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A new time-frequency modulating function with a novel equivalent average-intensity envelope based on the 

instantaneous energy is proposed to simulate fully nonstationary ground motions. The new model utilizes simple, 

uncoupled, and statistically well-studied temporal and spectral nonstationary parameters. Then, a period-by-period 

simulation method based on the proposed stochastic model is developed to match multiple targets. A numerical 

comparison shows that the new method replicates well both the target temporal and spectral non-stationarities and it 

is efficient and easy to use in engineering practice. This study also demonstrates that for obtaining site-specific seismic 

input by means of site response analysis: (1) the frequency contents of bedrock motion, including the energy 

concentration in terms of frequency and frequency decaying with respect to time, have a significant impact on the site 

response with moderate and large PGA levels; (2) using the proposed instantaneous-frequency-related time modulating 

function to approximate the real ground motion leads to results sufficiently close to the record for nonlinear site 

response regardless PGA levels and site condition. Therefore, attention should be paid to the change of nonstationary 

characteristics of ground motion frequency according to the source, path and site condition when simulating ground 

motion on bedrock. As the proposed methods can approximately control various ground-motion characters, different 

targets of ground-motion simulation can be matched for different engineering purpose, such as site response analysis, 

time-history analysis of special structures, etc. 
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1. Introduction 

 

It is nowadays broadly accepted that the reliability of a seismic design depends on whether the input motion could 

accurately represent the expected seismic actions and their variability, regardless of how sophisticated the seismic 

design method is [Lee and Mosalam 2006; Cakir 2013]. However, accurate prediction of potential future ground 

motion is impossible due to the complexity of the focal mechanism, wave propagation, and site conditions. 

Consequently, it is necessary to study how to provide proper seismic input for structural design. To date, there are 

mainly two types of methods for seismic analysis of structures. The first is the response-spectrum analysis (RSA), 

which is widely recommended in several national building codes [CEN 2005; BSSC 2015; GB50011-2010 2016]. 

This method is specific for the analysis of linear systems, and it is suitable for classically or non-classically damped 

systems [Wilson et al. 1981; Zhou et al. 2004; Yu and Zhou 2007; Heredia-Zavoni 2011]. For the RSA, the input 

parameter is the design response spectra which can be obtained by seismic hazard assessment. However, for some 

critical structures (e.g. dams, bridges), the time-history analysis (THA) may be needed to perform nonlinear analyses 

to check the structural performance under large earthquakes. In this case, the input is, in general, acceleration time-

histories. To get reasonable time-history, engineers can use selected natural records from strong-motion database based 

on the uniform hazard spectrum [Iervolino et al. 2010]. One may also resort to conditional mean spectrum to avoid 

large amplitudes at all spectral periods [Baker 2011]. However, due to the uneven distribution of earthquakes, suitable 
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natural records for specific selection criteria may be sparse. Therefore, artificial motions are required as supplements 

[Iervolino et al. 2010].  

 

At a specific site, reliable seismic input must take the site effects into accounts because they may increase the potential 

of seismic damage for some structures [Assimaki et al. 2012; Sextos et al. 2018]. This can be achieved by directly 

simulating ground motions using hazard spectrum with adjusted amplitude. However, De Risi et al. [2019] showed 

that a simplified method for site effects could be unreliable. Besides, for some region like China, the local ground-

motion prediction equation (GMPE) only provide ground motion intensities on bedrock [Yu et al. 2013]. Therefore, 

one can obtain more rigorous site-specific seismic input by first simulating bedrock ground-motion and then 

performing site response analysis using the local geotechnical data.  

 

The simulation of artificial motions inherently requires mimicking the temporal and spectral non-stationarities of 

natural ground motions for specific seismic source, path, and local site conditions [Radu and Grigoriu 2018]. This is 

because these features have a significant influence on both the nonlinear structural response [Kianoush and 

Ghaemmaghami 2011; Cakir 2013; Yazdani and Alembagheri 2017] and on the nonlinear site response [Assimaki et 

al. 2008; Assimaki and Li 2012; Régnier et al. 2016]. On one hand, the traditional time-modulating stochastic models 

took the temporal variation of motion into account [Amin and Ang 1968; Iyengar and Iyengar 1969]. On the other 

hand, the controlling of spectral non-stationarity suffers from the difficulty of extracting the law of time-varying 

frequency. In this regard, many fully nonstationary stochastic models have been proposed based on different 

methodologies [Conte and Peng 1997; Rezaeian and Der Kiureghian 2008; Cacciola 2010; Yamamoto and Baker 2013; 

Yang and Zhou 2015; Wang et al. 2018]. The synthesized time-histories are primarily required to match target response 

spectra [Lilhanand and Tseng 1987, 1988; Hancock et al. 2006; Al Atik and Abrahamson 2010; Huang and Wang 2017; 

Wang et al. 2019]. Meanwhile, different targets (e.g. strong-motion duration, peak ground motions, frequency content) 

are also decided according to the structural typology under scrutiny [Cacciola and Zentner 2012; Huang and Wang 

2017; Wang et al. 2019]. 

 

Although there are many nonstationary models for describing ground motions, their use in engineering practice is still 

a niche. On one hand, to obtain reliable structural behavior under artificial seismic input (e.g., moving resonance, 

[Beck and Papadimitriou 1993]), stochastic ground-motion models should represent the features of real records. For 

single-degree-of-freedom systems, Iervolino et al. [2010] shows some artificial ground-motion models produce biased 

engineering demand parameters (EDPs); Tsioulou et al. [2018a, b] developed modification methods for a stochastic 

ground-motion model that can produce similar EDP distribution with that produced by records [Tsioulou et al. 2019]. 

While, for multiple-degree-of-freedom systems, stochastic models that can faithfully reproduce the hysteretic energy 

dissipated by structures compared with records are still unavailable [Colajanni et al. 2020]. Therefore, it is urgent to 

develop a stochastic model that can well control the non-stationary features of ground motion. On the other hand, it is 

also due to the complexity to obtain fully nonstationary stochastic models specifically suitable for engineering 

application. For example, several models of accelerograms based on evolutionary power spectrum density (EPSD) 

[Priestley 1987] have too many parameters to be defined/calibrated, or the modal parameters are not statistically 

analyzed for engineering application [Preumont 1985; Cacciola 2010; Yamamoto and Baker 2013]. For example, using 

wavelet transform [Iyama and Kuwamura 1999; Spanos and Failla 2004] to estimate the parameters, Wang et al. [2018] 

obtained a series of time-dependent envelope functions for different frequencies. It is perfect for reconstructing real 

ground motions but hard to use in engineering practice. Therefore, Yu et al. [2015] constructed a fully nonstationary 

model trying to simplify the construction of EPSD representing (a) the temporal non-stationarity with one single time-

modulating function and (b) the spectral non-stationarity with instantaneous/predominant frequency (𝐹𝑝), separately. 

Such a method is particularly suitable for engineering practice for its fewer parameter numbers and well-studied 

parameters. However, the temporal non-stationarity is not emphasized and checked in Yu et al. [ 2015]; in this study 

it is demonstrated that to overcome the previous shortcomings and to avoid biased prediction of the energy 

accumulation, it is possible to use proper time-modulating functions. Therefore, the first objective of this study is to 

define an improved model based on Yu et al. [2015] with the ability to statistically predict the energy build-up and 

instantaneous frequency simultaneously. The second objective is to propose a method using the new model for 

simulating spectrum-compatible ground motions with both temporal and spectral non-stationarities for engineering 

practice. Moreover, the ground-motion simulation method proposed herein will help discussing considering also site-

specific seismic input through site response analysis.  

 

The paper is organized as follow. First, a new time-frequency modulating function for synthesizing fully nonstationary 

ground motion with desired non-stationarities is developed for engineering purpose. A new concept, named equivalent 
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average intensity-modulating function of EPSD, is proposed to directly use the intensity envelope of the accelerogram 

without separating it into narrow frequency bands. Then, a period-by-period method is discussed to adjust the 

synthesized initial ground motion matching both the target response spectrum and instantaneous frequency. Next, a 

case study is presented to show the improvement of the new method. Finally, sensitivity analysis is performed to show 

the influence on site response of core factors of bedrock-motion simulation, including frequency contents and non-

stationarity and selection of time-frequency modulating function. Based on each result, instructions on how to include 

non-stationarities of bedrock motion into obtaining site-specific seismic input are proposed. The entire work, including 

a new fully nonstationary model, a ground-motion simulation method, and instructions on parameter settings, produces 

a practical framework to obtain reliable site-specific seismic input. 

 

2. New time-frequency modulating functions for engineering application  

 
2.1 Stochastic ground-motion model 

 

The time-frequency modulating function proposed in Yu et al. [2015] to synthesize ground motion is based on the 

concept of EPSD [Priestley 1987] and the following stochastic model [Nigam and Mark 1984]: 

 

𝑦(𝑡) = ∫ 𝐵(𝑡, 𝜔)𝑒𝑖𝜔𝑡d𝐹(𝜔)
+∞

−∞
 (1)  

 

where 𝑖 = √−1  ,𝜔  is the circular frequency, 𝐵(𝑡, 𝜔)  is the deterministic time-frequency modulating function, 

reflecting the time-frequency amplitude of the time-history, and d𝐹(𝜔) is an mutually-independent, zero-mean, and 

orthogonal increment process having the following properties: 

 

E[d𝐹(𝜔)] = 0 (2a) 

E[|d𝐹(𝜔)|2] = 𝑆(𝜔)d𝜔 (2b) 

 

where E[∙] denotes the expected value operator and 𝑆(𝜔) is the spectral density function, which can be obtained 

through the empirical relationship with the response spectral acceleration [Kaul 1978]. The EPSD is: 

 

𝑆(𝑡, 𝜔) = |𝐵(𝑡, 𝜔)|2𝑆(𝜔). (3) 

 

Adopting the equation proposed by Shinozuka and Jan [1972], Equation (1) can be rewritten as the superposition of 

harmonics with random phases: 

 

𝑦(𝑡) = √2 ∑ [2𝑆(𝑡, 𝜔𝑘) ∙ 𝜔𝑘]1/2 cos(𝜔𝑘𝑡 + 𝜙𝑘)𝑛
𝑘=1

= ∑ 2𝐵(𝑡, 𝜔𝑘)√𝑆(𝜔𝑘)∆𝜔 cos(𝜔𝑘𝑡 + 𝜙𝑘)𝑛
𝑘=1

 (4) 

 

where ∆𝜔 = 𝜔𝑘+1 − 𝜔𝑘, and 𝜙𝑘 is a uniform random phase distributed within [−2𝜋, 2𝜋]. 
 
2.2 Time-frequency modulating functions 

 

Above mentioned 𝐵(𝑡, 𝜔)  is not unique according to different estimation techniques, including the temporal 

nonstationary-only models and fully nonstationary models. If only considering the temporal variation of ground 

motion, the modulating function 𝐴(𝑡)  [Amin and Ang 1968; Iyengar and Iyengar 1969] can be seen as a 

simplification of 𝐵(𝑡, 𝜔). FIGURE 1 gives an example of accelerogram with its corresponding 𝐴(𝑡), which is the 

root-square of normalized moving average of the squared acceleration. A 3-second window for averaging is used to 

satisfy the “slowly” varying assumption of modulation function [Conte and Peng 1997]. In this case, Equation (4) can 

be simplified as: 

 

𝑦(𝑡) = 𝐴(𝑡) ∑ 2√𝑆(𝜔𝑘)∆𝜔 cos(𝜔𝑘𝑡 + 𝜙𝑘)𝑛
𝑘=1  (5) 
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FIGURE 1 An example of accelerogram and intensity-modulating function 

However, it is necessary to introduce in the frequency non-stationarities because 𝐴(𝑡) cannot reflect the frequency 

variation. In Yu et al. [2015], 𝐵(𝑡, 𝜔) is a simple combination of the frequency-independent intensity model 𝐴(𝑡) 

and an instantaneous-frequency-related model 𝐿(𝑡, 𝑓). The latter is: 

 

𝐿(𝑡, 𝑓) =
𝑓

𝐹𝑝(𝑡)
exp (−

𝑓−𝐹𝑝(𝑡)

𝐹𝑝(𝑡)
) (6) 

 

in which 𝑓  is the frequency and 𝐹𝑝(𝑡)  is the instantaneous frequency estimated via continuous Morlet wavelet 

transform using the method in Todorovska [2001]. The model of 𝐹𝑝(𝑡)  is well established for ground motions 

grouped by magnitude, distance, direction, and site, which can approximately predict the variation of frequency of 

future ground motion. 

 

If adopting the intensity envelope 𝐴(𝑡), the time-frequency distribution of ground motion is 

 

𝑊𝐵(𝑡, 𝑓) = 𝐴2(𝑡)𝐿(𝑡, 𝑓) (7) 

 

The time-frequency modulating function 𝐵(𝑡, 𝜔𝑘)  with discrete circular frequency 𝜔𝑘  thus can be obtained by 

normalizing Equation (7), that is: 

 

𝐵(𝑡, 𝜔𝑘) =
𝑊𝐵(𝑡,𝜔𝑘)

max[𝑊𝐵(𝑡,𝜔𝑘)]
 (8) 

 

FIGURE 2b shows examples of Equation (8) with its corresponding 𝐹𝑝(𝑡) in FIGURE 2a. The model gives a good 

prediction of frequency variation as 𝐵(𝑡, 𝜔𝑘) emphasizes the frequency contents near 𝐹𝑝. However, as shown in the 

following, it struggles at predicting the instantaneous energy of the ground motion. 

 

As the target intensity envelope is 𝐴(𝑡), the energy build-up is regulated by 𝐴2(𝑡) according to Parseval theorem 

[Kelkar et al. 1983]. Meanwhile, the instantaneous energy can also be approximately measured by the variance of the 

signal Var[𝑦(𝑡)], that can be calculated adopting Equation (8): 

 

Var[𝑦(𝑡)] = ∫ 𝐵2(𝑡, 𝜔)𝑆(𝑡, 𝜔)d𝜔
+∞

−∞
= ∫

𝐴4(𝑡)𝐿2(𝑡,𝜔)

max[𝐴4(𝑡)𝐿2(𝑡,𝜔)]
𝑆(𝑡, 𝜔)d𝜔

+∞

−∞
 (9) 

 

FIGURE 2c plots the comparison between the target energy build-up 𝐴2(𝑡) (grey dashed line) and the normalized 

Var[𝑦(𝑡)] using 𝐵(𝑡, 𝜔) (black solid line). It can be seen this model cannot fit the target energy build-up, especially 

within the time interval with lower instantaneous frequency. 
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FIGURE 2 (a) Target 𝑭𝒑(𝒕). (b) Example of 𝑩(𝒕, 𝝎) in Yu model for different frequencies. (c) 

Comparison of energy build-up between the target and the synthesized ground motion using 𝑩(𝒕, 𝝎) (black 

solid line) and 𝑩𝒆𝒒(𝒕, 𝝎) (black dashed line, see Section 2.3). (d) Example of 𝑩𝒆𝒒(𝒕, 𝝎) using the improved 

model (see Section 2.3) 
2.3 Improved 𝑩𝒆𝒒(𝒕, 𝝎) based on instantaneous energy 

 

As the model in Yu et al. [2015] has a biased energy build-up, it is necessary to revise it. The key point for revising is 

assuming that the normalized 𝐹𝑝 -related 𝑊𝐵(𝑡, 𝑓)  should provide approximation for the shape of the energy 

distribution of the ground motion. Therefore, the energy build-up can be matched through reformulating 𝑊𝐵(𝑡, 𝑓). 

 

Assume a family of temporal envelope functions 𝐴𝑓(𝑡, 𝑓)  as intensity-modulating functions corresponding to 

different 𝑓. Replacing 𝐴(𝑡) in Equation (7) with 𝐴𝑓(𝑡, 𝑓), the normalized wavelet spectrum model will be  

 

𝑊𝐵𝑓(𝑡, 𝑓) = 𝐴𝑓
2(𝑡, 𝑓)𝐿(𝑡, 𝑓) (10) 

 

According to Iyama and Kuwamura [1999], the relationship between the wavelet coefficient 𝛼𝑗,𝑘 and the energy 

distribution of the ground motion 𝐸𝑛𝑗,𝑘  during the time interval [𝑡𝑗,𝑘∆𝑡 − 2𝑗∆𝑡, 𝑡𝑗,𝑘∆𝑡 + 2𝑗∆𝑡]  at scale 2𝑗  of 

discrete wavelet transform is 

 

𝐸𝑛𝑗,𝑘 = 2−𝑗∆𝑡2𝛼𝑗,𝑘
2                 1 ≤ 𝑗 ≤ log2 𝑁 − 2 (11) 

 

where ∆𝑡 is the time step and 𝑁 is the length of the signal; 𝑗 and 𝑘 are integrals respectively referring frequency 

level and time index; and 2𝑗 is the scale of the wavelet:  

 

2𝑗 =
𝑓𝑠

𝑓𝑐𝑤
 (12) 

 

where 𝑓𝑠 is the sampling frequency of ground motion, and 𝑓𝑐𝑤 is the central frequency of the wavelet at scale 2𝑗. 

 

As we apply continuous wavelet transform to estimate 𝐿(𝑡, 𝑓), the shape of the energy distribution in Equation (11) 

is adopted as only an approximation, and the scale 2𝑗 becomes 2𝑗/𝜈 , in which 𝜈 = 10 is usually referred to as the 

number of voices per octave. Moreover, as the frequency of the wavelet transform is discrete, we assume the energy 

within the frequency window around the scale 2𝑗/𝜈  is uniform: 

 

𝐸𝑛(𝑡, 𝑓) =
𝑓𝑐𝑤∆𝑡2𝛼𝑗,𝑘

2

𝑓𝑤𝑖𝑑𝑡ℎ
         

3𝑓𝑠

2(𝑗+2)/𝜈 ≤ 𝑓 ≤
3𝑓𝑠

2(𝑗+1)/𝜈
, (13) 

 

where 𝐸𝑛(𝑡, 𝑓) is the approximate energy distribution of the accelerogram; 𝑓𝑤𝑖𝑑𝑡ℎ = 3𝑓𝑠/2(𝑗+2)/𝜈   is the frequency 

window width, and 𝑓𝑐𝑤 = 𝑓𝑠/2𝑗/𝜈   within the frequency window [
3𝑓𝑠

2(𝑗+2)/𝜈 ,
3𝑓𝑠

2(𝑗+1)/𝜈]. 
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Then, assuming the shape of 𝛼𝑗,𝑘 is same with 𝑊𝐵𝑓(𝑡, 𝑓) in Equation (10), the normalized energy distribution or 

normalized ESPD 𝑆𝐸 can be approximately calculated as follows:  

 

𝑆𝐸 ≈
𝑓𝑐𝑤𝐴𝑓

4(𝑡,𝑓)𝐿2(𝑡,𝑓)

𝑓𝑠𝑓𝑤𝑖𝑑𝑡ℎ𝐶𝑠
 (14) 

 

where 𝐶𝑠 = max [
𝑓𝑐𝑤𝐴𝑓

4(𝑡,𝑓)𝐿2(𝑡,𝑓)

𝑓𝑠𝑓𝑤𝑖𝑑𝑡ℎ
] is the normalization factor. 

Defining the maximum of EPSD as 𝑀𝐸, the EPSD is 

 

�̂�(𝑡, 𝑓) ≈ 𝑆𝐸 ∙ 𝑀𝐸 =
𝑓𝑐𝑤𝐴𝑓

4(𝑡,𝑓)𝐿2(𝑡,𝑓)

𝑓𝑠𝑓𝑤𝑖𝑑𝑡ℎ𝐶𝑆
∙ 𝑀𝐸 (15) 

Thus, the total instantaneous energy of the ground motion can be approximately measured by Var[𝑦(𝑡)], i.e.,  

 

Var[𝑦(𝑡)] ≈ ∫ �̂�(𝑡, 𝑓)d𝜔
+∞

−∞
= ∫

𝑓𝑐𝑤𝐴𝑓
4(𝑡,𝑓)𝐿2(𝑡,𝑓)

𝑓𝑠𝑓𝑤𝑖𝑑𝑡ℎ
𝑀𝐸d𝜔

+∞

−∞
 (16) 

 

In Equations (15) and (16), the term 𝐴𝑓(𝑡, 𝑓) represents a series of functions related to frequency, which are hard to 

determine. Thus, a single equivalent average intensity-modulating function 𝐴𝑒𝑞(𝑡) is proposed to replace 𝐴𝑓(𝑡, 𝑓) , 

which maintains the instantaneous energy same with using the family 𝐴𝑓(𝑡, 𝑓):  

 

Var[𝑦(𝑡)] ≈ ∫
𝑓𝑐𝑤𝐴𝑓

4(𝑡,𝑓)𝐿2(𝑡,𝑓)

𝑓𝑠𝑓𝑤𝑖𝑑𝑡ℎ
𝑀𝐸d𝜔

+∞

−∞
= 𝐴𝑒𝑞

4 (𝑡) ∫
𝑓𝑐𝑤𝐿2(𝑡,𝑓)

𝑓𝑠𝑓𝑤𝑖𝑑𝑡ℎ
𝑀𝐸d𝜔

+∞

−∞
 (17) 

 

As mentioned before, 𝐴2(𝑡) regulates the energy build-up of the ground motion: 

 

𝐴2(𝑡) =
Var[𝑦(𝑡)]

max[Var[𝑦(𝑡)]]
 (18) 

 

Combined with Equation (17), as 𝑓𝑠, 𝑀𝐸, and max[Var[𝑦(𝑡)]] are all constants, it is possible to obtain:  

 

𝐴𝑒𝑞(𝑡) = (
𝐴2(𝑡)

∫ 𝑓𝑐𝑤𝐿2(𝑡,𝑓)d𝜔/𝑓𝑤𝑖𝑑𝑡ℎ
+∞

−∞

)

1

4
∙

1

𝐶𝐸
 (19) 

 

where 𝐶𝐸 = max [(
𝐴2(𝑡)

∫ ∫ 𝑓𝑐𝑤𝐿2(𝑡,𝑓)d𝜔/𝑓𝑤𝑖𝑑𝑡ℎ
+∞

−∞
+∞
−∞

)

1

4
]. Replacing 𝐴𝑓(𝑡, 𝑓) in Equation (15) with 𝐴𝑒𝑞(𝑡), it is possible to 

derive: 

 

�̂�(𝑡, 𝑓) ≈
𝑓𝑐𝑤𝐴𝑒𝑞

4(𝑡)𝐿2(𝑡,𝑓)

𝐶𝑆
∙ 𝑀𝐸 (20) 

 

Combining Equation (20) and Equation (3), as 𝑆(𝜔) and 𝑓𝑐𝑤 are time-independent, the normalized time-dependent 

modulating function 𝐵𝑒𝑞(𝑡, 𝜔𝑘) at 𝜔𝑘 with compatible instantaneous energy becomes  

 

𝐵𝑒𝑞(𝑡, 𝜔𝑘) = √
�̂�(𝑡,𝜔𝑘)

max[�̂�(𝑡,𝜔𝑘)]
=

𝐴𝑒𝑞
2 (𝑡)𝐿(𝑡,𝜔𝑘)

max[𝐴𝑒𝑞
2 (𝑡)𝐿(𝑡,𝜔𝑘)]

 (21) 
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A comparison between 𝐴𝑒𝑞(𝑡) and 𝐴(𝑡) is plotted in FIGURE 3. FIGURE 2d plots examples of revised 𝐵𝑒𝑞(𝑡, 𝜔) 

having the same target 𝐴(𝑡) and 𝐹𝑝(𝑡) models with FIGURE 2b. Here, the form of 𝐴𝑒𝑞(𝑡) is same with 𝐴(𝑡), that 

is, a single envelope function. Moreover, FIGURE 2c also shows the comparison between target energy build-up 

𝐴2(𝑡) and Var[𝑦(𝑡)] using 𝐵𝑒𝑞(𝑡, 𝜔), shown as the black dash line, which is much closer to the target than that 

using 𝐵(𝑡, 𝜔), indicating a better prediction of energy build-up regulated with 𝐴(𝑡) than using 𝐵(𝑡, 𝜔) in Yu et al. 

[2015]. 

 

 
FIGURE 3 Intensity-modulating function (solid line) and equivalent average intensity-modulating 

function (dashed line) 

 

3. Fully nonstationary spectrum-compatible accelerogram simulation method 

 

Once the initial motion is constructed by Equation (1), iterative adjustment is required to match the target spectral 

acceleration (SA) and peak ground acceleration (PGA) according to design provisions. In this method, extra targets 

including 𝐹𝑝(𝑡) and energy build-up should also be examined and fitted to obtain desired non-stationarities. The 

energy build-up has been corrected to fit the target in the phase of synthesizing initial motion. While 𝐹𝑝(𝑡) must be 

corrected during the iterative adjustment. Because except for 𝐵(𝑡, 𝜔)  that emphasizes the near-𝐹𝑝  contents, the 

empirical power spectrum 𝑆(𝜔) also determines the time-frequency distribution, making 𝐹𝑝 concentrates near the 

peak value of 𝑆(𝜔). In this section, a method for matching the response spectrum is presented and a framework with 

some detail is also discussed to show how to simulate spectrum-compatible ground motion matching target temporal 

and spectral non-stationarities. 

 
3.1 Iterative adjustment to fit spectrum and instantaneous frequency 

 

A well-known wavelet method proposed by Lilhanand and Tseng [1987, 1988] is modified with the proposed time-

frequency modulating function 𝐵𝑒𝑞(𝑡, 𝜔) to match the target spectrum because it can maintain the main feature of 

the initial motion [Hancock et al. 2006; Giaralis and Spanos 2009; Al Atik and Abrahamson 2010; Wang et al. 2019]. 

The Lilhanand and Tseng method assumes that the time of peak response does not change before and after the 

adjustment of the accelerogram. This assumption is, however, not always valid for all controlling periods, especially 

for those very close to each other, which causes divergence in simulation. In our method, as we modify the adjustment 

time-history by multiplying 𝐵𝑒𝑞(𝑡, 𝜔), which is non-analytical, to maintain the spectral non-stationarities, we use 

other than the matrix solution but a period-by-period method to determine the adjustment coefficient. The new method 

sacrifices some of the numerical speed but obtains excellent numerical stability. 

 

Assuming there are 𝑁  periods required to match the target spectrum, sequenced in descending order as 

𝑇1, 𝑇2, … 𝑇𝑖 , … 𝑇𝑁, the adjustment of SA period by period from the first to the last is defined as a Loop. 

 

Supposing the accelerogram before fitting the 𝑖th period is 𝑦𝑖−1(𝑡), the misfit of spectral acceleration between the 

current spectrum SAC(𝑇𝑖) and target spectrum SAT(𝑇𝑖) with the 𝑖th period is  

 

∆SA(𝑇𝑖) = SAT(𝑇𝑖) − SAC(𝑇𝑖) (22) 

 

Then, ∆SA(𝑇𝑖) should equal to the response acceleration of the adjustment time-history at 𝑡𝑚, which is the time of 
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the peak response of 𝑦𝑖−1(𝑡), that is,  

 

∆SA(𝑇𝑖) = ∫ 𝛿𝑦𝑖(𝑡)ℎ(𝑡𝑚 − 𝑡)d𝑡
𝑡𝑚

0
 (23) 

 

where 𝛿𝑦𝑖(𝑡)  is the adjustment acceleration of the 𝑖 th period, which can be obtained by multiplying a unit 

adjustment function with a scaling factor 𝑟, that is, 

 

𝛿𝑦𝑖(𝑡) = 𝑟 ∙ 𝐵𝑒𝑞(𝑡, 𝜔𝑖)ℎ(𝑡𝑚 − 𝑡) (24) 

 

In the above formula, 𝜔𝑖 = 2𝜋/𝑇𝑖  , and 𝐵𝑒𝑞(𝑡, 𝜔𝑖)  is the time-modulating function to maintain the time-varying 

frequency of the initial motions with 𝜔𝑖, which can also be 𝐵(𝑡, 𝜔𝑖) from Yu et al. [2015] or the temporal intensity 

envelope 𝐴(𝑡)  in Section 2.2 adopting different methods. ℎ(𝑡𝑚 − 𝑡)  is selected to form the unit adjustment 

acceleration for it is the acceleration impulse response of damped single-degree-of-freedom system, that is, 

 

ℎ(𝑡𝑚 − 𝑡) = exp(𝜉𝜔𝑖(𝑡 − 𝑡𝑚)) cos[𝜔𝐷𝑖(𝑡𝑚 − 𝑡) + 𝜑𝑖] (25) 

 

where 𝜉 is the damping ratio; 𝜔𝐷𝑖 = 𝜔𝑖√1 − 𝜉2 is the free-vibration frequency of the damped system; and 𝜑𝑖 is 

the initial phase of ℎ(𝑡𝑚 − 𝑡). 

 

Combing Equations (23)-(25), we can obtain that 

 

∆SA(𝑇𝑖) = 𝐶 ∙ 𝑟 (26) 

 

in which 𝐶 is essentially the response acceleration of the unit adjustment function at 𝑡𝑚: 

 

𝐶 = ∫ 𝐵𝑒𝑞(𝑡, 𝜔𝑖)ℎ2(𝑡𝑚 − 𝑡)d𝑡
𝑡𝑚

0
 (27) 

 

Once 𝐶  is calculated, 𝑟  can be obtained from Equation (26) and then 𝛿𝑦𝑖(𝑡)  from Equation (24). Next, the 

acceleration after fitting the 𝑖th period is  

 

𝑦𝑖(𝑡) = 𝑦𝑖−1(𝑡) + 𝛿𝑦𝑖(𝑡)  (28) 

 

Then, using 𝑦𝑖(𝑡) as the acceleration before fitting the (𝑖 + 1)th period and repeating Equations (22)-(28), we can 

obtain 𝑦𝑖+1(𝑡) until one Loop for all periods is finished. Next, we iterate the Loops until the largest misfit is less than 

the tolerance. As the non-smoothed 𝐹𝑝(𝑡) and envelope function 𝐵𝑒𝑞(𝑡, 𝜔𝑖) corrupt the displacement and velocity 

time-histories with baseline drift, a baseline-correction procedure based on polynomial fitting is also performed after 

every Loop.  

 
3.2 Framework to fit 𝑺𝑨 and 𝑭𝒑 

 

A flowchart illustrating the detailed procedure presented as following is plotted in FIGURE 4. 

 

Given the target response spectral acceleration SAT (red dots in FIGURE 5a), target PGA, and target 𝐹𝑝 (dash line 

in FIGURE 6d), and the SAT sorted by descend 𝑇1, 𝑇2, … , 𝑇𝑁, we perform the following steps to fit SA and 𝐹𝑝.  

 

1) Calculate SAC(𝑇1) of the initial motion 𝑦0(𝑡) and compare it with the target SAT(𝑇1). If the misfit is larger than 

the tolerance, e.g. 5 percent, adjust the accelerogram using Equations (22)-(28) to obtain 𝑦1(𝑡). Then finish one Loop 

by repeating this step from 𝑇2 to 𝑇𝑁. 

 

FIGURE 5 shows an example matching the 14th period (𝑇14 = 1.7 s ) from 𝑦13(𝑡) . As FIGURE 5a shows, the 
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discrepancy between SAT(𝑇14)  and SAC(𝑇14)  is ∆SA(𝑇14) = 10.79 gal . To eliminate it, a unit adjustment 

acceleration is created by Equation (25) multiplying with 𝐵𝑒𝑞(𝑡, 𝜔14), shown as the solid line in FIGURE 5d, of 

which the response at the time of peak response of 𝑦14(𝑡) is 𝐶 = 4.23 gal. Thus, the adjustment scaling coefficient 

is 𝑟 = 2.55 by Equation (26), as shown in FIGURE 5e. Multiplying 𝑟 with the unit adjustment acceleration, we can 

obtain δy14(𝑡) (the dash line in FIGURE 5d). Finally, by adding 𝑦13(𝑡) to δy14(𝑡), we get 𝑦14(𝑡) (FIGURE 5f) 

and the spectral acceleration with 𝑇14 = 1.7 s matches the target (solid line in FIGURE 5a and black dot in FIGURE 

5h). 

 

 
FIGURE 4 Detailed procedure to match SA and 𝑭𝒑. 

 

 
FIGURE 5 Example for matching spectrum: adjusting the 14th period (𝑻𝟏𝟒 = 𝟏. 𝟕 𝐬) of the first Loop.  

 

2) Replace the PGA of the modified motion with the target PGA and perform baseline correction. 

 

3) Repeat step 1) and step 2) until all the modified SA with 𝑇1, 𝑇2, … , 𝑇𝑁 and the PGA both meet the requirements. 

 

4) Calculate the instantaneous frequency of the accelerogram. Within those time intervals that the current 𝐹𝑝 is too 
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higher than the target, perform a low-pass average filter with the width of the time window equaling three times the 

mean 𝐹𝑝 in that time interval. 

 

5) Repeat steps 1)-4) until the SA and 𝐹𝑝 both meet the requirements. 

 

FIGURE 6 illustrates the resulting time-histories after the adjustment procedure compared with the initial motion 

(after baseline correction). The modified spectrum is plotted as the triangle-dash line in FIGURE 5a. It can be seen 

that the adjustment procedure well maintains the main character of all the initial acceleration, velocity, and 

displacement. Moreover, the discrepancy of the 𝐹𝑝 between the initial and target is reduced. 

 

 
FIGURE 6 Acceleration, velocity, displacement and 𝑭𝒑(𝒕) after the procedure for matching both target 

𝐒𝐀 and 𝑭𝒑, compared with the initial motion (after baseline correction) 

 

4. Simulation of nonstationary ground motions based on different time-frequency modulating functions 

 

To show the effects of different time-frequency modulating function on ground-motion simulation, three time-

modulating functions described in Section 2 are chosen to simulate ground motions. The frequency-independent 𝐴(𝑡) 

is referred as ‘Temporal’; the function 𝐵(𝑡, 𝜔) from Yu et al. [2015] presented in Section 2.2 is named ‘Yu’ and the 

proposed one 𝐵𝑒𝑞(𝑡, 𝜔) in Section 2.3 is referred as ‘Improved’.  

 
4.1 Simulation scenarios and targets 

 

In this section, the simulation targets are extracted from a real record for simplification. If using for engineering 

practice, the targets from codes and statistical research are preferred. As the ‘Yu’ and ‘Improved’ models are based on 

the wavelet-related model in Equation (6), the similarities of the models and the wavelet spectra of 20 ground motions 

from NGA PEER database [Chiou et al. 2008] are first investigated. Meanwhile, it is better that the record motion 

shows clear spectral variation that the replication of spectral non-stationarity using the new method can be compared. 

Therefore, we choose the NS component recorded at UP90S-H1 of 1990 Upland earthquake to extract the targets, as 

shown in FIGURE 7, for the similarity of its wavelet spectrum with the model of Equation (6) (FIGURE 7c) and the 

decaying of high frequency content towards end of the time (FIGURE 7d).  
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FIGURE 7 NS component recorded at UP90S-H1 of 1990 Upland earthquake and extracted simulation 

targets. (a) Acceleration time-history of record and target intensity envelopes. (b) Target and fitted spectral 

accelerations. (c) Examples of normalized frequency-dependent wavelet spectrum at time=10, 20, 30, 40 

seconds and the models established in Equation (6). (d) Wavelet spectrum of the record and extracted target 

instantaneous frequencies. 

 

Two different scenarios, named ‘Reconstruction’ and ‘Design’, are presented in this section to compare the behavior 

of three modulating functions for reconstructing a real record and for design purpose, respectively. Therefore, two 

intensity-envelope models, two 𝐹𝑝(𝑡) models, and two response spectra are extracted from the record and adopted 

for the two scenarios, which are also illustrated in FIGURE 7 and described as following: 

 

Reconstruction scenario: The models are directly fitted from the record to reflect the fine variation of intensity and 

frequency contents. The intensity envelope is the root-square of normalized moving average of the squared recorded 

acceleration with a 3-second window (dot line in FIGURE 7a); the 𝐹𝑝 model is estimated from the real acceleration 

by using continuous Morlet wavelet transformation (dot line in FIGURE 7d); and the target spectrum is directly 

calculated from the record (black dot line in FIGURE 7b). 

 

Design scenario: The models adopt design forms from statistical studies. For simplification, the modal parameters 

are obtained by fitting the time-histories to those design forms rather than directly from those statistical studies, 

because there is no specific site for choosing proper parameters. The intensity model is from Amin and Ang [1968], 

as the dot-dash line shows in FIGURE 7a where 𝑡1 = 9.23 s and 𝑡2 = 43.00 s are respectively the time of 5% and 

85% Arias intensity, and 𝑐 = 0.128; The 𝐹𝑝(𝑡) model [Yu et al. 2015] is 

 

𝐹𝑝(𝑡) = 𝑓0 + 𝑝exp(−𝑠𝑡) sin(𝜔𝑓𝑡) (29) 

 

where 𝑓0 = 6 Hz, 𝑝 = 15, 𝑠 = 0, and 𝜔𝑓 = −0.02 are modal parameters obtained by least-square method fitting 

the instantaneous frequency (dash line in FIGURE 7d); and the target spectrum uses a form of normalized design 

spectrum [Chopra 2012] close to the record spectrum shown as the black solid line in FIGURE 7b where 𝑇1 = 0.1 s 

and 𝑇𝑔 = 1 s. 

 

Table 1 illustrates the required temporal and spectral nonstationary models and equations for simulating ground 

motions using ‘Temporal’, ‘Yu’, and ‘Improved’ methods. In each scenario and using each method, we simulate seven 

uncorrelated accelerograms by first synthesizing initial motions using Equation (4) or (5) and then adjusting them to 

match the target SA (and target 𝐹𝑝  for ‘Yu’ and ‘Improved’) using the framework in Section 3.2. 81 controlling 

periods from 0.04 s to 6 s on logarithmic scale are adopted and the maximum tolerance of difference between the 

modified and target spectra is 5 percent. 

 

Table 1 Nonstationary models and equations for simulating artificial accelerograms. 

 

Group Nonstationary models required Time-frequency modulating function 

Temporal Intensity envelope 𝐴(𝑡) in Section 2.2 
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Yu 
Intensity envelope and 𝐹𝑝 model 

𝐵(𝑡, 𝜔) in Section 2.2 

Improved 𝐵𝑒𝑞(𝑡, 𝜔) in Section 2.3 

 
4.2 Non-stationarities of spectrum-compatible ground motions  

 

FIGURE 8 shows the examples of spectrum-compatible accelerograms in each group of two scenarios. Compared 

with the targets in FIGURE 7a and d, it is obvious the ‘Temporal’ groups produce accelerograms with stable and over-

high frequency content; ‘Yu’ groups produce acceleration with too lower amplitude for low frequency parts; while, 

the shapes of the motions in “Improved” are most similar with the targets. 

 
FIGURE 8 Examples of artificial acceleration accelerograms in three groups. 

 

To better show the energy variation of the ground motion in each group, the Husid function [Husid 1969] of all the 

motions in three groups and two scenarios are evaluated. The Husid function, which is equivalent to the normalized 

build-up of Arias intensity, can be used to constrain the temporal non-stationarity of acceleration time-history over 

time duration [Huang and Wang 2017; Colajanni et al. 2020]. For instance, the strong-motion duration can be defined 

as the time during 0.05 ≤ 𝐻(𝑡) ≤ 0.95 [Cacciola 2010]. 𝐻(𝑡) is the Husid function: 

 

𝐻(𝑡) =
∫ 𝑦2(𝑡)d𝑡

𝑡
0

∫ 𝑦2(𝑡)d𝑡
𝑡𝑑

0

 (30) 

 

where 𝑡𝑑 is the total duration of the ground motion.  

 

FIGURE 9a and b show the mean Husid plots of artificial accelerograms in each group of two scenarios with the 

targets. It can be seen that the motions in ‘Temporal’ group (black dot lines) well replicate the target energy 

accumulation in terms of time. Whereas the ‘Yu’ group (red dot-dash lines) shows a distinct deviation from the target. 

In detail, these accelerograms have more energy concentrated at the first half of duration because of the high frequency 

contents. This situation is well corrected in the ‘Improved’ group (blue solid lines) as the equivalent average envelope 

corresponding to the high 𝐹𝑝 part is reduced, as shown in FIGURE 3, such that the energy is building up roughly 

around the target Husid function. 

 

Focusing on the spectral non-stationarities of the ground motion, the mean instantaneous frequencies in each group of 

two scenarios are calculated and plotted in FIGURE 9c and d with the target curves. To better compare, the 𝐹𝑝s are 

all smoothed using a 3-second time window. Not Surprisingly, the 𝐹𝑝s in ‘Temporal’ group remain stable and cannot 

replicate the time-varying feature. The 𝐹𝑝 in ‘Yu’ group can only fit the targets well within the time interval of strong 

shaking phase. While the 𝐹𝑝s in ‘Improved’ groups are very close to the targets. 
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FIGURE 9 (a)-(b) the Husid functions comparison of two scenarios. (c)-(d) 𝑭𝒑 comparison of two 

scenarios. 

 

The above numerical examples show the new method can well replicate both the target temporal and spectral non-

stationarities. 

 

5. Sensitivity analysis on site-specific seismic input 

 

In this section, it is demonstrated how the site response affects the acceleration at the surface, i.e., the surface peak 

ground acceleration (PGAsurf) and response spectral acceleration (SAsurf), by varying each of the governing factors 

of the bedrock-motion simulation. We mainly considered two key factors of simulating bedrock motion that may 

change PGAsurf and SAsurf: (i) the time-varying instantaneous frequency and (ii) selecting difference forms of time-

frequency modulation function. The objectives are to find whether and to what extent PGAsurf  and SAsurf  are 

sensitive to those two factors and to give instructions on how to include non-stationarities of bedrock motion into 

obtaining site-specific seismic inputs. 

 

Three one-dimension soil profiles with different classification according to Chinese Code GB50011-2010 [2016] are 

herein considered. The soil profiles in terms of shear wave velocity 𝑉𝑠 are plotted in FIGURE 10 (first row); the 

boreholes B, C and D are sites classified as II, III, and IV respectively based on the 𝑉𝑠 and thickness of soft soil 

according to the code [GB50011-2010 2016]. The modified hyperbolic model (MKZ) [Matasović and Vucetic 1993] 

is adopted as backbone curve and the non-Masing loading and unloading law revised by Muravskii [2005] to constrain 

the hysteretic behavior of soil. The parameters for modulus reduction behavior and damping behavior are obtained 

fitting the analytical curves to measured modulus reduction curve 𝐺/𝐺𝑚𝑎𝑥  and damping ratio curve 𝜉, respectively. 

The fitting curves are plotted in FIGURE 10 (second row). We use the MATLAB-based code SeismoSoil [Asimaki 

and Shi 2017] to perform nonlinear site response calculation. As the purpose is to investigate the effects of ground-

motion features, neither liquefaction nor pore water pressure generation is considered. The input motions on rock are 

all considered as outcrop motions in the following studies. Therefore, they are deconvoluted to the bedrock to perform 

the site propagation. 

 

In section 5.1, we show how we change the two key factors of bedrock-motion simulation in detail. By performing 

site-response analysis using the same three soil profiles, section 5.2 successively investigates how (i) instantaneous 

frequency and (ii) selecting difference forms of time-frequency modulation function influence the resultant PGAsurf 

and SAsurf. 
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FIGURE 10 𝑽𝒔 profiles (first row) and modulus and damping ratio reduction curves (second row). Each 

column indicates the same borehole. The site classification is determined by Vs20 and 𝒅𝟎 (covering depth of 

soil) according to the Chinese code GB 50011-2010 [2016]. 

 
5.1 Considered factors for the ground-motion simulation at the bedrock  

 

To investigate the influence of the simulated records on the site response, two sensitivity analyses, based on the 

‘Improved’ group of Reconstruction scenario in Section 4.1 and FIGURE 7, are performed. If not mentioned otherwise, 

the targets and settings for strong-motion simulation are the same used for simulating the ‘Improved’ group in the 

Reconstruction scenario (see Section 4.1). The detail of the two comparisons are: 

 

i. Two target instantaneous-frequency models are considered, i.e. ‘Sta-𝐹𝑝’ and ‘Decay-𝐹𝑝’, respectively. This allows to 

investigate the influence of frequency contents. For the model ‘Sta-𝐹𝑝 ’, the target 𝐹𝑝  is time-invariant equaling 

𝐹𝑝−𝑠𝑡𝑎 where eight levels of 𝐹𝑝−𝑠𝑡𝑎 are used from 1 Hz to 8 Hz. For the scenario ‘Decay-𝐹𝑝’, a time-dependent 

decaying 𝐹𝑝 is considered: 

 

log [𝐹𝑝(𝑡)] = log(10) − 𝑘𝑡 (30) 

 

where 𝑘 is the decaying rate of 𝐹𝑝 in terms of time on a logarithmic scale and eight levels of 𝑘 are used as well. 

To achieve different frequency distribution, power spectra with different peaks are allowed. 

 

ii. Three different time-frequency modulating function models, i.e. ‘Temporal’, ‘Improved’, and ‘Quasi-real’, are also 

studied to show the effects of modulating function selection. Accelerograms in the group ‘Temporal’ use the 

frequency-independent envelope 𝐴(𝑡)  without considering the frequency variation. The group ‘Improved’ uses 

𝐵𝑒𝑞(𝑡, 𝜔) in Equation (21) proposed in this paper that captures the main feature of the temporal and spectral non-

stationarity. Finally, the group ‘Quasi-real’ uses the normalized time envelopes of the interpolated wavelet spectrum 

of the record motion at different frequencies to replicate the original ground motion as better as possible. It is worth 

noting that the ‘Temporal’ and ‘Improved’ groups are identical to those presented in Section 4.1. 

 

To study the behavior for the different scenarios under various ground-motion intensity levels, the PGArock of the all 

these simulated bedrock motions are also scaled to three levels, i.e. 0.1g, 0.3g and 0.5g. 

 
5.2 Results and discussion 

 
5.2.1 Frequency contents  

 

FIGURE 11a and b plot the 𝐹𝑝 values of the 16 groups of artificial rock motions for the two 𝐹𝑝 model scenarios, 

respectively. Although the fitted 𝐹𝑝 functions keep the time-dependent trends and the relative magnitudes between 

each other defined in the target models, those with extremely high or low values, e.g. 1 Hz and 8 Hz, cannot fit the 

targets very well. As the EPSD models are finally used to synthesize initial motions, the 𝐹𝑝 errors are caused by the 
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approximate transformation from wavelet model to EPSD model in Equations (10)-(15). Therefore, a power spectral-

based central frequency [Régnier et al. 2016] is preferred to represent the concentration of energy in the frequency 

domain: 

 

𝑓𝑐 = √
∫ 𝑓2𝐺(𝑓)d𝑓

∞
0

∫ 𝐺(𝑓)d𝑓
∞

0

 (31) 

 

where 𝑓𝑐  is the central frequency and 𝐺(𝑓)  is the power spectral of the artificial motion on bedrock. When 

synthesize the initial motion using Equation (4), the theoretical 𝑓𝑐 can be calculated as following [Smith 2003]: 

 

𝑓𝑐𝑡ℎ𝑒𝑜𝑟𝑒𝑡𝑖𝑐𝑎𝑙
= √

∫ 𝑓2𝐺𝑠𝑢𝑚(𝑓)d𝑓
∞

0

∫ 𝐺𝑠𝑢𝑚(𝑓)d𝑓
∞

0

 (32a) 

𝐺𝑠𝑢𝑚(𝑓) = (∑ √𝑆(𝜔𝑘)∆𝜔 ∗ conv(FT[𝐵(𝑡, 𝜔𝑘)], δ(𝜔𝑘)))𝑛
𝑘=1 )

2
 (34b) 

 

in which conv(·) is the operator of the convolution; FT[·] is the operator of the Fourier transform, and δ(·) is the 

Dirac delta function. 

 
FIGURE 11 (a) 𝑭𝒑(𝒕) of Sta-𝑭𝒑 scenario. (b) 𝑭𝒑(𝒕) of Decay-𝑭𝒑 scenario. (c) Calculated and 

theoretical central frequency of Sta-𝑭𝒑 scenario. (d) Calculated and theoretical central frequency of Decay-

𝑭𝒑 scenario. 𝒌 denotes the target decaying rate of 𝑭𝒑(𝒕) in term of time on logarithmic scale. 

 

FIGURE 11c and d plot the 𝑓𝑐 of the simulated rock motions and their corresponding theoretical values. The results 

show well agreements between the calculated and theoretical values with the maximum error less than 1Hz, which 

means the adjustment to fit SArock and 𝐹𝑝 has limited disturbance on 𝑓𝑐. 

 

The distribution of PGA amplification factors [De Risi et al. 2019] as a function of 𝑓𝑐  with different shaking 

intensities and site conditions are plotted in FIGURE 12a. Regardless of the PGArock level and site condition, similar 

second-order polynomial relationships between the mean PGAsurf  and mean 𝑓𝑐  can be fitted (FIGURE 12a). 

PGAsurf has a trend first increasing and then decreasing as the 𝑓𝑐 increases. The levels of change in terms of 𝑓𝑐 

decrease with higher shaking intensity and softer site condition, which is caused by the suppression of high-frequency 

content because of stronger nonlinearity and lower resonance frequency. However, it must be noted that the variation 

of mean PGAsurf with respect to 𝑓𝑐 is not distinct, which is close to or even smaller than its inter-group variation. 

FIGURE 12b plots the SAsurf in terms of 𝑓𝑐 with different shaking intensities and site conditions. Although the 

SAsurf with different 𝑓𝑐 and PGArock = 0.1g at three boreholes are almost the same, the results in the second and 

third row highlight the more distinct difference with low and moderate natural periods and stronger PGArock from 

0.3 g to 0.5 g. In Scenario ‘Sta-𝐹𝑝 ’, SAsurf  with 𝑇 ≤  0.5 s, especially with 0.1 s ≤ 𝑇 ≤ 0.5 s  , significantly 

increases and SAsurf with 0.5 s ≤ 𝑇 ≤ 1 s slightly decreases as the 𝑓𝑐 increases. Whereas in Scenario ‘Decay-𝐹𝑝’, 

the trend is same, but the change is much slighter.  
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FIGURE 12 (a) PGA amplification with their uncertainties (error bars, mean±std) and fits of mean 

(lines) in Scenario ‘Sta-𝑭𝒑’ (Red) and ‘Decay-𝑭𝒑’ (Blue). (b) Spectral acceleration on surface of Scenario ‘Sta-

𝑭𝒑’ (Red solid lines) and ‘Decay-𝑭𝒑’ (Blue dash lines). In (a) and (b), Each column denotes results on the same 

site and each row the same 𝐏𝐆𝐀𝐫𝐨𝐜𝐤 level. 𝑭𝒑−𝒔𝒕𝒂 is the target stable 𝑭𝒑 in Sta-𝑭𝒑 scenario and 𝒌 denotes 

the target decaying rate of 𝑭𝒑(𝒕) in terms of time on logarithmic scale in Decay-𝑭𝒑 scenario. 𝑹𝟐 denotes 

the Coefficient of determination of least-square fit. 

 

Detailed examination indicates that the reason for such observation is mainly due to the difference of energy in 

different frequency bands and the change of frequency contents in terms of time, other than the change of nonlinear 

soil properties. The mean nonlinear transfer functions of soil profiles for PGArock = 0.5 g are plotted in FIGURE 

13a. Slightly difference with 𝑓 ≥ 1 Hz is observed between two scenarios. However, the difference is so small (less 

than 20%), and the inter-scenario nonlinear transfer functions are very close. Thus, those cannot be the attribution of 

the above-mentioned massive difference in SAsurf.  

 

FIGURE 13b also shows examples of mean smoothed Fourier amplitude spectra of artificial accelerograms in three 

groups. They respectively correspond to the two groups in Scenario ‘Sta-𝐹𝑝’ with very different 𝑓𝑐, i.e. A1 (𝑓𝑐=3.5Hz) 

and A2 (𝑓𝑐 = 6.6 Hz), and one group in Scenario ‘Decay-𝐹𝑝’ having close 𝑓𝑐 with A1, i.e. B1 (𝑓𝑐=3.7Hz). On one 

hand, we can notice that the Fourier spectra of A1 are distinctly larger than A2 with 𝑓 > ~2 Hz and smaller than A2 

with 𝑓 < ~2 Hz . When the shaking is intensive, e.g. PGArock = 0.5 g , the strong nonlinearity of soil profiles 

suppresses the high frequency of the input motion, making the spectral difference between A1 and A2 more distinct. 

On the other hand, the comparison between A1 and B1 illustrates the location of high frequency is equally important. 

A1 and B1 have similar shape and amplitude of spectra, thus having similar 𝑓𝑐. Moreover, the Fourier spectra of B1 

with 𝑓 > ~2Hz  is even smaller than A1. However, the high-frequency part of B1 occurs at the initial of the 

accelerogram where the intensity is not so strong to trigger high nonlinearity, causing the SAsurf of B1 with 𝑇 ≤
0.5 s much larger than A1. 

 

The discussion above concludes that for low PGArock (0.1 g), the change of frequency content of spectral-compatible 

motion at bedrock only slightly influences the PGAsurf, which is not essentially very significant. While for moderate 

and large PGArock (0.3g and 0.5g), SAsurf is influenced by the concentration of energy in terms of frequency and 

the time location of high-frequency contents. Therefore, the frequency contents of the input motion should be carefully 

examined that not only the power spectrum should match the empirical estimation, but also the time-varying feature 

of frequency contents should be determined carefully to avoid underestimation of the surface seismic input. 
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FIGURE 13 (a) Nonlinear transfer functions of Scenario ‘Sta-𝑭𝒑’ (Red solid lines) and ‘Decay-𝑭𝒑’ (Blue 

dash lines) with 𝐏𝐆𝐀𝐫𝐨𝐜𝐤 = 𝟎. 𝟓 𝐠. (b) Examples of Fourier amplitude of artificial accelerogram on rock 

outcrop. 𝑭𝒑−𝒔𝒕𝒂 is the target stable 𝑭𝒑 in Sta-𝑭𝒑 scenario and 𝒌 denotes the target decaying rate of 𝑭𝒑(𝒕) 

in terms of time on logarithmic scale in Decay-𝑭𝒑 scenario. 

 
5.2.2 time-frequency modulating function model 

 

FIGURE 14 shows examples of time-frequency modulating functions in each group. ‘Temporal’ group have the same 

modulating functions at different frequencies. The shape of modulating functions of group ‘Quasi-real’ is similar with 

group ‘Improved’, while are much finer with high frequencies and coarser with low frequencies resulted from the 

nature of the resolution of the wavelet transform. The results indicate the modulating function of ‘Quasi-real’ most 

closely represents the detailed character of the record. 

 

 
FIGURE 14 Examples of time-modulating functions at different frequencies. Three lines in ’Temporal’ 

panel overlap with each other. 

 

FIGURE 15a and FIGURE 15b plot respectively the PGA amplification and the SAsurf between the artificial rock 

motions and the record at the surface of the three soil profiles. On one hand, it can be seen that, for low-intensity level 

with PGArock = 0.1 g, the ‘Temporal’ groups produce close results of SAsurf with long periods but overestimate the 

PGAsurf and SAsurf with short periods when the site is hard; for moderate and high-intensity level, the ‘Temporal’ 

groups underestimate the SAsurf  with moderate periods. It illustrates the significance of considering frequency 

variation same with Section 5.2.1. On the other hand, regardless the intensity levels and site conditions, although the 

‘Improve’ time-modulating function uses the approximate 𝐿(𝑡, 𝑓)  in Equation (6) with details of frequency 

distribution lost (FIGURE 14b), it produces as good results as the finer time-modulating function of ‘Quasi-real’ group, 

both very close to the record. 

 

Overall, for both small and large PGArock level, it is all recommended to use the new, improved time-modulating 

function to simulate ground motions on bedrock.  
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FIGURE 15 (a) Surface PGA difference from the record with different time-modulating functions. 

Triangles, circles, and rectangles indicate ‘Temporal’, ‘Improved’, and ‘Quasi-real’ scenarios, respectively. 

Black solid lines denote mean and dash lines denote mean±std. (b) Surface SA with different time-modulating 

functions. Each column denotes results on the same site and each row the same 𝐏𝐆𝐀𝐫𝐨𝐜𝐤 level. 

 

6. Conclusion  

 

In this study, we first proposed a time-frequency modulating function of ground motion with desired temporal and 

spectral non-stationarities, and then developed a simulation method for ground motion matching of multiple targets. 

Based on these, we performed extent studies on simulating accelerograms on bedrock. The conclusions obtained in 

this study are as follows:  

 

1) The new time-frequency modulating function replaces the time-envelope function of accelerogram with the new 

equivalent average-envelope function of EPSD and has more close energy build-up with the target. Moreover, the 

model not only can simulate the nonstationary characteristics of ground motion very well but also has statistical modal 

parameters classified according to magnitude and distance, which is very suitable for engineering application. 

 

2) The new period-by-period simulation method based on proposed stochastic model can not only match multiple 

targets, such as the PGA and the spectrum, but can also well replicate both the desired temporal and spectral non-

stationarities with simple uncoupled intensity and instantaneous frequency models and parameters, which is efficient 

and easy to use in engineering practice. 

 

3) If not considering liquefaction, the frequency content of the ground-motion, including the energy concentration in 

terms of frequency and decaying with respect to time, have a great impact on the site response with moderate and 

large PGA level (0.3g and 0.5g), thereby requiring careful determination when simulating ground motion on bedrock . 

 

4) Using the 𝐹𝑝-related time-modulating function to approximate the real ground motion brings close enough results 

with the record for nonlinear site response regardless PGA level and site condition, thus is recommended to simulate 

ground motion on bedrock in engineering practice. 

 

The developed work in this paper, including a new proposed fully nonstationary model, a ground-motion simulation 

method and instructions on how to consider non-stationarities for bedrock-motion simulation, is applicable to produce 

more realistic site-specific seismic input on soil sites. 
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