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Abstract:  

Performance of a passive vehicle suspension can be improved with the help of an active 

actuator, however, with potentially problematic control requirements, such as high energy 

consumption and large actuator forces. To maximize performance benefits without requiring 

significant control efforts, the passive and active parts need to be designed and work 

synergistically. In this paper, a novel combined passive and active vibration suppression 

approach of which the passive part is enhanced by an inerter is proposed for improving the 

trade-off between dynamic performance and control requirements. Via this approach, the 

optimal passive configuration consisting of inerter(s), spring(s) and damper(s) with 

pre-determined numbers and the optimal active control parameter can be identified. The 

approach is demonstrated using a case study where the combined suspension is designed 

considering a quarter-car model and a typical active controller. It will be shown that, 

compared with a conventional passive part of a spring-damper, adding an inerter in parallel 

can significantly improve the pareto optimality between the ride comfort and power (or force) 

requirements. The improvement is further enhanced by systematically exploring all passive 

network possibilities with a pre-determined complexity via the structure-immittance 

technique. This approach is also applicable to the vibration suppression of other engineering 

structures. 

 

Keywords: active-passive-combined suspension, inerter, pareto optimality, average power, 

r.m.s. active force, structure-immittance approach 
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1. Introduction 

Passive suspensions traditionally comprising springs and dampers have dominated in 

automotive industries because of their low cost and high reliability. However, passive designs 

are typically with a limited functionality due to their constrained design parameters. In order 

to improve the vibration-suppression effects of the passive suspension, many researchers have 

proposed incorporating an active actuator to supplement the passive device – the 

active-passive-combined suspension. Significant research effort has focused on the possible 

control strategies that might be used for the active element of the combined suspension, for 

example, adaptive control [1], robust control [2], optimal control [3,4] and intelligent control 

[5]. Improved vibration-suppression functionalities thanks to the active actuator also lead to 

high control requirements such as a high amount of energy consumption and a great actuator 

force. In order to achieve better dynamic performance without requiring significant control 

effort, passive and active parts need to be designed and work synergistically. Some 

researchers proposed passively synthesizing a part of the active controller to minimize the 

amount of control power needed for the active part [6,7]. There were also studies on the 

simultaneous optimization of both the active and passive parts [8–10]. These studies only 

considered the case where the passive arrangements only consist of springs and dampers. It is 

reasonable to anticipate that further improvement can be achieved if the possibilities of the 

passive part can be enlarged. 

It has been extensively demonstrated that the inclusion of an inerter can enlarge the range 

of achievable passive suspension possibilities. The inerter, a passive mechanical element 

introduced by Smith in 2002 [11], has the property that its generated force is proportional to 

the relative acceleration across its two terminals. It completes the electrical and mechanical 

analogy and enables all the positive-real admittances to be realized passively. Since its 

introduction, many inerter-based layouts with low complexity have been proposed [12–15] 

and potential improvements across a wide range of application areas have been identified, 

such as automobiles [16], railway vehicles [17,18], wind turbines [19], landing gear [20] and 

civil engineering [21,22].  

Given the effectiveness of the inertance in passive applications, using an inerter in 

cooperation with an active actuator has been reported theoretically to suppress the vibration of 

the hosting system [23,24]. For example, the work in [23] demonstrated that the proposed 

resonant absorbers with inertia realized passively by a mechanical inerter achieved a 

significant vibration reduction compared to the viscous damper. There were also some studies 

investigating the impact of the inerter on control-related issues coming with the performance 

improvement. One beneficial impact was improving the stability margin of the combined 

absorber. The velocity feedback loop was often used to drive a spring-damper to damp the 

structural response of the hosting structure, but this type of control systems was only 

conditionally stable [25]. By including an inerter in parallel with the spring-damper, a better 

control stability was achieved [26–28]. In addition to the improvement in the stability margin, 

the inerter-based device also has a significant potential for reducing the maximum actuator 

force without deteriorating the dynamic performance of the hosting system. For example, the 

work in [29] investigated the interaction between an inerter-based device and an active 

controller on a railway vehicle. It was demonstrated that integrating an inerter accomplished a 
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substantial improvement of the ride comfort with a reduced maximum actuator force within 

the active part of the combined suspension. This benefit was also replicated in a more 

complex three-dimensional model of a similar vehicle.  

Although the existing studies have demonstrated the advantages of including an inerter in a 

combined suspension, the answers to the following two questions are unknown. One question 

is how to systematically identify the optimum passive and active parts. For example, while 

there are numerous design possibilities of inerter-based passive layouts, the previous studies 

only covered a few specific layouts, leaving huge design possibilities unexplored and then the 

optimum one unable to be identified. The other question is that how the trade-off between 

dynamic performance and control requirements can be improved via an inertance-integrated 

combined passive and active suspension. There exist two important indices of control 

requirements, i.e., the root-mean-square (r.m.s.) active force and the average power. Reducing 

these two indices without deteriorating the dynamic performance by using an 

inertance-integrated combined suspension has not yet been considered. The r.m.s. active force 

can represent the continuous output capability for an actuator. It is often regarded as an 

important factor to determine the actuator size for continuous operation [30], so minimizing 

the required r.m.s. active force during the design stage is important. The average power 

defined by the average of the instantaneous power consumption (or absorption) is another 

important metric for active systems as it can represent the power that must be supplied from 

(or returned to) the electrical supply [31,32]. Through careful design, the power requirements 

for the system can potentially be reduced. Ideally power autonomy, or even power absorption 

and harvesting, might be achieved without loss of dynamic performance. 

To fully address the above two questions, this paper proposes a novel 

active-passive-combined control approach with an inerter integrated into the passive part, 

which can achieve the optimal trade-off between the dynamic performance and control 

requirements. It also enables the identification of the optimal passive configuration consisting 

of inerter, spring and damper with a pre-determined complexity and the active control 

parameter of the combined suspension. To demonstrate this approach, in this work a 

combined active-passive vehicle suspension in a quarter-car model is adopted as an example, 

where an elementary control algorithm: the skyhook control law, is assumed for the active 

part. A ride comfort index is selected to represent the dynamic performance, along with two 

control requirement indices of the active actuator, i.e., the average power and the r.m.s. active 

force. It will be shown that the addition of an inerter in parallel both achieves a better ride 

comfort while maintaining the same power absorption as the conventional layout, and also 

leads to a significant reduction of the required r.m.s. active force with the same ride comfort 

level as the conventional layout. A more significant pareto-optimality improvement achieved 

through the consideration of a wide range of inerter-integrated layouts will also be 

demonstrated. The previous studies, e.g., [33,34], were able to characterize a set of candidate 

passive networks using positive-real immittance functions [35], but they did not offer an 

effective means of managing the complexity of the network topology or the size of the 

element values, leading to passive layouts with excessively high numbers of elements or 

unrealistic element values. To address this, the structure-immittance approach [36] is adopted 

here for designing the passive part of the combined suspension, which allows a full set of 

candidate layouts with a pre-determined number of each element type and range of element 
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values.  

This paper is structured as follows: in Section 2, the mathematical model of a quarter car 

with example active-passive-combined suspensions is formulated. The stability of this 

combined suspension is also analyzed. Expressions for the dynamic performance and control 

requirements in the H2-norm form are then calculated analytically in Section 3, based on the 

Lyapunov equation approach. In Section 4, the multi-objective optimization procedure is first 

described and then the pareto-optimality enhancement of the combined suspension with a 

simple inerter-based layout is demonstrated. The structure-immittance approach is then 

employed in Section 5, to provide further pareto-optimality improvements for the proposed 

combined active and passive control. Finally, conclusions are drawn in Section 6.  

2.  Quarter-car model with a combined suspension and the stability 

analysis  

2.1. Quarter-car model with a general combined suspension  

A standard model for developing vehicle suspension systems is the quarter-car model 

shown in Figure 1 with a sprung mass ms, an unsprung mass mu and a tire modelled as a 

spring with stiffness kt. In line with many suspension-design studies (e.g., [37,38]), the 

damping characteristic of the tire has been neglected. The displacement of the sprung mass 

and the unsprung mass are denoted as xs and xu respectively, with their positive directions 

shown in the figure. The displacement of the road profile is presented by xr. The combined 

suspension consists of two parts: one is a passive absorber represented by the admittance Y(s), 

where Y(s) = F(s)/V(s) is the transfer function from the relative velocity V(s) across its two 

terminals to the generated force F(s) in the Laplace domain. The other part is an active 

actuator, which can be realized by any feedback controllers such as those based on H2, H∞, 

LQR, pole assignment, etc. The focus of this paper is on studying the benefits of the inerter in 

the active-passive-combined suspension rather than comparing different active controllers, so 

an elementary control law, the skyhook control, is selected here considering its superior 

capacity to improve the ride comfort and the simplicity. Due to the advantages mentioned 

above, a skyhook-based algorithm has found application in semi-active suspension controllers 

implemented in existing production vehicles, such as the Audi A6 [39], the Opel Astra [40] 

and the Ford Transit Connect [41]. It should also be noted that the approach in this work is not 

restricted to the skyhook control and can be applied to other active control schemes.  

In the skyhook control, the active force (u) is proportional to the velocity of the sprung 

mass as sky su c x    , where csky is the controller gain with the physical meaning of skyhook 

damping and the negative sign denotes that the active force always inhibits the motion of the 

sprung mass. The dynamic equations of motion for this system in the Laplace domain are: 

 
2

2

ˆ ˆ ˆ ˆ( )( )

ˆ ˆ ˆ ˆ ˆ ˆ( )( ) ( )

s s s u sky s

u u u s t u r sky s

m s x sY s x x sc x

m s x sY s x x k x x sc x

    


     
  (1) 

where the symbol ^ denotes the Laplace transformation of variables. 
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Figure 1. The standard quarter-car vehicle model with the skyhook control. 

 

2.2. Candidate passive layouts for the combined suspension 

For the designed suspension, the passive admittance Y(s) can be regarded as the sum of the 

admittance of a static spring ks and a general admittance Y1(s) to be designed, as shown in 

Figure 2(a). P0 in Figure 2(b) is a traditional layout where Y1(s) is replaced by a linear damper. 

This layout has formed the passive part of the suspension system in many studies considering 

combined active and passive control (e.g., [2,32]) and as such we treat it as our baseline 

reference here. P1 in Figure 2(c) is a simple candidate layout where an inerter is added in 

parallel with the traditional layout P0. 

The advantages of including an inerter in the passive network are first assessed by 

comparing the pareto optimality of the combined suspensions employing passive layouts P1 

and P0. Then, the benefits will be further expanded by exploring the full network possibilities 

of the general passive admittance Y1(s) with any pre-determined number for each element type 

(springs, dampers, inerters) using the structure-immittance approach, which will be detailly 

discussed in Section 5. The static stiffness of the suspension strut is fixed while the remaining 

passive parameters and the active controller gain are co-optimized. The static stiffness 

together with other quarter-car parameters including the sprung mass, the unsprung mass, and 

the tire stiffness are listed in Table 1. These values are typical values for passenger cars 

encountered in the literature [37].  

Note that from here, the labels Pi&A (i = 0, 1, 2) refer to the combined suspension 

integrating a passive layout Pi in parallel with an active actuator, where A means ‘active force 

applied’. Another inerter-based passive layout, denoted as P2, will be presented in Section 5. 

 

 Table 1. Vehicle parameters of the quarter-car model. 

Parameter  Value 

Sprung mass ms 250 kg 

Unsprung mass mu 35 kg 

Tire stiffness kt 150 kN/m 

Static Spring ks 15 kN/m 
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Figure 2. A suspension strut of (a) the general candidate layout, (b) the reference layout (P0) and (c) a 

candidate layout (P1). 

 

2.3. Stability analysis of candidate combined suspensions 

Before moving on to the mathematical formulation of dynamic performance and control 

requirements indices, it is necessary to assess the stability of the controller and to ensure a 

good stability margin (e.g., gain margin, phase margin). The transfer function relating the 

acceleration of the sprung mass sx to the velocity of the road profile rx in the Fourier domain 

can be expressed as 

 
2 2

( )
( )

( ( ) ) ( )( ( ) )r s
t

x x
u t s u t sky

k Y j
H j

m j Y j k m j m k Y j c

 


     




       

    (2) 

Eq. (2) can be rearranged to give 

 1( )
( )

1 Δ( )r sx x
sky

H j
H j

c j




 
    (3) 

where  

 
   1 2 2 2

( )
( )

( )

t

s t u t u s

j k Y j
H j

j m k m Y j k m m

 


    


   
  (4) 

and ∆(jω) is the Open Loop Frequency Response Function (OL-FRF) with a unit gain, given 

by 

 
   

2

2 2 2
( )

( )

t u

s t u t u s

k m
j

j m k m Y j k m m




    


 

   
  (5) 

The gain margin can be calculated in terms of a logarithmic measure as 

  1020log ( )   dBm cgG j     (6) 

where ωcg is the crossing frequency of the OL-FRF through the negative real axis in the 

Nyquist plot. The phase margin can be obtained as 

 ( ) 180m cpP j      (7) 

where ωcp is the crossing frequency of the OL-FRF through the unit circle in the Nyquist plot. 

If the OL-FRF does not cross the unit circle, Pm is infinite. 

Throughout the analysis in this work, Eqs. (6) and (7) have been employed to make sure the 
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stability margin has been satisfied, i.e., Gm ≥ 10 dB and infinite Pm. The reason for selecting 

these values will be introduced in Section 4.1. 

As special cases, the reference layout P0&A is unconditionally stable regardless of the 

model parameters, while with an additional parallel inerter, the layout P1&A can achieve the 

unconditional stability under the condition of b < 3.5 kg. Please refer to Appendix 1 for a 

detailed proof of this conclusion.  

3. Dynamic performance and control requirements indices 

3.1. Indices formulation in the H2 norm 

The design methodology proposed in this paper allows the combined vehicle suspension 

which can achieve the optimal trade-off between the dynamic performance and control 

requirements to be identified. There are a range of dynamic performance indicators for a 

vehicle system, such as the ride comfort and the suspension travel. In this case study, the ride 

comfort referring to a suspension's effectiveness in insulating the occupants from undulations 

in the road surface is selected as the key index to be optimized. For the considered quarter-car 

model with only vertical motion, the ride comfort index is expressed as the root-mean-square 

(r.m.s.) value of the sprung mass vertical acceleration. To prevent the saturation of the 

suspension mechanism and the actuator, there should be a constraint on the suspension travel. 

In this paper, the r.m.s. suspension travel value is adopted because, under the random road 

excitation, the r.m.s. value is appropriate to capture the statistical characteristics. Note that 

according to the Three-sigma rule or Empirical rule (as adopted in [29,42]), restricting the 

r.m.s. suspension travel within the value Js0 is equivalent to the constraint that the probability 

of the suspension stroke exceeding 3Js0 is kept to only about 0.3%. Regarding the control 

requirements, the average power and the r.m.s. active force are considered. The first index 

determines the required external power (or available harvested power), while the latter is 

relevant to the continuous output capability of the actuator.  

In order to derive the analytical expressions for these indices, the r.m.s. value is first 

transformed to the H2 norm which is then analytically computed by employing the Lyapunov 

equation in the Section 3.2. To demonstrate the transformation, a general variable y(t) which 

is related to the road velocity rx  by the transfer function ( )
rx yH j  is used. Note that y(t) 

can represent any specific output variables of the system, such as sx  and ux . With the 

Parseval’s Theorem [43], the r.m.s. value of y(t) can be expressed by  

  
1/2

21
r.m.s. ( ) ( ) ( )d

2 r rx y xy t H j S  





   
      (8) 

where 24
rxS V   is the power spectra density (PSD) of the road velocity, as detailed in 

[16,37]. Note that the road velocity and displacement PSDs are transformable, and both can 

be used as the exotic excitation. The velocity PSD is selected for derivation here (also in [16]) 

because it is constant regardless of the frequency, which can simplify the theoretical 

derivation. In this study, we select V = 25 m/s and κ = 5×10-7 m3/cycle, in line with [37]. 

According to the standard H2 norm: 2 1/2
2

( ) ( ( ) d / 2 )f j f j   



  , Eq. (8) can be 

expressed as  
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2

r.m.s. ( ) 2 ( )
rx yy t V H j      (9) 

This equation shows the relation between a r.m.s. value and a H2 norm. Accordingly, the r.m.s. 

value of the sprung mass vertical acceleration as the ride comfort index Jr can be represented 

by 

 
2

2 ( )
r sr x xJ V H j       (10) 

Similarly, the suspension travel Js, represented by the r.m.s. value of the relative 

displacement of the suspension strut, is expressed as 

 ( ) 2
2 ( )

r s us x x xJ V H j       (11) 

Consistent with [31,32], the average power is defined by the average of the instantaneous 

power consumption (or absorption) in the active part over an infinite time: 

 
0

1
lim ( ) dp s uJ u x x t



 
       (12) 

Substituting the active force sky su c x    into Eq. (12) can yield 

 
0

1
lim ( ) dp sky s s uJ c x x x t



 
         (13) 

A negative Jp indicates that during the operation, on average, the power goes from the active 

actuator of the combined suspension to the external power supply in which case the active 

actuator could generate net positive energy. Conversely, a positive value means that, on 

average, the active part needs power from the external supply. In order to make this clear in 

the following discussions, we use the terms ‘power absorption’ and ‘power consumption’ to 

refer to these two cases, respectively. Based on the relation between a r.m.s. value and a H2 

norm as shown in Eq. (9), Eq. (13) can be written as 
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 2( ) 2
( )

r s ux x xH j 
 

 
 

  

  (14) 

Just as the name indicated, the r.m.s. active force is represented as 

 
   

2

r.m.s. r.m.s. 

2 ( )
r s

f sky s

sky x x

J u c x

V c H j  

  

  


  (15) 

3.2. Analytical expressions for indices in the H2 norm 

All the dynamic performance and control requirements have been expressed in the form of 

H2 norm which will now be analytically calculated using the Lyapunov equation. An 

analytical expression of a stable transfer function H(s) in the H2-norm form can be computed 

from a minimal state-space realization 1( ) ( )H s s  C I A B as 
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 1 T 1/2
2 2

( ) ( ) ( )H s s   C I A B CLC   (16) 

where the matrix L is the unique solution of the following Lyapunov equation 

 T T  AL LA BB    (17) 

Expanding the column of Eq. (17) can yield to 

   Tvec( ) vec( )     I Α A I L BB   (18) 

where I is the unit matrix with the same dimension as A, is the Kronecker product and 

vec(X) denotes the column expansion of the matrix X. L can be easily obtained by solving the 

matrix equation (18). 

According to literature [37], a nth-order H(s) in the minimal state-space  

 
1

1 1 0
1

1 1 0

( )
n

n
n n

n

c s c s c
H s

s a s a s a







  


   




  (19) 

can be expressed as the transfer function from the control force (u) to the output (y) in the 

state space 

 
u

y

 
 

x Ax B

Cx


  (20) 

where 

    T
0 1 2 1

0 1 2 1

0 1 0 0

0 0 1 0

,  0 0 0 1 ,  

0 0 0 1
n

n

c c c c

a a a a





 
 
 
   
 
 
     

A B C




      



 

Employing the Lyapunov equation approach, the analytical expressions for the dynamic 

performance and control requirements indices can be obtained. Taking the reference layout 

P0&A for example, the ride comfort index, the suspension travel, the average power and the 

r.m.s. active force are listed as follows: 

 
  

   

1/2
3 2 2 2

2 2
2

2

t sky t s s u u sky s t
r

s t s s u s t s sky u s sky
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  (21) 
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  (22) 
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  (24) 

By equating Eq. (23) to zero, we can obtain the zero-power condition of the reference 

layout, which is csky = ksms/c or csky = 0. If csky > ksms/c, the system needs power from an 
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external supply on average, while if csky ≤ ksms/c the system is power-autonomous and can 

even reclaim power from the road excitation and charge the external supply. The analytical 

expressions for P1&A obtained using the same approach are listed in Appendix 2. 

4. Pareto optimality improvement using the combined suspension 

with an inerter 

The multi-objective optimization procedure together with the benchmark performance are 

introduced in Section 4.1 first. Then, we consider the use of a simple inerter-based combined 

suspension P1&A, to demonstrate the trade-off improvement in terms of the ride comfort 

versus the average power and versus the r.m.s. active force. 

4.1. Multi-objective optimization procedure 

For the reference passive layout P0 without the active controller, it can be calculated from 

Eq. (21) that the optimal ride comfort index Jr is 0.8800 m/s2 with the passive damping cop = 

653.8 Ns/m (the subscript op denotes that it is the optimal value). The suspension travel index 

Js is 0.0104 m by substituting the damping value cop into Eq. (22). Here we regard this as the 

passive benchmark performance for the following combined suspension design.  

There are two pairs of optimization objectives considered in this work, i.e., the ride comfort 

and the average power; the ride comfort and r.m.s active force. It should be noted that there 

does not exist a group of values of design variables that can make both indices in each group 

achieve the optimality simultaneously since these two objectives are conflicting, i.e., the 

improvement of the ride comfort always requires a higher energy consumption and a larger 

actuation force. Therefore, the multi-objective optimization tool is adopted for an optimal 

combination of the passive parameters and the controller gain. The pareto optimization of 

these indices requires tuning the design variables θ = (θp, csky), where passive design variables 

are θp = c and θp = (c, b) with respect to P0 and P1, respectively. Note that for P2, which will 

be discussed in Section 5, θp = (c, b, k). There are two constraints in the optimization 

procedure. Firstly, in order to preserve the robustness of the controller, the gain margin is 

restricted to be no smaller than 10 dB, as suggested by literature [44,45]. Note that the phase 

margin has not been considered as a constraint but instead was monitored – it was found that 

it remained infinite for all the suspension parameters considered here and so will not be 

discussed further. As already mentioned, the second constraint is the suspension travel. The 

skyhook controller functions well to mitigate the vibration of the sprung mass but may 

intensify the vibration of the unsprung mass and deteriorate the suspension travel. Hence, the 

suspension travel of the proposed layouts is constrained to be no larger than the benchmark 

performance, i.e., Js ≤ 0.0104 m.  

Therefore, the multi-objective optimization with respect to the above two groups of the 

conflicting indices are converted to the mathematical problems as 

(a) Ride comfort versus average power 

 

min            ( ), ( )  

subject to  10 ( ) 0

                ( ) 0.0104

r p

m

s

J J

G

J




 
 

θ θ

θ

θ

  (25) 
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(b) Ride comfort versus r.m.s. active force 

 

min             ( ), ( )  

subject to   10 ( ) 0

                 ( ) 0.0104

r f

m

s

J J

G

J




 
 

θ θ

θ

θ

  (26) 

In the present research, the multi-objective optimization is carried out with MATLAB® 

embedded function gamultiobj which is based on a controlled, elitist genetic algorithm (a 

variant of NSGA-II [46]). 

4.2. The improved trade-off between ride comfort and average power 

Before applying the multi-objective optimization to obtain the optimal trade-off, it is useful 

to briefly discuss the impact of design variables (including both passive and active parameters) 

and the constraint (suspension travel) on the conflicting performance indices, i.e., the ride 

comfort and average power in this section. The default suspension P0&A is firstly 

investigated, so as to provide a benchmark for the analysis of the inerter-based combined 

suspensions. Figure 3 shows the variation of the ride comfort and average power indices of 

P0&A when increasing skyhook damping with five different values of the passive damping. 

Here the discrete values of the skyhook damping for the circular points have an equal spacing 

of 10cop from 0.1cop, where cop is the damping for the optimized P0 without the active part. 

The arrow on each curve indicates the direction of increasing skyhook damping. The red star 

refers to the optimal ride comfort of the passive P0 without the active actuator. According to 

the definition of Jp in Section 3.1, a negative and positive Jp indicate ‘power absorption’ and 

‘power consumption’, respectively. Therefore, it is clear that as the skyhook damping 

increases the system transitions into the power-consumption region from the 

power-absorption region. It should be noted that the required skyhook damping to achieve a 

zero-power condition is in accordance with the equation csky = ksms/c indicated in Section 3.2. 

Note that the vertical bars, the grey dashed curve and the shaded area will be discussed 

shortly. 

To illustrate the impact of the constraint on the trade-off, the trend of the suspension travel 

with the skyhook damping has been depicted in Figure 4, where the value of the constraint is 

indicated by the grey dashed line. For the curve c = 0.1cop, there is no feasible skyhook 

damping that can satisfy the constraint. For other curves with a larger passive damping, the 

feasible skyhook damping is within the vertical bars on each curve. Back to Figure 3, all the 

vertical bars correspond to the critical skyhook damping in Figure 4 that just satisfies the 

suspension travel constraint. Hence, all feasible solutions in Figure 3 are within the curves 

truncated by these vertical bars, shown as the shaded area. As such, the grey dashed curve 

formed by connecting the vertical bars indicates the boundary of the feasible trade-off 

solutions. 

Based on the analysis of the benchmark P0&A, the effects of including an inerter on the 

feasible region and thus the pareto optimality are now presented. Figure 5 shows the feasible 

regions in the negative quadrant (power absorption) of P1&A with different inertance values, 

where the pareto optimality of P0&A and P1&A is denoted by red and black points, 

respectively. The feasible regions of P1&A, indicated by the shaded areas surrounded by the 

grey dashed curves, are obtained through the same approach as that of P0&A in Figure 3. 
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Since P0&A can be regarded as a special case of P1&A when b = 0 kg, the feasible region of 

P0&A has not been plotted in the figure. The orange dashed curve is the boundary of the 

feasible region when the inertance varies in the range of [0, 3] kg, which is obtained via the 

envelope of feasible region boundaries with different inertance. The pareto solutions are 

computed through Eq. (25). All pareto points obtained from the optimization lie in the 

power-absorption domain and are located along the boundary that just satisfies the travel 

constraint, indicating that the pareto optimal solutions exactly reach the suspension travel 

constraint. The pareto front of P1&A coincides with that of P0&A at the ride comfort within 

the range of 0.49~0.52 m/s2. The ride comfort improves further as the power absorption 

decreases for P1&A while it broadly remains unchanged with P0&A. Hence, the benefit of the 

additional inerter is more evident for the ride comfort index lower than 0.49 m/s2 where the 

inerter-based P1&A not only achieves a better ride comfort with the same power absorption as 

P0&A but also further improves the achievable optimal ride comfort. The optimal ride 

comfort of both layouts is compared in Table 2 together with the optimal values obtained with 

purely passive layouts. It can be found that if considering the purely passive suspensions, the 

introduction of an inerter can only lead to 3.6% improvement, but with respect to the 

active-passive-combined suspension, it can result in a greater improvement (17%) while still 

maintaining a good power absorption. It is worth noting that all pareto points of P1&A are 

unconditionally stable because the inertance is smaller than the critical value of 3.5 kg 

indicated in Section 2.3. In summary, the inerter can help to improve the trade-off between the 

ride comfort and the average power.  
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Figure 3. The ride comfort Jr and the average power Jp with increasing skyhook damping for P0&A.  
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Figure 4. The correlation of the suspension travel and the skyhook damping for P0&A. 
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Figure 5. The feasible region and pareto optimality with different inertance values for  

P0&A and P1&A. 

 

Table 2. Optimal ride comfort and corresponding parameters for the purely passive and  

combined suspensions. 

Layout Ride comfort Jr Average Power Jp Parameter values 

P0 0.8800 (−) 0  c = 653.8  

P1 0.8482 (3.6%) 0  c = 607.5, b = 4.1 

P0&A 0.4861 (−) −7.5 (−) c = 220.7, csky = 4204.0 

P1&A 0.4027 (17%) −3.0 (−60%)  c = 178.8, b = 2.9, csky = 2914.2  

Note: Ride comfort (m/s2), Average power (W), b (kg), c (Ns/m), csky (Ns/m), the positive percentages in ride 

comfort Jr mean improvement and the negative percentage in average power Jp means the reduction of the 

power absorbed by the active part. 

 

4.3. The improved trade-off between ride comfort and r.m.s. active force 

The investigation into the trade-off between the ride comfort and the r.m.s. active force 
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follows the same approach as Section 4.2. Before showing the improvements achieved by 

including an inerter, the impact of the design variables and constraint on the benchmark 

trade-off is demonstrated. The ride comfort and r.m.s. active force indices of P0&A with 

increasing skyhook damping when the passive damping takes five different values are 

depicted in Figure 6, where the discrete values of the skyhook damping for the circular points 

have an equal spacing of 2cop from 0.1cop and the arrows indicate the direction of increasing 

skyhook damping. It is clear that the increase of the skyhook damping can improve the ride 

comfort but at the cost of requiring a larger r.m.s. active force input. The grey dashed curve in 

Figure 6 corresponds to the critical skyhook damping that exactly satisfies the suspension 

travel constraint. Apparently, some feasible trade-offs appear below this curve, such as the 

black curve (c = 0.3cop). This suggests that the suspension travel of some pareto-optimal 

solutions between the ride comfort and the r.m.s. active force has not reached the constraint.  

Based on the analysis of the benchmark P0&A, the effects of introducing an inerter on the 

pareto optimality is now presented. Figure 7 presents both the pareto fronts of P0&A and 

P1&A suspensions. It shows that a better trade-off is achieved when an inerter is employed. 

Hence with an inerter present if the optimal configuration is selected for a given value of one 

of the objective functions, the value of the other objective function is always better than that 

achieved for the optimal configuration without the inerter. The improvement is more evident 

for the region of the ride comfort index within the intermediate-to-low range. In particular, a 

44% reduction of the required r.m.s. active force can be achieved for a target ride comfort of 

0.52 m/s2, and a 24% improvement of the ride comfort can be achieved if the largest r.m.s. 

active force of the actuator is restricted to 98 N. It can be inferred from the color of every 

point in the figure, which is used to represent the value of the average power, the pareto 

optimality for both layouts is located in the power absorption domain. Comparing the average 

power of these two trade-off curves, it can be observed that the cost of an improved pareto 

optimality by P1&A is a slight reduction of the power absorption.    
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Figure 7. The pareto optimality between the ride comfort index Jr and the r.m.s. active force Jf for 

P0&A and P1&A. 

 

5. Further improvement via the structure-immittance approach 

The investigation in Section 4 has suggested a significant advantage of including an inerter 

in the passive part of a combined suspension system over the system with the traditional 

passive layout of a spring-damper. Despite of this promising result, it is worth investigating 

whether further improvement can be achieved – not limited to a parallel spring-damper-inerter 

layout (P1&A), we consider a wide range of passive layouts consisting of spring, damper and 

inerter. In Section 5.1, by employing the recently developed structure-immittance approach, 

all the possibilities of the passive part with a pre-determined element complexity in the 

combined suspension are obtained, which are then optimized in Section 5.2 to achieve the 

optimal trade-off between the dynamic performance and control requirements. 

5.1. Candidate passive layouts using the structure-immittance approach 

To systematically investigate the benefits of inerter-based passive designs, alternative 

layouts of the combined suspension are proposed in this section using the 

structure-immittance approach presented in literature [36]. This approach allows for the full 

set of parallel-series network possibilities to be considered for a pre-determined number of 

elements and range of element values. The structure-immittance approach is characterized by 

two key steps: the first step, formulates the generic networks covering all the possible layouts 

and the second step derives the structural immittances for these generic networks. 

Optimization tools can then be used to find the optimal network configuration and 

corresponding parameter values in these structural immittance functions, in terms of given 

objectives and constraints.  

In this paper, in order to illustrate the advantages of the approach while ensuring simplicity, 

the number of each element in the general admittance Y1(s) of Figure 2 (a) is restricted to be 

one. Based on the formulation demonstrated in Figure 5 of [36], two generic networks can be 

obtained as shown in Figure 8. The flow chart and detailed procedure are not included here, 

but please refer to [36] for further details. These two networks along with the constraint that at 
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most one spring exists, cover all 8 layout possibilities (as enumerated in [36]). The force to 

velocity transfer functions of these generic networks in the structural immittance format are 

 
2

4 1 2 1
11 3 2

3 2 4

( ) ( )
( )

(1/ )

bcs b k k s c k k
Y s

bc k s bs cs k k

   


   
  (27) 

and 

 
3 2
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(1/ 1/ ) (1/ 1/ )

bc k k s bs cs k
Y s

b k k s c k k s s

   


   
  (28) 

respectively, where b > 0, c > 0. Note that there are four springs for each generic network in 

Figure 8 and by removing three of them each time, all the network possibilities of the case 

1k1b1c can be obtained. Correlating to the structural immittance of Eq. (27), which 

corresponds to the network in Figure 8(a), at least three of the parameters k1, k2, 1/k3, k4 must 

equal zero, whereas for Eq. (28), which corresponds to the network in Figure 8(b), at least 

three of the parameters 1/k5, 1/k6, 1/k7, k8 must equal zero. These constraints reflect the 

requirement of ‘at most one spring exists’ for the case of 1k1b1c. Therefore, the passive part 

formulated via the structure-immittance approach contains four elements in total, comprising 

a static spring ks and a three-element configuration formulated through the above procedures. 

If we assume that the remaining spring in the three-element configuration is uniformly 

represented by the parameter k where ,  1,2,3 8ik k i   , the design variables for the 

combined suspension where the passive part is formulated via Eq. (27) or (28) are k, c, b 

(passive parameters) and csky (active parameter). The network configuration and the 

corresponding parameter value for each design variable will be identified in Section 5.2. It 

should be noted that the network possibility of Y11(s) or Y12(s) with a spring directly connected 

to the sprung mass and the unsprung mass would degrade to a two-element layout, because 

the spring in Y11(s) or Y12(s) has to be omitted to keep the static stiffness of the suspension 

constant.  

 

 
Figure 8. Generic networks for the case with one spring, one damper and one inerter. 

 

5.2. The optimal passive configuration and further improvements  

To show further improvements achieved with alternative passive layouts, the same 
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objectives, constraints, and optimization procedures as adopted in Section 4 are used here. 

The optimal trade-off between the ride comfort and the average power (r.m.s. active force) is 

plotted in Figure 9 (Figure 10) with short horizontal bars, where P2 is the optimal passive part 

identified using the structure-immittance approach for both trade-offs. Since these two 

conflicting objectives cannot achieve the optimality simultaneously, every point on the 

optimal trade-off curve indicates the optimal value of one objective that can be achieved 

without deteriorating the other one.  

Figure 9 describes the pareto optimality between the ride comfort and the average power, 

where the black points are the pareto optimality of P1&A for comparison and the grey dashed 

curve represents the upper boundary of the feasible region in terms of the suspension travel, 

as used in Figure 5. This original pareto plot for P1&A showed that the most negative average 

power that could be achieved was −9.5 W, while using the general P2&A layout this limit is 

removed. When the ride comfort is improved to below 0.50 m/s2, the two curves coincide – 

this will be discussed shortly. Before this, consider the pareto optimality between the ride 

comfort and the r.m.s. active force as depicted in Figure 10. Compared with P1&A, the 

trade-off improvement using P2&A is evident for the high-to-intermediate ride comfort index 

and the new pareto optimality also works in the power absorption domain. As examples, a 

96% reduction of the r.m.s. active force can be achieved for a target ride comfort of 0.75 m/s2 

and a 11% improvement of the ride comfort can be achieved if the r.m.s. active force of the 

actuator is restricted to 19 N. The optimal network configurations obtained via the 

structure-immittance approach are the same in these two figures and seem to converge to P1 

when the ride comfort is approaching the optimal value. The conjecture has been confirmed 

by checking the passive parameters of P1&A and P2&A: the dampers and inerters of both 

layouts have the same values around the optimal ride comfort, while the additional spring (k) 

in P2&A approaches infinity and works like a rigid series connection with the damper. This 

explains the reason why, in this region, the improvement around the optimal ride comfort is 

slight for both trade-offs. 
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Figure 9. Further improvements of the trade-off between the ride comfort index Jr and the average 

power Jp using the structure-immittance approach. 
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Figure 10. Further improvements of the trade-off between the ride comfort index Jr and the r.m.s. 

active force Jf using the structure-immittance approach. 

 

6. Conclusions 

This paper has presented a novel inerter-based active-passive-combined vibration control 

approach to improve the pareto optimality between the dynamic performance and control 

requirements. A quarter-car model was studied as an example and the combined suspension 

was composed of a passive layout with a pre-determined level of complexity and a typical 

active controller, the skyhook control. The dynamic performance and control requirement 

indices of the stable combined suspension subject to a stochastic road input were presented in 

the H2-norm form and their analytical expressions were derived by employing the Lyapunov 

equation.  

The trade-offs between the dynamic performance and control requirements by the 

combined suspension have been demonstrated. To achieve better trade-offs, multi-objective 

optimizations were carried out, with the passive parameters and the controller gain designed 

simultaneously. It has been shown that for the combined suspension with the stability 

requirements and the suspension travel constraint satisfied, adding an inerter in parallel with 

the conventional passive layout could achieve a better pareto optimality between the dynamic 

performance and control requirements, for example, a 17% improvement of the optimal ride 

comfort without reducing the maximum power absorption compared with the conventional 

layout; a 44% reduction of the r.m.s. active force while achieving the same ride comfort level 

as the conventional layout; a 24% improvement of the ride comfort with the same r.m.s. active 

force as the conventional layout. Using the structure-immittance approach, the optimal 

inerter-integrated passive configuration including four elements has been identified with a 

more significant pareto optimality improvement for high-to-intermediate ride comfort index. 

Compared with the simple parallel-spring-damper-inerter layout, this configuration could both 

beneficially extend the ride comfort versus average power trade-off to allow a larger power 

absorption and provide a nearly 100% reduction of the required r.m.s. active force when 

achieving the same selected ride comfort level.  

Since this paper is aimed at revealing the effectiveness of having an inerter in a combined 
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suspension and identifying the optimal layout from the theoretical point of view, the case 

study adopted in the current paper is an ideal quarter-car model. It should be noted that the 

combined control approach proposed in this work is also applicable to other vehicle models, 

dynamic performance indices, and active control schemes. For the future research with an 

application orientation, a more realistic car model, e.g., a full-car model with a flexible 

appendage, and a full control scheme will be employed. The impact of practical 

implementation factors, such as frequency responses of realistic sensors and actuators on the 

close-loop stability, will be considered.   
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Appendix 1. The unconditional stability of P0&A and the critical 

inertance of unconditionally stable P1&A 

The admittance Y(jω) of the passive part appears in the denominator of the OL-FRF as given 

by Eq. (5), so the introduction of an inerter will influence the stability of the controller. The 

admittance is expressed in a complex form as ( ) ( ) ( )Y j A jB    . Substituting it into Eq. (5) 

can yield 

         
       

2 2 2 2 2 2

2 2
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  (A1) 

Due to the passivity of Y(jω), its real part A(ω) is non-negative regardless of the frequency 

[47], so the real part of ∆(jω) is negative in the following frequency range: 

 t t

u s u

k k

m m m
 


  (A2) 

If there does not exist an ω in the above range that can make the imaginary part of ∆(jω) 

equal zero, the OL-FRF will not cross the negative real axis and the system is unconditionally 

stable. By observing Eq. (A1), one can obtain the conclusion that whether the system can 

achieve unconditional stability only relies on B(ω), the imaginary part of Y(jω), once the model 

parameters, i.e., ms, mu, ks and kt are selected. Specially, the sufficient condition to achieve the 

unconditional stability is that B(ω) is negative in the frequency range of Eq. (A2). Based on this 

observation, we can find that the reference P0&A is unconditionally stable because the 

imaginary part of the admittance ( ) sB k    is always negative. With respect to P1&A, the 

imaginary part of the admittance becomes ( ) sB b k    , whose sign is determined by 

passive parameters b and ks. Under the condition of s u tb k m k , B(ω) keeps negative in the 

above frequency range and the system can maintain unconditionally stable. According to the 

vehicle and suspension parameters listed in Table 1, the critical inertance value is 3.5 kg. 

Note that the above conclusions about the stability are drawn from the assumptions that the 

model is a quarter car, the sprung mass is a rigid body, and the velocity is measured ideally. 

There are previous studies including more detailed discussions about the implementation of 

velocity measurement on flexible structures, see [48] as an example.  



 

23 

 

Appendix 2. Analytical expressions of performance indices for P1&A 

Employing the Lyapunov equation approach demonstrated in Section 3.2, we can obtain the 

analytical expressions of the ride comfort, the suspension travel, the average power, and the 

r.m.s. active force for P1&A as follows: 

Ride comfort: 
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Suspension travel: 
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Average power: 
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R.m.s. active force 
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where 
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