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Abstract:  

The paper presents a new modeling technique for accurately predicting the complex 

behavior of thin-walled open and closed section beams made of fiber-reinforced 

laminated composite materials. The new modeling technique is significantly 

computational-efficient compared to detailed finite element modeling. In this technique, 

the complete 3D stress analysis problem consisting of all effects and their couplings is 

systematically decomposed into a 2D problem applicable to the beam section, and a 1D 

problem applicable along the beam length. The capability of the technique is not only 

suitable for thin-walled beams but also applicable for modeling beams with solid, thick-

walled sections as well as thin/thick-walled composite beams with in-filled materials. To 

analyze beams with any arbitrary cross-sectional geometry, a 2D finite element (FE) 

model is used for solving the 2D sectional problem, while the 1D problem for the global 

load response of the beams is solved by a 1D FE model utilizing the sectional stiffness 

parameters obtained from the 2D model. The proposed technique is validated using 

experimental and numerical results, which show the excellent performance of the model. 

New results for a range of beam sections are developed using the presented method and 

validated against detailed FE modeling. 

Keywords: Thin-walled composite beams; finite element analysis; foam-filled; warping. 

 

1. Introduction  

The use of beam-like structural components with thin-walled open or closed sections made of 

laminated composite materials is increasing in many engineering activities such as aerospace 

structures, wind turbine blades, marine vessels, automotive structures, helicopter rotor blades, and 

many other weight-sensitive structures. This has led to a number of investigations carried out in recent 

decades (e.g.[1-26]) to successfully model the complex behavior of these structural systems due to 
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their challenging structural configurations and material systems. However, there are still some 

unresolved technical challenges in satisfying future demand for cost-effective and accurate models to 

design various composite structures, like e.g. future very large wind turbine blades to meet the 

renewable energy target in near future. The key contributor behind the success of these structures, 

which operates efficiently at every increasing blade length, is the fiber-reinforced polymer composite 

material used for their construction due to their high specific strength and stiffness compared to 

traditional structural materials [27]. Composite materials are commonly used in the form of multi-

layered laminates with arbitrary fiber orientations of the individual layers (plies) to tailor the 

structural performance, but this leads to complexities in their behavior due to couplings between 

different modes of deformations. Moreover, the thin-walled structural configuration will display 

additional complexities due to the cross-sectional warping effects. In addition to this warping 

displacement (out-of-plane warping), such thin-walled composite structures can also display cross-

sectional distortions (in-plane warping) for design configurations with a very thin section wall. 

In recent years, accurate calculation of warping displacements has been the subject of many research 

studies (e.g. [3, 5, 8, 9, 15, 18, 28]) since the variation of warping displacements over a cross-section 

does not follow a standard pattern and this varies from case to case basis, depending on the cross-

sectional profile. The problem can be addressed by 3D FE modeling of such structures using solid or 

shell elements depending on the required fidelity, but the drawback of this modeling approach is its 

high computational cost. To address the issue of computational cost, previous research [4, 12, 15, 28, 

29] has attempted to develop analytical techniques for estimating the cross-sectional stiffness matrix 

considering the coupling of the deformations as well as warping effects, which can be used with 1D 

beam FE to generate a cost-effective solution of the problem. These models [4, 12, 15, 28, 30] largely 

are all based on extending the pioneering work of Vlasov [1] on thin-walled beams. Following this 

approach, the inclusion (or lack) of shear deformation is an issue as most of the models are based on 

Euler-Bernoulli’s beam theory. Vo and Lee [14] successfully included shear deformation based on 

Timoshenko’s beam theory, but their model involved some non-physical nodal parameters. This 

specific problem was addressed and resolved by Sheikh and Thomsen [15], but the incorporation of 

distortional warping, treatment of arbitrary beam cross-sections, prior prediction of the cross-

sectional warping patterns, and related issues are genuinely challenging due to the analytical form of 

the solution for the cross-sectional matrix. A few other modeling approaches have been proposed by 

other investigators, but these are having some other limitations in addition to the restriction of small 

wall thickness, which does not perform well if the wall thickness exceeds a certain limit that is 

expected in real scenarios. 



An additional aspect to consider is that closed section beams may have in-filled materials such as 

polymer foam or honeycomb core [19, 31, 32], as in some cases this can help to improve the 

performance of the member with a very small increase of the structural weight. The motivation of 

this in-filled beam could be the concept of sandwich structures, and there are examples that this has 

adopted for I-section beams with in-filled foam materials on the two sides of the web plate [33]. 

However, in-filled materials are more often enclosed within closed section beams as externally 

exposed foam surfaces can easily be damaged during service life. In most of the cited studies, 3D FE 

modeling is used for the structural analyses, but as mentioned above this is often computationally 

expensive. To address this issue, Hoa et al. [16, 30] conducted studies on the performance of circular 

hollow sections (CHS) with in-filled materials where analytical techniques were proposed for the 

estimation of bending stiffness of structural members. These models have limited generality and are 

only capable of simulating members with a tubular cross-section with simple ply orientations, and 

therefore do not include complex deformation modes and their couplings. As there are no existing 

models that enable reliable estimation of the cross-sectional stiffness matrix of thin or thick-walled 

composite beams with in-filled materials considering all possible modes of deformation and their 

coupling, there is a need for the development of a comprehensive modeling technique based on 

rigorous cross-sectional analysis.  

Hodges et al. [11, 12, 34-39] used the variational asymptotic method (VAM) [2] to decouple the 3D 

problem into interconnected 2D and 1D problems. VAM was initially applied to shell-like structures, 

and this made it possible to reduce the general 3D problem into a 2D problem consistently utilizing 

the shell thickness as the small parameter which is a key concept of this technique [2]. The VAM 

approach was subsequently extended to the analysis of thin-walled beams, and the developed 

technique is referred to as the variational asymptotic beam section (VABS) analysis [11, 12, 34-39]. 

VABS analysis has been implemented within a 2D FE framework to achieve generality in the analysis 

of thin-walled composite beams of arbitrary cross-section. In this context, the fundamental concept 

behind the cross-sectional analysis of thin-walled beams proposed by Giavotto et al. [3] Borri et al. 

[5, 7] appear to be most appropriate and general in the context of the present research, as the complete 

three-dimensional (3D) elasticity problem, defining the exact deformation of the beam-like structures, 

is decomposed to a two-dimensional (2D) beam sectional analysis and a one-dimensional (1D) beam 

analysis following a rigorous mathematical treatment to retain high accuracy of the solution. The 

main assumption adopted is that the cross-sectional dimensions should be much smaller than the 

length of the beam, which is true for slender beams used in practice for many applications. 

The aim of this study is to utilize the concept of Giavotto et al. [3] to develop a 2D FE model for the 

estimation of the cross-sectional stiffness of thin/thick-walled laminated composite fiber-reinforced 



polymer (FRP) beams with open/closed sections with/without in-filled materials. The beam sectional 

analysis considers all deformation modes and their couplings along with the effects of in-plane as 

well as out-of-plane warping displacements in an explicit manner. The model possesses the generality 

of enabling the analysis of any cross-sectional geometry including solid sections due to the adoption 

of a FE based modeling approach. Nine node isoparametric elements with bi-quadratic shape 

functions are used to develop the 2D FE model that is applied to predict the exact constitutive matrix 

(or stiffness matrix) of the beam cross-section, which ensures coupling of different modes of 

deformations. This cross-section stiffness matrix is then implemented in the 1D beam analysis, which 

is implemented within a FE model with three node isoparametric beam elements. The stress resultants 

obtained from the 1D beam analysis along with the results from the 2D cross-sectional analysis are 

used in combination to obtain the warping displacements and finally to recover the 3D stress and 

displacement fields of the structure. The developed technique is shown to be extremely 

computationally efficient in predicting the 3D structural response [18]. 

Computer code is developed in FORTRAN to implement the entire FE model consisting of the 2D 

cross-sectional analysis as well as the 1D beam analysis, so as to flexible, robust, and highly efficient 

modeling framework. To assess the performance of the proposed modeling technique, a number of 

numerical examples with different cross-sectional configurations are analyzed, and the model 

predictions are benchmarked against and compared with data and results available in the open 

literature. As the amount of credible results available in the literature is very limited relative to the 

wide range of problems addressed in this study, detailed 3D FE analyses of a large number of beams 

are carried out using the commercial and widely used FEA code ABAQUS to benchmark the 

predictions of the modeling framework presented in this paper. Moreover, new results for the cross-

sectional stiffness matrix of various beam cross sections are reported in this paper, which may serve 

as benchmarks for future investigations. Finally, interesting and practically relevant behavior of 

composite tubular and box beams with in-filled foam is demonstrated, as significant improvements 

of the torsional stiffness compared to flexural stiffness are achieved.  

2. Theoretical formulation 

The formulation assumes that the beam-like composite structure has a prismatic slender geometry 

and does not display any abrupt variation of the cross-sectional geometry and material properties. 

Similarly, the loading should be such that it will only produce a small or gradual variation of 

deformations and strains along the beam length. The formulation is based on small deformation theory 

considering elastic material behavior. 

 



 
Fig. 1. A typical beam-like structure with a reference coordinate system X-Y-Z (the cross-section in 

the X-Y plane can have any shape). 

Fig. 1 shows a typical beam-like structure where the Cartesian coordinate system (X-Y-Z) is used as 

the reference axis system. The displacement components in the x, y and z directions at any point of 

the beam section {𝑢} can be decomposed into two components [18] as: 

 {

𝑢𝑥
𝑢𝑦
𝑢𝑧
} = {

𝑣𝑥
𝑣𝑦
𝑣𝑧
} + {

𝑤𝑥
𝑤𝑦
𝑤𝑧
}  𝑜𝑟 {𝑢} = {𝑣} + {𝑤} (1) 

 where {𝑣} consists of the displacement components due to translations and rotations of the beam 

section without any distortions, and {𝑤} consists of the additional displacement components due to 

the generalized 3D warping of the beam section. The first component {𝑣} can be expressed in terms 

of the translations {𝑈} = [𝑈𝑥 𝑈𝑦 𝑈𝑧]𝑇 and rotations {𝜃} = [𝜃𝑥 𝜃𝑦 𝜃𝑧]𝑇 of the beam section at 

its centroid as: 

 {𝑣} = [
1 0 0 0 0 −𝑦
0 1 0 0 0 𝑥
0 0 1 𝑦 −𝑥 0

] {
{𝑈}

{𝜃}
} = [𝑍]{∆}  (2) 

The beam section is discretized with 2D FE that facilitate the warping displacements {𝑤} to be 

expressed at any point within a 2D element in terms of its nodal displacements [40] as:   

 {𝑤} = [𝑁]{𝑑} (3) 

where {𝑑} =  [𝑤𝑥  𝑤𝑦  𝑤𝑧 ]
𝑇; 𝑤𝑥, 𝑤𝑦  and 𝑤𝑧 are warping displacements, and [𝑁] consists of shape 

functions of the 2D element [40]. A nine-node isoparametric quadrilateral element with bi-quadratic 

shape functions is used in the present study. 

The 3D stress-strain relationship for the structural system can be written as: 

 {𝜎} = [𝑄]{휀}  (4) 

where the stress and strain vectors are arranged as {𝜎} = [𝜎𝑥 𝜎𝑦 𝜏𝑥𝑦 𝜏𝑥𝑧 𝜏𝑦𝑧 𝜎𝑧]𝑇 and {휀} =

[휀𝑥 휀𝑦 𝛾𝑥𝑦 𝛾𝑥𝑧 𝛾𝑦𝑧 휀𝑧]𝑇, respectively (the in-plane components corresponding to the beam 

X 

Y 

Z 



section are placed at the beginning while the out of plane components are placed at the end), and [𝑄] 

is the corresponding material constitutive matrix. 

The strain vector is expressed in terms of derivatives of the displacements where the derivatives with 

respect to x and y (beam sectional in-plane coordinates) are separated from the derivatives with 

respect to z (beam sectional out-of-plane coordinate i.e. beam axial coordinate) as: 

 
{휀} =

{
 
 

 
 
휀𝑥
휀𝑦
𝛾𝑥𝑦
𝛾𝑥𝑧
𝛾𝑦𝑧
휀𝑧 }
 
 

 
 

=

[
 
 
 
 
 
 
 
 
 
 
 
𝜕

𝜕𝑥
0 0

0
𝜕

𝜕𝑦
0

𝜕

𝜕𝑦

𝜕

𝜕𝑥
0

0 0
𝜕

𝜕𝑥

0 0
𝜕

𝜕𝑦
0 0 0 ]

 
 
 
 
 
 
 
 
 
 
 

{

𝑢𝑥
𝑢𝑦
𝑢𝑧
} +

[
 
 
 
 
 
0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1]

 
 
 
 
 

𝜕

𝜕𝑧
{

𝑢𝑥
𝑢𝑦
𝑢𝑧
}

= [𝜕𝑥𝑦]{𝑢} + [𝑆]{𝑢},𝑧 

(5) 

Equations (1) – (3) are substituted in the above equation according to [18] to yield: 

 {휀} = [𝑆][𝑍] {𝜓} + [𝐵]{𝑑} + [𝑆][𝑁]{𝑑},𝑧 (6) 

where [𝐵] = [𝜕𝑥𝑦][𝑁] and {𝜓} is the sectional strain vector consists of six strain components (two 

shear strains, axial strain, two curvatures, and torsional strain) based on translations and rotations of 

the beam section without any distortion, which can be expressed as: 

 {𝜓} =  ([𝑇𝑟]{∆} + {∆},𝑧) (7) 

All elements of the 6×6 matrix [𝑇𝑟], used in the above equation are zero except its two elements 

(𝑇𝑟(1,5) = −1 and 𝑇𝑟(2,4) = 1).  

The local coordinate system (𝑥 − 𝑦 − 𝑧) of a composite laminated member wall is shown in Fig. 2, 

and Fig. 3 shows this axis system (𝑥 − 𝑦 − 𝑧) for one of its layers along with the principal material 

axis (1 − 2 − 3) of the layer/lamina. Fig. 4 shows this axis system (𝑥 − 𝑦 − 𝑧) for a laminated wall 

(may be flat or curved) utilizing a generic orientation with respect to the structural axis system (𝑋 −

𝑌 − 𝑍). An additional axis system  (𝑋′ − 𝑌′ − 𝑍′) is used in Fig. 4 that will help to transformation 

the constitutive matrix of a lamina from its own axis system (𝑥 − 𝑦 − 𝑧) to the structural axis 

system (𝑋 − 𝑌 − 𝑍) conveniently, and Fig. 5 shows a typical box section and its local member 

laminate orientation coordinate systems. It is to be noted that all these coordinate systems are defined 

in accordance with the right-handed rule.  



 

 
Fig. 2. Laminate configuration. Fig. 3. Definition of lamina. 

 

 

 

Fig. 4. Transformation of axes. Fig. 5. Typical box cross-section. 

The 3D constitutive relationship of a lamina can be expressed in its material axis system  (1 − 2 − 3)   

using the homogenized orthotropic material properties of the lamina [41] as: 

 

{
 
 

 
 
𝜎1
𝜎2
𝜎2
𝜎4
𝜎5
𝜎6}
 
 

 
 

=

[
 
 
 
 
 
𝐶11 𝐶12 𝐶13 0 0 0
𝐶21 𝐶22 𝐶23 0 0 0
𝐶31 𝐶32 𝐶33 0 0 0
0 0 0 𝐶44 0 0
0 0 0 0 𝐶55 0
0 0 0 0 0 𝐶66]

 
 
 
 
 

 

{
 
 

 
 
휀1
휀2
휀3
휀4
휀5
휀6}
 
 

 
 

 or  {𝜎}𝑚 = [𝐶]{휀}𝑚 (8) 

where 

 𝐶11 =
1 − 𝜈23𝜈23
𝐸2𝐸3∆

  𝐶12 =
𝜈21 + 𝜈31𝜈23
𝐸2𝐸3∆

 =
𝜈21 + 𝜈32𝜈13
𝐸1𝐸3∆

 
 𝐶44 = 𝐺23 

𝐶13 =
𝜈31 + 𝜈21𝜈32
𝐸2𝐸3∆

 =
𝜈13 + 𝜈12𝜈23
𝐸1𝐸2∆

 𝐶22 =
1 − 𝜈13𝜈31
𝐸1𝐸3∆

 
 𝐶55 = 𝐺31 

 𝐶23 =
𝜈32 + 𝜈12𝜈31
𝐸1𝐸3∆

 =
𝜈23 + 𝜈21𝜈13
𝐸1𝐸3∆

  𝐶33 =
1 − 𝜈12𝜈21
𝐸1𝐸2∆

 
𝐶66 = 𝐺12 

∆=
1 − 𝜈12𝜈21 − 𝜈23𝜈32 − 𝜈31𝜈13 − 2𝜈21𝜈32𝜈13

𝐸1𝐸2𝐸3
 

𝜈𝑖𝑗

𝐸𝑖
=
𝜈𝑗𝑖

𝐸𝑗
 

The notations E, G, and ν in the above equation denote elastic modulus, shear modulus, and Poisson’s 

ratio of the material, respectively, where the subscripts indicate their directions. 
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It should be noted that laminated walls of a thin-walled member or a standalone laminated plate are 

typically model with a laminate/plate theory such as classical plate theory, first-order plate theory, 

higher-order plate theory (e.g. [42]), which needs a reduced form of the constitutive matrix but the 

proposed formulation needs the full 3D constitutive relationship.  

The constitutive relationship (Eq. (8)) of a ply/lamina as expressed in its material coordinate system 

(1 − 2 − 3) can be transformed [41] into the laminate coordinates (𝑥 − 𝑦 − 𝑧) using the fiber 

orientation θ (Fig. 3) as: 

 {𝜎}𝐿 = [𝑇][𝐶][𝑇]
𝑇{휀}𝐿 or {𝜎}𝐿 = [𝐶̅]{휀}𝐿 (9) 

where 

 [𝑇] =  

[
 
 
 
 
 
𝑐𝑜𝑠2 𝜃 𝑠𝑖𝑛2 𝜃 0 0 0 −𝑠𝑖𝑛 2𝜃
𝑠𝑖𝑛2 𝜃 𝑐𝑜𝑠2 𝜃 0 0 0 𝑠𝑖𝑛2𝜃
0 0 1 0 0 0
0 0 0 𝑐𝑜𝑠 𝜃 𝑠𝑖𝑛 𝜃 0
0 0 0 −𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜃 0

𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜃 −𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜃 0 0 0 𝑐𝑜𝑠2𝜃 − 𝑠𝑖𝑛2𝜃]
 
 
 
 
 

  

 

{𝜎}𝐿 = [𝜎𝑥𝑥 𝜎𝑦𝑦 𝜎𝑧𝑧 𝜏𝑦𝑧 𝜏𝑧𝑥 𝜏𝑥𝑦]𝑇, and {휀}𝐿 = [휀𝑥𝑥 휀𝑦𝑦 휀𝑧𝑧 𝛾𝑦𝑧 𝛾𝑧𝑥 𝛾𝑥𝑦]𝑇. 

Further transformations are done to express the constitutive relationship of a ply in the structural axis 

system  (𝑋 − 𝑌 − 𝑍) using laminate orientation β (Fig. 3) as: 

 {𝜎}𝐺 = [𝑇2]([𝑇1][𝐶̅][𝑇1]
𝑇)[𝑇2]

𝑇{휀}𝐺 or {𝜎}𝐺 = [𝐶̿]{휀}𝐺 (10) 

 

where 

 [𝑇1] =

[
 
 
 
 
 
0 0 1 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 0 1
0 0 0 1 0 0
0 0 0 0 1 0]

 
 
 
 
 

  

 

and [𝑇2] is identical to [𝑇] with 𝜃 in Equation (9) replaced with the angle β.  

In the above equation, [𝑇1] is used to perform coordinate transformations of the constitutive 

relationship from (𝑥 − 𝑦 − 𝑧) to (𝑋′ − 𝑌′ − 𝑍′) and  [𝑇2] is used for transformation from (𝑋′ − 𝑌′ −

𝑍′) to (𝑋 − 𝑌 − 𝑍).  

As the placements of stress and strain components in Equation (4) is different from that used in the 

above equations (e.g. see Eq. (9)), Equation (10) is transformed further to have its final form as 

follows:  

 {𝜎} = [𝑇3][𝐶̿][𝑇3]
𝑇{휀} or {𝜎} = [𝑄]{휀} (11) 



where 

 [𝑇3] =

[
 
 
 
 
 
1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 1 0 0
0 0 1 0 0 0]

 
 
 
 
 

. 

The stress resultants ({𝜎𝑟} = [{𝐹}𝑇 {𝑀}𝑇]𝑇) at a beam-section consist of three section forces ({𝐹} =

[𝐹𝑥 𝐹𝑦 𝐹𝑧]𝑇) and three section moments ({𝑀} = [𝑀𝑥 𝑀𝑦 𝑀𝑧]𝑇), which are produced by the 

last three components of the stress vector (see Eq. (4)), i.e. {𝜏} = [𝜏𝑥𝑧 𝜏𝑦𝑧 𝜎𝑧]𝑇. These are treated 

as tractions acting on the beam section with area A, and they can be used to obtain the stress resultants 

as   

 {𝜎𝑟} = ∫[𝑍]
𝑇{𝜏}𝑑𝐴 (12) 

 

Cross-section stiffness matrix 

The virtual work principle (𝛿𝑊𝑖 = 𝛿𝑊𝑒) is applied to derive the governing equations of the beam 

section. For this purpose, a small length of the beam in the form of a thin slice with a length 𝑑𝑧 is 

considered. Assuming that there are no variation of stresses and strain within the small length 𝑑𝑧 

(along z), the internal virtual work can be written as: 

 𝛿𝑊𝑖 =  𝑑𝑧∫𝛿{휀}𝑇{𝜎}𝑑𝐴 (13) 

The external virtual work (𝛿𝑊𝑒) will be caused by the tractions {𝜏} acting on the two cross-sections 

of the thin slice and can be expressed as: 

𝛿𝑊𝑒 = [∫𝛿{𝑢}
𝑇{𝜏}𝑑𝐴 +

𝜕

𝜕𝑧
(∫𝛿 {𝑢}𝑇{𝜏}𝑑𝐴)𝑑𝑧]

𝑎𝑡(𝑧+𝑑𝑧)

+ [−∫𝛿 {𝑢}𝑇{𝜏}𝑑𝐴]
𝑎𝑡 𝑧

  

        =
𝜕

𝜕𝑧
(∫𝛿 {𝑢}𝑇{𝜏}𝑑𝐴)𝑑𝑧 (14) 

Using Equations (13) and (14), the virtual work expression can now be written as: 

         
𝜕

𝜕𝑧
(∫𝛿 {𝑢}𝑇{𝜏}𝑑𝐴) = ∫𝛿{휀}𝑇{𝜎}𝑑𝐴 (15) 

After substitution of Equations (1)–(4), (6), (7) and (12) in the above equation (15), this can be 

expressed in the following form after some simplifications [18] as: 

 [𝑀]{𝑑},𝑧𝑧 + ([𝐶] − [𝐶]
𝑇){𝑑},𝑧 + [𝐿]{𝜓},𝑧 − [𝐸]{𝑑} − [𝑅]{𝜓} =  0  (16) 

 [𝐿]𝑇{𝑑},𝑧 + [𝑅]
𝑇{𝑑} + [𝐴]{𝜓} =  {𝜎𝑟}  (17) 



where 

[𝐴] = ∫[𝑍]𝑇[𝑆]𝑇[𝑄][𝑆][𝑍] dA

𝐴

 [𝐶] = ∫[𝑁]𝑇[𝑆]𝑇[𝑄][𝐵]dA

𝐴

 [𝐸] = ∫[𝐵]𝑇[𝑄][𝐵]dA

𝐴

 

[𝐿] = ∫[𝑁]𝑇[𝑆]𝑇[𝑄][𝑆][𝑍] dA
𝐴

 [𝑀] = ∫[𝑁]𝑇[𝑆]𝑇[𝑄][𝑆][𝑁] dA

𝐴

 [𝑅] = ∫[𝐵]𝑇[𝑄][𝑆][𝑍] dA

𝐴

 

{𝑑},𝑧 =
𝑑

𝑑𝑧
{

𝑤𝑥
𝑤𝑦
𝑤𝑧
} 

  

The solution of the above equations (16) and (17) can be obtained by following the technique 

proposed by Giavotto et al. [3] as follows:  

 [

[𝐸] [𝑅] [𝐷]

[𝑅]𝑇 [𝐴] [0]

[𝐷]𝑇 [0] [0]

] {

{𝑑}

{𝜓}

{𝜆1}
} = [

([𝐶] − [𝐶]𝑇) [𝐿]

[𝐿]𝑇 [0]
[0] [0]

] {
{𝑑},𝑧
{𝜓},𝑧

} + {

{0}

{𝜎𝑟}

{0}
} (18) 

 [

[𝐸] [𝑅] [𝐷]

[𝑅]𝑇 [𝐴] [0]

[𝐷]𝑇 [0] [0]

] {

{𝑑},𝑧
{𝜓},𝑧
{𝜆2}

} = {

{0}
{𝜎𝑟},𝑧
{0}

} (19) 

where 𝜆1 and 𝜆2 are Lagrange multipliers, which are needed to impose six constraints on the sectional 

warping displacements in the form of six additional equations as the problem possesses six degrees 

of indeterminacy [18]. The matrix [𝐷] used in equations (18) and (19), are defined as:  

 [𝐷]𝑇 = [
[𝐼3] [𝐼3] … [𝐼3] … [𝐼3]

[ℎ1] [ℎ1] … [ℎ𝑖] … [ℎ𝑛]
] (20) 

where [𝐼3] is the identity matrix of order 3, and [ℎ𝑖] consists of coordinates of the 𝑖𝑡ℎ node on the 

beam section and expressed as: 

[ℎ𝑖] = [

0 0 𝑦𝑖
0 0 −𝑥𝑖
−𝑦𝑖 𝑥𝑖 0

]. 

For the numerical solution of Equations (18) and (19), the unknown parameters are expressed in terms 

of linear homogeneous functions of {𝜎𝑟} as: 

 
{𝑑} = [𝑋1]{𝜎𝑟},  {𝑑},𝑧 = [𝑋2]{𝜎𝑟}, {𝜓} = [𝑌1]{𝜎𝑟} 

{𝜓},𝑧 = [𝑌2]{𝜎𝑟},  {𝜆1} = [𝛬1]{𝜎𝑟}, {𝜆2} = [𝛬2]{𝜎𝑟} 
(21) 

where [𝑋1], [𝑋2], [𝑌1], [𝑌2], [𝛬1] and [𝛬2] are linear operators consisting of unknown constants. After 

substitution of the above equation (21) in Equations (18) and (19), they are expressed in their final 

form as follows: 



 [

[𝐸] [𝑅] [𝐷]

[𝑅]𝑇 [𝐴] [0]

[𝐷]𝑇 [0] [0]

] {

[𝑋1]

[𝑌1]

[𝛬1]
} = [

([𝐶] − [𝐶]𝑇) [𝐿]

−[𝐿]𝑇 [0]

[0] [0]

] {
[𝑋2]

[𝑌2]
} + {

[0]
[𝐼]

[0]
} (22) 

 [

[𝐸] [𝑅] [𝐷]

[𝑅]𝑇 [𝐴] [0]

[𝐷]𝑇 [0] [0]

] {

[𝑋2]

[𝑌2]

[𝛬2]
} = {

[0]

[𝑇]𝑇

[0]
} (23) 

After the solution of Equation (23), [𝑋2], [𝑌2], and [𝛬2] are obtained, and these are then substituted 

into Equation (22) to solve for [𝑋1], [𝑌1], and [𝛬1]. With these quantities, the cross-section compliance 

matrix [𝐹𝑆] can be evaluated using the following equation [18]: 

 [𝐹𝑆] = [

[𝑋1]

[𝑋2]

[𝑌1]
]

𝑇

[

[𝐸] [𝐶]𝑇 [𝑅]
[𝐶] [𝑀] [𝐿]

[𝑅]𝑇 [𝐿]𝑇 [𝐴]

] [

[𝑋1]

[𝑋2]

[𝑌1]
] (24) 

Finally, the cross-sectional stiffness matrix (Ks) can be computed as: 

 [𝐾𝑠] = [𝐹𝑠]
−1 (25) 

 

1D beam model 

The cross-sectional stiffness matrix obtained in the above section is used to derive the 1D beam 

element considering bending about 2 cross-section axes, and accompanied by shear, torsion, and axial 

deformations. A 𝐶0 continuous displacement-based formulation is adopted for the derivation of the 

elements following the techniques of the FE method [40]. Each element has three nodes, which allow 

a quadratic approximation of the displacement field with six components {∆} as defined in Equation 

(2). To avoid possible shear locking problems found in displacement-based formulations and predict 

better stress results without oscillations, the field consistent technique [43] has been used. This beam 

element is used to undertake the 1D FE analysis of the beam structure, which gives the nodal 

displacements. At any section of a beam element, its nodal displacements can be used to evaluate the 

sectional strain vector {𝜓} as expressed in Equation (7), which can be used along with the cross-

sectional stiffness matrix [𝐾𝑠] to obtain the stress resultant vector {𝜎𝑟}(= [𝐾𝑠]{𝜓}). With the stress 

resultant vector {𝜎𝑟}, the 3D stresses can easily be recovered using Equations (4), (6) and (21). 

3. Results and discussions 

To implement the proposed model, computer code is developed in FORTRAN and subsequently used 

to analyze a series of numerical examples of beams with different cross-sections to demonstrate the 

performance of the new modeling technique. The results obtained from the present formulation are 

benchmarked and validated against experimental and numerical data available in the literature. As 

the analytical results available in the literature are limited for the purposes of validation of the present 



results, the considered open and closed section beam cases are also analyzed using the commercial 

FE code ABAQUS, where solid and shell elements were used to create detailed 3D FE models of the 

considered beams. It is to be noted that the computing time of the proposed technique is significantly 

less than the computing time of the detailed 3D FE models in all the examples considered.  

Example 1: Thin-walled tubular open and closed sections  

A 5.0 m long thin-walled cantilever beam subjected to a transverse load (1.0 kN) at its free end as 

shown in Fig. 6 is analyzed by the proposed technique considering two different beam sections. One 

with a semi-circular geometry (see Fig. 6b) prepared with a single material layer (Material 1: E = 100 

GPa, ν = 0.2 – isotropic material), while the other section has a full (closed) circular geometry (see 

Fig. 6c) made with three material layers (Material 2: E = 100×10-3 GPa, ν = 0.2×10-3 GPa for the 

central layer and Material 1 for the other two layers). Both sections have the same outer radius (100 

mm), and wall thickness (10 mm) where the three individual layers are of equal thickness (i.e. 10/3 

mm).  

A convergence study with respect to mesh size is conducted to produce stable results from the cross-

sectional analysis. For the semi-circular section (Fig. 6b), a mesh division with 3 elements in the 

thickness direction and 50 elements in the circumferential direction (No. of DOF = 1671) is found to 

be adequate, whereas, for the closed tubular case (Fig. 6c), 3 elements in the thickness direction and 

100 elements in the circumferential direction (No. of DOF = 3,300) are needed. The number of 

elements in the circumferential direction could be reduced but it is attempted to keep the aspect ratio 

of an element to be less than 2 to avoid inconsistency. The non-zero elements of the cross-sectional 

stiffness matrix predicted by the proposed model (2D FE based model) are presented in Table 1 along 

with those predicted by VABS [9]. In Table 1, it should be noted that subscripts 1 and 2 correspond 

to the section shear force along the x and y directions, respectively, 3 corresponds to the axial force, 

4 and 5 correspond to the bending moment about the x and y axes, respectively, and 6 corresponds to 

torsion (Fig. 2) and the units associated with stiffness values are Ks,ij (N), Ks,i,j+3 (N. m), and Ks,i+3,j+3 

(N. m2) for i, j = 1, 2, 3. The table shows a very good agreement between the results obtained by the 

two approaches. Using these cross-sectional stiffness parameters, the beams are analyzed with the 1D 

beam element-based model, and the predicted vertical deflections along the beam length are presented 

in Fig. 7. For the 1D beam analysis, 20 elements (DOF = 246) are found to be adequate which is used 

in this example and other examples for single-span beams. 

To validate these results, detailed FE modeling of the beam is undertaken using ABAQUS (No. of 

DOF = 23,103 – semi-circular section, No. of DOF = 45,600 – full circular section) where layered 

shell elements S8R (8 node doubly curved thick shell element with reduced integration) are used for 



modeling beam walls. It is to be noted that 20 elements are also used along the beam length for the 

detailed FE model (ABAQUS) to have consistency with the 1D beam model. However, the single-

step analysis (DOF = 23,103 or 45,600 for 3D model in ABAQUS) needs much more effort than 

proposed two-step analysis (DOF = 1,671 or 3,300 for 2D model + DOF = 246 for 1D beam model). 

The results predicted by ABAQUS are incorporated in Fig. 7, and a good correlation between the 

predictions of the two different modeling techniques are observed. 

 
 

(a) 

 

 

 
(b) Semi-circular 

section 

 
(c) Full circular section 

Fig. 6. Thin-walled tubular member with semi/full circular sections. 

Table 1 

Non-zero elements of the cross-sectional stiffness matrix (Example 1). 

(1,2 – shear; 3 – axial; 4,5 – bending; 6 – torsion) 

 

 

Fig. 7. Variation of deflection along the length of the beam (Example 1). 
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Example 2: A thin-walled box section beam with laminated composite walls of various fiber 

orientations  

In this example, three cantilever beam specimens of identical length (30-in or 762 mm), with thin-

walled graphite-epoxy box sections consisting of laminated composite walls (see Fig. 8), and 

subjected to a transverse force at the free end are modeled using the proposed model, and the 

predictions are compared with experimental and analytical modeling results obtained from the 

literature. For the multilayered composite walls of each beam, the individual layers can have different 

fiber orientations (i.e. different stacking sequences), but the layers are of equal thickness. The elastic 

material properties defined in the principal material directions are given in Table 2 including three 

sets of material properties and three sets of fiber orientations for the three different beam cross-

sections considered. The three material data sets have the same elastic moduli, but they have different 

shear moduli and Poisson’s ratios (Table 2). For the cross-sectional analyses, the individual layers 

are modeled with one element along the thickness direction, and 90 elements are used in the cross-

section plane for the lower and upper walls, and 47 elements are used for the left and right walls; see 

Fig. 8.  

Table 2 

Elastic properties of a composite lamina defined in the principal material coordinate directions [6]. 

  Stacking sequence (inside to outside) 
 

Material properties (graphite-epoxy) 

Beam  Flange  Web 
 

𝐸1 = 20.59×106 psi (141.96 GPa) 

𝐸2 = 𝐸3 = 1.42×106 psi (9.79 GPa) 
  Lower Upper  Left Right 

 

1  [75]6 [75]6  [75/-75]3 [75/-75]3  

𝐺12 = 𝐺13 = 8.7×105 psi (6.0 GPa) 

𝐺23 = 6.96×105 psi (4.80 GPa) 

𝜈12 = 𝜈13 = 𝜈23 = 0.42 

2  [45]6 [45]6  [45/-45]3 [45/-45]3  

𝐺12 = 𝐺13 = 8.7×105 psi (6.0 GPa) 

𝐺23 = 6.96×105 psi (4.80 GPa) 

𝜈12 = 𝜈13 = 0.42, 𝜈23 = 0.50 

3  [0/90]3 [0/90]3  [0/90]3 [0/90]3  

𝐺12 = 𝐺13 = 𝐺23 = 8.9×105 psi (6.136 GPa) 

𝜈12 = 𝜈13 = 𝜈23 = 0.42 

   

Fig. 8. Typical cross-section of the three box beams (not in scale). 

For the first beam case (Table 2), the cross-sectional stiffness matrix predicted by the proposed model 

(2D FE based model) is presented in Table 3 along with the numerical results reported by Yu et al. 
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[11] and Popescu and Hodges [44], where the results in both studies [11, 44] are based on VABS with 

two different formulations. Table 3 shows that the present results demonstrate a better correlation 

with the results of Yu et al. [11] for most stiffness parameters. Table 3 further shows that all types of 

couplings are exhibited for this beam configuration, i.e., shear-shear, shear-axial, bending-bending, 

and bending-twist. Apart from this, a strong bending-twisting coupling is exhibited due to 𝐾46, which 

is even larger than the torsional stiffness (𝐾66), and could be beneficial for the elastically tailoring of 

structures such as e.g. aircraft wings [11]. With the cross-section stiffness matrix obtained from the 

present 2D FE model, the deformation of the beam under the action of a transverse end force of 1.0 

lb. (4.448 N) at the free end is predicted using the developed 1D beam model. The variation of 

bending and twisting rotations along the beam length obtained from the present analysis are plotted 

in Fig. 9 and Fig. 10 along with experimental results of Chandra et al. [6], which show that the 

predicted results by the proposed model are in excellent agreement with the experimental results. 

Chandra et al. [6] also developed a model for predicting the deformation of beams by adopting a 

simple analytical formulation for calculating the cross-sectional stiffness parameters. The results 

predicted by this model [6] are also included in Fig. 9 and Fig. 10, which show that this model 

significantly under-predicts (up to 23 % less) both the bending and twisting rotations relative to the 

experimental results due to the simplified formulation that could not accurately estimated the cross-

sectional stiffness parameters. 

Table 3 

Non-zero elements of the cross-sectional stiffness matrix (𝐾𝑠) of Beam 1 (Table 2). 

Stiffness, 𝐾𝑠  Present Yu et al. [11]  Popescu and Hodges [44] 

𝐾𝑠,11 × 10
4 (lb) 8.689 8.84 8.83 

𝐾𝑠,22 × 10
4 (lb) 3.748 3.89 0.775 

𝐾𝑠,33 × 10
6 (lb) 1.348 1.37 1.37 

𝐾𝑠,44 × 10
4 (lb-in2) 5.802 5.91 6.08 

𝐾𝑠,55 × 10
5 (lb-in2) 1.377 1.41 1.43 

𝐾𝑠,66 × 10
4 (lb-in2) 1.668 1.70 1.74 

𝐾𝑠,12 = 𝐾𝑠,21 × 10
2 (lb) 2.550 0.719 -8.42 

𝐾𝑠,13 = 𝐾𝑠,31 × 10
5 (lb) -1.818 -1.84 -1.84 

𝐾𝑠,23 = 𝐾𝑠,32 × 10
3 (lb) -1.223 -0.131 1.76 

𝐾𝑠,45 = 𝐾𝑠,54 × 10
2 (lb-in2) -8.807 -3.71 -3.72 

𝐾𝑠,46 = 𝐾𝑠,64 × 10
4 (lb-in2) 1.744 1.76 1.80 

𝐾𝑠,56 = 𝐾𝑠,65 × 10
2 (lb-in2) -7.872 -3.51 -3.62 



 

Fig. 9. Variation of bending rotation of the box beam along its length (Beam 1, Table 2). 

 

Fig. 10. Variation of twisting rotation of the box beam along its length (Beam 1, Table 2). 

For the second beam case (Table 2), the cross-sectional stiffness parameters produced by the present 

2D FE based model are presented in Table 4 along with the results of Cesnik et al. [45]  based on 

VABS. The correlation between the results demonstrates a reasonable agreement between the 

stiffness parameters predicted by the two methods. Note, that some parameters could not be compared 

as the formulation of Cesnik et al. [45] (only) use a 4×4 cross-sectional stiffness matrix. As for case 

one, the twisting deformation (rotation) of the beam subjected to a unit transverse load of 1.0 lb. 

(4.448 N) at the free end is determined by the 1D beam model. The variation of twisting rotation 

along the beam length obtained from the present analysis are plotted in Fig. 11 along with the 

experimental results of Chandra et al. [6] as well as theoretical results obtained using VABS [9, 29, 

46] based on three different models. The model of Smith and Chopra [29] is similar to the analytical 

model of Chandra et al. [6], which was observed to underpredict the twisting rotations in case one. 

The model of Berdichevsky et al. [46] is conceptually similar to VABS and is seen to perform better 

than the model of Smith and Chopra [29], but there is a big difference between the experimental 

results and the results presented in Berdichevsky et al. [46]. The results produced by Cesnik and 

Hodges [9] using a model based on VABS are close to the experimental results (see Fig. 11), but is 
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seen that the predictions of the present model are much closer to the experimental data points than 

the predictions of Cesnik and Hodges [9].    

Table 4 

Non-zero elements of the cross-sectional stiffness matrix (𝐾𝑠) of Beam 2 (Table 2). 

Ks  Present Cesnik et al. [45] 

𝐾𝑠,11 × 104 (lb) 9.035 – 

𝐾𝑠,22 × 104 (lb) 5.628 – 

𝐾𝑠,33 × 105 (lb) 2.531 2.11 

𝐾𝑠,44 × 104 (lb-in2) 1.169 1.22 

𝐾𝑠,55 × 104 (lb-in2) 2.753 2.81 

𝐾𝑠,66 × 104 (lb-in2) 1.973 2.07 

𝐾𝑠,12 = 𝐾𝑠,21 × 102 (lb) 3.249 – 

𝐾𝑠,13 = 𝐾𝑠,31 × 104 (lb) -6.341 – 

𝐾𝑠,23 = 𝐾𝑠,32 × 102 (lb) -5.684 – 

𝐾𝑠,45 = 𝐾𝑠,54 × 102 (lb-in2) -0.867 -1.23 

𝐾𝑠,46 = 𝐾𝑠,64 × 103 (lb-in2) 6.916 7.25 

𝐾𝑠,56 = 𝐾𝑠,65 × 102 (lb-in2) -2.167 -3.61 

 

Fig. 11. Variation of twisting rotation of the box beam along its length (Beam 2, Table 2). 

The cross-sectional stiffness matrix obtained for the third beam case with a symmetric configuration 

(Table 2) and predicted using the present model is presented in Table 5. The bending rotation along 

the beam length is obtained from the present model are presented in Fig. 12 along with the 

experimental and analytical results of Chandra et al. [6]. The predictions of the present model are 

seen to be in excellent agreement with the experimental results. It is also seen that the analytical 

results obtained by Chandra et al. [6] are also close to the experimental results in this case. To further 

assess the predictions of the present model, the considered beam (case 3) is also analyzed using 

ABAQUS where a detailed FE model of the beam is generated using layered shell elements as in 

Example 1. The results obtained using ABAQUS are included in Fig. 12, and an excellent agreement 

with both the predictions of the present model and the experimental data [6] is observed.  
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Table 5 

No-zero elements of the cross-sectional stiffness matrix (𝐾𝑠) of Beam 3 (Table 2). 

𝐾𝑠,11 𝐾𝑠,22  𝐾𝑠,33 𝐾𝑠,44 𝐾𝑠,55 𝐾𝑠,66 𝐾𝑠,12 𝐾𝑠,13 𝐾𝑠,16 𝐾𝑠,26  𝐾𝑠,34  𝐾𝑠,35  

(lb) (lb) (lb) (lb-in2) (lb-in2) (lb-in2) (lb) (lb) (lb-in) (lb-in) (lb-in) (lb-in) 

4.551×104 1. 908×104 9.503×105 4.560×104 1.150×105 8.172×103 -0.799 2.049×10-2 39.0 -5.019 1.392×103 -6.762×102 

 

Fig. 12. Variation of bending rotation of the box beam along its length (Beam 3, Table 2). 

Example 3: A thin-walled I-section beam with laminated composite walls 

This graphite-epoxy beam problem is adopted from an investigation conducted by Sheikh and 

Thomsen [15] who reported the global response of the considered beam predicted by a model in 

which the cross-sectional stiffness matrix was derived analytically and a new beam 1D element was 

used for the global response. The considered open section (I-section) cantilever beam has a length of 

762 mm (30 in) and is subjected to a transverse unit force of 1.0 lb. (4.448 N) at the free end. The 

beam section has a depth of 12.7 mm (0.5 in), a flange width of 25.4 mm (1.0 in), and the same 

thickness of 0.04 in (1.016 mm) for the web and two flanges. The stacking sequence of the web is 

0/90/0/90/90/0/90/0, and that of the top flange is 0/90/0/90/90/0/75/75, while the bottom flange is 

symmetrical relative to the top flange. All layers have the same thickness of 0.005 in (0.127 mm). 

The elastic material properties defined in principal material directions are: 𝐸1 = 141.96 GPa (20.59 

× 106 Psi), 𝐸2 = 9.7906 GPa (1.42 × 106 Psi), 𝐺12 = 𝐺13 = 𝐺23 = 6.1363 GPa (0.89 × 106 Psi), 𝜈12 = 

0.42.  
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Legend: 

 0𝑜       90𝑜       75𝑜 

Fig. 13. Typical cross-section of the graphite-epoxy I beam (not in scale) considered for Example 3. 

The individual layers of the beam cross-section are modeled with one element through the thickness, 

and with 100 elements in the other cross-section directions for the flanges and 42 elements for the 

web as shown in Fig. 13. The values of the cross-sectional stiffness matrix obtained from the present 

analysis are provided in Table 6. The variation of deflection and bending rotation along the beam 

length obtained from the present 1D beam model is shown in Fig. 14 and Fig. 15, respectively, along 

with the numerical results of Sheikh and Thomsen [15]. A significant difference between the 

predictions of the two models is observed from both Fig. 14 and Fig. 15.  The beam is also analyzed 

using ABAQUS where a detailed FE model is generated using layered shell elements, and the results 

are incorporated in Fig. 14 and Fig. 15. It is seen that an excellent agreement is obtained between the 

predictions of ABAQUS and the present model, whereas the predictions reported in [15] are 

significantly less (up to 19 % less). 

Table 6 

Non-zero elements of the cross-sectional stiffness matrix (𝐾𝑠) (Example 3). 

𝐾𝑠,11 𝐾𝑠,22  𝐾𝑠,33 𝐾𝑠,44 𝐾𝑠,55 𝐾𝑠,66 𝐾𝑠,13 𝐾𝑠,14 𝐾𝑠,16 𝐾𝑠,25  𝐾𝑠,34  𝐾𝑠,36  𝐾𝑠,46  

(N) (N) (N) (N. m2) (N. m2) (N. m2) (N) (N) (N. m) (N. m) (N. m) (N. m) (N. m2) 

3.421×102 61.427 5.335×103 1.523×105 2.256×105 1.830×102 -3.108×102 -1.200×102 -48.567 -1.969 2.647×102 2.564×102 1.204×102 

 
Fig. 14. Variation of deflection of the I beam (Example 3). 
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Fig. 15. Variation of bending slope of the I beam (Example 3).  

Example 4: Thin-walled composite beams – different sections with same cross-sectional area  

The behavior of a 1.0 m long cantilever beam subjected to a transverse unit load of 1.0 kN at the free 

end is investigated considering four different beam sections: two closed (box and CHS) and two open 

(“I” and flat rectangular) sections (see Fig. 16) with the same cross-sectional area. For all four cases, 

cross-ply glass fiber-reinforced polymer (GFRP) laminated walls consisting of six equal thick layers 

(Fig. 16) are assumed, but the thickness of section walls or sectional dimensions are varied between 

the different cases to keep the same cross-sectional area for all cases. The material properties of all 

layers defined in the principal material axis directions are: 𝐸1 = 48.9 GPa, 𝐸2 = 𝐸3 = 5.5 GPa, 𝐺12 =

𝐺13 = 2.5 GPa, 𝐺23 =2.0 GPa, 𝜈12 = 𝜈13 = 𝜈23 = 0.33. The mass density is 𝜌 = 1900 kg/m3 [47]. 

The cross-sectional stiffness matrix determined by the proposed 2D model for the four different beam 

sections is presented in Table 7. With these sectional stiffness parameters, the proposed 1D beam 

model is used to predict the global response of the beams. The variation of deflection along the beam 

length obtained using the present model is plotted in Fig. 17 for all four cases. Also, the values of 

important design parameters such as tip deflection, shear force at the end support, bending moment 

at the end support, and maximum bending stress at the end support section (top extreme fiber) are 

presented in Table 8. The results for the global response of these beams given in Fig. 17 and Table 8 

are benchmarked against detailed FE predictions generated using ABAQUS. Though the bending 

moment and the shear force at any section (entire beam section) cannot be extracted in a 

straightforward manner from the FE model, it can be easily obtained analytically from simple 

mechanics as the considered beams are statically determinate. Fig. 17 and Table 8 show that the 

correlation between the predictions is very good. 

Moreover, the global response of the beam with the I-section (Fig. 16c) is also analyzed considering 

different length and boundary conditions as shown in Fig. 18a. The defection along the length of the 

two-span beam predicted by the proposed model and the detailed FE model is plotted in Fig. 18b. An 
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excellent agreement is observed, and this demonstrates that the proposed model is capable of 

analyzing beams with arbitrary boundary conditions.  

 

 

 

 
 

(a) Box (b) CHS (c) I (d) FRS 

Legend:  0𝑜   

               90𝑜 
All dimensions are in mm 

 

Fig. 16. Thin-walled beam of different shapes with the same cross-sectional area (not in scale). 

Table 7 

Non-zero elements of the cross-sectional stiffness matrix of the four beam sections (Fig. 16). 

Ks  Box section CHS I section FRS 

𝐾𝑠,11 × 10
2 (N) 6.209 7.137 8.402 11.490 

𝐾𝑠,22 × 10
2 (N) 6.209 7.137 4.369 12.310 

𝐾𝑠,33 × 10
4 (N) 2.054 2.042 2.055 2.051 

𝐾𝑠,44 × 10
7 (N. m2) 3.323 4.013 3.849 1.708 

𝐾𝑠,55 × 10
7 (N. m2) 3.323 4.013 1.159 0.006501 

𝐾𝑠,66 × 10
6 (N. m2) 3.615 5.605 0.001974 0.01648 

𝐾𝑠,14 × 10
−2 (N. m) 1.876 - 2.032 - 

𝐾𝑠,23 × 10
−4 (N) - -3.659 2.129 6.108 

𝐾𝑠,25 × 10
−2 (N. m) 1.876 - -0.1597 - 

𝐾𝑠,36 × 10
−2 (N. m) -3.608 - - - 

𝐾𝑠,56 × 10
−3 (N. m2) - 1413 -0.1751 -4.546 

 
Fig. 17. Variation of deflection of the cantilever beam (Example 4). 
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Table 8 

Important design parameters of the beam. 

   

 

(a) Beam geometry 

 

(b) Variation of deflection 

Fig. 18. Deflection of a double span I beam. 

Example 5: Thick-walled composite box beam 

To assess the performance of the proposed model for analyzing thick-walled composite beams, the 

thin-wall box beam investigated in the previous example (Example 4, Case 1, Fig. 16a) is considered 

in this section by amending its wall thickness from 1.5 mm to 12.0 mm (an increase of eight times) 

while retaining the same number of layers, orientations and material properties, loading and boundary 

conditions. The length of the beam is taken as 2.0 m.  The cross-sectional stiffness matrix of the beam, 

computed by the 2D modeling proposed, is presented in Table 9. Using these stiffness parameters, 
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Present model 

591 

955,893.25 
11.61 0.999 0.999 79.2 
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Present model 

1,162,120.94 
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Detailed FEM 11.47   70.00 

FRS 
Present model 

492,500.00 
20.27 0.999 0.999 151.66 

Detailed FEM 20.30   152.30 

 Analytical   1.0 1.0  

1.0 kN 

1000 mm 500 mm 



the proposed 1D beam model is applied to obtain the global response of the beam. The variations of 

deflection and bending rotation along the beam length obtained from the present analysis are plotted 

in Fig. 19 and Fig. 20, respectively. For the benchmarking of the predicted results, the beam is also 

analyzed using a detailed FE model (ABAQUS) as in the previous example, and the results produced 

are included in Fig. 19 and Fig. 20. A very good correlation is observed between predictions of 

ABAQUS and the present model.  

Table 9  

Non-zero elements of the cross-sectional stiffness matrix of thick-walled box beam. 

𝐾𝑠,11 𝐾𝑠,22  𝐾𝑠,33 𝐾𝑠,44 𝐾𝑠,55 𝐾𝑠,66 𝐾𝑠,14 𝐾𝑠,25  𝐾𝑠,36  

(N) (N) (N) (N. m2) (N. m2) (N. m2) (N. m) (N. m) (N. m) 

4.777 × 103 4.774 × 103 1.468 × 105 1.931 × 108 1.930 × 108 2.191 × 107 1.182 × 10-1 1.151 × 10-1 -2.254 × 10-1 

 

  

Fig. 19. Variation of deflection of thick-walled 

box beam. 

Fig. 20. Variation of bending slope of thick-

walled box beam. 

Example 6: Thin-walled closed section foam-filled composite beams  

Thin-walled closed section composite beams are often used with in-filled materials such as polymer 

foam, as this can help to improve various structural performance parameters. This has drawn the 

interest of many researchers [19, 31, 32], however, a satisfactory and accurate modeling approach has 

yet to be developed. A significant contribution of this investigation is to successfully address this 

problem by utilizing the capability of the proposed model. To demonstrate this, the box and circular 

hollow section (CHS) beams studied in Example 4 (Fig. 16a, Fig. 16b) are considered in this section 

with in-filled material (polymer foam) as shown in Fig. 21. For this purpose, four different grades of 

Divinycell H type foams [48] are used. Table 10 shows the properties of the foam materials, which 

are taken from the technical data sheets of the manufacturer (DIAB) [48]. The material and geometric 

properties of the laminated composite walls, as well as the length and boundary conditions of the 

beams, are identical to those used in Example 4. 
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(a) Foam-filled box section (b) Foam-filled CHS 

Fig. 21. Thin-walled closed section beams with/without foam filled (not in scale). 

Table 10 

Material properties of Divinycell H type foam [48]. 

Parameters Foam grades 

 H60 H100 H160 H250 

E (GPa) 0.070 0.135 0.200 0.400 

G (GPa) 0.020 0.035 0.060 0.097 

ν 0.4 0.4 0.4 0.4 

ρ (kg/m3) 60 100 160 250 

The cross-sectional stiffness matrix of the two beam cross-sections, evaluated by the proposed 2D 

cross-section model, is presented in Table 11. The global response of the two beams is simulated with 

the proposed 1D model assuming a torsional moment load of 1.0 kNm for the first case (case 1) and 

a transverse force load of 1.0 kN for the second case (case 2), where both loads are applied at the free 

end. The twisting rotation (case 1) and deflection (case 2) at the free end obtained using the present 

analysis are given in Table 12 for the different grades of foam including one scenario without in-

filled foam which is taken as the reference against which the 3 foam-filled cases are compared. Table 

12 shows the influence of different grades of foam with respect to the reference beam (maximum 

improvement: 27% – case 1, 18% – case 2) in addition to the relative performance of CHS beams 

over box beams (approx. 38% – case1, 17% – case2). The variation of twisting rotation (case 1) and 

deflection (case 2) along the beam length for the reference beam and the beam with the highest density 

foam (H250) are plotted in Fig. 22 and Fig. 23, respectively. For the purpose of validation, detailed 

FE analyses using ABAQUS (shell element S8R for laminated walls, and 3D reduced integration 20 

node element C3D20R for the foam) are also conducted, and the results obtained are incorporated in 

Fig. 22, Fig. 23 and Table 12, and again an excellent agreement between the predictions of ABAQUS 

and the proposed model is demonstrated. 

 

 

 

Foam 

1
0

0
  

100  

1.5  



Table 11 

Non-zero elements of the cross-sectional stiffness matrix of foam-filled (Foam: H250) beam. 

𝐾𝑠 𝐾𝑠,11 × 10
2 𝐾𝑠,22 × 10

2 𝐾𝑠,33 × 10
4 

𝐾𝑠,44
× 107 

𝐾𝑠,55
× 107 

𝐾𝑠,66
× 106 

𝐾𝑠,14
× 10−2 

𝐾𝑠,23
× 10−4 

𝐾𝑠,25 × 10
−2  

𝐾𝑠,34
× 10−4 

𝐾𝑠,36 × 10
−2  𝐾𝑠,56 

 (N) (N) (N) (N. m2) (N. m2) (N. m2) (N. m) (N) (N. m) (N. m) (N. m) 
(N. 
m2) 

Box  

(Foam: 
H250) 

6.604 6.604 2.459 3.646 3.646 4.986 1.807 - 1.807   -3.602 - 

CHS  

(Foam: 
H250) 

18.890 19.150 2.536 4.473 4.506 7.853 -  -3.678 -  -2.327 - 1.420 

Moreover, the percentagewise reduction of twisting rotation (case 1), deflection and bending rotation 

(case 2) at the free end of the box beams with four different foam densities relative to the reference 

beam are presented in Fig. 24 with respect to the percentagewise increase of the foam density. A 

significant reduction of the twisting rotation, deflection, and bending rotation is observed with 

increasing foam density, and it is further seen that this depends linearly on the foam density, as seen 

in Fig. 24 (Box beams) and in Fig. 25 for tubular beam cross-sections.  

Table 12 

Twisting rotation (θz) and deflection at the free end of the foam-filled beams. 

 Conditions Foam 

type 

 Box section CHS  Reduction of displacement  

(present) 

Effectiveness 

of CHS over 

box section 

    Present ABAQUS Present ABAQUS  Box CHS Present 

Case 1: 

Twisting 

rotation, 

θz × 10-1 

(rad) 

No fill  -  2.760 2.806 1.69 1.711   -  - 38.77% 

Foam-filled 

H60  2.552 2.587 1.565 1.582  7.54% 7.40% 38.68% 

H100  2.419 2.447 1.484 1.500  12.36% 12.19% 38.65% 

H160  2.229 2.25 1.368 1.381  19.24% 19.05% 38.63% 

H250  2.003 2.017 1.230 1.239  27.43% 27.22% 38.59% 

Case 2:  

Deflection 

(mm) 

No fill  -  11.609 11.46 9.690 9.557   -  - 16.53% 

Foam-filled 

H60  11.018 10.84 9.149 9.005  5.09% 5.58% 16.96% 

H100  10.684 10.51 8.806 8.685  7.97% 9.12% 17.58% 

H160  10.336 10.17 8.457 8.352  10.97% 12.72% 18.18% 

H250  9.742 9.587 7.860 7.768  16.08% 18.89% 19.32% 



 

Fig. 22. Twisting rotation of the box beam with/without foam-filled conditions. 

 

 
Fig. 23. Deflection of the box beam with/without foam-filled conditions. 

 

Fig. 24. Foam density vs. free end displacements for foam-filled Box beam. 
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Fig. 25. Foam density vs. free end displacements for foam-filled CHS beam. 

 

4. Conclusion 

The behavior of thin and thick-walled beams, consisting of multilayer laminated composite walls, 

with either open or closed sections, and with or without lightweight in-filled material is investigated 

in this paper by developing a comprehensive numerical model based on a rigorous mathematical 

treatment. The generic formulation includes all modes of deformation: axial, biaxial bending, bi-axial 

transverse shear, torsion, as well as in-plane and out of plane cross-sectional warping. The model 

consists of two interconnecting components: 1) 2D cross-sectional model, and 2) 1D beam model, 

where nine node isoparametric elements with bi-quadratic Lagrangian interpolation functions are 

used for the sectional analysis, and three-node isoparametric elements are used for the 1D beam 

model.  

The model is benchmarked and validated by analyzing a series of examples of thin-walled composite 

beams investigated by previous researchers both experimentally and numerically. This includes 

beams with thin-walled open I and semi-circular hollow sections, and closed box, tubular sections 

without any in-filled material. The benchmarking and validation of the predictive results have shown 

that the proposed model performs very well, and in particular that the predictions match experimental 

data as well as detailed FE model predictions very well. Further, the proposed model is very 

computationally efficient compared with e.g. detailed FE analysis based on a continuum or shell-

based formulations. In addition, a series of problems with different beam sections (flat rectangular, I, 

box, and tubular sections) with in-filled material (foam) as well as thick laminated walls have been 

modeled using the new methodology to provide reference cases for future validation. The effect of 

different cross-sectional geometries of beams having the same cross-sectional area is found to 

influence their global response considerably. In addition to the observed improvement in the 
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performance of closed section beams over open section beams as expected, the tubular section has 

shown significant improvement over the box section. A similar trend of improvement with a higher 

margin has also been observed in the case of beams with in-filled materials. The different grades of 

foam also illustrate a great influence on their response compared to the reference beam. The effect of 

foam densities shows a linear trend of variation for their response. 
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