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The Treatment of Singularities at 90 and 270 Microstrip
Corners in FDTD by the Modification of Assigned

Material Parameters

C. J. Railton, D. L. Paul, I. J. Craddock, and G. S. Hilton

Abstract—It has been recently shown that the efficiency of the finite-dif-
ference time-domain (FDTD) method for structures containing thin wires
and metal edges is much increased by using modified assigned material pa-
rameters (MAMPs). These parameters may be calculated empirically and
in many cases analytically. In this contribution, the technique is extended to
include the case of 90 and 270 corners in microstrip which may exist at an
arbitrary position within the plane of the mesh. A semi-analytical method
is presented and applied to the analysis of a complex patch antenna. Results
are presented which show that the use of MAMPs allows a much larger cell
size to be used than would be needed to achieve the same accuracy using
standard FDTD.

Index Terms—Finite-difference time-domain (FDTD) methods, planar
objects, planar waveguides.

I. INTRODUCTION

It was shown in [1], [2] and [3] that the effects of field singularities
in the region of wires and strips can be accounted for within the FDTD
method, by altering the permittivities and permeabilities assigned to
the neighboring E and H field nodes. In many situations, the required
values for these modified assigned material parameters (MAMPs) can
be derived analytically. It was demonstrated in [2] that the method was
effective in the analysis of stripline, wire transmission line, microstrip
and a strip-fed microstrip patch antenna and, in [3], with equal effec-
tiveness, to lossless and lossy coaxial structures and to wires embedded
in a lossy medium.

In this contribution, the approach is extended to allow the treatment
of single and multiple 90� and 270� corners in microstrip. These occur
frequently in microwave and digital circuits, patch antennas and other
microstrip components. A semi-analytical method of calculating the
MAMPs for these cases is presented.

The effectiveness of the technique is demonstrated by examining two
microstrip patch antennas. One is a “classical” inset patch antenna and
the other one contains rectangular holes with dimensions optimized by
a genetic algorithm in order to improve the performance [4]. It is shown
that the convergence of the calculated results as the mesh size is reduced
is greatly improved by using MAMPs for the microstrip corners and
that the use of MAMPs allows a much larger cell size to be used while
maintaining the same accuracy.
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Fig. 1. A planar structure, shown on the left, can be represented by an equiv-
alent structure consisting of an array of images and no dielectric, shown on the
right.

II. CALCULATION OF MAMPS FOR 90� CORNER

The general principle behind the use of MAMPs is given in detail
in [2] where it was shown that the presence of a metal structure such
as a thin wire or microstrip edge within an FDTD cell could be ac-
counted for by modifying the assigned material parameters associated
with the cell. The update equations are expressed as in (1), shown at
the bottom of the page where the modified material parameter, "x, can
be expressed in meters as

"x =
hhExiiyz
hExix

(2)

For a planar structure where there are one or more dielectric layers
above a reflective ground plane, with metallization at a dielectric inter-
face, use can be made of an equivalent structure consisting of an array
of images [5]. This is illustrated in Fig. 1 for the case of a single charge
element where the first three images are shown on the right. By using
this equivalent structure, possible problems arising from field discon-
tinuities at the dielectric boundaries are avoided. In this work only the
first image is taken into account as this has been found to give good
results and the MAMPs remain independent of the permittivity of the
dielectric. If greater accuracy is required then the inclusion of more im-
ages would be straight forward.

A. E Field MAMPs

Following (2), the MAMP applicable to the Ey node above a corner
in a microstrip can be written as (3) where the quantities, �x, �x, etc.
are defined in Fig. 2(a). In this figure, the gray area is metal, the white
area is free space and the FDTD nodes in the plane of the metal are
shown. For convenience, the origin of coordinates used for the integrals
is at the microstrip corner, rather than the FDTD cell corner, so that the
nearest Ey node is at coordinates. (�x�x; �z�z) and the nearest Hy

node is at coordinates ((�x � 0:5)�x; (�z � 0:5)�z)

"
+

y =

�x=2+� �x

��x=2+� �x

�z=2+� �z

��z=2+� �z
Ey x; �y

2
; z dzdx

�y

0
Ey (�x�x; y; �z�z) dy

(3)

@

@t
hEx(i+ 0:5; j; k)ix =

1

""x�y�z

�y(hHy(i+ 0:5; j; k � 0:5)iy �hHy(i+ 0:5; j; k + 0:5)iy)

��z(hHz(i+ 0:5; j � 0:5; k)iz �hHz(i+ 0:5; j + 0:5; k)iz)
(1)

0018-926X/$25.00 © 2007 IEEE



IEEE TRANSACTIONS ON ANTENNAS AND PROPAGATION, VOL. 55, NO. 7, JULY 2007 2125

Fig. 2. (a) The position of the 90 corner with respect to the FDTD mesh. (b)
The area for the surface integration of E , half a cell above or below the patch.
(c) The area for the surface integration of H .

The area over which the surface integral is required is shown in
Fig. 2(b).

In a similar way, the MAMP applicable to the Ey node below the
corner is given as follows:

"
�

y =

�x=2+� �x

��x=2+� �x

�z=2+� �z

��z=2+� �z
Ey x;� �y

2
; z dzdx

0

��y
Ey (�x�x; y; �z�z)dy

: (4)

The MAMP applicable to the Hy node nearest to the corner is given
in (5) and the surface of integration is shown in Fig. 2(c)

�y =

� �x

��x+� �x

� �z

��z+� �z
Hy (x; 0; z)dzdx

�y=2

��y=2
Hy

�x
2
+ �x�x; y;

�z
2
+ �z�z dy

: (5)

In order to evaluate these parameters, it is necessary to know the field
distribution within a cubical volume surrounding the corner. This can
be found either empirically, in a similar manner to that described in [1],
or by means of analytic formulae.

It has been shown, e.g., [6], [7], that the surface charge density on
an isolated 90� corner in microstrip, as shown in Fig. 2(a), can be ap-
proximated as follows:

�90 r
0

; �
0

/

(r0)
��1

sin (2�0)
0 < �

0

<
�

2
(6)

where � = 0:297, the origin of the polar coordinates is at the microstrip
corner and the metal exists in the positive quarter-plane.

Thus the electric scalar potential from a corner in free space is given
by

�90i (x; y; z) /
1

0

�=2

0

�90 r
0

; �
0

�

1

(x� r0 cos (�0))2 + (z � r0 sin (�0))2 + y2
d�
0

dr
0

: (7)

When the corner is on a dielectric substrate of height, h, and dielectric
constant, �r , the total potential is given by the sum over all the partial
images

�90 (x; y; z) =

N

n=0

(��)n

� (�90i (x; y + 2nh; z)� �90i (x; y + 2 (n+ 1)h; z)) (8)

where, 2N+1 images are taken into account and � is defined in Fig. 1.
The value of the field can be calculated by taking the gradient of

the potential. For example, the Ey field component for a corner in free
space is given in (9), shown at the bottom of the page

To calculate the MAMP, "+y , for the Ey node above the corner, it
is necessary to calculate the surface and line integrals given in (3) and
(4). By doing the integral with respect to x analytically it can be shown
that the required surface integral of Ey is given by (10), shown at the
bottom of the page, where

k1 �x; y; z; r
0

; �
0 =

y

(z � r0 sin (�0))2 + y2

�

r cos(� )� +� �x

(r cos(� )� +� �x) +(r sin(� )�z) +y

�

r cos(� )+ +� �x

(r cos(� )+ +� �x) +(r sin(� )�z) +y

: (11)

Eyi (x; y; z) /
1

0

�=2

0

�90 r
0

; �
0 y

(x� r0 cos (�0))2 + (z � r0 sin (�0))2 + y2
1:5 d�

0

dr
0

: (9)
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2
; z dxdz
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�=2

0
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0
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0

�z=2+� �z

��z=2+� �z

N

n=0

(��)n k1 �x;
dy

2
+ 2nh; z; r0; �0 dz d�

0

dr
0

�

1

0

�=2

0

�90 r
0

; �
0

�z=2+� �z

��z=2+� �z

N

n=0

(��)n k1 �x;
dy

2
+ 2 (n+ 1)h; z; r0; �0 dz d�

0

dr
0 (10)
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The line integral of Ey for "+y is given as

�y

0

Ey ��x�x; dy
2
;��z�z dy

= �90 (�x�x; dy; �z�z)� �90 (�x�x; 0; �z�z) : (12)

Substituting the results of (10) and (12) into (3) and (4) and inte-
grating numerically gives the required MAMPs.

B. H Field MAMPs

Analogously with (6), the equivalent magnetic charge in the vicinity
of the 90� corner can be written as: [7], [8]

�90m r
0

; �
0 /Hy r

0

; �
0 / r

0 ��1 3�

4
� �

0 � 7�

4

�90m r
0

; �
0 /Hy r

0

; �
0 / (r0)

��1

sin (2�0)

�

2
� �

0 � 7�

4

_ 3�

4
� �

0 � 2� (13)

where � = 0:815
Following the same procedure as the previous section, it can be

shown that the required surface integral of Hy for �y , shown in
Fig. 2(b), is given by (14) at the bottom of the page, where k2 is given
by

k2 �x; y; z; r
0

; �
0 =

y

(z � r0 sin (�0))2 + y2

�
r cos(� )��x+� �xp

(r cos(� )��x+� �x) +(r sin(� )�z) +y

� r sin(� )+� �xp
(r cos(� )+� �x) +(r sin(� )�z) +y

: (15)

The line integral of Hy for �y is given by

�y=2

��y=2

Hy (� (�x + 0:5) �x; 0;� (�z + 0:5) �z)dy

= �90m (�x + 0:5) �x;
�y

2
; (�z + 0:5) �z

� �90m (�x + 0:5) �x;��y

2
; (�z + 0:5) �z (16)

where

�90m (x; y; z) =

N

n=0

(��)n (�90mi (x; y + 2nh; z)

��90mi (x; y + 2 (n+ 1)h; z)) (17)

Fig. 3. The position of the 270 corner with respect to the FDTD mesh. The
metal area is shown as gray.

and

�90mi (x; y; z) /
1

0

2�

�=2

�90m r
0

; �
0

� 1

(x� r0 cos (�0))2 + (z � r0 sin (�0))2 + y2
d�
0

dr
0

: (18)

Substituting (14) and (16) into (5) and integrating numerically gives
the required MAMPs for Hy .

III. CALCULATION OF MAMPS FOR 270� CORNER

Calculation of the MAMPs for the 270� corner, shown in Fig. 3, fol-
lows the same procedure as for the 90� corner. From [6], [7], the surface
charge density on a 270� corner in microstrip can be approximated as

�270 r
0

; �
0 / r

0 ��1 � �

4
� �

0 � 3�

4

�270 r
0

; �
0 / (r0)

��1

sin (2�0)
��

2
� �

0 � ��

4

_ 3�

4
� �

0 � � (19)

where � = 0:815, the origin of coordinates is at the microstrip corner
and the metal exists everywhere except in the negative quarter-plane.
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��z+� �z

� �x

��x+� �x

Hy (x; 0; z)dxdz

/
1

0
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�=2
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0
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0

� �z

��z+� �z

N

n=0

(��)n k2 �x; 2nh; z; r0; �0 dz d�
0

dr
0

�
1

0

2�

�=2

�90m r
0

; �
0

� �z

��z+� �z

N

n=0

(��)n k2 �x; 2 (n+ 1)h; z; r0; �0 dz d�
0

dr
0 (14)



IEEE TRANSACTIONS ON ANTENNAS AND PROPAGATION, VOL. 55, NO. 7, JULY 2007 2127

Fig. 4. “Classical” inset patch antenna. Dimensions in millimeters.

Fig. 5. “GA optimized” patch antenna. Dimensions in millimeters.

Analogously with (7), the electric scalar potential from an isolated
corner is written as

�270i (x; y; z) /
1

0

�

��=2

�270 r
0

; �
0

�

1

(x� r0 cos (�0))2 + (z � r0 sin (�0))2 + y2
d�
0

dr
0 (20)

and the potential from the corner in the presence of the substrate and
ground plane is given by

�270 (x; y; z) =

N

n=0

(��)n (�270i (x; y + 2nh; z)

��270i (x; y + 2 (n+ 1)h; z)) : (21)

Fig. 6. Inset guide using basic FDTD.

Fig. 7. Inset guide using MAMPs for edges only.

Fig. 8. Inset guide using MAMPs including corners.

TheEy field integrals are given by (22) and (23) shown at the bottom
of the following page.

Substituting the results into (3) and integrating numerically gives the
required MAMP for �+y .
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TABLE I
VALUES OF THE MAMPS FOR DIFFERENT CELL ASPECT RATIOS AND � = 0

Fig. 9. GA patch using basic FDTD.

IV. RESULTS OBTAINED USING MAMPS

In order to assess the effectiveness of the proposed treatment of cor-
ners on a realistic problem, the two patch antennas, designed to operate
at around 9.2 GHz and described in [4] were used as test cases. The plan
view of these antennas are shown in Figs. 4 and 5. In each case the sub-
strate height is 0.762 mm and its relative permittivity is 2.2. A more
detailed description, including all dimensions, can be found in [4]. The
“classical” inset patch antenna includes six 90� corners and four 270�

corners. The “GA optimized” patch contains many holes in the metal-
lization leading to numerous corners, all of which can be treated with
the MAMPs described in this paper. The values for the MAMPs used
for these examples are given in Table I for the different cell aspect ra-
tios. In addition, the smallest holes in the metallization have dimensions
of 0.61 mm� 1.1 mm so that, for very coarse meshes, individual holes
may only be the size of a single cell.

Fig. 10. GA patch using MAMPs for edges only.

The results for the “classical” inset patch are shown in Figs. 6–8.
Fig. 6 shows the results using basic FDTD where it can be seen that
there is considerable variation with cell size. In Fig. 7 results are shown
for the case where MAMPs are used for the edges but not for the cor-
ners. It can be seen that the variation with cell size has been reduced
but is still substantial. Finally, in Fig. 8, results are shown for the case
where MAMPs are used for edges and corners and it can be seen that
the variation with cell size is much reduced. In each case the smallest
cell size in the plane of the patch corresponds to �g=100 and the largest
cell size corresponds to �g=20 and is the size of the smallest hole in
the “GA optimized” patch. In all cases �y was 0.1905 mm.

Results for the “GA optimized” patch are shown in Figs. 9–11. Again
it can be seen that the convergence is vastly superior when MAMPs are
used compared to when they are not and that, while correcting just for
edges improves the convergence, the additional corrections for the cor-
ners gives a further substantial increase in accuracy when using coarser

�z=2+� �z

��z=2+� �z

�x=2+� �x

��x=2+� �x

Ey x;
dy

2
; z dxdz

/

1

0

2�

�=2

�270 r0; �0
�z=2+� �z

��z=2+� �z

N

n=0

(��)n k1 �x;
dy

2
+ 2nh; z; r0; �0 dz d�0dr0

�

1

0

2�

�=2

�270 r0; �0
�z=2+� �z

��z=2+� �z

N

n=0

(��)n k1 �x;
dy

2
+ 2 (n+ 1)h; z; r0; �0 dz d�0dr0 (22)

�y

0

Ey ��x�x;
dy

2
;��z�z dy = �270 (�x�x; dy; �z�z)� �270 (�x�x; 0; �z�z) : (23)
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Fig. 11. GA patch with MAMPs including corners.

meshes. The coarsest mesh predicts a lower frequency than the rest but,
even so, the result is as good as that obtained using basic FDTD with
cells of one third the size.

V. CONCLUSIONS

In this contribution it has been shown that 90� and 270� corners in
microstrip may be accurately treated in the FDTD method by means of
semi-analytically calculated Modified Assigned Material Parameters.
It has been shown that a complex patch antenna can be modelled with
MAMPs using a much larger cell size than would be needed using stan-
dard FDTD in order to achieve the same accuracy.
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Characterization of the 60 GHz Wireless Desktop Channel

C. Liu, E. Skafidas, and R. J. Evans

Abstract—We measure and characterize the 55–65 GHz wireless channel
for a typical desktop environment. The Saleh–Valenzuela (S-V) model is
used to describe the desktop environment. Key S-V model parameters such
as cluster decay factor, ray decay factor, cluster arrival rate, and ray arrival
rate are extracted from measured data.

Index Terms—Millimeter wave propagation, multiple-path channel,
radio propagation.

I. INTRODUCTION

The unlicensed spectrum around 60 GHz became available in recent
years in the United States, Europe, Japan, and Australia. This avail-
ability has unlocked significant opportunities for developing ubiquitous
gigabit wireless connectivity. Significant research activity is now being
undertaken to design next-generation high-speed wireless communica-
tion systems in this millimeter-wave band. A critical component in the
design of these systems is understanding the propagation environment
to assist in choosing appropriate modulation and space–time coding
schemes.

An important application of millimeter wavelength wireless com-
munication systems capable of multigigabit per second data rates is to
connect computer components and peripherals that reside on a desktop.
Hence an accurate channel model for a desktop is required. The aim
of the measurement campaign described here is to determine the ap-
propriate Saleh–Valenzuela (S-V) model [1], [2] parameters that accu-
rately describe a 60 GHz desktop channel.

In this paper, experiments are developed and executed to measure the
55–65 GHz band wireless channel on typical desktop environments.
A single model to represent the typical desktop is determined. This
is important for the standardization and research communities where a
model is required in order to evaluate performance of different wireless
modulation schemes. Here we used a modified S-V model. Key S-V
model parameters such as cluster decay factor, ray decay factor, cluster
arrival rate, and ray arrival rate are extracted from measured data. It is
shown that for the desktop environment, data support the hypothesis
that the multiple-path gains are log-normally distributed.

This paper is organized as follows. In Section II, we review the modi-
fied S-V model for the desktop propagation environment. In Section III,
we introduce our experimental setup. In Section IV, we describe our
measurements and present the extracted S-V parameters. Section V
concludes this paper.

II. THE MODIFIED S-V MODEL

As stated above, we use a modified S-V model. Following previous
work [1], we use a log-normal distribution rather than a Rayleigh distri-
bution for the multipath gain magnitude. Our measurements are shown
to support this assumption.
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