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Appendix: Online Supplementary Material

We now verify that, under the conditions on f(·, ·) and Q in the definition of the proximal statistic, ϕ̂kn

is measurable and ϕo is well-defined, i.e., finite. Under (A.ii), q 7→ f(q, zi) is continuous a.e. zi. Since f is a

random function, one has that f(q, ·) is measurable for every q. F (q, Pn) is then a Caratheodory function,

i.e., a real-valued function such that F (q, Pn) is measurable for every q and q 7→ F (q, Pn) is continuous a.e.

zi. It follows (see e.g., Shapiro et al., 2014, Theorem 7.41) that F (q, Pn) is a random lsc function and so

is q 7→ F (q, Pn) + .5‖q − q̂2‖2 because q 7→ .5‖q − q̂2‖2 is continuous. It also follows (see e.g., Shapiro et

al., 2014, Theorem 7.42) that q̂3 = (1 − 1/2)proxPn(q̂2) and ϕ̂3 = F (q̂3, Pn) are both measurable. Hence,

q 7→ .5‖q− q̂3‖2 is a random lsc function and so is q 7→ F (q, Pn) + .5‖q− q̂3‖2. It follows (again from Shapiro

et al., 2014, Theorems 7.42 and 7.43) that q̂4 = (1− 1/3)proxPn
(q̂3) and ϕ̂4 = F (q̂4, Pn) are measurable. By

induction, conclude that q̂kn and ϕ̂kn := F (q̂kn , Pn) are measurable. Under (A.i) and (A.ii), q 7→ F (q, Po)

is a real-valued continuous function (see Shapiro et al., 2014, Theorem 7.48). Since Q is compact, one is

justified then to use the Extreme Value Theorem to claim that ϕo is finite -i.e. minq F (q, Po) is well-defined.

Proof of Lemma 1. Assumptions (A.i) and (A.ii) imply (see Shapiro et al., 2014, Theorems 7.48 and 7.49)

that q 7→ F (q, Po) is a well-defined and finite valued function. Since we have also assumed that q 7→ f(q, zi)

is convex a.e. zi, it follows then, from Shapiro et al. (2014, Theorem 7.51), that q 7→ F (q, Po) is a proper

convex function. Hence, from Moreau (1965, Proposition 5.b.), one has that v 7→ proxo(v) is nonexpansive:

‖proxo(v)− proxo(ṽ)‖ ≤ ‖v − ṽ‖ for any v, ṽ ∈ Q. (1.1)

Use now the triangle inequality to bound ‖q̂kn+1 − q?‖ by the sum of a deterministic and a stochastic term

‖q̂kn+1 − q?‖ ≤ ‖qkn+1 − q?‖+ ‖q̂kn+1 − qkn+1‖. Consider first the deterministic term. Let akn := 1− k−1
n .

Define qkn+1 := aknproxo(qkn) for an arbitrary starting point q ∈ Q. Since proxo : Q 7→ Q is nonexpansive

(see (1.1))and Q is the closed unit ball in a Hilbert space, akn := 1− k−1
n = 1− dn−1/3e is acceptable in the

sense of Halpern (1967, Corollary p. 961), viz.

‖qkn − q?‖ = o(1), (1.2)

where q? is the fixed point of v 7→ proxo(v) with the smallest norm. Since the fixed points of v 7→ proxo(v)

belong to Q?, a fortiriori q? ∈ Q?. One also has ‖qkn+1 − q?‖ = o(1).
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Consider now the stochastic term. Replacing q̂kn+1 and qkn+1 recursively,

‖q̂kn+1 − qkn+1‖ = ‖aknproxn(q̂kn)− aknproxo(qkn)‖.

Add-and-subtract proxo(q̂kn) and use the triangle inequality to get

‖q̂kn+1 − qkn+1‖ ≤akn‖proxn(q̂kn)− proxo(q̂kn)‖+ akn‖proxo(q̂kn)− proxo(qkn)‖.

Since v 7→ proxo(v) is nonexpansive (see (1.1)),

‖q̂kn+1 − qkn+1‖ ≤ akn‖proxn(q̂kn)− proxo(q̂kn)‖+ akn‖q̂kn − qkn‖.

By recursive substitution,

‖q̂kn+1 − qkn+1‖ ≤
akn

1− akn
‖proxn(q̂kn)− proxo(q̂kn)‖.

Since ‖proxn(q̂kn)− proxo(q̂kn)‖ ≤ supq∈Q ‖proxn(q)− proxo(q)‖,

‖q̂kn+1 − qkn+1‖ ≤
akn

1− akn
sup
q∈Q
‖proxn(q)− proxo(q)‖.

Since we have assumed that n1/2[proxn − proxo] is asymptotically tight (see A.iii), one has

‖q̂kn+1 − qkn+1‖ ≤
akn

1− akn
OPo

(n−1/2).

Since akn/(1− akn) = kn − 1 and we have assumed kn = o(n1/2),

‖q̂kn+1 − qkn+1‖ ≤ o(n1/2)OPo(n−1/2) ≤ n1/2−1/2o(1)OPo(1) ≤ oPo(1).

Conclude then ‖q̂kn − q?‖ ≤ o(1) + oPo(1) ≤ oPo(1). 4

Proof of Lemma 2. For F := {f(q, ·) : q ∈ Q}, define `∞(F) := {f ∈ F : supq∈Q |f(q, ·)| < ∞}.

Let H(ε,F , P ) denote the cover number of the family of functions F .1 Under (A.ii) , F is a type II

class in the sense of Andrews (1994, p. 2270). It follows then from Andrews (1994, Theorem 2) that

v(zi) := max(1, e(zi),m(zi)) is such that |f(q, zi)| ≤ v(zi) ∀f ∈ F and the uniform entropy integral
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∫ 1

0
supP∈D

[
lnH(ε(Pv2)1/2, P,F)

]1/2
dε satisfies

∫ 1

0

sup
P∈D

[
lnH(ε(Pv2)1/2, P,F)

]1/2
dε ≤ ∞, (2.1)

where D is the set of all discretely supported probability distributions. Under the bounds E[|e(zi)|2] < ∞

in (A.i) and E[|m(zi)|2] <∞ in (A.ii), Jensen’s inequality implies

Pov
2 ≤ ∞. (2.2)

Since F is measurable under (A.i) and (A.ii), it follows from (2.1)-(2.2), by van der Vaart (1998, Theorem

19.14), that

F is Po-Donsker. (2.3)

Conclude by restating the definition of Po-Donsker class (van der Vaart, 1998, p.269) that Gnf(q) :=

n1/2[F (q, Pn) − F (q, Po)]  Gf(q) in the space `∞(F), where q 7→ Gf(q) is a Gaussian process with zero

mean and covariance function q, q̃ 7→ E[f(q, zi)f(q̃, zi)]− E[f(q, zi)]E[f(q̃, zi)]. 4

Proof of Lemma 3. We first verify that q 7→ f(q, zi) is square integrable at q?:

lim
q→q?

∫
|f(q, zi)− f(q?, z)|2dPo(z) = 0. (3.1)

For any q ∈ Q, (A.ii) implies |f(q, zi)− f(q?, zi)|2 ≤ m(zi)
2‖q− q?‖2 because |f(q, zi)− f(q?, zi)| is nonneg-

ative. Taking expectations on both sides

∫
|f(q, zi)− f(q?, z)|2dPo(z) ≤

∫
m(z)2dPo(z)‖q − q?‖2.

Under (A.ii),
∫
m(z)2dPo(z) <∞. Hence, (3.1) follows from the last display after taking limits to both sides

as q → q?.

Define g : `∞(F) × F 7→ R by g(h, f) := h(f) − h(f?), where f? = f(q?, ·). The set F is a semi-metric

space relative to the L2(Po)-metric. The function g is continuous with respect to the product semimetric at

every point (h, f) such that f 7→ h(f) is continuous. Indeed, if, for any sequence {hk, fk}k in `∞(F) × F ,

{hk, fk}k → (h, f), then hk → h uniformly and hence hk(fk) = h(fk) + o(1)→ h(f) if h is continuous at f .

3



By van der Vaart (1998, Lemma 28.15), it follows from (2.3) that almost all sample paths of G are uniformly

continuous on F . Thus, the function h is continuous at f? ∈ F .

Set fn := f(q̂kn , ·). Since q̂kn →
Po

q? (see Lemma 1), one has, by (3.1), that fn →
Po

f? in the metric space

F . For Gn := n1/2(Pn − Po), by (2.3), Gn  G in the space `∞(F). Hence,

(fn,Gn) (f?,G) in the space F × `∞(F). (3.2)

We have verified that g is continuous and (3.2) holds. Apply the Continuous Mapping Theorem (van der

Vaart, 1998, Theorem 18.11(i)) to obtain

Gn(fn − f?) = g(Gn, fn) g(G, f?) = Gf? −Gf? = 0.

Since convergence in probability and convergence in distribution are the same for a degenerate limit (van

der Vaart, 1998, Theorem 18.10(iii)), Gn(fn − f?)→
Po

0. Conclude by replacing Gn(fn − f?) by its definition

in −Gn(fn − f?) = n1/2F (q?, Pn)− n1/2F (q̂kn , Pn). 4

Proof of Lemma 4. Under (B.i)-(B.iv), one is justified to set q = θ, Q = Θ, f(q, zi) = − ln g(zi, θ),

F (q, Po) = G(θ, Po), etc. It follows then from Proposition A that n1/2[ϕ̂g,kn − ϕg,kn ]  N(0, avar(ϕ̂gkn)).

A similar reasoning yields n1/2(ϕ̂hkn − ϕho) N(0, avar(ϕ̂hkn)). 4

Proof of Lemma 5. Define avarn(θ) := n−1
∑n
i=1 ln g(zi, θ)

2 −
[
n−1

∑n
i=1 ln g(zi, θ)

]2
and avar(θ) :=

E[ln g(zi, θ)
2]− E[ln g(zi, θ)]

2. By the triangle inequality with probability approaching one

|avarn(ϕ̂kn)− avar(ϕ̂kn)| ≤ |avarn(θ̂kn)− avar(θ̂kn)|+ |avar(θ̂kn)− avar(θ?)|.

Consider the first term in the right hand side of this inequality. From (B.ii), (B.iii) and the i.i.d. assumption,

supθ |avarn(θ) − avar(θ)| = oPo(1). Hence, |avarn(θ̂kn) − avar(θ̂kn)| = oPo(1). Consider now the second

term. From (B.iii), θ 7→ avar(θ) is continuous. Since θ̂kn →
Po

θ?, by the Continuous Mapping Theorem,

|avar(θ̂kn)− avar(θ?)| = oPo(1). It follows then that avarn(ϕ̂kn)→
Po

avar(ϕ̂kn). A similar result follows for

avarn(ϕ̂hkn) and acovn(ϕ̂gkn , ϕ̂hkn). Then, by the Continuous Mapping Theorem, ω̂n →
Po

ωo. 4

Proof of Lemma 6. It suffices to verify that ωo = 0 iff g(zi, θ?) = h(zi, γ?) for any θ? ∈ arg minθ∈ΘG(θ, Po),

γ? ∈ arg minγ∈ΓH(γ, Po). Fix θ? and γ?. From the definition of ωo, ωo = 0 iff there exists a constant ε such

that g(zi, θ?) = εh(zi, γ?) a.e. zi. Since z 7→ g(z, θ?) and z 7→ h(z, γ?) are density functions, they integrate

to one. It follows then, by integrating both sides of g(z, θ?) = εh(z, γ?) with respect to z, that ε = 1. 4
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