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Abstract

The overarching aim of the thesis is to develop a numerically efficient framework
for the analysis of laminated shell structures. There are two parts to this thesis,
the first part focuses on the derivation of a continuum shell element with gen-
eralised kinematic descriptions—referred to as a variable-kinematics continuum
shell (VKCS) element—to analyse the nonlinear displacement and 3D stress
field responses in complex shell structures. The second part focuses on the
development of a VKCS element with adaptive through-thickness refinement,
for applications to the progressive delamination analysis in an explicit dynamic
solver.

The proposed element allows the users to control the model fidelity in the
in-plane and through-thickness directions independently simply by modifying
a few input parameters, therefore it has an anisotropic kinematic refinement
scheme. With this feature, the element kinematics can be customised on a
case-by-case basis, thereby presenting a one-size-fits-all solution, where only
one model is required to analyse a wide range of laminates for any level of
model fidelity. Also, the adaptive VKCS model alleviates the need for a ply-by-
ply model to simulate delamination propagation, by kinematically refining the
through-thickness displacement fields ‘on-the-fly’. In order to enforce kinematic
compatibility across an adaptive finite element domain, a variable-kinematics
transition element formulation and a through-thickness re-meshing algorithm
have been developed. Apart from that, an approach to initiate cohesive segment
has been proposed, where it allows the insertion of cohesive segment at high
stress threshold, as well as guaranteeing traction equilibrium in an explicit solver
without needing any regularisation parameter.

The thesis has studied many numerical benchmarks on both the elastic
and failure analysis of laminated shells in order to validate the VKCS model.
To name a few, the examples include the linear elastic 3D stress fields in a
twisted shell with variable-thickness, nonlinear 3D stress fields in a ‘snapped’
laminated roof, post-buckling responses of a wind turbine blade substructure,
delamination propagation in a multi-layered plate subjected to a static inden-
tation load, and the unstable delamination propagation along the free edge of
a laminate. Apart from that, the thesis also presents numerical studies on the
effects of an anisotropic kinematic refinement scheme on the performance of
nonlinear implicit solvers, the allowable mesh sizes for higher-order Cohesive
Zone Model (CZM), and the computational efficiency of higher-order CZM—in
the polynomial degree sense—in an explicit solver.
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Overall, the VKCS model proves to be a robust, numerically stable, ac-
curate and computationally efficient tool for the elastic and progressive delam-
ination analysis of laminated shells. The work undertaken in this thesis has
led to the following conclusions. Firstly, a model that utilises higher-order basis
functions, along with an anisotropic kinematic refinement scheme has a fast solu-
tion convergence rate in displacements and 3D stresses, when compared against
conventional finite element formulations with isotropic kinematic refinement
schemes. Secondly, numerical experiments have suggested that higher-order
models up to order 3 are computationally efficient for the nonlinear static and
progressive damage analysis of laminated composites. Beyond order 3, the mod-
els cease to be computationally efficient due to competing factors such as the
steep increase in the computational cost per integration point, and the reduction
in the stable time increment of an explicit solver as the model order increases.
Thirdly, the numerical studies showed that the adaptive delamination model
offers a saving of 10–15% in CPU time when compared against a ply-by-ply
model. Finally, the present work has proved that it is possible for an adaptive
delamination model to be robust and numerically stable in an explicit dynamic
solver without any ad hoc regularisation, while attaining the same level of ac-
curacy as a ply-by-ply model.
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Chapter 1

Introduction

1.1 Preface: Composites in the sky

The last five decades saw a ten-fold increase in the number of air passengers
from 300 million to nearly 4 billion, according to the International Civil Aviation
Organisation (ICAO). This figure is expected to double within the next two
decades, with the Asia-Pacific region contributing to most of the growth [1].
Since jet fuel is the largest consumable in the civil aviation industry, improving
the aircraft fuel economy would be a pivotal factor to enable the projected
growth sustainably.

The fuel bill takes up on average 25% of an airline’s operating costs as of
2018 [2]. Along with the forecasted increase in fuel prices, aircraft manufac-
turers have substantial incentives to produce more fuel-efficient fleets. On the
regulatory front, the airlines are under increasing pressure to reduce greenhouse
emissions due to initiatives such as the EU emission trading system (EU ETS)
[3] and the upcoming Carbon Offsetting and Reduction Scheme for International
Aviation (CORSIA) [4]. For these reasons, the aviation industry has continu-
ously adopted new technologies to improve aircraft fuel efficiency. For instance,
between 1968 and 2014, the advancements and the aggressive adoption of new
aircraft technologies in avionics, propulsions, flight procedures, aerodynamics
and advanced materials have resulted in a 45% reduction in the average aircraft
fuel burn [5].

In some aerospace applications, advanced materials such as polymeric com-
posites can offer stronger, lighter and more durable alternatives to their metal-
lic counterparts. Therefore, the application of polymeric composites present
many opportunities for weight-saving in modern airframes, therefore the design
of more fuel efficient fleets. However, the uptake of composites technology in
aerostructures has been very slow since the 1970s [6]. The delivery of Boeing’s
787 Dreamliner in 2011 marked a substantial leap in the adoption of composites
technology in aerostructures—the aircraft is over 50% composites by weight,
offering an average of 20% reduction in weight and 20–30% reduction in CO2
emissions [7]. As reported by the Aerospace Technology Institute (ATI), the
composites market is set to increase from £270m in 2015 to £1bn in 2020, with
a projected growth of £1.3–3.5bn by 2030 in the United Kingdom [8].

1
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There is no denying the fact that composite materials will find more ex-
tensive applications in the aerospace, renewable, and automotive sectors in the
coming years. Nonetheless, further exploitation of composites to meet the mar-
ket outlook is not without challenges—it is limited by the reliability of the cur-
rent simulation tools, high development costs and the ‘black metal’ certification
approaches for composite components [9].

The virtual testing of composite components provides many opportunities
to reduce development time and costs: (a) it allows for rapid turnaround of
design ideas; (b) a computer can handle design optimisation problems with a
large number of constraints, load cases and design parameters; (c) simulations
at different length- and time-scales can promote better understanding of the
physical events; and (d) the number of physical tests can be reduced via the
virtual testing of sub-critical components [10]. Although the existing tools can
accurately predict the nonlinear elastic and failure responses in laminated com-
posites, the simulations of large structures and lengthy physical events remain
computationally prohibitive.

The relevance of virtual testing in promoting better design and utilisation
of composite structures is beyond doubt, and it will continue to be crucial in the
realisation of more eco-efficient aerostructures. Its successes to date pave the
way for continuous improvements in its reliability and computational efficiency,
which will promote more rigorous adoption of virtual testing tools across the
engineering sectors.

1.2 Research motivation and objectives

Since the dawn of computational mechanics in the mid-twentieth century, the
Finite Element Method (FEM) has become a versatile tool for the nonlinear
elastic, modal and failure analyses of composite structures. Currently, there is
a ‘gap’ in the modelling technology: it is not possible to simulate the nonlinear
structural and material responses of large composite structures with acceptable
accuracy and speed.

This thesis sets out to develop an accurate and computationally efficient
framework for the nonlinear elastic and failure analyses of laminated composites.
To date, a plethora of finite element formulations for laminated beam and shell
structures have been developed in the literature. Many of these formulations
were developed and optimised for laminates with specific geometry, aspect ratio,
orthotropic ratio and through-thickness inhomogeneity. Therefore, for general
applications, their accuracy and numerical efficiency can be penalised when
applied to laminates that violate these assumptions.

Generally, a mathematical or computational model has to be refined as the
complexity of the physical phenomena increases. In the case of composite lam-
inates, the high-fidelity models will consider the deformation of each material
layer explicitly, which render them impractical for applications in the industry
due to the high computational costs. On the other hand, the low-fidelity mod-
els utilise smeared cross-sectional properties, which cannot accurately capture
the physics that drive the progressive failure phenomena in composites. As an
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intermediate solution, engineers often analyse large composite structures in a
multi-fidelity manner. For instance, they would start by creating low-fidelity
models for global elastic stiffness and modal analyses, followed by identifying
potential failure initiation locations in the low-fidelity models, and finally cre-
ating high-fidelity sub-models of these locations. There are several downfalls
to this approach: (a) the creation of numerous low- and high-fidelity models is
labour-intensive and time-consuming; (b) it is non-trivial to correctly extract
the kinematic quantities from low-fidelity global models and apply the equiva-
lent boundary and loading conditions to the high-fidelity sub-models, and; (c)
design aws may go unnoticed until much later if the critical failure modes were
not captured by the low-fidelity models, which can incur high costs and delays
in the delivery of the end-product.

The need for a multi-fidelity analysis and the shortcomings in the current
finite element technology call for an ‘all-in-one’ model whose kinematics can
be optimally tuned for each analysis case. To enable this concept, the first
part of this thesis will derive and validate a variable-kinematics continuum shell
(VKCS) formulation. By using a single model, the formulation presents a con-
venient framework to allow the users to custom-build the element kinematics in
order to analyse different types of laminates at any level of model fidelity.

For a reliable prediction of the failure initiation sites and damage propa-
gation responses, it is common for structural analysts to assume high-fidelity
model everywhere in the analysis domain. Nonetheless, experimental obser-
vations would suggest that severe damage phenomenon, such as delamination,
matrix cracking and fibre splitting, are usually confined to small localised regions
before propagating to the rest of the structure. From a modelling perspective,
it is therefore unnecessary to assume refined kinematics everywhere in the first
place, as a model would only require refined kinematics locally once the dam-
ages have initiated. This realisation has naturally led to the development of a
model with adaptive refinements as a means to reduce the model size. However,
there are myriad implementation challenges for such an approach—adaptive
models require complex data structures and algorithms to update the model
configurations, as well as regularisation techniques to resolve the subsequent
numerical instability issues, especially in an explicit dynamic solver. To address
these challenges, the second part of this thesis will develop an adaptive version
of the VKCS model for delamination analysis. Here, a suite of algorithms and
numerical techniques have been devised to locally refine the VKCS model in the
stacking direction ‘on-the-fly’ in a numerically stable manner without requiring
any ad hoc regularisation.

Overall, this thesis aims to develop an accurate and computationally effi-
cient model for the nonlinear elastic and failure analyses of laminated composite
shells. The main research objectives are:

1. Derivation and validation of a geometrically nonlinear finite shell formu-
lation with variable-kinematics;

2. Development and validation of a framework to locally refine shell kine-
matics ‘on-the-fly’ in a numerically stable manner;

3. Implementation of progressive damage models in a variable-kinematics
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framework;

4. Application of the developed model to analyse complex cases of three-
dimensional stresses, nonlinear elastic and failure responses in laminated
structures;

5. Studying the accuracy, numerical stability and computational efficiency
of the developed model, and benchmark against state-of-the-art models
when possible; and

6. Identifying computationally efficient model settings for general analyses
of laminated shells.

1.3 Thesis outline

The thesis outline is as follows:

1. Chapter 2 presents a literature survey on the state-of-the-art finite element
shell models for the analysis of laminated composites, with emphasis on
the shortcomings of existing formulations and the model requirements for
computationally efficient analysis. In addition to that, the chapter also
reviews the use of adaptive models in progressive damage analysis and
its corresponding challenges. Finally, the chapter will establish the work
packages of the thesis based on the research challenges and knowledge
gaps identified in the literature review.

2. Chapter 3 derives and validates a linear elastic VKCS model. The govern-
ing equations are obtained by combining a continuum shell formulation in
convected coordinates with the so-called Carrera’s Unified Formulation.
The resultant model is general in both the geometric and kinematic de-
scriptions, allowing the users to custom-build the element kinematics for
different applications. To validate the model, it is applied to the 3D stress
fields analysis of thick laminated shell structures with complex curvature
and thickness profiles, where its computational performance is compared
with commercially available solid continuum elements.

3. Chapter 4 derives and validates a VKCS model that is geometrically non-
linear in a total Lagrangian sense. The model is applied to a wide range
of test cases, including the snap-back and snap-through of thin laminated
roofs, 3D Cauchy stresses of a ‘snapped’ laminated roof and the postbuck-
ling of a wind turbine blade substructure. Apart from that, the chapter
also investigates how the variable-kinematics formulation affects the per-
formance of various nonlinear implicit solvers.

4. Chapter 5 integrates an adaptive refinement scheme into the VKCS frame-
work, with application to the progressive delamination analysis in an
explicit dynamic solver. The model is adaptive in the sense that, the
elements within the delaminated regions are refined in the stacking di-
rection ‘on-the-fly’. To do so, the chapter will develop several numerical
schemes to enforce the numerical stability and the compatibility of state
variables across the adaptive analysis domain. As for validation, the model
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is applied to test cases featuring unstable delamination and complex in-
teractions between several delamination planes. Finally, the chapter will
provide some remarks in regards to the applicability of an adaptive de-
lamination model within an explicit solver.

5. Chapter 6 includes two studies on the numerical aspects of higher-order
CZM. The first study will establish the mesh size requirements for various
orders of CZM, ranging from 1–6. Then, the second study compares the
accuracy, computational cost and numerical stability of various orders of
CZM in an explicit solver, in order to get a sense on which model orders
are more computationally efficient for general applications.

6. Chapter 7 summarises the developments and findings from the present
work. It will also shed some light on possible future works based on the
issues that were not addressed or were outside the scope of the thesis.
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Chapter 2

Literature review

This chapter presents a literature review covering the following topics: (a) clas-
sification of shell models; (b) kinematic requirements in a model to obtain ac-
curate through-thickness stresses; (c) the capabilities and the shortcomings of
the existing hierarchical shell models; (d) classification of numerical models for
delamination analysis; (e) challenges in modelling delamination in an adaptive
manner within an explicit solver, and; (f) capabilities and main challenges of
the existing adaptive delamination models.

2.1 Overview of shell models

Shell finite elements are commonly used in the structural analysis of aerostruc-
tures. Depending on the assumptions made in their through-thickness displace-
ment fields, they can be broadly categorised into the equivalent single layer
(ESL) and layerwise (LW) models. As the name implies, the ESL models ac-
count for the variation of through-thickness material properties in an averaged
sense, by computing statically equivalent stiffness as a weighted average of all
the layers. On the other hand, the LW models explicitly consider each material
layer with appropriately chosen displacement or stress continuity conditions at
the ply interfaces.

The vast majority of the early-day ESL models are based the Kirchhoff-Love
(KL) [11, 12] and the Reissner-Mindlin (RM) [13] assumptions. Throughout this
thesis, the models with either of these assumptions are referred to as the classi-
cal models. The KL theory is based on the Euler-Bernoulli beam theory, such as
the classical laminate theory (CLT) commonly used for laminate design, which
assumes that the thickness cross-sections do not rotate about the midplane,
and that they remain straight and unstretched after deformation. Meanwhile,
models based on the RM assumptions assume a linear variation of the displace-
ment fields in the normal directions and ignore the through-thickness stresses.
Therefore, it is also known as the first-order shear deformation theory (FSDT)
in some literature.

Both of these assumptions will drastically reduce the number of mathe-
matical variables in a finite element model, yielding computationally efficient
models. Together with artefacts such as the shear correction factors, reduced

7
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Figure 2.1: Through-thickness displacement fields of ESL models: Kirchhoff-
Love, Reissner-Mindlin and Higher-order shear; and LW models: Linear layer-
wise and Higher-order layer-wise.

integration technique, assumed strains and hourglass controls, displacement-
based KL and RM shell finite elements make up a large proportion of the shell
element libraries in commercial finite element codes.

The classical models are suitable for the stiffness analyses, i.e. displace-
ment, eigenvalue buckling or eigenfrequency analyses, of thin laminated struc-
tures, where the through-thickness deformability does not contribute signifi-
cantly to the global behaviour of a structure. In other words, the classical mod-
els are unsuitable in cases where three-dimensional stress states are concerned.
For example, they cannot accurately predict the through-thickness stress, even
for isotropic structures. A model requires at least cubic through-thickness dis-
placement fields to produce a quadratic interlaminar shear stress distribution,
in order to satisfy the zero-traction condition on the plate or shell surfaces when
no surface traction is applied. Numerous works [14–16] have proposed the use
of shear correction factors which improve the strain energy estimation, hence
the solutions for displacements in these models. However, this approach does
not directly improve the through-thickness stress prediction, and the evaluation
of shear correction factors is non-trivial for thick laminates with heterogenous
layups.

The estimations of the through-thickness stresses can be improved naturally
by using higher-order shear deformation theories (HSDT) [17–19]. As the name
suggests, these theories assume higher-order displacement fields in the through-
thickness direction. Some examples of these shell models are the 6-parameter
[20, 21], 7-parameter [22–24] and 12-parameter [25] formulations. The general
trend is that the model accuracy improves with the number of mathematical
variables that reflect the cross-sectional deformation of a laminate.

LW models could utilise either FSDT or HSDT. Since they explicitly con-
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Material X oriented at 90°

Material X oriented at 0°

Material X oriented at 90°

Figure 2.2: The in-plane strains and stresses distribution of an angle-ply lam-
inate in the thickness direction without through-thickness inhomogeneity, mod-
elled using ESL or LW models.

sider the deformation of each material layer and displacement continuity at the
layer interfaces, LW models are accurate in predicting displacements and 3D
stresses in most laminates. For shell models with only displacement degrees-of-
freedom (dofs), i.e. solid-shell elements, the LW models are built by assembling
the elements in the normal directions. On the other hand, for shell models with
both displacement and rotation dofs, constraint equations are required to as-
semble the layers of shell elements. The through-thickness displacement fields
of the various models discussed herein are illustrated in Figure 2.1.

2.2 Three-dimensional stresses in laminates

This section will begin by qualitatively discussing the expected distribution
of 3D stresses in different types of laminates, followed by a discussion on the
model kinematic requirements in order to capture these stresses accurately. The
discussion includes two types of laminates, namely angle-ply laminates with and
without through-thickness inhomogeneity. A laminate has through-thickness
inhomogeneity when there is a mismatch in the transverse shear moduli between
the material layers.

For angle-ply laminates with no through-thickness inhomogeneity, where
all the layers are made up of the same material, the in-plane strains have con-
tinuous distribution in the through-thickness direction. Since the elastic moduli
vary between layers, the in-plane stresses are discontinuous at the interfaces, as
illustrated in Figure 2.2. This phenomenon is consistent with the kinematic as-
sumptions in both ESL and LW models, therefore they can capture the in-plane
stresses accurately.

On the other hand, in laminates with through-thickness inhomogeneity,
such as a sandwich panel, the derivatives of displacements with respect to the
through-thickness coordinates are discontinuous at the bi-material interfaces.
This condition violates the assumptions in the ESL model, which assumes a con-
tinuous distribution of displacement slopes in the stacking direction. Accurate
in-plane stress fields can only be obtained by explicitly including the displace-
ment kinks at the interfaces using the zig-zag (ZZ) or LW models. Essentially,
ZZ models impose alternating factors of (-1) in the displacement derivatives
with respect to the through-thickness coordinates, whereby LW relies on the
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Material X

Material Y

Material X

Figure 2.3: The in-plane strains and stresses distribution of laminate with
through-thickness inhomogeneity, modelled using ESL and LW models. The red
and blue curves indicate inaccurate and accurate estimations respectively.

C0 continuity of interpolating functions at the interfaces in order to impose
the displacement kinks. The distributions of in-plane strains and stresses using
ESL, LW and ZZ models discussed herein are illustrated in Figure 2.3.

For equilibrium, the through-thickness stresses are continuous in any lam-
inate. This condition is known as the interlaminar traction continuity, or the
C0
z requirement [26]. To obtain these stress distributions, the through-thickness

strain components must be discontinuous at the material interfaces. This re-
quirement is violated by the ESL models, as they assume continuous distribution
of through-thickness strains.

Meanwhile, the C0
z requirement can be imposed a priori using mixed LW

formulations with displacements and stresses as the primary variables. Other-
wise, the requirement is approximated in the displacement-based LW models as
their displacement slopes are naturally discontinuous at the layer interface. The
earlier versions of displacement-based LW models enforced interlaminar traction
continuity using constraint equations, such as Lagrange multipliers. Later, Rob-
bins and Reddy [27] showed that the C0

z requirement could be approximated
using piecewise polynomials such as Lagrange and Legendre polynomials in the
thickness direction. The distributions of interlaminar strains and stresses using
ESL and LW models discussed herein are illustrated in Figure 2.4.

2.3 Challenges in the current element technology

With the element libraries offered in most commercial FE codes, the numerical
analysis of thick laminates must be multi-step in nature due to the complex
nature of 3D stresses in laminated composites: the first step often involves
using shell finite elements for the stiffness and modal analyses. The accuracy
of these analyses is dependent on the aspect ratio and the through-thickness
inhomogeneity of the laminate. The next step is to model the 3D stresses of
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Material X oriented at 90°

Material X/Y oriented at 0°

Material X oriented at 90°

Figure 2.4: The through-thickness strains and stresses distribution of a laminate
with through-thickness inhomogeneity, modelled using ESL and LW models. The
red and blue curves indicate inaccurate and accurate estimations respectively.

selected sections with high-fidelity solid continuum models, in order to check for
stress concentrations and local sources of failure. The creation of these models
is labor-intensive, and any subsequent model refinements (for instance, a finer
discretisation in the thickness direction) may require remeshing of the domain.

In the literature, the majority of the shell models proposed to-date are
only optimised for small subsets of problems. For instance, an ESL model with
FSDT is only suitable for the stiffness and modal analysis of thin plates/shells.
Accurate displacement analysis of thick shells requires ESL with HSDT. On the
other hand, accurate 3D stress analysis of thick laminates requires LW models
with HSDT. The latter models are superfluous for stiffness and modal analysis.
From a modelling perspective, an ‘optimum’ model depends entirely on the anal-
ysis problem, and the level of detail required from the numerical models varies
with the design stage. In short, the current challenge in element technology is
that the simulation tools for laminated composites are either too simplistic to
capture the through-thickness effects, or too computationally costly to run. To
analyse laminated structures accurately at the lowest possible computational
cost, a large number of ESL and LW models with a different order of shear
deformability have to be implemented individually in the same solver, which is
a time consuming task. The implementation challenge could be addressed by
developing an ‘all-in-one’, or hierarchical finite element formulation that encap-
sulates a large number of ESL and LW models.

2.4 Anisotropic kinematic refinements

This section will elucidate a model concept that could address the challenges
highlighted in Section 2.3. The proposed model is a shell element with an
anisotropic kinematic refinement scheme. The term ‘anisotropic kinematic’
means that the model fidelity could vary in different directions. More specif-
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Figure 2.5: Examples of possible configurations of an element with anisotropic
kinematics. The in-plane and through-thickness displacement fields are indepen-
dently refined for the elements to yield various orders of ESL models in (a), (b)
and (c). The elements can also be assembled in the thickness direction to obtain
LW models in (d) and (e).

Order = 1 … Order = m

Free parameter

Planar function order

Order = 1 … Order = n

Free parameter

Thickness function order

Figure 2.6: Concept illustration of a shell element with generalised kinematics,
where the planar and through-thickness functions are defined separately.
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ically, a shell element with an anisotropic kinematic refinement scheme has
tunable fidelity in both the in-plane and through-thickness directions. Such
a formulation will encapsulate a large number of ESL and LW models with
various orders of shear deformation. The goal here is that with the same shell
model, users can customise the element kinematics on a case-by-case basis using
a few input parameters in the computer code. From an end-user standpoint,
this framework offers a convenient ‘all-in-one’ package: the same formulation
can be used to analyse a wide range of laminates with different aspect ratio,
orthotropy ratio and through-thickness inhomogeneity at any level of fidelity.
The proposed element can also be understood as having variable p-refinement
schemes in the in-plane directions, as well as variable h- and p-refinements in
the through-thickness direction.

Figure 2.5 illustrates several example elements that can be generated using
this model. All the models shown would be generated using the same element
formulation and computer code. The model in Figure 2.5(a) has low-order
planar and high-order through-thickness displacement fields, which is consistent
with the deformability of a chunky sandwich beam structure, where the through-
thickness distortion is more dominant than the in-plane deformation. Then, the
model in Figure 2.5(b) has high-order planar and low-order through-thickness
displacement fields, which is consistent with the deformability of thin shells that
exhibit more pronounced membrane and bending behaviour. In addition, the
model in Figure 2.5(c) has high-order displacement fields in both directions,
hence is suitable for the analysis of structure that has similar deformability
in both planar and through-thickness directions. Finally, the LW models in
Figure 2.5(d) and (e) contain the necessary kinks in the displacement fields to
capture through-thickness stresses in laminates that have low- and high-order
in-plane deformations, respectively.

The idea of independent kinematic refinement in the in-plane and through-
thickness domains was first explored by Düster et al. [28] and Actis et al. [29].
The former had utilised the Legendre polynomials to interpolate the field vari-
ables in both the in-plane and through-thickness domains, where their formula-
tion was derived such that the polynomial orders in both directions can be varied
independently. The latter determines a set of ‘optimal’ hierarchical through-
thickness functions to satisfy 3D equilibrium equations in a weak sense. Both
implementations have reported a reduction in the overall computational cost.
However, their approaches intrinsically couple the definition of basis functions
in the planar and through-thickness domains.

Williams was first to propose a unified theoretical framework for plate [30,
31] and shell [32] theories to allow for arbitrary through-thickness expansion
functions. More recently, Carrera [33] proposed the so-called ‘Carrera’s Unified
Formulation’ (CUF), which is a generalised framework to handle various forms
and orders of 1D and 2D theories in a compact manner. CUF allows the finite
element basis functions and their corresponding axiomatic functions to be de-
fined and refined independently. In the context of shell models, any function
with arbitrary orders can be used to define the planar and through-thickness
displacement fields. Hence, users have full control over the type of primary
variables and the kinematic fidelity of their models. To date, there are many
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contributions on finite element models based on CUF, such as the 3D stress
field analyses of complex composite beams [34, 35], plates [36, 37] and shells
[38, 39]. These models have also found applications in the analysis of shells with
complex geometrical features, such as spatially varying curvatures [40, 41] and
variable thicknesses [42, 43].

The existing CUF shell formulations belong to the family of finite element
models derived from the shell theories. The key characteristics of such models
are: (a) the Green-Lagrange strain tensors are expressed in terms of quanti-
ties of differential geometry, such as principal curvatures and Lamé parameters;
(b) the solution variables, like displacements and rotations are in the principal
directions (two principal curvatures and surface normal). These shell models
utilise a Green-Lagrange strain measure where the coordinate lines are assumed
orthogonal. Here, the latter measure is referred to as a reduced strain tensor.
When modelling complex shell geometry, the coordinate lines must be carefully
defined to compute the strain energy correctly [44]. The reduced strain expres-
sions can be found in early works by Sokolnikoff [45] and Palazzotto [46]. The
expressions for the Green-Lagrange strains that consider non-orthogonality in
the coordinate lines can be found in Nemeth [47].

Meanwhile, a continuum shell formulation like the Ahmad-Irons-Zienkiewicz
element [48] utilises a non-reduced strain tensor and makes no assumptions
about the shell geometry. The formulation computes the covariant basis vec-
tors and displacement derivatives directly from the isoparametric definitions of
the element geometry. The key characteristics of such shell elements are: (i)
the formulation does not use principal curvatures nor Lamé parameters; (ii)
the dofs are in the directions of the global Cartesian basis. As demonstrated
by Büchter and Ramm [49], both continuum shell formulation and the finite
element models based on shell theories are energetically equivalent and differ
only in the discretisation scheme.

The literature reviews in Section 2.2–2.4 are summarised in Figure 2.7. The
review has led to the developments in Chapter 3 to derive a shell formulation
that is general in both the geometric and kinematic descriptions. The novelty
here is in the derivation of a continuum shell element based on CUF, and its
applications to model 3D stresses in thick laminated shells with complex geome-
tries. Henceforth, it is referred to as the Variable-kinematic Continuum Shell
(VKCS) element. The shell formulation is derived in a curvilinear basis, where
the 3D domain of an arbitrary shell element is based on an isoparametric map
from a master element to the element mid-surface, followed by an additional
map for the thickness to describe the 3D volume.

There are several advantages to the proposed formulation. Firstly, the
structural elements can have any extent of refinements in the displacement fields,
even asymptotically to that of 3D elements. Also, the elements can model any
arbitrary geometry because the geometric mapping is defined numerically. The
flexible framework with CUF allows various model classes with different in-
plane and through-thickness kinematics to be easily generated, hence catering
to different kinds of analyses with a single model. The chapter also presents
numerical solutions for the 3D stress fields in shell structures with complex
geometry, i.e. a parabolic hyperboloid shell and a twisted shell with variable
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Figure 2.7: Summary of the literature review in Section 2.2, 2.3 and 2.4. The
technical gaps identified through the review led to the work packages in Chapter
3 of this thesis.

thickness. Finally, the chapter discusses some considerations in the definition of
the material axes and the transformation of Cauchy stresses due to the complex
geometrical features.

2.5 Geometric nonlinearity

Due to their slenderness and anisotropic material properties, composite shell
structures exhibit a high degree of geometric nonlinearities. Important exam-
ples of these include the buckling of aircraft wings, the ‘breathing’ of wind
turbine blade substructures [50] and the Brazier collapse [51] in slender struc-
tures. These phenomena can induce high magnitude of 3D stress states in the
laminate, and initiate a sequence of events leading to catastrophic failures. It
goes without saying that, for safe design, numerical models must accurately
predict the nonlinear structural deformations as well as the corresponding 3D
stresses.

Structures can and will develop localised deformations and instabilities that
may be confined to small regions or propagate globally. In any case, it is non-
trivial to determine which part of the analysis domain requires refined model
kinematics. Therefore, when the user’s experience and know-how can no longer
inform the locations and sequences of nonlinear occurrences, a refined model
must be used everywhere. In the studies by Yuan et al. [52] and Liang et al.
[53] on the nonlinear behaviour of thick laminates and sandwich structures,
they demonstrated that it is indeed essential to explicitly model the through-
thickness distortion and include all geometrically nonlinear terms in to capture
the nonlinear deformation responses of thick laminates accurately.

Considering that nonlinear static analysis is iterative in nature, it is imper-
ative that the analysis model requires the lowest possible computational effort
[54]. The developments in Chapter 3 will show that a model that utilises higher-
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order basis functions in the required direction(s), such as that of the VKCS
model, can obtain accurate linear elastic displacement and 3D stress solutions
with lower computational effort when compared to the linear and quadratic solid
elements commonly found in commercially available finite element codes. Thus,
it is expected that the models with anisotropic kinematic refinement scheme
will also be computationally efficient in geometrically nonlinear analysis.

The literature has reported several geometrically nonlinear models that
allow for some degrees of anisotropic kinematic refinements. For instance,
Surana et al. proposed a series of geometrically nonlinear models with hierar-
chical p-refinements (with Lagrange polynomials) in the thickness direction [55,
56], as well as in both thickness and the in-plane directions [56]. In these models,
the formulation is compatible only with one type of basis function. In addition,
Başar et al. [57] proposed a general higher-order nonlinear shell element that
allows any polynomial function for the in-plane field variables, a quadratic dis-
tribution of the through-thickness field variables. Yu et al. [58] proposed a
hierarchical mixed spectral/hp-solid element formulation using a general Jacobi
polynomial basis. Han et al. [59] derived a geometrically nonlinear plate element
with independent descriptions of the in-plane and through-thickness displace-
ment fields using Rodrigues’ form of Legendre orthogonal polynomials. More
recently, Pagani et al. [60] proposed a nonlinear beam model based on CUF,
which allows the field variables in the beam axis and its axiomatic domains (2D
cross-sections) to be independently described using polynomial functions of any
type and order.

The literature review presented in this section is summarised in Figure 2.8.
It has led to the developments in Chapter 4, which will include geometric non-
linearity in the VKCS element. The main goal is the development of a finite
element formulation that can model the nonlinear responses, in displacements
and 3D Cauchy stresses, of complex shell structures with a wide range of as-
pect ratio, orthotropy ratio and through-thickness inhomogeneity at minimally
required dofs. Here, the novelty is in the development of a nonlinear contin-
uum shell element with generalised descriptions of the geometry, in-plane and
through-thickness displacement fields, and its application to nonlinear 3D stress
analyses of complex shell structures. The previously discussed models [56–58,
60] allow different polynomial orders (of the same functions) to be prescribed
independently about the principal directions and assume ESL through-thickness
expansion. The proposed VKCS nonlinear model is a more generalised extension
to these models. The formulation can prescribe any polynomial functions (hier-
archical or non-hierarchical) with arbitrary orders to the in-plane and through-
thickness displacement fields. Also, it encapsulates the hierarchy of both ESL
and LW models in the same code. Switching between both models is trivial and
requires minimal user inputs. Their implementation differs only in the numer-
ical integration and the through-thickness dofs indexing during the assembly
process. In this chapter, the VKCS nonlinear model is validated with numer-
ous thin shell benchmarks in the literature. Then, the developed element is
applied to model the 3D Cauchy stresses in a ‘snapped’ laminated roof and the
postbuckling responses of a wind turbine blade substructure.
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Figure 2.8: Summary of the literature review in Section 2.5. The technical gaps
identified through the review led to the work packages in Chapter 4 of this thesis.

2.6 Numerical modelling of delamination

Delamination is a critical failure phenomenon in polymeric composites, which
can cause a significant reduction in a component’s bending stiffness and load-
carrying capability in compression. Over the past few decades, significant re-
search had been dedicated to developing robust and numerically efficient mod-
elling tools. The models used to predict the onset of delamination can be cat-
egorised into methods based on the stress/strain criteria, strain energy release
rate (SERR) and Cohesive Zone Models (CZM). This section will review the
advantages and shortcomings of each method.

2.6.1 Stress-based failure criteria for delamination

The stress-based failure criteria offers a quick and efficient method to determine
delamination onset in the preliminary design stage. This approach typically
assumes a quadratic interaction between the interlaminar stresses. There are
many different variations of delamination criteria proposed to date. The earlier
delamination criteria, such as those of Brewer and Lagace [61], excluded the
effects of through-thickness compressive stresses in suppressing delamination
onset. Later, Hou et al. [62] proposed a delamination criteria which accounts
for the effects of through-thickness compression, as well as the matrix cracking
and fibre failure at the adjacent interfaces. In their approach, the occurence
of delamination is essentially suppressed when through-thickness compressive
stresses are present. In order to account for the latter, the through-thickness
shear strength is artificially reduced when matrix cracks and fibre failures occur
in the adjacent plies. However, such an assumption can be too simplistic in more
severe cases, such as impact, where the significant local interlaminar stresses can
drive complex delamination growth.

The occurrence of stress singularity near free edges and sharp corners in fi-
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nite element models is well-understood. The implication is that the stress-based
delamination criteria can no longer be evaluated in a point-wise manner near
these regions. Instead, it must be evaluated based on the averaged stress ap-
proach from Kim and Soni [63] and Whitney and Nuismer [64], which averages
the estimated stresses over an experimentally determined area. The delami-
nation criteria and their derivatives have been successful in the applications
to mechanically fastened joints [65], low-velocity impact [62] and dropped-ply
laminates [66].

Nevertheless, many experimental observations have shown that quasi-brittle
solids often fail via the initiation and propagation of existing defects, such as
wrinkles. Although the criteria-based methods are useful for initial sizing due
to their simplicity, they cannot account for the progressive and interactive na-
ture of failures processes in composites, nor can they describe the scaling effects
adequately. Thus, stress-based delamination criteria is unsuitable for failure
prediction in complex cases [67–69], such as tapered specimens.

2.6.2 Virtual Crack Closure Technique and J-integral
The failure models discussed here will be based on the computation of strain
energy release rate (SERR), which is is the total fracture energy dissipated per
unit of the newly created surface area. A crack propagates when the SERR in
its wake exceeds the critical magnitude. Generally, there are two methods to
compute SERR, namely the J-integral and the Virtual Crack Closure Technique
(VCCT).

The J-integral was first developed by Rice [70] as a contour integral around
two adjacent crack faces in 2D. Later, Dodds et al. [71] extended the method
for crack propagation analysis in 3D. In FEM, SERR is the sum of the domain
integrals in continuous rings of elements around the crack. There are three main
drawbacks to this approach: (a) for low-order elements, the contour integrals in
the elements immediately next to the crack are inaccurate, hence inadmissible;
(b) it is algorithmically challenging to define the rings of elements for each crack
plane, and; (c) the contour integral is a 3D integration that needs to be carried
out in all the elements within each ring, which would be computationally costly.

In 1977, Rybicki and Kanninen [72] modified the contour integral method
into the VCCT, as a means to simplify the implementation of J-integral in FEM.
The VCCT typically evaluates the SERR with closed-form expressions and is
a function of the nodal displacements, nodal forces and effective element areas.
The main drawback of the SERR-based methods is that they do not account for
the progressive softening, which means that the area covered by each element is
either fully intact or delaminated. When used in an explicit solver, an initially
rigid interface will completely separate over a time increment, which rapidly
releases all the fracture energy within an element. These events will incur large
dynamic oscillations unless the element sizes are very small.

2.6.3 Cohesive Zone Model
The CZM could overcome some of the drawbacks in both the criteria- and
SERR-based methods. Tracing back to the works of Barenblatt [73], Dugdale
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Figure 2.9: Three categories of cohesive law for single-mode fracture.

[74], Hillerbog [75] and Needleman [76] , it is a powerful tool which accounts for
both the initiation and propagation of cracks.

The CZM treats the interface between layers as a zero-thickness cohesive
interface or a cohesive segment. The interface traction is governed by a two-
dimensional constitutive law that relates the separation displacements with co-
hesive traction, known as the cohesive law. In CZM, once the local stresses
exceed the fracture strength, the interface between bulk materials is gradually
softened, and eventually creating a pair of traction-free surfaces. Physically,
the reduction in traction phenomenologically represents the micro-cracking pro-
cesses in the fracture process zones, where material strength degrades gradually
before complete separation.

Categorisation of cohesive laws

There are many variations in the shapes of the cohesive law; only bilinear laws
are discussed here due to their wide application in quasi-brittle materials. Yang
et al. [69] remarked that the shape of the cohesive law does not have a significant
effect on the model responses when the correct interfacial strength and fracture
energy are specificied. In cases where the effects of fibre bridging are significant,
a bridging zone must be included in the cohesive law to correctly capture the
global force-displacement responses [77]. They have also shown that the bridging
law is a function of the specimen thickness and cannot be considered a material
property [78].

The cohesive laws can be categorised based on their prescribed initial trac-
tions, the three categories are the intrinsic, extrinsic and shifted cohesive laws,
as shown in Figure 2.9. An intrinsic cohesive law has zero initial tractions and
near-rigid elastic deformation up to δe, a critical displacement, before the in-
terface starts softening. Pioneered by Xu and Needleman [79], this cohesive
law is most commonly implemented as cohesive elements (CEs), which are pre-
inserted into the models as shown in Figure 2.10(a), in order to provide the
traction that governs the crack initiation and propagation. The main short-
coming of this approach is that it requires fine discretisation as the model mesh
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Figure 2.10: Various categories of fracture modelling: (a) model with pre-
defined crack-path and pre-inserted cohesive elements, (b) mesh-separation
model, a model with pre-defined crack-path and adaptively inserted cohesive
segments and (c) model with adaptive splitting and cohesive segment insertion.

must be defined such that the element boundaries align with all the potential
crack paths, otherwise also known as the ‘ply-by-ply’ model in the context of
delamination modelling. Furthermore, such an approach has been known to in-
crease the structural compliance artificially and to interfere with transient stress
waves.

The extrinsic cohesive law was first proposed by Camacho and Ortiz [80].
Its distinguishing feature is that the near-rigid initial elastic deformation is
removed from the cohesive law, as shown in Figure 2.9(b). In this case, the
initial tractions are equal to the fracture strength, and therefore the material
points start softening immediately after initiation.

Then, Hille et al. [81] proposed the shifted cohesive laws. This method ini-
tiates the integration points with non-zero tractions that are below the fracture
strength, as shown in Figure 2.9(c). It is obtained by essentially shifting the
intrinsic cohesive law on the separation displacement axis by δs, as shown in
Figure 2.9(c).

Both the extrinsic and shifted cohesive laws are commonly used in adaptive
fracture models, where the cohesive segments are adaptively introduced onto the
fracture plane once the local stress states have satisfied the initiation criteria,
as shown in Figure 2.10(b) and (c). The roles of both the extrinsic and shifted
cohesive law would be to provide initial tractions to the cohesive segment, in
order to enforce or approximate the equilibrium of traction.
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Mesh size requirements

A cohesive zone is a region ahead of a crack where all the material points are
undergoing irreversible damage. Its size is dependent on the material, specimen
geometry and fracture modes. For CFRP laminates, the cohesive zone length
(CZL) is typically in the order of 1 mm, which is very small as compared to most
sub-components. A consensus in the literature is that a model must accurately
capture the nonlinear traction distribution within the cohesive zone for accurate
crack initiation and propagation analysis. Since the traction is only a function
of separation displacements in the cohesive law, the accuracy of CZM depends
entirely on the resolution of separation displacements in the wake of the crack.
In most applications, the nonlinear displacement fields within the cohesive zone
are captured using linear elements with fine mesh.

Harper and Hallett [82] presented a study to establish the mesh size require-
ments for linear cohesive elements in mode I, mode II and mode I/II cases. They
reported that an accurate model requires at least 3–4 linear elements within a
CZL due to the poor bending behaviour of these elements. This convention has
been widely adopted within the research and the industrial community. Nev-
ertheless, the stringent mesh requirement presents a significant computational
challenge in the analysis of large aerostructures. As such, it is a major factor in
preventing the broader uptake of cohesive element technology in the industry.
Amongst other reasons, the wide application of linear elements is mainly driven
by the non-availability of higher-order CEs in commercial finite element codes.
It has been well-established in the literature that, p-FEM has much higher con-
vergence rate than h-FEM, especially near regions with strain localisation [83].
Therefore, from a model kinematics point of view, the use of linear elements
with fine mesh is perhaps not so well-justified, and it is only sensible to use
elements with higher-order displacement fields within the cohesive zone.

Some works in the literature have investigated the use of higher-order CEs
to relax the stringent mesh size requirements. For instance, Álvarez et al. [84]
implemented quadratic cohesive elements and studied the effects of mesh den-
sity and the number of integration points on the model solution. Interestingly,
they claimed that given a sufficient number of integration points, the model
solutions with quadratic cohesive elements are ‘completely independent of the
length of the cohesive elements’. Guiamatsia et al. [85] enriched the displace-
ment fields of quadratic elements with an analytical solution of a beam on an
elastic foundation. With this approach, they reported an increase in allowable
mesh size of over ten folds. Other implementations of quadratic cohesive ele-
ments can be found in the works from Ankersen and Davies [86], Aoki et al. [87]
and Spring and Paulino [88]. Russo and Chen [89] implemented cubic cohesive
elements and reported allowable mesh sizes between 2–5 mm for CFRP lami-
nates. Nguyen and Nguyen-Xuan [90] examined the computational performance
of linear, quadratic, cubic and quartic cohesive elements in an isogeometric set-
ting using nonlinear implicit solvers. They noted the following: (a) for a given
accuracy level, models with quadratic and cubic displacements require less CPU
runtime than their linear counterparts; (b) the gain in model accuracy and com-
putational efficiency when using higher-order models is less pronounced for cases
with small cohesive zone lengths, i.e. DCB, and; (c) the model computational
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efficiency no longer improves going from cohesive elements with cubic to quartic
displacement fields. Furthermore, Crisfield and Alfano [91] proposed an adap-
tive enrichment strategy to refine the bulk elements near the crack fronts with
cubic and quintic displacement fields when the cohesive segments are active,
where the displacement fields are reverted to a linear one, once the crack front
has propagated further away. Using this approach, they reported a significantly
faster convergence rate, as compared to using models with linear displacement
fields.

Overall, there is a general agreement in the literature that higher-order
CZMs are beneficial from a computational expense standpoint. However, what
is lacking in the literature is a consistent report on the allowable mesh sizes of
various orders of CZM. For instance, the allowable element sizes are not always
compared with the size of the cohesive zones; also, an objective comparison in
the allowable mesh sizes is not possible as different test cases are used in the
works published on higher-order CZM. In addition, a delve into the literature
would suggest that the criteria for an ‘accurate’ CZM model are not consistently
defined, which explains the wide scatter in the reported allowable mesh sizes of
higher-order CZM.

On top of that, all the works that reported the computational efficiency of
higher-order CZM by far have solved the model implicitly in static or dynamic
solvers. The computational cost of these solvers depends mainly on the size
and conditioning of stiffness and mass matrices. Thus, the same metrics do
not apply to an explicit dynamic solver. In an explicit solver, the nodal forces
due to the bulk element stresses and the cohesive tractions are evaluated for
every time increment. Therefore, the overall computational cost is generally
dictated by the number of operations per integration point and the size of the
stable time increment. Higher-order elements generally have a faster solution
convergence rate, which means that they require fewer elements and dofs than
low-order elements for a given level of accuracy. However, they require more
integration points, more operations per integration point and have smaller stable
time increment than low-order elements for the same dofs. Considering all the
competing factors, it remains an open question as to whether higher-order CZM
offers improvements in computational efficiency in an explicit solver.

The literature review in Section 2.6 is summarised in Figure 2.11. The
review has led to two numerical studies in Chapter 6. The review that leads to
the works in Chapter 5 will be discussed later. The first study in Chapter 6 will
establish the mesh size requirements for CZM orders 1–6 ‘objectively’ by using
well-defined criteria for model accuracy. The second study will compare the
computational performance, in terms of CPU expense, across the same range
of CZM orders in an explicit dynamic solver. The main objective here is to
provide insights on the most suitable order of CZM for general applications, and
whether or not a model with higher-order CZM gains computational efficiency
at all in an explicit solver. The VKCS element is a suitable candidate model
for these studies because it can generate and handle all the required models
within the same code. On top of that, the VKCS model can isolate the effects
of using higher-order CZM by matching the polynomial order of the element’s
in-plane displacement fields with that of the CZM, without altering the through-
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Figure 2.11: Summary of the literature review in Section 2.6. The technical
gaps identified through the review led to the work packages in Chapter 5 of this
thesis.

thickness displacement fields. This cannot be achieved when using higher-order
solid continuum elements which assume the same order of displacement fields
in all directions.

2.7 Adaptive models for fracture analysis

A ply-by-ply delamination model based on the intrinsic CZM quickly becomes
very computationally costly as the laminated structure becomes thicker and
larger. The reasons are two-fold. Firstly, since the element size is dependent
on the cohesive zone length, the number of pre-inserted cohesive elements in-
crease with the structural size. Secondly, the number of cohesive elements also
increases with the laminate thickness, as the number of potential delamination
planes increases with the number of material layers. The latter could be resolved
using the two approaches elucidated below.

The first approach is the mesh-separation model. As illustrated in Fig-
ure 2.10(b), the main idea is to do a ply-by-ply modelling of the laminates
without cohesive elements initially. When the fracture criteria is satisfied, the
solver will separate the elements along the mesh lines and simultaneously in-
sert the cohesive traction. The second approach is the adaptive fracture model.
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As illustrated in Figure 2.10(c), the model utilises smeared through-thickness
properties initially. When the local stress states satisfy the fracture criteria, the
solver will insert discontinuity and cohesive tractions between the elements that
have.

The mesh-separation approach gains computational saving (as compared to
a ply-by-ply model with pre-inserted CEs) by evaluating the cohesive traction
integration as required only. The adaptive fracture model will have even higher
computational efficiency by drastically reducing the number of elements in the
model, as well as evaluating the cohesive traction integration as required only.
Although conceptually simple, both approaches come at the costs of complexity
in terms of model implementation. The developments in this thesis will follow
the latter approach to maximise the computational saving.

Since the primary damage mode of interest is delamination in the present
work, this section will only review the work on the adaptive modelling of delam-
inations in the literature. It is hereby noted that much of the key principles used
in the adaptive modelling of intraply matrix cracks, such as delamination, are
similar to those of interply matrix cracks, such as fibre splitting. Remmers et al.
[92] proposed a solid-shell model that adaptively splits in the through-thickness
direction by utilising XFEM in the through-thickness function. Their underlin-
ing shell model is the nonlinear solid-shell element proposed by Parisch [93], it
uses quadratic through-thickness functions to alleviate Poisson thickness locking
effects for the modelling of very thin shells. Their model has been successfully
applied to cases with one delamination plane. Later, Brouzoulis et al. [94] ap-
plied XFEM in both the planar and through-thickness directions of a continuum
shell model to allow for intralaminar cracks, as well as an arbitrary number of
interlaminar cracks.

On the other hand, Hosseini et al. [95] proposed an isogeometric continuum
shell element for delamination analysis. The model interpolates the through-
thickness displacement fields with B-spline, and introduces strong discontinuity
via a double-knot insertion. Their model demonstrated the advantages of us-
ing isoparametric formulations, which are, exact geometric representations of
the shell surface, ability to model both weak/strong discontinuities and vastly
improved stress predictions. Additionally, McElroy [96] proposed a four-node
linear shell element with FSDT coupled with the floating node method [97] for
adaptive delamination modelling. The discontinuity is inserted by duplicating
the existing element nodes, while the crack propagation is modelled using the
Virtual Crack Closure Technique (VCCT). They validated the model in a delam-
ination migration benchmark: VCCT computes the SERR near the crack tip,
which can be conveniently compared with the fracture toughness of transverse
matrix crack to determine the onset of delamination migration.

Overall, there are already a number of adaptive fracture models proposed
in the literature. The following sub-sections will discuss some issues that are
yet to be addressed or treated in the existing models, which will lead to several
developments in Chapter 5 of this thesis.
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2.7.1 Model kinematics

In general, the adaptive shell models presented so far have low kinematic fidelity
in either, or both planar and through-thickness directions. Although these ele-
ments are computationally efficient, there are certain drawbacks: (a) numerical
artefacts are required to alleviate the shear and Poisson thickness locking ef-
fects; (b) the models are often inaccurate in the interlaminar stresses, which
may result in the inaccurate initiation of cohesive segments; (c) the models
with poor through-thickness properties are only suitable and reliable for the
analysis of thin laminates with low through-thickness inhomogeneity. As such,
these elements are only applicable to a small subset of problems.

2.7.2 Lumped mass matrix formulation

XFEM is a popular technique to introduce strong discontinuity in the displace-
ment fields. The main advantage of using XFEM-based shell model is that
multiple delaminations can be included using only one shell element in the
thickness direction. However, XFEM intrinsically couples the standard FE and
the enrichment dofs in the stiffness and mass matrices. As reported by Fries and
Belytschko [98], the resultant cross-terms in the stiffness matrices will increase
the matrix conditioning number.

Also, it is non-trivial to formulate a lumped mass matrix in XFEM due
to coupling between the physical and non-physical dofs. By default, a lumped
mass matrix removes the non-diagonal terms in the mass matrices, which in
this case, decouples the standard FE and the enrichment terms. As observed
by Remmers et al. [99], this results in spurious stress wave reflections in the
modelling of strong discontinuity in XFEM. Therefore, the adaptive shell mod-
els based on XFEM reported so far have consistent mass matrices, and are
usually implemented in implicit dynamic solvers [94, 100, 101]. It is noted that
an alternative to XFEM, the phantom node method [102] allows for arbitrary
inclusion of discontinuities as well as a lumped mass formulation.

2.7.3 Numerical stability in an explicit solver

Generally, adaptive fracture models are not implemented in explicit dynamic
solvers because they are notoriously unstable numerically. The primary source
of the numerical instability is that, when not implemented or treated appropri-
ately, the frequent updates of the model configuration and the abrupt insertion
of cohesive forces incurs large amplitude of spurious oscillations, which in turn
‘crashes’ the solver.

There are two main operations in an adaptive fracture model. Firstly, a
set of new surfaces is created either by splitting an element into two or by
disconnecting two existing elements; secondly, a set of cohesive tractions are
applied on the new surfaces, as shown in Figure 2.10(b) and (c), respectively.
The application of initial cohesive tractions is referred to as the ‘traction ini-
tialisation’ throughout this thesis. At the instance of separation, traction equi-
librium needs to be enforced, where the initial tractions must produce cohesive
forces that are in balance with the nodal forces from the bulk elements, as
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Time point 1

𝛕0

Time point 2

𝛕top 𝛕bot 𝛕0

𝛕0
𝛕coh

Figure 2.12: The conditions required during cohesive segment insertion to avoid
the emittance of spurious stress waves. The τtop and τbot must be balanced by
the initial cohesive traction τ coh.

explained in Figure 2.12. An incorrect traction initialisation generates spuri-
ous stress waves at the interfaces in an explicit solver and causes non-physical
disturbances to the nearby stress fields. Eventually, they will manifest as high-
amplitude oscillations. These oscillatory phenomena is referred to as the ‘ini-
tialisation oscillations’ throughout this thesis. Papoulia et al. [103] studied the
same phenomena through a series of abstract arguments and referred to it as
the ‘time-discontinuity phenomenon’ in the cohesive traction. The initialisa-
tion oscillations must be rigorously treated due to the following reasons: (a)
large oscillations produce noisy model data, which makes it harder to interpret
the failure load and propagation behaviour; (b) for large number of cracks, the
solver tends to crash early in the analysis; (c) the high oscillation amplitudes
necessitate the use of high damping or bulk viscosity coefficients which can ad-
versely affect the pristine structural responses, and; (d) the spurious oscillations
trigger low-energy damage modes, such as matrix cracking.

A common attempt to enforce the traction equilibrium at the interface
before and after element separation is by shifting the cohesive law, such that
each material point has initial traction equivalent to the element stresses at
the boundaries/interfaces. As discussed in Kawashita et al. [104], this ap-
proach still incurs a significant amount of spurious dynamic oscillations and
relies on high damping coefficients to stabilise the numerical solution proce-
dures. Mostofizadeh et al. [105] proposed an approach where the incremental
forces due to element splitting and insertion of cohesive tractions are gradu-
ally released within a short time interval to smoothen the abrupt change in
the momentum balance equation. Such a methodology was initially proposed
by Menouillard and Belytschko [106, 107]. Although this technique has proven
effective in some cases, it is ad hoc in nature because the release rate of the
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new forces is an arbitrary user parameter and can be case-dependent. Also, in
dynamic events such as high-velocity impact, an artificial delay in the fracture
energy may adversely affect the model responses.

2.7.4 Cohesive segment insertion threshold
Conventionally, adaptive models insert new cohesive segments when the local
stress states have exceeded a pre-defined threshold of the fracture criteria. As
discussed in Section 2.7.1, most shell models have poor through-thickness fi-
delity and estimation of the interlaminar stresses in some laminates, which can
lead to a sporadic initiation of cohesive segments. As a result, the cohesive
segments are typically initiated at much lower stress states compared to the
fracture strengths as a ‘fail-safe’ mechanism. To address this, Främby et al.
[100] combined a low-fidelity shell formulation with a 3D stress recovery tech-
nique to improve the interlaminar stresses. In the same contribution, they also
demonstrated that a radius of elements around delaminated elements must also
be enriched, i.e. refined in the through-thickness direction to resolve the pro-
cess zone accurately, a similar requirement has been reported by McElroy [96].
Owing to these developments, the cohesive segments can be initiated at stress
levels closer to the fracture strength when compared to using the shell solutions
directly. Nevertheless, the initiation threshold for the cohesive segment remains
somewhat arbitrary, and considerable margins are still required. In an ideal
scenario, users should have better control over the initiation threshold, with-
out having to approximate the right time and load level to initiate a cohesive
segment.

2.7.5 Applications to complex problems
The discontinuous shell elements reported in the literature have shown great
promises in reducing the computational expense of large scale delamination
analysis. Nevertheless, the published works have mainly applied these mod-
els to simple cases with a single delamination plane, such as the Double Can-
tilever Beam (DCB), End Notched Flexure (ENF) and Fixed Ratio Mixed Mode
(FRMM) tests. As established in this section, the implementation of an adap-
tive delamination model is intricate and comes with many add-ons, therefore,
the robustness and accuracy of adaptive shell models in modelling complex de-
lamination cases are still unclear.

The literature review presented in Section 2.7 is summarised in Figure 2.13.
The review has led to the developments of an adaptive VKCS model for delam-
ination analysis within an explicit dynamic solver in Chapter 5. The novelties
of the work in this Chapter are: (a) a variable-kinematics shell formulation has
been extended to include arbitrary delaminations through-thickness; (b) the
model provides rigorous treatments of the initialisation oscillations, so that the
initialisation of cohesive segments do not produce spurious oscillations in an
explicit dynamic solver. This could be achieved without the use of any ad hoc
regularisation parameters; (c) a method is proposed such that users can control
exactly when to initiate the cohesive segments without numerical difficulties, al-
lowing the cohesive segments to be initiated very close to the fracture strength,
and; (d) the model is applied to more complex and realistic load cases involving
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Figure 2.13: Summary of the literature review in Section 2.7 The technical gaps
identified through the review led to the work packages in Chapter 5 of this thesis.
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multiple propagating delaminations.

2.8 Chapter summary

This chapter presented an overview of the state-of-the-art shell models and
their application to laminated shell structures. Firstly, the review identified
the need for a variable-kinematics element formulation to analyse a wide range
of laminates with complex geometry at various levels of fidelity. This review
has motivated the works in Chapter 3 and 4, which aims to develop the linear
and nonlinear versions of the VKCS model, respectively. Secondly, this chapter
also reviewed state-of-the-art adaptive delamination models and discussed the
shortcomings of the current delamination models. The review has motivated
the development of an adaptive VKCS model for delamination application in
Chapter 5. Finally, this chapter also discussed the numerical aspects of higher-
order CZM. The review has led to the studies in Chapter 6 to establish the
mesh size requires for higher-order CZM, and to compare the computational
performances of various orders of CZM in an explicit dynamic solver.
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Chapter 3

Linear elastic VKCS model

This chapter presents the derivation of a linear elastic variable-kinematics con-
tinuum shell element. As highlighted in the literature review, classical shell or
continuum solid models cannot predict the interlaminar stresses in an accurate
and computationally efficient manner. The structural models derived from CUF
have shown great promises due to the anisotropic kinematic refinement schemes,
where the model fidelity can be refined independently in the in-plane and the
through-thickness directions. However, the CUF-based models reported in the
literature have made simplifying assumptions about the finite element (FE)
geometry, limiting their application to model shells with complex geometry.

To overcome this limitation, in this chapter, CUF is combined with a con-
tinuum shell formulation to yield a linear elastic shell finite element model with
generalised geometric and kinematic descriptions. Selected 3D stress bench-
marks from the literature are studied to validate the element formulation. Fur-
thermore, several new 3D stress benchmarks are proposed to demonstrate the
accuracy and computationally efficiency of the VKCS formulation in modelling
laminated shells with complex geometrical features, such as spatially varying
curvatures, non-orthogonal coordinate lines and variable thicknesses. Lastly,
the chapter demonstrates a concept to determine the analysis-specific model
settings for optimum trade-off between model accuracy (displacements/stresses)
and computational costs using the developed model.

3.1 Chapter outline

The chapter begins with an introduction to the concepts in differential geometry
that describe a continuum in a curvilinear coordinate system in Section 3.3.1.
Then, the constitutive relations are presented in terms of the energy conjugates
in Section 3.3.2. Following that, the variational principles are applied to derive
the governing expressions of the physical system in Section 3.3.3. Next, the gov-
erning equations are discretised with the Finite Element Method in Section 3.4.
In Section 3.5, a variable-kinematics continuum shell model is derived by incor-
porating CUF into the finite element formulation. Then, numerous benchmarks
are studied in Section 3.6 to validate the developed model. Lastly, the chapter
is concluded in Section 6.4.

31
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Figure 3.1: To construct a patch on a surface, a function φ : ξ 7→ X̂ is used to
map the curvilinear coordinates (ξ1, ξ2) onto a point (X̂1, X̂2, X̂3) on the patch in
the Cartesian basis. Naturally, the curvilinear curves are always tangent to the
local surfaces. An additional linear function Φ : X̂ 7→X is required to essentially
offset the midsurface to produce a shell volume.

3.2 Conventions

This chapter adopts the following convention: subscripts in Roman and Greek
characters range from 1 to 3 and 1 to 2, respectively, unless otherwise stated; the
transpose operator is written as superscript ‘>’, i.e. v>; all vectors are column
vectors, i.e. v = {v1, v2, v3}>; scalar product between two vectors is denoted
with v ·w; double contraction is denoted with A : B = AijBij ; and the tensor
product is denoted as A⊗B = AijBkl.

3.3 Governing equations

3.3.1 Continuum shell geometry

Mathematically, a shell is a 3D object embedded in a 3D Euclidean space. The
3D volume is constructed from a 2D surface embedded in the same space using
a curvilinear system. In differential geometry, a surface is a combination of
patches (or local surfaces) [108], which are defined as vector-valued functions of
two curvilinear coordinates ξ1 and ξ2, where ξ = {ξ1, ξ2}. The mapping of a

patch is φ : ξ 7→ X̂, where φ is always differentiable and X̂ = {X̂1, X̂2, X̂3}> is
the position vector of a point on the surface in the Cartesian coordinate system,
as illustrated in Figure 3.1. A linear map Φ : X̂ 7→ X along the normal direction
of the shell extends the 2D surface to a 3D continuum, where X is the position
occupied by a point in the shell volume.

At any point in the shell volume, the covariant basis vectors are defined as
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Gα =
∂X

∂ξα
, where α = 1, 2. (3.1)

Note that G1 and G2 are orthogonal and conjugate for some geometries, such as
spherical, cylindrical, or any surfaces of revolution. The covariant basis vector
in the thickness direction is

G3 =
∂X

∂ξ3
, (3.2)

where ξ3 corresponds to the curvilinear coordinates in the shell thickness direc-
tion. The three covariant basis vectors are now used to define the differential
volume of a continuum. A differential line is

dX = G1 dξ1 + G2 dξ2 + G3 dξ3 . (3.3)

By combining Equations (3.1) and (3.2), we re-write Equation (3.3) in the ma-
trix form as

dX1

dX2

dX3


>

=


dξ1

dξ2

dξ3


> 

∂X1

∂ξ1
∂X2

∂ξ1
∂X3

∂ξ1

∂X1

∂ξ2
∂X2

∂ξ2
∂X3

∂ξ2

∂X1

∂ξ3
∂X2

∂ξ3
∂X3

∂ξ3

 =


dξ1

dξ2

dξ3


>

[J], (3.4)

where J is the Jacobian matrix, also known as the Cartesian transformation
tensor matrix. Its determinant, J , corresponds to the differential volume.

The mapping χ : X 7→ x, where x is the position vector in the deformed
configuration, describes the deformation of the continuum. The displacements
are the difference between the position vectors in the deformed and undeformed
configurations, i.e. u = x−X.

3.3.2 Constitutive relations
Linear elastic models assume infinitesimal displacements and strains during the
deformation process. A suitable small strain measure is the linear part of the
Green–Lagrange (GL) strain tensor, as follows

ε =
1

2
(Gi · u,j + Gj · u,i) Gi ⊗Gj , where i, j = 1, 2, 3, (3.5)

where the comma indicates a partial differential operation. The energy con-
jugate to the small strain measure is the Cauchy stress tensor, denoted as σ.
Assuming a Cauchy linear-elastic material model, a Saint–Venant Kirchhoff ma-
terial law can be applied. In the absence of stress prior to load application, σ
and ε follow Hooke’s law as

σ = C : ε, (3.6)

where C is the material tensor. The double inner product is denoted by (:),
where Mij = A : B = AijBij , and that A and B are both rank-2 tensors. With
the Voigt–Kelvin notation, the stress and strain tensors are

ε> = {ε11, ε22, ε33, ε23, ε13, ε12}>, (3.7)
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σ> = {σ11, σ22, σ33, σ23, σ13, σ12}>. (3.8)

In a general curvilinear coordinate system, tensorial quantities are defined in the
covariant or contravariant bases. For energetic conjugacy, this means that the
linearised GL strain and Cauchy stress are in the covariant and contravariant
basis, respectively. The contravariant components of the Cauchy stresses are

σij = Cijklεkl, with i, j, k, l = 1, 2, 3, (3.9)

where Cijkl is the contravariant components of the material tensor C. The
covariant components of the material tensor are denoted as Cijkl. By assuming
the symmetry in the material tensor, it follows that Cijkl = Cklij = Cjikl =
Cijlk = Cjilk [109].

For laminates, the material tensor needs to be rotated such that it aligns
with the local shell orientations. To do so, a set of orthonormal local material
axes is defined for every material point, namely ê1, ê2, and ê3.

For general problems where the analytical expressions of the surface is not
known, these axes are defined according to Dvorkin et al. [110] as

ê1 =
G1

|G1|
,

ê3 =
G1 ×G2

|G1 ×G2|
,

ê2 =
ê1 × ê3

|ê1 × ê3|
.

(3.10)

This definition implies that the 0◦ fibre path aligns with the ξ1 coordinate
curves, and the material normals coincide with the local mid-surface normals.
The main downside of this approach is that the definition of material orientation
becomes mesh dependent. This is because the covariant vectors are computed
using nodal positions of each element, therefore their directions and magnitudes
are intrinsically coupled with the mesh configuration. This thesis will feature
solution comparisons in models with different discretisation scheme. In order
to ensure that the material orientations are consistently defined across different
models, all the benchmarks shown in this thesis utilise analytical expressions to
define the material orientations across all models.

Although it is always possible to define the fibre paths and layups on com-
plex surfaces numerically, they may not be achievable from a manufacturing
point of view, especially for shells whose coordinate curves ξ1 and ξ2 are non-
orthogonal nor conjugate. Take a saddle shell for example, it is challenging to
enforce the orthogonality between the (0◦/90◦) layers without excessive shear-
ing of the plies or tows, which can result in a non-uniform distribution of volume
fraction.

Cijkl can be rotated to the local shell orientation using the matrix trans-
formation as follows, let C = Cijkl:

C′ = Q>CQ, (3.11)
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where C′ denotes the constitutive matrix about the local shell orientation and
Q is the transformation matrix. Following the Voigt–Kelvin conventions defined
in Equation (3.7) and (3.8), Q is defined as

Q =


l21 m2

1 n2
1 m1n1 n1l1 l1m1

l22 m2
2 n2

2 m2n2 n2l2 l2m2

l23 m2
3 n2

3 m3n3 n3l3 l3m3

2l2l3 2m2m3 2n2n3 m2n3 +m3n2 n2l3 + n3l2 l2m3 + l3m2

2l3l1 2m3m1 2n3n1 m3n1 +m1n3 n3l1 + n1l3 l3m1 + l1m3

2l1l2 2m1m2 2n1n2 m1n2 +m2n1 n1l2 + n2l1 l1m2 + l2m1

 , (3.12)

where li = G1 · êi, mi = G2 · êi, ni = G3 · êi and Gi are the contravariant basis
vectors. The covariant metric tensor is Gij = Gi ·Gj . The contravariant metric
tensor is the inverse of the covariant metric tensor Gij = (Gij)

−1. Subsequently,
the contravariant basis vectors are Gi = GijGj .

3.3.3 Principle of virtual work

Similar to most physical systems, the mathematical expressions approximating
the elastic behaviour of a shell body can be obtained by applying the calculus of
variations to a functional. In solid mechanics, the chosen functional is often the
strain energy of the body, a scalar quantity invariant to any admissible basis.
This subset of the variational principles is also known as the Principle of virtual
work (PVW). By neglecting the inertial forces in the linear momentum balance
equations, the problem reduces to a static one. Equilibrium requires that the
sum of variations in the internal and external strain energy to be null, or at
least to a sufficiently small residual [111, 112],

δΠint − δΠext = 0, (3.13)

where δ denotes the variational operator, and Πint and Πext are the strain energy
due to the elastic deformation and externally applied loads, respectively. Hence-
forth, they are known as the internal and external strain energy, respectively.
The internal strain energy variation is

δΠint =

∫
σ : δε dB , (3.14)

where B denotes the continuum volume, σ and ε are the Cauchy stress tensor
and the linearised GL strain tensor respectively as defined in Section 3.3.2. The
variation of the external work done is

δΠext = −
∫

b · δu dB −
∫

t̂ · δu dΓ , (3.15)

where b is the body force, t̂ is the traction on the boundaries, δu is the vir-
tual variation of displacements and the domain Γ denotes the boundary of the
continuum.
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3.4 Discretisation of the governing equations

The previous sections have introduced the general governing equations for a
continuum shell formulation using the PVW. In this section, these equations
are discretised and approximated using the Finite Element Method.

3.4.1 Finite element geometry
The geometric discretisation of the shell body begins with the creation of a
mid-surface. In the Finite Element Method, the patches on the mid-surface are
represented by an assembly of finite elements. According to the discretisation
technique in References [24, 110, 113, 114], the position vector on the midsurface
X̂ is

X̂ = Nk(ξ1, ξ2) X̂k, where (ξ1, ξ2) ∈ Ω(e) and k = 1, 2, . . . , ktotal (3.16)

where k corresponds to the k-th node in a 2D finite element, Nk are any ad-
missible 2D interpolation functions, X̂k are the coordinates of the midsurface
nodes, Ω(e) denotes the element area, ktotal is the total number of nodes in the
finite element and the superscript (e) indexes the finite element.

For geometric discretisation in FEM, it is convenient to set the curvilinear
coordinates ξ as the coordinates of a master finite element, as discussed in
Section 3.3.1. In doing so, it is straightforward to compute the tangent vectors,
where only the finite element nodal coordinates and the shape functions are
required. The linear map Φ : X̂ 7→ X defines the 3D volume as

X = X̂ +
hk(ξ1, ξ2)

2
ξ3Nk(ξ1, ξ2) D̂k, (3.17)

where D̂k are the unit normals (also known as the directors) at the FE nodes.
The discretised covariant basis vectors from Equation (3.1) and (3.2) read

Gα = X,α ≡
∂X

∂ξα
, α = 1, 2

=
∂

∂ξα
(Nk X̂k +

hk
2
ξ3Nk D̂k)

=
∂Nk
∂ξα

( X̂k +
hk
2
ξ3 D̂k),

(3.18)

where the comma indicates a partial differential operation. Similarly, the co-
variant basis vector corresponding to the shell through-thickness direction is

G3 = X,3 ≡
∂X

∂ξ3

=
hk
2
Nk D̂k.

(3.19)

The directors can be defined analytically for simple geometries as D̂k = D̂(ξ1, ξ2).
For complex geometries, the directors are computed numerically from the 2D
finite element geometry as:

D̂k =
G1 ×G2

|G1 ×G2|
. (3.20)
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3.4.2 The Principle of Virtual Work
In FEM, the variation of the energy functional in a system is the sum of all its
element-wise variations, hence

δΠint =

Ne∑
e

δΠ
(e)
int , and δΠext =

Ne∑
e

δΠ
(e)
ext , (3.21)

where Ne denotes the number of elements in the FE domain, and the superscript
(·)(e) is the element index. The displacement-based finite element method en-
forces equilibrium in an integral sense across the finite element domain, therefore
only satisfying the equilibrium equations in a weak sense. The external strain
energy manifests as an energy contribution from different loading conditions.
Indices i, j = 1, . . . , n refer to the finite element nodes, where n denotes the
number of nodes in an element. By discretising Equation (3.14), and by writ-
ing the strain and stress tensors in Voigt notation, the internal strain energy is
written in matrix notation as

δΠ
(e)
int =

∫
δε> σ dB(e)

= δu>
∫

B>CB dB(e) u

= δu> k(e) u,

(3.22)

where k(e) is the stiffness matrix corresponding to each finite element, B is
the strain displacement matrix and dB(e) is the differential element volume.
Conventionally, B is

B = DN , (3.23)

where D is a differential operator corresponding to the definition of ε, and N
is an admissible set of three-dimensional interpolation functions for the kine-
matics. For simplicity, the vector components of the covariant base vectors in
Equation (3.1) and (3.2) are re-written as

G1

G2

G3

 =


∂X1

∂ξ1
∂X2

∂ξ1
∂X3

∂ξ1

∂X1

∂ξ2
∂X2

∂ξ2
∂X3

∂ξ2

∂X1

∂ξ3
∂X2

∂ξ3
∂X3

∂ξ3

 ≡
X1,1 X2,1 X3,1

X1,2 X2,2 X3,2

X1,3 X2,3 X3,3

 . (3.24)

For models in curvilinear coordinate systems, D is defined as

D =



X1,1
∂
∂ξ1 X2,1

∂
∂ξ1 X3,1

∂
∂ξ1

X1,2
∂
∂ξ2 X2,2

∂
∂ξ2 X3,2

∂
∂ξ2

X1,3
∂
∂ξ3 X2,3

∂
∂ξ3 X3,3

∂
∂ξ3

X1,3
∂
∂ξ2 +X1,2

∂
∂ξ3 X2,3

∂
∂ξ2 +X2,2

∂
∂ξ3 X3,3

∂
∂ξ2 +X3,2

∂
∂ξ3

X1,3
∂
∂ξ1 +X1,1

∂
∂ξ3 X2,3

∂
∂ξ1 +X2,1

∂
∂ξ3 X3,3

∂
∂ξ1 +X3,1

∂
∂ξ3

X1,2
∂
∂ξ1 +X1,1

∂
∂ξ2 X2,2

∂
∂ξ1 +X2,1

∂
∂ξ2 X3,2

∂
∂ξ1 +X3,1

∂
∂ξ2


. (3.25)
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3.5 Variable-kinematics shell formulation

In this section, the notations from CUF are introduced into the strain energy
variation and yield a variable-kinematics continuum shell formulation in a curvi-
linear system. Conventional FE formulations and CUF share the same energy
functional and variations. In the latter, sub-blocks of Fundamental Nuclei (FN),
which are dofs at the sub-element level, make up the element-wise stiffness ma-
trices.

To elucidate this, an equivalence is drawn between a displacement-based
8-noded solid element (C3D8) and its shell counterpart to demonstrate the
concept of dofs at the sub-element level. A shell counterpart of C3D8 would
consist of a 2D finite shell element with four planar nodes, paired with a two-
noded one-dimensional thickness function. The dofs at the ‘sub-element’ level
are the displacements at the top and bottom surface of the shell.

The stiffness matrix of any 1D or 2D model derived from CUF is assembled
with respect to four indices i, j, τ, s. The indices i and j denote dofs at the FE
node level and their variations, respectively. On the other hand, τ and s denote
the sub-element dofs and their variations, respectively.

Starting from the kinematic description of a 3D continuum, The 3D inter-
polation of the primary variables are:

q(·)(ξ
1, ξ2, ξ3) = N (·)(ξ

1, ξ2, ξ3) q̃(·), (3.26)

where N (·) is any set of admissible 3D interpolation functions, q̃(·) denotes
the primary variables of the system, and (·) denotes the dof indices that are
repeated on both N (·) and q̃(·). Although there are no restrictions to the type
of dofs that are admissible in the axiomatic expansion functions, in most cases
they are defined as displacements at specific locations, or rotations about the
mid-surface FE nodes.

In the Unified Formulation, the central idea is that the 3D interpolation
function is redefined as a product of independent 1D and 2D interpolation func-
tions, as follows:

N (·) = FτNi, (3.27)

where Fτ and Ni denotes the 1D and 2D interpolation functions respectively,
whereby τ and i indexes the dofs associated with the interpolation functions.
For displacement-based models, q(ξ1, ξ2, ξ3) = u (ξ1, ξ2, ξ3), CUF allows free
axiomatic expansion of primary variables in structural theories. The indexes
(τ, i) are appended to the displacement vectors as follows:

u (ξ1, ξ2, ξ3) = Fτ (ξ3)Ni(ξ
1, ξ2)uτi with τ = 1, . . . ,m and i = 1, . . . , n, (3.28)

and their virtual variations can be interpolated by independently defined in-
plane and thickness functions, indexed by (i, j, τ, s), as:

δu (ξ1, ξ2, ξ3) = Fs(ξ
3)Nj(ξ

1, ξ2) δusj with s = 1, . . . ,m and j = 1, . . . , n, (3.29)

where F(·) are the thickness functions, N(·) are the in-plane interpolating func-
tions, m is the number of terms in the axiomatic expansion, and n is the number
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of terms in the in-plane functions. In terms of 2D models, the implementations
of different orders/types of higher-order shear, layerwise and zig-zag theories in
CUF differ only in the choice of thickness functions [115].

The models derived via CUF are 3D in nature, and make no simplifying
assumptions on the kinematics of a continuum. The vast number of shell models
in the literature are 2D in nature, by assuming null through-thickness strains
(normal stretching and transverse shear). CUF applies the same F(∆) to all the
strain components; therefore, the omission of any strain components have to
be enforced after the stiffness matrix is assembled. Demasi’s work [116] on the
Generalised Unified Formulation (GUF) allows all the strain components to be
interpolated using different axiomatic functions.

Here, the application of CUF to derive different types of shell models is
demonstrated. The displacement fields of an ESL shell model with an arbitrary
order of through-thickness shear and normal deformation are

ui(ξ
1, ξ2, ξ3) = F1u1i + F2u2i + F3u3i + . . . Fmumi, i = 1, . . . , n,

F1 =

(
ξ3h

2

)
, F2 =

(
ξ3h

2

)2

, . . . , Fm =

(
ξ3h

2

)m
, (3.30)

where i indexes the finite element nodes, F(·) is a thickness function similar to
a Taylor series expansion. Cinefra et al. [117] showed that thickness functions
based on trigonometric sine, cosine and exponential series are also admissible
to model higher-order shear deformation theories. As a second example, a
displacement field based on a layer-wise approach can read:

upi (ξ
1, ξ2, ξ3) = F pt u

p
ti + F pb u

p
bi + F pr1u

p
r1i

+ F pr2u
p
r2i

+ · · ·+ F prmu
p
rmi

, i = 1, . . . , n, (3.31)

where F p(·) are the coefficients of piecewise functions such as Lagrange and Legen-

dre polynomials, superscript p indexes the material layer, subscripts t denotes
top surface, b denotes bottom surface, and ri denotes the polynomial terms.
This approach explicitly describes the kinematics in shell layer, and approxi-
mate the C0

z continuity conditions at the layer interfaces via an assembly of 1D
polynomials, or some constraint equations [27, 118].

Having written the displacement fields in terms of CUF notation, the co-
variant components of the linear Green strain can be written as follows:

εkl =
1

2
(Gk · uτi,k + Gl · uτi,k), (3.32)

and in matrix notation:

ε = Bτiuτi, (3.33)

where Bτi denotes the strain-displacement matrix for each dof, it is a function
of Gk and uτi,l. It will be defined later in this Section. The indices (τ, i)
denote the dofs corresponding to the axiomatic and finite element interpolation
functions. It follows that Equation (3.22) can be re-written as

δΠ
(e)
int = δu>sj

∫
B>sjCBτi dB(e) uτi

= δu>sj k
(e)
ijτsuτi,

(3.34)
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where k
(e)
ijτs is the FN of an element-wise stiffness matrix. The global stiffness

matrix K is thus an assembly of k
(e)
ijτs. The advantage of writing the stiffness

matrix this way is that the stiffness components corresponding to a degree of
freedom of interest can easily be identified using the four indices. The expression
for external energy is shown here for completeness:

− δΠ(e)
ext = δu>sj f

(e)
sj . (3.35)

Similar to the global stiffness matrix K, the global load vector f is an assembly

of submatrices of f
(e)
sj . For a detailed illustration of the assembly process using

the indices i, j, τ, s, readers are referred to Reference [119].

The Finite Element Method evaluates the differentials using the derivatives
of the interpolating functions. Using expressions of displacement fields from
Equation (3.28) and (3.29), the differentials of the 3D interpolation functions
N in Equation (3.23) are

∂N
∂ξ1

= Fτ (ξ3)
∂Ni(ξ

1, ξ2)

∂ξ1
≡ Fτ (ξ3)Ni,1(ξ1, ξ2),

∂N
∂ξ2

= Fτ (ξ3)
∂Ni(ξ

1, ξ2)

∂ξ2
≡ Fτ (ξ3)Ni,2(ξ1, ξ2), (3.36)

∂N
∂ξ3

=
∂Fτ(ξ3)

∂ξ3
Ni(ξ

1, ξ2) ≡ Fτ,3(ξ3)Ni(ξ
1, ξ2).

By combining Equation (3.23), (3.25) and (3.36), the shape function differential
is

Bτi =


X1,1Fτ Ni,1 X2,1Fτ Ni,1 X3,1Fτ Ni,1
X1,2Fτ Ni,2 X2,2Fτ Ni,2 X3,2Fτ Ni,2
X1,3Fτ,3Ni X2,3Fτ,3Ni X3,3Fτ,3Ni

X1,3Fτ Ni,2 +X1,2Fτ,3Ni X2,3Fτ Ni,2 +X2,2Fτ,3Ni X3,3Fτ Ni,1 +X3,2Fτ,3Ni
X1,3Fτ Ni,1 +X1,1Fτ,3Ni X2,3Fτ Ni,1 +X2,1Fτ,3Ni X3,3Fτ Ni,1 +X3,1Fτ,3Ni
X1,2Fτ Ni,1 +X1,1Fτ Ni,2 X2,2Fτ Ni,1 +X2,1Fτ Ni,2 X3,2Fτ Ni,1 +X3,1Fτ Ni,2

 . (3.37)

The fundamental nuclei are

k
(e)
ijτs

(Nvar×Nvar)

=

∫
B>sj

(Nvar×6)

C
(6×6)

Bτi
(6×Nvar)

dB(e) , (3.38)

where Nvar is the number of components in the generalised displacement vec-
tor. Since only the displacements in the 3D space are of interest, typically
Nvar = 3, which indicates displacements about the (X1, X2, X3) coordinates.
Since the global stiffness matrix K is simply an assembly of the FN in all the
elements, the form and order of the expansion functions can easily be changed.
Equation (3.38) establishes the FN of the variable-kinematics continuum shell
element. For completeness, the global solution vector for the generalised dis-
placement is U, obtained using standard finite element procedure as:

KU = f . (3.39)

3.5.1 Hierarchical basis functions
The expressions derived in Section 3.5 allows the use of any planar and through-
thickness expansion functions to describe the shell kinematics. For a shell model
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with displacement and rotation dofs, the through-thickness functions would con-
sist of a Taylor series expansion; for a solid-shell model with displacement dofs
only, Lagrange polynomials would be used in both the planar and through-
thickness domains. The use of Lagrange polynomials in describing the through-
thickness kinematics is beneficial, because the polynomials are C(n−1) continu-
ous intra-element (where n is the highest polynomial order), and C0 continuous
inter-element. Although the Lagrange polynomials do not directly enforce the
interlaminar continuity condition in transverse normal and shear stresses, these
properties correspond well to the continuous strains expected within a lamina,
and discontinuous transverse shear strains at the ply interfaces.

In this thesis, 1D and 2D Lagrange polynomials are chosen for the planar
and through-thickness basis functions respectively for convenience. In doing so,
the formulation yields solid-shell elements with a variable number of nodes in the
planar and through-thickness directions. Figure 3.2 shows some of the possible
solid-shell element configurations. One-dimensional Lagrange polynomials and
their derivatives are easily generated using the recursive equations as follows:

Pj (ζ) =

n∏
k=1, k 6=j

ζ − ζk
ζj − ζk

(3.40)

∂P (ζ)

∂ζj
= Pj (ζ)

n∑
k 6=j

1

ζj − ζk
(3.41)

where Fτ = Pj and ∂Fτ(ξ3)
∂ξ3 = ∂P (ζ)

∂ζj
. The in-plane polynomial functions are

simply the tensor products about the (ξ1, ξ2) plane as

N(ξ1, ξ2) = P(ξ1)⊗P(ξ2) (3.42)

The variable-kinematics solid-shell elements can be kinematically-tailored to
model specific structures. For instance, an element with low-order polynomials
in the planar direction and high-order polynomials in the thickness direction is
suitable for modelling sandwich structures with low slenderness ratio; whereas
an element with high-order polynomials in the planar direction and low-order
polynomials in the thickness direction is suitable for modelling thin shell struc-
tures with high slenderness ratio.

In the implementation of this model, an in-plane mesh has to be generated
first using a 3rd party software. To allow for a consistent interpolation of sur-
face geometry across models with different orders of in-plane polynomials, the
model always starts with a 6th order in-plane mesh. If the in-plane polynomial
order specified by the user is lower than 6, the corresponding in-plane mesh
is generated by computing/interpolating the nodal positions of the lower-order
mesh from the 6th order mesh.

3.6 Numerical benchmarks and discussions

In this section, three numerical benchmarks are presented to validate the VKCS
element, particularly the abilities of the higher-order variants to predict accurate
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Figure 3.2: Solid-shell elements with variable number of planar and through-
thickness nodes. All of these elements are generated using the VKCS model.

3D stress fields. In Section 3.6.1, the VKCS model is benchmarked against a lit-
erature example. In Section 3.6.2 and 3.6.3, VKCS is validated against two new
3D stress benchmarks for geometrically complex shell structures. The reference
solutions are obtained with high-fidelity 3D-FEM models in the commercial
finite element software Abaqus. The new benchmarks are designed to have
doubly curved profiles with non-orthogonal coordinate lines, and exhibit signif-
icant through-thickness distortion. Section 3.6.3 presents a parametric study
on the model kinematics, to identify models with the best tradeoffs in compu-
tational costs and desired level of accuracy. All the VKCS solutions presented
are obtained from the layer-wise (LW) models, utilising Lagrange polynomials
in the planar and through-thickness basis functions.

3.6.1 Varadan and Bhaskar’s cylinder

Varadan and Bhaskar [120] presented the 3D elasticity solution for a compos-
ite cylinder in bending and the resultant three-dimensional stresses. To obtain
accurate 3D stress fields, the VKCS models have cubic in-plane and cubic layer-
wise through-thickness displacement fields. The 3D stress fields in (90◦/0◦/90◦)
laminates are studied for different R/h ratios, where R and h are radius and
thickness respectively. All layers have equal thicknesses. The cylindrical geome-
try is parameterised via a 2D chart (θ, z), with the model parameters, including
the analytical definition of material axes as shown in Table 3.1.

The cylinder has shear diaphragm boundary conditions, also known as the
soft simple supports, at both ends. The boundary conditions are identical to
simply supported edges with translational dofs (rolling pin) in X2, hence u1 =
u3 = 0 along the midsurface of the cylinder (Figure 3.3). The computed 3D
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Table 3.1: Model parameters for the Varadan and Bhaskar’s cylinder numerical
benchmark.

Geometry parameterisation:

X(θ, z) =

R cos(θ)
R sin(θ)

z

 where 0 ≤ θ ≤ 2π and 0 ≤ z ≤ L

R = 1, L = 4/R, h = [0.25, 0.1, 0.01] such that R/h = [4, 10, 100]

Material properties:

E11 = 25, E22 = E33 = 1, G12 = 0.5, G23 = G31 = 0.2, ν12 = ν13 = ν23 = 0.25

Layup: (90◦/0◦/90◦)
Material axes:

ê1(θ, z) =
− sin(θ) x̂1 + cos(θ) x̂2

‖ − sin(θ) x̂1 + cos(θ) x̂2‖
ê2(θ, z) = x̂3

ê3(θ, z) =
ê1 × ê2

‖ê1 × ê2‖

Loading conditions:

Internal sinusoidal pressure q(θ, z) = −Q sin(mπz/L) cos(nθ),

where Q = 1, m = 1 and n = 4

Boundary conditions:

Shear diaphragm at X3 = 0 and X3 = L, where uξ1 = uξ3 = σ33 = 0

where Q denotes the load amplitude, m and n denote the half waves in the
longitudinal and circumferential directions respectively, x̂i denotes the global
Cartesian unit vectors, the hoop direction ê1(θ, z) aligns with the fibre direction.
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(a) (b)

X1

X2

X3

Soft simple supports

Figure 3.3: undeformed (a) and deformed configuration (b) of the Varadan &
Bhaskar’s cylindrical shell benchmark. The boundary conditions are pins with
rolling dof in X2 at X2 = [0, L]. The colour contour refers to the magnitude of
displacement.

stresses are nondimensionalised as below:

σ̄αα =
10σαα
Q(R/h)2

[ sin(mπX2/L) cos(nθ) ]
−1
,

σ̄33 = σ33 [Q sin(mπX2/L) cos(nθ) ]
−1
,

σ̄αβ =
10σαβ
Q(R/h)2

[ cos(mπX2/L) sin(nθ) ]
−1
,

σ̄α3 =
10σα3

Q(R/h)
[ cos(mπX2/L) cos(nθ) ]

−1
,

where α, β = 1, 2. The benchmark numerical results in the through-thickness
stresses for R/h = 4, 10 and 100 are shown in Figure 3.4, 3.5 and 3.6 respectively.
The non-dimensionalised thickness locations are denoted as ξ3 ∈ [−1, 1]. The
model has 12 and 15 elements in the hoop and the longitudinal directions,
respectively, amounting to 56 730 total dofs for convergence in all cases.

3.6.2 Hyperbolic paraboloid shell
This section proposes a benchmark for the analysis of shells with spatially vary-
ing curvatures and non-orthogonal coordinate lines. The main aim of the bench-
mark is to showcase the generality and accuracy of the developed VKCS in cap-
turing 3D stresses of an arbitrary smooth surface. The geometry of choice is a
deep hyperbolic paraboloid shell, also known as ‘hypar’ shell, or a saddle. It is
a warped surface which can be constructed only by straight lines and possesses
remarkable architectural and mechanical properties. This benchmark is chal-
lenging for shell formulations that discretise geometry and strains in terms of
orthogonal principal radii, as this example strongly violates the assumptions of
orthogonal and conjugate coordinate lines often made in shell models derived
from classical shell theories.

There are many studies and mathematical analyses on the behaviour of
hypar shells in the literature, with most works reporting their analysis results
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Figure 3.4: Non-dimensionalised through-thickness stress components of the
R/h = 4 softly simply supported (90◦/0◦/90◦) Varadan & Bhaskar’s cylinder
[120] subjected to internal sinusoidal pressure.
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Figure 3.5: Non-dimensionalised through-thickness stress components of the
R/h = 10 softly simply supported (90◦/0◦/90◦) Varadan & Bhaskar’s cylinder
[120] subjected to internal sinusoidal pressure.
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Figure 3.6: Non-dimensionalised through-thickness stress components of the
R/h = 100 softly simply supported (90◦/0◦/90◦) Varadan & Bhaskar’s cylinder
[120] subjected to internal sinusoidal pressure.

in terms of spanwise in-plane forces and displacements, such as [121–123]. To
the best of the author’s knowledge, no through-thickness stress benchmarks
have been reported, neither have 3D elasticity solutions been derived for hypar
shells.

This section presents the 3D stress benchmark for a hypar shell, whose
geometry, loading and boundary conditions can be reproduced easily as an
addition to the literature. The hypar shell is thick, deep and consists of 10
cross-plies with equal thickness for all layers, subjected to uniform pressure.
The geometry is parameterised with a 2D chart (x, y). The model parameters,
including the analytical definitions of material axes are shown in Table 3.2. The
3D FEM reference solution is generated using C3D20 (20-noded brick elements)
in Abaqus. Through numerical experiments, it was found that linear elements
(C3D8, or 8-noded brick elements) have extremely slow convergence rate in in-
terlaminar stresses due to the errors caused by linear approximation of geometry
and kinematics of a curved structure.

The analysis model has cubic displacement fields in the in-plane domain and
layerwise cubic-displacement fields in the through-thickness domain. The un-
deformed and deformed configurations of the hypar shell midsurface are shown
in Figure 3.7. The displacement solution along X1 with X2 = 0 has excel-
lent agreement with 3D-FEM results, as shown in Figure 3.8. The through-
thickness stresses of the hypar shell are measured at locations (x, y) = (-0.10,-
0.10), (-0.48,-0.10) and (-0.46,-0.46), and the results are shown in Figure 3.9,
3.10 and 3.11, respectively. The thickness locations are non-dimensionalised as
in ξ3 ∈ [−1, 1]. The latter two sampling locations are at 2% and 4% shell plan-
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Table 3.2: Model parameters for the hypar shell numerical benchmark.

Geometrical parameterisation

X(x, y) =

 x
y

2(x2 − y2)

 where − 0.5 ≤ x ≤ 0.5 and − 0.5 ≤ y ≤ 0.5

h = 0.075
Material properties:

E11 = 25, E22 = E33 = 1, G12 = 0.5, G23 = G31 = 0.2, ν12 = ν13 = ν23 = 0.25

Layup: (0◦/90◦)5

Material axes:

ê1(x, y) =
x̂1 + 4x x̂3

‖x̂1 + 4x x̂3‖

ê3(x, y) =
ê1 × ê2

‖ê1 × ê2‖

ê2(x, y) =
ê1 × ê3

‖ê1 × ê3‖

Loading conditions:

Uniform pressure on the top surface q = 1
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(a) (b)

X1

X2

X3

Clamped edges

Clamped edges

Figure 3.7: undeformed (a) and deformed configuration (b) of the thick hyper-
bolic paraboloid shell subjcted to pressure on the top surface. The colour contour
refers to the magnitude of displacement.
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Figure 3.8: Displacement solution of hyperbolic paraboloid shell along X1 with
X2 = 0.

form length away from the clamped edges, respectively. At (x,y)=(-0.48,-0.10),
the angle between the coordinate lines is approximately orthogonal, whereas at
(x,y)=(-0.46,-0.46), the coordinate lines are skewed by more than 40◦.

The proposed test case is particularly challenging due to the combinations
of the following factors: the layup is highly heterogenous; due to the geometry,
a structural mesh with good aspect ratio elements is not possible, especially
near the vertices; and the stresses at the inquired locations are very close to the
clamped edges. The potential locking phenomena is circumvented in the VKCS
model due to the use of higher-order in-plane interpolation functions. The
VKCS model requires a total of 339 915 dofs for convergence in 3D stresses.
On the other hand, the 3D-FEM model has 1 875 000 20-noded brick elements,
amount to 23 200 683 dofs. The numerical results from the VKCS shell model
remain in excellent agreement with high-fidelity 3D-FEM for this test case across
all the locations.
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Figure 3.9: Through-thickness stresses at x = −0.1, y = −0.1 of a (0◦/90◦)5
hypar shell subjected to uniform pressure on the top surface.
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Figure 3.10: Through-thickness stresses at x = −0.48, y = −0.1 of a (0◦/90◦)5
hypar shell subjected to uniform pressure on the top surface. The location is 2%
shell planform length away from a clamped edge.
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Figure 3.11: Through-thickness stresses at x = −0.46, y = −0.46 of a (0◦/90◦)5
hypar shell subjected to uniform pressure on the top surface. The angle between
the coordinate lines is greater than 40◦, the location is 4% shell planform length
away from a clamped edge.

3.6.3 Twisted shell with variable thickness

The last benchmark is a twisted laminated shell with variable thickness, as
shown in Figure 3.12. This benchmark will be studied with LW models with
different combinations of orders in the in-plane and through-thickness polyno-
mial functions. The complex geometrical features of this analytical surface,
such as spatial variation in curvatures and thicknesses are commonly found in
engineering shell structures, for instance, aircraft engine fan blades and wind
turbine blades. To the best of the author’s knowledge, there are no studies
in the wider literature that provide three-dimensional stress field benchmarks
for shells with these geometrical features. Therefore, sufficient information of
the blade geometries, thickness distribution and material axes are provided for
interested readers to reproduce the benchmarks.

The definitions of material axes in the in-plane domain must be carefully
considered in shells with complex profiles and variable thicknesses. There are
two ways to define the material orientations across the shell surface. Firstly,
according to Dvorkin et al. [110], the material orientations can be constructed
using the covariant basis vectors (as in Equation (3.10)), so that the material
axes always lie on the tangent planes of the three-dimensional shell geometry.
The approach is convenient and does not require analytical nor additional in-
puts to define the material axes. However, it intrinsically couples the material
orientations to the mesh configurations, hence making it difficult to define the
material axes across different meshes consistently. As an alternative, the ma-
terial axes can be defined analytically. Figure 3.13 compares the material axes
at the blade root using both approaches. When defined analytically, the shell
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(a) (b)

Figure 3.12: Orientation of material axes in the in-plane domain (a) and the
contour of von Mises stresses in the deformed configuration (b) of the twisted
shell with variable thickness.

normals are identical along the straight edge. On the other hand, the material
axes deviate slightly when defined using the covariant basis vectors, as a result
of the non-orthogonal local mesh-lines. The material axes are defined analyti-
cally, for the sake of consistent comparisons between models with different mesh
densities and kinematic definitions.

Additionally, the definitions of the material orientations along the nor-
mals must be considered in a shell with variable thickness. The first option
is keeping material orientations constant along the shell normals, as shown in
Figure 3.14(b). Alternatively, the material axes can vary continuously along the
normals according to the local basis vectors as described by Equation (3.10),
shown in Figure 3.14(a). The former approach is chosen because it is more
consistent with the construction of a laminate with variable thickness. Further-
more, the former allows for a more consistent definition of material axes across
3D solid models in commercial code and the VKCS models. From a manufac-
turing point of view, the thickness changes in laminates are achieved by ply
drops, which means that in most cases, all the plies share the same baseline
material axes as the mid-surface except for the cover plies. The model parame-
ters, including the analytical definitions of material axes for this benchmark are
shown in Table 3.3.

In case of a shell with variable thickness, the following transformations
are carried out on the Cauchy stress fields. Firstly, constitutive relations are
computed in the material axes on the midsurface. Secondly, the Cauchy stresses
are computed in the local coordinate systems that lie on the tangent planes of
the three-dimensional geometry. In other words, the frame of references of
the Cauchy stresses changes continuously along the shell normal, as shown in
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Covariant basis vectors 

Analytical expressions

Figure 3.13: Comparison in the orientation of material axes in the in-plane
domain as defined by the covariant basis vectors and the analytical expressions.

(a) (b)

Figure 3.14: Two options to define the variation in fibre directions along the
midplane normal: (a) fibre direction follows the tangent planes of the three-
dimensional shell geometry; or (b) the material points along the midplane normal
have the same fibre direction as the shell midplane.
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Table 3.3: Model parameters for the twisted shell with variable thickness nu-
merical benchmark.

Geometrical parameterisation

X(r1, r2) =

 r1/2
(r1 + 2)(r2 cos θ)/8

(r1 + 2)(−r2 cos θ)/8

 where θ = π(r1 + 1)/6, and

−1 ≤ r1 ≤ 1 and − 1 ≤ r2 ≤ 1.

The shell thickness distribution is

h(r1, r2) = − r1
2

(t0 − t1) + 0.5 (t0 + t1), where t0 = 0.025 and t1 = 0.0025.

Material properties:

E11 = 120× 109, E22 = E33 = 10.5× 109, G12 = G23 = 5.25× 109, G31 = 3.48× 109,

ν12 = ν23 = 0.3 and ν13 = 0.51

Layup: (45◦/−45◦/90◦/0◦)sym

Material axes:

ê1(r1, r2) = v1,

ê3(r1, r2) =
v1 × v2

‖v1 × v2‖
,

ê2(r1, r2) =
v1 × v3

‖v1 × v3‖
,

where

v1 =
1

2
x̂1 +

[
vπ

24

(
u

2
+ 1

)
sin

(
π

6
(u+ 1)

)
+
v

2
cos

(
π

6
(u+ 1)

)]
x̂2 +

[
−vπ

8
sin

(
u+ 1

6

)]
x̂3,

and v2 =
1

2
x̂1 +

(
u

4
+

1

2

)
cos

(
π(u+ 1)

6

)
x̂2 +

vπ

8
sin

(
u+ 1

6

)
x̂3.

Loading conditions:

Uniform pressure on the top surface q = 1× 106
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Figure 3.15: Cauchy stress tensors are transformed into continuously varying
material axes along the shell normal.

Figure 3.15.

These transformations imply that the stress tensors are no longer defined
about the actual material coordinate systems. Nevertheless, this is a crucial
step to approximate the traction-free conditions at the top and bottom surfaces
in a variable thickness shell. In failure analysis, the transformation step is
unnecessary because the Cauchy stress must correspond directly to the actual
material orientations.

A parametric study is conducted to demonstrate the variable-kinematics
capability of the model, where multiple models are simulated for various combi-
nations of the polynomial orders of the in-plane and through-thickness displace-
ment fields, and the mesh densities. Both of the in-plane and through-thickness
displacement fields range from orders 1–4, whereas the in-plane mesh densities
are 5 × 10, 10 × 20 and 20 × 30. The reference solution is obtained from a
high-fidelity 3D-FEM model in Abaqus. Again, the 3D FEM reference solu-
tion is obtained using 20-noded brick elements to minimise errors due to linear
approximation of the geometry and kinematics. It is not straightforward to ob-
jectively measure the accuracy of the 3D stress solutions, as the errors may vary
across different stress components and sampled locations. For simplicity, only
the error of σ31 (often the main driver of delamination initiation) between the
second and third ply from the bottom at the location (r1, r2) = (−0.70,−0.70)
is shown.

From Figure 3.16, the following observations can be made: (i) none of the
models with mesh 5 × 10 output satisfactory σ31 at the sampled location; (ii)
for mesh 10 × 20, the σ31 solution converges to 5% of the reference solution
for all models with at least cubic in-plane and quadratic through-thickness dis-
placement fields; (iii) for mesh 20 × 30, the σ31 solution converges to 5% of
the reference solution for all models with at least quadratic polynomial order in
the in-plane and through-thickness domain. From an analyst’s perspective, the
model with 10 × 20 mesh with cubic in-plane and quadratic through-thickness
displacement fields would be suitable for iterative design analyses, as it provides
sufficiently accurate solution in σ31 with the lowest model size.
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The observations made using Figure 3.16 also suggest a threshold in through-
thickness and in-plane kinematics for the convergence in σ31. For the through-
thickness kinematics, it is clear that at least quadratic displacement fields
must be assumed, as all models across the mesh densities with linear through-
thickness displacement fields output inaccurate σ31. For the in-plane kinematics,
models with linear displacement fields output error of > 120% from the refer-
ence solution across all mesh densities. This is because linear elements poorly
represent the doubly curved surface profiles and spatial variations of material
axes.

The parametric study based on the 3D stress accuracy at a single material
point must be interpreted with care. For instance, when the solution converges
for a particular h-level in the in-plane and through-thickness domains, the accu-
racy cannot be further improved via p-refinement in the thickness direction. The
model settings circled ‘A’ in Figure 3.16 indicates that the solution converges
at quadratic through-thickness displacement field, and any further increment in
the polynomial order does not improve the solution accuracy. On the contrary,
the solution error can sometimes increase with the polynomial order due to the
oscillations in the higher-order polynomials to fit the small variations (relative to
in-plane components) of through-thickness displacements. On the other hand,
analysts must be mindful of outliers in the parametric map, as circled ‘B’ in
Figure 3.16. It is immediately evident that model ‘B’ would not have output
accurate global stresses at the particular mesh density, as indicated by the high
solution error in its neighbours.

There are two competing options to enhance the in-plane kinematics, namely
the mesh and polynomial order refinements of the in-plane basis functions. It
is not straightforward to qualitatively determine the threshold mesh density
and in-plane polynomial order for a desired level of accuracy, because because
the use of higher-order polynomial basis functions can compensate the errors
due to low in-plane mesh densities, and vice versa. Generally, the p-version
of FEM has higher convergence rate in smooth elasticity problem [124, 125],
which improves further with optimal mesh configuration (h-refinement). It is
non-trivial to determine a combination of hp- settings to yield computationally
efficient model at the desired level of accuracy for a specific problem. Therefore,
a parametric study like Figure 3.16 can aid analysts to decide the appropriate
settings in the variable-kinematics framework to yield a suitable model class for
their applications.

The through-thickness stresses at the locations (r1, r2) = (−0.50,−0.50),
(−0.70,−0.70) and (−0.90,−0.75) are shown in Figure 3.17, 3.18 and 3.19 re-
spectively. The VKCS model has in-plane mesh density of 20×30, cubic in-plane
and quadratic through-thickness displacement fields respectively, with a model
size of 279 990 dofs. On the other hand, the high-fidelity 3D-FEM model consists
of 1 440 000 quadratic brick elements, with a model size of 18 180 099 dofs.

Across all the locations, the VKCS model shows good overall accuracy in
the 3D stress field solution, with only slight discrepancies in the σ33 component.
The σ33 convergence of VKCS and 3D-FEM models are shown in Figure 3.20,
where it is clear that the 3D-FEM converges towards VKCS solution. The shell
is subjected to a uniform pressure at the top surface only, hence σ33 should be
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Mesh 5 × 10 Mesh 10 × 20 Mesh 20 × 30

3rd order in-plane

4th order through-thickness

3rd order in-plane

1st order through-thickness2nd order in-plane

4th order through-thickness

A

B

Figure 3.16: Parametric study showing the model accuracy in σ31 due to
changes in model kinematics, at three different mesh densities. n is the total
number of dofs. The number of top tallies indicate the order of in-plane kinemat-
ics, whereas the bottom tallies indicate the order of through-thickness kinematics.
Examples of how the data points are read are shown in the figure.

null at the bottom surface. From Figure 3.17, 3.18 and 3.19, it is clear that
the solution from Abaqus does not satisfy the traction-free condition at the
bottom surface. The main reason for the discrepancy could be that Abaqus
assumes constant element-wise material axis at the element centroid, therefore
the material axis is incorrectly defined at the top or bottom surfaces. On the
other hand, the variation of material axis within an element is incorporated
in the VKCS model. In case of a doubly-curved shell with variable-thickness,
the material axes can drastically vary within an element, especially the shell
normal, which has the most significant effect on the accuracy of σ33.

3.7 Chapter summary

This chapter derived and validated a variable-kinematics continuum shell for-
mulation in the framework of Carrera’s Unified Formulation. The novelty is in
the implementation of CUF in a continuum shell formulation. The complexity
of the in-plane and through-thickness kinematics is a free parameter that can
be set by the analyst. As a result, the model can have any form and order of
expansion functions without altering the pristine mesh nor the implementation
code. In structural problems where appropriate model kinematics are unknown,
users can gain insights into the relationships between the in-plane mesh den-
sity, model kinematics and accuracy of the specific test case by conducting a
parametric study using the VKCS model. With minimal user inputs, the model
settings that provide good trade-offs between computational costs and accuracy
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VKCS-L4 3D-FEM

Figure 3.17: Through-thickness stresses at r1 = −0.50, r2 = −0.50 of a twisted
laminated shell with variable thickness subjected to uniform pressure on the top
surface. The local thickness is 0.01937.

VKCS-L4 3D-FEM

Figure 3.18: Through-thickness stresses at r1 = −0.70, r2 = −0.70 of a twisted
laminated shell with variable thickness subjected to uniform pressure on the top
surface. The local thickness is 0.02162.



Chapter 3. Linear elastic VKCS model 58

VKCS-L4 3D-FEM

Figure 3.19: Through-thickness stresses at r1 = −0.90, r2 = −0.75 of a twisted
laminated shell with variable thickness subjected to uniform pressure on the top
surface. The local thickness is 0.02388.

3D-FEM 200×200×16

3D-FEM 300×300×16

3D-FEM 400×400×16

VKCS-L4 20×30×8

VKCS-L3 20×30×8

Figure 3.20: Convergence in σ33 of the VKCS and 3D-FEM models. Twenty-
noded brick elements are used in the 3D-FEM solution. The in-plane mesh density
is progressively increased from 200 × 200, 300 × 300 to 400 × 400. Each layer
is modelled with two elements. The VKCS models have quadratic (L3) and
cubic (L4) through-thickness displacement fields respectively. Cubic in-plane
displacement fields are prescribed to both, where 20 × 30 elements are used in-
plane, and each layer is modelled with one element.
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can be identified.

Also, this chapter proposes two new challenging benchmarks in the analyses
of laminated shells with complex geometries and highly heterogeneous layups,
namely a deep hyperbolic paraboloid shell and a twisted shell with variable
thickness. The 3D stress results from the higher-order VKCS model are ac-
curate when compared to the reference 3D solutions in all the studied bench-
marks. In particular, the solution accuracy in regions near the boundaries of
composite structures is investigated, where stress fields are inherently three-
dimensional. To achieve convergence in the 3D stresses, the higher-order VKCS
models do not require any ad-hoc artefacts, such as shear correction factors, nor
3D stress field recovery as a post-processing step. Due to the independent hp-
refinements in both in-plane and through-thickness domains, when compared
to using quadratic continuum elements in commercial codes, the VKCS model
requires an order of magnitude fewer dofs and hence lower computational time,
memory and storage, for convergence in the stress solution. For these reasons,
the VKCS element is an attractive alternative to 3D-FEM in analysing geomet-
rically complex laminated shell structures.

In terms of wider applications, the flexibility offered by the current formula-
tion allows model kinematics to easily be ‘tuned’ to suit a wide range of analyses.
Therefore, analysts can bypass the need to setup multiple models for analyses
requiring different levels of model fidelity. Potentially, this could inform new
work flows and practices. The next chapter will include geometric nonlinear-
ity in the current model and investigate if the accuracy and the computational
efficiency of the VKCS model extends to a nonlinear elastic analysis.

The work presented in this chapter has been published in Reference [126].
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Chapter 4

Geometrically nonlinear VKCS model

The previous chapter derived a linear-elastic VKCS model by combining a con-
tinuum shell formulation and CUF. The model is accurate and numerically effi-
cient in 3D stress analyses of thick laminated shells with complex geometry. The
main reasons are two-fold. Firstly, the VKCS model has a fast solution con-
vergence rate by utilising higher-order interpolation functions. Secondly, the
VKCS model builds analysis-specific domain discretisation on a case-by-case
basis, by refining the element kinematics in the required direction(s) only.

Laminated composites undergoing large displacements have complex evo-
lution of nonlinear stresses. Due to the iterative nature of nonlinear implicit
solvers, numerical models must capture the 3D stresses accurately across all
the nonlinear configuration in a computationally efficient manner. The main
objective of this chapter is to include geometric nonlinearity by reformulating
the VKCS model in a total Lagrangian framework. The resultant element will
inherit the fast solution convergence rates of the model developed in Chapter 3
due to the capabilities for hierarchical and anisotropic refinement.

Selected benchmarks from the literature are studied to validate the de-
veloped model. Following that, a study is proposed to investigate the effects
of anisotropic kinematic refinements on various nonlinear solvers. The perfor-
mance of the VKCS model is also tested by studying the evolution of nonlinear
3D Cauchy stresses in thick laminated shells. Lastly, the nonlinear VKCS model
is used to model the post-buckling response of a wind turbine blade substruc-
ture.

4.1 Chapter outline

This chapter begins by presenting the strain and stress measures of a continuum
under large displacement in Section 4.3.1. Then, the nonlinear finite element
matrices for the VKCS model are derived in Section 4.3.2 using the Princi-
ple of Virtual Work for incremental solutions. The formulation is validated
against literature benchmarks in Section 4.4.1. Following that, the effects of
the anisotropic kinematic refinement scheme on various nonlinear solvers are
investigated in Section 4.4.2. The accuracy of the nonlinear VKCS model in
capturing 3D stresses is investigated in Section 4.4.3, followed by the modelling
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of post-buckling responses of a wind turbine blade trailing edge panel in Section
4.4.4. Lastly, the conclusion for this chapter is presented in Section 4.5.

4.2 Nonlinear solution procedures

A structure undergoes multiple configurations when subjected to large displace-
ments, causing non-negligible changes in the structural geometry and material
orientation. Within a finite element setting, the nonlinear equation at each
increment is

R = K(U)U− λF, (4.1)

where R, K(U), λ and F are the residual force vector, secant stiffness matrix,
load parameter and external load vector respectively. The solution to Equa-
tion (4.1) is non-trivial. It can be linearised by expanding R = R(U, λ) with
Taylor series as follows [127]:

R(Ur+1, λr+1) = R(Ur, λr) +
∂R

∂U
|r δUr +

∂R

∂λ
|r δλr = 0, (4.2)

where all higher-order terms are omitted. By moving δUr to the left-hand-side,
the incremental displacement solution at each step is

δUr = −
(
∂R

∂U
|r
)−1(

R(Ur, λr) +
∂R

∂λ
|rδλ

)
= −(KT )−1(R(Ur, λr)− F δλ),

(4.3)

where the substitution KT = ∂R
∂U |r and F = −∂R∂λ |r has been made. KT is the

tangential stiffness matrix. The nonlinear solution is obtained by evaluating
Equation (4.3) iteratively. For detailed exposition on the solution procedures,
the reader is referred to de Borst et al. [128].

4.3 Governing equations

The previous section shows that the tangential stiffness matrix must be formu-
lated to solve the nonlinear finite element equations with iterative procedures.
This section derives the governing equations for the tangential stiffness matrix
of a nonlinear VKCS model.

The geometric discretisation of the shell model is the same as the one in
the previous chapter. The expressions for displacement fields based on CUF
also remain the same.

4.3.1 Nonlinear stress and strain measures
The first part of this section will detail the procedures to compute the nonlinear
stress measure, i.e. second Piola-Kirchhoff stress. The second part will focus on
the post-processing of Cauchy stresses about the local shell orientation in the
current configuration.
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Second Piola-Kirchhoff stress

The element formulation is derived based on the PVW. The strain energy con-
jugates are the GL strain and the Second Piola–Kirchhoff (2PK) stress tensors
written in the covariant and contravariant bases respectively. The covariant
components of the GL strain tensor is

Ekl =
1

2

(
Gk · u,l + Gl · u,k + u,k · u,l

)
, (4.4)

where the quadratic terms (u,k · u,l) account for large displacements. Here,
the strain tensors are not indexed with (i, j) as commonly adopted in most
literature, because the indices (i, j) are reserved for the compact notations in
CUF. Hooke’s law is obtained by assuming linear material response, and the
2PK stress tensor is written as

Skl = CklmnEmn, with k, l,m, n = 1, 2, 3, (4.5)

where Cklmn and Smn are the material and the 2PK stress tensors in the con-
travariant bases respectively. Cklmn is

Cklmn = TkaTlbTmcTnd Cabcd, (4.6)

where Cabcd = C, Tkl = Gk · êl where Gk is the contravariant basis vector, and
êl where l = 1, 2, 3 refer to the orthonormal material axes in the fibre, matrix
and normal directions respectively.

Post-processing of Cauchy stress in the current configuration

Typically, the rotations of the material axes in a large displacement analysis
are not explicitly considered in a total Lagrangian formulation, because all the
quantities refer to the initial undeformed configuration. However, when criteria-
based failure initiation analysis is of interest, the Cauchy stresses must be trans-
formed into the current fibre/matrix directions; hence the orientations of the
material triads must be explicitly computed for every configuration. The defor-
mation gradient needs to be decomposed to obtain the changes in the material
orientations. The deformation gradient is

F = gi ⊗Gi, (4.7)

where gi is the covariant basis vector in the deformed configuration, it is

gi =
∂x

∂ξi
=

∂

∂ξi
= Gi +

∂u

∂ξi
. (4.8)

The contravariant basis vector in the initial configuration is

Gi = GijGj , where Gij = (Gij)
−1 and Gij = Gi ·Gj . (4.9)

The Cauchy stresses are calculated from the 2PK stress tensor, in the matrix
notations as

σ =
1

det(F)
F S̃F> where S̃ = Q> SQ, (4.10)
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where S̃ is the 2PK stress in the covariant basis and Q is a transformation
matrix as

Q = Qij = Gi · êj . (4.11)

Equation (4.10) computes the Cauchy stresses about the global (X1, X2, X3)
coordinates. An additional transformation is required to obtain Cauchy stresses
about the material orientation of the current configuration.

The deformation gradient can be squared, in matrix notation as follows:

F> ·F = (R · U)> · (R · U)

= U> · U ,
(4.12)

where R and U are the proper orthogonal tensor that measures the triad rota-
tion; and the right stretch tensor that measures the stretching/contraction at
each material point, respectively. The U term is solved for by square-rooting
the matrix F> ·F as

U = Q>
√
V Q, (4.13)

where Q is the eigenvector of F> · F , and V is a matrix with eigenvalues of
F> ·F written on the diagonals. The orthonormal rotation matrix is

R = F U−1. (4.14)

The Cauchy stresses about the current material axes are

σc = R>σR. (4.15)

4.3.2 Principle of virtual work for incremental solutions
In the first part of this section, the expressions of strain energy variation are
shown. In the second part, these expressions are discretised with FEM, and the
CUF notations are introduced.

Strain energy variations

In a large displacement analysis, the internal and external virtual work sum to
zero, or within tolerances, for every equilibrium configuration as

δΠint + δΠext ≈ 0 (4.16)

There are two approaches to arrive at the final nonlinear FE matrices, namely
by taking a second variation of the strain energy expressions [128], or by deriving
the incremental stresses between the reference and current configurations [129].
The two approaches are entirely equivalent. Here, the nonlinear VKCS model
will use the former approach.

Starting from the first variation, the second variation of the internal strain
energy is

δΠint =

∫
B 0

S : δEdB 0

∆
(
δΠint

)
=

∫
B 0

∆S : δE dB 0︸ ︷︷ ︸
∆(δΠ)A

+

∫
B 0

S : ∆(δE) dB 0︸ ︷︷ ︸
∆(δΠ)B

. (4.17)
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For clarity, the first and second variations are denoted as δ and ∆ respectively.

There are two parts to the strain energy in Equation (4.17), namely the
material and geometric components, denoted as ∆(δΠint)A and ∆(δΠint)B re-
spectively. The material part is

∆(δΠint)A =

∫
B 0

∆S : δE dB 0 (4.18)

In terms of their tensor components, Equation (4.18) can be written as

∆(δΠint)A =

∫
B 0

∆Skl δEkl dB 0 (4.19)

From Equation (4.4), δEkl is written as

δEkl =
1

2

(
Gk · δu,l + Gl · δu,k + δu,k · u,l + u,l · δu,k

)
(4.20)

where the commas denote partial derivatives. The variation in the components
of 2PK stresses is

∆Smn = Cmnkl∆Ekl, (4.21)

where

∆Ekl =
1

2

(
Gk ·∆u,l + Gl ·∆u,k + ∆u,k · u,l + u,l ·∆u,k

)
(4.22)

The geometric component of the strain energy in Equation (4.17) is written as

∆(δΠint)B =

∫
B 0

S : ∆(δE) dB 0, (4.23)

where the GL strain component requires a double variation. Its covariant com-
ponents can be written as

∆(δEkl) =
1

2

[
Gk ·∆(δu,l) + Gl ·∆(δu,k)+

∆(δu,k) · u,l + δu,k ·∆u,l + ∆u,k · δu,l + u,k ·∆(δu,l)

]
,

(4.24)

Since Equation (4.24) is nonlinear in the displacement increments, it must be
linearised. The higher-order terms are assumed to be small, such that ∆(δu,k) =
0 [127, 130], thus

∆(δEkl) =
1

2

[
δu,k ·∆u,l + ∆u,k · δu,l

]
, (4.25)

According to the second part of Equation (4.17), the second variation of strain
energy corresponding to the geometric nonlinearity is

∆(δΠint)B =
1

2

∫
B 0

[(
∂δu

∂ξ1
· ∂∆u

∂ξ1
+
∂∆u

∂ξ1
· ∂δu
∂ξ1

)
S11 +

(
∂δu

∂ξ2
· ∂∆u

∂ξ2
+
∂∆u

∂ξ2
· ∂δu
∂ξ2

)
S22 +(

∂δu

∂ξ3
· ∂∆u

∂ξ3
+
∂∆u

∂ξ3
· ∂δu
∂ξ3

)
S33 +

(
∂δu

∂ξ3
· ∂∆u

∂ξ2
+
∂∆u

∂ξ3
· ∂δu
∂ξ2

)
S32 +(

∂δu

∂ξ3
· ∂∆u

∂ξ1
+
∂∆u

∂ξ3
· ∂δu
∂ξ1

)
S31 +

(
∂δu

∂ξ1
· ∂∆u

∂ξ2
+
∂∆u

∂ξ1
· ∂δu
∂ξ2

)
S12

]
dB 0

(4.26)
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Finite element discretisation with CUF

In this section, the CUF notation is introduced into the expressions of strain en-
ergy variations elaborated in the previous section. The displacement derivatives
are

u,l =
∂u

∂ξl
=
∂FτNi
∂ξl

uτi (4.27)

where Ni and Fτ denote the finite element and axiomatic interpolation functions
respectively. Note that a distinction is made between the CUF indices assigned
to the first and second variations of displacements, which are (τ, i) and (s, j)
respectively.

Substituting the CUF notations into Equation (4.20) and collecting like-
terms, the equation becomes

δEkl =
1

2

[
∂(FτNi)

∂ξl

(
Gk +

∂uτi
∂ξk

)
+
∂(FτNi)

∂ξk

(
Gl +

∂uτi
∂ξl

)]
=

1

2

(
∂(FτNi)

∂ξl
gk +

∂(FτNi)

∂ξk
gl

)
· δuτi.

(4.28)

Similarly,

∆Ekl =
1

2

(
∂(FsNj)

∂ξl
gk +

∂(FsNj)

∂ξk
gl

)
·∆usj . (4.29)

Then, Equation (4.25) becomes

∆(δEkl) =
1

2

(
∂(FτNi)

∂ξk
δusj ·

∂(FsNj)

∂ξl
∆usj +

∂(FsNj)

∂ξk
∆uτi ·

∂(FτNi)

∂ξl
δuτi

)
. (4.30)

Substituting Equation (4.28) and (4.29) into Equation (4.19), Equation (4.18)
is rewritten in terms of matrix notations as follows:

∆(δΠint)A = δu>τi

∫
B 0

B>τiC Bsj dB 0 ∆usj

= δu>τiK
L
ijτs∆usj .

(4.31)

where KL
ijτs is the material tangent. Again, both the displacement vector and

strain-displacement matrix are indexed using (τ, i) and (s, j) for the first and
second variations, respectively. From Equation (4.28), the Bτi is

Bτi =



∂(FτNi)
∂ξ1

g
(1)
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, (4.32)

where the superscript on g
(·)
i denotes the component of the covariant vector in

the current configuration. The matrix Bjs is obtained by simply replacing the
indices (τ, i) with (s, j).
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By substituting the CUF notations into Equation (4.26), and after some
rearranging, the following expression is obtained in matrix notation:

∆(δΠint)B = δu>τi

∫
B 0

1

2

[(
∂FτNi
∂ξ1

∂FsNj
∂ξ1

)
S11 +

(
∂FτNi
∂ξ2

∂FsNj
∂ξ2

)
S22 +

(
∂FτNi
∂ξ3

∂FsNj
∂ξ3

)
S33 +(

∂FτNi
∂ξ3

∂FsNj
∂ξ2

+
∂FsNj
∂ξ3

+
∂FτNi
∂ξ2

)
S32 +

(
∂FτNi
∂ξ3

∂FsNj
∂ξ1

+
∂FsNj
∂ξ3

∂FτNi
∂ξ1

)
S31 +(

∂δ

∂ξ1

∂FsNj
∂ξ2

+
∂FsNj
∂ξ1

∂FτNi
∂ξ2

)
S12

]
dB 0 ∆usj .

(4.33)

Since Equation (4.33) is inconvenient for FE development, it is rearranged to
yield the following FE matrices,

∆(δΠint)B = δu>τi

∫
B 0



∂FτNi
∂ξ1

∂FsNj
∂ξ1

∂FτNi
∂ξ2

∂FsNj
∂ξ2

∂FτNi
∂ξ3

∂FsNj
∂ξ3

∂FτNi
∂ξ3

∂FsNj
∂ξ2

+
∂FsNj
∂ξ3

∂FτNi
∂ξ2

∂FτNi
∂ξ3

∂FsNj
∂ξ1

+
∂FsNj
∂ξ3

∂FτNi
∂ξ1

∂FτNi
∂ξ1

∂FsNj
∂ξ2

+
∂FsNj
∂ξ1

∂FτNi
∂ξ2



> 

S11

S22

S33

S32

S31

S12




1 0 0

0 1 0

0 0 1

 dB 0 ∆usj

= δu>τi

∫
B 0

B>NLS I dB 0∆usj

= δu>τiK
G
ijτs ∆usj ,

(4.34)

where I is the 3×3 identity matrix and KG is the geometric part of the tangen-
tial stiffness matrix. The expression can easily be verified by substitution into
Equation (4.33). The stiffness matrix of the nonlinear system is

δ∆(Πint) = ∆(δΠint)A + ∆(δΠint)B

= δu>τi(K
L + KG) ∆usj

= δu>τi KT ∆usj ,

(4.35)

where KT is the tangential stiffness matrix.

Nonlinear solvers require the computation of elastic nodal forces, it is eval-
uated as follows:

fsj =

∫
B 0

B>sj S dB 0 , (4.36)

where Bsj is evaluated from Equation (4.32).

4.4 Numerical benchmarks and discussions

This section proposes several numerical studies to validate the nonlinear VKCS
model and investigate its numerical performances. Section 4.4.1 validates the
nonlinear VKCS formulation with two thin shell examples from the literature.
Then, Section 4.4.2 studies the h- and p-convergence of the VKCS model, fol-
lowed by a discussion on the effects of anisotropic kinematic refinement scheme
on the solver performance.
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Similar to the previous chapter, the finite element and axiomatic interpo-
lating functions in the VKCS model are both Lagrange polynomials. Therefore,
the VKCS model becomes a solid-shell element with a variable number of nodes
in the planar and through-thickness directions, with only displacements as the
primary variables.

The following conventions are used to indicate the kinematic settings in the
VKCS element: the models are denoted as ‘inplane-N1, ESL-N2’ or ‘inplane-N1,
LW-N2’. The parameters N1 and N2 refer to the polynomial orders of the planar
and through-thickness approximations functions, respectively. Suffixes ESL and
LW indicate Equivalent Single Layer and Layer-Wise expansions, respectively.

4.4.1 Large displacement analyses of thin shells
Two popular thin shell benchmarks are studied with the VKCS element to
validate the nonlinear shell formulation. The benchmarks are the pull-out of an
isotropic cylindrical shell [131] and a pinched hyperboloid shell [132]. Both cases
introduce large displacements and rotations. The isotropic cylindrical shell has
radius R = 4.953, length L = 10.35 and thickness h = 0.094, with material
properties E11 = 10.5× 106 and ν = 0.3125.

The geometric parameterisation of the hyperboloid shell is

X(r1, r2) =

R0 cos (r1 π/2)
R0 sin (r1 π/2)

Lr2

 where 0 ≤ r1 ≤ 1 and 0 ≤ r2 ≤ 1,

R0(r2) = R1

√
1 +

(
Lr2

C

)2

where R1 = 7.5, C =
20√

3
, L = 20 and h = 0.04.

Its layup is (90◦/0◦/90◦), where the 0◦ fibres are in the hoop direction. The
material properties are E11 = 40 × 106, E22 = E33 = 1 × 106, G12 = G13 =
G23 = 0.6 × 106, ν13 = ν12 = 0.25 and ν23 = 0.25.

The loading conditions of both cases are shown in Figure 4.1(a) and 4.2(a),
respectively. In both benchmarks, the applied load increases monotonically,
therefore the nonlinear system can be solved using a modified Newton-Raphson
method. Both cases have higher-order in-plane functions to circumvent the
locking phenomena, as well as to capture the significant bending deformation.

The model setting for the pulled-out cylinder is inplane-4, ESL-2, with a
mesh density of 10 × 10. The solution agrees well with the reference solution
from the literature, as shown in Figure 4.1(b).

The model setting for the pinched hyperboloid is inplane-3, ESL-2 with
a mesh density of 20 × 20. Similarly, the model solution agrees well with the
reference solution from the literature, as shown in Figure 4.2(b).

4.4.2 Convergence properties of anisotropic h- and p- kine-
matic refinement

The first part of this section aims to study the h- and p- convergence properties
of the VKCS model, which has an anisotropic kinematic refinement scheme. The
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Figure 4.1: (a) Pull-out loads applied on the thin isotropic cylinder. (b) Com-
parisons of force-displacement responses at Locations A and B. The reference
solutions are from Sze et al. [131].
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Figure 4.2: (a) Pinching loads on the hyperboloid shell. (b) Comparisons
of force-displacement responses at Location C. The reference solution is from
Payette et al. [24].
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Figure 4.3: A laminated shallow cylindrical panel subjected to a central point
load.

second part will investigate the effects of the anisotropic kinematic refinement
scheme on the performance of nonlinear solvers.

The test case is a thin laminated shallow roof subjected to a point load,
which is also studied by Payette et al. [24] and Rivera et al. [25]. The geometrical
parameters for the shallow roof are R = 2540, z = 508, α = 0.2 and h = 6.25, as
shown in Figure 4.3. The layup is (−45◦/45◦/−45◦/45◦) where the 1-direction
corresponds to the hoop direction. The material properties are E11 = 3300,
E22 = E33 = 1100, G12 = G13 = 660, G23 = 440 and ν13 = ν12 = ν23 = 0.25.

With a width-to-thickness ratio of > 80, the through-thickness distortion
has a negligible contribution to the global deformation; hence all the analyses
use ESL models with quadratic through-thickness expansion function. This
model is denoted as ESL-2, where the 2 indicates quadratic thickness function.
The shallow roof has simple supports along the two straight edges, which are
enforced by setting the displacements (u1, u2, u3) of the mid-thickness nodes
to zero, as there are three-through-thickness nodes in a quadratic 1D Lagrange
function. This model is solved using a cylindrical arc-length solver [133] as there
are several limit points in the equilibrium path.

In this case, the solver scales the size of arc-length automatically accord-
ing to (I0/Ides)

2, where I0 and Ides denote the total number of iterations in
the previous increment and desired number of iterations per increment, respec-
tively. Also, if five consecutive increments have the same number of iterations
for convergence, the solver will quadruple the size of arc-length and initiate a
full-Newton procedure for the first iteration in the subsequent step. The con-
vergence criteria for the displacement vector is ε = 1× 10−3.

The parametric study looks at models with p-level of 1—6, where the mesh
densities are increased gradually for each in-plane polynomial order until the
solution converges. Note that in the absence of analytical solution for the non-
linear problem, it is non-trivial to measure the errors objectively using the
reference numerical solution. In this study, the solution is considered converged
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when the solution has shown good overall correlation with the reference solu-
tion, especially in the parts of equilibrium path with high degree of nonlinearity,
i.e. near Displacement = 15 in Figure 4.4.

The converged mesh density for each in-plane order can be identified. For
instance, converged mesh densities for in-plane orders 1, 2, 3, 4, 5 and 6 are
196 × 196, 16 × 16, 8 × 8, 6 × 6, 4 × 4 and 2 × 2, respectively. The total dofs,
number of increments, number of iterations and CPU runtime are shown in
Table 4.1 for comparison in the numerical performances of these models.

There are several key observations. Firstly, the linear elements require very
fine mesh and computational cost for convergence, due to the locking phenom-
ena. Also, the required model dofs reduce as the in-plane order increases, i.e.
the inplane-6 model requires only 1443 dofs, which is 7 times fewer than the
inplane-2 model that needs 9603 dofs for convergence. However, the reduction
in the model dofs does not necessarily translate into computational savings.
The inplane-2 and inplane-3 models appear to be the most computationally ef-
ficient for convergence in displacement, despite the higher model dofs compared
to inplane-6 model, as shown in Table 4.1. In a static geometrically nonlinear
analysis, most of the computational cost is due to the re-assembly of the tangen-
tial stiffness matrix for every increment, followed by the computation of elastic
nodal forces for every iteration. The factors that determine the cost of these
operations are the number of elements, integration points per element and oper-
ations per integration point. The number of integration points and the number
of operations per integration point increase with the element order, drastically
increasing the computational cost per element.

For general analysis, the VKCS model provides a convenient framework—to
conduct the parametric study demonstrated in this section—in order to achieve
a good trade-off between accuracy and computational cost given a nonlinear
problem. It is especially useful for structural optimisation problems where large
number of simulations are required.

The bottom-most right plot in Figure 4.4 shows the structural deformations
at selected points on the equilibrium path. The shallow roof shows bend-twist
coupling due to the asymmetric layup. The asymmetric deformations become
more pronounced between the peak and troughs of the force-displacement curve.
These modes are difficult to observe in real experiments because the equilibrium
points are unstable. For a more detailed exposition of unstable equilibrium
paths, the reader is referred to Groh and Pirrera [134].

4.4.3 3D Cauchy stress tracking in a thick laminated roof

In a large displacement analysis, a structure must be checked for material fail-
ures throughout the operational equilibrium path. The localised 3D stresses
arising from the local instability can initiate local and structural failures. There-
fore, the analysis models need to accurately track the nonlinear evolution of 3D
Cauchy stresses. Accurate interlaminar stresses will require a model with refined
kinematics everywhere since it is difficult to qualitatively predict the locations
where local instability may initiate, imposing prohibitive computational cost. In
most cases, nonlinear cases are first analysed using low fidelity models, followed
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Figure 4.4: The model responses for VKCS model with in-plane polynomial
order 1–6 at various mesh sizes. All the models have ESL through-thickness
kinematics with p-level of 2. The structural configurations are shown for selected
points on the equilibrium paths for inplane-6, 2 × 2. The reference solution
is obtained from Payette et al. [24]. The contour indicates the displacement
magnitudes.
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Table 4.1: Number of incremental steps and the total dofs of models with
converged solution in the thin cylindrical panel benchmark.

Order Mesh Increments Iterations Dofs
CPU
time (s)

1 196× 196 160 633 114072 68754
2 16× 16 161 632 9603 3852
3 8× 8 161 631 5475 4098
4 6× 6 162 635 5475 6745
5 4× 4 160 624 3843 9325
6 2× 2 161 628 1443 5642

×

×

𝑍

𝑋
𝑌

Origin

Figure 4.5: Schematic of the geometry, loading and boundary conditions of the
semi-infinite laminated flat plate.
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Figure 4.6: The linear and nonlinear σ13 solutions of the semi-infinite flat plate
subjected to uniformly distributed load, at two different locations. The reference
solution is obtained from Hartman et al. [135].
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by the ‘indirect’ evaluation of interlaminar stresses as a post-processing step.
For instance, Park et al. [136] utilises a nonlinear predictor-corrector approach
as a post-processing step to recover accurate transverse stresses using the equi-
librium equations. Lee et al. [137] utilises a non-iterative approach to recover
transverse stresses by using the in-plane and transverse shear stresses. They
first approximate a transverse stress field, whose error is reduced via minimisa-
tion of a least square functional at the element level. Later, Hartman et al. [135]
proposed an iterative stress recovery technique with application to laminated
plates, which is then extended to include inertial effects in a later publication
[138]. These works demonstrated considerable savings in the computational
time for accurate interlaminar stresses. However, the recovered stresses cannot
be used as inputs to update the geometric stiffness matrix. Hence, this class of
models are not applicable in the analysis of very-thick laminates or sandwich
structures, where the interlaminar stresses contribute significantly to the global
responses. In these cases, a model that outputs accurate 3D stresses directly
from the get-go is still necessary.

The 3D stress accuracy of the VKCS model is validated with a benchmark
from Hartman et al. [135], as shown in Figure 4.5. The benchmarks for nonlinear
Cauchy stresses are scarce in the literature, and mostly focus on laminated flat
plates [135–138] that are 2D in nature (plane stress/strain).

The selected benchmark is a semi-infinite flat plate with 8 plies, subjected
to uniformly distributed transverse pressure across a band in the centre. The
plate is simply supported along the edges. The material properties are E11 =
155.0 × 109, E22 = 12.1 × 109, E33 = 12.1 × 109, G23 = 3.2 × 109, G13 =
4.4 × 109, G12 = 4.4 × 109, ν23 = 0.458, ν13 = 0.248 and ν12 = 0.248. The
laminate layup is (0◦/90◦/0◦/90◦)S, where the 0◦ plies align with the Y axis.

The infinite width along Y indicates a plane strain condition, where ∂(·)
∂y = 0.

As an approximation, the condition is enforced by setting uy = 0 for every node
in the model. The VKCS solution is obtained using 20 elements in the width
(X-direction), with model inplane-4, LW-2. The σ13 are measured through-
thickness at locations X = 0.1 and X = 0.9. As shown in Figure 4.6, VKCS
solution is in good agreement with the benchmark.

Here, a new benchmark is proposed to showcase the accuracy of the VKCS
model, namely a thick laminated cylindrical shell under large displacement.
The shell geometry, except the thickness, is the same as the one described in
Section 4.4.1 in Figure 4.3. The material properties are E11 = 3300, E22 =
E33 = 1100, G12 = G13 = 660, G23 = 440 and ν12 = ν13 = ν23 = 0.25. The
shell thickness is 25.4 units with layup (0◦/90◦/0◦/90◦), where 0◦ denotes the
hoop direction. It is subjected to a central point load of 20 000, and has simple
supports along the straight edges. The case is designed to exhibit no limit
point, therefore only a modified Newton-Raphson solver is required to trace
the equilibrium path. To improve the robustness of the solution procedure, the
modified Newton-Raphson solver switches to a full Newton scheme under two
conditions: when the number of iterations exceeds 10, or when the convergence
criteria ε ≥ 1 at any iteration. Total increment steps of 20 are prescribed.
To provide a benchmark solution, a ‘twin’ model is created in Abaqus using
40 000 quadratic fully integrated solid elements. This level of discretisation is
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determined by gradually increasing the solid mesh density in both in-plane and
through-thickness directions, until the through-thickness distributions of all the
Cauchy stresses show no significant overall changes at the selected sampling
location.

For convergence in the displacement responses, the VKCS model with
inplane-5, ESL-2 is sufficient. Again, since the reference solution comes from
a numerical model, it is non-trivial to exactly when a set of solution is con-
verged. Here, the VKCS solution is considered converged when it shows good
correlation with the reference solution on the force-displacement figures. This
is shown in Figure 4.7, where the model kinematics in both directions vary from
1 to 6 and 1 to 4 for both ESL and LW expansions, respectively. The mesh
density is 2×2. For this particular test case, the through-thickness deformation
does not contribute significantly to the global response, as there is no significant
differences between the model solutions from LW-1, LW-2, ESL-2 and ESL-4.

The converged Cauchy stress solutions for P = 4 000, P = 10 000, P =
16 000 and P = 20 000 at the location X1 = R cos(−0.05), X2 = R sin(−0.05),
X3 = −0.25L are shown in Figure 4.8. Each of the stress components converges
at different model kinematics. for mesh density of 10×10, σ13 and σ23 converge
at in-plane order 4 and layer-wise expansion order 2, whereas σ33 converges at
in-plane order 6 and layer-wise expansion order 3. The σ33 solutions for different
models at P = 20 000 are shown in Figure 4.9. A comparison between the LW-3
models at inplane-4, inplane-5 and inplane-6 shows that accurate σ33 solutions
also demand high continuity in the in-plane domain. On the other hand, the
σ33, σ13 and σ23 do not converge at all for any order of ESL kinematics. This
is because the ESL models do not satisfy the C0

z condition [26].

Overall, the VKCS solutions show good agreement with the reference Abaqus
solution across all the load levels. Due to the anisotropic higher-order kinematic
refinement, the VKCS model obtains accurate stresses at smaller model size as
compared to the solid 3D-FEM. The Abaqus model requires dof of 517 599 for
convergence in stresses, as compared to higher-order variant of the VKCS model
with a mesh density 10× 10 with kinematics inplane-4, LW-3 and total dofs of
55 449. In this benchmark, the signs of σ11, σ22 and σ33 reverse going from
P = 4 000 to P = 10 000, due to the inversion of the shell curvature past the
‘zero-position’, where the tension and compression sides reversed for the lami-
nate. Nevertheless, the overall stress distribution does not change considerably
throughout the analysis.

Also, once the stress solution has converged for one load step, it will also
converge for all other load steps. Angioni et al. [139] also reported similar
remarks. Since the localised nonlinearities do not develop, the global bending
dominates the nonlinear deformation mode of the thick shell. In such cases,
analysts only need to carry out a linear analysis to check for discretisation,
which will also converge in a nonlinear analysis.

The number of iterations in each step required by selected models that have
converged displacements are shown in Figure 4.10. Interestingly, all the discreti-
sation require almost the same number of iterations for each step. Therefore,
the h- and p-levels in either direction, and the expansion type do not affect the
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Figure 4.7: Force displacement response of the VKCS models at mesh density
of 2×2 for the problem in Section 4.4.3. The reference solution is obtained using
Abaqus.

solver’s performance.

4.4.4 Post-buckling of a wind turbine blade substructure

This section studies the post-buckling response of a wind turbine blade (WTB)
sub-structure, i.e. the trailing edge (TE) panels. WTBs undergoes complex
combinations of aeroelastic and inertial loads under real operating conditions.
The loads can be simplified into compressive loads applied in the spanwise di-
rection, which eventually cause the panels to buckle (also known as ‘breathing’ )
and to lose load-carrying capability. In the literature, most modelling works
on TE panel breathing do not disclose material properties, layups, and detailed
blade geometry. The proposed benchmark in this section is designed to show
comparable responses to experimental results reported in the literature is pro-
posed. The geometry, loading and boundary conditions used in the benchmark
are based on the works from Danmarks Tekniske Universitet (DTU) [140–142].

The WTB model is a prismatic airfoil section with the top and bottom
panels adhesively bonded at the trailing edge. Real WTBs have different layups
across the panels, and their thickness reduce drastically at the bondline area.
Some simplifications are in the proposed model, such that the same layups are
assumed everywhere and the panel thickness linearly tapers along X1: from
h = 0.025 at X1 = 0.3928 to h = 0.005 at X1 = 1.0. The section length
is 1 unit, and the airfoil profile is FFA-W3-241, obtained from Björck [143].
Assuming that the box spar provides rigid support in edgewise compression,
the model only includes the airfoil section beyond 40% chord length. Also, the
panels are clamped along the span at 40% chord length. Numerical experiments
show that the direct application of compressive pressure at locations X3 = 0 and
X3 = 1 can cause premature panel buckling. Hence, the model has wood clamp
boundary conditions on 10% either ends of the section to restrict any out-of-
plane displacements, where the mid-surface nodes have constraints u1 = u2 = 0,
whilst u3 is free.
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Figure 4.8: Through-thickness 3D stress solution at the location X1 =
R cos(−0.05), X2 = R sin(−0.05), X3 = −0.25L. The reference solution is ob-
tained from Abaqus. The VKCS solution is obtained from the model with mesh
density 10× 10, inplane-6, LW-3.
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Figure 4.9: The convergence of σ33 in the shallow roof stress benchmark at
mesh density of 10× 10. The load level is at P = 20 000. The reference solution
is obtained from an Abaqus model.
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Figure 4.10: Number of iterations in each step at different converged discreti-
sation.

The bondlines are assumed rigid. There are two modelling options [140],
i.e. tying the top and bottom panels with Multi-Point-Constraint (MPC), or
explicitly modelling the bondline with solid elements. The proposed model
assumes the former since the elastic properties of the bondlines are not readily
available. For each mid-surface node on the bottom panel in the bondline region,
a rigid MPC is imposed between itself and the mid-surface node directly above
it on the top panel. The technique is similar to a static condensation procedure,
where the tied dofs are ‘lumped’ via a transformation matrix. It is based on a
Master-Slave MPC approach. An example is shown below to demonstrate the
technique. Assuming that u2 is a master to u3, in matrix notation:

u = Tûu1

u2

u3

 =

1 0
0 1
0 1

 {u1

u2

}
.

(4.37)

The condensed stiffness matrix and force vector are obtained with a congruential
transformation as follows:

K̂ = T>K T,

f̂ = T> f ,
(4.38)

where K = KT +KG and f = fNL as in Equation (4.35) and (4.36) respectively.
The system of equations to solve are

û = K̂−1 f̂ , (4.39)

where Equation (4.37) recovers the full displacement vector.

A ‘twin’ model is created in Abaqus, where the panels are modelled with
S8R elements. As for the bondline, each pair of mid-surface nodes on the top
and bottom panels in the bondline region is tied using the MPC-Pin setting.
This option only ties the three displacement dofs, hence their rotational dofs
are unconstrained. A snapshot of the MPC constraints in the Abaqus model
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Figure 4.11: Model setup of the trailing edge panels. The loading and boundary
conditions applied to different regions are colour-coded.

is shown in Figure 4.12. Numerical experiments showed that the nonlinear re-
sponse is very sensitive to which through-thickness dofs are tied in the bondline.
The tie constraints are applied only to the mid-surface displacements in both
the Abaqus and VKCS models to simplify the model setup.

The VKCS model is first verified with Abaqus in a linear analysis with
unit load. The VKCS mesh configuration is shown in Figure 4.13(c) with ESL-2
expansion; whereas the Abaqus S8R model has mesh density 200×100 and as-
sumes first-order shear deformation. Figure 4.14 compares the spanwise out-of-
plane displacement u2 along X1 = 0.6052 and X1 = 1.0, where good agreements
are found between both models.

The nonlinear problem is solved using an arc-length solver with the same
settings as in Section 4.4.2. Two mesh densities, i.e. Mesh 1 and Mesh 2 as
shown in Figure 4.13(a) and 4.13(b), respectively are used in the convergence
study. The in-plane orders are parametrically varied from 1 to 6 for both meshes.
The VKCS models converge at in-plane order 6 for Mesh 1, and in-plane or-
der 5 for Mesh 2. The model dofs are 14 640 and 17 250 respectively. The
Abaqus model has total dofs of 139 389. The dofs comparison between VKCS
and Abaqus is consistent with our findings in Section 4.4.2, where models with
higher p-level converge in the nonlinear analyses at much lower model dofs
compared to models with lower p-level, as expected.

The proposed benchmark has comparable responses to experimentally mea-
sured data reported by Lahuerta et al. [142]: the linear response is followed by
a global stiffness reduction (in compression) in the post-buckling regime. The
deformation modes at different loading stages are shown in Figure 4.15. The
global bending mode dominates the linear response on one side of the panel.
Approaching the limit point, buckling waves with high amplitudes appear in
the centre of the panels. As the structure passes through the limit point, the
high amplitude buckling waves eventually migrate to the trailing edge.
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Figure 4.12: Schematic of a ‘twin’ model created in Abaqus. Assuming a
rigid bondline, each pair of nodes (aligned in the Y - direction) is tied using the
MPC-Pin function.

Figure 4.13: The mesh configurations used in the WTB trailing edge panels
post-buckling model.
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Figure 4.14: Spanwise out-of-plane displacements of the trailing edge panels
under a unit load, in a linear analysis. All models have through-thickness kine-
matics ESL-2. The reference solution is obtained using S8R in Abaqus.
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Figure 4.15: Nonlinear force-displacement responses of the wind turbine blade
trailing edge panel subjected to compressive edge pressure, for VKCS models
with different kinematic settings. All models have ESL-2 through-thickness kine-
matics. The reference solution is obtained using S8R in Abaqus.
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4.5 Chapter summary

This chapter derived a VKCS model that is geometrically nonlinear in the total
Lagrangian sense. The development is motivated by the advantages of applying
hierarchical models to the linear structural analysis of composites, as shown
in Chapter 1. The VKCS nonlinear model offers a convenient framework, so
that users can control the discretisation and modelling errors in the in-plane
and through-thickness domains by simply tuning some model parameters with-
out having to redefine the shell mesh. In other words, the VKCS framework
can generate both low-fidelity models for displacement analysis or high-fidelity
models for 3D stress analysis with minimal model inputs.

Selected thin shell benchmarks in the literature are studied to validate the
accuracy of the VKCS model. This study demonstrates that generally higher-
order VKCS models are more computationally efficient compared to the low-
order models, in terms of fewer model dofs and shorter computational runtime.
However, the computational advantages can diminish for model orders 4, 5 and
6, as the computational cost per integration point in higher-order elements
overcomes their faster convergence rates. Also, this study found that the per-
formances of nonlinear solvers are not affected by the discretisation. In other
words, for any converged discretisation, the h- and p-levels do not affect the
number of increments and iterations required in the Newton-Raphson and Cr-
isfield’s cylindrical arc-length solvers. In nonlinear problems where localised
deformations do not develop, a VKCS model that has converged in a linear-
elastic analysis will also converge in a nonlinear analysis.

This chapter also proposed a new nonlinear 3D stress benchmark, where
the VKCS model is used to track the evolution of 3D Cauchy stresses in a thick
laminated shell. The benchmark showed that the higher-order VKCS models
are accurate in 3D stresses compared to the reference for all the load levels, and
require much fewer total dofs for solution convergence. Lastly, the formulation
is applied to a more industrially relevant benchmark, namely the post-buckling
response of the trailing edge panels of a wind turbine blade. The resulting
nonlinear response correlates qualitatively well with the experimental results
reported in the literature.



Chapter 5

Adaptive VKCS delamination model

The previous chapter developed and validated a total Lagrangian VKCS model.
The numerical studies have shown that the nonlinear VKCS model is an ac-
curate and numerically efficient tool for the nonlinear displacement and 3D
stresses analyses of complex laminated shells. Also, it was shown that the
VKCS’s anisotropic kinematic refinement scheme does not affect the numerical
performance of nonlinear implicit solvers.

Motivated by its effectiveness, a VKCS model for progressive damage anal-
ysis will be developed in this chapter. The Cohesive Zone Model (CZM) is
incorporated in the VKCS framework to model the initiation and propagation
of delamination. The model will be solved in an explicit solver in order to
bypass the convergence issues common to damage models. The geometrically
linear version of the VKCS model is used throughout this chapter, because the
chosen benchmarks are analytical and numerical examples that do not require
geometric nonlinearity.

This chapter aims to address several research challenges in the modelling
of delamination. Firstly, the conventional CZM is computationally prohibitive
for modelling large structures with thick laminates, because it requires refined
in-plane mesh and a ply-by-ply modelling approach. An obvious remedy to
address the latter will be to utilise an adaptive modelling approach. Nonetheless,
adaptive CZM models are not typically applicable in an explicit solver due to
discretisation errors which manifest themselves as spurious oscillations. Several
techniques have been developed here to address the computational challenges.

Firstly, higher-order CZM are implemented through the VKCS model to
relax the mesh size requirements. To clarify, the terminology higher-order CZM
will refer to cohesive segments with higher-order (in the polynomial degree
sense) separation displacement fields. This convention is in contrary with some
texts that refer higher-order CZM to the use of more integration points per
cohesive segment. Secondly, an adaptive VKCS model is proposed to alleviate
the need for a ply-by-ply model. Furthermore, a numerical technique is pro-
posed to resolve the discretisation errors arising from the use of adaptive CZM
in explicit solvers. The proposed model is adaptive in the sense that, the solver
splits the elements that have satisfied the delamination criteria and refines the
through-thickness kinematics of the neighbouring elements. In addition, a new

83
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Figure 5.1: An concept illustration of the adaptive shell model. Only the
elements in the critical/delaminated regions are locally refined in the thickness
domain. A transition region is placed between the refined and unrefined elements.

variable-kinematics transition element formulation is developed to connect the
regions with different levels of through-thickness refinements.

In order to investigate its accuracy and robustness, the adaptive VKCS
model is validated against several complex test cases featuring multiple delami-
nation planes. Finally, the chapter will extensively discuss the numerical aspects
of an adaptive delamination model, such as model accuracy, computational sav-
ings and implementation complexity.

5.1 Chapter outline

The chapter begins by introducing the top-level concept of the adaptive VKCS
model in Section 5.2. Then, the mixed-mode cohesive law used in the model
is presented in Section 5.3. This is followed by a discussion on the numerical
integration of cohesive tractions in Section 5.4. After that, the numerical errors
associated with model adaptivity in an explicit dynamic solver are demonstrated
and treated in Section 5.5. Next, an adaptive through-thickness remeshing al-
gorithm is presented in Section 5.6. The variable-kinematics transition element
is derived and validated in Section 5.7. Afterwards, the adaptive VKCS model
is validated against three delamination benchmarks in Section 5.9. Finally, the
chapter is concluded in Section 6.4.

5.2 Concept illustration

This section presents the concept of an adaptive VKCS model and its application
to delamination analysis.

The concept is illustrated in Figure 5.1. In the beginning, the pristine, or
undamaged model has smeared through-thickness properties, that is to say ESL
through-thickness expansions everywhere. For every subsequent time increment,
the solver evaluates a delamination criteria based on local stresses at the ply
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interfaces. When a material point satisfies the delamination criteria, its host
element is split at the corresponding thickness location and cohesive tractions
are introduced on the newly created surfaces. At the same time increment,
the neighbouring elements are refined kinematically in the through-thickness
direction. These elements are henceforth referred to as the ‘padding elements’.
Their primary purpose is to improve the accuracy of stress states ahead of the
delaminations. Then, the solver repeatedly places transition elements around
the padding elements to gradually reduce the through-thickness refinements. In
short, the model configurations are updated ‘on-the-fly’ to accommodate the
delamination propagation.

5.3 Mixed-mode Cohesive Law

The fundamental principle of the CZM is that the element separation process
is governed by a set of cohesive tractions that are placed between the element
boundaries. These tractions are given by the cohesive law, which computes the
tractions based on the separation distances between elements. The adaptive
VKCS model uses the bilinear mixed-mode cohesive law by Jiang et al. [144].
It will be described in this section for completeness.

Let δ1, δ2 and δ3 denote the relative displacements in the fibre, matrix
and normal directions of a material point. These may be resolved into the
opening (normal) and shear relative displacements as δI and δII respectively.
The opening mode is

δI = max(δ1, 0), (5.1)

where only positive and non-penetrative relative displacements are considered.
The treatments for penetrative normal relative displacements will be discussed
later. The shear relative displacement is

δII =
√
δ2
2 + δ2

3 , (5.2)

while the total mixed-mode relative displacement is

δm =
√
δ2
I + δ2

II. (5.3)

Each mode has a direction cosine that corresponds to the ratio of the mode’s
relative displacement to the total mixed-mode relative displacement as

cos I = δ1/δm

cos II = δ2/δm.
(5.4)

A quadratic damage initiation criteria [61, 145] accounting for multi-axial stress
state is used, where√(

max(σI, 0)

σmax
I

)2

+

(
σII

σmax
II

)2

= 1. (5.5)
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The relative displacement at the point of softening onset is evaluated from
Equation (5.5) as

δe
m =

[
(EI cos I/σmax

I )
2

+ (EII cos II/σmax
II )

2
]− 1

2

, (5.6)

where EI and EII are the penalty stiffnesses in the normal and shear directions,
respectively. The traction at the point of softening onset is referred to as the
yield stress. The yield stresses in the opening and shear modes are

σY
I = EI δ

e
m cos I,

σY
II = EII δ

e
m cos II.

(5.7)

Beyond the yield stresses, a material point undergoes irreversible softening. The
failure criteria is represented with a power law [146, 147] as(

GI

GIC

)α
+

(
GII

GIIC

)α
= 1, (5.8)

where GI and GII are the strain energy release rates in the opening and shear
directions, and GIC and GIIC are the critical strain energy release rates in the
same directions. Assuming that the linear elastic part of the cohesive law does
not contribute to the fracture energy, then GI and GII at the point of failure
are

GI =
1

2
σY

I δ
f
m cos I

GII =
1

2
σY

II δ
f
m cos II.

(5.9)

The total mixed mode displacement at failure is

δf
m =

[(
σY

I cos I

2GIC

)α
+

(
σY

II cos II

2GIIC

)α]−1/α

. (5.10)

The damage parameter is conveniently defined in terms of the relative displace-
ments as

D(δm) =
δm − δe

m

δf
m − δe

m

. (5.11)

Since the damage process is irreversible, the damage parameter must increase
monotonically from zero to 1. The damage parameter is a history variable. At
every time step, the current damage parameter is compared with the previous
time increment and only the higher value of the two is used, where

d = max(Dt−δt, Dt). (5.12)

The cohesive tractions in the opening and shear modes are

σI = (1− d) δratio σ
Y
I

σII = (1− d) δratio σ
Y
II,

(5.13)
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where

δratio =
δm

δe
m + d(δf

m − δe
m)
. (5.14)

The resultant tractions are decomposed into the local orthogonal system of the
material point as

σ1 = σII δ1/δII

σ2 = σII δ2/δII.
(5.15)

To account for penetrative deformations in mode I,

σ3 =

{
σI δ3 ≥ 0
EI δ3 δ3 < 0

(5.16)

where the contact stiffness is equivalent to the penalty stiffness in mode I.

5.4 Numerical integration of cohesive tractions

In a displacement-based finite element model, the cohesive tractions manifest
as cohesive nodal forces applied on the bulk elements’ interface nodes. These
nodal forces are computed by integrating the cohesive traction over the element
area, as

f coh
i =

∫
Γe

Ni τ dΓe , (5.17)

where Ni denotes the in-plane interpolation function, Γe denotes the element
area and τ denotes the cohesive traction. Generally, Equation (5.17) can be
evaluated using three different quadrature schemes, namely the Gauss-Legendre
(GL), Newton-Cotes (NC) and nodal lumping (NL) schemes.

Both the GL and NC schemes are exact for functions of a given polynomial
order when given a sufficient number of integration points. In other words,
they can yield the same solution for a given distribution of quantities. The
schemes are also non-local, which means that the cohesive tractions of all the
sampling/integration points will contribute to the cohesive forces of each node.
The two schemes differ in the positions of the sampling/integration points. The
integration points are at the Gauss points in the GL scheme, whereas in the NC
scheme they coincide with the finite element nodes.

On the other hand, the NL scheme does not integrate a function exactly.
The integration points coincide with the finite element nodes and the quadrature
scheme is local. The scheme evaluates the nodal quantities based on the sub-
domains attached to the node only. In the context of traction integration, the
cohesive traction at each sampling/integration point only contributes to the
cohesive forces of the node it is attached to.

Here, the expressions for each of the numerical integration schemes are
shown to highlight their differences. For GL scheme, the cohesive forces on each
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of the in-plane nodes are evaluated as

f coh
i =

J∑
j

Ni(ξj , ηj) τ (ξj , ηj)w
2D
j J2D

j , (5.18)

where N is a vector containing all the components in the in-plane interpolat-
ing functions, the subscript i indexes the finite element nodes, the subscript
j indexes the integration points, I denotes the total number of in-plane finite
element nodes, w(·) denotes the Gauss weights and Jj denotes the 2D Jacobian.

For NC scheme, the cohesive nodal forces are evaluated as

f coh
i = f coh(ξi, ηi) =

∫
Γe

Ni τi dΓe , (5.19)

where τi are sampled at the nodes. Therefore, the term τi can be taken out of
the integral as

f coh
i = τi

∫
Γe

Ni(ξ, η) dΓe . (5.20)

where the effective integration weight is the term
∫

Γe
Ni(ξ, η) dΓe. The NC

scheme is evaluated numerically as

f coh
i = τi(ξi, ηi)

J∑
j

Ni(ξj , ηj)w
2D
j J2D

j (5.21)

Note that for the NC scheme, the integration points are at the Gauss points,
instead of the finite element nodes. On the other hand, the traction is sampled
at the finite element nodes. Using this integration scheme, an interpolating
vector Ni is obtained for each finite element node.

For the NL scheme, the cohesive nodal forces are evaluated with the following
integral

f coh
i = τi

∫
Γi

dΓi

= τi Γi = τi |G1(ξi, ηi)×G2(ξi, ηi)|,
(5.22)

where Ni is the component of the interpolation function belonging to the node
and Γi is the effective area of influence for the node i. Essentially, the nodal
area is the magnitude of the cross product of the in-plane covariant vectors. For
completeness, this integral is evaluated numerically as

f coh
i =

I∑
i

τi(ξi, ηi)Γ(ξi, ηi) (5.23)

Note that in the VKCS model, the f coh
i is denoted as f coh

sj to be consistent with
the compact notations from the CUF.

The different quadrature schemes can lead to pathological model behaviour.
It is illustrated here through a DCB case. The model has quadratic in-plane
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Figure 5.2: The nodal positions of a quadratic cohesive segments. The time
history of the cohesive forces at Nodes A, B and C are sampled and shown in
Figure 5.3(b).

displacement fields. The time history is studied for the cohesive nodal forces at
the locations shown in Figure 5.2. The force-displacement responses are shown
in Figure 5.3(a). Figure 5.3(b) shows the evolution of the cohesive forces at
Nodes A, B and C.

Several observations can be made. Firstly, all considered quadrature schemes
share similar trends in the force-displacement and cohesive force responses. In
fact, the GL and NC schemes share the same nodal force-displacement response
up to Instance (I), as shown in Figure 5.3(b). On the other hand, the NL scheme
has a different response throughout. These observations are expected since both
the GL and NC schemes exactly integrate functions, whereas the NL scheme
only approximates the integral to a function. Nevertheless, this approximation
does not adversely affects the overall structural response.

Deviations from linearity are first observed around Instance (I) for both
the NC and NL schemes, and around Instance (II) for the GL scheme. Beyond
Instance (I), the GL scheme deviates more noticeably from the others due to
interface softening initiating at different sampling locations, i.e. its integration
points are at the Gauss points, whereas both NC and NL have integration points
at the FE nodes. Typically, the NC and NL schemes have earlier softening onset
than GL because the sampling points at the finite element nodes are adjacent
to the incoming crack front.

Across all three schemes, gradients in cohesive nodal forces change as soon
as any sampling point enters the softening stage (i.e. between Instances (I)–(V)
in Figure 5.3b) since local cohesive softening causes load redistribution within
the model.

Some non-physical phenomena are observed for NC and GL schemes be-
tween Instances (VI)–(VII). At Instance (VI), Node A becomes completely sep-
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Figure 5.3: Comparisons of DCB model responses for Newton-Cotes (NC),
Gauss-Legendre (GL) and nodal lumping (NL) quadrature schemes, in terms of
(a) global force-displacement response and (b) cohesive nodal forces sampled at
Nodes A, B and C (locations shown in Figure 5.2).
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arated and the local cohesive traction vanishes. However, its cohesive force
becomes slightly negative between Instances (VI)–(VII), indicating minor ‘spu-
rious’ contact between node pairs at A. For the NC and GL schemes, neigh-
bouring sampling points interact and the cohesive nodal forces will only truly
vanish when all sampling points within the same element become zero. This
minor non-physical behaviour is avoided by the nodal lumped scheme, where the
cohesive forces at Nodes A, B and C are zeroed at different instances, (VI), (IX)
and (VII) respectively, so that no negative cohesive nodal forces are observed
at any point.

The following remarks are made based on the analyses presented in this
section. Firstly, all quadrature schemes show similar model results overall.
Although GL and NC schemes provide exact traction integration prior to any
softening, they yield non-physical cohesive nodal forces when only some of the
sampling points are completely separated. Similar remark has been reported by
Bak et al. [148]. On the other hand, although the NL scheme does not integrate a
function exactly, it decouples the cohesive forces between different nodes within
the same element, and therefore is more physically representative of nonlinear
springs mimicking the elastic and softening behaviour of the interfacial bonds.
For these reasons, the adaptive VKCS model will adopt the NL scheme to
evaluate cohesive tractions throughout the thesis.

5.5 Field remapping errors

This section will first explain and demonstrate the errors associated with the
remapping of stress, strain and cohesive traction fields once a new cohesive
segment is initiated in an adaptive CZM scheme. Then, a method to minimise
these errors is proposed.

5.5.1 Initialisation oscillations

These remapping errors will be illustrated with the DCB benchmark from
Harper and Hallett [82]. The specimen geometry and loading conditions are
shown in Figure 6.1 while material and interface properties are shown in Ta-
ble 6.1.

The model has two layers of elements that are intact and rigidly connected
initially. When the local interface stresses satisfy the delamination criteria, the
solver inserts a cohesive segment between the elements.

Two scenarios are simulated here. In the first scenario, each integration
point has zero initial tractions, as illustrated in Figure 5.5(a). The second
scenario follows the suggestion from Hille et al. [81], where each integration point
has initial tractions that are computed from the point-wise interface stresses
prior to the separation. The assignment of non-zero initial tractions is equivalent
to shifting the cohesive law along the separation axis for each integration point,
as illustrated in Figure 5.5(b). This way of evaluating initial tractions is referred
to as the ‘stress-based traction initialisation’ throughout the thesis.

For completeness, the tractions can be computed from the stresses as fol-
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Figure 5.4: The DCB specimen geometry, boundary and loading conditions.
The material density is 1× 108 kg m−3 with loading rate of 1 mm s−1 after mass-
scaling.

Table 5.1: Material and interface properties for the DCB test case.

Laminate properties Interface properties

E11 120 GPa GIC 260 N/m
E22 = E33 10.5 GPa GIIC 1002 N/m
G12 = G13 5.25 GPa σI 30 MPa
G23 3.48 GPa σII 60 MPa
ν12 = ν13 0.3 KI 1× 1014 N/m3

ν23 0.51 KII 1× 1014 N/m3

Kc 1× 1014 N/m3
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τ

τ

Figure 5.5: Illustrations of different techniques to prescribe initial tractions in
the cohesive laws.

lows:

τ = σ · n̂τ1τ2
τ3

 =

σ11 σ12 σ13

σ21 σ22 σ23

σ31 σ32 σ33

 ·
n̂1

n̂2

n̂3

 (5.24)

where σ is the Cauchy stress tensor computed at the interface, n̂ is the normal
to the interface. The tractions are resolved into the opening and shear modes,
i.e. τI and τII respectively as:

τI = τ · n̂

τII =

√
(τ · t̂1)2 + (τ · t̂2)2,

(5.25)

where t1 and t2 are orthonormal vectors along the fibre and the matrix di-
rections respectively on the interface planes. The cohesive segment is inserted
when the opening and shear tractions satisfy the criteria√(

τI
τI max

)2

+

(
τII

τII max

)2

≥ γ, 0 ≤ γ ≤ 1 (5.26)

where γ is the initiation threshold.

Figure 5.6 shows the solutions for models with zero initial tractions and
non-zero initial tractions at γ = 0.25, 0.50 and 0.90. Near displacement at
0.0002, it is observed that the solver crashes soon after the cohesive segment
insertion for the model with zero initial tractions.

On the other hand, the models with non-zero initial tractions show oscil-
lations after the insertion of the first cohesive segment. This phenomenon is
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Figure 5.6: Comparison of DCB structural responses for models with zero initial
tractions and stress-based initial tractions at different initiation threshold and the
analytical solutions. The element length is 1 mm. The model orders are 3 and
2 in the planar and through-thickness directions respectively. The quadrature
scheme is Newton-Cotes with 4× 4 integration points in the planar domain. No
damping is used in the analyses.

caused by the so-called traction inequilibrium. These oscillations are referred
to as the initialisation oscillations throughout this thesis. Their amplitudes in-
crease with γ, which suggests that the initial tractions produce out-of-balance
nodal forces at the interface when the cohesive segments are inserted. Moreover,
these out-of-balance forces are proportional to the local stress states because the
oscillation amplitudes increase with γ.

5.5.2 Enforcing traction equilibrium
The previous section demonstrated that an adaptive insertion of cohesive seg-
ment introduces spurious oscillations in an explicit dynamic solver, and that the
technique from Hille et al. [81] does not enforce traction equilibrium exactly.
This section will develop a method to compute the ‘correct’ initial tractions for
each integration point to guarantee traction equilibrium.

The traction equilibrium can only be guaranteed if the nodal forces at the
interface of the bulk elements are the same before and after the insertion of
cohesive segment within the same time increment. Prior to the separation of
two elements, the total nodal forces at the interface are the sum of the elastic
nodal forces from each element as

f nodal = f nodal
t + f nodal

b (5.27)

where f nodal
t and f nodal

b denote the elastic nodal forces of the top and bottom
elements at the shared interface, respectively. The pair of body forces will
immediately disappear when the two elements are disconnected. To guarantee
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traction equilibrium, the newly inserted cohesive segments must have non-zero
initial tractions, such that the resultant cohesive nodal forces are exactly equal
to the pair of body forces. In other words,

f coh
t = f nodal

t and f coh
b = f nodal

b , (5.28)

where f coh
t and f coh

b are the cohesive nodal forces on the top and bottom ele-
ments, respectively.

A set of cohesive tractions that satisfy this condition is obtained by simply
inverting the matrices for traction integration. The FE matrices to evaluate the
cohesive forces are

f coh = M τ (5.29)

where f coh is the set of cohesive forces on the top or bottom nodes, τ is the set
of cohesive tractions at the integration points and M is the coefficient matrix.
The size of M is ((3×J)×(P×Q)), where J denotes the number of planar nodes,
P and Q are the number of integration points in the two planar directions, and
the factor 3 accounts for the three displacement components.

The set of initial tractions to enforce the condition in Equation (5.28) is
obtained by simply solving a set of simultaneous equations as

τ = M−1 f coh. (5.30)

A solution to Equation (5.30) requires that J ≤ (P ×Q), where the number of
planar nodes are less than or equal to the number of integration points.

Generally, the GL, NC and NL schemes can evaluate the integrals accu-
rately using the same number of integration points as the finite element nodes.
In these cases, M is conveniently a square matrix and the unique solution to
Equation (5.30) is trivial via Gaussian elimination.

In some cases, it may be useful to have more integration points than nec-
essary to promote a gradual release of fracture energy in order to yield less
oscillatory responses during crack propagation. For J > (P ×Q), M becomes a
rectangular matrix, and Equation (5.30) becomes an underdetermined system,
where the solution to τ can be obtained using the Least-Square, or pseudo-
inverse methods.

This method of computing initial tractions presented herein is referred to as
the ‘force-based traction initialisation’ throughout the thesis. A similar method
to compute the initial tractions to enforce traction equilibrium has also been
suggested by Papoulia et al. [103, 149].

Figure 5.7 compares the responses for models with stress-based and force-
based traction initialisation schemes. The latter completely removes the initial-
isation oscillations. As a result, the model response also becomes less oscillatory
during crack propagation. The force-based traction initialisation scheme is sim-
ple and effective. Moreover, it can be easily implemented in a relatively closed
commercial FE package because it requires only local element information.
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Figure 5.7: Comparison of a DCB model response due to stress- and force-based
traction initialisation. The model has cubic and quadratic displacement fields in
the planar and through-thickness domains, with uniform element sizes of 1 mm.

5.5.3 Initiation threshold for cohesive segment insertion

An adaptive delamination model inserts a new cohesive segment between el-
ements when the fracture criteria reaches a threshold value, γ, as shown in
Equation (5.26). However, the definition of γ is arbitrary. Generally, the solver
must allow for a considerable margin so that the stresses in the bulk material
never exceed the fracture strength. Framby et al. [100] showed that the ini-
tial tractions can exceed the fracture strengths for γ > 0.70, resulting in the
over-estimation of peak loads in an implicit dynamic solver. They argued that
the over-estimation is due to the inaccurate stress states in the bulk materials.
To resolve this, they proposed the use of a 3D stress recovery method to im-
prove the local stress states, and managed to increase the initiation threshold to
γ ≤ 0.90. Nonetheless, any greater value of γ cannot be used. Similar remark
was also reported by Mostofizadeh et al. [105].

This section will present a method to allow for very high value of γ whilst
guaranteeing that the initial tractions do not exceed the fracture strength. The
force-based initialisation method presented in Section 5.5 guarantees the trac-
tion equilibrium when new cohesive segments are inserted. However, the method
does not guarantee that the computed tractions will not exceed the fracture
strengths. Due to the cohesive law formulation used in this thesis, initial trac-
tions that are higher than the fracture strengths will result in traction inequilib-
rium. This is because in the case where the initial tractions are higher than the
fracture strengths, the cohesive law will be shifted such that the initial tractions
will lie on the softening part of the cohesive law, therefore the set of tractions
that satisfy the traction equilibrium conditions cannot be achieved.

To illustrate this, Figure 5.8 shows the DCB models with force-based trac-
tion initialisation, for γ = 0.90 and 0.15. The former model yields spurious
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oscillations because the initial tractions exceeded the fracture strengths, caus-
ing premature failure initiation and artificial structural compliance. For general
application, numerical tests show that γ must be lower than 15% when used in
conjunction with the force-based initialisation scheme, which is undesirable for
large models as it leads to rapid activations of many cohesive segments early-on
in an analysis, increasing the computational efforts.

Conventionally, the fracture criterion is computed from the interface trac-
tions of the bulk elements. These interface tractions are computed from the local
Cauchy stresses. This way of computing the fracture criteria is referred to as the
‘stress-based’ fracture criteria throughout the thesis. The over-estimation of the
initial tractions suggests that the tractions evaluated for the fracture criteria
are different from the initial cohesive tractions prescribed. Indeed, the trac-
tions evaluated for the fracture criteria are calculated from the Cauchy stresses,
which do not correspond to the prescribed initial cohesive tractions that are
computed based on the interface nodal forces. Therefore, a more consistent way
to initiate a cohesive segment would be to evaluate the fracture criteria from
the tractions due to the interface nodal forces instead of the tractions due to
the Cauchy stresses. This way, the traction that is checked against the fracture
criterion would be the same traction used to initiate the cohesive segment.

To do so,the nodal forces on the shared interface between two elements
are first un-assembled. Secondly, the body forces at the interface nodes are
computed for each of the element. Then, these nodal forces are converted to
tractions with Equation (5.30). Afterwards, the tractions are decomposed into
opening and shear modes according to Equation (5.25), denoted as τ eI and τ eII
respectively. Finally, the fracture criteria to initiate cohesive segments becomes

√(
τ eI

τI max

)2

+

(
τ eII

τII max

)2

≥ γ e. (5.31)

The technique allows for very high value of initialisation threshold and is limited
only by the incremental deformation in the next time-step, as cohesive segment
must be activated at time point n if γ e > 1 at time point n+ 1.

Through a series of test, it was found that generally, the viable range of
initiation threshold is 0.99 ≤ γe ≤ 1 in the elastic stage. For general application,
during crack propagation stage, the local nodal forces can increase rapidly over
a single time step. As a result, the cohesive segments must be initiated between
0.85 ≤ γe ≤ 0.90 to prevent the initial traction from exceeding the fracture
strengths in the next time increment.

The solutions for DCB models with stress-based and force-based fracture
criteria are compared in Figure 5.8. The model with force-based fracture crite-
ria allows for γe = 0.90. On the other hand, the highest initiation threshold for
the model with stress-based fracture criteria is γ = 0.15. Figure 5.9 compares
the number of initiated cohesive segments over time. The models with force-
and stress-based fracture criteria initiate 1 and 4 cohesive segments, respectively
prior to crack propagation. As a result, the latter model incurs higher compu-
tational cost as the solver needs to evaluate more cohesive segments early-on. It
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Figure 5.8: The structural responses of models with initiation threshold at
γ = 0.15, γ = 0.90 and γe = 0.90. The former two fracture criteria are computed
from the tractions based on element stresses, whereas the latter two are computed
from the tractions based on nodal forces. The planar and through-thickness orders
of the model are 3 and 2 respectively. The quadrature scheme is Newton-Cotes
with 4 × 4 integration points in the planar domain. No damping is used in the
analysis.

is also interesting to note that, using the force-based fracture criteria, the num-
ber of activated cohesive segments rapidly increases once the crack propagation
initiates. Around displacement of 0.0014 mm, the models based on both force-
and stress-based fracture criteria have the same number of activated cohesive
segments.

5.6 Adaptive remeshing algorithm

The proposed model refines the through-thickness kinematics ‘on-the-fly’ to
model delamination propagation. Within the VKCS (solid-shell) framework, the
refinement is analogous to adaptively remeshing the through-thickness domain
of the shell model. This section will present the through-thickness remeshing
algorithms.

The algorithm uses a ‘delete-and-refill’ approach, by first removing all the
elements to-be-changed, then modifying the through-thickness kinematics and
finally returning the modified elements into the global model. The algorithm
for the through-thickness remeshing are illustrated in Figure 5.10. Firstly, the
delamination locations are identified. Secondly, n ‘bands’ of padding elements
are placed next to the delaminations. Then, the through-thickness refinements
are gradually coarsened using the transition elements. The through-thickness
mesh density only reduces by one across a transition element, in order to prevent
a large jump in the through-thickness discretisation over short distances. The
coarsening process is self-similar, and numerical tests show that the number of
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Figure 5.9: The model size growth of models with force-based and stress-based
activation thresholds at γ e = 0.90 and γ = 0.15 respectively. Both models use
the force-based traction initialisation scheme.

through-thickness elements can typically be reduced to one within 3–5 elements
away from the delamination front. Since this algorithm works by simply inquir-
ing the delamination flags in the neighbouring elements, it is expected that it
should work also for irregular meshes.

There are three possible classes of delamination model using the framework
presented so far, namely a full model, a mesh-separation model and an adap-
tive model. These models are illustrated in Figure 5.11: (a) in a full model,
each material layer is explicitly modelled, and the all the cohesive segments are
activated since the beginning of an analysis. It is analogously the same as the
models with pre-inserted cohesive elements; (b) in a mesh-separation model,
each material layer is also explicitly modelled, but without the pre-inserted co-
hesive elements, and that the bulk elements are fully intact initially. When the
delamination criteria is satisfied, the bulk elements are disconnected through
node duplication, followed by the application of cohesive tractions at the inter-
face; and (c) in an adaptive model, structure is initially modelled with just one
layer of shell elements. Upon satisfaction of delamination criteria, the damaged
elements are split and the cohesive tractions are applied to the newly created
surfaces simultaneously. Also, a vicinity of elements are refined in the through-
thickness directions near the damaged regions to improve the accuracy of the
local stress states.

5.7 Variable-kinematics transition element formu-
lation

In the previous section, the algorithm for adaptive through-thickness refinement
has been described, where transition elements are required between regions with
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…

Figure 5.10: 2D example (x-z plane) of the incremental through-thickness mesh-
ing algorithms with one crack.
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Figure 5.11: Illustrations showing the full model, mesh separation model and
adaptive model.

mismatching through-thickness discretisation. Furthermore, in the case of the
VKCS model, variable kinematics need to be incorporated into the transition
elements. This section presents a variable-kinematics transition element for-
mulation. The main feature is that the formulation is generalised so that it
can connect elements with arbitrary orders of in-plane and through-thickness
displacement fields.

The first step in building a transition element is to allow for kinematic tran-
sition within an element, which means that the transition element has different
through-thickness displacement fields on the edge-faces, as shown in Figure 5.12.
To formulate these elements, the so-called ‘node-dependent-kinematics’ method
by Carrera and Zapino [150] is used. A kinematic transition within a VKCS
element is obtained by essentially assigning different sets of through-thickness
functions for each planar node.

At any material point, the displacement fields are now written using the
Unified Formulation’s notation as

u(ξ1, ξ2, ξ3) = Ni(ξ1, ξ2)Fτi(ξ1, ξ2, ξ3)uτi. (5.32)

The expression for displacement fields here is different from the ones presented
in the previous chapters, whereby each planar node now has a unique set of
through-thickness basis function Fτi (ξi, ηi, ζ).

The next step is the derivation of suitable one-dimensional basis functions
for each planar node. The displacement fields and their slopes must be compat-
ible between the elements with mismatching through-thickness refinements. To
do so in a displacement-based FE model, as is the case here, the transition ele-
ment must have a discontinuous displacement slope at the intermediate/shared
node to guarantee displacement compatibility.
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Figure 5.12: Node-dependent-kinematics using the VKCS model. Different
orders of through-thickness displacement fields can be assigned to each planar
node. In the context of a solid-shell model, number of through-thickness nodes
is different for each planar node.

Gupta [151] and Subbaraj et al. [152] had derived the basis functions re-
quired to construct linear and quadratic transition elements, respectively. They
have enforced the essential discontinuity in displacement slopes at the interme-
diate node via absolute functions. However, the same derivation technique is
algebraically complex for higher-order basis functions (cubic, quartic, quintic,
heptic, ...), hence the difficulty in formulating higher-order transition elements.

Let oL1
and nL1

denote the order and the number of nodes in a one-
dimensional Lagrange polynomial respectively, where nL1 = oL1 + 1. The basis
function of a transition element with through-thickness polynomial order of oL1

needs to have (2nL1
−1) number of nodes. For an intermediate node at ζm, two

sets of basis functions La and Lb with orders oL1
are constructed such that:

(a) the range of the nodal positions in the basis functions are −1 ≤ ζ < ζm and
ζm ≤ ζ ≤ 1 respectively; (b) the contribution from La or Lb is zeroed when
ζ ≥ ζm and ζ < ζm respectively. The asymmetric equality sign preserves the
partition of unity in the shape functions at the crack arrest node. The resultant
basis functions are

L = Ha(ζ)La +Hb(ζ)Lb, (5.33)

where

Ha(ζ) =

{
1 −1 ≤ ζ < ζm
0 ζm ≤ ζ ≤ 1

Hb(ζ) =

{
0 −1 ≤ ζ < ζm
1 ζm ≤ ζ ≤ 1.

(5.34)

Their derivatives are evaluated in a straightforward manner as

∂L
∂ζ

= Ha
∂La

∂ζ
+Hb

∂Lb

∂ζ
(5.35)
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Figure 5.13: Different orders of one-dimensional basis functions with order oL1

and (2nL1 − 1) number of nodes. The discontinuous slope is at ζ = −0.5.

The derivation procedures are valid for any order of basis functions. The lin-
ear and quadratic discontinuous basis functions are exactly equivalent to the
derivations by Gupta [151] and Subbaraj et al. [152], respectively. Figure 5.13
shows the ‘transition’ basis functions with order 1, . . . , 4 that have discontinuous
slopes at ζm.

In the transition element, the planar nodes connected to the refined ele-
ments have through-thickness functions with (2nL1 − 1) nodes and slope dis-
continuity at ζm, whereas the remaining planar nodes have through-thickness
functions with nL1

nodes. Henceforth, these transition elements are referred to
as the ‘conforming transition elements’ throughout the thesis.

The conforming transition element is tested with an isotropic plate that has
an off-centre pre-crack under mode II loading. This test case is interesting be-
cause the off-centre pre-crack effectively ‘skews’ the nodes in the transition basis
functions, as shown in Figure 5.14. The setup is shown in Figure 5.15. Fig-
ure 5.16 shows the contours of σ33 for (a) full through-thickness discretisation;
(b) partial through-thickness discretisation; (c) non-conforming transition ele-
ments (with continuous mid-point displacement gradients), and (d) conforming
transition elements.
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Figure 5.14: The ‘skewing’ of the intermediate nodes in a model with quadratic
thickness functions when the delamination next to a transition element is off-
centred.

Figure 5.15: Illustration of the test setup for a mode II specimen with an
off-centre crack.
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(a)

(b)

(c)

(d)

Figure 5.16: Comparison of smoothness in the σ33 contour in a laminate
with off-centre crack under mode II loading. The elements have planar and
through-thickness orders of 4 and 3 respectively. (a) Fully-discretised through-
thickness mesh (b) Partially discretised through-thickness mesh (c) Adaptive
through-thickness meshing with non-conforming transition elements (d) Adap-
tive through-thickness meshing with conforming transition elements.

Stress contours in the models with conforming transition elements show
good correlations with the models with fully and partially discretised through-
thickness mesh. As expected, the non-conforming transition element causes
localised stress concentrations because they only have matching displacements
at the nodes, meanwhile the rest of the elements have gaps or overlapping de-
formations along the edges. When modelling angle-ply laminates, the adaptive
model has homogenised through-thickness discretisation in the unrefined re-
gions, hence smearing the stress state. However, the trade-off for accuracy is
justified, in that the regions with smeared stresses are non-critical and do not
drive the global behaviour.

5.7.1 Stable time increment of an adaptive model

In an explicit dynamic solver, the stable time-step size dictates the computa-
tional efficiency of a model. This section compares the stable time-step size of a
full model and an adaptive model. Table 5.2 shows the stable time increment of
the DCB model presented in Section 5.5. It is observed that the adaptive model
has slightly smaller time-step than the full model, this is due to the higher poly-
nomial degree of the transition elements. On the other hand, the model with
non-conforming transition element has much smaller stable time-step. The rea-
son is that for the same number of nodes, the set of basis functions have higher
polynomial order, and hence imposing a smaller stable time increment. Taking
a model with quadratic through-thickness displacement fields as an example,
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Table 5.2: The stable time-steps of different model settings in the FRMM test
case.

Models Stable time-step

Full model 4.70 µs
Adaptive model with conforming transition elements 4.62 µs

Adaptive model with non-conforming transition elements 3.97 µs

the non-conforming transition element effectively has quartic through-thickness
displacement fields on the edge-face connected to two elements with quadratic
through-thickness displacement fields; whereas at the same locations, the con-
forming transition elements only has two sets of quadratic displacement fields.

5.7.2 Re-discretisation oscillations
This section will demonstrate another form of spurious oscillations arising from
an adaptive domain refinements, referred to as the ‘re-discretisation oscillations’
henceforth.

During domain refinements, the solver obtains the nodal displacements
and velocities in the new configuration by interpolating these quantities from
the old configuration. Although these quantities are exactly mapped at the
nodes, their distributions within the elements are changed. This phenomena is
illustrated in Figure 5.17. The addition of new nodes causes the displacement
slopes to become discontinuous at the locations where new nodes are added.
Effectively, the configuration update causes a step change in the distribution of
displacement fields within the same patch of analysis domain, causing abrupt
change in the element stresses. The perturbance in the local stress states causes
force imbalance at the shared nodes and manifests as spurious oscillations.

The FRMM specimen from Harper and Hallett [82] is used to demonstrate
the re-discretisation oscillations phenomena. Figure 5.18 shows the model solu-
tions with different number of padding elements. It is apparent that the adaptive
remeshing procedure causes some spurious oscillations. The amplitudes reduce
as the number of padding element increases, because the force imbalance due
to remeshing is confined to regions further away from the numerical crack tip.
With 15 padding elements, the structural response is near-identical to a non-
adaptive model. .

The re-discretisation oscillation is an artefact of domain refinement for
displacement-based isoparametric formulation. Since the gradients of Lagrange
polynomials are always discontinuous at the nodes shared between elements,
the domain refinement will change the distribution of field variables due to the
addition/removal of new nodes. To the best of the author’s knowledge, there
is no technique that can remove re-discretisation oscillations without requiring
a predictor-corrector step. There are of course regularisation technique to sup-
press the initial spurious stresses. For instance, in Menouillard’s method [106],
any abrupt change in nodal forces is smoothly released over a pre-defined dura-
tion. The same technique has been adopted by Mostofizadeh [105]. Although
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Figure 5.17: The source of re-discretisation oscillations as demonstrated in a
model with quadratic through-thickness function. The displacement slope at the
location of the intermediate node becomes discontinuous in the refined configu-
ration, changing the displacement fields within the element.
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Figure 5.18: Comparison of FRMM structural responses for different numbers
of padding elements in an adaptive analysis. The force-based initialisation scheme
is implemented here. The element length is 0.625 mm. The model orders are 3
and 2 in the planar and through-thickness directions respectively. No damping
is used in the analyses.
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this approach is effective in some cases, the definition of the time duration
is arbitrary, and the artificial delay in the release of fracture energy may be
problematic for rate-sensitive problems. Apart from that, for the cases with
multiple cracks initiating at different locations, the smoothed force release must
be monitored for each crack, which can pose a severe implementation challenge.

The minimum number of padding elements is determined by many factors,
such as the orders of the element in the planar and through-thickness directions,
loading conditions and so on. For general applications, numerical tests show
that 3–5 padding elements is sufficient for the adaptive model to have near-
identical model response as the full model. Nonetheless, it will be demonstrated
in Section 5.9 that, the re-discretisation oscillations do not appear in most cases
with 2D delamination propagation, as the forces driving these oscillations are
negligible compared to the other forces in the model.

5.8 Principle of virtual work

This section presents the key equations to implement the VKCS element with
CZM in an explicit dynamic solver. The governing equations for the element
geometry and kinematics remain the same as the previous chapters. To include
inertia, the weak form of the momentum equation is written as

δΠint + δΠext + δΠkin = 0 (5.36)

where δΠint, δΠext and δΠkin refer to the virtual work due to the internal elastic,
external and inertial forces, respectively. Equation (5.36) is written in terms of
their energy conjugates, i.e. nodal displacements and forces as follows:

δusj · f int
sj + δusj · f ext

sj + δusj · fkin
sj = 0 (5.37)

where f int
sj are the nodal forces due to the material stresses, f ext

sj are the equiv-

alent nodal forces due to external forces and fkin
sj are the nodal forces due to

inertia. Using the index notations of CUF, the nodal forces in a total Lagrangian
formulation are written as follows in matrix notation:

f int
sj =

∫
B>E dB0

f ext
sj =

∫
Nj τp dΓp +

∫
Fjs τt dΓt

fkin
sj =

∫
ρFτiFjsNiNj üsj dB0 = Mc üsj

(5.38)

where τp is the traction applied in the planar direction, τt is the traction ap-
plied across the through-thickness cross section, ρ = ρ(ξ1, ξ2, ξ3) is the material
density, üsj is the nodal acceleration, Mc is the consistent mass matrix, dΓp,
dΓt and dB0 are the differential cross-sectional area, differential thickness cross
section and differential volume in the reference configurations, respectively. In
a solid-shell VKCS model where rotational terms are absent, the lumped mass
matrix, Ml can be obtained by performing row-sum operation on Mc.
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The equation of motions are solved using the explicit central difference time
integration method by Belytschko [153] as

ünsj = M−1
l (−f int

sj − f ext
sj − f reg

sj − f coh
sj )

u̇
n+ 1

2
sj = u̇

n− 1
2

sj + ∆tn ünsj

un+1
sj = unsj + ∆tn+ 1

2 u̇
n+ 1

2
sj

(5.39)

where n indexes the time points, f reg
sj is the viscous damping force and f coh

sj is

the cohesive forces. The damping force is evaluated as f reg
sj = c u̇

n+ 1
2

sj , where

c is an arbitrary coefficient. The computation of f coh
sj has been elaborated in

Section 5.4. The time increments are defined as

∆tn+ 1
2 = tn+1 − tn

tn+ 1
2 =

1

2
(tn+1 + tn)

∆tn = tn+ 1
2 − tn− 1

2

(5.40)

5.9 Numerical benchmarks and discussions

This section applies the adaptive VKCS model to various delamination bench-
marks to validate its accuracy and robustness.

5.9.1 Plate strip with multiple delaminations
This section aims to investigate the accuracy of robustness of the adaptive
shell model in a case with an unstable one-dimensional delamination growth.
Robinson et al. [154] proposed a plane strain specimen under opening load with
two pre-cracks at different locations. The schematic of the specimen and the
two pre-crack locations are shown in Figure 5.19. The laminate consists of
(0◦)24, with ply thickness of 0.1325 mm. The material and interface properties
are shown in Table 5.3. The pre-cracks are 20 mm and 0.265 mm apart in the
planar and thickness directions respectively. The benchmark has also been
studied in References [91, 155, 156].

The VKCS model used here has planar and through-thickness polynomial
orders of 3 and 1, respectively, with an element length of 1 mm. The laminate
is modelled as four ply blocks with 5, 1, 1 and 6 layers respectively. This is
a mass-scaled quasi-static analysis in an explicit dynamics solver, the material
density is 1× 108 kg m−3. The opening tip displacement is applied through con-
stant velocities at 1 mm s−1 at the top- and bottom-most nodes. Low Coulomb
damping coefficient of c = 1× 10−3 is applied to prevent solver crashing during
the sharp load drop between Stage 2 and 3, as shown in Figure 5.20. Three
padding elements are used. The full and adaptive model solutions are com-
pared with the experimental results in Figure 5.20. Good correlations are found
between both sets of results.

There are four stages to the structural response: in Stage 1, the speci-
men deforms elastically due to the opening displacement; in Stage 2, pre-crack
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Figure 5.19: Geometric and boundary conditions of a plate strip with two pre-
cracks under symmetric opening load. The load and displacements are sampled
at the bottom-most nodes. The overall laminate thickness is 3.18 mm

.

Table 5.3: Material and interface properties for Robinson’s specimen with two
pre-cracks.

Laminate properties Interface properties

E11 115 GPa GIC 800 N/m
E22 = E33 8.5 GPa GIIC 800 N/m
G12 = G13 = G23 4.5 GPa σI 57 MPa

σII 57 MPa
ν12 = ν13 0.29 KI 1× 1014 N/m3

ν23 0.3 KII 1× 1014 N/m3

Kc 1× 1014 N/m3
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1 propagates in a stable manner; between Stage 2 and 3, pre-crack 1 reaches
pre-crack 2 and gradually traverses above pre-crack 2. The thin layer of mate-
rials between the pre-cracks causes pre-crack 1’s interface above pre-crack 2 to
delaminate almost instantaneously in an unstable manner, resulting in a sub-
stantial reduction in the structure’s load bearing capacity; in Stage 3, pre-crack
1 continues propagating in a stable manner; in Stage 4, the propagation of pre-
crack 2 is initiated, and both pre-cracks stably propagate towards the clamped
end of the specimen.

The adaptive model solution slightly lags the full model in Stage 1, 3 and 4.
This is due to the lower accuracy in bending stiffness in the adaptive model, since
most parts of the structure are discretised with fewer shell elements through-
thickness. Nevertheless, adaptive model accurately captures the onset of crack
propagation and the point of catastrophic failure. The model is also numerically
stable and shows neither initialisation nor discretisation oscillations.

The evolution of model sizes are compared for the full and the adaptive
models in Figure 5.21. The configuration updates of the adaptive model are
shown in Figure 5.22. It is clear that the adaptive model has much smaller
model size throughout the analysis compared to the full model. The adaptive
model size begins with only 60% of the full model’s, and progressively increases
towards the full model as more cohesive segments are initiated. The sudden
increase in the model size indicates the onset of unstable delamination.

It is important to note that when compared to a full model, an adaptive
model needs to carry out supplementary operations, such as the computation
of local stresses from the interface nodal forces, and the re-computation of the
finite element sub-matrices when the model configurations are updated. On
top of that, as shown in Section 5.7.1, the size of stable time increment of an
adaptive model is slightly smaller than a full model, therefore an adaptive model
requires more time increments given the same event duration. Nevertheless, the
computational savings due to the reduced model size and the reduced integration
of cohesive tractions outweighed the increased cost due to the reduced stable
time increment. As a gross comparison for computational efficiency, the CPU
runtimes for the full and adaptive model are 115 804 s and 103 066 s respectively.

5.9.2 Shear driven circular delamination

A test case with shear driven circular delamination is studied in this section.
The first part of this section investigates the robustness of the adaptive model for
problems with two-dimensional delamination propagation, whereas the second
part investigates the application of a higher-order CZM to the modelling of
complex crack front geometry using large elements.

As part of benchmark developments for NAFEMS, Davies [157] proposed
a test case with circular delamination. The specimen is a circular disk with a
circular pre-crack, as illustrated in Figure 5.23. It is subjected to a central point
load. In terms of boundary conditions, the circular edges rest on rolling pins
that are free to translate in the radial direction. The disk is 3 mm thick and has
a quasi-isotropic layup. The equivalent laminate material properties are shown
in Table 5.4.
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Figure 5.20: Comparisons of the full and adaptive model responses. Both
models have element length of 1 mm, planar and thickness orders of 3 and 2
respectively and damping coefficient c = 1 × 10−3. The adaptive model has 3
padding elements.
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Figure 5.21: Model size evolution of an adaptive model and a full model in
Robinson’s multiple delamination test case. The model size is measured using
number of dofs. Figure 5.22 shows the evolution of the adaptive model at the
annotated points.
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Figure 5.22: The evolution of VKCS through-thickness meshes in Robinson’s
benchmark. The alphabets in parenthesis refer to the points annotated in Fig-
ure 5.21.
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Figure 5.23: A quadrant of the circular disk subjected to point load. Sym-
metry boundary conditions are applied across the straight cross sections. The
bottom face of the circular edge is supported on rolling pin,i.e. only out-of-plane
displacements are constrained. The plate thickness is 3 mm.

Table 5.4: Material and interface properties for mode II shear driven circular
delamination (note that the mode I properties are irrelevant in this case).

Laminate properties Interface properties

E 60 GPa GIC 800 N/m
ν 0.3 GIIC 800 N/m

σI 57 MPa
σII 57 MPa
KI 1× 1014 N/m3

KII 1× 1014 N/m3

Kc 1× 1014 N/m3
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According to Davies, the load for delamination onset (also known as the
threshold hold) can be evaluated analytically as

Pthreshold =

√
8π2Et3

9(1− ν2)
GIIC (5.41)

where E, t and ν denote the equivalent Young’s modulus, disk thickness and
Poisson ratio respectively. Here, the analytical threshold load is 3.535 kN.
Davies has also provided numerical solutions for the delamination initiation
and propagation by solving this problem with an arc-length solver in FEM.

The VKCS analysis model has planar and through-thickness orders of 2
and 2, respectively. Due to symmetry, only a quadrant of the circular disk
is modelled with symmetric boundary conditions applied on the straight edges.
The rolling pin supports are modelled by constraining the out-of-plane displace-
ments of the bottom-most through-thickness nodes on the circular edges. This
is a mass-scaled quasi-static analysis in an explicit dynamics solver, the ma-
terial density is 1× 108 kg m−3. The central point load is applied through a
constant velocity of 5 mm s−1 at the node. No Coulomb damping is included.
The adaptive shell model has three padding elements.

Figure 5.24 compares the numerical solutions for the VKCS full and adap-
tive model, as well as Davies’s solutions. The VKCS models have radial mesh
with element spacings of 3.68 mm. It is observed that the VKCS adaptive
model correlates well with the full model. Also, the VKCS models show ex-
cellent agreement with Davies’s solution in terms of the initial elastic stiffness,
onset of crack propagation and point of catastrophic failure. There is slight
discrepancy in the initial stiffness estimation of the adaptive model as com-
pared to the full model. This is because most parts of the adaptive model only
have one element through-thickness, which is less accurate compared to the full
model with two elements through-thickness from the beginning. Nevertheless,
the adaptive shell model is numerically stable. With 3 padding elements, it has
shown neither initialisation nor discretisation oscillations.

The disk is effectively subjected to pure mode II loading. There are three
stages to the structural response: in Stage 1, the disk deforms elastically with
some sliding deformations at the traction-free interface. Stress concentration
occurs at the tip of the circular pre-crack; in Stage 2, the strain energy release
rate at the crack-tip reaches the critical fracture energy, and initiates the crack
propagation; in Stage 3, when the delamination reaches the circular edge, the
disk separates and loses load carrying capability completely.

Figure 5.25 compares the evolution of model sizes for the full and adaptive
models. The initial size of the adaptive model is 16% lower than the full model,
and it increases gradually throughout the analysis due to the stable and steady
delamination growth. As a gross comparison for computational efficiency, the
computer runtimes for the full, adaptive models and model with adaptive cohe-
sive traction insertion are 256 521 s and 225 738 s respectively.

In general, linear cohesive zone models are widely used in conjunction with
linear bulk elements due to their low computational costs. However, their ap-
plications to curved delamination fronts are limited as the elements can only
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Figure 5.24: Comparison of circular delamination propagation behaviour for full
and adaptive models. Radial mesh is used in both models. The adaptive model
has 3 padding elements. The reference elastic stiffness and point of catastrophic
failure are obtained from Davies’s numerical solution. The reference threshold
load is obtained analytically [157].
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Figure 5.25: Comparison of model sizes between the full and adaptive models
throughout the circular delamination propagation analysis.



117 5.9. Numerical benchmarks and discussions

0 . 0 0 0 0 0 . 0 0 1 4 0 . 0 0 2 8 0 . 0 0 4 2 0 . 0 0 5 6 0 . 0 0 7 0
0

5 0 0

1 0 0 0

1 5 0 0

2 0 0 0

2 5 0 0

3 0 0 0

3 5 0 0

4 0 0 0

4 5 0 0

 
 

Figure 5.26: Comparison of structural responses of the adaptive models with
grid and radial meshes. The element spacings (mesh size) are 3.25 mm and
3.68 mm respectively. Both models have 3 padding elements. No damping is
used in the simulation. Figure 5.28 shows the evolution of the adaptive model at
the annotated points.

deform linearly. Accurate analysis of complex crack-front geometry would re-
quire the use of either very small elements or specially constructed planar mesh
to ‘guide’ the delamination propagation. The second part of this section will
demonstrate that higher-order elements can alleviate the mesh bias. The same
benchmark is studied with a grid mesh with element spacing of 3.25 mm, where
the element boundaries can no longer guide the direction of crack propagation.
The configuration updates of the model are shown in Figure 5.28.

Figure 5.26 compares the model solution using grid and radial meshes. It is
observed that both sets of model solution correlate well. Figure 5.27 compares
the delamination areas of models with radial and grid meshes side-by-side at
various loading stages. At any point, both models have near-identical delami-
nation areas. Therefore, higher-order elements can host complex delamination
geometry without needing to pre-align the mesh lines with the direction of de-
lamination propagation.

5.9.3 Static indentation of a multilayered plate

This section investigates the accuracy and robustness of the adaptive VKCS
model for cases with multiple 2D delaminations. Aoki et al. [87] proposed the
experimental and numerical results of a laminated plate subjected to static
indentation. The test setup is illustrated in Figure 5.29. The material and
interface properties are shown in Table 5.5. The laminate layup is (0◦/ 90◦)2S.

The static indenter is a hemisphere with diameter of 15.9 mm. The laminate
has no pre-cracks. The delaminations are initiated by the bending-induced
interlaminar shear stresses in the centre of the plate. Overall, the delamination
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Figure 5.27: The delamination contours of the radial and grid meshes are
collated in (a), (b) and (c), at transverse displacement of 3.75 mm, 4.63 mm and
6.00 mm respectively. The grid and radial meshes are shown on the left and right
quadrants respectively.

areas differ for every layer and retain the same shape during propagation.

The test case presents significant challenges in terms of solution accuracy,
as the model fidelity must be sufficiently high in order to capture the inter-
actions between the delaminations across different layers. Also, the test case
presents significant challenges to the model robustness, in terms of generating
compatible through-thickness meshes to accommodate the complex evolution
of delamination at different layers: the delaminations across the layers grow
at different rates in the in-plane directions; also, many delaminations can be
initiated across different through-thickness locations within a small vicinity of
elements.

Only a quarter of the plate is modelled due to symmetry. The delaminated
area of interest is relatively small in this case. Since the mesh is constructed
such that only the 30 mm × 30 mm square patch in the plate centre has re-
fined in-plane mesh with element length of 1 mm, as shown in Figure 5.29. To
simplify the model setup, the contact load from the indenter is modelled by ap-
plying constant velocity of 2.5 mm s−1 to the top-most nodes within a radius of
2 mm from the plate centre, which gives good estimation of the elastic stiffness
as compared to Aoki’s solution. To further simplify the model, only the inter-
laminar damage modes are considered. Other damage modes such as matrix
cracks and delamination migrations are observed in the experiment, but not
included here. In this case, this assumption does not affect the delamination
area significantly because the fracture energy is dominated by delamination.
The test case is simulated in a mass-scaled quasi-static manner, with material
density of 1× 108 kg m−3. The central point load is applied through a constant
velocity of 1 mm s−1. The VKCS model has planar and through-thickness order
of 2 and 1 respectively.

Aoki has reported model results for delamination areas at incident energy of
1.96 J without considering matrix cracks. The delamination areas of the adap-
tive model for 1.96 J are compared with Aoki’s model solution in Figure 5.30.
It is observed that the delamination shapes and areas across all layers correlate
well in both models.

Aoki has also reported C-scan images of the laminate at an incident en-
ergy of 1.55 J. The experimental results are compared with the adaptive model
solution in Figure 5.31. Overall, the model results correlate well to the delam-
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Figure 5.28: The evolution of VKCS through-thickness meshes in the circular
disk benchmark. The alphabets in parenthesis refer to the points annotated in
Figure 5.26.
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3.18mm

Figure 5.29: The geometry and loading conditions of the static indentation test
case. Constant velocity of 2.5 mm s−1 is applied to all the nodes within radius
of 2 mm from the plate centre. No damping is used in the analysis. The plate is
clamped on all edges.

Figure 5.30: Comparison of delamination areas between numerical solutions
from (a) Aoki and (b) VKCS at approximately incident energy of 1.96 J.
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Figure 5.31: Comparison of delamination areas from (a) experimental results
and (b) VKCS’s model solution at incident energy of 1.55 J.

ination shapes and areas from the experiment. The experimental shows a large
elongated delamination in the plate’s backface. This delamination is initiated
by the intralaminar crack of the 90◦ ply at the backface, which increases the
local bending compliance and results in the elongated delamination. Since in-
tralaminar cracks are not included in the VKCS model, this phenomena cannot
be captured.

The evolutions of the model sizes in the full and adaptive models are com-
pared in Figure 5.32. The adaptive model begins with model size that is 25%
of the full model, and progressively increases towards the full model size. There
are three stages to the model evolution. Initially, the pristine laminate has
near-rigid interface stiffness between the bulk elements. Under plate bending,
the plate centre is subjected to high interlaminar shear stresses that vary in
magnitude for different layers. Consequently, the pristine elements rapidly ex-
ceed the fracture criteria and split at different thickness locations, increasing
the model size exponentially. In the second stage, the element softening begins,
which reduces the local interlaminar stresses, slowing the rate of element split-
ting. Hence, the rate of model growth is reduced. In the third stage, the model
size grows linearly with respect to the analysis duration as the existing elements
are separated due to delamination. Figure 5.33 shows the sequential updates in
the model configurations.

The full and adaptive models have similar stable time increments at 4.37 µs
and 4.08 µs respectively. The computational efficiency of using an adaptive
model is apparent in this case, as the full model has significantly more layers of
elements and number of cohesive interfaces to evaluate compared to the adaptive
model since the beginning. As a gross comparison of computational efficiency,
the CPU runtimes for the full and adaptive models are 637 320 s and 571 038 s
respectively. Their model solutions are compared in Figure 5.32. The adaptive
model obtained near identical solution compared to the full model, and showed
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Figure 5.32: Overlapped figures showing the force-displacement responses and
the evolution of model sizes in Aoki’s static indentation case.

no spurious oscillations despite the complex sequence of element splitting and
rapid initiation of cohesive segments.

5.10 Chapter summary

In the first part of this chapter, an adaptive VKCS formulation is described
for quasi-static analyses of delamination initiation and growth in meso-scale
(ply-level) models of thick laminates. As observed in the literature, conven-
tional CZM formulations have ‘diametrically opposite’ requirements to those of
‘virtually testing’ thick tapered laminates, including (a) the need for fine meso-

Table 5.5: Material and interface properties for Aoki’s static indentation test
case.

Laminate properties Interface properties

E11 156.3 GPa GIC 240 N/m
E22 = E33 8.9 GPa GIIC 1600 N/m
G12 = G13 5.6 GPa σI 20 MPa
G23 3.07 GPa σII 116 MPa
ν12 = ν13 0.34 KI 1× 1014 N/m3

ν23 0.45 KII 1× 1014 N/m3

Kc 1× 1014 N/m3
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Figure 5.33: The evolution of VKCS through-thickness meshes in Aoki’s static
indentation case. The alphabets in parenthesis refer to the points annotated in
Figure 5.32.
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scale space discretisation in order to resolve intricate cohesive traction fields
behind each active crack front, and (b) the need for a priori definition of po-
tential delamination planes throughout the domain so that solution-dependent
delamination initiation and growth behaviour can be captured.

In the second part of this chapter, a higher-order CZM formulation is com-
bined with an adaptive through-thickness refinement scheme—all within the
VKCS framework—in order to address most of the deficiencies of conventional
CZM formulations, especially in the analysis of quasi-static crack propagation
problems. The novelty is in the incorporation of an adaptive through-thickness
refinement scheme to a variable-kinematics model.

Unique features of the resulting framework include (a) a force-based initiali-
sation scheme which guarantees traction equilibrium during the abrupt insertion
of cohesive segments without ad hoc regularisation criteria and ensuring that
initial tractions do not exceed the nominal interfacial strength; (b) a variable-
kinematics transition element formulation which seamlessly connects regions
with mismatching levels of kinematic refinement for any through-thickness func-
tion expansion order, and (c) a versatile modelling tools where the expansion
orders of the in-plane and through-thickness displacement fields (and subse-
quently also the order of the CZM traction-separation fields) can be chosen
independently according to the nature of the problem at hand.

The adaptive model provides computational savings by drastically decreas-
ing initial model sizes, as cohesive segments are only evaluated when and where
delaminations initiate and propagate. Nevertheless, there are additional compu-
tational costs in using an adaptive model, such as (a) the need to evaluate inter-
face tractions from stress fields in the surrounding continua; (b) re-computation
of finite element sub-matrices after cohesive interface initiation; and (c) reduc-
tions in the stable time increment upon delamination.

Despite these competing characteristics, it was shown through a series of
complex delamination benchmarks that the adaptive VKCS model is accurate
and computationally efficient, typically offering computational savings of 10–
15% as compared to non-adaptive models.



Chapter 6

Numerical aspects of higher-order CZM

The previous chapter developed an adaptive VKCS model for progressive de-
lamination analysis in an explicit dynamic solver. The model was shown to be
numerically stable, robust, accurate and computationally efficient in complex
cases. This chapter will investigate the allowable mesh sizes and the computa-
tional advantages in using various orders of CZM. The VKCS model is a useful
tool for these studies because it can implement any order of CZM in the same
code, hence allowing for an objective comparison in the computational cost of
each model.

The CZM is most commonly implemented as linear cohesive elements in the
commercial FE codes. These elements have poor bending behaviour and assume
linear opening displacement, which can lead to erroneous traction distribution.
As a result, fine mesh is required in the process zone to resolve the nonlinear
cohesive tractions. Elements with higher-order displacement fields, here referred
to as the higher-order CZM, can relax the mesh size requirements. However, the
literature has inconsistently reported the allowable mesh sizes for higher-order
CZM. Therefore, the first part of this chapter will present a study to objectively
establish the mesh size requirements for higher-order CZM in an explicit solver.

A general consensus in the literature is that higher-order CZM offers higher
computational efficiency compared to their linear counterparts, at least for im-
plicit solvers. However, the numerical performance of higher-order CZM have
not been extensively investigated for explicit dynamic solvers. Since the compu-
tational efficiency of implicit and explicit solvers are driven by different factors,
the computational efficiency of higher-order CZM cannot be extrapolated di-
rectly from an implicit to an explicit solver. In other words, the computational
advantages of using higher-order CZM in an explicit solver remain unclear.

As discussed in the literature review, although higher-order CZM provides
more accurate element kinematics and cohesive traction distribution, the stable
time step of higher-order elements is much smaller, and each integration point
in higher-order models is more expensive to evaluate than their low-order coun-
terparts. Thus, the second part of this chapter will objectively compare the
computational cost of various orders of CZM in order to provide some insight
into the computational advantages, or lack thereof, of using higher-order CZM
in an explicit dynamic solver.

125
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Figure 6.1: The DCB specimen geometry, boundary and loading conditions.

Table 6.1: Material and interface properties for the DCB, ENF and FRMM test
cases.

Laminate properties Interface properties

E11 (GPa) 120 GIC (N/m) 260
E22 = E33 (GPa) 10.5 GIIC (N/m) 1002
G12 = G13 (GPa) 5.25 σI (MPa) 30
G23 (GPa) 3.48 σII (MPa) 60
ν12 = ν13 0.3 KI (N/m3) 1× 1014

ν23 0.51 KII (N/m3) 1× 1014

Kc (N/m3) 1× 1014

6.1 Chapter outline

This chapter begins with a study on the mesh size requirements for various
orders of CZM under mode I load in Section 6.2. Then, the computational
performance of various orders of CZM in an explicit solver is compared and
discussed in Section 6.3. Finally, the findings of this chapter are concluded in
Section 6.4.

6.2 Mesh size requirements

This section investigates the mesh size requirements of higher-order CZM in
the DCB benchmark from Harper and Hallett [82]. The model setup is as
shown in Figure 6.1, and Table 6.1 shows the material and interface properties.
The specimens have plane strain boundary conditions, which are enforced by
constraining the displacements in the ‘into-the-page’ dimension.

6.2.1 Test case setup
All the studies in this chapter will use ply-by-ply models, which have pre-defined
crack paths and pre-inserted cohesive tractions. The adaptive settings devel-
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Figure 6.2: Comparison of the linear elastic response of DCB models, with
linear, quadratic and cubic through-thickness functions. The models have linear
planar displacement fields with mesh size of 0.33 mm.

oped in the previous chapter have been disabled to remove any dynamic effects
associated with model adaptivity. The CZM orders of interest are 1–6. The re-
quired elements are generated using the VKCS model with matching orders of
in-plane displacement fields. All the simulations are carried out quasi-statically
in an explicit dynamic solver, with a material density of 1× 108 kg m−3. The
loading profile is 1 mm s−1 over a period of 3.5 s. Only the raw model responses
are considered where the model does not include damping, bulk viscosity, re-
duced integration scheme or hourglass control.

All the models have the same order of through-thickness displacement
fields. Numerical tests suggest that the model responses converge for quadratic
thickness function, as shown in Figure 6.2 where the DCB models with linear,
quadratic and cubic through-thickness functions are compared.

For an objective comparative study, the models are implemented within the
same code and machine, which is a desktop PC with the following specifications:
Intel(R) Core(TM) i7-4790 CPU @ 3.60GHz and 32.0GB installed RAM.

In an explicit solver, the time increment must satisfy the Courant-Friedrichs-
Lewy (CFL) condition to ensure solution convergence. The condition states that
the incremental timesteps must not exceed the stable timesteps of a system. The
stable timesteps are computed based on the highest natural frequencies in the
model as

δt = 0.90× 2

ω
, (6.1)

where ω is the highest natural frequency of the system. The factor of 0.90
is applied to δt to account for the numerical perturbations caused by machine
roundoff errors. The natural frequencies are computed from the following eigen-
value problem,

[K− ω2M]φ = 0, (6.2)
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where K, M and φ are the tangent stiffness matrix, mass matrix, and the
displacement vector corresponding to the vibration mode, respectively.

6.2.2 Metrics for an accurate model
The literature has reported a large scatter of allowable mesh sizes for higher-
order CZM—mainly because an ‘accurate’ model is defined arbitrarily, therefore
an objective measure for an accurate model must first be established. The
baseline model is defined as having three elements per cohesive zone length,
according to Harper and Hallett’s recommendation [82], which has been widely
adopted in the research and industrial community.

A reliable model should accurately predict the point of crack initiation and
propagation behaviour. In an explicit dynamic solver, the solution is generally
oscillatory approaching and during the crack propagation stage, due to the
dynamic effects caused by the rapid loss in interface stiffness once the damage
has initiated in the integration points. Consequently, the exact peak load is
difficult to be determined, and the crack propagation responses often oscillate
about the analytical solution. Although these issues can be treated by using
very low loading rate and mass scaling factor at the cost of longer analysis
duration, the higher analysis cost is undesirable. As a compromise, two criteria
are established to determine the model accuracy. Firstly, the peak load of the
model must lie within ±5% of the analytical solution. Secondly, the oscillation
level during the crack propagation stage must be ‘comparable’ to that of the
baseline solution. The terminology ‘oscillation level’ is vague and is certainly
not straightforward to interpret visually from the noisy model data.

An objective measure for the ‘oscillation level’ would be the signal-to-noise
ratio (SNR) of the model responses, which can be calculated from the time
history of the model reaction force as

SNR = 20 log10

RMSsignal

RMSerror
, (6.3)

where RMS denotes root mean square. The RMS components are computed as

RMSerror =

√√√√ 1

n

n∑
i=1

(ei) and RMSsignal =

√√√√ 1

n

n∑
i=1

(fai ), (6.4)

where ei denotes the error in the model reaction forces with respect to the
analytical reaction forces, fai denotes the analytical reaction forces, and n de-
notes the number of entries in the data array. The errors in reaction forces are
computed by

ei = fai − fmi , (6.5)

where fmi denotes the model reaction forces.

The DCB test in question has a cohesive zone length of approximately
1 mm. With three linear elements within a cohesive zone length, the baseline
model has an element length of 0.33 mm. Figure 6.3 compares the baseline
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Figure 6.3: Comparison in the baseline VKCS solution and analytical model.
The former has linear and quadratic displacement fields in the planar and
through-thickness directions. No damping nor bulk viscosity is included in the
VKCS model.

model solution with the analytical solution, whose peak loads are 49.00 N and
51.50 N, respectively. The baseline model’s estimation falls just within the ±5%
allowable. The oscillation level of the baseline model is 18.53 dB. Henceforth,
an accurate model is defined as one that has SNR > 18 dB compared to the
analytical solution. In the particular case of a DCB, the model is considered to
have reached its peak load during the onset of oscillation. However, note that
for more general cases, the determination of peak load from the solution of an
explicit dynamic model is non-trivial.

6.2.3 Numerical experiments
Harper modelled the DCB case with 0.25 mm linear elements with reduced
integration and hourglass control, which is compared here with the 0.25 mm
VKCS element with linear and quadratic displacement fields in the in-plane
and through-thickness directions respectively, as shown in Figure 6.4. When
compared to Harper’s solution, the VKCS model is more accurate in the elastic
stiffness estimation, however its solution during the propagation stage has higher
oscillation amplitudes. The former observation is attributed to the quadratic
through-thickness displacement fields in the VKCS model, which alleviates the
shear locking behaviour. The latter observation is expected as the VKCS model
responses are ‘raw’ with no regularisation scheme, whereas Harper’s model has
included damping and bulk viscosity to remove the numerical oscillations.

In the parametric study, the models with orders 1–6 CZM are simulated
for mesh sizes ranging from 0.33 mm to 2.25 mm, using the nodal lumping inte-
gration scheme. The model responses are shown in Figure 6.5; while the SNR,
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Figure 6.4: Comparison in the solutions of VKCS and Harper’s models. The
VKCS model has linear and quadratic displacement fields in the planar and
through-thickness directions. No damping nor bulk viscosity is included in the
VKCS model. The Harper’s model is linear in both directions, and has global
damping factor of 5.

model run time, model dofs and stable time increment are shown in Table 6.2.
Generally, the peak loads increase with the element lengths because the inte-
gration points become further apart when element size increases, delaying the
softening onset. Also, the oscillation level increases (SNR reduces) as the el-
ement length increases for each CZM order. There are two explanations for
this observation. Firstly, as the element size increases, the displacement fields
near the crack tip—hence the estimation of cohesive tractions—becomes less
accurate. Secondly, as the element size increases, the effective area of each in-
tegration point increases, which means that any change in the local cohesive
traction will result in larger changes in the local nodal forces. As a result, the
model responses are oscillatory during the crack propagation stage, because in
an explicit simulation, any abrupt changes in the nodal forces contributes to an
oscillatory model response.

From Table 6.2, the allowable mesh sizes for CZM orders 1–6 are 0.33 mm,
0.75 mm, 1.25 mm, 1.50 mm, 1.625 mm and 2.00 mm respectively, based on the
established criteria. These model results are italicised in the same table. The
mesh size increases considerably going from order 1 to 2, and 2 to 3, in increment
of 0.5 mm each. The allowable mesh sizes increase irregularly beyond order 3,
by 0.25 mm, 0.125 mm and 0.375 mm going from order 3 to 4, 4 to 5 and 5 to 6,
respectively. From Figure 6.5, it is observed that CZM with orders 4, 5 and 6
exhibit noisy model responses. This suggests that large element sizes can lead to
numerical instability in an explicit dynamic simulation even when higher-order
CZMs are used.
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Figure 6.5: DCB model responses for CZM orders 1–6 at various mesh sizes.
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Table 6.2: The model results for CZM order 1–6 at various mesh sizes, compar-
ing the SNR, CPU time, model dofs and stable time increment for the DCB test.
The entries in italics have the maximum allowable mesh sizes for the particular
CZM order, where the peak load is within ±5% of 51.64 N (analytical solution)
and SNR > 18 dB (numerical solution for three linear elements within a cohesive
zone length). Nodal lumping integration scheme has been used to compute the
results.

Order Mesh (mm) SNR (dB) Runtime (s) Model dofs Timestep (µs)

1 0.125 30.17 375691 19200 2.83
1 0.25 22.64 67712 9600 5.64
1 0.33 18.53 32433 7248 7.46
1 0.5 16.47 16586 4800 11.28

2 0.5 23.70 91336 14400 4.61
2 0.75 19.71 42395 9504 6.97
2 0.83 16.58 24881 8568 7.68
2 1 12.86 20314 7200 9.21

3 0.83 28.65 92121 17136 3.92
3 1 19.94 56698 14400 4.70
3 1.25 18.07 44500 11520 5.87
3 1.33 13.60 38122 10656 6.32
3 1.5 10.98 31561 9504 7.10

4 1.5 21.18 118663 15840 2.58
4 1.75 16.15 91811 13680 2.98
4 1.83 13.27 72723 17760 2.30

5 1.5 22.56 280191 23760 1.63
5 1.625 18.17 238544 21960 1.75
5 1.75 17.88 212665 20520 1.89
5 1.83 16.74 206999 17760 1.99

6 1.83 19.77 425769 25872 0.32
6 2 18.08 367598 23520 0.35
6 2.25 12.68 308652 21672 0.40
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The element sizes for higher-order CZM can be larger than the cohesive zone
length. For instance, the CZM orders ≥ 3 have allowable mesh sizes larger than
1 mm, which is the cohesive zone length for this DCB test case. Essentially,
higher-order elements can be ‘partially damaged’ because they can sustain a
deformation such that some of the in-plane nodes are in the damaged state,
whilst the others remain in the elastic regime.

The CPU cost increases exponentially as the CZM order increases. For
instance, the runtime is 367 598 s for CZM order 6 at 2.00 mm, which is 8 times
higher than CZM order 3 at 1.25 mm with run time of 44 500 s. According to the
results in Table 6.2, it is apparent that the linear CZM requires the least run-
time for a given level of accuracy for this DCB test case, in an explicit solver.
However, it is paramount to note that a comparison in CPU cost is not objective
for models with plane strain boundary conditions, because the higher-order
deformation modes of higher-order models are essentially redundant in the ‘into-
the-page’ direction. Therefore, for an objective comparison, the computational
costs of various orders of CZM must be studied in cases with 2D delamination
propagation so that the richer kinematics of higher-order CZM are fully utilised.
A comparison study like so will be presented in the second part of this Chapter.

For a nodal lumping integration scheme, since the nodal tractions only
contribute to the cohesive forces on the node it is attached to, the number of
integration points is always the same as the number of planar nodes. Never-
theless in the GL scheme, any number of integration points can be specified.
Therefore, here, a remark will be made on the influence of the integration points
on the model solutions in CZM, using the GL scheme. Figure 6.6 shows the
model solutions for a DCB test using the quadratic CZM with 3× 3, 6× 6 and
9 × 9 integration points. The element length is 0.75 mm. Two observations
can be made. Firstly, the peak load estimation is not affected by the number of
integration points. Secondly, the oscillation amplitudes reduce as the number of
integration points increases. The same observations can be made in Figure 6.7,
which shows the model solutions for cubic CZM with 4 × 4, 8 × 8 and 12 × 12
integration points, where the element length is 1.00 mm.

Several deductions can be drawn from this exercise: (a) an increase in
the number of integration points reduces the level of oscillations in the crack
propagation stage. The level of oscillation is related to the rate of change in
the cohesive forces at the bulk interface nodes. This can also be interpreted
as the release rate of the fracture energy, or the rate of stiffness loss at the
cohesive interface. The integration weights assigned to each integration point
reduces as the number of integration points increases. Hence, the nodal cohesive
forces are reduced more gradually as the integration points are softened; and (b)
an increase in the number of integration points does not affect the peak load
estimation, nor the mean value of the oscillations during crack propagation.
The results presented in this section suggest that there is limited benefits of
using excessive number of integration points in the cohesive segments—and it is
recommended that the number of integration points be the same as the number
of FE nodes—given that the element size is defined appropriately with respect
to the size of cohesive zone, such as those presented in Table 6.2.



Chapter 6. Numerical aspects of higher-order CZM 134

0 . 0 0 0 0 0 . 0 0 0 7 0 . 0 0 1 4 0 . 0 0 2 1 0 . 0 0 2 8 0 . 0 0 3 5
0

1 5

3 0

4 5

6 0

7 5

 
 
 
 

Q u a d r a t i c  C Z M

Figure 6.6: Comparison of the model responses with quadratic elements at mesh
size of 0.83 mm, with different number of integration points with no damping. The
Gauss-Legendre quadrature scheme is used.
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Figure 6.7: Comparison of the model responses with cubic elements at mesh
size of 1.25 mm, with different number of integration points with no damping.
The Gauss-Legendre quadrature scheme is used.
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Figure 6.8: The geometry, loading and boundary conditions of the square lam-
inated plate under a corner peeling load. The fibre directions of the [90◦, 90◦]
laminate are also indicated.

6.3 Comparative study in computational cost

The results from Section 6.2.3 would suggest that models with linear CZM
require the least CPU time in an explicit solver. However, as discussed, com-
parisons in computational efficiency would not be objective for plane strain
test cases, like the DCB. The main reason is that the richer kinematics of
higher-order CZM become redundant in the ‘into-the-page’ dimension due to
the boundary conditions. Therefore, this section aims to objectively compare
the computational efficiency of various orders of CZM in a benchmark with 2D
delamination propagation.

The test specimen here is a cantilevered square laminated plate with a layup
of [90◦, 90◦], subjected to a peeling load at one corner. The geometry, loading
and boundary conditions are shown in Figure 6.8. The material properties are
the same the ones used in the previous section, shown in Table 6.1.

In the proposed load case, the laminate will first form an elliptical initial
delamination at a free corner, which gradually propagates towards the opposite
free edge. As the delamination reaches the free edge, it becomes unstable and
rapidly propagate along the edge towards the clamped end, causing a catas-
trophic failure.

The crack front is two-dimensional and does not align with the element
boundaries, therefore this benchmark penalises low-order elements that cannot
host complex crack geometry, and ensures that the richer in-plane kinematics of
higher-order elements are fully utilised. The model accuracy can be determined
by its estimation of the displacement at catastrophic failure, which is a more
objective metric as compared to the oscillation level used in the previous section.
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Similar to Section 6.2, the benchmark is simulated with CZM orders 1–6,
where the mesh density is parametrically increased for each order of CZM until
the model response has converged. Note that for a set of oscillatory numer-
ical solution, it is non-trivial to define the point of which the model solution
converges. For this study, the model is considered to have converged when the
’mean’ of the oscillatory force-displacement response no longer changes signif-
icantly as the in-plane mesh density increases. Table 6.3 shows the order of
CZM, mesh density, CPU runtime, total model dofs and the size of stable time
increment of all the models simulated in this study. Figure 6.9 shows the se-
lected model results for CZM orders 1–6. The damage configurations of the
benchmark at different instances are shown in Figure 6.10.

The accuracy of the models is measured by the point of catastrophic failure.
This is a good measure of the delamination propagation behaviour, because the
catastrophic failure only happens when the delamination has reached the edge
of the laminate. From Table 6.3, models with CZM orders 1–6 converge at mesh
densities of 50× 50, 18× 18, 12× 12, 9× 9, 7× 7 and 8× 8. Interestingly, the
converged models with orders 2–4 have similar number of total dofs, with CZM
orders 2–4 having total dofs of 23976 (hence the same number of planar nodes)
and the CZM order-5 having total dofs of 22680.

This trend suggests that the models with the same number of planar nodes
have similar solution convergence rate despite the difference in the polynomial
order of displacement fields. This is an interesting observation, as it is not
consistent with the findings from Chapter 3 and 4, where higher-order models
always require fewer total dofs for a given level of accuracy. A possible expla-
nation is that in the instances where the global model response is dominated
by the delamination propagation from the beginning, as is the case here, the
number of points where cohesive tractions are applied to, has more significant
influence on the accuracy of CZM, than the smoothness of an element’s dis-
placement fields. Conversely, in the cases where the initiation and propagation
of delamination is dominated by the bending behaviour of the whole structure,
such as, such as a slender structure with a pre-crack, it is expected that the
higher-order CZM would require fewer model dofs for convergence.

The order-1 models require much higher total dofs to achieve solution con-
vergence. The reasons are two fold: firstly, a large number of dofs in order
to overcome the locking behaviour in bending and transverse shearing of lin-
ear elements; secondly, linear elements can only have a linear distribution of
cohesive tractions due to the linear tip displacements. In other words, the cohe-
sive traction distribution within an element is inherently inaccurate, therefore
the performance of any order-1 model would be severely penalised in a test
case dominated by the propagation of delamination. Also, the CZM order-6
requires higher model dofs for convergence than CZM order-5. One possibility
is that the dynamic effects induced by the order-6 models have overridden the
computational gain due to their supposedly faster solution convergence rates.

In general, although the studies here have shown that higher-order elements
perform better for large element sizes, they rapidly become ineffective as the
element size exceeds the cohesive zone length. The reason for this discrepancy
may be the following: when the size of an element is bigger than the cohesive
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Table 6.3: The model results for CZM order 1–6 at various mesh sizes, compar-
ing the CPU time, model dofs and stable time increment of the square laminated
plate under peel load. The entries in italics have the maximum allowable mesh
sizes for the particular CZM order. Nodal lumping integration scheme has been
used to compute the results.

Order Mesh density Runtime (s) Model dofs Timestep (µs)

1 30× 30 59576 16740 3.70
1 40× 40 144317 29520 2.80
1 50× 50 368618 45900 2.25
1 60× 60 513230 65880 1.88

2 10× 10 8575 7560 4.30
2 15× 15 21018 16740 3.02
2 18×18 47265 23976 2.53
2 20× 20 76039 29520 2.28
2 25× 25 172819 45900 1.83

3 4× 4 3136 2808 3.48
3 6× 6 6216 6156 3.46
3 7× 7 8755 8316 3.24
3 8× 8 11780 10800 2.86
3 10× 10 22571 16740 2.31
3 11× 11 33099 20196 2.10
3 12×12 49045 23976 1.93
3 15× 15 99071 37260 1.55

4 4× 4 8200 4896 1.69
4 6× 6 19718 10800 1.36
4 7× 7 30323 14616 1.17
4 8× 8 44605 19008 1.03
4 9×9 78500 23976 0.92
4 10× 10 90213 29520 0.83
4 12× 12 139883 42336 0.70

5 4× 4 13622 7560 1.28
5 5× 5 29275 11700 1.04
5 6× 6 44118 16740 0.87
5 7×7 81864 22680 0.75
5 8× 8 117889 29520 0.66
5 10× 10 187169 45900 0.53

6 4× 4 109012 10800 0.21
6 5× 5 194141 16740 0.17
6 6× 6 345724 23976 0.14
6 7× 7 506884 32508 0.12
6 8×8 781380 42336 0.10
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Figure 6.9: Model responses for the peeled square laminate with CZM orders
1–6 at various mesh sizes. The model configurations for the annotated instances
in the bottom left corner are shown in Figure 6.10.
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zone length, part of the element will be partially/fully damaged, whilst the rest
will remain linear elastic. The resultant deformation mode will be near ’expo-
nential’, where parts of the element have very small opening, whilst the rest
have big opening. Polynomial functions that are smooth intra-element— such
as that of the Lagrange polynomials used here—cannot effectively sustain this
kind of deformation. As a result, it is possible that the interpolated opening
displacements are oscillatory between nodes, and hence causing the excessive
deformation seen in the higher-order CZM models. To overcome this limitation,
combined usage of higher-order CZM and level set approaches could be consid-
ered. The former acts to improve the nonlinear opening profiles at the crack
tip, whilst the latter handles the partial cracking of an element [158].

Generally, for a given number of model dofs, the required CPU runtime
increases exponentially as the polynomial order of the model increases. This
is because the explicit stable time step reduce exponentially, while the total
number of time increments increases as the polynomial order increases. Also,
the computational cost of each integration point also increases with the element
polynomial order, as there are more higher-order terms to be evaluated at each
time step. For instance, the models with total dofs of 23976 in CZM orders
2, 3, 4 and 6 have CPU runtime of 47 265 s, 49 045 s, 78 500 s and 345 724 s,
respectively. The same can also be said for models with total dofs of 16740 in
CZM orders 2, 3, 5 and 6, which have CPU runtime of 21 018 s, 22 571 s, 44 118 s
and 194 141 s, respectively.

Overall, this study has shown that it is non-trivial to compare the com-
putational efficiency of different orders of CZM in an explicit dynamic solver,
due to factors such as the specifications of the benchmark, code-writing and
metrics for model accuracy. Nevertheless, since all the models presented herein
are implemented in the same code, this study provides an insight into the accu-
racy and numerical efficiency of various orders of CZM. The results displayed
in Table 6.3 would suggest that the quadratic and cubic CZMs are the most
computationally efficient—for a given level of accuracy, both orders of CZMs
require the shortest CPU runtime compared to the others.

6.4 Chapter summary

The chapter presented two studies on the numerical aspects of CZMs. The first
study investigates the mesh size requirements for CZM orders 1–6. It is moti-
vated by the inconsistent reports on allowable mesh sizes found in the literature.
The accuracy of each set of model solution is systematically measured based on
the accuracy of peak load and the oscillation levels of the model solution during
crack propagation. The study showed that the allowable mesh sizes increase
from 0.33 – 2 mm as the order of CZM increases from 1–6. The allowable mesh
sizes have increased significantly as the order of CZM increases from 1–3. For
CZM orders 4–6, the increments in the allowable mesh sizes are irregular and
the dynamic effects are more pronounced, therefore, it is recommended that
CZM orders 1–6 should be used with care.

The second part of this chapter compared the computational performance
(accuracy versus CPU runtime) of various orders of CZMs in an explicit solver.
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Figure 6.10: The deformation and delamination contours of the square laminate
under corner peel load. The instances (a)–(d) are annotated in Figure 6.9. The
contoured regions have damage parameter of 0.8 ≤ d ≤ 1. The model has mesh
density of 7× 7 and CZM order of 5.

The test case features an elliptical delamination front and unstable crack propa-
gation along the free edge of a laminated plate. Various orders of CZM are used
to solve the test case at different mesh densities. Generally, it was shown that
for a test case with delamination-dominated behaviour, the number of points
to which cohesive tractions are applied, has a stronger influence on the conver-
gence rate of the CZM model, than the polynomial order of the model. Also,
for a given number of model dofs, the computational cost per integration point
will increase and the size of stable time increment will reduce significantly as
the CZM order increases. Considering all these competing factors, the CZM
with orders 2–3 require the least CPU runtime for a given accuracy, therefore
they would be the most computationally efficient for general applications in an
explicit solver.



Chapter 7

Conclusion

7.1 Thesis summary

In recent years, the aerospace, automotive and renewable sectors have seen
a growing uptake of composites technology as a means to expand the design
space and improve the structural efficiency. For instance, there is increasing
use of fibrous laminated composite shells in the load-bearing components of
primary structures across the sectors due to the weight-saving benefit. The main
hurdle to a more rigorous design optimisation process for such structures is the
lack of reliable and computationally efficient virtual testing tools. In general,
predictive analysis is inherently expensive for laminated composite shells, due
to the need for high-fidelity models to capture the highly anisotropic elastic and
progressive damage responses. Hence, the main objective of the present work
is to develop a computationally efficient framework for the nonlinear elastic
and progressive delamination analysis of laminated shells. The flowchart in
Figure 7.1 summarises how the model developments in the present work have
addressed the hierarchy of research challenges, and will guide the discussions in
this section.

Accurate modelling of the interlaminar shear stresses presents a signifi-
cant challenge in the elastic analysis of laminated shells. Traditional analysis
tools, such as shell finite elements often make simplifying assumptions about the
through-thickness displacement fields, which leads to an inaccurate estimation
of structural stiffness and 3D stresses. Although accurate 3D stress fields can
be obtained by using solid elements, such analysis comes at a high computa-
tional cost, and has a labor-intensive model setup. These discrepancies in the
current finite element technology mean that the analysis of composite compo-
nents must be multi-step in nature and requires multiple low- and high-fidelity
analysis models to be built. Furthermore, most commercial finite element codes
only offer general-purpose solid elements with first or second-order displace-
ment fields, which assume the same order of displacement fields within in all
directions and have low convergence rates for the 3D stress field solutions.

Chapters 3 and 4 in the current work presented linear elastic and total La-
grangian geometrically nonlinear VKCS formulations respectively, in order to
address the preceding challenges. The formulation presents an ‘all-in-one’ model

141
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Figure 7.1: A flow chart illustrating the hierarchy of research challenges, model
proposals, model outcomes and conclusions. It shows how the main contributions
from the present work have addressed some of the research challenges.
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that allows the users to analyse any type of laminates with complex geometry
at the desired level of model fidelity, only by modifying a few input parameters.
The proposed model is hierarchical and has an anisotropic kinematic refinement
scheme, where the users can utilise various orders of basis functions and cus-
tomise the model fidelity in the required direction(s) on a case-by-case basis.
Both of these features have contributed to the fast solution convergence rates
of the VKCS model in displacements and 3D stresses when compared to the
conventional solid continuum elements. Many numerical examples have been
presented to validate the modelling framework, where the VKCS model proves
to be an accurate, convenient and computationally efficient tool for the linear
and nonlinear analysis of laminated shells. Also, the VKCS model presents a
useful framework to identify the model settings (the orders of through-thickness
and in-plane displacement fields, as well as the type of thickness expansion func-
tions) that are optimum for structural optimisation problems. The findings from
the study also suggest that the anisotropic kinematic refinement scheme of the
VKCS model does not affect the performance of nonlinear solvers in terms of
the required number of increments and iterations for solution convergence.

The present work then explored different avenues to improve the numerical
efficiency in the progressive delamination analysis of laminated composites. The
main modelling challenge here is the high computational cost of CZM due to the
stringent mesh size requirement. To this end, Chapter 6 investigated the use of
higher-order CZM to relax the mesh size requirement. In particular, the study
aims to objectively establish the allowable mesh sizes for higher-order CZM,
and found that the allowable mesh sizes increase significantly as the CZM order
increases from 1 to 3. For instance, in the case of a CFRP laminate with a
cohesive zone length of 1 mm, the allowable mesh sizes are 0.33 mm, 0.75 mm
and 1.25 mm for CZM orders 1, 2 and 3 respectively. On the other hand,
CZM orders 4–6 suffer from more pronounced dynamic effects, which cause an
irregular increase in the allowable mesh sizes.

The second part of Chapter 6 includes a comparative study on the com-
putational efficiencies of various orders of CZM in an explicit dynamic solver.
The study showed that for test cases with delamination-dominated behaviour,
the polynomial orders of CZM do not have strong influence on the solution con-
vergence rate of a model. Nevertheless, for more general cases where the model
response is dominated by the global bending behaviour, it is expected that the
required total dofs will reduce as the CZM order increases. However, when using
higher-order elements, the computational gain due to the reduction in the model
size can be outweighed by the subsequent increase in the computational cost
incurred by both the reduced stable time increment and the increased number
of operations per integration point. The optimum model setting is likely case-
dependent within an explicit solver. Nevertheless, the outcomes of the study
would suggest that the CZM orders 2–3 are the most computationally efficient
for a general-purpose delamination analysis.

The conventional CZM requires the pre-insertion of cohesive elements, as
well as the use of a ply-by-ply model in order to align the element boundaries
with the delamination planes. Such a model is unsuitable for applications to
large composite components because the computational cost increases steeply
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Figure 7.2: Illustration of a concept model for future work: (a) a pristine model
and (b) a model that is adaptive in both the in-plane and through-thickness
domains

with the structural size. To overcome this, Chapter 5 develops a VKCS model
with an adaptive through-thickness refinement scheme. This model alleviates
the need for a ‘ply-by-ply’ modelling approach by locally refining the elements
in the delaminated regions and updating the model configurations ‘on-the-fly’.

Despite the simplicity of the proposed concept, it has spawned myriad im-
plementation challenges. Firstly, in the absence of any regularisation scheme,
an adaptive insertion of cohesive segments in an explicit solver will cause nu-
merical instabilities arising from the traction in-equilibrium. To resolve this
issue, the ‘force-based’ traction initialisation method has been implemented,
which guarantees the temporal continuity of nodal forces, or the the traction
equilibrium, during the insertion of cohesive segments. Secondly, an adaptive
fracture model typically has to initiate the cohesive segments at unnecessarily
low stresses so that the initial tractions do not exceed the fracture strengths. To
resolve this, the ‘force-based’ fracture criterion is proposed, which allows for very
high initiation threshold and guarantees that initial tractions never exceed the
fracture strengths. Thirdly, for adaptive models, the kinematic transition must
be smooth and compatible across regions with mismatching through-thickness
refinements. To do so, a variable-kinematics transition element formulation has
been derived, where it enforces displacement compatibility and smooth stress
fields across the transition regions. Also, an algorithm has been devised and
implemented, which can generate compatible local through-thickness meshes to
accommodate complex delamination progressions in the analysis domain.

Overall, this work has presented a model that is accurate, robust, nu-
merically stable and computationally efficient for the elastic and progressive
delamination analysis of laminated composites. In principle, the model is more
computationally efficient than the off-the-shelf finite element models from com-
mercial codes. However, the application of the current model is still limited to
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Figure 7.3: Size of stable time increments across model subdomains: (a) a
model with pre-defined crack path and (b) an adaptive model with local through-
thickness refinements. The transition elements typically have the smallest stable
time step.

coupon specimens with dimensions in the order of a few hundred millimetres.
These specimens are very small compared to composite aerostructures whose
dimensions are in the order of several metres, or larger. In the author’s opinion,
due to the large separation of length-scales, the computational gain from us-
ing a model with variable kinematics, adaptive refinement of through-thickness
kinematics, and higher-order Cohesive Zone Models, is still insufficient for the
rapid design and optimisation analysis of large composite components. The
conclusion has led to the following suggestions for future works.

7.2 Future work

The current model could be further improved with an adaptive in-plane re-
finement scheme. Although the present work has shown potential to improve
computational efficiency by adaptively refining the through-thickness domain,
the CZM imposes strict kinematic requirements in the in-plane domain. As
illustrated in Figure 7.2, the basic concept would be to refine both the in-plane
and through-thickness meshes ‘on-the-fly’ in an explicit solver. The foreseeable
challenges include the implementation of an in-plane re-meshing algorithm and
the dynamic effects arising from the re-discretisation of the in-plane domain.
In Chapter 5, the latter has been discussed for the through-thickness domain,
where it was shown that these dynamic effects do not have a significant effect
on the global behaviour. Nevertheless, the interactions between the induced dy-
namic effects in both the planar and through-thickness domains must be studied
and treated rigorously for a robust implementation.

Next, the computational efficiency of the current model could be improved
with a temporal subscycling method, where the analysis domain would be di-
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vided into subdomains that are solved with different stable time increments.
At present, the stable time increment reduces drastically when the elements
are refined in the delaminated regions. In a multi-layered delamination case,
the analysis domain can have different levels of through-thickness refinements
everywhere, the size of stable time increment of the elements in each subdomain
could differ by several orders of magnitude, as illustrated in Figure 7.3. The
current solver assumes the smallest time increment for the entire analysis do-
main, which means that some subdomains are temporally integrated with much
smaller time increments than required, incurring a redundant computational
cost. With the subsycling method, all the subdomains would be solved in par-
allel using different stable time increments. This approach would confine the
reduction in the stable time increment to the delaminated regions and therefore
reduce the overall computational cost.

Furthermore, the current model can benefit from a variable-kinematics re-
duced integration scheme in order to compete, in terms of computational effi-
ciency, with the commercially available elements in an explicit dynamics sim-
ulation. Since the separation of integration domains is intrinsic to the current
formulation, 1D and 2D reduced-integration scheme can be applied directly to
the through-thickness and planar domains, respectively.

Finally, the scope of application of the current model can be expanded by
implementing it as a user element in a commercial finite element package. The
extension would integrate the model with modules such as the parallel solvers
and contact algorithms in commercial codes, which are essential for practical
engineering simulations such as crash and bird strike models. The test cases
studied in this thesis have been limited to quasi-static progressive damage sim-
ulation in explicit dynamic solvers. The future iterations of the current model
should include test cases involving dynamic progressive damage events. Fur-
thermore, it would be interesting to compare the computational advantages, or
lack thereof, of the adaptive VKCS model with the ‘legacy models’ of commer-
cial finite element packages, i.e. single-integration-point linear elements with
reduced integration, in large-scale nonlinear dynamic and damage simulations.

7.3 List of contributions and new developments

The contributions from the present work are summarised in the list below:

1. Derived a variable-kinematics continuum shell element by combining the
Carrera’s Unified Formulation with a continuum shell formulation.

2. Derived a total Lagrangian geometrically nonlinear variable-kinematics
continuum shell element.

3. Proposed the use of a ‘force-based fracture criteria’ to initiate the cohesive
segments close to the fracture strengths.

4. Derived a variable-kinematics transition element to connect analysis do-
mains with mismatching numbers of through-thickness elements.

5. Devised an algorithm to locally refine the element kinematics ‘on-the-fly’
in the delaminated regions.
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6. Validated an adaptive shell model for applications to complex delamina-
tion cases.

7. Investigated the mesh size requirements for various higher-order Cohesive
Zone Models.

8. Investigated the relative computational cost between various orders of
Cohesive Zone Models in an explicit solver.
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[49] N. Büchter and E. Ramm. “Shell theory versus degeneration - a compar-
ison in large rotation finite element analysis”. In: International Journal
for Numerical Methods in Engineering 34.December 1990 (1992), pp. 39–
59. issn: 0029-5981.

[50] P. U. Haselbach, M. Eder, and F. Belloni. “A comprehensive investigation
of trailing edge damage in a wind turbine rotor blade”. In: Wind Energy
19.11 (2016), pp. 1871–1888.

[51] M. A. Eder and R. D. Bitsche. “A qualitative analytical investigation of
geometrically nonlinear effects in wind turbine blade cross sections”. In:
Thin-Walled Structures 93 (2015), pp. 1–9. issn: 02638231.

[52] Z. Yuan, G. A. Kardomateas, and Y. Frostig. “Geometric Nonlinearity
Effects in the Response of Sandwich Wide Panels”. In: Journal of Applied
Mechanics 83.9 (2016), p. 091008. issn: 0021-8936.

[53] Y. Liang and B. A. Izzuddin. “Large displacement analysis of sandwich
plates and shells with symmetric/asymmetric lamination”. In: Comput-
ers and Structures 166 (2016), pp. 11–32. issn: 00457949.

[54] R. Krause, R. Mucke, and E. Rank. “hp-Version finite elements for
geometrically non-linear problems”. In: Communications in Numerical
Methods in Engineering 11.11 (1995), pp. 887–897. issn: 10990887.

[55] K. S. Surana and G. Abusaleh. “Curved shell elements for heat conduc-
tion with p-approximation in the shell thickness direction”. In: Comput-
ers and Structures 34.6 (1990), pp. 861–880. issn: 00457949.

[56] K. S. Surana and N. J. Orth. “Completely hierarchical p-Version ax-
isymmetric shell element for nonlinear heat conduction in laminated
composites”. In: Computers and Structures 48.1 (1993), pp. 33–49. issn:
00457949.
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