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EFFICIENT GMM ESTIMATION WITH INCOMPLETE DATA

Chris Muris*

Abstract—In the standard missing data model, data are either complete
or completely missing. However, applied researchers face situations with
an arbitrary number of strata of incompleteness. Examples include unbal-
anced panels and instrumental variables settings where some observations
are missing some instruments. I propose a model for settings where observa-
tions may be incomplete, with an arbitrary number of strata of incomplete-
ness. I derive a set of moment conditions that generalizes those in Graham’s
(2011) standard missing data setup. I derive the associated efficiency bound
and propose efficient estimators. Identification can be achieved even if it
fails in each stratum of incompleteness.

I. Introduction

INCOMPLETE data, where some observations are missing
some or all variables, is prevalent in empirical research in

economics. For example, Abrevaya and Donald (2017) find
that incomplete data occur in at least 40% of the publications
in top economics journals. In 70% of these cases, all incom-
plete observations are discarded, and the analysis is then car-
ried out with the resulting complete subsample. This strategy
fails to use all the information in the data, since incomplete
observations typically have some information about model
parameters. This paper shows how to use this information.

I provide a general framework for efficient parameter esti-
mation using incomplete data. To see why a serious treatment
of incomplete observations can be useful, consider a linear
instrumental variables model with two endogenous variables,
X = (X1, X2), and two instruments, W1 and W2. The parame-
ter vector β0 is defined through the moment conditions:

E

(
W1 (y − Xβ0)

W2 (y − Xβ0)

)
= 0. (1)

Now consider a setting where either instrument can be un-
available. This implies the existence of three strata based on
data availability. In the first stratum, both instruments W1

and W2 are observed; in stratum 2, only the instrument W1

is observed; in stratum 3, only W2 is observed. Although the
parameter is not identified in stratum 2, the moment condi-
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tion E [W1 (y − Xβ0)] = 0 still contains information on β0.
The same is true for stratum 3 through E [W2 (y − Xβ0)] = 0.
This paper provides an efficient estimator that uses informa-
tion from all strata. The approach is general: it allows for an
arbitrary number of strata of incompleteness and an arbitrary
set of nonlinear moment conditions.

Currently available procedures for dealing with incomplete
data can be classified into three categories. The first approach
is to classify data (or equivalently, moments) in terms of bi-
nary missingness, that is, as either complete or completely
missing. A second approach is to provide tools that work
only in specific applications. The third approach is to impute
the incomplete data.

The approach proposed here is distinct from all of those.
I focus on incomplete data that may be partially missing.
Whereas binary missingness implies the existence of exactly
two strata, I allow for an arbitrary finite number of strata based
on the availability of each moment. My approach accommo-
dates any model that can be expressed in terms of moment
conditions. In contrast, model-specific solutions for one type
of application may not be useful for another. My approach
does not require imputation. Imputation approaches have the
obvious drawback that they are inconsistent if the imputa-
tion model is misspecified. My approach is consistent in part
because it does not use an imputation model.1

This paper has three methodological contributions. First,
I generalize the moment conditions established by Graham
(2011) for the binary missingness case to the general in-
completeness case. The resulting set of moment conditions
consists of one set of Graham’s moment conditions for each
stratum of incompleteness.

Second, I derive the efficiency bound associated with the
complete set of moment conditions and propose an estimator
that attains that bound. I provide conditions under which the
estimator is consistent and asymptotically normal. A simula-
tion study (appendix D) shows that the efficiency gain from
using incomplete observations can be substantial. I also pro-
pose and analyze a doubly robust estimator.

Third, I show that the parameters of interest can be identi-
fied by using all the available data, even if identification does
not hold in every stratum. As an example, consider a linear IV
model with two endogenous variables and two instruments,
where the instruments are never observed in the same stratum,
but each instrument is available from a different stratum. In
this setting, one can still identify the regression parameters.

The results in this paper can also be applied to (dynamic)
panel data models; equation systems where some equations
have missing dependent variables for some observations;
triangular simultaneous systems with some endogenous

1However, I show in section VC that imputation may be useful if used in
the context of doubly robust estimation.
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explanatory variables missing for some observations; and
general nonlinear instrumental variables models. In appendix
D1, I analyze a dynamic panel data model where cross-
section units may miss observations in any combination of
time periods.

The paper is organized as follows. Section II provides a
literature review. Section III describes the model. Section IV
presents the efficiency bound results, and section V presents
an efficient IPW estimator and a locally efficient doubly ro-
bust estimator. Section VI contains an empirical illustration.
The appendix contains proofs, additional examples, addi-
tional material for the empirical application, and a simulation
study.2

II. Related Literature

The literature on missing and incomplete data is vast. I dis-
cuss the relevant literature in three strands. The first strand
considers efficient estimation under the assumption that ev-
ery observation is either complete or completely missing. The
second strand of literature considers estimation with incom-
plete observations for specific models. The third strand of
literature augments incomplete observations using imputa-
tion. To the best of my knowledge, my paper is the first that
provides a general framework for efficient estimation with
incomplete observations without using imputation.

To facilitate this discussion, let p be the number of ele-
ments in a moment vector ψ, and let D be a p × p diagonal
matrix with 1 on the main diagonal if a moment is observed
and 0 otherwise. The incomplete data indicator D defines the
strata of incompleteness in the data, and the vector Dψ gives
the observed elements of ψ. In the linear IV example given
above, p = 2, and the 2 × 2 matrix D can take three values
corresponding to 0s and 1s on the main diagonal. The three
values that D can take on correspond to the three strata of
data incompleteness. We say a parameter is identified in a
stratum D if Dψ contains enough information to identify the
parameter. In the example above, the only stratum in which
the parameter is identified is stratum 1 (for which D = I2).

A. Strand 1: Binary Missingness

There is an extensive literature on missing data models
in which each observation contributes either to all or to
none of the sample moments (i.e., the missing data indica-
tor is a binary variable). This literature typically employs the
missing-at-random (MAR) assumption. I call models includ-
ing a MAR assumption the MAR setup (as in Graham, 2011).

The literature on the MAR setup was initiated by Robins,
Rotnitzky, and Zhao (1994), who propose an augmented
inverse propensity score weighting (AIPW) procedure. An
overview of the AIPW literature in statistics can be found in
Tsiatis (2006). Chen, Hong, and Tarozzi (2008) derive the

2The appendixes are part of the supplementary material, accessible
through the journal’s website.

efficiency bound for nonlinear and possibly overidentified
models and propose an efficient estimator for the parameters
in the MAR setup that is not based on inverse propensity score
weighting (IPW). An important result in this literature is that
estimating the propensity score is more efficient than using
the true value of the propensity score (the IPW paradox; Hi-
rano, Imbens, & Ridder, 2003; Wooldridge, 2007; Prokhorov
& Schmidt, 2009).

Two contributions from this literature that are especially
relevant for the discussion in this paper are Graham (2011)
and Cattaneo (2010). Graham (2011) shows that in a MAR
setup with binary missingness (just two strata for D), the effi-
ciency bound is equivalent to the efficiency bound for the in-
verse weighted moment conditions of the original (complete
data) model, plus a set of conditional moment conditions that
captures all the information from the MAR assumption. I gen-
eralize the moment conditions established by Graham (2011)
for the binary missingness case to the general incompleteness
case with J strata.

Cattaneo (2010) considers the efficient estimation of mul-
tivalued treatment effects.3 His model is similar to mine, with
incompleteness taking the form of missing dependent vari-
ables. With multivalued treatment effects, this incomplete-
ness implies as many strata as there are levels of treatment.
Cattaneo shows how to optimally combine the information
from the different values of the treatment, but his approach
requires that the parameter vector is identified in each stra-
tum. Consequently, his approach cannot be used for the linear
IV example given above. I provide sufficient conditions for
an optimal estimator when the parameter vector is identified
in just one stratum. Further, I provide special cases where
identification is not required in any stratum. More details on
this comparison can be found in appendix B. A related con-
tribution is in Chaudhuri and Guilkey (2016).

B. Strand 2: Model-Specific Solutions

Several papers consider specific GMM settings or spe-
cific incomplete data patterns. For example, Abrevaya and
Donald (2017) consider the linear regression model. Model-
specific solutions are also available for the instrumental
variable model with incomplete sets of instruments. The
problem of partially missing instruments is common (see An-
grist, Lavy, & Schlosser, 2010). Instrumental variables esti-
mation with missing instruments is discussed in Mogstad and
Wiswall (2012), who consider a setting with a single instru-
ment that is missing for a subsample of the observations.
Abrevaya and Donald (2011) also consider the missing in-
strument model.

Chen, Yi, and Cook (2010) provide an estimator for the
parameters in a static panel data model. Verbeek and Nij-
man (1992) also consider the static model and propose to use

3The relationship between the multivalued treatment effect setting in Cat-
taneo (2010) and the incomplete data setting here is described in more detail
in appendix B.
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the different missing data patterns to test for selectivity bias.
Hirano et al. (2001) consider a panel data model with three
strata of incompleteness.4 Abrevaya (2019) shows that the
explanatory variables in the static model have information
even when the associated dependent variable is unavailable.

The linear dynamic panel data model with attrition has
recently been considered by Pacini and Windmeijer (2015;
see also their references). Pacini and Windmeijer (2015)
show that nonlinear, previously not considered moment con-
ditions are informative when data from some time periods are
unavailable.

My approach accommodates any model that can be ex-
pressed in terms of moment conditions and allows for any
structure of incompleteness. In contrast, model-specific so-
lutions restrict the structure of incompleteness, and solutions
for one type of application may not be useful for another.

C. Strand 3: Imputation

A substantial literature considers augmenting incomplete
observations by imputing the unavailable components. A
leading example is the linear regression model with miss-
ing covariates. Using variables that are always observed, an
imputation model can be estimated using the complete obser-
vations, and it can then be used to fill in the incomplete obser-
vations. Early contributions to the econometric literature on
this topic can be found in Dagenais (1973) and Gourieroux
and Monfort (1981). To retain consistency, these approaches
require a correctly specified imputation model. Such an as-
sumption is not maintained in the model that I consider. A
more recent contribution by Dardanoni, Modica, and Perac-
chi (2011) shows that efficiency gains can be obtained if one
is willing to sacrifice consistency.

In the context of the linear IV example above, imputation
would apply to missing instruments. If the imputation were
correctly specified, then imputation would not result in bias
and would improve the efficiency of the estimator. However,
under misspecification, the resulting estimator would typi-
cally be biased. My approach does not require imputation: I
propose an inverse propensity score weighting estimator that
is consistent.5

III. Model

This section formalizes the notion of incomplete data in
this paper and introduces identification and sampling assump-
tions that are used throughout the paper.

A. Incomplete Data

The incomplete data framework starts from moment condi-
tions for complete data. Let Z = (

Y ′
1, X ′) be a random vector

4An observation is either complete, subject to attrition, or part of a re-
freshment sample.

5As opposed to the IPW estimator, the doubly robust estimator in section
VC does use imputation.

of data, let β be an unknown parameter vector of size K × 1,
and let ψ (Z, β) be a p × 1 vector of moment functions, with
p ≥ K .6 The true value of the parameter, β0 ∈ B ⊂ RK , is
defined by assumption 1.

Assumption 1. E (ψ (Z, β)) = 0 ⇔ β = β0.

In this paper, not all elements of the vector ψ (Z, β) are
always observable. To model this, let D be an incomplete data
indicator with J + 1 outcomes, or incomplete data patterns,
{d1, . . . , dJ+1}. Every incomplete data pattern corresponds
to a stratum defined by data availability. An incomplete data
pattern d j is a p × p selection matrix that selects the elements
of ψ that are observable for an observation in stratum j. In
other words, the researcher observes Dψ (Z, ·). In stratum
J + 1, none of the components of ψ are observed: dJ+1 =
Op×p.

The following three examples illustrate the setup. (Addi-
tional examples can be found in appendix C.)

Example 1: Linear IV. Consider a linear instrumental vari-
ables model with a dependent variable y, two endogenous
variables X = (X1, X2), and two instruments W = (W1,W2).
Set Z = (y, X,W ), and define the moment function,

ψ (Z, β) =
[

W1 (y − Xβ)

W2 (y − Xβ)

]
,

so that the parameter vector β0 is defined through the moment
condition E (ψ (Z, β0)) = 0. The incomplete data indicator
takes one of J + 1 = 4 values:

D ∈
{

d1 =
[

1 0

0 1

]
, d2 =

[
1 0

0 0

]
, d3 =

[
0 0

0 1

]
,

d4 =
[

0 0

0 0

]}
.

For d1, this corresponds to observing all variables,

d1ψ (Z, β) =
[

W1 (y − Xβ)

W2 (y − Xβ)

]
,

for any value of β. In the stratum with D = d2, only the in-
strument W1 is available. This corresponds to observing

d2ψ (Z, β) =
[

W1 (y − Xβ0)

0

]
.

Similarly, in the stratum with D = d3, only the second in-
strument, W2, is observed. Finally, the stratum with D = d4

corresponds to the observations for which both instruments
are unavailable or for which the dependent variable or one of
the regressors is not observed.

6Wherever possible, I will use the notation in Graham (2011) to facilitate
a comparison with the missing at random setup in that paper.
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Models with multiple, incompletely observed instruments
are relevant for applied practice. Some examples include Card
(1995), Rodrik, Subramanian, and Trebbi (2005), and Angrist
et al. (2010). Methodological contributions include Abrevaya
and Donald (2011), Mogstad and Wiswall (2012), and Feng
(2018).

Example 2: Rotating dynamic panel. Consider a five-
period fixed-effects autoregressive distributed lag model with
regression equation

Yit = αi + ρYi,t−1 + Xitβ1 + Xi,t−1β2 + uit , t = 1, . . . , 5.

(2)

Because of the presence of the fixed-effects αi, estimation
of the parameters θ = (ρ, β1, β2) is based on the regression
equation in first differences:

�Yit = ρ�Yi,t−1 + �Xitβ1 + �Xi,t−1β2 + �uit ,

t = 2, . . . , 5. (3)

In the estimation of empirical growth models and production
functions, it is typically assumed that E [�uit |Yi,t−3,Yi,t−4,

Xi,t−3, Xi,t−4] = 0.7

For a hypothetical unit with five time periods, we have

E

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

Yi2�ui5

Xi2�ui5

Yi1�ui5

Xi1�ui5

Yi1�ui4

Xi1�ui4

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
= 0.

Assume that a rotating panel is available. There are two co-
horts, each providing four consecutive time periods. The first
cohort enters the sample in period 1 and leaves in period 4.
The second cohort enters the sample in period 2 and leaves
in period 5. In that case, the incomplete data indicators are

d̃1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 1 0

0 0 0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
, d̃2 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0

0 1 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

Example 6 in appendix C discusses a closely related dy-
namic panel model with a more complex pattern of missing-

7Further lags of the dependent and explanatory variables would also qual-
ify as instruments, but are not available for any t because we are considering
only five time periods. Closer lags are not valid instruments due to mea-
surement error and endogeneity.

ness. Such examples are abundant in empirical work (see the
applications in Arellano & Bond, 1991; Schularick & Steger,
2010; Topalova & Khandelwal, 2011; and Acemoglu et al.,
2015, 2018, among many others). In section VI, I revisit the
study by Topalova and Khandelwal (2011) using the methods
developed in this paper.

Example 3: Panel binary choice. Consider a three-period
fixed-effects logit model for the dependence of a sequence
of binary outcomes Yi = (Yi1,Yi2,Yi3) on k-dimensional
covariates Xi = (Xi1, Xi2, Xi3) through conditional choice
probabilities:

P (Yit = 1|Xi, αi) = � (αi + Xitβ) , t = 1, 2, 3.

With complete data, estimation of the common parameters
proceeds by conditional maximum likelihood, based on the
conditional probability

P

(
Yi = y|

∑
t

yt = c, Xi

)
= exp

(∑
t yt Xitβ

)∑
d∈Bc

exp
(∑

t dt Xitβ
) , (4)

where Bc is the set of all sequences d with
∑

t dt = c (see
Chamberlain, 1980, and Cameron & Trivedi, 2005). Estima-
tion of β based on equation (4) requires that all time periods
are available for each cross-section unit.

I am not aware of any available estimator for β that al-
lows for data to be incomplete at random.8 However, the
present framework easily accommodates this setting. Con-
sider a combination of two distinct time periods, {(s, t ) : 3 ≥
t > s ≥ 1}. The random variables (Yis,Yit , Xis, Xit ) follow a
two-period binary choice model, with conditional probability
P(Yit = 1|Yis + Yit = 1, Xi) = �((�st Xi)β), where �st Xi =
Xit − Xis, that is, a cross-sectional logit for a subpopulation
of switchers. The score is

E
[
Ai,st (�st Xi) (Yit − � ((�st Xi) β))

] = 0, (5)

where Ai,st = 1 {Yis + Yit = 1}.
The three-period model implies three such two period mod-

els and 3k moment conditions:

E

⎡⎢⎣Ai,12 (�12Xi) (Yi2 − � ((�12Xi) β))

Ai,13 (�13Xi) (Yi3 − � ((�13Xi) β))

Ai,23 (�23Xi) (Yi3 − � ((�23Xi) β))

⎤⎥⎦ = 0. (6)

For a cross-section unit with complete data, the incomplete
data indicator is d1 = I3k: all moment functions can be com-
puted. For a cross-section unit that drops out after period 2
(attrition), d2 = e1,3 ⊗ Ik . For a cross-section unit that enters
the sample in period 2, d3 = e3,3 ⊗ Ik . For a cross-section

8For example, Papke and Wooldridge (2008) write: “The nonlinear models
we apply are difficult to extend to unbalanced panel data—a topic for future
research.” Their discussion indicates Papke (2005) as an application of the
methodology developed here.
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unit that is not observed in period 2, d4 = e2,3 ⊗ Ik . A cross-
section unit that misses more than one period has d5 = O3k .

The approach outlined in this example transfers to most
panel models with unbalanced data. Unbalanced panels are
ubiquitous in applied work across fields (see, e.g., Topalova
& Khandelwal, 2011; de Loecker & Warzynski, 2012; Becker
& Woessmann, 2013; Sturm & de Haan, 2015; and Yagan,
2015, among many others).

B. Identification

The following assumption guarantees identification for the
incomplete data setting, given that identification holds for
complete data, that is, assumption 1 holds:

Assumption 2. Every component of ψ is observable in at
least one stratum, so that the matrix

∑J
j=1 d j has full rank.

Assumption 2 rules out situations in which a component of
ψ is never observed. If assumption 2 fails, the analysis may
proceed after removing the never-observed components from
ψ (provided that assumption 1 holds for the reduced set of
moment conditions).

Assumption 2 can hold even if identification fails in every
stratum. This is an important distinction between the setup
here and the multivalued treatment framework in Cattaneo
(2010; see appendix B). The following examples illustrate
this for two distinct cases: (a) there exists at least one stratum
in which the parameters are identified, and (b) identification
fails in every stratum. In case (a), standard results from the
MAR setup can be applied to one of those strata, but the
resulting procedure will be less efficient than the estimators
proposed below. In case (b), the results proposed below are
required for identification.

Example: Linear IV (continued). Recall example 1. Exist-
ing results for missing data can be used to define an estimator
based on the subpopulation with both instruments observed
(stratum 1, with d1 = I2). The results in my work can be ap-
plied to obtain more efficient procedures (see the analysis in
section IVA).

Now consider example 4 in appendix C, which differs from
example 1 because no complete observations are available.
Instead, for every observation, exactly one instrument is avail-
able. This corresponds to strata 2 and 3, with

d2 =
[

1 0

0 0

]
, d3 =

[
0 0

0 1

]
.

Note that d2 + d3 = I2, so assumption 2 is satisfied, even
though identification fails in every stratum. The results below
can be used to obtain a consistent and efficient estimator that
deals with this problematic data setting.

Example: Rotating dynamic panel (continued). Recall ex-
ample 2. For the first stratum, only two moment conditions
are available to three parameters: stratum identification does

not hold. Similarly, stratum identification does not hold for
the second stratum. Furthermore, assumption 2 does not hold
for this formulation, since d̃1 + d̃2 	= I6. In other words, two
of the moment functions are not computable for any individ-
ual. For this reason, reduce the moment conditions to

ψ (Zi, θ) =

⎡⎢⎢⎢⎣
Yi2�ui5

Xi2�ui5

Yi1�ui4

Xi1�ui4

⎤⎥⎥⎥⎦
so that

Di ∈

⎧⎪⎪⎪⎨⎪⎪⎪⎩d1 =

⎡⎢⎢⎢⎣
0 0 0 0

0 0 0 0

0 0 1 0

0 0 0 1

⎤⎥⎥⎥⎦ , d2 =

⎡⎢⎢⎢⎣
1 0 0 0

0 1 0 0

0 0 0 0

0 0 0 0

⎤⎥⎥⎥⎦
⎫⎪⎪⎪⎬⎪⎪⎪⎭ ,

and assumption 2 is satisfied for the reduced set of moment
conditions.

The framework in this paper can now be applied directly to
estimate the parameters in the ADL model. Existing results
for dynamic panel models suggest that five time periods are
required for identification. However, the results that follow
show that identification can be obtained using a rotating panel
with four periods per individual. An efficient estimator for
the parameters in that model follows immediately from the
general results in this paper. This case is investigated in a
simulation study in appendix D1.

Example: Panel binary choice (continued). Recall exam-
ple 3. For this model, the results in this paper are not nec-
essary for identification: the researcher could simply discard
strata 2 through 5 and apply results for the standard MAR
setup to the balanced subpanel (stratum 1, d1 = I3k). How-
ever, the efficiency gains can be substantial when the proba-
bility of missingness is large, as will be demonstrated using
Monte Carlo simulations in appendix D. Similar efficiency
gains may be obtained using the results in Cattaneo (2010,
section 5.5).9

C. Sampling

The remainder of the paper analyzes efficient estimation of
β0 under the following assumptions on the sampling design
and data availability.

Assumption 3. (i) Random sampling: {(Zi, Di), i = 1, . . . ,

n} is an i.i.d. sequence; (ii) the researcher observes Di, Xi, and
Diψ(Zi, β) for all β ∈ B; (iii) missing at random: Y1 ⊥ D|X ;

9Strictly speaking, this would require an extension of the results in Catta-
neo (2010) that allows the moment conditions to depend on the stratum. An
inspection of his proofs suggests that such an extension is straightforward.
See appendix B for more details on the relationship between Cattaneo’s
results and those in this paper.
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(iv) overlap: there exists a κ > 0 such that

p j,0 (x) = P
(

D = d j

∣∣X = x
) ≥ κ (7)

for all j = 1, . . . , J + 1 and for all x ∈ supp (X ).

This assumption generalizes the standard assumptions for
missing data, in which an observation is either complete or
completely missing. Assumptions 1, 2, and 3 reduce to the
standard missing at random (MAR) setup if J = 1 and d1 = Ip

(see, e.g., Graham, 2011). In what follows, I will refer to that
case as “missing data” or “the standard MAR setup.” One dif-
ference with the standard MAR setup is that the conditional
independence assumption in part iii could be generalized to
let the conditioning covariates vary by stratum, using the re-
sults in Hristache and Patilea (2016).

MAR assumption 3(iii) says that all observable data must
be independent of what subset of data is available, conditional
on some covariates X . This assumption is best understood in
the context of an example. In the linear IV example, MAR
requires instrument availability to be conditionally indepen-
dent of the value of the instruments, the covariates, and the
error term in the model. In the context of the panel binary
choice model, it requires that the availability of data for a
given cross-section unit in a certain period is independent of
the fixed effect of that individual and that it is also indepen-
dent of the covariates and error terms in all time periods.10

IV. Efficiency Bound

Assumptions 1 and 3 imply a set of conditional and uncon-
ditional moment conditions for each stratum. For each j ∈
{1, . . . , J}, define the stratum indicator s j = 1

{
D = d j

}
.

The conditional moment restrictions,

E

[
s j

p j,0 (X )
− 1

∣∣∣∣X

]
= 0 for all j = 1, . . . , J, (8)

define the propensity scores, equation (7). In the standard
MAR setup, Graham (2011) refers to such moment condi-
tions as “auxiliary moments.” Furthermore, the unconditional
moment restrictions

E

[
s j

p j,0 (X )
d jψ (Z, β0)

]
= 0, j = 1, . . . , J, (9)

hold. These generalize Graham’s “identifying moments” to
the incomplete data context. The sample analogs of moment
conditions (8) and (9) can be computed with the available
data (see assumption 3ii).

10This assumption can be weakened. The crucial assumption on indepen-
dence is that the moment functions are mean-independent of the incomplete
data indicator conditional on the confounders. For example, in the linear IV
example, the MCAR assumption can be weakened to: “In each stratum, the
observable instruments should be valid.” However, with some effort, one
can construct examples where identification fails under this weaker mean-
independence assumption. For this reason, the stronger MAR assumption
is maintained in this paper.

In what follows, denote by

�0 ≡ ∂E [ψ (Z, β0)]

∂β0
(10)

the expected derivative of the moment functions evalu-
ated at the truth, if it exists. Also, denote by �0 (X ) ≡
Var [ψ (Z, β0)| X ] the conditional variance of the moment
function.

Assumption 4. (i) The distribution of Z has known, finite
support; (ii) B is open, and there exists a β0 ∈ B and 0 <

p j,0 < 1, j = 1, . . . , J, such that equations (8) and (9) hold;
(iii) ψ is continuously differentiable on � for all values in
the support of Z , and �0 has full rank; (iv) �0 (x) is invertible
for all x ∈ supp (X ).

These assumptions translate the requirements for lemma 2
in Chamberlain (1987) and theorem 1 in Graham (2011) to the
incomplete data setting. Below, I follow their results in con-
structing a semiparametric efficiency bound. Part i imposes
that the data follow a multinomial distribution. The estima-
tors I propose do not require this and still achieve the bound in
the upcoming theorem 1. Remark 2 provides some additional
discussion on this restriction. Part ii is not restrictive. Part iii
is a strong assumption on the smoothness of the moment
function. In the large sample theory developed in the remain-
der of this paper, this assumption is relaxed. The proposed
estimators allow for nonsmooth moment conditions and still
achieve the efficiency bound. Part iv requires enough varia-
tion in the conditional moments, which is readily checked in
a given application.

Theorem 1 (Efficiency Bound). If assumption 4 holds, then
the information bound for any regular estimator for β0 is
given by

I0 (β0) = �′
0

⎛⎝∑
j

(
d j� jd j

)+⎞⎠�0, (11)

where

� j = E

[
�0 (X )

p j,0 (X )
+ q0 (X ) q′

0 (X )

]
, (12)

q0 (X ) = E [ψ (Z, β0)| X ] . (13)

Proof. See appendix A1.

Section IVA provides an interpretation for this bound using
the linear IV example. For an interpretation in the general
context, recall the information bound for the binary missing
data case (see, e.g., Graham, 2011),

IMD = �′
0�

−1
1 �0, (14)

where �1 is a stratum-specific variance as in equation (12),
for the complete-data stratum with p j,0 = p0 the standard
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propensity score, and d1 = Ip. First, note that the new bound
in equation (11) is therefore a generalization of the bound for
the MAR setup with J = 1, d1 = Ip.

Second, note that the contribution of stratum j to the in-
formation bound is

I j (β0) = �′
0

(
d j� jd j

)+
�0, (15)

in the sense that I0 (β0) = ∑
j I j (β0). Compare equations

(14) and (15). The new bound in equation (11) has the inter-
pretation that it is the sum of the information in the J implied
binary missing data problems.

Remark 1. The bound is reminiscent of the bound for mul-
tivalued treatment effects (see Cattaneo, 2010). Appendix
B explores the relationship between the two frameworks in
detail (see also section IIA). To make a comparison of the
bounds, we must consider the case where d j = Ip for all
j. Then the observation in section 5.5 in Cattaneo (2010)
can be applied. In the framework of that section, set π

equal to β0 in this paper, and set β (π) = (π, . . . , π) so that
∂β (π∗) = ιJ ⊗ Ip. The equivalence of the bounds then fol-
lows immediately.

Remark 2. The bound in theorem 1 is for discrete data (as-
sumption 4(i)). This is an approach that follows Chamberlain
(1987; see also Chamberlain, 1992a, 1992b, and Graham,
2011). An alternative approach would avoid the multinomial
assumption.11 However, the bound in equation (11) can be
shown to apply to arbitrary distributions.12

A. Linear IV Case

Consider example 1 (linear IV) from section III, with a set
of instrumentsW = (W1,W2) and an error term u = y − Xβ0,
β0 ∈ R such that the moment conditions are given by

E [ψ (Z, β0)] = E

[
W1u

W2u

]
= 0. (16)

Either instrument can be missing, so J = 3 and the incom-
plete data indicator has support:

D ∈
{

d1 =
[

1 0

0 1

]
, d2 =

[
1 0

0 0

]
, d3 =

[
0 0

0 1

]
,

d4 =
[

0 0

0 0

]}
.

Some additional restrictions will allow us to compare the
efficiency bound in equation (11) to several estimators in

11See Bickel et al. (1993), Hahn (1998), Chen et al. (2008), and Cattaneo
(2010). The lack of invertibility apparent from equation (15) creates some
technical difficulties in this approach.

12See theorem 2 in Chamberlain (1987) for the unconditional case and
theorem 3 for the conditional case. Demonstrating that it can also be done
for the mixed conditional/unconditional case is beyond the scope of this
paper.

common use. First, assume that X = 1 (i.e., incompleteness
is completely at random) and that each instrument is miss-
ing with probability p, so that p10 = (1 − p)2 and p20 =
p30 = p (1 − p). Second, unbeknown to the researcher, let
E
(

u2
∣∣W

) = σ2. Then

E
[
ψ (Z, β0) ψ (Z, β0)′

] = σ2E
[
WW ′]

= σ2�Z = σ2

[
1 ρ

ρ 1

]
.

Finally, assume that the instruments are equally correlated
with the endogenous variable, E [W X ] = σxwι2, with ιm the
unit vector of length m.

The expression for the bound now simplifies because
q0 (X ) = 0 and � j = σ2

1−p j0
�Z , and the expected derivative

is �0 = −σxwι2. The contribution of stratum j to the infor-
mation bound, equation (15), is therefore given by

I j (β0) = σ2
xw

σ2

(
1 − p j0

)
ι′2
(
d j�Zd j

)+
ι2.

For strata 2 and 3,

I2 (β0) = I3 (β0) = σ2
xw

σ2
(1 − p (1 − p)) . (17)

For the full data stratum,

I1 (β0) = 2σ2
xw

σ2

(1 − p)2

1 + ρ
.

We can now conclude two things. First, the ratio of infor-
mation in the incomplete strata 2 and 3 relative to stratum 1
is

I2 + I3

I1
= (1 + ρ)

1 − p + p2

1 − 2p + p2
.

If ρ = 0, the two incomplete strata contain more information
than the complete one, demonstrating that the information in
the incomplete strata is not negligible.

Second, the information bound is

I0 (β0) =
∑

j

I j (β0)

= 2σ2
xw

σ2

(
(1 − p)2

1 + ρ
+ (1 − p (1 − p))

)
. (18)

We wish to compare this bound for an optimal estimator to a
few reasonable alternatives. First, the complete case estima-
tor (CC) uses only observations with both instruments. This
corresponds to the standard MAR setup and uses only stra-
tum 1, so that ICC (β0) = I1 (β0) . Second, the infeasible full
data (FD) estimator has both instruments always available,
with information corresponding to the standard bound for
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FIGURE 1.—INFORMATION FOR DIFFERENT SETS OF MOMENT CONDITIONS, AS A

FUNCTION OF ρ, FOR p1 = 0.5

equation (16), IFD = I1 (β0) / (1 − p)2. Third, the available
case estimator replaces all instruments by 0s. This amounts
to estimating each of the moment functions using all the ob-
servations for which that moment function is observed, with
information

IAC (β0) = 2σ2
xw

σ2
× 1 − p

1 + ρ
.

This corresponds to using the moment conditions E [DWu] =
0. To see this, note that

μD ≡ E [D] =
[

1 − p 0

0 1 − p

]
,

so the available case moment conditions have derivative
−σxwμDι2 = −σxw (1 − p) ι2 and variance σ2 (1 − p) �Z .

In figure 1 we plot the asymptotic variance of the estima-
tors, including an optimal one that achieves the efficiency
bound in equation (11), as a function of ρ for p = 0.5.

The key aspect of this comparison is that the two instru-
ments provide similar sources of information. Therefore, as
ρ increases, two effects are expected. First, the total amount
of information for β0 decreases, so we expect the variance of
all estimators to increase. Second, the amount of information
on the instrument that is missing increases. Since the opti-
mal estimator is constructed such that it efficiently exploits
the correlation between the components of the moment con-
ditions, we expect the relative performance of the optimal
estimator to increase.

V. Estimation

Assume that for each stratum j = 1, . . . , J , an estimator
p̂ j for the propensity score p j,0 is available. Estimation of β

can then be based on a matrix-weighted average of sample

analogs of the feasible moment conditions, equation (9), with
the propensity score estimators p̂ j plugged in. The matrix
weights Aj,n are sequences of random K × p matrices, which
lead to the K-dimensional sample criterion function:

Gn (β) =
∑

j

A j,n
1

n

n∑
i=1

si j

p̂ j (Xi)
d jψ (Zi, β) . (19)

The IPW estimator β̂n is defined as the value of β that sets that
function equal to 0: Gn

(
β̂n
) = 0. In what follows, we will use

‖A‖ = √
tr (A′A) to denote the matrix norm for any matrix

A. For a function f : D → R, denote by ‖ f ‖∞ its sup-norm
‖ f ‖∞ = supx∈D | f (x)|.

A. Consistency

To establish consistency of the proposed estimator, we re-
quire some conditions on the propensity score estimators, the
weight matrices Aj,n and their limits, on the function ψ, and
on the parameter space B.

Assumption 5. For each j = 1, . . . , J , the propensity score
estimator is consistent:∥∥ p̂ j − p j,0

∥∥
∞ = op (1) .

Assumption 5 requires the propensity score estimators to
be consistent. Cattaneo (2010, appendix B) proposes a multi-
nomial logistic series estimator that satisfies assumption 5 un-
der mild conditions on the regressors. It can be used without
modification in the present context.

Assumption 6. For each j, there exists a K × p matrix
Aj such that (i) ‖Aj,n − Aj‖ = op (1); (ii) Ajd j = Aj ; and
(iii) rk (A) = K , where A = ∑

j A j .

Part i is standard. Parts ii and iii are necessary for iden-
tification. They restrict the choice of limiting weights Aj to
prevent underidentification. This could happen if Aj assigns
zero weight to moment conditions for which the correspond-
ing elements d j are nonzero. If Aj is chosen as the nonzero
rows of d j , part iii reduces to assumption 2.

Assumption 7. (i) The class of functions
{
ψ (·, β) , β ∈ B

}
is Glivenko-Cantelli; (ii) E

[
sup
β∈B

‖ψ (Z, β)‖
]

< ∞; (iii)

E [ψ (Z, β)] is continuous; and (iv) B is compact.

Part i guarantees the uniform convergence of sample av-
erages of the original moment function ψ to its expectation.
Together with part ii and the assumptions on the propen-
sity scores and their estimators, it implies uniform conver-
gence of the sample criterion function, equation (19). Parts
iii and iv, combined with the limiting objective function hav-
ing a unique 0, guarantee that the minimum of the limiting
objective function is well separated (see the proof for de-
tails). These restrictions are mild. It allows for moment func-
tions that are discontinuous, for example, a maximum score
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estimator for the panel data binary choice model with attrition
and refreshment.
Theorem 2 (Consistency of IPW Estimator). Under assump-
tions 1, 2, 3, 5, 6, and 7,

β̂n
p→ β0 as n → ∞.

B. Asymptotic Normality

We impose some additional smoothness assumptions on ψ

to establish
√

n−asymptotic normality of the IPW estimator.

Assumption 8 (Differentiability). E [ψ (Z, β)] is differen-
tiable in β at β0, and the derivative �0 has full rank.

Assumption 9. For some δ > 0: (i) The class of functions
{ψ (·, β) , ‖β − β0‖ < δ} is Donsker; (ii) the second moment
is locally uniformly bounded:

E

[
sup

‖β−β0‖<δ

‖ψ (Z, β)‖2

]
< ∞.

These assumptions are adapted from Cattaneo (2010, as-
sumption 6). They imply stochastic equicontinuity of the
criterion function. These smoothness assumptions are mild,
requiring differentiability only after smoothing by taking ex-
pectations, and requiring it only at the truth. It rules in, among
other things, a modification of the instrumental variable quan-
tile regression estimator for incomplete data.

Theorem 3 (Limiting Distribution of the IPW Estimator).
Under the conditions of theorem 2 and assumptions 8 and 9
and∥∥p̂ j − p j,0

∥∥
∞ = op

(
n−1/4

)
,

then for any β0 in the interior of B,

√
n
(
β̂n − β0

) d→ N
(

0,
(
�′

0A′V −1
A A�0

)−1
)

, (20)

where

VA =
∑

j

A j� jA
′
j, (21)

with � j as in equation (12).

Remark 3 (Efficiency of the IPW Estimator). The asymp-
totic variance is minimized by setting A∗

j = �′
0

(
d j� jd j

)+
.

This resembles the usual optimal choice of weights in
moment-based estimation, except for the d j , which guarantee
that only observable moment functions are selected for each
stratum. Call the resulting estimator β̂∗

n. Then

√
n
(
β̂∗

n − β0
) d→ N

(
0, I−1

0 (β0)
)
,

that is, the IPW estimator achieves the semiparametric effi-
ciency bound derived in equation (11).

C. Doubly Robust Estimation

For the doubly robust estimator, the researcher uses pos-
sibly misspecified working models for the propensity score
and the conditional expectation function.13 Posit a working
model for the propensity scores,

p j (X ) = ζ1 j
(
h1 (X ) γ j

)
, j = 1, . . . , J, (22)

where h1 (X ) is a K1 × 1 transformation of the confounders
X , and the γ j are the associated regression coefficients.

Posit a working model for the conditional expectation
function,

q0 (X ) = ζ2β (h2 (X ) δ) , β ∈ B, (23)

where h2 (X ) is some K2 × 1 vector of transformations h2 (X )
with regression coefficient δ.

Assumption 10 (Correct Parametric Specification). (i) For
each j = 1, . . . , J , there exists a γ j,0 ∈ RK1 such that
p j,0 (X ) = ζ1 j

(
h1 (X ) γ j,0

)
a.s.; (ii) there exists a δ0 ∈ RK2

such that for all β ∈ B, q0 (X, β) = ζ2β (h2 (X ) δ0) a.s.

Assumption 10i holds if the propensity score working
model is correctly specified. This restriction is more strin-
gent than in the usual missing data case: the model must be
correctly specified for all strata. Assumption 10ii requires the
working model for the conditional expectation function to be
correctly specified for all β. This is a standard requirement in
the analysis of parametric doubly robust estimators.

Assumption 11. (i) For each j = 1, . . . , J , there exists an

estimator γ̂ j,n such that γ̂ j,n
p→ γ0 and

√
n
(̂
γ j,n − γ0

) d→
N

(
0, �γ, j

)
and (ii) there exists an estimator δ̂n such that

δ̂n
p→ δ0 and

√
n
(̂
δn − δ0

) d→ N (0, �δ).

Assumption 11 requires that estimators are available that
are consistent and asymptotically normal at the parametric
rate. This is not a restrictive assumption: the parameters in the
working models can typically be estimated using maximum
likelihood (for γ j,0) and nonlinear least squares (for δ0).

Consider the criterion function

GDR
n (β)

=
∑

j

A j,n
1

n

n∑
i=1

(
si jd jψ (Zi, β)

ζ1 j
(
h1 (Xi) γ̂ j,n

)
− si j − ζ1 j

(
h1 (Xi) γ̂ j,n

)
ζ1 j

(
h1 (Xi) γ̂ j,n

) d jζ2β

(
h2 (Xi) δ̂n

) )
, (24)

and define the DR estimator β̃n through GDR
n

(
β̃n
) = 0. On

top of inverse propensity score weighting, the DR estimator

13There is a large literature on doubly robust estimation. Some contribu-
tions closely related to current setup include Cattaneo (2010), Tan (2010),
Graham (2011), Graham et al. (2012, 2016), and Rothe and Firpo (2019).
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makes a covariate adjustment based on an estimate of the
conditional expectation function.

Assumption 12. (i) The class of functions {ζ2β(h2(·)δ0), β ∈
B} is Glivenko-Cantelli and

E

[
sup
β∈B

∥∥ζ2β (h2 (X ) δ0)
∥∥] < ∞;

(ii) there exists a κ̃ > 0 such that ζ1 j
(
Xγ j,0

) ≥ κ̃ for all j.

These assumptions guarantee that equation (24) converges
uniformly to its limit uniformly. Given that the researcher
is in control of the working models, this is not a restrictive
assumption.

Assumption 13. (i) For each j = 1, . . . , J , the link func-
tion ζ1 j (·) has a derivative ζ ′

1 j , and there exists an ε1 >

0 such that sup‖γ j−γ j0‖<ε1
E [‖ζ ′

1 j

(
h1 (X ) γ j

)
h1 (X ) ‖] < ∞;

(ii) for each β ∈ B, there exists an ε2 > 0 such that
sup‖δ−δ0‖<ε2

E [‖ζ2β (h2 (Xi) δ)‖] < ∞; (iii) for each β ∈ B,
the link function ζ2β has a derivative ζ ′

2β, and there exists an
ε3 > 0 such that

sup
‖δ−δ0‖<ε3

E
[∥∥ζ ′

2β (h2 (X ) δ) h2 (X )
∥∥] < ∞.

Assumption 13 imposes some conditions on the working
models that guarantee that the resulting class of criterion
functions is well behaved. The smoothness assumptions on
the working models are stronger than those for the original
moment functions, which is reasonable given that the work-
ing models are under the control of the researcher.

Theorem 4 (DR Consistency). If assumptions 1, 2, 3, 6, 7,
and 11 hold and at least one of Assumptions 10i or 10ii holds,

then β̃n
p→ β0.

Theorem 4 provides conditions under which the DR esti-
mator β̃n is consistent. In particular, it shows that β̃n is indeed
doubly robust: only one of the working models needs to be
correct for consistency. For asymptotic normality and infer-
ence, I impose some additional structure. The results could be
generalized to nonsmooth settings by using techniques like
those in theorem 3.
Assumption 14 (Additional Smoothness). There exists
a δ > 0 such that (i) ψ (·, β) is continuously differ-
entiable with respect to β on ‖β − β0‖ < δ, and (ii)
E
[
sup‖β−β0‖<δ ‖ψ (Z, β)‖] < ∞.

Theorem 5. If the conditions for theorem 4 are satisfied, and
assumption 14 holds, then

√
n
(
β̂n − β0

) d→ N
(

0,
(
�′

0A′V −1
A A�0

)−1
)

,

where VA is as in theorem 3.

This theorem says that the DR estimator with correctly
specified parametric propensity score and conditional expec-

tation function obtains the same limiting distribution as the
IPW estimator with nonparametric propensity score. If the
limiting weight matrices are chosen as in remark 3, then the
DR estimator is locally efficient.14

D. Inference

If the working models for the propensity score and the
outcome equation are correctly specified, the limiting distri-
butions of the IPW and DR estimators coincide. Recall that
the asymptotic variance is given by

(
�′

0A′V −1
A A�0

)−1
, where

VA = ∑
j A j� jA′

j . Consistent standard errors therefore re-
quire consistent estimators for �0 and � j , j = 1, . . . , J .

An appropriate estimator for �0 depends on the specific
application. For differentiable moment conditions, an analog
estimator may be based on the expression for the derivative.15

Cattaneo (2010, theorem 7) provides a general approach for
smooth moment conditions that could be modified for in-
completely observed moments. The estimator in Pakes and
Pollard (1989) can be used for nonsmooth cases. In what fol-
lows, it is assumed that any such consistent estimator �̂n is
available.

Recall that the inversely weighted moment conditions have
the variance that we are after:

� j = E

[
s j

p2
j (X )

ψ (Z, β0) ψ (Z, β0)′
]

(25)

= E

[
�0 (X )

p j,0 (X )
+ q0 (X ) q′

0 (X )

]
. (26)

A natural estimator for � j is therefore

�̂ j = 1

n

n∑
i=1

si j

p̂ j (Xi)
d jψ (Zi, βn) ψ (Zi, βn)′ d j,

where βn is a consistent estimator for β0. The following result
clarifies the conditions under which consistent standard errors
can be based on �̂ j .

Theorem 6. If βn
p→ β0,

∥∥�̂n − �0

∥∥ = op (1), assumptions
5, 6, and 3 hold, and if (i) ψ is continuous at β0

almost surely; and (ii) there exists a δ > 0 such that
E
[
sup‖β−β0‖<δ ‖ψ (Z, β)‖2

]
< ∞, then(

�̂′
nA′

nV̂
−1

A,n An�̂n
)−1 p→ (

�′
0A′V −1

A A�0
)−1

,

where V̂A,n = ∑
j A j,n�̂ jA′

j,n and An = ∑
j A j,n.

14It attains the efficiency bound, equation (11), which does not incorporate
the knowledge about the parametric models if both parametric models are
correctly specified.

15As an example, the linear IV example has �0 = −E

[
W1X

W2X

]
, which can

be estimated consistently by using the framework outlined in this paper or
by using an IPW estimator from the stratum with complete data.
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In the next section, we investigate the finite sample per-
formance of this estimator. An alternative estimator for � j

would use estimate �0 and q0 jointly from the J strata using
the expression in equation (26).

E. Simulation Results

This section summarizes the results from a simulation
study, the details of which are in appendix D. The study con-
tains four designs. In three of those four, the DGP satisfies
MCAR; the fourth satisfies MAR. Two of the four designs
are dynamic panel models (section D.1); the other two are
fixed effects binary-choice models (section D.2). Identifica-
tion holds in no stratum in the first design; it holds in each
stratum in the remaining designs.

The first design revisits example 2. This design is interest-
ing because identification fails in each stratum and because
no estimator is currently available for this example. I docu-
ment the performance of the IPW estimator and show that
its performance increases as (a) ρ increases and (b) the two
cohorts become more different in terms of the information
they provide.

The second design revisits example 6, a version of example
2 with an additional time period and cohort. In this version,
identification holds for each stratum. This design is interest-
ing because existing estimators are available, which allows
us to document the efficiency gain of the proposed estimator
relative to existing ones. The IPW estimator dominates the
other estimators in terms of performance.

The third and fourth designs revisit the fixed-effects bi-
nary choice model in example 3. The third design looks at
the MCAR case. We quantify the efficiency loss due to in-
completeness and show that it is driven by the variance (the
bias is negligible) and is lower for the IPW estimator in this
paper than for existing procedures. In design 4, we show that
the results go through under MAR and that not controlling
for selection can lead to severe bias.

VI. Empirical Illustration

This section revisits the analysis in Topalova and Khan-
delwal (2011, henceforth TK), who investigate the effect of
a trade reform using unbalanced firm-level panel data from
India. Their paper provides details regarding data and back-
ground. Their analysis provides an ideal test for the incom-
plete data estimators developed in this paper because their
data are very unbalanced. For example, fewer than half of the
firms are observed over the entire period, and there are 46 dis-
tinct patterns. Appendix E contains two figures that describe
the incompleteness of the data in more detail.

This section focuses on efficiency gains from using the es-
timators developed in this paper. An alternative consideration
is selection, because it is theoretically possible that selection
plays a role in the unbalancedness of the panel. However, a
comparison of columns 3 and 4 in table 4 in TK suggests that
this is not the case. Furthermore, experiments with propen-

TABLE 1.—RESULTS FOR THE STATIC PANEL MODEL

Available Case Complete Case

TK (3) Rep. TK (4) Rep. Efficient

β Estimate −0.053 −0.035 −0.059 −0.031 −0.043
SE (0.016) (0.013) (0.017) (0.011) (0.009)
n 14,808 14,808 8,059 8,059 —

Rep.: Replications of results.

sity scores that depend on the size and age of a firm did not
yield different results. For this reason, I present results under
MCAR.

Among other contributions, TK estimate the effects of
industry-specific output tariffs on the total factor productiv-
ity of firms. Their estimates in table 4, columns 3 and 4, are
based on a static panel model,

pri jt = αi + βtrade j,t−1 + Xi jtγ + ui jt , (27)

where i indicates one of 3,108 firms, j indicates a four-digit
NIC industry, and t indicates a year in the period 1990 to 1996.
The dependent variable pr is a productivity measure con-
structed from production function estimates (see TK, 998).
The main explanatory variable trade is output tariff measured
at the industry level, lagged by one year. In my reexamina-
tion, Xi jt consists only of time dummies. The quadratic age
term in TK is closely approximated by the combination of
firm and time fixed effects, so that omitting it has almost no
effect on the estimated effect of tariffs.

TK estimate this model using the panel fixed-effects (FE)
estimator. I instead use a first-difference (FD) estimator. In
the static model, FD and FE give very similar results. My
reason for using FD is that the estimator for the dynamic
model is also estimated via FD.

The FD moment conditions are

E

⎡⎢⎢⎢⎢⎢⎢⎣

�trade j,89�ui j,90

�ui j,90

...

�trade j,95�ui j,96

�ui j,96

⎤⎥⎥⎥⎥⎥⎥⎦ = 0, (28)

where �ui jt = ui jt − ui j,t−1, and so on. The moment condi-
tions involving �trade follow from the exogeneity of tariff
changes to firm-level decisions. The remaining moment con-
ditions define the time dummies. The incomplete data pattern
for a completely observed firm is D1 = I14. A firm that drops
out in 1991 has D2 = e1,2 ⊗ I7, and so on. In what follows,
I discard patterns with fewer than twenty firms. For such
patterns, the number of observations is insufficient for the
estimation of the corresponding part of the optimal weight
matrix.

Table 1 contains the results.16 The column “TK (3)”
reprints the results from column 3 in table 4 of TK. It

16Additional descriptive statistics are in appendix E, table 8.
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TABLE 2.—RESULTS FOR THE DYNAMIC PANEL MODEL

TK (6) Rep. Efficient

β Estimate −0.048 −0.041 −0.037
SE (0.013) (0.016) (0.013)

ρ Estimate 0.455 0.472 0.228
SE (0.068) (0.057) (0.032)

Rep.: Replications of results.

corresponds to an “available case” estimator, which replaces
unobservable moment functions by 0s. Column “TK (4)” cor-
responds to column 4 in table 4 of TK, which implements a
complete case estimator, which uses only firms for which all
measurements are available in all time periods (a balanced
subpanel). The adjacent “Rep” columns contain my repli-
cations of those results. The replicated results are slightly
different, because (a) I use optimally weighted FD instead
of FE; (b) I use bootstrap standard errors rather than robust
standard errors; (c) I did not include age and age2 as control
variables.

The column “Efficient” implements the estimator proposed
in this paper. The main takeaway from table 1 is that this
leads to the lowest standard errors, demonstrating the effi-
ciency gains that can be obtained. Table 8 (appendix E) shows
that relative efficiency varies with the parameter of interest.
However, the estimator proposed in this paper dominates the
complete case and available case estimators.

The dynamic model (TK, column 6) adds an autoregressive
term to the productivity equation:

pri jt = αi + ρ pri j,t−1 + β trade j,t−1 + Xi jtγ + vi jt . (29)

TK estimate the parameters in this model using the procedure
in Arellano and Bond (1991), which is a GMM estimator
based on the moment conditions

E

⎡⎢⎣� trade j,t−1�vi jt

�vi jt

pri jt−s�vi jt

⎤⎥⎦ = 0, for t = 90, . . . , 96,

s = t − 2, t − 3, . . . , 90.

Table 2 compares the result in TK with my replication, as
well as with the efficient estimator proposed in this paper.
The replication is not exact because my replication does not
include the age term, as mentioned above. Note that the effi-
cient estimator yields substantial improvements for efficient
estimation of the autoregressive parameter (more than 50%
relative to TK).

VII. Conclusion

Many data sets used in applied econometrics are incom-
plete: different information is available for different sampling
units. In this paper, I propose a framework for parameter esti-
mation with incomplete data by deriving moment conditions
for the incomplete data that generalize those for standard

MAR setup for missing data. First, I state conditions under
which identification can be obtained with incomplete data.
Second, I derive the efficiency bound for this framework.
Third, I propose and analyze IPW and DR estimators that at-
tain the efficiency bound. The results are useful for analyzing
unbalanced panels, as shown in an application to the analysis
of the effect of trade reforms on firm productivity in India.
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