86±0.04. This corresponds to a HOM-dip equivalent
visibility of 0.84±0.05. The HOM-dip equivalent visibility is a lower bound on the
spectral purity and a measure of the total distinguishability of the photons. All
error bars are obtained assuming a Poissonian distribution of the measured counts.

FIGURE 3.19. Photon pair generation. a. Probability of generating a photon pair
for each of the sources used in GHZ-based states (sources S1, S4, S5 and S8), as a
function of input laser power. The shaded region indicates the operational regime
adopted in our experiments. b. Typical histogram of the coincidence counts from
one integrated source (signals and idlers from S4 and input power of ∼10mW).

fitting of the data is 0.86±0.04, corresponding to a HOM equivalent visibility of 0.84±0.05, for

a pair generation probability of ∼3%. In light of these results we can confirm to have a high

degree of indistinguishability and purity, comparable with state-of-the-art integrated photon-pair

sources [3, 52]. Figure 3.19b shows a typical histogram of coincidences at different time delays

for an input power of 10mW, which yields a pair generation probability of ∼3%. Pair generation

rates, for sources S1, S4, S5 and S8, as a function of the input laser power are shown in Fig. 3.19a.

We report on these specific sources as they will be the main ones used in graph-state-based
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experiments.

3.2.4 Two-photon d-dimensional state characterisation

To quickly assess the global functionality of the device, we perform some basic two-photon state

generation experiments. Since these only require one pair of photons to be generated, the data

collection is orders of magnitude faster than our four-photon experiments.

Two-qubit Bell states can be easily generated by pumping any two sources among the four present

in each qudit-pair source stage. GHZ states with dimensions up to four can be generated just

increasing the number of pumped sources [174]. Two- and four-dimensional reconstructed GHZ

state tomographies are reported in Fig. 3.20a-b, together with the ideal ones. For the two-qubit

Bell states, full tomographic reconstructions give fidelities and purities all above 0.96 and 0.94

respectively, demonstrating good indistinguishability among the sources and good phase control

among the different modes of each qudit. Compressed sensing tomography is performed in the

four-dimensional GHZ case, resulting in a fidelity of 0.80±0.02 and a purity of 0.72±0.04.

Moreover, we verify our ability of compiling local qudit unitaries to encode four qubits in two

photons (two qubits per qudit) and therefore create any four-qubit graph state. We verify the

generation of two-photon four-qubit line and star states which are the representatives of all the

four-qubit classes. We can create a four-qubit star state, |star4〉, from the GHZ state (|00〉AB +
|33〉AB)/

p
2 = (|0000〉1234 +|1111〉1234)/

p
2 , generated by pumping sources S1 and S4. Applying

Hadamard gates on it (H2H3H4) yields the star state |star4〉. Our experimental state was

reconstructed using compressed sensing techniques [70] (see Fig. 3.20d). This is possible thanks

to the high rate of two-photon data collection. The fidelity with the ideal state and the purity

are 0.92±0.02 and 0.85±0.03 respectively, reported also in Fig. 3.23. For the two-photon, four-

qubit linear cluster state we adopt a different pumping scheme: by pumping sources S1 through

S4, post-selecting one photon per qudit, we generate the two-party four-dimensional GHZ state
1/2(|00〉AB+|11〉AB+|22〉AB+|33〉AB) reported in Fig. 3.20b. As a state of qubits this can be mapped

to the state: 1/2(|0000〉1234+|0101〉1234+|1010〉1234+|1111〉1234). We can then apply a ˆCZ34 between

the third and the fourth qubit,which belong to the same qudit, and therefore obtain the state:
1/2(|0000〉1234 +|0101〉1234 +|1010〉1234 −|1111〉1234). The application of Hadamards (H2H4) yields

the line graph state |L4〉, which is locally equivalent to the box graph state |24〉. Also in this

case our experimental |L4〉 was reconstructed using compressed sensing techniques [70]. The

reconstructed density matrix is reported in Fig. 3.20c, together with the ideal one. Another

method for generating the linear cluster state could be adopted, pumping only two sources: first

|star4〉 is generated (as above), then ĈZ34 is applied, followed by local complementation of qubit 3.

The fidelity and the purity obtained are 0.82±0.02 and 0.77±0.03 respectively, reported also in

Fig. 3.23. The difference in the |star4〉 and |L4〉 fidelities resides in the fact that they have origin
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FIGURE 3.20. Two-photon d-dimensional tomographies in the eight-qubit four-
photon device. a. Two-photon two-dimensional Bell-pairs density matrices gen-
erated from sources S1-S2, S1-S3 and S1-S4. b. Two-photon four-dimensional GHZ
state density matrices generated pumping the first four sources in a superpo-
sition. Fidelity with the ideal case is 0.80±0.02. c. Two-photon four-qubit line
state compressed sensing tomography. Fidelity with the ideal case is 0.82±0.02. d.
Two-photon four-qubit star state compressed sensing tomography. Fidelity with
the ideal case is 0.92±0.02. In all the cases experimentally reconstructed density
matrices (right) are compared to the ideal ones (left). Column heights represent
the absolute values of the complex matrix entries, while phases are colour coded.

from different pumping schemes: while the star state is obtained from a Bell-pair state where

only two sources are pumped at the same time (only one relative phase compensation), the linear

state is obtained from a four-dimensional GHZ state where the overlap between four sources, and

their relative calibration, contributes.

3.2.5 Four-photon four-dimensional state characterisation

In order to be able to generate a variety of large graph states, the simultaneous capability of

manipulating multiple photons together with the capability of manipulating high dimensional

systems is vital. So far we have just tested these two features, separately. Now, we want to assess

our ability to precisely control the full multi-photon high-dimensional (MPHD) architecture: we

reprogram our chip to realise one of the MPHD states realisable on our chip, which can be then
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mapped into graph states of qubits. This state will be subsequently important for hypergraph

state generations (see Sec. 5.6). The characterisation of one of the MPHD states realisable on our

chip is reported in Fig. 3.21. In this case the target state is chosen to be:

∣∣ψ4P4D
〉= 1

23/2 (|0000〉+ e−iπ/4 |0033〉+ eiπ/2 |1111〉+ |1212〉+

+ eiπ/4 |2121〉+ e−iπ/4 |2222〉+ eiπ/2 |3300〉+ eiπ/4 |3333〉).
(3.8)

We use partial state tomography methods [100] to obtain an estimate of our state’s fidelity with

the theoretical state. The procedure that we adopt is the following: given our experimental

FIGURE 3.21. Four-dimensional four-photon state characterisation. One of the
multi-photon four-dimensional states used as initial resource for graph state gener-
ation. The target state is

∣∣ψ4P4D
〉
, reported in Eq. 3.8. The non-zero elements of

the density matrix are reported for both experimental (left) and theoretical (right)
cases, leading to a fidelity of 0.72±0.04. Column heights represent the absolute
values of the complex matrix entries, while phases are colour coded.

state ρ, the state fidelity is the overlap: F = Tr(ρ
∣∣ψ4P4D

〉〈
ψ4P4D

∣∣)= 〈
ψ4P4D

∣∣ρ ∣∣ψ4P4D
〉
. Only the

non-zero terms of the ideal density matrix contribute to the fidelity number (the zero terms give

zero overlap with our experimental state). From this fact, our technique relies on the estimation

of only these non-zero terms. If we rewrite the fidelity as:

F =∑
kl

c∗l ck 〈l|ρ |k〉 =
∑
k
|ck|2 〈k|ρ |k〉+

∑
k>l

[c∗l ck 〈l|ρ |k〉+ c∗kcl 〈k|ρ |l〉]=

=∑
k
|ck|2 〈k|ρ |k〉+

∑
k>l

2Re[c∗l ck 〈l|ρ |k〉],
(3.9)

we can see that we need to measure the diagonal elements (〈k|ρ |k〉, i.e. the computational

basis) and the off-diagonal terms 〈l|ρ |k〉. The projectors |l〉〈k| are non Hermitian (|l〉〈k| 6= |k〉〈l| =
(|l〉〈k|)†), but we can rewrite them as a sum of a symmetric and an antisymmetric operators:

(3.10) |l〉〈k| = |l〉〈k|+ |k〉〈l|
2

+ i
|l〉〈k|− |k〉〈l|

2i
= M̂S + i M̂A,
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where both M̂S and M̂A are now Hermitian.

At this point we want to find eigenbases for M̂S and M̂A, in order to have a strategy for the

measurement of the off-diagonal terms. Given a basis B = {|i〉} with |k〉 , |l〉 ∈ B, for any i 6= k, l

we have that M̂S |i〉 = |k〉〈l|i〉+|l〉〈k|i〉
2 = 0, therefore |i〉 is an eigenvector of M̂S with eigenvalue

0. The same holds for M̂A: M̂A |i〉 = 0. On the other side, if we take |±kl〉 = |k〉±|l〉p
2

and |±i kl〉 =
|k〉±i |l〉p

2
, then M̂S |±kl〉 = ±1

2 |±kl〉 and M̂A |±i kl〉 = ±1
2 |±i kl〉, which makes |±kl〉 eigenvectors of

M̂S with eigenvalues ±1
2 and |±i kl〉 eigenvectors of M̂A with eigenvalues ±1

2 . The two sets

BS = {|i〉}i 6=kl∪{|+kl〉 , |−kl〉} and BA = {|i〉}i 6=kl∪{|+i kl〉 , |−i kl〉} are therefore eigenbases of M̂S and

M̂A respectively, given also their orthogonal properties. At this point we can write:

(3.11) M̂S(k, l)= |+kl〉〈+kl |− |−kl〉〈−kl |
2

(3.12) M̂A(k, l)= |+i kl〉〈+i kl |− |−i kl〉〈−i kl |
2

.

By inserting this in each of the off-diagonal terms above, we obtain:

〈l|ρ |k〉 =Tr(ρ |l〉〈k|)=Tr(ρMS(k, l))+ i Tr(ρMA(k, l))=

= 1
2

[Tr(ρ |+kl〉〈+kl |)−Tr(ρ |−kl〉〈−kl |)]+
i
2

[Tr(ρ |+i kl〉〈+i kl |)−Tr(ρ |−i kl〉〈−i kl |)]=

= 1
2

[〈+kl |ρ |+kl〉−〈−kl |ρ |−kl〉]+
i
2

[〈+i kl |ρ |+i kl〉−〈−i kl |ρ |−i kl〉]=

= 1
2

[F|+kl〉−F|−kl〉]+
i
2

[F|+i kl〉−F|−i kl〉],

(3.13)

where F|+kl〉, F|−kl〉, F|+i kl〉 and F|−i kl〉 are the fidelities with the states |+kl〉, |−kl〉, |+i kl〉 and

|−i kl〉 respectively. Taking into account the terms of the
∣∣ψ4P4D

〉
state described before, |±kl〉

and |±i kl〉 are all equivalent to GHZ states of either two or four qubits, having reduced each of

the qudits to the two-mode subspace of the modes appearing in each combination of k and l. For

example, the state |2121〉ABCD +|3300〉ABCD /
p

2 arising from the term ABCD 〈2121|ρ |3300〉ABCD

is a relabelling of a four-qubit GHZ state |0000〉ABCD +|1111〉ABCD /
p

2 where the states {|0〉 , |1〉}
are represented by the modes {|2〉 , |3〉}A, {|1〉 , |3〉}B , {|2〉 , |0〉}C and {|1〉 , |0〉}D for qudits A, B, C

and D respectively. On the other side, combinations like |0000〉ABCD +|3300〉ABCD /
p

2 , arising

from the term ABCD 〈0000|ρ |3300〉ABCD , are equivalent to a two-qubit GHZ state multiplied by a

two-qubit product state: |0000〉ABCD +|1100〉ABCD /
p

2 where the states {|0〉 , |1〉} are represented

by the modes {|0〉 , |3〉}A, {|0〉 , |3〉}B , {|0〉}C and {|0〉}D for qudits A, B, C and D respectively. To

calculate these GHZ state fidelities we use the same method described in Sec. 3.1.6, i.e. we

measure all the stabilisers of that GHZ state, having reduced the measurements to the effective

two-mode subspace occurring in each combination and performing only the minimal number of

operators needed to retrieve the whole set of stabilisers. In the case of our specific state, we need

to measure 28 combinations of 〈l|ρ |k〉, which consist of 20 four-qubit GHZ state combinations
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and 8 two-qubit GHZ state combinations. There are 9 minimal operators for each four-qubit

GHZ state, 3 operators for each two-qubit GHZ state and overall 4 states to be measured for

each combination of k and l (one for each phase ±1 and ±i). Each four-qubit operator can be

decomposed in 16 projections, while each two-qubit operator can be decomposed in 4 projections.

This leads to a total of (9×4)O×16P ×20C+ (3×4)O×4P ×8C = 11904 total projectors, where O

stands for number of operators, P stands for number of projectors and C stands for the number of

k, l combinations. Considering that the stabilisers of |+kl〉, |−kl〉, |+i kl〉 and |−i kl〉 are equivalent

to the stabilisers of the star graph state up to a single qubit rotation compiled on the star central

qubit, we can reduce the number of measured projectors to 17O×16P×20C+5O×4P×8C = 5600.

This concludes the discussion on how to estimate the off-diagonal elements of the density matrix.

The overlap with the diagonal elements of the density matrix is a simple computational basis

measurement (256 projectors), also used to normalise the counts obtained from the off-diagonal

terms measurements. The overall number of measured projections is significantly lower than

the number of those required for a full state tomography and even lower than the number of

those required for compressed sensing techniques for states of such a Hilbert space size. However

it has to be noted that this is not a full state reconstruction method, but a fidelity estimation

method, in which only the non-zero terms of the density matrix are estimated (312 terms are

calculated out of the whole 256×256= 65536 density matrix elements).

We experimentally obtain a fidelity of 0.72±0.04. The error bar is obtained from Monte Carlo

simulations assuming a Poissonian distribution of the measured counts.

3.2.6 A zoo of graph states

In this section we summarise the capability of our device of generating a large variety of graph

state topologies. For each generated state we provide an experimental recipe (source configura-

tions and qudit operations, including local complementation) and our fidelity estimation strategy.

Using our device we can perform any local qudit operation and projective measurement. This

provides a simple toolkit that can be used to generate a wide variety of graph states:

1. Local qubit operations allow the local complementation of graph states and therefore enable

arbitrary transformations within stabiliser entanglement classes (see Sec. 2.2.3).

2. Qubit pairs (1,2), (3,4), (5,6) and (7,8) are encoded by the same photon, i.e. belong to the

same qudit. Hence, non-local, two-qubit operations can be implemented between these

qubit pairs, for example ĈZ, which can create an edge.

3. Ẑ measurements, i.e. projections onto the eigenstates of Ẑ (|0〉 and |1〉), remove graph

vertices.
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FIGURE 3.22. Accessible entanglement classes in the eight-qubit four-photon
device. A representative member of every graph state entanglement class accessi-
ble with the four-photon four-dimensional chip, canonically indexed [77]. In total,
the device can generate 21 types of stabiliser entanglement and 127 non-isomorphic
graph states.

For each four-photon graph state we will first generate the eight-qubit star and then use the

above intra-qudit deterministic controlled-phase (ĈZ) gates, local complementation, and Ẑ mea-

surements tools to transform it.

To discover which graph states our device could generate, we used a random search over the

device’s capabilities, starting with the star graph state of eight qubits. Local complementation
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operations, qubit removals, and controlled-Z operations between qubits (1,2), (3,4), (5,6) and (7,8)

were performed at random (in software) on the star graph over many instances, until no new

entanglement classes were found. This produces a set of accessible entanglement classes, with a

recipe for how to produce each one. Fig. 3.22 contains a listing of the canonical representative

graphs from each entanglement class this device can generate. Overall, our chip generates 21

graph state equivalence classes with up to 8 qubits (127 different graphs). This is in contrast

to the 4 classes (8 different graphs) with up to 4 qubits reachable with only two-dimensional

photonic architectures in post-selection and the same number of processed photons. Figure 3.23

reports fidelities for a set of graph states with up to eight qubits that we will use in successive

MBQC processes and applications. These include the eight-qubit star graph (|star8〉), locally

equivalent to an eight-qubit GHZ state [67], the “double-branched" graph states of seven (|B7〉)
and five (|B5〉) qubits, the six-qubit “crazy graph” (

∣∣crazy6
〉
) [135], the five-, four- and three-qubit

linear states (|L5〉, |L4〉 and |L3〉, respectively), and the four-qubit star (|star4〉) and box (|24〉)
states. Graph state verification methods used here (stabilizer measurements [74], compressed

sensing tomography [70] and θ-measurements [137]), and the device configurations used to

generate these states, are discussed in the following.

FIGURE 3.23. Graph state fidelities in the eight-qubit four-photon experiment.
Estimates by stabiliser methods are shown as blue dots, while orange diamonds
show the mean of only stabilizer generator measurements. Estimates using com-
pressed sensing tomography on two-photon four-dimensional graphs are shown as
yellow squares. A fidelity of 0.73±0.03 for the eight-qubit star graph, obtained via
θ-measurements methods, is shown as a black triangle. All error bars are obtained
from Monte Carlo simulations assuming a Poissonian distribution of the measured
counts.
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The eight-qubit star graph state

The eight-qubit star state, the initial resource for all the following graph state generations, is

obtained by pumping sources S1, S4, S5 and S8 to generate the state:

(3.14) ((|0000〉+ |1111〉)
p

2 )⊗2 = (|00000000〉+ |00001111〉+ |11110000〉+ |11111111〉)/2,

where the qubits are numbered (1,2), (3,4), (5,6) and (7,8) for qudits A, B, C and D respectively. We

will use this numbering convention in all the following sections. The above state is biseparable:

to generate a globally entangled state, we use the entangling gate B-C (see Fig. 3.12). Here, we

set EP1 to perform a swap on its input modes and EP2 to perform the identity (0 and π radians

respectively). This removes the |00001111〉 and |11110000〉 terms by moving them outside of the

post-selected, one-photon-per-qudit, basis. We then obtain the eight-photon GHZ state:

(3.15) |GHZ8〉 = (|00000000〉+ |11111111〉)/
p

2 .

From here, applying Hadamards yields the eight-qubit star graph: Ĥ2Ĥ3Ĥ4Ĥ5Ĥ6Ĥ7Ĥ8 |GHZ8〉
= |star8〉. Here, qubit 1 is the central qubit of the star. Since Ẑ measurements can be used to

remove vertices from a graph, this state can be used to produce all the star graphs of n ≤ 8 qubits.

To verify this state, we use the method of [137], that we will call θ-measurements. First, the state

is measured in the computational basis to establish the “population", P. This is the summed

FIGURE 3.24. Verification of the eight-qubit star graph state. a. The |star8〉
and its associated graph, together with its generation recipe from the ini-
tial state |GHZ8〉. b. Expectation values of the of the coherence operators
M̂⊗8

θ
. c. Population measurement, P, of |GHZ8〉. Indexes are ordered as

|00000000〉 , |00000001〉 , . . . , |11111111〉. All error bars (represented in orange) are
the standard error of the mean, obtained from Monte Carlo simulations assuming
a Poissonian distribution of the measured counts.
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probability to measure |00000000〉〈00000000| or |11111111〉〈11111111|. Next, we measure the

eight operators:

(3.16) M̂⊗8
θ = (cos(θ)X̂ +sin(θ)Ŷ )⊗8,

where θ = kπ/8 for k ∈ {0,1,2,3,4,5,6,7}. This corresponds to measuring all the qubits in the

rotated bases {(|0〉± eiθ |1〉)/p2 } and is used to compute the “coherence" factor:

(3.17) C = 1
8

7∑
k=0

(−1)k 〈
M⊗8

θ

〉
.

The fidelity is then given by:

(3.18) F = 1
2

(C+P).

Computational basis measurements and M⊗8
θ

expectation values are reported in Fig. 3.24,

together with the state’s experimental recipe. A fidelity of 0.73±0.03 is obtained, shown in

Fig. 3.23 as a black triangle, together with all the fidelities of the other generated graph states.

Linear cluster states

The linear graph states are generated from the eight-qubit star by using the recipes shown in

Fig. 3.25. Starting from the eight-qubit star, the intra-qudit ĈZ34 and ĈZ78 are implemented,

followed by local complementation operations on qubits 3 and 7. Qubits 2, 5 and 6 are are

projected onto |0〉 to produce the five-qubit linear cluster state. The four-qubit box cluster (which

is locally equivalent to the four-qubit line) can be obtained from the five-qubit linear cluster by

projecting qubit 8 on to |0〉 and subsequently performing local complementation on qubits 3, 1

and 4. The three-qubit linear cluster is obtained from the five-qubit line by projecting qubits 7

and 8 on to |0〉. These states were verified using the operators reported in Tab. 3.7 and 3.6, which

are the minimal number of operators needed to retrieve the whole stabiliser sets. The full sets of

stabiliser expectation values are reported in Fig. 3.25. Notice that the stabilisers in Table 3.7

can be also used to contribute to a fidelity measurement on the three- and four-qubit linear

graph states. Since some stabilisers are derived from the same operator, extra measurements are

required when deriving the smaller linear graphs’ stabilisers. Fidelities obtained for |L5〉, |24〉
and |L3〉 are 0.78±0.03, 0.83±0.03 and 0.82±0.04 respectively (as shown in Fig. 3.23 in blue).

92



3.2. EIGHT-QUBIT GRAPH STATE EXPERIMENT

FIGURE 3.25. Verification of linear cluster states. a. Our recipe to produce the
states |L5〉, |24〉 and |L3〉. b. Expectation values of every stabiliser of |L3〉. c. Ex-
pectation values of every stabiliser of |24〉. d. Expectation values of every stabiliser
of |L5〉. The full list of stabiliser operators and a list of measured operators for each
of the three states is reported in Tab. 3.7. All error bars (represented in orange) are
the standard error of the mean, obtained from Monte Carlo simulations assuming
a Poissonian distribution of the measured counts.

Operator Derived |L4〉 stabilisers Derived |L3〉 stabilisers

ZXZXZ ZXZI, IIZX, ZXIX, IIII -
XZYYZ IZYY, XIYY -
XZZXZ XZZX -
ZYXYZ -ZYXY -
YXXYZ YXXY -
XZXZ IZXZ, XZII, XIXZ IZX, XZI, XIX, III
ZYYZ ZYYZ ZYY
YYZX YYZI, YYIX -
YXYZ -YXYZ -YZY
ZXZ - ZXZ
YYZ - YYZ

TABLE 3.6. Operators measured for the full four-qubit and three-qubit line
stabiliser sets. Pauli operators combining each of the measured five-qubit opera-
tors are reported in qubit order (4,3,1,7,8) as per Fig. 3.25.
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Operator Derived |L5〉 stabilisers

XZXZX IZXZI, XZIII, IIIZX, XIXZI, IZXIX, XZIZX, XIXIX, IIIII
ZXZXZ ZXZII, IIZXZ, ZXIXZ
YYZYY YYZII, IIZYY, YYIYY
ZYYZX ZYYIX, ZYYZI
XZYYZ IZYYZ, XIYYZ
YXYZX -YXYZI, -YXYIX
XZYXY -IZYXY, -XIYXY
ZXZZX ZXZZX
XZZXZ XZZXZ
ZYXYZ -ZYXYZ
YYIXZ YYIXZ
YYZZX YYZZX
XZZYY XZZYY
ZXIYY ZXIYY
ZYXXY ZYXXY
YXXYZ YXXYZ
YXXXY -YXXXY

TABLE 3.7. Operators measured for the full five-qubit line stabiliser set. For
ease of reading we omit hats on operators and qubit index subscripts. Pauli oper-
ators combining each of the measured five-qubit operators are reported in qubit
order (4,3,1,7,8) as per Fig. 3.25.

Double-branched and crazy graph states

Double-branched resources states, graphs composed of three columns of one, n and one qubits

respectively, can be generated on our chip. In these structures all the elements in the central

column are connected to the two extremal ones, but not to each other. This key feature will be

used for the realisation of error-corrected teleportation in Sec. 4.2.3.

Our three-, five- and seven-qubit branched states are generated from the eight-qubit star by using

the recipe shown in Fig. 3.26. First, ĈZ34 is applied, then qubit 1 is local complemented. This

produces a graph that is fully connected, but for the edge (3,4). From here, local complementing

either qubit 3 or qubit 4 yields the eight-qubit branched state. All of the other branched states

can then be accessed by projecting the qubits other than 3 and 4 on to |0〉. We choose to start with

qubit 8, and go decrementally in qubit number from there. The stabilisers generators for our

double-branched graph fidelity estimations are shown in Table 3.8 and their expectation values

are reported in Fig. 3.26. The generators of the smaller double-branched graph states can always

be obtained from the generators of those with higher number of qubits, just selecting the output

|0〉 in a Ẑ measurement on the qubits we want to remove. The means of the stabiliser generators

obtained for |B7〉 and |B5〉 are 0.77±0.03 and 0.75±0.08 respectively (as shown in Fig. 3.23 in

orange diamonds). |B3〉 is equivalent to the |L3〉, previously discussed.
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FIGURE 3.26. Verification of double-branched and crazy graph states. a. Recipe
to generate the states |B7〉, |B5〉 and

∣∣crazy6
〉

on our device. b. Expectation values of
the stabiliser generators of |B5〉. c. Expectation values of the stabiliser generators
of |B7〉. d. Expectation values of every stabiliser of

∣∣crazy6
〉
. A full list of the

measured operators is reported in Tab. 3.8 and 3.9. All error bars represent the
standard error of the mean, obtained from Monte Carlo simulations assuming a
Poissonian distribution of the measured counts.

|B7〉 stabilisers |B5〉 stabilisers |B3〉 stabilisers

XIZZIII XIZZII XZZ
IXZZIII IXZZII -

ZZXIZZZ ZZXIZZ ZXI
ZZIXZZZ ZZIXZZ ZIX
IIZZXII IIZZXI -
IIZZIXI IIZZIX -
IIZZIIX - -

TABLE 3.8. Double-branched states stabiliser generators. For ease of reading we
omit hats on operators. The qubit order is (1, 2, 3, 4, 5, 6, 7), (1, 2, 3, 4, 5) and (1, 3,
4) for the three cases respectively, as in Fig. 3.26.
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Operator
∣∣crazy6

〉
derived stabilisers

XXZZXX XIZZII, IXZZII, IIZZXI, IIZZIX, XXIIII, XIIIXI, XIIIIX, IXIIXI, IXIIIX,
IIIIXX, XXZZXI, XXZZIX, XIZZXX, IXZZXX, XXIIXX, IIIIII

ZZXXZZ -YYXIZZ, -YYIXZZ, -ZZXIYY, -ZZIXYY, ZXIZZ, ZZIXZZ, IIXXII, YYXIYY,
YYIXYY

XXXXXX XXXXII, XIXXXI, XIXXIX, IXXXXI, IXXXIX, IIXXXX, XXXXXX XIYYII,
IXYYII, IIYYXI, IIYYIX, XXYYXI, XXYYIX, XIYYXX, IXYYXX

ZZYZZY ZZYZZY, -YYYZZY
ZZYZYZ ZZYZYZ, -YYYZYZ
ZZZYZY ZZZYZY, YYZYZY
ZZZYYZ ZZZYYZ, YYZYYZ
ZYYZZZ ZYYZZZ, ZYYZYY
ZYZYZZ ZYZYZZ, ZYZYYY
YZYZZZ YZYZZZ, YZYZYY
YZZYZZ YZZYZZ, YZZYYY
YZXXYZ YZXIYZ, YZIXYZ
YZXXZY YZXIZY, YZIXZY
ZYXXYZ ZYXIYZ, ZYIXYZ
ZYXXZY ZYXIZY, ZYIXZY

TABLE 3.9. Operators measured for the full crazy graph stabiliser set. Under-
lined operators are measured in a joint basis of the qubit pairs involved, corre-
sponding to intra-qudit Bell-pair projective measurements. The qubit order is (1, 2,
3, 4, 5, 6).

The crazy graph state of six qubits is equivalent to a six-qubit branched state and is generated

following the same technique, shown in Fig. 3.26. The full set of stabilisers for our six-qubit crazy

graph, together with the minimal number of operators needed to measure them, is shown in

Tab. 3.9. Their expectation values are reported in Fig. 3.26, whose mean corresponds to a fidelity

of 0.75±0.02.

Six-qubit leaf cluster

The last graph to be introduced is the six-qubit leaf cluster (|leaf〉), a graph that will be used

in the implementation of MBQC algorithms, discussed in Sec. 4.2.4. It is generated from the

eight-qubit star by using the recipe shown in Fig. 3.27. We do not establish a fidelity of this

state—instead its quality is demonstrated by its successful application to the quantum phase

estimation algorithm described in Sec. 4.2.4.
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FIGURE 3.27. Leaf graph state generation recipe. Technique for generating the
state |leaf〉 on our device, starting from an eight-qubit star.

3.2.7 Measurement-based quantum gates

Having checked the operation of our chip through the above state verifications, MBQC building

blocks can be demonstrated. Different classes of graph states corresponds to different compu-

tational tasks in the MBQC paradigm (see Sec. 2.2) [77, 128]. The ability to quickly reprogram

graph states in our silicon chip gives us unprecedented flexibility in reprogramming the type

of implemented computation. We test our ability to perform universal single qubit gates in the

MBQC formalism by using a five-qubit one-dimensional lattice: measurements on the leftmost

physical qubit perform the state preparation, while measurements on the three central qubits

implement Euler’s decomposition of arbitrary single qubit gates [128]. The information about

the action of the single qubit gate is then teleported to the rightmost qubit of the linear cluster,

which can be analysed by tomographic measurements. Arbitrary initialisation measurements and

arbitrary readout measurements allow us to perform process tomographies of arbitrary single

qubit gates, as shown in Fig. 3.28. In the following, we first describe the procedure for encoding

arbitrary initial states on a cluster, a procedure that will be applicable also to the following

MBQC protocols reported in this thesis, and then discuss the measurement sequences needed to

perform single qubit gates’ process tomographies.

Encoding arbitrary initial states

Encoding an arbitrary initial state
∣∣ψIN

〉
is possible using the following scheme. In a standard

measurement-based process, we would have to prepare the leftmost qubit of the line in the state∣∣ψIN
〉

itself, entangle it with the rest of the cluster qubits with CZs, initialised in |+〉, and then

measure it in the X̂ basis [128, 158, 164]. In our case we will prepare the canonical cluster

resource (all qubits initialised in |+〉) and measure the first qubit in a particular basis such that

the resulting initial logical state encoded is
∣∣ψIN

〉
itself. We show that this measurement-based

encoding procedure is equivalent to the standard one, up to a conjugation operation. The initial
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state’s basis can be written as: ∣∣ψIN
〉= p

a |0〉+
p

1−a eiφ |1〉 ,∣∣ψ⊥
IN

〉 =
p

1−a e−iφ |0〉−p
a |1〉 .

(3.19)

Therefore we can rewrite the computational basis as:

|0〉 = p
a

∣∣ψIN
〉+p

1−a eiφ ∣∣ψ⊥
IN

〉
,

|1〉 =
p

1−a e−iφ ∣∣ψIN
〉−p

a
∣∣ψ⊥

IN
〉

.
(3.20)

For simplicity, let us demonstrate this encoding technique on a two-qubit linear cluster. Assume

to have two qubits initialised in |++〉AB and entangled with a CZ operation, such that their joint

state is a two-qubit linear graph:

(3.21) |L2〉AB = ĈZAB |++〉AB = |0+〉AB +|1−〉AB .

We want to see the effect that an arbitrary projective measurement on the first qubit has on the

rest of the state. We can rewrite |L2〉AB as a function of the initial state’s measurement basis:

|L2〉AB = (
p

a
∣∣ψIN

〉
A +

p
1−a eiφ ∣∣ψ⊥

IN
〉

A) |+〉B + (
p

1−a e−iφ ∣∣ψIN
〉

A −p
a

∣∣ψ⊥
IN

〉
A) |−〉B

= ∣∣ψIN
〉

A (
p

a |+〉B +
p

1−a e−iφ |−〉B) + ∣∣ψ⊥
IN

〉
A (

p
1−a eiφ |+〉B −p

a |−〉B)

= ∣∣ψIN
〉

A (Ĥ
∣∣ψ∗

IN
〉

B) + ∣∣ψ⊥
IN

〉
A (Ĥ

∣∣ψ⊥∗
IN

〉
B).

(3.22)

A measurement in the {
∣∣ψIN

〉
,
∣∣ψ⊥

IN

〉
} basis on qubit A, results in the states {Ĥ

∣∣ψ∗
IN

〉
, Ĥ

∣∣ψ⊥∗
IN

〉
}

being teleported on qubit B. This implies that we will encode the initial state Ĥ
∣∣ψ∗

IN

〉
or Ĥ

∣∣ψ⊥∗
IN

〉
depending on the measurement outcome. This has to be carefully taken into account for encoding

the correct initial logical qubit for successive measurement-based operations. This approach is

equivalent to the standard way of embedding the encoding of the initial state
∣∣ψIN

〉
within the

initialisation of the leftmost qubit of the cluster. In this case, we would always measure this

initialised qubit in the X̂ basis, thus teleporting the state Ĥ
∣∣ψIN

〉
or Ĥ

∣∣ψ⊥
IN

〉
depending on the

X̂ -measurement outcome — no conjugate in this case. This difference has to be taken into account

when deciding which approach to take in the initialisation of the cluster and in the initial qubit

measurement. As an example, in Tab. 3.10 we report the required measurements for encoding the

initial states needed for measurement-based process tomographies. Here we adopt our technique

of initialising the linear cluster in the canonical way (a simple tensor product of |+〉i states),

embedding the encoding of the initial state in the measurement of the first qubit. This process

can be extended to longer linear graph states.
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Leftmost qubit projection Encoded State

|0〉 Ĥ |0〉 = |+〉
|1〉 Ĥ |1〉 = |−〉
|+〉 Ĥ |+〉 = |0〉
|−〉 Ĥ |−〉 = |1〉
|i〉 Ĥ |−i〉 = |i〉
|−i〉 Ĥ |i〉 = |−i〉

TABLE 3.10. Measurement-based initial state encoding. Summary of projections
needed on the leftmost qubit of a linear cluster state for encoding the initial states
used in measurement-based process tomographies. The overall linear cluster state
is assumed to be initialised in the canonical way as a tensor product of |+〉i states.

Measurement-based process tomographies

The ability of initialising the computation and performing the final read-out in arbitrary bases

allows us to characterise the implemented MBQC channel via full process tomography [109].

Measurements on the first qubit initialise the logical qubit in
∣∣ψIN

〉
, measurements on the three

following qubits M̂(α), M̂(β), M̂(γ), perform an arbitrary rotation by its Euler decomposition

FIGURE 3.28. Single-qubit MBQC operations with physical graph states. a.
Single qubit operations in a circuit model representation. b. Equivalent realisation
using a five-qubit linear cluster: the schematics show preparation, unitary gate,
and read-out. c. Process tomography data for the X̂ , Hadamard and R̂Z(π2 ) gates
give respective fidelities of 0.79±0.06, 0.98±0.08 and 0.92±0.06, with the ideal
cases shown in transparency. Column heights represent the absolute values of the
complex matrix entries and phases are colour coded. All error bars represent the
standard error of the mean, obtained from Monte Carlo simulations assuming a
Poissonian distribution of the measured counts.
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and carry the information on the last qubit which can be analysed by full state tomography.

Figure 3.28.a and 3.28.b show the mapping from the gate model to the MBQC model. In Fig. 3.28.c

we report examples of one-qubit MBQC process tomographies for different gates: an X̂ gate,

a Hadamard gate and a rotation R̂Z(π2 ). Respective measured process fidelities with the ideal

gates, whose complex matrix entries are shown in transparency, are 0.79±0.06, 0.98±0.08 and

0.92±0.06. Measurement angles needed to realise the one-qubit gates reported here are shown

in Tab. 3.11.

Gate α (qubit 3) β (qubit 1) γ (qubit 7)

X̂ π→ {|−〉 , |+〉} 0→ {|+〉 , |−〉} 0→ {|+〉 , |−〉}
Ĥ π/2→ {|i〉 , |−i〉} π/2→ {|i〉 , |−i〉} π/2→ {|i〉 , |−i〉}
R̂z(π/2) 0→ {|+〉 , |−〉} π/2→ {|i〉 , |−i〉} 0→ {|+〉 , |−〉}

TABLE 3.11. Euler’s decomposition for measurement-based one-qubit gates.
Measurement angles and resulting state projections needed to realise the three
reported measurement-based one-qubit gates on the five-qubit line. In brackets we
report the physical qubits on which the measurements are performed, following
the line generation recipe reported in Fig. 3.25.

3.2.8 Discussion: the necessity of logical qubits

The results shown in this chapter demonstrate that silicon photonic chips with both pro-

grammable linear optical components and measurement-induced non-linearities can generate a

range of multi-photon graph states. We have also given examples of rudimentary measurement-

based quantum computing protocols using these resources. Crucially, we still experience (and

always will) inevitable errors in quantum hardware, that sometimes cannot be corrected, even

if strongly mitigated. To consistently demonstrate improvements in the fidelity of quantum

processes and quantum algorithms error-correctable logical qubits arranged in logical graphs

must be introduced. In the next chapter, exploiting some of the graph generation structures

realised within the eight-qubit graph state experiment, we will give examples of such graph-

based error-correction schemes to encode logical qubits and implement error-mitigated quantum

processes and algorithms.

Acknowledgements

For the four-qubit four-photon arbitrary graph state experiment, the contributions of the author

consisted in mounting and characterising the device and the experimental set-up, performing the

experiment and analysing the data, in collaboration with Dr. Jeremy C. Adcock. The chip concept

and design was developed by Dr. Jeremy C. Adcock, Dr. Joshua Silverstone and Dr. Raffaele

Santagati. The chip was fabricated by IME (Singapore) facilities. Prof. Mark G. Thompson

100



3.2. EIGHT-QUBIT GRAPH STATE EXPERIMENT

supervised the project. The author acknowledges Mr. Eric Johnston, for really helpful assistance

in programming the counting logic. We also thank Dr. Chris Sparrow and Dr. Stefano Paesani for

stimulating discussions on HOM dips and Bayesian Phase Estimation. The work is published in

Nature Communications (Ref. [3]).

For the eight-qubit four-photon graph state experiment, the contributions of the author consisted

in mounting and characterising the device and the experimental set-up, designing and performing

the experiments and analysing the data. Dr. Stefano Paesani contributed to the experimental

management, provided theoretical support and data analysis support. Dr. Jeremy Adcock pro-

vided theoretical support on graph state explorations and post-selection. The chip concept and

design was developed by Dr. Stefano Paesani and Dr. Jianwei Wang. The chip was fabricated

by Dr. Yunhong Ding at the Technical University of Denmark. Prof. Anthony Laing supervised

the project. The author acknowledges Dr. Nicola Maraviglia and Dr. Joshua Silverstone for

stimulating discussions. The work is under peer-review process (Ref. [171]).

101





LOGICAL GRAPH STATES: ENCODINGS AND THEIR APPLICATIONS

Quantum computers have now entered a regime where tasks that were intractable on

classical hardware can now be solved [8, 15, 120]. However, quantum computers are

considerably more susceptible to errors than conventional digital computers, and some

method of controlling and correcting those errors will be needed for obtaining fruitful compu-

tations. Even if in our times we cannot still clearly envision what hardware will stand out in

the race for building quantum machines, we can be quite confident that any practical quantum

computer will incorporate some type of error correction into its operation [4, 61, 119].

In Ch. 2.3 we have shown that it is possible to incorporate error-correction schemes in the

design of a quantum computing hardware to protect information as it is processed in a quantum

algorithm. An architecture that naturally promotes the development of fault-tolerant quantum

computing devices is the measurement-based approach to quantum computing. As shown in

Sec. 2.2, measurement-based quantum computing (MBQC) uses entangled states of physical

qubits, namely graph states, to run an algorithm by measuring sequences of qubits and propa-

gating information between different physical layers of the state. As graph states are both the

resource for MBQC and have a direct mapping to quantum error correcting codes for logical

qubits, MBQC will intrinsically facilitate a fault-tolerant architecture [127, 128, 130, 183].

In this chapter we will discuss this approach to error correction and give simple practical ex-

Josef Albers, Study for Homage to the Square, Tate, London, United Kingdom (1960s).
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perimental demonstrations of it through the integrated silicon photonic platform. We will show

that integrated photonics could be an appealing hardware for creating versatile devices for

fault-tolerant MBQC, testing schemes for building large reconfigurable graph states of logical

qubits [60, 135, 168]. Loss and logical errors can be tackled with resource-efficient methods

and thousands of optical components can be densely integrated onto single silicon photonics

chips [3, 76, 95, 174], to realise the complex photonic circuitry required to generate and control

them.

After reviewing the features of quantum error-correction in terms of graph codes, we will assemble

the ingredients for constructing a resource of logical qubits for error-protected MBQC. Relying

on the same architecture described in Ch. 3.2 for the generation of reconfigurable graph states

up to eight-qubits, we will then show how to experimentally realise programmable graph states

composed of error-correctable logical qubits. We will implement a range of quantum information

processing tasks on them and compare several schemes with and without error correction. Our

results will show how quantum error correction schemes, even though rudimentary, can already

dramatically improve the performance of quantum algorithms. Most importantly, our photonic

architecture is implemented in a resource-efficient way, benefiting from the combination of on-

chip multiple pair generation of entangled photons and from the encoding of multiple qubits on

individual photons via the creation of d-level systems — qudits. We will conclude this chapter

by devising how the encoding of multiple qubits onto individual photons, within a multiphoton

state, could provide a natural resource-saving approach [174] that will give further advantages

for embedding error-correction schemes in MBQC resources.

The experimental section of this chapter (Sec. 4.2) is adapted from the works reported in Ref. [171].

4.1 Error-correcting codes in graph states

In Sec. 2.3 we have discussed techniques for building error correcting codes based on the definition

of a set of operators, called the code stabiliser generators: a code can be represented by the set

of its stabilisers, and the associated codewords are the states stabilised by the set itself. Here

we want to introduce a new graphical formalism for quantum stabiliser codes by exploiting

the parallelism between stabilisers and graphs. If we look at the definition of codewords for

stabiliser codes, we can note that it is identical to the definition of graph states through the

stabiliser formalism (see Eq. 2.14 and Eq. 2.56). Is there a way to find a more efficient graphical

representation of stabiliser codes, by just introducing the graph corresponding to the codewords?

If yes, is this picture advantageous for representing the codewords and therefore deriving the

whole set of code properties? The answer to both these questions is yes, and we will show it in

this section.
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4.1.1 Graph codes

Here we describe the approach introduced by D. Schlingemann [142, 143] for mapping stabiliser

codes into graph codes. Imagine we want to encode a set (L) of logical qubits into a set (P) of

physical qubits. We will call these two sets the input and output qubits which are involved in the

encoding procedure. Let us indicate with GX a finite Abelian group of operators {gX} acting on an

arbitrary set of X qubits, and with gx and operator associated with the xth qubit of that space. We

introduce a graph among the above sets of logical and physical qubits, by defining its adjacency

matrix Γ: for qubit graphs it contains elements Γi j = 1 if i and j are connected, Γi j = 0 otherwise.

A code is an isometry (IΓ) acting between the Hilbert space of L and the Hilbert space of P:

(4.1) IΓ : HL →HP such that ρL → ρP = IΓρLI∗Γ,

where ρL is an input density operator in the space of L qubits. The image of IΓ is called the

protected subspace. It has been proven that from the adjacency matrix Γ it is always possible to

derive an isometry that acts from physical to logical qubits, and vice versa an adjacency matrix

can always be built from a stabiliser code’s isometry [142]. In other words, each graph code built

in this way is a stabilizer code and, vice versa, each stabilizer code has a representation as a

graph code.

A noisy channel can be defined as a CPTP map E (ρP )=∑
ν ÊνρP Ê†

ν, for ν in the set of physical

qubits. Let us identify with E the subset of qubits on which errors can be successfully corrected

(in the notation of Sec. 2.3 |E| = t). We label as J = P \ E. For the Knill-Laflamme condition

(Eq. 2.49) IΓ is a valid code if there exists a recovery operation R such that:

(4.2) R(E (IΓρI∗Γ))= ρ.

This is equivalent of imposing

(4.3)
〈
ψa

∣∣I∗ Ê†
µÊν I

∣∣ψb
〉=αµν 〈

ψa
∣∣ψb

〉
,

which is a more general expression for Eq. 2.49 valid also for degenerate codes. This condition

can be translated into a more intuitive one, through the graph representation of a code. For

two subsets Y and X we indicate with ΓX
Y the group homomorphism from GY to GX that can be

derived from the corresponding submatrix of the adjacency matrix Γ by :

(4.4) ΓX
Y gY =

[ ∑
y∈Y
Γxy g y

]
x∈X

.

in which the Einstein summation convention is implied. A necessary and sufficient condition for

an error to be detected by the code IΓ, identified by the adjacency matrix Γ and a finite Abelian

group G, is the following:

(4.5) ΓJ
L∪E gL∪E = 0 ⇒ gL = 0 and ΓL

E gE = 0.
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In the case of a non-degenerate code, a stronger system can be imposed:

(4.6) ΓJ
L∪E gL∪E = 0 ⇒ gL∪E = 0.

In other words, instead of evaluating the Knill-Laflamme condition for all the codewords and all

the possible errors, we are imposing constraints on the adjacency matrix of the graph representing

the code. This test involves looking at a collection of submatrices of Γ, simple off-diagonal blocks

with dimensions |J|× |L∪E|. It is sufficient to show that for any error configuration of |E| faulty

qubits in the set L∪P these matrices are non-singular, i.e. have maximum rank. We stress that

the expression in Eq. 4.6 is a system of |J| equations, that have to be satisfied for any partition

E of faulty vertices: the set of equations can change form depending on where the error occurs

and on the geometry of the encoding graph, so all the different error configurations have to be

considered.

Before showing some examples of this test on some famous graph codes, we have to make some

important remarks. Graph code representations can be used for constructing new stabiliser codes

in an efficient way [143]. Testing graphs for investigating their possible application as graph

codes is very helpful and intuitive, requires only a graphical picture of a code and does not require

computationally hard verification procedures, such as the verification of the Knill-Laflamme

condition (see Tab. 4.1 for a parallelism between the different error correction conditions).

Moreover, most of the known error correcting stabiliser schemes have complicated codewords,

showing many terms and non-trivial relative phases, whose functionality is impossible to capture

by just looking at their state representation. The symmetries of a graph representation, give, on

the contrary, a compact and intuitive set of information. Finally, this condition can be evaluated at

once for different groups G, so that one can obtain families of codes for systems of variable sizes,

thus not restricted to qubits but valid also for qudits. We will explore these cases in Sec. 4.1.3.

Standard formalism Stabiliser formalism Graph formalism

Code definition Logical codewords Code stabilisers Graph state

Error correction
condition

Knill-Laflamme
condition

N(S)\ S non-singular
sub-blocks of Γ

TABLE 4.1. Testing the error-correction condition in different code for-
malisms. The arduous task of verifying the Knill-Laflamme condition can be
simplified by adopting a stabiliser formalism, which reduces it to the determi-
nation of the normaliser of the stabiliser group (N(S)). When following a graph
formalism, this task can be further facilitated, being translated into the verification
of a non-singularity condition on a collection of submatrices of the adjacency matrix
Γ representing the graph.
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4.1.2 The five qubit code reinterpreted

The famous five-qubit code (defined in Sec. 2.3.4), being a stabiliser code has a graph repre-

sentation itself. The codewords defined in Eq 2.54, in fact, are nothing else than the pentagon

graph state. A subgroup of the stabilisers of this state, {G1G4,G2G5,G1G3,G2G4}, can be taken

as stabilisers for the code (see Eq. 2.62). Here, G i represents the state’s stabiliser generator

associated to qubit i. We will see that the condition for error detection in Eq. 4.6 holds for any

two errors happening on the physical qubits, thus meaning that all one-bit errors can be corrected.

FIGURE 4.1. Optimal arbitrary one-qubit error correcting graph codes. a. Five-
qubit pentagon code and the corresponding graph. The encoder is illustrated on the
right with the two error configurations considered for verifying the error detection
condition. b. Encoder for the six-qubit hexacode: the error configurations considered
for verifying the error detection condition are illustrated in red.

Consider the graph in Fig. 4.1a where the central vertex is the input vertex and the outer five

are the output vertices. We want to test all the two-qubit error configurations, i.e. test all the

two-element subsets of the output vertices {1,2,3,4,5}. For symmetry reasons, only the two

configurations represented in Fig. 4.1 need to be considered: two errors happen on adjacent

qubits, or they happen on non-adjacent qubits. The condition 4.6 is a set of equations, one for

each vertex j in J=P\E: from vertex j we have to sum gk for all vertices k in L∪E connected

to j and equate it to zero. In the case of two adjacent errors: L = {0}, P = {1,2,3,4,5}, E = {1,2},

J= {3,4,5} and the following set of equations results:

(4.7) Γ
{3,4,5}
{0,1,2} g

{0,1,2} = 0→


g0 + g2 = 0

g0 = 0

g0 + g1 = 0

⇒ g0 = g1 = g2 = 0.

Clearly, this implies the condition 4.6 is valid in any Abelian group. Similarly, when two errors
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happen on non-adjacent qubits E= {1,3} and J=P\E= {2,4,5}, obtaining the equations:

(4.8) Γ
{2,4,5}
{0,1,3} g

{0,1,3} = 0→


g0 + g1 + g3 = 0

g0 + g3 = 0

g0 + g1 = 0

⇒ g0 = g1 = g2 = 0.

This concludes the verification that the code associated with the graph in Fig. 4.1a, and an

arbitrary finite Abelian group G, detects any two errors, hence corrects one error. The essential

core of the procedure was to look at certain 3×3 submatrices of the 6×6 adjacency matrix Γ,

corresponding to an off-diagonal block in the partition of the vertices {0,1,2,3,4,5} into two

disjoint subsets L∪E and J. Each of such submatrices is non-singular:

(4.9)


Γ30 Γ31 Γ32

Γ40 Γ41 Γ42

Γ50 Γ51 Γ52

=


1 0 1

1 0 0

1 1 0

 and


Γ20 Γ21 Γ23

Γ40 Γ41 Γ43

Γ50 Γ51 Γ53

=


1 1 1

1 0 1

1 1 0

 .

Even though this code might may look like a rather extraordinary strong code, given the its

highly symmetric geometrical properties, there is exactly one other graph with six vertices, which

produces in the same way a one-error correcting code for arbitrary choice of Abelian group G.

This is shown in Fig. 4.1b with all its possible two-error configurations. A similiar technique can

be adopted for testing the condition 4.6. This code is commonly known as the hexacode [41].

Also other commonly used stabiliser codes, such as Shor’s code and Steane’s code, have their

graph representation. Shor’s code can be represented as a triangular graph with two dangling

qubits on each vertex, while Steane’s code can be pictured as a cubical 3D graph [11]. Shor’s code

is an example of graph code concatenation, in which an inner graph code is embedded into an

outer one: the nodes of the second one are replaced by the corresponding graph of the first code

and all the inner nodes are fully connected to their neighbouring outer nodes [11].

4.1.3 Qudit graph codes and AME states

The error correction condition expressed in graphical terms in Eq. 4.6 is a powerful tool for

identifying graph codes and therefore stabiliser codes. More importantly, it is valid for arbitrary

local dimension of the systems composing the graph, i.e. for graphs of qudits. A generalised qudit

stabiliser formalism allows to represent stabiliser qudit states as weighted graphs. The only

difference with the qubit case is the definition of a generalised Pauli group, and generalised ĈZ

gates, which result in adjacency matrices with weights Γi j > 0: for a given dimension d, edges

with weights up to d−1 are possible.

If we label with and n and k the number of physical and logical qudits in a code respectively, and

with e the number of faulty qudits, strong error correcting codes can be built from qudit adjacency
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matrices for many prime and prime powers dimensions. They are strong error correcting codes in

the sense that the code parameters do not saturate the singleton bound, however have n = 4e+k.

These states can be obtained by enforcing the maximum-rank condition on submatrices of Γi j

(deriving from Eq. 4.6), taking into account all the partitions of Γi j for the different error configu-

rations [143].

There are, moreover, optimal non-binary quantum error correcting codes: codes that saturate the

Singleton bound n = 2e+k = k+d−1, where d is the code’s distance. In their search, there is a

class of entangled states which plays a crucial role: the class of absolutely maximally entangled

(AME) states [78, 124]. They are the multipartite generalisation of maximally entangled states,

i.e. states that are maximally entangled for every possible bipartition of the state. Mathematically,

they are pure states shared between n parties {1,2, ...,n}, each having a system of local dimension

d, in which the reduced density matrix of every subset of parties of size up to bn/2c is totally

mixed:

(4.10) AME(n,d) := {
∣∣ψ〉 ∈H (n,d) | ∀P ⊂ {1, ...,n}, |P| ≤ bn/2c⇒TrP c

∣∣ψ〉〈
ψ

∣∣∝ 1},

where H (n,d) denotes the Hilbert space of n d-dimensional qudits and P c the complementary

set of P, such that |P|+|P c| = n. For any dimension d, optimal stabilizer codes can be constructed

FIGURE 4.2. Graph representation of AME states and relative codes. AME
qudit graph states for up to seven parties. Qubit AME states exist only for two,
three, five and six parties. Two- and three-qubit states are locally equivalent to
GHZ states. No AME state exists for four qubits, but when the local dimension is a
prime power higher than three we can find one, enabled by the presence of multiple
edges. The five qubit AME state is the optimal five-qubit code and holds the same
geometry for any local dimension. The two six-qubit graphs are locally equivalent
to each other and both represent optimal codes. The possibility of double edges
allows the existence of one AME graph state for seven qutrits, while no such graph
state exists for qubits.
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that encode bn/2c logical qudits into a subspace of n qudits spanned by AME states [124]. In

particular, it can be easily seen from the definition in Eq. 4.10 that such a family of quantum

error correcting codes holds the maximum distance allowed by the quantum Singleton bound:

d = dn/2e+1 (see [124]). The codes obtained are thus [[n,bn/2c, (dn/2e+1)]]d codes, for any n. It

was shown that AME states exist for any number of parties if the system dimensions are chosen

appropriately, and that they can be used for building various optimal graph codes [78]. The known

ones for up to n = 7 qudits are shown in Fig. 4.2, with their relative local dimension restrictions.

AME states are not only useful for their mapping to optimal error-correcting codes, but also for

other quantum information tasks, like parallel teleportation of multiple states between arbitrary

sets of parties, open-destination teleportation and quantum secret sharing [78].

In conclusion, we have seen that there is a direct relation between stabiliser codes and graph

states. These graph states are the very same graph states used for measurement-based quantum

computing on which a quantum computational process proceeds as a sequence of local measure-

ments. It seems natural, at this point, to use these very structures to protect quantum information

within a graph-state-based computation and embed graph codes directly in the computational

lattice, up to the level of satisfying the conditions for fault-tolerant computation.

4.2 Quantum information processing with logical graph states

4.2.1 Logical computational resources

Protection of logical states and operations in MBQC can be inherently achieved by replacing

each physical qubit of the lattice with a stabiliser error-correcting code. This results in a new

graph definition in which each vertex is a logical qubit, encoded in multiple physical qubits. Since

stabiliser error-correcting codes have a direct mapping to stabiliser states, and therefore allow a

graph state representation, the overall state of the physical qubits can still be represented as a

graph state [142, 143, 183].

For example, crazy graph structures can be used to equip linear graph states with error-correction,

where simple repetition codes are associated to each column of the two-dimensional crazy graph

physical lattice [135]. In these schemes, a single physical vertex is redundantly encoded in n

physical qubits, using a code with codewords |0〉L = |+〉⊗n and |1〉L = |−〉⊗n detecting or correcting

for phase errors depending on the number n of physical qubits (see Sec. 2.41). By fully connecting

each vertical layer to its adjacent vertical layers, the overall graph results in a linear logical graph

on which operations can be performed in an error-protected way (see Fig. 4.3) [135]. Alternatively,

each logical qubit can be encoded in other types of graph codes using the techniques devised in

Sec. 4.1.1, thus resulting in fully connected networks of graph codes (see Fig. 4.4). The choice of
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FIGURE 4.3. Repetition codes in logical linear clusters. a. One logical qubit of
information is represented by the separable state of n physical qubits: |+〉⊗n. b.
Encoder for passing from a physical to a logical system in a measurement-based
way. c. Error-corrected linear lattice with encoding and decoding. The information
is protected against errors throughout the horizontal information flow, even if one
or more physical qubits are subject to faults.

the lattice’s unit cell depends on the error that needs to be tackled and therefore on the hardware

used. In our specific case we will investigate the use of repetition codes in the X̂ -basis, in the form

of crazy graphs, for correcting uncorrelated arbitrary Ẑ rotations, which are the most common

source of noise in our platform. This error model can be traced back to miscalibration of the phase

shifters in our chips, leading to rotated measurement angles in the measurement-based process.

We are not considering other unitary errors, nor loss, as the latter is somehow already filtered out

by our way of post-selecting graph states. However, if we were to have heralded types of resources,

structures like the crazy graph would be able to correct for this type of errors as well [107].

In the following sections we will demonstrate experimental examples of MBQC using logical

graph states, realised following the encoding techniques described above. The experimental

platform used will be the same described in Sec. 3.2: a reprogrammable silicon photonics chip,

able to generate a variety of graph states up to eight qubits. We have shown that the creation

of d-level systems — qudits — has given us advantages in the generation of different graph

topologies, enabling non-local operations between qubits encoded in the same photon. Here, we

will show that this generation procedure will give also practical advantages in performing error-

protected measurement-based processes. In fact, the non-local operations needed for encoding

logical quantum states will be deterministic in our architecture, and will have significantly higher

fidelities than gates performed between different photons (due to the absence of distinguishability

limitations in multi-photon interference). These properties are ideal for encoding physical qubits

composing a single logical node within an individual photon. When using codes with constant
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FIGURE 4.4. Lattice of logical qubits. Each node of the computational resource is
composed of many physical qubits, connected in a graph code geometry. The overall
state can be still depicted as a graph state, with each physical qubit being fully
connected to the physical qubits of the adjacent logical nodes.

numbers of qubits, e.g. five-qubit codes to correct arbitrary local unitary errors [183], the overhead

of such encoding is only a constant number of additional modes per photon, which is practical for

current integrated quantum photonics technologies [174].

4.2.2 Crazy graph states: error-protected single-qubit gates

Crazy graph types of encoding can be implemented on our chip, as discussed in Section 3.2.6.

Figure 4.5a illustrates the definition of a three-qubit logical linear graph state by means of a

six-qubit crazy graph physical state. In this case, each logical qubit of the linear graph is encoded

in a two-qubit repetition code in the X̂ basis to detect phase-flip errors [109]. This implies that,

at each stage of the computation, the logical qubits will be measured following the logical Pauli

bases:

(4.11)

|0〉iL =
1p
2

( |00〉2i−1,2i +|11〉2i−1,2i
)= ∣∣ψ+〉

2i−1,2i , |1〉iL =
1p
2

( |01〉2i−1,2i +|10〉2i−1,2i
)= ∣∣φ+〉

2i−1,2i ,

|+〉iL = |++〉2i−1,2i , |−〉iL = |−−〉2i−1,2i ,

|i〉iL =
1p
2

(∣∣ψ+〉
2i−1,2i + i

∣∣φ+〉
2i−1,2i

)
, |−i〉iL =

1p
2

(∣∣ψ+〉
2i−1,2i − i

∣∣φ+〉
2i−1,2i

)
,

where i ∈ {1,2,3} indicates the column of the crazy graph. The cases where one phase error occurs

on the physical qubits (e.g. |+−〉2i−1,2i or |−+〉2i−1,2i) will be therefore discarded in the measure-

ment process. This happens, however without any opportunity of correction (i.e. detection only),

given the insufficient number of resources in the code for obtaining an error syndrome. Note that

most local measurements on the logical qubits (e.g. logical computational basis measurements)
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FIGURE 4.5. MBQC single-qubit operations with logical graph states. a. Single-
qubit R̂X (α) rotation using three physical qubits (blue frame) or three logical
qubits (red frame, crazy graph). State preparation, processing, and read-out can
be realised, enabling the performance of process tomography. b. Process matrices
implemented with the logical resource: fidelities (red) are compared against the
physical resource case (blue). Lighter-coloured regions represent error bars. Column
heights of the matrices represent the absolute values of the complex process
tomography matrix entries and phases are colour coded; ideal cases are shown in
transparency. All error bars are obtained from Monte Carlo simulations assuming
a Poissonian distribution of the measured counts.

correspond to non-local measurements on the physical qubits involved in each code-column. This

joint measurements are actually possible in our case where the physical qubits are within the

same qudit (refer to Chap. 3 for the generation of a six-qubit crazy graph).

Using this state, and proceeding similarly as with the five-qubit linear graph (see Sec. 3.2.7),

we can perform process tomography of single-qubit rotations in a measurement-based way. In

this case, however, process tomography is only possible for R̂X (α) rotations, as only three logical

qubits are available. As shown in Fig. 4.5a, measurements on the leftmost qubit initialise the

logical qubit in
∣∣ψIN

〉
, measurements on the middle qubit M̂(α) perform the rotation and carry

the information on the last qubit which can be analysed by state tomography. Table 4.2 reports

the measurement angles and resulting state projections needed to realise the measurement-based

single-qubit gates experimentally performed. The initialisation of the computation is realised

with the same techniques discussed in Section 3.2.7, where now the initial measurements are

intended for logical (error-corrected) qubits.

The obtained process tomographies are compared in Fig. 4.5b for the uncorrected (three-qubit

physical line) and error-corrected cases (six-qubit crazy graph). Their fidelity values are reported

in Tab. 4.3. For all the gates analysed, the fidelity with the error detection scheme exceeds the

one without any redundancy included. Moreover, note that, in this graph geometry, the error-
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Gate Physical - α (qubit 3) Logical - α (qubits 3 & 4)

Î (Identity gate) 0→ {|+〉 , |−〉} 0→ {|+〉L , |−〉L}
X̂ (Swap gate) π→ {|−〉 , |+〉} π→ {|−〉L , |+〉L}
R̂X (π/2) π/2→ {|i〉 , |−i〉} π/2→ {|i〉L , |−i〉L}
R̂X (−π/2) −π/2→ {|−i〉 , |i〉} −π/2→ {|−i〉L , |i〉L}}

TABLE 4.2. Measurement angles for the implementation of R̂X (α) rotations.
Angles and resulting state projections for MBQC using the three-qubit line and
crazy graph are reported. Qubits 3 and (3, 4) are the central qubits of the line and
crazy graph states respectively (following the graph generation recipes in Fig. 3.25
and 3.26). Logical state projections are defined following the mapping reported in
Eq. 4.11.

protection can be carried out throughout the whole process of the computation: state encoding,

processing and read-out. This is a first example of a somehow counter-intuitive fact that derives

from using error-correcting schemes: we witness an increased performance in a quantum process,

having increased the complexity of the quantum state used to realise it.

Gate Fidelity (physical) Fidelity (logical)

Î (Identity gate) 0.80±0.05 0.80±0.05
X̂ (Swap gate) 0.64±0.08 0.73±0.06
R̂X (−π/2) 0.65±0.07 0.83±0.06
R̂X (π/2) 0.51±0.07 0.77±0.09

TABLE 4.3. Fidelities of physical and logical one-qubit process tomographies.
Summary of measured fidelities of measurement-based process tomographies on
physical (three-qubit line graph) and logical (six-qubit crazy graph) three-qubit
line graph states.

4.2.3 Double-branched graph states: error-corrected teleportation

More resilient error correcting codes can be realised by using larger repetition codes, obtained

by adding rows to the previous crazy-graph structure [93, 109, 141]. We implement such codes

in our architecture using the branched states |B5〉 and |B7〉, equivalent to a three-qubit linear

graph where the middle vertex is protected against phase flip errors via a three-qubit and five-

qubit repetition codes, respectively. It has to be noted that, here, the information is protected

against errors only in the middle column of the overall linear lattice, therefore allowing only

for error correction on the processing stage (neither in the state preparation nor in the readout

as it was in the crazy graph). We test the performance of these codes against the uncorrected

case (|B3〉) by implementing state teleportation of the state |+i〉 = 1p
2

(|0〉+ i |1〉) between the

two external (unprotected) qubits of the branched graphs. This case is equivalent to performing
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a measurement-based identity gate, therefore only a measurement in the logical X̂L basis is

needed:

(4.12) |+〉L = |+〉⊗n , |−〉L = |−〉⊗n ,

where n is the number of central qubits in the double-branched graph. This process requires the

implementation of only separable n-qubit state projections; the realisation of other gates would

not be possible in this case, given the need of joint measurements on qubits encoded in different

qudits, i.e. encoded in different photons.

FIGURE 4.6. MBQC teleportation on logical graph states. a. Measurement-based
error-corrected state teleportation on branched graph states comprising one-, three-
and five-qubit repetition codes, labelled |B3〉, |B5〉 and |B7〉 respectively. Teleported
state fidelities are reported against increasing probability of a phase error occurring
on one and two physical qubits of the code respectively, realised by detuning the
measurement basis. b. (As for a) Phase errors affecting all physical qubits in the
code. Ideal cases are shown as dashed lines. All error bars represent the standard
error of the mean, obtained from Monte Carlo simulations assuming a Poissonian
distribution of the measured counts.

We verify the different performance of graphs with different levels of protection by deliberately

adding faults in our measurement-based process and performing tomography of the teleported

state. Results in Fig. 4.6 show the teleported state fidelity under different fault scenarios. We

test the cases where one and two errors are happening on the intermediate layer with an error

probability (p) ranging from p = 0 (no chance of error) to p = 1 (100% chance of phase flip).

From the definition of a continuous phase error, this is equivalent to applying a rotation R̂Zν
(θ)

with sin2θ = p to qubit ν (see Eq. B.9 and Eq. 2.42). The overall effect of this simulated error

can be translated in a detuned measurement basis [93]. In all measurements we observed that

higher redundancies result in an enhanced fidelity of the teleported state, indicating higher

tolerance to errors. More specifically, for p = 0 all the states perform equally good (no faults

are occurring), while as p increases |B3〉 and |B5〉 show a decreasing state fidelity. |B7〉 always
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succeeds in recovering the error for any value of p, as it holds the right amount of resources to

establish an error syndrome. To be noted that |B5〉 succeeds in correcting the one-error case, but

fails in the two-errors case, however less dramatically than the |B3〉 case.

A more realistic scenario where all qubits of the intermediate layer are equally affected with

error probability p is reported in Fig. 4.6b. For any value of p < 0.5 (typical experimental values)

higher tolerance to errors is provided by codes with higher redundancy. This is informing on the

complexity of the graph states needed for error correction depending on the error rate of our

architecture: the higher typical error rates are, the more complex the encoding structure has to

be in order to target a desired teleported state fidelity.

For the repetition codes used in Fig. 4.6, where the error detection is based on majority voting, the

error-threshold, above which the repeater code amplifies errors rather than correcting them, is

p = 0.5 for any code size N. Below this threshold, adding qubits in the repetition code improves the

fidelity of the operations, as expected by quantum error-correction threshold theorems. Starting

from the fact that the probability of successfully detecting k errors in a repetition code of size N

is
∑ N

2 −1
k=0

(N
k
)

(1− p)N−k pk, below threshold the noise robustness, in terms of fidelity of the state

teleported through the graph, scales with the code size N approximately as F = 1− e−c×N , where

c is a parameter given by the error probability p (the smaller is p, the larger is c). Therefore,

below the noise threshold (p < 0.5), by increasing the code size N the robustness is thus improved

exponentially. If instead p > 0.5, adding qubits in the code increases errors instead of reducing

them, with the fidelity decreasing exponentially. This behaviour, which is the essence of quantum-

error correction threshold theorems [4, 119], can be also observed from the theoretical lines

(dashed lines) in Fig. 4.6. The theoretical lines and data in Fig. 4.6b also show that, because in

our implementation the repetition code size is limited to N = 5, the fidelity improvement we can

expect is at maximum of ∼ 15%, which is obtained for error rates of approximately p = 0.2. For

this error rate value, we experimentally observe a clear fidelity enhancement of ∼ 14% when using

the repetition code of size N = 5, consistent with the theoretical expectations. This result shows

a clear advantage in using logical qubits rather than physical qubits in implementations with

error rates in this region. For error rates closer to p = 0 or p = 0.5 such advantage is significantly

reduced, and therefore much harder to resolve experimentally. Nevertheless, also for p = 0.4 a

small enhancement of ∼ 7.5% is observed (again consistent with the theory). When error rates

are higher than the threshold (p > 0.5) no benefits arise from using repetition codes.

4.2.4 Experimental quantum algorithms on physical and logical graphs

A key property of large graph states is the ability to support measurement-based universal

quantum computation. To test the performance of the graph states generated in our platform

in practical applications, we use our device to implement some measurement-based algorithms.
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Moreover, we investigate the effects that rudimentary error-correction codes have on the output

of the computation, by performing measurement-based algorithms on logical graphs, introduced

in the previous sections.

Measurement-based Grover’s algorithm

The first algorithm we implement is Grover’s algorithm [71]. Introduced by Grover in 1996, this

algorithm tackles the problem of efficiently searching an unsorted database S = {S1,S2, ...,SN } of

N elements. The aim is to find the only tagged element (Sx), that satisfies a given condition C. At

every step of the algorithm a query about the system can be performed to tell whether one item of

the system satisfies the condition. With a classical approach this problem would require at least

∼ N/2 queries to find the tagged element. Here, exploiting the parallelisation advantages that

come when encoding the elements of the database in the elements of the Hilbert space spanned

by n =Log2(N) qubits, we reach a polynomial speed-up with respect to the classical algorithm

(only ∼p
N queries). The algorithm proceeds in a sequence of three elementary operations:

1. N memory bits of the database are encoded in n quantum bits that allow superposition. The

system of n qubits is initialised in an equal superposition (with equal positive phase) of all

its 2n = N elements: |+++...+〉 = |000...0〉+ |000...1〉+ ...+|111...1〉. One of these elements

in the superposition (labelled Sx) is tagged by a fictional oracle, such that it satisfies the

search condition C(Sx)= 1.

2. Quantum mechanical operations are iteratively performed on a selected number of qubits

(O(
p

N ) of times). They are composed of sequences of selective π phase rotations (query)

and "inversion about the mean" operations. These allow the overall state to evolve in such

a way that the probability of measuring the system S in the tagged state Sx is enhanced at

the expense of the rest of the other states.

3. At every query, a quantum measurement in the computational basis is performed on the

system. After a number ∼p
N of measurements, the probability of measuring the system S

in the tagged state Sx among all the terms in the initial superposition, will be at least 1/2,

thanks to quantum interference.

In our experiment, we focus on the simplest case of a two-qubit, four-element database [35, 91].

The above steps of the amplitude-enhancement routine of Grover’s algorithm translate in this

case in the following three steps, summarised in the quantum circuit reported in Fig. 4.7a [165].

(1) A Hadamard transformation is applied to each bit of the system initialised in |00〉, thus

encoding the database in the state |++〉 = |00〉+ |01〉+ |10〉+ |11〉; one of these four elements is

tagged by the oracle by changing the sign of the desired element, for instance |10〉 → −|10〉.
It consists of a controlled-phase operation followed by two single qubit rotations, R̂z(ω) and

R̂z(σ). By setting the rotation angles {ω,σ} to {0,0}, {π,0}, {0,π}, {π,π} the oracle tags respectively
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FIGURE 4.7. Experimental results for MBQC Grover’s algorithm. a. Circuital
representation of Grover’s algorithm for a four-element database with one marked
element. b. Mapping to a measurement-based protocol. c. Final query on the
system, showing the characteristic amplitude-enhancement of a tagged element in
the database, indicated as Ti j. Probabilities of measuring the final two-qubit system
in each of the database elements are shown, corresponding to measurements in
the X̂ basis on the two rightmost qubits of the box graph state.

the states |00〉, |01〉, |10〉 or |11〉. (2) The inversion operation applied to all the elements of the

database consists of a controlled-phase gate and single qubit Ẑ gates. (3) A query is performed via

a final computational basis measurement, realised by rotating the qubits back from the diagonal

basis to the computational basis with a Hadamard transformation. The overall result of these

last three operations, in the simple case of a four-element database, is to transfer some of the

amplitude from the non-special elements to the marked one in only a single query. The quantum

circuit required to recover a tagged element into a four-bit database is reported in Fig. 4.7a.

It can be easily seen that this simple quantum circuit can be mapped into a four-qubit MBQC

process on a box cluster state, as shown in Fig. 4.7b [35, 165]. Here, the two-qubit system initiali-

sation in |++〉 is embedded within the graph state structure itself, i.e. the state of the two leftmost

qubits. The oracle tagging is performed by post-selecting on specific measurement outcomes of the

two leftmost qubits: here we will measure in the diagonal basis {|++〉 , |+−〉 , |−+〉 , |−−〉}, which

corresponds to tagging the elements {|00〉 , |01〉 , |10〉 , |11〉} respectively. The controlled-phase gates

between the database elements needed for the oracle tagging and the inversion operation in

steps (1) and (2) of the protocol are naturally promoted by the graph’s vertical edges. Hadamard

rotations are intrinsically promoted during the horizontal motion of the information through the

graph. Finally, measurements in the Hadamard basis perform the final query, equivalent to a

computational basis measurement of the database when performed on an intrinsically Hadamard-

encoded graph state structure. We implement this protocol on our four-photon four-qubit box

cluster state (|24〉), generated with the technique shown in 3.25. Results of Grover’s search, for

all the two-qubit possible tagged elements are shown in Fig. 4.7. The probabilities of measuring
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the final two-qubit system in each of the database elements, having tagged different initial

elements (Ti j), are shown. The experimental average mean probability to recover the correct

tagged element from the database is 0.958±0.007%.

Measurement-based quantum phase estimation algorithm

Another algorithm that is possible to implement in a measurement-based way, given the computa-

tional resources generated through our chip, is the phase-estimation algorithm (PEA). Relevant

to a wide range of applications, from quantum simulation of chemical systems [112] to quantum

metrology [53, 79], PEA is a key algorithm for quantum computing, although not realised so far

in MBQC.

The goal of PEA can be stated as reconstructing a phase 2πφ0 (with φ0 ∈ [0,1)) of an eigenvalue

ei2πφ0 of a unitary Û acting on an input quantum state. Traditional quantum PEA requires n

ancillary qubits and n controlled-Ûk operations to learn such a phase with n-bit precision [9].

Here, we will implement the iterative version of PEA (IPEA) [86], requiring only one logical

single-qubit register and one ancillary qubit; the n-bit precision on the phase reconstruction is

achieved by applying n times the controlled-Ûk operation on the register, with the assistance of

some classical processing of the data. The phase φ0 is estimated by iteratively inferring in reverse

order the bits in its binary expansion: φ0 = 0.φ(1)
0 φ(2)

0 φ(3)
0 ...φ(n)

0 . The logical circuit realising the

algorithm is reported in Fig. 4.8a: it is going to be iterated n times, and contains a controlled-Û2k

with k = n− s, where s indicates each step. At step s = 1, the ancilla and the system are prepared

in a separable state: |+〉 ∣∣ψ〉
. Secondly, they are entangled by a controlled-Û2k

operation such that

k = n−1. In this way the state of the whole two-qubit system is:

1p
2

(|0〉+ ei2πφ2(n−1) |1〉) ∣∣ψ〉= 1p
2

(|0〉+ ei2π2(n−1)(0.φ(1)φ(2)φ(3)...φ(n)) |1〉) ∣∣ψ〉=
= 1p

2
(|0〉+ ei2π(0.φ(n)) |1〉) ∣∣ψ〉

,
(4.13)

where we have simplified integer multiples of 2π. So, at the first application of the controlled-

Û2(n−1)
, all the bits φ(i) with i < n are shifted left, and we remain with only the nth bit of the

expansion. At step s, k = n− s and all the the bits φ(i) with i < k− s+1 are shifted left, in order to

remain with only the last s bits of the expansion: 0.φ(n−s+1)φ(n−s+2)φ(n−s+3)...φ(n). When we apply

R̂z(θ) the state of the ancilla becomes:

1p
2

(|0〉+ ei2π(0.φ(n−s+1)φ(n−s+2)φ(n−s+3)...φ(n)+θ) |1〉)=

cos
[
π(0.φ(n−s+1)φ(n−s+2)φ(n−s+3)...φ(n) +θ)

] |+〉−isin
[
π(0.φ(n−s+1)φ(n−s+2)φ(n−s+3)...φ(n) +θ)

] |−〉 ,

(4.14)
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up to a global phase. After applying a last Hadamard rotation the probability of measuring output

|1〉 on the ancilla is p(1)= sin2[π(0.φ(n−s+1)φ(n−s+2)φ(n−s+3)...φ(n)+θ)]. In order to iteratively learn

each bit, IPEA applies a fixed policy for updating θ, together with the power of the controlled-

Û. During the inference process, θ is adaptively chosen to be θ = −0.0φ(n−s+2)φ(n−s+3)... ...φ(n),

such that at step s only the binary bit φ(n−s+1) remains in the sine, leaving the probability

of measuring output |1〉 dependent only from the bit we want to learn [49]. At step s, given

p(1) = sin2[π(0.φ(n−s+1))], if φ(n−s+1) = 1 then p(1) = sin2[π(0.1)] = sin2[π/2] = 1, otherwise if

φ(n−s+1) = 0 then p(1) = sin2[π(0.)] = sin2[0] = 0. We assume that, if p(1) > 0.5 (< 0.5) then the

inferred bit is "1" ("0").

We implement IPEA in a measurement-based way by mapping its circuit into six physical qubits

arranged in the graph structure shown in Fig. 4.8b. This is nothing else than the leaf graph state

(|leaf〉), whose generation technique has been discussed in Fig. 3.27. For showing the mapping be-

tween the circuit and the MBQC protocol let us label with M = 2k = 2n−s and with ϕ= 2πMφ0. As

in the circuit, in the MBQC implementation the phases ϕ and θ are adaptively chosen during the

inference process. In this case the corresponding gates are realised by rotating the measurement

bases on the physical qubits in the graph, as shown Fig. 4.8b. The first measurement on the left

initialises the system, usually in the |+〉 state. The second column of measurements performs a

controlled-R̂Z(ϕ) operation, determining the phase to be learned. The third column of measure-

ments carries forward the computation to the last column where the digit to be learned is selected

FIGURE 4.8. Experimental results for MBQC quantum phase estimation algo-
rithm. a. IPEA algorithm in the circuit representation and (b) its mapping to a
MBQC representation. c. Results of IPEA applied for a range of three-bit phases.
The probability P(1) of measuring the ancillary qubit in the output "1" is plotted,
from which we infer the phase bit 0 (P(1)< 0.5) or 1 (P(1)> 0.5).
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by the choice of θ. This last measurement also carries a Hadamard rotation, making possible to

compile a final computational basis measurement within it. The probability of measuring this

last qubit of the ancillary row in the output "0" or "1", which infers the phase bit 0 or 1, is given

by p = cos2[π(Mφ0 −θ)] or 1− p respectively, making the reconstruction process the same as the

one in the circuital representation.

We apply measurement-based IPEA to learn eight different phases in [0,2π) using three-bit

precision. In the calculation of the output probabilities we apply majority voting over a statistical

set of 16 samples to infer the bits with improved noise robustness [112, 116]. As shown in

the experimental results, reported in Fig. 4.8c, all three-bit phases are correctly reconstructed.

This shows good control over the entanglement properties and measurement procedures of our

six-qubit leaf graph state. Moreover, this is a further demonstration of a two-qubit measurement-

based process on a 2D lattice.

Measurement-based error-protected phase estimation

Rudimentary error-correction encodings can be used to protect the computation during PEA. We

experimentally investigate this capability on a simpler version of PEA (Fig. 4.9a), relevant to

quantum metrology applications, which does not require entanglement with ancillary qubits [79].

The associated circuit, schematised in Fig. 4.9a, can be encoded in a three-qubit line graph. In the

MBQC implementation, the phases ϕ and θ are realised by rotating the measurements performed

on the qubits in the graph, as shown in Fig. 4.9b. The protocol, in this simplified case, can be

performed either on a physical graph or on a logical graph, realised with either three (|L3〉) or

six physical qubits (
∣∣crazy6

〉
), arranged in a crazy graph structure as discussed in 4.2. Experi-

mental results for error-protected measurement-based PEA, applied to a range of phases with

three-bit precision, are shown in Fig. 4.9c, together with results for physical qubits for comparison.

As in the IPEA case, the probabilities of measuring the rightmost qubit in the output 0 or 1,

which infers the phase bit 0 or 1, are given by p = cos2[π(Mφ0−θ)] or 1− p, respectively. It has to

be noted that, in the crazy graph case, at each stage of the computation the logical qubits are

measured in the logical bases:

(4.15) M̂L(α)=
{ 1p

2

( |0〉L + eiα |1〉L
)
,

1p
2

( |0〉L − eiα |1〉L
)}

,

where,

(4.16) |0〉L = 1p
2

(|00〉+ |11〉)= ∣∣ψ+〉
, |1〉L = 1p

2
(|01〉+ |10〉)= ∣∣φ+〉

.

The cases where one phase error occurs on the physical qubits are detected and discarded (i.e.

detection only). Note that, in order to encode logical states, measurements in entangled bases of

physical qubits might be needed; this is actually possible in our case where the physical qubits
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are within the same qudit.

The codes embedded in the crazy graph are simple repetition codes, as the ones encoded in

the branched states, where the error detection is based on majority voting. The probability of

successfully detecting one error is (1− p2), where p is the phase error probability. At every step of

the MBQC computation, the fidelity of the state teleported through the graph is directly related

to this error-detection success probability, as each column of the crazy graph is equipped with a

repetition code. In order to determine the dependence of the overall success probability for retriev-

ing the correct phase in the IPEA algorithm from the above error-detection success probability,

we need to consider the simultaneous error-detection success of the three steps of computation

((1− p2)3). On top of that, during the IPEA process a failed bit reconstruction can induce an

incorrect measurement setting on the next step of the iterative process, affecting negatively our

chances of recovering the following bits, despite the presence of the error correction code. This

also derives from the intrinsic Poissoninan statistic of the set of measured coincidence counts

used for sampling the output distribution and retrieving each bit. An improved noise robustness

can derive from using larger statistical samples, thus leading to smaller chances of applying the

FIGURE 4.9. Experimental results for MBQC phase estimation algorithm with
physical and logical graphs. a. Circuit representation of the entanglement-free
version of PEA, which (b) can be mapped into a MBQC implementation using a
three-qubit line graph of physical or logical qubits. c. Results for phase estimation
of three-bit phases using the physical (top half, black) and logical (bottom half,
blue) line graph states. The probability P(1) of measuring the rightmost logical
qubit in output "1" is plotted, from which we infer the phase bit 0 (P(1) < 0.5) or
1 (P(1)> 0.5). Failures in the phase estimation are highlighted as red bars, while
light blue bars show the correct bit values.
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wrong measurement settings. An analysis of this phenomenon can be found in [113]. Filtering

out errors with, for example, the repetition codes used here, induces further enhancements when

the measurement settings are correctly set.

In our inference process we use a majority voting over a statistical set of 17 samples [116].

While in PEA with physical qubits experimental noise results in observing an incorrect phase

reconstruction in 9 over the 24 cases tested (62.5% success rate), using the logical encoding we

observe only 1 incorrect phase reconstruction (95.8% success rate). The statistical confidence

associated to observing an improvement in the logical case compared to the physical one is 98%

(see Appendix C for details on the data analysis). Note that, in both physical and logical imple-

mentations, the experimental resources used are the same (number of photons and number and

performance of gates undergone by each photon): the observed improvement is purely provided by

a better way of encoding the quantum information in an error-protection code. This improvement

is an indication that logical errors can be mitigated in quantum circuits and algorithms via

rudimentary error-correction encodings in our platform.

4.3 Discussion: mapping between physical error models and
logical errors

The improved fidelities observed in our experiment indicate that, for our experimental platform,

there are benefits in using simple phase-flip-sensitive repetition codes. These codes, crucially,

do not correct arbitrary unitary errors and leave uncorrected, for example, bit flip errors. This

partial error-correction capabilities could result in an overall decrease of the computational

accuracy: the redundancy introduced, while one side lowering the phase flip component of the

overall errors, could cause an amplification of all the other uncorrected errors. If, however, these

other error components are not significantly present in the physical quantum system, then the

error correction encoding is actually effective.

A detailed analysis of all the error sources present in our platform has to be performed in order

to check why this is indeed the case, and why the simple phase-flip codes considered are enough

to show improvements in the computing accuracy. Mainly, we have to study how corrected phase

flips and uncorrected bit flips errors on the computational logical level are affected by experi-

mental noise models, with and without the use of the repetition codes. In the analysis we will

include physical noise models relevant to our experiment: spectral imperfections (photon distin-

guishability and spectral purity), multiphoton contamination and imperfect linear optical circuits.

Simulating the effects of these noise models allows us to study how the different physical errors

affect the logical errors in the computational state. We will expect distinguishability to mainly
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affect phase flip errors, with small effects on bit flip errors, while we will expect multiphoton

noise and imperfect phase control to affect both phase and bit flips. The relative strengths of such

sources of error will probably show that phase flip errors are predominant, mainly due to the

sources’ spectral imperfections, while the amplification of bit flips is modest, thanks to the precise

control of the circuitry and the use of weak squeezing. The simulation of all these concomitant

sources of errors is still under research.

For sure, with the future circuitry scaling, the adoption of codes able to correct arbitrary errors

will be required, such as the five-qubit pentagon code. This work wants to show that simple error-

correction encodings might already be useful to suppress relevant sources of noise on near-term

pre-fault tolerant devices. In particular, this analysis manifests a software-level correction of

noises, which is a first in the field of quantum photonics. Numerous engineering studies have

been performed in the last decades to address them at hardware level, and for this reason our

studies could be of great interest for the quantum photonics community.

4.4 Discussion: future graph state explorations

In light of the results shown above, our approach of generating graph states using qudits looks

advantageous not only for building large reconfigurable graph states, but also for performing

error-protected measurement-based computations. In order to see how far we can go in the

generation of large states, a study on the accessible graph states is needed. We generalise our

modular approach, consisting of fusing pairs of qudit GHZ states, to the case of n pairs in d

modes, which implies the manipulation of N = 2n single photons. When d = 2q, we can encode q

qubits within each qudit system, which can undergo arbitrary controlled operations and joint

measurements. Note that, in general, ĈZ operations acting on any two qubits among the q are

allowed. Moreover, higher order controlled gates like the Toffoli gate are enabled when going to

dimensions higher than four, further enlarging the space of available graph topologies.

Here, we will briefly discuss some preliminary results on these studies, demonstrating how the

space of post-selectable graphs can grow significantly even just by increasing the number of

modes and the number of photons by a few units. By using the same technique exploited in

Sec. 3.2.6, we explore accessible graph topologies from an initial 12 qubit star resource, which

can either be encoded by six photons in four dimensions or four photons in eight dimensions.

For each case we first generate the star with the maximum number of qubits (N = 12) and

then use intra-qudit deterministic ĈZ gates, local complementation and Ẑ measurements tools

to transform it. Also in this case, we use a random search over the device’s capabilities: local

complementation operations [106], qubit removals and ĈZ operations are performed at random

(in software) on the star graph over many instances, until no new entanglement classes are found.
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This produces a set of accessible entanglement classes, with a recipe for how to produce each one.

Fig. 4.10 contains a collection of graphs of different sizes that can be generated with a four-photon

eight-dimensional device. The graphs shown have been selected for their possible applications

in MBQC and/or error correction. The number of total graphs and overall graph classes that is

possible to obtain with four photons in eight dimensions is reported in Fig. 4.11, compared to the

two lower-dimensional schemes reported in this thesis. The overall number of existing graphs

and classes is also shown. A four-photon eight-dimensional device could generate more than

100 graph state equivalence classes with up to 12 qubits (8207 different graphs). Given a fixed

number of qubits, increasing the number of photons instead of increasing the number of modes

will not give as much graph diversity. For example, in the four-photon eight-dimensional case,

when compared to the six-photon four-dimensional case, more non-local operations are allowed

within each group of three qubits in each single-photon system, leading to a larger number of

different reachable graphs for the same number of 12 qubits. A six-photon eight-dimensional

device could generate even more graph states with a number of qubits up to 18, for which a

classification into classes does not even exist.
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FIGURE 4.10. Collection of post-selectable graphs in the four-photon eight-
dimensional case. A selection for different numbers of parties, having applica-
tions in measurement-based quantum computing and error correction. Several 2D
lattices are present (with and without crazy graph structures for error-protected
MBQC with encoder and decoder structures) as well as code switchers.
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FIGURE 4.11. Post-selectable graphs and classes in larger schemes. Number of
total graphs and overall graph classes that is possible to obtain with these modular
qudit schemes, compared to the overall number of existing graphs and classes.
Schemes for increasing number of modes are shown. Note that larger varieties of
classes are accessible for low graph sizes, when measuring out qubits on larger
resources.
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HYPERGRAPH STATES

In the previous chapters we have shown how to generate graph states for quantum comput-

ing and error correction, leveraging on a qudit architecture. Here we will show that the same

architecture can be used to generate hypergraph states [29, 73, 122, 123, 134]. Hypergraph

resources are a generalisation of graph resources in which higher order correlations are present.

In the hypergraph formalism these many-body interactions can be decomposed in generalized

multi-qubit controlled operations that are graphically represented as hyperedges [56], usually

depicted as loops surrounding the involved qubits. It has been demonstrated that these states

have a direct mapping to real equally weighted (REW) pure states, i.e. a superposition of all basis

states with real amplitudes and equal probabilities [123]. Hypergraph states include graph states,

which constitute a subclass of the class of stabilizer states, but not all hypergraph states are

stabilizer states, as shown in Fig. 5.1. The hypergraph family of states has been proposed for the

implementation of several quantum algorithms, such as Grover’s [71] or Deutsch–Jozsa’s [44], in

which the computation relies on the initialization of a REW pure state. However, the most impor-

tant application for hypergraph states is their use as resources for measurement-based quantum

computing, bringing several advantages in resource savings, parallelisation and simplification of

measurement procedures [55, 103, 104]. Moreover, these states might be useful for the creation

of novel schemes for error correction, allowing for protection against correlated errors [98, 172],

and for quantum metrology applications, allowing for improved noise robustness [54].

Wassily Kandinsky, Blue Painting, Solomon R. Guggenheim Museum, New York, United States (1924).
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In the following chapter we will introduce the canonical definition of hypergraph states and

their generalised stabiliser formalism. Secondly, through this generalised stabiliser formalism,

we will explore strategies for hypergraph state characterisation. Next, we will analyse the

concept of local equivalence and the effects of local and non-local unitary transformations on

hypergraphs, defining a generalised non-local complementation operation - a key operation

for the exploration of hypergraph entanglement classes. Next, we will describe a universal

hypergraph-based quantum computing framework, discussing the basic resources, measurements

and error-correction encodings for realising MBQC with hypergraphs. Finally, we will report

on the experimental realisation of hypergraph states leveraging on the flexible capabilities of

the silicon photonic platform, which allows us to achieve not only good-quality large and highly-

entangled quantum states but also quickly reconfigurable quantum states. Using this framework,

we demonstrate the generation of hypergraph states with up to five qubits and benchmark simple

MBQC tasks, implemented by simply reprogramming the integrated chip described in Sec. 3.2.

FIGURE 5.1. Hypergraph resources in relation to other types of states. Hyper-
graph states are generalised stabiliser states, as they hold a non-local stabiliser
formalism, strictly not based on Pauli operators. Graph states represent the inter-
section between hypergraph states and stabiliser states, for which a Pauli-based
local stabiliser formalism can be defined. Cluster states are a sub-class of graph
states that can be depicted as regular square lattices of interacting qubits.

5.1 Definition and non-local stabiliser formalism

5.1.1 Generalised controlled-phase gates

Before giving a mathematical description of hypergraph states, we need to introduce the concept of

hyperedge and generalised control-Ẑ operations. A hyperedge around k qubits labelled {i1, i2, ...ik}

describes a generalised k-qubit CZ operation, CkZ{i1,i2,...ik}, where

(5.1) CkZ{i1,i2,...ik} = Î⊗k −2 |1...1〉 i1,...,ik 〈1...1| .
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For simplicity, we will refer to this operation as CkZ, omitting the operator sign. For the stan-

dard control-Z operation C2Z{c,t} we will always use CZ. C3Z is nothing else than the Toffoli

gate. The number of vertices (k) contained in the hyperedge defines its cardinality. Convenient

decompositions of CZ operations can be performed in terms of Pauli operators:

(5.2) CZ= 1
2

(Î⊗ Î+ Î⊗ Ẑ+ Ẑ⊗ Î− Ẑ⊗ Ẑ).

We will use this decomposition for state verification techniques in Sec. 5.2 and 5.6, where

estimations of the state stabilisers can be obtained from measurements of only local Pauli

operators. It will also be useful to consider it for the study of non-locality in hypergraph states

where non-local observables can be decomposed into local observables [73, 105].

5.1.2 Mathematical definition of hypergraph states

A hypergraph H = {V , E} is a set of N vertices (V ) and hyperedges (E) of cardinality k, with k rang-

ing from 1 to N. As for graph states (see Chapter 2.2.1), given a hypergraph, the corresponding

quantum state |H〉 can be canonically found by the following steps (shown in Fig. 5.2):

• each vertex ν is assigned a qubit, initialised in the |+〉ν state: the overall initial state is

then given by |+〉⊗N ;

• for each hyperedge a generalised controlled-Z operation (CkZ) is applied among all con-

nected qubits: if the qubits ν1,ν2, ...,νk are connected by a k-hyperedge, then CkZ{ν1,...,vk} is

performed.

The resulting state is:

(5.3) |H〉 = ∏
{ν1,...,νk}∈E

CkZ{ν1,...,νk} |+〉⊗N ,

where |H〉 represents a hypergraph quantum state with correlations of order up to k and N

total qubits. It has to be noted that different types of hyperedges in the hypergraph are taken

into account in the product of k = 1,2, ..., N. The case k = 1 can be simply thought of as Ẑ

gates acting locally on single qubits. With k = N we indicate interactions among all N qubits.

Trivially, for k = 2 we recover the class of standard graph states. By counting all possible

edge configurations, it is easy to see that the total number of N-vertex hypergraph states is∏N
k=1 2B(N,k) = 2

∑N
k=1 B(N,k) = 2(2N−1), where B(N,k) indicates the binomial coefficient. From this

construction we can also see that hypergraph states are REW states. Moreover, also the contrary

is true: all possible REW state can be mapped into hypergraph states and an explicit simple

procedure exists to find the associated hypergraph given a REW state [134]. Standard graph

states, embedding only two-qubit edges, are a subclass of REW states that hold only two-body

interactions.
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FIGURE 5.2. Canonical definition of hypergraph states. a. Example of a hyper-
graph state with edges of cardinality one (red dotted loops), two (black lines), three
(green shaded regions), four (yellow shaded regions) and five (blue shaded regions).
b. Circuit needed for the creation of the graph: generalised controlled-Z operation
(CkZ) are applied among qubits connected by a k-hyperedge.

5.1.3 Generalised stabiliser formalism

Similarly to graph states, hypergraph states can alternatively be defined by exploiting the

stabilizer formalism [73, 105] which enables state characterisation with the same stabiliser

techniques reported in Chapter 2.2.1. In the case of hypergraphs, however, the stabiliser set

can be non-local: for this reason hypergraphs are strictly not stabiliser states as their stabiliser

group is not contained in the N-qubit Pauli group (see Fig. 5.1). Each hypergraph stabiliser

operator can not be expressed in terms of only simple tensor products of Pauli matrices, but it

can in principle contain generalised k-qubit controlled operators, whose dimension depends on

the graph’s connectivity. Given the graph |H〉 we can define a set of operators {Ĝν} with ν= 1, ..N

for which the state |H〉 is a simultaneous eigenvector with eigenvalue one. We will call these

operators, the generators of the stabiliser set:

(5.4) Ĝν |H〉 = |H〉 for every ν= 1,2, ..., N.

Explicitly, for any vertex ν these operators Ĝν have the form:

(5.5) Ĝν = X̂ν⊗
N∏

k=1
C(k−1)ZA (ν),

where A (ν) is the generalisation of the neighbourhood of vertex ν, i.e. the set of edges in the

subgraph of the neighbourhood of ν, called the adjacency:

(5.6) A (ν)= {e− {ν}|e ∈Ewithν ∈ e}.
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In the adjacency different kinds of neighbourhoods can appear: single vertices, pairs of vertices

or in general (k−1) - tuples, depending on the cardinality (k) of the hyperedges that connect

the vertex ν to other vertices. For example, if we consider the hypergraph shown in Fig. 5.2a,

the adjacency of qubit ν = 2 is A (2) = {{1}, {1,3}, {1,3,4}, {3,4,5,6}}. The generators satisfy the

following properties:

(5.7) [Ĝν,Ĝµ]= 0, Ĝ2
ν = Î⊗N ,

The set of N stabiliser generators forms an Abelian stabilizer group with 2N elements which

defines the corresponding hypergraph state in an unambiguous way. If we consider the set of 2N

stabiliser observables

(5.8) S = {Ŝx|Ŝx =
∏
ν∈V

(Ĝν)xν with x ∈ZN
2 },

the stabilised hypergraph state corresponding to the set S is the unique state for which Ŝx |H〉 =
|H〉. This state can be expressed as:

(5.9) |H〉〈H| =
N∏
ν=1

Ĝν+ Î
2

= 1
2N

∑
x∈ZN

2

Ŝx.

This result clearly resembles the well known graph state case (see Eq. 2.19). The difference

resides in the non-local properties of the stabilizers, which can contain non-local observables,

depending on the edges’ cardinality.

The stabilizer generators commute, are traceless and form a maximal set of N commuting

observables with eigenvalues ±1, hence they must have a common eigenbasis. The hypergraph

state |H〉 can be defined as the common eigenstate with eigenvalue +1, but a full eigenbasis

can be defined by taking other possibilities as eigenvalues. This results in the definition of a

total of 2N states, that are all orthogonal and form the so-called hypergraph state basis. They

can be generated by successive application of Pauli Ẑ operations and will be useful for building

hypergraph-based error-correcting codes (see Chap. 5.5).

5.2 Hypergraph states’ characterisation and verification

Here we will discuss methods for verifying hypergraph states through their generalised stabiliser

formalism: we will define state fidelity measurement techniques and use them to derive entangle-

ment witnesses for general hypergraph states. We will see that it is possible to verify these states’

by using only Pauli measurements, despite the inherent non-local properties of the hypergraph
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stabiliser sets.

Before defining our verification procedure through entanglement witnesses, we show that every

stabiliser can be expressed as a sum of Pauli tensor products. For simplicity let us restrict to the

case of hypergraphs with only edges of cardinality up to three. Using the idea of decomposing a

CZ gate into Pauli operators (Eq. 5.2), we can rewrite every stabiliser generator as:

(5.10) Ĝν = X̂ν

( ∏
µ∈Eν

2

Ẑµ

) (
1
2r

∑
tµγ∈{1,2,3,4}r

∏
(µ,γ)∈Eν

3

σ̂µγ(tµγ)
)
= 1

2r

( ∑
tµγ∈{1,2,3,4}r

ŝtµγ

)
,

where we indicate with Eν
2 and Eν

3 the set of neighbouring vertices of ν within edges of cardinality

two and three respectively, r ≡ |Eν
3| and

(5.11) σµγ(1)≡ Îµ⊗ Îγ, σµγ(2)≡ Îµ⊗ Ẑγ, σµγ(3)≡ Ẑµ⊗ Îγ, σµγ(4)≡−Ẑµ⊗ Ẑγ

and

(5.12) ŝtµγ = X̂ν

( ∏
µ∈Eν

2

Ẑµ

) ( ∏
(µ,γ)∈Eν

3

σ̂µγ(tµγ)
)
.

From Eq. 5.10 to 5.12 we can see that, in order to measure each stabilizer generator, only tensor

products of Ẑ and Î Pauli measurements are required, which can be then summed together. This

can be generalised to edges with higher cardinality using CkZ further decompositions starting

from Eq. 5.2; in this case more complicated and numerous terms arise from products of CkZ gates.

It has to be noted that only one local measurement setting is required for each stabiliser generator,

as Ẑ and Î can be simultaneously measured through the projection on the computational basis.

More specifically, every stabiliser Ĝν is given by the tensor product of the Pauli matrix X̂ν and a

control-gate whose decomposition over the Pauli basis contains tensor products of N −1 Pauli

matrices in {Ẑ, Î}. Consequently, the measurement setting required to measure the expectation

value of Ĝν is composed of N −1 local Ẑ measurements and one X̂ measurement to be performed

on qubit ν. Overall, only N measurement settings are required for measuring the complete set of

stabiliser generators.

When considering products of stabiliser generators to obtain the full stabiliser set, necessary for

building a state’s fidelity, Pauli Ŷ matrices appear. For example, in products like Ĝν1Ĝν2 , with ν1

and ν2 being neighbouring qubits, Ŷ matrices appear on qubits ν1 and ν2 because X̂νi Ẑνi =−iŶνi .

It follows that, in order to measure each composition of pair of stabilizers, two measurement

settings are required. This can be extended to the measurement of products of three generators:

in this case up to four local measurement settings are required, depending on the configuration

of maximum-cardinality hyperedges [58], but we never obtain other than Pauli operators from
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these products. This trick can be extended to any compositions of stabilizer operators of the form∏k
i=1 Ĝνi with 2 ≤ k ≤ N: the number of local measurement settings required to measure the

expectation value of the product of k stabilizers can go up to 2k−1, but all of these require only

Pauli measurements. Examples of these decompositions can be found in Sec. 5.6 for hypergraph

states with hyperedges of cardinality up to three.

At this point, we can express a hypergraph state fidelity as the mean of the expectation values of

its stabilisers, considering all the possible products of stabiliser generators:

〈H|ρ |H〉 =Tr(ρ |H〉〈H|) = 1
2N

∑
x∈ZN

2

Tr(ρŜx) = 1
2N

∑
x∈ZN

2

〈Ŝx〉 =

= 1
2N

(
〈Î〉+

N∑
ν<µ,µ=1

〈ĜνĜµ〉+ ...+〈
N∏
ν=1

Ĝν〉
)
,

(5.13)

where each Ĝν can be written as in Eq. 5.10, and whose measurement requires a maximum total

number of local Pauli measurement settings of [58]:

(5.14)
N∑

k=1
2k−1

(
N
k

)
= 3N −1

2
.

From this fidelity estimation strategy, strictly relying on the stabiliser formalism and local Pauli

decompositions, an entanglement witness (Ŵ) can be constructed [58]. This is based only on Pauli

measurements and is able to detect genuine multipartite entanglement in the neighbourhood of

a given state |H〉 such that it is hermitian and:

(5.15) 〈Ŵ〉 =
Tr(ŴρGME)< 0,

Tr(ŴρS)≥ 0.

Here, ρGME is a density matrix representing a completely entangled state of a multipartite

quantum system, while ρS is a state that may be written as a convex combination of bi-separable

states. Similarly to graph states witnesses, this witness can be constructed as a projector-based

(or fidelity-based) entanglement witness [58]:

(5.16) Ŵ :=α(|H〉)Î−|H〉〈H| =α(|H〉)Î− 1
2N

2N∑
x=1

Ŝx.

The coefficient α(|H〉) is usually chosen as the maximum overlap of the state |H〉 with a pure

bi-separable state over all possible bi-partitions. In the case of an N-qubit connected hypergraph

state of maximum hyperedge cardinality kmax, α(|H〉) is upper bounded by

(5.17) α(|H〉)≤ 2kmax−1 −1
2kmax−1 .
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The number of local measurement settings required for measuring this witness increases ex-

ponentially with the number of qubits, and is the same as the one required for estimating the

fidelity, of which this witness is a simple rescaling. As an example, we report the witnesses for

the clover hypergraph (N = 5 and kmax = 3) and the Toffoli hypergraph (N = 3 and kmax = 3) that

we will be analysing in Sec. 5.6 (Fig. 5.3):

(5.18) Ŵclover =
3
4
− 1

25

25∑
x=1

Ŝx and ŴTof f =
3
4
− 1

23

23∑
x=1

Ŝx.

To understand the suitability of the constructed witnesses for practical implementations, their

efficiency can be not only evaluated by the number of local measurement settings required to be

measured, but must be evaluated also on the basis of their robustness to noise. Let pN be the

probability of some white noise to act on a hypergraph state |H〉, such that the state after its

action is ρεH = p I
2N +(1− p) |H〉〈H| with 0≤ p ≤ 1. The robustness parameter is the the limit value

pN for p, such that Tr[ρεHŴ]< 0 for all p < pN . Note that pN also quantifies the dimensions of

neighbourhood where Ŵ is able to detect entanglement. For this witness [58]

(5.19) pN = 2N−kmax+1

2N −1
.

However, this projector-based entanglement witnesses needs a number of local measurement

settings that in general is exponentially growing with the number of qubits. To improve the

suitability for practical experiments, a second witness can be defined starting from only stabiliser

generators, that needs a number of local measurement settings that grows linearly with the

number of qubits. However, this displays a lower robustness parameter. This witness can be

defined as:

(5.20) ˆ̃W :=βN (|H〉)Î−
N∑
ν=1

Ĝν.

It is related to the previous witness by the relation:

(5.21)
〈

ˆ̃W
〉
−2

〈
Ŵ

〉
≥ 0.

The parameter βN (|H〉) is a coefficient depending on the number of qubits in the hypergraph,

and, as α(|H〉), on the overlap of the state Ĥ with a pure bi-separable state over all possible

bi-partitions:

(5.22) βN (|H〉)= N −2(1−α(|H〉)).

In the case of an N-qubit connected hypergraph state of maximum hyperedge cardinality kmax

this second witness takes the form [58]:

(5.23) ˆ̃W = N2kmax−1 −2
2kmax−1 Î−

N∑
ν=1

Ĝν.
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The witness ˆ̃W, being a sum of single stabilizer generators, can always be measured efficiently

as the number of local measurement settings required grows linearly with N. However, it has a

robustness threshold of

(5.24) p̃N = 2
N2kmax−1 .

Overall, fidelity-based witnesses perform better in terms of robustness parameter with respect

to stabilizer witnesses, but in general they are more demanding in terms of the number of

measurement settings required. For N →∞ the two robustness parameters converge both to 0,

and already from N = 8 the use of the ˆ̃W can be advantageous [58].

Finally, considering Eq. 5.16 and 5.20 and the relation between the two different witnesses

(Eq. 5.21), lower bounds on the fidelity can be extracted if only stabiliser generator measurements

are performed:

(
β

〈
Î
〉− N∑

ν=1

〈
Ĝν

〉)
−2

(
α

〈
Î
〉−Tr(ρ |H〉〈H|)

)
≥ 0 → 2

(
α

〈
Î
〉−F

)
≤

(
β

〈
Î
〉− N∑

ν=1

〈
Ĝν

〉)

→ F ≥α〈
Î
〉− 1

2
β

〈
Î
〉+ 1

2

N∑
ν=1

〈
Ĝν

〉
.

(5.25)

This implies that, for example, for states with kmax = 3 and N = 5 (N = 3), the average of the

stabiliser generators has to be higher than 0.8 (0.67) to have a fidelity greater than 0.5. If,

however, higher lower bounds on the fidelity are requested, e.g. F ≥ 0.75 to ensure a negative

W witness and therefore the presence of genuine multipartite entanglement, the average of the

stabiliser generators has to be higher than 0.9 (0.83) for N = 5 (N = 3). Examples of experimental

implementations of these witnesses and the relative fidelity estimations can be found in Sec. 5.6

in which hypergraphs with kmax = 3 and N = 5 or N = 3 are analysed.

It has to be noted that this method of estimating a fidelity cannot be strictly converted into a

non-locality argument: we never measure directly the non-local stabilisers, but we decompose

them into operators which are not simultaneously measured. Therefore, Bell-type inequalities

based on stabilisers (e.g. Mermin tests) are meaningless in this case. However, it is possible

to construct other proofs for verifying the non-local properties of a quantum hypergraph state:

the specific correlations contained in a hypergraph can be used to derive various types of non-

locality tests, including Hardy-type arguments and Bell inequalities for genuine multi-particle

non-locality [54]. Some regular hypergraphs, such as three- and four-uniform hypergraph states,

violate local realism bounds by an amount that is comparable to the one of GHZ states. However,

the Bell inequality violation (and therefore the entanglement) of hypergraph states is robust

under particle loss, as uniform hypergraphs don’t become fully separable states if a particle is

lost, as opposed to GHZ states [54, 73]. This violation decreases with the number of traced-out
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qubits, but persists even if several qubits are lost. The fact that some regular hypergraph states

allow for an exponentially increasing violation of local realism which is robust against loss of

particles, suggests that hypergraph states could be excellent resources for quantum metrology

applications [54].

5.3 Equivalence of hypergraphs under unitary transformations

Similarly to graph states, hypergraph states can be equivalent under local unitary transfor-

mations, i.e. different hypergraphs may correspond to quantum states with the same entan-

glement properties. Significant efforts have been devoted to the characterisation of graph

states’ equivalence classes, and therefore to the search for useful computational graph re-

sources [21, 77, 83, 166]. For graph states, the main tool for exploring equivalence classes

is local complementation, an operation that contains only local Clifford gates. This is a necessary

and sufficient operation for local unitary equivalence for graphs up to eight qubits [21]. More

local operations have to be taken into account to capture all the entanglement classes of more

than eight qubits [83, 162]. It has been shown that hypergraph states can be used to construct

infinite families of graph states that are interconvertible by local unitary (LU) operations, but

not by local Clifford (LC) operations [162], thereby providing new insight on the failure of the

so-called LU-LC conjecture for graph states [83].

In the exploration of hypergraph states’ equivalence classes a generalisation of local complementa-

tion is needed: this new complementation operation can contain non-local unitary transformations

that can therefore change the entanglement properties of the hypergraph. Local equivalence

classes, however, can still be explored through these non-local operations as their successive

application can result in only local transformations, therefore leading to states with the same

entanglement properties. As for graph states of more that eight qubits, however, this generalised

complementation operation is not sufficient to capture all the elements within a local equivalence

class. Therefore we need to also take into account the action of local Pauli operations and other

non-local unitary operations (such as ĈZ and ˆCCZ) not captured by the generalised complemen-

tation operation. For example, all equivalent hypergraphs up to four qubits can be explored by

local Pauli operations [73], while for hypergraph states of five qubits local Pauli operations are

not sufficient to test for local equivalence [56].

Graphical representations of the action of all these unitary transformations are key for having a

quick tool to explore hypergraph state equivalence classes, in search for useful graph topologies

suitable for measurement-based protocols. In the following, we will describe graphical rules for

the most commonly used unitary transformations and examples of some relevant equivalence

classes.
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5.3.1 Non-local complementation in hypergraphs

We have seen that a graph state |G〉 can be transformed to another graph state
∣∣G′〉 by means of

local Clifford action on some parties, if the graph
∣∣G′〉 can be obtained from the graph |G〉 by a

series of local complementation operations (see Sec. 2.2.3). The non-local generalisation of this

type of operation for hypergraph states is referred to as local edge-pair complementation [56]. A

hypergraph state |H〉, identified by a set of hyperedges E and vertices V, can be transformed into

another hypergraph state
∣∣H′〉 by means of local action on some parties, and the graph

∣∣H′〉 can

be obtained from the graph |H〉 by a series of the following non-local operations:

(5.26) EPCν =
√

Xν
± ∏

e∈A (ν)

√
CkZe

∓,

where ν is the vertex on which we perform local edge-pair complementation and A (ν) is the set

of edges in the subgraph of the neighbourhood of ν called the adjacency, defined in Eq. 5.6.

Note that the adjacency is a generalisation of the neighbourhood of ν, as it can contain isolated

vertices (in the case of normal edges of cardinality two) or groups of vertices (in the case of

edges of higher cardinality). Here,
√

CkZe
± = Î− [1− (±i)] |1...1〉 e 〈1...1| is the square root of the

controlled phase gate applied to qubits in edge e of cardinality k.

Examples for the application of this operation are given in Fig. 5.3. It has to be noted that this

map is not always local, since it contains controlled-phase gates that are non-local whenever the

vertex ν is contained in an edge of at least cardinality three. The entanglement properties of the

original state can therefore be changed by this operation. However, in particular hypergraph

structures, local edge-pair complementation can be chosen to be applied to multiple vertices in

sequence, in such a way that the non-local gates cancel each other out. The resulting hypergraph

will be therefore obtained from the original graph by applying local operators only. Figure 5.3b

shows an example of a graph where a sequence of complementations results in only local opera-

tors, even if edges containing more than two qubits are present.

The action of local edge-pair complementation can be translated in graphical terms to better

understand its role in the exploration of hypergraphs’ equivalence classes. Given a hypergraph

|H〉, identified by a set of hyperedges E and vertices V, we can define the adjacency pairs of vertex

ν from the above definition of adjacency (Eq. 5.6):

(5.27) A2(ν)= {{e1, e2}|e1 6= e2, e1 ∈A (ν) , e2 ∈A (ν)}.

This is, in other words, a list of all distinct pairs of elements in the adjacency set of ν. The action

of local edge-pair complementation on vertex ν on the graph’s hyperedges can be defined as the
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FIGURE 5.3. Graphical representation of local edge-pair complementation. a.
Example of local edge-pair complementation operation resulting in a graph with
different entanglement properties. Going from one graph to the other implies
the application of non-local unitaries, involving two to four qubits. b. Example of
local edge-pair complementation operation resulting in a local equivalent graph.
Although an edge of cardinality four is added, the two graphs can be obtained from
each other by the application of only local Clifford unitaries.

complement of the edges in the following multiset:

(5.28) P = {e1 ∪ e2|{e1, e2} ∈A2(ν)}.

Here, as in standard local complementation with graphs, complementation of the edges in P

means that they are removed from the original hypergraph, if they were already present, or they

are added, if they were not present. Note that one hyperedge can appear multiple times in P :

only the edges appearing with odd multiplicity will be affected in the original graph.

An example of edge-pair complementation is reported in Fig. 5.3a on a hypergraph with six qubits,

one edge of cardinality two (black lines), two edges of cardinality three (green shaded regions)

and one edge of cardinality four (blue shaded region). We perform edge-pair complementation on

vertex ν= 1. The adjacency of this vertex is A (1)= {{6}, {2,3}, {4,5}, {2,3,4}}. The adjacency pairs

are A2(1) = {{{6}, {2,3}}, {{6}, {4,5}}, {{6}, {2,3,4}}, {{2,3}, {4,5}}, {{2,3}, {2,3,4}}, {{4,5}, {2,3,4}}}. From

this we can define the multiset P = {{6,2,3}, {6,4,5}, {6,2,3,4}, {2,3,4,5}, {2,3,4}, {5,2,3,4}}. The

resulting hypergraph is reported on the left in Fig. 5.3a. Note that the edge {2,3,4,5} is not

affected because it appears in the multiset with even multiplicity.

The graphical representation of local edge-pair complementation is a powerful tool that will be

useful for understanding the action of various unitary transformations on hypergraphs (see next

paragraph) and the graphical rules of single qubit measurements in hypergraph measurement-

based processes (see Sec. 5.4).
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5.3.2 Local unitary operations in hypergraphs

In some specific cases local unitary equivalence of hypergraph states can simply be decided by

considering a finite set of transformations. In the case of hypergraphs with up to four qubits,

all equivalence classes can be explored by only local Pauli operations [73]. An effective way

of showing the classes’ members is by graphical means. The action of Pauli rotations can be

summarised by the following graphical rules:

• Ẑν rotation on qubit ν: it transforms the set of hyperedges E into E’ such that:

E′ =E∆{{k}},

where A∆B = A∪B−A∩B represents the symmetric difference between the sets A and

B. In other words, a Ẑν rotation simply adds a single qubit edge on qubit ν if it was not

present, it removes it if it was.

• X̂ν rotation on qubit ν: it transforms the set of hyperedges E into E’ such that:

E′ =E∆{e− {ν}|e ∈Ewithν ∈ e}=E∆A (ν).

In other words, a X̂ν rotation simply adds (removes) all hyperedges in the adjacency of ν -

as defined in Eq. 5.6 - if those where not present (present).

• Ŷν rotation on qubit ν: it is the sequential application of first a X̂ν rotation, followed by

a Ẑν rotation.

In figure 5.4 we give some examples for which the quest for local unitary equivalence can be

simplified by considering local Pauli operations only. By using the rules described above we can

FIGURE 5.4. Graphical representation of local Pauli rotations. a. Graphical
representation of a Ẑ or a X̂ rotation. b. The only class of three qubit hypergraph
states, fully explored by successive local Pauli operations.
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show that equivalent hypergraphs of three qubits can be explored by only local Pauli operations.

The class represented is the only local equivalence class of three-qubit hypergraphs and it can be

represented by its minimal edge representative, the Toffoli hypergraph, with only one edge of

cardinality three.

It has to be noted that some properties of a hypergraph remain invariant under local Pauli

operators, so they can be used to distinguish equivalence classes. For example, in an N-qubit

hypergraph state, the edges with the highest cardinality - that is the edges that connect the

largest number of vertices - remain invariant under X̂ transformations, since the adjacency of ν

cannot contain edges with cardinality more than N −1. On the other side, if one has an edge of

cardinality N and an edge of cardinality N−1 contained within this edge, one can always remove

all the edges with lower cardinality with local Pauli operations.

5.3.3 Non-local unitary operations in hypergraphs

In this section we investigate the effects of some particular unitary non-local transformations,

such as the CX (control-NOT), CCX (control-control-NOT or Toffoli) and generalised control-NOT

gates CkX. These are examples of a particular class of transformations, namely permutation

unitaries, that act on the state permuting the vectors of the computational basis. As any state

permutation can be viewed as a sequence of transpositions, one can easily see that X, CX and CCX

operations are enough to cover all possible permutations on a N-qubit space, with the use of at

most one ancilla bit [159]. Is is clear that these operations map hypergraph states to hypergraph

states, so their action must be described by graphical rules.

• CX gate on qubits c and t: acts on the state permuting the terms |10〉ct ↔ |11〉ct. In

graphical terms a CX transformation introduces/deletes the edges of the form Et = {e t ∪
{c}|e t ∈A (t)}, if they were not present/present. An example of the graphical transformation

is shown in Fig. 5.5a.

• CCX gate on qubits c1, c2 and t: it acts on the state permuting the terms |110〉c1c2 t ↔
|111〉c1c2 t. It can be easily seen that the graphical transformation corresponding to a

CCX gate is a generalisation of the above CX: it introduces/deletes the edges of the form

Et = {e t ∪ {c1, c2}|e t ∈A (t)}, if they were not present/present. An example of the graphical

transformation is shown in Fig. 5.5b.

• CkX gate acting on a set of (k−1) control qubits C and a target t: it acts on the state

permuting the terms |11...10〉Ct ↔|11...11〉Ct. Its graphical transformation is a generalisa-

tion of the above CCX: it introduces/deletes the edges of the form Et = {e t ∪C|e t ∈A (t)}, if

they were not present/present.

It is noteworthy that the order (k) of the above non-local operations affects the edges’ maximum

cardinality in different ways. If γ is the cardinality of the largest edge in the hypergraph, a X
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gate can only create/delete edges with a cardinality < γ; a CX gate can create/delete edges with

cardinality ≤ γ; a CCX gate can introduce new edges with cardinality > γ.

FIGURE 5.5. Graphical representation of CkX operations. a. Example of the
action of a CXct rotation on a hypergraph with hyperedges of cardinality two. three
and four. Only hyperedges of cardinality ≤ 4 are created/removed. b. Example of
the action of a CCXc1c2 t rotation on a hypergraph with maximum edge cardinality
of γ= 3. New edges with cardinality > γ are created.

Understanding the consequences of the action of these non-local operations on the topology of a

graph is key for our graph state explorations. In particular, as we will see in Sec. 5.6, we will be

interested in extending the search for post-selectable graphs to hypergraphs. Taking advantage

of our qudit architecture, we will be able to find a mapping between post-selectable graph state

classes of entanglement and hypergraph classes of entanglement, enabled by non-local intra-qudit

operations of the exact same form as these CX operations.

5.4 Measurement-based quantum computing with hypergraph
states

5.4.1 Universality of hypergraph-based quantum computing

We have described the concept of measurement-based quantum computation in a framework

where the computation is carried out solely through single-qubit measurements on a 2D graph

state and classical feed-forward of measurement outcomes. In this picture, we have seen that

two-dimensional cluster states, i.e. 2D square lattices of interacting qubits, are a universal

resource for quantum computing. This implies there can always be found a measurement pattern

that realises a complete gate set for quantum computation, necessary to decompose any required

operation. Two-dimensional cluster states, however, are only one example of universal resources:

many other universal resource states have been found with diverse fundamental structures and
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practical applications, including cluster states defined on various lattices [167], tensor network

states [22, 28, 68, 69, 170], and model ground states in condensed matter physics such as 2D

Affleck-Kennedy-Lieb-Tasaki (AKLT) states [177–179].

When searching for optimal universal resources there are four relevant aspects that contribute to

the complexity of MBQC:

• The class of gates that are needed to generate the class of universal resource states. For

example the 2D cluster lattice requires only CZ among nearest neighbours.

• The group of measurement operators. For example the 2D cluster lattice requires only Pauli

measurements and X̂ -Ŷ -plane measurements to be universal.

• The universal gate set enabled by the above resource states and measurements.

• The adaptation requirements for the measurement bases, i.e. whether the choice of some

measurement depends on the results of previous measurements. Generally, given the

probabilistic nature of measurements, we correct the intended operation with a so-called

byproduct operator. This correction, or feed-forward, affects the parallelism of the compu-

tation and the logical depth. In other words, it affects the computational time in terms

of temporal gate sequences. In the canonical scheme with cluster states these byproduct

operators are simple Pauli X̂ and Ẑ operators, that can be commuted through much of our

computation (Clifford gates in the Clifford hierarchy C2), allowing disjoint measurements to

be performed in parallel without adaptation of our measurement settings. As Clifford gates

are not universal, the more general measurements in the X̂ − Ŷ plane must be performed

to generate unitaries in C3, but these cannot be parallelised.

Here, we will discuss completely new kinds of MBQC universal resource states based on hyper-

graph states. These are short-ranged entangled states with very specific regular symmetries,

provided with so-called two-dimensional symmetry-protected topological order (SPTO) [26, 27, 72].

It has been shown that these resources could in principle be more advantageous than canonical

two-dimensional cluster states as they would require lower complexity of the measurement bases,

allow higher parallelisation, lowering the circuit-depth complexity, and in some schemes provide

deterministic computation [55, 103], without having to compensate for the randomness of the

measurement outcomes. Table 5.1 reports the complexity characteristics of MBQC with hyper-

graphs compared to MBQC with cluster states. A scheme based on hypergraph states requires

an initial resource prepared using gates ˆCCZ ∈ C3, but Pauli measurements are sufficient for

universal computation. The logical gate set for universal computation that is possible to realise

with these measurements is { ˆCCZ, Ĥ}. Without the need of adaptations, all logical ˆCCZ and swap

gates can be performed at arbitrary distance in parallel, limiting the correction to the application

of Hadamard measurements.
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Cluster resource Hypergraph resource

Formation gates ĈZ ∈ C2 ˆCCZ ∈ C3
Measurement operators Pauli, R̂Z(θ) Pauli

Universal gate set C2, C3 ˆCCZ, Ĥ
Byproduct operators {X̂ , Ẑ} {ĈZ, X̂ , Ẑ}

Parallelised gates C2 { ˆCCZ, X̂ }

TABLE 5.1. Gate complexity in hypergraph measurement-based approaches.
In MBQC with hypergraph states, gate complexity in the formation circuit and in
logical byproduct operators consequently requires less complexity to be added in
the form of measurements. Moreover, this approach allows parallelisation of all
logical { ˆCCZ and X̂ } gates, restricting the increment of logical depth only to the
application of Hadamard measurements, as they require adaptive measurements
to correct prior by-products.

An example of these kind of resource states is the Union Jack state (see Fig. 5.6a) [103, 104].

This hypergraph lattice was the first demonstrated to be not only a universal resource state but

additionally a Pauli universal resource state, which means that it can implement arbitrary quan-

tum computation using only single-qubit measurements in the Pauli bases. This is a significant

simplification of the measurement procedure that is forbidden in the canonical two-dimensional

cluster state on account of the Gottesman-Knill theorem [62]. The Union Jack state is constructed

by preparing every vertex in the |+〉 state and then applying a three-body CCZ gate (Toffoli

gate) to every triangular cell in the lattice of Fig. 5.6a. Note that it is strictly not a stabiliser

state as its stabiliser group is not contained in the N-qubit Pauli group. The qubits that are

part of this lattice can be classified in control (red) and target (blue) qubits: control qubits are

usually measured in Z or Y bases to collapse the state of the remaining target qubits in a graph

or hypergraph state region on which the computation flows through Pauli measurements. Mea-

suring the control sites of a region in the computational basis collapses the remaining system

into a random cluster region that is in a percolation phase. This measurement pattern can be

therefore used to efficiently prepare connected local cluster regions and thus process logical qubit

states in a cluster state fashion, teleporting them over arbitrarily long distances, and applying

logical Clifford gates to them, including Hadamard gates. The edges of the local graphs lie on the

"domain walls” between different control site outcomes (see Fig. 5.6b). CCZ gates can be realised

using certain interaction gadgets (see Fig. 5.6c), i.e. small portions of the hypergraph lattice with

a defined measurement sequence. The combination of cluster regions and interaction gadgets lets

us implement Hadamard and Toffoli gates which lead to arbitrary quantum circuits.

Other lattice structures have been proposed using hypergraphs that could lead to further simpli-

fications of the measurement patterns [157] or can lead to deterministic quantum information

processing, in which the layout of the quantum circuit can be predetermined [55]. A particular

consequence of this type of deterministic MBQC, is that it is possible to find measurement
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FIGURE 5.6. Gadgets for universal MBQC with hypergraphs. a. Union Jack
hypergraph lattice and its unit cell (black square). Control qubits are indicated
in red. b. Performing a computational basis measurement on all the Union Jack
control qubits the remaining part of the system collapses into a random square
lattice cluster state. Opposite adjacent measurement outcomes ensure a link is
preserved. No edge is obtained whenever they agree. The remaining cluster can be
used to perform logical Clifford gates, including Ĥ. c. Gadgets for CCZ and swap
gates in the Union Jack hypergraph lattice. Measurement patterns are indicated
in red and yellow and logical information flow is indicated with arrows. Figure c.
is taken from [103].

patterns for realising N-qubit generalized CZ gates in a logarithmic depth in N, reducing the

exponential ancillary qubits requirements to a polynomial overhead on the expense of increasing

time complexity from a constant depth to a logarithmic depth [55].

Overall, it seems clear that the complexity of the gates required for the formation of the initial

resources and the complexity of the byproduct operators result in a lower complexity in the mea-

surements. In this approach, the hard task is transferred to the state initialisation, simplifying

the measurement patterns and logical depth. This could be advantageous in many experimental

realisations in which the initial resource state can be easily implemented with high fidelity while

high-precision complex single qubit measurements are hard to achieve. To better understand

the principles of MBQC with hypergraphs in light of our experimental realisations, we describe

by graphical means the effect of the Pauli measurements needed for realising the computation,

analysing the evolution of a graph’s connectivity.

5.4.2 Pauli measurement rules

Ẑ measurement

While in standard MBQC a Ẑ measurement removes a physical qubit from the graph up to

probabilistic local Pauli gates on the neighbouring vertices, in hypergraphs a Ẑ measurement

removes a physical qubit but the resulting probabilistic gates can be non-local operations between

the vertices sharing an hyperedge with the removed qubit [73, 123]. This effect is an essential
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feature arising from high-order non-local correlations in hypergraphs and will be valid also for Ŷ

and X̂ measurements [55, 56, 103, 104, 123].

Given a hypergraph state |H〉, corresponding to a hypergraph H = (V ,E), the hypergraph state

resulting after a Pauli Ẑ measurement on a vertex ν can be obtained by the following rule [123]:

(5.29) ÛẐ,± |H− {ν}〉

where ÛẐ,± is a non-local unitary operation depending on the measurement outcome:

(5.30) ÛẐ,+ = Î and ÛẐ,− = ∏
e i∈A (ν)

CkZe i .

In other words, a Ẑ measurement deletes the vertex ν from V and then either removes all

hyperedges incident with k (outcome “+”), or replaces each hyperedge e i incident with ν with

e i−{ν}, deleting all repeated hyperedges. In the presence of only edges of cardinality two (standard

graph states) the usual graph rule is captured: in this case generalised CkZ gates are simply

replaced by C0Z= Ẑ gates. On the other hand, in hyperedges of cardinality three an outcome “-”

(|1〉) in a Ẑ measurement induces a controlled-phase (CZ) operation between the two remaining

neighbours, while it induces the identity for outcome “+” (|0〉). This working principle will be

experimentally demonstrated in the results of Fig. 5.9b-c, where the states resulting from different

outcomes of Ẑ measurements on a clover state will be characterised. Other simple graphical

examples of Pauli Ẑ measurements can be found in Fig. 5.7a and 5.7c.

Ŷ measurement

Given a hypergraph state |H〉, corresponding to a hypergraph H = (V ,E), the hypergraph state

resulting after a Pauli Ŷ measurement on a vertex ν can be obtained by one action of the

generalized local complementation rule and a vertex removal:

(5.31) ÛŶ ,± |EPCν(|H〉)− {ν}〉

where ÛŶ ,± is a non-local unitary operation depending on the measurement outcome. The graph

state case is a simple case of this criterion, in which standard local complementation is considered.

Graphical examples of Pauli Ŷ measurements can be found in Fig. 5.7a and 5.7c.

X̂ measurement

Given a hypergraph state |H〉, corresponding to a hypergraph H = (V ,E), the hypergraph state

resulting after a Pauli X̂ measurement on a vertex ν is derived by three actions of the generalized

local complementation rule:

(5.32) ÛX̂ ,±
∣∣EPCµ(EPCν ◦EPCµ(|H〉))− {ν}

〉
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FIGURE 5.7. Action of Pauli measurements on hypergraphs. a. Example of the
action of Ẑ and Ŷ measurements on a hypergraph with hyperedges of cardinality
two and three. Measured qubits are indicated in red. b. Example of the action of X̂
measurements on a hypergraph with six qubits and hyperedges of cardinality three.
The resulting graph state is a three-qubit line, up to a Hadamard gate applied
to its middle vertex. Black dashed lines (depicting Pauli-Z and CZ by-products)
appear additionally if the product of the three measurement outcomes is -1. c.
Three measurements on a six-qubit hypergraph with hyperedges of cardinality
two and three can implement a Toffoli gate or the identity gate, depending on the
measurement basis (Pauli Ŷ or Ẑ respectively) [104].

where µ is an ancillary vertex contained in the same graph edge of ν ({ν,µ} ∈ E) and ÛX̂ ,± is a

non-local unitary operation depending on the measurement outcome,

(5.33) ÛX̂ ,+ = I and ÛX̂ ,− = Ẑµ

∏
e i∈A (µ)

CkZe i .

Here CkZe i is a generalised CZ of cardinality k, depending on the number of vertices in each

element of the adjacency list A (µ). It is easy to see that this rule for X̂ measurements on

hypergraphs entirely captures the rule for normal graph states, which can also be described as

the three consecutive applications of standard local complementation. Graphical examples of

Pauli X̂ measurements can be found in Fig. 5.7b.

5.5 Hypergraphs and error-correcting codes

In the previous chapter we have discussed the importance of error correction in practical realisa-

tions of quantum computing machines and we have shown different approaches to error correction

based on graph states [96, 143]. In this section, quantum error correction using hypergraph

states will be explored. So far we have only considered error correction methods for independent

errors, i.e. scenarios where each subsystem composing the code is independently faulty. How-

ever, errors on quantum systems can also occur in a correlated fashion, where collective errors
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among the encoding subsystems dominate. This is a typical scenario for quantum platforms such

as ion traps [37], quantum dots [97] or solid-state systems [99], occurring sometimes also in

integrated quantum photonics when thermal crosstalk is present. It has been shown that, in

general, degenerate codes can outperform non-degenerate codes in the presence of correlated

noise [31]. In quantum error correction codes based on hypergraphs, the impossibility of find-

ing non-degenerate codes with a distance equal or higher than 3 [172], suggests the utility of

hypergraphs for correcting correlated errors on quantum systems.

5.5.1 Correction of independent errors

The use of symmetric hypergraph states for the correction of independent errors has been explored

in Ref. [172]: symmetric hypergraphs do not lead to good error correction codes for independent

error models, at least for up to 30 qubits. The demonstration of this follows the standard way of

building an error correcting code thorough the satisfaction of the Knill-Laflamme condition [88].

For each symmetric N-node hypergraph state |H〉, i.e. a state that does not change under any

permutation of its nodes, a hypergraph basis of the space H composed of orthogonal symmetric

hypergraph states is defined:

(5.34) B|H〉 = { (
∏
i∈I

Ẑi) |H〉 | I ⊆ {1, ..., N} }.

For protection against errors a quantum code C based on the above hypergraph basis, subspace

of the larger Hilbert space H , has to satisfy the Knill-Laflamme condition: C is said to correct

the quantum operation ε : H −→ H described by the Kraus operators Ek if exists a quantum

recovery operation R : H −→ H with the property that R ◦ ε(∣∣ψ〉〈
ψ

∣∣) ∝ ∣∣ψ〉〈
ψ

∣∣ for all
∣∣ψ〉 ∈ C.

This is translated in mathematical terms with the following: a recovery operation R correcting ε

exists if and only if for all |bl〉 , |bm〉 ∈ B and any E i,E j the following holds

(5.35) 〈bl |E†
i E j |bm〉 =

0 if l 6= m

αi j if l = m

for some complex numbers αi j, only depending on i and j. Intuitively, this condition can be

explained from the fact that if each error is individually identifiable, then it must send the

encoded information into orthogonal subspaces. Such a code C is said to have a distance d if the

above condition is fulfilled for any operator E = E†
i E j that acts non-trivially on strictly less than

d qubits. A d-distance code can correct all independent errors on up to (d−1)/2 qubits. So to be

useful a distance of at least 3 is required. A systematic search for codes up to 30 qubits fulfilling

this condition has lead to the conclusion that no code based on symmetric hypergraphs on less

than 30 qubits has a distance of 3 or higher [172]. New investigations might be needed for the

study of error correction with non-symmetric hypergraph codes. For standard graph states it
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was proved analytically that no symmetric graph code with a distance of 3 or more exists for any

number of qubits, so that all the existing graph codes are actually non-symmetric. It is still an

open question whether non-symmetric hypergraph codes would have a better performance than

symmetrical codes, or non-symmetrical existing graph codes.

5.5.2 Correction of correlated errors

More recently, it was shown that symmetric hypergraph states can still be useful for error

correction, however only in certain correlated errors scenarios [98]. Any symmetric hypergraph

state, with non-trivial local Pauli stabilizers, can be used to construct a code that corrects so-called

collective decoherence errors on an N-qubit system of the form U⊗N . A symmetric hypergraph with

non-trivial local Pauli stabilizers is a symmetric state - i.e. a state in which for each hyperedge e,

the set E of hyperedges contains all possible hyperedges of cardinality |e| - stabilised by one of

the following operators: X̂⊗N , −X̂⊗N or Ŷ⊗N . A code can be built starting from such a N-qubit

symmetric hypergraph state (N ≥ 3) that we will label as C = {|0〉L , |1〉L}. The |0〉L state is the

hypergraph itself, while the orthogonal logical state can be defined as |1〉L = Ẑ1Ẑ2 |0〉L. It can be

demonstrated that the system spanned by the above logical states can correct errors with Kraus

operators [98]:

(5.36) E0 = Î⊗N , E1 = X̂⊗N , E2 = Ŷ⊗N , E3 = Ẑ⊗N .

The demonstration is based on the verification of the error correction criterion [109], taking

into account the fact that both |0〉L and |1〉L have stabilisers of the form X̂⊗N , −X̂⊗N , or Ŷ⊗N .

One can check that for each pair of errors E i,E j, with 0 ≤ i, j ≤ 3, PE†
i E jP = αi jP, where

P = |0〉L 〈0|L +|1〉L 〈1|L is the projector onto the code space and the matrix αi j is Hermitian. The

explicit form of αi j is given in [98] for the three cases of non-trivial Pauli operators X̂⊗N , −X̂⊗N ,

or Ŷ⊗N . The verification of the error correction criterion follows immediately from the fact that

|0〉L and |1〉L share the same Pauli operators, are orthogonal to each other and are orthogonal to

Ẑ⊗N |0〉L and Ẑ⊗N |1〉L.

Another application of hypergraph states in the theory of error correction can be found in the

recovery from qubit loss [98]. Symmetric hypergraph states can be determined by their reduced

density matrices, obtained by tracing out one or more qubits from the state. This arises from the

fact that in hypergraphs a partial trace over a qubit does not always result in a fully separable

state, unlike GHZ states. The necessary minimum cardinality of the subsystem needed to

unambiguously recover the original state is governed by the cardinality of the smallest hyperedge

(k). Given the symmetry of the hypergraph state representing the code, a recovery of the encoded

state is possible over the loss of up to any k-1 qubits [98].
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5.6 Hypergraphs on a silicon chip

In Chapters 3 and 4 we have described and developed an architecture that combines the on-chip

generation of multiple pairs of entangled photons and the encoding of multiple qubits on individ-

ual photons to realise programmable graph states and error-correctable logical qubits. Here we

show that this architecture can be adapted for achieving the generation of hypergraph states:

simply reconfiguring the generation of single photons, their processing and their measurement,

we can realise and test a variety of hypergraph states of up to five-qubits.

Here, we will describe the procedure for their generation and their experimental verification

through stabiliser measurements. Moreover, we will show some rudimentary MBQC processes

with hypergraphs, demonstrating that their rich entanglement properties are inherently different

computational resources, that can lead to the novel MBQC schemes described in the previous

sections.

5.6.1 Hypergraphs through high-dimensional encodings

Our device can be reprogrammed to generate a variety of hypergraph states of up to five-qubits.

However, the starting point of all our hypergraph state generations is the same four-photon

four-dimensional state described in Eq. 3.8:

∣∣ψ4P4D
〉 = (|0000〉+ e−iπ/4 |0033〉+ eiπ/2 |1111〉+ |1212〉+

+ eiπ/4 |2121〉+ e−iπ/4 |2222〉+ eiπ/2 |3300〉+ eiπ/4 |3333〉)/23/2,
(5.37)

generated by pumping all the eight sources embedded in our chip and whose density matrix was

reported in Fig. 3.21. This state can be turned into a REW state of qubits, and therefore into

a hypergraph state, by the application of single qudit unitaries. Mapping each qudit into two

qubits, with the same techniques used in Chapter 3, these qudit operations are nothing else than

controlled-X̂ or controlled-Ẑ operations with target and control qubits belonging to the same

qudit, multiplied by local Pauli or Clifford operations. By mapping the action of these non-local

unitaries to operations on a graph’s topology, we are able to find a correspondence between this

post-selectable entangled state (
∣∣ψ4P4D

〉
) and a hypergraph class of entanglement. The following

unitaries can be applied to each qudit to obtain the hypergraph state shown in Fig. 5.8a:

(5.38) ÛA = Ĥ1 Ĥ2 Ẑ1 R̂Z2(−π/4) ĈX12,

(5.39) ÛB = Ĥ4 R̂Z3(π/2) R̂Z4(−π/2) ĈX34,

(5.40) ÛC = Ẑ5 R̂Z5(π/4) R̂Z6(π/2) ĈX56 ĈZ56,
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(5.41) ÛD = Ĥ7 Ĥ8 R̂Z8(−π/4) ĈX78.

Here, Ĥ is the hadamard gate, ĈX and ĈZ are controlled-X̂ and controlled-Ẑ gates operated

between qubits within the same qudit and

(5.42) R̂Zi (θ)=
(
1 0

0 eiθ

)

is a θ rotation along the Z-axis on qubit i. Here we have used the same qubit numbering

convention used in Chap. 3: qudits A, B, C and D encode qubits (1-2), (3-4), (5-6) and (7-8)

respectively.

FIGURE 5.8. Hypergraph experimental state generation. a. Eight-qubit hyper-
graph state, local-qudit equivalent to the four-photon four-dimensional entangled
state in Eq. 5.37. The clover graph state is obtained by projecting qubits 2, 4 and
8 onto |1〉. b. Effects of measuring the central qubit of the clover state in the Ẑ
basis. A measurement outcome 〈1| induces a CZ operation within vertices sharing
a hyperedge, resulting in two Bell pairs (1-4) (3-2), while projection on 〈0| induces
no operations, leaving the two Bell pairs (1-2) (3-4). c. Effects of measuring two
outer qubits of the clover state in the Ẑ basis, leading to the generation of the
Toffoli and fully-connected Toffoli hypergraphs.

From the eight-qubit hypergraph state shown in Fig. 5.8a, the five-qubit clover hypergraph state

in 5.8b can be obtained by projecting qubits 2, 4 and 8 onto |1〉. This state contains four edges of

cardinality three and two edges of cardinality two and shows a structure resembling the unit cell

of the Union Jack state [103].
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5.6.2 Hypergraph states’ experimental verification and processing

The quality of the generated clover hypergraph state can be estimated using the generalised

stabiliser formalism introduced in the previous sections. Fidelities can be simply estimated by

the mean of the state’s non-local stabiliser full set, while lower bounds on the state’s fidelities

can be estimated through the sum of the stabiliser generators (see Sec. 5.2). For state verification

purposes, we can take advantage of the convenient decompositions of non-local stabilisers into

sums of local operators, as discussed in Sec. 5.2. For the clover hypergraph state, the measured

mean of the stabiliser generators expectation values is 0.81±0.02 (see Fig. 5.9a). Despite implying

a fidelity higher than 0.53, this value is not enough to verify the presence of genuine multipartite

entanglement (an average value of at least 0.9 is required). This result can be a consequence

of the higher sensitivity to noise of the ˆ̃W witness, which requires only stabiliser generator

measurements: only 10% of white noise is tolerated. On the other side, the number of settings

needed for measuring the whole stabiliser set is too large for making the measurement of Ŵ

possible, given our experimental count rates. For this reason, we are going to keep this value as

an indication of the state’s quality and therefore test its computational capabilities by performing

trivial MBQC protocols on it.

Starting from the clover hypergraph, we can demonstrate the basic working principles of MBQC

with hypergraphs by performing Pauli measurements on subsets of its vertices. In particular, we

experimentally investigate the action of Ẑ measurements. We have seen that in hypergraph-based

MBQC a Ẑ measurement removes a physical qubit from the graph, up to non-local operations

between the vertices sharing a hyperedge with the removed qubit (see Sec. 5.4) [55, 73]. For

hyperedges of cardinality three, e.g. those present in the clover hypergraph, an outcome |1〉 in a

Ẑ measurement induces a CZ operation between the two remaining neighbours, while it induces

an identity for outcome |0〉.

This working principle is demonstrated in the results of Fig. 5.8b-c and 5.9b-c, where the states

resulting from different outcomes of Ẑ measurements on the clover state are characterised.

Measuring the central qubit of the clover leads to bi-separable states of two Bell-pairs, with

the connectivity given by the measurement outcome. By projecting the central qubit (6) onto

either |0〉 or |1〉, we obtain the Bell-pairs (1-3) (5-7) or (1-5) (3-7) as shown in Fig. 5.8b and

5.9b. By measuring their full set of stabilisers (listed in Tab. 5.2) we find identical experimental

state fidelities of 0.74±0.03. A three-qubit Toffoli hypergraph with one single hyperedge, or

a fully-connected Toffoli hypergraph, with one three-qubit hyperedge and three regular edges,

are obtained by measuring two outer vertices of the clover hypergraph. The Toffoli three-qubit

hypergraph can be generated by projecting qubits 1 and 5 onto |00〉15, while the fully-connected

Toffoli three-qubit hypergraph can be generated by projecting qubits 5 and 7 onto |11〉57 (see

Fig. 5.8c).
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FIGURE 5.9. Results for MBQC with hypergraphs. a. Clover hypergraph and mea-
sured stabiliser generators, with 0.81±0.02 mean expectation values. b. Measuring
the central qubit of the clover state in the Ẑ basis leads to two Bell pairs with
stabiliser expectation values shown below. Fidelities are both 0.74±0.03. c. Toffoli
and fully-connected Toffoli hypergraphs with their respective stabiliser measure-
ments. Fidelity estimates are 0.83±0.05 and 0.80±0.05, respectively. All error bars,
indicated as green shaded regions, are obtained assuming a Poissonian distribution
of the measured counts.

Operator Derived Stabilisers

XZXZ IIXZ, XZII, XZXZ
ZXZX IIZX, ZXII, ZXZX
YYYY YYII, IIYY, YYYY
XZZX XZZX
ZXXZ ZXXZ
YYXZ YYXZ
YYZX YYZX
XZYY XZYY
ZXYY ZXYY

TABLE 5.2. Two Bell-pairs stabiliser measurements. Operators measured for the
bi-separable state of four qubits shown in Fig. 5.9b. Here qubits (1,3) and (5,7)
are connected. The stabilisers for the other bi-separable state ((1-5) (3-7)) can
be obtained by swapping columns 2 and 3. For ease of reading we omit hats on
operators. Operators are reported with respect to the physical qubit ordering: 1, 3,
5, 7.
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The measured fidelities for these states are 0.83±0.05 and 0.80±0.05, respectively, also derived

by the stabiliser techniques described in Sec. 5.2. The operators measured to derive the full set of

stabiliser expectation values plotted in Fig. 5.9c are reported in Tabs. 5.3 and 5.4 for the Toffoli

and fully-connected Toffoli states respectively. For both of these three-qubit hypergraph states

the fidelity is such to verify the presence of genuine multipartite entanglement, holding a value

above the 0.75 threshold for witnessing a Ŵ < 0.

Operators Toffoli hypergraph derived stabilisers

XZZ S1 = (XII+XIZ+XZI−XZZ)/2, S8 = I⊗3

ZXZ S2 = (IXI+ IXZ+ZXI−ZXZ)/2
ZZX S3 = (IIX+ IZX+ZIX−ZZX)/2

XXZ, YYZ S4 = (XXI+XXZ+YYI−YYZ)/2
XZX, YZY S5 = (XIX+XZX+YIY−YZY)/2
ZXX, ZYY S6 = (IXX+ZXX+ IYY−ZYY)/2

XXX, XYY, YXY, YYX S7 = (XXX+XYY+YXY+YYX)/2

TABLE 5.3. Toffoli hypergraph stabiliser measurements. Operators measured for
deriving all the three-qubit Toffoli hypergraph state stabilisers. Thanks to the CZ
decomposition, every stabilizer generator pair-wise product (S4,S5,S6) requires
two measurement settings. S7, product of three generators, requires four local
measurements as the maximum-cardinality hyperedge is equal to 3 [58]. We never
obtain other than Pauli operators from these products. Operators are reported with
respect to the physical qubit ordering: 3, 6, 7. For ease of reading we omit hats on
operators.

Operator Fully-connected Toffoli hypergraph derived stabilisers

XZZ S1 = (−XII+XIZ+XZI+XZZ)/2, S8 = I⊗3

ZXZ S2 = (−IXI+ IXZ+ZXI+ZXZ)/2
ZZX S3 = (−IIX+ IZX+ZIX+ZZX)/2

XXZ, YYZ S4 = (XXI−XXZ+YYI+YYZ)/2
XZX, YZY S5 = (XIX−XZX+YIY+YZY)/2
ZXX, ZYY S6 = (IXX+ZXX− IYY+ZYY)/2

XXX, XYY, YXY, YYX S7 = (−XXX−XYY−YXY−YYX)/2

TABLE 5.4. Fully-connected Toffoli hypergraph stabiliser measurements. Op-
erators measured for deriving all the three-qubit fully-connected Toffoli hypergraph
state stabilisers. Operators are reported with respect to the physical qubit ordering:
1, 3, 6. For ease of reading we omit hats on operators.
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CONCLUSION

This thesis was aimed towards studying the experimental challenges faced when realising

error-correction in integrated photonics: from the generation of entangled graph state

resources on a scalable hardware, to the implementation of simple error-protected algo-

rithms. Although a number of demonstrations of medium-sized graph states, simple algorithms

and simple error correction protocols had been previously achieved, there was the need of bring-

ing these together in a practical platform, taking the next significant steps towards photonic

universal quantum computing. In this work, we have demonstrated a few key advances that lend

serious weight to the claim that graph state photonic computing in an integrated architecture

is a plausible route forwards. The performance of two silicon photonics chips was shown, both

demonstrating a broad range of implementations of measurement-based quantum computations:

high-fidelity graph state generation, simple single-qubit and two-qubit computations, algorithms

with and without error-correction encodings. Finally, the generation of so-called hypergraph

states was demonstrated to show the capabilities of these chips to go beyond the graph-state

paradigm. The large range of experiments reported, realised thanks to the chips’ versatility,

represents a step-change in the complexity of photonic quantum computing. However, this work

is just a small notch imprinted on a piece of marble that will still need to be carved out to grow

into a long-lasting statue. The experimental advances in the ability of nano-fabricating integrated

silicon devices with hundreds of linear optical elements on a single chip are promising for scaling

photonic quantum computing in the near term. But there is still a long road ahead before the

René Magritte, Empire of Light, Peggy Guggenheim Collection, Venice, Italy (1953).
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first linear optical quantum computers can be built.

The rudimentary error-correcting schemes adopted already show significant improvements, giving

us hope for near-term future designs with intermediate-scale applications. Chips able to manipu-

late 15-30 qubits, hardly conceivable only few years ago, could be now available without too much

effort, simply generalising our schemes to few more high-dimensional photons. These devices

could generate optimal codes against arbitrary one-qubit errors and against, most importantly,

photon loss, which still remains the most common source of noise in photonic computing. These

error-corrected approaches to photonic quantum computing could provide software solutions

to noise mitigation without having to rely too much on the improvement of physical quantum

hardwares, a task that could take more years to come.

In the long-term, the engineering of integrated photonic components will have to be necessarily

perfected in order to achieve large-scale photonic measurement-based quantum computing. This

will have to pass through the simultaneous implementation of heralded GHZ state generation,

state multiplexing and feed-forward, which will ultimately require the integration of fast modula-

tion and electronics on the same chips. Alongside, the study of deterministic source integration

and components’ loss minimisation will have to be resolved. These are the most important engi-

neering open problems for quantum photonics.

In the near future, we can already foresee lots of exciting and useful applications in generating

noisy intermediate-scale graph states of photonic qubits or qudits, hypergraphs of qubits and

maybe even hypergraphs of qudits, realising the most general computing resource. The ability

to manipulate large entangled quantum states of light by integrated devices may open new

perspectives both for fundamental tests of quantum mechanics and for novel technological

applications, of which we can only have very limited glimpse.
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A.1 The Pauli group

The set of gates of principal interest in quantum information is the Pauli group Pn on n qubits.

For a single qubit, the Pauli group consists of all the Pauli matrices, together with multiplicative

factors ±1 and ±i:

(A.1) P1 ≡ {±Î,±iÎ,±X̂ ,±iX̂ ,±Ŷ ,±iŶ ,±Ẑ,±iẐ},

where

(A.2) Î=
(
1 0

0 1

)
, X̂ =

(
0 1

1 0

)
, Ŷ =

(
0 −i

i 0

)
Ẑ =

(
1 0

0 −1

)
.

This set of matrices forms a group under the operation of matrix multiplication: the multiplicative

factors ±1 and,±i are included to ensure that P1 is closed under multiplication, and thus forms a

legitimate group. For these operators, the following properties hold:

(A.3) [X̂ , Ŷ ]= 2iẐ, [Ẑ, X̂ ]= 2iŶ , [Ŷ , Ẑ]= 2iX̂ ,

(A.4) {X̂ , Ŷ }= 0, {Ẑ, X̂ }= 0, {Ŷ , Ẑ}= 0,

therefore

(A.5) X̂ Ŷ = iZ, Ẑ X̂ = iY , Ŷ Ẑ = iX .

The general Pauli group Pn on n qubits is defined to consist of all n-fold tensor products of Pauli

matrices, again with multiplicative factors ±1 and ±i.
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A.2 The Clifford group

Another group of quantum gates plays an important role in quantum computing and the theory

of fault-tolerance: the Clifford group. It is defined as:

(A.6) C2,n ≡ {Û ∈U(2n) | ÛP̂Û† ∈ Pn ∀P̂ ∈ Pn},

From this definition we can see that the Clifford group is the normalizer of Pn in the unitary

group U(2n), preserving the Pauli group operators under conjugation. In other words, Clifford

gates act on the elements of the Pauli group transforming them in elements of the Pauli group

itself. The Clifford group contains some very common quantum gates, such as the Hadamard

transformation (Ĥ), the π/4 phase rotation (P̂) and the controlled-NOT gate ( ˆCX ):

(A.7) Ĥ = 1p
2

(
1 1

1 −1

)
, P̂=

(
1 0

0 i

)
, ˆCX =


1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0

 .

It turns out that the Clifford group is generated by these three matrices. As an example, the

Hadamard gate transforms Pauli matrices in the following way:

(A.8) X̂ → Ẑ, Ẑ → X̂ and Ŷ = iX̂ Ẑ → iẐ X̂ =−Ŷ .

In general, to specify a Clifford group operator Û, it is sufficient to indicate its action on a

generating set for the Pauli group, such as X̂ and Ẑ acting on each of the n qubits. This is true

because the Pauli group forms a basis for the 2n ×2n matrices, allowing us to learn the action of

U on any projector.

A.3 The Clifford hierarchy

Ultimately, one could think that also the Clifford group would have a set of gates that transform

the Pauli group in the Clifford group itself, and so on for groups of gates of increasing complexity.

In general a classification exists for indicating these sets: the Clifford hierarchy of unitary

gates [66]. The unitary gates in the kth level of the Clifford hierarchy Ck,n, acting on n qubits,

are defined inductively, with C1,n consisting of tensor products of Pauli operators (C1,n ≡ Pn), and

(A.9) Ck+1,n ≡ {Û | ÛP̂Û† ∈ Ck,n ∀P̂ ∈ C1,n},

where now the pedix indicates the level of the Clifford hierarchy, and the number of qubits is

assumed to be n. Gates in C2,n form the already defined Clifford group. Gates in C3,3 contain for

example the Toffoli ( ˆCCX gate) and the ˆCCZ gate. These are three-qubit controlled-controlled-Û

gates defined as:
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(A.10) ˆCCX = 1p
2



1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 1

0 0 0 0 0 0 1 0


, ˆCCZ =



1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 −1


.

If the first two qubits are in the state |11〉 they apply a Pauli X̂ or Ẑ on the third qubit respectively,

otherwise they apply the identity. The Toffoli gate forms a universal set for quantum computation

together with the Hadamard gate.
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EVOLUTION OF OPEN QUANTUM SYSTEMS AND

COMMON NOISE CHANNELS

To describe quantum noise we need to introduce a formalism to describe the interactions

of a quantum system with the outside world, i.e. a formalism to describe open quantum

systems [109]. Given a quantum state, defined in terms of the density matrix ρ, its

evolution can be described by a map ε, such that

(B.1) ρ′ = ε(ρ).

This map can be composed of a unitary transformation ε(ρ)=UρU†, in the case of closed systems,

or can be composed of a sum of operators, in the case of open systems. If we define a basis for the

fictitious state space of the environment, |ek〉, and define the initial state of the environment as

a pure (or anyway purifyable) state ρenv = |e0〉〈e0|, the dynamics experienced by the principal

quantum system ρ can be written as:

(B.2) ε(ρ)=∑
k
〈ek|U

[
ρ⊗|e0〉〈e0|

]
U† |ek〉 =

∑
k

EkρE†
k,

where Ek = 〈ek|U |e0〉 is an operator that acts on the state space of the principal system. Equa-

tion B.2 is known as the operator-sum representation of ε and the operators Ek are known as the

Kraus operation elements for the quantum operation ε.

The Kraus operators satisfy an important constraint, known as the completeness relation, which

arises from the requirement that the trace of ε(ρ) has to be equal to one for all ρ:

(B.3) 1=Tr
[
ε(ρ)

]
=Tr

[∑
k

EkρE†
k

]
=Tr

[∑
k

E†
kEkρ

]
→ ∑

k
E†

kEk = I.
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These are quantum operations which are trace-preserving. The operator-sum representation is

very useful because it gives us a way of characterizing the dynamics of the principal system

without having to explicitly consider the environment properties; all that we need to know is

fully contained into the operators Ek, which act on the principal system alone.

Here are some examples of common noise channels, which can be described as Kraus maps.

Depolarising channel

A depolarising channel is a map acting on the state space of one qubit. It depolarises ρ with

probability p, meaning that it replaces it by the completely mixed state, Î/2, while with probability

(1− p) the qubit is left untouched. The state after the action of the noise map is:

(B.4) ε(ρ)= p
Î
2
+ (1− p)ρ.

This channel has the effect of uniformly contracting the Bloch sphere by a factor p towards its

centre. By noting that Î/2= ρ+X̂ρ X̂+ŶρŶ+ẐρẐ
4 , then

(B.5) ε(ρ)=
(
1− 3p

4

)
ρ+ p

4

(
X̂ρ X̂ + ŶρŶ + ẐρẐ

)
,

showing that its Kraus operators {Ek} are:

(B.6) E0 =
√

1− 3p
4

Î, E1 =
pp
2

X̂ , E2 =
pp
2

Ŷ , E3 =
pp
2

Ẑ.

Bit flip channel

The bit flip map flips the state of a qubit from |0〉 to |1〉, and viceversa, with probability p. We can

express its action on the density matrix of a one qubit system as:

(B.7) ε(ρ)= p X̂ρ X̂ + (1− p)ρ.

We can express it through its Kraus elements:

(B.8) E0 =p
p X̂ , E1 =

√
1− p Î.

The effect of the bit flip channel on the Bloch sphere can be seen as a contraction on the Ŷ − Ẑ

plane by a factor p, having the states on the X̂ axis left unchanged.

Phase flip channel

The phase flip map induces a π phase to the state of a qubit (|1〉 goes to −|1〉) with probability p.

Its action on the density matrix can be written as:

(B.9) ε(ρ)= p ẐρẐ+ (1− p)ρ.
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We can express it through its Kraus elements:

(B.10) E0 =p
p Ẑ, E1 =

√
(1− p) Î.

Geometrically, the effect of a phase flip channel on the Bloch sphere can be seen as a contraction

on the X̂ − Ŷ plane by a factor p, with the states on the Ẑ axis left unchanged.
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DATA ANALYSIS FOR COMPARING PEA
LOGICAL AND PHYSICAL IMPLEMENTATIONS

Here, we describe in more details the analysis performed to obtain the confidence level of

achieving higher success probability when performing the phase estimation algorithm with

logical qubits compared the the physical qubits implementation (see Fig. 4.9 of the main text).

We use a Monte-Carlo approach assuming binomial statistics of the photon counting events

associated to each bit (i.e. the bars in Fig. 4.9c of the main text). The probability pi of obtaining a

value 0 in the i-th bit is taken as the ratio between the number of measured events n0,i associated

to the 0 outcome over the total number of events ni = n0,i +n1,i for that bit, with n1,i the number

of events associated to the outcome 1. In a single round of the Monte-Carlo simulation, for each

bit the number of events in 0 and 1 are resampled using a binomial distribution with number

of independent events ni and success probability pi and (1− pi), respectively, and the phases

calculated using these resampled values. The resampling is performed for both the logical and

physical qubits data, and we then we calculate the number NLog and NPhys of correct phases

obtained in resampled values for the logical and physical case, respectively. If NLog > NPhys, we

consider the round “won” by the logical implementations, and by the physical implementation

otherwise. After repeating this procedure for a large number N of rounds (N = 104 in our

analysis), the ratio between the number of rounds won with the logical case and the total number

of rounds estimates the probability that the logical implementation provides better success rates

compared to the physical one in this Monte-Carlo simulation. This probability represents our

estimate for the confidence level of achieving higher success probability when performing the

phase estimation algorithm with logical qubits. Using the data in Fig. 4.9c of the main text, the
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confidence level obtained with this analysis is 98%.
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J. TURA, R. AUGUSIAK, L. MANČINSKA, D. BACCO, D. BONNEAU, J. W. SILVER-

STONE, Q. GONG, A. ACÍN, K. ROTTWITT, L. K. OXENLØWE, J. L. O’BRIEN, A. LAING,

AND M. G. THOMPSON, Multidimensional quantum entanglement with large-scale

integrated optics, Science, 360 (2018), pp. 285–291.

[175] X.-L. WANG, L.-K. CHEN, W. LI, H.-L. HUANG, C. LIU, C. CHEN, Y.-H. LUO, Z.-E. SU,

D. WU, Z.-D. LI, H. LU, Y. HU, X. JIANG, C.-Z. PENG, L. LI, N.-L. LIU, Y.-A. CHEN,

C.-Y. LU, AND J.-W. PAN, Experimental ten-photon entanglement, Phys. Rev. Lett., 117

(2016), p. 210502.

[176] Y. WANG, Y. LI, Z. YIN, AND B. ZENG, 16-qubit ibm universal quantum computer can be

fully entangled, npj Quantum Information, 4 (2018), pp. 1–6.

182



BIBLIOGRAPHY

[177] T.-C. WEI, Quantum computational universality of affleck-kennedy-lieb-tasaki states beyond

the honeycomb lattice, Physical Review A, 88 (2013), p. 062307.

[178] T.-C. WEI, I. AFFLECK, AND R. RAUSSENDORF, Affleck-kennedy-lieb-tasaki state on a

honeycomb lattice is a universal quantum computational resource, Physical review

letters, 106 (2011), p. 070501.

[179] T.-C. WEI AND R. RAUSSENDORF, Universal measurement-based quantum computation

with spin-2 affleck-kennedy-lieb-tasaki states, Physical Review A, 92 (2015), p. 012310.

[180] X.-C. YAO, T.-X. WANG, P. XU, H. LU, G.-S. PAN, X.-H. BAO, C.-Z. PENG, C.-Y. LU, Y.-A.

CHEN, AND J.-W. PAN, Observation of eight-photon entanglement, Nature photonics, 6

(2012), pp. 225–228.

[181] C. ZHANG, Y.-F. HUANG, B.-H. LIU, C.-F. LI, AND G.-C. GUO, Experimental generation of

a high-fidelity four-photon linear cluster state, Physical Review A, 93 (2016), p. 062329.

[182] Q. ZHANG, X.-H. BAO, C.-Y. LU, X.-Q. ZHOU, T. YANG, T. RUDOLPH, AND J.-W. PAN,

Demonstration of a scheme for the generation of “event-ready” entangled photon pairs

from a single-photon source, Physical Review A, 77 (2008), p. 062316.

[183] M. ZWERGER, H. J. BRIEGEL, AND W. DÜR, Hybrid architecture for encoded measurement-

based quantum computation, Scientific Reports, 4 (2014).

183




	List of Tables
	List of Figures
	Introduction
	Background
	Quantum information processing with linear optics
	Single photons for qubit encodings
	Linear optical building blocks
	Architectures for large scale devices
	NISQ devices

	Quantum computing with graph states
	Graph states and the stabiliser formalism
	Fidelity estimates in the stabiliser formalism
	Graph state classes and local complementation rules
	Mermin tests and entanglement witnesses in the stabiliser formalism
	Qubit operations in the measurement-based approach
	Universality of the measurement-based approach

	Protecting quantum states: quantum error correction essentials
	Simple codes for simple noisy channels
	Correcting a continuum of errors
	General properties of codes
	Notable quantum codes
	Stabiliser quantum codes
	Fault-tolerant quantum computation

	A silicon photonics platform for quantum computing
	Integrated optical components in silicon
	Large-scale integrated optical circuits


	Graph states: on-chip generation and measurement
	Arbitrary four-qubit graph state experiment
	Four-qubit four-photon chip
	Experimental setup details
	Device performance
	Heralded HOM interference
	Bell pairs' characterisation
	Graph states' characterisation
	Mermin multipartite non-locality tests 
	Basics of measurement-based quantum computing
	Understanding the device's performance
	Discussion: performance optimisation

	Eight-qubit graph state experiment
	Eight-qubit four-photon chip
	Device and experimental setup details
	Source characterisation and heralded HOM interference
	Two-photon d-dimensional state characterisation
	Four-photon four-dimensional state characterisation
	A zoo of graph states
	Measurement-based quantum gates
	Discussion: the necessity of logical qubits


	Logical graph states: encodings and their applications
	Error-correcting codes in graph states
	Graph codes
	The five qubit code reinterpreted
	Qudit graph codes and AME states

	Quantum information processing with logical graph states
	Logical computational resources
	Crazy graph states: error-protected single-qubit gates
	Double-branched graph states: error-corrected teleportation
	Experimental quantum algorithms on physical and logical graphs

	Discussion: mapping between physical error models and logical errors
	Discussion: future graph state explorations

	Hypergraph states
	Definition and non-local stabiliser formalism
	Generalised controlled-phase gates
	Mathematical definition of hypergraph states
	Generalised stabiliser formalism

	Hypergraph states' characterisation and verification
	Equivalence of hypergraphs under unitary transformations
	Non-local complementation in hypergraphs
	Local unitary operations in hypergraphs
	Non-local unitary operations in hypergraphs

	Measurement-based quantum computing with hypergraph states
	Universality of hypergraph-based quantum computing
	Pauli measurement rules

	Hypergraphs and error-correcting codes
	Correction of independent errors
	Correction of correlated errors

	Hypergraphs on a silicon chip
	Hypergraphs through high-dimensional encodings
	Hypergraph states' experimental verification and processing


	Conclusion
	Clifford hierarchy of quantum gates
	The Pauli group
	The Clifford group
	The Clifford hierarchy

	Evolution of open quantum systems and  common noise channels
	Data analysis for comparing PEA  logical and physical implementations
	Bibliography

