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Abstract
The rigorous modeling of traveling loads on bridges in a dynamic regime is not
an easy task as the traveling load contributes to the dynamic of the structural
system with its mass and damping. In this paper, a simplified approach for trav-
eling loads on bridges in dynamic regime is proposed. The main simplification
consists in neglecting the traveling mass. The validity of the proposed simpli-
fication is checked with a sensitivity analysis considering a few realistic case-
study bridges. The ranges of velocity and traveling-force/bridge-weight ratio are
identified. Eventually, the proposed methodology is applied to two case studies,
(i) an existing Italian reinforced concrete viaduct and (ii) a pedestrian bridge.
The applications show that the proposed simplified approach can be applied to
a range of civil engineering problems such as the quantification of the structural
reliability of existing structures or the assessment of pedestrian comfort.

1 INTRODUCTION

The delivery and the maintenance of resilient and sustain-
able transportation infrastructure are the main priorities
of our times (Adeli, 2002), as they are fundamental for
the economic development of our nations. Bridges repre-
sent the most vulnerable parts of transport infrastructure;
without bridges, the transportation network will become
a series of disconnected links that will be of little value
to the public. Many recent catastrophic events (Figure 1)
demonstrated the vulnerability of bridges to the effects of
wear-and-tear due to the vehicular traffic. The collapse in
2018 of the Morandi bridge (Calvi et al., 2019; Domaneschi
et al., 2020; Malomo et al., 2020) that killed 43 people is
only the last event that set off warnings across Europe
about aging infrastructure and emphasized the need for
new inspections, better record-keeping, and more invest-
ment. Among other aspects, a simple manner of model-
ing the effects of traffic on bridges is now imperative to
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have a clearer picture of the status of the bridge health
with the time (Ng et al., 2009; Scott et al., 2008). As urban
areas increase exponentially, increasingly larger vehicles
are manufactured, and freight traffic boosts, bridges are
subjected to larger and heavier loads. Therefore, dynamic
vehicle-bridge interaction (VBI; Brady et al., 2006; Broquet
et al., 2004; Dahlberg, 1984; Kim et al., 2005; Li et al., 2008;
Senthilvasan et al., 1997; Tan et al., 1998) can no longer
be neglected similarly to what has been done for railways
bridges (Dimitrakopoulos & Zeng, 2015; Guo et al., 2012;
Majka & Hartnett, 2008; Majka & Hartnett, 2009; Ruge
et al., 2009; Yang & Yau, 1997; Zhu et al., 2018).
On the other hand, the typical approach to represent

traffic loads (Calgaro, 1998; CEN, 2003) is to perform static
analyses where the three-dimensional (3D) effects are
approximated using geometric distribution factors (Cour-
bon, 1976) and dynamic effects are considered using ampli-
fication factors (Caprani et al., 2012; Da Silva, 2004; Deng
et al., 2015; González et al., 2008, 2011; Li et al., 2006).
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F IGURE 1 (a) October 28, 2016, Lecco overpass collapse (Italy); (b) March 9, 2017, Camerano overpass collapse (Italy); (c) August 14,
2018, Morandi bridge collapse, Genoa (Italy); (d) April 8, 2020, Caprigliola bridge on the Magra river, Caprigliola (Italy)

Loads are usually applied along the bridge on specific loca-
tions maximizing the effects according to influence line
diagrams (Adeli & Ge, 1989; Adeli & Mak, 1990). These
simple deterministic analyses may not be suitable any-
more for the assessment of existing bridges since they
neglect either the randomness of the traffic flow, that is
inherently stochastic (Adeli & Balasubramanyam, 1987;
Lipari et al., 2017) for both frequency (Crespo-Minguillón
&Casas, 1997) andmagnitude of the loading (OBrien et al.,
2009) and the dynamic interaction between vehicle and
bridge. Also, conventional VBI is modeled with sets of lin-
ear differential equations of motion (Zhu et al., 2015) and
solved with a variety of methods such as direct integration
(Henchi et al., 1998), integration in the frequency domain
(Green & Cebon, 1994), the Lagrangian approach (Kim
et al., 2005), the pseudo excitationmethod (Lu et al., 2009),
the frequency domain spectral element method (Kim &
Lee, 2017), or iterating between the dynamic of the vehicle
and the bridge (Zhang&Xia, 2013). It is rare to see the prob-
lem solvedwith finite element analysis software since such
an application is still a challenge, especially for the non-
linear behavior (Akin & Mofid, 1989; Azam et al., 2013; Ju
et al., 2006; Kidarsa et al., 2008; Kwasniewski et al., 2006;
Lin & Trethewey, 1990; Rieker & Trethewey, 1999).
This paper presents a simplified computational frame-

work to model traffic loads on bridges in a dynamic
regime that can be implemented/integrated into linear
and nonlinear analyses using structural finite element
codes, for example, OpenSees (McKenna, 2011; McKenna
et al., 2010), SAP2000 (Wilson&Habibullah, 1997);MIDAS
(MIDAS, 2020); or developing specific object-oriented
classes (Yu & Adeli, 1993) finalized at an optimal bridge

F IGURE 2 (a) Vehicle crossing a bridge; (b) traveling single
degree of freedom SDOF/dashpot; (c) traveling massless load

design (Adeli & Balasubramanyam, 1988a, 1988b). Specif-
ically, the path of the generic vehicle is discretized and
converted in force-time histories acting on specific loca-
tions of the structural model for specific time windows
(Chen & Wu, 2011). The main simplification is the mod-
eling of the traveling load (Figure 2a) as a simple traveling
massless force in a dynamic regime (Figure 2c). Strictly, as
shown in Figure 2b, any traffic load should bemodeled as a
traveling force, a system of masses, and dashpots (Alexan-
der & Kashani, 2018; Frýba, 2013). To study the effect of
such a simplification, a few case-study bridges are ana-
lyzed numerically and compared with the analytical solu-
tions provided by Frýba (2013). Once the effects of such
a simplification are described and discussed, two applica-
tions of the proposed method are presented.
First, an existing Italian reinforced concrete highway

bridge is examined, and the results for a single simply sup-
ported span are presented and discussed.
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F IGURE 3 (a) Vehicle crossing a bridge with a velocity v; (b) comprehensive modeling of the bridge with plates and beam elements; (c)
equivalent beammodeling approach and equivalent force system for a single wheel; (d) equivalent force system for a force acting between two
nodes

Second, to demonstrate the versatility of the proposed
methodology, an application to the case of pedestrian com-
fort for a simple pedestrian bridge is also presented.

2 METHODOLOGY

This section presents how to model a traveling massless
load along a bridge in any structural code that allows a
dynamic analysis. The algorithm is straightforward and
can be implemented for different structural modeling
approaches. There are three main points about the imple-
mentation of a traveling load in a dynamic regime: (a) posi-
tion, (b) intensity, and (c) duration. In fact, in general, it
is required to define where the load is applied (e.g., con-
centrated nodal load, uniform pressure), the intensity of
the load, and finally a function of time (i.e., a time history)
that defines how and how long the load is applied. Figure 3
shows some details elaborated more in the following.

2.1 Load position

First, consider a generic vehicle crossing a bridge with
a given velocity profile v(t) along any possible allowed
path (e.g., lane following, Figure 3a). Knowing the trajec-
tory and the velocity profile of the vehicle, it is possible
to determine its exact position [x(t), y(t)] on the bridge
at any generic time t; where x(t) and y(t) are the posi-
tions along the bridge longitudinal and transversal axes,
respectively.

If the geometry of the vehicle is also known (e.g., axle
spacing (AS) , total vehicle length) then the exact location
of each axle and wheel can be calculated as a function of
time [x1,1(t), y1,1(t), x1,2(t), y1,2(t), . . . , xi,j(t), yi,j(t), . . . , xN,2(t),
yN,2(t)]; where the subscripts i,j represent the axle num-
ber (i) and the wheel number (j), respectively, and N is the
total number of axles. Each wheel (movable support) can
now be converted into a load on the structural system. The
typology of load depends on the type of structural mod-
elling of the bridge. For example, if the bridge is modelled
in a very comprehensive manner using 1D or 2D finite ele-
ments, or a combination of them (Figure 3b), then a load
of each wheel can be modelled either as a uniform vertical
pressure load on the plates or as nodal forces on the nodes
under the wheel footprint. If more simplified approaches
are adopted, for example, the equivalent beam (Figure 3c),
then each wheel becomes a force Fi,j(t) and a torqueMi,j(t)
on the beam.

2.2 Loading system

For the sake of simplicity, in the following, the descrip-
tion of the methodology will focus on the equivalent beam
case only. The beam needs to be discretized with multiple
nodes along the longitudinal axis. The discretization of the
structural system can be studied with a sensitivity analy-
sis in order to achieve the best trade-off between precision
and computational effort; such discretization is needed for
both refined and simplified modelling approach. Let Ri,j(t)
be the force applied by the wheel j of the axle i in the
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F IGURE 4 (a) Loading function; (b) velocity profile, longitudinal axis arbitrary discretization (different from the finite element
discretization), impulse duration, and application time

position [xi,j(t), yi,j(t)]. The force system equivalent toRi,j(t)
acting on the beam is composed of a force Fi,j(t) iden-
tical to Ri,j(t) and of a torque Mi,j(t) = Ri,j(t)⋅yi,j(t) (Fig-
ure 3c). At the generic time t, if the force and the torque
act at the same position xi,j(t) of any node, they can be
applied directly as concentrated loads on the specific node.
If the actions are in between the location of two consecu-
tive nodes, a further equivalent force system needs to be
defined on the two closest nodes, that is, the previous and
the next, with respect to the location of the wheel (Fig-
ure 3d). The percentage of force and torque on the two
nodes can be calculated as the reactions on a beam fixed at
both ends or of a simply supported beam. In the last case,
in Figure 3d, F1-i,j(t) and M1-i,j(t) are L2(t)/L times Fi,j(t)
and Mi,j(t), respectively. Analogously, F2-i,j(t) and M2-i,j(t)
are L1(t)/L times Fi,j(t) and Mi,j(t), respectively. The terms
B1-i,j(t) and B2-i,j(t) are the moments associated with the
transport of F1-i,j(t) and F2-i,j(t), respectively.

2.3 Loading function

The last aspects that need to be specified are the duration of
the load on each node and the functional form of the load
intensity with time. For velocity values that are typical for
conventional vehicles (e.g., cars, buses, lorries), a suitable
functional form is the pulse function, for which the load
increases suddenly to the full value and then goes suddenly
to zero after a given duration. A pulse function simplifies
the implementation in the loading procedure, and it sim-
plifies the application in structural analysis software.
For a comprehensive definition of the impulse, both

impulse duration (δT) and the initial time of application
(tstart) need to be defined (Figure 4a). To this aim, the best
approach is to discretize the longitudinal axis with a very
small increment (δx, Figure 4b). It is worth noting that

F IGURE 5 Methodology flow-chart

this discretization is different from the discretization of the
finite element model. This discretization can be used to
evaluate the velocity for each location on the bridge axis,
that is, the red line in Figure 4b.
Therefore, the impulse duration can be now calculated

as the ratio between δx and the velocity v(t), that is, the
green line in Figure 4b. Finally, the application time (tstart)
can be calculated as the cumulative of the impulse dura-
tion, that is, the blue line in Figure 4b.

2.4 Practical implementation

Figure 5 shows the flowchart for the practical implemen-
tation of the methodology. The first step is to build a finite
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element model with any of the preferred software plat-
forms. Themodel can have any level of sophistication. Sub-
sequently, a discretization of the longitudinal axis needs
to be carried out (δx); this discretization can be different
from that of the finite element model, and it is necessary
for the definition of the load in space and time. Second,
given the velocity profile of the vehicle, it is possible to
derive the application time (tstart) and the duration of the
impulse (δT) as explained in Section 2.3. Finally, with a
for-loop along the discretized longitudinal axis, it is pos-
sible to apply the load as an impulse with a given starting
time and given duration. If the model is a simple beam,
during the for-loop, the force applied by the wheel Ri,j(t) is
first converted to Fi,j(t) andMi,j(t) on the longitudinal axis,
and these latter are then converted to concentrated nodal
actions as explained in Section 2.2. If the model is a com-
bination of beams for the girders and plates for the deck,
then the action applied by the wheel can directly be con-
verted to a uniform vertical pressure on the plates under-
neath the wheel, or, alternatively, nodal forces distributed
on the nodes of the finite element model according to the
same criteria presented in Section 2.2 for the equivalent
beam. Eventually, a time step of the dynamic analysis can
be performed. The procedure ends when each wheel (sup-
port more in general) of the considered vehicle crosses the
bridge. If the model is linear, then each wheel can be mod-
eled separately, and the results can be eventually combined
together using the superposition principle. If the model is
nonlinear, then all thewheels need to bemodeled together.

2.5 Implementation in OpenSees

The procedure presented above can be implemented in
many of the commercial structural software; on the other
hand, in many of those, there are embedded routines –
partially controllable– that allow solving the problem of
traveling loads. This section presents how to implement
this procedure in OpenSees (McKenna, 2011; McKenna
et al., 2010) which is an opensource freeware structural
software, and therefore, it offers larger flexibility in its use.
Moreover, OpenSees has been largely used to model com-
plicated structural model such as bridge structures (Torbol
et al., 2013).
In OpenSees, after the definition of themechanical, geo-

metrical, and inertial characteristics of themodel, it is nec-
essary to define a number of “timeSeries Pulse” objects,
equal to the number of points with discretization δx (i.e.,
not the Finite Element Method - FEM - discretization),
and an equal number of nodal “pattern Plain” loads asso-
ciated to each time history defined above. For a complete
definition of the pulse time series in OpenSees, a starting
time, ending time, and the period of the function need to

be defined. The starting time is obtained as explained in
Section 2.3; the ending time is obtained adding to the start-
ing time the duration of the impulse derived in Section 2.3;
finally, the period can be defined as a number sufficiently
larger than the ending time so that it does not change the
pulse function.
The damping can be modeled either as Rayleigh damp-

ing or as modal damping (Chopra & McKenna, 2016); in
both cases, it is convenient to set a small number (e.g., ξ
= 0.5%–1%) as the system under traffic load should behave
mainly linearly. Moreover, if material nonlinearities are
introduced in the model, then it is correct to have a small
value of the damping coefficient as the dissipation will be
provided by the hysteresis of the materials.
Finally, a transient time-history analysis needs to be

defined. The time vector of the transient analysis can be
pre-defined considering the minimum ratio δx/v(t). The
time step can be further reduced to minimize problems
associatedwith largewavenumber transient waves. Simple
solution algorithms and integrators can be used for the lin-
ear analysis (e.g., Newton, Newmark); more sophisticated
ones are needed for nonlinear analyses. In addition, if tran-
sient waves remain an issue, to avoid spurious oscillations,
smoothed finite element approaches or special time inte-
gration techniques can be used (Chai & Zhang, 2020).

3 NUMERICAL-ANALYTICAL
VALIDATION

The numerical approach defined above is here validated
against the analytical formulation provided by Frýba
(2013). Specifically, three case studies are considered (Fig-
ure 6), two reinforced concrete bridges (RC1 and RC2) and
one composite steel-reinforced-concrete composite bridge
(C); all three bridges are representative of typical simply
supported highways overpass. Figure 6a and b show rein-
forced concrete structural schemes that are generally used
for spans up to 25 and 35 m, respectively. Figure 6c shows
a composite structural scheme that is used for spans up to
35 m.
For the numerical validation, these three case studies are

modeled as equivalent beams; this will allow the compari-
sonwith the available analytical solutions. Themechanical
and geometrical properties of the three equivalent cross-
sections for the three beams are listed in Table 1. The first
vibration period (T) of the three case-study bridges is cal-
culated as explained in Appendix A and is shown in Fig-
ure 7 for a range of bridge spans (L). The plausible range
in Figure 7 is obtained enveloping the empirical data from
Paultre et al. (1992). The frequencies (f = 1/T) are com-
pared with literature values and an empirical formulation
available in the literature (i.e., f = 82L–0.9; Paultre et al.,
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F IGURE 6 Case studies: typical highways’ overpasses. (a)
RC1: Reinforced concrete structure with span up to 25 m; (b) RC2:
reinforced concrete structure with span between 25 and 35 m; (c) C:
steel-reinforced concrete composite structure with span up to 35 m

1992; Tilly, 1986). It can be observed that the three bridges
are close to the empirical prediction; specifically, the rein-
forced concrete bridges and the composite bridge are closer
to the upper bound and lower bound of the observed
vibration frequency variability, respectively. The compos-
ite bridge has a systematic lower vibration frequency with
respect to the reinforced concrete bridges for the entire
range of investigated span values.

F IGURE 7 Fundamental frequencies versus span length for
the three case-study bridges compared to empirical literature data
and formulation (Paultre et al., 1992)

Figure 8 shows the comparison between the analyt-
ical solutions proposed by Frýba (2013) for a traveling
load/load-mass on a simply supported beam (seeAppendix
B) and the numerical solution for a traveling load proposed
in this study solved with OpenSees. The results that can be
used to identify the velocity leading to resonance are pro-
vided in terms of maximum mid-span displacement as a
function of the nondimensional traveling velocity of the
force.
It is worth emphasizing that the analytical results used

in this study are employed only for the sake of validation of
the proposed approach; they are valid only for elastic sim-
ply supported beams. The proposed procedure can also be
used for the nonlinear problems and for more complicated
FEM.
The comparison is provided for the RC1 bridge having a

span length of 25 m and for two possible values of travel-
ing force corresponding to 5% and 25% of the total weight
of the bridge. It is possible to observe that the OpenSees

TABLE 1 Mechanical and geometrical properties of the three bridges

RC1 RC2 C
Ec (MPa) 35,220 35,220 35,220
Es (MPa) – – 210,000
νc (–) 0.2 0.2 0.2
νs (–) – – 0.3
γc (kN/m3) 25 25 25
γs (kN/m3) – – 78.5
Aeq (mm2) 4,648,460 5,672,844 416,323
Ix ,eq (mm4) 30,212,179,398,415 34,638,848,823,700 2,498,167,855,797
Iy ,eq (mm4) 1,437,456,752,550 1,787,208,757,822 43,298,103,758
Jt,eq (mm4) 158,823,497,926 204,265,661,221 6,851,245,560
Mass (t/m) 13.85 16.50 9.00
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F IGURE 8 Dynamic amplification factor for the mid-span
displacement of a simply supported beam for a range of
non-dimensional velocity (a) and for a traveling force equal to (a) 5%
and (b) 25% of the weight of the bridge, respectively

results (i.e., the green markers) are perfectly aligned with
the expected analytical solutions for a traveling force (i.e.,
the black solid lines); however, both the analytical and
numerical results for the simple traveling force are quite
different with respect to the case of traveling force and
mass (i.e., the red dashed lines). Such a difference increases
for increasing force values. To study such a difference, in
this work, a sensitivity analysis is also presented for the
three considered case-study bridges. Specifically, the ratio
between the maximum mid-span displacements obtained
considering a traveling force-mass, and only a traveling
force is studied. This ratio is studied for a range of bridge
spans, for a range of velocities, and a range of values of
the traveling force expressed as a percentage of the total
bridge weight. Figure 9 shows the results of such a sensi-
tivity analysis.

Specifically, Figure 9a–c show the sensitivity analysis
results for the bridges RC1, RC2, and C, respectively, for a
span length of 25m. Figure 9d and e show the results for the
bridge RC2 and C, respectively, for a span length of 35 m.
For the latter span length, the bridge RC1 is not studied as
its maximum span is 25m. It can be observed that themax-
imum mid-span displacement due to a traveling force and
mass can vary from 90% (de-amplification) to 140% (ampli-
fication) of themid-span displacements obtained for a trav-
eling force only. On the contour plots, the contour line cor-
responding to 110% is overlayed as a black tick line. Such
a value is considered as the limit above which the approx-
imation of a simple traveling force is not acceptable any-
more. For all the investigated cases, the limit is exceeded
when the force exceeded approximately 30% of the weight
of the bridge. Moreover, the limit is a function of the trav-
eling velocity; specifically, the limit is exceeded for lower
traveling velocities if the bridge is more deformable, that
is, longer for the same cross-section and C rather than RC
for the same span length. This velocity is as low as 70 km/h
for a bridge C having a span 35 m long.
From the above parametric analysis, it is possible to con-

clude that if the combinations of vehicle weight and vehi-
cle velocity are far from the exceedance of the 110% area,
then the numerical approach is suitable and proven cor-
rect with respect to the analytical solution.

4 APPLICATIONS

Two applications are presented here. The first applica-
tion presents the assessment of the traffic-related flexural
behavior of an existing Italian Highway bridge built in the
1970s. The second application shows the assessment of the
pedestrian comfort for the case of a pedestrian bridge. In
both cases, the traffic is generated in a stochastic manner
(Xu et al., 2017).

4.1 Stochastic traffic flow on a highway
viaduct

For this application, the Akragas highway viaduct in Sicily,
Italy, is considered. The geometry details and the mate-
rial properties are presented in Scibilia and Giancontieri
(2018). The viaduct is about 1.4 km long, and each deck
in between two consecutive piers is a simply supported
system, 35-m long, composed of three prestressed rein-
forced concrete girders joined by five transversal coupling
beams, two at the two ends, and the others located at one-
fourth, one-half, and three-fourth of the span. The pres-
ence of the transversal beams ensures the joint torsional
behavior of the beams. Figure 10a shows the mid-span
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F IGURE 9 Ratio between the mid-displacement obtained considering a traveling mass and force and a traveling force, respectively.
(a–c) Results for bridges having 25-m span. (d–e) Results for bridges having 35-m span. (a) Results for the RC1 bridge. (b,d) Results for the RC2
bridge. (d,e) Results for the C bridge

F IGURE 10 (a) Case-study bridge. (b) Weigh-in-motion
schematization

cross-section of the bridge. Table 2 lists the geometrical
and mechanical characteristics of the equivalent beam.
The vertical and torsional vibration frequencies calculated

TABLE 2 Mechanical ansd geometrical properties of the
case-study bridges

Akragas
viaduct

Pedestrian
bridge

Ec (MPa) 32,837 31,476
Es (MPa) – 210,000
νc (–) 0.2 0.2
νs (–) – 0.3
γc (kN/m3) 25 25
γs (kN/m3) – 78.5
Aeq (m2) 3.788 0.330
Ix ,eq (m4) 2.482537 0.13131
Iy ,eq (m4) 25.497506 0.34995
Jt ,eq (m4) 0.089287 0.16043
Mass (t/m) 10.948 3.179

according to Appendix A are 3.50 and 1.76 Hz, respectively;
the vertical frequency matches very well with the empir-
ical formulation presented in Figure 7. For this example,
the bridge is subjected to a traffic flow of 10,000 vehi-
cles on a single lane (i.e., no overtaking is allowed). To
simulate the traffic flow, a simulation-based procedure
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F IGURE 11 (a) 10-s time history of the bending moment of beam B1. (b) Probability paper plot of the maximum (negative) bending
moment due to the crossing of 10,000 vehicles

similar to that proposed by Crespo-Minguillón and Casas
(1997) is implemented. Simulation-based procedures have
been proved very useful to assess existing bridge struc-
tures (Chen et al., 2006). Specifically, once the minimum
and maximum allowed velocities are defined, the traffic
is generated in a stochastic manner, avoiding the collision
between two subsequent vehicles (i.e., the inter-vehicle
distance, or headway, is always larger than zero).
Together with the simulation of the traffic flow, for each

vehicle (Figure 10b), the AS and the axle weight (AW) are
simulated using a weigh-in-motion database (WIM) from
literature. A WIM database is a repository of vehicle data
collected over the years that provide information that can
be used to model vehicle actions on infrastructures (Bajwa
et al., 2017; Blachowski et al., 2020). In this study, theWIM
proposed by Guo et al. (2012) is adopted; in particular, only
the vehicle with two and three axels are considered. The
database provides with distributions of the AS and AW for
the two typologies of vehicles mentioned above. These dis-
tributions are used to sample realistic values of loading via
a Monte Carlo simulation.
Figure 11 shows the results of the analysis. Specifi-

cally, Figure 11a shows the first 10 s of mid-span bend-
ing moment for the beam B1 due to only the traffic load
(i.e., the total moment is reduced by the quantity associ-
ated with the self-weight). Both the total values and the
breakdown of the total contribution (see Appendix C) are
presented. The biggest contribution to the total moment is
due to the total bendingmoment; the torsion increases val-

ues significantly. Figure 11b shows the probability plot of
the maximum bending moment in the beam B1 due to the
10,000 vehicles individually. It is possible to observe that
the values are distributed according to a Gumble distribu-
tion (Enright & O’Brien, 2013), which is generally deemed
suitable for describing extreme value data such as traffic-
induced stresses.
The fittedGumble distribution can be used, for example,

to identify the bending moment corresponding to a return
period of 75 years, that is defied by AASHTO (2012) as a
reference for bridges (in this case, 2287 kNm due to traf-
fic only). Moreover, the distribution of loads can be used
to solve classical structural reliability problems associated
with corrosion or fatigue issues.

4.2 Pedestrian comfort

To demonstrate the versatility of the proposed procedure,
in this example, the application to a pedestrian bridge is
presented. Specifically, as a case study, a pedestrian bridge
adapted from the SETRA (2006) guidelines is used (Fig-
ure 12a). It is a steel box section 40 m-long with a 10 cm
concrete deck. The geometrical andmechanical character-
istics of the equivalent beam are presented in Table 2. A
typical pedestrian crossing the bridge imposes a double-
step loading (Figure 12b) that has been widely studied in
the literature (Racic et al., 2009). In this study, the unde-
fined shape of the double step is approximated (for the sake
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F IGURE 1 2 (a) Pedestrian bridge cross-section (units in mm). (b) Realistic double-step forcing and its approximation. (c) Example of
trajectories from Scenario 1 of two pedestrians crossing the bridge in opposite directions. (d) One-way trajectories of pedestrians from
Scenario 2

of simplicity) with two impulses that have a given duration
and overlap for a specific time (e.g., 0.15 s). The maximum
value of the impulse corresponds with the bodyweight of
the pedestrian crossing the bridge. The dynamic loading
on the pedestrian bridge can be obtained experimentally
(Tian et al., 2019) or simulating potential scenarios of traf-
fic flows using agent-based simulation techniques (Car-
rol et al., 2012). In this study, two scenarios are simulated
using the Vadere crowd simulation tool (Kleinmeier et al.,
2019). Simulations are carried out considering a 40 × 3.5 m
aisle. The width of the aisle (D = 3.5 m) is smaller than
the actual size of the pedestrian bridge due to the pres-
ence of the lateral barriers. Two scenarios are considered
herein: (a) Scenario 1 (Figure 12c) in which pedestrians
move in both directions producing a low-density crowd
(i.e., 0.5 pedestrian/m2), and (b) Scenario 2 (Figure 12d)
in which pedestrians move one way from left to right pro-
ducing a high-density crowd (i.e., 1 pedestrian/m2). The
Vadere tool provides the step time history for each pedes-
trian; this time history, in combination with the step load-
ing function described above can be used in the methodol-

ogy proposed in this paper to assess, in a dynamic regime,
the vertical acceleration for each point of the structure.
Such acceleration values can be used to assess the pedes-
trian comfort using any available guideline or code (e.g.,
SETRA, 2006).
Figure 13 shows the results of the simulations. Specifi-

cally, the blue line shows the vertical acceleration at the
center of the beam, the red line shows the vertical accel-
eration at D/2 from the center due to the torsional accel-
eration, and the black line is the sum of the two, therefore
presenting the overall peripheric acceleration at D/2 from
the center. Figure 13a shows a symmetric profile withmax-
imum acceleration at the beammid-span. Conversely, Fig-
ure 13b shows an asymmetric acceleration profile, skewed
toward the right-end; this is consistent with the left-to-
right pedestrian flow.
Annexure 2 of Eurocde0 (2002) provides a maximum

allowed acceleration value as the limit for the pedestrian
comfort of 0.5 m/s2. According to such a code, it is possible
to conclude that pedestrian comfort is guaranteed for both
scenarios.
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F IGURE 13 Vertical acceleration for (a) Scenario 1 and (b) scenario 2

5 CONCLUSION

This paper presented a simplified methodology to study
bridges under traveling loads in a dynamic regime. The
simplification consists of considering the traveling force
as a massless vertical pushing system acting on the bridge
deck according to a pre-defined time history. The method-
ological approach consists of the precise definition of the
time-dependent position, intensity, and duration of the
loads on the structure. The structural model and the load-
ing time histories are then implemented in structural soft-
ware and solved with a dynamic analysis. In this paper, the
implementation in OpenSees was presented.
The simplification of having a simple massless vertical

forcing system was investigated with a sensitivity analysis
considering three typical bridge deck sections and compar-
ing the numerical results with exact analytical solutions.
The main result was that the simplification is valid if the
traveling force has an intensity lower than the 30% of the
total bridge weight and travels with velocities that are con-
ventional for highways and motorway bridges. This result
is consistent with what was observed in Alexander and
Kashani (2018).
Two case studies were presented to show the possible

applications of the proposed methodology. Both an exist-
ing reinforced concrete viaduct and a pedestrian bridge
were studied. It was demonstrated that the methodology
presented in this paper could be coupled with stochastic
traffic simulation procedures in order to derive results that

can have several uses such as reliability assessment, fatigue
analysis, and pedestrian comfort.
The limitation of this study consists in the lack of further

case studies about the application of the proposedmethod-
ology tomore sophisticatedmodels and nonlinear systems.
However, this does not limit the validity of the methodol-
ogy and can be the subjects of future studies.
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APPENDIX A
The ith translational vibration period of a simply supported
beam having span length L and distributed mass μ is cal-
culated as follows:

𝑇𝑖 =

(
𝐿

𝑖

)2
2

𝜋

√
𝜇

𝐸𝐼
(A.1)

whereE is the beamYoung’smodulus, and I is the constant
moment of inertia of the cross-section of the beam.
The ith torsional vibration period is calculated as fol-

lows:

𝑇𝑖 =
2

𝑛
𝐿2

√
𝜌𝐼0

𝐿2𝐺𝐽𝑡,eq
(A.2)

where ρ is the density, I0 is the polar moment of inertia,
G is the elastic shear modulus, and Jt,eq is the torsion con-
stant. According to the perpendicular axis theorem, I0 can
be calculated as the sum of the moment of inertia Ix,eq and
Iy,eq.

APPENDIX B
With reference to Figure 2c and according to Frýba (2013)
the mid-span displacement for a simply supported beam
crossed by a traveling load having constant speed v acting
at time t on the position x is:

𝑑 (𝑥, 𝑡) = 𝑑0
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(B.1)

where x is the length coordinate, L is the length of the
beam, t is the time coordinate starting at the instant the
force arrives on the beam, d0 is the mid-span deflection
of a simply supported beam loaded with a force F at point
x = L/2:

𝑑0 =
𝐹𝐿3

48𝐸𝐼
(B.2)

where E is the beam Young’s modulus and I is the con-
stant moment of inertia of the cross-section of the beam.
Moreover, in Equation (B.1), i is the number of the vibra-
tion mode, and α and β are the two dimensionless param-
eters:

𝛼 =
𝜔

𝜔𝑖
𝛽 =

𝜔𝑏
𝜔𝑖

(B.3)

where 𝜔 is the circular frequency of the loading, 𝜔𝑖 is the
circular frequency of the ith vibration mode, and 𝜔𝑏 is the
circular frequency of damping of the beam:

𝜔𝑖 =

√
𝑖4𝜋4

𝐿4
EI
𝜇

𝜔 =
𝜋𝑣

𝐿
𝜔𝑏 = 𝜉𝜔𝑖 (B.4)

where μ is the constant mass per unit length of the beam,
and ξ is the damping ratio. Finally, 𝜔′

𝑖
for lightly damped

system is equal to:

𝜔′
𝑖
=
√
𝜔2
𝑖
− 𝜔2

𝑏
(B.5)

Frýba (2013) provides also a simplified solution for a travel-
ing force and mass. The solution is based on the following
factor η:

𝜂 = 1 +
2𝐹

𝜇𝐿𝑔
sin2

(
𝑖𝜋𝑥𝑜
𝐿

)
(B.6)
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where 𝑥𝑜 is a location of the travelingmassm (each instant
considered immobile) and g is the gravity acceleration. The
solution for this case is the same as Equation (B.1) where
some of the terms are changed as follows:

�̄�𝑖 =
𝜔𝑖√
𝜂
�̄�𝑏 =

𝜔𝑏
𝜂

𝜔′
𝑖
=
√
�̄�2
𝑖
− �̄�2

𝑏
(B.6)

and α and β are changed accordingly.

APPENDIX C
This appendix explains how the final bending moment at
the midspan of beam B1 for the case study presented in
Figure 11a is calculated. Specifically, the bending moment
acting on the beam B1 is:

𝑀𝐵1 =
𝑚𝐹
3
+
𝑉

2

𝐿

2
(C.1)

where mF is the bending moment from the analysis
(Figure C1) on the equivalent beam, L is the beam span,

F IGURE C1 Reference scheme

andV is the additional shear acting on the beam associated
with the torsion mT (Figure C1). V is calculated according
to the Courbon (1976) approach:

𝑉 =
𝑚𝑇(

𝑑𝐵1 +
𝑑2
𝐵2

𝑑𝐵1
+
𝑑2
𝐵3

𝑑𝐵1

) (C.2)

where dB1, dB2, and dB3 are the distances between the cen-
tral axes of the three beams and the axis of the equivalent
beam (G in Figure C1).
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