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ABSTRACT 
 

High-performance, high-reliability microelectronic devices are essential for space 

applications. Thermal packaging such as metal-diamond composite is required for 

regulating heat accumulation, promoting an extended lifetime of the devices. Still, 

the heat conduction in the composite microstructure which is crucial to the successful 

development of composite thermal packaging is not fully understood. Hence,  

a suitable thermal measurement technique is required. In this work, a frequency-

domain thermoreflectance (FDTR) system is developed specifically for the thermal 

characterization of the metal-diamond composites.  

The FDTR system is designed and built based on a pump-probe configuration 

employing continuous-wave diode lasers as pump and probe, reducing complexity and 

promoting cost-effective setup. The system employs low modulation frequencies 

allowing for measurement of bulk samples with thickness ranging from tens of 

microns to a few millimeters. A discussion on the setup challenges and important 

preparations affecting the measurements is also included. Measurement processes 

and data analysis are described. Materials with known thermal conductivity covering 

an order of magnitude are measured as a demonstration. The results show that 

measured thermal conductivities are in line with the literature values. 

Finally, the thermal characterization of diamond-based composite materials, 

e.g., copper-diamond and silver-diamond composites, is demonstrated. An approach 

for the measurement and the method for extracting thermal properties are presented. 

The results show that the thermal conductivity of the metal-diamond composite and 

the thermal boundary conductance of the metal cladding and the metal transducer 

can be obtained from a single measurement. Moreover, the capability for thermal 

property mapping is demonstrated. Overall, the FDTR system is successfully built 

with the capability for the thermal characterization of the diamond-based composites 

as well as thermal property mapping.
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Chapter 1 INTRODUCTION 

 Background 

As the world’s technology progresses toward the next generation of advanced 

communications and space technology, the demand for high-efficiency high-power 

electronic devices with great reliability has been increasing substantially over the 

years. The power devices used in satellite communication, in particular, require 

extremely high reliability and extended lifespan because maintenance is difficult 

once the satellite has been launched into orbit. Having to operate at considerably high 

power with small size, these devices are normally faced with tremendous heat 

accumulation in certain areas of their components [1, 2]. This is certainly detrimental 

to the performance, reliability, and lifetime of the devices [3, 4]. One of the possible 

solutions is to use a high thermal performance base plate or heat spreader. 

The heat spreader is a piece of material attached to an electronic device as a 

part of its packaging to dissipate heat. A highly efficient heat spreader implements 

materials with a reasonably high thermal conductivity to allow better cooling. Copper 

(Cu) and silver (Ag) are great examples as they have relatively high thermal 

conductivities of up to 398 W/m∙K [5] and 427 W/m∙K [5] at room temperature, 

respectively. Still, the devices that operate at extremely high power density can 

produce an exceedingly large quantity of heat; a higher thermal conductivity material 

is needed. Diamond has gained huge interest from research industries across the 

globe since it can have a very high thermal conductivity of up to 2320 W/m∙K at room 

temperature (Type IIa) [6]. Therefore, during the last decade, it has been applied to 

high-power GaN-based devices as a substrate or heat spreader layer to help improve 

the device's thermal performance [7-9].  

Nevertheless, the thermal conductivity of the material is not the only factor 

to be considered. The coefficient of thermal expansion (CTE) is also crucial in material 

selection. The mismatching of CTE between the components of a microelectronic 
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device and the thermal packaging could lead to warpage and other thermomechanical 

failures at interfaces [10]. For instance, if Cu is attached to either silicon (Si), gallium 

arsenide (GaAs), gallium nitride (GaN), a large number of thermal cycling will lead 

to thermomechanical failure because the CTE at room temperature of Cu is 

approximately 17 ppm/K whereas those of Si, GaAs, GaN are approximately 3 ppm/K, 

5.9 ppm/K, and 5.6 ppm/K, respectively [11]. A metal-diamond composite could be a 

promising solution to this issue since diamond has a very high thermal conductivity 

and a much lower CTE at room temperature of 2.3 ppm/K [11]. By integrating 

diamond particles of different particle sizes in various volume fraction, the thermal 

properties of the copper-diamond (Cu-Dia) or silver-diamond (Ag-Dia) composite, 

including CTE and thermal conductivity, can be easily tailored [12], i.e., the overall 

CTE of the composite will be lower because the diamond has lower CTE than the 

metal-matrix while the overall thermal conductivity will be raised because the 

diamond has higher thermal conductivity than the matrix. 

To successfully design and fabricate a suitable diamond-based composite for 

thermal management, the understanding of the heat transport mechanism of the 

composite is crucial. This is, nevertheless, a challenging task because, until this day, 

the heat transport mechanism at micro/nanoscale is not yet fully understood. The 

properties of a composite are influenced by various factors such as particle size [13], 

particle volume fraction[14], fabrication method [15], etc. The fabrication method,  

for instance, can essentially influence the thermal interface resistance between the 

particles and the matrix—hence reduces the overall thermal conductivity of the 

composite [16]. There are various fabrication methods including hot-pressing [17, 18], 

spark plasma sintering [19], metal infiltration [20], high-temperature high-pressure 

[21], electrodeposition [22], and power forging [23]. However, they aim to improve the 

interfacing of the composite structure. Since copper and silver usually do not bond 

well with diamonds [24], additional alloying elements, such as chromium and boron, 

are normally added to improve interfacial bonding and hence reduces the thermal 

interface resistance [25]. All of these factors add complexity to the composite 

microstructure and hence the heat transport mechanism and its thermal properties. 

However, with a suitable thermal characterization technique and comprehensive 

heat transfer modeling, this challenge could be addressed. 
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 Thermal Property Characterization Methods 

The characterization of thermal properties of materials, particularly the 

thermal conductivity 𝜅 and thermal diffusivity 𝛼 of materials, is crucial to the 

studying of the thermal transport mechanisms in the materials which is essential to 

the development of high-performance thermal materials. Generally, techniques for 

measuring thermal properties of materials can be classified into two main categories: 

the steady-state techniques and the transient techniques.  

The steady-state measurement relies on heating the sample until it reaches 

steady-state temperature distribution. The thermal conductivity of the sample is 

determined via the measurement of temperature difference against the time it takes 

for heat to propagate across the sample. Examples of the steady-state technique are 

the absolute technique [26], the comparative technique [27], and the radial heat flow 

method [28]. The absolute technique is based on heat source-heat sink configuration 

as shown in Figure 1.1 (a). A sample of cylindrical or rectangular shapes is placed 

between the heat source and heat sink. As the sample is heated by the heat source 

and reaches a steady-state temperature, the temperature drop along the sample length 

is recorded by thermocouples. The thermal conductivity 𝜅 is determined by [29] 

 
𝜅 =

𝑄𝐿

𝑆Δ𝑇
 (1.1) 

where 𝑄 is the heat flow across the sample, 𝐿 is the measuring distance along the 

sample between two thermocouples, 𝑆 is the cross-section of the sample, and Δ𝑇 is the 

temperature difference as measured by the thermocouples. The comparative 

technique works similarly to the absolute technique except that reference material is 

placed in series with the sample between the sample and the heat sink and 

thermocouples must be placed on both materials as shown in Figure 1.1 (b). This way 

a direct heat flow measurement is not required and the thermal conductivity of the 

sample 𝜅𝑠 can be calculated as [29] 

 𝜅𝑠 = 𝜅𝑟 (
𝑆𝑟Δ𝑇𝑟𝐿𝑠
𝑆𝑠Δ𝑇𝑠𝐿𝑟

) (1.2) 

where subscripts 𝑠 and 𝑟 represent sample and reference material. On the contrary, 

in the radial heat flow method, a cylindrical sample, e.g., a loose-fill pipe [30], is 
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heated from the inside of the sample at the axis as shown in Figure 1.1 (c). Once the 

radial steady-state temperature is reached, thermocouples placed at distances 𝑟1 and 

𝑟2 from the center measure the temperature difference Δ𝑇. The thermal conductivity 

is then determined by [29] 

 𝜅 = 𝑄 (
ln 𝑟2/𝑟1
2𝜋𝐻Δ𝑇

) (1.3) 

where 𝐻 is the height of the sample. 

 

Figure 1.1 Examples of steady-state methods. (a) The absolute technique, (b) the 
comparative technique, and (c) the radial heat flow method [29].   

Even though these techniques are quite simple to operate, it could take hours 

for the sample to reach steady-state temperature before measurements can be made. 

Also, the sample size is relatively large, usually centimeters or more, and the sample 

geometry is usually restricted to a circular or rectangular shape. The main source of 

error of the steady-state techniques is the heat loss due to radiation and convection 

and contact resistance between the sample and the thermocouples. Hence, these 

methods are not suitable for the measurements at high temperatures. Additionally, 

with high thermal conductivity materials, the sample size needs to be even larger 

because the distance between thermocouples needs to be farther apart so that the 

temperature difference is more discernable. Lastly, the measured thermal properties 

are the average properties of the whole sample; the study of heat transport in the 

multilayer sample is not possible. 

Transient methods, on the other hand, do not need the sample to achieve the 

steady-state temperature. The measurements are made based on the temporary 

temperature excursion or “transient” temperature rise. The transient hot-wire (THW) 
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technique [31], for example, is a well-recognized method for measuring the thermal 

properties of a wide range of materials including gases [32], liquids [33], refrigerant 

mixtures [34], and solids [35] and in a broad range of conditions [36]. The THW uses 

a long, thin metallic wire as a heating source implanted inside the sample as shown 

in Figure 1.2. The wire is supplied with a constant-intensity electric current creating 

a “one-dimensional radial heat flow” inside the sample [29]. The temperature 

difference between Δ𝑇 for the time intervals 𝑡1 and 𝑡2 at a given distance from the 

wire is measured by a thermocouple. The thermal conductivity of the sample can be 

determined by [37] 

 𝜅 = 𝑄 (
ln 𝑡2/𝑡1

4𝜋(𝑇(𝑡2) − 𝑇(𝑡1)
) (1.4) 

where 𝑄 is the power per unit length of the wire. This makes this technique fast and 

accurate, e.g., in the case of solids, more than 1000 measurements under 10 s with 

an uncertainty below 1% [31]. Nevertheless, this technique requires contact between 

the metallic wire and the sample which leads to undesirable artifacts due to contact 

resistance [31]. Moreover, it is not suitable for measuring a very thin sample as the 

size of the wire is similar to that of the material.  

 

Figure 1.2 The transient hot-wire (THW) technique.  

Another transient method for measuring the thermal conductivity of solids, 

both bulk and thin-film, is the 3𝜔 method [38, 39]. This method is similar to the THW 

in that it uses a thin evaporated metal strip attached to the top surface of the sample 

to radiate heat radially. Unlike the THW, it operates in the frequency domain rather 

than the time domain. The AC current is used to generate periodic heating on the 

sample at angular frequency 𝜔. The heating will generate thermal waves in the 

sample at 2𝜔 and the resistance of the metal strip will be modulated at 2𝜔 as well 

because the resistance of the metal depends on the temperature [40]. This resistance 

multiplied by the driving current at 𝜔 produces a voltage oscillation at 3𝜔 [39].  
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The voltage oscillation at 3𝜔, 𝑉3𝜔, is proportional to the temperature variation of the 

metal strip 𝑇2𝜔 which depends on the thermal conductivity of the sample. A lock-in 

amplifier measures 𝑉3𝜔 as a function of 𝜔 and the thermal conductivity can be 

extracted. The advantages of this method over the THW methods are that it can 

measure a relatively smaller sample, on the order of 100 µm, at a high temperature, 

e.g., 1000 K with errors from black-body radiation of less than 2% [38]. However, the 

sample preparation in this method is rather difficult. The metal strip heater needs to 

be extremely thin (100s of nm) which makes it very fragile. Therefore, extreme care 

must be taken when preparing the sample and removing the metal strip from the 

sample. Otherwise, the metal strip can be damaged. Using a thicker metal strip could 

lead to a significant reduction in measurement accuracy at high frequency [41]. 

Although a freestanding sensor has been developed to solve these problems, the 

Kapton film encapsulation can introduce a decrease in measurement accuracy [42]. 

The widely used non-contact and non-destructive technique for thermal 

properties measurement of solids is the laser flash analysis (LFA) method [43]. In 

this method, the surface of the front side of a circular disk sample is uniformly heated 

by a high-intensity short-pulse laser as shown in Figure 1.3 (a). The temperature 

change on the backside of the sample is measured by an infrared detector or a 

thermocouple as a function of time as shown in Figure 1.3 (b).  

 

Figure 1.3 (a) The laser flash analysis (LFA) method [29] and (b) a typical thermal 
curve as a function of normalized time [44]. 

The thermal diffusivity of the sample 𝛼 can be calculated from the thickness 

of the sample 𝐿 and the time 𝑡1/2 required for the backside temperature to reach half 

the maximum temperature Δ𝑇𝑚𝑎𝑥 [44], that is,  
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 𝛼 =
0.13879𝐿2

𝑡½
 (1.5) 

Though the technique itself cannot measure the thermal conductivity 𝜅 of materials 

directly, the measured thermal diffusivity and specific heat capacity 𝑐  can be used to 

derive the thermal conductivity given the density 𝜌, that is, 

 𝜅 = 𝛼𝑐𝜌 (1.6) 

The advantage of this method is its short measurement time and the relatively 

straightforward measurement procedure. The sample preparation is simple and the 

technique does not require a large sample size. This method can also be used for 

measurements at high temperatures [45-47]. Still, this method is prone to certain 

inaccuracy due to considerable radiation loss when measuring relatively thick 

samples at higher temperatures [48]. Moreover, since the LFA method measures the 

temperature rise on the backside of the sample, i.e., the temperature change due to 

heat flow across the sample, the measured thermal diffusivity is of the effective value 

for the whole sample. The measurement of the thermal properties of an anisotropic 

or layered sample is not possible. 

The most popular choice of the transient methods today is the optical pump-

probe technique called the transient-thermoreflectance method (TTR). This method 

has been extensively used for thermal property measurements because it is a non-

contact, non-destructive method and has a high-resolution thermographic mapping 

capability [49, 50]. The fundamental concept of the TTR technique is that a short-

pulsed pump laser beam of pico- to femtosecond is used as a heat source to induce a 

transient temperature rise on the material under test which is usually coated with a 

thin film of the metal transducer as shown in Figure 1.4.  



8 
 

 

Figure 1.4 The typical measurement configuration of the transient-thermoreflectance 
technique (TTR) where a substrate is coated with a thin metal transducer on the top 
surface, a pump beam irradiates the sample, and a probe beam monitors the change 
in reflectivity of the transducer. 

The heat quickly diffuses into the sample and so the temperature of the metal 

transducer rapidly drops. The rate at which the temperature decays is proportional 

to the thermal diffusivity of the sample. Since the dielectric constant of the metal 

transducer 휀 is temperature dependent and the refractive index 𝑛 is equal to √휀 [51], 

the transient temperature change will induce a slight change in the refractive index 

of the transducer. This, in turn, changes the reflectance of the metal transducer as 

the reflectance 𝑅 is related to the refractive index by [51] 

 𝑅 =
(1 − 𝑛)2

(1 + 𝑛)2
 (1.7) 

The relative reflectance change due to the temperature change can be estimated to 

first order as [52] 

 Δ𝑅

𝑅0
= (

1

𝑅0

𝜕𝑅

𝜕𝑇
)Δ𝑇 = 𝐶𝑇𝑅Δ𝑇 (1.8) 

where Δ𝑅/𝑅0 is the relative reflectance change, Δ𝑇 is the temperature change, and 𝐶𝑇𝑅 

is the coefficient of thermoreflectance which depends on the type of materials and the 

wavelength of the incident light. The 𝐶𝑇𝑅 is usually on the order of 10-4–10-5 K-1 [51].  

A probe beam, usually of a different wavelength from the pump beam, is used to 

monitor this change in reflectivity via detecting the change in the intensity of the 

reflected probe beam. The normalized signal amplitude is used to fit the heat transfer 

model to extract the thermal properties.  
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Figure 1.5 shows an illustrative example of the signal response to the temperature 

decay as would be monitored by the probe laser. 

 

Figure 1.5 The typical transient temperature rise in the TTR measurement produced 
by a pump pulse. The temperature decay is monitored by the probe laser (red line)  

Several variations have been developed based on the TTR technique which 

can be classified into two main categories, i.e., the time-domain thermoreflectance 

method (TDTR) [53-55] and frequency-domain thermoreflectance method (FDTR) 

[56-58]. The TDTR also uses a short-pulsed laser system similar to the TTR. The laser 

beam is split into two beams—one being the pump beam and another being the probe 

beam as shown in Figure 1.6. The pump beam is modulated by an electro-optic 

modulator (EOM) to give periodic heating on the sample. The probe beam is usually 

passed through a second-harmonic generator (SHG) to alter its wavelength so that 

the pump beam can be easily separated from the probe beam before the detector.  

The probe beam can be delayed by a delay stage so that the probe pulses arrive at the 

sample at a different time from the pump pulses. The probe beam then measures the 

thermally induced reflectivity change of the transducer as a function of delay time, 

corresponding to the thermal response of the sample due to pump pulses. The TDTR 

technique is very efficient and fast but requires expensive instrumentation including 

an extremely short-pulse and high-pulse-repetition laser system. The stage presents 

complexity to optical setup, for instance, beam misalignment, change in beam size, 

and a shift in focal distance. 
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Figure 1.6 The typical TDTR setup based on a pulsed laser system.     

The overall configuration of the FDTR as shown in Figure 1.7 (a) is similar to 

that of the TDTR. The FDTR can use continuous-wave (CW) lasers as pump and probe 

instead of pulsed lasers. The pump beam is modulated by a function generator and 

directed toward the sample to give periodic surface temperature rise. A portion of the 

pump beam is sampled by a beam splitter and used as a reference signal for the lock-

in amplifier. The probe beam, usually of a different wavelength from the pump, is 

also directed towards the sample for monitoring the temperature change. The 

reflected probe beam is collected by the detector and the signal is sent to the lock-in 

amplifier. The phase lag of the probe signal with respect to the reference signal as 

shown in Figure 1.7 (b) is plotted against the modulation frequency as shown in 

Figure 1.7 (c) and used for heat transfer analysis. Since the FDTR does not need the 

mechanical delay stage and can utilize CW lasers, the setup is much simpler and can 

be less expensive than the TDTR [29]. The pump beam is modulated by the function 

generator instead of the EOM. Hence, this further reduces the cost of the setup. Also, 

this technique is superior in measuring the thermal properties of multi-layer samples 

due to its high flexibility in choosing the probing depth. The probing depth of the 

FDTR measurement, also known as the thermal penetration depth (TPD) [59],  

 𝑇𝑃𝐷 = √𝛼/𝜋𝑓 (1.9) 

can be seamlessly changed by tuning the modulation frequency 𝑓 of the pump beam 

as shown in Figure 1.7 (d). These useful features make the FDTR a versatile and 

powerful technique suitable for the measurement of thermal properties of the 

diamond-based composite.  
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Figure 1.7 (a) The typical FDTR setup based on continuous-wave (CW) laser systems. 
(b) The phase lag (Δ𝜙) of the probe signal (green dashed line) with respect to the 
reference signal (blue line) is measured for each modulation frequency. (c) A typical 
experimental data measured by FDTR. (d) The thermal penetration depth (TPD) is 
inversely proportional to the square root of the modulation frequency. 

Nevertheless, previous works regarding the FDTR method in the literature 

[57, 58, 60-62] have been for the characterization of submicron materials typically 

operating at a high modulation frequency range from tens of kilohertz up to tens of 

megahertz [56-58, 63]. This work, however, aims to further develop the FDTR 

technique for the measurement of layered and a clad metal-diamond composite 

packaging materials, operating at modulation frequencies of less than 10 kHz,  

corresponding to at TPD of 10’s µm – to mm’s, which previously could not be measured 

with high accuracy. 

 Thesis Outline 

The thesis focuses on the development of a frequency-domain thermoreflectance 

instrument to measure the thermal properties of diamond-based composites.  

The thesis comprises six parts: the introduction, background theory, experimental 

setup, measurement demonstration, and measurement of metal-diamond composites. 
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Chapter 2 explains the theories involved in the FDTR technique. The basic 

principle of heat conduction in solids due to steady-state temperature is reviewed and 

extended to the case of linear heat flow due to steady periodic heating. The solutions 

for the surface temperature of a single-layer and multi-layer semi-infinite structure 

are derived. Additionally, a discussion on phase detection by a lock-in amplifier is 

included. Lastly, the effective medium theory for the thermal conductivity of the 

particulate composite with a metal matrix is explained. 

Chapter 3 explains the design and setup of the FDTR system in detail.  

We also address complications that arise during the process of constructing and 

testing the system. The procedures for beam alignment and sample positioning are 

described. Finally, sources of interference in the system including optical noise, 

electronic noise, phase noise, and instrument phase offset are discussed.  

Chapter 4 demonstrates measurements of known materials to validate the 

system. The preparation of samples including the selection of metal transducer is 

discussed. The thermal penetration depth and sensitivity analyses to determine 

suitable measurement conditions are described. The fitting method and uncertainty 

analysis are illustrated. Moreover, the surface temperature rise of the sample is 

studied, verifying the linearity of the thermoreflectance. Finally, the characterization 

of pump spot size and the measurement results for known materials are shown. 

Chapter 5 demonstrates the thermal characterization of the metal-diamond 

composites, e.g., copper-diamond and silver-diamond composites. The measurement 

procedures and the fitting method for extracting the thermal properties of the 

diamond composites are discussed. The measurement results of copper-diamond and 

silver-diamond composite samples are studied. Finally, the capability of thermal 

property mapping using our FDTR system is explored. 

The final chapter provides a conclusion of the thesis explaining the work that 

has been achieved and the perspectives on future applications.  
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Chapter 2 BACKGROUND 

A frequency-domain thermoreflectance technique (FDTR) usually involves 

detection of the reflectance change of the metal transducer and heat transfer analysis 

due to the periodic heating event on the sample. Here, the theories involved in the 

heat transfer analysis will be explained. This chapter starts with the basic principle 

of heat conduction in solids due to steady-state heating. The theory is then extended 

to the case of steady periodic heating of a semi-infinite material where the heat flow 

is only in one dimension. We derive the solution for the surface temperature of a 

single-layer semi-infinite sample based on the differential equation in cylindrical 

coordinate where laterally heat diffusion is accounted for. Following that, the solution 

is extended to a multi-layer structure. Also, a discussion on signal detection and how 

the heat transfer model links to phase detection by a lock-in amplifier is included. 

Finally, a theory of thermal conductivity of the metal-matrix composite with 

particulate fillers is explained. 

 Heat Transfer Analysis in Frequency Domain 

2.1.1 The general theory of heat conduction in solids 

Heat transfer can occur in three ways: conduction, convection, and radiation. 

However, in solids, conduction plays a major role in the transfer of heat while heat 

transfer due to radiation is very low and can be neglected. When a body is 

experiencing a temperature difference at two places as shown in Figure 2.1, heat 

conduction occurs and the heat will flow from the hotter place to the colder place. 

When the steady-state temperature has been established, the heat transferred 𝑄 is 

proportional to the difference in temperature [64],  

 𝑄 =
𝜅 ⋅ (𝑇1 − 𝑇2) ⋅ 𝑆 ⋅ 𝑡

𝑑
 (2.1) 
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where 𝑇1 is the temperature of the hotter part, 𝑇2 is the temperature of the colder 

part, 𝐴 is the cross-section of the cylinder, 𝑡 is time, and 𝑑 is the thickness of the 

cylinder. The proportionality constant 𝜅 is called thermal conductivity which depends 

on the type of material and the temperature and has a unit of W/m∙K. 

 

Figure 2.1 A solid body of cylindrical shape of cross-section 𝑆 and thickness 𝑑 is given 
a temperature difference at the upper surface 𝑇1 and lower surface 𝑇2 (𝑇1 > 𝑇2). 

The rate at which heat is transferred across any surface 𝑆 at a point 𝑃, per 

unit area per unit time, is called the heat flux 𝑓 [64]. It has a direction normal to the 

surface and depends on the position and time. The heat flux at a point 𝑃(𝑥, 𝑦, 𝑧) across 

three-dimensional planes in a material, as shown in Figure 2.2, are 𝑓 = −𝜅∇𝑇 and, 

the temperature at any time 𝑡 is represented by the heat equation [65]. For a 

homogeneous isotropic material, the heat equation is given by 

  𝜕𝑇

𝜕𝑡
= 𝛼 (

𝜕2𝑇

𝜕𝑥2
+
𝜕2𝑇

𝜕𝑦2
+
𝜕2𝑇

𝜕𝑧2
) (2.2) 

where 𝑇 is the temperature at the point 𝑃(𝑥, 𝑦, 𝑧) and 𝛼 is the thermal diffusivity. 

  

Figure 2.2 The heat flux at a point 𝑃(𝑥, 𝑦, 𝑧) in 3-D planes where the temperature at 
that point at any time can be explained by the heat equation. 
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If the steady-state temperature has been reached, the equation becomes Laplace’s 

equation [64],  

 0 =
𝜕2𝑇

𝜕𝑥2
+
𝜕2𝑇

𝜕𝑦2
+
𝜕2𝑇

𝜕𝑧2
 (2.3) 

2.1.2 Linear heat flow due to periodic heating 

The methods for thermal property characterization can be classified into two 

main categories—steady-state method and periodic (or transient) heating method. 

Since the FDTR technique is a transient method, we need to look at the solution of a 

periodic heating event. Consider a simple case of a semi-infinite solid with periodic 

temperature due to the periodic heating on the surface where the heat only flows in 

one direction down the sample (𝑧 > 0) as shown in Figure 2.3. The term semi-infinite 

means that the solid only extends to infinity at one end while being finite at the other. 

In practice, it can also mean that the thickness of the sample is much larger than the 

thermal penetration depth being considered. 

 

Figure 2.3 A semi-infinite solid with periodic temperature due to the periodic heating 
on the surface where the heat flows linearly down the sample (𝑧 > 0). 

If the surface temperature 𝑇 at 𝑧 = 0 is given by 

 𝑇 = 𝐴 𝑐𝑜𝑠(𝜔𝑡 − 𝜑) (2.4) 

where 𝐴 is a constant, 𝜔 is the angular frequency of the heating, 𝑡 is time, 𝜑 is the 

initial phase, and the initial temperature is zero, the solution can be derived by 

starting with the heat equation in 𝑧 direction [64], 

 𝜕𝑇

𝜕𝑡
= 𝛼 (

𝜕2𝑇

𝜕𝑧2
) (2.5) 
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The solution to this differential equation will be in the form of 

 𝑇 = 𝑢(𝑧)𝑒𝑖(𝜔𝑡−𝜑) (2.6) 

where 𝑢(𝑧) is a function of 𝑧. Substituting (2.6) into (2.5), we then have 

 𝜕2𝑢

𝜕𝑧2
=
𝑖𝜔

𝛼
𝑢 (2.7) 

As 𝑧 → ∞, the solution to (2.7) is given by 

 𝑢 = 𝐴𝑒−𝑧√𝑖𝜔/𝛼 = 𝐴𝑒−𝑧(1+𝑖)√𝜔/2𝛼 (2.8) 

where 𝐴 is a constant and 𝛼 is the thermal diffusivity. Hence, the solution to (2.5) of 

period 2𝜋/𝜔 at 𝑧 = 0 is given by 

 𝑇 = 𝐴𝑒−𝑧√𝜔/2𝛼 𝑐𝑜𝑠(𝜔𝑡 − 𝜑 − 𝑧√𝜔/2𝛼) (2.9) 

This steady periodic solution gives the temperature at any depth in the solid and any 

time, which is produced by the periodic heating at the surface. There are three 

important features in this solution. The first is that the amplitude of the temperature 

fluctuations depends on the depth 𝑧, the angular frequency ω, and the diffusivity 𝛼,  

  𝑇 ∝ 𝑒−𝑧√𝜔 2𝛼⁄  (2.10) 

Figure 2.4 shows the normalized amplitude of the temperature as a function 

of depth for different heating frequencies. A diffusivity of 10 mm2/s is used in the 

calculation. The temperature amplitude drops quickly as the depth increases and 

even more rapidly at high frequency. The opened circles indicate the depth where the 

temperature amplitude is 1/𝑒 value of the surface temperature (𝑧 = 0). This depth is 

commonly known as the thermal penetration depth, which is an important length 

scale in the FDTR method indicating the probing depth of the measurement. 
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Figure 2.4 Normalized amplitude of the temperature as a function of depth for 
different heating frequencies 1 Hz, 100 Hz, and 10 kHz (𝑓 = 𝜔/2𝜋). The opened circles 
indicate the 1/𝑒 amplitude of the surface temperature (𝑧 = 0). 

The second important feature of the steady periodic solution is that there is a 

progressive phase lag 𝜙 of the thermal wave as ω increases, 

 𝜙 = 𝑧√𝜔 2𝛼⁄  (2.11) 

Figure 2.5 shows the temperature oscillations of Equation (2.9) plotted as a 

function of 𝜏 for different values of 𝜖 with initial phase 𝜑 = 0,  

 𝑇(𝜖, 𝜏) = 𝑒−𝜖 𝑐𝑜𝑠(𝜏 − 𝜖) (2.12) 

where 𝜖 = 𝑧√𝜔 2𝛼⁄  and 𝜏 = 𝜔𝑡. The progressive phase lag of temperature oscillations 

increases as 𝜖 increases and the amplitude decreases as 𝜖 increases. 

The third important feature of the steady periodic solution is that the velocity 

of the thermal wave propagated into the solid 𝑣 is 

 𝑣 = √2𝛼𝜔 (2.13) 

Figure 2.6 shows the velocity of the thermal wave 𝑣 as a function of frequency 

for different thermal diffusivities of the solid 𝛼 
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Figure 2.5 Normalized amplitude of the temperature 𝑇(𝜖, 𝜏) as a function of 𝜏 for 
different values of 𝜖 = 0, 𝜋/10, 3𝜋/10, and 6𝜋/10. 

 

Figure 2.6 The velocity of the thermal wave 𝑣 as a function of frequency for different 
thermal diffusivities of the solid 𝛼. 

From these three important features of the solution, the thermal diffusivity 

can be determined by measuring the velocity of the thermal wave, the amplitude, or 

the phase of the temperature fluctuations at a certain depth 𝑧 [64]. 

2.1.3 Heat diffusion in a multi-layer structure 

The solution of heat diffusion in the frequency domain for a multilayer system 

has been well-established in several works in the literature [57, 62, 64, 66, 67]. Here, 

we summarize the derivation approach described by Liu et al. [62] to the solution of 

the surface temperature response in FDTR measurement due to the periodic surface 

heating for a semi-infinite anisotropic single-layer sample shown in Figure 2.7 and 

multi-layer sample shown in Figure 2.8. 
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Figure 2.7 The surface heating of a semi-infinite single-layer sample showing the 
heat flow in cylindrical coordinates. 

In the FDTR measurement, the periodic surface heating is produced by a 

pump laser beam of circular shape with a Gaussian profile of intensity instead of 

uniformly heating the entire surface as previously introduced in the previous section. 

Therefore, the heat absorbed by the pump laser heating is considered in the 

cylindrical coordinates. The derivation starts from the heat equation based on 

Fourier’s law of heat conduction [65],  

 1

𝛼

𝜕𝑇

𝜕𝑡
=
1

𝑟

𝜕

𝜕𝑟
(𝑟
𝜕𝑇

𝜕𝑟
) +

1

𝑟2
𝜕2𝑇

𝜕𝜃2
+
𝜕2𝑇

𝜕𝑧2
 (2.14) 

where 𝑟 is the radial coordinate, 𝑧 is the cross-plane coordinate in the depth direction, 

𝜃 is the angular coordinate, 𝑡 is time, 𝑇 is the temperature, and 𝛼 is the thermal 

diffusivity. For a Gaussian heat source, the beam intensity is axisymmetric and so 

the heat equation becomes 

 1

𝛼

𝜕𝑇

𝜕𝑡
=
1

𝑟

𝜕

𝜕𝑟
(𝑟
𝜕𝑇

𝜕𝑟
) +

𝜕2𝑇

𝜕𝑧2
 (2.15) 

For the convenience of solving the equation, the real space 𝑟 is converted to 

the Hankel transform space 𝑘 with the zeroth-order Hankel transform [68]. Equation 

(2.15) then becomes [69] 

 1

𝛼

𝜕𝑇

𝜕𝑡
= −𝑘2𝑇 +

𝜕2𝑇

𝜕𝑧2
 (2.16) 

Since the FDTR measurement uses a frequency-modulated heating source, 

we only need to consider the solution in the frequency domain. So, the solution to 

Equation (2.43) should be in the form 
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 𝑇 = 𝑢(𝑧)𝑒𝑖(𝜔𝑡−𝜑) (2.17) 

where 𝑢(𝑧) is a function of 𝑧 only, 𝜔 is the angular frequency, 𝑡 is time, and 𝜑 is the 

initial phase. Substituting (2.44) into (2.43), the equation becomes a function of 𝜔 and 

𝑧 in Hankel transform space 𝑘, 

 𝜕2𝑇(𝜔, 𝑧)

𝜕𝑧2
= 𝑞2𝑇(𝜔, 𝑧) (2.18) 

where for isotropic material, 

 𝑞2 = 𝑘2 +
𝑖𝜔

𝛼
 (2.19) 

and for anisotropic material, 

 𝑞2 =
𝜅𝑟𝑘

2 + 𝑖𝜔𝐶

𝜅𝑧
 (2.20) 

where 𝜅𝑟 and 𝜅𝑧 are the in-plane and cross-plane thermal conductivity, respectively. 

The general solutions of (2.45) for the temperature 𝑇(𝑧) and heat flux 𝐹(𝑧) at 

depth 𝑧 are given by 

 
𝑇(𝑧) = 𝐴 ⋅ 𝑒𝑥𝑝(𝑞𝑧) + 𝐵 ⋅ 𝑒𝑥𝑝(−𝑞𝑧) 

(2.21) 

 𝐹(𝑧) = −𝐴𝜅𝑧𝑞 ⋅ 𝑒𝑥𝑝(𝑞𝑧) + 𝐵𝜅𝑧𝑞 ⋅ 𝑒𝑥𝑝(−𝑞𝑧) 
(2.22) 

where 𝐴 and 𝐵 are constants. The solutions are the sum of the thermal waves 

traveling in +𝑧 direction (left term) and -𝑧 direction (right term) [66]. 

With 𝑇𝑡 and 𝐹𝑡 for the temperature and heat flux of the top surface (𝑧 = 0) and 

𝑇𝑏 and 𝐹𝑏 for the temperature and heat flux of the bottom surface (𝑧 = 𝑑), the 

temperature and heat flux of the top surface relate to those of the bottom surface by 

 [
𝑇𝑏
𝐹𝑏
] = [�̃� �̃�

�̃� �̃�
] [
𝑇𝑡
𝐹𝑡
] (2.23) 

where �̃�, �̃�, �̃�, and �̃� are obtained by substituting (2.48) and (2.49) into (2.50), and so  

 �̃� = 𝑐𝑜𝑠ℎ(𝑞𝑑), �̃� = −𝑠𝑖𝑛ℎ(𝑞𝑑)/𝜅𝑧𝑞, �̃� = −𝜅𝑧𝑞 ⋅ 𝑠𝑖𝑛ℎ(𝑞𝑑), �̃� = 𝑐𝑜𝑠ℎ(𝑞𝑑) (2.24) 

where 𝑑 is the thickness of the sample, while the constant 𝐴 and 𝐵 in Equations (2.21) 

and (2.22) are eliminated in the process. 
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Next, the solution is extended to a multi-layer system based on Feldman’s 

algorithm [66] taking into account the thermal boundary conductance between layers 

and the Gaussian intensity profile for the pump beam and probe beam. Consider a 

multi-layer structure of 𝑛 layers where layer 𝐿1 is the top layer and layer 𝐿𝑛 is the 

bottom layer as shown in Figure 2.8. Each layer has cross-plane thermal conductivity 

𝜅𝑧𝑖, in-plane thermal conductivity 𝜅𝑟𝑖, volumetric heat capacity 𝐶𝑖, and thickness 𝑑𝑖, 

where 𝑖 is the layer index. The thermal boundary conductance between 𝐿𝑖 and 𝐿𝑖+1 is 

𝐺𝑖. The temperature 𝑇𝑖+1 and heat flux 𝐹𝑖+1 on the bottom side of layer  𝐿𝑖 is related 

to the temperature 𝑇𝑖 and heat flux 𝐹𝑖 on the top side as follows, 

 [
𝑇𝑖+1
𝐹𝑖+1

] = [
�̃�𝑖 �̃�𝑖
�̃�𝑖 �̃�𝑖

] [
𝑇𝑖
𝐹𝑖
] = 𝑀𝑖 [

𝑇𝑖
𝐹𝑖
] (2.25) 

For a sample with a total number of 𝑛 layers, 𝑀𝑖 for individual layers are 

multiplied in sequence, and so the temperature 𝑇𝑛+1 and heat flux 𝐹𝑛+1 of the bottom 

surface of the final layer 𝐿𝑛 is given by 

 [
𝑇𝑛+1
𝐹𝑛+1

] = 𝑀𝑛𝑀𝑛−1…𝑀2𝑀1 [
𝑇1
𝐹1
] (2.26) 

where 𝑇1 and 𝐹2 are the temperature and heat flux on the top surface of the layer 𝐿1.  

The thermal boundary conductance 𝐺 can be incorporated by taking the limit 

as the heat capacity 𝑐 → 0 and choosing 𝜅𝑧 and d such that 𝐺 = 𝜅𝑧 𝑑⁄  [57]. Meaning 

the heat flux on the top side is equal to that of the bottom side of the interface layer 

and there is a temperature drop across the interface, 

 𝐹𝑡 = 𝐹𝑏 = 𝐺(𝑇𝑡 − 𝑇𝑏) (2.27) 

or in a matrix form,  

 [
𝑇𝑏
𝐹𝑏
] = [

1 −1/𝐺
0 1

] [
𝑇𝑡
𝐹𝑡
] = �̃� [

𝑇𝑡
𝐹𝑡
] (2.28) 

where 𝑇𝑏 and 𝐹𝑏 are the temperature and heat flux of the bottom side, and 𝑇𝑡 and 𝐹𝑡 

are the temperature and heat flux of the top side of the interface layer. 
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Figure 2.8 The surface heating of a semi-infinite multi-layer sample showing the 
Gaussian pump laser heating spot and probe laser spot. 

Including 𝐺 in the matrix multiplication, Equation (2.39) becomes 

 [
𝑇𝑛+1
𝐹𝑛+1

] = [�̃� �̃�
�̃� �̃�

] [
𝑇1
𝐹2
] (2.29) 

where 

 [�̃� �̃�
�̃� �̃�

] = 𝑀𝑛�̃�𝑛−1…𝑀2�̃�1𝑀1 (2.30) 

If layer 𝐿𝑛 is considered as semi-infinite or adiabatic boundary condition is assumed 

for the bottom surface of 𝐿𝑛, the heat flux 𝐹𝑛+1 = 0 and the top surface temperature 

𝑇1 from Equation (2.42) becomes [57] 

 𝑇1 = −
�̃�

�̃�
𝐹1 (2.31) 

The top surface of the layer 𝐿1 is periodically heated by the Gaussian pump 

beam with 1/𝑒2 radius of 𝑤0. Therefore, the corresponding heat flux of Gaussian 

distribution due to the pump beam 𝑓𝑝𝑢𝑚𝑝 is 

 𝑓𝑝𝑢𝑚𝑝(𝑟) =
2𝐴0

𝜋𝑤0
2 𝑒𝑥𝑝 (−2𝑟

2 𝑤0
2⁄ ) (2.32) 

where 𝐴0 is the absorbed pump laser power and 𝑟 is the radial direction. Taking the 

Hankel transform of Equation (2.32) gives 
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 𝐹𝑝𝑢𝑚𝑝(𝑘) =
𝐴0
2𝜋
𝑒𝑥𝑝 (−𝑘2𝑤0

2 8⁄ ) (2.33) 

The surface temperature due to the Gaussian pump beam can be obtained by 

substituting the heat flux of the pump beam of Equation (2.33) into (2.31),  

 𝑇1(𝑘) = −
�̃�

�̃�

𝐴0
2𝜋
𝑒𝑥𝑝 (−𝑘2𝑤0

2 8⁄ ) (2.34) 

The change in the reflectivity corresponding to the change in the surface 

temperature is measured by monitoring the intensity change in the reflected probe 

beam [62]. Hence, the temperature response measured by the Gaussian probe beam 

with 1/𝑒2 radius of 𝑤1 is a weighted average of the temperature distribution [67],  

 𝐻(𝑘) = 𝑇1(𝑘)
𝐶𝑇𝑅𝐴1
2𝜋

𝑒𝑥𝑝 (
−𝑘2𝑤1

2

8
) = −

�̃�

�̃�

𝐶𝑇𝑅𝐴0𝐴1
4𝜋2

𝑒𝑥𝑝 [
−𝑘2(𝑤0

2 + 𝑤1
2)

8
] (2.35) 

where 𝐴1 is the probe laser power and 𝐶𝑇𝑅 is the thermoreflectance coefficient.  

Taking the inverse Hankel transform of Equation (2.35) gives the surface 

temperature response in real space, 

 𝐻(𝜔) = 𝛽∫ −
�̃�

�̃�
𝑒𝑥𝑝 [

−𝑘2(𝑤0
2 + 𝑤1

2)

8
] 𝑘𝑑𝑘

∞

0

 (2.36) 

where 𝛽 = 𝐶𝑇𝑅𝐴0𝐴1/2𝜋. The exponential term in the Equation (2.36) indicates that 

the radii of the pump and probe beams are exchangeable [67] and that the solution 

only depends on the averaged spot radius 𝑤 = √𝑤0
2 +𝑤1

2. The upper limit of the 

integral can be set to  

 𝑘𝑢𝑝𝑝𝑒𝑟 = √32/𝑤2 (2.37) 

without significant loss of accuracy [62]. 

 Lock-in Amplifier and Phase Detection 

The lock-in amplifier (lock-in) is an instrument used for extracting an AC 

signal of low amplitude from a very noisy background. It does this by filtering out 

noise and unwanted out-of-band signals leaving only a signal of chosen frequency. 

The lock-in was first developed and utilized for the investigation of thermal radiation 
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in 1946 and has been used in numerous kinds of physics and engineering experiments 

ever since [70]. A thorough understanding of the underlying principle of the lock-in 

is of utmost importance to successful signal analysis and FDTR measurement. A 

superficial knowledge of the lock-in operation frequently leads to improper settings, 

measurement errors, and misinterpretation of the measured signal [71]. Although 

there are many types, only a general concept of a digital dual-phase type used in this 

work is discussed. 

The digital lock-in amplifiers have been largely employed for measurements 

in several fields [72-77] due to several advantages over the analog lock-in amplifiers. 

They are more reliable and better for measurements at low frequencies, have a longer 

time constant, and do not have DC drift [72, 78]. A simplified block diagram of a 

typical dual-phase lock-in is shown in Figure 2.9.  

 

Figure 2.9 A simplified block diagram of a typical dual-phase lock-in amplifier [79].  

(a) The lock-in takes two input signals, namely, the external reference input 

which is used to excite the experiment and the signal input which is a response from 

the experiment. The signal, 𝑆(𝑡), usually in a sinusoidal form of fixed frequency is 

given by 

 𝑆(𝑡) = 𝑔𝑆0 sin(𝜔𝑠𝑡 + 𝜙𝑠) (2.38) 

where 𝑔 is the pre-amplifier gain, 𝑆0 is the amplitude of the input signal, 𝜔𝑠 is the 

angular frequency of the input signal, and 𝜙𝑠  is the phase of the input signal.  

To precisely detect the signal, the lock-in creates its own reference by a local oscillator 

which is phase-locked to the external reference using a phase-locked loop (PLL) 

circuit given by 
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 𝑅(𝑡) = 𝑅0 sin(𝜔𝑟𝑡 + 𝜙𝑟) (2.39) 

where 𝜔𝑟  is the angular frequency of the reference and 𝜙𝑟  is the phase of the 

reference. In the case of a reference sine wave, the PLL of the lock-in amplifier used 

in this work does not lock to the fundamental frequency component, but it detects the 

rising edge at zero-crossing after AC coupling as the starting phase of the wave.  

(b) In the dual-phase lock-in amplifier, two references are generated with the second 

reference having phase-shifted by 90° as shown in Equation (2.40) and (2.41). 

 𝑅𝑋(𝑡) = 𝑅0sin(𝜔𝑟𝑡 + 𝜙𝑟) (2.40) 

 𝑅𝑌(𝑡) = 𝑅0cos(𝜔𝑟𝑡 + 𝜙𝑟) (2.41) 

(c) The signal and the references are then digitally multiplied at the mixers giving 

 𝑀𝑋 = 𝑆(𝑡) ⋅ 𝑅𝑋(𝑡) = 𝑔𝑆0𝑅0 sin(𝜔𝑠𝑡 + 𝜙𝑠) sin(𝜔𝑟𝑡 + 𝜙𝑟) (2.42) 

 𝑀𝑌 = 𝑆(𝑡) ⋅ 𝑅𝑌(𝑡) = 𝑔𝑆0𝑅0 sin(𝜔𝑠𝑡 + 𝜙𝑠) cos(𝜔𝑟𝑡 + 𝜙𝑟) (2.43) 

This method is known as phase-sensitive detection (PSD) [80]. The lock-in used this 

method to separate the signal at a specified frequency from others. The above 

equations can be solved using the following trigonometric identities of multiplication. 

 sin(𝐴) sin(𝐵) =
1

2
[cos(𝐴 − 𝐵) − cos(𝐴 + 𝐵)] (2.44) 

 
sin(𝐴) cos(𝐵) =

1

2
[sin(𝐴 + 𝐵) + sin(𝐴 − 𝐵)] (2.45) 

Equation (2.44) and (2.45) then become 

 𝑀𝑋 =
1

2
𝑔𝑆0𝑅0{cos[(𝜔𝑠 − 𝜔𝑟)𝑡 + (𝜙𝑠 − 𝜙𝑟)] − cos[(𝜔𝑠 + 𝜔𝑟)𝑡 + (𝜙𝑠 + 𝜙𝑟)]} (2.46) 

 
𝑀𝑌 =

1

2
𝑔𝑆0𝑅0{sin[(𝜔𝑠 + 𝜔𝑟)𝑡 + (𝜙𝑠 + 𝜙𝑟)] + sin[(𝜔𝑠 − 𝜔𝑟)𝑡 + (𝜙𝑠 − 𝜙𝑟)]} (2.47) 

If the frequency of the signal and the frequency of the reference are similar, 𝜔𝑠 = 𝜔𝑟, 

the terms 𝜔𝑠 − 𝜔𝑟 = 0 and 𝜔𝑠 + 𝜔𝑟 = 2𝜔𝑟. This leaves the mixed signals with a DC 

term and an AC term with doubled frequency, 
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 𝑀𝑋 =
1

2
𝑔𝑆0𝑅0{cos𝜙 − cos[2𝜔𝑟𝑡 + (𝜙𝑠 + 𝜙𝑟)]} 

(2.48) 

 
𝑀𝑌 =

1

2
𝑔𝑆0𝑅0{sin𝜙 + sin[2𝜔𝑟𝑡 + (𝜙𝑠 + 𝜙𝑟)]} 

(2.49) 

where 𝜙 = 𝜙𝑠 − 𝜙𝑟 is the phase shift between the reference and the signal. The mixed 

signals are then passed through low-pass filters (LPF) with a suitable time constant 

and filter roll-off to remove the second harmonic components. The settings of the LPF 

will be discussed in detail later. (d) As a result, only the DC components are left at 

the outputs.  

 
𝑉𝑋 =

1

2
𝑔𝑆0𝑅0 cos𝜙 (2.50) 

 
𝑉𝑌 =

1

2
𝑔𝑆0𝑅0 sin𝜙 (2.51) 

The output 𝑉𝑋  is known as in-phase output and 𝑉𝑌 is known as quadrature or out-of-

phase output. The amplitude 𝑆0 and phase 𝜙 of the signal can then be determined, 

 
𝑆0 =

2

𝑔𝑅0
√𝑉𝑋

2 + 𝑉𝑌
2 (2.52) 

 
𝜙 = tan−1 (

𝑉𝑌
𝑉𝑋
) (2.53) 

The frequency response of the surface temperature in Equation (2.36) can be 

expressed as a thermal transfer function of complex number 𝑍(𝜔0) [57] such that 

 A𝑒𝑖(𝜔0𝑡+𝜙) = 𝑍(𝜔0)𝑒
𝑖𝜔0𝑡 (2.54) 

where A𝑒𝑖(𝜔0𝑡+𝜙) is the output of the lock-in, 𝑒𝑖𝜔0𝑡 is the reference wave, and 𝜔0 is the 

modulation angular frequency of the reference wave. 

For a continuous wave pump beam,  

 𝑍(𝜔0) = 𝛽𝐻(𝜔0) (2.55) 
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where 𝛽 is a constant which contains a product of the thermoreflectance coefficient 

and the absorbed pump and probe laser power and 𝐻(𝜔0) is the surface temperature 

response in Equation (2.36).  

The in-phase output 𝑉𝑋 and quadrature output 𝑉𝑌 of the lock-in are the real 

and imaginary parts  of Equation (2.55) [60], 

 𝑋 = ℜ[𝑍(𝜔0)] (2.56) 

 𝑌 = ℑ[𝑍(𝜔0)] 
(2.57) 

 

 Thermal Conductivity of Metal-Diamond Composites 

2.3.1 Effective medium theory 

The thermal conductivity of metal-matrix composite reinforced with ceramic 

particles of spherical shape and uniform size (monodisperse) as shown in Figure 2.10 

can be described by the effective medium theory (EMT) [13, 81] where the effect of 

thermal boundary resistance (TBR) between the particles and matrix is considered. 

For a given heat flux �̇�, the TBR causes the temperature discontinuity Δ𝑇 across the 

interface [13], 

 
�̇� =

Δ𝑇

𝑇𝐵𝑅
 (2.58) 

The effective thermal conductivity of the composite 𝜅 is given by 

 𝜅

𝜅𝑚
=
[𝜅𝑝(1 + 2𝛾) + 2𝜅𝑚] + 2𝑉𝑝[𝜅𝑝(1 − 𝛾) − 𝜅𝑚]

[𝜅𝑝(1 + 2𝛾) + 2𝜅𝑚] − 𝑉𝑝[𝜅𝑝(1 − 𝛾) − 𝜅𝑚]
 (2.59) 

where 𝜅𝑝 and 𝜅𝑚 are the thermal conductivities of the particles and the metal matrix, 

respectively, 𝑉𝑝 is the volume fraction of particles, and  

 
𝛾 =

𝑇𝐵𝑅 ⋅ 𝜅𝑚
𝑎

 (2.60) 

where 𝑎 is the radius of the particles. This 𝛾 indicates the impact of the 𝑇𝐵𝑅 on the 

thermal conductivity of the particle [82]. 



28 
 

 

Figure 2.10 A monodispersed particulate metal-matrix composite structure model 
based on the effective medium theory (EMT) where 𝜅𝑝 is the thermal conductivity of 

particles of radius 𝑎 in the matrix with thermal conductivity 𝜅𝑚 and the thermal 
boundary resistance 𝑇𝐵𝑅. 

2.3.2 Bimodal dispersion double EMT 

The important properties of the metal-diamond composites used as the 

thermal packaging are the thermal conductivity and the coefficient of thermal 

expansion (CTE). The thermal conductivity of the composite is influenced by the 

volume fraction and the size of the diamond particles whereas the CTE is only 

affected by the volume fraction [14]. Therefore, the composites are often included 

smaller particles to fill the gaps in the matrix left by the large particles so that the 

volume fraction is increased. However, these small particles could reduce the thermal 

conductivity of the composite as suggested by Equation (2.60). Consequently, we need 

to account for the effect of the small particles using a double EMT model that 

considers bimodal dispersion of inclusions [82] as shown in (2.11). 

 

Figure 2.11 A bimodal distributed particulate composite structure model based on 
the double effective medium theory (left) and the effective matrix with inclusions of 
smaller particles radius (right). 
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In this model, we will use the same thermal conductivity and the thermal 

boundary resistance for the small diamond particles as the large particles for 

simplicity, only the radius is reduced. The large particles are considered to be placed 

inside an effective matrix in which small particles are already embedded. The 

effective volume fraction of the small particles is then given by 

 
𝑉𝑒𝑓𝑓 =

𝑉𝑝2

1 − 𝑉𝑝1
 (2.61) 

where 𝑉𝑝1 and 𝑉𝑝2 are the volume fractions of large particles and small particles, 

respectively. The effective thermal conductivity of the matrix 𝜅𝑚
𝑒𝑓𝑓

 in which large 

particles are excluded is given by 

 𝜅𝑚
𝑒𝑓𝑓

𝜅𝑚
=
[𝜅𝑝(1 + 2𝛾2) + 2𝜅𝑚] + 2𝑉𝑒𝑓𝑓[𝜅𝑝(1 − 𝛾2) − 𝜅𝑚]

[𝜅𝑝(1 + 2𝛾2) + 2𝜅𝑚] − 𝑉𝑒𝑓𝑓[𝜅𝑝(1 − 𝛾2) − 𝜅𝑚]
 (2.62) 

where  

 
𝛾2 =

𝑇𝐵𝑅 ⋅ 𝜅𝑚
𝑎2

 (2.63) 

with 𝑎2 as the radius of the small particles. 

Hence, the effective thermal conductivity of the composite with bimodal 

distribution is  

 𝜅

𝜅𝑚
𝑒𝑓𝑓

=
[𝜅𝑝(1 + 2𝛾𝑒𝑓𝑓) + 2𝜅𝑚

𝑒𝑓𝑓
] + 2𝑉𝑝1[𝜅𝑝(1 − 𝛾𝑒𝑓𝑓) − 𝜅𝑚

𝑒𝑓𝑓
]

[𝜅𝑝(1 + 2𝛾𝑒𝑓𝑓) + 2𝜅𝑚
𝑒𝑓𝑓
] − 𝑉𝑝1[𝜅𝑝(1 − 𝛾𝑒𝑓𝑓) − 𝜅𝑚

𝑒𝑓𝑓
]

 (2.64) 

with the effective 𝛾 for the large particles given as 

 
𝛾𝑒𝑓𝑓 =

𝜅𝑚
𝑒𝑓𝑓

𝜅𝑚
𝛾1 (2.65) 

where 

 
𝛾1 =

𝑇𝐵𝑅 ⋅ 𝜅𝑚
𝑎1

 (2.66) 

with 𝑎1 as the radius of the large particles. 
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Figure 2.12 shows the model plots of thermal conductivity of a composite 

material with a bimodal distribution of spherical particulates as a function of small 

particle radius for different volume fractions of small particles of 0%, 10%, and 20%. 

The thermal conductivities of 400 W/m∙K and 1300 W/m∙K are used for the matrix 

and particles, respectively. The radius of the large particles is 125 μm while that of 

the small particles varies from 0 to 125 μm. The volume fraction of the large particles 

is 50% and the 𝑇𝐵𝑅 is 40 m2K/GW. 

 

Figure 2.12 Thermal conductivity of a composite material with a bimodal distribution 
of spherical particulates plotted as a function of small particle size for different 
volume fractions of small particles 𝑉𝑝2. 

Without the inclusions of small particles (𝑉𝑝2 = 0%), the effective thermal 

conductivity of the composite is approximately 613 W/m∙K. The critical particle 

radius of the small particles 𝑎𝑐 below which the thermal conductivity of the composite 

is starting to be degraded is ~23 μm. 
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Chapter 3 THE EXPERIMENTAL SYSTEM 

A frequency-domain thermoreflectance (FDTR) technique is considered to be 

a powerful measurement technique that has been extensively used for measuring the 

thermal properties of materials for a few decades [83]. Even so, the design and 

implementation of this technique are still constantly evolving, and many variations 

of the technique are still being explored [84-93]. This is mainly because different 

material systems require different approaches and experimental conditions, and also 

the flexibility of this technique allows for possibilities of evolution.  

Typically, the FDTR system incorporates a (pump) laser source for periodic 

heating of sample coated with metal transducer and another (probe) laser source for 

monitoring the change in the reflectivity of the transducer which is proportional to 

the temperature change. The pump beam is normally modulated by an electro-optic 

modulator (EOM) at different frequencies. A photodetector is used to detect the 

corresponding periodic thermal response in the reflected probe beam and the signal 

is then fed to a lock-in amplifier. The lock-in amplifier determines the phase lag of 

this signal with respect to the reference signal of the modulated pump beam.  

This phase lag is used for further thermal analysis to extract the thermal properties 

of the sample. An explanation of the FDTR technique is presented in Chapter 2. 

Our system is designed and constructed based on an optical pump-probe 

configuration similar to that of Schmidt et. al. [57]. However, instead of using a single 

pulsed laser and splitting its beam into pump beam and probe beam, we employed 

two separate continuous-wave (CW) diode lasers. Hence, our system is more cost-

effective than the pulsed laser system due to the inexpensive diode lasers. The FDTR 

technique is commonly used for measuring thin samples with thickness less than tens 

of micrometer using high modulation frequency ranging from a few tens of kilohertz 

to tens of megahertz [29]. Our system, however, is built to measure thicker samples 

ranging from tens of micrometer to a few millimeters with a modulation frequency of 

less than 10 kHz, making it fairly a unique FDTR system. 
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Measuring thicker samples at a low modulation frequency while achieving 

consistent and reliable results is nevertheless a challenging task. To measure the 

cross-plane thermal conductivity, the pump spot radius has to be comparable to the 

thermal penetration depth to fulfill the condition for one-dimensional thermal 

transport. Thicker samples especially with higher thermal conductivity require the 

use of a higher laser power density as the thermal penetration depth is larger and 

the thermal wave needs to travel further as shown in Equation (1.9). However, the 

larger the spot radius results in a reduction in laser power density. Hence, balancing 

these conditions is very important. Also, as we are operating at low frequency, the 

system is prone to electronic noise especially the 1/𝑓 noise because the spectral noise 

density of the 1/𝑓 noise increases as frequency decreases resulting in a reduction in 

signal-to-noise ratio. Moreover, optical noise, beam spot geometry, beam spot size, 

and the quality of the metal transducer are additional challenges impacting the 

measurement accuracy. 

In this chapter, we describe in detail the design and the optical setup of our 

system. We also address complications that arise during the process of constructing 

and testing the system such as beam divergence and pulsating beam. The procedures 

for beam alignment and sample positioning are also explained. Finally, sources of 

interference in the system including optical noise, electronic noise, phase noise, and 

instrument phase offset are discussed. 

 The Optical Setup 

Our FDTR system is designed and built based on CW laser for both pump and 

probe as shown in Figure 3.1. A laser diode with a dominant wavelength of ~450 nm 

and maximum output power of ~7 W is used as a pump source as shown in Figure 

3.1 (a). Such a high-power laser is used to achieve high power density for measuring 

thicker samples for the reason as stated earlier. Still, we found that a single pump 

laser was not enough for measuring high thermal conductivity materials, e.g., copper 

and diamond. That is because the optical elements in the system introduce laser 

power loss (almost 90%) caused by absorption and scattering. Hence, a second pump 

laser of the same model is added to the system.  
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Figure 3.1 A schematic of the optical arrangement of the FDTR system in this work. 
The system features an optical pump-probe configuration with 450 nm CW laser 
diodes as pump lasers and a 520 nm CW laser diode as probe laser. 

Both pump lasers were powered by a high-power laser diode driver with a 

maximum modulation frequency of 50 kHz. To prevent damaging the laser diodes, 

the current limiter on the driver was set to only 4.5 A, which results in an average 

optical power output of about 3 W for each laser. A function generator was connected 

to the laser driver for the modulation of the pump beams. Typically, the most common 

waveform to use for modulated heating in the FDTR system is the sine waveform as 

it can avoid complications with harmonic response [57]. However, in our case, a 

square waveform was used instead due to a pulsating effect in the pump beam which 

will be discussed in detail in section 3.3.  

The laser spot profile is crucial to the effectiveness and accuracy of the FDTR 

technique. The thermal analysis of the heat transport model works best when the 

laser produces a perfect Gaussian beam profile. Ideally, a laser beam should emit a 

TEM00 beam profile that has an intensity profile close to the Gaussian profile: 
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where 𝐴0 is the total power of the beam, 𝑟 is the radial distance from the center of the 

beam, and 𝜔0 is the 1 𝑒2⁄  spot radius. However, this is not the case in practice. 

As generally known, a laser diode is a semiconductor device consisting of 

multiple layers of p-n junctions. Because of this structure, the laser beam emitted 

from the edge of the device has a different degree of divergence in different axes.  

The beam component that is perpendicular to the semiconductor slab has a much 

greater divergence angle (fast axis, 𝜃𝑓𝑎𝑠𝑡) than that of the parallel axis component 

(slow axis, 𝜃𝑠𝑙𝑜𝑤). This results in a very narrow beam instead of a circular shape.  

This will lead to a non-circular heating profile which complicates the thermal 

analysis, and also larger focused spot size, reducing laser power density. Hence, the 

laser beam needs to be circularized before it can be used. 

To circularize the pump beams, a pair of cylindrical lenses was used as shown 

in Figure 3.1 (b). There are essentially two types of cylindrical lenses: convex lens 

and concave lens. Unlike a spherical lens, a cylindrical lens focuses only on one 

component of the beam that is in the same direction as the lens’s curvature. 

Therefore, to achieve a circular beam shape, each axis of the beam needs to be 

collimated separately with a pair of plano-convex cylindrical lenses. So, different focal 

lengths have to be chosen for different beam axes. The focal lengths of the lenses were 

chosen such that the magnification or focal length ratio (𝑓2/𝑓1) is equals to the 

divergence ratio (𝜃𝑓𝑎𝑠𝑡/𝜃𝑠𝑙𝑜𝑤). Nevertheless, the divergence angle of the fast axis 

component of our pump beam was so large that the cylindrical lens was unable to 

collect all the light. So, we used a short focal length spherical lens to collimate the 

beam component in the fast axis first. Then, a concave cylindrical lens was used to 

expand the slow axis component and a convex cylindrical lens was used to collimate 

the slow axis beam. As the beams from Pump 1 and 2 have different divergence ratios, 

collimating lenses with different focal lengths and cylindrical lens pairs with different 

magnifications have to be used. A 4 mm focal length lens with a numerical aperture 

of 0.5 and 6x magnification cylindrical lens pair was used for Pump 1. An 8 mm focal 

length lens with a numerical aperture of 0.6 and 3x magnification cylindrical lens 
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pair is used for Pump 2. The limitation of the cylindrical lens method is that a decent 

degree of circularization may not be achievable because of the inability to obtain the 

required focal lengths. Also, accurate positioning of the lenses could not be performed 

due to the limited capability of the lens mount. This makes the collimated beam 

becomes slightly elliptical.  

After that, the pump beams are combined with a polarizing beam splitter 

(PBS) as shown in Figure 3.1 (c) forming a single but more powerful beam with an 

average optical power output of nearly 6 W. Next, this beam was then directed by two 

mirrors towards an iris placed directly in the pump beam path. The reason we need 

the iris is that the pump beam has a slightly rectangular shape instead of a slightly 

elliptical shape as would be expected. This is because our pump beam has a very large 

divergence angle that part of the beam is clipped by the diode laser housing. The iris 

cuts out small corners of the beam resulting in a circular beam. Since the beam is 

nearly a square shape, cutting the beam with the iris will reduce the optical power 

by only a small amount.  

A beam compressor is then placed immediately after the iris as shown in 

Figure 3.1 (d) for the adjustment of pump spot size. The adjustment can be made by 

changing the focal length ratio between the focusing lens and the collimating lens. 

Nevertheless, because most of the measurements in this work occasionally require a 

substantial change in spot size, we use a fixed focal length of 60 mm and 30 mm for 

the focusing lens and collimating lens, respectively. A short-pass filter with a 500 nm 

cut-off frequency is placed just after the compressor to ensure that no other lights 

than the pump beam impinge on the sample. Following the short-pass filter, a filter 

wheel fitted with five neutral density (ND) filters of different optical densities was 

used to provide an ability for laser power adjustment; one slot of the filter wheel was 

left empty for maximum heating power. The summary of the measured transmissions 

of the filters and the corresponding transmitted laser powers is shown in Table 3.1. 

This power adjustment capability is important for avoiding excessive heating on the 

sample which can alter the thermal properties of the material or even cause damage 

to the sample. The analysis of the surface temperature rises due to surface heating is 

discussed in Chapter 4.  
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Next, a portion of the pump beam was picked up by a glass slide to be used as 

a reference signal for the lock-in amplifier as shown in Figure 3.1 (e). The glass slide 

has a negligible effect on the laser power loss as the split-off beam is measured to be 

about 1-2% of the total laser power. Although the split-off beam has fairly low power, 

it can sometimes saturate the detector. Thus, an iris was used to adjust the laser 

power. Another major role of this iris is for calibrating the intensity-dependent phase 

shift of the detector which is discussed in section 3.5. A 35 mm focal length lens is 

used to focus the beam onto a high-speed switchable gain Si photodiode detector. This 

detector will be referred to as the “reference detector” from now on. The focused beam 

has to be carefully placed in the middle of the active area without overfilling or 

overlapping the edge of the detector as it also affects the phase shift of the signal. 

Table 3.1 The measured transmission of the neutral density (ND) filters and the 
transmitted laser powers measured at the location of the sample. The measured 
power is an averaged laser power of the square-wave modulated pump beam at 1 kHz. 
For the convenience of reference, ND filters are referred to as ND1–ND6. 

Filter number Transmission Laser power (averaged) 

ND1 (no filter) 100% 1.46 W 

ND2 66% 965 mW 

ND3 35% 515 mW 

ND4 24% 355 mW 

ND5 9% 134 mW 

ND6 <1% <10 mW 

 

Finally, the remainder of the pump beam was focused onto the sample by a 

30 mm focal length lens as shown in Figure 3.1 (f). The lens is mounted on a one-axis 

translation stage so that a slight adjustment of the focal plane on the sample can be 

done. The stage can also be used to adjust the spot size—though only a small 

adjustment (~100 μm) is possible as the beam profile will change when the sample 

plane is outside of the depth of focus [94]. The maximum laser power measured at the 

location of the sample surface is about 1.46 W. Hence, the throughput efficiency  

(1–loss) is about 0.24. The sample is held vertically by a sample holder which is 

mounted on an XYZ translation stage. The stage serves as both the sample 

positioning device and a beam alignment tool. The process of beam alignment and the 

sample positioning is described in section 3.2. 
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For a probe laser, a Thorlabs laser diode with a center wavelength of 520 nm 

and maximum optical output power of 50 mW is used as shown in Figure 3.1 (g). 

Again, the laser beam does not have a circular shape but rather an elliptical shape. 

Therefore, the beam is expanded with a pair of lenses, and an iris is used to cut out 

the unwanted portion. Then a pair of mirrors was used to direct the beam toward the 

sample at an angle and a 40 mm focal length lens was used to focus the beam on the 

sample surface at the center of the pump beam. Although the spot geometry of the 

probe essentially has a minor effect on the measurement when the probe spot size is 

very small compared to the pump spot size, it is better to avoid unnecessary beam 

distortion by using the smallest angle of incidence possible. Normally, in other FDTR 

systems, both pump and probe beams are focused on the sample co-axially through a 

single objective lens [57, 58, 86, 95]. This approach is far superior to our system in 

terms of straightforward beam alignment and probe spot geometry, but the optical 

arrangement is more complex and laser power loss in the system will be higher since 

more PBS or beam sampler is needed. The reflected probe beam is collimated by a 90 

mm focal length lens and focused onto a photodetector identical to the reference 

detector by a 50 mm focal length lens. This detector will be referred to as the “primary 

detector” from now on.  

Preventing the scattered pump beam and stray pump light from entering the 

primary detector is essential to the success of the technique. As this technique relies 

on detecting a small change in reflectance, usually on the order of 10-4–10-5 K-1, even 

a small quantity of stray light could easily overwhelm the probe signal. Even though 

our configuration directs the probe beam onto the sample at a considerably different 

angle from the pump beam, our pump laser is so powerful that the scattered pump 

beam has comparable intensity to the reflected probe beam. Therefore, a 520 nm 

bandpass filter is attached to the detector to allow only the probe beam through. 

Since the probe beam is sent to the sample at a different angle from the pump 

beam, a way to ensure the overlapping of the laser spots on the sample surface is 

necessary. We placed a beam sampler in the probe path to pick off a small portion of 

the probe light into a CCD camera as shown in Figure 3.1 (h). A 35 mm focal length 

lens is used to focus the beam onto the CCD sensor and an ND filter was used to 

prevent overexposure. This setup provides a simple visual way of keeping the probe 
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spots in the center of the pump spot. This also matches the sample surface with the 

focal plane of the pump beam so that the pump spot size does not change. 

A lock-in amplifier is a key element to the FDTR technique. A digital lock-in 

amplifier from Stanford Research Systems is used in our system. The signals from 

the primary and reference detectors are collected by the lock-in as input signal and 

the reference signal, respectively. The lock-in measures both the amplitude and the 

phase of the signals as a function of frequency. Only the input signal with a frequency 

near the reference signal survives and is used for signal analysis. The signal analysis 

involves multiplications of an input signal and reference signal resulting in in-phase 

and out-of-phase output signals. The phase shift between the input signal and the 

reference signal at each modulation frequency is automatically calculated from the 

output signals shown in Equation (2.53). An explanation of signal detection by lock-

in amplifier is presented in Chapter 2. The acquisition of the measurement data is 

done automatically by the use of a LabVIEW automation program developed 

specifically for this purpose. This phase shift information is then used for thermal 

analysis and extraction of the thermal properties of materials. The extraction of the 

thermal properties requires a fitting of the phase data to the model [57] which is 

discussed in Chapter 4.  

 Beam Alignment and Sample Positioning 

3.2.1 Beam alignment 

Since the probe beam is directed at the sample at an angle, a specific alignment 

procedure as shown in Figure 3.2 is required. First, a CCD camera is mounted on an 

XYZ translation stage for viewing the beams. Then, the pump beam is passed through 

two ND filters with an optical density of 3.0 to reduce the intensity and focused on 

the CCD. By using a circular crosshair and adjusting the translation stage in the X 

and Y directions (x- and y-axis), we can ensure the beam is focused on the center of 

the CCD. The focal plane of the beam can be changed by adjusting the translation 

stage in the Z direction (z-axis). This will also slightly change the beam spot size, 

typically 100–200 µm, on the CCD which is also the beam spot size on the sample.  
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Figure 3.2 A diagram illustrating the beam alignment process. (a) Both pump and 
probe spots are aligned on the center of the crosshair by tuning an XYZ translation 
stage. (b) Moving the CCD toward the pump beam results in a larger pump spot and 
a probe spot shifting to the left of the pump spot. (c) Moving the CCD away from the 
pump beam results in a smaller pump spot and a probe spot shifting to the right of 
the pump spot. 

Once the pump beam is centered and we have the desired spot size, we can 

use a mirror pair and a focusing lens to steer and focus the probe beam onto the center 

of the crosshair. This arrangement ensures that the focal plane and the spot size stay 

the same after replacing the camera with the sample holder. That is if the CCD is 

moved toward the pump beam in the Z direction, the probe spot will move to the left 

side of the pump spot, resulting in a larger pump spot. Conversely, if the CCD is 

moved away from the pump beam in the Z direction, the probe spot will move to the 

right side of the pump spot, resulting in a smaller pump spot. Thus, if the probe beam 

is at the center of the pump beam, we have the originally intended pump spot size. 

Before we can begin the measurement, the camera needs to be replaced with 

a sample holder. However, as the sample holder plane is not at the same location as 
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the CCD plane, a repositioning of the beams is required. This can be done by placing 

an alignment plate in the sample holder and adjusting the translation stage in the Z 

direction until the beams are concentric, shown in Figure 3.3 (a). We can then replace 

the alignment plate with the sample and the sample surface will coincide with the 

focal planes of the beams as did the alignment plate. 

To check the repeatability of this process and determine error bounds in 

which the misalignment can happen, we measured the pump spot size when the probe 

spot is at the center of the pump spot as shown in Figure 3.3 (b). Then, we adjust the 

translation stage in the Z direction so that the probe spot is moved to the left edge of 

the pump spot and measured the pump spot size. Next, we reverse the translation 

stage so that the probe spot is at the right edge of the pump spot and measured the 

pump spot size. This simulates the worst case of beam misalignment. This process is 

repeated ten times and the pump spot sizes are plotted as shown in Figure 3.4. 

 

Figure 3.3 (a) The process of setting up a sample and (b) the repeatability test.  
An alignment plate is used for beam positioning before placing the sample. The errors 
of the process are checked by repeating the pump spot size measurement when the 
probe spot is at the center, left edge, and right edge of the pump spot ten times.  
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Figure 3.4 The comparison plot of pump spot sizes measured in the repeatability test 
of the beam alignment process. The spot sizes were measured when the translation 
stage z-axis is adjusted so that the probe spot is at the left edge (blue), center (red), 
and right edge (green) of the pump spot. 

Evidently, the beam alignment process is highly repeatable as the error bars 

from ten repeated measurements are very small. The averaged pump spot size for 

measurements when the probe spot is centered on the pump is 508 μm (±0.22%).  

The averaged pump spot size when the probe spot is at the left edge of the pump spot 

is 550 μm (±0.20%). The averaged pump spot size when the probe spot is at the right 

edge of the pump spot is 472 μm (±0.19%). This indicates that this alignment process 

has excellent repeatability. Nevertheless, the pump spot size can vary around ±8% 

between when the probe spot is at the left edge and the right edge of the pump spot.  

3.2.2 Sample positioning 

Previously, we illustrated the process of aligning the probe and pump spots 

and validated the repeatability of the process. Here we discuss the process of sample 

positioning ensuring that the sample surface always coincides with the beams’ focal 

plane. For example, when a sample is small and cannot be held by a sample holder, 

it needs to be attached to a larger backing plate which is then placed into the sample 

holder.  As a result, the sample surface now does not coincide with the focal plane of 

the focusing lens of the pump beam. Hence, the pump spot size changes, and the probe 

beam is misaligned. 

The sample positioning process starts with placing a reference sample in the 

sample holder. With the surface of the reference sample at the focal plane of the 

focusing lens, the probe spot is aligned at the center of the pump spot. The reflected 
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probe beam is collimated and focused on a primary detector. A beam sampler is placed 

in the collimated beam path in which ~1% of the incident light is pick-off and directed 

towards a CCD camera. An ND filter is used to reduce the intensity of the beam which 

is focused onto the CCD. Using SharpCap software with a crosshair as a reference 

point for the probe beam spot location, adjust the camera position and beam sampler 

angles until the probe spot overlaps with the crosshair as shown in Figure 3.5.  

If a sample is displaced from the focal plane of the lens, the probe spot will shift from 

the crosshair. Adjusting the z-axis of the translation stage to get the probe spot back 

to the crosshair will bring the sample back to the focal plane. As the probe beam only 

moves across the sample horizontally when the sample is moved in the z-axis 

direction, this method provides a complete check of the overall beam alignment. 

      

Figure 3.5 The arrangement used for the sample positioning process (left) and the 
use of SharpCap software’s crosshair to help align the sample plane by monitoring 
the location of the probe beam relative to the crosshair (right). 

To assess the repeatability of this process, we start by removing the reference 

silicon sample from the sample holder and the sample holder from the translation 

stage as shown in Figure 3.6. We then move the stage randomly in the z-axis 

direction. After that, we re-install the sample holder as well as the sample. Next,  

we adjust the stage until the probe spot on the camera is back at the crosshair.  

We then take a phase measurement of the sample. The entire process is repeated 

eleven times. Each measurement is then used to fit the thermal model for extracting 

the pump spot size. If the pump spot size 𝑤0 changes, we will see a significant change 

in phase data around 0.1–1 kHz as shown in Figure 3.6.  
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Figure 3.6 The repeatability test of the sample positioning process (left) and the 
model plot of silicon sample with ±10% variation in pump spot size curves (right). 

Figure 3.7 (a) shows the phase data of the repeated measurements (red lines) 

along with a curve of the averaged phase (black line). Overall, there is negligible 

variation in the phase data in the 0.1–1 kHz frequency range that would suggest a 

significant change in spot size because of the repositioning of the sample. The 

noticeable phase variation at the start and the end of the frequency sweep are likely 

due to phase noise which has little effect on the fitted pump 1/𝑒2 spot radius. The 

fitted pump spot sizes vary about ±3 μm (0.58%) around a mean value of 585 μm as 

shown in Figure 3.7 (b). This indicates that the sample positioning process has 

excellent repeatability with an inconsequential effect on the pump spot size. 

 

Figure 3.7 (a) The measured phase data of the silicon window sample used in the 
repeatability test of the sample positioning process (red) along with an averaged 
phase data (black). (b) The fitted pump 1/𝑒2 spot radii vary in the range of ± 3 μm 
(0.58%) around a mean value of 585 μm. 
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 Pump Beam Modulation 

The main requirement of the FDTR method is the modulation of the pump 

beam. This modulation provides periodic heating to a sample and a reference signal 

to the lock-in detection. The periodic heating induces a periodic change in sample 

temperature which results in a proportional change in the reflectivity of a metal 

transducer. This change which is monitored by a probe beam is translated into a 

periodic signal with the same frequency as the modulation frequency but with a small 

phase lag behind the reference signal. In a typical FDTR measurement where a sweep 

of frequency is applied, a lock-in amplifier measures the phases of the reference and 

probe signals and determines the phase differences for each frequency. Since our 

system uses a continuous wave diode laser as a pump source, the modulation of our 

pump beam is done internally with the use of a function generator. This configuration 

provides a straightforward adjustment of modulation frequency as well as a switch 

between modulation waveforms. Therefore, we need to consider the effect of the 

modulation waveform on the measurement to select the most suitable one to be used. 

3.3.1 Effect of the modulation waveform 

The pump beam is modulated at a certain frequency to achieve periodic 

heating on the sample surface. The type of modulation waveform, typically sine and 

square waveforms, should not have any effects on the measurement since the rising 

edge at zero-crossing of the wave is used as the reference point for detecting the 

phase. This point should essentially be the same for sine and square waveforms. 

Furthermore, the lock-in amplifier used in our system uses a pure sine wave for signal 

multiplication which eliminates odd harmonic components [57] and only detects the 

fundamental frequency components. However, the lock-in amplifier still treats 

different waveforms differently. 

Figure 3.8 (left) shows the measured phase data of a silicon sample using sine 

waveform modulation and square waveform modulation plotted in comparison.  

The magnitude of the phase difference is roughly 10° for almost the entire range of 

frequency. To investigate this issue, we measure the phase shift of the pump beam 

against itself by blocking the probe laser and use only the pump laser as both input 

and reference signal comparing results from sine and square waveform modulation.  
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Figure 3.8  The measured phase data of a silicon sample (left) and the calibration 
curves of phase data (right) for sine (blue) and square (orange) wave modulation. 

As shown in Figure 3.8 (right), the results show phase shifts between the 

input and reference signals for both modulation waveforms. The phase data of the 

sine waveform is different from that of the square waveform with roughly 10 degrees 

of magnitude difference similar to the silicon measurement. This indicates that there 

is a frequency-dependent phase shift introduced by the instrument [57] and that the 

lock-in treats sine and square waveforms differently. This frequency-dependent 

phase shift can be calibrated which is discussed later in section 3.4.  

3.3.2 Effect of the pulsating pump beam 

In this part, we address the effect of the modulation behavior of the pump 

beam on the measurement. Preferably, the pump beam should be evenly modulated, 

producing symmetrical heating. However, our pump laser is a multimode laser diode 

that produces multiple bands of beams as shown in Figure 3.9 (a). We observed that 

the DC offset VDC of the modulation signal as shown in Figure 3.9 (b), affects the 

pump beam size; i.e., the pump beam expands laterally if higher VDC is applied and 

contracts if lower VDC is applied as shown in Figure 3.9 (c). Therefore, the pump spot 

size increases as the VDC increases as shown in Figure 3.10. The beam size stays quite 

constant when VDC is higher than ~0.9 V. As a result, we use the highest possible VDC 

value of ~1.2 V is used to keep the spot size fixed.  
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Figure 3.9 (a) Pump laser beam contains multiple bands of beams. (b) The modulated 
pump signal from the function generator showing a peak-to-peak signal amplitude 
VPP, DC offset VDC  from the ground level GND. (c) The pump beam contracts when 

VDC is low and expands when VDC is high. When the laser is being modulated, the 

beam is pulsating laterally about the VDC value. 

When the pump laser is being modulated, the beam is pulsating laterally; i.e., 

the beam is expanding as the signal is reaching the maximum voltage and contracting 

as the signal is reaching the minimum voltage as shown in Figure 3.9 (c). The degree 

of beam pulsation depends on the peak-to-peak amplitude VPP. Figure 3.11 shows the 

1/𝑒2 spot radius of the pump beam 𝑤0 measured by CCD camera against VPP for 

square waveform modulation. The spot radius stays approximately constant for the 

entire range of VPP. This means the pulsating behavior does not significantly affect 

the spot size. Nevertheless, high VPP is preferable as it produces a higher signal-to-

noise ratio (SNR). Also, a square wave modulation, which has a shorter rise time, will 

be used instead of a sine wave to lessen the pulsating behavior.  

   

Figure 3.10 The 1/𝑒2 spot radius of the pump beam 𝑤0 measured with a CCD camera 
plotted as a function of DC offset voltage VDC for sine waveform modulation (left) and 

square waveform modulation (right). The 𝑤0 increases as VDC increases in both cases. 
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Figure 3.11 The 1/𝑒2 spot radii of the pump beam 𝑤0 measured with a CCD camera 
plotted as a function of peak-to-peak amplitude voltage VPP for square waveform 

modulation. The 𝑤0 remains approximately constant. 

 Sources of Interference 

Interferences to the measured signals, whether random noise or systematic 

offsets, is an important factor that impacts the performance of the system, especially 

the SNR which affects the measurement precision. Since the measured signals are 

typically in the order of 10-4–10-5, the system is extremely susceptible to noise which 

makes it challenging to achieve a decent SNR. Thus, minimizing these interferences 

as much as possible should be a number one priority before measurements can be 

carried out. Various kinds of noise can affect the FDTR measurement. However,  

in this section, we will only discuss the critical ones found in our system and the 

approaches that we took to remove or minimize them. 

3.4.1 Optical noise 

Light from sources other than the probe laser can interfere with measurements. 

We found that room lights disturb signal detection. If left untreated, it will affect the 

measured phase at frequencies close to that of the room lights which is ~100 Hz. A 

simple solution is to build an optical enclosure covering our system or turn off the 

room lights while operating the system. 

Another source of optical noise is a stray pump light. The stray pump light 

scattered by the surface of the sample and by the surroundings arriving at the 

primary detector is detrimental to signal detection. The reason is that the pump beam 

has a much higher optical power (~1.4 W) than that of the probe beam (~30 mW) and 

the pump beam is also modulated at the reference frequency. As the probe signal is 
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usually very small, the signal from the stray pump light as low as 5 μV is enough to 

disturb the measured probe signal resulting in an error in the experimental data [96]. 

Subsequently, the measured phase will be a combination of the thermal response 

phase and pump beam phase. Therefore, inhibiting the scattered pump light from 

entering the detector is tremendously important. To find the solution, we conduct a 

simple investigation as shown in Figure 3.12.  

 

Figure 3.12 Schematic showing the optical arrangement for investigating the impact 
of the stray pump light on signal detection and phase measurement. The pump beam 
is focused on a relatively smooth sample with the probe laser turned off and the room 
lights turned off. The scattered pump beam is measured by a photodetector with and 
without a dust cap, with long-pass filters, and with a band-pass filter. 

To start with, the probe laser and the room lights are turned off while only 

the pump laser is focused on a silicon sample coated with 110 nm gold. We measure 

the signal amplitude Δ𝑅 and the phase shift Δ𝜙 of the scattered pump beam for five 

different scenarios. The first scenario is done by covering the detector with a dust cap 

to block the pump beam. The results show a completely random phase with an 

average amplitude less than microvolt as shown in Figure 3.13 (left). For the second 

case, the dust cap is removed and the result shows a drastic change in the amplitude 

and phase. The phase is no longer random and increases as the frequency increases 

as shown in Figure 3.13 (right). The average Δ𝑅 is ~6 mV which is three times greater 

than typical signal amplitudes for silicon measurement.  
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Figure 3.13 The measured phase of the pump beam when the detector is covered by 
a dust cap (left) and when the dust cap is removed (right). 

Since our system employs a green laser as probe (520 nm) and a blue laser as 

pump (450 nm), a reasonable approach to solving this problem is to use spectral 

filters. So, for the third case of our investigation, a long-pass filter with a cut-on 

wavelength of 500 nm is used to filter out the scattered pump light, only letting the 

light with a wavelength beyond 500 nm pass through. Still, the result shows that 

there is a small signal with an average value of Δ𝑅~10 μV as shown in Figure 3.14 

(left). The phase is not random as compared to the first case. This suggests that a 

single long-pass filter might not be enough to block the pump light.  

 

Figure 3.14 The measured phase of the pump beam where a single long-pass filter is 
used (left) and where two long-pass filters are used (right). 

Thus, in the fourth scenario, we add another long-pass filter of an identical 

model and repeat the measurement. The amplitude is reduced by half (~5 μV),  

but the phase still varies similarly to the third case as shown in Figure 3.14 (right). 

With two long-pass filters, the combined transmission in the rejection region should 

be extremely low (~10-4%) and should be impossible for the scattered pump light with 

Δ𝑅~6 mV to pass through. However, it is found that that the filters emit a yellowish 
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fluorescence light which would be the cause for this tiny leakage. Therefore, we use 

a premium hard-coated band-pass filter in the last experimental scenario which only 

lets the light of a wavelength of 520 nm (±10 nm). Figure 3.15 shows the results from 

the last experimental scenario. The measured phase is now relatively random, and 

the signal amplitude is less than microvolt similar to the first scenario. This implies 

that the pump light is blocked and the filter does not emit fluorescence light. 

 

Figure 3.15 The measured phase of the pump beam for the fifth scenario using a 
band-pass filter (left) compared to the first scenario where a detector is covered with 
a dust cap (right). 

3.4.2 Electronic noise 

A common source of noise in any electronic system is electronic noise.  

The electronic noise is essentially fluctuations in the measured signals around the 

average value inherent in the electronic instrument and laser systems [97], which 

includes thermal noise, shot noise, flicker noise (1/𝑓), main line frequency pickup, 

magnetic field pickup. 

The Johnson noise (thermal noise) is often found as the main source of noise 

in electronic devices which is caused by thermal fluctuation of current carriers 

(electrons) in resistors and conductors. The amount of fluctuations depends on the 

temperature of the devices: the higher the temperature, the greater the fluctuation. 

The RMS value of the thermal noise voltage at the input signal amplifier in a lock-in 

amplifier is defined as [79] 

 𝑉𝑛𝑜𝑖𝑠𝑒 = √4𝑘𝐵𝑅𝑇 ⋅ Δ𝑓 (3.2) 

where 𝑘𝐵 is Boltzmann’s constant (1.38 × 10−23 J/K), 𝑅 is the resistance in Ω, 𝑇 is the 

temperature in K, and Δ𝑓 is the measurement bandwidth in Hz. The bandwidth of 
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the input signal amplifier of the lock-in is ~300 kHz. However, the low-pass filter in 

the lock-in amplifier can reduce the measurement bandwidth down which in turn 

reduces the noise by using a suitable time constant 𝜏 and filter slope. The RMS noise 

voltage detected at the input then becomes [79] 

 𝑉𝑛𝑜𝑖𝑠𝑒 = 0.13√𝑅 ⋅ 𝐸𝑁𝐵𝑊 𝑛𝑉𝑅𝑀𝑆 
(3.3) 

where 𝐸𝑁𝐵𝑊 is the equivalent noise bandwidth which depends on the time constant 

and slope. Using larger time constant and slope results in narrower bandwidth and 

thus a reduced amount of noise. However, the measurement will take longer as the 

wait time for the lock-in to reach 99% of the final value for each data point is longer 

as shown in Table 3.2. Assuming an impedance of 50 Ω from a photodiode detector, 

the thermal noise is 0.92 nVRMS/√Hz. If we also account for the input noise of the 

signal amplifier in the lock-in which is 5 nVRMS/√Hz at 1 kHz, the total noise will be 

√0.922 + 52 or 5.08 nVRMS/√Hz. That means even if we use the shortest time constant 

available (10 μs) with the lowest slope (6 dB/oct), the thermal noise would be about 

803 nVRMS. This level of noise is much smaller than the typically measured amplitude 

ΔR around 10 μV–2 mV. 

Table 3.2 The equivalent noise bandwidth (ENBW) and the wait time of the lock-in 
amplifier for each slope setting [79]. 

Slope (dB/oct) ENBW (Hz) Wait time (s) 

6 1/4𝜏 5𝜏 

12 1/8𝜏 7𝜏 

18 3/32𝜏 9𝜏 

24 5/64𝜏 10𝜏 

 

In practice, however, we found that the time constant of 1 s and the slope of 

24 dB/oct works best for all our samples. With a 30 data point measurement, the total 

measurement time is about 6 minutes and 30 seconds. Using a shorter time constant 

and lower slope results in an intolerable noisier signal. Using a longer time constant 

can improve the noise when measuring high thermal conductivity materials or rough 

samples but longer measurement time is needed. 

Another type of noise in electronic systems is shot noise. The shot noise in 

semiconductors arises from fluctuations in the rate of generation-recombination of 
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charge carriers [98]. The main difference between the thermal noise and shot noise 

is that the short noise power is proportional to the input power (or 𝐼𝐷𝐶), but the 

thermal noise is independent from the input power. At high gain, the short noise is 

the main source of noise in a photodiode, which is related to dark current, while, at 

low gain, the thermal noise becomes significant [99]. Shot noise can be reduced by 

lowering the 𝐼𝐷𝐶 and the photodiode gain. We use silicon-based PIN photodetectors  

which have a very low dark current compared to other types, and we always use 0 dB 

gain (1.51 x 103 V/A ±2%). Hence, the influence of the shot noise is minimal. 

Furthermore, interference from a magnetic pickup also has a considerable 

impact on the measurement. Owing to its high power, the pump cables produce a 

strong magnetic field around them that is oscillating at the modulation frequency. 

This magnetic field can be picked up by the nearby wires including those of the probe. 

This causes a disturbance in the current driving the probe laser potentially creating 

an oscillation in the probe intensity at a frequency close to the pump modulation 

carrying its own phase shift. Consequently, this phase shift combines with the phase 

of the thermal response resulting in a deviation of the measured phase from the 

theoretical model as shown in Figure 3.16 (left). The measurement is done on a silicon 

sample coated with 110 nm of gold using a pump spot radius of ~426 μm and a probe 

spot radius of ~43 μm.  

A simple approach to minimizing the magnetic pickup is to shield all the 

cables and wires and move the probe cables away from the pump cables. Additionally, 

we connect a large capacitor of 10,000 µF to the power input of the pump’s driver in 

parallel between the wires and the diver to help stabilize the current. As a result, the 

measured phase no longer deviates from the model and the curve is much smoother 

at low frequency. Nevertheless, there appears to be a spike in the measured phase at 

50 Hz possibly due to the main frequency picked up by the system. Sometimes it can 

also appear at 100 Hz and 10 Hz. Though the lock-in has a notch filter function to 

this line pickup at 50 Hz and/or 100 Hz, it cannot be used in practice. This function 

leaves a “notch” in the measured phase up to an octave away from the notched 

frequency which ruins the measurement at other frequencies as shown in Figure 3.16 

(right). Another viable option for eliminating this pickup is to either increase the 

pump’s power or the probe’s power since the signal level of these pickups is normally 
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low. As shown in Figure 3.16, the line pickup is removed just by raising the probe’s 

power from 32 to 42 mW (measured at the sample).  

   

Figure 3.16 The effect of magnetic and power line pickups (left) and the effect of notch 
filter function (right) on the measurement of a  silicon sample. The magnetic pickup 
causes the experimental data (blue dotted line) to diverge from the model (black 
dashed line). Shielding the cables removes this effect but the main frequency pickup 
still influences the result (orange solid line). Increasing the probe’s power can remove 
this effect (green solid line). The notch filter can remove noise at the main frequency 
(orange dashed line) or 2x main frequency (green dashed line) but the measured 
phase will be affected up to an octave away.  

Another important electronic noise is 1/𝑓 noise also known as flicker noise. 

The flicker noise can be found in various physical systems including resistors, 

conductors, semiconductor devices, or even the luminosity of stars [100, 101]. Unlike 

thermal noise and shot noise which has a constant power spectral density albeit 

having random fluctuations (white noise), the flicker noise is has a power spectral 

density roughly proportional to the inverse of frequency, 1/𝑓 [98]. As a result, this 

noise is prominent at low frequency and diminishes quickly as frequency gets higher 

and the shot noise becomes dominant instead [101]. Since our system operates at low 

frequencies (< 10 kHz), the flicker noise inevitably becomes the primary source of 

noise in the system resulting in low SNR and large phase error [102]. The flicker 

noise in the measured signal mainly originates in the laser system which is the result 

of fluctuations in the laser intensity (optical power). Other devices such as photodiode 

also slightly contribute to the total flicker noise as well [103].  

We measure the noise floor of the system to evaluate the noise level compared 

with measured data for alumina (k = 36 W/m∙K), silicon (k = 149 W/m∙K), and CVD 

diamond (Element Six TM100, k~1000 W/m∙K) samples coated with ~100 nm gold. 
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This is to ensure that the measured signals will not be affected by the flicker noise. 

Figure 3.17 (left) shows the experimental arrangement of this testing which is done 

by blocking the pump beam while leaving other experimental conditions including 

the probe beam as is. The photodetector gain is set at 0 dB resulting in a bandwidth 

of 12 MHz. The typical time constant of 1 s with a roll-off of 24 dB/Oct on the lock-in 

amplifier is used resulting in a measurement bandwidth of 0.08 Hz. The signal 

amplitude of the reflected probe beam is measured instead of the phase shift.  

For each sample, we carefully select the power of the laser beams that produce the 

surface temperature rise of less than 10 K which keeps the linearity of the 

thermoreflectance relation [104]. 

As shown in Figure 3.17 (right), noise floor amplitude increases as frequency 

decreases. The noise amplitude goes as high as 488 μV at 1 Hz and decreases to as 

low as 0.7 μV at 10 kHz. Since the signal amplitudes for the alumina, silicon, and 

diamond samples are reasonably higher across the measurement frequency range, 

the noise floor should not impact the measurement. 

   

Figure 3.17 The noise floor testing is done by blocking the pump beam while 
measuring the probe signal amplitude (left). The measured noise floor is plotted in 
comparison with the measured signal for alumina (blue triangle), silicon (orange 
square), and diamond (yellow diamond) coated with ~100 nm gold (right). 

Even though the noise amplitude is approximately one order less than the 

measured data at frequencies lower than 10 Hz, the measured data in that frequency 

range can still be affected by the noise. Particularly for a sample with high thermal 

conductivity and an optically rough surface such as copper-diamond composites, the 

phase data is significantly noisy due to a much lower SNR. Therefore, we typically 

start the measurement from 10 Hz. If a measurement needs to be done at frequencies 
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below 10 Hz, a longer time constant (narrower measurement bandwidth) such as 3 s 

and 10 s, is needed. However, it could take over an hour to complete just a single 

measurement. 

3.4.3 Phase noise 

The last kind of noise is the experimental noise which determines the 

repeatability and the resolution of the measurement. In the FDTR method, it is the 

noise in phase data at each frequency which is sometimes called phase noise.  

The phase noise can be used to identify a suitable frequency range for the 

measurement [95] and contributes to the total uncertainty of the fitted parameters. 

The phase noise can be derived from the standard deviation of the phase data at each 

frequency from repeated measurements. As an example, we measured a 100 nm gold-

coated silicon sample ten times and plot the phase data together with the average 

phase value as shown in Figure 3.18. The pump and probe 1/𝑒2 spot radii of 563 μm 

and 15 μm, respectively, were used for these measurements.  

   

Figure 3.18 Measured phase data of 10 phase measurements for a 100 nm gold-coated 
silicon (left). The dashed line is the average phase value. The phase noise (blue line) 
which is the standard deviation of the measured phase is plotted together with the 
sensitivity (orange line) to a ±10% change in thermal conductivity of the silicon 
sample (right).  

Owing to the smoothness of the sample surface and fairly high signal 

amplitude, the phase data barely shows any fluctuations for the entire frequency 

range except at the frequencies below 20 Hz. We calculate the standard deviation of 

all the measured phase data and plot it as a phase noise floor compared with the 

sensitivity to the thermal conductivity of the silicon sample 𝑘𝑆𝑖. The sensitivity is 
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calculated based on the same spot sizes used in the measurements and is defined as 

the phase difference in degree produced by a change in 𝑘𝑆𝑖 by ±10%. This approach 

for sensitivity calculation rather than a regular approach is used because it is more 

practical. We can directly use the comparison plot between the phase noise and the 

sensitivity to evaluate if the measurement of a certain parameter can provide 

acceptable accuracy. The sensitivity to the 𝑘𝑆𝑖 is higher than the phase noise floor for 

the entire frequency range and peaks at 286 Hz. The phase noise is slightly affected 

by the flicker noise as its magnitude increases as frequency decreases. The phase 

noise level is almost as high as the sensitivity around 20 Hz. This is the reason why 

we get a small degree of fluctuation in the phase data below this frequency.  

3.4.4 Instrument phase shift 

An important challenge in FDTR measurement is determining accurate 

phase data. Ideally, the phase of the periodic heating on the sample surface induced 

by the modulated pump beam 𝜙𝑅𝐸𝐹 should be exactly the same as the phase of the 

signal generated by the function generator 𝜙0. However, this is not the case in 

practice. Collectively, instrumentation components can introduce their own phase 

response 𝜙𝑖𝑛𝑠𝑡𝑟 into the measurement which is frequency dependent. The output of 

the instrument phase for an input 𝑒𝑥𝑝(𝑖𝜔𝑡) is given by [105] 

 𝐴𝑖𝑛𝑠𝑡𝑟 𝑒𝑥𝑝(𝑖𝜔𝑡 + 𝜙𝑖𝑛𝑠𝑡𝑟) = 𝑍𝑖𝑛𝑠𝑡𝑟 𝑒𝑥𝑝(𝑖𝜔𝑡) (3.4) 

where 𝑍𝑖𝑛𝑠𝑡𝑟 is the transfer function.  

Figure 3.19 (a) shows example sources of frequency-dependent instrument 

phase shift in our system including laser diode driver, cables, photodetectors, and a 

lock-in amplifier. The instrument phase shift caused by the differences in optical path 

length of the pump beam and probe beam poses a negligible impact on our system 

because we employ a very low modulation frequency range. The highest frequency 

(10 kHz) only produces a phase shift of about 10-4 degrees/cm. The measured phase 

of the input signal from the probe beam 𝜙𝑆𝐼𝐺 is a combination of the thermal response 

phase 𝜙𝑡ℎ𝑒𝑟𝑚, modulation signal phase, and the instrument phase.  
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Figure 3.19 (a) The frequency-dependent instrument phase 𝜙𝑖𝑛𝑠𝑡𝑟 caused by various 
components. The detected probe phase 𝜙𝑆𝐼𝐺 is a combination of thermal response 
phase (𝜙𝑡ℎ𝑒𝑟𝑚), modulation signal phase 𝜙0, and the instrument phase. (b) A typical 
instrument phase offset of a square wave modulation. (c) The responsivity R of a 
photodetector with R = 0.114 A/W and 0.188 A/W for 450 nm and 520 nm 
wavelengths, respectively. 

A straightforward solution to eliminate the instrument phase from the 

measured phase data is to measure the pump phase offset, at the sample location, 

using the modulated signal from the function generator as a reference while blocking 

the probe beam. This measured phase offset data as shown in Figure 3.19 (b) is used 

to calibrate the measured signal by subtracting the calibration curve from the 

measured phase for each measurement. The sample calibration curve was measured 

using ND filter number 4, VPP of 100 mV, and VDC of 485 mV. The reading on an 

oscilloscope shows the detected signal has Vmax = 2.48 V and Vavg = 2.03 V.  

The calibration curve starts with a phase of ~1° and decreases as frequency increases. 

There is always a small drop in phase around 100 Hz possibly related to power line 

frequency which does not pose any problem as it is also calibrated out. After 1 kHz, 

the curve falls drastically to a negative phase shift ~3.5° at the high end of the 

frequency range. This amount of phase offset is considerably large as it can produce 
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an error in measured thermal conductivity by over 20% according to the 𝑘𝑆𝑖 sensitivity 

plot in Figure 3.18.  

Nonetheless, implementing this approach presents certain difficulties.  

The instrument phase shift can be divided into two parts. The first part is the phase 

shift of the pump beam with respect to the reference signal from the function 

generator caused by instruments leading up to the sample such as laser driver, 

optical path length, and optical components, which have already been addressed.  

The other part is the detection which has a huge impact factor in this calibration 

method. The detection conditions need to be identical for both sample measurement 

(probe beam detection) and calibration measurement (pump beam detection).  

The photodetector model, gain setting, the wavelength of the lasers, and intensity of 

the beams impinging on the detector can also cause the phase shift [104]. Fortunately, 

in our case, we use the same photodetector model and set the gain to 0 dB so these 

two factors are secured. On the other hand, since the probe beam and the pump beam 

have different wavelengths, we have to take this effect into account. The wavelength 

of the beam affects the responsivity of the photodetector which in turn affects the 

signal level generated by the photodetector. The responsivity values (R) for the 450 

nm wavelength (pump) and 520 nm wavelength (probe) are 0.114 A/W and 0.188 A/W, 

respectively, as shown in Figure 3.19 (c). This means that the same optical power 

does not produce the same current on the detector for the probe beam and pump 

beam. Therefore, if the optical power of the pump beam is compensated by the 

0.188/0.114 ratio of the probe power, the detector should produce the same signal 

level. In practice, matching the voltage of the detected signal is much simpler. 

The intensity or optical power incident on the photodiode influences the 

measured phase. In our preliminary tests where we measure the phase versus the 

beam intensity, we found the phase varies as the intensity incident on the photodiode 

sensor changes as shown in Figure 3.20. The measurement is done in a similar 

fashion as previously did in the phase offset measurement. We have the pump beam 

overfill the photodiode to reduce the incident power and prevent saturation of the 

detector. The incident power on the sensor is calculated by converting the measured 

power of the 201 mm2 beam area into the power received by the diode area of 13 mm2.  
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Figure 3.20 Preliminary tests on the intensity-dependent phase shift of the detector. 
(a) The pump beam overfills the photodiode to prevent saturation. (b) The measured 
phase versus incident power was adjusted using ND filters. Each data point is labeled 
with Vavg of the detected signal. (c) The measured phase plotted as a function of VDC 

and VPP with fixed ND 5. 

In the first set of experiments as shown in Figure 3.20 (b), we keep the voltage 

setting on the function generator fixed at 800 mV for VDC and 100 mV for VPP, and 

modulation frequency fixed at 255 Hz. The intensity of the pump beam is varied by 

changing the ND filters. The result shows that the phase increases as the intensity 

increases. Nevertheless, adjusting the optical power by changing the ND filters 

modifies both the DC and AC components of the laser beam. Therefore, in another 

experiment using ND 5 with the frequency fixed at 255 Hz, we measure the phase 

shift as a function of the applied VDC and VPP as shown in Figure 3.20 (c). With the 

VPP value fixed at 100 mV, the phase increases steadily as VDC increases. With the 

VDC value fixed at 1.08 V, the phase decreases slowly as VPP increases. This shows 

that the phase shift is largely dependent on the average power of the laser and the 

lower value is preferable as the phase shift is closer to zero phase shift. On the other 

hand, the VPP value has a lesser impact on the phase shift and a higher value is 

preferable as the phase shift is closer to zero phase shift.  

However, this further raises more questions about the intensity-dependent 

phase shift and the reliability of this calibration procedure. For example, whether 

this effect is consistent across the frequency range? Does overfilling the photodiode 

affect the phase? What is the best choice of voltage settings on the function generator 

because they may not represent the true instrument phase shift produced in the 

actual sample measurement? Thus, we conduct a series of experiments to thoroughly 

investigate the frequency-dependent instrument phase offset induced by the detector 

due to the influence of beam intensity and how to deal with it. 
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First, we investigate the effect of overfilling the photodiode on the measured 

phase offset as shown in Figure 3.21. The first measurement is done by having the 

pump beam focused onto the photodiode at the center. We make sure that the beam 

does not overlap or exceed the edge of the photodiode. The other measurement is done 

by overfilling the photodiode with the beam. In both measurements, we use the same 

modulation voltage (VPP = 1.77 V and VDC = 1.215 V) and use the ND filter (ND 6) to 

reduce the beam transmission and prevent the saturation of the detector.  

The result shows that overfilling the photodiode does indeed impact the 

measured phase. The phase data curve of the overfilled case starts diverging from 

that of the focused case slowly since the beginning of the frequency range and quickly 

departs from the focused case after 1 kHz. At the end of the frequency range, the 

phase of the overfilled case ends up being about -2° lower than the focused case. This 

suggests that we should always carefully focus the beam onto the photodiode inside 

the active area to avoid this issue. 

       

Figure 3.21 Comparison of the measured phase data between the cases where the 
pump beam is focused on the photodiode and overfills the photodiode. 

In the next experiment, we study the effect of incident beam intensity on 

phase shift using ND filters to vary the intensity as shown in Figure 3.22. The 

photodetector is placed at the location of the sample to retain the same measurement 

conditions. An iris with a fixed aperture size is used to reduce the beam power so that 

the photodetector is not saturated and keeps the beam size constant. For high 

impedance loads, the maximum output voltage is 10 V. The DC offset of the 

modulation voltage is fixed at 1.215 V which is the same as for the sample 
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measurement. The VPP is fixed at 100 mV. We cannot use the same VPP voltage as for 

the sample measurement because it overloads the lock-in at the signal input. This is 

fine as long as it is the same value across all the measurements. Another reason that 

we use 100 mV is that we want to mimic a typical probe signal which has a low AC 

component (<2 mV) relative to the DC component (<4 V). The VPP cannot be reduced 

to more than 100 mV because of the minimum requirement of a reference signal level 

for lock-in detection. Since the beam intensity is proportional to the average voltage 

of the signal (Vavg) and we only want a qualitative result, we do not need to measure 

the actual intensity.  

The result shows that, for the beam with intensity (Vavg) higher than 2.15 V, 

the phase drastically deviates from the group at high frequency, and higher intensity 

results in a more negative phase and the deviation starts at a lower frequency as 

shown in Figure 3.22. The phase data of the lower intensities stay in the group for 

the entire range of frequency. We made sure that the result is not altered by the 

saturation of the detector as the voltage does not exceed 10 V and the signal is 

measurable by the lock-in amplifier. If the detector were saturated, the lock-in would 

not be able to acquire phase and amplitude data. The signal did not overload the lock-

in at the input because the amplitude is <1 V. From this experiment, we can conclude 

that the intensity of the incident beam indeed affects the measured phase. Also, we 

should monitor the reflected probe beam intensity and adjust the power of the probe 

laser so that Vavg ≲ 2 V. 

   

Figure 3.22 Measured phase offset for various pump beam intensities adjusted by 
using ND filters (left) along with the corresponding RMS signal amplitude (right). An 
iris with a fixed aperture size is used to reduce the beam power so that the 
photodetector is not saturated and keeps the beam size constant.  
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In the third experiment, we investigate the effect of ND filters on phase shift 

as shown in Figure 3.23. Ideally, passive optical components should not alter phase 

but we need to be sure so that the calibration measurement is conducted under the 

same conditions as the sample measurement as much as possible. We keep the same 

modulation voltage settings the same as before and measure the phase for each ND 

filter. However, we adjust the aperture size of the iris to keep Vavg fixed at 4 V.  

The result shows that the ND filter has a slight influence on the measured 

phase. There appears to be a descending trend of phase with a higher filter number 

(i.e., lower optical density) at high frequency. At low frequency, they are quite similar. 

In contrast, the amplitude data does not show any obvious relations to the optical 

density for the entire frequency range. We assume that the difference in amplitude 

is only an error bar around the mean value indicating that we have similar beam 

intensity for each case. We did not take a measurement using the ND6 filter because 

the signal is too low for lock-in detection. Though the modulation amplitude, VPP, is 

fixed at 100 mV, the signal amplitude, Δ𝑅, rises relatively quickly until 1 kHz and 

slowly levels off after that. The laser diode driver might be the cause for this. The 

dramatic fall of the phase after 1 kHz is also perhaps caused by the driver as well due 

to its relatively low maximum modulation frequency of 50 kHz. Modulating the pump 

beam at a frequency nearer to the maximum modulation frequency of the driver 

results in a slower rise time and hence a distorted square waveform. 

This experiment, therefore, suggests that we should always use the same ND 

filter for calibration measurement as used in the sample measurement to maintain 

equivalent experimental conditions. 

Nevertheless, this calibration procedure is impractical and rather laborious. 

Each sample presents different reflectivity due to different properties. As a result, 

the calibration phase data is sample-dependent. Calibration measurement with a 

matching pump beam intensity to the probe is required for each sample. A more 

practical and convenient way would be to split off a portion of the pump beam with a 

glass slide before the sample and feed it to a reference detector. With an iris placed 

before the detector, the intensity of the pump beam can be easily adjusted. The lock-

in amplifier will use this beam as a reference signal which automatically cancels out 

the phase offset for each measurement.  
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Figure 3.23 Measured phase offset using different ND filters to investigate their 
influence on measured phase (left) and their corresponding RMS signal amplitudes 
(right). The aperture size of the iris is adjusted accordingly to keep the average 
voltage of the signal fixed at 4 V. 

Since the pump beam needs to be split off for use as a reference signal,  

we need to make sure that the glass slide does not produce any artifacts to the 

measured phase as well. So, in this experiment we replace the photodetector with a 

glass slide rotated at a certain angle to reflect the pump beam to the side as shown 

in Figure 3.24.  The reflected beam is collimated and then focused onto the photodiode 

with a pair of lenses. In previous experiments, we used a fixed VPP at 100 mV to 

prevent the overloading of the lock-in amplifier at the input. However, in this fourth 

experiment, we need to use 1.77 V instead as would be the case in the actual sample 

measurement. Thus, the ND 6 filter is used to reduce the optical power. 

The result shows that the glass slide does not cause any artifacts in the phase 

data compared with the case where the glass slide is replaced with the detector.  

The phase curves from the two measurements nearly overlap. The separation of the 

curves around the 100 Hz region is likely due to repeatability as they are still within 

the error bars of phase noise. Moreover, the result also shows that a small difference 

in Vavg (100 mV and 13 mV), as well as in Δ𝑅 does not affect the phase. 
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Figure 3.24 Measured phase data for the cases where the pump beam is sampled by 
a glass slide and where the beam is directly focused on the detector (left) and their 
corresponding RMS signal amplitudes (right). 

After we verified the usability of the glass slide, we then use this setup to re-

investigate the effect of Vpp on the phase shift. Figure 3.25 shows the measured phase 

data for low VPP (100 mV) and high VPP (1.77 V) with a fixed VDC of 1.215 V and for 

various beam intensities achieved by using ND filters. For all of the low VPP cases, 

the phase is slightly higher (more positive) than their high VPP counterparts at low 

frequencies. At frequencies higher than 1 kHz, the curves of all cases come together 

and almost overlap with only ~0.2° separation, except for the high VPP with ND3 case 

of which the curve significantly deviates from the group by about -0.4° at 10 kHz. 

This deviation is possibly due to the effect of optical density as explored in the third 

experiment. Additionally, its high signal amplitude at the end of the frequency range, 

which almost exceeds the maximum signal input level of 1 V and overloads the lock-

in amplifier, may contribute to this artifact as well. This is also the reason why we 

could not take measurements using ND1 and ND2. The high VPP with ND6 case 

stands out from the rest at low frequencies having a lower phase shift (less positive) 

than those of the others. This also occurred in the second experiment so the cause is 

possibly due to the effect of optical density similar to the high VPP with ND3 case. 

Luckily, we hardly ever use ND6 because the transmitted beam has very low power 

which cannot be used in measurement for typical samples.  
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Figure 3.25 Measured phase offset data for low peak-peak voltage (VPP = 100 mV, 

dashed lines) and high peak-peak voltage (VPP = 1.77 V, solid lines) with a fixed DC 

offset voltage VDC of 1.215 V (left) and their corresponding RMS signal amplitudes 

(right). The pump beam various beam intensities achieved by using ND filters. 

In the actual sample measurement, we split off the pump beam after the filter 

wheel with a glass slide for use as a reference signal. When the filter is changed to 

adjust the pump beam power suitable for each sample, the reference beam power also 

changes accordingly. The sampled beam will have an identical modulation profile and 

the effect of the optical density of the ND filter will already be accounted for. An iris 

is then used to adjust the pump beam intensity to match that of the probe. This part 

of the calibration is now entirely separated from the instrument phase shift. 

However, from the previous experiment, we found that using ND1 and ND2 results 

in a high AC component which overloads the lock-in. Thus, we need to determine 

another method, or which voltage reading of the detected signal between Vmax and 

Vavg we should use for matching the beam intensity. 

To do that, we did a measurement on the diamond sample (Element Six 

TM100, k~1000 W/m∙K) as an example scenario where high pump laser power is 

required and without using ND filters. We use VPP = 1.77 V and VDC = 1.215 V 

resulting in a modulation amplitude of 885 mV. The signal amplitude of the reflected 

probe beam is shown in Figure 3.26. 
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Figure 3.26 The measured signal amplitude Δ𝑅 of a diamond sample (Element Six 
TM100). The measurement is done using modulation voltage setting: VPP = 1.77 V 

and VDC = 1.215 V and without ND filter applied. The signal of the reflected probe 

beam has Vmax = 1.52 V and Vavg = 1.49 V. The Δ𝑅 ranges from 83-488 μVRMS. 

In the first experiment, we take a phase measurement by trying to match the 

Vavg of the pump beam to that of the reflected probe beam for the TM100 sample (1.49 

V) as shown in Figure 3.27. However, the highest Vavg that we can use is 1.1 V because 

the AC component has already reached the maximum input voltage of the lock-in. 

Lowering the VPP would result in a lower Δ𝑅 and a lower SNR. Thus, in the second 

experiment, we take a measurement by matching the Vmax (1.5 V) instead, while still 

keeping VPP at 1.77 V. This results in a Vavg of 0.7 V or half of the probe value and 

the phase curve noticeably different from that of the first measurement. At lower 

frequencies, the curve of the first experiment is slightly higher than the second 

experiment and cross path at 1 kHz. After that, the phase of the first experiment falls 

quicker than that of the second experiment and is 0.4° lower at 10 kHz.  

We take a third measurement also by matching the Vmax but reduce the VPP 

to 100 mV to try to resemble a typical probe signal level. The voltages are now very 

close to that of the probe for both Vmax (1.5 V) and Vavg (1.4 V).  This results in a phase 

curve overlapping that of the second experiment, where we matched Vmax at high 

frequency, but with a slightly lower phase ~0.2° at frequencies lower than 1 kHz.  

This degree of phase difference is still tolerable compared to the typical phase noise. 

From the detected voltage point of view, the difference in Vmax could be affecting the 

phase more than Vavg. The Vmax of the second experiment is 0.8 V lower than the first 

one, whereas the difference in Vavg is half of the Vmax. The third experiment has the 
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same Vmax as the second experiment, but the Vavg of the third experiment is doubled 

that of the second one. Hence, we decided to use Vmax for matching the pump beam 

intensity to that of the probe. 

    

Figure 3.27 Measured phase data for the cases where Vmax and Vavg of the detector 

are used to match reference pump beam intensity to the probe beam intensity (left) 
and the corresponding amplitudes (right). The first case (blue solid line) uses Vmax for 

the intensity matching whereas the second (orange dashed line) and third (yellow 
dashed line) cases use Vavg for matching. In the third case, a VPP of 100 mV to simulate 

the probe signal condition. 

Overall, we have successfully determined a method to reduce the effect of the 

frequency-dependent instrument phase shift. The process is to split off the pump 

beam after the filter wheel using a glass slide. The sampled beam is focused on a 

reference photodetector and use as a reference signal for lock-in detection. An iris 

placed before the detector is used for the adjustment of beam intensity. The Vmax of 

the reference signal produced by the detector has to match that of the probe signal. 

The lock-in amplifier automatically removes the phase offset from the measurement. 

 Summary 

We have presented the design and construction of the FDTR system in detail. 

Our system is based on a typical optical pump-probe configuration similar to that of 

Schmidt et. al. [57]. We employed continuous-wave (CW) diode lasers which reduce 

the complexity of the setup and the cost of the system. Our system operates at low 

modulation frequencies (<10 kHz), aimed at being able to measure samples of 

thickness ranging tens of micron to millimeter scale. Moreover, we have included 

techniques used for circularizing the pump beam, aligning the beams, and beam-



68 
 

sample positioning. Difficulties associated with the effect of modulation waveform 

and pulsating behavior of the pump beam important to the reliability of the system 

have also been addressed. Lastly, sources of interference in the system, which are 

vital to the accuracy of the measurement, including optical noise, electronic noise, 

phase noise, and systematic phase offset have been discussed.  
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Chapter 4 MEASUREMENT AND DATA ANALYSIS 

This chapter explains necessary procedures for measuring the thermal 

properties of materials and demonstrates measurements of known materials to 

validate the system. The first step to the FDTR measurement involves the 

preparation of samples and the selection of metal transducer to achieve maximum 

measurement sensitivity. Then, the thermal penetration depth analysis to determine 

a suitable range of measurement frequency for the desired heat transport regimes is 

examined. Further, sensitivities to the thermal properties are analyzed, identifying 

measurement conditions such as spot size and frequency range that provide the most 

accurate results. We also discuss post-measurement processes including the 

extraction of the thermal properties and uncertainty analysis taking into account the 

uncertainty of controlled parameters and experimental noise. Moreover, the analysis 

of the surface temperature rise of the samples is included as it is important to 

maintain the linearity of the thermoreflectance relation. Finally, the method for 

characterization of pump spot size is explained and the measurement results for some 

materials with known thermal properties are shown validating that our system is 

capable of measuring in-plane and cross-plane thermal conductivities and thermal 

boundary conductance. 

 Sample Preparation 

To test our system, materials with known thermal properties are selected as 

test samples covering a wide range of thermal conductivity 𝜅 and thermal diffusivity 

𝛼. The material properties are listed in Table 4.1. The thermal conductivity, specific 

heat capacity 𝑐, and density 𝜌 of alumina (Al2O3), sapphire, silicon (Si), and copper 

alloy C101 (Cu) are taken from the literature [5, 106-109]. All thermal diffusivities 

are calculated using 𝛼 = 𝜅/𝜌𝑐. 

 



70 
 

Table 4.1 Summary of test samples along with their properties used for system 
testing. The properties include thickness 𝑑, thermal conductivity 𝜅, specific heat 
capacity 𝑐, density 𝜌, and the calculated thermal diffusivity 𝛼. 

Sample 𝑑 (μm) 𝜅 (W/m⋅K) 𝑐 (J/kg⋅K) 𝜌 (kg/m3) 𝛼 (cm2/s) 

Alumina 273 ± 2 36 [106] 779 [5] 3900 [5] 0.12 

Sapphire 5×103 46 [106] 773 ± 3 [107]  3980 [5] 0.15 

Silicon 5×103 148 [109]  713 ± 4 [108] 2329 [109] 0.89 

Copper C101 3×103 390 [109]  386 ± 8 [108] 8940 [109] 1.13 

 

In a typical thermoreflectance measurement, a thin metal transducer is 

deposited on the surface of the sample [51, 62, 93]. The role of the transducer is to 

absorb the heat from the pump beam and transfer it to subsequent layers [62]. The 

change in the reflectivity of the transducer corresponding to the change in the surface 

temperature is monitored by a probe beam. The extent to which the reflectivity 

changes with the temperature changes, related to the thermoreflectance coefficient 

𝐶𝑇𝑅, determines the sensitivity to the measurement. The 𝐶𝑇𝑅 for each metal varies 

with the wavelength of the incident light, typically in the order of 10-4–10-5 K-1 as 

shown in Table 4.2. Hence, to maximize the efficiency of the FDTR measurement, we 

need to choose a metal transducer that has the highest 𝐶𝑇𝑅 for our probe wavelength. 

From Table 4.2, we can see that gold has the highest magnitude of 𝐶𝑇𝑅 at the probe 

wavelength of ~520 nm. The negative sign indicates the inverse change in reflectivity 

in relation to the change in temperature. 

Another factor to consider when choosing the metal transducer is the optical 

absorption 𝒜. A good metal transducer needs to be able to reflect more light at the 

probe wavelength 𝜆𝑝𝑟𝑜𝑏𝑒 but absorb more light at the pump wavelength 𝜆𝑝𝑢𝑚𝑝.  

Figure 4.1 (left) shows the absorption for typical metal transducers including 

aluminum (Al), gold (Au), and nickel (Ni) as a function of the wavelength of incident 

light [109, 110]. In comparison, gold has the highest optical absorption 𝒜 at 𝜆𝑝𝑢𝑚𝑝 of 

~450 nm, which is 63%, and at 𝜆𝑝𝑟𝑜𝑏𝑒, 𝒜 is almost half of the pump, which is 35%. 

Though aluminum has the lowest 𝒜 at 𝜆𝑝𝑟𝑜𝑏𝑒, it also has the lowest 𝒜 at 𝜆𝑝𝑢𝑚𝑝.  

Nickel has a slightly higher 𝒜 at 𝜆𝑝𝑟𝑜𝑏𝑒 but much lower 𝒜 at 𝜆𝑝𝑢𝑚𝑝 than gold. 

Therefore, we choose gold as a metal transducer in this work as it is the most 

promising choice for obtaining the best SNR for the measurement. 
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Table 4.2 Thermoreflectance coefficient 𝐶𝑇𝑅, optical absorption 𝒜, and optical 
absorption depth 𝛿 of aluminum (Al), gold (Au), and nickel (Ni) at pump 𝜆 ~450 nm 
and probe 𝜆 ~520 nm. 

Metal 

Pump 𝜆 ~450 nm Probe 𝜆 ~520 nm 

𝐶𝑇𝑅 (K-1) 𝒜 𝛿 𝐶𝑇𝑅 (K-1) 𝒜 𝛿 

Al 
-1.3×10-4 

[111] 

0.08 

[109] 

6.54 

[109] 

-1.4×10-4 

[111] 

0.08 

[109] 

6.54 

[109] 

Au 6×10-5 [112] 
0.63 

[110] 

19.9 

[109] 

-2.3×10-4 

[112] 

0.35 

[110] 

22.1 

[109] 

Ni 
-2.5×10-4 

[113] 

0.48 

[109] 

13.5 

[109] 

-1.9×10-4 

[113] 

0.41 

[109] 

13.4 

[109] 

    

Figure 4.1 Optical absorption 𝒜 (left) and absorption depth 𝛿 (right) for aluminum 
(Al), gold (Au), and nickel (Ni) plotted as a function of the wavelength of incident light 
[109, 110]. 

It is also essential to make certain that all the thermal energy is deposited in 

the transducer layer [51] and that the laser lights do not reach the substrate, 

ensuring the reflection solely comes from the transducer. Thus, the thickness of the 

transducer must be large enough to absorb all the laser lights. According to the Beer-

Lambert law [114], the optical intensity of the incident light is absorbed and 

attenuated to 1/𝑒 value of the original intensity at a certain distance called optical 

absorption depth, 𝛿 = 𝜆/4𝜋𝑘, where 𝜆 is the wavelength of the light and 𝑘 is the 

extinction coefficient which is also wavelength-dependent. The minimum thickness 

of the transducer has to cover the effective optical absorption depth,  𝛿𝑒𝑓𝑓 = 𝛿0 + 𝛿1, 

where 𝛿0 and 𝛿1 are the optical absorption depth at 𝜆𝑝𝑢𝑚𝑝 and 𝜆𝑝𝑟𝑜𝑏𝑒, respectively. 

Figure 4.1 (right) shows the optical absorption depth of aluminum, gold, and nickel 

as a function of wavelength [109, 110]. The optical absorption depth of gold at 𝜆𝑝𝑢𝑚𝑝 
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and 𝜆𝑝𝑟𝑜𝑏𝑒 are 20 nm and 22 nm, respectively, resulting in 𝛿𝑒𝑓𝑓 = 42 nm. Though this 

value might be adequate, in practice the optical absorption length depends on the 

quality of the deposition of the transducer [115]. For example, Capinski et al. [116] 

reported that the Al transducer with a thickness of at least 80 nm yields the best 

result for the thermoreflectance measurement with a laser wavelength of 800 nm. 

Though, the transducer thickness should not be too large to minimize the 

temperature gradient in the transducer [116].  

We investigate the impact of the Au transducer thickness on the result by 

studying the phase sensitivity to the film thickness 𝑑𝐴𝑢 and thermal conductivity 𝜅𝐴𝑢 

compared with the sensitivity to the thermal conductivity of alumina 𝜅𝐴𝑙2𝑂3 and 

copper 𝜅𝐶𝑢 substrates as shown in Figure 4.2. A gold transducer of 150 nm, pump spot 

radius of 600 μm, and probe spot radius of 15 μm are used, and the bulk properties 

for the gold film are assumed [108, 117-119] in the calculation. 

 

Figure 4.2 Phase sensitivity to the thickness 𝑑𝐴𝑢 and thermal conductivity 𝜅𝐴𝑢 of the 
gold transducer and the thermal conductivity of the alumina 𝜅𝐴𝑙2𝑂3 and copper 𝜅𝐶𝑢 

substrates. The calculation is based on pump spot radius of 600 μm. 

The thickness and thermal conductivity of the Au film have virtually no effect 

on the phase measurement compared to the thermal conductivity of the substrates. 

Therefore, the Au film with a thickness of ~150 nm can be used as a metal transducer 

for our samples without significant impact on the measurement result. In practice, a 

thin layer of chromium with a thickness of ~10 nm is deposited between the Au layer 

and the substrate to act as an adhesive layer. Because this adhesive layer is 

extremely thin, it has a negligible effect on the measurement of thermal conductivity. 
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 Thermal Penetration Depth 

In the FDTR measurement, the thermal penetration depth and laser spot sizes 

dictate the thermal transport regimes and whether the thermal properties could be 

measured independently or simultaneously [62, 105]. The thermal penetration depth 

(TPD) is the distance in which the thermal wave produced by periodic heating of the 

pump beam vanishes into the sample [88]. Mathematically, this is defined as the 

depth at which the temperature diminishes to 1/𝑒 of the temperature on the surface 

of the sample at the center of the heating event [120]. Hence, the TPD is considered 

to be the probing depth of the FDTR measurement which is given by 

 𝑇𝑃𝐷 = √2𝜅𝑧/𝐶𝜔0 
(4.1) 

where 𝜅𝑧 is the cross-plane thermal conductivity and 𝐶 is the volumetric heat 

capacity. The TPD depends on the thermal diffusivity of the sample 𝛼 = 𝜅𝑧/𝐶 and the 

angular modulation frequency 𝜔0. 

Since the thermal response 𝐻(𝜔0) in Equation (2.36) depends on 𝜅𝑧𝑞 term in  

the −�̃�/�̃� term [62] and on the averaged spot radius 𝑤 = √𝑤0
2 + 𝑤1

2 where 𝑤0 and 𝑤1 

are the 1/𝑒2 radii of the focused pump and probe beam, the heat transport regime is 

typically determined by comparing the lateral heat diffusion length 𝐿𝑟 with the 

averaged spot radius [62] where 

 𝐿𝑟 = √2𝜅𝑟/𝐶𝜔0 
(4.2) 

where 𝜅𝑟 is the in-plane thermal conductivity. If 𝐿𝑟 is much smaller than the quarter 

of the averaged spot radius (𝐿𝑟 ≪
1

4
𝑤) or the modulation frequency is much higher 

than 32𝜅𝑟/𝐶𝑤
2, the lateral heat spreading is negligible and the cross-plane heat 

transport dominates the overall heat transport [62, 64, 67, 85]. This results in a one-

dimensional planar thermal wave essentially propagating in one direction into the 

sample as shown in Figure 4.3. 

If we consider the relationship between the upper limit of the integral 𝑘𝑢𝑝𝑝𝑒𝑟 

and the averaged spot radius 𝑤 in Equation (2.37), 𝐿𝑟
2 ≪ 2/𝑘𝑢𝑝𝑝𝑒𝑟

2 ∼ 2/𝑘2 and the 𝜅𝑧𝑞 

term becomes 
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 𝜅𝑧𝑞 = √𝜅𝑟𝜅𝑧𝑘2 + 𝑖𝜔0𝜅𝑧C ≈ √𝑖𝜔0𝜅𝑧C (4.3) 

This means that thermal response in this high-frequency limit is governed by the 

thermal effusivity √𝜅𝑧𝐶 [62].  

 

Figure 4.3 Temperature profile resulting for the 1-D heat transport regime where the 
angular modulation frequency 𝜔0 is high and the averaged spot radius 𝑤 is large (left) 
and the 3-D heat transport regime where 𝜔0 is low and 𝑤 is small (right) [29]. 

On the contrary, in the low-frequency limit where 𝐿𝑟 is much larger than the 

quarter of the averaged spot radius (𝐿𝑟 ≫
1

4
𝑤) or the modulation frequency is much 

lower than 32𝜅𝑟/𝐶𝑤
2, radial heat transport dominates the overall heat transport [85],  

𝐿𝑟
2 ≫ 2/𝑘𝑢𝑝𝑝𝑒𝑟

2 ∼ 2/𝑘2 and the 𝜅𝑧𝑞 term becomes  

 𝜅𝑧𝑞 = √𝜅𝑟𝜅𝑧𝑘2 + 𝑖𝜔0𝜅𝑧C ≈ √𝜅𝑟𝜅𝑧𝑘 (4.4) 

This means that the thermal response in the low-frequency limit is governed 

by the geometric average thermal conductivity √𝜅𝑧𝜅𝑟 [29] and the thermal wave 

becomes a quasi-steady 3-D spherical wave [62]. When 𝐿𝑟~
1

4
𝑤, both geometric 

average thermal conductivity and thermal effusivity influence the thermal response. 

Figure 4.4 shows the plots of the TPD for alumina, sapphire, silicon, and 

copper samples, at the modulation frequency from 1 Hz–10kHz and the modulation 

frequency 𝑓𝐻𝑇𝑅 at which the thermal response is determined by both √𝜅𝑧𝐶 and √𝜅𝑟𝜅𝑧, 

i.e., when 𝐿𝑟~
1

4
𝑤. The averaged spot radius of 600 μm is used. 
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Figure 4.4 Thermal penetration depths for alumina, sapphire, silicon, and copper 
samples as a function of modulation frequency 1 Hz–10 kHz (dashed lines) and the 

frequency 𝑓𝐻𝑇𝑅 at which the thermal response is determined by both √𝜅𝑧𝐶 and √𝜅𝑟𝜅𝑧, 

i.e., when 𝐿𝑟~
1

4
𝑤 (blue circles). 

 Sensitivity Analysis 

The sensitivity analysis is a key step to determining which thermal properties 

we can measure at what range of frequency with high confidence. We use the same 

approach as that of Schmidt et al. [57] to calculate the phase sensitivity 𝑆𝑥 to a 

measurement parameter 𝑥, 

 𝑆𝑥 =
𝑑𝜙

𝑑 ln 𝑥
 (4.5) 

where 𝜙 is the phase response of the thermal model in radians. Typical parameters 

of interest are thermal conductivity 𝜅 and thermal boundary conductance 𝐺. The plot 

of sensitivity indicates the dependency of the phase signal on the change in that 

specific thermal property and the degree of accuracy with which this property can be 

obtained. For instance, an 𝑆𝑥 of -0.2 implies that if 𝑥 rises by 10%, 𝜙 will drop by 2%. 

We use 600 μm and 15 μm for the pump and probe spot radii, respectively, in 

the calculation. The thermal boundary conductance between the gold film and the 

substrate 𝐺 of 50 MW/m2K [121], 45 MW/m2K [122], and 116 MW/m2K [123] are used for 

alumina, sapphire, and silicon, respectively, while 100 MW/m2K is assumed for copper.  



76 
 

Figure 4.5 shows the plots of phase sensitivity for all samples. Due to its 

anisotropic nature, we include sensitivity to both in-plane 𝜅𝑟 and cross-plane 𝜅𝑧 

thermal conductivity for the alumina sample. The alumina is coated with a thin Au 

film on both sides so there are thermal interfaces for the top Au layer 𝐺1 and the 

bottom Au layer 𝐺2. As expected, the measurement is sensitive to 𝜅𝑧 and 𝜅𝑟 at low 

frequency whereas at high frequency 𝜅𝑟 approaches zero and 𝜅𝑧 and 𝐶 approach each 

other as the thermal response depends on √𝜅𝑧𝐶. For most of frequency range, thermal 

boundary conductance is negligible, except for frequencies higher than 1 kHz at 

which contributions from 𝐺1 are increasing. In order to visualize the effect of the 

variation in substrate thermal conductivity on the measured phase, we also plot a 

model curve along with ±25% variation in the thermal conductivities as shown in 

Figure 4.5 (right column).  

For the sapphire sample, the in-plane thermal conductivity and heat capacity 

dominates the measurement at low frequency. This means that a large error in heat 

capacity value will result in an equally large error in measured thermal conductivity. 

Again, the sensitivity to 𝜅𝑧 and 𝐶 curves approach each other at high frequency.  

The sensitivity to thermal conductivity for sapphire is lower than that of alumina by 

an order of magnitude resulting in the smaller change in phase response which would 

result in a higher error in the obtained result.  

The sensitivity profile for silicon and copper are fairly similar. The difference 

is that the peaks of the sensitivity curves shift toward higher frequency for copper, a 

higher thermal conductivity material. Additionally, the sensitivity to the thermal 

boundary conductance is lower for low thermal conductivity material and higher for 

high thermal conductivity material. 
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Figure 4.5 Sensitivity plots for alumina, sapphire, silicon, and copper samples (left 
column) and their corresponding model plots of calculated phase response along with 
±25% variation in the thermal conductivities (right column). 𝜅, 𝜅𝑧, and 𝜅𝑟 are the 
average, cross-plane, and in-plane thermal conductivities, respectively. 𝐺1 and 𝐺2 are 
the thermal boundary conductance between the top Au film and substrate and the 
bottom Au film and the substrate, respectively. 𝐶 is the volumetric heat capacity.  
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 Extraction of Measurement Parameters 

4.4.1 Fitting of measured phase data 

The extraction of thermal properties, including thermal conductivity and 

thermal boundary conductance, is performed by using a non-linear least-squares 

method in MATLAB which minimizes the error between the measured phase data 

from the lock-in amplifier and the thermal model. The procedure begins with 

measuring the phase response at least ten times for averaging the phase data. 

Typically, a least-squares algorithm involves initial guessing of the unknown 

parameters to begin the process. To ensure that the fitting always arrives at the 

global minimum, especially when extracting more than one parameter, multiple 

initial guesses are needed. We employ the MultiStart global optimization function to 

randomly apply 100 initial values within 0.1–10 times our specified initial values. 

Then, we run the fitting again with the lsqcurvefit function using previously fitted 

results as initial guesses to generate Jacobian matrices for the unknown parameters. 

Finally, we obtain the Jacobian matrices for the controlled parameters by feeding 

back the previously obtained best fit values for unknown parameters into the 

lsqcurvefit function as controlled parameters. The Jacobian matrices and the phase 

noise will be used to estimate the uncertainty of the extracted thermal properties. 

Note that the MATLAB fitting code was originally developed by Dr. Roland 

B. Simon for a single-layer structure. Dr. Zeina Abdallah extended the code to fit a 

multi-layer structure. The author further developed the code to include global 

optimization, uncertainty analysis, more features for sensitivity analysis and plotting 

of model curves with percentage variations in measurement parameters, options for 

iterative fitting used in metal-diamond composite measurement (Chapter 5). 

4.4.2 Uncertainty analysis 

There are two main sources of uncertainty in our measurement: the phase 

noise and the uncertainty in controlled parameters. The phase noise is obtained from 

the standard deviation of the phase data of repeated measurements.  The uncertainty 

in controlled parameters, e.g., spot size, sample thickness, volumetric heat capacity 
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is normally obtained from either a separated measurement, manufacturer, or the 

literature—otherwise, a 5% error is applied in case no information available. 

To estimate the uncertainty in the fitted parameters, we use the analytical 

method from the work of Yang et al. [94] where the obtained uncertainty is the ±𝜎 

standard deviation. This method is based on the calculation of the variance-

covariance matrix of the unknown parameters,  

 𝑉𝑎𝑟[𝑋𝑈] = (𝐽𝑈
𝑇𝐽𝑈)

−1𝐽𝑈
𝑇(𝑉𝑎𝑟[𝛷] + 𝐽𝐶𝑉𝑎𝑟[𝑋𝐶]𝐽𝐶

𝑇)𝐽𝑈(𝐽𝑈
𝑇𝐽𝑈)

−1 (4.6) 

𝑉𝑎𝑟[𝑋𝑈] is the covariance matrix of the unknown parameter vector 𝑋𝑈. 𝑉𝑎𝑟[𝑋𝐶] is the 

covariance matrix of the controlled parameter vector 𝑋𝐶 and 𝑉𝑎𝑟[𝛷] is the covariance 

matrix of the phase noise 𝜙,  

 𝑉𝑎𝑟[𝑋𝐶] =

(

 
 

𝜎𝑐1
2 0 0 ⋯

0 𝜎𝑐2
2 0 ⋯

0 0 𝜎𝑐3
2 ⋯

⋮ ⋮ ⋮ ⋱)

 
 
 an  𝑉𝑎𝑟[𝛷] =

(

 
 

𝜎𝜙1
2 0 0 ⋯

0 𝜎𝜙2
2 0 ⋯

0 0 𝜎𝜙3
2 ⋯

⋮ ⋮ ⋮ ⋱)

 
 

 (4.7) 

where 𝜎𝑐𝑚
2  is the variance of the 𝑚th controlled parameters and 𝜎𝜙𝑛

2  is the variance of 

the phase noise 𝜙 at 𝑛th modulation frequency. The Jacobian matrices of the 

unknown parameter 𝐽𝑈 and controlled parameter 𝐽𝐶 are given by 

 𝐽𝑈 =

(

 
 

𝜕𝜙1
𝜕𝑢1

⋯
𝜕𝜙1
𝜕𝑢𝑃

⋮ ⋱ 0
𝜕𝜙𝑁
𝜕𝑢1

⋯
𝜕𝜙𝑁
𝜕𝑢𝑃)

 
 
 an  𝐽𝐶 =

(

 
 

𝜕𝜙1
𝜕𝑐1

⋯
𝜕𝜙1
𝜕𝑐𝑀

⋮ ⋱ 0
𝜕𝜙𝑁
𝜕𝑐1

⋯
𝜕𝜙𝑁
𝜕𝑐𝑀)

 
 

 (4.8) 

where 𝑁 is the total number of phase data points, 𝑢𝑖 and 𝑐𝑖 are the 𝑖th unknown and 

controlled parameters, respectively. 𝑃 and 𝑀 are the total numbers of unknown and 

controlled parameters, respectively. 

The standard deviations of the fitted parameters are obtained by taking the 

square root of the diagonal elements of 

 𝑉𝑎𝑟[𝑋𝑈] =

(

 
 

𝜎𝑢1
2 𝑐𝑜𝑣[𝑢1, 𝑢2] 𝑐𝑜𝑣[𝑢1, 𝑢3] ⋯

𝑐𝑜𝑣[𝑢1, 𝑢2] 𝜎𝑢2
2 𝑐𝑜𝑣[𝑢2, 𝑢3] ⋯

𝑐𝑜𝑣[𝑢2, 𝑢3] 𝑐𝑜𝑣[𝑢1, 𝑢2] 𝜎𝑢3
2 ⋯

⋮ ⋮ ⋮ ⋱)

 
 

 (4.9) 
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where 𝜎𝑢𝑘
2  is the variance of the 𝑘th fitted parameters and 𝑐𝑜𝑣[𝑢𝑖, 𝑢𝑗] is the covariance 

of 𝑢𝑖 and 𝑢𝑗. We can use the covariance elements to determine the correlation between 

the fitted parameters. The correlation coefficient 𝑟𝑢𝑖,𝑢𝑗 between the fitted parameters 

𝑢𝑖 and 𝑢𝑗 is given by 

 𝑟𝑢1,𝑢2 =
𝑐𝑜𝑣[𝑢1, 𝑢2]

𝜎𝑢1 ⋅ 𝜎𝑢2
 (4.10) 

where 𝜎𝑢1 and 𝜎𝑢2 are the standard deviations of the fitted parameters 𝑢𝑖 and 𝑢𝑗, 

respectively. The value of 𝑟𝑢1,𝑢2 is between -1 and 1 and |𝑟𝑢1,𝑢2| = 1 means 𝑢1 and 𝑢2 

are 100% correlated and 𝑢1 and 𝑢2 cannot be separately measured. Additionally,  

to achieve an unbiased correlation coefficient, we need to assume constant phase 

noise and zero error in controlled parameters [94]. 

 Surface Temperature Rise 

An estimation of the surface temperature rises due to a periodic heating event 

is essential in FDTR measurement. Excessive heating can cause a significant change 

in the temperature of the material which in turn changes its thermal properties. 

Consequently, the measurement result would diverge from the theoretical model. 

Essentially, the surface temperature rise on the sample 𝑇𝑡𝑜𝑝 comprises a steady-state 

component 𝑇𝐷𝐶 and a modulated component 𝑇𝐴𝐶. The steady-state temperature rise 

corresponds to the DC component of the heating and the modulated temperature rise 

corresponds to the magnitude of the AC component. For the CW modulated heat 

source, the 𝑇𝐷𝐶 and 𝑇𝐴𝐶 are [59] 

 𝑇𝐷𝐶 =
𝐴0
2𝜋
∫ −

�̃�

�̃�

∞

0

𝑒𝑥𝑝 (
−𝑘2𝑤0

2

8
) 𝐽0(𝑘𝑟)𝑘𝑑𝑘 (4.11) 

 

𝑇𝐴𝐶 =
𝐴0
2𝜋
𝑒𝑖𝜔0𝑡∫ −

�̃�

�̃�

∞

0

𝑒𝑥𝑝 (
−𝑘2𝑤0

2

8
) 𝐽0(𝑘𝑟)𝑘𝑑𝑘 (4.12) 

where 𝐴0 is the absorbed laser power, 𝜔0 is the modulation frequency, �̃� and �̃� are 

the matrix elements in Equation (2.30), 𝑘 is the Hankel transform variable, 𝑤0 is the 

pump 1/𝑒2 spot radius, 𝑟 is the radial distance, and 𝐽0 is the Bessel function of the 

first kind of order zero.  
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Generally, the surface temperature only in the probe beam area is considered. 

The Gaussian-averaged surface temperature in the probe area is given by [67] 

 
𝑇𝑃𝑟𝑜𝑏𝑒𝑑 =

4

𝑤1
2∫ 𝑇𝑡𝑜𝑝

∞

0

𝑒𝑥𝑝 (
−2𝑟2

𝑤1
2 )𝑟𝑑𝑟 

(4.13) 

where 𝑤1 is the probe 1/𝑒 spot radius. 

Typically, the DC component is prominent in the temperature profile while 

the modulated component induces a much lower temperature rise. Thus, the DC 

component is mainly the cause for the change in thermal properties and the thermal 

properties corresponding to the estimated DC temperature rise should be used in the 

heat transfer model [124]. Furthermore, since the FDTR measurement relies on 

detecting the small change in reflectivity proportional to the small change in the 

surface temperature, keeping the modulated temperature rise at minimal is crucial 

for maintaining the linearity of the thermoreflectance relation. Generally, the AC 

temperature change needs to be kept under 10 °C [104]. 

We use a MATLAB code provided by Braun et al. [124] to estimate the surface 

temperature rises for all our samples as shown in Figure 4.6. The absorption for the 

Au layer at pump wavelength is 0.63. The full laser power of 1.46 W is used for copper 

while neutral density filter ND2 is used for silicone and ND4 is used for alumina and 

sapphire.   

 

Figure 4.6 The steady-state (left) and probe-averaged modulated (right) surface 
temperature rises for alumina, sapphire, silicon, and copper. 

The 𝑇𝐷𝐶 of the alumina sample surface at r = 0 is around 32 °C. At this 

temperature rise the change in the thermal properties of the gold is negligible [108, 
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119] though for alumina a noticeable reduction in thermal conductivity and increase 

in specific heat capacity might be expected [106, 107]. For the other samples, the 𝑇𝐷𝐶 

is quite low that the changes in thermal properties are negligible. Since the lowest 

frequency we are using is 10 Hz, the probe-averaged 𝑇𝐴𝐶 for all samples are well below 

4 °C and so the linearity should still hold. 

 Pump Spot Characterization 

The laser spot size is important to the measurement of thermal properties. 

The pump 1 𝑒2⁄  spot radius 𝑤0 affects the lateral heat spreading which to some extent 

determines the heat transport regime [102] and it is also one of the main sources of 

measurement uncertainty [85, 94] as the sensitivity to the pump spot size is usually 

greater than the sensitivity to the thermal properties [88]. The most widely used 

technique for measuring spot size in the works of literature is the knife-edge profiling 

method [88, 95, 125]. However, this method only measures the spot radius in one 

dimension and may yield inaccurate results if the beam is not perfectly circular. 

Although the knife-edge method to measure spot size in two axes exists [57, 95],  

implementing this method into our system is rather complicated and would raise the 

cost of our system. Other techniques, for example, the patterned sample imaging 

method [85] requires a specially prepared reference sample, and the pump-probe 

spatial correlation method [104, 126] demands more complex optical arrangement 

and complicated measurement procedures. 

We image the laser spots by using a CCD camera. Examples of the pump and 

probe spots are shown in Figure 4.7. In this work, the probe spot size is usually 40 

times smaller than that of the pump to reduce the possibility of beam misalignment. 

It is possible to use ImageJ software to produce plot a one-dimensional profile of the 

laser spots as shown in Figure 4.7 (c) and (d), and acquire the 1 𝑒2⁄  spot radii by fitting 

the plot profile to the Gaussian profile shown in Equation (3.1). However, the 

obtained laser spot radii are not accurate as the beam profiles are slightly elliptical 

and the intensity profile is not of perfect Gaussian. Therefore, to accurately determine 

the spot sizes, we perform an FDTR measurement on a reference sample, TM100 

polycrystalline diamond from Element six, at the frequency range that is most 

sensitive to the spot sizes as shown in Figure 4.8 and extract the effective 1/𝑒2 spot 



83 
 

radii by fitting the phase data to the model. We also plotted the sensitivity to the 

thermal conductivity 𝜅 and thermal boundary conductance 𝐺 for comparison.  

               

 

Figure 4.7 The CCD images of the (a) pump spot and (b) probe spot. Plot profiles of 
the (c) pump spot and (d) probe spot measured horizontally across the beams. The 
plots show the intensity of the beam as a function of pixel position (blue circle) 
together with the best fit (red solid line) and 95% confidence (red dashed line). 

 

Figure 4.8 Phase sensitivity to the pump spot radius 𝑤0, probe spot radius 𝑤1, thermal 
conductivity 𝜅, and thermal boundary conductance 𝐺, of the TM100 sample (left).  
The measured phase data of the TM100 with best-fit line (right).  

The sensitivity to pump spot radius 𝑆𝑤0 dominates the phase measurement 

for the entire frequency range. The peak magnitude of 𝑆𝑤0 is nearly 4.7 times higher 



84 
 

than that of the 𝑆𝜅 and their peak frequencies are separated by a significant amount. 

This means that these two parameters are not strongly correlated and the 

uncertainty in the thermal conductivity of the TM100 has an insignificant effect on 

the phase. Also, the sensitivity to 𝐺 is so low that its uncertainty will not affect the 

measurement of spot size. Since the probe spot size is very small compared to the 

pump, the sensitivity to the probe spot size is close to zero. Hence, we can only extract 

the pump spot radius from the measurement and approximate the probe spot radius 

obtained from the previous fitting of the beam profile to the Gaussian profile since 

the accuracy of the probe spot size has a negligible effect on the phase. As shown in 

Figure 4.8 (right), the phase data fit well to the model, and the extracted 𝑤0 is 567 

μm with 7.9% uncertainty. This uncertainty mainly comes from the uncertainty in 

sample thickness of 10%. This process of fitting the pump spot size is done every time 

before sample measurements. 

 Results 

To validate the new experimental technique developed we measured standard 

samples with known thermal conductivity including alumina, sapphire, silicon, and 

copper. Figure 4.9 shows the sample results of phase measurement on these samples 

with the best fit curve and their fitted parameters as well as their corresponding plots 

of phase sensitivity to its thermal properties for convenience of reference.  

The summary of the measured thermal conductivity and thermal boundary 

conductance are listed in Table 4.3 and the measured thermal conductivities are 

plotted against the literature values in Figure 4.10. 

In the case of the alumina sample, the measurement is sensitive to both 𝜅𝑟 

and 𝜅𝑧 but not to 𝐺. Hence, we can extract these thermal conductivities but not 𝐺. 

The calculated net thermal conductivity of alumina is 33.7 W/m∙K which is 6.4% lower 

than the literature value. For the sapphire sample, the measurement is sensitive to 

𝜅𝑟 and 𝜅 but not 𝜅𝑧. Thus, attempting to fit both 𝜅𝑟 and 𝜅𝑧 will result in unrealistic 𝜅𝑧 

value. Therefore, we fit 𝜅 and 𝐺 instead. The acquired 𝜅 is 44.3 W/m∙K which is 3.7% 

lower than the literature value and 𝐺 is 17.3 MW/m2K. Note that this 𝐺 is the effective 

thermal boundary conductance which includes the Cr adhesive layer between the Au 

layer and the substrate and also depends on the coating quality. 
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For materials with higher thermal conductivity including silicon and copper, 

the sensitivity to 𝐺 is relatively higher than the previous samples, especially for 

copper, resulting in a more accurate measurement of 𝐺. The uncertainty in 𝐺 of copper 

is only 9.7% whereas that of silicon is 16.8%. The measured 𝜅 for silicon and copper 

are 156 W/m∙K and 392 W/m∙K, respectively, which are 5.4% and 0.5% higher than 

the literature values.  

Table 4.3 The summary of the thermal conductivity 𝜅 and thermal boundary 
conductance 𝐺 of alumina, sapphire, silicon, and copper measured in this work and 
their 𝜅 and 𝐺 between Au film and substrates from the literature. 

Sample 

This work  Literature  

𝜅𝑧 ± 𝜎𝜅𝑧 
(W/m⋅K) 

𝜅𝑟 ± 𝜎𝜅𝑧 
(W/m⋅K) 

𝜅 ± 𝜎𝜅 
(W/m⋅K) 

𝐺 ± 𝜎𝐺 
(MW/m2⋅K)  

𝜅 
(W/m⋅K) 

𝐺 
(MW/m2⋅K) 

Alumina 30.4±1.7 37.3±6.3 33.7±6.0 -  36 [106] 50 [121] 

Sapphire - - 44.3±7.6 17.3±3.1  46 [106] 45 [122] 

Silicon - - 156±26 125±21  148 [109] 116 [123] 

Copper - - 392±65 40.3±3.9  390 [109] - 

 

Overall, we successfully performed the measurements on all samples and 

were able to obtain either both in-plane 𝜅𝑟 and cross-plane 𝜅𝑧 thermal conductivities, 

or both the average thermal conductivity 𝜅 and thermal boundary conductance (𝐺), 

in a single measurement. The relatively high uncertainty in the fitted parameters 

ranging 5.6–17.9% comes from the relatively high uncertainty in the fitted pump spot 

radius. The measured thermal properties are within ~6% of the literature values 

which are within the range of measurement error bars. 
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Figure 4.9 Measured phase data of the alumina, sapphire, silicon, and copper with 
best-fit curves and their corresponding phase sensitivity to the average 𝜅, in-plane 
𝜅𝑟, and cross-plane 𝜅𝑧 thermal conductivities, and thermal boundary conductance 𝐺. 
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Figure 4.10 The thermal conductivities of alumina, sapphire, silicon, and copper 
measured in this work compared to the literature values (dashed line). 

 Summary 

In this chapter, we described essential processes involved in the FDTR 

measurement and data analysis. We discussed the sample preparation including the 

selection of the thin film metal transducer based on optimization of thermoreflectance 

coefficient and optical absorption and a suitable thickness of the film based on the 

optical absorption depth. It was shown that the Au transducer is highly compatible 

with our pump and probe wavelength and that the measurement is insensitive to the 

Au film thickness. Also, the analysis of thermal penetration depth was considered to 

decide a suitable frequency range for the measurement in different heat transport 

regimes. We showed that, with the use of sensitivity analysis, we can identify which 

thermal properties can be extracted from the measurement with acceptable accuracy 

and at what frequency range. Moreover, we explained our method for extracting the 

thermal properties by fitting the measured phase data to the model and the method 

for calculating the uncertainty in the fitted parameters from those of the controlled 

parameters and experimental noise. Additionally, we showed that the steady-state 

surface temperature rise does not affect the thermal properties of the Au layer and 

most substrates and that the linearity is maintained under typical heating 
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conditions. Furthermore, an in-situ approach [88] we use for determining the pump 

spot radius by fitting the measured phase data of a reference sample was illustrated. 

Finally, we have verified that our FDTR system can measure both in-plane and cross-

plane thermal conductivities and thermal boundary conductance of common 

materials and that the measured properties are within ~6% of the literature values, 

which are well within the measurement error bars. 
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Chapter 5 THERMAL CONDUCTIVITY OF METAL-
DIAMOND COMPOSITES 

In this chapter, the thermal conductivity measurements of some metal-

diamond composite samples including copper-diamond and silver-diamond composite 

are demonstrated. The sample preparation process, the thermal penetration depth of 

the measurement, and the sensitivity analysis are described. Furthermore,  

an iterative fitting method to extract the thermal properties of the composite samples 

is illustrated. The measurement results are then compared. Finally, we explore the 

possibility of thermal property mapping of the metal-diamond composite samples 

using our FDTR system. A detailed investigation on factors impacting the thermal 

properties of the composites such as fabrication process, diamond particle size, 

volume fraction, defects, and alloying elements, are beyond the scope of this thesis 

and thus are not discussed here. 

 Sample Preparation 

Two types of metal-diamond composites are used in our tests as shown in 

Figure 5.1. These are the copper-diamond composite (Cu-Dia) with a thickness of 

about 3 mm and the silver-diamond composite (Ag-Dia) with a thickness of about  

1 mm. All samples are of a three-layer structure as shown in Figure 5.2. The top layer 

and the bottom layer are the metal cladding. The middle layer is the metal-diamond 

composite. The claddings are of the same materials as the metal matrix of the 

composite layers. That is, the claddings are copper for the Cu-Dia and the claddings 

are silver for the Ag-Dia. For the thermal conductivity measurements, these samples 

were coated with a thin film of Au transducer to enhance the thermoreflectance 

sensitivity. Hence, there are four layers of materials and three layers of thermal 

interfaces to be considered in the heat transfer model. 
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Figure 5.1 The copper-diamond composite (Cu-Dia) and the silver-diamond composite 
(Ag-Dia) samples used in this work. The thicknesses of the Cu-Dia and the Ag-Dia 
samples are approximately 3 mm and 1 mm, respectively.  

 

Figure 5.2 The structure of the metal-diamond composite samples. The first layer L1 
is the gold transducer. The second layer L2 and fourth layer L4 are the metal 
claddings. The third layer L3 is the metal-diamond composite. The layer thickness 𝑑, 
the thermal conductivity 𝜅, and the volumetric heat capacity 𝐶 are also shown where 
the subscript is the layer number. 𝐺1, 𝐺2, and 𝐺3 are the thermal boundary 
conductance between the Au layer and top cladding, between the top cladding and 
diamond composite layer, and between the diamond composite layer and the bottom 
cladding, respectively. 

In the heat transfer analysis, the properties of the cladding layers including 

thickness, thermal conductivity, and volumetric heat capacity, and the properties of 

the metal-diamond composite layer including thickness and volumetric heat capacity 

are required. The cladding thicknesses of the Cu-Dia and the Ag-Dia samples were 

obtained from the supplier (RHP) which are about 150 μm and 100 μm, respectively. 

The thermal conductivity and volumetric heat capacity of the claddings are obtained 

from the literature listed in Table 5.2. However, the volumetric heat capacity of the 

metal-diamond composite layer cannot be measured directly. Instead, we need to 

calculate it from the effective volumetric heat capacity of the sample [127], 

 
𝐶𝑒𝑓𝑓 = 𝑐𝑒𝑓𝑓𝜌𝑒𝑓𝑓 =

∑ 𝑐𝑖𝜌𝑖𝑑𝑖
𝑛
𝑖=1

𝐿
 (5.1) 
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where 𝐶𝑒𝑓𝑓 is the effective volumetric heat capacity, 𝑛 is the total number of layers,  

𝑖 is the layer index, 𝑐 is the specific heat capacity, 𝜌 is the density, 𝑑 is the layer 

thickness, and 𝐿 is the thickness of the sample. 

The density of a sample 𝜌𝑒𝑓𝑓 can be determined by the suspension Archimedes 

method [128] and the specific heat capacity of a sample 𝑐𝑒𝑓𝑓 can be determined by the 

differential scanning calorimetry (DSC) method [129], respectively, as shown in 

Figure 5.3. The Archimedes method determines the density by first weighing the 

material in air and then weighing it again in the known liquid, usually water.  

The effective density 𝜌𝑒𝑓𝑓 of the sample can be calculated as follows 

 
𝜌𝑒𝑓𝑓 =

𝑚𝑎𝑖𝑟
𝑚𝑎𝑖𝑟 −𝑚𝑙𝑖𝑞𝑢𝑖𝑑

𝜌𝑙𝑖𝑞𝑢𝑖𝑑 (5.2) 

where 𝑚𝑎𝑖𝑟 and 𝑚𝑙𝑖𝑞𝑢𝑖𝑑 are the mass of the sample in air and liquid, respectively, and 

𝜌𝑙𝑖𝑞𝑢𝑖𝑑 is the density of the liquid. The 𝜌𝑒𝑓𝑓 values are listed in Table 5.1. 

 

Figure 5.3 Simplified schematics illustrating (a) the density measurement by the 
suspension Archimedes method and (b) the specific heat capacity measurement by 
the differential scanning calorimetry (DSC) method. These two measurements were 
performed by Dr. Zeina Abdallah and Dr. James W. Pomeroy. 

The DSC method determines the specific heat capacity by measuring the rate 

of heat flow (mW) which is the thermal energy transfer per unit time as a function of 

temperature compared to that of a reference sample, usually sapphire. The effective 

specific heat capacity 𝑐𝑒𝑓𝑓 of the sample can be calculated as  

 
𝑐𝑒𝑓𝑓 = 𝑐𝑟

Δ𝐻𝑠
Δ𝐻𝑟

𝑚𝑟
𝑚𝑠

 (5.3) 

where 𝑐𝑟 is the specific heat capacity of the reference, 𝐻𝑠 and 𝐻𝑟 are the differences 

in the DSC thermal curves between the sample holder and the sample and between 
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the sample holder and the reference at a given temperature, respectively, 𝑚𝑠 and 𝑚𝑟 

are the mass of the sample and the reference, respectively. The 𝑐𝑒𝑓𝑓 values are listed 

in Table 5.1. 

Additionally, in order to examine the thermal penetration depth of the 

measurement, the effective thermal diffusivity 𝛼𝑒𝑓𝑓 of the composite samples is 

required. Therefore, we measured the effective thermal diffusivity of the samples by 

the laser flash analysis method (LFA). The working principle of the LFA is explained 

in Chapter 1. The 𝛼𝑒𝑓𝑓 values are listed in Table 5.1. The LFA measurements were 

performed by Dr. Zeina Abdallah and Dr. James W. Pomeroy. 

Likewise, to evaluate the sensitivity to the measurement parameters, the 

thermal conductivity of the diamond composite layer is required. This can be 

calculated with [127] 

 
𝜅𝑒𝑓𝑓 = 𝛼𝑒𝑓𝑓𝐶𝑒𝑓𝑓 =

𝐿

∑ 𝑑𝑖/𝜅𝑖
𝑛
𝑖=1

 (5.4) 

where 𝜅𝑒𝑓𝑓 is the effective thermal conductivity of the sample, 𝑛 is the total number 

of layers, 𝑖 is the layer index, 𝐶𝑒𝑓𝑓 is the effective volumetric heat capacity, 𝜅 is the 

thermal conductivity, 𝑑 is the layer thickness, and 𝐿 is the thickness of the sample. 

The calculated 𝜅𝑒𝑓𝑓 of the sample and 𝜅 of the diamond composite layer are listed in 

Table 5.1. 

With the volumetric heat capacity of the metal-diamond composite layer 𝐶𝑐𝑜𝑚𝑝 

known and assuming monodisperse condition, the volume fraction of the diamond 

particles 𝑉𝑑𝑖𝑎 can be estimated with a rule of mixture [14], 

 𝐶𝑐𝑜𝑚𝑝 = 𝑐𝑑𝑖𝑎𝜌𝑑𝑖𝑎𝑉𝑑𝑖𝑎 + 𝑐𝑚𝑒𝑡𝑎𝑙𝜌𝑚𝑒𝑡𝑎𝑙(1 − 𝑉𝑑𝑖𝑎) (5.5) 

where 𝑐𝑑𝑖𝑎 and 𝑐𝑚𝑒𝑡𝑎𝑙 are the specific heat capacities of diamond and metal matrix, 

respectively, and 𝜌𝑑𝑖𝑎 and 𝜌𝑚𝑒𝑡𝑎𝑙 are the densities of diamond and metal matrix, 

respectively. The properties of the metal matrix are the same as those of the 

claddings. The diamond properties, 𝑐𝑑𝑖𝑎 and 𝜌𝑑𝑖𝑎, are 510 J/kg∙K and 3520 kg/m3, 

respectively [5]. The 𝑉𝑑𝑖𝑎 values are listed in Table 5.1. 

Nevertheless, using these methods to estimate the volumetric heat capacity 

and the thermal conductivity of the metal-diamond composite layer presents some 
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limitations. For instance, since the calculations did not account for the effect of the 

thermal boundary resistance (TBR) in the composite, the results may not be accurate. 

Besides, the effective volumetric heat capacity and effective thermal conductivity 

calculations are of the very approximate “lumped model”, i.e., they are independent 

of material arrangements [130]. 

Table 5.1 shows the properties of metal-diamond composite samples.  

The effective density 𝜌𝑒𝑓𝑓, specific heat capacity 𝑐𝑒𝑓𝑓, thermal diffusivity 𝛼𝑒𝑓𝑓 are 

obtained from the Archimedes method, DSC method, and the laser flash method, 

respectively. The effective thermal conductivity 𝜅𝑒𝑓𝑓 is calculated (𝜅𝑒𝑓𝑓 = 𝛼𝑒𝑓𝑓𝐶𝑒𝑓𝑓). 

For the cladding layers, all properties are taken from the literature. For the diamond 

composite layer, the diamond particle volume fraction 𝑉𝑑𝑖𝑎, the volumetric heat 

capacity 𝐶3, and the thermal conductivity 𝜅3 are calculated using Equation (5.5), (5.1), 

and (5.4), respectively 

Table 5.1 Properties of metal-diamond composite samples. 

 Sample 

 Cu-Dia-1 Cu-Dia-2 Ag-Dia 

Whole sample    

Thickness (mm) 3.08 2.99 1.14 

𝜌𝑒𝑓𝑓 (kg/m3) 6015 6042 7043 

𝑐𝑒𝑓𝑓 (J/kg∙K) 422 459 290 

𝛼𝑒𝑓𝑓 (cm2/s) 1.43 1.77 1.48 

𝜅𝑒𝑓𝑓 (W/m∙K) 363 491 301 

Cladding layer    

Thickness (mm) 0.15 0.15 0.10 

𝜌2 (kg/m3) 8954 [5] 8954 [5] 10524 [5] 

𝑐2 (J/kg∙K) 385.5 [108] 385.5 [108] 236 [5] 

𝜅2 (W/m∙K) 398 [5] 398 [5] 411 [5] 

Composite layer    

Thickness (mm) 2.78 2.69 0.94 

𝑉𝑑𝑖𝑎  56% 42% 65% 

𝐶3 (MJ/m3⋅K) 2.44 2.70 1.94 

𝜅3 (W/m∙K) 360 504 285 
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 Thermal Penetration Depth and Sensitivity Analysis 

The thermal penetration depths (TPD) of the metal-diamond composite 

samples are calculated using the effective thermal diffusivity 𝛼𝑒𝑓𝑓 and plotted as a 

function of modulation frequency ranging 1 Hz–10 kHz as shown in Figure 5.4. 

Evidently, because the effective thermal diffusivity of the Cu-Dia-1 (1.43 cm2/s) is 

very close to that of the Ag-Dia (1.48 cm2/s), their TPD curves (solid lines) are almost 

the same whereas the TPD curve of the Cu-Dia-2 is slightly different because its 

effective thermal diffusivity is slightly higher (1.77 cm2/s). In this modulation 

frequency range, the TPD can cover the thickness (dashed-dotted lines) of all the 

samples. However, it is found in practice that measurement performed at a frequency 

lower than 100 Hz results in very noisy experimental data which cannot be effectively 

fit to the model. Hence, we only measure a frequency range of 100 Hz–10 kHz.  

At 100 Hz frequency, the TPD is ~0.75 mm. This means that the measurement will 

not be sensitive to the bottom cladding (dashed lines) and the thermal interface 

between the bottom cladding and the diamond composite layer 𝐺3 as this is beyond 

the TPD of the measurement. 

 

Figure 5.4 Thermal penetration depth of metal-diamond composite samples (solid 
lines) along with their respective top cladding thickness (dotted lines), the beginning 
of bottom cladding (dashed lines), and sample thickness (dash-dotted lines). 
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Figure 5.5 Sensitivity plots of Cu-Dia-1 and Ag-Dia samples to various parameters. 

Figure 5.5 shows the phase sensitivity 𝑆𝑥 of Cu-Dia-1 and Ag-Dia samples to 

various parameters 𝑥 for the diamond composite layer (L3) and the top metal cladding 

layer (L2). Note that the structure of the metal-diamond composite and the 

nomenclature used is shown in Figure 5.2. The 1/𝑒2 spot radii of 600 μm and 15 μm 

are used for pump and probe beams, respectively. The thermal boundary conductance 

of 10 MW/m2K is used for all interfaces 𝐺1, 𝐺2, and 𝐺3. For Cu-Dia-1, the geometric 

average thermal conductivity of the diamond composite layer 𝜅3 dominates the 

thermal response at frequencies lower than 1 kHz. The chance of the successful 

extraction of in-plane thermal conductivity 𝜅3𝑟 and cross-plane thermal conductivity 

𝜅3𝑧 is improbable as their sensitivity curves are overlapped and of similar magnitude. 

Measuring 𝜅3 would produce a more reliable result. At frequency higher than 1 kHz, 

the thermal response is dominated by the thermal boundary conductance 𝐺1. 

However, the sensitivity to 𝐺2 is much lower than that to 𝐺1. Therefore, higher 

uncertainty in 𝐺2 should be expected. As expected, the sensitivity to 𝐺3 is close to zero 

as the TPD at this frequency range cannot reach this interface layer. Similarly, the 
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sensitivity to the diamond composite thickness 𝑑3 is very low due to the same reason 

as the sensitivity to 𝐺3. The sensitivity to the top cladding thickness 𝑆𝑑2, on the other 

hand, is very high at high frequency. This suggests that a higher uncertainty in the 

top cladding thickness would result in higher measurement uncertainty.  

The sensitivity of Cu-Dia-2 is not shown in detail, as it is very similar to that of  

Cu-Dia-1. For the Ag-Dia sample, the sensitivity profile is mostly similar to Cu-Dia 

as shown in Figure 5.5 (right) but their magnitudes are slightly higher and the curves 

shift toward higher frequency due to reduced thickness. 

 Results 

We measured all metal-diamond composites at the center of the samples and 

fitted the model to the measured phase data, simultaneously extracting 𝜅3, 𝐺1, and 

𝐺2. It was found that the model does not fit quite well to the experimental data at a 

higher frequency as shown in Figure 5.6 (a). According to the plots of phase variations  

due to ±25% variation in 𝜅3, 𝐺1, and 𝐺2 (dashed lines), it is evident that 𝜅3 and 𝐺2 are 

not the cause for the deviation between experimental data and the fitting model as 

the changes in phase due to variations in 𝜅3 and 𝐺2 occur at lower frequency and the 

variations in 𝐺1 results in a shift in phase magnitude at high frequency whereas the 

deviation of measured phase data from the model curves is of the difference in slope. 

To further investigate the cause for this deviation, we plot the model curves 

for different 𝐺1 and 𝑑2 values as shown in Figure 5.6 (b) and (c). It is found that a 

variation in 𝐺1 changes the magnitude of the curve at high frequency whereas a 

variation in 𝑑2 changes the slope of the curve to better resemble the experimental 

data. This means that 𝑑2 is possibly the main cause for the deviation. Therefore,  

we devise an iterative fitting procedure where we first simultaneously fit 𝜅3, 𝐺1, and 

𝑑2 to obtain 𝑑2 and then fit 𝜅3, 𝐺1, and 𝐺2 using the previously obtained 𝑑2 as an input 

parameter as shown in Figure 5.7. From the first fitting iteration, the model fits well 

with the data. We obtained a thickness of 97.8 μm for the top cladding. From the 

second fitting iteration, we obtained 𝜅3, 𝐺1, and 𝐺2 of 412 W/m∙K, 16.5 MW/m2⋅K, and 

6.04 MW/m2⋅K, respectively. 
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Figure 5.6 (a) Fitting of Cu-Dia-2 measured phase data, simultaneously extracting 
thermal conductivity of the composite layer 𝜅3, thermal boundary conductance 
between Au film and top cladding layers 𝐺1, and between top cladding and composite 
layers 𝐺2, with ±25% variation in the fitted parameters (dashed lines). (b) Model plots 
with varying 𝐺1 and (c) top cladding thickness 𝑑2. 

A similar iterative fitting approach is used for the rest of the metal-diamond 

composite samples. These fitted curves are plotted in comparison as shown in Figure 

5.8 and the extracted measurement properties are listed in Table 5.2. It is found that, 

as seen by FDTR, the extracted thicknesses of the top cladding are apparently 

different from the supplier’s values. For the Cu-Dia-1 case, the cladding thickness is 

larger than the supplier’s values but for the case of Cu-Dia-2 and Ag-Dia, the cladding 

thickness is smaller than the supplier’s values. A possible reason for the case of larger 

measured thickness could be that the diamond particles are positioned deeper into 

the composite and for the case of smaller measured thickness the diamond particles 

are positioned nearer to the top surface. This finding shows that our FDTR technique 

is sensitive enough to notice the irregularities on the microscopic scale and hence 

shows a promising capability for thermal properties mapping [95]. This will be 

discussed later in the chapter. 
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Figure 5.7 (a) Fitting of Cu-Dia-2 measured phase data, simultaneously extracting 
thermal conductivity of composite layer, 𝜅3, thermal boundary conductance between 
Au film and top cladding layers, 𝐺1, and top cladding thickness, 𝑑2, with ±25% 
variation in 𝑑2. (b) Fitting of Cu-Dia-2 phase data, simultaneously extracting 𝜅3, 𝐺1, 
and 𝐺2, with ±25% variation in the fitted parameters. 

 

Figure 5.8 Fitting of metal-diamond composite measured phase data with ±25% 
variation in the fitted parameters: thermal conductivity of composite layer, 𝜅3, 
thermal boundary conductance between Au film and top cladding layers, 𝐺1, and 
between top cladding and composite layers, 𝐺2. 
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Table 5.2 Extracted properties of metal-diamond composite samples by our FDTR 
and the calculated thermal conductivities of the diamond composite layers 𝜅3 as 
measured by LFA. 

 FDTR  LFA 

Sample 

𝜅3 𝐺1 𝐺2 𝑑2  𝜅3 

(W/m∙K) (MW/m2⋅K) (MW/m2⋅K) (μm)  (W/m∙K) 

Cu-Dia-1 801 ± 135 13.3 ± 0.6 5.21 ± 1.74 172 ± 23  360 

Cu-Dia-2 412 ± 53 16.5 ± 0.9 6.04 ± 0.68 97.8 ± 6.2  504 

Ag-Dia 306 ± 49 54.9 ± 31.5 5.09 ± 1.33 69.9 ± 9.1  285 

 

As clearly apparent in Figure 5.8, the experimental data of the Cu-Dia-1 and 

Cu-Dia-2 samples are quite different in the overall magnitude, and from Table 5.2, 

the thermal conductivity of the Cu-Dia-1 is higher than that of the Cu-Dia-2 by almost 

a factor of 2. However, their thermal boundary conductance 𝐺1 and 𝐺2 are similar. For 

Ag-Dia, the thermal conductivity is the lowest despite the higher thermal 

conductivity of silver than that of copper. The measured thermal boundary 

conductance 𝐺1 is much higher than those of Cu-Dia samples but its error bar is also 

relatively large. This large error bar is possibly due to outliers in the phase data at 

the high frequency where the measurement is sensitive to 𝐺1. According to the 

thermal conductivities of the metal-diamond composite layers 𝜅3 calculated from the 

effective thermal diffusivities measured by LFA shown in Table 5.2, our FDTR 

measured values for the thermal conductivity of Cu-Dia-1 are 122% higher than the 

LFA value. For Cu-Dia-2, it is 18% lower than the LFA value. For Ag-Dia, it is 7% 

higher than the LFA value. A possible explanation for this difference in the measured 

thermal conductivity could be due to a difference in the distribution of diamond 

particles and a slight variation in particle sizes at the area where the measurement 

is made. For instance, higher FDTR measured thermal conductivity could be 

contributed by aggregated diamond particles in the probing area resulting in a higher 

volume fraction of diamond particles. On the other hand, if the diamond particles are 

sparsely distributed, the FDTR could measure lower thermal conductivity. This effect 

is further illustrated in the topic of thermal property mapping. 

Furthermore, we calculate the percentage errors in the fitted parameters and 

the correlation coefficients 𝑟 for the first fitting iteration where 𝜅3, 𝐺1, and 𝑑2 are 
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simultaneously determined and the second fitting iteration where 𝜅3, 𝐺1, and 𝐺2 are 

simultaneously determined as shown in Table 5.3. This is to examine how the fitted 

parameters relate to each other and how much these relations affect the accuracy of 

the measured results. For example, since the 𝑟𝜅3,𝑑2 for Cu-Dia-1 sample is close to 

unity, the uncertainty in 𝜅3 and 𝑑2 are closely related. Consequently, as the 

uncertainty in 𝑑2 gets higher, the uncertainty in 𝜅3 also gets higher at an 

approximately similar rate. In contrast, the values for 𝑟𝜅3,𝐺1 and 𝑟𝐺1,𝑑2 are much lower 

resulting in lower uncertainty in 𝐺1 because its uncertainty is not strongly correlated 

to 𝜅3 and 𝑑2.  

Table 5.3 Uncertainty in fitted parameters and their corresponding correlation 
coefficients 𝑟 when simultaneously fitting 𝜅3, 𝐺1, and 𝑑2, and when simultaneously 
fitting 𝜅3, 𝐺1, and 𝐺2. 

  Uncertainty  Correlation coefficient (𝑟) 

Fit 𝜅, 𝐺1, 𝑑2  𝜅3 𝐺1 𝑑2  𝜅3, 𝐺1 𝜅3,𝑑2 𝐺1, 𝑑2 

Cu-Dia-1  23.0% 3.8% 13.3%  0.62 0.90 0.57 

Cu-Dia-2  12.9% 5.4% 6.4%  0.93 0.92 0.96 

Ag-Dia  14.5% 58.9% 12.9%  0.51 0.93 0.94 

Fit 𝜅, 𝐺1, 𝐺2  𝜅3 𝐺1 𝐺2  𝜅3, 𝐺1 𝜅3, 𝐺2 𝐺1, 𝐺2 

Cu-Dia-1  16.9% 4.3% 33.4%  -0.17 -0.80 0.40 

Cu-Dia-2  12.9% 5.4% 11.3%  -0.01 -0.39 0.70 

Ag-Dia  16.0% 57.3% 26.1%  0.51 0.36 0.92 

 

5.3.1 Mapping of thermal properties 

Considering that the metal-diamond matrix contains discrete diamond 

particles and these have a statistical distribution in the matrix, an interesting 

question to investigate is whether the thermal properties of the composite 

homogenous or do these vary. Any difference laterally in thermal properties may lead 

to a difference in the obtained thermal properties of the composite samples at 

different locations on the samples which could impact their uses, e.g., when a 

transistor is mounted on the composite some part of it could receive better, some 

worse cooling. The mapping of the thermal properties could essentially be useful for 

identifying the best locations for mounting these electronic devices. 
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As a demonstration to test the capability of our system for this purpose,  

we did preliminary tests on the Cu-Dia-1 sample by taking measurements at different 

random locations across the samples (P1 to P9) as shown in Figure 5.9 (a). We only 

make one measurement instead of averaging over ten measurements as usually done 

for single-point measurements to enable a time-efficient measurement which needs 

to consider for multiple point measurements, i.e., thermal mapping. Subsequently, 

the measured phase data are relatively noisy compared to those in Figure 5.8.  

The measurement result clearly shows distinctions in the phase data 

measured at different positions. As the thermal conductivity of the composite 

influences the magnitude of phase data at low frequency, higher thermal conductivity 

results in a higher phase magnitude in P1, P5, P6, P7, and P9 whereas lower thermal 

conductivity results in a lower phase in P2, P3, P4, and P8 as shown in Figure 5.9 (b). 

The thermal boundary conductance 𝐺1 for all positions are approximately the same 

except those of P2 and P4 are higher and 𝐺2 for all positions but P7 are approximately 

the same. In addition to the mapping of thermal properties, we can also map the 

thickness of the top cladding 𝑑2 as well. Evidently, the thickness at different 

measurement positions varies which can range from 126 to 173 μm. As discussed 

earlier, this thickness difference is due to the distribution of diamond particles shown 

in Figure 5.9 (c). This might affect the homogeneity of the cooling, i.e., some 

components may experience a better cooling if placed at the location where the 

thermal conductivity is higher and some may get reduced cooling if placed at the 

location where the thermal conductivity is lower.  

The averaged value of the thermal conductivities measured at all positions 

for the Cu-Dia-1 is 587 W/m∙K which is much lower than the previously measured 

value at a single position (801 W/m∙K). However, it is still higher than the LFA value. 

A possible reason could be because we need more measurements at different positions 

to better represent the averaged thermal conductivity of the sample as measured by 

the LFA. As the LFA measures the heat transfer across the whole sample, it is 

generally suitable for measuring homogenous, isotropic materials [44]. Measuring 

multi-layer metal-diamond composite materials would result in lower measured 

thermal conductivity due to interfacial resistance between the matrix and the 

diamond and between the cladding and the composite layer. 
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Figure 5.9 (a) The phase data measured on different positions across the Cu-Dia-1 
(P1 to P9) samples. (b) The mappings of the composite thermal conductivity 𝜅3, the 
thermal boundary conductance between Au film and top cladding layer 𝐺1 and 
between top cladding and composite layer 𝐺2, and the thickness of the top cladding 
𝑑2. (c) A sketch of the Cu-Dia-1 sample as viewed by a microscope illustrating the 
distribution of diamond particles and the variation in cladding thickness. The actual 
microscopic picture of the sample cannot be shown due to confidentiality. 

Nevertheless, typical values for the thermal conductivity of copper-diamond 

and silver-diamond composite in the literature can range from 226–742 W/m∙K [131] 

and from 550–983 W/m∙K [132, 133], respectively, depending on the diamond particle 

size, volume fraction, and alloying element. We note that these are development 

samples from RHP; presently its thermal properties are already higher than that of, 

i.e., the Molybdenum-Copper composites (ca. 114–250 W/m∙K [134-136]) typically 

used, for example, in semiconductor packages and process changes are being 

developed to increase their thermal conductivity even further. 
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 Summary 

We successfully measured the thermal properties of the multi-layered metal-

diamond composite materials including copper-diamond composite and silver-

diamond composite. In the fitting process, we found that to successfully extract 

multiple properties, an iterative fitting of various parameters is needed and the total 

number of iterations depends on the sensitivity profile for each sample. We were able 

to extract multiple thermal properties including the thermal conductivity of the 

metal-diamond composite layer, the thermal boundary conductance between the Au 

transducer and the top cladding, and the thermal boundary conductance between the 

top cladding and the metal-diamond composite layer. Moreover, our system could also 

detect the difference in thickness of the top cladding due to the difference in the 

distributions of diamond particles. Finally, we demonstrated the potential capability 

of our system for mapping of thermal properties of the diamond composite materials 

by measuring at different positions across the sample. Overall, the measurement 

results show that our system is capable of characterizing thermal properties of 

multilayer metal-diamond composites as well as the potential for thermal property 

mapping capability.  
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Chapter 6 CONCLUSIONS 

 Summary 

The thermal property characterization of the diamond-based composite is 

crucial to the understanding of heat conduction in the composite microstructure and 

the development of high-performance composite thermal packaging. This work 

further develops a frequency-domain thermoreflectance technique for studying for 

the thermal characterization of the metal-diamond composite materials including 

copper-diamond composite and silver-diamond composites. 

A theoretical background on the heat transfer model for FDTR measurement 

is discussed in Chapter 2. A mathematical description of the heat conduction in a 

semi-infinite solid based on the analysis of linear heat flow due to steady periodic 

heating is reviewed. The analysis is extended to cover radial heat transport for a 

single-layer and multi-layer structure and the solution for the surface temperature 

is derived where Gaussian pump and probe beams are considered. Additionally,  

a discussion on phase detection using a lock-in amplifier and its relation to the 

thermal response of the FTDR measurement is included. Lastly, the effective medium 

theory model for bimodal distribution for estimating the thermal conductivity of 

particulate composite is explained. From the model, it was suggested that high 

interfacial resistance reduces the overall thermal conductivity of the composite and 

the inclusions of small particles can reduce the overall thermal conductivity. 

The design and construction of our FDTR system are described in detail in 

Chapter 3. The system is based on a pump-probe setup similar to that of Schmidt et. 

al. [57] but with the use of CW diode lasers, reducing the complexity of the setup and 

the cost of the system. Additionally, the system employs low modulation frequencies 

(<10 kHz), enabling its capability to measure bulk samples with thickness ranging 

tens of microns to a few millimeters. Moreover, details on various methods to address 

challenges in setting up the system and preparations crucial to the functionality of 
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the system are also included. Finally, noise and interference management which is 

vital to the measurement accuracy is addressed. 

Measurement processes and data analysis involved in the FDTR technique 

along with the measurement results of materials with known properties for system 

validation are discussed in Chapter 4. The sample preparation process is described, 

demonstrating that Au is suitable for use as a metal transducer for our FDTR system. 

Moreover, the analysis of thermal penetration depth and phase sensitivity is 

considered to identify heat transport regimes and thermal properties that could be 

measured at the frequency range employed in this work. Furthermore, the analysis 

of steady-state surface temperature rise confirms that the linearity is maintained 

under typical measurement conditions. The post-measurement processes including 

data fitting and uncertainty analysis are also explained. Finally, we have verified 

that our system can characterize known materials and that the results are within 

~6% of the literature values, which are well within the measurement error bars. 

Finally, the thermal characterization of diamond-based composite materials, 

e.g., copper-diamond and silver-diamond composites, are demonstrated in Chapter 5. 

The measurement procedures and the iterative fitting method for extracting multiple 

thermal properties of the composites are described. The results show that the thermal 

conductivity of the metal-diamond composite, the thermal boundary conductance 

between the transducer and the top cladding, and the thermal boundary conductance 

between the top cladding and the metal-diamond composite can be obtained from a 

single measurement. Besides, our system could also identify the variations in the 

cladding thickness due to the variations in the diamond particle distribution. Finally, 

the capability for thermal property mapping is demonstrated.  

Overall, we have successfully designed and constructed an FDTR system for 

the characterization of the thermal properties of the metal-diamond composites.  

The measurement results follow the theoretical predictions validating that the 

system is capable of characterizing the thermal properties of bulk, multilayer, 

inhomogeneous, anisotropic materials, as well as the thermal property mapping. 
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 Outlook 

The work in this thesis paves the way for a more in-depth investigation on 

the diamond-based composite leading to more understanding of the underlying heat 

transport mechanism of the diamond-based composite. Factors influencing the 

thermal properties of the composite including diamond particle size, volume fraction, 

and fabrication methods can be examined. Furthermore, the thermal mapping 

capability allowing for the identification of variations in the thermal properties in the 

composite will be beneficial to improving the structural design and manufacturing 

process of the composite. Moreover, with an adjustment of modulation frequency,   

the studies of the composite microstructure of various sizes are possible. The thermal 

conductivity of individual particles and the thermal interface resistance between the 

metal matrix and diamond particles could be studied [89, 137]. Since the probing 

depth is easily tuned, the technique can be readily utilized to study the thermal 

performance of thin materials such as nano-silver sintering-based thermal interface 

material (TIM).  

In addition, owing to its superior expandability, the technique can be easily 

modified or developed further to investigate a variety of phenomena in numerous 

experimental conditions. For example, with the implementation of the magneto-

optical Kerr effect using a thin magnetic material as a heater, the FDTR sensitivity 

to lateral heat transport can be enhanced, allowing for the thermal characterization 

of 2D materials such as single-layer graphene [138]. Other variations such as beam-

offset FDTR to improve the measurement of anisotropic materials [93, 139], 

differential broad-band FDTR to enable the study of nanoscale heat transport [91], 

and hybrid TDTR-FDTR approach to non-metals without a transducer [88], can be 

readily integrated into our system.  

These are only some of the countless possibilities. As space navigation and 

telecommunication push towards higher power density and new thermal packaging 

is being developed, the FDTR technique will undoubtedly continue to improve to 

accommodate the need for thermal property characterization.  
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