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Abstract  9 

An empirical nonlinear, frequency-dependant, spring-mass system is conjectured for modelling human 10 

rhythmic jumping. This model is vital for correctly estimating human-structure dynamic interactions. 11 

An experimental study was employed to evaluate the leg mechanics and dynamic loading of a human 12 

jumper. Testing was performed over a large range of prescribed jumping frequencies. Subjects 13 

performed rhythmic jumps on a force plate and they were monitored by a motion capture system from 14 

which the displacement of the centre of mass was identified. Least squares system identification was 15 

utilised to determine the parameters of the spring-mass model for human rhythmic jumping. A nonlinear 16 

stiffness, rather than a conventional linear spring, is proposed to better capture the observed behaviour 17 

during periodic jumping. Force-displacement curves of each subject, during the contact phase of 18 

rhythmic jumping, were explored. These display an array of both classical Duffing’s type nonlinear 19 

softening and hardening spring stiffnesses over the range of jumping frequencies. The coefficients of 20 

the Duffing’s type model are observed to be highly sensitive to jumping frequency. A Poincaré section 21 

(phase-space) representation is used to visualise the jumping attractor’s topology. Thus, an 22 

experimental bifurcation analysis is performed suggesting the presence of both period doubling and 23 

fold bifurcations. These describe the transition from observed period-2 to period-1 jumping and 24 

coexisting low/high amplitude jumping behaviour. This study presents a framework for characterising 25 

the nonlinear loading of a human performing rhythmic jumping from direct measurements of force and 26 

displacement.  27 
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1. Introduction 37 

Humans are capable of generating significant loading whilst performing a variety of activities, such as: 38 

walking, running, jumping and bobbing [1]. This has proven to cause considerable issues of vibration 39 

serviceability for civil structures over recent decades [2-4]. However, before the human-structure-40 

interactions, of induced structural vibrations, can be understood, the human-induced loading must first 41 

be rigorously studied and characterised. It is an important step to identify the capabilities of the human 42 

body and how this can be summarised conceptually.  43 

 44 

A considerable amount of experimentation has been performed to assess the biomechanics and loading 45 

potential of a human whilst performing different activities [5-18]. Each loading scenario has been 46 

idealised by simple models to try to capture the overall behaviour of the human body. This has led to 47 

considerable research and development of linear based models such as, spring-mass-dampers [19-23] 48 

and inverted pendula [24-26] in both the biomechanics and human-structure interaction literature. For 49 

example, the spring-mass-damper model proposed by Dougill et al. [27] and Alexander [23], describing 50 

human rhythmic bobbing on a structure, is adopted in the IStructE guidelines on stadium dynamics [28]. 51 

Although a good approximation, this methodology has the potential of over-simplifying the intricate 52 

intrinsic behaviour of pedestrian loading. Adopting a nonlinear dynamics-based approach allows a 53 

thorough exploration into the human body system to completely capture and quantify the fundamental 54 

phenomena.  55 

 56 

Previous biomechanics research has indicated that the effective leg stiffness in human hopping is 57 

variable and its modulation is primarily achieved by the ankle joint stiffness [29,30]. However, other 58 

studies suggest that knee stiffness may dictate this leg stiffness adjustment in some instances [31-34]. 59 

This could suggest that multi-body modelling may more accurately capture this interaction in 60 

comparison to the conventional linear spring-mass model [35]. There has been significant research into 61 

modelling approaches of jumping and the associated dynamics for refinements in differing scenarios 62 

[36-38]. These models add complexity by incorporating additional springs, masses and dampers to 63 

characterise specific body limbs. Extensions of the spring-mass model have been developed accounting 64 

for simple nonlinear behaviour of the human body and for the resulting non-smooth mechanics [39-41]. 65 

These models have utilised a phase-space representation to evaluate steady-state behaviour and jumping 66 

attractors, as performed in this paper directly from measured kinematic data.  67 

 68 

There are two main methods in evaluating the linear leg spring stiffness [36]. The most common method 69 

is based on (i) Blickhan’s spring-mass model [35]. The displacement is calculated by double integrating 70 
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the body centre of mass acceleration (with all its problems of low frequency errors), which is identified 71 

from ground reaction force measurements [42]. The maximum force generated is assumed to coincide 72 

with the maximum vertical centre of mass displacement at the midpoint of the contact phase, i.e. the 73 

maximum ground reaction force occurring at the maximum leg compression.  This is again only 74 

universally correct for linear systems. (ii) The second method is based on Cavagna et al. [43] and; 75 

McMahon et al. [44], using the test subject’s mass and the period (or frequency) of a jumping cycle to 76 

calculate the leg stiffness (which implicitly assumes linearity). These methods assume that the ground 77 

reaction force is effectively symmetric and sinusoidal due to linearity. Human-structure interaction 78 

models almost universally assume a linear leg stiffness. This has its limitations for ground reaction 79 

forces where the peak response is not observed at the mid-point in time of the contact phase of the 80 

oscillation which may lead to overestimates in the leg stiffness.  81 

 82 

This paper proposes a novel nonlinear spring-mass model and assesses the validity of a linear spring-83 

mass model to capture the pedestrian-induced loading of a human performing rhythmic jumping. 84 

Nonlinear regression is employed on force-displacement data, onto a cubic polynomial using direct 85 

measurements. Unlike many previous studies in the literature, both force and displacement, are 86 

explicitly measured. Thus, the behaviour of the human leg stiffness over a broad prescribed jumping 87 

frequency range: 1Hz to 3Hz is rigorously studied. Linear regression analysis is also performed as a 88 

direct comparison. Stiffness estimations are performed from entire records of the ground reaction force 89 

(force-plate data) and centre of mass measurements (optical motion-capture data), accounting for both 90 

compressing and extending stages of the contact phase. 91 

 92 

Phase-space and bifurcation analysis are utilised for the first time on this problem to identify the 93 

influence of the jumping frequency on the steady-state behaviour of the biomechanical system.  94 

 95 

This paper aims to: 96 

1. Characterise a nonlinear leg stiffness function, from direct force and displacement 97 

measurements 98 

2. Identify how the estimated linear and nonlinear leg stiffness models vary with jumping 99 

frequency 100 

3. Use bifurcation analysis to describe any observed transitions between different jumping styles            101 

 102 

2. Experimental Procedure 103 
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Biomechanical jumping experiments were performed in the Earthquake & Large Structures (EQUALS) 104 

laboratory at the University of Bristol. Eight test subjects were asked to jump at their preferred jumping 105 

frequency, i.e. no target frequency (NT), and nine target frequencies, provided by a metronome, from 106 

1 to 3 Hz in steps of 0.25Hz. Their anthropometric data is displayed in Table 1. Subjects were given a 107 

1min rest between each test and a 5min rest every four tests to ensure they would not become fatigued, 108 

exhausted or injured. The order of the test frequencies was randomised for each test subject. NT tests 109 

were performed for each test subject, one at the beginning and the other at the end of the experimental 110 

procedure. This was performed to evaluate the influence of an auditory stimuli to the dynamics of a 111 

human’s jumping frequency and the associated dynamics. The subjects provided informed consent for 112 

their anonymised data to be used for research purposes. The Chair of the University of Bristol Faculty 113 

of Engineering Research Ethics Committee confirmed that good ethical principles were adhered to in 114 

the study and that the data collected could be used for publication. 115 

 116 

Test Subject Height 

(m) 

Mass     

(kg) 

Leg length 

(m) 

Sex Age (years) 

T1 1.71 76.6 1.03 F 24 

T2 1.97 77.9 1.08 M 44 

T3 1.97 77.9 1.14 M 25 

T4 1.84 83.3 1.06 M 46 

T5 1.65 66.9 0.99 F 20 

T6 1.55 67.6 0.92 F 21 

T7 1.97  89.1 1.19 M 20 

T8 1.81 73.8 0.98 M 20 

 117 

The experimental setup comprised of an AMTI OR6-7 force plate in parallel with QualysisTM motion 118 

capture software. This provided a complete dataset of combined measurements of displacement and 119 

force for each test. Four infrared cameras were used in the configured QualysisTM vision system. The 120 

locations of the cameras were situated in the setup to ensure the system achieved robust tracking of the 121 

markers in the jumping tests. The force plate and motion capture system were time-synchronised using 122 

an external clock system. Force plate data was acquired at a rate of 5000Hz whilst the vision system 123 

was sampled at 100Hz.  124 

 125 

Tests were performed over a 50s window where the beginning and end 5s (10s total) recorded the force 126 

plate unloaded to retrieve an offset measurement (non-zero value) of the force plate. Subjects were 127 

Table 1 Anthropometric data of 8 test subjects performing in rigid surface jumping experiments 
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asked to stand still on the force plate for 5s before and after performing rhythmic jumping to evaluate 128 

a separate weight measurement. Subjects were asked to perform rhythmic jumping for a period of 30s.  129 

 130 

A 14-marker body system was adopted for the tracking of the human jumping kinematics by the motion 131 

capture vision system via propriety software (Qualisys Track Manager, QTM). This is shown in Figure 132 

2. Markers were fastened using double-sided medical (hypo-allergenic) tape. 14mm diameter spherical 133 

threaded reflective markers, with a plastic flat-like plate, were used allowing easy application to test 134 

subjects. Tight-fitting gym-like attire was worn by test subjects to; (i) allow for placement of markers 135 

close to their body, (ii) minimise anomalous dynamics of the clothing. From this marker setup, a nine 136 

– segment body model was defined following a procedure illustrated by Winter [45] to determine the 137 

human body centre of mass (COM) during the testing procedure. This procedure assumes a kinematic 138 

chain model, treating the human body as an assembly of rigid bodies. It was assumed in the analysis 139 

that the mass of each segment and location of its COM relative to the ends remain fixed during 140 

movement. Markers 3 to 14 were used in the determination of the body COM whilst markers 1 and 2, 141 

placed on the fourth metatarsal bones of each foot, determined the take-off and touch-down timings of 142 

subjects as additional verification alongside the force plate data. Figure 1 and Table 2 illustrates the 143 

markers used to evaluate each body segment. The segment COM is defined relative to the proximal 144 

end, i.e. from the closest end of the limb segment.    145 

  146 

 147 

Segment Extremities 
Defining 

markers 

Segment mass 

normalised by 

mp 

Position of 

Segment COM 

normalised by 

segment length 

Upper arm 
glenohumeral axis 13 

and 
14 

0.028 0.436 
elbow axis 11 12 

forearm and 

hand 

elbow axis 11 
and 

12 
0.022 0.682 

ulnar styloiad 9 10 

thigh 
greater trochanter 7 

and 
8 

0.1 0.433 
femoral condyles 5 6 

foot and lower 

leg 

femoral condyles 5 
and 

6 
0.061 0.606 

medial malleous 3 4 

trunk-head-

neck 
greater trochanter 7   8 0.578 0.66 

Table 2 Definition of body segments [45] 
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 148 

 149 

 150 

 151 

 152 

 153 

 154 

 155 

 156 

 157 

 158 

 159 

 160 

Each segment’s mass and location of its COM relative to the proximal (nearer to body midline in 161 

kinematic chain made of body segments) segment end representing a joint were then identified using 162 

anthropometric data (Table 4.1 in Winter [45]), as presented in Table 2. It is noteworthy that the mass 163 

distribution model used does not distinguish between men and women. This issue might have 164 

introduced some inaccuracies in the results, but the effect is expected to be small and consistent between 165 

all tests for any subject. The three-dimensional coordinates of the subject body COM were then 166 

calculated according to the formula: 167 

 168 

{

𝑋COM

𝑌COM

𝑍COM

} =
1

𝑚𝑝
∑ 𝑚𝑖

𝑛𝑠

𝑖=1

{

𝑥𝑖

𝑦𝑖

𝑧𝑖

}                                                                 (1) 169 

 170 

where XCOM, YCOM, and ZCOM are the three-dimensional coordinates of the position of the COM of the 171 

subject’s body, mp is the subject’s total body mass, ns is the total number of segments, i is the segment 172 

index, mi is the mass of the i-th segment and xi, yi and zi are three-dimensional coordinates of the position 173 

of the COM of the i-th segment.  174 

 175 

Figure 1. Locations of fourteen markers attached to the subject’s body, here shown in the frontal plane. 

Markers 3-14 were used to establish a nine-segment model for determination of the three-dimensional 

motion of the centre-of-mass. Image from [45] used with permission. 
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In calculating the body COM the feet were assumed to move vertically with the lower legs. Since the 176 

feet represent only approximately 2.9% of the body mass [45], the error in the body COM due to 177 

plantarflexion is estimated to be less than 1mm, or less than 1% of typical displacements of the COM 178 

during the contact phase. This error is comparable with other estimated errors in the COM. 179 

 180 

3. Data Processing 181 

During acquisition of force plate measurements an eighth order anti-aliasing Butterworth filter with a 182 

cut-off frequency of 1400Hz was used. Force plate measurements were down sampled and decimated 183 

to the vision system’s sampling frequency of 100Hz for data processing and analysis.  Finally, a fourth 184 

order low-pass zero-phase Butterworth filter with a cut-off frequency of 20Hz was applied to the force 185 

plate and motion capture data to mitigate any high-frequency noise effects. Using the 30s jumping 186 

record, for each test, a 20s record was extracted for analysis of both displacement and force data 187 

measurements. 188 

 189 

To characterise the overall dynamic and kinematic parameters of a test subject’s jumping cycle the 190 

contact time, tc,i, aerial time, ta,i, jumping period, Ti, and maximum vertical ground reaction force (GRF), 191 

Fmax,i, were extracted cycle to cycle from the GRF time-histories measured, where the subscript i 192 

represents the jump index. This schematic procedure is illustrated in Figure 2 which is similar to that 193 

performed by McDonald & Zivanovic [17]and Chen et al [18].  The blue dashed line represents the 194 

bodyweight. These parameters permitted the evaluation of the contact ratio, i, impact factor, Kp,i, and 195 

achieved jumping frequency, fJ,i, for the i-th jumping cycle. This is indicated below as: 196 

 197 

𝛼𝑖 =
𝑡𝑐,𝑖

𝑇𝑖
 , 𝐾𝑝,𝑖 =

𝐹𝑚𝑎𝑥,𝑖

𝑊
, 𝑓𝐽,𝑖 =

1

𝑇𝑖
, 𝑊 = 𝑚𝑝𝑔                                (2) 198 

 199 

The contact ratio, 𝛼𝑖, is defined as the portion of the jumping cycle during the contact phase, 𝑡𝑐,𝑖, to the 200 

total jumping period, 𝑇𝑖. This determines how impulsive a jumping cycle is. The impact factor, 𝐾𝑝,𝑖, is 201 

the ground reaction force normalised to the person’s bodyweight. This can be thought as an 202 

amplification factor. The contact and flight phases were identified using a threshold force corresponding 203 

to a proportion of the test subject’s weight, mpg. This was performed to approximate and define the 204 

take-off and touch-down conditions, for each jump cycle, allowing the evaluation of the parameters, 205 

defined in Eq. (2). This is shown below as: 206 

 207 
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𝐹GRF = {
  0                 |𝐹| ≤ 0.05𝑚𝑝𝑔 ,

𝐹                        𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
                                                  (3) 208 

 209 

 210 

 211 

 212 

 213 

 214 

 215 

 216 

 217 

 218 

 219 

 220 

 221 

 222 

 223 

 224 

 225 

 226 

 227 

Using the described procedure, the cycle-by-cycle force time-history (jump cycles) plots were obtained 228 

to quantify the variability (statistics) of each jumping record for each test frequency of each test subject. 229 

An example is illustrated in Figure 3. A thick line denotes the mean cyclic force time-history and the 230 

thick dashed lines represents the standard deviation above and below the mean to identify the statistical 231 

dispersion of the time-history data. The mean evaluated time-histories were used to evaluate the mean, 232 

single, force-displacement curves observed over each test frequency which is discussed in detail in 233 

Section 4.1. The start and end of each jumping cycle is defined as the touch-down and take-off, per 234 

cycle, using the threshold defined in Eq. (3). 235 

 236 

At low frequency jumping (fJ,i<1.50Hz) the GRF of a single cycle observes a double maximum. These 237 

two ‘peaks’ correspond to prolonged contact time and heel-toe action to accommodate the target 238 

frequency. At medium and high frequency jumping only a single maximum is observed. These cycles 239 

observe an approximately sinusoidal wave (during the contact phase), behaviour which has been 240 

Figure 2. Procedure for extracting cycle to cycle forcing characteristic parameters: contact 

time, tc,i, aerial time, ta,i, jumping period, Ti, jumping frequency, 1/ Ti, and peak ground 

reaction force, Fmax,i, from a continuous record. Red lines indicate start and end of jumping 

cycle defined as the contact phase followed by aerial phase. Blue line indicates normalised 

bodyweight at unity. 
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modelled differently from multiple studies [16, 24, 26]. The no-target frequency test in Figure 4(d) is 241 

very similar in contact time and loading as Figure 4(b) indicating a comfortable jumping frequency at 242 

approximately 2.0Hz. 243 

 244 

 245 

The centre-of-mass velocity and acceleration of a jumper were evaluated by differentiating the 246 

estimated centre-of-mass (COM) displacement from motion capture measurements using the finite 247 

difference method. Figure 4 displays the COM trajectory kinematics for test subject 5 jumping at a test 248 

frequency case of 2.75Hz over a 2s period. The sign convention is defined as positive displacements 249 

during the contact phase of the jump cycle. The displacement is observed to be approximately sinusoidal 250 

whilst the velocity is seen to be ‘saw-tooth’ in shape. During the flight phase, the velocity is observed 251 

Figure 3. Ground reaction force time-history plots for test subject 3 displaying truncated cycles (in blue), 

evaluated mean cycle (in black) and standard deviation (in red) for jumping frequencies, (a)1 Hz; (b)2 Hz; 

(c) 3 Hz; (d) Second no-target frequency test, mean achieved jumping frequency of 1.97Hz 
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to be linear indicating a classical parabolic flight-phase motion. During the contact phase, the 252 

acceleration mirrors the force measurement shape, in phase and magnitude, whilst during the flight 253 

phase, there are slight differences with negative non-zero values. Changes in body geometry, calibration 254 

errors (Table 2) and errors in integration (filter thresholds) may account for the differences observed. 255 

The acceleration measurement is indicated in red whilst the ground reaction force (GRF) is shown in  256 

black.  257 

 258 

 259 

 260 

 261 

Figure 4. Exemplar centre of mass jumping kinematics for test subject 5 evaluated from motion capture 

measurements for a 2.75Hz test case (a) displacement (using motion capture); (b) velocity (using finite 

difference method); (c)Acceleration, in red, (using finite difference method) and ground reaction force, in 

black, (using force plate) 
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4. Force – displacement analysis results 262 

 263 

It is common practice in biomechanics to use the force measurements to evaluate the corresponding 264 

centre of mass displacement, i.e. the leg compression, for a given jumping test frequency [46-48]. This 265 

is performed by dividing the measured force time-history by a test subject’s mass to evaluate the 266 

acceleration and double integrating. However, low frequency errors are exaggerated by the double 267 

integration. Here instead, using the ground reaction force and centre of mass time-history 268 

measurements, it is possible to evaluate the force-displacement relationships directly. To consider only 269 

steady state behaviour, a 20s window of usable data was extracted from each 30s jumping test period. 270 

Figure 5 displays the corresponding time-histories for test subject 7 at a target jumping frequency of 271 

1.5Hz. The contact phase of the body centre of mass was then identified using the bodyweight threshold 272 

defined in Eq. (3). This permitted the identification of the force - displacement relations illustrated in 273 

Figure 6 corresponding to test subject 3. 274 

 275 

 276 

  277 

To quantify the observed force-displacement relations, and the corresponding stiffness-profiles, a cubic 278 

model is proposed for jumping frequencies in the 1-3Hz bandwidth.  This is compared with a linear fit 279 

to identify the complex behaviour of the leg. The model is applied during the contact phase, for the 280 

thresholded data using Eq. (3). This assumes that the leg is already in compression by a factor of 5% of 281 

the test subject’s bodyweight, for each jumping frequency test case. These are shown below as, 282 

 283 

𝐹GRF = 𝑏1(𝑍COM − 𝑍0) + 𝑏3(𝑍COM − 𝑍0)3                                        (4) 284 

Figure 5. Example time-history of test subject 7 jumping dynamics for 1.5Hz test case, ground reaction 

force displayed in red, centre of mass displacement shown in blue 
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𝐹GRF = 𝑘(𝑍COM − 𝑍0)                                                                              (5) 285 

 286 

where b1 and b3 are the stiffness coefficients of the linear and cubic (ZCOM-Z0) terms for the third order 287 

model and k is the stiffness coefficient of the linear model;  288 

 289 

The reference zero force point for the start of each contact phase, Z0, was defined to normalise a test 290 

subject’s centre of mass displacement, for the force-displacement relationships, to successfully identify 291 

the leg stiffness profiles. Z0 was defined as the centre of mass displacement at the point at which the 292 

force departs from zero, measured relative to the height of the test subject’s COM in the standing 293 

posture. 294 

 295 

Figure 6 displays the force-displacement relationship for each test case (1-3Hz) performed for test 296 

subject 3. The applied linear and cubic models are fitted (using least squares) for each target jumping 297 

frequency. These functions do not pass through the origin, but cross the COM axis at Z0, which was 298 

also found for each test from the fitting. Complex dynamics are exhibited across the frequency ranges 299 

explored. Figure 6(a) – 6(c) suggest a nonlinear softening effect corresponding to 1.00Hz, 1.25Hz and 300 

1.50Hz respectively. This is more prominent in the 1.00Hz & 1.25Hz test cases. The cubic model in 301 

Figure 6(a)  underestimates the peak force, however it still follows the general shape and trend for 302 

1.00Hz jumping. The ground reaction force presented in Figure 3(a) corresponds to the softening 303 

behaviour in Figure 6(a), for period-1 jumping (see Section 6 for definitions and discussion of period-304 

1 and period-2 jumping). An explanation for the nonlinear softening behaviour, at low jumping 305 

frequencies, could be a result of the knee joint rotation and centre of mass displacement being 306 

significantly large. The small angle approximation (the linear case) would no longer hold for joint 307 

rotations corresponding to large flexion of the leg. The linear models, of 1.00Hz and 1.25Hz test cases, 308 

are applied to the first 200mm of leg compression corresponding to the maximum ground reaction force. 309 

Beyond this point, the force reduces significantly for large deflections indicating the linear model 310 

significantly overestimates the force. At 1.75Hz (Figure 6(d)) a switch in nonlinear interactions is 311 

observed indicating a subtle hardening effect. Figure 6(d) – 6(f) display a cubic-like relationship 312 

between the GRF and COM corresponding to 1.75Hz, 2.00Hz & 2.25Hz. For test frequencies above 313 

and including 2.50Hz, the relationship is observed to be linear in nature (Figure 6(g) – 6(i)). At these 314 

high frequencies, the knee flexion and centre of mass displacement are considerably smaller 315 

corresponding to smaller angles of rotation about the knee.  316 

 317 
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Eq. (4) and (5) can be represented in non-dimensional format using the test subject’s bodyweight, W, 318 

simply W=mpg, and leg length, L, to directly compare the forcing, displacement and stiffness 319 

coefficients between test subjects. This is important in identifying the significance of the coefficients 320 

and their influence on the system’s response. Time, t, and therefore the jumping frequency, fJ, can be 321 

non-dimensionalised by scaling accordingly using L and g.  These are presented as follows, 322 

 323 

𝐹GRF

𝑊
= 𝛽1

(𝑍COM − 𝑍0)

𝐿
+ 𝛽3

(𝑍COM − 𝑍0)3  

𝐿3
                                      (6) 324 

𝐹GRF

𝑊
= 𝜅

(𝑍𝐶OM − 𝑍0) 

𝐿
                                                                              (7) 325 

𝜏 = 𝑡𝜆, 𝜆 = √
𝑔

𝐿
                                                                             (8) 326 

 327 

where 𝛽1 and 𝛽3 are the normalised (non-dimensional) linear and cubic stiffness coefficients, 𝜅 is the 328 

normalised (non-dimensional) linear stiffness coefficient, 𝜆 is the time scaling factor and 𝜏 is non-329 

dimensional time. The jumping frequency can be non-dimensionalised using 𝜆.  330 
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 331 

  332 

 333 

The mean force-displacement curves were constructed using the procedure presented for the ground 334 

reaction forces displayed in Figure 3. The mean centre of mass displacement was evaluated using all 335 

the processed jumping cycles from a test record, for a target jumping frequency, and averaging them. 336 

This procedure allows simple qualitative analysis to identify changes in the dynamics of the relationship 337 

and stiffness profiles over a broad range of jumping frequencies. Figure 7 displays the mean force-338 

displacement curve for the contact phase of the jumping cycle for low to high jumping frequencies, 1-339 

3Hz test cases for test subject 3. This is presented in a non-dimensional format as described in Eq.  (6) 340 

- Eq. (8). The initial rise in both force and displacement, on the force-displacement curves, presented 341 

in Figure 6,  is a result of the pre-tensioning of the leg muscles in priming for the contraction cycle [49]. 342 

Figure 6. Force displacement curves for each test frequency case for test subject 3 (shown in grey) with model 

fits, red displays the linear fit whilst blue shows the cubic fit; (a) 1.00Hz; (b) 1.25Hz; (c) 1.50 Hz; (d) 1.75Hz; 

(e) 2.00Hz; (f) 2.25Hz; (g) 2.50Hz; (h) 2.75Hz; (i) 3.00Hz 
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Low frequency jumping is observed to undergo a nonlinear softening effect whilst medium jumping 343 

frequencies observe a hardening effect. At higher jumping frequencies, the relationship is observed to 344 

be linear-like, or a steep cubic polynomial. A qualitative change in topology and behaviour, is observed 345 

between 1.50Hz (0.51) and 1.75Hz (0.60). i.e. describing the transition from spring softening to 346 

hardening. 347 

 348 

 349 

Figure 8 shows the mean-force displacement curves for test subject 5 jumping at frequencies from 1 to 350 

3Hz.  At low frequency jumping, 1.00Hz (fJ /λ = 0.32) and 1.25Hz (fJ /λ = 0.40), test subject 5 is 351 

performing a jump-bob behaviour, a type of period-2 jumping style. This is discussed and explored in 352 

detail in Section 6. This subject displays a transition point in spring behaviour, from nonlinear softening 353 

to hardening springs, between 1.75Hz (fJ /λ = 0.55) and 2.00Hz (fJ /λ = 0.63). The transition point in 354 

Figure 7, for test subject 3, is observed at a slightly lower jumping frequency suggesting that this point 355 

of transition could be dependent on physiological factors such as, height, leg length, or mass.  356 

  357 

The curves displayed in Figures 7 and 8, for test subject 3 and 5, display hysteresis loops. This is more 358 

prominent in the 1Hz (fJ /λ = 0.34) and 2.75Hz (fJ /λ = 0.87) test cases, in Figure 7 and 8, respectively. 359 

The path integral describing the leg shortening and lengthening phases, for the contact phase of human 360 

jumping, are observed to be very similar throughout the cycle. This indicates a slight change in 361 

mechanical energy, which is replenished by the muscle input energy.  362 

 363 

Figure 7 Comparison of mean force-displacement curves of test subject 3 for target jumping frequencies, 1-3Hz, 

indicating qualitative change in behaviour transitioning from nonlinear softening to hardening with increasing 

jumping frequency 
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 364 

 365 

5 Apparent frequency-dependency of leg spring 366 

Figures 6, 7 and 8, in Section 4, indicate the dynamics of human rhythmic jumping are heavily 367 

dependent on the jumping frequency. This elaborate frequency-dependent behaviour must therefore be 368 

characterised to provide engineers with the dynamic loading capabilities of human jumping. The 369 

kinematics and dynamic relations are illustrated and explored in this section. The leg stiffness frequency 370 

dependency has been explored in biomechanics literature however, only for the linear spring-mass case 371 

[29, 32, 35, 37]. In this paper, the frequency dependency of both linear and cubic leg stiffness models 372 

are explored and characterised including low frequency jumping which hasn’t been rigorously studied 373 

in the literature thus far. It is indicative of the variability in the linear and nonlinear leg stiffnesses 374 

evaluated in modelling the loading capabilities of humans in a variety of applications.  375 

 376 

Table 3 characterises the mean peak ground reaction force (normalised to bodyweight) – impact factor, 377 

mean peak centre of mass displacement (normalised to leg length), linear leg stiffness, contact time, 378 

achieved jumping frequency and contact ratio over all test subjects for each target jumping frequency. 379 

Brackets indicate the standard deviation for each evaluated mean value. This data is used to evaluate 380 

the coefficient of variation (relative standard deviation), for each parameter,  which is displayed in 381 

Figure 9, against the mean achieved jumping frequencies for all target and no-targeted tests. The 382 

coefficient of variation estimates are displayed in black with blue lines displaying indicative trends. The 383 

no target frequency tests NT1 and NT2 are overlaid in blue and red circles respectively. For achieved 384 

jumping frequency (Figure 9(a)) and mean peak COM displacement (Figure 9(c)), the variability is 385 

observed to be larger at low (fJ<1.50Hz) and high (fJ>2.50Hz) jumping frequencies than in the 386 

Figure 8. Comparison of mean force-displacement curves of test subject 5 for target jumping frequencies, 1-3Hz, 

indicating a transition of softening to hardening springs between 1.75Hz and 2.00Hz 
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intermediate frequency range. The distribution of the impact factor, in Figure 9(b), however displays a 387 

maximum at 1.5Hz suggesting the variation is significant at this jumping frequency. The linear leg 388 

stiffness, using Eq (5), shown in Figure 9(d), is identified to be more variable at 1.00Hz and 1.25Hz 389 

jumping frequencies whilst the contact time distribution, displayed in Figure 9(e), is reasonably 390 

distributed with a maximum at 1.25Hz. The variation in the contact ratio, shown in Figure 9(f), indicates 391 

a local maxima and minima at 1.25Hz and 2.5Hz respectively. The high variation observed in some of 392 

the parameters at 1.25Hz and 1.5Hz jumping could be a consequence of the jumping style employed by 393 

different subjects. The frequency at which steady-state jumping behaviour transitioned from period-2 394 

(jump-bob) to period-1 differed for each individual test subject. This is discussed and explored in detail 395 

in Section 6.  The NT tests indicate more variability, as portrayed in Figure 9(a), (b), (d) and (e), which 396 

may be due to a combination of lack of auditory stimulus and variability between the preferred jumping 397 

frequencies of different subjects. Some of the data represented in Table 3 are presented in Figure 10 398 

and 11 to aid visual understanding of the presented dynamics. 399 

 400 

Table 3 Test subject kinematic & dynamic data for test frequencies performed on a rigid surface (bracketed 401 

values indicate the standard deviation while non-bracketed values represent mean values over all test subjects) 402 

Target 

jumping 

freq.  

Achieved 

jumping 

frequency 

𝒇𝑱, Eq (2) 

Mean 

Impact factor 

𝑲𝐩, Eq (2) 

Mean 

peak 

CoM Disp. 

𝒁𝐜𝐨𝐦/L 

Linear leg 

stiffness 

k, Eq (5)    

Contact 

time  

𝒕𝒄, Eq(2) 

Contact 

ratio 

𝜶, Eq (2) 

[Hz] [Hz] [ ] [ ] [kN/m] [s] [ ] 

NT1 1.97 (0.28) 3.61 (0.40) 0.16 (0.08) 17.9 (3.62) 0.34 (0.16) 0.63 (0.07) 

1.00 1.01 (0.13) 2.77 (0.37) 0.23 (0.17) 11.1 (2.31) 0.78 (0.11) 0.78 (0.09) 

1.25 1.26 (0.09) 2.69 (0.41) 0.21 (0.14) 11.0 (2.38) 0.59 (0.10) 0.73 (0.11) 

1.50 1.51 (0.09) 2.76 (0.52) 0.2 (0.11) 9.81 (1.07) 0.46 (0.07) 0.69 (0.09) 

1.75 1.76 (0.08) 3.29 (0.56) 0.19 (0.10) 13.4 (2.10) 0.37 (0.05) 0.65 (0.08) 

2.00 2.00 (0.08) 3.65 (0.44) 0.16 (0.08) 18.0 (2.20) 0.32 (0.04) 0.63 (0.07) 

2.25 2.25 (0.09) 3.65 (0.42) 0.13 (0.07) 22.6 (2.94) 0.29 (0.03) 0.65 (0.06) 

2.50 2.50 (0.09) 3.62 (0.36) 0.10 (0.05) 26.3 (2.66) 0.27 (0.02) 0.67 (0.06) 

2.75 2.72 (0.13) 3.45 (0.31) 0.09 (0.05) 28.7 (3.03) 0.25 (0.02) 0.69 (0.06) 

3.00 2.95 (0.17) 3.35 (0.34) 0.08 (0.05) 30.5 (4.38) 0.24 (0.02) 0.70 (0.067) 

NT2 2.00 (0.22) 3.67 (0.55) 0.15 (0.08) 18.6 (4.25) 0.32 (0.07) 0.63 (0.07) 
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 403 

Figure 10 displays the human dynamic frequency relations for the non-dimensional mean peak ground 404 

reaction force and centre of mass displacement in 10(a) and 10(b) respectively. The mean peak GRF is 405 

observed to increase and reach a maximum around 2.25Hz and begins to decrease above 2.5Hz. The 406 

corresponding mean centre of mass displacement amplitude is seen to decrease significantly with an 407 

increase in jumping frequency. A reason for this could be due to the nonlinear frequency dependency 408 

of the contact time for this system. This would describe the reduction in maximum displacement and 409 

an increase in maximum force with an increase in jumping frequency up until 2.5Hz. These coincide 410 

and agree with previous findings [15,16].   411 

Figure 9 Coefficients of variation for data in Table 3, illustrating the distributions with achieved jumping frequency (in black 

crosses and blue line) for target and no-target frequency tests (displayed in blue and red circles for NT1 and NT2 tests 

respectively),  (a) Mean achieved jumping frequency, fJ; (b) mean impact factor, Kp; (c) mean peak centre-of-mass 

displacement normalised to leg length, ZCOM/L; (d) Linear leg stiffness, k (e) contact time, tc; (f) contact ratio, α 
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 412 

5.1 Exploring linear leg spring stiffness formulation results 413 

The common convention adopted in the biomechanics literature is to identify the peak ground reaction 414 

force, of a given jumping cycle, and divide this value by the corresponding maximum leg compression 415 

(from double-integration of force measurements [42]) to estimate the linear leg stiffness [46]. This 416 

assumes that the peak GRF coincides with the maximum centre-of-mass displacement. However, Figure 417 

5 demonstrates that this is not always the case. Figure 3(a) further indicates that at significantly low 418 

jumping frequencies the maximum leg compression corresponds to a GRF that is smaller than the 419 

maximum. This illustrates the nonlinear softening behaviour in Figure 6(a). The method of analysis 420 

employed to evaluate the linear leg stiffness uses linear regression, applying Eq. (5) and Eq. (7), as 421 

shown in Figure 6. This is averaged over all test subjects to identify a robust mean linear leg stiffness - 422 

jumping frequency dependency.  This is displayed in Figure 11(a). Black points denote the mean data, 423 

dashed blue lines indicate the standard deviation and the thick blue line displays the cubic regression 424 

(least-squares) fit. A third-order polynomial was chosen as it was the lowest order that gave curves 425 

lying within ±1 standard deviation of the mean values. This procedure was applied to the cubic 426 

regression fits describing the jumping frequency dependencies of the nonlinear stiffness coefficients 427 

discussed in Section 5.3. Figure 11(b) illustrates the non-dimensional mean leg stiffness jumping 428 

frequency relationship, for all test subjects.    429 

 430 

At low jumping frequencies the stiffness is observed to be fairly constant which transitions into a linear 431 

region in the frequency bandwidth 1.75-2.50Hz. At high frequencies the stiffness increases at a slower 432 

Figure 10 Frequency dependency leg dynamics during contact using mean data for all test subjects (in black), 

with standard deviation (in dashed blue) and indicative underlying trend (in solid blue) for 1-3Hz, (a) mean 

impact factor; (b) mean peak centre-of-mass displacement during contact 
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rate suggesting a potential plateau at considerably higher frequencies. Eq. (5) indicates this model as a 433 

linear spring but with an intricate nonlinear frequency dependency. The dimensional and non-434 

dimensional linear leg stiffness-frequency relationships are quantified below as,  435 

 436 

{

𝑘(𝑓𝐽)

𝜅 (
𝑓𝐽

𝜆
)

} = {

61.2 − 94.3𝑓𝐽 + 53.1𝑓𝐽
2 − 8.36𝑓𝐽

3

86.5 − 410 (
𝑓𝐽

𝜆
) + 710 (

𝑓𝐽

𝜆
)

2

− 344 (
𝑓𝐽

𝜆
)

3}                                (9) 437 

 438 

The R-squared value, for both fits, is found to be 0.993. The stiffness coefficient unit corresponds to 439 

newton per metre, with fJ expressed in hertz.  440 

  441 

  442 

5.3 Exploring cubic leg spring stiffness formulation results 443 

Although the application of a cubic stiffness model for large deformation structures (such as [50]), this 444 

utilisation is novel in capturing and characterising the nonlinear loading behaviour of human rhythmic 445 

jumping. This formulation has not been previously adopted for leg compression mechanics.  The 446 

reduced-order cubic model, presented in Eq. (4) and Eq. (6), is applied using nonlinear regression to all 447 

force-displacement curves to identify a mean linear and cubic coefficient for each target jumping 448 

frequency. Table 4 illustrates the non-dimensional coefficients which are displayed in Figure 12 and 449 

Figure 13; brackets indicate the standard deviation. The dimensional linear coefficient frequency 450 

dependency is displayed in Figure 12(a), using Eq. (4), whilst the non-dimensional form is presented in 451 

Figure 11. Linear leg stiffness frequency dependency using mean data for all test subjects (in black) with 

standard deviation (in dashed blue) and third-order polynomial fit (in solid blue) for 1-3Hz jumping (a) 

dimensional relationship using Eq. (5); (b) non-dimensional relationship using Eq. (7) and Eq. (8) 
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Figure 12(b), using Eq. (6) and Eq. (8). The cubic coefficient’s frequency dependency is illustrated in 452 

Figure 13(a) and 13(b) for the dimensional and non-dimensional formats, respectively. Black points 453 

denote the mean data, dashed blue lines indicate the standard deviation and the thick blue line displays 454 

the cubic fit. 455 

 456 

Table 4 Best-fit cubic stiffness formulation coefficients, Eq. (6)                                                                      457 

(bracketed values indicate the standard deviation while non-bracketed values represent mean values) 458 

Target 

jumping 

frequency 

Achieved 

jumping 

frequency,  

 

𝑓𝐽 

 

Normalised  

achieved jumping 

frequency,  

 

𝑓𝐽/𝜆 

 

Eq (6) Coeffs. 

 𝛽1  𝛽3 

[Hz] [Hz] [ ] [ ] [ ] 

NT1 1.97 (0.28) 0.61 (0.11) 19.0 (6.64) 105 (120) 

1.00 1.01 (0.13) 0.32 (0.01) 15.5 (3.82) -79.3 (41.4) 

1.25 1.26 (0.09) 0.41 (0.01) 18.8(3.16) -150 (60.4) 

1.50 1.51 (0.09) 0.49 (0) 18.2 (1.65) -123 (55.5) 

1.75 1.76 (0.08) 0.56 (0.024) 19.1 (2.24) -7.22 (70.6) 

2.00 2.00 (0.08) 0.64 (0.024) 21.5 (3.30) 135 (106) 

2.25 2.25 (0.09) 0.73 (0.024) 23.7(1.32) 340 (159) 

2.50 2.50 (0.09) 0.81 (0) 29.0 (1.95) 482 (209) 

2.75 2.72 (0.13) 0.89 (0.02) 36.1 (4.39) 364 (433) 

3.00 2.95 (0.17) 0.94 (0.08) 38.7 (7.13) 500 (522) 

NT2 2.00 (0.22) 0.65 (0.09) 23.2 (3.52) 132 (164) 

  459 

The coefficient (𝛽1, Eq. (6)) displays a broadly similar relationship to Figure 10 giving good agreement 460 

in the applied model. The cubic coefficient (𝛽3, Eq. (6)), shown in Figure 13, is observed to shift 461 

between a negative and positive value between 1.50Hz and 1.75Hz corresponding to the transition point 462 

discussed in Figure 8 and 9; the change from a softening to hardening spring. This transition point did 463 

differ slightly for each test subject.  This suggests that the leg is able to actively control the stiffness to 464 

sustain rhythmic jumping over a broad frequency bandwidth on rigid ground. At high jumping 465 

frequencies, the standard deviation is larger. This would suggest that the linear coefficient, and model, 466 

dominates at considerably large jumping frequencies where the cubic nonlinearity diminishes. The 467 
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order of magnitude of the non-dimensional cubic coefficient is significantly large implying that this 468 

nonlinearity cannot be disregarded when modelling the dynamics of the leg during rhythmic jumping.     469 

  470 

 471 

 472 

The dimensional and non-dimensional empirical linear coefficients relationships for Figure 12 are 473 

quantified below as, 474 

 475 

{

𝑏1(𝑓𝐽)

𝛽1 (
𝑓𝐽

𝜆
)

} = {

0.32 + 20.8𝑓𝐽 − 12.9𝑓𝐽
2 + 3.12𝑓𝐽

3

0.45 − 90.5 (
𝑓𝐽

𝜆
) − 173 (

𝑓𝐽

𝜆
)

2

+ 129 (
𝑓𝐽

𝜆
)

3}                             (10) 476 

 477 

The R-squared values of cubit fit for the linear stiffness coefficient frequency relationships were 478 

identified as 0.989 for both fits. These coefficients are the averaged values for all test subjects. 479 

Figure 12. Frequency dependency of the linear coefficient of the cubic model using mean data for all test 

subjects (in black) with standard deviation (in dashed blue) and third-order polynomial fit (in solid blue)  

for 1-3Hz jumping, (a) dimensional format using Eq. (4); (b) non-dimensional format using Eq. (6) and 

Eq. (8) 
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 480 

The dimensional and non-dimensional empirical cubic coefficients relationships for Figure 13 are 481 

quantified below as, 482 

 483 

{

𝑏3(𝑓𝐽)

𝛽3 (
𝑓𝐽

𝜆
)

} = {

1.460 × 103 − 2.90 × 103𝑓𝐽 + 1.67 × 103𝑓𝐽
2 + 0.28 × 103𝑓𝐽

3

2.22 × 103 − 13.6 × 103 (
𝑓𝐽

𝜆
) − 24.0 × 103 (

𝑓𝐽

𝜆
)

2

+ 12.3 × 103 (
𝑓𝐽

𝜆
)

3}    (11) 484 

 485 

The R-squared values, of the cubic fits, for the cubic stiffness coefficient’s frequency dependencies 486 

were identified as 0.966 for both fits. These coefficients are the averaged values for all test subjects.  487 

 488 

6. Characterising jumping styles 489 

Humans are capable of jumping in various styles which can produce complex dynamics. Different body 490 

structures, somatotypes, favour different techniques where people can increase their contact or aerial 491 

time accordingly to accommodate different frequencies. Characterising different jumping styles aids 492 

the identification and understanding of the steady-state jumping behaviour and associated dynamic 493 

loading. This paper proposes a method to characterise these jumping techniques utilising the phase-494 

space representation. This approach is widely used in nonlinear dynamics [51]. This is also referred to 495 

as the state-space, representing all the possible states, position and velocity of a dynamical system [51].  496 

Figure 13. Frequency dependency of the cubic coefficient of the cubic model using mean data for all 

test subjects (in black) with standard deviation (in dashed blue) and third-order polynomial fit (in solid 

blue) for 1-3Hz jumping, (a) dimensional format using Eq. (4); (b) non-dimensional format using Eq. 

(6) and Eq. (8) 
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For the system of a human performing rhythmic jumping the centre of mass displacement and velocity 497 

are used to characterise the jumping attractors for a range of target/prescribed jumping frequencies. The 498 

periodicity of each attractor is evaluated by applying the Poincaré section [51]. This stroboscopic 499 

sampling, at the jumping period, of the person’s displacement and velocity time-history enables a 500 

simple evaluation of the true periodicity of the steady-state. If one Poincaré point is observed we have 501 

a period-1 attractor, if two Poincaré points are observed then we have a period-2 attractor, and so on 502 

and so forth. This approach has not been previously used for the case of human  jumping experiments. 503 

It enables identification of jumping attractors directly from experimental kinematic data. The Poincaré 504 

section and points were evaluated using the cycle-by-cycle local maxima of the centre-of-mass time-505 

history and averaging to identify the mean Poincaré estimates. 506 

 507 

At low jumping frequencies test subjects displayed a range of strategies to perform rhythmic jumping. 508 

Figure 14 and 15 displays the time-histories of test subjects 1 and 2, respectively, jumping at a target 509 

frequency of 1Hz. The blue indicates the centre of mass displacement measurement and red displays 510 

the ground reaction force for both Figure 14(a) and 15(a). Two different jumping styles are observed. 511 

Test subject 1 employs a period-2 jump whilst test subject 1 sustains period-1 jumping. This is clearly 512 

observed in the phase-space portraits in Figure 14(b) and 15(b). The period-2 jumping phenomenon 513 

was observed to be a ‘jump-bob’ behaviour. Interestingly, test subjects 5, 6 and 7 displayed this ‘jump-514 

bob’ strategy to sustain 1Hz jumping. These are shown in Figure 16. Interestingly, five out of the eight 515 

test subjects adopted this jumping style with similar structure and shape in their attractors, suggesting 516 

a general trend in low frequency jumping.  517 

  518 

Figure 14. Example of period-2 jumping at 1Hz target frequency for test subject 1 (jump-bob), (a) Centre-

of-mass displacement, blue, and ground reaction force, red, time-histories; (b) Phase-space portrait with 

Poincaré points in black 
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  519 

   520 

Figure 17 illustrates the phase-space jumping attractors observed over the studied jumping frequencies, 521 

1-3Hz, for test subject 4. The circular dots denote the Poincaré points for the attractor. The figure shows 522 

a parameter sweep indicating the dependency of the periodicity on the jumping frequency. At low 523 

frequency jumping, Figure 17(a) (1.00Hz) and 17(b) (1.25Hz) display period-2 jumping attractors. At 524 

frequencies greater than 1.5Hz, period-1 solutions are observed with an oval-like shape in the attractor. 525 

Each test subject’s attractors may subtly differ over the frequency range due to the different jumping 526 

styles performed to accommodate the target frequency. 527 

Figure 16. Example of jump-bob, period-2, phenomena at 1.00Hz target jumping with Poincaré points in black 

indicating periodicity, (a) Test subject 5; (b) Test subject 6; (c) Test subject 7 

Figure 15. Example of period-1 jumping at 1Hz target frequency for test subject 2, (a) Centre-of-mass 

displacement, blue, and ground reaction force, red, time-histories; (b) Phase-space portrait with Poincaré 

point in black 
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 528 

Using the information from the Poincaré sections displayed in Figure 17, for each jumping frequency, 529 

the bifurcation diagram is constructed to estimate when the steady state responses bifurcate from period-530 

2 to period-1 jumping. This describes the jumping frequency as a controlling parameter of the oscillating 531 

biological system. The bifurcation diagram is displayed in Figure 18. The Poincaré solution of the centre 532 

of mass displacement and velocity are displayed in Figure 18(a) and 18(b) respectively. The grey lines 533 

show a suggested underlying trend in the bifurcation plots. Period-halving bifurcations can be observed 534 

indicating the transition from period-2 to period-1 jumping. Interestingly for both Figure 18(a) and 535 

18(b), there is a significant jump in the Poincaré solution at 1.5Hz suggesting a second bifurcation, a 536 

Figure 17. Phase-space jumping attractors for test subject 4 with Poincaré points in black indicating 

periodicity (a)1.00Hz period-2; (b) 1.25Hz period-2; (c) 1.50Hz period-1; (d) 1.75Hz period-1; (e) 2.00Hz 

period-1; (f) 2.25Hz period-1; (g) 2.50Hz period-1; (h) 2.75Hz period-1; (i) 3.00Hz period-1 
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fold. This phenomenon is very common in the resonance curves of nonlinear dynamical systems. This 537 

behaviour could explain the transition from the jump-bob phenomena into clear jumping as the 538 

amplitude of oscillation significantly increases. Figure 18 suggests a nonlinear softening effect for test 539 

subject 6’s resonance curve, as this shows an increase in amplitude with a decrease in frequency. This 540 

agrees with the findings with the nonlinear cubic stiffness coefficient frequency dependency, in Figure 541 

12, indicating a negative coefficient for jumping frequencies 1.75Hz and less. This is the first time that 542 

bifurcation diagrams have been constructed from experimental human rhythmic jumping data.  543 

 544 

 545 

7. Conclusions 546 

Human rhythmic jumping has been experimentally explored and analysed over the frequency 547 

bandwidth 1-3Hz in intervals of 0.25Hz. The leg stiffness is characterised utilising regression analysis, 548 

from force-plate and motion-capture measurements over full records during the contact phase. The leg 549 

stiffness is observed to be extremely sensitive to changes in jumping frequency indicating active control 550 

to sustain the induced dynamic loading. A conventional linear leg-spring model displays a complex 551 

frequency dependency. This required proposing a variation of the linear leg-spring stiffness coefficient 552 

with frequency. In addition, the preferability of using a nonlinear leg-spring model is demonstrated. 553 

The experimentally observed nonlinear behaviour of the leg-spring is better characterised by a cubic  554 

leg-stiffness model which also requires frequency dependent coefficients. The advantage of the  cubic 555 

stiffness (Duffing’s) model is that it is able to characterise both hardening and softening leg-spring 556 

stiffnesses over the investigated jumping frequency range. The linear spring-mass model is incapable 557 

Figure 18. Bifurcation diagram of test subject 4 jumping in frequency bandwidth 1-3Hz, grey lines show trend 

(a) centre of mass displacement Poincare solution; (b) centre of mass velocity Poincaré solution 
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of capturing the intricate leg behaviour well at moderately low jumping frequencies. Thus, the 558 

limitations of the conventional linear stiffness model is highlighted in making sense of the experimental 559 

observations.  560 

 561 

At low frequency jumping (<1.50Hz), a jump-bob phenomenon is observed in approximately half of 562 

the test subjects as a strategy to sustain rhythmic jumping. Application of the phase-space portrait and 563 

Poincaré section has enabled the characterisation of complex jumping attractors indicating a multitude 564 

of jumping approaches over a range of jumping frequencies. Multiple jumping attractors are observed 565 

over the explored jumping frequency range indicating that humans can employ a variety of strategies 566 

to adapt to different auditory stimuli. Period-2 jumping is observed during jump-bobbing for 1Hz and 567 

1.25Hz jumping for 63% of test subjects. Bifurcation analysis indicates period-halving and fold local 568 

bifurcations as the target jumping frequency increases. Multiple coexisting attractors are observed to 569 

occur in this range, including period-1 (jump), period-2 (jump-bob) and possibly high/low amplitude 570 

period-1 jumping, due to the presence of a fold bifurcation.  571 
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