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Abstract

In previous work, we suggested a single-parameter hybrid functional containing a

novel correlation contribution based on the Unsöld approximation, UW12. This model

resembles the explicitly correlated part of MP2-F12 theory and can be written as an

explicit formula in terms of the single-particle reduced density matrix. Here we further

investigate hybrid functionals containing UW12 correlation, and in particular look at

functionals with a large fractions of exact exchange to reduce the self-interaction error.

We suggest two new hybrid functionals B-LYP-osUW12 and fB-LYP-osUW12. On

the test sets we use, our best hybrid functional overall (B-LYP-osUW12) is of similar

accuracy to the best double hybrids considered, while eliminating the need for virtual

orbitals.

1 Introduction

Density functional theory (DFT)1,2 has become the most widely used electronic structure

method. While exact in principle, approximate functionals are used for all practical com-
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putations. These approximations are usually relatively simple and are considered accurate

enough for many chemical properties.

In (generalized) Kohn-Sham DFT,2,3 all terms are calculated exactly except the exchange

and correlation, which must be evaluated using approximate exchange correlation (xc) func-

tionals. While there is no systematic way to improve these approximate functionals, they

are often classified by their position on Jacob’s Ladder.4 Functionals higher up the ladder

depend on more variables, and ascending the ladder is broadly associated with improved

accuracy. Functionals on the lowest rung depend solely on the local value of the electron

density, and higher rungs incorporate first and then second derivatives of the density. By

the fourth rung, explicit dependence on the occupied Kohn-Sham orbitals is introduced, of-

ten through inclusion of a portion of exact Hartree-Fock exchange.5 Finally, functionals on

the fifth rung additionally depend on virtual (unoccupied) orbitals, typically including some

form of non-local correlation such as Görling-Levy perturbation theory (GLPT),6,7 or the

random-phase approximation (RPA).8

Double-hybrid density functionals9 constitute an important class of fifth-rung functionals,

and use second-order Møller-Plesset perturbation theory (MP2) to supply the non-local

correlation contribution. The MP2 correlation energy can be written

EMP2
c =

1

2

∑
ijab

T ijab
〈
ab
∣∣r−112

∣∣ ij〉 (1)

where i, j label occupied orbitals; a, b label virtual (unoccupied) orbitals; and the double-

excitation amplitudes T ijab are given by

T ijab = −
〈
ij
∣∣r−112

∣∣ ab〉
εa + εb − εi − εj

, (2)

with
∣∣ab〉 = |ab〉 − |ba〉 and orbital energies εi.

In most double-hybrid functionals this contribution is treated non-self consistently; in-

stead the remaining terms are used in the self-consistent-field (SCF) optimization, and a
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portion of EMP2
c is added as a post-SCF correction. Many more recent double hybrids use

an entirely different functional for orbital optimization (usually a hybrid functional), with

the double-hybrid expression only used to calculated the final energy. This method was

first used for the XYG3 functional.10,11 Orbital-optimized double hybrids have been devel-

oped,12–14 and offer some improvement over standard double hybrids.15,16 That said, the

orbital optimization scheme is not trivial to implement, so most double hybrids have not fol-

lowed this approach. More seriously, the MP2 energy expression is not bound below, so any

optimization procedure must simply be locating a local minimum. The unbounded nature

of the problem can be seen by considering the effect of an orbital rotation that brings an

occupied and virtual orbital into degeneracy.

Double hybrid functionals offer significant improvements over standard hybrids, with

improved descriptions of many molecular properties, making them the most accurate den-

sity functionals currently available.17 However, they have a number of disadvantages not

present in standard hybrid functionals. MP2 is not bound below in metals, bond-breaking

situations, or as discussed above, on orbital optimization, and double hybrids inherit these

deficiencies. Addition of MP2 also introduces dependence on virtual orbitals, bringing along

slow basis-set convergence — a problem usually associated with wavefunction-based correla-

tion methods. Additionally, they have increased computational scaling compared to standard

hybrids, formally scaling as N5. Finally, use of non-stationary orbitals also leads to problems

for spin-unrestricted calculations and calculation of first-order properties.18

Despite the large number of exchange-correlation functionals now available, there are still

multiple problems encountered when using these approximations. One of the most significant

sources of error is the self-interaction error (SIE). For a system with one electron or less, the

electron-electron interaction energy should be zero. Therefore, the sum of the Coulomb and

exchange-correlation energies should vanish

J [ρ] + Exc[ρ] = 0 (3)
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for all electron densities ρ satisfying
∫
ρ ≤ 1. However, approximate exchange-correlation

functionals typically break this condition, and the resulting energy error defines the one-

electron SIE. This error is also present in many-electron systems, though it is difficult to

distinguish from the many-electron SIE effects.19

Delocalization error is a related concept, and is defined using the error in approximate

functionals when describing systems with fractional charge.20 The exact ground-state energy

of a system varies in a piecewise-linear way with electron number, such that21

E(N + δ) = (1− δ)E(N) + δE(N + 1) (4)

for integer N and 0 ≤ δ ≤ 1. Note that this equation results in derivative discontinuities at

integer electron numbers due to the piecewise linear behavior.

Approximate density functionals do not satisfy this condition, underestimating the energy

at fractional values and as such suffer from ‘delocalization error’. This term is used since the

phenomena is most readily observed in systems where electrons become delocalized, resulting

in fractionally charged fragments.

Despite efforts to eliminate self-interaction and delocalization errors, they are still one of

the major limitations of current density functionals.22 However, double-hybrid functionals

have achieved some success at reducing these errors.11,17 In this work, we aim to achieve

similar success using hybrid functionals incorporating our UW12 correlation model, thereby

avoiding the drawbacks of MP2-based double hybrids.

2 Theory

We previously defined the UW12 correlation energy as23

EUW12
c =

1

2

∑
ijab

〈
ij |w12| ab

〉 〈
ab
∣∣r−112

∣∣ ij〉 (5)
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where w12 is a two-particle ‘geminal’ operator. The expression resembles MP2 (equations (1)

and (2)) with the double excitation amplitudes replaced by

T ijab =
〈
ij |w12| ab

〉
, (6)

making the UW12 energy independent of the orbital energies.

Removing the energy denominator makes it possible to eliminate the sum over virtuals,

in exactly the way that Unsöld did in the constant-denominator approximation. As a result

the energy can be written in a form which depends only on the occupied Kohn-Sham spin-

orbitals {φi}:

EUW12
c = EUW12

c,2el + EUW12
c,3el + EUW12

c,4el (7)

where the two-, three-, and four-electron terms are given by

EUW12
c,2el =

1

2

∑
ij

〈
ij
∣∣w12r

−1
12

∣∣ ij〉 (8)

EUW12
c,3el = −

∑
ijk

〈
ijk
∣∣w12r

−1
23

∣∣ kji〉 (9)

EUW12
c,4el =

1

2

∑
ijkl

〈
ij |w12| kl

〉 〈
kl
∣∣r−112

∣∣ ij〉 . (10)

Since this UW12 energy depends only on the occupied orbitals, the basis set convergence

is faster than for the MP2 energy expression. Orbital optimization also becomes trivial as the

energy is now a specific, simple formula in terms of the one-particle reduced density matrix,

and there is no energy denominator that can lead to divergence. The geminal operator w12

is chosen to be a function of the inter-electronic distance r12 and the total spin of the two

electrons s12 = δσ1σ2 . We use a Slater-type geminal commonly used in explicitly correlated

methods24–26

w12 = − 1

2(s12 + 1)
rc exp

[
−r12
rc

]
(11)

with a single length-scale parameter rc.
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Using this approximation, we created a new functional with parameters based on BH&HLYP

and B2-PLYP; the first hybrid and double hybrid functionals introduced.5,9 This functional,

XCH-BLYP-UW12

EXCH-BLYP-UW12
xc =

1

2
EB88

x +
1

2
EHF

x +
3

4
ELYP

c +
1

4
EUW12,rc

c , (12)

was shown to be accurate for atomization energies and reaction barrier heights, despite

containing only a single parameter, empirically set to rc = 1.7 a0. The functional also

contains a larger fraction of exact exchange (aHF
x = 0.5) than standard hybrid functionals

such as B3LYP (aHF
x = 0.2) and PBE0 (aHF

x = 0.25).27–29

More recent double hybrid functionals such as DSD-BLYP, and XYG3 contain even larger

fractions of exact exchange, around 0.75 and 0.80 respectively30.10,31,32 This gives other

advantages over global single-hybrids by reducing the self-interaction error in the functional.

Here we investigate a UW12 functional containing a large fraction of exact exchange to

minimize the amount of self-interaction; while studying the effect on the overall accuracy of

the functional.

We limit ourselves to considering only GGA density functionals for the local exchange–

correlation, namely Becke’s 1988 (B88) exchange functional and Lee-Yang-Parr (LYP) cor-

relation.33,34 In principle, any similar semi-local exchange and correlation functionals could

be used for the density functional part of the hybrids,35 and could be optimized alongside

other parameters. We had previously looked at PBE based functionals for which results

were similar. We also consider only global hybrid functionals with fixed fractions of exact

exchange and UW12 correlation.

Many modern double-hybrid functionals use meta-GGA exchange-correlation terms or

range-separated exchange, such as the recent ωB97M(2) functional.36 This 14-parameter

functional uses a combinatorial optimization procedure to expand the exchange-correlation

functionals into a Becke-Handy power series.37,38 However, our intent here is to evaluate

6



functionals containing a minimal number of parameters to assess the accuracy of UW12 as

a correlation approximation combined with standard density functional components. More

extensive parameterization could be applied to UW12 functionals in the future. In order

to assess the accuracy of our functional, we compare to similarly constructed double-hybrid

functionals (BLYP based global hybrids).

2.1 Frozen Core Approximation

Previously, we calculated the UW12 correlation energy for all electrons in the system. How-

ever, most correlation methods employ the frozen-core approximation where only the valence

electrons are correlated. For double hybrids, the frozen-core approximation has a minimal

effect on results, assuming that parameters are re-optimized for the frozen-core case.31 Our

incentive here is to avoid having to compromise the length-scale parameter rc between va-

lence and core electrons; for this reason we use the frozen-core UW12 approximation unless

otherwise noted.

For UW12, the frozen-core energy is defined by equation (5) with occupied orbitals i, j

summed only over the active (valence) orbitals. However, in order to remove the virtual

orbitals, we use the identity

∑
ab

∣∣ab〉 〈ab| = ∑
pq

|pq〉 〈pq|+
∑
kl

∣∣kl〉 〈kl| −∑
kp

∣∣kp〉 〈kp| −∑
kp

∣∣pk〉 〈pk| , (13)

for a complete space of virtual orbitals a, b, occupied orbitals k, l, and the full set of orbitals

p, q; the summations involving occupied orbitals include both core and valence orbitals. The

resulting two-, three-, and four-electron terms, previously shown in equations (8) to (10),
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become:

EUW12
c,2el =

1

2

∑
i,j∈val.

〈
ij
∣∣w12r

−1
12

∣∣ ij〉 (14)

EUW12
c,3el = −

∑
i,j∈val.
k∈occ.

〈
ijk
∣∣w12r

−1
23

∣∣ kji〉 (15)

EUW12
c,4el =

1

2

∑
i,j∈val.
k,l∈occ.

〈
ij |w12| kl

〉 〈
kl
∣∣r−112

∣∣ ij〉 . (16)

2.2 Spin-Component Scaling

Spin-component scaling (SCS) scales the opposite and same spin contributions to the corre-

lation by different values. Following the introduction of spin-component scaled SCS-MP2,39

this approach has been applied to various correlation methods.40 Early double hybrid func-

tionals such as B2-PLYP use the standard MP2 expression.9 More recent double hybrids

utilize spin-scaling, notably the DSD-DFT-type double hybrids.31,32,41 These functionals of-

fer some additional improvement over basic double hybrids.17

Spin scaling can alternatively be applied such that the same-spin contribution is neglected

altogether — this is known as scaled-opposite-spin (SOS) or opposite-spin only.42 This ap-

proach is often used with double hybrids to reduce the overall scaling of the method,32,43–45

and it has been shown that this can be done without significant loss of accuracy. In addition,

most RPA-based methods in DFT are opposite-spin only.8,40,46 In this work we include only

the opposite spin (s12 = 0) component of UW12. For this model, the amplitudes are now

given by

T ijab = 〈ij |w12| ab〉 (17)

with the geminal function

w12 =


−1

2
rc exp

[
− r12

rc

]
s12 = 0

0 s12 = 1

(18)
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Previously, we used the constraints that aLYP
c + aUW12

c = 1 and aUW12
c =

(
aHF
x

)2
; here we

relax these restraints and allow the opposite spin UW12 factor to be an adjustable parameter,

aUW12,os
c .

2.3 Empirical Dispersion

Dispersion corrections in DFT are important for the description of non-bonding (long-range)

interactions. In particular, most standard density functional approximations do not provide

an adequate description of non-local dispersion forces.47,48 Performance of double-hybrids

has been shown to improve by using an empirical dispersion term.32,49

In this paper, we consider the effect of a DFT-D3(BJ) dispersion correction with Becke-

Johnson damping.50–52 In this method, the dispersion correction is given by

E
D3(BJ)
disp = −1

2

∑
A 6=B

∑
n=6,8

sn
CAB

(n)

Rn
AB

f
(n)
damp(RAB) (19)

for interatomic distances RAB, scale factors sn, dispersion coefficients CAB
(n) , and Becke-

Johnson damping function f
(n)
damp given by

f
(n)
damp(RAB) =

Rn
AB

Rn
AB + (a1R0

AB + a2)n
, (20)

for parameters a1, a2, and R0
AB =

√
CAB

8 /CAB
6 . The more recent D4 dispersion model uses

a similar form with an updated scheme for computing C6 coefficients53.54

Formally, the s6 parameter should be equal to one. However, for double hybrids it

must be optimised since some long-range behaviour is captured by the MP2 term. This is

due to the coulomb operator in the two-electron integrals which results in a leading order

correction ∼ 1/R3, resulting in the correct ∼ 1/R6 behaviour for the overall energy.55–57

For the UW12 approximation, this correct long-range behaviour is not replicated, since the

Coulomb operator is replaced by the UW12 geminal operator in one of the integrals. For
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the case of a Slater-type geminal, the geminal operator acts over a much shorter range than

the Coulomb term, making UW12 a short-range theory.

2.4 UW12 Hybrid Functionals

We define a new functional form: B-LYP-osUW12(-D3BJ)

EB-LYP-osUW12
xc = (1− aHF

x )EB88
x + axE

HF
x + aLYP

c ELYP
c + aUW12

c,s=0 E
UW12,rc
c,s=0 (+ED3BJ) (21)

This functional contains opposite spin UW12 only and resembles the DOD-BLYP double-

hybrid,32 with UW12 correlation instead of MP2. This new functional contains four ad-

justable (non-dispersion) parameters, a similar number to many double-hybrid functionals.

2.5 Orbital Optimization

Unlike MP2, the UW12 energy is an explicit formula in terms of the one-particle reduced

density matrix. As a result, the orbitals in a UW12 calculation may be optimized fully self-

consistently, and the Fock matrix can be evaluated (using density-fitting) in a computational

time which scales formally with system size as N4.23 This is the same formal scaling as the

HF exchange energy.

In this work, orbital optimization was not performed during fitting. Instead each com-

ponent in the energy expression was evaluated for fixed B3LYP orbitals.58 The XYG3 type

of double hybrid functionals are calculated in this way,10,11 as well as ωB97M(2) among oth-

ers.36 Fitting the parameters in this way simplifies the procedure, but has the disadvantage

that the resulting functional may not be as accurate as if the parameters were adjusted in

conjunction with the orbital-optimization. In future we hope to include orbital-optimization

in the parameterization, a standard procedure for many double-hybrid functionals.59 Once

the functional parameters have been optimized; the self-consistent results may be calculated.

We later show that the energy differences observed by changing to the minimized orbitals
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has only a small effect on results in most cases.

3 Computational Details

The test sets used in this paper are subsets of the GMTKN30 and GMTKN55 databases.17,43

The test sets used cover a range of molecular properties, and all geometries and reference

values were taken from the Mulliken Center website.60 The complete list of test sets included

in this paper is given in the supporting information.

For comparison between correlation energies, molecules from the G2/97 test set were used,

which were optimized at the MP2(full)/6-31G∗ level.61–63 64 GMTKN30 double-hybrid and

SIE4x4 coupled-cluster calculations were performed in Molpro.65–68 Density-fitted coupled-

cluster calculations on the G2/97 test set were performed in Psi4.69,70 HF, MP2 and FCI

potential energy scans of H2 were performed in PySCF.71,72 All other calculations were

performed in Entos Qcore unless otherwise stated.73,74 Fractional calculations on atomic ions

used the aug-cc-pV(Q+d)Z basis set,,75–79 calculations for the G21EA,80 IL16 and AHB2181

use the aug-cc-pVQZ basis set. All other calculations use the Def2-QZVP basis set along

with the associated auxiliary basis sets for density fitting.82–84 Quadruple-zeta basis sets are

used to allow direct comparison with double hybrid functionals. Grid based calculations use

the Neese fixed prune quadrature grids85;86 in addition grids in Entos Qcore use a modified

Becke partitioning for construction of the quadrature grid.87

All double-hybrid and UW12 functionals use the frozen-core approximation when corre-

lating electrons, except for XCH-BLYP-UW12 which was not optimized using the frozen-core

approximation.

4 Results and Discussion

The aims of this section are: to show that the UW12 method can be used to approximate

accurate correlation energies (section 4.1); to optimize UW12 based functionals to achieve
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double-hybrid levels of accuracy (section 4.2); to study self-interaction and delocalization

errors of the new functionals (section 4.3).

In order to assess the accuracy of the functionals, we compare to a number of established

hybrid and double-hybrid functionals, namely: B2-PLYP,9 B3LYP,27,28 DOD-BLYP,88 DSD-

BLYP,89 XYGJ-OS.90 We study the accuracy of these both with and without dispersion.

In addition we also compare to three MP2 methods: standard MP2,91 SCS-MP2,39 and

SOS-MP2.42

4.1 Correlation Energy

A major aim in using the UW12 approximation is to be able to reproduce accurate correlation

energies of other wavefunction based methods. In this section we compare UW12 correlation

energies to those of MP2 and CCSD(T). For a direct comparison the UW12 correlation

energies are evaluated non-self-consistently using HF orbitals, with the energy calculated

using the ‘MP2-like’ formula given in equation (5) which includes the virtual orbitals. While

this formula is not the typical method we use to calculate the UW12 energy, it is useful for

direct comparison with MP2 and coupled cluster.

Correlation energies were calculated for all closed-shell molecules in the G2/97 test set.

Figure 1 shows the distribution of errors in the correlation energies for (unscaled) correlation

methods MP2 and UW12, as well as the opposite spin only versions. These results cover

closed-shell singlet correlation energies for molecules in the G2/97 test set using CCSD(T)

values as a reference. The range parameter used in this plot is rc = 2.6 a0 (see section 4.2),

and we note that this value has not been optimized specifically for this data.

From this plot it can be seen that UW12 results in the overall lowest error in correlation

energies compared with CCSD(T). The distribution of errors is significantly smaller than

for MP2 or osMP2. Neglecting the same-spin contribution results in a small increase in

errors, though this appears to be less pronounced for osUW12 than for osMP2, which has

the largest error and distribution of errors. The opposite spin only UW12 correlation still
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Figure 1: Plot showing the distribution of errors in the correlation energies for closed shell
G2-97 molecules calculated for each method with CCSD(T) as a reference. All values were
calculated using the Def2-QZVP basis set with density fitting. UW12 correlation energies
were calculated using the Slater-type geminal function in equation (11) with range parameter
rc = 2.6 a0. The prefix ‘os’ refers to (unscaled) opposite spin only values.

has a smaller mean error than MP2. This demonstrates that it is possible to use UW12 to

calculate correlation energies to a similar accuracy as MP2.

As an additional test of the UW12 correlation energy, we look at the dissociation of a

hydrogen molecule, for this we consider the two cases where the wavefunction is restricted

and unrestricted. Figure 2 shows the energy of the H2 molecule as a function of bond length

with correlation energies calculated using both MP2 and UW12. In the restricted case, at

short bond lengths MP2 is shown to give the correct behaviour. However, for bond distances

greater than around 5 a0, the MP2 energy behaves in a none physical way and starts to

decrease. UW12 does not replicate this behaviour and continues to behave in a physically

correct manner at large distances.

In the unrestricted case MP2 is close to the exact solution around the equilibrium bond

length. At around 2.5 a0, the MP2 energy diverges from the exact solution with a visible

discontinuity in the gradient of the curve. The error in the UW12 energy compared to the
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Figure 2: Plots showing the potential energy curves for a molecule of hydrogen calculated
using HF, MP2, UW12, and FCI, for both restricted and unrestricted cases. All energies
were calculated using the Def2-QZVP basis set. UW12 denotes the total energy of HF with
UW12, calculated using rc = 2.6 a0.

exact solution also increases in this intermediate region. However, not to the same extent as

MP2 and follows a continuous slope.

To study this further, we plot the error in the energy for each of these cases compared to

FCI. Figure 3 shows the error in the HF, MP2, and UW12 energies. This plot clearly shows

the derivative discontinuity in the MP2 energy at the Coulson-Fischer point around 2.3 a0.

The UW12 energy varies smoothly in this region, because of the self-consistent optimization.

The maximum error in HF occurs around 2.4 a0, near the Coulson-Fischer point. UW12 is

just another meanfield method, so it too has a Coulson-Fischer point, occuring around 2.9 a0.

Similarly this is close to the maximum error in the energy, however the error varies smoothly

in this region.

Overall, this illustrates that UW12 does not suffer an unphysical breakdown for the

simplest stretched bond, and the overall correlation energy does not undergo the same un-

physical derivative discontinuity as the MP2 energy. However, adding UW12 to HF does not

remove the Coulson-Fischer point, instead shifting it to a longer bond length.
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Figure 3: Plot showing error in the energy of HF, MP2, and UW12 compared to FCI as
a function of bond length.. Here, we define the UW12 energy as the fully-self-consistent
HF+UW12 energy, with UW12 calculated using range parameter rc = 2.6 a0. All values
were calculated using the Def2-QZVP basis set.

4.2 Functional optimization

In this section we look at optimizing the parameters in B-LYP-osUW12. We are looking to

create a functional with a high fraction of exact exchange, aHF
x ∼ 0.75, since this amount

has been shown to minimize the delocalization error. Therefore, we consider two cases; the

fixed case where we set aHF
x = 0.75 and optimize the remaining parameters, and the free case

where we optimize all parameters. The resulting functionals are named fB-LYP-osUW12 and

B-LYP-osUW12 respectively. We wish to analyze the effect of fixing the amount of exact

exchange compared with fitting the parameter. To study the effect of dispersion on results,

we also optimize B-LYP-osUW12 both with and without a D3BJ dispersion correction.

To fit the parameters for a given number of test sets, we sum the root mean square errors

(RMSEs) for each set, weighted by the ratio of the number of relative energies Ni in the test

set and the root mean square of the absolute reference energies of the test sets ∆ERMS. The

result is then scaled by the ratio of the mean ∆ERMS value and the total number of relative
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energies for all test sets included:

∆ =
∆ERMS∑

iNi

∑
j

Nj

∆ERMS,j

× RMSEj (22)

This procedure is somewhat similar to the WTMAD-2 proposed in Ref. 17, except using root

mean square values instead of mean absolute values. We elect to use RMSEs to optimise

the functionals rather than mean absolute errors (MAEs) as we would like to use this to

eliminate outliers, to which the RMSE is more sensitive. We will later use the MAE to

assess the accuracy of these functionals once optimized.

To evaluate the UW12 integrals, we expand the geminal function as a series of Gaussians

and optimize the coefficients for a given set of exponents using the procedure outlined in

Ref. 23. In order to optimize the functional, we calculate the unscaled contribution of each

component of the geminal expansion separately for each system.92 During fitting, the optimal

coefficients for a given range parameter rc are calculated at each step, and the total UW12

energy for each system is calculated as the sum of the (pre-calculated) energy components

weighted by the corresponding coefficient.

We apply the fitting procedure to the functionals, to minimize the value of ∆, with the

resulting optimized parameters shown in table 1. This table also shows the parameters used

Table 1: Table of parameters for the UW12 functionals. Values in bold are optimized.

aHF
x aB88

x aLYP
c aosUW12

c assUW12
c rc/a0

B-LYP-osUW12 0.57 0.43 0.43 0.43 0.00 2.6
fB-LYP-osUW12 0.75 0.25 0.12 0.76 0.00 2.0
XCH-BLYP-UW12 0.50 0.50 0.75 0.25 0.25 1.7
B-LYP-osUW12-D3BJ 0.51 0.49 0.40 0.52 0.00 1.7

in the XCH-BLYP-UW12 functional, the B-LYP-osUW12-D3BJ functional shown contains

only a leading order 1/R6 D3BJ term with damping parameters a1 = 0.0, a2 = 5.45. From

this it can be seen that the new functionals contain a much larger fraction of UW12 correla-

tion than the previous functional, combined with a much lower fraction of LYP correlation.
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Figure 4: Plot showing the value of the error measure ∆ for the considered test sets as
a function of UW12 range parameter rc for B-LYP-osUW12, fB-LYP-osUW12 and B-LYP-
osUW12-D3BJ. The remaining parameters for each functional are re-optimized at each point
with a fixed D3BJ correction for B-LYP-osUW12-D3BJ.

The ratio of these two correlations is further increased for a higher fraction of exact exchange,

with a much lower optimal amount of LYP correlation for fB-LYP-osUW12 compared with

B-LYP-osUW12. For both B-LYP-osUW12 and fB-LYP-osUW12, the optimal range pa-

rameter rc is greater than the value for XCH-BLYP-UW12. However, re-optimization of

B-LYP-osUW12 with dispersion reduces the range parameter to the same value as that of

XCH-BLYP-UW12. To illustrate this, figure 4 shows the error measure ∆ as a function of

rc for the three functionals. At each point on this plot the remaining parameters are refitted

with a fixed D3BJ correction for B-LYP-osUW12-D3BJ. The fixed fB-LYP-osUW12 func-

tional has a clear minimum at around rc = 2.0 a0, with the error rising sharply for greater rc

values. While for B-LYP-osUW12 there is no significant increase in error for rc > 2.6 a0, the

optimum value. The minimum value of ∆ for fB-LYP-osUW12 is also significantly greater

than for B-LYP-osUW12, with B-LYP-osUW12 having a lower error than the optimal fB-

LYP-osUW12 for all rc > 1.7 a0. For B-LYP-osUW12-D3BJ the minimum value of ∆ is

further reduced, with a smaller value of rc being optimal. Increasing the value of rc increases
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Figure 5: Plot showing the value of the error measure ∆ for a number of functionals in-
cluding the new UW12 hybrid functionals. Dispersion corrected functionals are shown in
bold, while non-dispersion functionals are translucent. Methods without a bold bar have
no dispersion-corrected counterpart. UW12 functionals shown are fully self-consistent. The
dispersion-corrected XCH-BLYP-UW12-D3BJ uses the B2-PYLP D3BJ correction which we
had previously done in Ref. 23. All results use the Def2-QZVP basis set.

∆, with the dispersion-free version having a lower value of ∆ for rc > 2.25 a0.

Increasing the value of rc increases the range of the UW12 correlation. Hence the greater

values of rc for non-dispersion corrected functionals are better since they help to capture some

long range behaviour. With a dispersion correction, this long-range behaviour is accounted

for so a lower value of rc is more accurate.

Figure 5 shows the optimal ∆ values for the newly optimized functionals as well as

for a number of other functionals both with and without dispersion. Notice that B-LYP-

osUW12 has the smallest ∆ value of all the non-dispersion corrected functionals considered

(∆B-LYP-osUW12 = 3.88 kcal mol−1), DSD-BLYP has the next lowest value with ∆DSD-BLYP =
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3.92 kcal mol−1. Also of note is the result for the XYGJ-OS functional (∆XYGJ-OS = 4.59 kcal mol−1),

which contains only opposite spin MP2, a high fraction of exact exchange (aHF
x = 0.7731),

and uses B3LYP orbitals with four parameters. For the fixed-exchange hybrid fB-LYP-

osUW12, the error is greater than the fully optimized B-LYP-osUW12 (∆fB-LYP-osUW12 =

5.26 kcal mol−1). However it still performs better than the B2-PLYP and DOD-BLYP func-

tionals as well the previous UW12 functional XCH-BLYP-UW12.

Looking at the dispersion-corrected functionals; a small improvement is seen for B-

LYP-osUW12-D3BJ compared to B-LYP-osUW12 (∆B-LYP-osUW12 = 3.66 kcal mol−1), while

for DSD-BLYP(D3BJ), the value of ∆ is greatly reduced to less than that of B-LYP-

osUW12-D3BJ (∆DSD-BLYP(D3BJ) = 3.06 kcal mol−1). DOD-BLYP(D3BJ) also has a value

of ∆ smaller than B-LYP-osUW12. B-LYP-osUW12-D3BJ continues to perform better than

B2-PLYP(D3BJ). However B2-PLYP(D3BJ) has a smaller value of ∆ than XCH-BLYP-

UW12-D3BJ, the two of which previously showed similar errors without dispersion. How-

ever, we note that they both use the same dispersion correction which was optimized for

B2-PLYP and not XCH-BLYP-UW12.

These result show that we are able to create UW12 hybrid functionals with double hy-

brid accuracy with our new functional B-LYP-osUW12 outperforming DSD-BLYP without

dispersion. Addition of dispersion increases the accuracy of of B-LYP-osUW12 but not as

much as it does for the double hybrids.

While the results for B-LYP-osUW12 are shown to be of high quality and were achieved

with a relatively small number of parameters, these parameters were fitted for this database.

To properly study the accuracy, we therefore use our optimized functionals on a subset of

the much larger GMTKN55 database.17 This database contains 55 test sets of which 37 are

new or extensions of previous GMTKN30 test sets. The subset we have used contains 44 of

the GMTKN55 test sets of which 30 are new or extended.

For this analysis, we use the weighted mean absolute error (MAE), which is calculated in

an analogous way to equation (22) using MAE instead of RMSE. This is done since studies

19



B
LY

P

B
3L

Y
P

B
2-

P
LY

P

D
O

D
-B

LY
P

D
S

D
-B

LY
P

X
Y

G
J-

O
S

M
P

2

S
C

S
-M

P
2

S
O

S
-M

P
2

X
C

H
-B

LY
P

-U
W

12

B
-L

Y
P

-o
sU

W
12

fB
-L

Y
P

-o
sU

W
12

0.0

2.5

5.0

7.5

10.0

12.5

15.0

17.5

20.0
W

ei
gh

te
d

M
A

E
/

kc
al

m
ol
−

1
Conventional Double Hybrid MP2 UW12 Hybrid

Figure 6: Plot showing the value of the weighted mean absolute error across 44 data sets of
the GMTKN55 database for a number of functionals including the new UW12 functionals
calculated self-consistently. Results are calculated using the Def2-QZVP basis set on 41 of
the 44 test, while the anion test sets G21EA,80 IL16 and AHB2181 use the aug-cc-pVQZ
basis set. Dispersion corrected functionals are shown in bold, while uncorrected functionals
are translucent.

focussed on the full GMTKN55 database use the WTMAD-2 metric to assess functionals

which is based on MAE. Figure 6 shows the weighted mean absolute error values for each

of the functionals both with and without dispersion. The general trend in these results is

somewhat similar to the trend in ∆ values for the GMTKN30 subset. For the dispersion

uncorrected functionals, this plot shows that B-LYP-osUW12 continues to perform better

than the XCH-BLYP-osUW12 and fB-LYP-osUW12 functionals, as well as the B2-PLYP

and DOD-BLYP functionals. However, both DSD-BLYP and XYGJ-OS display a smaller

overall error than B-LYP-osUW12 (wMAEDSD-BLYP = 3.94 kcal mol−1, wMAEXYGJ-OS =

4.05 kcal mol−1 compared to wMAEB-LYP-osUW12 = 4.44 kcal mol−1).
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Figure 7: Mean absolute errors (MAE) for the barrier heights test sets BH76,93,94

BHPERI,95–98 BHDIV10,17 BHROT27,17 PX13,99 and WCPT18.100 Chemical accuracy
(1 kcal mol−1) is indicated by the dotted lines. Dispersion corrected functionals are shown
in bold, while uncorrected functionals are translucent.

For the dispersion corrected functionals, both DSD-BLYP(D3BJ) and DOD-BLYP(D3BJ)

result in lower errors than B-LYP-osUW12-D3BJ (wMAEDSD-BLYP(D3BJ) = 3.07 kcal mol−1,

wMAEDOD-BLYP(D3BJ) = 3.48 kcal mol−1 compared to wMAEB-LYP-osUW12-D3BJ = 3.82 kcal mol−1

). However B-LYP-osUW12-D3BJ continues to perform better than B2-PLYP(D3BJ), while

the error for XCH-BLYP-UW12-D3BJ is shown to be greater than that of B2-PYLP(D3BJ).

The overall improvement in results for B-LYP-osUW12 when dispersion is included is not as

large as the improvement for DSD-BLYP.

Reaction barrier heights. Figure 7 shows the results for the barrier heights test sets

considered. Of these test sets, both BH76 and BHPERI are in the training set, while the

remaining four are new for GMTKN55. These sets cover a range of different barrier heights.

The BH76 barrier height test set covers hydrogen transfer and non-hydrogen transfer barrier

heights and is a superset of the earlier HTBH38 and NHTBH38 test sets,93,94 from which
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the DBH24 subset we had previously used to test barrier heights was taken.23,101 BHPERI is

made up of barrier heights from pericyclic reactions, PX13 and WCPT18 consist of proton-

transfer barriers, and BHROT27 includes barriers of rotation.

For these sets, results for B-LYP-osUW12 are positive, errors for BHPERI and BHDIV10

are the lowest of the non-dispersion corrected functionals. Errors for BH76, PX13 and

WCPT18 are lower than DSD-BLYP in each case. Though XYGJ-OS gives the lowest errors

for BH76 and WCPT18. For PX13, fB-LYP-osUW12 outperforms B-LYP-osUW12, with

this functional and DOD-BLYP showing similar errors both within chemical accuracy for

this set.

Including dispersion in B-LYP-osUW12 results in minimal improvement with errors in-

creasing slightly for three of the sets. DOD-BLYP in particular shows large improvement

with dispersion, with DOD-BLYP(D3BJ) giving the lowest errors for BHPERI, BHDIV10,

and PX13.

Overall results for barrier heights are positive. B-LYP-osUW12 gives some of the smallest

errors for the non-dispersion functionals for multiple test sets. However, when dispersion is

added the errors seem to increase, while for double hybrids errors decrease with dispersion

particularly DOD-BLYP(D3BJ).

Reaction energies. Figure 8 shows the errors for six reaction energies test sets. Included

in these sets are the BH76RC test contains the reaction energies of the BH76 barrier heights

set, the Diels-Alder reaction set DARC, and the G2RC set of reaction from the G2/97 test

set, and the set. Also included is the DC13 test set consists of thirteen difficult cases for

DFT, this set is an expansion of the earlier DC9 test set from the GMTKN24/30 databases.

Overall, B-LYP-osUW12 gives similar results to DSD-BLYP in most cases. Errors for

DARC, FH51, and DC13 are similar for both functionals. While errors for NBPRC are

slightly greater for B-LYP-osUW12. For BH76RC, B-LYP-osUW12 falls slightly below the

accuracy of the double hybrids hybrid functionals, despite the results for BH76.

For G2RC test set, the errors in the UW12 functionals are shown to be significantly
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Figure 8: Mean absolute errors (MAE) for the reaction energy test sets BH76RC,93,94

DARC,102 FH51,103,104 G2RC,61 NBPRC,43,105,106 and DC13.17,106 Chemical accuracy
(1 kcal mol−1) is indicated by the dotted lines. Dispersion corrected functionals are shown
in bold, while uncorrected functionals are translucent.

greater than the other functionals considered, with minimal improvement with dispersion.

For this set the error in B-LYP-osUW12 is similar to B3LYP, though it should be noted that

B3LYP was optimized on the G2/97 test set from which these reactions are taken.

Re-optimizing with dispersion does not improve results for G2RC, NBPRC, or FH51.

For DARC and DC13 errors are reduced for B-LYP-osUW12-D3BJ, which gives the lowest

overall errors for DARC. For DC13 the improvement with dispersion is similar for both B-

LYP-osUW12 and DSD-BLYP, with errors for B-LYP-osUW12-D3BJ only slightly greater

than DSD-BLYP(D3BJ) for this difficult set. Dispersion also greatly improves results for

XCH-BLYP-UW12 for the DARC and NBPRC test sets, with XCH-BLYP-UW12-D3BJ

resulting in lower errors than B-LYP-osUW12-D3BJ for this set, though DSD-BLYP(D3BJ)

shows a slightly lower error.

Overall results for reaction energies show similar levels of accuracy to the double hybrids
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Figure 9: Mean absolute errors (MAE) for the inter-molecular non-covalent interactions test
sets AHB21,81 CARBHB12,17 IL16,81 PNICO23,107 S22,108 and S66.109 Chemical accuracy
(1 kcal mol−1) is indicated by the dotted lines. Dispersion corrected functionals are shown in
bold, while uncorrected functionals are translucent. Calculations use the Def2-QZVP basis
except for IL16 and AHB21 which use the aug-cc-pVQZ basis set.

considered. B-LYP-osUW12-D3BJ results in the smallest errors for DARC, and results for

NBPRC, FH51, and the DC13 test set are of similar accuracy to the double hybrids. However,

for the G2RC test set errors are significantly greater than for double hybrids. By far the

most significant error in this set is the reaction C6H6 −−→ 3 C2H2 which has a much greater

error than the remaining reactions which further increases for B-LYP-osUW12-D3BJ.

Inter-molecular non-covalent interactions Figure 9 shows MAEs for six of the inter-

molecular non-covalent interaction test sets in GMTKN55. Of these, only S22 is in the

training set. B-LYP-osUW12 and B-LYP-osUW12-D3BJ result in errors which are within

chemical accuracy for each of these sets. For CARBHB12, the errors in B-LYP-osUW12 and

fB-LYP-osUW12 are shown to be lower than significantly lower than DSD-BLYP, with fB-

LYP-osUW12 producing the lowest error of the three, though XYGJ-OS gives the lowest error

for this set and B2-PLYP produces a similar error to B-LYP-osUW12. For S66 and IL16,

24



errors for B-LYP-osUW12 and DSD-BLYP are shown to be similar. For AHB21, PNICO23,

and S22, errors for B-LYP-osUW12 are slightly larger than DSD-BLYP. For AHB21, B2-

PLYP and XYGJ-OS five the lowest errors. MP2 gives the smallest errors for PNICO23. For

the S22 set, the errors for B-LYP-osUW12 are smaller than all other zero-dispersion double

hybrids.

Adding dispersion improves results for four of the test sets. In particular the error for

pnicogen set PNICO23 is greatly reduced with B-LYP-osUW12-D3BJ outperforming DSD-

BLYP(D3BJ), though B2-PLYP(D3BJ) gives the lowest errors for this set. Errors are also

reduced for S66, though the reduction is not as great as for DSD-BLYP(D3BJ) and B2-

PLYP(D3BJ) which result in the lowest errors for this set. For AHB21 some improvement

is seen for B-LYP-osUW12-D3BJ, though the error is still greater than the three dispersion-

corrected double hybrids. For S22 results are improved for B-LYP-osUW12-D3BJ, with a

smaller error than DOD-BLYP(D3BJ), but B2-PLYP(D3BJ), DSD-BLYP(D3BJ), as well as

B3LYP(D3BJ) give the lowest errors.

Errors for CARBHB12 are slightly greater for B-LYP-osUW12-D3BJ than B-LYP-osUW12,

however all other dispersion corrected functionals except DOD-BLYP(D3BJ) show increased

errors compared to the non-dispersion versions. The result is that B-LYP-osUW12-D3BJ

has the lowest MAE of the dispersion corrected functionals.

Overall, results for these sets with B-LYP-osUW12 with and without a D3BJ correction

are of similar accuracy to the corresponding double hybrid functionals. Including dispersion

also results in significant error reduction for four of these set for B-LYP-osUW12.

Intra-molecular non-covalent interactions. Figure 10 shows MAEs for six test sets

which study non-covalent intra-molecular interactions. These sets consist of the relative en-

ergies of conformers for different types of molecules: ACONF includes alkanes, Amino20x4 -

amino acids, BUT14DIOL includes conformers of butane-1,4,diol, ICONF includes inorganic

systems, MCONF - melatonin, and SCONF consists of sugar conformers. Overall, small

errors are observed for many of these sets.

25



0.0

0.5

1.0

1.5

2.0

M
A

E
/

kc
al

m
ol
−

1
ACONF Amino20x4 BUT14DIOL

0.0

0.5

1.0

1.5

2.0

M
A

E
/

kc
al

m
ol
−

1

ICONF MCONF SCONF

B3LYP

B2-PLYP

DOD-BLYP

DSD-BLYP

XYGJ-OS

MP2

SCS-MP2

SOS-MP2

XCH-BLYP-UW12

B-LYP-osUW12

fB-LYP-osUW12

B3LYP

B2-PLYP

DOD-BLYP

DSD-BLYP

XYGJ-OS

MP2

SCS-MP2

SOS-MP2

XCH-BLYP-UW12

B-LYP-osUW12

fB-LYP-osUW12

Figure 10: Mean absolute errors (MAE) for the intra-molecular non-covalent interactions test
sets ACONF,110 Amino20x4,111 BUT14DIOL,112 ICONF,17 MCONF,113 and SCONF.106

Chemical accuracy (1 kcal mol−1) is indicated by the dotted lines. Dispersion corrected
functionals are shown in bold, while uncorrected functionals are translucent.

In each case, B-LYP-osUW12 is an improvement over XCH-BLYP-UW12 and fB-LYP-

osUW12. For the ACONF set, errors for B-LYP-osUW12 are less than all other functionals.

Results for fB-LYP-osUW12 are also lower than double hybrids, Results for Amino20x4 show

B-LYP-osUW12 to be of similar quality to DSD-BLYP and XYGJ-OS the best performers

for this set. Errors for BUT14DIOL, and SCONF are greater for B-LYP-osUW12 compared

with DSD-BLYP. For ICONF and MCONF errors for B-LYP-osUW12 are greater than

DSD-BLYP. For ICONF errors are similar to B2-PLYP, while for MCONF, B-LYP-osUW12

outperforms B2-PLYP, and XYGJ-OS.

Dispersion reduces the error for B-LYP-osUW12 for all sets except MCONF. For ACONF,

the MAE for B-LYP-osUW12-D3BJ is less than 0.04 kcal mol−1 lower than all other function-

als considered, while while XCH-BLYP-UW12-D3BJ has similar errors to B2-PLYP(D3BJ)

and DOD-BLYP(D3BJ). For Amino20x4 B-LYP-osUW12-D3BJ results in a similar error to

the dispersion-corrected double hybrids. Errors in B-LYP-osUW12 are reduced for BUT14DIOL,
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ICONF, and SCONF but not to the same degree as the double hybrids. In particular DOD-

BLYP(D3BJ) is shown to give almost negligible error for BUT14DIOL.

For MCONF, errors increase with dispersion for B-LYP-osUW12-D3BJ, though not as

great as for DSD-BLYP. The result is that B-LYP-osUW12(D3BJ) shows a lower MAE than

DSD-BLYP(D3BJ) for this set. However, both B2-PLYP(D3BJ) and B3LYP(D3BJ) have

lower errors, though not as small as XCH-BLYP-UW12-D3BJ has the smallest MAE for this

set.

Overall for these sets results for the UW12 functionals are shown to be of a similar level

of accuracy to the double hybrid functionals with and without dispersion, particularly for

the ACONF, Amino20x4 and MCONF. In cases where the error is slightly greater for B-

LYP-osUW12 compared to double hybrids, we note that these are still small errors with the

maximum error for B-LYP-osUW12 less than 0.4 kcal mol−1 for these sets.

Other properties. Figure 11 shows errors for a selection of test sets covering different

properties. The AL2X6 test set includes results for the dimerisation of aluminium com-

pounds. For this set, the dispersion uncorrected UW12 show large errors compared to the

DSD-BLYP and XYGJ-OS double hybrids. These results show large improvement with a

D3BJ correction, with errors for B-LYP-osUW12-D3BJ lower than B2-PLYP(D3BJ) and

DOD-BLYP(D3BJ), though the DSD-BLYP(D3BJ) functional results in the smallest errors

for this set. The CDIE20 test set includes results for double bond isomerisations. Errors for

B-LYP-osUW12 are similar to DSD-BLYP for this set with and without dispersion. However,

the fB-LYP-osUW12 and XYGJ-OS functionals result in the smallest errors for this set. A

large fraction of exact exchange seems to be advantageous for this set since the scaled MP2

methods also result in small errors. RSE43 is a radical stabilisation test set. For this set

errors the lowest errors are produced by XYGJ-OS, fB-LYP-osUW12, and B-LYP-osUW12.

Dispersion has minimal effect on results for this set. For the PArel test set which studies

energies of protonated isomers, B-LYP-osUW12 shows similar errors to the double hybrid

functionals. Increased errors are seen for fB-LYP-osUW12 and XCH-BLYP-UW12, while
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Figure 11: Mean absolute errors (MAE) for the test sets AL2X6,17 CDIE20,114 RSE43,13

PArel,17 PA2617,115,116 and YBDE18.117 Chemical accuracy (1 kcal mol−1) is indicated by
the dotted lines. Dispersion corrected functionals are shown in bold, while uncorrected
functionals are translucent.

XYGJ-OS produces the smallest errors. The PA26 proton affinity test set is an expansion of

the earlier PA set used in the fitting. Errors for UW12 functionals are greater than for the

double hybrids except DOD-BLYP. Errors are further increased with a D3BJ correction. For

the YBDE18 test set of bond-dissociation energies in ylides, the B-LYP-osUW12 functional

results in lower errors than both DSD-BLYP and XYGJ-OS. This is further improved with

dispersion, with B-LYP-osUW12-D3BJ achieving chemical accuracy with errors lower than

both DOD-BLYP(D3BJ) and DSD-BLYP(D3BJ) which show similar results.

Mindless Benchmarking. The test set which results in the greatest error for B-LYP-

osUW12 functionals compared to DSD-BLYP is by far the ‘mindless-benchmarking’ test set

MB16-4317 This set consists of reactions involving randomly created structures designed to

remove bias which may be present in other test sets. This set replaces the MB08-165 test set

from GMTKN30.118 Figure 12 shows the results for both these sets. For the original MB08-
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Figure 12: Mean absolute errors (MAE) for the ‘mindless benchmarking’ test sets MB08-
165 and MB16-43 from the GMTKN30 and GMTKN55 databases respectively. Chemical
accuracy (1 kcal mol−1) is indicated by the dotted lines. Dispersion corrected functionals are
shown in bold, while uncorrected functionals are translucent.

165 test set, which was used in the optimization of the new functionals, B-LYP-osUW12

outperforms all the non-dispersion corrected functionals. Addition of dispersion results in

minimal change in the UW12 results for MB08-165 while the dispersion-corrected double

hybrids show significant improvement results in the smallest error for DSD-BLYP(D3BJ).

For the newer MB16-43 errors are significantly greater, however DSD-BLYP results in much

lower errors than all other functionals considered with and without dispersion. The error

for B-LYP-osUW12 is significantly greater than for DSD-BLYP, though this difference is

significantly reduced by dispersion.

Atomization Energies. Figure 13 shows the mean absolute errors for the W4-11 atom-
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Figure 13: Mean absolute errors (MAE) for the atomization energy test set W4-11.119 Chem-
ical accuracy (1 kcal mol−1) is indicated by the dotted lines. Dispersion corrected functionals
are shown in bold, while uncorrected functionals are translucent.

ization energies test set. This set replaces the W4-08 set from the GMTKN30 database used

in the fitting.120 B-LYP-osUW12 shows significantly greater errors than B2-PLYP, DSD-

BLYP and XYGJ-OS, with an error similar to B3LYP. This error significantly increases

when dispersion is added, with the error for B-LYP-osUW12 greater than for both fB-LYP-

osUW12 and XCH-BLYP-UW12.

Significant errors. Figure 14 shows results for the other test sets which result in the

largest errors for B-LYP-osUW12 compared with DSD-BLYP. Of these, both ALK8 and

ALKBDE10 cover the dissociation of alkaline compounds; G21IP, DIPCS10, and G21EA

measure ionization potentials and electron affinities; and SIE4x4 contains self-interaction re-

lated problems. For all of these sets except ALK8, the dispersion corrected B-LYP-osUW12-

D3BJ results in greater errors than B-LYP-osUW12. For SIE4x4, the error is directly related

to the fraction of exact exchange in the functional with similar errors for B2-PLYP, XCH-

BLYP-UW12, and B-LYP-osUW12. This error is significantly reduced by the fixed fraction
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Figure 14: Plots showing the mean absolute errors (MAEs) for six test sets ALK8,17

DIPCS10,17 ALKBDE10,121 SIE4x4,17 G21EA,80 G21IP.80 Chemical accuracy (1 kcal mol−1)
is indicated by the dotted lines. Dispersion corrected functionals are shown in bold, while
uncorrected functionals are translucent.

fB-LYP-osUW12 which shows lower errors than all the double hybrids. This will be discussed

further in section 4.3.

For the double ionization potential test set DIPCS10, both B-LYP-osUW12 and fB-

LYP-osUW12 result in much larger errors than the double hybrid functionals. The dispersion

uncorrected B-LYP-osUW12 shows significant improvement over B-LYP-osUW12-D3BJ, but

still results in larger errors than the double hybrid functionals. The XCH-BLYP-UW12

functional results in a significantly lower error than B-LYP-osUW12 with a similar error to

DOD-BLYP for this test set.

For G21IP, the largest errors for B-LYP-osUW12 and fB-LYP-osUW12 the largest errors

are the ionization of Be and Mg. This is indicative a general trend since three of these sets

contain results for group 1 and 2 atoms and molecules. The largest errors for B-LYP-osUW12

for ALK8 are for the reactions Li8 −−→ 4 Li2 and Na8 −−→ 4 Na2. Of all the test sets in
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GMTKN55, these ones as well as MB16-43 contain significant numbers of reactions involv-

ing group s-block elements and compounds. This may indicate that the B-LYP-osUW12

functional may be less accurate for these systems, which could be related to the single range

parameter rc used in the geminal function.

Overall, B-LYP-osUW12 offers a large improvement over XCH-BLYP-UW12, with im-

proved results for 39 of the 44 test sets from the GMTKN55 database. While fB-LYP-

osUW12 also shows improvement for a number of test sets – offering increased performance

for 25 out of the 44 test sets considered. The dispersion corrected B-LYP-osUW12 also

shows large improvements over XCH-BLYP-UW12-D3BJ with improved results for 32 of the

44 sets considered.

Of the non-dispersion corrected double-hybrid methods considered, DSD-BLYP and

XYGJ-OS give the best results overall. These two methods give similar results for many test

sets. DSD-BLYP results in particularly small errors for the ‘mindless benchmark‘ MB16-

43 set, the NBPRC reaction energies set, non-covalent interaction S22 and S66 sets. Both

give similar results for the difficult cases in DFT set (DC13). XYGJ-OS performs signif-

icantly better for barrier heights, the original ‘mindless-benchmark’ set of decompositions

(MB08-165), and the self-interaction test set (SIE11). These double hybrids offer significant

improvement over B2-PLYP, with reduced errors across most of the test sets considered.

However, B2-PLYP is better than both DSD-BLYP and XYGJ-OS for atomization energies.

It should be noted that double hybrids are outperformed by the (scaled) MP2 methods

for some of the test sets – notably the DARC reaction energy set, the pnicogen dimer set

PNICO23, and self-interaction error set (SIE4x4).

The dispersion-uncorrected B-LYP-osUW12 functional offers double-hybrid level results

for many properties, with errors comparable to both DSD-BLYP and XYGJ-OS for a num-

ber of test sets. Results also improve upon these double hybrid functionals in some areas.

In particular, results for conformers (ACONF), barrier heights (BHPERI), bond separation

reactions (BSR36), and dissociation (YBDE18) show improved results compared to these
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double hybrids. Additionally, results for barrier heights (BH76, BHDIV10), radical stabi-

lizations (RSE43), non-covalent binding energies (IL16, S22, S66), and the NBPRC reaction

energies set result in similar or improved results to these double hybrids. While errors for at-

omization energies (W4-11) are not as low as for some of the double hybrids, B-LYP-osUW12

demonstrates similar accuracy to hybrid functionals, with errors lower than B3LYP. Also,

while errors for NBPRC and DARC reaction energy sets are similar to double hybrids, er-

rors are somewhat increased for the other reaction energy sets; G2RC and BH76RC. The

test sets where the functional has particularly large errors in comparison to double hy-

brids are the mindless benchmarking set MB16-43, reactions involving alkaline compounds

(ALK8/ALKBDE10), proton affinities (PA26), and ionization potentials (G21IP/DIPCS10).

Also it should be noted that results for the difficult cases for DFT (DC13) show reasonable

errors similar to most of the double hybrids.

Since we have fixed one of the parameters in fB-LYP-osUW12 compared with B-LYP-

osUW12, we would automatically expect errors to increase compared to B-LYP-osUW12.

However, the functional performs better than B-LYP-osUW12 for seven test sets: the

dimerization of Al compounds (AL2X6), double bond isomerisations (CDIE20), tautomers

(TAUT15), proton-exchange barriers (PX13), reaction separation energies (RSE43), hydro-

gen bonding (CARBHB12), and self-interaction errors SIE4x4. Similar results are observed

for conformers (ACONF/MCONF/SCONF), non-covalent interactions (S66/Amino20x4/IL16),

and reaction energies (BH76RC/NBPRC). The most significant increases in errors compared

with B-LYP-osUW12 occur for the DARC reaction energy test set and the DC13 difficult

cases for DFT set. Significant increases in error are also seen observed for barrier heights

(BH76, BHPERI), bond separation reactions (BSR36), other reaction energies (particularly

G2RC and FH51), and atomization energies (W4-11).

Re-optimizing B-LYP-osUW12 with a D3BJ dispersion correction improves results for

28 of the 44 test sets considered. Significant improvements are seen for the difficult cases

for DFT set (DC13), non-covalent sets (PNICO23, S66, SCONF), aluminium dimer set

33



(AL2X6), and the mindless benchmark set (MB16-43). However, the B-LYP-osUW12-D3BJ

also results in much larger errors for a number of sets compared to B-LYP-osUW12 in-

cluding electron affinities (G21EA), atomization energies (W4-11), proton affinities (PA26),

ionization potentials (G21IP/DIPCS10) and self-interaction errors (SIE4x4). Overall, the

improvement in results for B-LYP-osUW12 compared to DSD-BLYP re-optimized for disper-

sion is significantly smaller. For a number of test sets including WCPT18, IL16, W4-11, and

ALKBDE10 other functionals show reduced errors using the dispersion-corrected function-

als, while the error for B-LYP-osUW12 increases. B-LYP-osUW12 does outperform all the

dispersion-corrected hybrids for a number of test sets, notably ACONF, PNICO23, RSE43,

CARBHB12, DARC, and YBDE18. However, we must note that empirical dispersion cor-

rections and their damping have been designed to work with standard density functionals;

the damping has not been designed to work with UW12 correlation, which may explain the

small improvement compared to other methods.

Examining the effect of orbital optimization on the results for the UW12 functionals.

In most cases the change in results due to orbital optimization is minimal, with ∆MAE <

0.1 kcal mol−1 for most of the GMTKN30 test sets. Figure 15 show the change in the MAE

for test set in the GMTKN30 database used, for the non-dispersion corrected functionals.

The sets shown are the ones for which at least one of the functionals shows a difference of

at least 0.1 kcal mol−1. For B-LYP-osUW12 the only notable differences occur in results for

BHPERI, DARC, O3ADD6, and SIE11, of which only BHPERI and DARC appear in the

GMTKN55 database. Results for BHPERI are slightly improved by optimization, while for

the O3ADD6 set errors increase slightly with optimization. Similar changes are observed

for XCH-BLYP-UW12, which also sees a noticeable decrease in RMSE for the DC9 test

set. In both these cases all changes except for O3ADD6 with B-LYP-osUW12 are less than

0.14 kcal mol−1 (|∆MAE|B-LYP-osUW12 = −0.29 kcal mol−1). For fB-LYP-osUW12, greater

changes are observed for most test sets, notably BH76 and O3ADD6. This is most likely

due to the fB-LYP-osUW12 optimized orbitals being significantly different from the B3LYP
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Figure 15: Plot showing the change in MAE error for test sets in the GMTKN30 database,
where energies are calculated using B3LYP orbitals with the fully self-consistent functional as
reference. These test sets93–98,102,106,122 are the ones for which at least one of the functionals
shows an error of 0.1 kcal mol−1 or more.

optimized orbitals resulting from the high fraction of exact exchange. However, these energy

differences are still relatively small compared to the overall errors.

Overall, the B-LYP-osUW12 functional has been shown to produce accurate results for

conformers, barrier heights, bond separation reactions, isomerizations, and selected reaction

energies. In addition, where results are not as accurate as double hybrids, such as atomization

energies and some other reaction energies, the errors are similar to those of standard hybrid

functionals. The functional gives reasonable results for cases which are notably difficult

for DFT. Addition of dispersion to B-LYP-osUW12-D3BJ improves results for a number of

test sets, particularly those involving long-range behaviour. However in many cases results

are not improved significantly and errors are increased. Overall the dispersion functional

outperforms the non-dispersion version, though the functional is not always as accurate as

similar dispersion corrected double hybrids. The fB-LYP-osUW12 functional offers some

improvement over the B-LYP-osUW12 functional for a small number of test sets, notably

those susceptible to self-interaction errors. However, in general the functional does not
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produce as accurate results as B-LYP-osUW12 for most test sets. While some of these

increased errors are small, there are a number of test sets for which the errors significantly

increase.

4.3 Self-Interaction Error

With the new functionals B-LYP-osUW12 and fB-LYP-osUW12, we wish to examine the

effect of large fractions of exact exchange on both the self-interaction error and the de-

localization error. In this section we look at the non-dispersion corrected version of the

functionals.

The errors for this test set are represented visually in figure 16. From these plots it

can be immediately seen that B3LYP systematically over-binds the molecular dimers, while

for the many-electron systems HF under-binds the dimers. In each case, the two opposite

spin only functionals with the greatest fraction of exact exchange XYGJ-OS and fB-LYP-

osUW12 result in the lowest errors. DSD-BLYP which also contains a high fraction of

exact exchange, has greater errors for the NH3 · · ·NH3
+ and H2O · · ·H2O

+ dimers. Results

for B-LYP-osUW12 show a general improvement over XCH-BLYP-UW12, B-LYP-osUW12

outperforms DSD-BLYP for the two larger systems, while having greater errors for the two

smaller systems (H · · ·H+ and He · · ·He+).

For the multi-electron systems, errors are relatively constant with separation distance r,

especially for both fB-LYP-osUW12 and XYGJ-OS. For the single-electron system, errors

increase with separation distance. Note that in this case, the MP2/UW12 contribution is zero

in each of the hybrid functionals. Overall, increased exact exchange is shown to be beneficial

in reducing the self-interaction error for both double and UW12 hybrid functionals.

To demonstrate the effect on delocalization error, figure 17 shows the energies of atomic

ions with fractional charge. In each case the spin 2S = Nel,↑ − Nel,↓ for each ion with

an integer number of electrons Nel was chosen to equal that of the ground-state spin of

the neutral atom with the same number of electrons Nel. The fractional spin values are
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Figure 16: Errors for the SIE4x4 test set for each dimer as a function of dimer separation
distance r, in units of equilibrium separation distance req. All results are fully self-consistent,
calculated using the Def2-QZVP basis set. Reference data is taken from Ref. 17, calculated
using W2-F12. For H+

2 , the reference energies are equal to the Hartree-Fock values at the
complete basis set limit (HF/CBS). Since HF is exact for H+

2 , any errors in this result are
entirely due to incomplete basis set.

then a linear interpolation between the ions of integer charge. This is equivalent to the

highest occupied spin-orbital to be fractionally occupied.123 No spherical orbital symmetry
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lower plots show the deviation from linearity ∆lin calculated using the integer values for each
functional.

is imposed, so the highest occupied spin-orbital is never degenerate with other orbitals.

In figure 17 we look at atomic ions of H and C, since it is known that the delocal-
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ization error for H0.5+ is density-driven, whereas for H0.5– , C0.5+, and C0.5– the error is

energy-driven.11,21 Also, for the H0.5+ section of the curve, there is zero UW12 contribution.

For XCH-BLYP-UW12, the deviation from linearity for C0.5+ is −13.82 kcal mol−1 which is

similar to the literature value for B2-PLYP (∆lin(5.5) = −14 kcal mol−1).124 For this value,

B-LYP-osUW12 shows a slight improvement with ∆lin(5.5) = −11.07 kcal mol−1, while fB-

LYP-osUW12 results in an error of ∆lin(5.5) = −4.48 kcal mol−1. This value is comparable

to the value for XYGJ-OS from the literature (∆lin(5.5) = −3.5 kcal mol−1), for which the

smaller deviation is due to the higher fraction of exact exchange in XYGJ-OS.

5 Conclusions

In this paper we have shown that it is possible to use the UW12 approximation with a

one-parameter Slater-type geminal function to achieve MP2 level accuracy for the correla-

tion energy. Using this approximation hybrid exchange-correlation functionals have been

constructed with accuracy across a broad range of test sets that is close to that of modern

double hybrids.

We created new functionals B-LYP-osUW12 and fB-LYP-osUW12 containing only oppo-

site spin UW12 correlation and optimized the parameters using tests sets from the GMTKN30

database. The resulting functionals both contain a larger fraction of exact exchange than

the previous XCH-BLYP-UW12 functional, with a range parameter rc larger than previ-

ously used. We also re-optimized B-LYP-osUW12 with a D3BJ dispersion correction using

the same method. The optimal range parameter for this functional is the same as the one

previously used for XCH-BLYP-UW12.

Using test sets from the GMTKN55 database, we showed that B-LYP-osUW12 is more

accurate than XCH-BLYP-UW12 for many of the test sets considered, producing results

of double hybrid level accuracy for a number of properties including barrier heights and

bond separation reactions. Reasonable results are also achieved for reaction energies and

39



atomization energies.

We demonstrated the effect of a large fraction of exact exchange by creating the fB-LYP-

osUW12 functional with a fixed fraction of 75% exact exchange. This resulted in improved

results for self-interaction related problems, dimerization of aluminium compounds and rad-

ical stabilization energies. It also reduced the dissociation errors present in fractionally

charged systems. Though this also resulted in an increase in error for many test sets, par-

ticularly reaction energies and atomization energies.

We looked at the effect of dispersion on results and found that our dispersion-corrected

functional B-LYP-osUW12-D3BJ showed reduced errors for a number of test sets. Though we

showed that in many cases results show minimal improvement or increased error compared

to B-LYP-osUW12. We believe this is due to the difference length scales of the geminal

operator and the damping in D3BJ which is designed to work with DFT and r−112 potentials.

In future we wish to determine the best approach for incorporating dispersion effects with

UW12 correlation, for instance using the D4 dispersion model or screening the coulomb

operator in the UW12 correlation.

However, we have demonstrated excellent results for the B-LYP-osUW12 hybrid which

has a similar accuracy overall to the double hybrid functionals considered, containing the

same number of parameters but with no dependence on the virtual orbitals. Future devel-

opments such as including range-separated exchange can be used to further improve results

while reducing the self-interaction error.

In this paper we have focussed on BLYP-based functionals, and while DSD-BLYP(D3BJ)

has previously been shown to be among the most accurate double hybrids (particularly for

BLYP-based double hybrids). In the original GMTKN55 paper, DSD-BLYP(D3BJ) had

the smallest WTMAD-2 value of all functionals considered.17 The most accurate hybrid

functional in that paper was shown to be ωB97X-V for which wMAE is 4.2 kcal mol−1, greater

than B-LYP-osUW12-D3BJ.17,125 More recent double hybrids have been able to achieve even

lower errors, such as the recent DSD type hybrid revDSD-PBEP86-D4 for which wMAE =
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2.5 kcal mol−1,126 such functionals have tended to use density-functional exchange-correlation

other than BLYP. We believe by considering other exchange-correlation functionals, as well

as further studies of the geminal function and dispersion correction, we will be able to further

increase the performance of UW12 hybrids to achieve similar levels of accuracy. We also hope

to expand our investigation to include transition metal chemistry, where double hybrids are

known to be deficient.17

Supporting Information Available
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