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ABSTRACT

The purpose of this thesis is to study interactions between the endomorphisms of an abelian
variety and its residual representations. We examine two principal questions in this
direction. First, what constraints do the images of the residual representations impose on

the endomorphism ring? Second, what Galois groups can be realised via Galois representations
attached to abelian varieties with a non-trivial endomorphism ring?

Thanks to work of Zarhin, it is known that if the image of the mod 2 representation attached
to a hyperelliptic jacobian is particularly ‘large’, then the endomorphism ring will be trivial, that
is, isomorphic to the integers. There are many results due to Zarhin et al. in this direction. But
all require the image to be a large insoluble group acting absolutely irreducibly on the underlying
module. It is shown here that many restrictions on the endomorphism ring persist even if the
Galois group is merely cyclic of ‘large’ prime order.

The second question has been studied in detail when the endomorphism ring is trivial. This
began with Serre’s famous Open Image Theorem. He showed that for any elliptic curve, there
exists some constant C such that for any prime `> C, the mod ` representation is surjective. In
the same paper, Serre gives explicit examples of elliptic curves where he works out for which
primes ` the associated representations are not surjective. Recently there have been similar
examples given for higher dimensional abelian varieties, also with trivial endomorphism ring.
In the final chapter explicit examples of abelian varieties with non-trivial endomorphism ring
having large images are given. The group structure of the associated images is highly influenced
by the endomorphism algebra, and we give a description of the new Galois groups obtained in
this manner.
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1
INTRODUCTION

An abelian variety over a field of characteristic zero is a connected projective algebraic
group. In the simplest case these are known as elliptic curves. Let A be an abelian variety
of dimension g over a number field K . The `-torsion points of A defined over K̄ , denoted

A[`] have the structure of an F`-vector space of dimension 2g and an action of the absolute Galois
group GK :=Gal(K̄ /K). This gives rise to a representation

GK →Aut(A[`]).

Provided A is principally polarised, there exists a non-degenerate bilinear symplectic pairing
on A[`] (called the Weil pairing). Thus, we in fact have a representation

ρ` : GK →GSp2g(`).

The above gives a realisation of ρ`(GK ) as a Galois group over K . This suggests a way
of attacking the Inverse Galois Problem for GSp2g(`) and its natural subgroups. That is, by
investigating the possible images of ρ`. The most famous result in this direction is due to Serre,
which we now state.

Theorem 1.0.1 (Serre’s Open Image Theorem, [Ser72]). Let E/K be an elliptic curve with trivial
endomorphism ring. Then for all but finitely many primes `, the representation ρ` : GK →Aut(E[`])
is surjective.

In recent years there has been much work on proving explicit analogues of the above for
jacobians of hyperelliptic curves (which are principally polarised abelian varieties), again with
the assumption of having a trivial endomorphism ring. In these analogues one looks to show
Sp2g(`) is contained in the image of ρ` for all but finitely many `.
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CHAPTER 1. INTRODUCTION

However, Mumford [Mum69, Section 4] has given an example of an abelian 4-folds with trivial
endomorphism ring whose mod ` images do not contain Sp8(`) for infinitely primes `. Although
extra assumptions, for example, on reduction types [Hal11], can be used to guarantee Sp2g(`) is
contained in the image of ρ` for all but finitely many `.

So why is the trivial endomorphism ring assumption made? And how do we guarantee a
hyperelliptic jacobian has a trivial endomorphism ring?

The answer to the first question is simple: if A does not have a trivial endomorphism ring,
then ρ`, in general, does not surject. This is because non-trivial endomorphisms restrict to A[`]
and give a non-trivial subgroup which ρ`(GK ) must normalise. For this reason one should adopt
the rough intuition that the larger ρ`(GK ) is, the smaller the endomorphism ring of A should be.
This leads us to a beautiful answer for the second question.

Theorem 1.0.2 (Zarhin [Zar00]). Let f ∈ K[x] be a polynomial of degree n ≥ 5 with Galois group
containing An. Then the endomorphism ring of the jacobian of the hyperelliptic curve y2 = f (x) is
trivial.

Alternatively, one may view Zarhin’s result as a mod ` version of Faltings’ Isogeny Theorem for
hyperelliptic curves with large mod 2 Galois image. Indeed, Faltings’ Isogeny Theorem, originally
conjectured by Tate [Tat66], tells us that up to tensoring by Z`, the endomorphism ring may be
recovered from the action of the absolute Galois group on the Tate module.

Theorem 1.0.3 (Falting’s Isogeny Theorem [Fal83]). The canonical map

EndK (A)⊗Z`→End(T`(A))GK

is an isomorphism.

The research presented in this thesis concerns questions relating to the above. Namely, we
find much weaker conditions on the Galois group appearing in Theorem 1.0.2 which still pose
restrictions on the endomorphism ring (see Chapter 2). And, we investigate the Galois groups
arising from the `-torsion of superelliptic jacobians (see Chapter 3).

1.0.1 Notation

• ζn primitive n-th root of unity.

• K a number field.

• K( f ) splitting field of a polynomial f ∈ K[x].

• J jacobian of a genus g curve.

• Jf jacobian of a hyperelliptic curve defined by y2 = f (x).

• A abelian variety of dimension g.

2



1.1. SUMMARY OF CHAPTERS 2 AND 3

• A[n] the n-torsion of A/K , that is, P ∈ A(K̄) such that nP = 0.

• T`(A)= lim←−−n
A[`n], ` prime.

• V`(A)= T`⊗Q.

• EndF (A) endomorphisms of the abelian variety A defined over F.

• End(A) all endomorphisms of the abelian variety A/K , i.e., EndK̄ (A).

• End0(A)=End(A)⊗Q.

• Ω1(A) the regular differentials of A.

• Ω the endomorphism character of A, see Sections 3.1, 3.4.

• Dn the dihedral group of order 2n.

• Fq the Frobenius group of order q(q−1), isomorphic to Fq oF∗q with faithful action.

1.1 Summary of Chapters 2 and 3

1.1.1 Summary of Chapter 2

Let ` be a prime. In the first chapter, we study restrictions placed on the endomorphism ring of
an abelian variety by the Galois group of its `-torsion. A particularly interesting case of the above
is given by the 2-torsion of a hyperelliptic jacobian, that is the jacobian J of a hyperelliptic curve

C : y2 = f (x).

The appeal of this case lies in its explicitness: the 2-torsion field of J is equal to K( f ) the splitting
field of f ∈ K[x].

This is a good point to mention K( f ), in general, puts no restriction on End(J). Indeed, the
following polynomials all have splitting field equal to Q(ζ5), but

• f (x)= (x+1)(x4 + x3 + x2 + x+1), has End0(J)∼=Q,

• f (x)= x(x4 + x3 + x2 + x+1), has End0(J)∼=Q×Q, and

• f (x)= (x−1)(x4 + x3 + x2 + x+1), has End0(J)∼=Q(ζ5).

Likewise, if we may prove a statement for a ‘smaller’ Galois group, then it is automatically
implied for a larger Galois group. For example if Gal( f ) :=Gal(K( f )/K) is isomorphic to Sn, then
by Galois theory there is an extension F/K such that Gal(F( f )/F)=Gal(K( f )/F)∼= An. Thus any
statement which holds for an arbitrary base field K and Galois group An must also hold for Sn.

For these reasons, it seems, work on how K( f ) influences End(J) has been restricted to when
Gal( f ) is both insoluble and 2-transitive (when viewed as a permutation group on the roots of f ).
However, in Chapter 2, we prove restrictions on End(J) when Gal( f ) is merely of prime order.
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CHAPTER 1. INTRODUCTION

Theorem 1.1.1 (⊆ Theorem 2.1.10, see also Theorem 2.1.15). Let p = 2g+1 be a prime such
that 2 is a primitive root modulo p. Suppose f ∈ K[x] is irreducible of degree p. Then one of the
following holds:

1. E :=End0(J) is a number field, and both

a) 2 is totally inert in E/Q,

b) the order End(J) is 2-maximal in E.

2. J is isogenous over K̄ to the power of an absolutely simple abelian variety with complex
multiplication by a proper subfield of Q(ζp).

In particular, if g = 2 then J is absolutely simple, i.e., the second case does not occur (see also
Theorem 2.1.11).

The proof of this result does not make use of the fact J is a hyperelliptic jacobian, nor that it
is principally polarised. See Theorem 2.1.10. The condition on 2 being a primitive root mod p,
may be relaxed to it generating an index two subgroup of (Z/pZ)∗. See Theorem 2.1.15.

The proof splits into two parts, first when the elements of End(J) are defined over K , and
then when they are not. In the first case, the idea is to consider the restriction of EndK (J) to J[2],
the resulting structure is isomorphic to EndK (J)⊗Z/2Z and forms a subalgebra of EndK (J[2]).
This then (more or less) reduces the problem to what information about an order O in a division
algebra over Q can be gleaned from O ⊗Z/2Z.

When the endomorphisms are not defined over K , we get a non-trivial representation of
the absolute Galois group GK → Aut(End0(J)). This is used to first show End0(J) is a simple
Q-algebra, after which a purely representation theoretic question is studied: for which division
algebras E over Q, can PGLd(E) contain an element of prime order p ≥ d[E :Q]+1?

In fact, let L/K be the extension of K cut out by this representation, that is, the minimal field
over which the endomorphisms of J are defined. Then we prove the following:

Theorem 1.1.2 (⊆ Theorem 2.1.6). Suppose p = 2g+1 is a prime divisor of [L : K]. Then J is
isogenous over K̄ to the power of an absolutely simple abelian variety with complex multiplication
by a proper subfield of Q(ζp).

Theorem 2.1.6 provides a general version for any abelian variety A (and the statement does
not further change). This result gives a partial converse to the main theorem in [GK17]. Indeed,
they give a bound on the l.c.m. of the integers [L : K] as K and A vary. They then show this bound
is tight by taking twists of powers of absolutely simple CM abelian varieties.

Twists of the Klein quartic have been used to show the bound may be achieved by jacobians.
It is currently unknown if hyperelliptic jacobians may achieve the bound.

The first bounds given on [L : K] in the style of [GK17] were obtained by Silverberg. In
fact, she shows L is a subfield of K(A[m]) for any m ≥ 3. A natural question is to identify the
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1.1. SUMMARY OF CHAPTERS 2 AND 3

intersection L ∩ K(A[2]), in particular if L ∩ K 6= K and whether L ⊆ K(A[2]). Of particular
relevance to Theorem 1.1.1, is:

Theorem 1.1.3 (= Theorem 2.3.2). Suppose E =End0(A) is a (finite) Galois extension of Q, totally
inert at 2 and End(A) is 2-maximal in E. Then L ⊆ K(A[2]).

A conjecture1 attributed to Robert Coleman states that for any positive integer g ≥ 1 there are
only finitely many isomorphism classes for End0(A) among all abelian varieties A/Q of dimension
g. This conjecture is currently only known to be true for g = 1.

The theorem below presents evidence towards this conjecture and moreover offers an explicit
list for the isomorphism classes of End0(A).

Theorem 1.1.4 (= Theorem 2.3.5). Let A/Q be an abelian variety of dimension g ≥ 1 with
p = 2g+1 prime. Suppose Gal(Q(A[2])/Q)∼= Cp. Then either

• End0(A) is a proper subfield of Q(ζp); or

• p ≡ 3 mod 4 and A is isogenous over Q̄ to the power of an elliptic curve with complex
multiplication by Q(

p−p ).

In particular there are only finitely many possibilities for End0(A).

See also Theorem 2.3.10 where we prove a variant of this theorem for imaginary quadratic
fields. Let us now write down a few amusing corollaries of the above theorems.

Corollary 1.1.5 (= Corollary 2.3.6). Let C : y2 = f (x) be an elliptic curve defined over a number
field with a real embedding. If Gal( f )∼= C3, then C does not have complex multiplication.

Corollary 1.1.6 (= Corollary 2.3.7). Let A/Q be an abelian surface. Suppose Gal(Q(A[2])/Q)∼= C5.
Then either End(A)=Z or End0

Q
(A)=End0(A)=Q(

p
5 ).

Combining Theorem 1.1.3 with other results from Sections 2.2, 2.3, we deduce the following:

Theorem 1.1.7 (⊆ Theorem 2.2.5
⋃

Theorem 2.3.2
⋃

Proposition 2.3.12
⋃

Corollary 2.3.15). Let
f (x) ∈ K[x] be a polynomial of degree 5.

1. Suppose Gal( f )∼= F5. The following hold:

(i) If End0(J) is a (real) quadratic field, then L = K(
√
∆ f ), the unique degree 2 extension

of K contained in K( f ).

(ii) If End0(J) ∼= E is a degree 4 CM field, then it is cyclic and L is the unique degree 4
extension of K contained in K( f ). Moreover, L = EK.

1Here we have presented a weaker version than usually stated. For the full-strength version see, for example,
[BFGR06, pg 384].
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CHAPTER 1. INTRODUCTION

2. Suppose Gal( f ) ∼= D5. If End0(J) is a degree 4 CM field, then L is the unique degree 2
extension of K contained in K( f ).

3. Suppose Gal( f )∼= C5. Then L = K. Furthermore, if End0(J) is a degree 4 CM field, then K
contains a real quadratic field with discriminant congruent to 5 modulo 8.

In particular, if K =Q, J has CM and Gal( f ) contains an element of order 5, then Gal( f )∼= F5.

For the Frobenius groups Fq, we prove a more general result which encompasses the above.
This is Theorem 2.2.5.

1.1.2 Summary of Chapter 3

Let r be a prime number and ζr a primitive r-th root of unity. In Chapter 3 we study mod ` Galois
representations attached to superelliptic curves

C : yr = f (x) ∈Q(ζr)[x].

We produce criteria for the mod ` image to be “large” outside a small finite explicit set for r ≥ 3
and Q(ζr) with odd class number. Our methods allow us to produce explicit examples with small
coefficients; for example for d ∈ {12,18,24} the curves

y3 −ζ2
3πy2 −ζ2

3 y= xd + xd−1 +7x3 +14x2 +45ζ3π

where π = 1−ζ3 have large image outside of a finite set of primes as listed in §3.5.1 (see also
§3.5.1 for more examples).

In recent years there has been much work on finding explicit examples of abelian varieties
over Q with trivial endomorphism ring and large mod ` images. This has seen considerable
success for those of low dimension. For example, [Die02] provides an algorithm which for such
abelian surfaces returns the finitely many ` where the representation is not surjective. The papers
[ALS16, Zyw15] give genus three curves with everywhere surjective mod ` representations. The
methods of these last two require the curve to have everywhere semistable reduction. This is in
contrast to our approach and that of [AD20] where primes of bad potentially good reduction play
a crucial role.

In [AD20], the theory of clusters [DDMM18] is employed to determine the images of certain
inertia subgroups. The authors of [AD20] then construct a genus 6 hyperelliptic curve with
everywhere surjective mod ` representations. To do this the Chinese Remainder Theorem is
applied which in turn leads to the coefficients of the resulting hyperelliptic curve being large.
Our method, however, uses ∆v−regular curves [Dok19]. This has a significant advantage in that
the coefficients may be taken to be relatively small which allows the verification of large genus
examples.

We also note the above references all require the ground field of their curves to have no
unramified extensions, whereas we allow any Q(ζr) with odd class number.
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1.1. SUMMARY OF CHAPTERS 2 AND 3

The image of a mod ` representation attached to the jacobian of a hyperelliptic curve is
well-known to lie inside GSp2g(`), where g is the genus of the curve. Indeed, for any principally
polarised abelian variety A/K the Weil pairing 〈,〉 : A[`]× A[`]→ F` provides a non-degenerate
symplectic pairing, which GK , the absolute Galois group of the ground field, preserves up to
similitude. The similitude factor is given by χ`, the mod ` cyclotomic character, that is, for
P,Q ∈ A[`] and σ ∈GK the relation 〈σ(P),σ(Q)〉 = 〈P,Q〉χ`(σ) is satisfied.

Furthermore, for ` 6= 2 there are no additional restrictions for a hyperelliptic curve with trivial
endomorphism ring. Thus, as the cyclotomic character is surjective (over Q), it suffices to show
the mod ` image contains the isometry group Sp2g(`) to conclude the representation is surjective.

The situation is radically different when A/K has a non-trivial endomorphism ring. First, GK

must normalise the endomorphisms of A and further commute with those that are defined over
K . Second, and more subtly, the action of the endomorphism ring on Ω1(A) comes into play. This
is discussed at length in §3.4.

Let us expand upon what the above conditions mean in our situation, where J = Jac(C) is a
superelliptic jacobian J/Q(ζr) with endomorphism ring End(J)=EndQ̄(J)∼=Z[ζr].

First, End(J) is generated by the automorphism [ζr] : J → J which arises from the automor-
phism on the curve sending (x, y) 7→ (x,ζr y). This map preserves the Weil pairing. Indeed, by
properties of the Rosati involution:

〈[ζr]P, [ζr]Q〉 = 〈P, [ζ̄r][ζr]Q〉 = 〈P,Q〉 for P,Q ∈ J[`].

It follows that the image of GQ(ζr) is contained in the centraliser of [ζr] inside GSp2g(`). The
structure of this group is discussed in §3.2.2.

We say the image of ρ` : GQ(ζr) →Aut(J[`]) is large if it contains the largest perfect subgroup
of the centraliser of [ζr] in GSp2g(`), or equivalently, the limit of its derived series. In the case of
hyperelliptic curves, this means exactly that ρ`(GQ) contains Sp2g(`). We give a similar hands on
description for superelliptic curves in §3.2.2.

In fact, we prove the following theorem (see Section 3.5 for a more detailed statement). Here,
n = 2g

r−1 where g is the dimension of J/Q(ζr). We note the class number of Q(ζr) is non-trivial
precisely when r > 19, see [MM76].

Theorem 1.1.8 (⊆ Theorem 3.5.2). Let d ≥ 12 be a natural number divisible by 2r which is also
the sum of two distinct primes q1 < q2.

Suppose there exists a prime q2 < q3 < d. If r > 23 assume the class number of Q(ζr) is odd
and d = q3 +1.

Then given a polynomial f ∈Q(ζr)[x] of degree d whose coefficients satisfy certain congruence
conditions, the image of the representation ρ` : GQ(ζr) → Aut(J[`]) is large, i.e., it contains the
product

• SLn(`i)
r−1
2i if i the inertia degree of ` in Q(ζr) is odd; and

• SUn(`i/2)
r−1

i if i the inertia degree of ` in Q(ζr) is even

7



CHAPTER 1. INTRODUCTION

for all ` outside of a finite explicit set Λ.

Identifying the exact image of ρ` is a more arduous task. We do this completely for r = 3 using
the endomorphism character introduced in §3.4 (see also Theorem 3.5.5). As far as the author is
aware, this is the first time images of such representations have been correctly identified2. For
our examples listed above the images of the mod ` representations are (outside the finite set of `
listed in §3.5.1):

ρ`(GQ(ζ3))=GLd−2(`)
d
3 ,6o 〈χ`〉 for `≡ 1 mod 3, and

ρ`(GQ(ζ3))=GUd−2(`)
d
3 ,6.〈χ`〉 for `≡ 2 mod 3.

The notation here is as follows

GLn(`)s,t = {σ ∈GLn(`)|det(σ) ∈ 〈as,b〉}

where a generates F∗
`

and b ∈ F∗
`

has order t; and

GUn(`)s,t = {σ ∈GUn(`)|det(σ) ∈ 〈as,b〉}

where a generates (F∗
`2)`−1 and b ∈ F∗

`2 has order t. To be concrete, we prove the following:

Theorem 1.1.9 (⊆ Theorem 3.5.5). Let r = 3 and suppose the conditions of Theorem 1.1.8 are
satisfied. Then for ` 6∈Λ, the image of

ρ` : GQ(ζ3) →Aut(J[`])

is for i odd:
ρ`(GQ(ζ3))=GLn(`)

⌈ g
3

⌉
,6o 〈χ`〉

and for i even:
ρ`(GQ(ζ3))=GUn(`)

⌈ g
3

⌉
,6.〈χ`〉,

where χ` denotes the mod ` cyclotomic character. In particular the image of ρ` is as large as
possible.

In Section 3.1 we define representations ρλ of GQ(ζr) for λ a prime above ` in Q(ζr). For `≡ 1
mod r, the maximal image of the ρλ(GQ(ζr)) is GLn(`), where n = 2g

r−1 and g is the genus of C.
Whenever the image of ρ` is large, ρλ surjects (Proposition 3.4.9, see also Theorem 3.5.3). Our
above examples thus also satisfy

ρλ(GQ(ζ3))=GLd−2(`) for `≡ 1 mod 3.

For ` ≡ −1 mod r, the maximal image of the ρλ(GQ(ζr)) is ∆Un(`), the similitude group of
a non-degenerate unitary pairing. However this upper bound is not achieved for all `, though

2Upton considers curves of the form y3 = f (x) with f ∈Q[ζ3] of degree 4 [Upt09]. However an oversight when
taking the determinant leads to the wrong image being stated.
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1.1. SUMMARY OF CHAPTERS 2 AND 3

we can list values of ` for which it is (Proposition 3.4.10, see also Theorem 3.5.4). The above
examples satisfy

ρλ(GQ(ζ3))=∆Ud−2(`) for `≡ 5,29 mod 36.

In fact, for the examples with d ∈ {12,24}, we have

ρλ(GQ(ζ3))=∆Ud−2(`) for `≡ 5 mod 12.

The conditions on ` in Theorem 3.5.4 are slightly more complicated than those of Theorem 3.5.3.
For this reason we do not state them here.

Theorem 1.1.10 (⊆ Theorem 3.5.3). Suppose the conditions of the Theorem 1.1.8 hold, and ` 6∈Λ
satisfies `≡ 1 mod r. Then

ρλ(GQ(ζr))=GLn(`).

In Section 3.2 we give the relevant background on group theory. A discussion of centralisers in
the symplectic group, classification of maximal subgroups of certain classical groups and products
of classical groups.

Section 3.3 gives local conditions on f which in turn provides a reasonably comprehensive
description of possible inertia subgroups. In the second part of this section we use local Galois
groups to rule out the images of the ρλ being contained in maximal subgroups.

Section 3.4 reviews well-known results on algebraic Hecke characters and explains their
relevance to our setting in identifying the exact image of Galois. Several examples are given.

The last section ties together results from the previous sections and gives a method for
constructing superelliptic curves with large images outside a finite explicit set of primes. We then
finish by giving a number of examples.
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2
RESTRICTIONS ON ENDOMORPHISM RINGS OF JACOBIANS AND

THEIR MINIMAL FIELDS OF DEFINITION

Zarhin has extensively studied restrictions placed on the endomorphism algebras of Ja-
cobians for which the Galois group associated to their 2-torsion is insoluble and “large”.
Here, we examine what happens when this Galois group merely contains an element of

“large” prime order. As part of this we obtain a partial converse to a result by Guralnick and
Kedlaya on the endomorphism field.

Let K be a field of characteristic zero. In this chapter we will freely use the following well-
known results:

Theorem 2.0.1. [Mum70, Pg 169, Remark] Let A be an absolutely simple abelian variety of
dimension g over K. Then dimQ(End0(A)) divides 2g.

Theorem 2.0.2. [Mum70, Pg 161, Cor. 2] For A absolutely simple, the endomorphism algebra
End0(A) is a division ring. For any abelian variety A/K, if A ∼ An1

1 ×·· ·× Ank
k (where ∼ denotes

isogenous over K̄) with A i absolutely simple and not isogenous, and D i =End0(A i), then

End0(A)= Mn1(D1)⊕·· ·⊕Mnk (Dk).

In particular, End0(A) is a semisimple algebra over Q of finite dimension.

Theorem 2.0.3. [Mum70, Pg 165, Cor. 1] Let A/K be an abelian variety. Then End(A) is a free
Z-module.

The examples provided in this chapter come from either the database [BSS+16], made easily
available on [LMF18], or were computed on Magma [BCP97] using code from Molin and Neurohr’s
article [MN19] and polynomials found in [JLY02] and [SPDyD94], the second of which was also
accessed through the LMFDB.
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CHAPTER 2. RESTRICTIONS ON ENDOMORPHISM RINGS OF JACOBIANS

2.1 Upper bounds on endomorphism rings

In what follows K is a number field, A is an abelian variety over K of dimension g and ` ∈Z is
a prime. If B/K is also an abelian variety, then we say A is isogenous to B and write A ∼ B to
mean A is isogenous to B over K̄ . We denote by End(A) the ring of K̄-endomorphisms of A and
End0(A)=End(A)⊗Q its endomorphism algebra.

The absolute Galois group GK =Gal(K̄ /K) acts on End(A) and hence on End0(A). Its invari-
ant subspace End(A)GK = EndK (A) is the ring of K-endomorphisms of A. Likewise we write
End0(A)GK =End0

K (A).

Lemma 2.1.1. Let O be an order in a division algebra E =O ⊗Q of dimension nm2 over Q, where
n = [Z(E) :Q]. Then any division algebra contained in O ⊗Z/`Z has dimension less than or equal
to nm over F`.

In particular, if O ⊗Z/`Z is a division algebra then m = 1, i.e., E is a field.

Proof. Let R ⊆ O ⊗Z/`Z be a division algebra of maximal dimension. As R is a finite division
algebra, we have by Wedderburn’s Theorem that R ∼= F`d for some d. Hence, the elements of R
have minimal polynomials of degree at most d over F`. In addition, there is ā ∈ R, whose minimal
polynomial over F` has degree d.

Let us choose a ∈O such that its image in O ⊗Z/`Z coincides with ā. Then Z(E)(a) is a field,
so has dimension over Q less than or equal to nm [FD93, Corollary 3.17, page 96]. Hence the
minimal polynomial of a over Q has degree at most nm. Since this must be also hold true for the
image of a in O ⊗Z/`Z, we obtain d ≤ nm. �

We say that an order O in a number field E is `-maximal if ` does not divide the index of O in
the ring of integers of E.

Proposition 2.1.2. Suppose that GK = Gal(K̄ /K) acts irreducibly on A[`]. Then the following
hold:

1. E =End0
K (A) is a number field.

2. The order EndK (A) is `-maximal in E.

3. ` is totally inert in E/Q.

Proof. As GK acts irreducibly on A[`], Schur’s Lemma gives us that the endomorphism alge-
bra EndK (A[`]) = End(A[`])GK is a division algebra. Furthermore, EndK (A[`]) is finite, so by
Wedderburn’s Theorem it is a field. Hence the subalgebra R :=EndK (A)⊗Z/`Z of EndK (A[`]) is
also a field. As EndK (A) is a free Z-module, it follows that E =End0

K (A) contains no non-trivial
idempotents, and hence is a division algebra (for more details see [Zar05, Lemma 1.3]). By Lemma
2.1.1, E is a number field.

12



2.1. UPPER BOUNDS ON ENDOMORPHISM RINGS

As R is a finite field of characteristic `, we have R ∼= F`d where d = [E :Q]. Hence R contains
elements of degree d. As [E :Q]= d the preimages of these elements in E must also have minimal
polynomials of degree d. Let α ∈EndK (A) be one such element, and µ be its minimal polynomial.
Note that α⊗1 satisfies µ̄, the reduction of µ modulo `, and as α⊗1 has degree d over F`, we have
that µ̄ is irreducible. Since F` is a perfect field, µ̄ does not have repeated roots, hence ` - disc(µ).
Thus Z[α] is an `-maximal order in E, and so is EndK (A).

Let λ be a prime above ` in E. As we are considering endomorphisms defined over K , we have
A[λ] is a non-zero GK submodule of A[`]. But GK acts irreducibly on A[`], so A[`] = A[λ]. We
conclude ` is totally inert in E/Q, see [Shi98, §5.1, Prop 2, pg 36]. �

Remark 2.1.3. In the proof of Proposition 2.1.2, we show F=EndK (A[`]) is a field and EndK (A)⊗
Z/`Z is a subfield of F. As EndK (A) is a free Z-module, this shows [E :Q] divides [F : F`]. It follows
that if we can determine End(A[`])GK =EndK (A[`]), then we can also limit the possible values of
[E :Q].

We now briefly discuss the endomorphism field of an abelian variety, that is, the minimal
extension of the base field over which all endomorphisms are defined.

The action of the absolute Galois group GK on End0(A) induces a representation

GK →Aut
(
End0(A)

)
with kernel Gal(K̄ /L), where L is the endomorphism field of A. In particular, we obtain an
injection of abstract groups

Gal(L/K) ,→Aut
(
End0(A)

)
.

Thus if Gal(L/K) is large with respect to g, the dimension of A, then one might expect the
structure of End0(A) to be constrained. The following theorem shows this is indeed the case. But
first we need a couple of lemmas.

For a division algebra E over Q, we shall write GLd(E) for the invertible elements in Md(E),
and PGLd(E) for the quotient of GLd(E) by its centre.

Lemma 2.1.4. Let E be a division algebra over Q, and F a maximal subfield of E. Write m =
[E : F]. Suppose PGLd(E) contains an element M̄ of order n, with n coprime to md. Then GLd(E)
contains an element of order n.

Proof. Let M be a lift of M̄ to GLd(E). We have Mn = kId for some k ∈ Z(E)∗. The reduced
norm Nrd: GLd(E) → Z(E) provides us with the relation Nrd(M)n = kmd. As n and md are
coprime there exists integers a,b such that an+ bmd = 1. Let c = ka Nrd(M)b, then cn = k and
as Nrd(M) ∈ Z(E)∗ we have c ∈ Z(E)∗. The element 1

c M ∈ GLd(E) then has order n. Indeed,
(1

c M)n = Id, and if (1
c M)n′ = Id for some n′ < n, then M̄ would not have order n. �

13



CHAPTER 2. RESTRICTIONS ON ENDOMORPHISM RINGS OF JACOBIANS

Lemma 2.1.5. Let p = 2g+1 be prime, d a divisor of 2g, and E be a division algebra of dimension
less than or equal to 2g/d over Q. Suppose AutQ(Md(E)) contains an element of order p. Then E is
isomorphic to a proper subfield of Q(ζp) and has degree 2g/d.

Proof. Let σ ∈AutQ(Md(E)) be an element of order p. This element acts trivially on Z(E), the
centre of E, as Aut(Z(E)/Q) has order less than p. Thus σ belongs to AutZ(E)(Md(E)), which by
the Skolem-Noether Theorem, is isomorphic to PGLd(E). Applying Lemma 2.1.4, we obtain an
element of order p in GLd(E).

Let F be a maximal subfield of E, then F is a finite extension of Q in some fixed algebraic
closure Q̄ of Q. We have Md(E)⊗F ∼= Mmd(F), where m = [E : F], see [FD93, Corollary 3.17, page
96]. Hence we have an element σ̄ of order p in GLmd(F). Now consider Q(ζp) in our fixed algebraic
closure Q̄. The Galois group Gal(Q(ζp)/Q(ζp)∩F) is cyclic and faithfully permutes the eigenvalues
of σ̄, which gives us that |Gal(Q(ζp)/Q(ζp)∩F)| ≤ md. The inequality

2g = [Q(ζp) :Q]≤ md[F ∩Q(ζp) :Q]

coupled with

m[F :Q]= [E : F][F :Q]= [E :Q]≤ 2g/d

shows F is isomorphic to a field of dimension 2g/md over Q contained in Q(ζp). Furthermore, as
Q(ζp)/Q is a cyclic extension, there is a unique such subfield. In particular all maximal subfields
of E are isomorphic. But finite dimensional non-commutative division algebras over Q have
non-isomorphic maximal subfields [Sch68, Theorem 5.4], thus E = F is a field. Furthermore d > 1,
that is, E is a proper subfield of Q(ζp), as Gal(Q(ζp)/Q) does not contain an element of order p. �

Theorem 2.1.6. Suppose p = 2g+1 is a prime divisor of [L : K]. Then A is isogenous over K̄ to
the power of an absolutely simple abelian variety with complex multiplication by a proper subfield
of Q(ζp).

Proof. Let B be a simple factor of AK̄ , so that AK̄ ∼ Bd ×C over K̄ and C has no factor isoge-
nous to B. In this way, Bd corresponds to a primitive central idempotent eB of the algebra
End0(A) satisfying eB End0(A) = End0(Bd). In addition, there is some positive integer N such
that (NeB)(A)= Bd.

The Galois group Gal(L/K) acts on the (finite) set of primitive central idempotents in End0(A).
By assumption the order of Gal(L/K) is divisible by p, and so contains an element σ of order p.
Either σ fixes eB or the orbit of eB under the action of σ has size p. But A has dimension less
than p, so the latter is not possible, hence σ fixes eB. It follows that σ fixes End0(Bd). Indeed, for
ϕ ∈End0(Bd), we have ϕσ = (eBϕ)σ = eBϕ

σ ∈End0(Bd). This also shows Bd is defined over L〈σ〉,
for σ(Bd)=σ(NeB A)= NeB A = Bd.

As σ acts non-trivially on End(A), we may, after possibly exchanging B for a different simple
factor of AK̄ , assume σ acts non-trivially on End(Bd). Thus the cyclic group Gal(L/L〈σ〉) of order
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2.1. UPPER BOUNDS ON ENDOMORPHISM RINGS

p acts faithfully on End(Bd). Viewing Bd as an abelian variety over L〈σ〉, we see the minimal
extension over which all its endomorphisms are defined has degree divisible by p. Applying
[Sil92, Theorem 4.1] (see also the statement as given in [GK17, Theorem 1.1]), we obtain the
dimension of Bd is at least g. Thus we find that AK̄ ∼ Bd. Since dim(A)= dim(Bd)= d dim(B), we
have dim(B)= g/d.

Albert’s Classification [Mum70, Page 202] tells us that E =End0(B) has dimension less than
or equal to 2g/d over Q, so by Lemma 2.1.5, E is isomorphic to a proper subfield of Q(ζp) of degree
2g/d. Finally, we observe B is a CM abelian variety as E is a field and [E :Q]= 2dim(B). �

Remark 2.1.7. The above theorem gives a partial converse to the main theorem of [GK17].
Indeed, there the authors give an upper bound on the powers of primes dividing [L : K] in terms
of g, and show it is the best possible by exhibiting families of abelian varieties which achieve this
bound.

We shall use the following corollary in our proof of Theorem 2.1.11. We note that it may be
deduced from results of [FKRS12] (see also [Lom19, Definition 2.7] for a summary), since they
show the endomorphism field of an abelian surface is an extension of the ground field with degree
dividing 48. Likewise, another proof of this fact is given in [GK17]. But for the convenience of the
reader we provide a direct proof using Theorem 2.1.6.

Corollary 2.1.8. Suppose g = 2, then 5 does not divide [L : K].

Proof. Suppose 5 divides [L : K]. Then by Theorem 2.1.6, A is isogenous to the square of an
elliptic curve with CM by a proper subfield of Q(ζ5). But all proper subfields of Q(ζ5) are totally
real, so we have a contradiction. �

Our next lemma provides us with a useful criterion for the action of GK on A[`] to be
irreducible.

Lemma 2.1.9. Let ` and p be primes and suppose the multiplicative order of ` modulo p is s > 1.
Let V be a faithful representation of Z/pZ over F`. Then V is irreducible if and only if V has
dimension s.

Proof. Let 0 ( V ′ ⊆ V be the largest submodule of V not containing a copy of the trivial
representation. The smallest extension of F` which contains an element of multiplicative order p
is F`s . It follows that F`s is the smallest extension of F` over which all irreducible characteristic `
representations of Z/pZ are linear. The F`s [Z/pZ]-module V ′⊗F`s , being semisimple thanks to
Maschke’s Theorem, is a sum of irreducible faithful linear F`s -representations of Z/pZ. As the
character attached to V ′ takes values in F`, the Galois group Gal(F`s /F`) permutes the irreducible
constituents of V ′⊗F`s , so V ′ has dimension ms for some m. Furthermore, as Schur indices in
positive characteristic are trivial [Isa94, Theorem 9.14], the sum of each orbit under the action
of Gal(F`s /F`) is an irreducible F`[Z/pZ]-module. Thus m is equal to the number of irreducible
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CHAPTER 2. RESTRICTIONS ON ENDOMORPHISM RINGS OF JACOBIANS

F`[Z/pZ]-modules in V ′. It follows that V is irreducible if and only if V ′ = V and m = 1, i.e., V
has dimension s. �

Theorem 2.1.10. Let ` and p = 2g+1 be primes with ` a primitive root modulo p. Suppose
Gal(K(A[`])/K) contains an element of order p. Then one of the following holds:

1. E :=End0(A) is a number field, and both

a) ` is totally inert in E/Q,

b) the order End(A) is `-maximal in E.

2. Gal(L/K) contains an element of order p, and A is isogenous over K̄ to the power of an
absolutely simple abelian variety with complex multiplication by a proper subfield of Q(ζp).

Proof. Suppose p does not divide [L : K]. Then Gal(L(A[`])/L) contains an element of order p.
The action of Gal(L(A[`])/L) on the 2g = p−1 dimensional vector space A[`] over F` is faithful,
and thus irreducible by Lemma 2.1.9. Applying Proposition 2.1.2 we deduce the first case.

Suppose now p divides [L : K]. Then Gal(L/K) contains an element of order p = 2g+1, so we
can apply Theorem 2.1.6 to conclude. �

Theorem 1.1.1 now follows by taking `= 2 and observing that Gal(K( f )/K)=Gal(K(Jf [2])/K),
see [Zar01, Theorem 5.1].

Theorem 2.1.11. Suppose g = 2, and Gal(K(A[2])/K) contains an element of order 5. Then one of
the following holds:

1. End(A)∼=Z.

2. End(A)∼=Z[1+r
p

D
2 ], where D ≡ 5 mod 8, D > 0 is square-free and 2 - r.

3. End(A)∼= R, where R is a 2-maximal order in a degree 4 CM field, which is totally inert at 2.

In particular A is absolutely simple and does not have quaternion multiplication over K̄.

Proof. Observe 2 is a primitive root modulo 5, so we may apply Theorem 2.1.10. Furthermore,
by Corollary 2.1.8, we are in the first case of Theorem 2.1.10. Thus E =End0(Jf ) is a field, 2 is
totally inert in the extension E/Q, and End(Jf ) is a 2-maximal order in E.

As E =End0(Jf ) is a field, we have [E :Q] divides 2dim(Jf )= 4. If [E :Q]= 1, then we are in
case 1. If [E :Q]= 4, then E is a CM field.

If [E :Q]= 2, then we may write E =Q(
p

D ) for some square-free D. Since 2 is totally inert
in the extension E/Q, we find that D ≡ 5 mod 8. The centre of the endomorphism algebra of an
abelian surface cannot contain an imaginary quadratic field (see §4 of [Shi63]), so we have D > 0.
Finally as D ≡ 1 mod 4, and End(Jf ) is a 2-maximal order, we find End(Jf )∼=Z[1+r

p
D

2 ] with 2 - r.
�

16



2.1. UPPER BOUNDS ON ENDOMORPHISM RINGS

Lemma 2.1.12. Let ` and p = 2g+1 be distinct primes such that g is odd and the multiplicative
order of ` modulo p is g. Let V be a symplectic space of dimension 2g over F`, and ρ :Z/pZ→V a
faithful representation which preserves the symplectic pairing on V.

Then there exist irreducible non-isomorphic F`[Z/pZ]-submodules U ,W ⊆ V of dimension g
such that V =U ⊕W.

Proof. Let σ denote a generator of Z/pZ. As V is a faithful F`〈σ〉-module, and σ has prime order
p 6= `, there exists U a faithful irreducible F`〈σ〉-submodule of V which by Lemma 2.1.9 has odd
dimension g. By Maschke’s Theorem we have a decomposition of F`〈σ〉-modules V =U ⊕W. As
U is irreducible and its dimension g is odd, it follows from [BG16, Lemma 3.1.6] that U is a
totally isotropic subspace of V with respect to the symplectic pairing. In order to preserve the
pairing, we have that if σ acts on U as the matrix M, then σ acts on W as M−T (see [BG16,
Lemma 2.2.17]). Thus σ acts irreducibly on U and W. Furthermore as g and |σ| are odd, M−T

and M have no common eigenvalues [BG16, Lemma 3.1.13]. Hence U and W are not isomorphic
as F`〈σ〉-modules. �

The following lemma is Proposition 1.3 of [Rém20].

Lemma 2.1.13. Let A and B be abelian varieties defined over K, and ϕ : A → B an isogeny.
Suppose End0(A)=End0

K (A). Then ϕ is defined over an extension of K of (relative) degree dividing
the order of the torsion multiplicative subgroup of the centre of End0(A).

Lemma 2.1.14. Suppose g is odd and End0(A)=End0
K (A). Furthermore, suppose Gal(K(A[`])/K)

contains an element σ of prime order p = 2g+1 such that A[`]=U ⊕W as F`〈σ〉-modules, where
both U and W are irreducible of dimension g.

Then the endomorphism algebra of A is not isomorphic to the product of two division algebras.

Proof. We first show any non-zero GK submodule of V`(A)= T`(A)⊗Q has dimension g or 2g.
Let M be the intersection of T`(A) with a non-zero GK submodule of V`(A). The image M[`] of M
in A[`] is a non-zero GK module, and thus equal to one of U , W , and A[`]. It follows that M has
dimension g or 2g.

Suppose End0(A)∼= D1×D2, for some division algebras D1, D2, so A is isogenous to a product
of non-isogenous, absolutely simple, abelian varieties B×C. As dim(B×C)= g is odd, one of B
and C, has dimension less than or equal to g−1

2 and the other has dimension at least g+1
2 . Thus

GK must fix both B and C, so B and C are defined over K , and in particular V`(B×C) contains a
non-zero GK submodule of dimension less than g. We shall show this is not possible.

Due to B and C being absolutely simple of dimension strictly less than g, we have the bound

dimQ(End0(B)),dimQ(End0(C))≤ 2(g−1)

from which we deduce neither the centre of D1 nor the centre of D2 can contain a p-th root
of unity. Thus by Lemma 2.1.13 we may, after replacing K by a finite extension of degree not
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CHAPTER 2. RESTRICTIONS ON ENDOMORPHISM RINGS OF JACOBIANS

divisible by p, assume A is isogenous to B×C over K . But this implies there is an isomorphism of
GK modules V`(A)∼=V`(B×C), which is not possible since V`(A) has no non-zero GK submodule
of dimension less than g. �

Theorem 2.1.15. Suppose g is odd, p = 2g+1 is prime and the order of ` modulo p is g. Suppose
A/K is principally polarised and p divides the order of Gal(K(A[`])/K). Then one of the following
holds:

1. E =End0(A) is a number field, and when End(A) is `-maximal, either

a) ` is totally inert in E/Q, or

b) there are two distinct primes above ` with equal inertia degree in E.

2. Gal(L/K) contains an element of order p, and A is isogenous over K̄ to the power of an
absolutely simple abelian variety with complex multiplication by a proper subfield of Q(ζp).

Proof. If the endomorphism field L/K of A has degree divisible by p, then by Theorem 2.1.6 we
are in case 2.

Suppose now the extension L/K does not have degree divisible by p. By enlarging K , we
may assume K contains L, Gal(K(A[`])/K) is cyclic of order p generated by an element σ, and in
particular End0(A)=End0

K (A).
As A is principally polarised, the Weil pairing is a symplectic pairing on A[`]. Furthermore,

A[`] is a faithful F`〈σ〉-module, so we may apply Lemma 2.1.12. Thus A[`] =U ⊕W, where U
and W are irreducible non-isomorphic F`〈σ〉-modules of dimension g over F`. Hence we have the
following decomposition End(A[`])〈σ〉 =End〈σ〉(A[`])=End〈σ〉(U)⊕End〈σ〉(W). By Schur’s Lemma,
we have that both End〈σ〉(U) and End〈σ〉(W) are division algebras. It follows that End(A[`])〈σ〉

contains exactly two non-trivial idempotents (by non-trivial we mean not 0 or 1).
Let us now consider End(A)⊗Z/`Z, a subalgebra of End(A[`])=End(A[`])〈σ〉. As idempotents

in End(A) give rise to idempotents in End(A)⊗Z/`Z, the ring End(A) contains exactly zero or
two non-trivial idempotents. If End(A) contains no non-trivial idempotents, then A is absolutely
simple. Let us show that this is always the case. Suppose End(A) contains two non-trivial
idempotents. Then A ∼ B×C for some absolutely simple abelian varieties B,C. As g is odd B
and C must be of different dimensions and in particular be non-isogenous. However, this implies
End(A) is isomorphic to the product of two division algebras, which is not possible by Lemma
2.1.14.

So far we have proven that E =End0(A) is a division algebra, and End(A)⊗Z/`Z contains a
field of dimension at least 1

2 [E :Q], so by Lemma 2.1.1, we have [E : Z(E)]≤ 4. Thus either E is
a number field, or E is a quaternion algebra over Z(E) [FD93, Exercise 31, page 106]. But the
latter is not possible by Albert’s Classification since g is odd [Mum70, Table on pg.187].

Let us now show the conditions on the primes above ` when End(A) is an `-maximal order.
Let λ be a prime above ` in E. Then A[λ] is a non-trivial F`〈σ〉-submodule of A[`]=U ⊕V . Thus
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A[λ] must intersect at least one of U and V non-trivially, say U. By irreducibility of U we have
U ⊆ A[λ]. If A[λ] also intersects V non-trivially, then for the same reason, we find V ⊆ A[λ], and
so A[λ]= A[`] which implies ` is totally inert [Shi98, §5.1, Prop 2, pg 36]. Else, A[λ]=U and ` is
not totally inert. In this second case, let us first note that ` is not ramified since, U and V , the
Jordan-Hölder factors of A[`] are not isomorphic as F`〈σ〉-modules. Let λ′ 6=λ be another prime
above `. Then A[λ]∩ A[λ′] = 0, and so by the above argument it follows that A[λ′] = V . Hence
A[`]= A[λ]⊕ A[λ′] and case 1b is satisfied [Shi98, §5.1, Prop 2, pg 36]. �

2.2 Jacobians with Frobenius 2-torsion

In this section we consider jacobians of hyperelliptic curves Jf such that the 2-torsion group
Gal(K( f )/K) when viewed as permutation group on R f , the roots of f , is a 2-transitive Frobenius
group (see below for a definition).

Let G be a finite group. Let X be a finite set which G acts on transitively. Suppose ` does not
divide |X | = n. Let F`[X ] denote the permutation module associated to this action over F`. The
submodule given by 〈∑b∈X b〉 is easily seen to be isomorphic to the trivial module, and owing to
the fact that ` - n, we have a direct sum decomposition of F`[G]-modules:

F`[X ]∼= F`[X ]0 ⊕F`.

Lemma 2.2.1. Let b ∈ X and suppose Gb the stabiliser of b has s orbits on X \{b}. Then

dimF` EndG(F`[X ]0)≤ s.

Proof. By Lemma 7.1 of [Pas68], we have that dimF` EndG(F`[X ])= s+1. Now due to the isomor-
phism of F`[G]-modules,

F`[X ]∼= F`[X ]0 ⊕F`

we have dimF` EndG(F`[X ]0)≤ s. �

In the following we shall denote the roots of a polynomial f by R f , and if f is square-free,
then we denote by C f a smooth projective model of the smooth affine curve y2 = f (x), and its
jacobian by Jf .

The following result may be deduced from [Mor77, Proposition 3], but we include a proof here
for the convenience of the reader.

Proposition 2.2.2. Let f ∈ K[x] be a polynomial of odd degree n such that G =Gal(K( f )/K) acts
transitively on R f . Suppose α ∈ R f and its stabiliser Gα has s orbits on R f \{α}.

Then dimQ

(
End0

K (Jf )
)≤ s. In particular, if Gal(K( f )/K) acts doubly transitively on the roots

of f , then EndK (Jf )∼=Z.
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Proof. First, let us note |R f | = n. As Gal(K( f )/K) acts transitively on R f and Gα has s orbits
on R f \ {α}, with n odd, we may apply Theorem 5.1 of [Zar01] and Lemma 2.2.1 to find that
dimF2

(
EndGK (Jf [2])

)≤ s. Observe

F2 ⊆EndK (Jf )⊗Z/2Z⊆EndGK (J[2]).

It follows that dimF2

(
EndK (Jf )⊗Z/2Z

) ≤ s. Thus as EndK (Jf ) is a free Z-module, we deduce
dimQ

(
End0

K (Jf )
)≤ s. �

Before proving our next result, we shall recall some standard facts on Frobenius groups and
make a few remarks on the endomorphism field of an abelian variety.

A finite group G is said to be a Frobenius group if G contains a subgroup H called the
Frobenius complement such that

H∩ gH g−1 = {1} for all g ∈G \ H.

Frobenius proved that for such groups there exists a normal subgroup N of G such that G ∼= NoH.
We call N the Frobenius kernel. Left multiplication by elements of G on X , the set of left cosets
of H, gives rise to a transitive action and the above condition tells us the identity is the only
element which fixes two or more elements of X . Hence, this action is at most doubly transitive
and the stabiliser Gb of a point b ∈ X has no fixed points in X \{b}. Applying Burnside’s Lemma
to Gb and X \{b} (or X ) shows this action is doubly transitive if and only if |H| = |N|−1, that is,
|G| = |N|2 −|N|. In this case, it can be shown that N is an elementary abelian p-group [Pas68,
Propositon 8.4], and hence N may be regarded as an Fp vector space and G as a subgroup of the
affine general linear group on this vector space.

Examples of Frobenius groups include Fq = FqoF×q ∼=AGL(1, q), Dn for n odd, and C2
11oSL2(5),

with Frobenius complements F×q , a subgroup of order 2 and SL2(5) respectively.

Lemma 2.2.3. Let G = N oH be a Frobenius group with complement H and order |N|2 − |N|.
Suppose U is a subgroup of G with index d dividing |N|−1.

Then U acts transitively on X, the set of left cosets of H, and a point stabiliser Ub has exactly
d orbits on X \{b}.

Proof. As UH =G, we have U acts transitively on X . Thus Ub has order |U |/|X | = |N|2−|N|
d|N| = |N|−1

d .
For the second statement, observe that the non-identity elements of Ub act fixed point freely on
X \{b}. Thus applying Burnside’s Lemma, we find the number of orbits of Ub on X \{b} is equal to

1
|Ub|

∑
g∈Ub

|Fix(g)| = d
|N|−1

(|N|−1)= d.

�

Lemma 2.2.4. Let G = NoH be a Frobenius group of order |N|2 −|N| with Frobenius kernel N
of odd order. Suppose U is a subgroup of G with index dividing |N|−1.

Then the restriction of F̄2[G/H]0 to U is semisimple with non-isomorphic simple constituents.
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Proof. As G acts 2-transitively on the cosets G/H, the module C[G/H]0 is irreducible by [Isa94,
Cor. 5.17] and has dimension |N|−1. It is thus irreducible and of 2-defect zero, so its associated
module F̄2[G/H]0 in characteristic 2 is also irreducible [Isa94, Thm 15.29]. Furthermore, as
the Frobenius kernel N acts non-trivially on C[G/H]0, we have by [Isa94, Thm 6.34] that the
restriction of C[G/H]0 to N is isomorphic to the direct sum of |N|−1 distinct non-trivial linear
representations. Since 2 does not divide the order of N, this also holds for the restriction of
F̄2[G/H]0 to N. Putting this together with the fact that U is a normal subgroup, we see the
restriction of F̄2[G/H]0 to U is semisimple with non-isomorphic irreducible constituents by
Clifford’s Theorem [Isa94, Thm 6.5]. �

Recall we have an injection of abstract groups

Gal(L/K) ,→Aut
(
End(Jf )

)
where L/K is the minimal extension over which all endomorphisms of Jf are defined. In particular
if E = End0(Jf ) is a number field, then Gal(L/K) ,→ Aut(E) and so |Gal(L/K)| divides [E : Q].
Recall also that if E =End0(Jf ) is a number field (or even just a division ring) then [E :Q] divides
2dim(Jf ).

Theorem 2.2.5. Let f ∈ K[x] be a polynomial of odd degree n with Galois group isomorphic to a
Frobenius group G of order n(n−1).

Suppose E = End0(Jf ) is a number field of dimension s over Q. Then E/Q is Galois with
Gal(E/Q) isomorphic to a quotient of H the Frobenius complement of G.

Furthermore, L/K is an extension of degree s contained in K( f ), and as abstract groups,
Gal(L/K)∼=Gal(E/Q). Moreover, if s = n−1, then L = EK.

Finally, if End(Jf ) is 2-maximal, then E is unramified at 2.

Proof. By the above, we have that |Gal(L/K)| divides s (which in turn divides n−1). Thus
[L : K]≤ s and L∩K( f )⊆ F for some F, where F/K is an extension of degree s contained in K( f ).

Let F ′ = L∩K( f ). By the above F ′/K an extension contained in F of degree d for some d ∈N
dividing s. Since E =End0(Jf ) is a field, Jf is absolutely simple and so s divides n−1= 2dim(Jf ).
We may apply Lemma 2.2.3, to find the group Gal(K( f )/F ′)∼=Gal(L( f )/L) acts transitively on R f ,
and the stabiliser of a point α ∈ R f , has d orbits on R f \{α}. Thus, by Proposition 2.2.2 we have
that

s = dimQEnd0(Jf )= dimQEnd0
L(Jf )≤ d.

Hence d = s, and L∩K( f )= F. But [F : K]= s and [L : K]≤ s, so we find that L = F.
Since |Aut(E)| ≤ s, the injection of abstract groups Gal(L/K) ,→ Aut(E) from above is an

isomorphism. Whence we deduce that |Aut(E)| = s = [E :Q] and so E/Q is Galois. We now conclude
Gal(L/K)=Gal(F/K) is isomorphic to a quotient of the Frobenius complement of G.

If s = n−1, then Jf is a CM abelian variety. Furthermore, as E/Q is Galois the reflex field E∗

is a subfield of E [Shi98, Prop. 28, pg62]. Since Jf is absolutely simple its CM type is primitive.
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Proposition 30 on page 65 of [Shi98] applies to tell us the endomorphism field L equals E∗K . In
particular, [E∗ :Q]≥ s = [E :Q]. It follows E∗ = E and L = EK .

It remains to show E/Q is unramified at 2 when End(Jf ) is 2-maximal. To this end, note
that by Lemma 2.2.4 above and Theorem 5.1 of [Zar01] we have Jf [2]⊗ F̄2 is semisimple as
a Gal(K( f )/L)-module, with no repeated simple constituents. Thus Jf [2] also has no repeated
simple constituents as a Gal(K( f )/L)-module. The result now follows since if 2 ramified in E, then
Jf [2] would have repeated factors. �

Corollary 2.2.6. Let q be an odd prime power. Let f ∈ K[x] be a polynomial of degree q with
Galois group Fq = Fq oF×q ∼=AGL(1, q).

Suppose E =End0(Jf ) is a number field of dimension s over Q. Then E/Q is cyclic Galois and
L/K is the unique extension of degree s contained in K( f ). If furthermore, s = q−1, then L = EK.

Proof. This follows immediately from Theorem 2.2.5 by noting that Fq is a 2-transitive Frobenius
group with cyclic Frobenius complement.

�

Example 2.2.7. In the table below we give examples of the above theorem. We denote by Q(ζp)+

the maximal totally real subfield of the p-th cyclotomic field Q(ζp). We also write L f for the
endomorphism field of Jf .

In the below p is a prime, and E is the CM number field with defining polynomial x4 + x3 +
2x2−4x+3. We note that this field is cyclic, ramified only at 13, and 2 generates a maximal ideal.

Gal( f ) End0(Jf ) L f f (x)
Fp Q(ζp) Q(ζp) xp −2
F5 Q(

p
5 ) Q(

p
2 ) x5 −14x3 −84x2 +81x−28

F5 Q(
p

5 ) Q(
p

5 ) x5 −5x3 +5x−4
F5 Q(

p
5 ) Q(

p
13 ) x5 −4x3 −46x2 −44x−194

F5 Q(
p

5 ) Q(
p

29 ) x5 − x4 +4x3 +106x2 −97x+669
F5 Q(

p
5 ) Q(

p
53 ) x5 − x4 +54x3 −167x2 +1018x−69

F5 E E 52x5 +104x4 +104x3 +52x2 +12x+1
F7 Q(ζ7)+ Q(ζ7)+ x7 −7x5 +14x3 −7x−13
F11 Q(ζ11)+ Q(ζ11)+ x11 −22x9 +176x7 −616x5 +880x3 −352x−88
F13 Q(ζ13)+ Q(ζ13)+ x13 +13x11 +65x9 +156x7 +182x5 +91x3 +13x−2
F17 Q(ζ17)+ Q(ζ17)+ x17 +17x15 +119x13 +442x11 +935x9+

1122x7 +714x5 +204x3 +17x−1
F19 Q(ζ19)+ Q(ζ19)+ x19 +19x17 +152x15 +665x13 +1729x11+

2717x9 +2508x7 +1254x5 +285x3 +19x−1
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2.3 Intersection of the endomorphism field with the 2-torsion
field

Silverberg proves that the endomorphism field L/K of an abelian variety A/K is contained in the
n-torsion field for every n ≥ 3. The following proposition can be used to give partial information
on L with respect to the 2-torsion field. See also the following theorem.

Proposition 2.3.1. The Galois group of L/K, the minimal extension over which all endomor-
phisms of A are defined, fits into the exact sequence

0→ H →Gal(L/K)→Gal(K(A[2])/K),

where H is a (possibly trivial) elementary abelian 2-group.

Proof. By [Sil92, Theorem 4.1], we have that L is contained in K(A[4]). Furthermore, Gal(K(A[2])/K)
and Gal(K(A[4])/K) are subgroups of GL2g(Z/2Z) and GL2g(Z/4Z) respectively. Thus, as the fol-
lowing sequence is exact

0→ I2g +2M2g(Z/4Z)→GL2g(Z/4Z)→GL2g(Z/2Z)→ 0

and I2g+2M2g(Z/4Z)∼= M2g(Z/2Z) is an elementary abelian 2-group (under addition) we are done.
�

The reason n ≥ 3 appears in Silverberg’s result is due to the following fact being used: the
reduction map GLd(Z) → GLd(Z/NZ) is injective on finite subgroups for N ≥ 3. The idea of the
following result is that when 2 is totally inert in a Galois extension E/Q we again get a reduction
map GLd(Z)→GLd(Z/2Z) coming from reducing the maximal order OE →OE/2OE, and due to 2
being unramified, we know the action of the decomposition group on OE reduces faithfully to that
on OE/2OE.

As a remark, we note that, somewhat luckily, the hypotheses concerning 2 in the below
coincide with those in the conclusion of Theorem 2.1.10.

Theorem 2.3.2. Suppose E = End0(A) is a (finite) Galois extension of Q, totally inert at 2 and
End(A) is 2-maximal in E. Then L ⊆ K(A[2]).

Proof. The groups Gal(L/K) and Gal(E/Q) act on End(A) via Z-linear automorphisms. Choosing
a Z basis of End(A), we obtain a representation ρ : Gal(E/Q)→GLd(Z) where d = [E :Q]. Letting
Gal(L/K) act on this basis, we find its image is contained in ρ(Gal(E/Q)).

As Gal(E/Q) fixes 2, it acts on our basis modulo 2. Moreover this action is faithful since
E/Q is totally inert at 2 and End(A) is 2-maximal. It follows the reduction modulo 2 map
GLd(Z) → GLd(Z/2Z) is injective on ρ(Gal(E/Q)). In particular, it is injective on the image of
Gal(L/K). Following through the proofs of Propositions 2.2, 2.3, 2.4 and Theorem 2.5 in [Sil92]
concludes the proof. �
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Remark 2.3.3. The condition that End(A) is 2-maximal cannot be removed. Indeed, the elliptic
curve y2 = x3 −15x−22 has CM by Z[

p−3 ] and its 2-torsion field is Q(
p

3 ), see [Sil94, Appendix
A §3].

Lemma 2.3.4. Let A/K be an abelian variety of dimension g ≥ 1 with p = 2g+1 prime. Suppose
q is a prime of bad reduction for A and there is an element of order p in the image of the inertia
group Iq on A[`] for some ` 6= q. Then either

• p does not divide [L : K] and End0(A) is a subfield of Q(ζp); or

• p divides [L : K] and A is isogenous over Q̄ to the power of an absolutely simple abelian
variety with complex multiplication by a proper subfield of Q(ζp).

In particular there are only finitely many possibilities for End0(A).

Proof. Suppose p divides [L :Q]. Then by Theorem 2.1.6, A is isogenous over Q̄ to the power of
an absolutely simple abelian variety with complex multiplication by a proper subfield F of Q(ζp).
Hence we may suppose p does not divide [L : K].

The criterion of Néron-Ogg-Shafarevich implies that the image of the inertia group Iq on the
Tate module T`(A) for any ` 6= q prime contains an element τ of order p. Furthermore, as the
trace of τ is an integer [ST68, Thm. 2] its eigenvalues are the primitive p-th roots of unity.

By Dirichlet’s theorem on arithmetic progressions, we can find a prime ` 6= q which is a
primitive root modulo p. The reduction of τ modulo ` lands in Gal(K(A[`])/K) and has order p.
This allows us to apply Theorem 2.1.10 and deduce E :=End0(A) is a field.

As p does not divide [L : K], the element τ lies in the image of GL. The decomposition E⊗Q` =∏
λ|`Eλ induces a decomposition T`(A)=∏

λ|`Tλ(A) giving representations GL →GLn(Eλ) where
n = 2g

[E:Q] , see §2 of [Rib76] for further details. Let τλ ∈GLn(Eλ) be the projection of τ onto Tλ(A).
By the above, the eigenvalues of τλ are distinct primitive p-th roots of unity. Taking the trace of
τλ we deduce E contains a subfield of Q(ζp) of degree [E :Q]. In other words, E ⊆Q(ζp). �

Theorem 2.3.5. Let A/Q be an abelian variety of dimension g ≥ 1 with p = 2g+1 prime. Suppose
Gal(Q(A[2])/Q)∼= Cp. Then either

• End0(A) is a proper subfield of Q(ζp); or

• p ≡ 3 mod 4 and A is isogenous over Q̄ to the power of an elliptic curve with complex
multiplication by Q(

p−p ).

In particular there are only finitely many possibilities for End0(A).

Proof. Suppose p divides [L :Q]. Then by Theorem 2.1.6, A is isogenous over Q̄ to the power
of an absolutely simple abelian variety B with complex multiplication by a proper subfield F of
Q(ζp). As the CM-type of B is primitive and F/Q is an abelian extension, the reflex field of F is
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also F, which implies F is contained in the endomorphism field of B, see Example (1) on page 63
of [Shi98], and Proposition 30 on page 65. In particular, we find L contains F. Using Proposition
2.3.1 to compare Gal(L/Q) with its cyclic quotient Gal(F/Q), we find F is a quadratic extension of
Q. As F is a CM field only ramified at p, we have F =Q(

p−p ) where p ≡ 3 mod 4.
We now suppose p does not divide [L : Q]. Note Q(A[2]) is totally ramified at some prime

q 6= 2. Indeed, if it were not, the extension Q(A[2])/Q would be unramified outside of 2 and hence
contained in Q(ζ2m ) for some m by the Kronecker-Weber Theorem, but this is not possible since
[Q(ζ2m ) :Q]= 2m−1. This allows us to apply Lemma 2.3.4 to deduce E :=End0(A) is a subfield of
Q(ζp).

We now show E 6=Q(ζp). Suppose we had equality, then for the same reasons as above, the
reflex field of E is also Q(ζp), forcing L =Q(ζp). If p = 3, then we apply Theorems 2.1.10 and 2.3.2
to obtain a contradiction. Else, p ≥ 5 and Proposition 2.3.1 provides us with a contradiction, since
Gal(Q(ζp)/Q) is not an elementary abelian 2-group. �

Let us record some easy corollaries of Theorems 2.1.10, 2.3.2 and 2.3.5.

Corollary 2.3.6. Let A : y2 = f (x) be an elliptic curve defined over a number field with a real
embedding. If Gal( f )∼= C3, then A does not have complex multiplication.

Corollary 2.3.7. Let A/Q be an abelian surface. Suppose Gal(Q(A[2])/Q) ∼= C5. Then either
End(A)=Z or End0

Q
(A)=End0(A)=Q(

p
5 ).

Remark 2.3.8. The above result is optimal as the jacobian J of the hyperelliptic curve y2 =
x(x5 −4x4 +2x3 +5x2 −2x−1) has EndQ(J) = End(J) ∼= Z

[
1+p5

2

]
by [Wil00, Proposition 1] and

x5 −4x4 +2x3 +5x2 −2x−1 has Galois group isomorphic to C5.

The proof of Theorem 2.3.5 crucially relies on knowing the abelian extensions of Q ramified
only at 2. The theory of elliptic curves with CM gives us a description of such extensions for
imaginary quadratic fields. Using this, we shall give a variant of Theorem 2.3.5 for abelian
varieties over imaginary quadratic fields.

Lemma 2.3.9. Let K be an imaginary quadratic field of class number h. Then any abelian
extension of K ramified only at 2 has degree dividing 3h×2m for some m.

Proof. Let H be the Hilbert class field of K . Let C/K̄ be an elliptic curve with CM by K . Any
abelian extension of K ramified only at 2 is contained in H(C[2a]) for some a by [Sil94, Chapter
II, Thm 5.6]. As C is an elliptic curve, the extension H(C[2a])/H has degree dividing 3×2m for
some m. In particular, any intermediate extension H(C[2a])/F/K has degree [F : K] dividing
3[H : K]×2m = 3h×2m. �

Theorem 2.3.10. Let g ≥ 2 be an integer and suppose p = 2g+1 is prime. Let K be an imaginary
quadratic field of class number coprime to p. Let A/K be an abelian variety of dimension g.
Suppose Gal(K(A[2])/K)∼= Cp. Then either
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• End0(A) is a proper subfield of Q(ζp); or

• p ≡ 3 mod 4 and A is isogenous over Q̄ to the power of an elliptic curve with complex
multiplication by Q(

p−p ).

In particular there are only finitely many possibilities for End0(A).

Proof. Suppose p divides [L : K]. Then by Theorem 2.1.6, A is isogenous over K̄ to the power
of an absolutely simple abelian variety B with complex multiplication by a proper subfield F of
Q(ζp). As the CM-type of B is primitive and F/Q is an abelian extension, the reflex field of F is
also F, which implies F is contained in the endomorphism field of B, see Example (1) on page 63
of [Shi98], and Proposition 30 on page 65. In particular, we find L contains F.

Using Proposition 2.3.1 to compare Gal(L/K) with its cyclic quotient Gal(FK /K), we find F is
at most a quadratic extension of K . This results in [F :Q] dividing 4 and being equal to 4 only if
F ) K . Being a CM field, [F :Q]= 4 would imply F also contains a real quadratic field, whence
Gal(F/Q)∼= C2 ×C2 giving a contradiction. Thus [F :Q]= 2. Using again that F is a CM field only
ramified at p, we deduce F =Q(

p−p ) where p ≡ 3 mod 4.

We may now suppose p does not divide [L : K]. The extension K(A[2])/K is totally ramified at
some prime q 6= 2 by Lemma 2.3.9. This provides us with our element of order p in the image of
Iq and lets us apply Lemma 2.3.4 to deduce E :=End0(A) is a subfield of Q(ζp).

We now show E 6= Q(ζp). Suppose we had equality, then for the same reasons as above,
the reflex field of E is also Q(ζp), forcing L = K(ζp). Proposition 2.3.1 then implies Gal(L/K) =
Gal(K(ζp)/K)∼=Gal(Q(ζp)/Q(ζp)∩K) has order at most 2. Hence [Q(ζp) :Q] divides 4, being equal
to 4 only if K is contained in Q(ζp). But [Q(ζp) :Q]= 4 also implies p = 5 and Q(ζ5) does not have
an imaginary subfield. Whence [Q(ζp) :Q]= 2 and p = 3. This in turn implies g = 1 which we have
ruled out by assumption. �

Remark 2.3.11. The polynomial f (x)= x5−19x4+107x3+95x2+88x−16 has Galois group D5 and
its splitting field is the Hilbert class field of K :=Q(

p−131 ). The jacobian Jf has endomorphism
algebra isomorphic to Q(

p
13 ). The group Gal(K(Jf [2])/K) is isomorphic to C5, which shows the

assumption that p does not divide the class number of K in the theorem cannot be removed.

However, notice 13≡ 5 mod 8 as predicted by Theorem 2.1.11. Also note Jf could not have
had CM by combining Theorems 2.1.11 and 2.3.2.

Proposition 2.3.12. Let f ∈ K[x] be an irreducible polynomial of odd degree n with Galois group
Dn.

Suppose E =End0(Jf ) is a number field of dimension n−1 over Q. Then L∩K( f ) is the unique
extension F/K of degree 2 contained in K( f ).

Proof. The proof is similar to that of Theorem 2.2.5. Indeed, [L : K] divides [E :Q]= n−1, and
[K( f ) : K] = 2n, so [L∩K( f ) : K] divides gcd(2n,n−1) = gcd(2,n−1) = 2. As Dn has a unique
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normal subgroup of index 2, we deduce the Galois extension L∩K( f )/K is a subfield of the unique
degree 2 extension F/K contained in K( f ).

Let F ′ = L∩K( f ). By the above either F ′ = K or F ′ = F thus F ′/K is an extension of degree d
dividing 2. As Dn is a Frobenius group, Gal(K( f )/F ′)∼=Gal(L( f )/L) acts transitively on R f , and
the stabiliser of a point α ∈ R f , is cyclic of order 2/d, and has n−1

2/d = d(n−1)
2 many orbits on R f \{α}.

Thus, by Proposition 2.2.2 we have that

n−1= dimQEnd0(Jf )= dimQEnd0
L(Jf )≤ d(n−1)

2
.

Hence d = 2, and L∩K( f )= F. �

Corollary 2.3.13. Let f ∈ K[x] be an irreducible polynomial of degree n with Galois group Dn

and n ≡ 3 mod 4.
Suppose E = End0(Jf ) is a number field of dimension n−1 over Q. Then L is the unique

extension F/K of degree 2 contained in K( f ).

Proof. As E is a number field, the discussion preceding Theorem 2.2.5 shows [L : K] divides
n−1. But the order of Gal(K( f )/K)=Gal(K(Jf [2])/K) is 2n, so by Proposition 2.3.1 we have that
Gal(L/K) is a 2-group.

Since 4 does not divide n−1, it does not divide [L : K] either. Thus [L : K]≤ 2. Hence, applying
Proposition 2.3.12 we find L = F. �

Proposition 2.3.14. Suppose A/K is an abelian surface with CM by a degree 4 field and 2 -
[K(A[2]) : K]. Then [L : K]≤ 2 and K contains a real quadratic field.

Proof. By assumption E =End0(A) is a degree 4 CM field. Let us note that as A is absolutely
simple it has primitive CM type [Shi98, §8.2, page 60]. By [Shi98, §8.4 Examples, pages 63-65]
there are only two such CM types for a genus 2 curve. One of which is not Galois and the
other is cyclic of degree 4. The minimal field of definition of the endomorphisms is L = E∗K the
compositum of K and the reflex field of E, see [Shi98, Proposition 30, page 65].

In the non-Galois case, [Shi94, Proposition 5.17(5), page 131] gives us that K contains the
real quadratic subfield of the reflex field, and thus also [L : K]≤ 2. In the other case, the reflex
field E∗ is equal to E =End0(A). As [L : K] divides 4 the image of Gal(L/K) in Gal(K(A[2])/K) is
trivial, thus by Proposition 2.3.1 we have that Gal(L/K) has exponent dividing 2. Hence Gal(L/K)
is isomorphic to either the trivial group, C2, or C2 ×C2. If Gal(L/K)∼= C2 ×C2 held, then E∗ = E
would have Galois group Gal(E∗/Q)∼= C2 ×C2, but this implies the CM type of A is not primitive
[Shi98, §8.4 Examples, 2A, page 64], contrary to what we have shown. Thus [L : K]≤ 2, and as E
contains a real quadratic subfield, we see that K must too. �

Corollary 2.3.15. Let A/K be an abelian surface with Gal(K(A[2])/K)∼= C5. If A has CM, then K
contains a real quadratic field with discriminant congruent to 5 modulo 8.
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Proof. By Proposition 2.3.14, K contains a real quadratic field. Let us now show the discriminant
condition. Recall that the discriminant of a real quadratic field is congruent to 5 modulo 8 if and
only if 2 is inert. Theorem 2.1.11 gives us that 2 is totally inert in E/Q, thus in the case that E is
Galois, the claim follows immediately by the above.

Let us suppose that E is not Galois. Write Q(
p

d ) for the real quadratic subfield of E, with
d ≡ 5 mod 8 square-free (and hence equal to the discriminant of Q(

p
d )). The reflex field of E is

also not a Galois extension of Q, and has a totally real subfield Q(
p

d′ ), where d′ 6= d is square-free
[Shi98, 8.4 Examples, 2C]. By what we have already shown above, it suffices to prove d′ ≡ 5
mod 8.

The number field M obtained as the compositum of E and its reflex E∗ is a Galois extension
of Q, with Galois group Gal(M/Q)∼= D4 of order 8. We claim that 2 splits in M/Q and each prime
above 2 has inertia degree 4. As 2 is totally inert in E/Q, it suffices to show 2 splits in M/Q. We
shall rule out the other possibilities. Let D denote the decomposition group of a prime above 2
in M. Note that as D4 is not cyclic, 2 is not totally inert in the extension M/Q. Next, suppose
2 ramifies in M/Q, then by comparing orders, we see D is isomorphic to D4, but as the inertia
degree is 4, it also has a cyclic quotient of order 4, which D4 does not. Thus 2 is not ramified in
the extension M/Q. We deduce that D is isomorphic to the unique degree 4 cyclic subgroup of D4.

By examining the subgroup structure of D4, we see the subfield fixed by D is Q(
p

dd′ ) the
quadratic subfield of M not contained in E or E∗. By definition of D we have that 2 splits in
Q(

p
dd′ ). Equivalently, dd′ ≡ 5d′ ≡ 1 mod 8, from which it follows that d′ ≡ 5 mod 8.

�
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3
SUPERELLIPTIC CURVES WITH LARGE GALOIS IMAGES

Let r > 2 and ` be primes. In this chapter we study the mod ` Galois representations
attached to curves of the form yr = f (x) where f is monic and has coefficients belonging
to the r-th cyclotomic field.

We provide conditions on the coefficients (and degree) of f which allow one to verify the mod
` image is large outside of a (typically small) finite explicit set of primes. We allow all values of
r for which the r-th cyclotomic field has odd class number. This appears to be the first explicit
result for abelian varieties of dimension greater than two and not of GL2-type which allows the
ground field to have unramified extensions.

In proving the large image result we give a classification of the maximal subgroups containing
transvections of certain classical groups and describe (in many cases) the images of inertia
groups.

The exact mod ` image is governed by the “endomorphism character”, a certain algebraic
Hecke character which generalises the CM character. When r = 3, we depict the image in its
entirety. To the author’s knowledge, this is the first accurate description in the literature.

Finally, we give several examples with genus ranging from 10 to 36. Applications to the
Inverse Galois Problem are also included.

3.1 λ-adic representations

Fix distinct primes r,`. Let f ∈Q(ζr)[x] be a polynomial of degree d ≥ 5 without repeated roots.
The jacobian J of the superelliptic curve

C : yr = f (x)
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has a natural endomorphism [ζr] : J → J which arises from the map on C defined by (x, y) 7→
(x,ζr y). This endomorphism realises Z[ζr] as a subring of End(J). For the ease of exposition,
let us assume the endomorphism ring End(J) is isomorphic to Z[ζr]. In order to study the
representation of the absolute Galois group GQ(ζr) on J[`], the `-torsion of J, we first study λ-adic
representations of GQ(ζr) associated to J, where λ|` is a prime above ` in Q(ζr). Let us introduce
these now.

The Galois group GQ(ζr) acts continuously on the Tate module T`(J), which gives rise to a
Q`-representation,

ρ`∞ : GQ(ζr) →Aut(V`)

where V`(J) = T`(J)⊗Q`. The action of the endomorphism algebra End0(J) ∼= Q(ζr) on V`(J)
is compatible with that of Q`, allowing us to view V`(J) as a Q(ζr)` = Q(ζr)⊗Q` module. The
idempotents giving rise to the decomposition Q(ζr)` =

∏
λ|lQ(ζr)λ thus induce a decomposition

V` =∏
λ|l Vλ. As the endomorphisms of J are defined over Q(ζr), the idempotents commute with

the action of GQ(ζr) on V`(J), leading to representations

ρλ∞ : GQ(ζr) →AutQ(ζr)λ(Vλ),

one for each λ|`. We call these λ-adic representations. Considering the action of GQ on the above
idempotents, we find

(3.1) ρ`∞ =⊕
γ

ρ
γ

λ∞

where γ runs over a set of coset representatives for the decomposition group of λ in Gal(Q(ζr)/Q).
The dimension of each of the vector spaces Vλ over Q(ζr)λ is equal to n = 2g

r−1 , [Rib76, Thm 2.1.1].
This entails that V` is a free Q(ζr)`-module of rank n. In order to prove the main results in this
chapter, one may assume n ≥ 10 throughout. However, many of the results presented here hold
for smaller values of n and we indicate these as we go along.

As with V`, we may view T` as a Z[ζr]⊗Z`-module. Since Z[ζr]` :=Z[ζr]⊗Z` is a product of
discrete valuation rings it follows from the above that T` is a free Z[ζr]`-module of rank n [Rib76,
Prop 2.2.1]. The module Tλ = T`⊗Z[ζr]`Z[ζr]λ is then a lattice in Vλ and setting J[λ]= Tλ⊗Z[ζr]λ kλ,
where kλ is the residue field, we obtain a representation

ρλ : GQ(ζr) →Aut(J[λ])

which is of central interest to us in this chapter. In fact, the subgroup Gλ = ρλ(GQ(ζr`)) of the
image will be of even greater importance.

Work of Shimura [Shi67, §11.10],[Rib76, Thm 2.1.2] shows the system of representations
(ρλ∞)λ is a strictly compatible system of Q(ζr)-rational representations. Let us recall what this
means.

Definition 3.1.1. We say that a collection of representations ρλ∞ : GQ(ζr) →GLn(Q(ζr)λ) (one for
each prime λ of Q(ζr)) forms a strictly compatible system if there exists a finite set S of primes of
Q(ζr) such that
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• any ρλ∞ is unramified outside of S∪S` (where ` is the rational prime below λ, and S`

contains the primes above ` in Q(ζr));

• for each p 6∈ S, there is a monic polynomial Pp ∈Z[ζr][x] whose image in Q(ζr)λ[x] coincides
with the characteristic polynomial of ρλ∞(Frobp) for any λ whenever p 6∈ S∪S`.

The set S in our case is taken to be the primes of bad reduction for J/Q(ζr).

It is clear from the above definition that the system of representations (det◦ρλ∞)λ is also
strictly compatible. Each representation in this family is abelian, and so by [Sch88, §1.1, Prop
1.4] (see also [Rib76, Thm 2.13], [Hen82, Main Thm]) there is an algebraic Hecke character Ω
of Q(ζr) with values in Q(ζr) such that for every prime λ of Q(ζr), the λ-adic avatar (see §3.4.1,
or [Sch88, §0.5]) Ωλ equals det◦ρλ∞ . We call Ω the endomorphism character. In section 3.4, we
shall study Ω in detail and describe the mod λ images of its λ-adic avatars.

3.2 Group Theory

3.2.1 Classical groups and their automorphisms

Let i ∈N>0 be a natural number and V be an n dimensional vector space over F`i . We denote the
group of F`i -semilinear invertible transformations of V by ΓLn(`i).

Let 〈,〉 : V ×V → F`i be either identically zero, a non-degenerate symplectic pairing or a
non-degenerate unitary pairing. We note the last case may only occur if i is even.

We call a semisimilarity any element τ ∈ΓLn(`i) for which there exists χ(τ) ∈ F`i , σ ∈Aut(F`i )
such that

〈τv,τw〉 = χ(τ)〈v,w〉σ

for all v,w ∈ V . The set of semisimilarities forms a group Γ. The similitude group ∆≤ Γ is the
subgroup for which σ is the identity. This group coincides with Γ∩GLn(`i) [KL90, Lemma 2.1.2
(iv)]. The isometry group I ≤∆ is the subgroup which preserves 〈,〉; that is the τ ∈∆ for which
χ(τ)= 1. We denote the kernel of det : I → F`i by S. If 〈,〉 is identically zero, let A =Γ〈ι〉 where ι is
the inverse-transpose map u 7→ u−T . Else let A =Γ.

When 〈,〉 is a unitary pairing, ∆Un(`i/2) denotes the similitude group, GUn(`i/2) the isometry
group, and SUn(`i/2) the kernel of the determinant map det: GUn(`i/2) → F`i . If 〈,〉 is identi-
cally zero, the similitude and isometry group coincide with GLn(`i). When 〈,〉 is symplectic the
similitude group is denoted by GSpn(`i). In this case the isometry group Spn(`i) consists of
determinant one matrices.

The above defines a natural chain of groups

S ≤ I ≤∆≤Γ≤ A.

This chain is A invariant, that is, each group is normalised by A.

31
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The group of scalar matrices isomorphic to F∗
`i is a normal subgroup of A. This allows us

define X̄ the reduction modulo scalars for any group X in the chain above.

For simplicity suppose `≥ 5 and n ≥ 4. Then we have the following.

Theorem 3.2.1. [KL90, Theorems 2.1.3 and 2.1.4] S̄ is a non-abelian simple group and its
automorphism group Aut(S̄) equals Ā.

References to both original and modern proofs of the above may be found on page 16 of [KL90].

Combining the above theorem with the lemma below gives us a corollary of great importance
for §3.2.4.

Lemma 3.2.2. Let S̄ be a non-abelian simple group. Let S̄ ≤ H ≤ Aut(S̄) where S̄ is identified
with its inner automorphism group. Then

Aut(H)= NAut(S̄)(H).

Corollary 3.2.3. Let S̄ ≤ H ≤Aut(S̄), n ≥ 4. Then if

• S̄ =PSLn(`i), every automorphism of H is of the form u 7→ (MuM−1)σ or u 7→ (Mu−T M−1)σ

where M ∈PGLn(`i) and σ ∈Aut(F`i ).

• S̄ =PSUn(`i/2), every automorphism of H is of the form u 7→ (MuM−1)σ where M ∈PGLn(`i)
normalises S̄ and σ ∈Aut(F`i ).

We make use of the following lemma later.

Lemma 3.2.4. Let M ∈GSp2g(`i), then φ the minimal polynomial of M satisfies

φ(x)= x2g

χ(M)gφ

(
χ(M)

x

)
.

Proof. We have MTBM = χ(M)B, where B represents 〈,〉 with respect to some basis. Using this
we obtain the following:

det(M− xIn)= det(BMB−1 − xIn)

= det(M−Tχ(M)− xIn)

= x2g det(M)−1 det(M− χ(M)
x

In).

The determinant of M is equal to χ(M)g [KL90, Lemma 2.4.5], so the result follows. �

When necessary we shall write a subscript on the determinant map det`i to emphasise the
determinant is being taken with the underlying vector space viewed over F`i .
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3.2.2 Centralisers in the symplectic group

In the introduction, we saw the automorphism [ζr] of J preserves the Weil pairing and commutes
with the action of the Galois group GQ(ζr). In §3.1, we defined subrepresentations

ρλ : GQ(ζr) →Aut(J[λ])

in order to help study the representation attached to the `-torsion

ρ` : GQ(ζr) →Aut(J[`]).

In this subsection we give a purely group theoretic description of the centraliser of an element of
prime order r 6= ` in GSpn(`). Then show how these representations fit together, describing in
particular upper bounds on the images of the ρλ.

The description of these centralisers is due to Wall [Wal63], see also [BG16, Chapter 3.4.1].
Giving this description will rely upon various other facts about the classical groups and we will
recall these as we go along, our main reference for these is [KL90]. Finally, we explain how the
group structure constrains and informs our approach to determining Gλ = ρλ(GQ(ζr`)).

Let ζ ∈GSp2g(`) be an element of prime order r 6= ` which fixes no non-zero vector. Let i be
the least positive integer such that F`i contains r-th roots of unity, equivalently, the inertia degree
of ` in Q(ζr).

If i is odd, the characteristic polynomial of ζ is of the form

(φ1φ̄1)a1 . . . (φtφ̄t)at

where each φ j is irreducible of degree i and φ̄ j is the polynomial whose roots are the multiplicative
inverses of the roots of φ j.

If i is even then the characteristic polynomial of ζ is of the form

φ
a1
1 . . .φat

t

and each φ j is irreducible of degree i and has coefficients fixed by the involutory automorphism
of F`i .

These characteristic polynomials allow us to give an “upper bound” on the centraliser of ζ in
GSp2g(`). In fact, they completely determine its centraliser, though we won’t make use of this
fact. Nevertheless, we record the statement here for the ease of reference.

In the following we denote the extension of a group G by a cyclic group of order n by G.n. We
note also that as 1 is not an eigenvalue of ζ, there is no Spe(`) factor as appears in [BG16] (See
[BG16, Prop. 3.4.3]).

Theorem 3.2.5. [BG16, Remark 3.4.4], [Wal63, Page 36] The centraliser of ζ in GSp2g(`) satisfies

CGSp2g(`)(ζ)= CSp2g(`)(ζ)〈χ〉 = CSp2g(`)(ζ).(`−1)
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where χ acts as a similarity on each factor in an orthogonal decomposition fixed by ζ. Furthermore
if i is odd, then

CSp2g(`)(ζ)∼=GLa1(`i)×·· ·×GLat (`
i),

if i is even, then

CSp2g(`)(ζ)∼=GUa1(`i/2)×·· ·×GUat (`
i/2).

We will need to switch between the mod ` and mod λ representations. Doing this amounts to
understanding how the centralisers embed in GSp2g(`).

Let us first consider i odd. In this case, using the characteristic polynomial, one can show ζ

fixes an orthogonal decomposition of the form

(U1,1 ⊕U∗
1,1)⊥ . . .⊥(U1,a1 ⊕U∗

1,a1
)⊥ . . .⊥(Ut,1 ⊕U∗

t,1)⊥ . . .⊥(Ut,at ⊕U∗
t,at

)

where each {U j,k,U∗
j,k} is a pair of totally isotropic 〈ζ〉-irreducible spaces of dimension i such that

U j,k ⊕U∗
j,k is non-degenerate [BG16, Prop. 3.4.3]. Furthermore

U j =U j,1⊥ . . .⊥U j,a j

is equal to the sum of eigenspaces of ζ with eigenvalues the roots of φ j. Likewise

U∗
j =U∗

j,1⊥ . . .⊥U∗
j,a j

is equal to the sum of eigenspaces of ζ with eigenvalues the roots of φ̄ j.

An element in the centraliser of ζ must preserve each of the U j and U∗
j . In fact, viewing U j

and U∗
j as a j-dimensional spaces over F`i , an element of CSp2g(`)(ζ), the centraliser of ζ in Sp2g(`),

has, with respect to a suitable basis, a matrix on U j ⊕U∗
j of the form

(
A 0
0 A−T

)
with A ∈GLa j (`

i).

This describes an embedding GLa j (`
i) ,→ Sp2a j

(`i) ≤ GSp2a j
(`i), which may be followed by em-

bedding GSp2a j
(`i) ,→GSp2ia j

(`). Running over all j we find CSp2g(`)(ζ)≤GLa1 (`i)× . . .×GLat (`
i).

To correctly identify the image of Galois we need to go one step further and describe the
centraliser of ζ in GSp2g(`). As U =U1 ⊕·· ·⊕Ut and U∗ =U∗

1 ⊕·· ·⊕U∗
t are both totally isotropic

and U ⊕U∗ is non-degenerate, an element which acts as a scalar on U and the identity on U∗

belongs to the similitude group GSpn(`). In particular, if 〈µ〉 = F∗
`
, then

(
µIg 0

0 Ig

)

together with Sp2g(`) generate GSp2g(`).
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The similitude factor χ of GSp2a j
(`i) agrees with that of GSp2ia j

(`) on elements whose image
lie in F` [KL90, Lemma 4.3.5]. Thus by restricting the action of the above element to U j ⊕U∗

j , we
find (

µIa j 0
0 Ia j

)
and

(
A 0
0 A−T

)
with A ∈GLa j (`

i)

belong to the centraliser of ζ on U j ⊕U∗
j . Ranging over j, we deduce CGSp2g(`)(ζ)= CSp2g(`)(ζ)o 〈χ〉.

Recall that when i is even, then the characteristic polynomial of ζ is of the form

φ
a1
1 . . .φat

t

and each φ j is irreducible of degree i and has coefficients fixed by the involutory automorphism
of F`i . In this case, ζ fixes an orthogonal decomposition of the form

U1,1⊥ . . .⊥U1,a1⊥ . . .⊥Ut,1⊥ . . .Ut,at

where each U j,k is a non-degenerate 〈ζ〉-irreducible space of dimension i [BG16, Prop. 3.4.3].
Furthermore

U j =U j,1⊥ . . .⊥U j,a j

is equal to the sum of eigenspaces of ζ with eigenvalues the roots of φ j.
An element in the centraliser of ζ must preserve each U j. In fact, viewing U j as an a j-

dimensional space over F`i , an element of CSp2g(`)(ζ), the centraliser of ζ in Sp2g(`), preserves,
when restricted to U j, a non-degenerate unitary pairing. Thus there is a clear containment

CSp2g(`)(ζ)≤GUa1(`i/2)× . . .×GUat (`
i/2).

Let us describe the structure of CGSp2g(`)(ζ) and give an indication of how the GUa(`i/2) factors
are embedded into Sp2g(`). This will be useful later when studying the image of our Galois
representations in the quotient GUa(`i/2)/SUa(`i/2).

Let 〈,〉] : U j ×U j → F`i denote the unitary pairing from above. Let µ ∈ F∗
`i be an element sent

to zero under the trace map T : F`i → F`i/2 . Then the map T
(
µ〈,〉]

)
: U j ×U j → F`i/2 is a symplectic

pairing [KL90, Pg.117 - 118]. This provides us with an embedding of isometry groups GUa j (`
i/2) ,→

Sp2a j
(`i/2). In fact, as the image of the similitude group ∆Ua j (F`i/2) of 〈,〉] under the multiplier

lands in F`i/2 [KL90, Pg.23], we also obtain an embedding of similitude groups ∆Ua j (`
i/2) ,→

GSp2a j
(`i/2) [KL90, Pg.118]. Finally one embeds GSp2a j

(`i/2) into GSpia j
(`) ≤ GSpn(`) in the

usual way. As the multiplier χ] of ∆Ua j (`
i/2) agrees with that of GSp2a j

(`i/2), we have that if
σ ∈∆Ua j (`

i/2) satisfies χ](σ) ∈ F`, then χ](σ) = χ(σ), where χ is the multiplier of GSpia j
(`) (and

GSpn(`)) [KL90, Lemma 4.3.5].
The following corollary of Theorem 3.2.5 is of particular interest to us.

Corollary 3.2.6. Let n = 2g
r−1 . Suppose the characteristic polynomial of ζ ∈GSp2g(`) is

(xr−1 + . . .+ x+1)n.
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If i the inertia degree of ` in Q(ζr) is odd, then

CSp2g(`)(ζ)∼=GLn(`i)t

where 2t is the number of distinct primes above ` in Q(ζr).
If i is even, then

CSp2g(`)(ζ)∼=GUn(`i/2)t

where t is the number of distinct primes above ` in Q(ζr).

Proof. Immediate by Dedekind-Kummer and Theorem 3.2.5. �

The characteristic polynomial of [ζr] when viewed as an automorphism of J[`] is

(xr−1 + . . .+ x+1)
2g
r−1 = (φ1 . . .φs)

2g
r−1

with each φ j distinct irreducible of degree i over F`. Thus the structure of CSp2g(`)(ζr) is given
by Corollary 3.2.6. By Dedekind-Kummer, to each φ j there corresponds a prime λ j|` above `
in Q(ζr). As the GQ(ζr)-modules J[λ j] may be described as the intersections of the kernels of
the endomorphisms [`] and φ j([ζr]), we see they correspond to the U j and U∗

j in the discussion
following Theorem 3.2.5.

Let n = 2g
r−1 . The above discussion shows the image of ρλ : GQ(ζr) →Aut(J[λ]) lands in GLn(`i)

if i is odd and ∆Un(`i/2) if i is even (or, more precisely, inside its subgroup whose elements have
multiplier contained in F∗

`
). Moreover, it shows the subgroup Gλ := ρλ(GQ(ζr`)) is contained in

GLn(`i) if i is odd and GUn(`i/2) if i is even. For the ease of citation, let us record this in a
corollary.

Corollary 3.2.7. The image of ρλ : GQ(ζr) → Aut(J[λ]) is contained in GLn(`i) if i is odd and
∆Un(`i/2) if i is even.

Moreover, the subgroup Gλ = ρλ(GQ(ζr`)) is contained in GL(`i) if i is odd and GUn(`i/2) if i is
even.

Since the image of the mod ` cyclotomic character sits diagonally in the action of ρ`(GQ(ζr))
on the J[λ], we see the task of determining ρ`(GQ(ζr)) is really to determine the Gλ. We break
this down into two parts: first showing Gλ contains SLn(`i) for i odd (resp. SUn(`i/2) for i even),
and then identifying det`i (Gλ).

Since SLn(`i) (resp. SUn(`i/2)) is perfect for n ≥ 3 and ` ≥ 5, it suffices to prove ρλ(GQ(ζr))
contains SLn(`i) (resp. SUn(`i/2)) for i odd (resp. even) to accomplish the first part.

To achieve this we study the maximal subgroups of GLn(`i) and ∆Un(`i/2) in §3.2.3. The
image of inertia subgroups are then used to rule out the containment of ρλ(GQ(ζr)) in any maximal
subgroup which does not contain SLn(`i) when i is odd and SUn(`i/2) when i is even. Our method
for proving primitivity is dependent on unramified extensions of the base field. For this reason
we work with ρ(GQ(ζr)) rather than Gλ directly.
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Let us now return to the definition of large used in §1.1.2. There we said the group ρ`(GQ(ζr))
was large if it contained the limit of the derived series of CGSp2g(`)(ζr). It follows from Corollary
3.2.6 that this definition is equivalent to the following:

Definition 3.2.8. Let n = 2g
r−1 . When i is odd, we say the image of ρλ : GQ(ζr) →Aut(J[`]) is large

if ρ`(GQ(ζr)) contains SLn(`i)t where 2t is the number of distinct primes above ` in Q(ζr).

When i is even, we say the image is large if ρ`(GQ(ζr)) contains SUn(`i/2)t where t is the
number of distinct primes above ` in Q(ζr).

For convenience, we make the definition:

Definition 3.2.9. We say Gλ is large when i is odd if Gλ contains SLn(`i). When i is even we say
Gλ is large if it contains SUn(`i/2).

3.2.3 Maximal subgroups of classical groups

Historically, explicit Galois images results have been proven using a classification of maximal
subgroups of GSp2g(`) containing a transvection. Here, we are able to classify maximal subgroups
containing a broader class of elements.

Let S be one of SLn(`i), SUn(`i/2), Spn(`i), and G be a group satisfying S ≤G ≤ A (where A
is as in §3.2.1). For τ ∈G, we define

ν(τ) to be the codimension of the largest eigenspace of τ.

For example, a transvection τ satisfies ν(τ) = 1. Indeed, the condition ν(τ) = 1 is equivalent to
there being a constant µ ∈ F`i such that τ−µIn has rank one, and for a transvection we may
simply take µ= 1. In this section we shall give a description of maximal subgroups of G which
contain an element τ of odd prime order with ν(τ)= 1.

To accomplish this task, we make use of the seminal work of Aschbacher [Asc84], that of
Kleidman and Liebeck [KL90], and of various other group theorists in recent times. Indeed, the
maximal subgroups of G have been shown to belong to one of eight natural geometric collections
C1, . . . ,C8 or an exceptional set S .

Our first lemma will show any subgroup H ≤ G containing an element of the above form
cannot lie in C3,C4,C6 or C7. For this reason we do not give a description of these families. On
the other hand we now give a rough description of the groups belonging to C1,C2,C5 and C8

along with the geometric structure they stabilise.

These families are thus referred to in the following way: C1 reducible subgroups; C2 imprimi-
tive subgroups; C5 subfield subgroups; C8 classical subgroups.

Lemma 3.2.10. Let G be as above, with n > 4 and suppose τ ∈ H <G has odd prime order and
ν(τ)= 1. Then H is contained in a maximal subgroup of type C1,C2,C5,C8 or S .
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C j structure stabilised rough description in GLn(`i)

C1
non-degenerate or totally

maximal parabolic
singular subspace

C2
decompositions of the form

GLa(`i) oSk, n = ka
V =⊕k

j=1 Vj, dimVj = a

C5 subfields of F`i of prime index b GLn(`
i
b ), b prime

C8 non-degenerate classical forms
GSpn(`i), n even
GOε

n(`i), ` odd
GUn(`i/2), i even

Proof. We shall work through the subgroups of type C3,C4,C6,C7 successively showing τ cannot
be contained in any of them.

We start with C3, the field extension subgroups. As ν(τ) = 1, the Jordan normal form of τ
cannot be that of a field extension subgroup [LS99, Lemma 4.2]. Hence H 6∈C3.

For C4 subgroups we use [LS99, Lemma 3.7] which tells us that an element with ν(τ) = 1
cannot preserve a non-trivial tensor decomposition. Thus H 6∈C4.

Subgroups of type C6 may be dealt with using [Bur07a, Lemma 6.3], which states that any
element σ belonging to a C6 type group must have ν(σ)≥ n/4. As n > 4, and ν(τ)= 1, we deduce
immediately that H 6∈C6.

Finally, we deal with subgroups of type C7 by appealing to [Bur07a, Lemma 7.1]. Here, again,
the fact that ν(τ)= 1 would force n = 1, but n > 4 so this is not possible. Hence H 6∈C7. �

The groups belonging to S are known to be, modulo scalars, almost simple and act absolutely
irreducibly on the underlying vector space. However a full list of possible groups in S is unknown.
Nevertheless, results of Guralnick and Saxl [GS03] allow us to discount all groups appearing in
S .

Lemma 3.2.11. Let ` ≥ 5 and G be as above with n > 8 (and n 6= 10 if S = Spn(`)). Suppose
τ ∈ H < G has odd prime order and τ− In has rank one. Then H belongs to a subgroup of type
C1,C2,C5, or C8.

Proof. By Lemma 3.2.10 and Theorem 7.1 of [GS03] (see also [Bur07b, Table 2.3] for the
exception when n = 10) it suffices to show H is not alternating or symmetric with V the fully
deleted permutation module. Let us argue by the contrapositive. Then any element σ of order `
in H has ν(σ)≥ `−3. Indeed, let F[Ω] be the corresponding permutation module. As a member of
Sym(Ω), our element σ is a product of `-cycles, and thus as 〈σ〉-modules, we have

F[Ω]∼= F[σ]a ⊕Fb

for some a,b with a 6= 0. The only eigenvalue of σ is 1 and the above description of F[Ω] shows the
codimension of the 1-eigenspace is a(`−1)≥ `−1. It follows that codimension of the 1-eigenspace
of σ on V has dimension at least `−3. Thus H does not contain transvections.
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Furthermore, as the symmetric group has only two linear representations, det(V )⊆ {±1}. It
follows that H cannot contain such an element τ. This completes our proof by contrapositive, and
hence the lemma. �

The following well-known lemma allows us to translate between the maximal subgroups of
our groups S ≤G ≤ A and that of their projectivisations.

Lemma 3.2.12. Let M be a maximal subgroup of G such that MZ(G)=G. Then M contains S.
In particular, every maximal subgroup M of G not containing S, contains Z(G) and hence

gives rise to a maximal subgroup M̄ of Ḡ not containing S̄.

The next two theorems now follow directly from the above and the main theorem of [KL90].

Theorem 3.2.13. Let H be a proper irreducible subgroup of G where S =SUn(`i/2), `≥ 5, n > 8.
Suppose τ ∈ H has odd prime order and τ− In has rank one. Then one of the following holds

1. H preserves a (transitive) imprimitivity decomposition of V ;

2. H is contained in a subfield subgroup; or

3. H contains SUn(`i/2).

Theorem 3.2.14. Let H be a proper irreducible subgroup of G where S = SLn(`i), ` ≥ 5, n > 8.
Suppose τ ∈ H has odd prime order and τ− In has rank one. Then one of the following holds

1. H preserves a (transitive) imprimitivity decomposition of V ;

2. H is contained in a subfield subgroup;

3. H is contained in a classical subgroup; or

4. H contains SLn(`i).

3.2.4 Generating products of classical groups

Once we have shown Gλ := ρλ(GQ(ζr`)) is large, we will need to argue ρ`(GQ(ζr`)) is also large. To
do this, we adapt a method pioneered by Serre and Ribet. Our starting point is Goursat’s Lemma.

Proposition 3.2.15. (Goursat’s Lemma) Suppose H is a subgroup of a product of groups G1×G2

such that each projection map surjects H →G1,G2. Let N2 (resp. N1) be the kernel of the projection
onto G1 (resp. G2).

Then, viewing N1 (resp. N2) as a subgroup of G1 (resp. G2), the image of H in G1/N1 ×G2/N2

is the graph of an isomorphism φ : G1/N1 →G2/N2.

As we will, in general, have more than two factors to deal with, Ribet’s Lemma will prove
indispensable.
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Proposition 3.2.16. (Ribet’s Lemma [Rib76, Lemma 5.2.1]) Let S1, . . . ,Sk be finite perfect groups.
Let G be a subgroup of S1×·· ·×Sk such that each projection G → Si×S j (1≤ i < j ≤ k) is surjective.
Then G = S1 ×·· ·×Sk.

Recall from Corollary 3.2.6 that CSp2g(`)(ζr) ∼= G1 × ·· · ×G t where each G j ∼= GLn(`i) or
GUn(`i/2). In the following, we assume n ≥ 4.

Proposition 3.2.17. Let H be a subgroup of G = CSp2g(`)(ζr)∼=G1 ×·· ·×G t such that each projec-
tion H j of H onto G j contains the commutator subgroup S j. Suppose there is an element τ ∈ H
such that its projection onto each G j has exactly one non-trivial eigenvalue of order r, and when
viewed as an element of Sp2g(`) its non-trivial eigenvalues are ζr,ζ2

r , . . . ,ζr−1
r and all of multiplicity

one. Then the image of H →G j ×Gk, j 6= k, contains S j ×Sk.

Proof. Denote the image of H →G j ×Gk by H jk. Let N j denote the kernel of H jk → Hk and Nk

the kernel of H jk → H j. As H jk surjects onto each factor, we may view N j (resp Nk) as a subgroup
of G j (resp Gk). If either Ns contains Ss (s = j,k), then we are done. Let us suppose this is not
the case. It follows that Ns is contained in the centre Zs of Gs.

Goursat’s Lemma tells us the image of H jk in G j/N j ×Gk/Nk is the graph of an isomorphism
φ : G j/N j → Gk/Nk. As φ maps the centre of G j/N j to the centre of Gk/Nk, there is an induced
isomorphism φ̄ : G j/Z j →Gk/Zk (the centre of Gs/Ns is Zs/Ns).

Now either G j ∼=Gk ∼=GLn(`i) or G j ∼=Gk ∼=GUn(`i/2). Let us suppose for now we are in the
first case. Then φ̄ is an automorphism of PGLn(`i), by Corollary 3.2.3 we see that for (h j,hk) ∈
H jk, we have either hk = χ(h j)(Mh jM−1)σ or hk = χ(h j)(Mh−T

j M−1)σ where M ∈ GLn(`i), σ ∈
Aut(F`i /F`) and χ : GLn(`i)→ F`i is a linear character.

Let τs denote the projection of τ to Gs and αs be its non-trivial eigenvalue. The embeddings
described in §3.2.2 show that when Gs is viewed as a subgroup of GSp2g(`), then, on the corre-
sponding subspace, τ has eigenvalues ασs ,α−σ

s as σ varies over all of Aut(F`i /F`). As the non-trivial
eigenvalues of τ, when viewed as an element of Sp2g(`) are distinct, we see αk 6=ασj ,α−σ

j for any
σ ∈Aut(F`i /F`).

As τ ∈ H, we have by the above that either τk = χ(τ j)(Mτ jM−1)σ or τk = χ(τ j)(Mh−T
j M−1)σ.

In either case, we must have χ(τ j)= 1, because τ j and τk have only one non-trivial eigenvalue.
These equalities now imply αk =ασj or α−σ

j for some σ ∈Aut(F`i /F`), but this contradicts the above.
We conclude H jk ⊇ S j ×Sk.

Let us now assume G j ∼=Gk ∼=GUn(`i/2), n ≥ 3. As above, Corollary 3.2.3 combined with Gour-
sat’s Lemma shows that for (h j,hk) ∈ H jk, we have hk = χ(h j)(Mh jM−1)σ. The above reasoning
also applies to show the non-trivial eigenvalues of τ j and τk cannot be Galois conjugate. These
statements contradict, proving H jk ⊇ S j ×Sk. �

Applying Ribet’s Lemma gives the following:
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Theorem 3.2.18. Let H be a subgroup of CSp2g(`)(ζr)∼=G1 ×·· ·×G t such that each projection H j

of H onto G j contains the commutator subgroup S j. Suppose there is an element τ ∈ H such that
its projection onto each G j has exactly one non-trivial eigenvalue of order r, and when viewed as
an element of Sp2g(`) its non-trivial eigenvalues are ζr,ζ2

r , . . . ,ζr−1
r , all of multiplicity one. Then

H ⊇ S1 ×·· ·×St.

Proof. Let S = S1×·· ·×St. Proposition 3.2.17 shows the image of the projection H∩S →G j×Gk

equals S j ×Sk for any j 6= k. Applying Ribet’s Lemma (Proposition 3.2.16) to H ∩S yields the
result. �

3.3 Inertia subgroups

3.3.1 Reduction criteria

In this section we continue to let `, p, r be distinct primes. Let F/Qp be a finite extension with ring
of integers OF . Denote the discrete valuation of F by vF , a uniformiser by π, and by IF EGal(F/F)
the inertia subgroup.

For the convenience of the reader we recall the necessary notation from [Dok19] for the below
theorem.

Let f =∑
i, j ai jxi y j ∈ F[x, y] be a non-zero polynomial, which is not a monomial. The following

are Newton polytopes of f :

∆ = convex hull
(
(i, j)

∣∣ ai j 6= 0
) ⊂R2,

∆v = lower convex hull
(
(i, j,vF (ai j))

∣∣ ai j 6= 0
) ⊂R2 ×R.

with ∆ being the ordinary Newton polygon of f . For every point P = (i, j) ∈∆, we have a corre-
sponding point vF (ai j) ∈ R. This gives us a piecewise affine map v :∆→ R which breaks ∆ into
2-dimensional v-faces and 1-dimensional v-edges, the images of faces and edges of the polytope
∆v under the homeomorphic projection to ∆.

Let us write ∆(Z) for the integer points lying inside ∆, that is ∆(Z) = interior(∆)∩Z2. We
write ∆(Z)F ⊆∆(Z) for points that are in the interiors of v-faces, and ∆(Z)L for those lying on
the v-edges (note ∆(Z)L =∆(Z)\∆(Z)F ). For any of the above sets, we write Zp as a subscript to
indicate the subset of points for which v(P) ∈Zp.

We shall later state conditions which imply ∆v−regularity, but we will not define it here.
Instead, we refer the reader to [Dok19, Definition 3.9].

Theorem 3.3.1. [Dok19, Thm 6.4] Suppose C/F is a ∆v−regular curve, and ` 6= p. For P ∈∆(Z)Zp

define a tame character

χp : IF → {roots of unity}, σ 7→σ(πv(P))/πv(P)
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Let V ab
tame,V toric

tame be the unique continuous `-adic representations of IF that decompose over Q̄`
as

V ab
tame

∼=Q̄`

⊕
P∈∆(Z)F

Zp

(
χP ⊕χ−1

P
)
, V toric

tame
∼=Q̄`

⊕
P∈∆(Z)L

Zp

χP .

Then there are isomorphisms of IF -modules,

H1
ét(CF ,Q`)Iwild ∼=V`(J(C))Iwild ∼=V ab

tame ⊕V toric
tame ⊗Sp2.

In particular, J(C) is wildly ramified ⇐⇒ ∆(Z)ZP (∆(Z).

Although we could get away with a less general version of the theorem below, we prove it in
this form for its versatility, and afterwards deduce all cases we actually use as examples.

Theorem 3.3.2. Suppose C/F is a ∆v−regular curve, p 6= r,` with Newton polytope ∆v of the form:

(x1,0,h1)

(0, r,0)

(x2,0,h2) (xt,0,ht) (xt+1,0,ht+1)

F1 Ft

where

• q1, . . . , qt is an increasing sequence of primes distinct from r and p;

• h1, . . . ,ht,ht+1 a strictly decreasing sequence of natural numbers with ht+1 = 0; and

• xs+1 =∑s
j=1 q j, in particular x1 = 0.

Let Ds := hs −hs+1 for 1 ≤ s ≤ t. Define the symbol γs to be 0 if r|xs and 1 otherwise. Define
δs = 0 if qshs +Dsxs ≡ 0 mod r and 1 otherwise. Then as IF -modules,

V ab
tame

∼=Q̄`

t⊕
s=1

(Q`[Cqs ]
Ds ªQ`)⊗ (Q`[Cr]δs ªQ`)⊕ (Q`[Cr]δs ªQ`)⊕γs+γs+1−1

V toric
tame

∼=Q̄`

t⊕
s=2

(Q`[Cr]hs ªQ`)⊕(1−γs)

where Q`[C∗]a means we raise each individual irreducible constituent of Q`[C∗] to the power of a.
Moreover, IF acts tamely on V`(J(C)) and as IF -modules,

V`(J(C))∼=V ab
tame ⊕V toric

tame ⊗Sp2.

Note dimV ab
tame +2dimV toric

tame = (r−1)(xt+1 −2+γt+1)= 2g.

Proof. Let us begin by looking at the contribution of one face at a time. To simplify notation, let
us work with the face F as labelled below.

42



3.3. INERTIA SUBGROUPS

(0, r,0)

(x,0,h) (x+ q,0,h−D)

F

The points on F satisfy the equation rDX +(qh+Dx)Y +rqZ = r(qh+Dx). To apply Theorem
3.3.1, it will be easier to work with the following extension of F ,

(0, r,0)

(x,0,h) (x+ q,0,h−D)

(q, r,−D)

F

F ′

We denote by F̂ the parallelogram obtained by joining F and F ′. We shall call an integral point
of F̂ a point (X ,Y , Z) lying on the interior of F̂ with integral X ,Y values. There are (r−1)(q−1)
many integral points on F̂ if r divides x and q(r−1) otherwise. If r|x+q, then r−1 of these points
lie on the line L connecting (0, r,0) to (x+q,0,h−D). We call the denominator of an integral point
the denominator of Z expressed in lowest terms. Note our assumptions imply the denominator is
never divisible p, so ∆(Z)ZP =∆(Z) and J(C) is tamely ramified by Theorem 3.3.1.

There is a bijection between integral points on F and F ′ given by

(X ,Y , Z)↔ (X ,Y , Z)′ = (x+ q− X , r−Y ,h−D−Z).

In the notation of Theorem 3.3.1, for a point P on F , the associated character satisfies χP ′ = χ−1
P .

Thus to determine the contribution of F towards V ab
tame it suffices to determine the equivalences

classes of rqZ modulo rq as (X ,Y , Z) ranges over the integral points on F̂ not lying on L.
Let Z(X ,Y )= (qh+Dx)(r−Y )− rDX . Then Z(X ,Y )≡−(qh+Dx)Y mod r. As Y takes values

strictly between 0 and r, we see Z(X ,Y ) ≡ 0 mod r if and only if −(qh+Dx) ≡ 0 mod r and
furthermore if −(qh+Dx) 6≡ 0 mod r then the equivalence class Z(X ,Y ) mod r only depends on
Y .

Let us now study Z(X ,Y )= (qh+Dx)(r−Y )− rDX modulo q. If q|D, then Z(X ,Y )≡ 0 mod q
always holds. Suppose q - D, then Z(X ,Y )≡ Dx(r−Y )− rDX mod q. As rD is invertible modulo
q, we see for fixed Y value and X ranged over this line on F̂ that the quantity Z(X ,Y ) mod q
runs over all equivalences classes if r - x and all non-zero classes if r|x.

The line L contains integral points in F̂ if and only if r|x+q. These points contribute towards
V toric

tame if and only if they belong to ∆(Z), equivalently, x+ q 6= xn+1. If r|x+ q, then the integral
points on L have Z(X ,Y )≡ 0 mod q and Z(X ,Y ) runs overall equivalence classes modulo r, by
the above. Finally, note that if r|x+ q, then −(qh+Dx)Y ≡ −q(h−D)Y mod r, so Z(X ,Y ) ≡ 0
mod r if and only if h−D ≡ 0 mod r.

Applying the Chinese Remainder Theorem and Theorem 3.3.1 concludes the proof. �
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Corollary 3.3.3. Suppose C/F is a ∆v−regular curve determined by the affine chart yr = f (x),
with potentially good reduction and Newton polytope ∆v of the form given in Theorem 3.3.2. Then
as Q(ζr)λ[IF ]-modules,

Vλ(J(C))Iwild ∼=Vλ(J(C))∼=
t⊕

s=1

qs−1⊕
j=1

(χ jDs
qs ⊗χδs

s, j)⊕ (χδs
s )⊕γs+γs+1−1

where the χs, j,χs (resp. χqs ) are primitive characters of order r (resp. qs).
In particular, if r 6= ` and no qs equals `, then

ρλ|IF =
t⊕

s=1

qs−1⊕
j=1

(χ jDs
qs ⊗χδs

s, j)⊕ (χδs
s )⊕γs+γs+1−1

where by abuse of notation, we use the same symbols to denote the reductions of χs, j,χs,χqs .

Proof. Theorem 3.3.2 gives us the isomorphism

V`(J(C))Iwild ∼=V`(J(C))∼=V ab
tame ⊕V toric

tame ⊗Sp2

where V toric
tame = 0 as C/F has potentially good reduction and

V ab
tame

∼=Q̄`

t⊕
s=1

(Q`[Cqs ]
Ds ªQ`)⊗ (Q`[Cr]δs ªQ`)⊕ (Q`[Cr]δs ªQ`)⊕γs+γs+1−1

(note γ1 = 0 and γs = 1 for 2≤ s ≤ t). The decomposition given by (3.1) implies the entries of matrix
representations for any two Vλ, Vλ′ with λ,λ′|` differ by an element of Gal(Q(ζr)/Q). Sorting the
characters appearing in ρ`|IF accordingly gives the required result.

The eigenvalues of ρλ∞(σ) on Tλ are the same as those on Vλ = Tλ⊗Q`, thus the result for
ρλ|IF follows by reducing ρλ∞(σ) modulo λ and noting ρλ|IF is semisimple as ` does not divide
the order of ρλ(IF ). �

Proposition 3.3.4. Suppose C/F is a ∆v−regular curve, d,h positive integers, p - r`h, ` - rh, with
Newton polytope ∆v of the form:

(0, r,0)

(0,0,h) (r,0,0) (d,0,0)

Then ρλ : IF → Aut(J[λ]) factors through I tame
F . The r-th power of a generator τ of ρλ(IF ) is a

transvection. Furthermore, if r - h then τ has exactly r−2 non-trivial eigenvalues all of which are
primitive r-th roots of unity, else all of its eigenvalues are trivial.

Proof. Let v′ be the extension of v to F1/r := F(π1/r), normalised so that v′(π) = r. The curve C
has semistable reduction reduction over F1/r and is ∆v′−regular, as can be seen from the Newton
polygon: all points of ∆(Z) have integer value under v′.
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Theorem 3.13 of [Dok19] provides us with a (proper, flat) regular model C /O nr
F1/r of C× (F1/r)nr

with strict normal crossings. In the notation of this theorem, the inner v′-edge L has slopes
sL

1 = h, sL
2 = 0, and the denominator of every v′-edge and v′-face equals one. The theorem thus

shows the special fibre of C consists of exactly two irreducible components with positive genus
linked by r chains of P1’s of length h−1. Furthermore, all components have multiplicity one. In
particular the special fibre C k̄v′

is geometrically reduced. The dual graph of C k̄v′
is thus given

by two vertices joined by r arcs each consisting of h edges. Proposition 9.6.10 of [BLR90] now
applies to show |Φ(k̄v′)| = rhr−1.

The action of IF1/r on T`(J(C)) is given by

σ 7→


Ir−1 0 t`(σ)N

0 I2(g−r+1) 0
0 0 Ir−1


where t` is the `-adic tame character and N is a symmetric integer valued matrix which satisfies
|Φ(k̄v′ )| = |det(N)| see [GR72, Thm. 11.5] or the summary given in [DD09, §3.5.1]. The description
of the λ-adic Tate modules given in §3.1 thus shows the image of the Z[ζr]λ-representation IF1/r →
Aut(Tλ) contains a transvection. Moreover the reduction modulo λ also contains a transvection,
for if not ` would divide the determinant of N.

Theorem 3.3.1 applies to show that as tame IF -modules V`(J(C)∼=V ab
tame⊕V toric

tame ⊗Sp(2) where
V ab

tame
∼= (Q`[Cr]h ªQ`)⊕r−2 and V toric

tame
∼=Q⊕r−1

`
. Let τ ∈ ρλ∞(IF ) be a generator. Tracing through

the decomposition given by (3.1), we see the non-trivial eigenvalues of τ are primitive r-th roots
of unity and are r−2 in number by the above. As the eigenvalues of τ on Tλ are equal to those on
Vλ, we see the reduction modulo λ also has exactly r−2 non-trivial eigenvalues which are all
primitive r-th roots of unity. Observing that ρλ(IF )r = ρλ(IF1/r ) completes the proof. �

Remark 3.3.5. Suppose C′ : yr = g(x) defines a ∆v−regular superelliptic curve with g(x) ∈ F[x]
monic and degree coprime to r. Let h(x) ∈ F[x] be both coprime to g modulo π and separable
modulo π. Let C : yr = g(x)h(x), then C defines a ∆v−regular superelliptic curve. Furthermore, by
considering the Newton polytopes of C and C′, we see that as IF -modules,

H1
ét(CF ,Q`)Iwild ∼= H1

ét(C
′
F

,Q`)Iwild ⊕Q⊕m
`

for some appropriate value of m. The analogous statement carries through for Vλ(J(C)) and
Vλ(J(C′)).

The restriction and reduction of a polynomial, along with their relation to ∆v−regularity, are
defined on page 13 of [Dok19].

Remark 3.3.6. Suppose the Newton polytope of the superelliptic curve C : yr = f (x) with f (0) 6= 0,
is of the form required in either Theorem 3.3.2 or Proposition 3.3.4. To check C is ∆v−regular, it
suffices to check f |L is squarefree modulo π for each horizontal v-edge L of ∆.
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Indeed, if L is a non-horizontal v-edge of ∆, then (yr − f )|L is of the form X + a or X r + a
where π - a and so is square free as r 6= p. Likewise, for a v-face F , either (yr − f )|F =Y +G(X ) or
(yr − f )|F =Y r +G(X ) where G(X ) is some function of X . As we work in G2

m, taking the partial
derivative with respect to Y shows the associated scheme XF (see Definition 3.7 [Dok19]) is
smooth in both cases.

The point in the Newton polygon corresponding to yr does not belong to L̄(Z)Z for any
horizontal v-edge of ∆. Thus ( f − yr)|L = f |L.

Definition 3.3.7. We shall say that a polynomial f ∈ F[x] has v-degree (q1, . . . , qt) and height
(h1, . . . ,ht), if

• f has no repeated roots over F[x];

• there exists some a ∈OF such that f (x−a) be factored into monic polynomials g,h over an
algebraic closure such that g(x)≡ xdeg(g) mod π, h is separable modulo π, h(0) 6= 0 mod π,
r|deg(g) ⇐⇒ h = 1; and

• either C : yr = f (x−a) defines a superelliptic curve satisfying the hypotheses of Proposition
3.3.4, or C : yr = g(x) defines a superelliptic curve satisfying Theorem 3.3.2 with q1, . . . , qt

and h1, . . . ,ht as given.

In particular this means p,`, q1, . . . , qt are not equal to r, unless t = 1 and C satisfies Proposition
3.3.4.

If hs = hs+1 +1 and ht = 1, then we shorten the above and simply say f ∈ F[x] has v-degree
(q1, . . . , qt).

Remark 3.3.8. Let f ∈ F[x] have v-degree (q1, . . . , qt) and height (h1, . . . ,ht) with hs − hs+1

coprime to qs, where we take ht+1 = 0, as in Theorem 3.3.2. Suppose that h j−h j+1
q j

6= hk−hk+1
qk

for
j 6= k. Then C : yr = f (x−a) is ∆v−regular. Indeed, let fa(x) := f (x−a), then for every horizontal
line L in the Newton polytope, fa|L is either linear or fa|L = h and hence squarefree modulo π in
either case.

Example 3.3.9. Let p, q, r be distinct primes, and h1 ∈N>0 not divisible by q. Let f ∈ F[x] have
v-degree q and height h1. For example, if v(p) = 1, we can take h(x) ∈ F[x] monic, separable
modulo π with v (h(0))= 0 and f (x)= (xq − ph1 )h(x). The above implies C : yr = f (x) is ∆v−regular
and has Newton polygon

(0, r,0)

(0,0,h1) (q,0,0) (deg f ,0,0)
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and as IF -modules,

V`(J(C))∼=Q̄`
Q⊕m
` ⊕ (Q`[Cq]h1 ªQ`)⊗ (Q`[Cr]h1 ªQ`)

with wild inertia acting trivially and m some integer divisible by r−1. This in turn carries over
to give

Vλ ∼=Q̄`
Q(ζr)

⊕ m
r−1

λ
⊕

q−1⊕
j=1

χ
jh1
q ⊗χh1

j

where the χ j are primitive characters of order r and χq is a primitive character of order q.
The representation modulo λ then satisfies

(ρλ)IF = F⊕
m

r−1
`i ⊕

q−1⊕
j=1

χ
jh1
q ⊗χh1

j

where again by abuse of notation, we use the same symbols to denote the reductions of χ j,χq.
In particular, if q = 2 and h1 = 1, that is, f has v-degree 2, then ρ`(IF ) is generated by a

semisimple element τ with exactly r−1 non-trivial eigenvalues which are all distinct and have
common order equal to 2r.

Furthermore, the restriction τλ of τ to J[λ] has exactly one non-trivial eigenvalue when J[λ]
is viewed as a vector space over F`i .

Example 3.3.10. Let p 6= q1, q2 be primes not equal to r, with q1 ≤ q2 and q1+q2 6≡ 0 mod r. Let
f ∈ F[x] have v-degree (q1, q2) and height (3,1). For example, if v(p)= 1, we may take h(x) ∈ F[x]
monic, separable mod π with v (h(0)) = 0 and then set f (x) = (xq1 − p)(xq2 − p2)h(x). The above
implies C : yr = f (x) is ∆v−regular with Newton polygon

(0, r,0)

(0,0,3) (q1,0,1) (q1 + q2,0,0) (deg f ,0,0)

and as IF -modules,

V`(J(C))∼=Q̄`
Q⊕m
` ⊕ (Q`[Cq1]2 ªQ`)⊗ (Q`[Cr]3 ªQ`)⊕ (Q`[Cq2]ªQ`)⊗ (Q`[Cr]q1+2q2 ªQ`)

with wild inertia acting trivially and m being some integer divisible by r−1. This in turn carries
over to give

Vλ ∼=Q̄`
Q(ζr)

⊕ m
r−1

λ
⊕

q1−1⊕
j=1

χ
2 j
q1 ⊗χ3

j ⊕
q2−1⊕
k=1

χk
q2
⊗χq1+2q2

k

where the χ j,χk are primitive characters of order r and the χqs are primitive characters of order
qs.

The representation modulo λ then satisfies

(ρλ)IF = F⊕
m

r−1
`i ⊕

q1−1⊕
j=1

χ
2 j
q1 ⊗χ3

j ⊕
q2−1⊕
k=1

χk
q2
⊗χq1+2q2

k

where again by abuse of notation, we use the same symbols to denote the reductions of χ j,χk,χqs .
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Example 3.3.11. Let p, q1, q2, r be distinct primes with q1 < q2 and q1 + q2 ≡ 0 mod r. Let f
have π-degree (q1, q2). For example, if v(p)= 1, we may take f (x)= (xq1 − p)(xq2 − p). The above
implies C : yr = f (x) is ∆v−regular and has Newton polygon

(0, r,0)

(0,0,2) (q1,0,1) (q1 + q2,0,0)

and as IF -modules,

V`(J(C))∼=Q̄`
(Q`[Cq1]ªQ`)⊗ (Q`[Cr]2 ªQ`)⊕ (Q`[Cq2]ªQ`)⊗ (Q`[Cr]q1+2q2 ªQ`)

with wild inertia acting trivially and m some integer divisible by r−1. This in turn carries over
to give

Vλ ∼=Q̄`

q1−1⊕
j=1

χ
j
q1 ⊗χ2

j ⊕
q2−1⊕
k=1

χk
q2
⊗χq1+2q2

k

where the χ j,χk are primitive characters of order r and the χqs are primitive characters of order
qs.

The representation modulo λ then satisfies

(ρλ)IF =
q1−1⊕
j=1

χ
j
q1 ⊗χ2

j ⊕
q2−1⊕
k=1

χk
q2
⊗χq1+2q2

k

where again by abuse of notation, we use the same symbols to denote the reductions of χ j,χk,χqs .

Example 3.3.12. Let p 6= r be primes, and h1 ∈N>0 not divisible by r. Let f ∈ F[x] have p-degree
r and height h1. For example, if v(p)= 1, we can take h(x) ∈ F[x] monic, separable mod π with
v(h(0)) = 0 and set f (x) = (xr − ph1)h(x). The above implies C : yr = f (x) is ∆v−regular and has
Newton polygon

(0, r,0)

(0,0,h1) (r,0,0) (deg f ,0,0)

and as IF -modules,

V`(J(C))∼=Q̄`
Q⊕m
` ⊕ (Q`[Cr]h1 ªQ`)⊕r−2 ⊕Sp(2)⊗Q⊕r−1

`

with wild inertia acting trivially and m some integer divisible by r−1.

Furthermore the action of ρλ∞(IF ) and ρλ(IF ) is as given by Proposition 3.3.4.
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A theorem of Silverberg [Sil92, Thm 4.1] shows Q(ζr) must be contained in the `-torsion field
of J for any odd prime `. As a consequence, the criterion of Néron-Ogg-Shafarevich tells us that
if F/Qr is a finite extension and J/F has good reduction then F must contain primitive r-th roots
of unity. The below lemma not only shows we may find superelliptic curves J/Qr(ζr) with good
reduction, but also tells us how to produce them.

Lemma 3.3.13. Let F be a finite extension of Qr(ζr) and π a uniformiser in Qr(ζr). Set

f (x)= xrs +ars−1xrs−1 + . . .+a1x+a0 ∈ F[x].

If either

(i) a0 −
( 1
π

)r ∈OF ,ars−1 ∈O∗
F and a j ∈OF for 1≤ j ≤ rs−2, or

(ii) a0 ≡ bπr(s−1) mod πrs, where b ≡ 1 mod πr, ars−1 ≡ uπ mod π2 with u ∈ O∗
F , and a j ≡ 0

mod πrs− j for 1≤ j ≤ rs−2,

then C/F has good reduction. In particular IF acts trivially on J[`] for ` 6= r.

Proof. The second assertion follows from the first by taking x =πX and y=πsY .

The substitution y 7→Y + 1
π

, provides us with the model

(
Y + 1

π

)r
−

(
1
π

)r
= f (x)−

(
1
π

)r
.

The leading coefficient on the left hand side is non-zero modulo π. Likewise the coefficient of
Y is a unit, since by the binomial expansion this equals r

πr−1 and Qr(ζr)/Qr is a totally ramified
extension of degree r−1. Owing to r being prime, the binomial coefficient

(r
i
)

is divisible by r for
1≤ i ≤ r−1. This implies the intermediate coefficients are all zero modulo π.

It follows the left hand side is congruent to Y r +uY modulo π where u is a unit in Zr[ζr]. Our
assumptions now imply the partial derivative with respect to Y is non-zero modulo π, and hence
all points on this chart are smooth.

Making the substitution V = 1/x, W =Y /xs we obtain the chart at infinity:(
W + 1

π
V s

)r
−

(
1
π

)r
V rs =V rs

(
f (1/V )−

(
1
π

)r)
.

Any point at infinity has V = 0, so the above simplifies to W r = 1 giving r distinct points. The
partial derivative with respect to V at V = 0 is a unit since the coefficient of V on the right
hand side is ars−1 ∈O∗

F . It follows that our curve has good reduction. Hence, by the criterion of
Néron-Ogg-Shafarevich IF acts trivially on J[`] for ` 6= r. �
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3.3.2 Image of inertia

Let ` be a prime, m a positive integer and r a prime. Let K be a number field. For primes p, p j in
K we let p, p j denote the rational primes below.

Let V be a finite dimensional vector space over F`. We shall say that a group G acts imprimi-
tively on V if it preserves a decomposition V =⊕k

j=1 Vj with k > 1 and permutes the subspaces Vj

transitively. We allow subscripts on representations to denote restrictions to subgroups.

The following definition and proposition were inspired by [AD20, Proposition 3.1].

Definition 3.3.14. Let p, q1, . . . , qt be primes distinct from `. We say ρ : GK →GL(V ) has p-system
(q1, . . . , qt) if neither ` nor p divide |ρ(Ip)| and

ρIp
∼=F` ψ⊕

t⊕
s=1

qs−1⊕
j=1

χs, j ⊗χ j
qs ,

where the χs, j are either trivial characters or have order dividing some m so that the residue
field kp satisfies |kp| ≡ 1 mod m, the χqs are primitive characters of order qs and ψ is some
F`-representation of Ip. When it is necessary to be explicit about m, we will say the p-system is
twisted by m.

If furthermore, the subvector space of V corresponding to
⊕qs−1

j=1 χs, j ⊗χ j
qs is an irreducible Dp

module for every s, then we say the p-system (q1, . . . , qt) is irreducible.

We say a p-system is strict if ψ is zero or is a direct sum of copies of the trivial representation.

If the restriction may be written in the form

ρIp
∼=F` ψ⊕

t⊕
s=1

χs ⊗ (F`[Cqs ]ªF`)

where the χs are characters of order dividing m, we say the p-system (q1, . . . , qt) is tidy.

Remark 3.3.15. By definition of a p-system, p - #ρ(Ip) and thus Ip acts tamely, so ρ(Ip) is cyclic.

Remark 3.3.16. Suppose f ∈Q(ζr)[x] has p-degree (q1, . . . , qt) and p is a prime of potentially good
reduction for the jacobian J/Q(ζr) of the superelliptic curve yr = f (x). Then the representation
ρλ : GQ(ζr) →Aut(J[λ]) has p-system (q1, . . . , qt) twisted by r. Indeed by Corollary 3.3.3, the only
condition to check is that |kp| ≡ 1 mod r (the Ds in the statement of Corollary 3.3.3 is always one
by definition of such polynomials). This condition is equivalent to the well-known result that the
inertia degree of p over p is equal to the order of p modulo r.

Remark 3.3.17. Let f and p be as in the previous remark. If f has p-degree q ( 6= r) and height h
coprime to q, then by Example 3.3.9 the p-system associated to ρλ is strict and twisted by r.

Likewise, if r|deg f = q1+ q2 where q1, q2 ( 6= r) are prime and f has p-degree (q1, q2), then by
Example 3.3.11 the p-system associated to ρλ is strict.
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Proposition 3.3.18. Suppose ρ : GK → GL(V ) has a p-system (q1, . . . , qt) and the size of the
residue field |kp| is a primitive root modulo each qs.

Then the p-system is irreducible and tidy. In particular, the socle of V , when viewed as a
Dp-module, contains

⊕
s Ws, where each Ws is an irreducible Dp-module of dimension qs −1.

Proof. By assumption the inertia group Ip acts tamely and so ρ(Ip) is cyclic. It follows that
the action of Dp factors through the finite group D = ρ(Dp)= 〈τ,ϕ〉, where ρ(Ip)= 〈τ〉CD is the
inertia subgroup and ϕ is a lift of Frobenius.

Let χs, j ⊗χ j
qs be one of the characters appearing in ρIp . Using that ϕτϕ−1 = τ|kp|, we have

ϕ−1
(
χs, j ⊗χ j

qs

)
=

(
χs, j ⊗χ j

qs

)|kp| = χs, j ⊗χ j|kp|
qs .

Set Ws to be the orbit of χs, j ⊗χ j
qs under D. Clearly this is an irreducible F`[D]-submodule of V .

Furthermore, its dimension is qs−1 since |kp| is a primitive root modulo qs. Finally, as the action
of D on χs, j ⊗χ j

qs fixes χs, j the p-system is tidy. �

Proposition 3.3.19. Suppose there are odd primes q1 < q2 < q3 coprime to m` such that q3−1≤
dim(V ) = q1 + q2 −2. Suppose also there are primes p1,p2 with residue characteristics different
from ` such that |kp1 | is a primitive root modulo both q1, q2 and |kp2 | is a primitive root modulo
q3.

Suppose ρ : GK →GL(V ) has a (strict) p1-system (q1, q2) and a strict p2-system (q3). Then V is
irreducible.

Proof. Proposition 3.3.18 tells us the socle of ρDp1
contains a direct sum of irreducible submod-

ules of dimensions q1 −1 and q2 −1. Hence either ρ is irreducible or its semisimplification is a
direct sum of exactly two modules with dimensions q1 −1 and q2 −1.

Likewise the socle of ρDp2
contains an irreducible submodule of dimension at least q3 −1. As

q2 −1< q3 −1, we see V is irreducible. �

Lemma 3.3.20. [AD20, Lemma 4.15] Let V =⊕k
j=1 Vj be a finite dimensional vector space over

F`. Suppose τ ∈ GL(V ) permutes the subspaces Vj cyclically. If the eigenvalues of τk on V1 are
α1, . . . ,αd (with multiplicity), then the eigenvalues of τ on V (with multiplicity) are

ζs
kα

1/k
t

for t = 1, . . . ,d and s = 0, . . . ,k−1.
In particular, if τ has order k, then each k-th root of 1 is an eigenvalue of τ and has multiplicity

d = dimVj.

Lemma 3.3.21. Let V = ⊕k
j=1 Vj, k > 1 be a finite dimensional vector space over F`. Suppose

τ ∈GL(V ) satisfies (τ−1)2 = 0 and preserves the above decomposition. If τ does not fix the subspaces
Vj, then `= 2.

In particular, if G ≤GL(V ) both preserves an imprimitivity decomposition V =⊕k
j=1 Vj with

dimVj = 1 and contains a non-identity element τ satisfying (τ−1)2 = 0, then `= 2.
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Proof. The first assertion is [AD20, Lemma 4.16]. We now prove the second. All the eigenvalues
of an element τ ∈GL(V ) satisfying (τ−1)2 = 0 are equal to 1, thus if τ were to fix the Vj, then τ

would be the identity element. Applying the first assertion now proves the result. �

Corollary 3.3.22. Suppose `> 2. Let ρ : GK →GL(V ) be a representation whose image preserves
an imprimitivity decomposition V =⊕k

j=1 Vj.
Suppose ρ(Ip) is generated by an element which has at most 2r−1 non-trivial eigenvalues all

being r-th roots of unity, and whose r-th power is a transvection. Then ρ(Ip) fixes each Vj.

Proof. Let τ be a generator of ρ(Ip). By the preceding lemma τr fixes each Vj. As τ has at most
2r−1 non-trivial eigenvalues, Lemma 3.3.20 implies that either τ fixes each Vj or each Vj has
dimension one. The latter possibility is ruled out by Lemma 3.3.21. �

Proposition 3.3.23. Suppose `> 2. Let ρ : GK → GL(V ) be a representation whose image both
preserves an imprimitivity decomposition V =⊕k

j=1 Vj and contains a transvection. Let q1, . . . , qt

be distinct primes different from ` and coprime to m.
Suppose ρ has a strict p-system (q1, . . . , qt) twisted by m. Then ρ(Ip) fixes each Vj.

Proof. Let τ be a generator of ρ(Ip). As m is coprime to q1, . . . , qs which are distinct, no subset of
the eigenvalues of τ is fixed by multiplication by a non-trivial m-th root of 1. Thus by Lemma
3.3.20 there are no cycles of length dividing m in the action of τ on {V1, . . . ,Vk}.

For ease, we may now suppose each χs is trivial. All non-trivial eigenvalues of τ have prime
order and multiplicity 1, thus if τ does not fix the Vj then by Lemma 3.3.20 the dimension of each
Vj is one (take all αt = 1). But this possibility is ruled out by Lemma 3.3.21. �

Recall that we write n = 2g
r−1 where g is the dimension of our jacobian J/Q(ζr). We also only

require n ≥ 10 for our main results, but everything in this section holds for n ≥ 3.

Proposition 3.3.24. Let λ|` 6= r be a prime of semistable reduction for J/Q(ζr), with `>max( n
2 ,3).

Let λ′ be some Galois conjugate of λ. If ρλ : GQ(ζr) → Aut(J[λ]) preserves an imprimitivity
decomposition J[λ]=⊕k

j=1 Vj and contains a transvection, then ρλ(Iλ′) fixes each Vj.

Proof. As ρλ(GQ(ζr)) contains a transvection and ` > 2, there are at most n
2 subspaces in the

imprimitivity decomposition. We may view J[λ]⊆ J[`] as an F`-vector space. The imprimitivity
decomposition V1, . . . ,Vk of J[λ] (viewed with the structure of an F`i -vector space) induces an
imprimitivity decomposition W1, . . . ,Wk of J[λ] as an F`-vector space. It therefore suffices to show
Iλ′ fixes each Wj. The argument used in [AD20, Prop.4.12] now carries over verbatim to achieve
this. �

Let G be a group acting on a vector space V . Suppose G preserves an imprimitivity decompo-
sition V =⊕k

j=1 Vj. This corresponds to an action of G on the set {V1, . . . ,Vk}, which in turn gives
us a natural homomorphism G → Sk.
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Lemma 3.3.25. Let `>max( n
2 ,3) be a prime of semistable reduction for J/Q(ζr).

Suppose ρλ : GQ(ζr) → Aut(J[λ]) preserves an imprimitivity decomposition V = ⊕k
j=1 Vj, its

image contains a transvection, and for any place p of residue characteristic different to ` either
J/Q(ζr) is semistable at p, ρλ has a strict p-system, or ρλ(Ip) is as in Corollary 3.3.22. Then the
induced homomorphism θ : GQ(ζr) → Sk is unramified.

In particular, if Q(ζr) has no unramified extensions contained in Q(ζr)(J[λ]), then k = 1.

Proof. It suffices to show ρλ(Iv) fixes each Vj for each place v of Q(ζr). For v|l, this is achieved
by Proposition 3.3.24. If v is a place of semistable reduction for J/Q(ζr), then Grothendieck’s
semistable reduction theorem implies that for any τ ∈ ρ(Iv), we have (τ−1)2 = 1 [GR72, Proposition
3.5] [BLR90, Page 184, Thm 6]. By Lemma 3.3.21, such a τ stabilises each Vj. Finally, if ρλ has a
strict v-system (or ρλ(Iv) is as in Corollary 3.3.22), then by Proposition 3.3.23 (resp. Corollary
3.3.22), ρλ(Iv) preserves each Vj. �

Proposition 3.3.26. Let K be a field with odd class number. Suppose ρ : GK →GL(V ) preserves
an imprimitivity decomposition V = ⊕k

j=1 Vj and the induced homomorphism θ : GK → Sk is
unramified. The following hold:

1. If ρ has an irreducible p-system (q1, q2) where q1 + q2 −2= dimV, then either k is even or
k = 1.

2. If ρ has an irreducible p-system (q) where q−1= dimV, then k is odd.

In particular if ρ has an irreducible p1-system (q1, q2) and an irreducible p2-system (q3) where
q1 + q2 −2= q3 −1= dimV, then k = 1.

Proof. The action of Dps factors through the finite group Ds = ρ(Dps ) = 〈τs,ϕs〉, where Is =
ρ(Ips )= 〈τs〉CDs is the inertia subgroup and ϕs is a lift of Frobenius. Let σs be the image of a
Frobenius element at ps under θ.

We first prove 1. Let us assume k > 1. By assumption V is the sum of two irreducible F`[D1]-
modules. As I1 fixes each Vj and there are exactly two irreducible D1-submodules, ϕ1 has exactly
two orbits on the Vj. This implies σ1 is product of two cycles, the sum of whose lengths is k. If k
is odd, then exactly one of these cycles has even length. This implies σ1 is an odd permutation,
and so the image of θ does not land in Ak. This gives rise to an unramified degree 2 extension of
K , contrary to assumption.

We now prove 2. As I2 fixes each Vj, and V is an irreducible F`[D2]-module, ϕ2 must permute
the Vj transitively. Consequently the permutation σ2 is a k-cycle. In particular σ2 is an odd
permutation if k is even. This again gives us an unramified degree 2 extension of K contrary to
assumption. �

Lemma 3.3.27. Suppose ρ : GK →GL(V ) preserves an imprimitivity decomposition V =⊕k
j=1 Vj

and has an irreducible p-system (q), where q−1> 1
2 dimV.
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Suppose the induced homomorphism θ : GK → Sk is unramified and let σ be the image of a
Frobenius element at p. Let L/K be the extension cut out by θ.

The following hold:

• if σ has order 2, then k = 2 or 3 and K has an unramified extension of degree 2 inert at p;

• if σ has order 3, L/K is soluble and K has odd class number then k = 3 or 4 and K has an
unramified Galois extension of degree 3 inert at p.

Proof. By assumption V is an F`[Dp]-module with an irreducible submodule of dimension
q − 1. Moreover, the action of Dp factors through the finite group D = ρ(Dp) = 〈τ,ϕ〉, where
ρ(Ip)= 〈τ〉CD is the inertia subgroup and ϕ is a lift of Frobenius. Let a ∈ {2,3} denote the order
of σ.

As the orbits of the Vj under ϕ are D-modules, one of these orbits must contain the foremen-
tioned irreducible module of dimension q−1> 1

2 dimV . Since the Vj have equal dimension, σ has
a cycle of length greater than k/2. Having prime order, the cycles in the decomposition of σ all
have the same length. This implies σ is an a-cycle and k < 2a.

In the case a = 2, we see Gal(L/K) is isomorphic to a subgroup of S3. As S3 has a normal
subgroup of order 3 with quotient isomorphic to C2, the statement follows for a = 2.

Suppose we are in the second case. As L/K is a soluble extension and 2 does not divide the
class number of K , we may rule out k = 5 since A5 does not have a proper subgroup which is both
transitive on 5 points and contains an element of order 3. We deduce k = 3 or 4 and Gal(L/K)
is isomorphic to a subgroup of A4 (again using K has odd class number). As A4 has a normal
subgroup of order 4 with quotient isomorphic to C3, the final statement follows. �

Lemma 3.3.28. Let L/Q(ζ23) be a non-trivial unramified Galois extension. Then either Gal(L/Q(ζ23))∼=
C3 or A4.

Proof. The root discriminant of Q(ζ23) is equal to 19.94 to two decimal places. As L/Q(ζ23)
is an unramified extension, it has equal root discriminant to Q(ζ23) [Was97, Lemma 11.22].
Table 1 in [DyD80] shows any totally imaginary number field of absolute degree greater than
or equal 462 = 21×22 has root discriminant at least 19.98. This shows us such an L satisfies
[L :Q(ζ23)]< 21.

The class number of Q(ζ23) is 3 [Was97, Tables, §3]. Thus any abelian quotient of Gal(L/Q(ζ23))
must have order dividing 3. This with the above bound implies Gal(L/Q(ζ23))∼= C3 or A4. �

Lemma 3.3.29. Let L/Q(ζ31) be a non-trivial unramified Galois extension. Then assuming GRH
either Gal(L/Q(ζ31))∼= C3, C3 ×C3, or C9.

Proof. The root discriminant of Q(ζ31) is equal to 27.65 to two decimal places. As L/Q(ζ31) is
an unramified extension, it has equal root discriminant to Q(ζ31) [Was97, Lemma 11.22]. The
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bounds given in Table 1 of [Odl76] show, upon assumption of GRH, any totally imaginary number
field of absolute degree greater than or equal 720= 24×30 has root discriminant at least 27.98.
This shows us such an L satisfies [L :Q(ζ31)]< 24.

The class number of Q(ζ31) is 9 [Was97, Tables, §3]. Thus any abelian quotient of Gal(L/Q(ζ31))
must have order dividing 9. This with the above bound implies Gal(L/Q(ζ31))∼= C3, C3 ×C3, C9,
A4 or C7oC3.

The compositum of two unramified Galois extensions is an unramified Galois extension. Thus
if Gal(L/Q(ζ31))∼= A4 (resp. C7oC3) then there would be an unramified Galois extension of Q(ζ31)
of degree 36 (resp. 63). But these contradict the above bound. We deduce Gal(L/Q(ζ31)) ∼= C3,
C3 ×C3, or C9. �

The following lemma shows we may always find a prime q fulfilling the hypothesis of Theorem
3.3.31.

Lemma 3.3.30. For m ≥ 6 there is a prime m+1< q < 2m congruent to 2 modulo 3.

Proof. For m ≥ 21 this follows from section 4 of [Mor93]. The remaining values of m can easily
be checked by hand. �

Theorem 3.3.31. Let r ∈ {23,31}. If r = 31 assume GRH. Suppose ρ : GQ(ζr) → GL(V ) preserves
an imprimitivity decomposition V =⊕k

j=1 Vj and the induced homomorphism θ : GQ(ζr) → Sk is
unramified. Let L/Q(ζr) be the extension cut out by θ.

Let p, q be primes distinct from r and `, with |kp| a primitive root modulo q. If ρ has a p-system
(q), where q−1> 1

2 dimV and q ≡ 2 mod 3, then k = 1.

Proof. If L = Q(ζr), then we are done, so suppose not. By Proposition 3.3.18, the p-system
(q) is irreducible, and in particular, V has an irreducible D = ρ(Dp) submodule of dimension
q−1> 1

2 dimV .
By Lemmas 3.3.28 and 3.3.29, either Gal(L/Q(ζr)) ∼= C3,C3 ×C3,C9 or A4. It follows from

Lemma 3.3.27 that σ, the image of the Frobenius element at p, has order dividing 9. Furthermore,
if σ has order 3 then k = 3 or 4, and if σ has order 9 then Gal(L/Q(ζr)) ∼= C9 giving k = 9 since
Gal(L/Q(ζr)) acts transitively.

Let us rule out the case σ where is trivial. Here, every Vj is a D-module, and some Vj must
have an irreducible constituent of dimension at least q−1, forcing k = 1. Hence we may suppose
the order of σ is 3 or 9.

Let ϕ ∈ D be a lift of Frobenius and τ be a generator of the tame inertia group ρ(Ip), so
that D = 〈τ,ϕ〉. Let U1, . . . ,Ut be the orbits of ϕ3 on the Vj. Each U j is a 〈τ,ϕ3〉-module, and as
3 divides the order of σ, either t = 3 or 4 by the above. The dimension of each U j is less than
or equal to 1

3 dimV . We deduce |kp|3 is not a primitive root modulo q, else following the proof
of Proposition 3.3.18, we would be able to produce an irreducible 〈τ,ϕ3〉-submodule of V with
dimension q−1> 1

2 dimV . It follows q ≡ 1 mod 3, completing the proof. �
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The following lemma will come in handy when ruling out the possible containment of Gλ =
ρλ(GQ(ζr`)) in certain maximal subgroups.

We note the only importance of the conditions of this proposition is that there exists an
element in Gλ which has exactly one eigenvalue of order 2r and the rest equal to 1.

Lemma 3.3.32. Suppose f (x) ∈Q(ζr)[x] has p-degree 2 for some prime p with residue characteristic
distinct from r,`. Then

• the image of det: Gλ→ F∗
`i is not contained in a proper subfield of F`i ;

• Gλ is not contained in a subfield subgroup;

• Gλ does not preserve a symplectic pairing up to scalars.

Proof. By Example 3.3.9, Ip acts tamely on J[λ] and furthermore,

(ρλ)Ip = (ε⊗χr)⊕F⊕n−1
`i

where ε,χr are characters of orders 2 and r respectively. Note also that as p 6= r,` we have the
containment ρλ(Ip)≤Gλ.

Let τ be a generator of ρλ(Ip). Then det(τ2)= χr(τ2) which is a primitive r-th root. But F`i is
the smallest extension of F` containing a primitive r-th root, whence the first statement. As τ2 is
not a scalar, the second statement follows.

We now show the third statement. Suppose τr is similar to an element of GSpn(F`i ). As
the similitude character χ] : GSpn(F`i )→ F∗

`i is a homomorphism and τr has order two, we find
χ](τr)=±1. Using [KL90, Lemma 2.4.5], we evaluate χ](τr)n/2 = det(τr)=−1. Thus χ](τr)=−1.

The only eigenvalues of τr are plus and minus one, thus Lemma 3.2.4 combined with χ](τr)=
−1 implies they are equal in number. Since n > 2, this contradicts the description of (ρλ)Ip given
above. �

3.4 The endomorphism character

3.4.1 Algebraic Hecke characters

Here we collect a few facts about algebraic Hecke characters which we shall need later in this
section. Everything in this subsection is well-known and one may consult [Sch88], [CCO14], or
[Ser72] for more details. The reader should, however, be aware that none of these references
contain all the details we require and the conventions and (mathematical) language changes in
each of them.

Let E be a number field and fix an algebraic closure Ē. Let K be a number field in Ē containing
all conjugates of E. Let λ|` be a prime above ` in E. Choose a valuation vλ of Ē which extends
the λ-adic valuation of E. The completion Ēλ of Ē with respect to vλ is then an algebraic closure
of Eλ. Let kλ denote the residue field of Ēλ.
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Let Γ denote the set of embeddings K ,→ Ē. Every element σ of Γ extends by linearity to a
homomorphism K∗

`
= (K ⊗Q`)∗ → Ēλ, by abuse of notation we denote this homomorphism again

by σ. This extension is trivial on all but one of the K∗
v ’s in the decomposition K∗

`
=∏

v|l K∗
v , to be

precise, the one corresponding to vλ ◦σ. We denote by Γ(v) the elements σ ∈ Γ such that vλ ◦σ
is equivalent to v. By the above we have for any embedding σ ∈ Γ(v) a canonical embedding
σv : K∗

v ,→ Ēλ.

We write A×
K for the ideles of K and identify K∗ with its diagonal embedding in A×

K and
likewise K∗

`
with its image in A×

K .

A Hecke character with values in E is a continuous homomorphism χ :A×
K → E∗ trivial on K∗.

All such characters may be written as χ= χ∞χ−1∞ , a product of its restriction to the finite places
χ∞ :

∏
v-∞ K∗

v → E∗ and its restriction to the infinite places χ−1∞ : K∗∞ =∏
v|∞ K∗

v → E∗.

An algebraic Hecke character with values in E is a Hecke character χ taking values in E such
that the restriction of χ to K∗,0

∞ , the connected component of 1 in K∗∞, is given by an algebraic
homomorphism. That is, there exists T =∑

σ∈Γ nσσ such that χ∞ = T on K∗,0
∞ . We call

∑
σ nσσ the

infinity type of χ.

Let us now construct the λ-adic avatar of χ. Let α ∈A×
K , write α∞ for the components of α

in K∗∞. Define χ̃ :A×
K → E∗ by χ̃(α)= χ(α)T(α∞). Note χ̃|K∗ = T since χ|K∗ is trivial. As elements

of Γ may be extended to homomorphisms K∗
`
→ Ē∗

λ
, the infinity type T may also be extended

to a homomorphism Tλ : K∗
`
= (K ⊗Q`)∗ → E∗

λ
. Let α` = (αv)v|` ∈ K∗

`
= ∏

v|`K∗
v . The character

χλ :A×
K → E∗

λ
defined by

χλ(α)= χ̃(α)Tλ(α−1
` )

is continuous and trivial on K∗ (here we view χ̃(α) ∈ E∗ ,→ E∗
λ

under the obvious embedding). We
call χλ the λ-adic avatar of χ.

Clearly, χλ may be viewed as a character on CK = A×
K /K∗, the idele class group of K , fur-

thermore as Eλ is totally disconnected, the connected component C0
K of CK is sent to 1 under

χλ. Class field theory allows us to view χλ as a homomorphism Gab
K

∼= CK /C0
K → E∗

λ
via the

Artin map. In particular for all but finitely many p, the image of the arithmetic Frobenius
is χλ(Frobp) = χ̃(πp)Tλ(1) = χ(πp), where πp ∈ A×

K is a uniformiser at p and 1 in every other
component (here equality is viewed under the embedding E∗ ,→ E∗

λ
).

The profinite completion ÔK of OK , the ring of integers of K , may be decomposed as a product∏
v-∞Ov, where Ov is the subring of elements in Kv having non-negative valuation. Owing to

the fact that χ is continuous and Ô∗
K ⊆ A×

K is profinite, χ(O∗
v ) = 1 for all but finitely many v.

When χ(O∗
v ) 6= 1, there is some subgroup 1+pmv

v ⊆O∗
v whose image under χ is trivial. We say χ is

unramified at v if χ(O∗
v )= 1, and ramified otherwise. Let m=∏

pmv
v where the product is taken

over the ramified primes of χ.

For p -m define χ(p)= χ(πp), where πp ∈A×
K is a uniformiser at p and 1’s elsewhere. Note this

is independent of the choice of uniformiser as χ is unramified at p. This allows us to extend χ∞ to
a group homomorphism from ideals of K coprime to m to Q̄∗. Let (α) be an ideal of K coprime to

57



CHAPTER 3. SUPERELLIPTIC CURVES WITH LARGE GALOIS IMAGES

m, and suppose α is totally positive, then

χ∞((α))= χ∞(α)= T(α)=∏
σ

σ(α)nσ

as χ is trivial on K∗ and α∞ ∈ K∗,0
∞ . We may extend T to a map of ideals satisfying

(χ(p))= T(p).

The above relation gives us a method to determine T, the infinity type of χ, by factorising (χ(p)).
In the introduction we briefly mentioned that knowledge of the infinity type helps determine

the mod ` image of Galois. Let us indicate how here. Continue to let m be as above. We define
Uv as the connected component of K∗

v if v|∞, and otherwise as O∗
v if v - m and the subgroup

1+pmv
v ⊆O∗

v if v|m. Finally, we write Um =∏
v Uv. By construction of Um, we have χ̃(α)= 1 for all

α ∈Um, which leads to the equality

χλ(α)= Tλ(α−1
` )=∏

σ

σv(α−1
` )nσ for α ∈Um.

The image of χλ is compact, and thus lands in O∗
Eλ

, the maximal compact subgroup of E∗
λ
. This

allows to reduce modulo λ. Local Class Field Theory associates O∗
v to the inertia group of the

maximal abelian extension of K∗
v and 1+ pv to its wild inertia subgroup. The multiplicative

subgroup k∗
v of the residue field of Kv thus corresponds to the tame inertia group. Passing to the

residue field, the σ ∈Γ(v) induce embeddings kv → kλ, which we denote by σ̄. For v -m, the above
provides us with following description of χ̄λ on the inertia groups

χ̄λ(α)=
1 for α ∈Uv,v - `,∏

σ∈Γ(v) σ̄(ᾱ−1
`

)nσ for α ∈Uv,v|`

where ᾱ` denotes the reduction of α` modulo pv.
Using Class Field Theory, the characters ᾱ` 7→ σ̄(ᾱ−1

`
) may be viewed as characters on the

inertia group Iv. From this viewpoint they turn out to be fundamental characters of level [kv : F`],
see [Ser72, Prop 3].

One may rewrite the above equation by letting θ(ᾱ`)= σ̄(ᾱ−1
`

) for some σ ∈Γ(v) and then for
any τ ∈Γ(v) writing

θ(ᾱ`)`
mτ = τ̄(ᾱ−1

` )

for some appropriate integer mτ. This provides us with the following description (for v -m):

(3.2) χ̄λ(α)=
1 for α ∈Uv,v - `,∏

σ∈Γ(v)θ(ᾱ`)nσ`
mσ for α ∈Uv,v|`

where θ is some fundamental character of level [kv : F`].
As any fundamental character differs only by an automorphism from any other fundamental

character of the same level, this is all that is needed for questions concerning Galois images.
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3.4.2 The endomorphism character

In this subsection let us consider a g-dimensional abelian variety A/K . Suppose we have an em-
bedding E ,→End0

K (A). Then, as in Section 3.1, we may attach a system of λ-adic representations
to A. These representations form a strictly compatible system (ρλ) with exceptional set S equal
to the set of places of K where A has bad reduction, see Section II of [Rib76] for more details.

As explained in Section 3.1, taking the determinant of these representations leads to the
existence of an algebraic Hecke character Ω such that Ωλ = det◦ρλ∞ for each λ. We call Ω the
endomorphism character.

Fité has recently determined the infinity types of the Ωλ up to a suitable equivalence when
K /E and E/Q are Galois extensions, that is, viewing Ωλ as a map on ideals, he determines the
integers nσ appearing in the factorisation

Ωλ((α))= ∏
σ:K ,→Ē

σ(α)nσ

up to a certain equivalence, where α ∈ K . Note that for this product to belong to E, we must be
able to rewrite the above as

Ωλ((α))= ∏
τ:E,→Ē

τ(NK
E (α))nτ

for some integers nτ. We now describe the aforementioned equivalence. The Galois group Gal(E/Q)
acts on the tuple (nτ)τ by h · (nτ)τ = (nτ◦h−1)τ for h ∈ Gal(E/Q). Two such tuples are then called
equivalent if they belong to the same orbit under this action.

The endomorphism algebra End0
K (A) acts on the regular differentials of A, and by restriction

so does E. Enlarging K by a finite extension, we may assume there exists a basis ω1, . . . ,ωg of
Ω1(A) satisfying

α ·ωi =ψi(α)ωi

for all i and α ∈ E, where the ψi are embeddings of E into Ē. Let mτ denote the multiplicity of τ
in {ψ1, . . .ψg}.

Theorem 3.4.1. [Fit20, Prop. 14] The tuple (nτ−1)τ is equivalent to (mτ̄)τ the complex conjugate
of the tuple given by the action of E on Ω1(A).

The above coupled with the content in §3.4.1 provides us with valuable information about a
given Ωλ. Namely, it gives a description of the images of Frobenius elements outside the places
belonging to S∪S`, (S` being the set of primes above ` in K) as well as the image of inertia at
primes above `, where λ|`. The following proposition places restrictions on Ωλ(Ip) for p ∈ S, p - `.

Proposition 3.4.2. Let p - ` be a prime of OK . Then Ωλ(Ip) is contained in the subgroup of E∗

generated by roots of unity. Furthermore, if p is a prime of semistable reduction then Ωλ(Ip)= 1.

Proof. If p is a prime of semistable reduction then [GR72, Proposition 3.5] [BLR90, Page 184,
Thm 6] implies the inertia group Ip acts unipotently and therefore Ωλ(Ip)= det◦ρλ∞(Ip)= 1.
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By the semistable reduction theorem [GR72] any prime p is a prime of potential semistable
reduction for A/K . Let τ ∈ Ip. Then, as A acquires semistable reduction over some finite extension,
there exists n ∈N such that det◦ρλ∞(τn) = 1. Since det◦ρλ∞ : Ip → E∗ is a homomorphism, we
obtain Ωλ(τ)= det◦ρλ∞(τ) is a root of unity in E. �

3.4.3 Image of the endomorphism character

Let us resume our study of superelliptic jacobians. We decompose

Ω1(J)=
r−1⊕
j=1

Ω1
j (J)

into the eigenspaces of [ζr] where we write Ω1
j (J) for the eigenspace of ζ j

r. The dimension of
Ω1

j (J) may be easily calculated from the Newton polygon of yr = f (x). Indeed, writing bxc< for the

greatest integer strictly less than x, we find this quantity to be b jd
r c< where d is the degree of f .

From the discussion in §3.4.2, there is a unique infinity type associated to Ω, which is
determined up to equivalence by Theorem 3.4.1. As we are working with the λ-adic avatars of Ω,
it is not important to determine the exact infinity type of Ω. Instead, for convenience we shall fix
a representative of the equivalence class and by abuse of language refer to it as the infinity type
of Ω. Thus, let us say

r−1∑
j=1

ψ−1
j

⌊
(r− j)d

r

⌋
<

is the infinity type of Ω, where ψ j :Q(ζr) ,→ Q̄ is the embedding sending ζr to ζ j
r. We denote the

reduction of Ωλ modulo λ by Ω̄λ.

Suppose Ω is unramified at the finite place v of Q(ζr). By Proposition 3.4.2 this is the case if
J/Q(ζr) has semistable reduction at v. If v - `, then the restriction of Ω̄λ to the inertia group Iv is
trivial. In the case v | ` the infinity type describes the restriction of Ω̄λ to Iv, see the discussion at
the end of §3.4.1. Let us now give this description.

Let ψ :Q(ζr) → Q̄ be an embedding which sends v to λ. This embedding ψ induces a homo-
morphism θ : kv → kλ which via Class Field Theory may be viewed as a fundamental character
of level equal to [kλ : F`]. Any embedding ψ j :Q(ζr) → Q̄ which sends v to λ may be written as
ψ

m(θ, j)
`

◦ψ for some integer m(θ, j). The fundamental character induced by ψ j then equals θ`
m(θ, j)

.
We obtain

Ω̄λ|Iv =
∏

j
θ
`m(θ, j)

⌊
(r− j)d

r

⌋
<

where j runs over all embeddings ψ j :Q(ζr)→ Q̄ which send v to λ.

Note that the choice of θ does not matter to us as we are interested in the image of Iv, and
taking a different fundamental character amounts to composing θ with an automorphism.

In the following we shall say J/Q(ζr) has semistable reduction at the rational prime `, to
signify J has semistable reduction at every prime above ` in Q(ζr).
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Example 3.4.3. Let `≡ 1 mod r be a prime of semistable reduction for J. Then ` is totally split
in Q(ζr). Let λ,λ′ be primes above ` in Q(ζr) and let 1≤ j ≤ r−1 be such that ψ j(λ′)=λ. Then, as
the unique fundamental character of level one is the mod ` cyclotomic character χ`, we have

Ω̄λ|Iλ′ = χ
⌊

(r− j)d
r

⌋
<

`
.

Let `≡−1 mod r be a prime of semistable reduction. We have [kλ : F`]= 2 for a prime λ above
` in Q(ζr). Let λ′ be a prime above ` in Q(ζr) and let 1≤ j ≤ r−1 be such that ψ j(λ′)=λ. Then

Ω̄λ|Iλ′ = θ
⌊

(r− j)d
r

⌋
<
+`

⌊
jd
r

⌋
<

where θ is some fundamental character of level 2.

Example 3.4.4. Let r = 7, and `≡ 2 mod 7 be a prime of semistable reduction for J. There are
two primes λ, λ̄ above ` in Q(ζ7). The decomposition group of each of these is given by {ψ1,ψ2,ψ4}

and the map ψ−1 sends λ to λ̄. The above description then tells us

Ω̄λ|Iλ = θ
⌊ 6d

r

⌋
<+`

⌊ 5d
r

⌋
<+`2⌊ 3d

r

⌋
<

Ω̄λ|Iλ̄ = (θ′)
⌊ d

r

⌋
<+`

⌊ 2d
r

⌋
<+`2⌊ 4d

r

⌋
<

where θ and θ′ are fundamental characters of level 3.
Similarly for `≡ 4 mod 7, there are two primes λ, λ̄ above ` in Q(ζ7) which are permuted by

ψ−1. Carrying out the above computation again, we find

Ω̄λ|Iλ = θ
⌊ 6d

r

⌋
<+`

⌊ 3d
r

⌋
<+`2⌊ 5d

r

⌋
<

Ω̄λ|Iλ̄ = (θ′)
⌊ d

r

⌋
<+`

⌊ 4d
r

⌋
<+`2⌊ 2d

r

⌋
<

for some fundamental characters θ,θ′ of level 3.

In the following we write m j = b (r− j)d
r c< and n = 2g

r−1 . We recall our notation ρλ(GQ(ζr`))=Gλ,
which is viewed naturally as a subgroup of GLn(`i) when i the inertia degree of ` in Q(ζr) is odd
and as a subgroup of GUn(`i/2) when i is even. The kernel of detJ[λ] : Gλ→ F∗

`i is denoted by Sλ.
Finally, note Gλ is the kernel of the cyclotomic character on ρλ(GQ(ζr)).

Lemma 3.4.5. Let r = 3. Then
det(Gλ)≤ 〈am1−m2 ,b〉

where b is an element of order 6, and if i is odd, a is a generator of F∗
`
, and if i is even then a is a

generator of (F∗
`2)`−1 .

Proof. Let D = 〈am1−m2 ,b〉. By the Chebotarev Density Theorem, it suffices to show the images
of all but finitely many Frobenius elements of GQ(ζ3`) belong to D. Let P be a prime in Q(ζ3`) such
that J/Q(ζ3) has semistable reduction at p :=P∩Z[ζ3]. Suppose p 6= ` is the rational prime below
P, and let f be its order modulo `. Then we have equality of Frobenius elements FrobP =Frob f

p .
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Proposition 3.4.2 shows Ωλ is unramified at p, so we may use the factorisation given by the
infinity type, see §3.4.1. Furthermore, as Z[ζ3] has class number one,

Ωλ(FrobP)=Ωλ(Frobp) f

= (upm2πm1−m2) f where u ∈Z[ζ3]∗ and π ∈Z[ζ3]

≡ u f π f (m1−m2) mod λ.

As Z[ζ3]∗ = 〈−ζ3〉 has order 6, the result now follows when i is odd. Let us suppose i even. To
finish the proof, we must show π f mod λ belongs to (F∗

`2)`−1. Note that (F∗
`2)`−1 coincides with

the kernel of the norm map N`2

`
: F∗

`2 → F∗
`
. Since N`2

`
(π f )= p f ≡ 1 mod λ, the result follows. �

Remark 3.4.6. An easy calculation shows m1 −m2 = d g
3 e.

Proposition 3.4.7. Set r = 3. Let ` ≡ 1 mod 3 be a prime of semistable reduction for J/Q(ζ3).
Then there is an element σ ∈Gλ such that detJ[λ](σ)= am1−m2 where a ∈ F∗

`
is a generator.

Furthermore, if f has p-degree 2, where p is a prime distinct from both 3 and ` then det(Gλ)=
〈am1−m2 ,b〉 where b is an element of order 6.

In particular, if Sλ
∼=SLn(`) and f has p-degree 2, then

Gλ
∼= {σ ∈GLn(`)|det(σ) ∈ 〈am1−m2 ,b〉}.

Proof. To prove the first statement, we look for an element of GQ(ζ3) whose image under χ` is
trivial and image by Ω̄λ is a generator of F∗

`
taken to the power of m1 −m2.

By Example 3.4.3 we have for ψ j(λ′)=λ,

Ω̄λ|Iλ′ = χ
m j
`

.

Let us denote by I (resp. I ′) an inertia group above ψ−1
j (λ) with j = 1 (resp. j = 2). Since χ` : I, I ′ →

F∗
`

is surjective, we may take τ ∈ I, σ ∈ I ′ such that χ`(τ) = χ`(σ)−1 generates F∗
`
. By choice of τ

and σ we have χ`(τσ)= 1, so τσ ∈Gλ. The above formula gives

Ω̄λ(τσ)= χ`(τ)m1−m2 .

If f has p-degree 2, then by Example 3.3.9, the generator of ρλ(Ip) has a unique eigenvalue of
order 6, with the others being equal to one. Taking the determinant of this element gives us b.

Let us show the final statement. Let G be the group we are trying to show Gλ is isomorphic
to. Corollary 3.4.5 gives us Gλ ≤G. The above combined with the assumption Sλ

∼=SLn(`) shows
Gλ contains a group isomorphic to G, and thus completes the proof. �

Proposition 3.4.8. Set r = 3. Let ` ≡ 2 mod 3 be a prime of semistable reduction for J/Q(ζ3).
Then there is an element σ ∈Gλ such that detJ[λ](σ)= am1−m2 where a ∈ (F∗

`
)`−1 is a generator.

Furthermore, if f has p-degree 2, where p is a prime distinct from both 3 and `, then det(Gλ)=
〈am1−m2 ,b〉 where b is an element of order 6.
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In particular, if Sλ
∼=SUn(`) and f has p-degree 2, then

Gλ
∼= {σ ∈GUn(`)|det(σ) ∈ 〈am1−m2 ,b〉}.

Proof. Recall that as the residual degree i = 2 we have Gλ ≤ GUn(`). Given det: GUn(`) →
(F∗
`2)`−1 is surjective with kernel SUn(`), we recognise det(Gλ) as being contained in Ω̄λ(GQ(ζr))∩

F`−1
`2 . That is, the intersection of Ω̄λ(GQ(ζr)) with the kernel of the norm map N`2

`
: F∗

`2 → F∗
`
.

There is a unique prime λ above ` in Q(ζ3). Example 3.4.3 shows

Ω̄λ|Iλ = θm2+`m1

for an appropriate choice of a level 2 fundamental character θ (this choice does not concern us as
they differ by an automorphism of F`2).

As θ surjects onto F∗
`2 and hence onto the kernel of the norm map, we may choose τ ∈ Iλ

such that θ(τ) generates (F∗
`2)`−1. Note such a τ must further be contained in GQ(ζr`) since

χ`(τ)= N`2

`
◦θ(τ)= 1. The order of θ(τ) is `+1 and thus θ(τ)m2+`m1 = θ(τ)m2−m1 which establishes

the first claim.
If f has p-degree 2, then by Example 3.3.9, the generator of Ip has a unique eigenvalue of

order 6, the others being equal to one. Taking the determinant of this element gives us b.
Let us show the final statement. Let G be the group we are trying to show Gλ is isomorphic

to. Corollary 3.4.5 gives us Gλ ≤G. The above combined with the assumption Sλ
∼=SUn(`) shows

Gλ contains a group isomorphic to G, and thus completes the proof. �

The above gives us information on Gλ, which is important for our study of the image of
the Galois representation ρ` : GQ(ζr) →Aut(J[`]), but if we are interested in the inverse Galois
problem (for the classical groups) over Q(ζr) then we should study ρλ(GQ(ζr)).

For i even, there is not much to be said once Gλ is determined, indeed ρλ(GQ(ζr)) is a fixed
extension of Gλ not contained in GUn(`i/2). However, when i is odd ρλ(GQ(ζr)) is, like Gλ, contained
in GLn(`i). This plays to our advantage and allows us to realise GLn(`) when i = 1.

Proposition 3.4.9. Suppose 2r|d. Let `≡ 1 mod r be a prime of semistable reduction for J/Q(ζr).
If ρλ(GQ(ζr)) contains SLn(`), then ρλ(GQ(ζr))=GLn(`).

Proof. It suffices to show Ω̄λ : GQ(ζr) → F∗
`

surjects. By Example 3.4.3 we have for ψ j(λ′)=λ

Ω̄λ|Iλ′ = χ
m j
`

.

As the mod ` cyclotomic character χ` : GQ(ζr) → F∗
`

surjects, it suffices to find two values j, j′ such
that m j and m j′ are coprime.

Let us write d = 2ra. We evaluate m j = 2a(r− j)−1. In particular, for j = r−1
2 (resp. j = r+1

2 )
we have m j = a(r−1)−1 (resp. m j = a(r+1)−1). Let us now compute the greatest common divisor
of these two quantities:

gcd(a(r−1)−1,a(r+1)−1)= gcd(a(r−1)−1,2a)= 1.
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This proves det◦ρλ = Ω̄λ : GQ(ζr) → F∗
`

is surjective and thus completes the proof. �

Despite the above, we can still realise ∆Un(`) as a Galois extension of Q(ζr) for many values
of `≡−1 mod r.

Proposition 3.4.10. Suppose 2r|d. Let `≡−1 mod r, ` 6= 2 be a prime of semistable reduction
for J/Q(ζr).

Suppose there exists some δ|2r such that gcd( d
r , `+1

δ
)= gcd(δ, `+1

δ
)= 1 and f has p-degree 2 for

some prime of Q(ζr) with residue characteristic p 6= r,`.
If ρλ(GQ(ζr)) contains SUn(`), then ρλ(GQ(ζr))=∆Un(`).

Proof. By Corollary 3.2.7 it suffices to show det◦ρλ = Ω̄λ : GQ(ζr) → F∗
`2 is surjective. As N`2

`
◦ Ω̄λ

coincides with the cyclotomic character, it suffices to show Ω̄λ(GQ(ζr`))= (F∗
`2)`−1.

Let δ|2r be a positive integer satisfying gcd(δ, `+1
δ

)= 1. As f has p-degree 2, Ω̄λ(Ip)≤ (F∗
`2)`−1

has order 2r. It thus suffices to show Ω̄λ(GQ(ζr`)) contains an element of order `+1
δ

.

Let λ,λ′ be primes above ` in Q(ζr) be such that ψ j(λ′)=λ. Example 3.4.3 shows

Ωλ|Iλ′ = θm j+`mr− j

for an appropriate choice of a level 2 fundamental character θ (this choice does not concern us as
they differ by an automorphism of F`2).

As θ surjects onto F∗
`2 and hence onto the kernel of the norm map, it suffices to compute

gcd(m j +`mr− j,`+1) to determine the image of Iλ′ under Ω̄λ which lands in Gλ.

Due to the congruence m j +`mr− j ≡ m j −mr− j mod `+1, we compute

m j −mr− j =
⌊

(r− j)d
r

⌋
<
−

⌊
jd
r

⌋
<
= d(r−2 j)

r
.

This shows d
r divides m j −mr− j for all values of j. In fact, for j = r−1

2 , we have m j −mr− j = d
r , so

this is the best contribution we will get from an inertia group at a prime above `.

The above shows Ω̄λ(GQ(ζr`)) contains (F∗
`2)

d
r (`−1). Now let τ ∈ F`−1

`2 be an element of order `+1
δ

.
By assumption gcd( d

r , `+1
δ

)= 1 and thus τ belongs to (F∗
`2)

d
r (`−1), completing the proof.

�

3.5 Galois images

In this section J denotes the jacobian of a superelliptic curve determined by the affine model
yr = f (x) where f ∈ Z[ζr][x] is a squarefree monic polynomial of degree d ≥ 12 divisible by 2r.
Subsequently n = dimF

`i J[λ]= 2g
r−1 = d−2.

We recall our convention to say J/Q(ζr) is semistable at a rational prime `, if J/Q(ζr) is
semistable at every prime above ` in Q(ζr). Also recall that for a prime p j of Q(ζr), we denote the
rational prime below by p j (likewise for p and p).
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The results proved thus far allow us to give a few different conditions for irreducibility and
primitivity. In order to state Theorem 3.5.1 concisely with these different conditions available, we
label certain hypotheses below.

(Irred I) There exist primes q1 < q2 < q3 < d such that q1 + q2 = d and there are primes p1,p2 of
Q(ζr), such that |kp1 | (resp. |kp2 |) is a primitive root modulo both q1, q2 (resp. modulo q3).
The set Sirr = {q1, q2, q3, p1, p2} has cardinality 5.

(Irred II) The number d−1= q is prime and there is a prime p of Q(ζr), such that |kp| is a primitive
root modulo q. Let Sirr = {q, p}.

(Prim I) Either 3 ≤ r ≤ 23 is prime or r = 31. If r = 31, assume GRH. If r ∈ {23,31}, assume there
exists a prime d

2 < qr < d congruent to 2 modulo 3, and let pr be a prime of Q(ζr) such that
|kpr | is a primitive root modulo qr. If r ∈ {23,31}, let Sprim = {qr, pr}, else Sprim =;.

(Prim II) Assume Q(ζr) has odd class number and there exist primes q1 < q2 < d such that q1+q2 = d
and there is a prime p1 of Q(ζr), such that |kp1 | is a primitive root modulo both q1, q2. Let
Sprim = {q1, q2, p1}.

(A) Hypotheses (Irred I), (Prim I) both hold and Sirr ∩Sprim 6= {pr}. If qr ∈ Sirr ∩Sprim, then
q3 = qr and p2 = pr. Moreover, f has p1-degree (q1, q2), p2-degree q3 and (if Sirr∩Sprim =;)
pr-degree qr.

(B) Hypothesis (Irred II) holds and either (Prim I) or (Prim II) holds. If (Prim I) holds, then f
has p-degree q and if r ∈ {23,31}, then f has pr-degree qr (if, and only if, q = qr, one may
take p= pr). If (Prim II) holds, then f has both p1-degree (q1, q2), p-degree q and p 6= p1.

The technical looking conditions in (A) amount to saying our choices for the pi ’s should be distinct,
though we may choose pr = p2 and qr = q3 if we wish to. Note the existence of a prime qr

satisfying the conditions of (Prim I) is guaranteed by Lemma 3.3.30.

Theorem 3.5.1. Suppose either (A) or (B) holds true. Set π= 1−ζr.
Let f (x) = xd + ad−1xd−1 + . . .+ a1x+ a0 ∈ Z[ζr][x] satisfy a0 ≡ bπd−r mod πr where b ≡ 1

mod πr, ad−1 ≡ uπ mod π2 with u 6≡ 0 mod π, and a j ≡ 0 mod πd− j for 1≤ j ≤ d−2; and have

• p3-degree 2;

• p4-degree r with p3, p4 distinct and not in Sirr ∪Sprim.

Furthermore, suppose that for any place v belonging to Sbad, the set of places dividing the
discriminant of f , one of the following holds

• v =π;

• f has prime v-degree of any height;
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• f has v-degree (q′
1, q′

2) of any height where q′
1 + q′

2 = d and both q′
1 and q′

2 are primes; or

• J/Q(ζr) has semistable reduction at v.

Then for any prime λ of semistable reduction for J/Q(ζr) whose residue characteristic `> n
2 does

not belong to Sbad ∪Sirr ∪Sprim, the group ρλ(GQ(ζr)) contains SLn(`i) if i is odd and SUn(`i/2) if
i is even. In particular, Gλ is large.

Proof. By Proposition 3.3.4, ρλ(GQ(ζr)) contains a transvection. As r|d, the dimension of the
F`i -vector space J[λ] equals d−2≥ 10. Corollary 3.2.7 shows ρλ(GQ(ζr)) is contained in GL(`i) if i
is odd and ∆Un(`i/2) if i is even. We may therefore apply Theorems 3.2.13 and 3.2.14. Remark
3.3.17 will be used without comment in the following.

We first prove ρλ(GQ(ζr)) is irreducible and not contained in a subfield subgroup. If (A) is
satisfied, then Proposition 3.3.19 shows ρλ(GQ(ζr)) acts irreducibly on J[λ], else this is achieved
directly by Proposition 3.3.18. Lemma 3.3.32 implies ρλ(GQ(ζr)) is not contained in a subfield
subgroup.

Suppose ρλ(GQ(ζr)) preserves a decomposition V =⊕k
j=1 Vj. Since ρλ(GQ(ζr)) acts transitively

on the Vj, it suffices to show the image of the induced homomorphism θ : GQ(ζr) → Sk is trivial to
prove primitivity. Proposition 3.3.4 and Lemmas 3.3.13, 3.3.25 imply θ is everywhere unramified.
If 3≤ r ≤ 19, then Q(ζr) has no unramified extensions (see for example [Yam94, Appendix]) and
so we are done. If r = 23 or 31, then noting qr −1> n

2 , we apply Theorem 3.3.31 to conclude. Else
(by assumption) both (Irred II) and (Prim II) hold. Proposition 3.3.26 then applies giving k = 1.

We have now shown ρλ(GQ(ζr)) contains SUn(`i/2) if i is even. Thus we suppose i is odd in the
following. We only need show ρλ(GQ(ζr)) does not preserve a symmetric or alternating form. The
first cannot happen since ρλ(GQ(ζr)) contains a transvection and the latter is ruled out by Lemma
3.3.32. We conclude ρλ(GQ(ζr)) contains SLn(`i) when i is odd.

The final statement follows from the fact that ρλ(GQ(ζr))/Gλ is cyclic and the groups SLn(`i)
and SUn(`i/2) are perfect. �

Theorem 3.5.2. Suppose the conditions of Theorem 3.5.1 are satisfied. Then the image of

ρ` : GQ(ζr) →Aut(J[`])

is large provided J/Q(ζr) is semistable at `> n
2 and ` is distinct from r, q1, q2, q3, p1, p2, p3, p4, pr.

Proof. We may view H = ρ`(GQ(ζr`)) as a subgroup of CSp2g(`)(ζr). Theorem 3.5.1 ensures that the
projection onto each factor of CSp2g(`)(ζr) contains the commutator subgroup. As f has p3-degree 2,
Example 3.3.9 allows us to apply Theorem 3.2.18 to H, from which we deduce our representation
has large image. �

Theorem 3.5.3. Suppose the conditions of the Theorem 3.5.1 hold, and in addition `≡ 1 mod r.
Then

ρλ(GQ(ζr))=GLn(`)
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provided J/Q(ζr) is semistable at `> n
2 and ` is distinct from r, q1, q2, q3, p1, p2, p3, p4, pr.

Proof. This is a direct consequence of Theorem 3.5.1 and Proposition 3.4.9. �

Theorem 3.5.4. Suppose the conditions of Theorem 3.5.1 hold and let `≡−1 mod r be a prime
of semistable reduction for J/Q(ζr) greater than n

2 and distinct from r, q1, q2, q3, p1, p2, p3, p4, pr.
Suppose there exists some δ|2r such that gcd( d

r , `+1
δ

)= gcd(δ, `+1
δ

)= 1. Then

ρλ(GQ(ζr))=∆Un(`).

Proof. This is a direct consequence of Theorem 3.5.1 and Proposition 3.4.10. �

In the below we let

GLn(`)
⌈ g

3

⌉
,6 = {σ ∈GLn(`)|det(σ) ∈ 〈a

⌈ g
3

⌉
,b〉}

where a generates F∗
`

and b ∈ F∗
`

has order 6. We also write

GUn(`)
⌈ g

3

⌉
,6 = {σ ∈GUn(`)|det(σ) ∈ 〈a

⌈ g
3

⌉
,b〉}

where a generates (F∗
`2)`−1 and b ∈ F∗

`2 has order 6.

Theorem 3.5.5. Let r = 3 and suppose the conditions of Theorem 3.5.1 are satisfied. Then for
`> n

2 distinct from q1, q2, q3, p1, p2, p3, p4 and semistable for J/Q(ζ3), the image of

ρ` : GQ(ζ3) →Aut(J[`])

is for i odd:
ρ`(GQ(ζ3))=GLn(`)

⌈ g
3

⌉
,6o 〈χ`〉

and for i even:
ρ`(GQ(ζ3))=GUn(`)

⌈ g
3

⌉
,6.〈χ`〉,

where χ` denotes the mod ` cyclotomic character. In particular the image of ρ` is as large as
possible.

Proof. This is a direct consequence of Theorem 3.5.1, Remark 3.4.6 and Propositions 3.4.7 and
3.4.8. �

3.5.1 Examples

We now use the above theorems to construct superelliptic curves

C : yr = f (x)= xd +ad−1xd−1 + . . .a1x+a0

with a j ∈Q(ζr), for which the mod ` representation attached to the jacobian of C is large for all
but a finite explicit set of primes `.

To do this we first find coefficients a j which ensure for each ps as in Theorem 3.5.1 that the
Newton Polygons of f ∈Q(ζr)ps

[x] will have the correct form. We then factorise the discriminant
of f which allows us to verify the conditions stated in Theorem 3.5.1 on v ∈ Sbad.

We shall continue to let χ` denote the mod ` cyclotomic character.
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3.5.1.1 r = 3, deg( f )= 12

Theorem 3.5.1 allows us to take a11 = π, a3 = 7π9, a2 = 14π10, a0 = 406π9 and every other
a j = 0, up to a condition on the discriminant of f . Indeed, 7 is a primitive root modulo 11 and
406= 2×7×29≡ 1 mod 32.

The discriminant of f is a product of primes above 2,3,7,29 and the primes ζ3 −5,45ζ3 +
17,8139777131ζ3 +30568866704,160690522581570205ζ3 −330535909372465022. The residue
characteristics of these four last primes are 31,1549,751887821191463868553, and
188189419441256467739625500157072019 respectively.

It follows that for `> 7 not equal to 11,29 or any of the previously mentioned primes that the
image of the mod ` representation attached to the jacobian of

y3 = x12 +πx11 +7π9x3 +14π10x2 +406π9

is equal to
ρ`(GQ(ζ3))=GL10(`)2,6o 〈χ`〉 for `≡ 1 mod 3, and

ρ`(GQ(ζ3))=GU10(`)2,6.〈χ`〉 for `≡ 2 mod 3.

Let λ|` with ` as above. If `≡ 1 mod 3 we have

ρλ(GQ(ζ3))=GL10(`)

and if `≡ 5 mod 12, then
ρλ(GQ(ζ3))=∆U10(`).

3.5.1.2 r = 3, deg( f )= 18

The prime 7 is also a primitive root modulo 17, and thus Theorem 3.5.1 allows us to take a17 =π,
a3 = 7π15, a2 = 14π16, a0 = 406π15 and every other a j = 0, up to a condition on the discriminant
of f .

The discriminant of f is a product of primes above 2,3,7,29 and the primes ζ3 −3,13ζ3 +
15,79ζ3+72,335ζ3+444,1888757ζ3+3108290,6313875129ζ3−22078748747,22017526552863ζ3−
3454026061453, and 193191848791723ζ3 +116736896365287. The residue characteristics of the
last eight primes are 13,199,5737,160621, 7358065233619,666738627970882050013,
572750882061546018557057917 and 28397976581546156385381781597 respectively.

It follows that for `> 7 not equal to 17,29 or any of the other previously mentioned primes
that the image of the mod ` representation attached to the jacobian of

y3 = x18 +πx17 +7π15x3 +14π16x2 +406π15

is equal to
ρ`(GQ(ζ3))=GL16(`)6,6o 〈χ`〉 for `≡ 1 mod 3, and
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ρ`(GQ(ζ3))=GU16(`)6,6.〈χ`〉 for `≡ 2 mod 3.

Let λ|` with ` as above. If `≡ 1 mod 3 we have

ρλ(GQ(ζ3))=GL16(`)

and if `≡ 5,29 mod 36, then

ρλ(GQ(ζ3))=∆U16(`).

3.5.1.3 r = 3, deg( f )= 24

The primes dividing the discriminant of f (x)= x24 +πx23 +7π21x3 +14π22x2 +406π21 are those
above 2,3,7,29 and 7ζ3 +3,7ζ3 −3,11ζ3 +3,233ζ3 +291,3454821ζ3 +5114984, and
990700272353375069264170600482740996166905135076413552894471ζ3 +
676177052735320299803168203356524886996207359914421817393363. Moreover the last six
primes divide the discriminant exactly once and have residue characteristics 37,79,97,71167,
20427495324433 and a 120 digit prime number respectively.

Thus for `> 11 not equal to 23,29 or any of the other previously mentioned primes, the image
of the mod ` representation attached to the jacobian of

y3 = x24 +πx23 +7π21x3 +14π22x2 +406π21

is equal to

ρ`(GQ(ζ3))=GL22(`)8,6o 〈χ`〉 for `≡ 1 mod 3, and

ρ`(GQ(ζ3))=GU22(`)8,6.〈χ`〉 for `≡ 2 mod 3.

Let λ|` with ` as above. If `≡ 1 mod 3 we have

ρλ(GQ(ζ3))=GL22(`)

and if `≡ 5 mod 12, then

ρλ(GQ(ζ3))=∆U22(`).

3.5.1.4 r = 3, deg( f )= 30

The primes dividing the discriminant of f (x) = x30 + πx29 + 19π27x3 + 38π28x2 + 190π27 are
those above 2,3,5,19 and 7ζ3 + 3,21ζ3 + 8,23ζ3 + 57,91969915ζ3 + 21624639,1200258023ζ3 +
748167174,3886224025627ζ3−3573324917796, and 70201873885476577416120986535507248428567ζ3

−98523085051934612037267607266794508313388. Moreover the last seven primes divide the
discriminant exactly once and have residue characteristics 37,337,2467,6937274066251861,
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1102379788888277803, 41758129292412755682598837 and an 83 digit prime number respec-
tively.

Thus for `> 13 not equal to 19,29 or any of the other previously mentioned primes, the image
of the mod ` representation attached to the jacobian of

y3 = x30 +πx29 +19π27x3 +38π28x2 +190π27

is equal to

ρ`(GQ(ζ3))=GL28(`)10,6o 〈χ`〉 for `≡ 1 mod 3, and

ρ`(GQ(ζ3))=GU28(`)10,6.〈χ`〉 for `≡ 2 mod 3.

Let λ|` with ` as above. If `≡ 1 mod 3 we have

ρλ(GQ(ζ3))=GL28(`)

and if ` satisfies both `≡ 5 mod 12 and ` 6≡ −1 mod 5, then

ρλ(GQ(ζ3))=∆U28(`).

3.5.1.5 r = 5, deg( f )= 20

Let f (x) = x20 +3πx19 +41π15x5 +82π18x2 +3526π15. The norm of the discriminant of f is the
product of powers of 2,5,41,43 and a 265 digit prime. It follows from the theorems in the previous
section that the jacobian attached to the superelliptic curve

y5 = x20 +3πx19 +41π15x5 +82π18x2 +3526π15

has large mod ` image for `> 7 and ` 6= 19,41,43 or the 265 digit prime mentionned above.

In particular, if λ|` with `≡ 1 mod 5, we have

ρλ(GQ(ζ5))=GL18(`)

and for `≡ 9 mod 20

ρλ(GQ(ζ5))=∆U18(`).

3.5.1.6 r = 7, deg( f )= 14

Let f (x)= x14+πx13+2π7x7+6π12x2+246π7. The norm of the discriminant of f is the product of
powers of 2,3,7,41 and the primes 701,11039501386253916593179 along with a 211 digit prime.
In particular, the discriminant of f is squarefree away from 2,3,7,41.
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It follows from the theorems in the previous section that the jacobian attached to the superel-
liptic curve

y7 = x14 +πx13 +2π7x7 +6π12x2 +246π7

has large mod ` image for `> 7 and ` 6= 13,41,701,11039501386253916593179 or the 211 digit
prime dividing the norm of the discriminant of f .

In particular, if λ|` with `≡ 1 mod 7, we have

ρλ(GQ(ζ7))=GL12(`)

and for `≡ 13 mod 28
ρλ(GQ(ζ7))=∆U12(`).
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