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Abstract 

The effects of nonlinearity for free surface flows with and without surface tension 

interacting with singularities are investigated numerically. The original two-dimensional 

fully nonlinear boundary-integral solver developed by Dold & Peregrine (1986) is extended 

in order to include a stationary distribution of singularities underneath the free surface, 

which imposes surface flows that interact with surface waves. This work is motivated 

by previous natural observations and experimental works in which interesting features 

occurring at the free surface were observed. 
The interaction between a train of linear water waves with gentle steepness over 

"rapidly" and "slowly" varying currents is studied. The fully nonlinear results show 

opposing currents that induce wave steepening and breaking. A good agreement between 

the fully nonlinear results and linear ray theory was found for "slowly" varying currents. 

In this case, accurate linear solutions are obtained when very small initial wave steep- 

nesses are considered. For sharp current gradients, wave blocking and breaking are more 

prominent. Reflection was also observed at the blocking region when sufficiently strong 

adverse currents are imposed, confirming that at least part of the wave energy that builds 

up within the caustic can be released in the form of wave breaking and partial reflection. 

In the second set of simulations, a submerged cylinder in a uniform stream flow is 

approximated by a horizontal doublet, following Lamb's classical method. In this case 

surface tension effects are included in the computations. A linear steady solution including 

surface tension is derived, showing that under certain conditions small-scale ripples are 

formed ahead the cylinder while a train of "gravity-like" waves appear downstream. Fully 

nonlinear effects are modelled by considering the linear stationary solution as an initial 

condition for a fully nonlinear irrotational flow program. These unsteady flows approach 

a steady solution for some parameters after waves have radiated away. In other cases the 

flow does not approach a steady solution. These cases are of interest and are discussed. 
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Chapter 1 

Introduction 

The study of free surface flows represents one of the most interesting and challenging 

problems in fluid mechanics. Indeed it has attracted the attention of researchers for 

centuries, motivated by natural observations and several applications. For high Reynolds 

number flows, in which viscous effects are negligible compared to inertia and pressure 
forces, wave phenomena on water surfaces appear as the most cited natural example. At 

sea, for example, waves are generated by the wind and represent a response of the water 

surface trying to restore its original level, with gravity and, on a smaller scale, surface 

tension acting as the restoring forces. 

A wide variety of forms can be exhibited by the surface of a body of water depending 

on the conditions that are applied to it. Water waves may change significantly their 

properties when meeting underlying flows induced by internal waves or currents, or when 

approaching the coast. The phenomenon of refraction, in which shape, amplitude and 

direction of ocean waves are modified as they move from deep into shallow water or as 

they propagate over a current, is a common observable feature of these interactions. In 

particular when sea waves propagate through a region with a varying current, their length 

and height - and sometimes also form - change as well as their speed and direction. The 

motion of the water surface then consists of a superposition of waves of various amplitudes 

and wavelengths. As time goes on these waves are sorted out into various groups of waves; 

the rate at which the energy is propagated is then given by their group velocity. 

If these waves propagate onto and against a varying current, they can be shortened 

and steepened by it, foci by the shear at the currents' boundaries and refracted into 

caustics. These caustics arise as envelopes of the group velocity paths (or rays) which 
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lead to a singularity of the amplitude where the linear approximation becomes invalid 

(for full details see sections 3.2 and 3.3). At these regions the wave intensity is sufficient 

for nonlinear effects to begin to be important. If the opposing current is strong enough 

then the waves can he blocked: a strong increase in wave steepness is observed leading 

to breaking waves. Figure 1.1 illustrates the wave blocking phenomenon that occurs at 

the entrance of a tidal inlet. The oncoming sea waves try to propagate into the inlet but 

are blocked by the strong tidal current, augmenting their wave height and steepness and 

(a) 

(b) 

FIG iRE 1.1. (a) Wave blocking at Indian River inlet (Delaware. Li. S. A. ) due to a tidal current. 

observed three hours after high tide. (b) "R. ough" waves formed at the blocking region. (Chawla 

1999) 
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resulting in increased breaking, which causes significant hazards to navigation. 

\Vaves can also be generated when water flows past obstacles or when ships 

the surface. In these cases interesting features at the free surface may also be observed. 

Gravity waves appear downstream as a response of these interactions. At a small s( il l(, 

the pressure exerted on the free surface by the atmosphere can be modified by surf we 

tension and small-scale ripples or capillary waves can be formed ahead of the obsta(HH('. 

This phenomenon is commonly observed when a river stream flow meets a rock (see 1iL, i, t 

1.2). Other examples are the "capillary ship wave and the fis1iinw, ling 

(Hr 51111)(, ] (1(, l iilý see ('raIj)jwi l: t, I 

-. _" irr. 

-_ _c=.. ý 

ýý ý 
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1.1 Linear water wave theory 

The knowledge of these wave phenomena has great practical significance. being an 

important factor in the design of ships, harbours, coastal defences and offshore structurt', 

such as oil rigs, or in the study of sediment transport around coasts. In a smaller scale. 

capillary and capillary-gravity waves add "roughness" to the ocean surface and thus play 

an important role in the ocean-atmosphere gas transfer. However the task of quantifying 

the behaviour of the water surface is a complicated affair to deal with rnathematicallY 

and is far from complete. Water flows with free surfaces represent a difficult class of 

problem to model, mostly due to its nonlinear boundary condition. In order to define 
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a problem that is amenable to solution a number of simplifying assumptions have been 

made along the years. Thus there has been a wide development of mathematical concepts 

and techniques to understand water wave motion from a theoretical point of view and to 

solve problems that arise from certain applications. 

The most frequently employed approximation relies on linear water wave theory. Ba- 

sically the use of linear theory implies that disturbances at the free surface are so weak 

that in equations of motion their products can be neglected, with the boundary conditions 
being applied at undisturbed positions of the free surface. Assuming that the primary 
flow quantity is the vector velocity u(x, t), defined as a function of the position in space 

x and time t, then the acceleration Du/Dt of a fluid element is defined as, 

Du_Du 
Dt ät +u" Du, 

or, in Einstein notation, 

Du; 
_ 

öui au, 
Dt ý+u - j öxi. 

The linear term öui/öt is the local rate of change of the vector velocity u; at a fixed 

point; in the light of linear theory, it represents the dominant term. The nonlinear 

convective term up9uj/8xi, which describes how the element's velocity changes due to 

transport of the element to a different position in space, is then neglected in this theory. 

Disturbances must then be weak enough for the nonlinear contributions due to inertial 

effects be neglected. 

Linearisation allows a large number of fluid motions to be well-approximated and 

the corresponding solutions help understanding the behaviour of many free surface flows. 

However linear results are limited to cases in which changes of the wave properties oc- 

cur slowly over the wave period. These solutions break down at caustics, where waves 
become steep enough for nonlinear effects to take over. It should be clear under what 

circumstances the linearisation process can be employed and thus one should not attempt 

to apply it to physical situations where the phenomenon is essentially nonlinear. Inves- 

tigations of just how weak disturbances need to be for linear theory be reasonably good 

are then necessary. Here we focus on the effects of nonlinearity that may arise in the 
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solution of certain specific problems. These problems are of interest and are reviewed in 

the following chapters. 

1.2 Singularities in mathematical models of free sur- 

face flows 

The use of singularities in the modelling of fluid flows, especially when studying their 

effects at a free surface, has been a common tool for researchers for many years, aiming to 

understand the basics and complexities of several natural phenomena. Several text books 

such as Lamb (1932) have shown the value of singularities when modelling fluid flows and 

thus helped to disseminate this concept. Singularities become widely employed in fluid 

mechanics, whether in the investigation of nonlinear effects at the free surface due to an 

underlying flow, whether in the understanding of free surface disturbances induced by, for 

instance, vortex flows. In this section we summarise some of the analytical and numerical 

works that have been developed aiming to model free surface flows induced by vortices, 

sinks, sources and dipoles. 

1.2.1 Free surface flows due to a dipole in a uniform current 

Perhaps one of the most cited and successful attempts to model a free surface flow 

with an underneath singularity under the light of linear theory was that due to Lamb 

(1913) (a more accessible version of this paper can be found at Lamb 1932, §247). In this 

model a submerged horizontal circular cylinder in a uniform stream is replaced by the 

equivalent doublet at its centre, with the surface elevation being determined at least to 

a first approximation (terms of the second order in the disturbance have been omitted in 

this case). A train of stationary sinusoidal waves is found on the downstream side of the 

dipole plus a small disturbance immediately above the cylinder. 

Havelock (1926) proceeded to further approximations by the method of successive 

images, applying it to horizontal and vertical doublets. The contribution of each part of 

the image system to the surface disturbance was indicated and the corresponding surface 

elevations were determined numerically. In these higher-order approximations, only the 

flow in the vicinity of the body has been corrected, while the free surface condition has 

been kept in its first-order version. 
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Later on Tuck (1965) investigated the limitations of the linear solution and the im- 

portance of the nonlinear term in the free surface boundary condition. Using Lamb's 

formulation, he replaced the submerged cylinder by a doublet in a uniform stream flow; 

numerical values for the potential and stream function were then obtained via a modified 

Wehausen scheme. By plotting the streamlines and the first-order surface elevation for a 

cylinder close to the free surface, he found that some of the streamlines break up at wave 

crests into something resembling splashes. He suggested that in these cases the exact 

nonlinear solution would involve highly non-sinusoidal or even breaking waves and that 

a simple linearisation would be inadequate for cases in which the cylinder is close to the 

free surface, whereas it does not satisfy the assumption a/d «1 (a and d representing 

the radius and the depth of submergence of the centre of the cylinder). Tuck showed that 

second-order nonlinear effects become important when the cylinder is not too far from 

the free surface. Moreover, he found that the second-order correction associated with the 

nonlinearity of the free surface condition is more important than the one related to the 

body condition. 

Following Tuck's work, Dagan (1971) investigated the flow past a circular cylinder 

close to a free surface at high Froude number by the method of matched asymptotic 

expansions. The inner flow model is that of a non-separated, nonlinear, gravity free 

surface flow past a doublet, while the linear outer solution is that of a singularity at the 

free surface. A good agreement with linear theory was found for deep submerged bodies. 

At moderate immersion depths the linearised solution is still valid, provided that the 

depth is replaced by an effective depth, larger than the actual one. For a body close to 

the free surface, Dagan found that the nonlinear calculations differed significantly from 

the linearised solution, suggesting that in this case the free surface would break or create 

a detached jet. 

One of the aims of this thesis is to study the effects of surface tension and nonlinearity 

at the free surface when a horizontal submerged cylinder interacts with a stream flow. 

This was done by extending the numerical method developed by Jervis (1996) such that 

Lamb's formulation could be introduced in the algorithm. All the works mentioned above 

are reviewed in detail in chapter 4. 
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1.2.2 Free surface-vortex flow interactions 

At an initially undisturbed free surface, considerable disturbances due to vortex in- 

teractions have been reported by several authors, based on linearised approaches and 

numerical simulations for various Froude numbers. Experiments were also carried out 

showing this evidence (Willmarth et al. 1989). In the theoretical models here reviewed 

the fluid flow is assumed to be in deep water and irrotational, except at the location of 

the discrete vortices. To characterise the fluid motion two different Froude numbers are 
defined based on different length scales, 

Fr = (1.1) 

Fr, _ (1.2) 

where k is the strength of the vortices, g is the acceleration due to gravity, d is the initial 

depth of the point vortices below the free surface and l is the initial separation between 

two vortices; Fr8 is called the spacing Froude number. For clarity, in the present work 

a vortex pair (or eddy pair) is assumed to be two vortices with the same sign, while a 

vortex dipole (or eddy couple) has opposite signs. 
Teiste (1989) observed two different free surface features when a pair of counter- 

rotating point vortices approaches a free surface. For a weak circulation (Fr = 0.04, 

Fr8 = 0.5) no wave breaking occurs and a small depression on the free surface is formed. 

If the reference frame is considered moving with one of the point vortices then this so- 
lution approaches the linear steady state profile predicted by Novikov (1981). For larger 

circulations (Fr = 0.2 and 0.6, Fr, = 2.2 and 7.1) a central hump is formed followed 

by free surface breaking. To solve the unsteady nonlinear two-dimensional free surface 

potential flow problem Telste used a boundary-integral method. Marcus & Berger (1989) 

solved the same unsteady nonlinear problem via a finite-difference method. In-their work 

strong vortices (Fr = 0.5, Fr8 = 2.8) also displace a mound of fluid before the free sur- 
face breaks. For weaker vortices (Fr = 0.06, Fr8 = 0.3) disturbances are gentler, with 

a shallower scar. Nevertheless their numerical method suffered from instabilities which 

excluded longer simulations. 

The effect of a single vortex near a free surface was investigated by Tyvand (1991), 

who observed that all supercritical vortices (Fr > 6.3) lead to surface breaking while 

7 



subcritical vortices (Fr < 6.3) tend to accumulate a surface mound until surface break- 

ing eventually occurs. Tong (1991) introduced a point vortex into the boundary-integral 

method developed by Dold & Peregrine (1986), showing that small waves could be gen- 

erated by a single weak vortex (Fr < 0.2), with the steepness of the waves depending on 

the direction of the vortex circulation, while a stronger vortex (Fr > 0.2) leads to free 

surface breaking. 

Barnes et al. (1996) used Tong's algorithm as an approach to model the region of 

strong vorticity generated by a plunging breaker. In their model vorticity is represented 

by two-dimensional discrete vortices interacting with a nonlinear free surface initially at 

rest. Each point vortex moves under the influence of the free surface, the other vortices 

and its images, while the free surface moves due to the vortices and gravity. Figure 

1.3 shows the free surface displacement due to a single vortex (continuous lines) and an 

equivalent system of 10 vortices distributed initially around the same point (dashed lines). 

The two cases have Fr = 0.5 and the results are remarkably similar, showing that the 

point approximation can model patches of vorticity quite well under certain conditions. 

1.0 

0.5 

0.0 

-0.5 

-1. o 

1(40 
-1.51 

-2.0 -1.5 -1.0 -0.5 0.0 - 0.5 1.0 

FIGURE 1.3. Stacked free surface displacement due to a single vortex (solid lines) and 10 

vortices (dashed lines) and the corresponding vortex paths. Fr = 0.5. (Barnes et al. 1996) 
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As discussed in the following chapter, the use of vortices in our model aims to introduce 

"rapidly" varying currents at the free surface. The vortices are assumed to be constant 

and at fixed positions in time such that steady surface currents are obtained. A train 

of linear water waves is introduced as our initial condition and the unsteady free surface 

displacement is then computed. This work is motivated by several theoretical studies and 

some recent experiments on the dynamics of the interaction between water waves and 

currents. Those works are fully reviewed in chapter 3. 

1.2.3 Free surface flows due to sinks and sources 

The problem of a free surface flow of an ideal fluid induced by a submerged source or 

sink with gravity as the restoring force has been the subject of many papers. Solutions 

with a stagnation point immediately above the source or sink have been given by Havelock 

(1926) and Vanden-Broeck et al. (1978). Peregrine (1972) suggested that a limiting flow 

would eventually be achieved for sufficiently high withdrawal rate at which the-interface 

would form a secondary stagnation point enclosing a 1200 corner. For a sink at the 

vertex of a sloping bottom, Craya (1949) found an exact solution when the bottom sloped 
downward at an angle 7r/3 from the vertical, and Hocking (1985) obtained numerical 

solutions for a sequence of angles ranging from 0 to 7r/2. For a sink in fluid at infinite 

depth, a numerical solution for the problem was found by Tuck & Vanden-Broeck (1984). 

They appear to have been the first to encounter numerically the formation of a cusp at 

the free surface directly above the sink when Fr = 1.776. (Note that in this case the 

Froude number is defined as in (1.1) but with k defined as the volume flux per length unit 

of the sink. ) 

Cusped flows due to a sink within a fluid of finite depth, with gravity acting, have been 

considered by Vanden-Broeck & Keller (1987), who confirmed numerically the solutions 

of Craya, Hocking and Tuck & Vanden-Broeck and showed that cusped flows exist for 

Froude numbers larger than some particular value. Collings (1986) considered the flow 

due to a line source or sink within a fluid of finite depth and above a horizontal bottom, 

but with no restoring force, and found cusped solutions when the source/sink was on 

the flat bottom and when the source depth was 0.56742 of the far fluid depth. King & 

Bloor (1988) used a conformal transformation and integral equation technique to construct 

solutions to the steady flow induced by a submerged source beneath a cusped free surface 
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and above a flat horizontal bottom when there is no restoring force. They found explicit 

closed-form results for the equation of the free surface and the cusp height, confirming 

the numerical and asymptotic results of Collings and Hocking. In a following paper, King 

& Bloor (1989) investigated the free surface flow of a uniform stream of ideal fluid around 

a Rankine body formed by a source and a sink at finite depth. Linear and nonlinear 

numerical solutions are presented in their work for a variety of body shapes, for both 

supercritical and subcritical flows. 

Solutions having a stagnation point on the free surface directly above the sink also were 
found in finite-depth flows in two dimensions. Results for supercritical (where the depth- 

based Froude number is greater than 1) and subcritical flows (Fr < 1) were computed, 

respectively, by Mekias & Vanden-Broeck (1989), via a numerical scheme based on a series 

expansion, and Hocking & Forbes (1992), who used an integral equation approach. Both 

works confirm the formation of a stagnation point on the free surface directly above the 

sink plus a uniform stream flow at infinity. In an independent study, Mekias & Vanden- 

Broeck (1991) also solved the subcritical flow problem in finite depth, but unlike Hocking 

& Forbes who concluded that waves far from the line sink would not occur, these authors 

obtained a regular wave train downstream. 

All the works mentioned in the last three paragraphs assume that the free surface 
flow is steady. Recently several other authors have obtained numerical solutions for the 

unsteady motion of a free surface flow due to a line source and a point sink. They include 

Tyvand (1992), Miloh & Tyvand (1993), Xue & Yue (1998) and Stokes et al. (2002). 

It is not the purpose of this thesis to discuss the formation of cusps at the free surface 
due to sinks, or to carry out a detailed investigation on the mechanisms of surface break- 

ing due to a singularity distribution, despite their importance in the understanding of 

certain free surface flows. Instead, we limit the use of a distribution of sinks and sources 

to the modelling of a steady, "slowly" varying surface current which interacts with a train 

of linear water waves. Our main interest is to model numerically the wave transforma- 

tion induced by such interaction and to analyse if our predictions agree with theory and 

experiments. By extending our model to nonlinear waves, a better understanding of this 

phenomenon can be gained. 
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1.3 Thesis outline 

The purpose of this thesis is to investigate the effects of nonlinearity at the free 

surface of a body of water when it interacts with an underlying flow. A fully nonlinear, 

unsteady, boundary-integral method is employed to two free surface flow problems. The 

first is related to the interaction between water waves and currents, which has been the 

subject of discussion of many theoretical and experimental works. The second concerns 

the disturbances generated at a free surface by a horizontal cylinder in a uniform stream 
flow. In this case surface tension effects are also included in the fully nonlinear model. 

As reviewed in the last section, singularities can induce significant disturbances at the 

free surface and several authors have attempted to understand these interactions. Here 

a distribution of singularities is introduced into the numerical scheme aiming to model a 

steady underlying flow. The type of the singularity distribution depends on the problem 
in study. In the case of the interaction between water waves and currents, a vortex couple 

and a distribution of sinks and sources are used in a periodic domain aiming to model 
"rapidly" and "slowly" varying currents. When modelling the disturbances induced by 

a stream flow about a cylinder, a dipole in a stationary uniform current was introduced 

in an unbounded domain. A full description of the numerical model is presented in the 

following chapter. 

The structure of the thesis is as follows. In chapter 2 the boundary value problem is 

defined and the numerical model used to solve it described. The accuracy of the numerical 

method is also discussed. Chapter 3 concerns the interaction between water waves and 

currents. The state of the art on wave-current interactions is reviewed and linear and 

nonlinear results presented. The interaction of wave groups with currents is also briefly 

discussed. Chapter 4 deals with the nonlinear interactions between a free surface flow with 

surface tension and a submerged cylinder. The background on capillary-gravity waves is 

reviewed, and linear steady solutions derived and compared to quasi-steady nonlinear 

results. Finally a summary of conclusions is addressed in chapter 5. 
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Chapter 2 

Numerical modelling of free surface 

flows with surface tension interacting 

with singularities 

2.1 Introduction 

The appearance of fast computers and developments in numerical analysis have opened 

new perspectives for the study of free surface flows where nonlinear effects play an im- 

portant role. Following the development of a numerical scheme based on the boundary- 

integral method by Longuet-Higgins & Cokelet (1976), it has become possible to compute 

the evolution of steep surface waves as far as wave breaking. A number of versions of this 

basic method have subsequently appeared which include extensions to a wider range of 

settings than the original periodic waves on infinite depth. Authors who employed this 

approach include Vinje & Brevig (1981), Baker et al. (1982) and Dold & Peregrine (1986). 

Today the nonlinear boundary-integral method is used in a wide variety of geometries, 

from bounded to unbounded domains, and solutions for steep gravity waves in unsteady 

regimes can be obtained. These developments made possible the study of the effects of 

nonlinearity on free surface flows by means other than experiments. 

This chapter gives an account of work which takes the boundary-integral scheme devel- 

oped by Dold & Peregrine (1986) as its starting point. The aim is to model the unsteady 

motion of a free surface, that is under the influence of gravitational and surface tension 

forces, interacting with an underlying flow. The numerical scheme is adapted in order to 
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simulate the interaction of a train of linear water waves with an underlying current. An 

extension of the method, which includes the modelling of unsteady free surface flows with 

surface tension, implemented by Jervis (1996), is also used to investigate the effects of 

surface tension at a free surface when a stream flow meets a submerged horizontal cylin- 
der. For convenience in our model the underlying flow is represented by a distribution 

of singularities immersed in the fluid domain. The singularities used in the modelling 
include vortices, dipoles, sinks and sources. Their type, strength and position are chosen 

with the aim of representing the required near-surface flow for the case in study. The 

details are given in section 2.4. Several authors used this formulation before aiming to 

model different types of free surface flows. They include Tong (1991) and Barnes et al. 
(1996). These works are reviewed in section 1.2.2. 

2.2 Boundary value problem 

The aim of this work is to model the unsteady motion of a body of fluid in deep 

water that is bounded above by a free surface .7 under the influence of gravity and 

surface tension, and that interacts with an underlying flow induced by a distribution of 

singularities which are conveniently chosen. The motivation for this study is discussed in 

chapter 1. The first major simplifying assumption is that only motions that are essentially 
two-dimensional are considered in our model. All the information needed to describe the 

flow is therefore contained in an appropriately oriented plane through the fluid and its 

surface. Displacements of the free surface are measured by the distance from a rest state in 

which the surface is flat and a fluid domain V is chosen by taking a plane perpendicular to 

this "still-water level". Depending on the case in study, D is chosen to be periodic or non- 

periodic in x. Cartesian coordinates are defined by setting the x-axis in the undisturbed 

surface with the y-axis vertically upwards so that the fluid occupies the half-plane y<0 

when at rest. 

The fluid flow is assumed to be inviscid and incompressible while surface tension effects 

are included in the model. The singularities -a pair of fixed counter-rotating vortices, a 

system of sinks/sources or a single doublet - are distributed below the free surface and 

are defined in terms of their position and strength according to the required underlying 

flow. It is assumed that the flow is irrotational outside the singular cores and away from 
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the free surface. The irrotational velocity field u(x, y, t) is then given by the gradient of a 

full velocity potential 4) (x, y, t) which satisfies Laplace's equation in the fluid domain V, 

excluding the singular points x;, 

v2. D =0, in D- Ux8;. (2.1) 
i=i 

From Green's theorem all the interior properties of the fluid can be determined by its 

properties at the boundaries alone. The entire motion can then be modelled by considering 

a point discretisation of the surface. The velocity of the fluid at the surface is determined 

using, 

u=W ni + 19(p n2, (2.2) 5a 

where nl and n2 are the tangential and normal unit vectors respectively. The fluid domain 

with its coordinates and parameters is illustrated in figure 2.1, with U representing a 

constant stream velocity. Note that U assumes a non-zero value only when studying the 

interaction between a cylinder and a stream flow in a non-periodic domain. 

7b2 

Yj ý. 
nj 

00......... 00 
iU X81 X82 x8. 

-1 
Xan vi 

-------------------------------------------------------------- 

FIGURE 2.1. A sketch of the fluid domain V with its coordinates and parameters. The stream 

velocity U is equal to zero when studying the interaction between water waves and currents 

(periodic domain). 
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2.2.1 Introduction of singularities 

The introduction of the singular points in our model is done by decomposing our full 

velocity potential 1 into a regular part 0v, (due to surface waves) and a singular part 
(due to the singularities), 

l> =0w+08. (2.3) 
Then Laplace's equation can be rewritten as the sum, 

n 
v20w + V20d = 0, in D-U xs;. (2.4) 

i=1 

and the "total" surface velocity becomes, 

u= Vc5, +vo,. (2.5) 

For the purpose of a general explanation of the method of solution, hereafter the veloc- 
ity potential ¢8 is treated as an arbitrary distribution of singularities located underneath 
the free surface. In section 2.3 we describe how the original numerical scheme (that due 

to Dold & Peregrine 1986) is extended in order to include the singularities. 0. is then 

specified in terms of its type, location and strength, with the corresponding underlying 
flows being obtained (section 2.4) as well as its free surface geometry evaluated by means 

of a linear approximation (section 2.5). 

2.2.2 Boundary conditions and introduction of surface tension 

The kinematic boundary condition to be satisfied at the free surface . 77 is based on 

a continuum idea that a fluid particle described by a position vector r= (x, y, t) on the 

moving free surface remains on it. Therefore, 

Dr 
Dt = 0ý, on F. (2.6) 

The dynamic surface condition is given by Bernoulli's equation, 

De 1 
D=2 

ýýýý2 - 9y - 
E, 

on ý. (2.7) 

Here y is the elevation of the free surface above the undisturbed water level, g is the 

acceleration due to gravity (acting vertically downwards) and p is the fluid density. In the 
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presence of surface tension, the "dimensional" pressure p exerted on a one-dimensional 

surface of a two-dimensional fluid is given by, 

P=p0"+-ß, (2.8) 

where po is the pressure on the exterior side of the surface, r is the coefficient of surface 

tension and ?L is the radius of curvature given by, 

{i+ ()J 
Ox 

2ý2 
dx2 

(2.9) 

with the free surface defined by y= rj(x, t). The pressure po can be chosen to approximate 
the effects of wind or a localised pressure on the surface, though it is not used in the 

calculations i. e. po = 0. 

As already stated, V is bounded above by / and we assume that the water is deep, 

satisfying the condition IV I -* 0 as y --* -oo. It is also necessary to define whether V is 

periodic in x or "infinite" domain. This depends on the problem that we wish to model. 
For the free surface flows here studied, a periodic domain is useful when modelling the 

interaction of a train of surface water waves with an underlying current. In this case the 

velocity potential 1(x, y, t) and the velocity u(x, y, t) are required to be continuous at the 

vertical boundaries such that, 

V (0, y, t) =V (2ir, y, t), for - oo <y<0 and t>0. (2.10) 

Here the length units are chosen to make the period equal to 2ir, which is convenient for 

a periodic domain only, as it is discussed in the next section. 

The fluid domain V is chosen to be non-periodic when modelling the disturbances 

generated by a submerged cylinder interacting with a uniform stream flow. In this case 

the fluid surface r and the velocity u(x, y, t) at the far ends of V must be uniform there, 

satisfying the following boundary condition, 

V (x, y, t)-(U, 0) as IxI --*oo, for -oo<y<0and t>0, (2.11) 

where U is the velocity of the stream. For the purpose of computing a numerical solution, 

V must be of finite extent in x. We approximate the desired "infinite" domain by assuming 
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that D has a finite extension in x that goes from, namely X1 to X,,, which satisfy the 

following criteria, 

äx(xi, y, t)-v <C, 

ä4b(X�, 
Y, t)-v <E, 

aID ay (XI 
I Y, t) < 6, 

a 
(Xn, Y, t) «, 

y 
(2.12) 

valid for -oo <y<0 and t>0. E is a specified small "precision" parameter. V' (XI, y, t) 

and 0ý(X,,, y, t) are evaluated as explained in section 2.3. For any time t, X, and X 

are then determined iteratively by the numerical scheme; 10 equally spaced points are 

added to the far ends of P until the criteria (2.12) are fully satisfied. Thus the distance 

1X1 - X,, I is expected to increase with time due to the propagation of disturbances to the 

far field. Note also that for the non-periodic domain, Vý -+ (U, 0) as y -* -oo. 
To complete the model an initial condition for J is required 

77(x) = 770(x), e(X, rl) = <>o(X, 170), for t=0. (2.13) 

2.2.3 Non-dimensionalisation 

The potential flow problem introduced in the last section is non-dimensionalised with 

respect to a characteristic length scale L, which represents the most important length 

scale parameter of the case in study. For a submerged cylinder in deep water interacting 

with a stream flow, the depth of submergence of the top of the cylinder, namely (d - a), 

is the most natural choice. Here a is the radius of the cylinder and d is the depth of 

submergence with respect to its centre. On the other hand, when modelling the interaction 

between a periodic train of linear water waves in deep water and an underlying current, 

the most important length scale parameter becomes 1/K, where K is the wavenumber. 

The dimensional quantities are then made dimensionless as follows, 

I 
xL 

t, =tL, 

(2.14) 'u 
797, 

P1 =p pgL' 
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where the primed variables represent the dimensionless parameters. 

Surface tension effects are included by defining the dimensionless surface pressure p' 

as, 

,B A R-11 
(2.15) 

where pro is the dimensionless pressure on the exterior side of the surface (chosen as a zero 

reference pressure in the calculations) and B is the Bond number given by, 

B_T 
7g-L2 (2.16) 

B represents the ratio of effects of surface tension with respect to those of gravity for 

relatively deep water. By choosing B we set a ratio of surface tension to gravitational 

effects which effectively determines the length scale of the fluid motion for a given liquid 

and environment. A full discussion of the relation between B and L is given in chapter 4. 

R' is the dimensionless radius of curvature given by, 

(x2+ya)z 
(2.17) 

where x' and y' are written as functions of ý and t. The suffices in (2.17) represent the 

derivatives of x and y with respect to ý, a parametric variable that represents a surface 
following coordinate. It increases from 0 to n, where n is the number of discretisation 

points with arclength along the surface. The surface . 'F is then discretised by considering 

only integer values of ý. The surface variables x, y and 1 are taken to be known at 

these "knots" and the values in-between are assumed to vary smoothly and continuously 

as functions of ý, such that reasonable estimates of these parameters at any non-integer 

value of C can be made. Most particularly, derivatives and integrals with respect to C can 
be estimated. 

The point-label parameter ý is used in all the numerical calculations introduced in 

the next sections. The velocity at the surface is also represented in terms of the pa- 

rameter ý i. e. u= (u(ý, t), v(ý, t)). All the variables in the numerical code are assumed 

to be non-dimensionalised with respect to the parameters introduced in this section. 

For convenience, hereafter we discontinue the use of the dash as an indication of non- 

dimensionalisation. 
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2.3 Fully nonlinear boundary-integral solver 

The present boundary value problem is solved using an adapted version of the fully 

nonlinear potential flow solver developed by Dold & Peregrine (1986). The method con- 

sists of applying a boundary-integral method to a free surface flow problem, which reduces 

significantly the computational demand for the calculation of the fluid motion since only 

surface properties are evaluated. The solution method is based on solving an integral 

equation that arises from Cauchy's integral theorem for functions of a complex variable. 

The original numerical scheme is modified for the inclusion of surface tension effects (de- 

scribed by Jervis 1996) and singularities. 

For the calculations of a train of linear water waves in deep water interacting with 

an underlying current, it is convenient to assume that the wave surface is periodic and 

therefore the basic method used is that due to Dold & Peregrine (1986) (more fully 

described in Dold 1992). The extension to a non-periodic domain was developed by Mark 

Lewy and is described in Tanaka et al. (1987) and Cooker (1990), and used as, the basic 

numerical scheme when evaluating the free surface displacements due to the interaction 

of a submerged cylinder with a uniform stream flow. For both situations the formulation 

of the boundary-integral is similar. 

Basically the method of solution consists of the following stages. Initially the full 

potential 41, is known on the surface for each time step. The potential 0, due to the 

singularities is also defined and subtracted from the surface value of 4) such that the 

remaining surface wave potential 0, which has no singularities in the fluid domain, 

can be used with Cauchy's integral theorem to calculate the velocity VO,, on the free 

surface. Then the potential ¢s is added back in and corresponding "total" velocities are 

evaluated. The free surface is stepped in time using a truncated Taylor series. Such stages 

are repeated until either the final time is reached, or the algorithm breaks down. The 

following sections detail these stages. 

2.3.1 Solution of Laplace's equation 

The calculation of the free surface velocity VO,,, becomes relatively simple when ap- 

plying Cauchy's integral theorem. If we take z=x+ iy as the complex equivalent of the 

position vector r= (x, y) for a certain time t, ¢,,, is an analytic function of z. The wave 
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complex potential gradient is defined as, 

acw aow (2.18 Qw- Ö2 -2 ay 

which is also an analytic function of z. On the boundary, z is treated as a function of 

the parameter ý and time t. Similarly, taking Z(ý, t) as the complex equivalent of the 

surface profile vector R= (x(ý, t), y(C, t)), qu, can be defined in terms of the tangential 

and normal gradients of ýw at the surface, 

öZ (00, a (2.19) 4w - and önl -F i ant 

The overbar denotes the complex conjugate and the arclength derivative OZ/aril is the 

complex unit tangent, which can be rewritten as, 

az az/aý 
an, - Paz/aýI 

(2.20) 

We assume that the surface contour C that surrounds the fluid domain is smooth, then 

applying Cauchy's integral theorem leads to, 

. 
DOW 

_1 
öZ öqw 

-i 
a¢w dZ' 

(2.21) 
acw 

- önl 5n2 irr an, Jc an, än2 ZI - Z' 

in which a&,,, /an, can be calculated directly. So rearranging the equation above the 

unknown 00,, /an2 can be determined from, 

aýw 1 (az/an1) a01 
,1 

aZ/anl alý;,, 
do +-i do (2.22) 

ant 7r c Z' -Z ant 1 7r c Z' -Z and 1' 

where the arclength nj is a scalar variable which increases in an anticlockwise sense around 

the closed contour C. The primed variables Z', äqß, /On, and ö¢w/ön2 are evaluated at 

points on the surface corresponding to n'1. The form of the contour depends on whether 

V is periodic or has an "infinite" domain. In both cases, however, the contribution of the 

vertical boundaries to the integral equation is zero. In the periodic case the two vertical 

ends cancel as the values are equal in modulus but are integrated in opposing directions. 

For the unbounded domain, the corresponding wave surface variables due to the regular 

part Ow tends to zero at large positive and negative x, such that the contribution from 

each end is zero. For both periodic and unbounded domains, IVO. 1 -+ 0 as y --* -oo. 
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Equation (2.22) is used as the basis of our numerical scheme to solve iteratively for 

80,, /r5n2, when modelling non-periodic domains with a "bottomless fluid". Provided 

this equation can be solved for öcv, /än2, then the complex potential gradient qv, can be 

determined from (2.19) combined with (2.18). For a finite depth h, a horizontal bottom 

condition is taken into account by assuming that the fluid region extends continuously 
below y= -h to a reflection of the free surface in the bottom. In this way a large saving 
in the required total number of calculation points is made. It is out of the scope of this 

thesis to include the effects of a bottom. The modifications for a finite depth model for 

both periodic and non-periodic domains are detailed in Dold (1992). 

Periodicity and conformal mapping 

For the purpose of evaluating öQv, /än2 when the surface is periodic in z, the "infinite" 

fluid surface is transformed into a finite closed contour via a conformal mapping of the 
form, 

c(e, t) = e-"(ý, t). (2.23) 

No generality is lost in assuming time and space dimensions to be suitably scaled by 

choosing a certain length L to make this period exactly 21r. Figure 2.2 shows schematically 
the z and (-planes with their undisturbed free surface T and a pair of singularities S1 and 
S2 with their corresponding images reflected onto the free surface, which is the appropriate 

choice for deep water. In this approach any singularities outside the fluid domain may 
be included in q5ß. For an unbounded domain with a finite depth, the singularities and 
the free surface are both reflected onto the bed instead, satisfying the horizontal bottom 

condition and thus with a large saving in the required total number of calculation points. 
Expressing the equivalent integral equation in the transformed plane in terms of the 

parameter vl rather than nj gives, 

aow 1 aý/avi a01 wd aý/avl aýw , 19V2 7r c ý' -C al-12 vl + 
7r c (' - avl 

dvl, (2.24) 

valid for a periodic surface in deep water. vl and v2 are, respectively, the tangent and 

outward normal parameters in the transformed plane. The integration is done in an 

anticlockwise sense around the closed contour C in the (-plane. 90v, /ävj is determined 
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(a) 

E 

a 

FIGURE 2.2. (a) A sketch of the z-plane with a set of two singularities and their images 

reflected onto the free surface. Note that this is an appropriate choice for deep water only. (b) 

The corresponding (-plane obtained via conformal mapping (2.23). 

directly and thus equation (2.24) is solved interatively for ä0u, /äv2. The complex potential 

gradient of 0u, in the physical z-plane is then given by, 

a0w aow (ýow acw 1 alýw aw 

(2.25) 4w = ax +z ay =Z as/a avl +i 19V2 = azlaý avl +i 19V2 
2.3.2 Numerical solution of integral equations 

Equations (2.22) and (2.24) can be easily rewritten in terms of the discretisation 

parameter ý. A trapezoidal rule quadrature is then used to evaluate these integrals nu- 

merically with respect to ý. For periodic domains and for a finite domain with sufficiently 

uniform conditions at each end, a trapezoidal quadrature gives the best accuracy on the 

equally spaced points. The implementation is similar for both integral equations such 

that here we derive expressions for the non-periodic surface only. By considering a Taylor 

series expansion for Z(ý, t) it follows that, 

az/ae 
_1 

a2Z/a_2 
+0 (2.26) 

Z' -Z--ý- 2az/aý 

Thus only the real part of the expression above is singular. This is made continuous by 

subtracting from its real part. Applying this to the real part of equation 
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(2.22), now integrated with respect to C, gives, 

nR az/a a0ß, dZ' _ 
ffE+n/2 azl a ,, 

a0w/aZ 
d41 

o z' -z OZ -n/2 z' -z OZ Z'- 
ao, 

W 
f+n/2 dZ' 

+ 
DZ 

/Z-n/2 
Z' _V 

(2.27) 

where n is the total number of discretisation points on the surface. The last integral in 

the right hand side of (2.27) vanishes; the term in square brackets has a series expansion 

about ý= C' and thus may be written as, 

az/a a0 a_w/a_ 
= 

atz/a 2 ao 920, , R()z, 
-z a4 - Z, -Z - -2az/aZ a+ 0Z2 +oý - ). (2.28) 

By using this result to replace the value at ý- ý', the integrand in square brackets of 
(2.27) becomes continuous. 

A similar expansion for the imaginary part of (2.22) gives, 

az/a a01 a2z/adz aý +o - ýý . (2.29) zI -z 0% =- 29z/aý 0% 
Using this treatment near the singular parts of the integration and the trapezoidal 

quadrature away from it, equation (2.22) is converted into an approximate linear system 

of the form, 

n aow 
(ý) = 

a2o 
w+L 

''4(S, S'ý 

aow 
ý ºý ýý I 

aow 
ý ý. 

ant aý2 
f_l 

aý 
_1 

ant 

where the nxn matrices A and 8 are given by, 

az/aý if X10 ý zl-z 
,A+ iB = 

ZaZI a2 
if ý' _ 

(2.30) 

(2.31) 

The linear system represented by (2.30) is solved via an iterative scheme for the un- 

known öqu, /ön2 rather than a direct inversion method. Convergence is achieved if after 

m+1 iterations the following inequality is satisfied, 

acv 
- 

ao- 
< eý (2.32) 

ant 
m+l 

ant 
m 
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where e is a specified small "precision" parameter. The overall rate of iterative conver- 

gence is enhanced by applying Shank's transform after every two iterations. The total 

number of iterations is further reduced by using linear backward differencing to predict a 

good starting value for iteration from the solutions at two previous times. Under certain 

circumstances the scheme does not converge and thus the algorithm breaks down. This 

occurs if either the free surface contains regions of high curvature or the point distribution 

becomes too irregular in space. 

The calculations presented above involve obtaining derivatives with respect to the 

point label ý. A fast Fourier transform or spectral technique could be used. However any 

local inaccuracy about any one point would immediately affect results at all other points 

due to the global nature of the method. Instead, an estimation of the first and second 

derivatives using an 11-point (10th order) polynomial centred on the point in question is 

used. In this case values at more than five points distant have no effect in the numerical 

differentiation. As exemplified by Dold (1992), appendix C, this guarantees that the worst 

relative error arising from such formulae is asymptotically very small indeed, of the order 

of JAR/2110, with AR = (x(ý') - x(ý), y(ý') - y(C)) (C and C' representing neighbouring 

point labels). Such precision is vital for the accuracy of the numerical scheme as a whole. 

Once ö/u, /0n2 (or in the periodic case, ö&W/öv2) is determined on the free surface, 

together with ö¢,, /äe and öZ/5 , equation (2.19) (or in the periodic case, equation 2.25) 

is used to obtain the velocity V¢,,,. The "total" surface velocity u can then be estimated 

via expression (2.5) for a given distribution of singularities. The contribution of the 

singularity distribution on the surface is given by Vq 3. 

2.3.3 Calculation of higher order time derivatives 

The procedure to solve Laplace's equation for the gradient of c5w can also be used to 

obtain the gradient of any harmonic potential function. In particular, it is easy to notice 

by differentiating (2.4) in time that the Eulerian time derivatives of 0v� namely (&u, )t, 

('w)tt, etc., satisfy Laplace's equation and that these derivatives represent the potential 

functions for the corresponding Eulerian time derivatives of velocity due to the surface 

waves. The time derivatives of the singular velocity potential c� namely (&, )t, (c5, )ut, etc., 

are equal to zero since in our examples the singularities are at fixed positions in time. 

Therefore, 
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n 

Ut = V(bt =V (ow)t, V24ýt = V2 (ow)t = 0, for D-U xs;, 
i=l 

(2.33) 
n 

utt = Vitt =V (cw)tt 
, 

V2(Dtt = V2 (cw)tt = 0, for V-U x8;, 
i=1 

etc. The values of (¢,, )t, (cw)tt, etc. on the surface are derived from the dynamic boundary 

condition (2.7). Rewriting it in a dimensionless Eulerian form and taking its successive 

derivatives with respect to time gives, 

ý>t =(01)=-2 IuI2 + 9y +p, 

dDtt = (cw)tt u" ut + pt (2.34) 

olttt = (Ow)ttt =-u" Utt +1 utI2 + Pt , 
etc. Note that the dashed notation indicating the dimensionless parameters is here sup- 

pressed. u is the dimensionless "total" surface velocity defined in its dimensional form by 

expression (2.5), which includes the contribution of the singularity distribution V4, and 

of the surface waves Oov,; ut and utt are defined by (2.33). 

In order to determine the Eulerian derivatives of p, namely pt, ptt, etc., a conver- 

sion from Eulerian to Lagrangian derivatives is employed. Then equations (2.34) can be 

rewritten as, 

et - luI2 +9y+ p 

q j) +1 
Dt (2.35) gDtt = (0w)tt =-u'( Dt + ut +P 

aD 
ettt = (Ow)ttt =-u' Dt2 + 2utt +V (u " ut) 

12 
Du Du 1 D2p 

+ but + Dt ' 
(Du, 

Dt +9 j) +P Dt2 

etc., on r= R(e, t), where j is the vertical unit vector. The dimensionless pressure p ex- 

erted on the surface R(ý, t) is defined by expression (2.15), and its Lagrangian derivatives, 

namely Dp/Dt, D2p/Dt2, etc., can then be derived. These expressions are presented in 
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the following section as a function of the discretisation parameter ý and do include sur- 

face tension effects. This is how the surface curvature defined by (2.17) comes into the 

numerical scheme. For a constant surface pressure, all the derivatives Dp/Dt, D2p/Dt2, 

etc. become zero. 
To complete the calculation of (¢w)t, (ýw)tt, etc., the Lagrangian derivatives of the 

"total" velocity, namely Du/Dt, D2u/Dt2, etc., have to be determined as well. Thus 

the following relations hold between the Lagrangian and Eulerian time-derivatives of the 
"total" velocity u, 

Du 
Dt - ui + (u . V) U, 

D2u 
Dt2 utt +2 (u " V) ut + (ut " V) u+ (u. V)2 U, (2.36) 

etc. Note that the singular points augment u by an amount equal to VO8 according to 

expression (2.5). Since we assume 08 constant in time, ut =V (Ow)t, utt =0 (0v, )tt, etc. 
The use of the relations presented in (2.36) depends on the calculation of the gradient 
terms, which can be expressed in terms of the surface discretisation parameter ý, such 
that R= (x(e, t), y(ý, t)) and u= (u(ý, t), v(ý, t)), 

Du(ý, t) = 
(uexe - vOe u0c + v{xý 

a+zza x{ yý xý + y£ 

vv(ý, t) = 
ueyc + výxý vOe - uýxý (2.37) 

xt+y{ xc+yC2 

The suffices represent the derivatives of x, y, u and v with respect to C. Analogous 

expressions can be derived to evaluate the gradient of any of the derivatives of u. 
For a given full velocity potential -1) and a surface profile represented by R at a time t, 

0u, can be determined via expression (2.3) and thus used in the boundary-integral model 
described by sections 2.3.1 and 2.3.2 for solving Vow. Then the "total" surface velocity u 

can be evaluated through (2.5). The value of (c5,,, )t on the surface can be found through 

the first expression in (2.35) and used to obtain V (¢w)t = ut in the same way as 0cß,. 

Note that if the singularity distribution moves with time, then ut =V (&,,, )t +V 

It follows that the "total" surface acceleration Du/Dt can be calculated via (2.36) as 

well as the surface values of (¢,,, )tt through the second expression in (2.35). Similarly, by 

obtaining V (c5v, )tt = utt, the next time-derivative can be calculated, with the procedure 
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continuing until (0,, )ttt is found. Using these derivatives, the time dependence of R and 

ID can be expressed in terms of a Taylor series expansion truncated at the sixth power. 

Before introducing the time stepping process of the free surface, we must define the surface 

pressure p and its corresponding Lagrangian derivatives. 

2.3.4 Inclusion of surface tension effects 

Surface tension effects were introduced in the fully nonlinear potential flow solver by 

Jervis (1996), who investigated the formation of parasitic capillaries on the forward face 

of steep gravity waves. The implemented model assumes that the dimensionless surface 

pressure p is defined by expression (2.15) and it is related to the inertial and gravitational 
terms by Bernoulli's equation. As already mentioned, the calculation of the Eulerian time- 
derivatives of c,,, necessitates the computation of higher time derivatives of the surface 

pressure (see expression 2.35). 

The required Lagrangian derivatives of the pressure, namely Dp/Dt, D2p/Dt2, etc., 
can be deduced directly from expression (2.15) and are expressed in terms of the surface 
discretisation parameter ý, such that R= (x(e, t), y(ý, t)) and u= (u(ý, t), v(e, t)) with 

u= Dx/Dt and v= Dy/Dt, 

p=B 
yýx«« - xýyýf 

' 22 (22 

x£+yk, 

Dp 
-B13 

(xýycý - yýx«) (xýuý + yývC) 
- 

(uCyCC + xcv« - vcxcý - yyu{c) 
Dt (sý' 

lx2 + YC2 ýx2 + yC2)' 

D2p 
-B -15 

(yCtxC - x««yy) (xýuý + yevC)2 
Dt2 (22 

\x{ + yC) 

+3 
(yCCxC - xfCy) (uc + xC Dl + 2v{ + yE D 

5 (2 2ä 
`XC + yýJ 

+6 
(v««xe + y««uf - uýýye - x5 «vý) (xýuý + yývc) 

(xc + yt2 

(Dv` x+ 2veeu£ + �, DL 
- 

Du y{ - 2u««vf - xee D 
- (2.38) 

a z2 x{+ye 

27 



etc. where B is the Bond number. Note once again that the dashed notation indicating 

non-dimensionalisation is here suppressed. The derivatives with respect to the point label 

ý are estimated using an 11-point (10th order) polynomial-based formulae given by Dold 

(1992) (appendix C). The calculation of the material derivatives DuC/Dt and Duct/Dt 

are given by, 

Dui 
_ Dt - utc + (u - V) uC, 

Duýt 
Dt _ utc{ + (u " V) ucý. (2.39) 

Thus the calculation of the Lagrangian derivatives of p demands the previous esti- 

mation of the "total" surface velocity u and its material derivatives, namely Du/Dt, 

D2u/Dt2, etc. As explained in previous sections, u is defined as the sum of a regular 

part, Vc,,, (which is evaluated numerically using a boundary-integral equation) and a 

singular part, V¢8 (which is known for a given singularity distribution). Du/Dt. is deter- 

mined via (2.36) and requires the calculation of V (c,,, )t = ut, which is also evaluated via 
a boundary-integral equation. In order to solve it numerically, (q5,,, )t is given by (2.35), 

which depends on the surface pressure p. Therefore, from the numerical scheme, both u 

and Du/Dt are already known when evaluating Dp/Dt and can be used in the calculation 

of D2p/Dt2 if the required derivatives with respect to C are estimated. Since the Taylor 

series expansion is truncated at the sixth power, there is no need for the estimation of 
higher order derivatives of pressure as it is discussed in the next section. 

2.3.5 Time stepping of free surface 

In order to set up a Taylor series expansion in time for the surface profile R and 
the full surface potential c, the boundary conditions (2.6) and (2.7) are extended by 

straightforward differentiation in time, 

Dr_ 
u 

D2r_Du 
(2.40) 7t =' T) -t2 Dt ' 

DI)llulzD z, Du. Du_9ý_1Dpý 
... (2.41) 

Dt 2p Dt2 Dt p Dt 

The "total" surface velocity u, the surface pressure p and their Lagrangian derivatives are 

determined by the methods explained in the previous sections. It is important to notice 
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that these variables are affected directly in our model by the presence of singularities and 

also by surface tension. 

The surface profile R and the full velocity potential are then stepped in time using 

a truncated Taylor time series, 

2 Dt2 
r Ate + O(At3), (2.42) r(t + At) = r(t) + Dt 

At +a 

ýD(t + At) = 4)(t) +D 7T At +2 Dt 
4) 

Ate +O (Lt3). (2.43) 

In the numerical scheme, the Taylor series are in fact truncated at the sixth power. The 

terms up to the third order are determined via expressions (2.40) and (2.41). It is possible 

to evaluate terms of higher order in a similar manner. However it is computationally 

expensive and so they are estimated using a backward difference formulae based on the 

values of the third order terms at the two previous time-steps (except at the initial time 

t, = 0 and at t= At). The time-step size At is calculated so that the fourth -and fifth 

order terms are small compared with the others in order to ensure the convergence of the 

Taylor series expansion, which is specified by the small "precision" parameter E. Note 

that the same parameter e is used to determine the appropriate stage at which iteration 

for the potential gradients may cease (see section 2.3.2). Once an accurate converged 

solution is obtained for the full velocity potential c and the surface profile r, the cycle 

can begin again. The variable-step backward differencing procedure is described in Dold 

(1992), appendix C. 

It is possible to split up expression (2.43) in terms of the regular and the singular 

contribution of the full velocity potential i. e. ¢u, and q5� 

ýw (t + At) + 0s (t + At) = ow (t) + 0e (t) + 
D_DtwOt 

+ 
DODt3Ot 

+1 
D20w 

Ate +2 
D208 

Ate +0 (At3) 
, 

(2.44) 

where the material derivatives can be alternatively given by, 

Dtw 
= (c5w)t+u_Vow, 

Dt 
D 2/ 

Dtw = (ow)tt +2 (u - V) (0w)t+(Ut'V)c5w+(U'V)2c5w, 
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etc., and, 

DO, 
= u"Vq58, Dt 

D 20 
_ (ue " V) 08 + (U. V)2 08, (2.46) 

Dt2 

etc. Since in our model the singularities are assumed to be constant and at fixed positions 

in time, the partial time derivatives of ¢8 vanish. Note from the last two expressions 

that the nonlinear terms "carry" the contribution of the singularities into the Taylor 

series expansion. As discussed in the following chapters, under certain conditions these 

nonlinear terms become dominant and have a significant influence in the form of the 

solution. The following section defines the desired singularity distribution used in the 

numerical simulations. 

2.4 Specification of singularity distribution 

The inclusion of a distribution of singularities in the fully nonlinear boundary-integral 

solver was presented in a generic form in the last section. Our main interest is to study the 

effects on a free surface of a stationary underlying flow, particularly when a train of linear 

water waves interacts with an underlying current, or when a submerged cylinder meets 

a uniform stream flow. The motivation for these studies are discussed in chapter 1. To 

model the required underlying flow, a combination of vortices, sinks, sources and dipoles 

is employed. Depending on whether the domain is periodic or unbounded, a conformal 

mapping may or not be needed. 

In the next sections we define the velocity potential 08 and its corresponding derivatives 

for three distinct underlying flows. In the first two models a pair of vortices and a 

distribution of sinks and sources are selected aiming to represent "rapidly" and "slowly" 

varying surface currents in a periodic domain. In order to apply Cauchy's integral theorem 

to the periodic problem, a conformal mapping of the form defined in expression (2.23) is 

applied to the singular potential velocity 0s. Finally, in the last model, a single doublet is 

used to replace a submerged cylinder in a uniform stream flow. This model is in fact an 

approximation of the flow about a horizontal circular cylinder and it was first employed 

by Lamb (1913). In this case the fluid domain is assumed to be unbounded and then no 

conformal mapping is required. 

30 



2.4.1 Vortex model 

Assuming that the singular points Sl and S2 shown in figure 2.2a are a vortex couple 

with strength k, occupying respectively the positions zl (= x1 + iyl) and z2 (= x2 + iy2), 

then the complex potential induced by those vortices in the transformed (-plane is given 

by (Batchelor 1967, p. 410), 

w(() = -ik log 
(-(l), ((- 

(z 
(2.47) 

where (I (= ey'+ix') and (2 (= ehl2 2) represent the corresponding positions of the vortex 

couple in the (-plane (see figure 2.2b). 

From the circle theorem (Milne-Thomson 1962, p. 154) the complex potential of the 

flow induced by the pair of point vortices and their reflected images in the (-plane is given 
by, 

1-ýZ 

w8 -ik log 
1- ý1 (- (2 

(2.48) 

where 1 and Z2 are the complex conjugate of (i and (2. Note once again that the reflection 

of the vortices onto the free surface represents a convenient choice for deep water only. 
They are placed outside the body of the fluid and used to approximate the complex 

potential within the fluid. For an unbounded domain with a bed, a vertically periodic set 

of vortices reflected onto the bed is more convenient (see section 2.3.1 for details). 

Then the velocity potential 0, of a pair of counter-rotating vortices and its correspond- 
ing image can be expressed in the transformed plane by, 

1-SZ 
0a(() = -k t 

{iiog (-(1) (1 
- 
)] 

.c- (2 (2.49) 

The first term inside the logarithm represents the contribution of the two vortices to the 

system, while the second term refers to their reflected images. In our examples the point 

vortices are prescribed to be at fixed positions in time. The free surface moves under the 

influence of the eddy couple and gravity since our first aim is to analyse the contribution 

of not advected vortices beneath a free surface. The total circulation r (positive and equal 

to 27rk, in the case of a single counter-clockwise point vortex) vanishes around the pair of 

counter-rotating vortices. The contribution of the eddy couple to the "total" velocity u is 
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then given by Dis. Some possible free surface current profiles induced by such singularity 

distribution are presented in section 2.4.3. 

The stream function t,, induced by the singularities is obtained by simply taking the 

imaginary part of the complex potential w8. Figure 2.3a shows the streamlines plotted in 

the z-plane for a periodic line of counter-rotating vortices in deep water. The free surface 
'F is represented by the linear steady solution obtained in section 2.5, with no vertical 

exaggeration (for details on the free surface geometry see figure 2.8a). Two counter- 

rotating vortices per period, equally spaced in the fluid domain, are showed in this case. 
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FIGURE 2.3. Streamlines obtained for a periodic distribution of singularities in deep wa- 

ter. (a) Counter-rotating vortices. (b) Sources and sinks. In both cases Fr = 1.0 x 10-2, 

Fr, = 1.8 x 10-3. Depressions at the linear steady free surface cannot be seen due to its small 

slope. 
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2.4.2 Sink-source model 

If the singularities shown in figure 2.2 are chosen as a single pair of source and sink, 

located at ( and (2 respectively, then their complex potential turns to (Batchelor 1967, 

p. 410), 

w(C) =k log (2.50) 
b- b2 

Here k is defined as the volume flux per length unit of each of the sinks and sources. 
From the circle theorem, the complex potential of the flow induced by the source and 

sink and their reflected images in the (-plane can be similarly determined and, taking its 
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FIGURE 2.4. The initial condition of the surface waves and the surface current profile induced 

by: (a) an eddy couple: Umire = -0.250co, Fr = 0.08, Fr8 = 1.8 x 10'3; (b) a sink-source 

distribution (x: sources, o: sinks): Umire = -0.250c0, Fr = 0.015. In both cases 10 initial waves 

propagate from the left to the right side in deep water with AOK0 = 0.04. 
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real part, a new velocity potential 08 can be defined, 

R log 1-11 i- ý1 
(2.51) 

C-(2 "- Ca 
Figure 2.3b shows the corresponding streamlines. Depressions at the linear steady free 

surface F cannot be seen due to its small slope. (For a vertically exaggerated linear steady 
free surface see figure 2.8b. ) 

2.4.3 Free surface currents due to vortices and sinks/sources 

The singularities distributed beneath the free surface can induce varied surface current 

profiles, each of them with a certain minimum and maximum velocity and with a gentle 

or sharp current gradient. Figures 2.4a and 2.4b show, respectively, the surface current 

profile induced by an eddy couple and by a distribution of 16 sinks and 16 sources, plus 

an arbitrary free surface initial condition. In this case the singularity distributions were 

conveniently chosen aiming to define "slowly" and "rapidly" varying surface currents. 
Different maxima and minima in the velocity profiles can be obtained by simply varying 
the vortices depth d and the sinks/sources volume flux k. Figures 2.5a and 2.5b show, 

respectively, surface current profiles obtained from an eddy couple and from a distribu- 

tion of sinks/sources. A group of three different maximum and minimum velocities are 

presented: 0.25co, 0.5co and co. 

For convenience the singularities are assumed to be at fixed positions in time such 
that steady surface currents are imposed on the waves. Hence the waves do not affect 

the singularities in our nonlinear model. The effects of waves on vortices can be found 

in the works of Tyvand (1991), Tong (1991) and Barnes et al. (1996). The singularity 

distribution has to be weak enough for little or no effect on the waves such that their 

existence can be considered unimportant. The velocity potential ¢8 then satisfies a linear 

equation beneath the surface. This condition is particularly relevant when "sharp" current 

gradients are considered. 

Figures 2.6a and 2.6b illustrate the underlying flow field of a wave train with gentle 

steepness propagating in still water and over a vortex flow, with Kod = 2.0, where KO is 

the initial wavenumber. The surface elevation cannot be seen on these diagrams due to 

its small slope. Figure 2.6b shows that the underlying flow is completely dominated by 

the vortex motion, though some of the waves' streamlines are still visible close to the free 
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FIGURE 2.5. Surface current profiles induced by: (a) an eddy couple; Fr = 0.08,0.23,0.64; 

Fr8 = 1.8 x 10-3. (b) 16 sources and 16 sinks; Fr = 0.015,0.03,0.06. 

surface. In this case the maximum horizontal and vertical velocity components induced 

by the vortex flow in the surface layer directly below the wave (0 <y< -0.05) are 

of the order 10-1 and 10'5 respectively. As we approach the vortex core the horizontal 

velocity increases very rapidly. Intuitively it is expected that the vortex flow would 

augment the waves' group velocity when inducing a following current and would reduce 

it if an adverse current was imposed, possibly leading to wave breaking. The numerical 

simulations presented in chapter 3 confirm such statements. 

35 



ýaý o. 1o 

0.00 

-0.10 

-0.20 

-0.30 

-0.40 
U.... u 

1.0 

(bý o. 1 o 

1.2 1.4 1.6 1.8 2.0 2.2 
X 

0.00 

-0.10 

-0.20 

-0.30 

-0.40 

ý'ýýIý. 
'.. 'yll 

1.0 1.2 1.4 1.6 1.8 2.0 2.2 
x 

FIGURE 2.6. Streamlines obtained in deep water for (a) a uniform wave train with AOK0 = 0.04 

(0V = 5.0 x 10-5) and (b) with a vortex flow superimposed (Fr = 0.08, i? P = 5.0 x 10-4). No 

vertical exaggeration. 

2.4.4 Dipole model 

As discussed in section 1.2.1, the introduction of a dipole in a uniform stream flow 

has been used by several authors to approximate the flow about a circular horizontal 

cylinder. The same concept is employed here. In this case the fluid domain is supposed 

to be non-periodic, with boundary conditions at the far ends of the free surface given by 

(2.11). A conformal mapping is therefore no longer required. The complex potential for 

an irrotational flow due to a circular cylinder of radius a held in a stream with uniform 

velocity c far from the cylinder is then given by (Batchelor 1967, p. 424), 

2 

w(z) =Uz+z, (2.52) 

where z= x+iy. To apply Cauchy's integral theorem to the non-periodic free surface flow 

problem in deep water, the complex potential w includes for convenience the reflection of 
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the cylinder in the free surface, 

W(Z)=U z-zo+ 
a2 + a2 (2.53) 

, z- zo z- zo 

where zo(= xo + iyo) is the position of the centre of the cylinder and To its complex 

conjugate. 
The velocity potential ¢, is then given by the real part of (2.53), 

08(x, y) =U (x - xo) l+ a a2 + (2.54) 
(X-X0)2+(y-yo)2 (X-X0)2+(y+yo)2 

The corresponding streamlines and linear steady free surface are shown in figure 2.7. 

The contour of the cylinder approaches a perfect circle in this case and corresponds to a 

closed streamline in which ? y8 =constant. Thus the stream advances towards the cylinder 

axis (y = -2) until the first stagnation point A is reached, then divides and proceeds 

in opposite directions round the cylinder, joins up again at the second stagnation point 

B and moves off along y= -2. The disturbances generated at the free surface, though 

steady, may deform the closed circular streamline and therefore a perfect circle is no longer 

obtained. However, for the purpose of our study, we assume that this is sufficiently close 

to a circle. Note also that surface waves cannot be seen in figure 2.7 due to their small 

wave steepness. For details on the free surface geometry see figure 4.1a. 

The velocity induced by the interaction of the dipole with the current is required for 

the evaluation of the "total" velocity defined by (2.5) and is given by, 

0 

-i 

} -2 

-3 

-4 
-2 02468 

X 

FIGuRE 2.7. Streamlines obtained for a horizontal doublet in a uniform stream flow in deep 

water. Fr = 8.2 x 10-2. 
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00 azaaa1 (x, y) = 1-E- 
(X -X0)2 + (y - yo)2 

+ 
(X -X0)2 + (y + yo)2 

2a2 (x - xo)2 
_ 

2a2 (x - xo)2 
[(x 

- x0)2 + (y - Yo)2]2 
[(x 

- x0)2 + (y + Yo)2]2 

= 2Ua 
(x - zo) (y - yo) 

+ 
(x - xo) (y + yo) (2.55) 

ay8 
(, y) 222 

[(X 
- 20)2 + (y - yo)2] [(x 

- Xo)2 + (y + yo)2 

2.5 Linear steady free surface approximation 

Under linear theory, it is possible to solve explicitly the problem of a stationary free 

surface flow due to a generic distribution of singularities. As discussed in section 2.2, 

Laplace's equation is valid for the whole fluid domain D, excluding the singular points 

xe;, while at the far field Ux as IxI -+ oo, with -oo <y<0. Note that U is the 

velocity of the stream. As x -ý x8;, the total velocity potential 1 approaches the velocity 

potential 08 due to the singularities defined by expressions (2.49), (2.51) and (2.54). At 

the free surface the kinematic and dynamic boundary conditions (2.6) and (2.7) take the 

stationary form, 

Ný ark 
= 

a4> 
(2.56) 

c9x TX ciy 
Z2 

1 äp 
+ 

a4> 
+ 977 =1 U2, (2.57) 

2 öX öy 2 

both valid on y= i(x). Note that surface tension effects are neglected here. (For a linear 

steady solution with capillarity see section 4.3. ) 

The most usual and simple way of dealing with the nonlinear boundary condition is 

to say that in some sense the waves are small and that the nonlinear terms, being of the 

order of the square of a small quantity, are negligible. A linearised steady free surface 

solution can then be approximated by defining the total velocity potential 1(x, y) and 

the free surface profile rj(x) in terms of an algebraic expansion of the form, 

'(x, y) = UX -F- E4ý1 -I- E241ý2 + ... i 

I7(x) - E, 71 +E2i2+... 
q 

(2.58) 

(2.59) 
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valid for the small wave approximation in which e is a small parameter. The functions 

i7i (i = 1,2,. " ") depends on x, while c; depends on x and 71. 

Substituting expansion (2.58) into Laplace's equation and extracting the E and E2 terms 

give, 

v2,1,1 = 0, 

while at the far field, 

ý1N0,4ýZNO 

02<D2 = 0, in V-U x8;, (2.60) 
i=I 

as lxi -+ oo, for - oo <y<0. (2.61) 

For any e, each ci must itself be harmonic. 

By substituting the approximations (2.58) and (2.59), the boundary conditions (2.56) 

and (2.57) take the following form, 

191)1 2 aha 
62171 

a7la aýi 2 aý2 
aax 

+ ... =Ea+Ea -}- ... 
U i- E 

ax 
+E 

Ox 
+... Ic+c2 

yy 

1 a"l 
2 

04)2 2 
(pl )2] 

21U 
-ý E ax 

+ C2194)2 ax 
+ ... + E2 a -i- e219'1)2 a+... 

+9 
(E9]1 

+E 972 + ... 
ý 

=2 U2. 

yy 

Extracting the e and E2 terms of the boundary conditions above give, 

Ob, 

Y 
-v 

ex1, 
(2.62) 

u ael 11 = -9 ax' 
(2.63) 

l (2.64) 
Ol>2 

=Uä+ ax ax äy 
a 

lz 
1 [(a1\2 

+ 
el 

+2U 
a(D2 

(2.65) 
29 [ý-ä7x-) ay ax ' 

which are valid for any submerged distribution of singularities. Note that the total velocity 

potential -P1 satisfies the condition äßl/i9y =- (U2/g) ä21l/äx2 through the combination 

of expressions (2.62) and (2.63). This is exactly the problem considered by Lamb (1932, 

§247), where a uniform stream flow meets a single submerged dipole. For the cases in 

which no stream flow is imposed i. e. U=0, expressions (2.63) and (2.65) simplify to 

71, =0 and r12 =- (äcl/ax)2 / (2g). 
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The linear steady free surface solutions obtained for a periodic line of counter-rotating 

vortices and a distribution of 16 sinks and 16 sources are illustrated by the continuous 

lines in figure 2.8. For details on the surface current induced by these singularity distri- 

butions see figure 2.4. Two depressions are formed immediately above the vortices, which 

approach the linear steady solution given by Novikov (1981). Depressions are wider for 

the sink/source distribution. In both cases, however, the depth of the depression reaches 

its maximum where the maximum and minimum surface currents are imposed. For bigger 

Froude numbers these depressions become deeper. 
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FIGURE 2.8. The linear steady free surface solution () and the damped nonlinear numerical 

results (see section 2.6.1) due to: (a) an eddy couple; Fr = 0.06, S=1.5, t= 79.2 (...... ) and 

t= 119.2 (- - -); (b) a distribution of 16 sources and 16 sinks; Fr = 0.013,5 = 1.5, t= 119.0 

(...... ) and t= 158.0 (- - -). Vertical exaggeration 250: 1. 
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2.6 Initial condition for the fully nonlinear model 

The form of the free surface motion depends on the initial condition chosen to complete 

the boundary value problem defined in section 2.2. Any smooth initial data is permissible 

in the computations. However it must be consistent with the imposed boundary conditions 

of the problem. In addition the distance between successive discretisation points should 

vary smoothly with distance along the free surface. The initial condition must then have 

more points in regions where the total velocity potential changes rapidly with respect 

to arclength along the free surface. In our model the underlying flow induced by the 

singularity distribution is "switched on" together with surface tension at t=0. Due to 

this impulsive initial motion, an initially flat free surface would be disturbed in the region 

immediately above the singularity, with gravity and, in a smaller scale, surface tension 

acting as the restoring forces. Waves may then be formed as a response of this interaction. 

Figure 2.9 shows an initially flat free surface disturbed by the motion of a periodic 
line of counter-rotating vortices. Initially, two depressions are formed abruptly above 

the vortices. In this case, surface tension effects are neglected. Gravity is then the only 

restoring force in our model, leading to the formation of a set of waves that propagates 

in the +x and -x direction. Eventually these waves reach regions where the surface 

current is adverse and sufficiently strong to block their group velocity, increasing their 

wave steepness and leading to wave breaking. This can be observed in the final stages of 
figure 2.9. 

As discussed before, our main interest in this thesis is to examine the effects of non- 

linearity and surface tension at the free surface when this interacts with an underlying 
flow. In particular, the wave transformation induced by an underlying current on a train 

of linear water waves. The disturbances generated by the impulsive initial motion of the 

underlying flow make this analysis more difficult and may induce misinterpretations if the 

initial condition is not treated. Indeed figure 2.9 shows that the disturbances generated 

by the underlying current are sufficient to lead to wave breaking, even for an initially 

flat free surface. In order to investigate the "net" interaction between a train of gentle 

linear waves and an underlying current, it is essential that we set up an initial condition 

that avoids a more complicated wave pattern where, for instance, waves generated by the 

impulsive initial motion would interact with a train of linear waves. 

To build a suitable initial condition that avoids the formation of such transients and 
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that includes the initially uniform wave train, first we compare the second order linearised 

steady solution for the free surface elevation obtained in section 2.5 with "quasi-steady" 

damped nonlinear results obtained from the numerical scheine. supposing a simple flat 

free surface as our initial condition. Finally we superimpose the damped "stationary" 

solution with an initially uniform wave train with gentle steepness. The resulting initial 

condition reduces considerably the disturbances generated by the impulsive initial motion 

and let us investigate more precisely possible nonlinear effects that would arise due to the 

interaction between the linear wave train and the singularities. 

In this section we discuss how the initial conditions for the study of the interaction 

between water waves and currents are set up. Due to the scale of the problem, surface 

tension effects are neglected in this case. -Nevertheless, when studying the free surface 

flow due to a submerged cylinder in a horizontal uniform current, surface tension effects 

may become important under certain conditions. Linear steady solutions for a free surface 

flow with surface tension can be obtained for these cases and used as the initial starting 
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profiles of the numerical code. Small disturbances associated to the impulsive initial 

motion may also appear in the nonlinear results. Long run computations can be employed 

such that quasi-steady profiles are obtained. For clarity of the results presented, the initial 

conditions for such problem are obtained and fully discussed in chapter 4. 

2.6.1 Inclusion of damping in the nonlinear calculations 

Figure 2.9 shows that the disturbances generated by the impulsive initial motion of 

the underlying flow at a initially flat free surface are significant and sufficient to lead to 

wave breaking. These initial disturbances can be damped by the numerical scheme by 

introducing a damping term to the second harmonic of (2.43). leading to a stationary 

surface in finite time. In other words (2.43) can be rewritten as. 

D(D 1 D2g ß)2(D 
(D(t + -it) _ CD(t) + Dt . 

fit + Dt2 
ýtý + -2 cýtý . 

ßt2 + o(., t3). (2.66) 

where 6 is the damping factor and 4 is the full velocity potential. 
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FIGURE 2.10. Disturbances generated by a pair of counter-rotating vortices at an initially flat 

free surface. 6=1.5. No breaking observed. Fr = 0.08. Fr, = 1.8 x 1()-3. no smoothing used. 

Vertical exaggeration 100: 1. 
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Figure 2.10 shows the resulted stacked free surface for 6=1.5. The impulsive motion 

still produces waves which are now numerically dissipated by the scheme. As a conse- 

quence breaking does not occur, with the free surface tending to reach a steady profile. 

A comparison between the linearised steady solutions derived in the last section and the 

damped nonlinear results is shown in figure 2.8. The convergence of the damped non- 

linear results to the corresponding linearised steady solution is faster for the vortex flow 

case. For bigger Froude numbers the damping factor 5 is increased such that a faster 

convergence of the nonlinear results is achieved. After a certain time, a good agreement 

was found between the linear and nonlinear results. 

Several tests were carried out employing the "stationary" solutions, such as those 

presented in figure 2.8, as the initial condition of the numerical code. In all cases the 

disturbances generated by the impulsive initial motion has either vanished or appeared in 

the form of tiny waves with very small amplitude. To include an initially uniform wave 

train with gentle steepness to our initial condition, we superimpose a train of linear waves 

to the "stationary" solutions obtained. By doing that we guarantee that a negligible 

influence of the impulsive initial motion to the fully nonlinear results exists. 

Figure 2.11 shows the resulted surface elevations. The solid lines represent the final 

initial condition. As a result of the superposition, the uniform wave train represented by 

the dashed-dotted line follows now the "stationary" solution (dashed line) as its mean 

level. The same procedure applies to the calculation of the velocity potential. A compari- 

son between the resulted surface elevations presented in figure 2.11 shows that substantial 

changes occur locally near the regions where the velocities Umny and Umin happen. De- 

pending on the magnitude of the surface current, the surface elevation in these regions 

decreases in wave amplitude, maintaining approximately its wavelength. The fully non- 

linear results presented in the following chapter use these linear steady solutions as the 

initial starting profiles of the numerical code. 

2.7 Accuracy of numerical scheme 

In the calculation of surface waves by the numerical scheme, it is important that 

a sufficient number of surface points is used in order to guarantee the accuracy of the 

numerical method. Waves described by only a few surface points have their frequency 
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FIGURE 2.11. The "stationary" free surface (- - -), the initially uniform wave train with 

AoKo = 0.04 (- "-" -) and the superposition of both profiles (-) due to: (a) an eddy couple; 

Fr = 0.06; (b) a distribution of 16 sources and 16 sinks; Fr = 0.013. Vertical exaggeration 

250: 1. 

and phase velocity underpredicted, with the percentage error decreasing rapidly the more 

points that describe each wavelength. However, an increase in the number of points used 

in the surface discretisation also leads to a significant increase in computing time and 

storage requirement. All the computations presented in this thesis were done on a Sun 

Ultra 2/200. 

With steep surface phenomena, such as wave breaking, there is a tendency for dra- 

matic changes in properties to take place over relatively small portions of the surface. 

Nonlinearity exaggerates such changes and thus accuracy may be lost more readily for 

steep waves rather than weakly nonlinear waves. In the following section a discussion on 

the surface resolution of steep waves and their effect on the computed results is carried 

out. 
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2.7.1 Wave breaking 

Surface resolution becomes relatively poor in regions of high curvature. This lack 

of resolution occurs when waves are "about to break" and depends on the "precision" 

parameter E imposed on the nonlinear computations. As discussed in section 2.3.2, e is 

used to determine the appropriate stage at which iteration for the potential gradients may 

cease. It is also employed to specify the convergence of the Taylor series expansion used 

in the time stepping process. When the free surface contains regions of high curvature or 

the point distribution becomes too irregular in space, the scheme does not converge and 

thus the algorithm breaks down. This means that an insufficient number of points can be 

found if, for example, the wave approaches Stoke's limiting shape (1200 at the crest of the 

calculated wave) or the crest overturns. For examples of small and large-scale breaking 

of steep unsteady waves see Dold (1992). 

Wave breaking is, therefore, very sensitive to the computational parameters. This 

is demonstrated in figure 2.12 where three free surface profiles with different initial dis- 

cretisations, but with the same accuracy parameter (e = 10-6) and time "print-out" 

(t = 12.8), are compared. In this case the initial train of linear water waves did not 

mantain its initial wave form but steepened due to the interaction of an opposing current, 

with U71i,, _ -0.25co. The more discretisation points are used, the earlier wave breaking 

occurs. At low resolutions wave energy is numerically dissipated. Computations are then 

interrupted as soon as the accuracy required is no longer achieved. For illustration, dotted 

lines are placed at 1200 to each other near the crest of the wave. For an initial discretisa- 

tion of 120 points per wavelength the computed wave approaches Stoke's limiting shape 

at t= 12.8 and soon wave breaking occurs. Despite its importance it is not the purpose 

of this thesis to detail the wave breaking phenomenon induced by underlying flows. 

The overall error of the numerical scheme depends less on the errors incurred at each 

stage in the execution of the algorithm, such as in the determination of spatial quantities 

in the fluid domain at a given instant in time, than on the interaction between these 

stages (time integration of the flow field via Taylor method). Indeed, for the interaction 

of a point vortex with a free surface, Tong (1991) pointed out that minimising the errors 

at each stage does not achieve the smallest overall error for a given number of surface 

points. 
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FIGURE 2.12. Resolution of the surface wave at t= 12.8 due to a rapidly varying current 

(Fr = 0.08) for three initially uniform discretisations. The initial train of linear waves has a 

steepness AOK0 = 0.04. No vertical exaggeration. 

2.7.2 Resolution of reflected and capillary waves 

Slightly different surface profiles are also found for regions which contain very short 

waves on currents if we try to model the same surface with different number of points. 

Figure 2.13 shows the surface profiles obtained from the same starting conditions using 60, 

120 and 240 calculation points per wavelength. As already discussed the difference is most 

noticeable in the crest of the steepest wave where a high curvature is reached. The reflected 

waves on the backward face of the steepest wave also present slight differences. The less 

points used, the longer are the reflected waves, with amplitudes decaying quicker with 

distance from the crest. The decrease in amplitude is attributed to numerical dispersion, 

which has the effect of smoothing waves with few points per wavelength. A discussion on 

the number of points employed to resolve these reflected waves is presented in chapter 3. 

With the inclusion of surface tension more points are needed to resolve small scale 
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FIGURE 2.13. Comparison of surface profiles at t= 10.6 for an initially uniform discretisation 

with 60 (---), 120 (-) and 240 (...... ) surface calculation points per wavelength. Fr = 0.08, 

AOK0 = 0.04. Vertical exaggeration 10: 1. 

waves accurately. Once again the accuracy of the numerical method relies on the number 

of surface points employed in the computations. Slightly different surface profiles appear 

in regions with capillary waves when modelling the same surface with different number of 

points. The less points used in the computation, the greater are the effects of smoothing on 

waves with very few points per wavelength. Thus small capillary waves become slightly 

longer and have smaller amplitudes when poorly resolved. Figure 2.14 shows the free 

surface profiles of a capillary-gravity wave for four distinct initial discretisations: 120,240, 

450 and 900 points per initial wave. The initial surface profile is that of a pure gravity 

wave travelling in the -x direction in shallow water (1cm of depth). The non-periodic 

version of the numerical scheme was employed in this case. Note that the capillary waves 

formed ahead of the crest of the solitary wave are well resolved in the top profile, with a 

sufficient number of points per wavelength. 

The accuracy of surface derivative calculations depends on the variation of surface 

parameters. Slowly varying surface variables ensure a good accuracy. Where the surface 

variables vary rapidly with distance along the surface, a sufficient number of calculation 
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FIGuRE 2.14. Resolution of a capillary-gravity wave at t=3.8 for four initially uniform 

discretisations. No vertical exaggeration. 

points have to be used such that the variation with calculation point number remains 

small. As already observed in figures 2.12 and 2.13, steep gravity waves have smooth 

troughs and sharp crests, requiring a higher point density at the crests where surface 

quantities vary more rapidly with arclength. As long as there are a sufficient number of 

points around the crest, numerical results are reliable within the accuracy imposed. 

The numerical scheme follows the calculation points as surface particles, becoming 

denser in regions where the stream velocity is smallest and thus being "naturally" dis- 

tributed in greater numbers around the sharp crests of steep waves. However, as observed 

in figure 2.14, capillary waves are more likely to have sharp troughs and rounded crests 

and therefore are not well resolved in a natural way by the numerical scheme. A regrid- 

ding of the free surface points is then required in order to improve the resolution of such 

waves. 

2.7.3 Regridding 

The original numerical scheme follows the calculation points as surface particles. The 

surface discretisation points tend to drift due to the surface current induced by the singu- 

larities, soon giving a bad resolution of the surface waves. To ensure a smooth variation of 
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surface variables with point number, it is essential to take care that there are sufficiently 

many points at the crests of the steep waves and at the sharp troughs of the capillary 

waves. An efficient way to deal with this problem is to regrid the surface, changing the 

calculation scheme such that points no longer move as fluid particles but have position 

along the surface as a function of the surface variables such as curvature or arclength. 

Therefore the calculation points can be placed equi-distant along the length of the surface 

or with a point distribution proportional to the local curvature. As a consequence the re- 

gridded surface can be specified by a smaller number of points. In this thesis a regridding 

with respect to the arclength was used in all the simulations presented. 

A redistribution of points along the surface at every 10 regular intervals in time is done 

by using a tenth-order interpolation algorithm. This tenth-order polynomial is centred 

on the nearest point in the current space distribution and then used to interpolate each 

surface variable in order to find its value at the new position along the surface. The 

surface is then stepped forward in time. The interpolation can introduce errors if too 

few points are used. To avoid this the computed cases presented here have an initial 

distribution of 120 points per wavelength, unless otherwise stated. 

2.7.4 Numerical instabilities and smoothing 

The numerical scheme is occasionally susceptible to sawtooth numerical instabilities 

i. e. short scale oscillations of successive points along the surface. In general these sawtooth 

modes have wavelengths of two consecutive surface points and induce the breakdown of the 

computation if remained unchecked. Such instabilities feature in most existing numerical 

schemes that follow the motion of surface gravity waves and were firstly reported by 

Longuet-Higgins & Cokelet (1976), who employed smoothing techniques to control them. 

The numerical code used here often runs without generating sawtooth modes. Other- 

wise one of the several polynomial formula given by Dold (1992) effectively removes the 

sawtooth modes that may eventually appear. Although the use of higher order smoothing 

formulae is less satisfactory than having a numerically stable scheme, this technique is 

shown to cause little loss of accuracy. The smoothing formula is based on the fitting of 

high order polynomials to the surface data, removing any very short wavelength com- 

ponents of the surface variables. Thus waves defined by two or three grid points are 

selectively removed. 
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The implications of smoothing on longer wavelengths are very small. In this case 

gravity is the dominant force and waves defined by a few points may arise only as a 

result of numerical instabilities. However the inclusion of surface tension may induce the 

formation of such waves as a physical phenomenon. In this situation smoothing may 
dissipate these waves numerically. Ripples with only a few calculation points in length 

have their amplitude significantly reduced by smoothing along with possible numerically 

generated sawtooth modes. When used, the smoothing algorithm reduces a sharp crest in 

the same way as a sawtooth instability. This affects directly the roughness of the surface 

waves, generally postponing the time of wave breaking. Indeed Jervis (1996) described 

that the introduction of surface tension in the numerical scheme is frequently associated 

with the appearance of sawtooth numerical instabilities in the surface variables, which was 

ascribed to the rapid variation of surface quantities with the grid points in the presence 

of short ripples. In the numerical scheme, the source of these unstable modes resides in 

the calculation of the capillary wave pressure and its Lagrangian derivatives. 

Therefore it is important to use a sufficient number of surface calculation points in 

order to have any real capillary wave well resolved and thus not being smoothed away by 

the numerical scheme. The use of smoothing is required since sawtooth modes appear to 

arise from the calculation of the higher Lagrangian derivatives of pressure, which would 

eventually cause the breakdown of the computation. For all the computed cases smoothing 

is minimised as far as possible and a low order formula is used when needed. This proves 

to be efficient in the removal of unstable modes for long run computations and also gives a 

slightly larger maximum steepness of surface waves rather than when employing a higher 

order formula. If wave breaking is expected to occur, smoothing with a low order formula 

affects the time of breaking less. In most of the computations presented in this thesis, 

however, smoothing is not used. Figure 2.14 shows one of these cases. 

The minimum size of the capillary waves that can be accurately calculated by the 

nonlinear code can be easily estimated e. g. assuming that each wave is defined by at least 

5 calculation points and that 600 points are used to discretise a length scale of 12.5cm, 

then ripples with wavelengths longer than 1mm can be accurately resolved in this case. 
Note that the number of calculation points should increase with the characteristic length 

scale of the problem if the same resolution is required. 
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2.8 Summary 

In this chapter the basics of the numerical model used to solve free surface flows 

with and without surface tension induced by underlying currents were detailed. The 

original two-dimensional fully nonlinear boundary-integral solver developed by Dold & 

Peregrine (1986) was extended aiming to include a generic distribution of singularities 

underneath the free surface. The singularity distribution aims to model an underlying 

flow that interacts with an initial free surface profile. Periodic and unbounded domains 

were also conveniently chosen depending on the case in study. This work is motivated 

by previous natural observations and experimental works in which significant free surface 

displacements were reported. 

In the first set of simulations, an initial train of linear waves obtained by the superpo- 

sition of linear steady solutions, as explained in section 2.6, interacts with "rapidly" and 

"slowly" varying surface currents. The aim is to verify if the unsteady numerical results 

can predict the reported observations and whether nonlinear effects may become impor- 

tant in the understanding of such phenomenon. In a second attempt, a submerged cylinder 

in a uniform stream flow is approximated by a horizontal doublet, following Lamb's pre- 

cursor method. In this case surface tension effects were included in the numerical code 

based on the previous work of Jervis (1996). The aim is to verify the effects of nonlinearity 

and surface tension at the free surface. In the following chapters the nonlinear results 

obtained are fully discussed and compared to the corresponding linear approximations. 
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Chapter 3 

Nonlinear interactions between 

water waves and currents 

3.1 Introduction 

Wave-current interactions occur in nature over a wide range of hydrodynamic length 

scales. Giant waves have been registered in some parts of the world, especially off the east 

coast of South Africa, where long waves are focused by the Agulhas current (Mallory 1974). 

Short surface waves propagating into a strong enough opposing current can be blocked, 

such as at the entrances of tidal inlets. In both cases the adverse current augments the 

wave height and steepness, resulting in increased breaking and thus adding to the hazards 

of navigation. The effects of underlying currents on water waves have been known for 

centuries by navigators and are of special interest for physicists and coastal engineers. 

The change in wave pattern due to an ocean current is often recognisable in aerial photos 

and satellite pictures. A better understanding of the resultant water surface can, for 

example, help to interpret data from radar images of the ocean surface. 

These interactions are not just limited to the transformation of waves due to underlying 

currents. Waves breaking on a beach, for example, also induce the generation of rip 

currents, long shore currents and vorticity, playing an important role in the nearshore 

sediment transport. Thus the study of wave-current interactions has been a topic of 

active research among scientists for many years with several experimental and theoretical 

approaches. The varied physical aspects in which these interactions occur and the different 

mathematical approaches that are applicable to them can be found in the review papers 
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of Peregrine (1976). Jonsson (1990) and Thomas k Klopman (1997). 

A particular area of interest is the interaction between short-scale gravity waves and 

strong large-scale currents. In this case the time and length scales over which the current 

varies is much larger than the wave period or wavelength. If tpese eaves propagate into 

a strong enough opposing current, then their group velocity could reduce to zero causing 

the waves to be blocked. A region almost free of wave activity is formed upstream from 

the blocking point while a strong increase in wave steepness is observed ciowust reaiii 

from this point, leading to breaking waves. Ibis represents an inmportaiit pheuuinenon 

in areas where sea waves interact with strong ebb currents or a river out flow. Large 

current gradients are likely to occur due to tlhe jet-like structure of these flows. Figure 

3.1 illustrates the wave blocking phenomenon that occurs when oncoming sea waves, t rv 

to propagate against strong adverse currents. An increase in wave steepness prior to 

blocking leads to rough" water surfaces which catuse significant hazards to boat's at1(1 

ships navigating under t Liese circunistances. 

Short surface waves propagating over a stealv hilt nail-unifis nn current tend to un- 

dergo refractive changes in length. direction and aaniplit tide. The changes in lend Ii and 

direction depend on kinematical considerations only. I. -oder ('ertaill ("ondiI ions a sit iple 
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linear ray theory can predict these properties accurately. However, changes in the wave 

amplitude are less straightforward. Nonlinear interactions between the waves and the 

components of the current may affect the amplitude of the surface waves. Indeed sev- 

eral theoretical papers have been published aiming to clarify the wave transformation 

that occurs when the wave intensity is sufficient for nonlinear effects to begin to be im- 

portant. For waves propagating against adverse currents, solutions based on linear ray 

theory associated with wave breaking and reflection were found near the blocking point 

using different mathematical approaches. Peregrine & Thomas (1979) presented solutions 

associated with wave breaking in the vicinity of a caustic using an averaged Lagrangian 

for finite amplitude waves. For sufficient large values of the wave action flux, no reflected 

waves were found in the finite amplitude solution. In a companion paper, Peregrine & 

Smith (1979) found linear and near-linear approximations that correspond to reflection 

without any singularity i. e. finite amplitude solutions without wave breaking, which is 

likely to apply only to very gentle waves. These theoretical studies are fully reviewed in 

the next section. 

The complexity of the wave field and the theoretical difficulties to understand the dy- 

namics nearby the blocking point stimulated several researchers to carry on experimental 

works in this field. Recent laboratory measurements of the wave envelope considering 

very gentle monochromatic waves propagating through the blocking region (Chawla & 

Kirby 1998, Chawla 1999) showed that complete reflection of small wave amplitudes can 

occur, confirming linear and near-linear theory predictions. Furthermore, for increasing 

wave amplitudes, a transition region between waves being completely reflected with no 
breaking to completely breaking with no reflection was observed. Partial wave blocking 

was also reported. Using another experimental set-up, Suastika et al. (2000) considered 

steep incident waves meeting strong adverse currents and identified reflected waves in 

cases where the incident waves break. 

Modelling the wave transformation that occurs in the blocking region is a difficult 

task. The sharp steepening of waves downstream the blocking point induced by large 

surface current gradients makes the linear approach inappropriate. In addition, solutions 

involving both incident and reflected waves have to be considered in order to fully un- 

derstand caustic problems. Chawla (1999) proposed a weakly nonlinear numerical model 

for narrow-banded wave spectra propagating in a varying channel. His model predicted 
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blocking at the linear blocking point but the experimental data showed that, due to the 

larger amplitudes, waves reached the maximum current without getting blocked. For more 

gentle incident waves, blocking occurred after the linear blocking point. An amplitude 

evolution model based on the conservation of wave action, including viscous dissipation 

and wave breaking, was proposed by Suastika et al. (2000). Their model overestimates 

wave transmission through the blocking point and discrepancies between experimental 

and numerical results were found in the blocking region. 

It is our aim in this chapter to shed further light on the subject by investigating 

through numerical simulations the behaviour of a train of linear water waves interacting 

with "rapidly" and "slowly" varying surface currents. In our simplified model the fully 

nonlinear, unsteady, boundary-integral method developed by Dold & Peregrine (1986) 

is modified in order to include the underlying current. The current is assumed to be 

two-dimensional and stationary, being induced by a distribution of singularities located 

beneath the free surface. Details of the boundary value problem and its method of solution 

are presented in chapter 2. Theory, experiments and numerical works on wave-current 

interactions are fully reviewed in the next section. 

3.2 Background on wave-current interactions 

3.2.1 Kinematics of waves on currents: basic concepts 

Most of the theoretical analysis on the interactions between water waves and currents 

has been developed under the light of linear wave theory. This means that the linear 

results are limited to cases in which changes of the wave properties occur slowly over 

the wave period. Suppose that a surface wave in deep water propagates in an arbitrary 

direction with wavenumber K over a depth uniform current U. The Doppler equation for 

wave frequency is then given by, 

S2=w-K"U, (3.1) 

where SZ is the wave frequency in a reference frame moving with the current U, w is 

the wave frequency in a fixed reference frame and K is the wavenumber, which remains 

unchanged in the two reference frames. Note that w/ IKI = c, which is the phase velocity 
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of the surface waves. The expression for S2 depends on the wave theory used. Equation 

(3.1) together with an expression for St gives the Doppler-shift dispersion relation for 

waves moving on uniform currents. 

Assuming that the wave frequency S2 is approximated by linear water wave theory, 

then for gravity surface waves in deep water, 

SZ2 = gK, (3.2) 

where g is the gravity acceleration. The group velocity of the waves relative to the water is 

then given by äcß/8K, while the corresponding total group velocity, or total wave energy 

transport velocity, is defined by Cg = ffl/öK. 

The problem studied here concerns the interaction of periodic waves on a current 

distribution which varies in one direction only. For convenience, we choose this to be the 

x direction such that U= U(x). In the linear approximation the continuity equation for 

the current is presumed to be satisfied by correspondingly small vertical velocity gradients 

which do not affect the waves. For waves to get blocked, their total group velocity 

Cg (= 9 1/aK) has to vanish. Therefore the kinematic condition for wave blocking can 

be obtained by differentiating the dispersion relation (3.1) with respect to the components 

of the wavenumber vector K, which using Einstein notation is given by, 

asp 19W 
ax; - aK; - v; ýýý. (3.3) 

Figure 3.2 shows a set of plane waves propagating with a wavenumber K over a current 

U= U(x)i + V(x)k. Assuming that K makes an angle X with U, then it is clear that 

wave blocking can only occur if the current is opposing the waves i. e. X> 900. As 

it is discussed in the following paragraphs, under certain conditions reflection may take 

place when waves interact with adverse currents; in this case the reflected waves are swept 

downstream, as shorter waves, by the current. Waves can also be refracted by any current 

gradient if a shearing current V(x)k is imposed. For the purpose of the present study, 

only waves travelling directly with or against the current are considered i. e. K= Ki, with 

V (x) =0 (no refraction). The kinematic condition for wave blocking (3.3) then reduces 

to, 
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FIGURE 3.2. Top view of a set of plane waves propagating in the K direction over a current U. 

asp aw 
äx - ax - U(x). (3.4) 

In order to calculate other wave properties, it is common to use the dispersion relation 

to find the value of K for a certain w. That is the case of most of experiments where waves 

are generated at a fixed frequency. Figure 3.3 shows the possible dispersion solutions for 

opposing and following currents in a one-dimensional flow field. The linear dispersion 

relation (3.2) is represented by the solid curve and the Doppler-shifted relation (3.1) by 

the straight lines. In the absence of a current, f2 = w, and two solution points exist, 

which correspond to waves moving at a constant phase speed c=+ (g/K)112, if K>0, 

or c=- (-g/K)1/2, if K<0. The relative group velocity äw/OK is the slope of the 

solid curve, while the total group velocity äS2/DDK is given by the difference between the 

slope of the solid curve and the straight line. Thus for Sl = w, c9 = ±c/2. 

In the presence of a current U, with )=w- KU and U8 <U<0 (where U. 

is the blocking current), four solutions are possible for a fixed wave frequency w. If 

K is positive then the current is opposing the wave propagation. The solution point A 

represents waves with a shorter wavelength (larger wavenumber) compared to the solution 

without any current. From the graph, it is clear that the total group velocity decreases 

due to the opposing current, but still äw/äK >0 for root A. Even though waves are 

moving against the current, their energy is washed down by the current. If the waves 

58 



/ ý. 

E ý' 

0 

. 
.............................................. rý ............................................. 

_0'; -r 

St =w- KU , "'" ," 

2. "D 
ý. 

0 

K 

FIGURE 3.3. Possible dispersion solutions in deep water for U=0(...... ), U, <U<0 

(- "-" -), U= U8 (- - -). U. is the blocking current. 

are pushed further into weaker currents, which essentially depends on the sign of (9u/(9x, 

their wavelengths keep decreasing. The second solution, given by root B, has waves with 

very short wavelengths, with a negative relative group velocity (äw/öK < 0). Reflected 

waves must then be generated upstream whereas wave energy is swept downstream. The 

other two solutions, namely C and D, correspond to cases in which waves and current 

move in the same direction i. e. K<0 and U8 <U<0. It is directly seen from figure 

3.3 (solution point C) that, in comparison with the waves without a current, a following 

current lengthens the wave instead of shortening it as occurs in point A. This means 

that the relative phase speed is now augmented by the following current. Root D appears 

when the Doppler-shifted line crosses the negative branch of the linear dispersion relation. 

This solution corresponds to very short waves, with both wave crests and energy being 

swept downstream. Note that for U>0, analogous solutions can be obtained; in this 

case blocking can only occur if K<0. 
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The two roots A and B tend to coalesce if the waves propagate into regions of stronger 

currents, giving in the limiting case a single solution E, which represents the blocking point 

where U= U8. At this stage the Doppler-shifted line is tangent to the linear dispersion 

relation and, therefore, äw/äK = 0. The kinematic condition for wave blocking is then 

satisfied and linear theory becomes singular. The velocity at which the waves' group 

velocity relative to the water is equal and opposite to the current is known as the stopping 

velocity where, 

an 9 U' 
aK 4,. v 

(3.5) 

The Doppler-shifted line also crosses the dispersion relation at two more solution points, 

namely F and G. In this case the current follows the wave propagation since K<0 and 
U= U8 < 0. Since the current had increased in magnitude, roots F and G have longer 

wavelengths when compared to C and D respectively. For stronger currents (U < U, ), 

only two solutions which are swept downstream for the wave exist. In this case there is no 
linear solution if K>0. If w decreases, cg increases at the blocking point. Thus stronger 

currents are necessary to block longer waves. 

The influence of wave amplitude in the dispersion relation is neglected by linear theory. 

Stokes was the first to show that this dependence produces important qualitative changes 

in the behaviour of water waves, especially when nonlinear effects arise. The effects of 

wave amplitude on the dispersion relation when waves are near the blocking point were 

considered by several authors. Peregrine & Thomas (1979) derived a near-linear dispersion 

relation based on accurate integral properties of plane, periodic, deep water, gravity waves 

of finite amplitude given by Longuet-Higgins (1975), 

02 =K l+8 + 
2.610782(0.1935-s) 

91-5.63543s + 3.98484s2 ' 
(3.6) 

where s (= A2K2) is the steepness squared and A is the wave amplitude. Figure 3.4 

compares the linear and nonlinear dispersion relations. For convenience only positive 

values of S2 and K are shown. The linear and nonlinear blocking points are denoted by 

C and C' respectively. The total group velocity äS2/äK in which blocking occurs is given 

by the slope of the straight lines and is greater for the nonlinear case. This means that 

a stronger surface current is then necessary to block the nonlinear waves. The concept 
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of group velocity is very valuable in understanding and predicting the propagation of 

linear waves. However its extension to nonlinear waves presents difficulties since there 

are several different velocities which might correspond to a group velocity. Peregrine & 

Thomas (1979) presented various possible extensions of this concept to nonlinear waves 

showing the difficulties associated with deep water waves blocked by an adverse stream. 
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FIGURE 3.4. Linear and nonlinear dispersion solutions in deep water for U= blocking current. 
A= lcm. 

3.2.2 Dynamics of waves on currents: theoretical works 

Linear analyses of the wave field near caustics date back to Airy (1838). The rapid 

variation of wave amplitude is taken into account by the retention of higher-order dis- 

persive terms, giving solutions involving Airy functions. However it was only after the 

introduction of the concept of radiation stress that the dynamics of wave-current interac- 

tion became clearer. Longuet-Higgins & Stewart (1960,1961) were the first to point out 

and fully analyse the transfer of energy between waves and currents using this concept. 

That work is based on the linear solution for water waves. They showed that the radiation 

stress term in the energy equation is responsible for the transfer of energy between waves 

and currents. By averaging over the oscillatory wave motion, the energy equation in one 
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dimension for waves propagating in deep water with a group velocity cg = (c/2)i over a 

horizontal uniform current U(x) = U(x)i is given by, 

öt +x 
[E (2c+ U)] +' 

2 9U 
0ý (3.7) 

where E(= pgA2/2) is the averaged energy of a uniform wave train, p is the water density 

and A is the amplitude for linear waves. An exchange of energy between the waves and 

a current gradient then exists through the momentum flux term (E/2) (äU/(9x). This 

means that, unless the current is constant, energy is no longer conserved. The energy 

of the waves is washed down by the current even though they are moving against the 

current. 

Using the concept of averaged Lagrangian (Whitham 1965) and neglecting friction 

effects, Bretherton & Garrett (1968) showed that it is the wave action, defined as E/S2, 

that is conserved in a moving medium. The unsteady wave action equation is then given 

by, 

(3.8) (: 
sý2 + 

1: 
gý 

G, 
c+ u) 0, ä t- -9 ä x- -S2 -2 

where the term in square brackets represents the wave action flux. 

The hypothesis of slow variation of wave properties leads to equations which define 

lines parallel to the total group velocity of the waves, known as rays. These rays represent 

a single set of characteristic directions which in space-time is given by, 

dx 
_ Cg = U(x) + cg. ät (3.9) 

In many cases of wave propagation these rays are focused by the underlying current. If 

these waves are propagating in three (two, one) dimensions then they meet on a surface 

(line, point) which is an envelope of rays, known as caustic. The caustic may occur due 

to non-uniformities present in the initial conditions or in the propagating region (or in 

both) and represent the region where nonlinear effects become important. The position 

of the caustic may vary with time and have, in general, lines (or points) at which the 

surface (or line) has a singularity, where the ray solution becomes invalid. Figure 3.5 

shows schematically the ray paths near a cusped caustic, which is the simplest generic 
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FIGURE 3.5. Ray paths near a cusped caustic. 

singularity. It is important to notice that only ray theory has the singularity. A full linear 

wave solution is regular at caustics and their cusps. 

The difficulty with using either the radiation stress theory or the wave action conser- 

vation principle close to the blocking region is that they are based on linear ray theory, 

which leads to singularities at caustics such as the blocking point. Wave amplitudes 

sometimes become essentially nonlinear in this region and therefore the linear solutions 

are no longer accurate. Because of the singularity in amplitude, it was believed that wave 

breaking occurs before reaching the blocking point (see e. g. Phillips 1966). This is not 

necessarily the case since the blocking region corresponds to a caustic of rays. If there 

is a set of rays propagating upstream, it is then possible for the rays to be reflected and 

swept downstream by the current in the form of shorter waves. Using a perturbation 

stream function and conducting a local analysis in the neighbourhood of the blocking 

point, Peregrine (1976) showed that the waves at the blocking point have a large but 

finite steepness and are not singular. If the initial steepness is small enough such that 

there is no wave breaking anywhere in the domain, then the waves can be reflected at 
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the blocking point with a different wavenumber and with the wave amplitude envelope 

through the blocking point being given by an Airy function. As the reflected waves are 

swept back into weaker currents they continue to increase in steepness. 

Further improvements in the understanding of wave-current interactions have come 

from the use of Whitham's method of averaging a Lagrangian (see Whitham 1999, chapters 

14 and 15). Crapper (1972) studied the interaction of nonlinear gravity waves and steady 

non-uniform currents using an approximate finite amplitude water wave Lagrangian pro- 

posed by Lighthill (1967) in Whitham's method of averaging nonlinear waves. He showed 

that the rates of growth of large waves are less than those predicted by linear theory and 

that the energy density can sometimes decrease when the wave height and steepness are 

still increasing. 

Between the two possible types of solution (complete transmission and complete re- 

flection) there is a gap when the current velocity is close to the critical value, either above 

or below. In these circumstances waves may be trapped or partially reflected. Smith 

(1975) developed a linear uniform asymptotic solution for the wave amplitude through 

the blocking region using the uniform expansion of Ludwig (1966) and showed that, be- 

tween the regions of `no blocking' to `complete reflection due to blocking', a transition 

region exists where the current is strong enough only to cause partial wave reflection. A 

linear analysis of partial reflection of water waves by non-uniform adverse currents was 

carried out by Stiassnie & Dagan (1979). They showed by analytical means that the 

energy of waves which encounter an adverse current may be partially transmitted while 

the remaining amount is reflected. Depending on the slope of the incoming wave, wave 

breaking may occur with part of the energy being dissipated. 

Using a near-linear theory, Peregrine & Smith (1979) investigated the propagation of 

weakly nonlinear dispersive waves near caustics. Steady solutions for the wave envelope 

in which nonlinearity is balanced by a change in wavenumber were found. They also iden- 

tified two very different types of near-linear caustics that can arise in which nonlinearity 

either tends to advance or to retard the reflection of waves from the caustic. Type R 

caustics are found to be usually regular, with smooth solutions and no singularity, while 

type S caustics are frequently singular for a wide range of solutions, possibly involving 

breaking waves. 

In a companion paper, Peregrine & Thomas (1979) studied the properties of slowly 
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varying wave trains propagating in deep water over large scale currents, using an averaged 

Lagrangian for finite amplitude waves rather than small amplitude near-linear solutions. 

They showed that the type S caustics are likely to occur when waves meet a directly 

adverse current i. e. U= U(x)i. In this case the wave amplitude grows right up to the 

maximum for which plane wave solutions exist and, therefore, wave breaking is expected 

to occur. The solutions satisfy the requirement of slow variation. Higher order dispersive 

effects would apply only if the current varies extremely slowly, which is not practical 

since a large number of wavelengths would be necessary in this case. These results differ 

from the linear and near-linear solutions obtained by Peregrine & Smith (1979) in which 

reflection without any singularity was found. The problem of a shearing current, U= 

V(x)j, was associated to the type R caustic, which causes the waves to be refracted. 

The slowly varying solutions become singular at quite small amplitudes such that higher 

order dispersive solutions do apply in this case. Peregrine & Thomas (1979) observed 

that this singularity is of regular type i. e. waves do not break unless the wave steepness 

becomes close to its maximum. The mathematical singularity is at a smaller steepness 

and near-linear analysis is likely to give a uniform solution in this situation. 

Shyu & Phillips (1990) extended the work of Smith (1975) to include capillary effects 

and blocking on finite amplitude long waves. As reflected waves become smaller, capillary 

effects become more important. The inclusion of surface tension leads to the identification 

of a second blocking point where the reflected waves are reflected once again back in the 

direction of the incident waves. The second reflection is accompanied by a further increase 

in the wavenumber, beyond which viscous dissipation effects become important and the 

wave motion is completely damped out without breaking. The theory developed by Shyu 

& Phillips (1990) can be used to analyse the phenomenon of multiple reflection if the 

two blocking points are sufficiently far apart. The physics of this multiple reflection 

have been outlined in Trulsen & Mei (1993). Using a boundary layer method, Trulsen 

& Mei developed an alternative theory for the multiple reflections without any limit on 

the separation distance between the two reflection points and extended the work to the 

limit when the two reflection points coalesce. The phenomenon of double reflection and 

corresponding attenuation of wave amplitude due to viscous effects have been observed 

in the short wave experiments of Badulin et al. (1983). 

Shyu & Tung (1999) extended the theory of Shyu & Phillips (1990) to the situation 
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when short deep water gravity waves propagate obliquely upon a steady unidirectional 

irrotational current and are reflected by it. In this case the uniformly valid solution 

and the WKBJ solution of the short waves were derived from Laplace's equation and 

its boundary conditions. They showed that these solutions take the same form as those 

derived by Shyu & Phillips (1990), which were proved to be valid for gravity waves in 

an intermediate depth region and near a curved moving caustic induced by an unsteady 

multidirectional irrotational current. 

Recently direct modelling of wave blocking has been done with the help of fully non- 

linear Boussinesq models (Chen et al. 1998). The advantage of using Boussinesq models 

is that they are nonlinear and can be used to study amplitude dispersion and energy 

transfer effects in the dynamics of wave blocking. However for short waves the disper- 

sive properties are not very well predicted, with the deviation increasing with increasing 

wavenumber. If wave blocking occurs before the waves become short enough for these de- 

viations to be prominent then the models work satisfactorily (see e. g. Chen et al. 1998). 

However if wave blocking is expected to occur in the region where the waves are very short 

then the deviations in the dispersion relation lead to significant errors in the predictions 

of wave blocking. 

In another related problem of wave-current interaction, Donato et al. (1999) showed 

that the surface current generated by long internal waves in the ocean affects short surface 

gravity waves. The propagation of short, two-dimensional surface waves was studied 

in detail using both simple ray theory for linear waves and a fully nonlinear numerical 

potential solver, originally due to Dold & Peregrine (1986) and extended to include the 

periodic surface current induced by the internal wave. They found that some of the waves 

are focused by the current and in these regions the waves steepen and may break. In 

addition they showed that ray theory results are in fact complemented by the accurate 

fully nonlinear computations and that the numerical results give accurate linear solutions 

for very small wave steepnesses. 

Continuing the study of Donato et al., Stocker & Peregrine (1999) derived a current- 

modified nonlinear Schrödinger equation and discussed two forms of this equation, one 

valid to O(A3K3) and the other to O(A4K4), where AK is a measure of wave steepness. 

As with the standard nonlinear Schrödinger equation which governs the modulations of 

weakly nonlinear water waves, solutions are valid when waves form part of a slowly varying 
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wavetrain. These solutions break down when the variation of wave properties is too rapid. 

In addition the current-modified nonlinear Schrödinger equation is valid for currents that 

are large scale relative to the short surface waves and have a small, slow variation from a 

mean value. Stocker & Peregrine (1999) solved numerically the O(A3K3) and O(A4K4) 

equations in one horizontal dimension and compared their solutions to the surface profiles 

obtained from the fully nonlinear two-dimensional potential flow solver adapted to include 

a large scale surface current (for a complete description see Donato et al. 1999). They 

found that the O(A3K3) equation compares moderately well, and the O(A4K4) equation 

compares very well, up to the point where weakly nonlinear theory is no longer valid i. e. 

when the wave becomes almost steep enough to break. 

3.2.3 Dynamics of waves on currents: experimental works 

The sharp steepening of waves prior to the blocking point makes the linear approach 

valid only for very small waves, which is not the case at river inlet entrances where waves 

are steep and tend to break at or before the blocking point. Several papers have been 

published based on data collected directly from the wave field. Wave height measurements 
in a tidal inlet were presented by Battjes (1982), while Gonzales et al. (1985) used SLAR 

imagery to estimate the wave height for slack and ebb currents at the Columbia river 

entrance. Other examples where measurements of water waves show correlation with the 

tides in areas of appreciable tidal currents are given by Vincent & Smith (1976) and 
Vincent (1979). 

Due to the complexity of the wave field, experimental studies on this subject have also 
been performed. Sakai & Saeki (1984) conducted wave breaking tests for monochromatic 

waves in the presence of an opposing current but their experimental set up also included a 

sloping sea bed. The focus of their study was the combined effect of opposing currents and 

sloping sea bed on wave transformation and breaking, thus adding difficulties to isolate 

current limited wave breaking from depth limited wave breaking. Lai et al. (1989) con- 
ducted experimental studies with monochromatic and random waves on strong opposing 

currents. They limited their study to the kinematics of the wave-current interaction un- 
der blocking conditions and confirmed the dispersion relation and the implied reflection, 
but no measurements on amplitude variations were reported. Ris & Holthuijsen (1996) 

simulated current induced breaking and blocking with the help of a third generation wind 
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wave spectral model and compared their results with the data of Lai et al. (1989). In 

all these experiments a very limited understanding of the wave energy dissipation due to 

current limited wave breaking was achieved. 

Recent laboratory experiments using recirculating flumes have given a better under- 

standing of the evolution of the wave field through the blocking region and the dynamics 

of the wave-current interaction. Chawla & Kirby (1998) and Chawla (1999) used a flume 

equipped with a perforated wavemaker to study the propagation of a series of monochro- 

matic waves on a opposing blocking current. For very gentle waves, wave reflection from 

the blocking point was observed with the amplitude envelope confirming linear predictions. 

As the initial wave amplitude on a blocking current was increased, the wave envelope de- 

viated from the Airy function theory and a transition region was identified between the 

case where waves are reflected from the blocking point with no breaking to the case where 

waves break at the blocking point with no reflection. Partial wave reflection was also 

observed in cases where the required blocking current is slightly greater than the max- 

imum current. Chawla (1999) also carried on tests involving blocking of wave groups, 

obtained by modulating a carrier wave. His experimental results showed that blocking 

occurs separately for the individual wave components of the spectrum. However, his nu- 

merical simulations using a weakly nonlinear model showed that blocking occurs at the 

blocking point of the carrier wave instead. In addition, predictions of the blocking point 

were based on the linear dispersion relation and thus could not account for nonlinear 

effects. 
Using a flume equipped with a wave generator and a perforated false bottom, Suastika 

et al. (2000) performed experiments on partial and complete wave blocking of periodic 

and random waves. For periodic wave tests, the incident wave steepness is seen to increase 

monotonically in the direction towards the blocking point. Reflection was also observed 

but with no systematic variation with the incident waves. The reflected wave steepnesses 

showed considerable scatter, which was interpreted as saturation due to wave breaking of 

the incident waves. Care should be taken in this case since the momentum lost from the 

waves in breaking is transferred to the current. Although this does not make a significant 

contribution to the mean current in deep water it certainly affect the current distribution 

in the surface layer that directly influences the waves. It is also important to notice 

that both Chawla and Suastika et al. generate turbulent currents with a constant mean 
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velocity in relatively deep water. Reflection was also observed in the random wave tests. 

The reflected waves became more pronounced towards the blocking region, though the 

wave field was still dominated by the incident waves. 

An amplitude evolution model based on the conservation of wave action, including 

dissipation and wave breaking, was also presented by Suastika et al. (2000). The spectral 

wave action balance was given by, 

,[ 
In 

(C9n + U)] +ý=0, (3.10) 

where E is a spectral wave energy density in frequency space, D is a spectral wave 

energy dissipation and the subscript n refers to the nth spectral component. A modified 
Battjes-Janssen model (Battjes & Janssen 1978) was used to model dissipation due to 

wave breaking while viscous dissipation along the sidewalls was introduced using the 

formulation of Hunt (1952). The model does not take into account the reflected waves 

and overestimated transmission through the blocking point. In the blocking region, model 

results showed significant discrepancies with observations. There is doubt in the literature 

about the value of using D,,. However, in the absence of better models, this is still 

employed. 

3.2.4 Motivation for the present study 

Despite the several theoretical and experimental works on waves propagating against 

adverse currents, few fully nonlinear numerical models considering both incident and re- 
flected waves in the blocking region can be found in the literature. The development 

of faster computers and advances in numerical analysis has given new insights into free 

surface flows where nonlinear effects play an important role. In particular, fully non- 

linear boundary-integral methods have been applied successfully to several free surface 

flow problems (for a complete review see section 1.2). It seems then valuable to model 

the wave transformation that occurs within the caustic region using such method. (De- 

tails of the numerical method are described in chapter 2. ) Indeed, Peregrine & Thomas 

(1979) suggested that solutions involving both incident and reflected waves needed to be 

considered in the analysis in order to fully solve caustic problems. This study was also 

encouraged by recent experimental measurements of Chawla (1999) and Suastika et al. 
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(2000) towards the blocking region. The numerical simulations can help to clarify some 

aspects of the nonlinear interaction such as the extension of the concept of group velocity 

to nonlinear waves and the prediction of nonlinear wave properties. Before presenting the 

fully nonlinear results, wave properties are evaluated by means of linear ray theory in the 

following section. 

3.3 Linear ray theory 

The interaction of short waves with a surface current U= U(x)i - in this case in- 

duced by a singularity distribution beneath the free surface (see section 2.4 for details) 

- is modelled in this section in the light of linear ray theory. Ray theory assumes that 

variations of wave amplitude A, frequency w and wavenumber K, together with current 

U, are small over one wavelength. In other words any variations from uniformity are slow. 

Then the surface solution locally looks like a periodic plane wave train. For simplicity it is 

assumed that the flow is in one dimension and that the waves propagate in the direction 

of the current i. e. K= Ki. In the absence of surface tension effects and considering 

that the surface waves propagate in deep water, expression (3.2) defines ) in the linear 

approximation. Then the Doppler relation (3.1) simplifies to, 

(w - UK)2 = gK. 

Note that w is constant along a ray for a steady current. 

(3.11) 

Assuming that initially the waves propagate in the positive direction with a phase 

velocity c (= (g/K)1/2) then, 

wc2-gc-U=0, (3.12) 

which is a quadratic determining the phase velocity c as a function of the surface current 

U and the frequency equation w. Equation (3.12) gives two solutions for c, 

4wU 
C= 

2ý 1± 1+ 
9 

(3.13) 

The one-dimensional ray equation simplifies to, 

dx 
= U(X) + c9t ät (3.14) 
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where c9(= Icg) = c/2) is the group velocity for waves in deep water relative to the water. 

Thus for a particular ray the quadratic (3.12) defines the frequency w, . 

Wg1 -- 
U(xo) =-, cl cl 

(3.15) 

where x0 is the position of the ray at time t=0 and cl is the corresponding value of the 

phase velocity at that point. 

Substituting expression (3.15) into (3.13) gives, 

C1f1+ 4U(x) 
U(ff) + cl (3.16) 

2U (xo) + cl i 

Restricting the initial conditions to the case with a positive sign (i. e. waves travelling in 

the same direction as the current), for time t=0, x= x0, and then the ray equation 

(3.14) assumes the form, 

1 
dt 

U(xo) +2 cl (3.17) 

Expression (3.17) determines which root of c should be taken. If in the subsequent 

propagation of a ray dx/dt =0 then the wave is blocked by the current, followed by 

reflection with respect to the (x, t) plan. This corresponds to a transfer to the negative 

root of expression (3.13) for c. Thus energy cannot propagate beyond the blocking point 

and builds up along the caustic formed. Linear ray theory breaks down near the caustic 

and either nonlinear effects take over followed possibly by wave breaking, or a uniform 

solution is needed. The ray diagrams presented in the following sections are obtained by 

integrating expression (3.17) with respect to x and t. 

An expression for the wavenumber K(= g/c2) can also be derived in terms of the 

surface current U(x) and U(xo), and the phase velocity cl. From expression (3.16), 

K= 
49 U(xo) + cl 

2 
(3.18) 

Cl 'li±Vl+4U(x)[U(xo)+cl]10,11 

Figure 3.6 shows the variation of the wavenumber due to a slowly varying surface current 

according to expression (3.18), with the corresponding transmitted (K < K8) and reflected 

waves (K > K, ). For details of the free surface current profile U(x), see figure 2.4b). 
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FIGURE 3.6. Variation of wavenumber for deep water waves on a slowly varying surface current 

according to linear ray theory. Subscript s refers to conditions at the stopping velocity U,. 

3.3.1 Conservation of wave action 

To estimate the wave amplitude A suppose a steady one-dimensional flow. Then from 

the conservation of wave action (3.8), 

- 
(c9) 

= o. (3.19) 

The total group velocity C. is given by expression (3.14) while the wave action E/) is 

defined as, 

E pcA2 
=2 (3.20) 

Substituting expressions (3.14) and (3.20) into equation (3.19) and integrating results 

lead to, 

A 
= 

cö 
To c(c + 2U)' 

(3.21) 

where AO and co are respectively the amplitude and the phase velocity at time t=0 and 

c is given by expression (3.16). Figure 3.7 shows the variation of A and AK according 

to linear ray theory. The reflected waves continually increase in amplitude and steepness 
from its minimum value as the adverse current decreases in modulus. 
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FIGURE 3.7. Variation of amplitude (a) and wave steepness (b) for deep water waves on a current 

according to linear ray theory. Subscript 0 refers to still-water conditions while subscript s to 

conditions at the stopping velocity U8. 

3.3.2 Stopping velocities 

In the light of linear ray analysis it is also possible to estimate the opposing current 

U(x) necessary to block the incident waves. By substituting the wave frequency w given 

by (3.15) into the stopping velocity U8 defined by (3.5), 

i 
U8 

4 U(x) + c1 
(3.22) 

If U(x) = U8 then, by simply substitution into expressions (3.16) and (3.14), C9 = 0, 
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which is exactly the condition for a stopping velocity. 

The quadratic (3.12) can be rewritten with U(x) as a function of c, 

(u(xo)+ c1 (. 2 - 
L'(x) =g r" (3.23) 

Figure 3.8 shows the variation of U(x) with respect to c for different initial maximum and 

minimum velocities U(xo). Excepting the case of stationary waves (U(: r) -- -(-), each of 

the parabolas have a minimum which represents the corresponding stopping velocity l', 

calculated via expression (3.22). 

Supposing that initially the incident waves are t ravelling with the same phase speed 

co, then three possible situations can occur. If I'(; rß, ) > -0.550, (",, > 0, and therefore 

waves are not blocked, being transmitted with a reduced amplitude if I'(: r"ýý) is positive. 

Otherwise waves are blocked if U(x0) _ -0.3c0 (C9 - 0) and reflected if 

(C9 < 0). Thus the shaded region in figure 3.8 represents other situations where waves can 

also be reflected. while in the white area waves continue to i)rººjºagaºte. The liººe delimiting 

these two regions is where waves get blocked, which is defined by expression (3.5). 
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1C U qý 

FIGURE 3.8. Variation of surface currents U(x) with respect to e for distinct tuaxinºººiu and 

minimum velocities U(xo). The shaded area represents where waves are reflected. 
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3.3.3 Ray diagrams and caustics 

As previously discussed ray diagrams are particularly useful to understand the kine- 

matics of wave-current interactions and to verify whether nonlinear effects become im- 

portant. For a certain current U(x), ray paths can be determined by solving directly 

equation (3.14). Here we first focus on currents with algebraic forms, which give approx- 

imate solutions for the time and position of the caustics/foci when they appear. Donato 

et al. (1999) examined in some detail the occurrence of focusing and found exact analytic 

solutions for rays on currents with linear and quadratic spatial variation, with only the 

latter giving focusing for a constant-wavenumber initial condition. For linearly varying 

currents, they observed that rays do converge but without focusing. 

"Slowly" and "rapidly" varying currents are also considered in our linear analysis. 

These are obtained by selecting proper positions and strengths of the underlying singu- 

larities as described in section 2.4.3. For convenience all the ray diagrams presented here 

use a uniform-wavenumber initial condition. Such assumption appears to be sensible since 

the variable-frequency initial condition does not fully satisfy ray theory assumptions i. e. 

variations from uniformity are not slow especially for cases where a "rapidly" varying 

current is imposed. Hence a variable frequency initial condition was employed in the 

nonlinear calculations (for details see section 2.6). 
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FIGURE 3.9. Linear ( ), near-linear (- - -), quadratic (- "-" -) and "rapidly" varying 

(...... ) surface current profiles for a generic maximum or minimum velocity Uc. 
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A selection of surface current profiles were chosen for our linear model, which are as 

follows: 

-a linear current, with U(x) = U, (-2x/7r + 1) for 0<x< 7r, and U(x) = UU(2x/7r - 3) 

for ir <x< 27r; 

-a quadratic current, with U(x) = UU(2x2/ire - 4x/7r + 1); 

-a near-linear current, given by a set of 16 sinks and 16 sources symmetrically distributed; 

-a "rapidly" varying current, induced by an eddy couple. 
Note that Uc represents the maximum or minimum velocity i. e. IUcj = (UmaxI = IU,, i,, I. 

Figure 3.9 illustrates these profiles. 

The ray paths of 10 initially uniform periodic waves interacting with the current 

profiles plotted in figure 3.9, supposing UU = 0.125co, 0.25co and 0.5co, are shown in figures 

3.10 and 3.11. The central vertical dotted lines represent where the opposing velocity U,., 

is reached. Figures 3.10a and 3.10b show the focusing of rays when a quadratic current is 

imposed on a constant-frequency initial condition. A good agreement with the analytical 

results of Donato et al. (1999) was found, with a perfect focus being formed respectively 

at time t= 38.9 and 27.0. For UU = 0.5co, time of focusing drops to t= 18.4. 

For a linearly varying current (figures 3.10c, 3.10d and 3.11a) rays converge but without 
forming a perfect focus. In particular figure 3.10c shows that waves propagating in the 

region 7r/2 <x< 7r have their group velocity augmented by the following current, with 

their corresponding rays overlapping the rays converged by the adverse current. As soon as 

rays start to overlap, linear ray theory breaks down as the corresponding wave amplitudes 
become singular. As Uc increases, caustics are formed earlier. Waves propagating towards 

the opposing current are partially reflected, with rays converging without focusing (see 

figure 3.10d). These rays overlap the two caustics previously formed. For UU = 0.5co 

(figure 3.11a) waves are completely reflected, with no waves being transmitted through 

the blocking point. The convergence of rays without the formation of a perfect focus 

confirms the results of Donato et al. (1999) in which a simple linearly varying adverse 

current was considered. 

Results for a near-linear current are presented in figures 3.10e, 3.10f and 3.11b, and 

partially confirm the results obtained for a linear current. The time and position in which 

rays start to overlap are very close to the linear current results though the form of the 

resultant caustic differs considerably as time increases. Figure 3.10f shows that the caustic 
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FIGURE 3.11. Ray diagrams for an initially uniform wave field interacting with (a) linear and 

(b) near-linear current. U(. = 0.5coý. 

region becomes larger in the near-linear case. The convergence of rays nearby the ( 

region is less prominent than the linear current. case, with waves being only partially 

blocked. It is then expected that longer waves propagate upstream while nonlinear effects 

take over in the region delimited by the two caustics. Cases in which full reflection is 

expected to occur in the light of linear ray theory are shown in figure 3.11 for ýi linear mid 

near-linear current. In these cases waves are completely blocked by the opposing current 
U7IL27L' 

Finally the ray diagrams for the case of a "rapidly" varying surface current, with 

U. = 0.125c0 and 0.25co. are shown respectively in figures 3.10g and 3.101t. Waves are 

transmitted through the adverse current in the first case while they are partially blocked in 

t lie latter. The overlapping of rays is also more prominent than in the near-linear current 

case. Particularly, for U(. = 0.25c0, a strong convergence of rays nearby the lregion is 

observed, which is ascribed to the "steep" surface current gradients imposed in this region. 

Since the condition of slow variation of wave properties are not fully satisfied there, linear 

ray theory is expected to give poor results. Comparisons between the linear and fully 

nonlinear results. which are presented in the next section, confirm that nonlinearity plaYs 

an important role in this case. 
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3.4 Fully nonlinear results 

The numerical results presented in this section consider a set of short waves with initial 

gentle steepness interacting with a surface current induced by a distribution of singularities 

(vortices or sinks/sources). The shape and strength of the surface current depends on 

the position, strength and the number of singularities beneath the free surface. These 

singularities are supposed to be at certain fixed positions and with constant strengths 

such that steady surface currents are obtained and, secondly, no effect of the waves on 

the singularity distribution occurs. The initial conditions of the surface waves are set up 

as explained in section 2.6. Attention is directed to the case of short waves with initially 

uniform wavenumber, as may be generated by a strong gust of wind onto the free surface. 
Details of the fully nonlinear boundary value problem and its method of solution are 

presented in chapter 2. 

Before beginning specific analysis, consider the physics of a general case. Figure 2.4 

shows the fluid domain in which a vortex couple and 32 sinks and sources induce, re- 

spectively, "sharp" and "gentle" surface current gradients, with their corresponding max- 
imum and minimum surface velocities. Ten initially uniform waves with gentle steepness 
(AoKo = 0.04) propagate from the left to the right side. Intuitively, this set of waves is 

spread out when near the U�, ax region, decreasing its wavenumber and steepness, while 

the adverse current Umin acts to bunch the surface waves in its surroundings. In the case 

of no surface current, the waves would propagate steadily without any distortion since 

the wave train is too gentle for the Benjamin-Feir instability to develop in the time avail- 

able. In this section the numerical simulations confirm the free surface behaviour here 

described. In addition interesting features of the waves towards the blocking region are 

revealed, especially when "rapidly" varying surface currents are imposed. 

3.4.1 "Slowly" varying surface currents 

In this section a sink/source distribution is employed to generate a near-linear surface 

current. Figure 2.5b shows possible surface current profiles. In all cases presented in this 

section 16 sinks and 16 sources are distributed symmetrically in the period domain at 

the same depth d=0.25 (for a scheme of the fluid domain see figure 2.11b). The effect 

of the singularity distribution on the waves then depends on the strength k of the sinks 
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and sources. For convenience we define k as the volume flux per length unit of each of 

the sinks and sources. The desired maximum and minimum velocities are then obtained 

choosing suitable values for k. The steady sinks and sources are turned on at time t=0 

and impose a volume flux perpendicular to the plane of motion. 

Figure 3.12 shows the nonlinear free surface deformation of two wave trains with dif- 

ferent initial steepnesses (AOK0 = 0.04 and AOK0 = 0.02) and their corresponding ray 

diagram in the same scale. The nonlinear results are vertically exaggerated 40 and 80 

times and the surface current has JU�LZ7t i=l Umax i=0.316c0. It is clear from figures 3.12a 

and 3.12b the wave transformation that occurs due to the underlying current. Roughly 

speaking, a steep and a smooth region can be identified, respectively, downstream and 

upstream of the Umin region after a certain period of time. A strong increase in wave steep- 

ness is observed close to the Umi,, region, leading to wave breaking, while wave amplitudes 

decrease beyond this region. Some of the waves are steep enough to be noticeably affected 

by nonlinearity. As expected the corresponding time at which wave breaking occurs in- 

creases (tb,. eakjng = 18.0 and 21.2) as the initial wave steepness decreases (AOK0 = 0.04 

and AOK0 = 0.02). Note also that the same accuracy parameters were used in all the 

cases compared (see section 2.7 for details). 

Rays start to converge as soon as they approach the Umin region (see the indication R, 

in figure 3.12c), with no focusing occurring in the period of time considered. Associated 

to RI, an increase in wave amplitude is observed in the nonlinear calculations, shortly 

leading to wave breaking with no reflection. Partial wave blocking is predicted by linear 

ray theory and thus confirmed by the nonlinear computations. Rays also converge in a 

second region, namely RII, but without wave breaking being noticed. Instead, only an 

increase in wave steepness is associated to RII, which appears from the interaction of rays 

blocked by U1Lin and rays that had already been accelerated by Ums. In fact these two 

families of rays do overlap at later times. 

Figure 3.13 shows the nonlinear results and the corresponding ray diagram for a wave 

train with initial steepness AOK0 = 0.01, Kod = 5.0, propagating in deep water under 

the action of a stronger current (tUmini = IUmaxI = 0.447c0). The nonlinear results are 

vertically exaggerated 100 times and 600 discretisation points per initial wave were used. 

The regions of high concentration of rays in figure 3.13b correspond to relatively steep 

waves in figure 3.13a. Similarly, there are very few rays nearby and upstream the Umin 

80 



(a) 

15 

10 

5 

0 

(b) 
2 

0 

U=L. . 

2 46 
X 

U=U 
,� 

ti=n II_lI, 

I) i) 

(c) 
20 

15 

10 

5 

0 

U=u U= 'J=U, , U=O U=U, w, 

j ,; 

0246 
X 

FIGURE 3.12. Fully nonlinear results and their corresponding ray diagram d1uee t() a neear-lineear 

current. U,,, z� = -0.316c0. K0d = 2.5. K0 = 10. (a) AOýKO = 0. (14. vertical exaggerat. iýn 4O : 1. 

(b) A0Ko = 0.02. vertical exaggeration 80 : 1. 

81 

11 _ J-1 -ý' 1-'U.. 
ti -0 U-lI-. 

0246 
X 



(a) 
30 

1 
2` _- 

20 

r-- 

02 4 E; 
X 

(b) 
30 

25 

20 

15 

10 

5 

0 

II-III, -I-III i-r) II-II 

0246 
X 

FIGURE 3.13. Fully nonlinear results (a) and its corresponding ray diagram (1)) (11j(' tu a 

near-linear current. U,,,,,, _ -0.447c0. Koýd = 5.0. Ko = 20.40KO = 0.01. \'('rti(aI exaggeratiuun 

100 : 1. 

region. exactly where the waves are much less steep with longer waveleiigt 11s. Furt hernmre 

the irregular part of the wave pattern in figure 3.13a c(ºrretipc»ºds tºº the region between 

the caustics in figure 3.131). where three families ()f rays º>verhº1º. 
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A controversial feature observed in figure 3.13 is that the time of breaking had in- 

creased to 32.4. which is bigger than the breaking time for a weaker current (for instance, 

tbreaking = 21.2 for liMjr _ -0.316co). However two important parameters had changed 

here. First the number of points per initial wave decreased to half of the standard value. 

As shown in figure 2.12, section 2.7, this is sufficient to postpone wave breaking under the 

same accuracy parameters. Secondly wave amplitudes are considerably smaller than the 

cases presented in figure 3.12. Wave breaking seems to be snore sensitive to changes in 
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FIGURE 3.14. Fully nonlinear results (a) and its corresponding ray diagram (b) Niue to a 

near-linear current. U,,, Z,, = -0.250c0. K0d = 2.5. K0 = 10. A0K0 = 0.04.25.1. 

Vertical exaggeration 40 : 1. 
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wave amplitudes rather than surface current alterations, as noticed in figures 3.12a and 

3.12b. 

Figures 3.14 and 3.13 show the evolution of short surface waves interacting wit h weaker 

currents (Urnj, = -0.250co and ET,, i,, = -0.211co) plus their respective ray diagrams. The 
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FIGURE 3.15. Fully nonlinear results (a) and its corresponding ray diagram (h) due to a 

near-linear current. Umgin = -0.211c0, Kod = 2.5. K0 = 10. AOýKO = 0.04. tt, rc(LA. wg = 31.0. 

Vertical exaggeration 40 : 1. 
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nonlinear results are vertically exaggerated 40 times. In both cases the surface current 

leads to wave breaking, which now occurs earlier for the case with bigger opposing current. 

It is possible to note that rays converge and start to overlap in figure 3.1-11), bile in figure 

3.15b overlapping has clearly taken place. In both cases wave breaking occurs in t lie region 

where rays overlap. W'e'hen stronger currents are imposed, such as in figure 3.12, nonlinear 

effects take over before overlapping occurs: in this case a strong convergence of rays is 

observed nearby the U7L2 , region. Figures 3.14 and 3.15 also show a low Conceut rat ion of 

rays upstream of the L,,, j� region, with waves much less steep in this place. 

Figure 3.16 shows with no vertical exaggeration the final stages up to wave breaking of 

figure 3.15a. Breaking occurs isolated with the last remaining steep wave, with reflection 

being observed before wave breaking occurs, confirming that at least part of tile wave 

energy that builds up within the caustic (see figure 3.15h) is released in the form of 

wave breaking and reflection. Partial reflection was also observed for cºººººput at ions with 

Umj,, = -0.250co (see figure 3.14a). Due to the steeper surface current gradient iºup s-ed. 

wave breaking occurs earlier in this case, with a less prominent wave reflection whell 

compared with case 3.13a. 

F- 
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2.0 2.5 3.0 3.5 4.0 
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FIGURE 3.16. Final stages of wave breaking from figure 3.15a: no vertical exaggeration. 

3.4.2 "Rapidly" varying surface currents 

In this section "sharper" current gradients are imposed to the free surface when (0111- 

pared to the sink/source distribution. This is obtained by positioning a vortex couple 

underneath the free surface. Figure 2.5a shows possible surface current profiles; for ia 
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scheme of the fluid domain see figure 2. lla. The maximum and minimum velocities are 

defined by choosing suitable values for the depth of submergence d. The vortices are placed 

deep enough for little or no effects on the waves. The corresponding initial conditions are 

obtained as explained in section 2.6. 

Figure 3.17 shows in the same scale the stacked free surface deformation of a wave 

train and the corresponding ray diagram due to a stationary vortex dipole flow, with 

Kod = 2.5 and U,,, =, a = -0.250co. This "rapidly" varying surface current is switched on 

at time t=0 and starts to interact with the wave train set up as described in section 

2.6. The short waves have initial steepnesses of AOK0 = 0.04 and 0.01. For the purpose 

of comparison, results here are shown with a vertical exaggeration of 40 :1 and 160: 1. 

The fully nonlinear results show that surface currents induced by vortices are sufficient 

enough to cause wave steepening and breaking. 

The wave transformation due to the underlying current is visible in figures 3.17a and 

3.17b. The incident waves are clearly deformed near the maximum and minimum velocity 

regions U,,, ax and Umin, while their group velocity remains unchanged near the regions 

where U=0. The positive current accelerates the surface waves nearby the Umar region, 

increasing locally their kinetic energy and group velocity, while in the Umin neighbourhood 

waves start to be partially blocked. These features are also confirmed by the ray diagram 

3.17b, in which rays slow down when passing nearby the Umar region and become more 

rapid when near the Umin region. 

A comparison with the ray diagram shows that rays strongly converge in the region 

where waves steepen and break. Though this region has a high concentration of rays, 

no focusing was observed. Since a strong surface current gradient is applied over one 

wavelength nearby the Umi,, region, ray theory assumptions are not fully satisfied there, 

with nonlinear effects taking over. Furthermore, since we are ignoring dissipation, in the 

light of the linear approximation wave action is conserved in the system as a whole. This 

implies that wave energy increases for rays moving into regions of greater frequencies 

and is lost when frequencies decrease (Lighthill, 1978). This feature is confirmed by the 

ray diagram 3.17b, where rays are clearly more spaced upstream of the Umin region than 

downstream. 

Figure 3.18 shows with no vertical exaggeration the final stages up to wave breaking 

of the case studied, with only the surroundings of the U�. in region shown. Note that the 
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FIGURE 3.17. Fully nonlinear results and their corresponding ray diagram due to a "rapidly" 

varying surface current. Unin = -0.250c0, Kod = 2.5, KO = 10. (a) AOK0 = 0.04, 

tbºeaking = 14.8, vertical exaggeration 40 : 1. (b) AOK0 = 0.01, t r. eaking = 26.8, vertical ex- 

aggeration 160: 1. 
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FIGURE 3.18. Final stages of wave breaking from figure 3.17a: no vertical exaggeration. 

surface pattern shows some reflected waves as soon as steeper waves appear. This feature 

was also observed for computations with stronger currents e. g. Umin = -0.316co. Wave 

properties measured from the nonlinear calculations at breaking time t= 14.8 and from 

linear ray theory are provided in figure 3.19. The linear results are evaluated based on the 

value of the frequency w of the appropriate ray. From the ray diagram 3.17c it is possible 

to see that this correponds to a ray initially located in the region where the surface current 

vanishes. 
Figure 3.19d shows the discretisation of the breaking wave for the required accuracy 

provided. The breaking wave takes the form of a breaker jet, with the points near the 

tip tending to move together. Its amplitude is approximately 4 times A0, the initial wave 

amplitude (see figure 3.19b). Breaking wave tests carried out by Chawla (1999) also 

observed that amplitude dispersion plays an important role in determining wave blocking 

due to the rapid increase in wave steepness close to the blocking point. Because of these 

substantial amplifications, waves become too steep to be described by an infinitesimal 

wave theory. 

Figure 3.19d also shows the discretisation of the reflected waves formed behind the 

breaking wave. Waves 2 and 3 are particularly well resolved with a minimum of 6 points 

per wavelength, which represents a reasonable discretisation for gentle waves (for details 

see Dold 1992). Indeed a comparison between the wavenumbers reveals a good agreement 

between linear and nonlinear results (see figure 3.19a). A closer look at figures 3.19b 

and 3.19c shows that wave steepnesses tend to agree better against ray theory than wave 
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FIGURE 3.20. Variation of wave steepness (a) according to linear ray theory (-) and obtained 

from the fully nonlinear results; the corresponding reflected waves (b) extracted from figure 3.17b 

at time t= 14.8. 

amplitude results. 
This agreement becomes even better for initially more gentle wave steepnesses, as 

shows figure 3.20. The reflected waves have now a better resolution and thus give better 

results when compared to linear ray theory. Incident and transmitted waves have their 

initial resolution pratically unchanged. From figures 3.19c and 3.20a it is possible to verify 

that incident waves have their steepness increased when on adverse currents, leading to 

wave breaking close to the minimum velocity U,,, i,,, while transmitted waves decrease their 

steepness substantially, becoming smoother for positive currents. 

The validity of the numerical results depends on the resolution of the regions of high 

curvature. Table 3.1 shows the resolution of the steepest waves of figures 3.17a and 3.17b 

for various times. As expected the steepest waves are located nearby the region where 

the opposing surface current reaches its maximum. Basically the number of surface dis- 

cretisation points falls from hundreds to just 6 points per wavelength, which corresponds 

to the resolution obtained for a reflected wave. As shown in figures 3.19c and 3.19d, the 

reflected wave denoted by 3 is in fact the steepest wave, while the breaking wave occurs 

a little bit further in the x-direction. 

Finally figure 3.21 shows the wave transformation due to a stronger surface current 

induced by a pair of counter-rotating vortices (U,,, i,, = -0.316co, Kod = 2.0). In this case 

waves get blocked more "easily", with an earlier wave breaking being observed (tbreaking 

6.0). As soon as the first wave (AOKO = 0.04) approaches the U,,, i,, region, a steep wave 
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is formed, which is partially blocked by the adverse current. As a consequence of this 

gradual reduction of phase speeds near the region. waves get totally blocked sooner. 

. oKo I A1axitiiuiiº 

AIi/A()Ii() 

No. of surface 

cliscr('tisatiººn l)t. S. 

0. (1 1.3 107 

3.6 2.2 107 

0.04 7.2 5. U 59 

10.8 11.6 3(1 

14.4 9.8 6 

14.8* 14.5 6 

0.0 1.7 2.1.1 

3.6 3.3 1: 38 

7.2 7.6 66 

0.01 10.8 10.8 27 

14.4 25.5 (i 

18. (1 5; 3. O : 

21.6 59.5 -1 

TABLE 3.1. Number of surface discretisatioll points of the steepest W; lv(, s presented ill figures 

3.17a and 3.17b for various times. Breaking time Is, Indicated by 

ii n 
6 
4 

FicURE 3.21. Stacked free surface deformation of' i wave train (ill(, to I "rapidly" val-Ying 

current. Unw, = -0.316co. Kod = 2.0. KO = M. 210 KO = 0.0-1. Vertical exaggeratiml -10 :I- 
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3.4.3 "Steeper" initial conditions 

The effects of underlying currents on waves with greater steepnesses are of interest 

and also investigated here. Figure 3.22 shows with no vertical exaggeration the last steps 

until wave breaking occurs when steep waves (AoKo = 0.4) interact with a "rapidly" and a 

"slowly" varying current (U,,,, i,, = -0.211co). Under these conditions waves are noticeably 

affected by nonlinearity. However the sink/source distribution causes wave steepening in 

larger regions than the current induced by the eddy couple. Waves do steepen locally 

due to the vortex flow, but not sufficiently to stop the computations before the "slowly" 

varying current case. Note also that in both cases the breaking wave takes the similar 

form of a breaker jet. Tanaka (1983) found that regular waves on deep water break when 

their steepnesses exceeds approximately AK = 0.43, which corresponds to the maximum 

value of the total energy and the impulse of the wave. This explains in part the short time 

to breaking for the cases presented here. Similar features were also observed for smaller 

wave steepnesses. 

3.4.4 Wave breaking 

As already discussed, the nonlinear computations stop when there are insufficient 

points in the regions of high curvature to give results which are within the accuracy re- 

quired. This lack of resolution occurs, for instance, if the crest of the wave overturns 

or if the wave approaches Stoke's limiting shape (see section 2.7.1 for details). Figure 

3.23 shows the time of breaking versus three initial steepnesses of short surface waves 

(AK = 0.04,0.20,0.40). The same resolution (120 points/wave) and accuracy parame- 

ters were used in all the computed cases. In general strong "rapidly" varying currents 

(Umin = -0.316co, -0.250co) induce wave breaking in shorter times than the correspond- 

ing "slowly" varying currents. An exception occurs for weaker currents (Umin =. -0.211CO). 
The shorter times to breaking occurs for all the computed cases when AK = 0.40, which 

agrees with the theory that regular waves on deep water break when their steepenesses 

exceeds AK = 0.43 (Tanaka 1983). 
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FIGURE 3.22. Final stages of wave breaking due to: (a) a "rapidly" varying current (Kod = 3.0, 

tbreaking = 4.6); (b) a "slowly" varying current (Kod = 2.5, tbreaking = 5.4). In both cases 

Umin = -0.211co, AOKO = 0.4, KO = 10. No vertical exaggeration. 

3.5 Wave group interactions: a preliminary study 

The interaction between wave groups and currents is of special importance when 

studying the effects of a moving blocking point. For instance, the excess momentum 

released by waves breaking on a beach acts as a forcing mechanism for fluid motion in the 

nearshore region. The breaker line is always moving due to the irregular nature of the 

wave motion and thus it is identified as one of the mechanisms for generating long waves 

in the nearshore region. The temporally varying amplitude envelope of a narrow banded 

spectrum can create a moving blocking point. I 
Chawla (1999) conducted a series of experiments on narrow banded spectral waves to 

2.5 3.0 3.5 4.0 4.5 5.0 
X 

U=0 U=U. 
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FIGURE 3.23. Time of breaking against initial steepness of the surface waves. Currents are 
induced by an eddy couple (0) and by a sink/source distribution (0). Umire = -0.316co (" "". " "); 

Umire = -0.250Co (-); Umire = -0.211co (- "-" -). 

study if it was possible to similarly generate long waves downstream of a moving blocking 

point. As already explained in section 3.2.3, his experimental results showed that this was 

not the case, with blocking occurring separately for the individual wave components of 

the spectrum, while his numerical simulations showed that blocking occurs at the blocking 

point of the carrier wave instead. Predictions of the blocking point were based on the 

linear dispersion relation and thus could not account for nonlinear effects. A Boussinesq 

model for wave blocking also shows a similar effect but is limited due to inaccuracies in 

its dispersive properties in deep water (Chen et al. 1998). 

To shed further light in the matter, the numerical scheme proposed in chapter 2 was 

used to simulate the interactions between wave groups and currents. The wave groups were 

constructed by superposing two monochromatic waves having the same amplitude but 

slightly different frequencies, with the difference between the frequencies determining the 

number of waves in a group. This spectral approach was also employed by Chawla (1999). 

Based on his cleanest wave groups i. e. bichromatic waves with no energy transferred to 

the side bands, we set up our initial condition by superposing two uniform wave train 

components with AoK0 = 0.06,0.084 and KO = 10,14, respectively. 
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The evolution of these wave groups over and varYing currents is 

shown respectively in figures 3.24b and 3.24c. F'()r comparison purimses groups 

propagating over still water are presented in figure : 3.2,1a. These preliminary results show 

that partial -, vave blocking can occur at the Individual wave cmill)(mentýs In Ihe "". 1ve 

groups and that waves becorne almost. 111o1mchronlatic beYmId the 1,711171 regiml, which 

is clear from figure 3.24b. Unfortunately the numerical c(miputations stop (III(, to wave 

breaking. Comparisons with solutions of the 11milinvar Schro"dinger e(111,111ml are 1111der 

development. 
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3.6 Summary 

We have attempted to simulate the interaction between water waves and currents with 

special attention to the effects of nonlinearity on the free surface. This was motivated by 

several theoretical and recent experimental works on the matter. A fully nonlinear model 

was developed in order to understand the interaction of stationary submerged currents 

induced by singularities with a large number of short surface waves. The nonlinear numer- 
ical results show that adverse currents induce wave steepening and breaking. Furthermore 

the wave transformation induced by the underlying currents can be identified by a steep 

and a smooth region formed, respectively, downstream and upstream the U,,, i,, region af- 

ter a certain period of time. A strong increase in wave steepness is observed within the 

blocking region, leading to wave breaking, while wave amplitudes decrease significantly 
beyond this region. 

The nonlinear results obtained for "slowly" varying currents agree well with linear ray 
theory. In fact in this case ray theory results are complemented by the accurate fully 

nonlinear computations. For very small initial wave steepnesses these computations give 

accurate linear solutions. The numerical simulations also show that wave blocking and 

breaking are more prominent for sharp surface current gradients. For these cases the 

nonlinear results reveal that reflection does occur nearby the U,, i,, region for sufficiently 

strong adverse currents, thus confirming that at least some of the wave energy that builds 

up within the blocking region can be released in the form of partial reflection, which 

applies to very gentle waves, and wave breaking, even for small amplitude waves (see e. g. 

figure 3.17b in which Ao = 0.001). 

In the case of interactions between wave groups and currents, further investigations 

are necessary. However the preliminary nonlinear results seem promising. They show that 

wave blocking can occur for the individual wave components in the wave groups and that 

waves evolve from being groupy to being almostmonochromatic, confirming qualitatively 

the experimental observations of Chawla (1999). 
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Chapter 4 

Nonlinear interactions between a 

free surface flow with surface tension 

and a submerged cylinder 

4.1 Introduction 

The study of disturbances produced at a free surface by the flow of a uniform stream 
interacting with a submerged cylinder has attracted the interest of researchers since the 

early 20th century. Kelvin was perhaps the first to suggest that problem in 1905, followed 

by Lamb who analysed it formally in the light of linear water wave theory in 1913 (for 

a more accessible version of this paper see Lamb 1932, §247). Lamb's method consisted 
in replacing the cylinder by the equivalent doublet at its centre and then finding the 
fluid motion due to this doublet. Supposing a steady irrotational potential flow with a 
linearised free surface boundary condition, he found the appearance of a local disturbance 

immediately above the obstacle followed by a train of stationary sinusoidal waves on the 
downstream side (see figure 4.1a). This solution is applicable when the cylinder is of small 

radius compared with the depth of its axis; then the disturbance to the free stream due 

to the presence of the cylinder causes small amplitude waves that can be approximated 
by linear theory. Havelock (1926) carried out higher-order approximations for the flow in 

the vicinity of a circular cylinder in a uniform stream by the method of successive images, 

with a first-order free surface condition. He reported that the accuracy of the first-order 

approximation for the surface elevation increases rapidly as the depth of submergence 
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FIGURE 4.1. (a) Stationary waves due to the presence of a cylinder of radius a and depth 

of submergence d on a uniform stream flow U, with surface tension effects neglected (linear 

approximation). a/d = 1/4, U=1. (b) A sketch of the capillary waves (upstream) and gravity 

waves (downstream) produced by a steady disturbance on a uniform stream flow. Disturbances 

have been vertically exaggerated. 

increases or as we take relatively smaller velocities. 
Investigations on the importance of nonlinear effects from the free surface boundary 

condition were carried out later. Tuck (1965) emphasized that a simple linearisation would 

be inadequate for cases in which the cylinder is close to the free surface whereas it does 

not satisfy the assumption a/d «1 (a and d representing the radius and the depth of 

submergence of the centre of the cylinder). He suggested that the exact nonlinear solution 

would involve highly non-sinusoidal or even breaking waves. Following Tuck's work, Dagan 

(1971) investigated the flow past a circular cylinder close to a free surface at high Froude 

number by the method of matched asymptotic expansions. A good agreement with linear 

theory was found for deep submerged bodies; for a body close to the free surface the 

nonlinear calculations differed significantly from the linearised solution. 

All the works described above were carried out neglecting the effects of surface tension 

on the free surface flow. For large scale surface disturbances (of length greater than 

98 



Min) this apluminiation is adNpmt(,: gravity is (ImIlilmilt wid ill Ille ah"clice 4 willd 

Ihe pres'slire exerted Oil the "llifilce hY Ihe illilwsphele (.; III he cmisidered c(mstwil. At ;I 

small scille. 11mvever. lhe surface pressure call be Illmlified hY surkwo wilsioll. C; Ipillaly 

phelimliclul Ilmy arise whell Iho suffilce Ims"esses cmisiderahle (. 111N.; oIlle m. whell . "Illface 

tellsioll gradielit" ; Ippeill, on that sill-foce. In Imth cwses. (he Im'sonce of Iho', e fw'cos 

(. 1mliges the Ilill ure of the free surface 11mv m. illdlice" mot ioll m-igin; Illy ah. "ollf 

Sever'd nut hm-s dem-rihed I lic exist ellue ()f "Ilmll-sc; I le 1-i pple" m. up- 

sI remll of a 1()(.; Il ( list III hmice ils well its Im-ger gi mi 1ý\ \v; lvos (h )\vlrýd rc; l III d' iII(II 

sit Ililt ion may (wcul. for it geller; 1I (list III1 mlwc ( figm oI. II)). which nmy I Ac I he k )I lit d' it 

sty Ill the hed m- 4a cYlilldrical ohstm-le sillulled ml the hed. ill Ille fllid., )l (d ille \\-; IwI 

m, ()It Ific sulTm-c of a stromll flmv. The im-wiling ,, I lemil Ims it spood ex; lcl ly oqliýll 1() 1 he 

phase volocily ()f* the geller; Ited 'Sillce the gl-mip vchwily ()f Ille ( ; Ipill; lI. \ wmos i.,,, 

greal er I hit 11 1 hei I phase velm-i I y. I hey ;I p1wal ;I homl (d I It(' gollel ;IIi 11, tý (d). ject 
. 

1-'ig Ilre 

illust rows it lypic; ll sit 11ill ioll ill which I ilyk-, cml Iw\ i"ll; 1li"od. 

11lil l ýI111'; Id ,I ;I 

VI'I'I'I II II(`. 



The theoretical approach most applied to the understanding of these waves rests on 

the linear theory of a point pressure disturbance of a steady stream, presented by Lamb 

(1932) (§270, §271) (see also Whitharn 1999, p. 452). The results show that the wave 

amplitudes are known functions of the motion of the obstacle. The calculated asymptotic 

wave trains confirm the results obtained from group velocity concepts: gravity waves are 
formed downstream while capillary waves appear upstream the obstacle. 

As it is discussed in the next section, these results are restricted to a region where 
the amplitude of the disturbances are linear, thus satisfying the inequality ald < 1. As 

the ratio a/d increases, the roughness of the free surface is augmented and waves become 

"steeper", with nonlinear effects taking over. The implications of the nonlinear results 
for experimental observations are not completely clear. It is our aim in this chapter 

to investigate the effects of nonlinearity and surface tension at the free surface when a 

steady stream flow interacts with a submerged cylinder. A version of the fully nonlinear 
boundary-integral method, developed by Dold & Peregrine (1986) and modified for the 

inclusion of surface tension by Jervis (1996), is adapted to this situation (see chapter 2 for 

details). The current work has focused on a general investigation of the capillary-gravity 

waves that may be produced upstream and downstream the cylinder. 

4.2 Capillary-gravity waves background 

4.2.1 Basic concepts 

If a small displacement of the free surface particles occurs due to a local disturbance, 

capillary and gravity forces "arise" both tending to return the free surface to its origi- 
nal equilibrium state. The increase of energy due to the disturbance leads to capillary 
forces that tend to flatten the fluid surface and return it to its equilibrium form. Liquid 

particles displaced from the equilibrium position tend to return there under the influence 

of gravitational forces as well. Due to inertia this equilibrium process also includes wave 
formation, with the wave characteristics determined by the nature of the disturbance and 
the fluid properties. 

In the presence of surface tension, the dimensionless surface pressure p' exerted on a 

one-dimensional surface of a two-dimensional fluid is defined by equation (2.8), with the 

ratio of effects of surface tension with respect to gravity for relatively deep water being 
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expressed by the Bond number B (see expression 2.16). For B>1, surface tension 
dominates gravitational effects and only pure capillary waves may appear due to a distur- 

bance. For instance, in the case of water, this implies that waves are shorter than 1.7mm 
for B> 100. In contrast, when the motion is governed by gravity (B < 1), waves become 
longer than 17cm for B<0.01. Within these limits both surface tension and gravity play 
a role. In particular, when the forces are of roughly equal importance, A=1.7cm. 

The surface tension coefficient r takes different values depending on the temperature 

and the fluid and is significantly affected by surfactants. At a temperature of 15°C an 
interface between pure water and air has 7= 73.5dyn/cm (see Batchelor 1967, p. 597). 

This value decreases slowly with temperature and usually also decreases due to the pres- 

ence of surfactants by an amount which increases with the concentration of contaminant. 
The calculations presented in this chapter suppose 7= 74.0g/s2. 

The dimensionless parameter B is defined based on a characteristic length scale L. 
As already discussed in section 2.2.3, for relatively deep water, 11K represents the most 
important length scale parameter of the fluid motion. However, in the case of a sub- 

merged cylinder in deep water interacting with a stream flow, the difference between the 
depth of submergence and the radius of the cylinder, namely (d - a), becomes the most 
important length scale parameter. By choosing B we set a ratio of surface tension to 

gravitational effects which effectively determines the length scale for the fluid motion. 
For g= 980.6cm/s 2 and p=1.0g/cm 3, expression 2.16 reduces to, 

0.0754 
B 

(d - a)2' (4. i) 
where (d - a) is given in cm. Figure 4.3 shows the relation between B and (d - a). Under 

the light of linear theory, for a depth of submergence (d - a) < 0.27mm, B> 100 and 
tiny ripples may appear upstream the cylinder. The motion is governed by gravity when 
(d - a) > 2.7cm (B < 0.01), with gravity waves being formed downstream. Between 
these limits (0.27mm < (d - a) < 2.7cm), both surface tension and gravity play a role. In 

particular, when these forces are of roughly equal importance, (d - a) = 2.7mm. These 

conclusions are valid for a/d < 1. For bigger values of a/d, an increase in wave steepness 

occurs and linear theory becomes inadequate. It is therefore important to investigate 

the effects of nonlinearity on free surface flows where both capillarity and gravity are 

relevant. Interesting features may appear in these situations. Linear and nonlinear results 
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FIGURE 4.3. Variation of Bond number with respect to the depth of submergence of the 

cylinder. 

are presented and discussed in sections 4.3 and 4.4 for 0.5cm < (d - a) < 5.0cm. 

The ratio of inertial over gravitational effects can be expressed by the Froude number, 
here defined as, 

Fr =U 
g(d - a) 

(4.2) 

where U represents the velocity of the stream flow. For sufficiently large Froude numbers, 
inertial effects become dominant and wave breaking may occur. However, as it is discussed 

later, nonlinear effects only arise when the inequality a/d <1 is not satisfied. In addition 

an increase in the Bond number can reduce significantly the steepness of the surface waves 
formed due to the interaction of the cylinder with tile current. A balance between inertial 

and surface tension effects may then occur such that wave breaking is postponed and in 

some cases annuled. 
For the study of pure gravity waves, the dimensionless parameters Fr and a/d are 

sufficient to define the regime of the problem, showing whether inertial and/or nonlinear 

effects play any role. When surface tension is added, B becomes the most important 

parameter for a general configuration. Depending on the value of B, capillary and/or 
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gravity waves may appear at the free surface. However, the nature of the disturbances on 

the free surface also depends on the stream velocity U imposed. As discussed before linear 

theory provides a useful "guide" to our study, delimiting whether capillary and gravity 

waves may exist for a certain stream velocity. Thus the ratio between the stream velocity 
U and the minimum phase velocity c.. is introduced for comparison purposes. B together 

with Ule, are used in the subsequent analysis of the linear and nonlinear results. 

4.2.2 Linear theory 

From the theory of linear water waves and supposing that the surface waves propagate 
in deep water, surface tension effects are included in the dispersion relation such that the 
frequency w satisfies, 

w2=gK+TK3, 
p 

(4.3) 

where K, g and p are, respectively, the wavenumber, the acceleration due to gravity 

and the fluid density. (For the purpose of calculations, we suppose g= 980.6CM/S2 and 

p=1.0g/CM3. ) Therefore the phase speed c and the group velocity c. are related to K 

by, 

c= -2-+T K 
Kp _c 

pg + 37-K2 
C9 2 pg + , rK2 

(4.4) 

The phase velocity has a minimum value at, 

K=Km= 
(T9)' 

C= Cm = 
49T 

P 
(4.5) 

while the minimum group velocity is attained at K= K9,. = 0.40IC, " and cg = cg. = 
0.77c,,,. Here we define Kg.. and cg,,, as the wavenumber and speed at the minimum group 

velocity. For convenience expressions (4.4) are non-dimensionalised in terms of K.. and 

c71. reducing to, 

cL 1K+ Ifmll 2 c9 
_c 

(Km/K)2 +3 
cm 2(KIJc,,,, 2c�a (K/Km)' +1 

(4. G) 

The graphs of c and c9 against the wavelength A (= 27r/K) in units of cm and Am 

are shown in figure 4.4. The solid curves represent the dispersion relation for capillary- 

gravity waves in deep water as it shows that waves of different wavelengths travel at 
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FIGURE 4.4. Phase speed (a) and group velocity (b) of deep water waves as a function of 

wavelength, in units of c.. and A,,,. The continuous lines represent capillary-gravity waves, 
while (-) and (- --- -) are the capillary and gravity wave limits respectively. 

different phase speeds. Thus for any value of c greater than C"', two possible wavelengths 

exist for a capillary-gravity wave, with one of the roots situated in the capillary branch 
(A <A.. ) and the other in the gravity branch (A > A,,, ). The term gravity-capillary wave 
is then often used for waves with parameters close to, but to the right of the minimum of 
the dispersion relation; waves close to, but still in the capillary branch, are referred to as 

capillary-gravity waves. 
For sufficiently large wavelengths i. e. A> 27r/K,,,, the gravity term dominates the 

dispersion relation (B 
_< 

0.01) and so the motion is mainly that of pure gravity waves. 
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For the phase speed, surface tension effects become negligible when A> 10A, " and thus 

c>2.25c.. (see point A in figure 4.4a). In the case of water, for instance, waves need to 

be longer than 17.3cm, with c> 52.2cm/s. Under these conditions the capillary-gravity 

curve is very close to the dispersion relation for pure gravity waves (dashed-dotted line 

in figure 4.4a). In terms of the group velocity, much longer waves are required for the 

motion be dominated by gravity: A> 25, \,,, with c. > 1.73c.. (see point B in figure 4.4b). 

Thus, for the group velocity, B<0.0016. 

On the other hand, ripples or capillary waves appear only for sufficiently small wave- 

lengths (A < 27r/K,,, ). Surface tension becomes dominant (B > 100) when A< OAAm 

and thus c>2.25c.. (point C, figure 4.4a). For water, this corresponds to waves shorter 

than 0.17cm, in which case c> 52.2cm/s. Indeed figure 4.4a shows that for A<O. lA,,,, 

the dispersion relation is very close to the pure capillary waves' curve (dashed line). In 

terms of the group velocity, gravitational effects become negligible if A<0.25Am and 

thus c. > 1.73cm (point D, figure 4.4b). In this case, B 
-> 

15.9. For water waves, this 

corresponds to A<0.43cm and c. > 40.2cm/s. 

Comparisons between the phase and group velocities of capillary-gravity waves are 

of special relevance when studying the interaction between underlying flows and free 

surfaces. As already discussed, if c>c,,,, then the linear dispersion relation gives two 

real roots for a certain phase speed c. A closer look at figure 4.5 reveals that waves in the 

gravity branch (, \ > A,,, ) have c. < c, whereas for \<c. 9 > c. As we approach c, a 

significant increase in wave steepness is associated to the linear solution (see e. g. figures 

4.8 and 4.9) and nonlinear effects start to become important. (Expressions for the linear 

wave amplitude and steepness are obtained and discussed in section 4.3. ) The difference 

between c and c. decreases until it completely vanishes as the two roots coalesce at C'. At 

this point expressions for the linear wave amplitude and steepness become singular and 

the linear approximation breaks down. For c<c,,,, the zeros of the dispersion relation 
become complex and no waves are formed under the linear approach; only a local surface 
disturbance occurs. A full discussion is presented in section 4.3. 

4.2.3 Disturbances generated by an obstacle on a steady stream 

The waves generated by an obstacle on a uniform stream flow is based on the linear 

theory of a point pressure disturbance of a steady stream presented by Lamb (1932) (§270f 
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FIGURE 4.5. Phase speed and group velocity of capillary-gravity waves in deep water as a 
function of wavelength, in units of c,,, and Am. 

§271). Lamb showed that there are several possible solutions to the problem depending 

upon whether the stream velocity is greater, less than or equal to the minimum phase 

velocity c,,,. The waves produced by an obstacle on a uniform stream flow U may be 

viewed as the waves produced by the same obstacle moving with speed -U. In this frame 

of reference, supposing a two-dimensional problem, the only stationary waves that can 
keep up with the obstacle must satisfy the relation, 

c(K) = U. (4.7) 

Based on the dispersion relation (4.4), if U<c,,,, there are no solutions satisfying 

equation (4.7) and no wave can remain stationary on the stream. In this case there may 

exist local disturbances dying out away from the obstacle but no contribution to tile 

asymptotic wave pattern. The disturbance level is then confined to a region about the 

pressure source represented by the obstacle and decays rapidly to zero with distance from 

it. For the critical case, viscosity becomes important and waves are damped very rapidly 
by it (for full details see Lamb 1932, §271). 

If U>c,,,, two solutions are possible, one coming from the gravity branch, namely 
K., and the other from the capillary branch, IC,, such that K. < IC,. These solutions 

can be associated to the group velocity through expression (4.6) such that, 
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cg(K. 9) 
< C(119), Cq(1k7) > ((A ). (l. S) 

Since c(K.. ) = (-(K, ) = U, the capillarY waves have a group velocitY I)Igger 111,111 the 

stream velocity and therefore must appear alwad of the of)stacle. 'I'lie grivity waves inust 

be downstrearn since their group velocitY is slower than U. 

When the stream velocity IT is close to tile pliase velocitY ('Ili, IIw grmip 

velocity c, is very- close to U and the energy cml 111(we f*l'()Ill ( ll(' pressure S()111-(. (, ()IllY 

very slowly. Figure 4.6 illustrates this sitil"ItIoll. The wm-es fOl-Illed 111). Stremll hecmile 

almost two-dimensional. Note also tImt these NN,; Iveý, 'Ire (1,1111ped bY \-Iscosil. y. The theorY 

presented in this section is not \-alid for regloiis where the implitude of the ciipllhirly 

waves becomes nonlinear. As it is seell ill sectioll 4.3ý the 111legr'll of, the 

surface profile fails at soine finite distillice f, l. ()Ill the philse where 

K, and K are very close to eýwli other. lij addition \-iscosily is; ilso ml tiken mtoaccollill 9 
in this model. 

ý--ý-ý 

I. (;. The fishing lille whell I'lic 11(m "'pecd I", 1-c(III(cd h) 141 (114, 

wave Sj)'ced. (C'rapper 198.1. li. I32) 
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4.2.4 Review of previous works 

The study of free surface flows at a small scale has been mi area of increasilig iliterest 

over recent years, although reports in the literature of sucli flows cwi be traced bw-k to 

the last century. It is well known that short waves, both ciipfflary aiid capill. iry-grmýity, 

add roughness to the ocean surface. It has been proposed thzit the rouglilless alignielits 

significantly the wind stress acting on the ocean surffice and affects t1w N\-ind pi, ofile 

immediately above it, though most air to sea energy mid monivionin trmisfei- occur. " due 

to pressure. Capillary effects may also play an important role in ocemi-; itinospliere p,; Is 

transfer. Theoretical and experimeDtal evidences (Cmpper 1957, Kog'1 1982) sll()%\, Owl 

capillary waves break by pinching off bubbles of air. Thus ; m- ewraninient in; iy occiu- is 

part of the micro-scale breaking of capillary waves. 

A closer look at the surface of any wind blown siretcli of nweals 111,111Y S111,111- 

scale ripples or capillary waves, typically with wavelength" froill I IIIIIIIIIIVIN, to SOIIIV 

centimetres. Figure 4.7a shows the occurrence of "panisitic (-. ipilkiries- on Hie 

face of moderately short gravity waves due to wind Stres". F\-IdeIIIIY Iheit, OXISIence 

depends on the fact that the gravity wave and the 11111ch Short er (.; I pil IarY \\,; I\, v 11mv III(' 

same, phase speed. 

The dynamical theory of the generation of capilliiry wiives ; ind their inter; Ictioll \60i 

gravity waves have been developed by Longuet. -Higgins (1963), Crapper (1! )7()) and Iju- 

vinsky & Freidman (1981). Since then, numerical simidatimis ija\-e become a powerf', I It()() I 

in the understanding of such flows and several publicat ions on i his stih. ject cm, I)e j'()jjjj(1 

(Ruvinsky et al. 1991, Jervis 1996). Figure 4.71) shm, s qimý, i-steady 

waves formed from an initial gravitational progressi\, c Stokes wa\-e with Ieiigth scm and 

steepness 0.32, calculated using a fully nonlinear bmindat-Y-Integral mei lio(j. 

The works mentioned in the last, paragraph (teal wit It length scales where gj-; j\-1jY 1, t jj(ý 

dominant restoring force, but with surface tension remaining locally impm, taw ill regWils 

of high curvature. That is the region with c well above I he phase velm-11Y. I'lle 

study of the solution space for two-dimensional symmet ric (-; ipIllarY-gj-jj\-1jY \N-, Jv(ýs 11,1" 

attracted many researchers during the past, years. Solul ions corresponding i () families of 

travelling periodic waves and solitary waves have been found. These correspon(l lengl 11 

scales where both surface tension and gravity are important. This pr(Odem is (d intere. "I 

not only because the waves are steel) but. also becmise I he solut ions become "Ingulm. %Own 
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FIGURE 4.7. Evidences of capillary-gravity waves due to wind stresses and surface tension. (a) 

Waves generated by wind of speed 6m/s obtained in a laboratory flume. (Ebuchi et al. 1987) (b) 

Computed quasi-steady capillary-gravity waves. A= 8cin. AK = 0.32. Vertical exaggeration 

4: 1. (. Jervis 1996) 

close to the minimum phase velocity-. 

Wilton's ripples represent a classical solution that coritains apparent sirigularities. 

Wilton (1915) presented a fifth order Stokes expansion of the surface profile when studying 

periodic capillar. y-gravity waves of finite amplitude in the vicinity of the inimmuni of 

the dispersion relation. He noticed that the perturbation expansion has zero radius of 

convergence at certain wavelengths and reforniulated the expansion, finding that two 

possible waves can exist at the shortest of these wavelengths. the wavelength given bý 

the capillary branch being an integral divis-or of the wavelength given bY the gravity 

branch. Since the primary wave interacts resonantly Nvith one of its higher harnionics, the 

perturbation method fails. It was thought that no solutions existed at these wavelengths, 
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in real applications the effect being reduced by viscosity. 

Much Nvork has since concentrated on the failure of the perturbation expansion at 

these wavelengths (see Hogan 1979). Further unexpected results for capillary-gravity 

waves were then found by Hogan (1981). such as a rapid decrease with increasing wave 

height of the gravitational potential energy. This decrease Nvas connected with an extreme 

distortion of the free surface profile. 

Several approaches to the problem of calculating finite-aniplitude capillary-gravity 

waves of permanent form on the surface of an inviscid, incompressible, irrotational fluid 

have been proposed in recent years. The advent of sufficiently fast computers permitted 

the numerical study of the full nonlinear problem. The authors include Hogan (1979, 

1980.1981), Schwartz kr Vanden-Broeck (1979), Rottman k Olfe (1979) and Chen k 

Saffman (1980). They have shown that there is a multiplicity of solutions for anY set of 

parameter values. In particular, many different families of capillary-gravity NN, ax, es exist 

for Bond numbers between 0 and 1/3. 

Hogan (1983) estimated the energy flux of capillary-gravity waves in a moving stre, 111, 

for various wavelengths as a function of the wave amplitude and found abrupt changes 

in the sign of the. energy flux for a small increase of wave unplitude. He concluded diat 

"gravity-like" waves may jump from downstream to upstream when t1w velocItY of the 

stream approaches the minimum phase speed in the gravity brancli. Oppositely "capillar. y- 

like" waves would change from upstream to downstream when the of the streani 

approaches the minimum phase speed in the capillary branch. A possible experiment was 

suggested in order to observe these jumps. 

4.3 Linear steady free surface solution with surface 

tension effects 

Based on the linear steady solution described hY Lamb (1932) (! j247), in this section 

we investigate analytically the effects of surface tension oil the disturbance produced bY 

the flow of a uniform stream meeting a submerged cylindrical obstacle. The coordinate 

axes, x and y. are defined as in figure 2.1 (section 2.2). with its origin located in the 

undisturbed level of the free surface. The centre of the cYlinder is iiiinlediat elY below I lie 

origin, where (x, y) = (0, -d). The total velocitY potential (1) satisfies Laplace's equation 
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in the fluid donlain D excluding the singular point x.. At the far field, (1) - Ux as 

IxI -4 oc. for -c)c <y<0. U represents the velocity of the stream and is assumed to be 

constant. As x x, (D approaches the velocity potential (p, due to the singularity. 

For a steady r6gime the kinematic and dynamic boundary conditions (2-6) and (2.7) 

simplify to, 

a(p 071 
_ 

04) 
(4.9) 

ax al. oy, 

1 all) 2 aý 2T 027, all 212 

++ g71 -, 1+ 
2 ax ay p ()X2 

(O. 

'r 

both valid on y= il(x). Note that equation (4.10) noxv includes the surface tension terin 

neglected by Lamb. 

These bomidary conditions can be linearised by assuming that the Nviives are suffi- 

ciently small. The total -velocity potential and the free surface protile ij(x) are 

then defined in ternis of the algebraic expansions (2.58) an(] (2.59), 

(x, 7/) _ Li + (I)I + (2 2+ 

i(x) = E'1i + (`112 +", 

in which c is a small parameter (for more details see section 2.5). BY substituting these 

approximations into (4.9) and (4.10) and extracting the ( terins give, 

11071 
- 

3C 
&r aid' (1.1 l) 

where, to simplify the notation, (1), and ill were replaced by (,, ) and il, (,, ) dellotes t1je 

velocit. y potential 6, due to the singularity. Note that (, 7) satisfies Laplace's equation in 

the fluid donlain. while at the far field o-0 as jiýj --+ oc, for <y< 

As explained in section 2.4.4, Nve approximate the flow about it circular horizonial 

(-N-linder by introducing a dipole in the uniform stream flow. We assume that the radills 

a of the cyliiider is small compared with the depth d of it. s axis. Theii, using the saine 

definition employed by Lamb (1932) (ý247), the velocity potential o can be written asý 
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O=Ux 1+ a2 
z +X, 
r 

(4.13) 

where r (= ýx2 + (y + d)2) denotes the distance from the axis of the cylinder and -k is a 

harmonic function in all the fluid domain. Therefore, for r=a, 0010, r = 0, provided X 

be negligible in the neighbourhood of the cylinder. Due to the reversibility of the flow, an 

antisymmetric velocity potential is required. Then, following Lamb's solution, X is chosen 

as a Fourier integral of the form, 

00 

X= 
fo(K)esinKxdK, (4.14) 

0 

with a(K) to be determined. 

For positive values of (y + d), expression (4.13) is equivalent to, 

00 
= Ux + Ua2 fe-h(y+d) 

sin Ki dK + X. (4.15) 

0 

The steady free surface profile is assumed to be symmetric. Therefore it can be written 

as a cosine Fourier transform, 

oc 
ii(x) = 

f(K)cosRx dK, (4.16) 

0 

in which , 
3(K) has to be determined. 

Substituting the corresponding derivatives of (4.15) and (4.16) into the kinernatic 

boundary condition (4.11) gives, 

-Uaze, -Kd + a(K) _ -U/3(K). (4.17) 
For the dynamic boundary condition (4.12) we take only the first order terms of the 

disturbance, 

90(K) + U2a2Ke-Kd + UKa(K) = -ITli 2 ß(h'). (x. 18) 

This expression is independent of x. The right hand side becomes negligible when surface 

tension effects are small. Combined with (4.17) this gives, 

2-Kci a2Kc-Kd K+ /C 
a(K) UQ . 
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where. 

9 7- K2 
K ---: 

C2 
+p9 (4.20) 

Note that r, is a function of K2, which comes from the surface tension term included in 

the dispersion relation. It follows that the free surface equation (4.16) has now a quadratic 

denominator in the integrand and can be rewritten as, 

2pU2a2 Co 

T 
0 

Ke-Kd cos Kx 
(K - t, g)(K - ýc7)dli, 

(4.21) 

where, 

'OU2 
g 'OU2 4ý -g 

4 + 
F4T, 

LT4 
g (4.22) 

2-r 4) 2T 
'OET4 10 

For real roots, K. and K, represent the poles of integral (4.21), with K, > Kg* These 

solutions correspond to waves travelling at the saine phase speed i. e. (-(K, ) = (-(Kg) = (/, 

and can be associated to their group velocity through expression (16), which confirms that, 

c_, (r,, ) >U and cg(r, 
_, 

) < U. Therefore one can conclude from group velocitv concepts 

that capillary waves must appear ahead of the cylinder while gravity waves must, be 

downstream of it, supposing K, and rg real. 

In the limit, when T goes to zero, expression (4.21) reduces to, 

00 Ke-Kd COS I1 :f 
rý = 2az 

K- g/U2 
dh' (4.23) 

0 
in accordance with Lamb's solution. 

4.3.1 Evaluation of the Fourier integral 

The Fourier integral in (4.21) is indeterminate, but it can be evaluated in terms of 
its principal value for real values of r,, and K,, with K,, ý4 K, - 

By applying the residue 

theorem, 

1'. 
f 

00 Ke Kd Cos K. 'r dK -- R 
IT 

i 
R"*, ý K,, "Kx -Kd I 

(K - Kq) (K- K, ) K= ti. 9, K, 
(]-ý 

- Kýl) (1ý 
- K, ) 

oc 
,,,, -, tnd-7nx. 

(1,111 -i (1,110, 
- 

0 
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which is -. -alid for positive values of x. The integral in the right band side of (4.24) 

comes from completing the contour integration along the imaginary axis with K= im. 

Therefore, 

[M(K. 
9 + K, ) sin md + (KqK, 

_ M2) cos md] 71 dm (M2 + K92) 2+K TI (M 
v2) 

10 "0 

T 

K, e-M . 9d Sin tCg x- xie-n-rd sin r,., x 
+K for x>0. (4.25) 

9- Kr 

The last term in (4.25) represents a stationary wave train obtained by the superposition 
of two wave trains with lengths 27r/r., and 27r/r.,. Note that these waves maintain their 

position in space despite of the motion of the stream. 

Taking the limit of (4.25) when r goes to zero leads to, 

77 = 2a 2f 
00 

me-"tx (m sin md +x cos md) dm - 27rKa2e-rd sin rx, for x> 01 (4.26) 
m2+ K2 

0 

which confirms Lamb's solution where, as here, r. = glU'. Note that the integral in (4.26) 

is equal to the real part of expression (4.23) with K= im. 

Since the value of77 in (4.16) is an even function of x, then from its symmetry, 

2 00 2pU2a me' [m(Kg + K, ) sin md + (K M2) COS 7nd] dm 
71 (M2 + K2) (M2 + K2) 

09 
d -r.. gd i. r r., e-'r sin r. 7x-Kge g for x<0. (4.27) 7r 

( X) II 

Finally, analogous to Lamb's solution, on the disturbances represented by expressions 
(4.25) and (4-27) we superpose the following stationary wave trains, 

pU'a'r., d- -27r 
7- (K9 - K, ) e9 sin Kgx, for x>0, (4.28) 

p U2 a2 rT 
-.., d - -27r 

7- (K9 - K, ) e sin KX) for x< 01 (4.29) 

such that we annul the gravity waves occurring on the upstream side of the cylinder 
(x > 0) and the capillary waves downstream of it (x < 0), as it is required from the group 
velocity for a physical solution. 
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For r,, 
_, 

= n,, the Fourier integral in (4.21) has a second-order pole integrand and 

cannot be evaluated. Lamb (1932) uses artificial damping through viscosity to move 

poles off the axis and in this critical case this shows that damping from viscous forces is 

a dominant effect. 

For complex roots, r., = 77, -. Then the integrand in (4.21) becomes non-singular, 

simplifying to, 

2pU2a 21 00 Ke -Kd cos Kx 
77 - 'r - [K R(r., )]2 + [! a(Kr)]2 

dK7 (4.30) 

which is an improper integral. With a suitable change of variables, the infinite range 

of integration can be mapped into a finite one, such that this integral can be evaluated 

numerically (see Press et al. 1986, P-115). 

4.3.2 Linear results 

As described in the last section, the free surface equation (4-21) is evaluated for real 

and imaginary values of n. 9 and x, with r., 0 n,. For K. = x,, linear theory breaks down 

with no possible solution for (4.21). This occurs when the stream velocity is equal to 

the minimum phase speed of the waves i. e. U=c,,,. In this case the square root term 

in (4.22) vanishes such that pU4 = 47g or, in non-dimensional terms, UA = 4B, where 

Ut = Ulýg(d - a) and B =, r/ (pg(d - a)2) (for details of the non-dimensionalisation see 

section 2.2.3). Therefore, if U'4 > 4B, U>c,, and K. and n, are real. 

Linear results are presented in figure 4.8 for different values of the Bond number B. 

For each case the location of the poles, r,. g and rc, with respect to the dispersion relation 
is shown in 4.8g, with the horizontal dotted lines representing where c(, ng) = c(Kr) = U. 

(Note that figure 4.8g differs from the earlier figure 4.5 as KIK,,, replaces A/A,,,. ) The 

parameters U, K, K,,,, c, cý,, and cg are presented in the dimensionless form. Then the 

relation Ulc,.,, is equal to the non-dimensional ratio U'1(4B)'I'; for a fixed stream velocity 

the relation Ulc, decreases as B increases. 

The group velocity is represented by the dashed lines in figure 4.8g. It is important 

to note that when the stream velocity is greater than the minimum phase speed i. e. 
U>c.,, (cases b, c and d), cg(r.. ) < c(rg) and c, (r., ) > c(n, ). Since c(ng) = c(n, ) = U, 

then one can confirm from group velocity concepts the results presented in figures 4.8b, 

4.8c and 4.8d: capillary waves are formed upstream the cylinder while gravity waves 
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FIGURE 4.9. Variation of amplitude (a) and wave steepness (b) as a function of c/Cm 

according to linear theory. 

appear downstream. Note also that the ripples formed upstream the cylinder become 

more prominent as B increases. Wave amplitudes and steepnesses according to linear 

theory are plotted against c/cm in figure 4.9. 

For all the cases here presented the relation ald is kept constant and equal to 1/10. 

As discussed before, for larger values of a/d waves become "steeper" and nonlinear phe- 

nomena may arise at the water surface. For a constant d, as the relation a/d increases, 

the depth of submergence (d - a) decreases and, therefore, from expression (4.1), B in- 

creases, with surface tension effects becoming more important. Excepting case (e), all 

the free surface profiles are vertically exaggerated 10 times. Note also that x and y are 
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non-dimensionalised by the characteristic length scale (d - a) in figure 4.8a; no surface 

tension effects are included in this case. The radius of the cylinder a is also provided for 

each case. 
For sufficient large values of (d - a), surface tension effects become negligible i. e. 

B -+ 0; the solution then approaches the form of a sinusoidal wave train with wavelength 
27rUl/g, located downstream the cylinder as predicted Lamb (see figure 4.8a). This means 
that in the limit, K. tends to gIU2, with no contribution coming from the capillary branch. 

This is confirmed from figure 4.8g, which shows that the solid curve, representing the 

capillary-gravity waves, approaches the pure gravity wave solution (dashed-dotted line) 

for increasing values of c. As discussed in section 4.2.2, for K<K,.,, 110 and c>2.25c, ", 
gravity dominates the free surface motion. In addition it is possible to see from figure 4.9 

that for c>2.25c,,,,, wave amplitudes and steepnesses keep decreasing. This means that 
disturbances become less prominent for increasing values of (d - a), as expected. 

Figures 4.8b, 4.8c and 4.8d show the surface profiles for real values of Kg and K,. 
For B=0.0754 (case b), rg = 1.1 and r., = 12.2, and the solution is close to a pure 
gravity wave train. Surface tension effects are very small in this case with K. 9 very close 
to the gravity wave limit (see figure 4.8g). In fact figure 4.9b reveals that these "gravity- 

like" waves are "steeper" than the latter. Also figure 4.9a shows that the capillary wave 
amplitudes are very small to be noticed in 4.8b. 

As the two poles Kg and n, approach each other (cases c and d), wave amplitudes 
tend to increase in both sides of the cylinder (see figure 4.9a) and so nonlinear effects 
may become important. An increase in wave steepness is also observed with small-scale 

ripples becoming visible ahead of the cylinder (see figures 4.8c and 4.8d). For instance, 

case (c) has a wave height of approximately 0.04mm upstream of the cylinder and 1.2mm 
downstream of it. As discussed before, the appearance of capillary and gravity waves 

situated respectively upstream and downstream of the cylinder is predicted from group 
velocity concepts, with results being confirmed by natural observations. 

Wave steepnesses continue to grow on both sides as we approach C', ' (see figure 4.9b), 

with the solution becoming singular when the two poles coalesce. With respect to the 

group velocity, figure 4.8g shows that c_, (r.. q) approaches c, (K, ) as the stream velocity U 

becomes closer to the minimum phase velocity q. until U=c.. = c, (K. ) = c, (n, ). Note 

that for a constant stream velocity, U1q, -+ 1 as B -+ U'4/4. Figures 4.8e and 4.8f 
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show the surface profiles for U<c,,, i. e. when n. and r,, become complex. Disturbances 

become symmetric with amplitudes decaying exponentially in both ±x directions. This is 

confirmed by expression (4.30) in which77 is an even function of x. In case (e) the stream 

velocity U is very close to the minimum phase velocity (Ulcý', = 0.9998) with waves 

becoming very steep. No vertical exaggeration was used in this case. Nonlinear effects 

may play an important role in this region with the linear solution becoming inaccurate. 

As B increases, with B> U1/4, the solution behaves as a local disturbance, decaying 

rapidly to zero with distance from the cylinder (see figure 4.8f). According to figure 4.8g, 

no real steady solution with waves at oo exists for the phase speed. However, for the group 

velocity two solutions are possible when c,,, >U> cg,,,, though waves cannot be steady 

in this case. Thus for an initial value problem waves can radiate away. For CM >U> cg. 

waves do exist and some are swept dowstream the cylinder, while waves of all frequencies 

are radiated away for U<c,,,,. In the following section the nonlinear numerical model 

presented in chapter 2 is employed aiming to shed further light in the behaviour of the 

solution in the neighbourhood of cýn- 

It is important to note that the radius of the cylinder is a parameter of the problem 

that does have some influence on the waves. In the cases presented in figure 4.8, a is 

small compared to the wavelength of the minimum group velocity Le. Agn = 27r/K. 9, n = 

1.329cm. The effects for larger values of a are of interest and are presented in section 

4.4.2. 

4.4 Fully nonlinear results 

The numerical results presented in this section are obtained by applying the fully 

nonlinear, unsteady, boundary-integral scheme described in chapter 2. When running the 

code the input data is set up such that (d- a) corresponds to the characteristic length scale 

of the problem, as discussed in section 4.2.1. The corresponding dimensionless parameters 

that define the underlying flow Le. the stream velocity U, the depth of submergence d 

and the radius of cylinder a, are also provided. Details of the dipole model used to 

approximate the flow about a circular horizontal cylinder can be found in section 2.4.4. 

The dipole is supposed to be at a fixed position in time. The initial conditions employed 

in the calculations are the linear steady solutions derived in section 4.3, unless otherwise 
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stated. Small disturbances associated to the inipulsive motion of t lie problem may appear 

in the nonlinear results. In these cases long run computations are used with the airn of 

obtaining quasi-stead. y prohles. 

4.4.1 Pure gravity waves 

Before analysing the effects of surface tension at the free surface, consider tile case 
in which gravity dominates the fluid motion. For this situation tile dispersion relation is 

given by c= ±(glK)'I', with no minimum pliwse velocity. For sufficiently small values of 

ald, nonlinear effects are negligible and Lamb's linear solution gives a good approximation 
for the free surface elevation. Figure 4.10a shows with a vertical exaggeration of 50 :I 
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FIGURE 4.10. Fully nonlinear results for a uniform stream flow (U = -0.6) interacting witil 

a submerged cylinder. (a) a/d = 1/10, vertical exaggeration 50 : 1; (b) a/d = 1/5, vertical 

exaggeration 10 : 1. B=0 and Fr = 0.44. 

the stacked free surface displacement induced by a streani flow (U = -0.6) interacting 

with a cylinder (a/d = 1/10). The initial starting profile is that of an undisturbed flat, 

free surface. The underlying motion is switched on at tinie t 7- 0, generating unsteady 

waves that propagate in the -x direction. A sliiiisoidal wave train with wavelength 

27r( 721g is soon formed downstream the cylinder, as predicted by linear theory. As the 

ratio uld increases nonlinear effects become important. The solution thell inay involve 

highly non-sinusoidal or breaking waves. Figure 4.101) shows the nonlinear free surface 

displacement for a/d = 1/5 and U= -0.6. Waves are formed downstream the cylinder 

and are noticeably affected by nonlinearity in this case. 

Figure 4.11 compares the linear stationary free surface profiles with quasi-steadY non- 

linear results for three different values of a/d, neglecting surface tension offects. For 
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and Fr = 0.44. 

clarity the cylinder is also represented in scale based on the values attributed for a and 

d. As expected a good agreement between linear and nonlinear results is found in figures 

4.1la and 4.11b. In these cases the cvlinder is sufficiently far from the free surface for no 

nonlinear interactions to take place. 

On the other hand discrepancies between tile profiles (-all be clearl. v noticed in citse 

(c). In this case tile cylinder becomes closer to the free surface as a increases for a fixed 

d. In particular figure 4.1 1c shows that the nonliiiear result becomes "steeper" than the 
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linear one, with sharper crests and shorter wavelengths. For bigger values of a/d e. g. 

a/d = 1/3, disturbances induced by the underlying flow are unsteady and strong enough 

to cause wave breaking. For these cases the nonlinear computations do not reach a 

stationary profile after a certain time. Breaking occurs isolated downstream the cylinder, 

in a region very close to it. This result confirms the investigations of Tuck (1965) and 

Dagan (1971) who suggested that wave breaking occurs when the inequality a/d <I is 

not satisfied. In this case linear theory fails and Larnb's classical solution of a sinusoidal 

wave train downstream the cylinder does not apply. 

4.4.2 C api Ilary- gravity waves 

With the introduction of surface tension the linear dispersion relation has a imminum 

phase speed c, which defines a region where waves do appear i. e. U> Two real roots 

then exist and, for ald < 1, linear theory determines accurately the wave properties of tile 

problem. However, if the relation a/d increases, nonlinear effects may become important. 

If that is the case then the free surface profile is distorted and wave breaking may occur. 

For a constant d, as a/d assumes larger values, B also increases and thus surface tension 

effects may postpone wave breaking. 'NonlinearitN, may also affect the free surface profile 

for values of LT < c,,. Figure 4.12 shows the location of the nonlinear cases studied in this 
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FIGURE 4.12. Location of the fully nonlinear results with respect to the phase and group velocity 

of capillary-gravity waves. The dashed-dotted line represents the group velocity of pure gravity 

waves. K, = B- 1ý2: c,, = (4B) 1/4. U. K, K,,,., c. c.,,, and c are dimensionless quantities. 9 
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section with respect to the phase and group velocity of capillary-gravity waves. The fully 

nonlinear, unsteady, boundary-integral method introduced in chapter 2 is here employed 

taking into account the effects of surface tension. Special attention is directed to cases 

where U<c, i. e. B> U'4/4, with the relation ald assuming values sufflciently large for 

nonlinear effects to take place. 
Figures 4.13a and 4.13b compares quasi-steady nonlinear results with linear steady 

solutions for cases (1) (B = 0.0754) and (2) (B = 0.2218) respectively, where U> C", 

(see figure 4.12). In these cases a flat free surface was used as the initial condition of the 

boundary value problem. Note that in both cases a/d = 1/10 and a vertical exaggeration 

of 10 :1 was used. As expected a good agreement was observed between the linear and 

nonlinear results, with "gravity-like" waves being formed downstream the cylinder and 

"capillazy-like" waves ahead of it, which are visible only in case (2) where surface tension 
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FIGURE 4.13. Comparison between quasi-steady nonlinear results (-) and linear stationary 

solutions (-). (a) Ulcn = 1.3494, (d - a) = 1cm, a=0.1111cm; (b) Ulc,,, = 1.0301, 

(d - a) = 0.583cm, a=0.0648cm. In the cases presented here a/d = 1/10, U -1, Fr = 0.75 

and cn = (4B)1/4. U and c, are dimensionless quantities. Vertical exaggeration 10 : 1. 
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effects become more prominent (B = 0.2218). In both cases the nonlinear wave amplitudes 

give accurate linear solutions (see figure 4.9). NV hen the relation a/d is increased to 1/3, 

keeping Ulc,,, and B with the same values, nonlinear effects take over and wave breaking 

occurs in both cases within very short times. 

According to linear theory, if the value of Ulc,,, decreases, such that U<c,,,, no 

real steady solution with waves exists for the phase speed, with only a local disturbance 

being predicted (see for instance figures 4.8e and 4.8f). However two roots exist for the 

group velocity if c, >U> cg., which may be associated to unsteady waves. Indeed the 

unsteady nonlinear computed cases (3) and (4) show that wave breaking occurs in this 

region. In fact case (3) has the calculations stopped at a shorter time (tbreaking = 4.0), 

supposing B=0.00302, a/d = 1/3 and Ulc, = 0.9052 (see figure 4.14a for details). 

Figure 4.14b illustrates case (4), for which B=0.00582, ald = 1/3 and Lrlc,, = 0.7681. 

The time at which breaking occurs has now increased to 10.8. Since B is very sinall in 

both cases, surface tension effects are less prominent. The initial condition here lised 

corresponds to the linear steady solution obtained in section 4.3. Due to the iinpulsiv(ý 

starting motion some capillary-gravity waves are visible propagating in the -x dI rect ion. 
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FIGURE 4.14. Fully nonlinear results for a uniform stream flow interact ing with a submerged 

cylinder. (a) Ulc,,, = 0-9052ý (d - a) 5.0cm. a=2.5cm, tbreak-my ý 4-0; (b) Ulc,, 0.7681. 

(d - a) = 3.6cm, a= 1-8CM- tbreakivg 1()-8- In this case a/d = 1/3,11 = -0.3, Fr 0.7 and 

cm = (4 B) 1/4. U and c, are dimensionless quantities. Vertical exaggeratioii 50 : 1. 
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Waves are also formed ahead of the cylinder but these are "trapped'" by the adverse stream 

flow U, with energy building up there until wave breaking occurs. Note that for case (4), 

U is verv close to c gm 
For U< cg, wave breaking was no longer observed in the unsteady nonlinear com- 

putations for constants ald (= 1/3) and U (= -0.3). In fact, as B increases, Ulc,, 

decreases and the capillary-gravity waves generated ahead of the cylinder are no longer 

"trapped" by the adverse current and now radiate upstream of the cylinder. This fea- 

ture was observed in cases (5) to (8) for long computational runs (see figure 4.15), where 

B=0.00838,0.01206,0.01885 and 0.0754, respectively. As B increases, surface tension 

effects become more important. Indeed capillary-gravity waves are fornied as the under- 

lying motion is switched on at time t=0, generating unsteady waves that propagate in 

the -x and +x direction. The group velocity of the waves formed downstream of the 
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FIGURE 4.15. For caption see facing page. 
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cylinder is augmented by the following current and radiates away. On the other hand the 

group velocity of the capillary-gravity waves formed ahead of the cylinder is reduced by 

the adverse stream flow, as it can be seen from figures 4.15a and 4.15b. As UIC. keeps 

decreasing (since B increases), the stream velocity has less effect on the capillary-gravity 

waves generated until they are totally radiated away in both x directions, as shows figure 

4.15c. 

Comparisons between the linear and nonlinear wave profiles for cases (7) and (8) are 

presented in figures 4.16a and 4.16b with the underneath cylinder also represented in 

scale. A vertical exaggeration of 10 :1 was employed at the free surface elevation in 

these cases. The linear steady solution behaves as a local disturbance, decaying rapidly 

to zero with distance from the cylftWer, and thus it is used as the initial condition of the 
fully nonlinear problem. The nonlinear capillary-gravity waves shown in figures 4.15b and 

u 
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FIGURE 4.16. Comparison between nonlinear (-) and linear results (-). (a) 

Ulc.. = 0.5725, (d - a) = 2cm, a=1. Ocm; (b) Ulc.. 0.4048, (d - a) = 1cm, a=0.5cm. 
For all cases a/d = 1/3, U= -0.3, Fr = 0.67 and c,,, (4B)1/4. U and c,,, are dimensionless 

quantities. Disturbances are vertically exaggerated 10 times. 
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4.15c cannot be seen here due to its small slope. A good agreement was found between 

the linear and nonlinear results. Note also that the radius a is now not very different from 

the wavelength of the minimum group velocity Ag. ---, 7 1.329cm. As a increases, the free 

surface becomes more disturbed until wave breaking occurs (see figures 4.14 and 4.15). 

4.4.3 "Parasitic" capillary waves: preliminary results 

Short capillary waves with wavelengths of several millimetres can often be seen near 

the crests of steep gravity waves with lengths between 5 and 25cin. (For a review of 

previous works on this matter see section 4.2.4. ) This phenomenon was also observed 

in the unsteady nonlinear computations. Figure 4.17 shows the formation of "parasitic" 

capillary waves near the crest of gravity waves formed downstream the cylinder. In this 

case B=0.00378, ald = 1/5 and Ulc,, = 1.4023. Due to the high curvature at tile crest 

of the gravity wave, surface tension effects become locally important, in this case, even 

though B assumes a small value. The capillary waves formed upstream the cylinder have 

a very small amplitude and cannot be noticed in figure 4.17. Note that the appearance of 

capillary waves downstream the cylinder is esseiitially a nonlinear plienoinenon which is 

not predicted from group velocity concepts. The time at which breaking occurs is equal 

to 14.2. Longer computational runs are then necessary to verify if steady "pariusitic" 
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FicURE 4.17. Fully nonlinear results for a uniform strearn flow Interacting with a submerged 

cylinder. Ulc,,, = 1.4023, (d - a) = 3.0cm. a=0.75cm. In this case a/d 1/5, U= -0.6. 
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capillary waves can be formed when a uniform stream flow interacts with a cylinder. 

4.5 Summary 

The interaction between a free surface flow with surface tension and an approximately 

circular, horizontal cylinder is investigated here. This work was motivated by several 

authors who had studied the effects of nonlinearity in the classical linear solution given by 

Lamb (1913), but without considering capillarity. A fully nonlinear model which includes 

surface tension and a dipole in a stream flow was developed aiming to understand the 

behaviour of the free surface flow. A linear steady solution including surface tension 

effects was derived and employed as the initial condition of the nonlinear model in most 

of the computed cases. 

For sufficiently small values of a/d, a good agreement between the quasi-steady non- 

linear numerical results and the lineax steady solutions is obtained for both pure gravity 

and capillary-gravity waves. However, as the relation a/d increases, nonlinearity starts 

to play an important role. For pure gravity waves, the fully nonlinear results show that 

waves become "steeper", with sharper crests and shorter wavelengths, with wave breaking 

occurring when larger values of a/d are imposed. 

With the introduction of surface tension, the numerical simulations have shown that 

wave breaking also occurs for sufficiently large values of a/d i. e. a/d > 1/3, but now 

this also depends on the Bond number B. As B increases, surface tension effects become 

more prominent; capillarity can then significantly reduce the steepness of the free surface 
disturbances when it precludes the formation of steady waves. For U>c, 9,. wave breaking 

was observed in all the computed cases when"the inequality a/d <1 was not satisfied. For 

U<c,,,,, an interesting feature was found: capillary-gravity waves are formed upstream 

the cylinder. According to linear theory, only a local disturbance which decays rapidly to 

zero with distance from the centre of the cylinder should happen in this case. However in 

an initial value problem waves can radiate away. As Ulc, decreases, with values smaller 

than the minimum group velocity cg., waves of all frequencies are radiated upstream and 
downstream. Then the nonlinear result approaches the linear steady solution of a local 

disturbance at the free surface. 
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Chapter 5 

Conclusion 

A detailed numerical study ha& been conducted on the nonlinear effects that may 

arise when surface waves with and without surface tension interact with underlying flows. 

The singularity distribution is used to model stationary surface flows, which is shown to 

affect significantly the behaviour of the free surface motion. This work was motivated 

by previous natural observations and experiments which reported interesting features 

at the surface waves when meeting an underlying flow. This investigation may help to 

understand the kinematics and dynamics of the free surface transformation and to verify 

whether or not nonlinear effects become important in the modelling of some particular' 

water wave phenomena. 
Two sets of unsteady numerical simulations are carried on. The first considers the 

interaction between a train of linear water waves with gentle steepness over "rapidly" and 

"slowly" varying currents. The fully nonlinear results show that opposing currents induce 

wave steepening and breaking. The wave transformation imposed by the underlying 

current agrees qualitati-%, ely with natural observations and experiments where a steep and 

a smooth region are identified, respectively, downstream and upstream the blocking point 

after a certain period of time. A strong increase in wave steepness occurs within the 

blocking region, while wave amplitudes decrease significantly beyond this region. 
Comparisons between nonlinear results for sharp and gentle current gradients and 

linear ray theory are also presented. A good agreement was found for "slowly" varying 

currents, with ray theory results being complemented by the accurate fully nonlinear com- 

putations. For very small initial wave steepnesses these computations give accurate linear 

solutions. For sharp current gradients, wave blocking and breaking are more prominent. 
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Reflection was revealed by the nonlinear computations at the blocking point when suf- 

ficiently strong adverse currents are imposed, confirming that at least part of the wave 

energy that builds up within the caustic can be released in the form of wave breaking (even 

for small amplitude waves) and partial reflection (which applies to very gentle waves). 

The interaction between wave groups and currents was also the object of our study. 

The preliminary nonlinear results show that wave blocking can occur for the individ- 

ual wave components in the wave groups and that waves become almost monochromatic 
beyond the blocking region, confirming qualitatively the experimental results of Chawla 

(1999). Further work is necessary to compare the fully nonlinear results. The modula- 

tion of weakly nonlinear water waves are governed by the nonlinear Schr6dinger equation. 

Recent results of the current-modified nonlinear Schri5dinger equation (Stocker & Pere- 

grine 1999) have shown a good agreement with results obtained from the fully nonlinear 
boundary-integral solver with a periodic surface current induced by an internal wave. 
Thus a similar approach could be used here to validate the nonlinear computations. 

In the second set of simulations, a submerged cylinder in a uniform stream flow is 

approximated by a horizontal doublet, following Lamb's classical method. In this case 

surface tension effects are included in the fully nonlinear boundary-integral solver based 

on a previous work by Jervis (1996). A linear steady solution including surface tension is 

derived and used as the initial condition of the fully nonlinear model. The linear solution 

shows that under certain conditions small-scale ripples are formed ahead of the cylinder 

while a train of "gravity-like" waves appear downstream. A discussion in terms of the 

phase and group velocity shows that this is the case only if UIC", > 1. For U<C,,,, linear 

theory predicts a local disturbance decaying rapidly to zero with distance from the centre 

of the cylinder. 
Before investigating the effects of nonlinearity at the free surface, long run computa- 

tions are developed for sufficiently small values of a/d i. e. with nonlinear effects negligible. 
A good agreement between the quasi-steady nonlinear numerical results and the linear 

steady solutions is found for both pure gravity and capillary-gravity waves. As the relation 

ald increases, nonlinear effects start to play an important role. For pure gravity waves, 

highly non-sinusoidal and breaking waves are found downstream the cylinder, confirming 

results suggested by Tuck (1965) and Dagan (1971). When surface tension is included, 

the numerical simulations have shown that wave breaking also occurs for sufficiently large 
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values of a/d and Ulc,,,. However, as the Bond number B increases, surface tension effects 
become more prominent; capillarity can then significantly reduce the steepness of the free 

surface disturbances when it precludes the formation of steady waves. 
For U<c,,,,, an interesting feature is found: unsteady waves are formed upstream 

the cylinder. For sufficiently small values of Ulc, with U< cg,,, these unsteady flows 

approach a steady solution after waves have radiated away. Nevertheless in some cases the 

flow does not approach a steady solution, at least in the computed time. Under certain 

conditions, unsteady "parasitic" capillary waves are found near the crest of gravity waves 
formed downstream the cylinder. Further computations are necessary to verify if steady 

"parasitic" capillary waves are possible to be formed. 
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