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The development of large-scale quantum networks promises to bring a multitude of technological
applications as well as shed light on foundational topics, such as quantum nonlocality. It is particularly
interesting to consider scenarios where sources within the network are statistically independent, which
leads to so-called network nonlocality, even when parties perform fixed measurements. Here we promote
certain parties to be trusted and introduce the notion of network steering and network local hidden state
(NLHS) models within this paradigm of independent sources. In one direction, we show how the results
from Bell nonlocality and quantum steering can be used to demonstrate network steering. We further show
that it is a genuinely novel effect by exhibiting unsteerable states that nevertheless demonstrate network
steering based upon entanglement swapping yielding a form of activation. On the other hand, we provide
no-go results for network steering in a large class of scenarios by explicitly constructing NLHS models.
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The quest to deepen our understanding of quantum
theory and its seemingly counterintuitive properties has
lead to many fruitful avenues of research. In particular, the
phenomenon of quantum correlations has enjoyed signifi-
cant attention and developments; see, e.g., Refs. [1–3].
Quantum correlations expose a rich structure when

considered in scenarios with many parties. A case of
particular interest is that of quantum networks featuring
a number of distant parties connected by several quantum
sources. Significant further work is still required to reach a
deeper theoretical understanding of these scenarios, while
also keeping in line with experimental and technological
developments toward quantum networks [4].
Recently, a generalization of the concept of Bell locality

[5] was proposed to tackle the question of quantum non-
locality in networks; see Ref. [6] for a recent review. The key
idea is to consider the various sources in the network to be
statistically independent [7–9]. This independence leads to
nonconvexity in the space of relevant correlations, under-
mining the use of preexisting tools and creating a need for
new approaches, both analytically [10–18] and numerically
[19]. The network structure offers new interesting effects,
such as the possibility to certify quantum nonlocality “with-
out inputs” (i.e., a scenariowhere each party performs a fixed
quantum measurement) [8,9,20–22]. Also, the use of non-
classical measurements allows for novel forms of quantum
nonlocal correlations that are genuine to networks [23]. In
parallel, several works have explored the structure of
quantum states assuming a certain underlying network
structure [24–27].

In this work, motivated by the difficulty in characterizing
quantum networks both conceptually and computationally,
we consider quantumnetwork scenarios inwhich someof the
parties are trusted while the others are untrusted. This
naturally connects to the notion of quantum steering [28]
(see Refs. [2,3] for reviews) which captures quantum
correlations in a scenario involving a trusted and an untrusted
party. While the notion of multipartite steering has been
previously considered [29,30], our work explores a different
direction, targeting the scenario of networks with indepen-
dent sources.
Our main focus here will be on the simplest setting of a

linear network with trusted end points and intermediate
untrusted partieswho each perform a fixedmeasurement.We
begin by formalizing the notions of network local hidden
state (NLHS)models and network steering.We then leverage
standard steering and nonlocality scenarios to provide simple
examples of network steering. Next, we outline a surprising
effect in which two-way unsteerable states can demonstrate
network steering through entanglement swapping, leading to
a form of activation. Finally, we characterize some natural
scenarios that always admit a NLHS model by identifying
properties of the sources. We conclude by listing some
promising future avenues for research.
Basic concepts.—We first briefly summarize the notion

of steering, as it represents the basis of what is to follow.
In a (bipartite) steering scenario, one party performs

measurements on a shared state ρAB, which “steers” the
quantum state of the other particle. If Alice performs a
set of measurements labeled by x with outcomes a and
corresponding positive operator valued measure (POVM)
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elementsMajx, then the collection of subnormalized “steered
states” of Bob are σBajx ≔ TrAðMA

ajx ⊗ 1BρABÞ, where

pðajxÞ ¼ TrðσajxÞ are the statistics of Alice’s measurements.
The collection of subnormalized states fσajxga;x are com-
monly referred to as an assemblage [31]. If the assemblage
can be explained by a local hidden state (LHS) model, of the
form σajx ¼

P
λ pðλÞpðajx; λÞσλ, where λ is a hidden

variable distributed according to pðλÞ, σλ are “hidden states”
ofBob, andpðajx; λÞ are local “response functions” ofAlice,
then we say that it has LHS form, or does not demonstrate
steering [28]. If there exist measurements such that σajx does
not admit such a LHS decomposition, we say that the state
ρAB is steerable from A to B. If for all measurements we can
never demonstrate steering with a given state, we say it is
unsteerable (from A to B) [32].
Network steering.—We will now introduce our main

new notion, that of network steering. Here, we have a
collection of independent sources which distribute quantum
states to a subset of parties. In the standard network
nonlocality scenario, all parties are assumed to be untrusted
and to perform “black-box” measurements. Here, in con-
trast, inspired by the steering scenario, we will consider
only a subset of the parties to be untrusted and the
remainder trusted. We will be interested in the (subnor-
malized) states that are prepared for the trusted parties by
the measurements of the untrusted parties. We refer to this
general setup as network steering.
We focus primarily on a simple scenario, with n parties

arranged in a line, where the end point parties are trusted,
and intermediate parties are untrusted and each perform a
single fixed measurement. The simplest such scenario has
three parties and two sources [see Fig. 1(e)], as in
entanglement swapping [34]. Here the first two parties
share a state ρAB, the second and third parties share a state
ρB

0C, and the central party performs a fixed measurement
MBB0

b . The subnormalized states prepared for A and C by
this measurement are

σACb ¼ TrBB0 ð½1A ⊗ MBB0
b ⊗ 1C�ρAB ⊗ ρB

0CÞ; ð1Þ

which occur with probability pðbÞ ¼ TrðσACb Þ. We will
refer to fσbgb as a network assemblage.
In order to determine when this network assemblage

demonstrates network steering, we need to introduce the
notion of a NLHS model, which takes the form

σACb ¼
X
β;γ

pðβÞpðγÞpðbjβ; γÞ σAβ ⊗ σCγ ; ð2Þ

where β and σAβ are the hidden variable and hidden states of
the first source, γ and σCγ those of the second source, and
pðbjβ; γÞ the local response function of Bob. If there is no
such model that can explain the network assemblage σb,
then we say it demonstrates network steering. Interestingly,

whereas conventional quantum steering requires multiple
measurements to be performed by the untrusted party, just
as with network nonlocality, we shall see here that even a
fixed measurement can suffice to demonstrate network
steering.
We note first in Eq. (2) that each σACb is, in fact,

separable. Thus, the presence of entanglement in any single
σb suffices to rule out a NLHS model and therefore
demonstrates network steering.
The above generalizes in a natural way to the n-party line

network depicted in Fig. 1(f), with outcomes b2;…; bn−1.
We explicitly include the straightforward generalization of
Eqs. (1) and (2) in the Supplemental Material Sec. I [35],
and see that the following observation holds generally.
Observation 1.—For any linear network with trusted end

points, the entanglement of a single σb2;…;bn−1 is sufficient to
rule out a NLHS model and thus demonstrate network
steering.
For more general networks, we can represent them as

undirected graphs, where each node is either untrusted or
trusted, and the edges represent independent sources. If all
the parties are untrusted, the quantity of interest is the
observed statistics pða; b;…jx; y;…Þ. When at least one
party is trusted, this is replaced by some network assem-
blage σa;b;…jx;y;…. A key observation that will prove useful
is the following equivalence between networks, a gener-
alization from the network nonlocality case [9].
Observation 2.—Any network with an untrusted party A

that has an input x received with probability pðxÞ and
outcome a is equivalent to a network with an additional
untrusted party A0 who shares an additional source with A,

(a) (b)

(c)
(d)

(e) (f)

FIG. 1. Network steering scenarios. Green circles represent
trusted parties, and red squares represent untrusted parties.
(a) Standard steering scenario. (b) Steering scenario without
inputs. (c) Triangle scenario with a trusted party. (d) Triangle
scenario interpreted as a line. (e) Entanglement swapping
scenario with trusted end points. (f) Generalized line scenario
with trusted end points.
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neither of whom now has an input. In this new network, the
outcome of A0 is x, the old input of A. The relation between
the network assemblages in the first and second scenarios
is pðxÞσA…a;…jx;… ¼ σAA

0…
a;x;….

By virtue of the fact that quantum mechanics admits
local tomography, we also note the following observation.
Observation 3.—A trusted party connected to n inde-

pendent sources can without loss of generality be replaced
by n end point trusted parties, each connected to a single
source.
This allows us, for example, to interpret linear networks

as rings with a single trusted party; e.g., the four party linear
network with trusted end points can also be viewed as the
triangle network where one of the parties is trusted, as in
Figs. 1(c) and 1(d). This observation motivates our choice
to focus our discussion on linear networks, which we
understand now to be relevant for more complex, nonlinear
networks. We detail further basic observations in
Supplemental Material Sec. III [35].
Demonstrating network steering.—We now begin our

exploration of demonstrating network steering and explain
how and when steerable states will lead to network steering
when placed in a network. We consider first the scenario of
Fig. 1(e). If one source distributes a state which is steerable
in the standard steering scenario, then Observation 2 would
seem to indicate that even if the second source distributes
only separable states (which we will refer to as a separable
source), it should still be possible to use this to encode “the
input” to the measurement, and thus demonstrate network
steering. Here we make this intuition precise.
Consider the network scenario depicted in Fig. 1(b), with

two untrusted parties without inputs steering a third,
leading to a network assemblage σa;x. Here the NLHS
condition reads

σa;x ¼
X
β;γ

pðβÞpðγÞpðxjβÞpðajβ; γÞσγ: ð3Þ

We can then observe the following:
Claim 1.—If σa;x has a NLHS model, then σajx ≔

σa;x=pðxÞ has a LHS model, where pðxÞ ¼ Tr
P

a σa;x.
Proof.—We can write Eq. (3) as

σa;x ¼ pðxÞ
X
γ

pðγÞpðajx; γÞ; σγ; ð4Þ

where pðxÞ≔TrðPaσa;xÞ¼
P

βpðβÞpðxjβÞ and pðajx;γÞ≔
½1=pðxÞ�PβpðβÞpðxjβÞpðajβ;γÞ. The result then follows.

This is an analogous result to that proved in Ref. [9]
relating Bell scenario statistics pða; bjx; yÞ to network
nonlocality statistics pða; b; x; yÞ, the corresponding distri-
bution without inputs. We link this to the scenario from
Fig. 1(e) where both end points are trusted.

Claim 2.—If σb has a NLHS model, then σb;x ≔
TrAð½MA

x ⊗ 1C� σbÞ has a NLHS model, for any measure-
ment Mx.
Proof.—When σb has a NLHS model of the form (2), it

follows that

σb;x ¼
X
β;γ

pðβÞpðγÞTrðMxσβÞpðbjβ; γÞσγ; ð5Þ

which is a NLHS model of the form (3), with
pðxjβÞ ≔ TrðMxσβÞ.
Putting this together, suppose that ρB

0C is steerable, such
that σbjx ≔ Trð½Mbjx ⊗ 1�ρB0CÞ demonstrates steering for

some Mbjx. Let ρAB ¼ P
xð1=dÞjxihxj ⊗ jxihxj where d is

the number of measurements x, and fjxigx form an
orthonormal basis, and Mb ¼

P
x0 jx0ihx0j ⊗ Mbjx0 . The

resulting network assemblage σb from Eq. (1) is seen to be

σb ¼
X
x

1

d
jxihxj ⊗ σbjx: ð6Þ

Now, from the above claims we can see that this must
demonstrate network steering. Indeed, if instead it had a
NLHS model, then from Claim 2, σb;x ≔ TrAð½jxihxj ⊗
1C� σbÞ ¼ ð1=dÞσbjx would have a NLHS model with
pðxÞ ¼ 1=d. Then, from Claim 1, σb;x would have a
LHS model, but by assumption it does not. This shows
that all steerable states lead also to network steering when
placed in a network with an appropriate separable state.
Interestingly, this occurs even though σb is separable.
Similar arguments apply for showing that in the line with

four parties from Fig. 1(d), we can always demonstrate
network steering when the central state is nonlocal, and the
adjacent end point sources are suitable separable states
providing the inputs. That is, if σb;c has a NLHS model,
then by A and D applying measurements Mx and My the
associated probability distributions pðb; c; x; yÞ and
pðb; cjx; yÞ necessarily have NLHV and LHV models,
respectively (see Ref. [9]). So for any nonlocal central
source, we can find appropriate measurements and adjacent
separable sources such that σb;c demonstrates network
steering.
Activation.—The above constructions of network steer-

ing relied on steering or nonlocality in standard scenarios.
Here we show that network steering is possible even when
using only (two-way) unsteerable states, which can be
viewed as a form of activation. Note that this complements
previous examples of activation of steering in the standard
bipartite scenario [38].
We define the doubly erased Werner (DEW) state as the

two-qubit Werner state after both subsystems have under-
gone an identical erasure channel:
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ρDEWðη;ωÞ ≔ Λη ⊗ Λη

�
ωjψ−ihψ−j þ ð1 − ωÞ 1

4

�
; ð7Þ

where jψ−i ¼ ðj01i − j10iÞ= ffiffiffi
2

p
, and ΛηðρÞ ¼ ηρþ

ð1 − ηÞj2ih2j, where j2i represents the loss of the system.
ρDEWðη;ωÞ is entangled when ω > 1

3
(and η ≠ 0), and is

unsteerable (in both directions) when η ≤ 2
3
ð1 − ωÞ. This

follows from Ref. [39], as for any state ρAB unsteerable
from Alice to Bob, we have that 1A ⊗ ΩB½ρAB� is also
unsteerable from A to B, for any channel Ω [40]. Note also
that in the context of entanglement swapping, project-
ing two copies of ρDEWðη;ωÞ onto jψ−ihψ−j leads to
ρDEWðη;ω2Þ (with probability η2=4), that is to a DEW
state with squared visibility (see Supplemental Material
Sec. II [35] for details).
Consider now the line network from Fig. 1(f) with each

source distributing a copy of ρDEWðη;ωÞ, and all untrusted
parties performing the fixed measurementM0 ¼ jψ−ihψ−j,
M1 ¼ 1 − jψ−ihψ−j, leading to the network assembl-
age σb2;…;bn−1 . Now, if we choose η ¼ 2

3
ð1 − ωÞ and

1 > ω > ð1
3
Þ1n, then each DEW is entangled but unsteerable,

and we find, due to the entanglement-swapping property
noted above, that the element σ0;…;0 (corresponding to a
successful swap in each case) will be proportional to the
state ρDEWðη;ω0Þ with ω0 > 1

3
, and therefore entangled.

From Observation 1, this precludes a NLHS model
description, and therefore demonstrates network steering,
even though each DEW state was unsteerable.
Simple NLHS models.—We finish our exploration by

considering to what extent the properties of the quantum
sources directly affect the possibility of a NLHS model. We
will refer to a source as being separable, unsteerable, or
local if it is only capable of generating separable, unsteer-
able, or local states, respectively. As an illustrative exam-
ple, in the three-party scenario of Fig. 1(e), if one source is
separable and the other source is unsteerable (toward the
trusted party), then for any fixed central measurement, the
network assemblage σb will always be NLHS. Indeed,
taking ρAB ¼ P

γ pðγÞσAγ ⊗ σBγ and inserting into Eq. (1)
gives

σb ¼
X
γ

pðγÞ σAγ ⊗ TrBB0 ð½Mb ⊗ 1C�σBγ ⊗ ρB
0CÞ: ð8Þ

Defining Mbjγ ≔ TrBðMbσ
B
γ ⊗ 1CÞ which form a set of

valid measurement operators leads us to write

σb ¼
X
γ

pðγÞσAγ ⊗ TrB0 ð½Mbjγ ⊗ 1C�ρB0CÞ: ð9Þ

If ρB
0C is unsteerable from B0 toC, this allows us to extract a

LHS model yielding

σb ¼
X
γ

pðγÞ σAγ ⊗
�X

λ

pðλÞpðbjλ; γÞσCλ
�

ð10Þ

¼
X
γ;λ

pðγÞpðλÞpðbjλ; γÞσAγ ⊗ σCλ ; ð11Þ

which is a NLHS model (2). Hence, the combination of a
separable and unsteerable source (to the trusted party) can
never lead to network steering, as shown in Fig. 2(a).
Similar results follow in more complicated scenarios. In

Fig. 2(b), we give the three configurations which always
lead to NLHS models in the (unwrapped) triangle scenario
of Fig. 1(d), and we give further generalizations for the line
scenario of Fig. 1(f) in Supplemental Material Sec. I [35].
The main concept behind all of these results is that
separable and unsteerable sources provide a form of input,
allowing us to write down large classes of nontrivial NLHS
models.
Conclusions.—We introduced the notions of network

steering and network local hidden state models. We
discussed illustrative examples and showed that the net-
work scenario leads to a form of activation of steering.
Finally, we started a characterization of NLHS models
based solely upon properties of the sources. There are many
fascinating and novel future questions to tackle.
First, it would be interesting to determine if either NLHS

assemblages or the full set of network assemblages can be
characterized via techniques based on semidefinite pro-
gramming, using for instance the approach of Ref. [18]. A
related direction is to further classify NLHS models based
on the properties of the sources. For instance, consider four
parties sharing separable, local, and unsteerable sources, or
five parties sharing separable, local, local, and separable
sources. In neither case do we currently know if network
steering can arise or not.

(a)

(b)

FIG. 2. Classifying the structure of some NLHS models. Green
circles represent trusted parties, and red squares represent
untrusted parties who perform a fixed measurement. (a) In the
scenario of Fig. 1(e), when one source is separable (SEP), this
acts as an input to the adjacent measurements, and by taking the
second source as unsteerable (UNS→) then this always leads to a
NLHS model. (b) Similar results hold in the “unwrapped”
triangle scenario [Fig. 1(d)], where now sources can also be
taken as local (LOC). We expand and detail this further in
Supplemental Material Sec. I [35].
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Here we focused primarily on the properties of the
sources, but it would also be interesting to consider the
measurements and understand which of their properties
(e.g., entanglement or incompatibility) are relevant for
network steering. Future work could also consider the
significance of our work for quantum repeaters [4], explore
links with superactivation of quantum steering [38], or
extend recent work on postquantum steering [41] to this
setting.
Finally, our initial motivation for this work was to

attempt to gain clarity on network nonlocality problems,
such as those in the triangle network. It is our hope that
developing our framework further will lead to discovering
novel nonlocal correlations unique to networks.
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