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Abstract 

Experimental and theoretical investigations were carried out upon a fluid 

mechanical system. The system comprised two turbulent buoyant fluid flows 

propagating in a confined region. These flows originated via sources which 

input fluid of an initially contrasting density to the original ambient fluid. 

The novel feature of the fluid sources was the fact that they possessed an 

associated flux of mass. This was found to have significant effects upon the 

behaviour of the system. The physics of these effects had not been previously 

investigated for a dual-plume filling-box system. 

The fundamental system was studied in the steady-state regime for which 

the overall properties of the system had converged to equilibrium. A number 

of variations upon this basic configuration were modelled theoretically. The 

resulting expressions were solved numerically to determine certain global 

parameters. A theoretical analysis was used to explain the physics of system. 

The theory was shown to agree with the numerical predictions. Applications 

and novel extensions of the fundamental model were studied and discussed. 

The transient time regime of the canonical system was also investigated both 

experimentally and numerically. 
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" Speak the speech, I pray you, as I pronounc'd it to you, 

trippingly on the tongue, but if you mouth it, as many of our 

players do, I had as live the town-crier spoke my lines. Nor do 

not saw the air too much with your hand, thus, but use all gently, 

for in the very torrent, tempest, and, as I may say, whirlwind 

of your passion, you must acquire and beget a temperance that 

may give it smoothness. " 

- William Shakespeare, Hamlet 
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Chapter I 

Introduction 

" Rivers are highways that move on, 

and bear us where we wish to go. " 

- Blaise Pascal. 

1.1 Overview of the Thesis 

Ventilation of enclosed regions is an important topic in many areas of engi- 

neering and industry. For example, ensuring adequate ventilation within a 

building is vital to maintain a comfortable environment for its inhabitants. 

This may be achieved by in-flows of relatively hot or cold air into the region 

where ventilation is desired. The air typically enters or leaves the building 

via openings whose physical dimensions are small compared to the dimen- 

sions of the building, such as doors and windows. Hence, this leads to air 

flows in the building which cause localised convection flows to develop. Fur- 

ther, the air which flows into the building typically has a different density 

2 



1.1. OVERVIEW OF THE THESIS 

to the ambient fluid inside the enclosure 
inside the building are turbulent in nature 

3 

Consequently, the flows of air 

Therefore, even in relatively 

simple situations, the ventilation flows can become extremely complex. We 

may model these flows successfully by using the theory of turbulent buoyant 

plumes. This theory is reviewed in section 

In this thesis, we examine a configuration consisting of two such fully- 

turbulent flows. This results in a complex, non-linear system. We investigate 

this system in detail, analysing how variations in the configuration of the 

fluid sources and the outflow vent may lead to the emergence of new physics. 

In turn, this leads to answers to fundamental questions. such aq. the effec- 

tiveness of using different types of hot air sources to warm a room. For 

example, we compare the relative efficiencies of a radiator and a point-like 

orifice. 

During the course of the work, we assume that all of the fluid flows 

are incompressible. This is a valid assumption given the nature of the ven- 

tilation flows that we are studying. Further, it allows the new result'ý to 

be applied to situations in geophysical and environmental fluid mechanic-,,. 

where turbulent flows in confined regions often occur. 

We begin by reviewing the literature relevant to the thesis. In the current 

work, the turbulent buoyant flows are modelled using plume theory. The 

flow of a plume in an unbounded environment Nv; is the first situation to be 

analysed, and we discuss this work first. We theii consider the c; isc for which 

the plume flows in a confined region. This sit uat Ion Is part iculnlY relevant 

to the material in this tlicsis, since all the flows in the current Nvork occur in 

a bounded domain. Next, we revicNv the effect of iiiiti; ill. N- stratified anibient, 

fluid upon the owrall dynamic,,; of ill (. ()nfined regions. ýN(, 

ýjxc subject to natural contilille by discussing 1111id fl()N\, s ill I)jliI(jiljg, 

3 



1.2. TURBULENT BUOYANT CONVECTION 
IN UNCONFINED DOMAINS 4 

ventilation. In this type of system, the ventilation flows arise entirely due 

to buoyancy variations in the fluid: there is no air conditioning or other 

mechanical means to drive fluid into or out of the building. We then briefly 

describe some other applications of turbulent buoyant fluid flows in confined 

regions. These are concerned with geophysical situations. Finally, we briefly 

outline the contents of the rest of the thesis. 

1.2 Turbulent Buoyant Convection 

In Unconfined Domains 

In many situations of interest in geophysical, industrial and environmental 

fluid mechanics, fluid of constant density flows into a region containing am- 

bient fluid of a contrasting density. We may define a Reynolds number for 

the intruding flow as 

Re = 
uL 
v (1.1) 

where u is a characteristic velocity of the intruding flow over a length scale 

L for a fluid of kinematic viscosity v. When Re is sufficiently large, the 

flow is turbulent. A continuous release of fluid in this manner is referred 

to as a turbulent plume. There are numerous physical examples of such 

flows, and these include smoke from chimneys-7 volcanic eruption columns; 

hot air rising from a radiator; fluid flowing into a volcanic magma chamber; 

and industrial processes involving miscible fluids. It is of interest to note 

that although these flows are fully turbulent, careful observation reveals 

that they exhibit similar global features, the most prominent of which is the 

dominance of mixing in determining the overall dynamics of the flow. If there 

is no density contrast between the intruding fluid and the ambient, the flow 

is said to be a turbulent jet. Plumes may acquire jet-like characteristics 

4 



1.2. TURBULENT BUOYANT CONVECTION 
IN UNCONFINED DOMAINS 

if their initial momentum flux is sufficiently large that rriornentum effects 

dominate over buoyancy in the initial stages of the flow- Such flows are 

sometimes referred to as buoyant jets or forced plumes. 

An early analysis of turbulent plumes and jets assumed that the fluid 

motion occurred in a region of infinite extent (Morton et. al., 1956). The 

investigation concentrated upon the parameterisation of the turbulent mix- 

ing dynamics, which characterise both the local and global behaviour of the 

resulting flow. The proposition of Sir G. I. Taylor, which was investigated 

subsequently in great depth and over many different scales., is referred to as 

the entrainment hypothesis. This assumption is essentially a turbulent clo- 

sure hypothesis, and leads to a mathematically tractable quantitative model 

of a turbulent buoyant plume. The fundamental basis for the entrainment 

hypothesis is the notion of averaged properties of the turbulent flow. This is 

considered over two regimes. Firstly, the model is time-averaged. In other 

words, the motion of the flow is considered for time scales much greater than 

the eddy turn-over time. Secondly, the model is spatially averaged over the 

effective cross-section of the turbulent plume. Following this approach. the 

entrainment hypothesis may be written as: 

uc = EU (1.2) 

where u, is a velocity representing the inflow of ambient fluid due to the 

action of turbulent eddies within the plume flow. f is an empirical (,, )iistmit 

referred to as the entraininent coefficient, and u is the vcrtlcýil plume veloc- 

ity according to the time and spatial ; iver; iges referred to ; ihove. EssentmIly, 

,ý it e equation (1.2) expresses the fact that entrainnient, i, (i to turbulent eddies 

present in the plume. Tlt(, s(, eddles englilf (md incorporate airibient fluid 

into the body of the turbulent, flow. Hejj(ý(,, it may he assumed that the en- 

trainment velocity 7t, wit], tll(, vertical plume volocitY. Consequently, 

5 



1.2. TURBULENT BUOYANT CONVECTION 
IN UNCONFINED DOMAINS 

FIGURE 1.1: Depiction of the entrainment hypothesis for a self-similar plume propa- 

gating in a homogeneous environment of effectively infinite extent. The plume increases 

in both volume and density as a function of vertical distance from the source due to the 

entrainment of ambient fluid. Eventually, it reaches a vertical height for which its density 

is equal to the density of the ambient fluid. At this point, it will spread laterally. The 

assumption of similarity is valid up to this vertical distance. 

the near-field time-averaged velocity of entrained fluid may be considered 

approximately horizontal. This simplification relates to the fact that the 

turbulent eddies which entrain the ambient fluid have an average vertical 

velocity. An important consequence of the entrainment assumption is that 

the resulting plume has a self-similar form at all heights in an unbounded 

domain. This situation is illustrated in figure 1.1, and we now describe the 

classical model which illustrates this. 

The propagation of the plumes through the system occurs due to density 

contrasts between the plume fluid and the surrounding ambient fluid. These 

differences arise due to variations in some global property of the fluid, for 

example the salinity or temperature. In general, this fluid property C will 

6 



1.2. TURBULENT BUOYANT CONVECTION 
IN UNCONFINED DOMAINS 

obey a conservation law, such as conservation of salinity or specific heat. 

We assume that variations in the conserved quantity C are small and so the 

density of the plume depends linearly on the value of C, namelyAp = OAC, 

where 3 is the corresponding expansion coefficient for the fluid property. In 

this limit, the plumes are described by the Boussinesq approximation, in 

which all density variations are taken to be negligible except in the buoyancy 

terms. Hence, small changes in the conserved quantity AC lead to small 

changes in the density of the plume. These have the form Ap = pooAC, 

where p is a reference density. Consequently, the behaviour and dynamics of 

a turbulent Boussinesq plume generated by an isolated axisymmetric source 

may be specified by three time and spatially averaged quantities. These are 

the specific mass flux, 7rpoQ; the momentum flux, 7pOM; and a quantity 

derived from the conserved fluid property C. The latter is referred to as 

the buoyancy flux 7rpoB, defined as B= gQ, where g' = [gAp] 1po is the 

reduced gravitational acceleration, with Ap the density contrast of the plume 

relative to the environment and po a reference density. Hence, g' is the value 

of the effective acceleration due to gravity accounting for the presence of the 

denser ambient fluid. Morton et. al., (1956) defined these physical quantities 

according to 

Q=: 2 
A 

00 
wrdr == wb 2 (1-3) 

1. 

00 
2 fo 

w2 rdr -w2b2 (1.4) 

0" 2f gwrdr =- g'wb 2 (1.5) 
n 

where w(z) is the mean vertical velocity of the plume, z the vertical co- 
ordinate, r is the radial coordinate and b(z) is the effective radius of the 
plume. The turbulent plume may then be completely specified, by a system 
of nonlinear ordinary differential equations (Morton et. al, 1956). The first 

7 



1.2. TURBULENT BUOYANT CONVECTION 
IN UNCONFINED DOMAINS 8 

of these expresses that the rate of change of Q with vertical distance from 

the plume source occurs due to the entrainment process: 

dQ 2CM1/2 - 2ebw 
dz 

(1.6) 

The second refers to the rate of change of the momentum flux of the plume 

as a function of vertical distance from the plume source. The form of the 

equation indicates that the plume is governed by the momentum flux due to 

the source, and the buoyancy force arising due to density contrasts between 

the source fluid and the ambient: 

dM BQ 
= gb dz M 

(1.7) 

To complete the model, we need to specify an expression for the rate of 

change of buoyancy with z. First, we write a relation for the rate of change 

of the conserved fluid quantity C with vertical distance from the plume 

source: 
d (C Q) 

7-- 2EMI/2Ca (1-8) 
dz 

where C,, is value of C for the ambient fluid. We then have: 

d [(C - Ca) Q1 Q 
dC, 

dz dz 

Combining the above two expressions hence leads to the final differential 

equation of the plume model, namely: 

dB 
-N dz 

N is the Brunt-Vaiasala frequency, defined according to 

(g) dPa 
N2 

pa dz 

and p,, is the density profile of the ambient fluid. The model of a turbulent 

buoyant plume flow consists of equations (1-8), (1.9) and (1.12). 

8 



1.2. TURBULENT BUOYANT CONVECTION 
IN UNCONFINED DOMAINS 9 

In the case of an initially uniform ambient, N2 vanishes. The systern 

then admits similarity solutions such that 

Q(z) = 
6e (ý, EBo) 

1/3 
Z 

5/3 (1.12) 

5 10 

EBO ) 2/3 
4/3 (1.13) 1 

M (Z) =: -Z 10 
B, Bo 

The self-similar solution has the same form at all points above the source. 

It is a special solution of the equations and requires an exact relationship 

between the fluxes of volume, momentum and buoyancy. 

In an initially stratified ambient, however, the flow of the plume may be 

modified due to the presence of the background stratification. The conse- 

quence of this is that the plume flow will have a finite total height H. A 

scale for this may be obtained by dimensional arguments, and results in the 

expression 

H-AB 
1/4 N -3/4 0 (1.15) 

where BO is the initial plume buoyancy flux and A is an empirical constant. 

It may be noted that the entrainment mechanism is the fundamental 

physical process governing the flow of a turbulent buoyant pluine. The the- 

ory of the turbulent entrainment process and its application to geophysical 

flows was surveyed by Turner (1986). In addition to the fundamental en- 

trainment hypothesis represented by equation (1.2), Turner discussed the 

proposition that the total inflow at eacli position ýdso depends upoii the silr- 

face area and geometry of the flow and its fundamental form, such ýis a plume 

or jet. Hence, a detailed quantititiv(,. 1,11; 1, JYsis of tile enti-; iinnlent processes 

for several types of flows was established. 'I'urner (1986) also (iescribed the 

application of the theory of entraiiiiiient, (, () t urbulcilt penetrative coilvec- 

tion. He concluded that the entrainment ý,,,, sjjjjjptioj, applicable over a 

9 



1.3. TURBULENT BUOYANT CONVECTION IN A 
CONFINED REGION 10 

wide range of flows and scales. 

We now continue by reviewing a significant development based upon the 

model due to Morton et. al. (1956). 

1.3 Turbulent Buoyant Convection in a Confined 

Region 

It is common for situations to arise in which the flow of the self-similar tur- 

bulent plume occurs in a confined region. An example of this is the intrusion 

of hot air into a cold room. These flows exhibit more complex behaviour 

than turbulent buoyant convection occurring in a region that is effectively 

infinite in extent. The turbulent mixing dynamics which characterise the 

behaviour of a plume have an even greater effect upon the form of the re- 

sulting flow when the environment is bounded. As the plume rises through 

the environment it entrains ambient fluid. When the plume arrives at the 

top of the container, it spreads out laterally to form a layer of relatively light 

fluid. This situation is illustrated in figure 1.2. The continuing plume now 

entrains fluid from this layer, and hence arrives at the top of the container 

progressively diluted. The plume then spreads laterally at the very top of 

the container. By continuity, the original layer is displaced downwards, and 

hence a return flow develops in the finite region. This process continues, 

and consequently a region of stratified fluid is produced. The mixed region 

is separated from the original ambient fluid by a density step referred to 

as the first front. This situation was first investigated by Baines & Turner 

(1969) for the case of a plume that originated from a source of buoyancy 

that possessed a zero associated mass flux. It is commonly referred to as 

a filling-box. Certain key assumptions were applied in the model. Firstly, 

10 



1.3. TURBULENT BUOYANT CONVECTION IN A 
CONFINED REGION 

FIGURE 1.2: A filling-box flowing driven by a single turbulent buoyant plume. In 

this case, the source is considered to possess a zero associated mass flux. The first front. 

depicted as a uniform horizontal line, propagates vertically downwards through the con- 

tainer. 

the flow of the plume was such that the entrainment assumption in the fun- 

damental form of equation (1.2) may be applied. This required the plume 

to be free of the influence of the vertical boundaries during propagation 

through the container. Secondly, it was assumed that the relatively light 

fluid layer formed at the top of the container as the fluid supplied at -- =H 

spreads out, and forms a well-defined stratified layer through which there 

is negligible vertical mixing. Hence, it becomes part of the non-turbulent 

environment. Baines & 'Dirner (1969) produced Lirge-tinie ýIsyiiiptotw solu- 

tions for a point source in all environment of coilstýliit cross-sect 1011. R-om 

the model of a turbulent buoyant, plunw, specified bY equatiolis (1-8). (1-9) 

and (1.12), they arrived at, a solution for the of tile fil'st front z at 

11 
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a time t. In dimensional variables, this expression was found to be 

5) (57r )1/2 
R2H -2/3 B113 (H) 2/3 

4c 18E 0z 

where H is the vertical height of the confined region and 7R 
2 is its cross- 

sectional area, and BO is the buoyancy flux of the plume at the source. 

Baines & T'urner (1969) also discussed various extensions to the filling- 

box model. Corresponding solutions were obtained for the case of a filling- 

box system driven by a line plume, and also a variation which introduced a 

second source of pure buoyancy with zero associated mass flux. This source 

was located on the upper horizontal boundary, and produced a downward- 

propagating plume of relatively dense fluid. A steady-state solution was also 

obtained for this configuration. Finally, Baines & T'urner (1969) discussed 

the extension of the filling-box system to the case of non-regular containers. 

The model of Baines & Ttirner (1969) was re-formulated by Manins 

(1979). In this system, the turbulent buoyant flow was generated by a line 

source located at the lower boundary in such a manner that the resulting 

plume propagated along one of the vertical walls of the container. This sit- 

uation is depicted in figure 1.3. The model was generalised to include the 

effect of radiation of heat from one of the horizontal boundaries. In this 

situation, the temperature difference between the vertical boundary and the 

ambient caused a plume-like flow to originate close to the boundary. The 

filling-box process was hence driven by this flow. The quantitative analy- 

sis started from first principles, with the model derived starting from the 

Navier-Stokes equations. Several conditions were imposed upon the model 

to ensure its validity. Firstly, the Prandtl number vIX = 0(1) or greater, 

where v is the kinematic viscosity of the fluid and X is the molecular diffu- 

sivity. This criterion ensures that diffusion of buoyancy does not dominate 

over fluid advection. The aspect ratio of the confined region LIH > 1.2, 

12 
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FIGURE 1.3: The modified filling-box system of Manins (1979). The flow is driven by 

the line source located at the base of the left-hand vertical boundary. 

where L is the horizontal length of the container and H the vertical height. 

The aspect ratio is then sufficiently large to ensure that the plume flow 

has self-similar form. Hence, the unmodified entrainment assumption in the 

form of equation (1.2) may be applied to the turbulent flow. Finally. two 

restrictions were placed upon the range of the Grashof number, defined as 

2 
2/3 B 1/3 H )2 

0 

where BO is the initial plume buoyancy flux and E is the entrainment coef- 

ficient as per Morton et. al. (1956). It was required that R -- LIH and 

R >> I/a. These conditions on R ensure that the source of buoyant convec- 

tion is the dominant transport mechanism in the filling-box region, because 

they require that the plume is fully turbulent and thin in lateral extent. 
Further, these conditions ensured that the far-field effect of the radiative 

vertical boundary was negligible. In other words, the temperature contrast 

at the wall cause the plume flow to develop, but did not otherwise affect the 
buoyancy of the ambient. It was found that the system is steady to O(E/A), 
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where A is the aspect ratio, and only the buoyancy was a linear function 

of time at every point in the large-time limit. The complete analysis was 

performed for a plume source which possessed zero associated mass flux. 

However, Manins (1979) allowed the filling-box system to be subject to a 

radiative condition applied to one of the horizontal boundaries. The con- 

dition upon the magnitude of the Grashof number restricted this effect to 

be of relatively small magnitude when compared to the turbulent buoyant 

convection arising due to the flow of the plume. 

A substantial extension to the filling-box system was proposed by Ger- 

meles (1975). The process of liquefied natural gas being pumped into a 

storage tank was modelled following the method of Baines & Turner (1969). 

Although such flows are very common in many physical situations, this was 

the first major investigation to examine the effect of the addition of mass 

into a finite region via a turbulent plume. The model was also extended to 

consider sources that were inclined at an angle to the vertical. Analogous 

results were obtained for a plume that originated from a source that was not 

located at the centre of the tank. A numerical method was implemented to 

solve the problem, which we will now briefly outline. 

First, we introduce three dimensionless variables. 6 is the normalised 

density profile, scaled upon the input density of the plume fluid; ý is the 

dimensionless vertical distance from the plume source, normalised with the 

height of the container; and -r is dimensionless time, scaled with the total 

filling-box time. 

It was proposed that the normalised ambient density profile 6 may be 

represented at the dimensionless timeTby the function 

6i [S 
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where S is the unit step defined by 

S(-) ={ 
for ý 

I for ý ý: 

15 

(1.19) 

The plume equations were numerically integrated by a Runge-Kutta method, 

and the values of the fluxes of mass, momentum and buoyancy were calcu- 

lated at the very top of the container. Then, in the dimensionless time 

interval A-r, the normalised interfaces ýj of the so-called 'staircase' profile 

were moved downwards to new positions ý,. The procedure was then re- 

peated so that the density profile throughout the tank could be evaluated. 

In addition to the asymptotic solution derived by Baines & Turner 

(1969), an approximate analytic expression for the time-dependent density 

profile in a filling-box flow was calculated by Worster & Huppert (1982). 

This result was shown to be in good agreement with a complete numeri- 

cal integration of the governing equations utilising the method of Germeles 

(1975). The analytic expression was found to be useful in situations where 

the asymptotic solution calculated by Baines & Turner (1969) is not ap- 

plicable. Worster & Huppert (1982) cited an example of this situation. 

namely when double-diffusive effects are significant in the confined region. 

In this case, the stratified region may break down into discrete well-mixed 

layers, and this in turn can significantly affect the subsequent plume behav- 

ior. The key step in the calculation was based upon the approximation that 

the density of fluid behind the first front changed at a rate that was vir- 

tually independent of position. The implementation of the model required 

the value of the dimensionless buoyancy flux b, nornialised with the initial 

ý= , --o and plume buoyancy flux, to be known at the dimensionless heights ý, 
1. B was then approximated to be linear between those points. This 

was equivalent to assuming that the rate of change with tirne of the densitv 
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of the fluid above the first front was independent of position to leading order 

in ý0. The density profile could then be evaluated. 

The introduction of a source with non-zero associated mass flux, by Ger- 

meles (1975), was a significant modification to the original filling-box model 

of Baines & Turner (1969). However, this was not the only situation in which 

the physics of the source itself was modified to create a novel flow situation. 

The investigation of Killworth & Turner (1982) considered a source that 

produced an unsteady buoyant plume. The time-scale of these variations 

was typically small compared with the filling-box time. It was found that 

the final asymptotic state is independent of the oscillating buoyancy source. 

Killworth & Turner (1982) introduced a key step in their model to account 
for the possible effect of unstable interior stratification. Since the interior 

time scales were long compared with those in the plume, convective overturn 

was treated by a method due to Bryan (1969): if at any time the buoy- 

ancy distribution in the interior became statically unstable, the buoyancy in 

this area was averaged vertically to simulate the mixing due to convection. 

This averaging was then repeated, so that buoyancy was conserved, until a 

stable or neutrally stable condition resulted. The dimensionless equations 

of the problem were numerically integrated by using a predictor-corrector 

method. In conclusion, Killworth & Turner (1982) found that steady-state 

or long-time filling box models may be applied without modification to phys- 

ical situations with rapidly or seasonally varying buoyancy sources, such as 

bottom-water formation in high latitudes. 

The investigations discussed so far have considered flows which possess 

a single component of buoyancy. McDougall (1983) investigated the situ- 

ation in which double-diffusive effects had a significant influence upon the 

dynamics of the filling-box flow. The study examined flows in both confined 
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and unbounded environments. McDougall (1983) examined two cases. In 

the first, the double- diffus i ve effects occurred in the same direction as the 

buoyancy. Hence, the flow of the turbulent plume was enhanced. In the sec- 

ond case, the buoyancy was diminished because the double-diffusive effects 

occurred in the opposite sense to the buoyant flow. Application of dimen- 

sional analysis gave good agreement for this second, counter- buoyant, case. 

When the double-diffusive plume flows in a confined region, the plume does 

not always reach the top of the container. Instead, it may intrude at inter- 

mediate heights. This implies the formation of double-diffusive interfaces. 

To understand this further, a quantitative measure of the importance of 

double-diffusive convection in relation to the normal filling-box mechanism 

was obtained in the experiments by using the measured density profile. It 

was found that this correlated well with a theoretically derived parameter 

Bp, which was defined as 

B 
A(l - Rf) 

p 1/9 RNH2019BO (Rp - 1)4/3 
p 

where r, and N are constants dependent upon the physical nature of the 

two diffusive mechanisms, H is the vertical height of the plume source from 

the bottom of the container, A is the uniform cross-sectional area of the 

container7 Bo is the buoyancy flux at the plume source, Rf is ratio of the 

plume buoyancy flux to the buoyancy arising due to double-diffusivity and 

Rp is the density anomaly ratio. Bp represents the reLitive importance of 

double-diffusive convection to the filling-box mechanism. 

Wells et. al. (1999) investigated a substantial modification to the orig- 

inal filling-box model of Baines & Turner (1969). The systen, Nvýis driven 

by turbulent buoyant convection originating from two distinct sources. The 

first source produced an axisymmetric phime, in an identical manner to the 
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FIGURE 1.4: The filling-box system of Wells et. al. (1999). The ascending plume 

drives a return flow in an identical manner to the original filling-box system of Baines & 

Turner (1969). The additional turbulent buoyant convection arises due to the relatively 

hot temperature of the entire lower boundary. 

original filling-box system. The second flow arose due to the effect of heat- 

ing the lower horizontal boundary. This is illustrated in figure 1.4. Two 

cases of the system were studied. In the first case, the system comprised 

an ascending plume and a positively-buoyant distributed source originat- 

ing due to heating of the lower horizontal boundary. In the second case, 

the plume propagated vertically downwards through the system. The dis- 

tributed source was located at the lower boundary. 

The analysis of the system was subject to an assumption that the heated 

lower boundary supplied a buoyancy flux uniformly across its horizontal 

extent. Wells et. al. (1999) subsequently showed that the long-term form 

of the density profile in the container was dependent upon a dimensionless 
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parameter R, defined by 
B 

RF (1.21) 

where B is the buoyancy flux of the flow originating from the distributed 

source and F is the buoyancy flux associated with the turbulent plume. 

Wells et. al. (1999) also found that when the plume is negatively buoy- 

ant, the form of the stratification resulting from the filling-box processes is 

also dependent upon the value of R. However, in this case they found that 

for R< -1, the stratification was unstable, and subsequently overturned. 

The model was then applied to the problem of identifying the density struc- 

ture that may occur due to thermal convection in enclosed seas. 

1.4 The Effect of Ambient Stratification Upon the 

Filling Box Flow 

1.4.1 Two-Layered Stratification 

A new extension to the canonical filling-box model was proposed by Baines 

(1975). The investigation was motivated by a desire to produce a more real- 

istic model of heat transfer in the lower regions of the atmospheric boundary 

layer. Consequently, the effects of turbulent penetrative convection were in- 

troduced into the system. Hence, the free surface that represented the upper 

boundary of the Baines & Turner (1969) model was replaced 'kN-ith ail over- 

laying layer of relatively light fluid. The rate of entrainment through the end 

of a plume which impinged upon the density interface was investigated both 

theoretically and experimentally. The entrainment flux into the plume was 
found to be a function of the local width of the layer and the velocity and 

width of the plume, and this led directly to the proposition that the Froude 

number is the fundamental parameter in quantifying the mixing dynamics 
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of such a flow. Previous work performed by Linden (1973), upon turbulent 

entrainment, was extended and applied to the impingement problem. 

In order to improve understanding of the entrainment mechanism, Lin- 

den (1973) proposed a model of a vortex ring interacting with a sharp den- 

sity interface. It was found that the vortex ring engulfed ambient fluid as it 

propagated through the density step. The interaction was considered to be 

a good approximation to a typical turbulent eddy driving the entrainment 

process. In performing the experiments and also in the subsequent analysis, 

Linden (1973) applied some restrictions upon the system, namely that the 

Froude number based upon the density difference across the interface was 

less than unity. The value of Fr for the flow in question was defined as 

Fr - 
po (1.22) 

(Ap 

V 'gl 
)(U) 

where u is a velocity scale and Ia length scale for the intruding flow, po a 

reference density and Ap the density difference across the interface. The vol- 

ume of fluid entrained by the vortex ring as it propagated past the interface 

was calculated and found to be proportional to the cube of Fr. This result 

was to form the basis of a large amount of later work upon the dynamics of 

interfacial mixing due to turbulent entrainment. 

The work of Baines (1975) was later extended by Kumagai (1984). A 

more detailed theoretical discussion of the mixing dynamics of the flow was 

obtained. An experimental and theoretical study of the time evolution of a 

source in a confined two-layer region was devised. A downward propagat- 

ing plume, originating from an input of relatively dense fluid, was used to 

drive the system. Initially, the plume became trapped in the upper fluid 

layer. This was duw to the change in density of the plume due to entrain- 

ment of relatively light ambient fluid. Hence, the plume did not posess 

enough buoyancy to flow through the interface. However, the plume im- 
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the 
pinged upon the interface, and so entrained small amounts of fluid fro,,, 

bottom layer. The dynamics therefore consisted of a filling-box flow com- 

bined with impingement and subsequent turbulent penetrative convection. 

The entrainment rate obtained from changes in the thickness of the upp(. ýr 

fluid layer with time was found to be a function of the Froude number., as 

in previous work of Baines (1975). However, it was found that the rate of 

change was proportional to the cube of the Froude number at small values of 

Fr, but approached a finite limit as Fr increased. The dimensionless 

ancy flux across the interface also reached a maximum value of 0.168, 

and decreased sharply at values of Fr less than this upper limit. Con- 

sequently, Kumagai showed that his calculations were in accordance with 

previous work. However, it was noted that the earlier results due to Baines 

(1975) were correct only at small values of Fr because they relied upon a 

constant-depth approximation. The model was applied as a more realistic 

description of convection in the atmospheric boundary layer. 

The fundamental theory of both Kumagai (1984) and Baines (1975) was 

based upon work by Ball (1960), who studied atmospheric flows. Ball (1960) 

proposed that generation of turbulent kinetic energy in relatively dense at- 

mospheric fluid resulted in the upward migration of an atmospheric inver- 

sion. This is a layer of fluid in which the sign of the temperature gradient is 

reversed. The resulting flow may be considered equivalent to a positively- 

buoyant turbulent plume. Ball (1960) suggested that the surplus turbulent 

kinetic energy was balanced by buoyancy forces in a region of downward 

transfer of heat in the upper part of the convection layer. This was referred 

to as a counter- gradient flux of heat. 

This energetic argument which proposed that, the dimensionless buoy- 

ancy flux cannot exceed unity, was discussed in the investigation by Kumagai 
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(1984). He evaluated the limit, and found it to be f3 = 0.41 for his filling-box 

system. 

1.4.2 Ambient Fluid with a Stratified Density Profile 

The previous investigations of Baines (1975) and Kumagai (1984) considered 

only an overlaying layer of light fluid in the confined region. This was 

extended to a system initially consisting of a two-layer stable stratification by 

Cardoso & Woods (1993). Particular attention was paid to the dynamics of 

the mixing occurring in the filling-box flow. Initially, the plume was trapped 

in the lower fluid layer, but it impinged upon the interface and subsequently 

entrained light fluid from the upper layer. Hence, two fronts formed in the 

system, one propagating upwards and the other moving downwards. This 

system may be viewed as a completely new problem, rather than as an 

extension of the situation studied by Baines (1975). 

The model proposed for the large-time behaviour is based upon an en- 

ergetic formation which supposes that a constant fraction of the kinetic 

energy supplied by the plume, available for mixing across the interface, is 

converted into the potential energy of the convective layer at an efficiency of 

approximately 50%. This followed on from the original work upon mixing 

first introduced by Ball (1960), and is related to the theory of turbulent 

penetrative convection. A dimensionless entrainment rate E was defined as 

E=C 
(7rb 2 

Ri-1 (1.23) 
A) 

where C == (16/5) Ef, and f is a dimensionless constant indicating the frac- 

tion of kinetic energy converted to potential energy of the mixed layer, A is 

the cross-sectional area of the confined region and b is the effective plume 

radius. A discussion of the contrasting entrainment laws for different flow 
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regimes was also included. For large values of Ri, the entrainment process 

was proposed to be controlled by the wave-like response of the interface 

to bombardment by turbulent disturbances. In the regime of smaller RZ, 

entrainment is mainly caused by intrusions of large-scale turbulent distur- 

bances into the region of lighter fluid and the associated capture of small 

portions of this fluid. The conclusion of the investigation was that the ef- 

fect of smooth stratification upon the dynamics of the descending front is 

negligible. 

The model of Baines et. al. (1990) was modified to account for the 

effects of an initially stratified ambient by Bloomfield & Kerr (1999). In 

this situation, the filling-box flow was driven by a turbulent fountain. This 

refers to an input of negatively buoyant fluid such that the flow is driven by 

the initial momentum only. A typical fountain flow is depicted in figure 1.8. 

It was found that the ascending fluid reached a maximum height before the 

flow reversed direction. After this height, the flow intruded either along the 

base of the container or at an intermediate height in the environment. This 

is in direct contrast to the case for which the ambient is unstratified. In this 

situation, the lateral intrusion always occurred along the lower boundary of 

the confined region. 

Bloomfield & Kerr (1999) also determined expressions for the motion of 

the ascending and descending fronts which indicated the vertical extent of 

the mixed layer. They also considered changes to the environmental density 

profile and hence determined an expression for the rate at which the top of 

the fountain rises, subject to the effect of environmental stratification. The 

results were applied to two physical problems: replenishment of fluid in a 

volcanic magma chamber and the heating or cooling of a room. 
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FIGURE 1-5: Natural ventilation in a uniform container. The filling box flow in this 

case is driven by a single turbulent buoyant plume which originates from a source which 

possesses a zero associated mass flux. The arrows indicate the direction of the buoyant 

flow and also the net direction of the subsequent displacement ventilation. 

1.5 Natural Ventilation 

The filling-box system was applied to model the dynamics of natural ventila- 

tion by Linden et. al. (1990). The investigation identified two different types 

of buoyancy-driven flow that may occur in the system. Mixing ventilation 

arises when fluid enters the confined region and mixes with environmen- 

tal fluid. An example of such a flow is the intrusion of relatively cold air at 

some point into the room, which acts to effectively cool the ventilated space. 

Typically, this does not result in the ambient fluid becoming a well-mixed 

layer, but instead fluid in the environment takes the form of a weak vertical 

stratification. However, in true mixing ventilation, the space is well-mixed, 

and hence consists of a uniform density. This does assume that the inflow of 

cool air is at a high level, so that the incoming fluid mixes all of the ambient. 
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FIGURE 1.6: Natural ventilation in a bounded region. There are two turbulent plumes 

flowing in the container. The ascending plume originates due to input of relatively light 

fluid, the descending plume due to fluid that possesses a density greater than the ambient. 

The second principle type of flow is referred to as displacement venti- 

lation. This occurs when intruding fluid enters the container via sources 

located in the lower boundary. By continuity, relatively light fluid is dis- 

placed out of the confined region through sources located in the vicinity of 

the upper boundary. 

The steady-state solution for the form of stratification Nvithin the con- 

tainer, as depicted in figure 1.6, was obtained. Linden et. al. (1990) found 

that the form of the equilibrium stratification within the space was depen- 

dent upon the volume of fluid entrained by the flow of the plume. The 

buoyancy flux associated with the plume source did not govern the location 

of the fluid interface. However, it did determine the density of the upper 

mixed region, and hence the resulting stratification of the ambient fluid. 

The so-called 'emptying filling-box' model was then extended to consider 

a nat urally- ventilated region subject to two independent buoyant flows by 

Cooper & Linden (1996). Two different configurations were studied for 

the system illustrated in figure 1.7. In the first case, both of the sources 
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were located in the lower boundary. The resulting turbulent plumes were 

posit ively-buoyant and hence upward-propagating. In the second situation, 

one of the plume sources was located in the upper boundary and supplied 

relatively dense fluid to the system. Consequently, this plume propagated 

vertically downwards through the container. In both situations. the height 

of the fluid interfaces was found to be a function of the height of the enclo- 

sure, the effective area of the enclosure openings, and the ratio of the initial 

buoyancy fluxes of the two plumes. This followed directly from dimensional 

analysis. Cooper & Linden (1996) proposed that the location of the fluid 

interfaces was dependent upon the total volume of fluid entrained by each 

of the plumes as they flowed from their respective sources to the fluid inter- 

face. This quantity was calculated by applying the model due to Kumagai 

(1984) for the volume of fluid entrained at a density step. The dynamics 

of the plume at the interface position was considered to be equivalent to a 

distributed plume whose source was situated at the fluid interface. 

When the system was configured such that one of the plumes was downward- 

propagating and the other plume was upward-propagating, it was found that 

the resulting environmental stratification was dependent upon the ratio of 

the buoyancy fluxes associated with the plume sources. In the limit that the 

ratio of the source buoyancy fluxes was small, two distinct and well-mixed 

fluid layers formed. Large values of this ratio produced more complex pat- 

terns. Three-layer stratifications occurred, with two of the three well-mixed 

layers possessing a density less than the ambient fluid. The location of the 

fluid interfaces was primarily determined by the volume fluxes associated 

with the flow of the plumes through the container. Hence, the magnitude 

of ambient fluid entrained by the plumes as they propagated the vertical 

distance of the confined region was again found to be a key factor in the 
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overall dynamics of the system. 

The model was also extended to cover an arbitrary number of positive 

sources of buoyancy in a naturally ventilated region by Linden & Cooper 

(1996). As in the previous analysis, the sources were considered to possess a 

zero associated mass flux. The approximation that the stratification within 

the region is neglected when evaluating the properties of each plume was 

applied in calculating the overall behaviour of the system. This is appli- 

cable when the the timescale for transient flow effects is much less than 

the filling box time. This approximation was shown to be satisfactory for 

a range of physical conditions. Experiments performed corroborated this. 

The approximation was again taken to be valid because the timescale of over 

which the experiment was performed was much greater then the filling box 

time. The result of a system comprising an arbitrary number of positivelý - 

buoyant ascending plumes was to produce a multi-layer stratification within 

the container. Each of the turbulent plumes terminates in one of the fluid 

layers. The plume with the smallest buoyancy flux is associated with the 

fluid layer closest to the floor of the room. Plumes that have a greater 

buoyancy flux may break through the stratification, and the plume with the 

largest buoyancy flux was therefore able to reach the topmost fluid layer. 

Consequently, the location of the lower interface was well-predicted by the 

model. This is important in physical applications of the theory. 

1.6 Some Further Applications 

The nature of the present work results in some very general theory. Hence, 

it is of value to briefly examine some further applications and extensions to 

the original filling-box model of Baines &_7 Turner (1969). We note that the 

theory developed throughout the course of the present work is applicable to 

27 



1.6. SOME FURTHER APPLICATIONS 28 

the following models. 

As a novel extension of the original filling-box model, the flow arising 

due to the intrusion of relatively dense fluid in a confined region was in- 

vestigated by Baines et. al (1990). The original study of the flow which 

occurs as a result of the upward injection of relatively dense fluid was due to 

Morton (1959). He used the entrainment assumption to formulate a system 

of equations analogous to (1.6), (1.7) and (1.10) for a so-called turbulent 

fountain. The model was extended by Turner (1966), who performed ex- 

periments upon such flows in an unconfined region containing homogeneous 

ambient fluid. Baines et. al. (1990) then considered a filling-box flow in a 

confined region driven by a turbulent fountain. The situation is illustrated 

in figure 1.8. However, the fountain source possessed an associated mass 

flux, and consequently the level of the free surface increased with time. 

A fountain-driven filling-box flow exhibits different features to the model 

of Baines & Turner (1969). The case of dense fluid injected vertically up- 

wards into the region was considered. In a homogeneous environment, the 

downward-propagating fluid reaches the base of the tank where it spreads 

laterally as a thin layer (Baines et. al., 1990). The top of the layer repre- 

sents a density step in the environment, analogously to the first front in a 

plume-driven filling-box, and this ascending front rises as ambient fluid from 

above it is entrained into the down-flow. As the layer increases in thickness, 

the dense fluid that has accumulated below the front is re-entrained back 

into the down-flow of the fountain. Consequently, all subsequent fluid ar- 

rives at the base of the tank even denser, and a weak, stable stratification 

is established in the region below the front. The presence of the dense layer 

reduces the density contrast between the source fluid and the ambient, and 

this causes the fountain to rise. However, the ascending front rises faster 
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than the fountain height, so that eventually, it overtakes the top of the foun- 

tain. After this point, the fountain only interacts with the stratified layer, 

and the ascent of the front is controlled only by the rate at which fluid mass 

enters the container via the fountain source. 

In addition to the situations described in detail in this section, the filling- 

box system has also been applied to model convection and mixing in vol- 

canic magma chambers by Turner & Campbell (1986), and also by Huppert 

& Turner (1981). Another investigation, by Turner & Gustafson (1978), 

utilised a filling-box subject to double-diffusive effects to model the mas- 

sive sulphide deposits that occur when a dense gravity current of hot saline 

ore solution fills a depression on the sea floor. Such an application further 

illustrates the usefulness of the filling-box model. 

1.7 The Present Work 

Although there exists significant work upon turbulent buoyant fluid flows. 

as discussed above, there remain important questions not covered in the 

literature. One key area that has not been previously studied in detail 

forms the principle focus of the current work. This the situation for which 

two fluid flows of opposite buoyancy, in a confined region, originate from 

sources which possess associated fluxes of mass. 

This represents a fundamental issue. For example, air conditioning sys- 

tems supply a flux of both fluid mass and buoyancy. Industrial pollutants. 

such as chemical waste, also supply a flux of fluid mass into the rivers in 

which they are emptied. Another example is the accidental release of haz- 

ardous gases into factories and mine shafts. The flux of mass associated 

with the intruding flow may be a key factor in understanding how to vent 

dangerous fluids safely out of the confined region into which they flow. 
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Our aim in the present work therefore is to model the dynamics of a 

dual-flow filling-box driven by sources which supply both buoyancy and a 

significant flux of fluid mass. The system is depicted in figure 1.7. An outflow 

vent is provided to vent fluid mass from the container. We assume through- 

out the current work that the turbulent plumes flow in such a manner that 

they are free of the influence of the vertical boundaries of the container. 

Hence, we may apply the self-similar model of Morton et. al. (1956), and 

consequently apply plume theory to describe the fluid flows within the con- 

fined region. However, as noted before, the dual-plume filling-box represents 

a complex non-linear system with a wide range of novel behaviour. We thus 

focus on the understanding of the physics of the system and how the results 

may be applied to answer a variety of important questions. 

The majority of the work which follows deals with the steady-state anal- 

ysis of the dual-plume filling-box systems. The fundamental model, which 

contains the essential physics, is investigated in Part I. In Chapter 2a model 

is presented which is used to predict global values of the system. Numer- 

ical solutions are computed and subsequently discussed. The results are 

compared with a theoretical analysis based upon plume entrainment. An 

application of the system to ventilation of a building is presented and dis- 

cussed. Guided by the numerical solutions, the key effects which the finite 

mass flux has upon the dual-plume flow system are identified. 

In order to test the basic steady-state model, we present in chapter 3 

some new results from a set of laboratory experiments. In these experiments, 

we examine the mixing and flow produced by two opposing point sources of 

buoyancy and compare the results with the fundamental model. A simple 

modification to the fundamental system, applied via vertical displacements 

of the fluid sources, is derived. The modification allowed a greater amount 
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of experimental data to be obtained. The solutions of this system are then 

compared with experiment for the location of the fluid interface. The agree- 

ment was found to be good. 

Part 11 comprises three further steady-state systems, each of which re- 

tain the basic feature of the model described in chapter 2; namely, a system 

driven by two opposing turbulent buoyant fluid flows which possess associ- 

ated fluxes of mass. However, each of the systems comprises novel features 

which leads to new physics. 

Chapter 4 extends the work of the previous chapter by examining new 

source configurations. The physical ramifications of a dual-plume filling- 

box system driven by plumes originating from line sources are discussed. 

The new system is modelled in the steady-state case, and the resulting 

expressions are solved numerically. Hybrid systems, comprising one line 

plume and one axisymmetric plume, are then introduced. The corresponding 

numerical solutions are then compared to both the fundamental system and 

the dual line-plume filling-box. 

In Chapter 5a second mass sink is introduced. The second outflow vent 

is located in the base of the container. We examine the consequences of this 

with a view to understanding the conditions that cause the confirled region 

to be subject to a natural ventilation flow. A simple argument is presented 

to show which of two possible regimes the ventilation will occur. Each of 

the possible methods is modelled and solved numerically. The results are 

compared and discussed. A simple model involving the effect of external 

wind upon the subsequent development of the ventilation flow is discussed 

and solved. Conclusions are drawn for the steady-state models derived in 

the chapter. 

Part III returns to the fundamental model of Part 1. However, in this 
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case the analysis, theory and experiments are performed for the unsteady 

flow regime. The time-dependence is modelled in Chapter 6, and a numeri- 

cal scheme is implemented to obtain solutions of the transient system. The 

model is shown to reduce to the steady-state when t -ý oo. The numeri- 

cal results are shown to be in good agreement with a number of analogue 

experiments. The limitations of the numerical technique are also discussed. 

Finally, some overall conclusions and deductions are drawn and discussed 

in Chapter 7. 
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FIGURE 1.7: Illustration of the dual-plume filling-box systeiii that is central to the 

present work. The outflow vent is required because each of the plume sources possesses a 

significant associated mass flux. 
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FIGURE 1.8: The turbulent fountain flow that occurs due to the injection of dense fluid 

vertically upwards into an unconfined region. The flow reaches a certain height at which 

its vertical velocity vanishes. The dense fluid then falls vertically downwards. The density 

of the descending fluid has been diluted due to the entrainment mechanism. However, it 

may possesses a density greater than the surrounding ambient fluid. The height at which 

the fluid intrudes laterally is dependent upon the stratification present in the ambient 

fluid. 
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Chapter 2 

Theory 

"Everything has been figured out, except how to live. " 

- Jean-Paul Sartre 

2.1 Equilibrium Steady State for the Dual-Plume 

Filling Box 

In this chapter we derive a model for the steady-state equilibrium of the 

dual-plume filling-box system. The model is comprised of two parts. Con- 

sideration of fundamental physical quantities associated with the system 

leads to a set of conservation laws. These are described in §2.2. In section 

2.2.1, we complete the model by quantifying the internal mixing dynamics 

that characterise the overall behaviour of the system. 

Numerical solutions of the model are then computed for two regimes. 

The special case for which the mass fluxes associated with the plume sources 

are equal is examined first in section 2.3.1. The two most important param- 
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eters are the dimensionless mass fluxes associated with the plume sources. 

These are referred to as R and S, for the top and bottom source respec- 

tively. Note that we present the appropriate normalisation in §2.2. A key 

result concerns the value of R required such that the system comprises a sin- 

gle, well-mixed fluid layer. A theoretical analysis is then presented, which 

predicts the single-layer system occurs for precisely the same value of R ob- 

tained numerically. The analysis of the numerical results is then extended 

to the more general case of R :ýS. This is described in §2.3.2, where the 

theoretical analysis from the previous section is generalised to the case of 

sources with unequal associated initial mass fluxes. 

In §2.4 we examine the consequences of a small modification to the sys- 

tem, namely the case in which the mass outflow is located a distance below 

the upper vertical boundary. 

A direct application of the model is presented in §2.5. This involves the 

calculation of the two-layer temperature stratification in a room subject to 

simultaneous heating and cooling. Finally, we discuss the physics of the 

steady-state system and draw some overall conclusions in §2.6. 

2.2 A model of two opp osite- buoyancy plumes in 

a finite region 

We make the assumption that the system has evolved through a transient 

stage and hence evolved to steady-state equilibrium. This occurs over a time 

scale T, which we refer to as the convergence time. Another time scale of 
importance is the filling-box timeT. By dimensional analysis, we have 

AH 

Qo 
(2.1) 
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namely, the time for which all the ambient fluid in a container of cross- 

sectional area A and depth H has been mixed through a plume of initial 

volume flux Q0. We note that, in general, T >>T. This is discussed further 

in Chapter 6. 

In steady-state, the dual-plume system consists of a two-layer stratifi- 

cation separated by a well-defined interface. Such a state is reached in a 

timescale of 0 (T), which is the timescale over which the experiments, pre- 

sented in the next Chapter, are performed. For the system to achieve, and 

consequently remain, in steady-state equilibrium, there are two physical ef- 

fects that occur. Firstly, the return flows associated with the two plumes 

will have met at some point in the container. Hence, the system consists 

of two layers separated by a well-defined interface. Secondly, the density 

of each layer remains constant in steady-state. This is a key point which 

warrants further discussion. 

Let us consider, for example, the flow of the ascending plume when 

the system is in equilibrium. As the ascending plume flows through the 

lower layer, it acts principally as a buoyancy sink, entraining ambient fluid. 

However, when it reaches the interface, we suppose that its density has 

changed sufficiently due to the entrainment process that it now possesses 

a density equal to the upper fluid layer. Hence, the physical effect of the 

ascending plume as it flows through the upper layer is to mix ambient fluid. 

Hence, the above proposition implies that the motion of the ascending plume 

in the upper layer is to cause the fluid to be approximately well-mixed. The 

experimental work, detailed in Chapters 3 and 6, corroborates this well- 

mixed assumption. Hence, to leading-order, we assume that each of the 

fluid layers are well-mixed in steady-state equilibrium. Further, we note 

that the above assumption follows from the respective expressions for the 
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Outflow 
vent Source of 

cold air 

Warm 
layer 

lip -0 

Cool 
layer 

Source of 
hot air 

FIGURE 2.1: Illustration of the dual-plume system In this situation, the plumes are 

depicted as arising due to inflows of relatively hot and cold air. A distinct interface 

separates the two well-mixed fluid layers. 

conservation of total buoyancy flux of each plume. These are represented 

by equations (2-8) and (2.9). 

Consequently, when t>T, we may assume that both of the fluid layers 

are well-mixed to leading order. The time required to converge to the steady- 

state solution depends upon the initial conditions. If the system starts with 

static initial conditions, namely the initial configuration is identical to the 

final equilibrium state, the system remains in steady state and does not 

evolve. Otherwise, the system typically takes a time comparable to T to 

reach the steady-state. The system is illustrated in figure 2.1, with the 

plumes depicted as turbulent flows of relatively hot and cold air. 

We begin to model the steady-state system by considering the conserva- 
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FIGURE 2.2: Depiction of the defining parameters utilised in the mathematical formu- 

lation of the dual-plume filling box system. 

tion of quantities within the container. Therefore, without loss of generality, 

we may take p=p (C). Figure 2.2 shows the labels attached to each pa- 

rameter. 

Global conservation of mass implies that 

Ql + Q2 ý QO (2.2) 

and global conservation of the conserved quantity C, a property associated 

with the buoyancy of the fluid, may be written as: 

Q1,01 + Q2,02 :: -- QO, 00 (2.3) 

where Q, and Q2 are the initial mass fluxes of the ascending and descending 

plumes respectively. If we denote the flux associated with the ascending 

plume across the interface as Q3, and the flux across the interface due to 

the descending plume as Q4, then conservation of mass in the lower layer 

gives 

Ql + Q4::::::::::: Q3 (2.4) 
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while conservation of C is given by 

QlPl + Q4P4 - Q3P3 (2.5) 

Since both the upper and lower layers are well-mixed, we may write similar 

conservation relations for the lower layer. Mass conservation gives: 

Q2 + Q3 --:::: QO + Q4 (2.6) 

and application of conservation of the conserved property C gives: 

Q2P2 + Q3P3 QOPu + Q4P4 (2.7) 

While the ascending plume is flowing through the lower layer, the buoyancy 

flux of the plume is conserved. This follows from the steady-state condition 

that the total flux of buoyant fluid entering the container equals the total 

flux of buoyant fluid leaving the system via the outflow vent. This leads to 

the relation 

Ql (Pl - PI) :::::::: Q3 (P3 - PI) (2.8) 

For the descending plume flowing through the upper fluid layer, the buoy- 

ancy flux is also conserved. Hence, we may apply an identical argument to 

yield 

Q2 (P2 - Pu) Q4 (P4 - Pu) (2.9) 

The net mass flux across the interface is given by an identical expression to 

equation (2.4): 

Q3 ý Q4 + Ql (2.10) 

We now derive a result for the eventual density associated with each of the 

plumes. This condition arises as a consequence of the steady-state condition 

referred to above. As the plumes flow through the fluid layer in which they 

originate to the interface, they become diluted due to entrainment of ambient 
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fluid. When they propagate through the interface, they possess a density 

equal to the fluid layer that they arrive in. This is because, in steady-state, 

the density of each fluid layer does not change. 

Hence, the ascending plume entrains fluid from the lower layer such that 

at z=h, the density of the ascending plume is equal to the density of the 

upper layer. Therefore, the ascending plume replaces the upper-layer fluid 

entrained by the descending plume. Further, in the upper layer, say, the 

ascending plume mixes the ambient fluid. This acts to cause the ambient 

fluid to become approximately well-mixed. The descending plume has a 

similar effect upon the lower layer. Consequently, upon combining (2.5) and 

(2.8), we have 

upon using equation (2.4). The same argument may be applied to the upper 

fluid layer, and so upon combining (2-7) and (2.9), we find: 

P3 ý Pu 

We now proceed to find explicit expressions for the upper and lower layer 

densities. Using equation (2.4) in equation (2.8) gives: 

Q1,01 - Q3,03 ::::::::::, Ol (Ql - Q3) :::: -- -Q4,01 

P4 Pl (2.11) 

(2.12) 

(2.13) 

and hence 

101 
= 

Q3P3 - QlPl (2.14) 
Q4 

Taking equation (2.6) in equation (2.9) gives: 

Q2P2 - Q4P4 ý Pu (QO - Q3) 

and with some further algebraic manipulation, we have 

Q2P2 - Q4P4 
Pu - Ql + Q2 - Q3 
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The density equivalence relations then lead to 

Q3Pu - QlPl 
Q4 

(2.17) 

Pu - 
Q2P2 - Q4PI 

- (2.18) 
Q1 + Q2 - Q3 

We now eliminate pu from (2.17) and pl from (2.18) respectively to obtain 

Q1,01 + Q2,02 
vu _ Ql + Q2 

(2.19) 

and 

Pt - 
PIQI (Q4 - Q2) + Q2P2 (Q4 + Ql) 

(2.20) 
(Ql + Q2) Q4 

We expect the system to be stably stratified in steady state, by definition. 

Hence, we require that p,, < pl. To verify this, we use equations (2.19) and 

(2.20): 

Ql + 
Q4 + Ql 

Q2 > QlPl + Q2P2 (2.21) 
Q4 Q4 

and 

Q4 - Q2 
<1 (2.22) 

Q4 
Q4 + Ql 

Q4 >1 (2.23) 

We therefore need: 

Q4+Ql 
Q2P2 > 

Q4 - Q2) 
Qlpl (2.24) Q4 Q4 

Hence, if P2 > pl, then we deduce that p,, < pl, as required. We conclude 

that, in steady-state, the dual plume system is always stably stratified. If 

this were not the case, the possibility would exist of an unstable stratifica- 

tion, and hence an overturning of the two fluid layers. 
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2.2.1 Plume-driven mixing dynamics 

Equations (2.20) and (2.21) specify the upper- and lower-layer densities as 

functions of the input mass fluxes Q, and Q2, the input densities p, and 

P2 and the interfacial mass fluxes Q3 and Q4- In order to complete the 

model to determine the behaviour of the system, and to obtain an explicit 

expression for the location of the interface, we need to examine the internal 

mixing processes that occur within the container. These mixing processes 

arise entirely as a consequence of the propagation of the turbulent buoyant 

plumes through the confined region. 

We therefore need to quantify Q3 and Q4. However, the behaviour of 

a plume which originates from a source possessing a relatively strong as- 

sociated mass flux as it flows across the interface is complex. For a given 

buoyancy flux and mass flux there exists a unique momentum flux such that 

the plume is in so-called pure plume balance, as given by the self-similar 

solutions of Chapter 1. For other source conditions the flow has a excess or 

deficit of momentum at the source in comparison to a pure buoyant plume. 

As a result there will be a transition zone as this additional momentum is 

dissipated due to entrainment of ambient fluid, and the flow asymptotes to 

the form of a pure buoyant plume. This axisymmetric pure plume has a 

so-called virtual origin which is defined for the self-similar solution as that 

point for which the mass and momentum flux would be zero. For simplicity 

in this work, we assume that the fluid which issues from the actual source is 

in pure plume balance so that calculation of the location of the virtual origin 

is relatively straightforward. However, in Chapter 3, where we present some 

experiments, we provide a further discussion of this effect. 

We therefore make the assumption that between the source and the inter- 

face position, the plume asymptotes to the classic self-similar form (Morton 
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et. al., 1956). We may hence derive relatively simple expressions for the 

interfacial mass fluxes. For the case of a self-similar plume, the solution of 

the equation representing the specific mass flux has the form (Morton et. 

al., 1956) 

Q=AB 1/3Z5/3 (2.25) 

as a function of the plume buoyancy flux at a vertical distance z from the 

plume source, with A an empirical constant (Turner, 1973). The buoyancy 

flux is defined as 

Qgo (pp - p, ) (2.26) 

where pp and p, are the plume and environment densities respectively. We 

may define the virtual origins, yj and y,,,, of the ascending and descending 

plumes respectively, in terms of the buoyancy fluxes at the plume sources, 

B, and B2, as follows 
5 

Y1 =( A3B, 
(2.27) 

5 

Yu = 
(A3B2) 

(2.28) 

The interfacial volume fluxes are then given in terms of a corresponding 

virtual origin by: 

1 
3/2 [90 (Pl 

- Pl 2 
Q3 =A I-P" (h, + yl) 2 (2.29) 

1 

Q4 =A 
3/2 90 (P2 - Pu) 2 

(hi + yu)'ý Po 
(2-30) 

We now introduce dimensionless parameters to represent the physical quan- 

tities in the system. We denote normalised variables with a caret. The 

interface position, h, and the densities are scaled according to 

h 
hH (2-31) 
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where H is the vertical height of the container. We define dimensionless 

fluid densities associated with the system according to the relation 

A- Pi 

P2 - PI 
(2.32) 

An appropriate scale for the mass flux is then chosen. We consider a refer- 

ence plume with input mass flux Qp defined by 

90 (P2 - PI) 25 
1 

Qp = A2 
I 

Po 

IH 
-ý (2-33) 

Hence, Qp defines a plume with a maximal density contrast flowing the total 

vertical extent of the container. We may then scale the source mass fluxes 

by this quantity to give 

R= Q' (2.34) 
QP 

S= Q2 (2-35) 
QP 

R and S are quantities which represent the normalised magnitudes of the 

mass flux associated with the ascending and descending sources respectively. 

In the limit R << 1, S << 1, the initial specific momentum flux and the 

initial volume flux of each plume are in the same balance as plume which 

has risen from a point source of buoyancy alone. This is the case studied 

by Baines & Turner (1969). The dimensionless interfacial mass fluxes now 

take the form 
15 Q3 
12+ 

hl) 2 (2.36) 
QP 

2 (2-37) ý4 

Where h,, and hi are the virtual origins associated with the ascending plume 

and the descending plume respectively. Hence, the interfacial mass fluxes 

are functions of h, the native fluid layer density and their respective virtual 

origin. We therefore need an expression for the location of the interface 
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and the plume virtual origins. The ascending plume input mass flux, Q1, is 

defined as 
2 

-A2 

[go(pt pl) (2.38) 
Po 

so that, upon scaling by Qp, we have: 

Iý5 
R= ýl 2 h, 2 (2-39) 

and similarly for Q2: 
iý5 

h2 u (2.40) 

Using equations (2.40) and the normalised form of the expression for the 

density of the upper-layer fluid, we may now express the descending plume 

virtual origin in terms of the input mass fluxes: 

s= 
ýj S25 1 

--h -ý (2.41) 
R+S u 

and hence 
(R+S)5 

hu = S5 - (2.42) 
R 

Upon using equation (2.4), we may derive the expression for the ascending 

plume virtual origin: 
1 

+ 
= R+ (1 - 

(I 
_h+ 

hU) 4 3) 

Invoking the previous scalings, the layer densities become: 

S 
(2.44) 

R+S 
5 

2 
S R+( R2 

R+S U) (2.45) R+S )! - (1 
5 

R2+2 
R+S U) 

and so we may therefore obtain an expression for the ascending plume virtual 

origin: 

RS 2' )l 

-h+S! 
(R+S)'! ) (R +5 (R) 5 

S) 
R+ s 

s 

R+ (R (R+S ) 
i- )2 

R+S) h +S5 
s 
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Manipulation of equation (39) results in the following expression for the 

virtual origin associated with the ascending plume: 

R 
(2.47) 

1 
12 

We now have an expression relating the interface position with the plume 

input mass fluxes: 
2 

S5 
R+S 

5 R 
15 -y (R + S) 

(R+S) 

+ (2.48) 
sR+(R) 12 

L 
R+S 

where 5 
2 

5R+ 
S)"5 

(2.49) 
11 

- 
h+S2 (S 

Before obtaining numerical solutions of this expression, we may perform 

some algebra to test the consistency of the relation. Firstly, we wish to 

confirm that in the limit of sources with vanishingly small mass fluxes that 

the system tends to the zero associated mass flux case of Baines & l'urner 

(1969). To do this, we examine the expression for hl =0 and SIR<<1- 

We arrive at: 

h 
1/2 

1-h+2 1/5S2/5 5/2 
+Sj 

2/5 

1/2 1/5S2/5 
5/2- 1/5 

1/5 2S (1/2) 1-h+20 
(2.50) (S) 

S+ (I -h+ 
21/5 S2/5) 5/2 

L 

This expression simplifies to 

h- [(I 
- 

h)5/2] 
2/5 

=0 (2.51) 

Therefore: 

(2.52) 
2 
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and so in the limit of sources with vanishingly small associated mass fluxes, 

the model tends to the solution obtained by Baines & Turner (1969). Before 

embarking upon a discussion of the solutions of equation (2.48) above, we 

note that the derivation of the model presented in this section is for the case 

whereby the outflow vent is located in the upper fluid layer. Unless indicated 

otherwise, this is the situation in which the results of the next section have 

been obtained. However, we note that by applying the transformations 

h -ý H-h (2.53) 

(2.54) 

(2.55) 

we arrive at the respective equations for the case when the outflow vent is 

located in the lower fluid layer. 

2.3 Numerical Calculations 

Equation (2.48) specifies the interface position in terms of the dimensionless 

initial mass fluxes associated with the fluid sources. We solve this expression 

numerically to calculate the interface position for varying values of R and 

S. To proceed, we examine first the special case for which R=S. We then 

consider the more general situation where the initial mass fluxes associated 

with the fluid sources are unequal in magnitude. 

2.3.1 The Equal-Magnitude Case 

We commence by examining the steady-state system when the plume sources 

possess equal-magnitude associated mass fluxes. Firstly, we examine the 

system in the limit R -ý 0. We then consider the situation where R increases 
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in magnitude, away from the small-mass flux case. Finally, we look at the 

situation for which R >> 1. This introduces a key feature: a system which 

exhibits a single, well-mixed fluid layer. This is a novel result that has 

not been studied in any previous research. In section 2.3.3, we present 

a simple but powerful theoretical argument to explain the physics of this 

effect. Further, we show that the theory is in exact agreement with the 

numerical solution. 

2.3.2 The Limit of Small Mass Fluxes: R=S -ý 0 

We begin by briefly reviewing the results of Baines & 'I'urner (1969), who 

studied a dual-plume filling-box system driven by sources which possessed 

zero associated mass fluxes. We do this because in the limit R -* 0, the 

model derived in section 2.2 of the current work should reduce to the Baines 

Turner (1969) case. 

They found that two distinct fluid layers formed with the interface be- 

tween the layers located at h= H/2, where H is the height of the container. 

The upper and lower layer densities had values of -p + Apo and p- Apo 

respectively, where A is the difference in density between the plume and 

its initial layer, po is a reference density and j5 is defined in terms of the 

source input densities. We therefore expect that the principle effect of the 

provision of sources which supply a flux of mass as well as buoyancy is to 

move the location of the interface away from H/2. 

Hence, when R << 1, we expect that h-0.5. The numerical solution of 

equation (2.48) is shown in figure 2.3. This is a curve depicting the location 

of the fluid interface as a function of R, the mass flux associated with the 

ascending plume. Note that the abscissa is displayed on a logarithmic scale. 

There are two points of principal interest about the solution curve in figure 
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FIGURE 2.3: Location of the fluid interface as a function of the normallsed mass 

flux associated with the ascending plume. The curve shows the interface location in the 

situation of both of the plume sources possessing equal initial mass fluxes. When R= 17-3ý 

h=1. We refer to this as the critical value of R. 

2.3. The first is that when R << 1, the value of h 
--ý 0.5. Hence, in the limit 

of sources with relatively small initial associated mass fluxes, the model in 

the present work does indeed reduce to the zero-associated inass flux case 

studied by Baines & Turner (1969). This is a very important observation, 

since it implies that the new results presented in this work represent are 

compatible, in the limit of sources such that R -ý 0, with the previous 

research in this area. The second point to note about the curve in figure 2.3 

is that it increases monotonically as R increases. We discuss this further in 

the next section. 

--, -T 
- H-R" 

Figure 2.4 is a graph of ýj as a function of R obtained by numerical 

solution of equations (2-45) and (2.48). We note that when R, = 0.1, ýj - 0.6. 
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FIGURE 2.4: Density of the lower fluid layer as a function of mass flux associated with 

the ascending plume in the case of equal initial mass fluxes. 

Further, from equation (2.44), we find that when R=S the expression has 

the constant value 
I 

2 
(2.56) 

This is a remarkable result. It states that when the mass fluxes associated 

with the fluid sources are equal in value, the density of the upper fluid 

layer is independent of R and S. This is a key result with very important 

implications in the applying the model to ventilation of buildings. This is 

discussed further in §2.4. 

Therefore, we see that in the limit R ---+ 0, the difference in density 

between the upper and lower fluid layers is small, but ýj > ý,,. This is again 

consistent with the results in Baines & Turner (1969). 

Graph of the Lower-Layer Density as a function of R 
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2.3.3 Intermediate Values for R= 

We now continue by examining the case for values of R such that R>0.1. 

Thus, the magnitude of the total mass flux flowing through the system 

becomes significant, and we move away from the limiting case described 

above. 

To fully explain the numerical results, we introduce two related concepts. 

The first is plume dilutton. We explain this by considering a negatively- 

buoyant descending plume. As the plume flows through relatively light 

ambient fluid, its average density decreases as a function of vertical distance 

from the plume source. Hence, the plume becomes diluted due to entrain- 

ment of ambient fluid. The fractional dilution of the plume is the ratio 

of the total plume dilution to the initial mass flux of the plume flow. We 

will subsequently use these concepts to elaborate upon the physics of the 

dual-plume filling-box system. 

The first departure from the case of Baines & Turner (1969) is the reloca- 

tion of the fluid interface. We expect this to occur because of the location of 

the outflow vent, which during this discussion we consider to be in the upper 

fluid layer. Because of this inherent asymmetry in the system, mass conti- 

nuity dictates a net up-flow occurs in the container. The relative magnitude 

of this up-flow is dependent upon the mass of fluid flowing into the systeni 

via the plume sources. Global conservation of mass implies that when there 

is a large mass of fluid entering the confined region via the sources, the net 

up-flow will be large. The location of the fluid interface is therefore displaced 

vertically upwards. We may confirm this prediction by examining figure 2.3. 

The effect upon the system of increase in R is depicted pictorially in figures 

2.4 and 2.5. As noted previously, the interface location h is a monotonically 

increasing function of R. We also note that if the mass fluxes associated 
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with the fluid sources becomes large enough, the interface vanishes and the 

system comprises a single, well-mixed fluid layer. We discuss this situation 

in the next section. 

Figure 2.4 shows p^1 as a function of R. In a similar manner to the 

solution curve for the interface location as a function of R, we see that the 

density associated with the lower fluid layer also monotonically increases as 

R increases. We may explain this as follows. Firstly, following on from the 

assumption made in §2.2 that each plume possesses a density equal to the 

fluid layer that it terminates in, we note that the lower layer density is the 

density of the descending plume at ý=h. Further, we already have the 

results that the upper layer density is independent of R and S and that the 

depth of the upper fluid layer decreases as R and S increase. Hence, the 

descending plume is less diluted with fluid from the upper layer when the 

upper layer is less deep. Further, the fractional dilution of the descending 

plume decreases as its source mass flux increases. From these facts, we may 

deduce that the density of the lower fluid layer increases as the plume mass 

flux increases. This is shown in figure 2.6. 

In conclusion, we note that a principle effect of the addition of mass to 

the steady-state system is to cause the fluid interface to be located above 

H/2. This has the additional effect of increasing the density of the lower 

fluid layer. The reason for the interface to be located closer to the top of 

the container as the source mass flxues increase is due to the mass sink 

being located in the upper fluid layer. This creates an asymmetry in the 

system, because it implies that there will always be a net up-flow in the 

confined region. As the total flux of fluid mass flowing through the finite 

region increases, the net up-flow also increases. Hence, the asymmetry in 

the system becomes more pronounced. 
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FIGURE 2.5: Illustration of the contribution to the net flow in the system due to the 

ascending plume. A entrainment flux, greater than the initial mass flux, arrives in the 

upper layer. A large proportion of this flux leaves the system via the mass sink. Hence, 

the downward return flow is relatively weak. 

2.3.4 The Single-Layer System for R=S 

1n the previous sections, examination of figure 2.3 implied that there exists 

a value of R for which the system comprised a single, well-mixed fluid layer. 

We refer to this as the critical value of R. Evaluation of the critical value 
is essential if the single-layer system is to useful in applications. Hence, in 

this section, we describe a theoretical prediction for the critical value of R. 

Further, we show that this is in exact agreement with the numerical solution 

presented in figure 2.3. 

We may define the dimensionless fractional plume dilution 
-b as follows: 

H) 
(2-57) 

Q (k) 

Equation (2.56) therefore represents the total volume of ambient fluid en- 
trained by the plume after it has flowed a distance H, less its source mass 
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FIGURE 2-6: Diagram illustrating the contribution to the net up-flow in the system 

that manifests due to the entrainment flux associated with the descending plume. The 

resulting up-flow is strong due to the relatively large volume flux arriving in the lower 

layer. 

flux, divided by its source mass flux. 

Figures 2.5 and 2.6 depict how the net return flow in the container, which 

originates due to the plumes, is affected by D. Note that for simplicity, the 

figures refer to only one of the two plumes in the dual-plume system. 

When D>1, the system comprises a two-layer stratification. This oc- 

curs because the ascending plume has a relatively large net entrainment flux 

compared with its initial mass flux. Hence, the ascending plume generates 

a relatively large return flow at the upper horizontal boundary. However, 

when b<1, there exists a single, well-mixed fluid layer. This is because 

the ascending plume entrains a relatively small amount of ambient fluid as 

it flows through the container. Consequently, the return flow at the upper 

boundary is relatively small. Hence, all the fluid associated with the ascend- 

ing plume vents through the mass sink. The result is that the system only 
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has a single, well-mixed fluid layer. 

Therefore, to find the critical value of R, namely the minimum value of 

R such that the system comprises a single layer, we examine the limiting 

case of D -4 1. Hence, we have: 

+ 1)5/2 _ 
h5/2 

h5/2 
(2-58) 

After some algebra, we arrive at the expression 

hi =1 (2.59) 
(22/5 

-I 

Now, from equation (2.4-7): 

R )2/5 
(2.60) 

1/2 ýl 

However, when there is only a single fluid layer, the density of the lower 

layer is equal to the input density of the descending plume. Hence, ýj = 1, 

and so we have 

R 2/5 

Substituting for R in the above expression, we have: 

R -- 
(1 )5/2 

= 17.32 (2.62) 
22/5 -1 

This is exactly the same critical value of R predicted by the numerical 

solution. 

2.3.5 The Unequal- Magnitude Case 

We now continue by considering the more general case, for which R 54 S. 

This situation introduces a new asymmetry in the system, since it follows 

that one of the mass fluxes associated with the fluid sources may be much 

greater in magnitude than the other. 
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We therefore introduce a dimensionless parameter, R*, to indicate the 

relative magnitude of the asymmetry between the sources. We define this 

variable according to: 
R 

R+S 
(2.63) 

In the next two sections, we examine the numerical results by considering 

separately the two limiting cases of R* -+ 0 and R* -+ I. These correspond 

to S >> R and R >> S, the two situations for which the asymmetry in the 

mass fluxes is greatest in magnitude. 

We note also that when R 7ý S, the fractional dilutions of each plume 

will not be equal in magnitude. This in contrast to the equal-magnitude case 

described previously. However, we will show that the relative magnitudes 

of the fractional plume dilutions are again the key to understanding the 

behaviour of the system. 

Before discussing the details of the three possible situations, we also note 

that the density associated with the upper-layer fluid is no longer indepen- 

dent of R and S, as in the equal-magnitude case. Equation (2.44) specifies 

ýu = S1 (R + S), and hence the upper-layer density is a function of the mass 

fluxes associated with the fluid sources only. 

2.3.6 R* -ý 0: Weak Ascending Plume, Strong Descending 

Plume 

First, we examine the case for R* -4 0. In this situation, the initial mass 

flux associated with the descending plume is much greater than the flux of 

mass associated with the ascending plume. This implies that the all of the 

entrained fluid flux associated with the ascending plume will vent via the 

mass sink. In this case, the system should comprise a single fluid layer. 

Figure 2.7 shows solution curves for the location of the fluid interface 
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FIGURE 2.7: Location of the fluid interface as a function of R* in the case of sources 

possessing unequal initial mass fluxes. The curves are plotted for three constant values of 

R, namely: - -, R=0.1-, R=1.0; -, R= 10.0. 

as a function of R* for the three constant values of R=0.1,1.0,10.0. We 

note that for R* --+ 0, the system does indeed consist of a single fluid 

layer. However, as the value of R increases, the corresponding critical value 

of R* also increases. This is apparent from inspection of figure x, where 

R*crit - 0.01 for R-0.1. For the case R= 10.0, however, R*c, it -- 0.45. 

One of the important results that we wish to explain is how the value of 

these critical points depend upon the value of R. We begin by examining 

the case R=0.1, for which the mass flux associated with the ascending 

plume is relatively small. This implies that the magnitude of 'b for the 

ascending plume is relatively large, and lience the return flow associated 

with ascending plume is also large in magnitude. Hence, the system consists 

of a single layer only as R --ý 0, when the entrainnient flux associated with 
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the ascending plume is very small. As soon as this becomes significant in 

magnitude, the return flow associated with the ascending plume is sufficient 

to cause the system to form two fluid layers. 

Conversely, in the case of R= 10.0, DR is relatively small. In this 

situation, the magnitude of the return flow associated with the descending 

plume is relatively large, and hence the critical point occurs for R* = 0.5. 

Figure 2.8 shows the density of the lower fluid layer as a function of R*. 

We note that when the room consists of a single, well-mixed fluid layer, the 

density of the ambient fluid is equal to the input density of the descending 

plume. Hence, we expect that in the limit R* -+ 0, the density of the lower 

fluid layer -+ I for all values of R. Each of the curves in the figure show this 

behaviour. 

2.3.7 R* -4 1: Strong Ascending Plume, Weak Descending 

Plume 

We now analyse figure 2.7 for the case of R* -ý 1. Each of the three curves 

imply that as the value of R increases, the interface is located progressively 

closer to the lower horizontal boundary. One of the key questions that which 

we wish to answer is: can the fluid interface ever reach the floor, or does it 

just form a shallow lower layer? 

To answer this, we examine the fractional dilution associated with each 

of the plumes. We recall the definition of the fractional plume dilution, D, 

from section 2.3.4: 
[Q H) (2.64) 

Q (hi) 

Therefore, as R increases, bR decreases. Conversely, as S decreases, D^ S in- 

creases. Since ýo =R+S, all of the mass flux associated with the ascending 

plume leaves via the vent. -6R 
is relatively small, since R is relatively large. 
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Therefore, a relatively large amount of the net entrained flux associated 

with the ascending plume also leaves the confined region via the mass sink. 

However, the net entrained flux of the descending plume is large compared 

with its source mass flux, because DS is relatively large. This implies that 

there is always a return flow associated with the descending plume, even 

when R >> S. Consequently, the fluid interface never reaches the base of 

the confined region when the outflow vent is located in the ceiling. This 

result has important consequences when applied to hazardous gas releases 

in buildings. For example, suppose that a fire in an adjacent room causes 

relatively dense smoke-filled air to leak into a potent ially-o ccupied enclo- 

sure. If a window, say, is opened in the upper part of this room (perhaps 

a skylight located in the ceiling, for example), and fresh air is pumped into 

the enclosure, this strategy is insufficient to completely vent all of the smoke 

from the room. Further, the layer of diluted smoke will occur at the base 

of the confined region, potentially affecting inhabitants if the room is very 

tall. 

We now examine figure 2.8 for the case R* -ý 1. Firstly, we expect that 

as R >> S, ýj -+ 0, with ýj > ý,,. We explain this as follows. 

As R* increases, h decreases, and so the ascending plume has a less deep 

lower layer to flow through. This implies that it entrains less fluid from 

the lower layer as R* increases. Hence, the ascending plume arrives at the 

interface less diluted. Conversely, the density of the descending plume will 

decrease as R* increases. However, since & --* 0, the density of the lower 

fluid layer will also decrease as R* increases. This is the behaviour shown 
for all values of R in figure 2.8. 
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FIGURE 2.8: Density of the lower fluid layer in the unequal- in agnitu de case. The curves 

are plotted for the same three values of R, namely: - -, R=0.1 R=1.0 1 

,R= 10.0. 

2.4 Application: Heating and Cooling of a Finite 

Enclosure 

In this section, we describe a direct application of the steady-state dual- 

plume filling-box model. We consider a large room subject to certain flow 

conditions. The first of these is air conditioning, represented in the model 

by a flux of relatively cold fluid. The room also contains a source of heating, 

represented by an upward- propagating relatively hot flow of fluid. Finally, 

the room also has an open window, which is considered to be a single- 

directional mass sink. Physically, we state this assumption as neglecting the 

effect of wind external to the ventilated region. Hence, fluid in the confined 

region leaves via the mass sink, but external fluid does not flow into the 

room through the window. This is valid if the pressure inside the container 
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is greater than the pressure outside the room due to the presence of exter- 

nal ambient fluid. We expect the behaviour of the system to be governed 

by temperature variations arising due the propagation of the two plumes 

through the confined region. To model the situation using this theory, we 

need to define the buoyancy fluxes associated with the flows of hot and cold 

air. Then, the numerical solution of equation (2.48) is used to calculate 

the temperature of the two well-mixed layers that form in a room subject 

to simultaneous heating and cooling. To this end, we model the intruding 

flows as incompressible fluids, but which otherwise behave as ideal gases. 

This allows the Boussinesq model of section 2.2.1 to be applied with loss of 

generalisation. To determine the buoyancy fluxes of the flows, we begin by 

using the equation of state for an ideal gas, namely: 

P= pRT (2.65) 

where R is the molar gas constant. For a small change in temperature AT, 

the corresponding change in density, at constant vaolume and pressure, is 

given by 

AP=- 
p 

AT (2-66) 
(RT2 ) 

Following the derivation of the equation specifying the location of the 

interface as a function of the mass fluxes associated with the plume sources. 

we may therefore apply equations (2.43), (2.44) and (2.48) of section 2.2 

and evaluate the location of the fluid interface and the respective densities 

of the two well-mixed layers. 

We may define the buoyancy at the sources respectively as 

AT B, =g 
( 

To 
1 (2.67) 

and 

B2 9 
(, ýW2 ) 

(2.68) TO 
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because the conserved fluid property in this case is heat flux, and where To 

is a reference temperature. 

We then define a scale for the mass flux associated with the propagation 

of the two turbulent plumes. This is analogous to equation (2.33), and is 

defined as 
9 (TI - 

T2) 2 
I 

Qp = 
A2 

I 

TO 
I H'ý (2.69) 

and we introduce a parameter with which to convert the fluid temperature 

into dimensionless form, namely 

^ Ti - T, 
Ti - T2 - TI 

(2.70) 

We may apply the equilibrium steady-state model for several physically- 

realistic values of the temperature associated with the intruding fluid and 

the mass fluxes associated with each the plume sources. We find numerical 

solutions for five different cubic rooms. The first, room A, has a height of 

3 m. Each subsequent room has a height one metre greater than the previous 

one. 

We now proceed by evaluating R and S. Taking po =I kg M-3 , the 

temperatures associated with the system to be To = 290 K, T, = 295 K 

and T2 = 285K, and so Qp = 0.108m 3 s-1. Assuming values of Q, = 

5x 10-3 M3 s-1 and Q2 == 1X 10-3 M3 s-1, and 0=4.2 X 10-5 
, we have 

Room Total mass flux QP Normalised source mass flux 

2.4 x 10- 3 M3 S-1 0.108 m3 s- 1 1.1 X 10-2 

B 2.4 x 10- 3 M3 S-1 0.221 m3 S-1 5.4 x 10-3 

C 3.47 x 10 -3 M3 S-1 0.387 M3 S-1 4.5 x 10-3 

D 5.00 x 10 -3 M3 S-1 0.610 M3 S-1 4.1 x 10-3 

E 6.81 X 10 -3 M3 S-1 0.897 M3 S-1 3.8 x 10-3 
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In the case of room A, the lower fluid layer has a temperature of 293.03 K 

and the interface is located at 1.52 m. In the case of room E, the lower layer 

temperature is 292.57 K and the interface is located at 3.30 m. 

The following table shows the results for each room in the case of sources 

which possess equal associated mass fluxes. 

Room: h 

A 0.503 0.512 

B 0.502 0.512 

c 0.501 0.510 

D 0.501 0.509 

E 0.501 0.508 

In the case of sources which possess unequal associated mass fluxes, such 

that R= QO/4, and S= 3Qo/4, we have: 

Room A: h=0.506, ýj = 0.803. 

Room B: h-0.472, ýj = 0.757. 

We may now evaluate the temperatures in the upper and lower layers. 

Proceeding analogously to section 2.2, we have t,, = 0.192 and tj = 0.929. 

Returning to dimensional variables, we find: 

1.54m (2.71) 

T� = 293. IK (2.72) 

Tj - 285.7K (2.73) 

Consequently, the interface is located near the middle of the room. This is 

consistent with the explanation of the unequal- magnitude case discussed in 

section 2.3.5, because although the sources are of comparable strength, the 
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total flux of mass flowing through the room is relatively small. The principle 

effect of the sources of heating and cooling is to introduce a temperature 

contrast of 7K, which occurs across a sharp front. 

Faber & Kell (1987) discuss the practical applications of air conditioning 

in detail. The Health and Safety at Work Act, 1974, recommends that a 

minimum of 4.7 litre s-1 of outside air be provided, per person, to meet 

the requirements of the act. The London Building (Constructional) By-laws 

1972 specify that if a room may not be naturally ventilated, mechanical 

ventilation of a minimum of 22 m3 per hour per person, or 5m3 per hour 

per square metre, whichever is greater, is required 

To examine the implications of the latter of these conditions, we apply 

the model of Chapter 2, and evaluate the steady-state configuration for 

rooms of different sizes. We make the assumption that the enclosed regions 

are cubic in shape, and that there are four occupants in each case. The 

conditions are summarised in the following table: 

Room Height Ventilation required 

due to room size 

A 3m 1.25 x 10 -2 kg M-3 

B 4m 2.22 x 10 -2 kg M-3 

c 5m 3.47 x 10 -2 kg M-3 

D 6m 5.00 x 10 -2 kg M-3 

E 7m 6.81 X 10 -2 kg M-3 

Hence, for case A and case B, we use the condition requiring 22 M3 per 

hour per person, namely 2.4 x 10-2 M3 S-1. Hence, we may see that following 

the guidelines in this case produces two fluid layers of approximately equal 
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depth. This implies that the fluid interface has a height of at least 1.5 

metres, and this is sufficient to allow the relatively hot upper layer to be 

located above the level of the occupants. 

2.5 Conclusions 

A model has been formulated for the equilibrium steady-state regime of a 

system comprising two sources of buoyancy possessing non-zero associated 

mass fluxes. The model illustrates the importance of the turbulent mixing 

dynamics upon the global properties of this system. It predicts that two 

distinct fluid layers form, separated by a well-defined fluid interface. These 

two layers may be approximated as well-mixed to leading order, and the 

theoretical model predicts their respective densities and the location of the 

interface. 

Additionally, the effects of the flux of mass flowing through the sys- 

tem are examined in detail, and compared with the case for which the 

sources possessed zero associated mass flux, which was studied by Baines & 

Turner (1969). It was found that the system always converges to a stably- 

stratified configuration, regardless of the mass fluxes associated with the 

plume sources, as long as the assumptions used in deriving the model are 

sustained. There is a strong inherent asymmetry present in the system due 

to the location of the outflow vent. This is apparent even in the case whereby 

the sources provide equal input mass fluxes to the system. In this case, the 

principle effect of mass entering the confined region is to displace the fluid 

interface so that it is located closer to the upper boundary of the container. 

This subsequently affects the dilution of the plumes as they propagate from 

their respective sources to the interface location. The descending plume, 

for example, will flow a shorter vertical distance through a region with a 
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relatively large density contrast when the fluid interface is located close to 

the top of the confined region. A notable result is that when the two sources 

possess equal associated mass fluxes, the upper layer attains a constant den- 

sity equal to the average of the source input densities. This is independent 

both of the location of the fluid interface and also the input mass fluxes 

themselves. The lower-layer density, however, is strongly dependent upon 

the location of the fluid interface as well as the mass fluxes associated with 

the plume sources. 

One of the most important consequences is the success of both the numer- 

ical solution and the analysis of the physics in predicting the circumstances 

under which initial conditions cause the system to comprise a single fluid 

layer. In this situation, there is no interface. The region of fluid inside the 

box is well-mixed to leading order and has an overall density comparable 

to the input density of the descending plume. This is of great use in many 

physically relevant scenarios, for example the flushing of a toxic gas leak 

from the interior of a factory. A detailed application and calculation was 

presented for the situation of simultaneously heating and venting a room. 
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Chapter 3 

Experiment 

"But here there is no light, 

Save what from heaven is with the breezes blown, 

Through verdurous glooms and winding mossy ways. " 

- Keats, "Ode to a Nightingale" 

3.1 Introduction 

In this chapter we present some experimental results relating to the steady- 

state dual-plume filling box system. Our aim is to substantiate both the 

validity and the predictions of the theoretical model. 

In order to test the theory presented in chapter 2, we first consider 

the experimental configuration for the analogue salt-bath experiments. The 

magnitudes of the initial mass fluxes associated with the plume sources in the 

laboratory have a limited range of values which produce turbulent buoyant 

plume flows in the tanks used in the experiments. Firstly, relatively small 
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values of R and S give rise to plumes which have a relatively large zone 

of flow establishment. This is defined as the lengthscale over which the 

flow has adjusted to be in pure plume balance. Further, plumes with very 

large values of R and S give rise to flows that are dominated by their initial 

momentum flux. In this situation, the plumes may have a zone of flow 

establishment Comparable to the vertical height of the container. Neither 

of these extremes are well-represented by the assumptions used to derive the 

fundamental model of Chapter 2. Hence, there is a limited range of values 

of R and S which lie in-between the two extreme cases described above. 

Consequently, the range of values that h may take, and the subsequent 

values of ý1, are relatively small. We may test experimentally the predictions 

of the model of the fundamental system, but not over the entire range of 

parameter space represented by the numerical solutions. 

It is clearly important to gather sufficient experimental data in order to 

test the theoretical predictions appropriately. The suitable parameter ranges 

for the values of R and S are discussed further in §3.1.1. A modification 

to the fundamental model of Chapter 2 was proposed in order to increase 

the amount of experimental data that could be gathered. This modification 

kept the essential physics of the original system unchanged. The modified 

steady-state model is described in §3.2, and elaborated upon further in 3.2.1. 

In section 3.3, the experiments are discussed. A description of the experi- 

mental technique comprises §3.3.1, and some qualitative observations noted 

throughout the course of the experimental work are detailed in 3.3.2. The 

results of the experiments are presented in detail in §3.3.3, and the data for 

the location of the fluid interface for various values of R and S are compared 

with the corresponding numerical calculations. Finally, the conclusions of 

this Chapter are drawn and discussed in section 3.4. 
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Discussion of the Experimental Scales 

It is also of importance to note that the construction of the plume sources 

is significant in ensuring that the resulting plume flows are within the range 

of mass fluxes representative of the turbulent buoyant plume flows assumed 

in the model of Chapter 2. If the aperture of the mass sources is too big, 

the resulting plume flow is distributed over a relatively large area. Such a 

flow does not conform to the original model due to Morton et. al. (1956), 

which assumed that the turbulent plume originated from a point source 

of buoyancy. Such a source is an idealisation, however, and is physically 

impossible when the resulting flow possesses a finite associated mass flux. 

However, if the orifice has a very small cross-sectional area, the resulting 

flow will have a significant jet length. Along this scale, the plume will be 

dominated by the momentum flux associated with the source conditions. 

Even for a moderate source of mass with a relatively small cross-sectional 

area, previous experimental observations indicate that the jet length may 

be of the order of several centimetres. An expression for the jet length, J., 

was defined initially by Morton (1959) according to: 

M03 /4 

B 1/2 
0 

(3.1) 

where MO and BO are the initial fluxes of momentum and buoyancy re- 

spectively. In the set of experiments presented here, the values of the 

jet lengths associated with the turbulent plumes was found to be between 

J-1.5 - 2.5 cm. 

There also exists a range of values of the associated mass fluxes which 

approximate a plume flow which is fully turbulent but not dominated by 

the initial momentum flux at the fluid source. In such a case, the plume 

flow rapidly adjusts to a self-similar, but fully-developed, turbulent flow 
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within a relatively small vertical distance from the fluid source. It is plumes 

originating from such source conditions that may be well represented by the 

theory of Chapter 2. The experimental results in the present Chapter relate 

to these source conditions. 

We note, however, that restrictions in the values of R and S in the 

experimental configuration also affect the range of values that may be taken 

by the densities associated with each fluid layer. This is because the density 

associated with each fluid layer is a function of R and S, as specified by 

equations (2.44) and (2.45) of Chapter 2. Therefore, if the assumptions of 

Chapter 2 cannot be applied to the dimensionless values of the mass fluxes 

associated with the plume sources, the fluid flows in the experiments will not 

be accurate representations of the corresponding experimental quantities. 

For very large values of the initial source mass fluxes, the plume flows 

are completely dominated by the vertical component of their initial momen- 

tum flux. These effects were observed to be significant enough that the 

construction of the plume sources still resulted in flows that had a large jet 

length. In this circumstance, the resulting plumes were of such dimensions 

that interaction with the vertical boundaries of the container and also with 

each other, were unavoidable. The flow regime represented by these values 

is incompatible with the assumptions made in the model of Chapter 2. Ex- 

periments were therefore not performed for values representing these source 

conditions. We may derive an expression to determine whether the plume 

flow is free of the influence of the vertical boundaries of the container. From 

the similarity solution of Morton et. al. (1956), we have: 

Q=AB 1/3 
z 

5/3 
0 (3.2) 

and for the effective radius b(z) as a function of vertical distance from the 
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source, we have: 

b(z) 
6c 

(3.3) 
5)z 

Combining these two expressions, after some algebra, yields: 

b (H) = 
(6 c) 

1/3 

3/5 

(3.4) 
5 ABO 

I 

and so, when b (H) <<L, where L is the horizontal lengthscale of the con- 

fined region, the plume will be free of the influence of the vertical boundaries 

of the container V z. In terms of the dual-plume filling-box system, this is 

modified to 

basc (Z = H) + bdesc (Z = 0) << L (3.5) 

so as to consider the effect of both plumes. Over the course of all the 

experimental work, two different tanks were used. For each tank, H= 

30.0 cm, while the physical height of the containers was 35 cm. All the 

experimental data presented here was obtained by using a tank for which 

L= 44cm. 

3.2 Vert ically- Displaced Sources 

We desire to obtain a wide range of experimental data in order to test the 

fundamental model of Chapter 2. Hence, to overcome the restriction of the 

limited range of values of the initial mass fluxes associated with the fluid 

sources, it was decided to introduce two perturbations to the fundamental 

model. 

We consider the situation whereby the plume sources are located a ver- 

tical. distance above and below the lower and upper boundaries respectively. 

This configuration is depicted in figure 3.1. 

A priori, we expect that displacing the fluid sources will cause the in- 

terface to be located at a different position compared to the fundamental 
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zu 

Q4 

Q3 

ZI 

FIGURE 3.1: Illustration of the dual-plume filling-box system with fluid sources dis- 

placed from each boundary. i,, and ýj are defined as shown on the diagram. 

system. If the mass fluxes of the plume sources are equal in magnitude, 

then we expect that the interface is located at the midpoint between them. 

We incorporate these perturbations into the model by proposing that the 

principal effect of displacing the sources is to reduce the flux of ambient 

fluid entrained by the plume as it flows the vertical distance from source 

to boundary relative to the undisplaced case. Hence, in dimensional form, 

the volume fluxes of the ascending and descending plumes now have the 

respective forms: 

QI =AB 
1/3 (h + hi )5/3 (3-6) 1 

Q2 = AB 1/3 (H -h+ h� )5/3 (3.7) 

where A is an empirical constant, B, and B2 are the initial buoyancy fluxes 

of each plume, h is the vertical distance from the lower boundary, H is the 

height of the container, and h, and h,, are the virtual origin terms for the 

ascending and descending plumes respectively. Normalising as per before, 
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we have: 

, 1/2h5/2 R=ý, 1 (3-8) 

ýU) 1/2 h5/2 (3-9) 
u 

while the interfacial volume fluxes become 

1/2 + 
5/2 

Q3 ýj (3.10) 
5/2 &2 

-h+ 
hu ýu ý4 

u)(i 

Proceeding in a similar manner to Chapter 2, we may use the local conser- 

vation equation 

Q3 Q4 (3.12) 

to derive an expression for the location of the interface as a function of R 

and S. If we now introduce a parameter -y, defined according to 

R 5/2 

R+S u U) (3-13) 

then equation for the density of fluid associated may now be written as 

S)- R+ (I _ ýu) 1/2 (1 
_h+ 

hu 
_ ýu ) 

5/2- 

R+S (I 
_ ýU)1/2 (i-h+ hu 

- ýu ) 
5/2 

Hence, we may express equation (2.48) in terms of the dimensionless mass 

fluxes associated with the plume sources and the respective source displace- 

ments: 

7)2/5 
2/5] 

[(R) 1/2 )] 
2/5 

+ ýj [(R+ R 
R+S 

(R 
+ -y 

3.3 Experimental Method 

In order to understand the global dynamics of the dual-plume filling box, 

a series of analogue laboratory experiments were performed. The purpose 
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of these was twofold. Firstly, observation of the experiments led to the de- 

velopment of physical insight into the behaviour of the system. Secondly, 

recorded measurements allowed verification of the mathematical model that 

was derived following the experimental observations. We describe the exper- 

imental method in the following section, and in §3.3.2, we comment upon 

the qualitative observations gained during the course of the experimental 

work. The empirical results are then presented in 3.3.3. 

3.3.1 Description of the Experimental Technique 

The experiments were performed using a rectangular glass tank of dimen- 

sions 30cm by 30cm by 46cm. A series of test experiments were performed in 

this container for a wide variety of source mass fluxes. This allowed a range 

of mass fluxes to be established for which the resulting plume flows were ob- 

served to correspond with the assumptions discussed in section 3.2.1. This 

ensured that the tank was of sufficient volume such that the vertical bound- 

aries did not influence the flow of the turbulent plumes for the proposed 

range of mass fluxes associated with the fluid sources. These prelimenary 

experiments consisted of a filling-box flow driven by a single source of buoy- 

ancy with an associated flux of mass. 

The single-plume filling-box experiments also served another important 

purpose. In the early stages of the experimental work, ball-bearing flow- 

meters were used to control the mass flux of fluid supplied to the confined 

region via the each source. However, the flow-meters were found to be un- 

satisfactory for the flow rates utilised in the experiments. Hence, the single- 

plume experiments were used to calibrate two Flowstat electrical pumps. 

Further, the experiments were repeated for both sources to ensure that their 

construction was adequate enough to minimise any experimental error. 
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Gauze s#s 

77 

FIGURE 3.2: Schematic illustrating the basic construction of the fluid sources used in 

the experiments. Arrow indicate the direction of flow through the source, with the exit 

nozzle located on the left. Note the location of the gauze strips. These are positioned to 

induce the flow to become turbulent if the volume flux is relatively small. 

The buoyant fluids used to create the plumes were driven by two elec- 

trical pumps. Density contrasts were created using pure salt to produce 

aqueous saline solutions. The fluid was dyed using industrial food dye to in- 

crease clarity of observation, and visualised using a shadowgraph in conjunc- 

tion with a video camera. The outflow vent consisted of a siphon connected 

to a large external reservoir. The plumes were generated via buoyant fluid 

flowing into custom-built sources. Principally, the sources were designed to 

reduce the jet-like characteristics associated with plume flows which pos- 

sessed a large initial mass flux. Their construction is illustrated in figure 

3.2. Further, the experimental set-up is depicted in figure x. 

The ambient density profile was measured during the experiment by 

withdrawing small samples of environmental fluid from fixed points within 

the container. The salinity of these samples was measured using a temperature- 

compensated refractometer. Great care was taken to minimise disturbances 

to both the plumes and the fluid interface during the measurement process. 

This was achieved by using a custom-built frame to suspend the sampling 
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tubes at the required position within the container. Fluid samples were then 

carefully withdrawn from the flow field by using a small amount of external 

suction. This was established by the use of pipettes. 

The fluid sampling was repeated at regular time intervals. The location 

of the fluid interface was measured at each time interval prior to withdrawing 

fluid. The data for the evolution of the density profile is presented in Chapter 

7. 

3.3.2 Experimental Observations 

The evolution from the initial conditions to steady-state progressed through 

several distinct stages. The transition to equilibrium was observed to be 

dependent upon both the initial conditions and the mass fluxes associated 

with the fluid sources. In this section, however, we are concerned only 

with experimental results relating to the final equilibrium state. Hence, we 

will briefly describe the time-dependent stages, delaying a more detailed 

discussion until Chapter 6. Further, we note that we describe a simple 

experiment here, leaving a detailed discussion of other possibilities until 

Chapter 6. 

Upon starting the experiment, a turbulent buoyant plume flow originated 

from each of the fluid sources. The plumes subsequently flowed a vertical 

distance H. At this point, each of the turbulent flows encountered the op- 

posite horizontal boundary of the confined region. By continuity, therefore, 

a return flow associated with each incident plume formed at the upper and 

lower boundaries of the container. 

The return flows were initially formed by a complex flow situation. For 

the purpose of the following description we refer to the ascending plume 

only, noting that the other return flow arose in an identical manner. A 
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short time after the experiment was started, the ascending plume flowed a 

vertical distance H from it source. At this point, the plume met the upper 

boundary of the container. Mass conservation indicates that the plume flow 

will intrude laterally along the horizontal extent of the upper boundary. 

Hence, two laterally spreading flows propagated away from the point at 

which the plume encountered the top of the container. These two spreading 

flows had the form of gravity currents which flowed until they reached the 

vertical boundaries of the container. At this point, a thin layer of buoyant 

fluid had formed just below the upper boundary of the confined region. 

The mixed regions that formed were initially turbulent in nature, and did 

not exhibit stable interfaces. However, this wave-like motion settled quite 

swiftly, leaving the regions with a well-defined density step. The first fronts 

then propagated uniformly away from the horizontal boundary. Eventually, 

the two filling-box fronts met at some point within the container. At this 

time, the system consisted of two well-mixed fluid layers, separated by a 

well-defined fluid interface. This was the first key step in the establishment 

of a steady-state configuration. Once the fronts met, the interface location 

did not change. However, the density associated with each of the well-mixed 

layers continued to develop until the equilibrium values were reached. 

3.3.3 Experimental Results 

Experiments were thus performed to build up a picture of the density evo- 
lution in the system and the location of the fluid interface when the fluid 

sources were vertically displaced from their respective boundaries. 

Figures (3.6) -- (3.8) are photographs of various stages of the experi- 

ments. 

Figure 3.6 shows a comparison between the theoretically determined lo- 
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Figure 3.3: Illustration depicting an experiment a short time after initiation. The two 

turbulent buoyant plumes flow towards the opposite boundaries of the container. 

Figure 3.4: Depiction of the system after a small time. The turbulent plumes have 

reached the vertical extent of the container. The subsequent lateral spread of fluid forms 

two gravity currents which flow horizontally along the upper and lower boundary of the 

confined region. 
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Figure 3.5: Illustration of the subsequent transient stage. The turbulence present in 

the two mixed regions has dissipated as they have increased in depth. The density steps 

associated with each of the filling box fronts are distinct and laminar. The two fronts 

propagate through the confined region towards the centre of the container. 

FIGURE 3.6: Photograph of the early state of a dual-plume experiment. 
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FIGURE 3.7: Photograph depicting the experiment after the two mixed layers have 

formed. 

FIGURE 3-8: Photograph showing an experiment for which the layers are close to 

convergence. 
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FIGURE 3.9: Numerical solution for the interface location as a function of the nor- 

malised mass fluxes associated with the plume sources and their respective dimensionless 

vertical displacements as compared with a series of analogue experiments. In this case, i,, 

is varied while ii remains constant. Further, R=S in all cases. 

cation of the fluid interface and the experimental results. There is good 

agreement between the results. However, there appears to be a slight fluc- 

tuation in the correlation around the point ý,, = 0.2. This may be seen by 

noting that for i,, < 0.2, the theoretical values are located slightly below the 

experimental results, but slightly above them for ý.,, > 0.2. This is partially 

due to the discrepancy introduced by the mass sink being located a distance 

below the upper boundary. This effect is relatively small, because the lower 

source displacement is also relatively small in the course of the experiments. 

Essentially, the theory considers the displaced source to be equivalent to a 

plume with a large virtual origin. Hence, a source that is displaced by a 

relatively large vertical distance is equivalent to a source which has been 

originates from a point a large distance in front of its real origin. Hence, the 

theory predicts that each source has a reduced volume flux because it has a 
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relatively small initial mass flux. In reality, the plume has a reduced entrain- 

ment flux because it propagates a shorter vertical distance before reaching 

the opposite boundary. Hence, the theory predicts the fluid interface to be 

lower because it assumes that the plume has a relatively small initial mass 

flux. In the experiment, the initial mass flux is unchanged by the displace- 

ment of sources, and so the interface appears to be located higher than the 

theory predicts. 

In all the experiments plotted on figure 3.6, the source conditions remain 

unchanged. Hence, the vertical displacement of the upper source is the 

only variable. The mass fluxes associated with each of the plume sources 

were Q=0.175 litres min- 1, while the initial ambient fluid had a density of 

po = 1015kgm- 3 The fluid entering via the lower source had a density of 

p, = 1010 kg M-3 and the fluid from upper source p, = 1030 kg M-3 . These 

values give a mass flux scale as Qp = 4.47 x 10-6 M3 s-1. Applying these 

scale, we have R=S=0.653. 

The experiments that were performed are listed in the following table: 
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Experiment Upper source 

displacement 

Initial ambient 

density 

Notes 

Al 1 cm 1.5% 

A2 2 cm 1.5% 

A3 3 cm 1.5% 

A4 4 cm 1.5% 

A5 5 cm 1.5% 

A6 6 cm 1.5% 

A7 7 cm 1.5% 

A8 8 cm 1.5% 

A9 9 cm 1.5% 

A10 10 cm 1.5% 

All 11 cm 1.5% 

A12 12 cm 1.5% 

A13 13 cm 1.5% 

Bl I cm 4% 

Cl cm 1.5% Mass sink 

in lower layer 

Ccl 12 cm 1.5% Mass sink 

in lower layer 

DI 17.5 cm 1.5% Sources in same 

horizontal plane 

3.4 Conclusions 

A simple theory has been developed to model the situation whereby the 

sources of mass and buoyancy are displaced from their respective boundaries 
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in the interior Of the confined region. The theory provides a simple method 

of estimating the position of the fluid interface, which should be located 

halfway between the sources if the mass fluxes associated with the sources 

are equal in magnitude. 

Experiments were performed to measure the location of the fluid in- 

terface for the dual-plume filling box with vertically-displaced sources for 

various values of R and S. It was observed that a sharp fluid interface al- 

ways formed, and hence there were two distinct fluid layers. However, in the 

case of fluid sources being displaced a large distance from their respective 

boundaries, the fluid layers ceased to be well-mixed. The strength of the 

resulting stratification was also found to be related to the displacement dis- 

tance. In all cases, the experiments converged to a two-layer configuration, 

within which the stratification was weak compared to the overall two-layer 

state. 

The experimental data was found to be in good agreement with numer- 

ical solution of the displaced-source dual-plume filling-box model derived in 

section 3.2. 
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Chapter 4 

Configurations Involving 

Line Sources 

"Some circumstantial evidence is very strong, 

as when you find a trout in milk. " 

- Henry David Thoreau. 

4.1 Introduction 

In Chapter 2, we presented an equilibrium steady-state model for a dual- 

plume filling-box system. This system was driven by a pair of opposing 

buoyancy sources. These sources produced plume flows that were axisym- 

metric. However, the research of Morton et. al. (1956) also considered 

another type of turbulent buoyant plume flow that admitted self-similar so- 

lutions. These fluid flows originated from sources that were rectangular in 

shape, and were referred to as line plumes. They were modelled quantita- 
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tively, in a similar manner to the axisymmetric plumes, by applying a form 

of the entrainment hypothesis. 

Models involving line plumes are useful in many applications. For exam- 

ple, the buoyant flow of hot air from a radiator is an example of a turbulent 

line plume. Gas leaks from fractured pipes and hydrothermal venting from 

fissures in the ocean floor are also modelled by considering the flows to 

originate from line sources. 

In this chapter, we modify the source conditions of the dual-plume fill- 

ing box system by replacing either one or both of the axisymmetric plume 

sources with a line source. The key result is, similarly to chapter 2, the 

condition that causes the interface to vanish and the system to consist of 

a single well-mixed fluid layer. Further, we are interested in how the line 

source modifies this occurrence. We also examine the parameter L, defined 

as the aspect ratio of the line source, namely L= LIW. This is of fun- 

damental importance, and we discuss quantitatively how varying L affects 

the behaviour of each of the dual-plume systems by modifying the ventila- 

tion flows. Hence, we examine different configurations of the steady-state 

system and compare the results. This leads to another new study involving 

the use of a hybrid dual-plume filling-box system, consisting of an axisym- 

metric source and a line source, to directly compare the mixing dynamics 

of the resulting flows. We are then able to answer a fundamental question: 

is it more effective to use line or axisymmetric sources if you wish to heat a 

room? 

We begin, in §4.2, by considering a dual-line plume filling-box system. 

We briefly review the fundamental theory of line plumes in §4.2.1. The in- 

herent asymmetry due to the location of the mass sink is retained in the 

system, enabling direct comparison with the model of chapter 2. The corre- 
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fi 
- __ 
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FIGURE 4.1: Diagram representing the location of the sources in the dual line-plume 

filling box. The figure represents an overhead perspective. The buoyant flow arising due 

to the temperature contrast between the source and the environmental fluid is depicted 

schematically by the shaded curves. 

sponding numerical solutions for the dual-line plume system are presented 

in 4.2.3. 

We then discuss hybrid models. By this, we refer to a dual-plume filling- 

box system consisting of a line plume and an axisymmetric plume. In §4.3. 

we study a hybrid system with an ascending line plume, and in section 4.4 

a hybrid system with an ascending axisymmetric plume. 

We end this chapter, in §4-5, by drawing some overall conclusions. 

4.2 The Dual-Line Source Filling-Box System 

4.2.1 Effectively Two-Dimensional Plume Sources 

In this section, we briefly review the model of a turbulent buoyant line 

plume. 
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Following a similar approach to that for an axisymmetric plume (please 

refer to Chapter 1), by assuming an entrainment hypothesis, we arrive at a 

system of three ordinary differential equations: 

dQ eM (4.1) 
dz Q 

dM BQ 
- (4.2) 

dz M 
dB 

-0 (4.3) 
dz 

where the equations again represent conservation of the fluxes of volume, 

momentum and buoyancy per unit length. respectively. These quantities 

are specified by Q= ub, M= U2b and B= g'ub in terms of the mean 

vertical plume velocity u and the effective plume length b. Note that these 

expressions are for a uniform ambient, and so right-hand side of equation 

(4.3) vanishes. Dimensional analysis results in an expression for the mean 

plume velocity, namely 

B 1/3 
0 (4.4) 

which is constant for a given initial buoyancy flux BO. Further, direct sub- 

stitution leads to 

cz (4.5) 

and) consequently, we have 

U (4.6) 
= ('0) 

Analogously with the case of an axisymmetric plume, the equations rep- 

resenting the flow of a line plume have exact solutions in a homogeneous 

environment. The self-similar solution for the volume flux as a function of 

vertical distance from the plume source takes the form 

Q=AB 113Z (4.7) 
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where A -- 0.1 (Turner, 1986). We now proceed to derive the equation for 

the interface location taking into account the modified expressions for the 

mass fluxes associated with the plume sources. 

To model the configuration of the system as depicted in figure 4.1, we 

make the following assumptions. Firstly, we assume that the sources are 

positioned such that the two buoyant flows do not interact with each other 

as they propagate through the container. Also, we impose a constraint upon 

the physical location of the sources, namely that they are situated in such 

a manner that the consequent line plumes possess self-similarity as they 

propagate through the container. Figure 4.1 depicts a possible location of 

the two line sources. The shaded rectangles illustrate the sources positioned 

away from the influence of the boundaries of the container. In this case, 

the resulting flow is illustrated by the dashed lines. We assume that the 

source produces an effectively two-dimensional flow. We therefore expect 

that the region at the end of each radiator, indicated by the curved section 

of the dashed lines, has a negligible effect upon the overall dynamics of the 

resulting plume. 

In the simplest configuration, we make the assumption that each of the 

two line plumes in the filling box system arise from sources of equal length. 

This constraint implies that the buoyancy flux per unit length associated 

with each of the plume sources will be equal. However, we expect that 

the horizontal length associated with each source will be of considerable 

importance in the overall dynamics of the resulting flow, assuming that 

each of the radiators provides the same total heat input. 

In Chapter 2, it was found that the net entrained flux associated with 

each plume was the critical physical quantity that determined the behaviour 

of the system. Hence, we briefly compare the similarity solutions for the 
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volume fluxes of axisymmetric plumes with line plumes. 

The volume flux as a function of vertical distance from the source for a 

self-similar line plume is given by the expression 

Ql = ALB1113 zL (4.8) 

where L is the length of the line source and AL is an empirical constant 

associated with the turbulent buoyant line plume. Correspondingly, the 

solution for a plume originating from an axisymmetric source is 

1/3Z5/3 Qa = AABa (4.9) 

where AA is the empirical constant for a round plume. The effectively two- 

dimensional nature of the line plume implies that the the length of the source 

is a key parameter in determining the dynamics of the subsequent flow. For 

direct comparison with an axisymmetric plume, the total buoyancy flux 

associated with a flow originating from a line source is 

B= BlL (4.10) 

We may now examine the relative efficiency of each type of flow in ventilating 

a room. This is essentially due to the mixing dynamics associated with 

the flows as they propagate through the container. Hence, we introduce a 

parameter q, defined by 
Qa 
Ql 

(4.11) 

where the overline denotes the total volume flux possessed by the buoyant 

flow when it has propagated a vertical distance IT We note here that, given 

sufficient vertical freedom, the line plume will eventually asymptote to a 

form comparable with a corresponding round plume. Hence, at a vertical 

distance z from the source, the line plume will have an associated effective 
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width cz, and so the flow evolves according to 

L 
-> (4.12) 
z 

i. e. 
L 
EZ 

(4.13) 

Consequently, we may define a length scale z, as the distance from their 

respective sources such that the line plume and the round plume possess 

identical associated volume fluxes. Therefore: 

(A, ) 3/2 
zc L- 

A2 
(4.14) 

Hence, zc represents the vertical distance from the source such that a line 

plume of given associated mass flux asymptotes to possess the same flux of 

volume as an axisymmetric plume with an identical initial mass flux. 

4.2.2 The Dual Line Plume Filling-box: 

Derivation of the Model 

We now proceed to formulate a model for the steady-state dual line-plume 

filling box system. We follow the same methodology as per the derivation 

of the model in Chapter 2. Hence, we will describe only briefly the details 

in this section. 

The respective line source mass fluxes may be written in terms of the 

total source buoyancy fluxes as follows: 

Ql -: -- AL 
(B1113) 

L, 

(Bl /3) 

Z Q2: ': AL 2 (4.16) L2 

where B, and B2 are the total buoYancy fluxes of the respective plume 

sources, L, and L2 are the lengths of the respective plume sources and AL 
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is an empirical constant for the line plume. We now proceed to introduce 

scalings to transform the variables to dimensionless form. We select an 

appropriate scale for the mass fluxes associated with the plume sources, 

namely 

A 3/2 90 (P2 - PI) 
/2 

H 3/2 (4.17) 
pL LI Po 

I 

where the dimensionless parameter L is defined as the ratio of the length 

of the line source to the vertical height of the confined region, namely L= 

LIH. Further, we may define the volume fluxes associated with each of the 

turbulent buoyant line plumes as they propagate across the fluid interface. 

These quantities are defined according to 

Q3 AL go (pi - pl) /3 
(hi + yi) 

1 

Po 

I 

2- Q4 - AL 
I g, 3 (p 

Po 

Pu) ] 1/3 

(hu + yu) 

where Q3 is the interfacial volume flux associated with the ascending line 

plume, and Q4 the corresponding quantity for the downward-propagating 

flow. 

However, we note that from the self-similar solution for the volume flux 

associated with a line plume as a function of vertical distance from the 

source, namely 

Ql AL 
(B) 1/3 

L 
(4.20) 

where B is now the total buoyancy flux at the plume source. We may re- 

arrange to yield: 

Q1 - AL ( gi Q1 ) 1/3 

Z (4.21) 
L 

and hence: 

ý3/2 

1/2 
3/2 Q1 Lz 

(4.22) 
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Therefore, in dimensional form, the interfacial mass fluxes Q3 and Q4 be- 

come 

Q3 =A 
3/2 90 (Pl - PI) 

/2 
(h, + yl)3/2 (4.23) LI po L, 

I 

Q4 3/2 90 (P2 - Pu) 
/2 

(hu + )3/2 (4.24) = AL 
I 

po L2 

I 
Yu 

In dimensionless form, these become: 

Q3 
1/2 

+ it, ) 3/2 
(4.25) 

ý4 
(I 

_ ýU ) 1/2 
h+ hu ) 3/2 

(4.26) L2 

where L, and L2 are the lengths of the lower and upper line sources respec- 

tively. 

We now consider the case for which LI = L2 = L, say. The initial mass 

fluxes associated with each of the plume sources may also be normalised by 

scaling with equation (4.19). Hence, we have: 
1/2 h3/2 Ql 

(4.271) 
QpL 

) 1/2 h3/2 

S=. 
Q2 Ru 

(4.28) 
QpL R+S 

-L 
and so the virtual origins associated with each of the plume sources are: 

hu - SL 
R+ S)1/212/3 

(4.29) 
(R 

RL 
2/3 

(4.30) 
-1 Pi 

/2 

We now proceed by considering conservation of mass and buoyancy. 

Global conservation of mass remains unchanged from the case of chapter 

2, and hence the expression for the dimensionless density of the upper fluid 

layer is given by 

=s Pu 

R+S (4-31) 
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We may now follow identical algebraic steps to equations (2.3) to (2.12), 

and similarly obtain the relations: 

(4) - (7) ::: * P4 PI (4-32) 

P3 Ou (4.33) 

as expected. 

We now proceed to find an explicit expressions for lower layer density. 

We follow the same process as per Chapter 2, and obtain 

SLR+ (1 1/2 (1 
+ 

3/2- 

(4.34) 
R+S (I 

- U) 
1/2 (1-h+ hu ) 3/2 

This is as expected, because the global conservation laws are unchanged 

in the case of the dual line-plume system. The internal mixing processes 

differ from the case of a system driven by a pair of axisymmetric plumes, 

however, and hence the local conservation laws are not the same as for 

the configuration described in chapter 2. The net flux of mass across the 

interface is given by 

Q3 -:::::: Q4 + Ql (4-35) 

which in terms of dimensionless variables may be written as 

(1 ý", )1/2 
3/2 1/2 + hl) 3/2 

R+(I-h+ h" )1 (4.36) 

Upon rearrangement of equation (4.36), we have an expression for the loca- 

tion of the fluid interface 

LR+ (I _ ýU) 1/2 (I-h+ hu ) 3/2 

- 

2/3 

- hi (4.37) 
1/2 

Manipulation of equation (4.37) leads to 

1/2 2/3 1/2 ýU)1/2 h+ hu ) 3/2 
L 

1/2 2/3 

) 

L] ýu 

(R+ 

(1 _ ýU)1/2 (I 
-h+ 

hu ) 3/2 L 

(4-38) 
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Therefore: 

R+ (1 1/2 (I-h+ hu) 3/2 
L 

2/3 

R )2/3 

(4-39) 1/2L 1/2 

If we now introduce a parameter -y, defined according to 

-ý =(R) 
1/2 

h+ hu ) 3/2 
(4.40) 

R+S 

then equation (4.38) may now be written as 

1/2 2/3 
)1/2 )1/2 12/3 

A 

Ll I ýu R+ -y -L 
and 

(R) 1/2 1 
2/3 

2/3 
1/2 7 1/2 2/3 

-=RI) (4.42) 
A Ll 

[(I 

- ýu R+ -y 

Hence, we may express equation (4.39) in terms of the dimensionless mass 

fluxes associated with the plume sources 

R )1/2 
2/3 

yj 
) 2/3 

-R 
2/3] 

R+S R+L 
(4.43) 

Further, equation (4.43) is consistent with the analogous relation for the 

dual-axisymmetric plume filling-box model derived in chapter 2. Following 

the same steps yields a similar relation, namely: 

[(R+ Y)2/5 -R 
2/5] R) 1/2 )12/5 

(4.44) 
R+S 

(R 
+ 

4.2.3 Numerical Results for the 

Dual Line Plume System 

We now present the numerical solution of equations 4.49 and 4.59, relations 
for the density of fluid associated with the lower layer and the location of 

the fluid interface, respectively. The results are presented for the equal- 

magnitude case of R=S. The more general situation, for which R 54 S, is 

discussed in section 4.26. 
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4.2.4 The Equal-Magnitude, Equal-Length Case: 

R=S, ýR 
= -ýS 

We begin by considering the simplest case, for which the magnitudes of the 

mass fluxes associated with the plume sources are equal, and the the aspect 

ratio of the line sources are also equal. Hence, R=S and LR = LS = L. 

We begin by considering L= 15, which is a typical experimental value for 

the construction of a line plume. 

Figure 4.3 shows the numerical solution of equation (4.44), with the 

corresponding graph of h as a function of R for the dual-axisymmetric filling- 

box system. The latter is duplicated from figure 2.3 of Chapter 2. 

We note that the location of the fluid interface is a monotonic function 

of R for the dual-plume system, as it was for the model of Chapter 2. This 

follows directly from consideration of the fractional dilution, D, of the dual- 

line plume configuration. However, in contrast to the model of Chapter 2, 

the line plume system exhibits different values for h as R --ý 0 and also for 

the critical value R such that the system comprises a single fluid layer. 

Firstly, we denote bi and & as the fractional dilution associated with 

a line plume and am axisymmetric plume respectively. We assume that the 

mass flux associated with each source is equal, and we use the definition 

of b from equation (2.56) in Chapter 2. Consequently, we may explain 

the quantitative differences in figure 4.2 by comparing the fractional plume 

dilutions. For the line plume, this has the form 

(h 
+ ft) 312 

_ 
h3/2 

(4.45) 
h3/2 

Let us suppose that the virtual origins associated with an ascending line 

plume and an ascending axisymmetric plume are equal in magnitude. Fur- 

ther, the initial mass fluxes associated with each plume are equal, and each 
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of the plumes flows in ambient fluid of density &. After the flows have pro- 

gressed a vertical distance ft, equation (4.45) indicates that the line plume 

will have experienced a relatively smaller fractional dilution than the ax- 

isymmetric plume. Hence, the net entrained flux of the axisymmetric plume 

will be larger in magnitude. This is the key concept in explaining figure 4.2. 

It follows that if the plume is driving a filling-box, the magnitude of the 

return flow will be greater for the plume which has the greater net entrained 

flux at the top of the container. For each value of R, the axisymmtric plume 

will therefore drive a return flow greater in magnitude than the line plume. 

In a dual-plume filling-box, where the mass sink is located in the upper 

layer, this governs the location of the fluid interface. This is because the 

return flow due to the ascending line plume will be weaker in magnitude 

than in the axisymmetric case. Therefore, the fluid interface will be located 

closer to the top of the container. This is the behaviour shown in figure 4.4. 

It therefore follows that the dual-line plume system will consist of a 

single fluid layer at a smaller value of R than for the model of Chapter 2. 

Repeating the calculation of section 2.3.4, we find that R,, it = 9.21. This 

value is in excellent agreement with the numerical results. 

Figure 4.4 shows the lower-layer density as a function of R. The nu- 

merical solutions are plotted for both the dual-line and dual-axisymmetric 

filling-box systems. We see that in both cases the density of the lower fluid 

layer approaches the input density of the descending plume as R increases. 

However, for the dual line-plume system, ýj -ý I for a relatively small value 

of R. However, this is consistent with the argument presented above. The 

lower-layer density is the density of the descending plume at the interface. 

As in Chapter 2, ý,, = 0.5. Further, as the upper fluid layer decreases in 

depth as R increases. This is the behaviour shown in figure 4.4. Therefore, 
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Interface Location as a Function of R for R=S 
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"Dual-Axi" 

0.8 

0.6 

0.4 - 

0.2 - 

0- 
0.1 

R 
10 

FIGURE 4.2: Location of the fluid interface as a function of the normalised mass flux 

associated with the ascending plume. The dashed curve refers to a dual-plume filling-box 

system driven by a pair of line plumes. The continuous line is the corresponding system 

comprising two axisymmetric plumes. In this case, L= 15. 

as R increases, the descending plume is less diluted with fluid from the upper 

layer as it reaches the interface. We already have the result that a line plume 

undergoes less fractional dilution than an axisymmetric plume over the same 

vertical distance if all other parameters are equal. Hence, the descending 

line plume will arrive at the interface less diluted than a corresponding ax- 

isymmetric plume. Therefore, the density of the lower layer increases by a 

greater amount due to a line plume. The lower-layer density will therefore 

--* 1 for a smaller value of R than for a dual line-plume filling-box system. 

This is the behaviour shown in figure 4.4. 
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FIGURE 4.3: Density of the lower fluid layer as a function of the normalised mass flux 

associated with the ascending plume. The dashed curve refers to a dual-plume filling-box 

system driven by a pair of line plumes. The continuous line is the corresponding system 

comprising two axisymmetric plumes. In this case, L= 15. 

4.2.5 The Equal-Magnitude Case for Varying ý 

We now present numerical results corresponding to figures 4.3 and 4.4 of 

the previous section, but in this case we examine the implications of varying 

values of L. 

Recall that L= Lj1Wj, where Li is the length of the line source and 
Wi is its respective width. Hence, as L 

-ý 1, the line source will become 

progressively more square in shape if the total cross- sect io nal area is the 

same in each case. 

Therefore, as ý decreases, we expect that the physical behaviour associ- 

ated of the resulting flow will change. Principally, this occurs as the source 

Graph of the Lower-Layer Density as a Function of R 

"Line-lower-dens'. 
"Axi-Lower-Dens" 
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becomes more square. This suggests the source will produce a more dis- 

tributed flow. The self-similarity of the line plume will start to break down 

as this happens. Therefore, the entrainment assumption will no longer be 

valid. We therefore expect that as L decreases, equations (4.15) and (4.16) 

will present only approximations to a line source. With this caveat, figure 

4.4 shows h as a function of R for L= 15,10,5 and 1. We note that since 

R=S in this case, each of the solution curves represent flows that originate 

from the same initial mass and buoyancy fluxes. 

We can see that as _L 
decreases, the interface is located closer to the top 

of the container. This is consistent with the increased distribution of the 

source. This implies that the plume will entrain progressively less ambient 

fluid as L decreases, and hence arrives at the top of the confined region less 

diluted. Therefore, the magnitude of the return flow associated with the 

ascending plume decreases, and the interface is located nearer to ft. 

Figure 4.5 shows the density associated with the lower fluid layer for the 

corresponding situation as for figure 4.4 as a function of R. As L -4 1, the 

plume will be less diluted. Hence, the descending plume will arrive at the 

interface relatively unchanged from its input density. Therefore, ýj -ý I as 

L 
-+ 1. 

We briefly conclude by considering the limitations of the results in this 

section. A thorough model of a distributed plume is beyond the scope of the 

present work. Hence, figures 4.4 and 4.5 represent simple approximations of 

the behviour of the dual line-plume filling-box as L 
-+ 1. 

4.2.6 The Equal-Magnitude Case: ýR 
7ý 

Ls 

In this section, we consider the implications upon the dual-plume filling-box 

system of line sources which have unequal aspect ratios. We take LR and 
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Interface Loaction as a Function of R for Various Values of L 
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FIGURE 4.4: Location of the fluid interface as a function of the normalised mass flux 

associated with the ascending plume for a dual-line plume filling-box system. Each of the 

curves represents a different value of 

LS as being the respective aspect ratios of the lower and upper sources. We 

then incorporate these into the dual-line plume model, and obtain numerical 

solutions. 

Following the derivation in section (4.2), we find that the interface loca- 

tion is given by: 

R+ -yLs 
2/3 

R 2/3] R) 1/2 -Y-Iýs 
)(I)] 2/3 

(4.46) 
R+S 

(R 

+ ^ý-LR ýR 

Further, the density of the lower fluid layer is: 

"ýL'5 
-h 

s R+ (1 )1/2 (I-+ 3/2 

(4.4 7) R+S) (I 
_ ýU) 1/2 (1 il, + h, ) 3/2 

Figures 4.7 and 4.8 show h as a function of R for the case of line sources 

with unequal lengths. 
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Lower-Layer Density as a Function of R for Various Values of L 
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FIGURE 4.5: Density of the lower fluid layer as a function of the normalised mass flux 

associated with the ascending plume for a dual-plume filling-box system driven by a pair 

of line plumes. Each of the curves represents a different value of 

We see in both figures that reducing the respective value of L decreases 

the fractional dilution of the line plume with respect to the case L= 15. 

This is apparent in figure 4.7. The interface is located progressively closer 

to the top of the container as LS is reduced. We expect the converse to 

I be the case when LS = 15, and the values Of -ýR are reduced. This is the 

behaviour shown in figure 4.8. 

4.3 Hybrid Models 

In this section, we examine hybrid dual-plume systems, namely a configu- 

ration consisting of a line plume and an axisymmetric plume. We derive 

the model for each system and present the corresponding numerical results 
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FIGURE 4.6: Interface location as a function of R for R=S. In this case, LR " 15 

and Ls = 12,10,8. 

below. 

4.3.1 Ascending Line Plume, 

Descending Axisymmetric Plume 

4.3.2 The Model 

The total fluid flux associated with the ascending line plunie at h is 

given, in dimensionless form, by 

1/2 3/2 6=ý, (h + hi) (4.48) 

We may write a similar expression for the net flux associated with the de- 

scending axisymmetric plume as it reaches the interface: 

1 1/2 5/2 
Q4 ýu) (I-h+ h" ) (4.49) 
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FIGURE 4.7: Interface location as a function of R for R=S. In this case, Ls = 15 and 

LR = 12,10,8. 

We also have expressions for the dimensionless initial mass fluxes associated 

with each of the plume sources. For the line plume, this is 

1/3h3/2 R=ý, 1 (4-50) 

and the corresponding expression for the axisymmetric plume 

S= 
(R) 1/2 

h5/2 (4.51) 
R+S u 

We may then re-arrange the above two expressions to obtain explicit expres- 

sions for each of the virtual origin terms. Firstly, hj: 

R )2/3 
(4-52) 

113_L 6 

and the corresponding expression for the upper source 

" z_ 
S)1/212/5 

S(R+ (4.53) 
R 
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Conservation of mass may be applied to the lower layer to obtain an expres- 

sion for the net flux of fluid across the interface: 

+ Q4 ` Q3 (4.54) 

In dimensionless form, the above expression becomes 

R+ (I U) 
1/2 5/2 

= 
1/2 + 

3/2 
(4-55) (i- h+hu )A 

Re-arranging this equation, we obtain an expression for h as a function of 

R, S, L and the virtual origins associated with the plume sources: 

R+ (I ýU)1/2 h+ hu ) 5/2- 3/2 

R 
2/3 

- hi (4.56) 
1/2 113_L 

Since the descending plume is an axisymmetric plume, the expression for 

the density of the lower fluid layer is identical to equation (2.45) of Chapter 

2. Substituting this expression for ý, and also hl into equation (4-56) and 

re-arranging, we obtain: 

7(R+-y)(R+ S) 1 3/4 

_ 
(R) (R+S) (R+ ý) 1/31 2/3 

(4.57) 
sLs ýy 

4.3.3 Numerical Results 

We now present numerical solutions to equation (4.57), and examine how 

the density of the lower fluid layer is affected by line sources of various 

aspect ratios. Figure 4.9 shows the location of the interface as a function of 

R for the case of a hybrid system driven by an ascending line plume and a 

descending axisymmetric plume. The corresponding result for the model of 

Chapter 2 is also presented for comparison. 

It is apparent that the the hybrid system consists of two distinct regimes 

as R increases when compared to the solution of Chapter 2. The first set of 
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FIGURE 4.8: Location of the fluid interface as a function of the normallsed mass flux 

associated with the ascending plume. The dashed curve refers to a dual-plume filling-box 

system driven by an ascending line plumes and a descending axisymmetric plume. The 

continuous line is the corresponding system comprising two axisymmetric plumes. In this 

case, L= 15. 

values to consider is for R<0.3. In this case, the interface is located below 

the corresponding dual- axisymmetric solution. We explain this as follows. 

For a given value of R, we expect that an axisymmetric plume will un- 

dergo a greater dilution over a vertical distance ý than a corresponding line 

plume. This is true in general. However, in the limit of sources with zero as- 

sociated mass fluxes, i. e. as R -+ 0, this is not the case. In this situation, the 

magnitude of entrainment is greater for the line plume. Hence, as R -- 0.1, 

the return flow associated with the line plume is larger in magnitude, and 

the interface is located below the corresponding dual-axisymmetric solution. 

The effects of sources with non-zero associated mass fluxes then become 
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clear. As R increases, the fractional dilution associated with each plume de- 

creases. Hence, there occurs a value of R such that all of the net entrained 

flux associated with the ascending plume leaves via the mass sink, and it has 

a an associated return flow of zero magnitude. In this situation, the ascend- 

ing line plume has a smaller fractional dilution compared to the ascending 

axisymmetric plume, as per section 4.2. Hence, the magnitude of the return 

flow associated with the descending plume is much larger in magnitude than 

for the dual- axisymmetric system. Hence, the effect of sources which pos- 

sess non-zero associated mass fluxes is to form a single-layer system for a 

relatively smaller value of R than for the corresponding dual-axisymmetric 

plume filling-box system. This is a key result of considerable usefulness. In 

essence, it states that if the mass fluxes associated with each source is very 

small, the line plume governs the location of the interface. However, if it 

is desired to flush all of the upper-layer fluid from the confined region, in 

the example of a hazardous gas release, the combination of an ascending 

line plume and a descending axisymmetric plume is more effective than a 

dual-axisymmetric configuration. Figure 4.10 shows the density of the lower 

fluid layer as a function of R for the case of an ascending line plume and a 

descending axisymmetric plume. The corresponding solution from Chapter 

2 is reproduced for comparison. We note that for very small values of the 

mass fluxes associated with the fluid sources, R -* 0, the density of the 

lower fluid layer is approximately the same for both systems. However. for 

R>0.3, ýj ---ý 1 at relatively smaller values of R for the hybrid system. This 

is consistent with the solutions presented in figure 4.6. As R increases, the 

value of ft is located closer to the top of the container in the case of the 

hybrid filling-box. Therefore, the descending axisymmetric plume arrives at 

the interface less diluted. Consequently, the density of the lower fluid layer 
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FIGURE 4.9: Density of the lower fluid layer as a function of the normalised mass flux 

associated with the ascending plume. The dashed curve refers to a dual-plume filling-box 

system driven by an ascending line plumes and a descending axisymmetric plume. The 

continuous line is the corresponding system comprising two axisymmetric plumes. In this 

case, L= 15. 

---ý I for relatively smaller values of R than the dual-axisymmetric filling-box 

system. 

4.3.4 Ascending Axisymmetric Plume, 

Descending Line Plume 

4.3.5 The Model 

Finally, we model a dual-plume filling-box system driven by an ascending 

axisymmetric plume and a descending line plume. The dimensionless net 
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FIGURE 4.10: Location of the fluid interface as a function of the normalised mass 

flux associated with the ascending plume for a dual-plume filling-box system. The system 

consists of an ascending line plume and a descending axisymmetric plume. Each of the 

curves represents a different value of L 

fluid flux associated with the ascending plume at the interface is given by: 

Q3 1/2 + h, ) 5/2 
1 

Correspondingly, for the descending line plume, the net flux at -- =h is 

A 

Q4 3/2 

(4.58) 

(4.59) 

As in the previous section, we may write similar expressions for nornialised 

initial plume mass fluxes: 

1/2h5/2 R=ý, '1 (4-60) 

and 

s=(R) 
1/2 

i3/2L 

R+S III, 
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After some algebra, we may obtain explicit equations for each of the virtual 

origins associated with the plume sources, namely 

R )2/5 

(4-62) 1/2 ýl 

and for the upper source, we have 

(S) (R + S)1/212/3 
(4-63) Ls 

Net flux of fluid across the interface is given by 

+ Q4 : -- Q3 (4.64) 

In dimensionless form, the above expression becomes 

+ (1 1/2 3/2 1/2 5/2 
(4.65) (i 

-h- hu )I 

Re-arranging, we obtain an equation for h: 

2/5 
R+ -yi, 

1/2 hi (4-66) 
1 

We also have: 
R 

(4.67) 1/2 A 

Since the descending plume is a line plume, the expression for the density of 

the lower fluid layer is identical to equation (2.45) of Chapter 2. Substituting 

this expression for ýj and also hl into equation (4.66) and re-arranging, we 

obtain: 

-ý 1/5 
A_ (R+S )1/5 

[(R+ 

-yL) 
2/5 

4.3.6 Numerical Results 

(4-68) 

In this section, we present the numerical results for the hybrid system con- 

sisting of an ascending axisymmetric plume and a descending line plume. 

- 
2/5 

1 1/5 
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Figure 4.12 is a comparison between the hybrid system and the a dual- 

axisymmetric filling-box. The interface location as a function of R is shown 

in both cases. 

As R --* 0, the fractional dilution of the axisymmetric plume is much 

greater than the corresponding quantity for the line plume. Hence, the 

return flow associated with the ascending plume is greater in magnitude 

than than the return flow associated with the descending plume. This is 

true even though the mass sink is located in the upper fluid layer. As R 

increases, however, the interface is located for similar values of h in both 

systems. This is because as R increases, the location of the interface is 

controlled by the fractional dilution associated with the ascending plume. 

This has been the case for each of the systems that we have examined when 

R=S. Therefore, we expect the difference in h between the hybrid model 

and the system of Chapter 2 to be small. This is the behaviour shown in 

figure 4.12. 

This is, however, an important result. It states that the difference in h 

between the hybrid system and the dual-axisymmetric case is small if the 

amount of fluid mass flowing through the confined region is relatively large. 

We expect this not to be the case for the density of the lower fluid layer. 

however. Figure 4.13 shows the density of the lower fluid layer as a function 

of R for the case R=S. A system consisting of an ascending axisymmetric 

plume and a descending line plume, and the model of Chapter 2, are shown. 

The physical effects of each of the plume flows is apparent in this figure. 

Firstly, ýj -ý I for a smaller value of R in the hybrid model than for the 

dual-axisymmetric case. This arises due to the fractional dilution of the 

descending line plume being less than the axisYmmetric plume in the model 

of Chapter 2. Hence, the descending plume arrives at the interface undiluted 
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FIGURE 4.11: Location of the fluid interface as a function of the normalised mass flux 

associated with the ascending plume. The continuous curve refers to a dual-plume filling- 

box system driven by an ascending axisymmetric plumes and a descending line plume. 

The dashed line is the corresponding system comprising two axisymmetric plumes. In this 

case, L= 15. 

for a value of R less than in the dual- axisymmet ric case. Further, for R 

0.5, ýj is approximately constant. This occurs because the lower fluid layer 

is relatively deep for R<1.0. The system remains in a stably-stratified 

configuration, however, and so the descending line plume does not decrease 

in density below - 0.5. This is also because the fractional dilution of the 

descending plume is less than the corresponding dilution of the axisymmetric 

plume. Figure 4.13 shows the lower-layer density as a function of R for the 

case of a hybrid system. The density variation is plotted for different values 

of -L. 
As before, we expect the fractional dilution of the line plume to 

decrease as L decreases. This occurs due to reduced entrainment, arising 
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FIGURE 4.12: Density of the lower fluid layer as a function of the normalised mass flux 

associated with the ascending plume. The continuous curve refers to a dual-plume filling- 

box system driven by an ascending axisymmetric plume and a descending line plume. 

The dashed line is the corresponding system comprising two axisymmetric plumes. In this 

case, L= 15. 

because of the distributed source. Hence, we expect that as L decreases, the 

descending line plume will become progressively less diluted. Hence, ý, --ý I 

as progressively smaller values of R 

graph. 

4.4 Conclusions 

This is the behaviour shown in the 

The steady-state dual-plume filling-box model of Chapter 2 has been ex- 

tended by considering a variety of different source. configurations. The prin- 

ciple investigation concerned the effects of a line source which provided a 

Lower-Layer Density as a Function of R 
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FIGURE 4.13: Location of the fluid interface as a function of the normalised mass flux 

associated with the ascending plume. The dashed curve refers to a dual-plume filling-box 

system driven by an ascending axisymmetric plumes and a descending line plume. The 

continuous line is the corresponding system comprising two axisymmetric plumes. In this 

case, -L = 15. 

non-zero associated flux of fluid mass. 

A filling-box driven by a line plume had previously been commented 

upon by Baines & Turner (1969). However, a dual-plume system had not 

previously been studied. Further, a filling-box flow driven by a line source 

which supplied fluxes of buoyancy and mass constituted new work. 

It was found that the dual-line plume filling-box system had quantitative 

differences when compared with the dual axisymmetric model of Chapter 2. 

The system considered two line plumes of equal aspect ratio. The fluid 

interface between the two well-mixed layers was found to be located closer 

to the top of the container for the dual line-plume system. This occurred 
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FIGURE 4.14: Density of the lower fluid layer as a function of the normalised mass flux 

associated with the ascending plume. The dashed curve refers to a dual-plume filling-box 

system driven by an ascending axisymmetric plume and a descending line plume. The 

continuous line is the corresponding system comprising two axisymmetric plumes. In this 

case, L= 15. 

because of the reduced fractional dilution of the line plumes compared to 

the dual-axisymmetric case. Consequently, the ýj ---ý I at a lower value of 

R. 

A simple modification to the model implied that as the aspect ratio of 

the line source was decreased, the effect was to cause the fluid flow to be- 

come distributed over an area. This was implied by the reduction in the 

fractional dilution of the line plume, which became apparent from conipar- 

ison of numerical solutions for various values of L. It was also found that 

increasing R caused the density of the lower fluid layer to tend to I faster 

in the case of a dual-line source filling-box system. 
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We then considered hybrid filling-box models. These configurations con- 

sist of a line plume and an axisymmetric plume. It was found that the 

location of the fluid interface and the density associated with the lower fluid 

layer were strongly influenced by the net flux of mass flowing through the 

system, and also whether the axisymmetric source was located at the top or 

bottom of the confined region. 
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Chapter 5 

The Nat urally- Vent Hat ed 

Dual-Plume Filling Box 

" (Come in under the shadow of this red rock). 

And I will show you something different from either 

Your shadow at morning striding behind you 

or your shadow at evening rising to meet you... " 

- T. S. Eliot, The Waste Land: I- The Burial of the Dead 

5.1 Introduction 

In recent years, there has been a considerable interest in the design of build- 

ings that are naturally venblated. In this process, mechanical air condition- 

ing is replaced in such a manner that the building is ventilated by fluid 

buoyancy and wind alone. This system has two immediate advantages. 

First, the cost of installing and maintaining the machinery to drive the air 
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flow is saved. Secondly, mechanical ventilation systems may compromise air 

quality by spreading dust, particularly if they are not regularly serviced. 

However, natural ventilation has a number of disadvantages. Firstly, dirt 

and noise from regions external to the building may be introduced into its in- 

terior. Secondly, the buoyant flows that drive the ventilation require certain 

temperature ranges in the external ambient. Hence, the natural ventilation 

process may not be so effecient in Winter. Finally, natural ventilation is 

less controllable than mechanical ventilation. Further, buildings which are 

intended to be naturally-ventilated must be carefully designed if the flows 

are to be effective. 

Since the buoyant flows through interconnected finite-sized regions are 

liable to be extremely complex, it is of interest to use simple models to aid 

understanding of natural ventilation flows. 

Cooper & Linden (1996) published a study which examined the natural 

ventilation flow in a confined region. The container was rectangular in shape, 

and possessed vents in both the upper and lower horizontal boundaries. The 

fluid flows in the confined region consisted of two turbulent axisymmetric 

plumes of opposing buoyancy. Cooper & Linden (1996) derived a steady- 

state model for the system, which predicted the density profile and the 

location of the fluid interfaces. 

However, their model considered plume flows which originated from 

sources of pure buoyancy alone. One of the principal features of naturally- 

ventilated systems is the displacement of fluid through a vent to allow fluid 

with a more desirable temperature, say, to flow into the room. Such dis- 

placement ventilation often involves fluid flows with an associated mass flux, 

for example the inflow of cool air into a hot room. 

In this section, therefore, we extend the steady-state system of Chapter 2 

121 



5.2. OVERVIEW OF NATURAL VENTILATION 122 

to examine the consequences of sources with non-zero associated mass upon 

a system which may admit nat urally- ventilated flows. To facilitate this, we 

provide a second mass sink located in the lower horizontal boundary. Our 

principal interest is to obtain some simple conditions with which to predict 

the net flow of fluid mass through the confined region. 

We begin this Chapter in §5.2 by providing a brief overview of the fluid 

mechanics of the natural ventilation of a finite enclosure. We consider the 

dynamics of the ventilation process, and how this is driven due to buoyancy 

forces displacing fluid out of the closed region in section 5.3. 

We also arrive, via some simple analysis, at key result. We find that 

there are two possible flow regimes for the system. Further, we provide a 

simple limiting argument to predict which of the two states the system will 

be in. 

Proceeding in a similar manner to Chapter 2, we derive models for each 

of the two ventilation states in 5.3.2 and 5.3.4. One of these models is solved 

numerically, and the the corresponding results are presented in §5.4. For the 

other model, we discuss the repercussions of the model in 5.3.3 

In the models described above, we assume that the flow of fluid out of 

the confined region is unimpeded. In actuality, there may be an flow of 

wind outside the confined region. This external flow may impose a pressure 

gradient on the fluid leaving the building. We briefly consider this case in 

5.5, and derive a simple model to examine the subsequent effects upon the 

ventilation flow. Finally, some overall conclusions are discussed in §5.6 

5.2 Overview of natural ventilation 

The ventilation of indoor spaces provides a method to control ambient air 

quality and achieve thermal comfort for the occupants. The efficient appli- 
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cation of ventilation is therefore a powerful means to exhaust air pollutants 

of all forms into the outdoor environment. However, mechanically-driven 

ventilation systems may be costly in terms of energy usage. In cases where 

the outdoor conditions are suitable, natural ventilation may prove to be an 

energy-saving method to reduce the internal cooling load, achieve thermal 

comfort, and to maintain a satisfactory indoor environment. Air is driven 

in and out of internal enclosures as a result of pressure differences across 

the openings in the building, such as windows and doors. These pressure 

variations arise due to buoyancy forces, which occur due to environmental 

temperature contrasts. 

The inflow and outflow of air through large building openings in natu- 

ral ventilation is mainly due to the effect of thermal forces. These forces 

arise due to internal temperature differences, especially under conditions of 

low ambient wind speeds (Santamouris & Asimakopoulos, 1997). However, 

in situations where the external atmospheric conditions are significant, the 

effect of the wind may play a significant r6le in affecting the ventilation dy- 

namics. Frequently, this occurs when the ventilation stack is located upon 

one side of the building. Such a stack consists of a chimney-like construct for 

venting relatively hot air out of the building. This implies that in one direc- 

tion, the wind may suppress the fluid leaving the confined region, while in 

the other direction, the effect of the wind may be to enhance the ventilating 

process. A simple example of this is when a window is opened in a relatively 

warm room. In conditions of low wind, the fluid leaving the container will 

be driven entirely by displacement ventilation. However, if the direction of 

exterior wind is towards the window, the effect of the displacement will be 

reduced. A detailed description of the effects of external wind upon the 

ventilation process may be found in Hunt & Linden (1996). 

123 



5.3. MODELS OF NATURALLY-VENTILATED SYSTEMS 124 

44 

I H 

II 

h 

FIGURE 5.1: Illustration of the dual-plume filling-box system subject to natural ven- 

tilation. This arises due to the provision of a second mass sink in the lower horizontal 

boundary. The dashed arrows refer to the non-exchange regime; the unbroken arrows 

indicate the direction of mass flux in the naturally- ventilated flow case. Each regime is 

discussed in greater detail in the text. 

5.3 Models of Nat urally- Vent i lated Systems 

5.3.1 The Limiting Case 

In the current discussion, we simply provide a second mass sink. This second 

outflow vent is located in the lower horizontal boundary. Hence. if the 

sources and the initial ambient density are configured appropriately, external 

fluid will enter the confined region via the lower opening. Fluid mass will 

hence exit the filling-box via the outflow vent in the upper boundary. The 

system is then representative of a natural ventilation flow. This is illustrated 

in figure 5.1. 

We expect, however, that this will only be the case for a certain range of 

R and S. Essentially, we would expect that for very large values of the initial 
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mass fluxes associated with the fluid sources, fluid in the confined region 

would leave via both mass sinks. Note that in modelling the flow system in 

this Chapter, we do not explicitly quantify the pressure at each outflow vent. 
We consider the limiting case, described below, as implicitly representing the 

pressure gradients at the upper and lower horizontal boundaries. A more 

complex description of the system is beyond the scope of this Chapter, but 

would be vital in direct application of the model. 

We may apply a simple argument to derive an expression to determine 

whether the system exhibits an exchange flow. The criteria we require is 

the limiting case such that fluid mass leaves the confined region via the 

upper vent only. In this situation, all of the buoyancy and mass entering 

the system via the plume sources leaves through the upper vent. Further, 

in this situation external fluid will enter the confined region via the lower 

vent. We refer to this as the exchange-flow case. 

Let us denote the mass fluxes associated with the plume sources for the 

model of Chapter 2 as Q, and Q2- We use the steady-state model of Chapter 

2 as a reference case. 

Now, the limiting argument may be described as follows. First, we let 

Q, and Q2 be the mass fluxes associated with the ascending and descending 

plumes, respectively, the double-vented dual-plume filling-box system shown 

in figure 5.1. Now, there exists the possibility that Q, and Q2 take values 

such that all of the mass flux entering via the sources just leaves through 

the upper vent. This implies that the system contains pressure gradients 

such that fluid just enters from the external region via the lower vent. 

We then take the new model, hypothetically create a lower opening, and 

then compare the actual source mass fluxes of that case with those for the 

canonical model. Hence, we have three flow regimes. The first of these is 
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the model of Chapter 2, where global mass conservation is given by 

Ql + Q2 Qu (5.1) 

where Q,,, is the flux of fluid mass leaving the confined region via the upper 

vent. The global conservation of buoyancy is 

QIPI + Q2P2 -::::: QuPu :::::: 
(QIP1 + Q2) Pu (5.2) 

The next possibility is a model which admits an exchange flow. In this 

situation, global mass conservation is given by 

Ql + Q2 Qu - Ql (5.3) 

where Q, is the mass flux of the fluid entering the region through the out- 

flow vent located in the lower horizontal boundary, Global conservation of 

buoyancy is given by 

QlPl + Q2P2 : -- QuPu - QlPext (5.4) 

where p, xt is the density of external fluid entering the confined region via the 

lower vent. Finally, we also have the situation dictated by the non-exchange 

model, with corresponding global mass conservation according to 

Ql + Q2 Qu + Ql (5.5) 

and the global conservation of buoyancy is given by the following relation: 

QlPl + Q2P2 QuPu + QIPI (5.6) 

We have now arrived at the key result. The limiting argument above gives 

two conditions. Firstly, if 

QI+Q2 > Ql +Q2 (5.7) 
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the system is in a non-exchange flow regime. Conversely, if 

Ql + Q2 'ýý Ql + Q2 (5-8) 

there is exchange of ambient fluid through the filling-box region. Therefore, 

by knowing the values of Q, and Q2, we may use the conditions 5.7 and 5.8 

above, together with the model of Chapter 2 to predict the net flow of mass 

through the system. Even though the limiting argument is very simple, it is 

a useful result for approximating to leading-order the overall behaviour of 

the system. 

We may primarily associate the mixing ventilation with the buoyancy 

component of the source, and the displacement ventilation with the compo- 

nent of the source mass flux. We also impose the restriction that all such 

fluid is incompressible. This is a reasonable assumption given the typical 

temperature ranges present in building ventilation. 

5.3.2 Q, > Q0 : The Non-Exchange Flow System 

We model this flow regime by proceeding in a standard manner. We first 

form global conservation laws. The global conservation of mass is given by 

the relation 

Ql + Q2 --` Qu + Ql (5-9) 

and, secondly, global buoyancy conservation is specified by 

QIPI + Q2,02 QuPu + QlPl (5-10) 

We may now write similar conservation equations for each of the two fluid 

layers. The upper layer mass conservation is given by the relation 

Q3 + Q2 ý Q4 + Qu 
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while the local buoyancy conservation is described by 

Q3P3 + Q2P2 Q4Pl + QuPu (5-12) 

For the lower layer, mass conservation yields the expression 

Ql + Q4 ::: -- Q3 + Ql (5-13) 

while conservation of buoyancy results in 

QlPl + Q4Pl ý Q3Pu + QIPI (5.14) 

From (5.11), we have: 

Qu Q3 + Q2 - Q4 (5.15) 

Substituting into (5.12) and re-arranging, we get 

Q4 
Q2 (P2 - Pu) (5-16) 

A- PU 

upon using the condition that P3 Pu- Similarly, (5.13) gives 

Ql Ql + Q4 - Q3 (5.17) 

and hence, use of (5.14) yields 

Q3 = 
Q1 (P1 - PI) (5.18) 

(pu - PI) 

We now eliminate the venting mass fluxes. Using (5.9) and (5.10) to elimi- 

nate Qu and Qj: 

QIPI + Q2P2 -A (Ql + Q2) 
QU =: Pu A 

(5-19) 

Q1 = 
QlPl + Q2P2 Pu (Ql + Q2) 

(5.20) 
A Pu 

We hence arrive at the system of four equations: 

Q3 + Q2 - Q4 + 
QlPl + Q2P2 (Ql + Q2) Pl (5.21) 1 

Pu A 
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Q3, Ou + Q2,02 -:: ý Q4Pl + Pu 
QlPl + Q2,02 - Pu (Ql + Q2) (5.22) 1 

Pu -A 

Ql + Q4 7--- Q3 +I 
QIPI + Q2,02 -, Ou (Ql + Q2) (5.23) 

A- Pu -1 

Q1,01 + Q4PI : -: ": Q3Pu +, Ol 
Q1,01 + Q2P2 - Pu (Ql + Q2) (5.24) 1A- 

Pu 

We now apply precisely the same scalings as per equations (2.32) - -(2.36) 

of Chapter 2. Hence, we have p, -ý 0, P2 --ý li Ql -ý R and Q2 -4 

Applying these to parameters, we normalise equations (5.21) - -(5-24), and 

obtain: 
Q3 +S ý 

Q4 +S- 
(R 

-+^ 
S) pi (5.25) 

1 

Pu -AI 

ý3ýu +S --:: 
Q4A + ýu 

S- (R 
^+- 

S) pi (5.26) 
1 

Pu - Pi 

R+ Q4 
---::: 

Q3 + 
S- (R+S)ýu (5.27) 1A- 

ýu 

Q4A 
: -- 

Q3ýu +AS 
(R + S) ýu (5.28) 1A- 

ýu 

Next we apply the scalings to reduce equations (5.27) and (5.28) to dimen- 

sionless form. We have: 

Q4 
S (1 ýU) (5.29) 

ýu 

Q3 
Rýj (5-30) 

ýu -A 

Next, we recall the explicit expression for Q4 from section 2.3 of Chapter 2, 

namely 
ý4 (1 

_ ýU) 1/2 (i-h+ hu ) 5/2 
(5-31) 

Equating the above expression with (5.29), and re-arranging, we find that 

+ hu 
ýU) 1/2 ] 2/5 

(5.32) 
Pi - Pu 
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To complete the model, we wish to derive expressions for ý,,, and ý1. To 

continue, we take R=S and normalise equations (5-21) - -(5.24) above. 

We then have: 

Rýj R (I -R- +R= +- 
2Rýj (5.33) 

ýu -A A- pu ýu -A 
Rýjýu 

+R= 
R (1 ýu) ýj 

+ ýu 
R- 2Rýj (5-34) 

Pu -A A Pu Pu -A 

R+R 
(I 

^ 
Rýj 

+R- 
^ 

2Rýj (5-35) 
P u u-AA P - Pu 

Rýj (1 Rýj& 
+R- ^ 

2Rýj (5.36) 
u-AA P - Pu 

Now, we note that when R=S, the above set of equations are independent 

of R. Further, simplifying equation (5.33) implies that 

(5-37) 

Further, some algebra upon equation (5.36) yields the result 

A= (5-38) 

Hence, ý,, = ýj = 0.5 by the above two results. This implies that equation 

(5.32) does not have a physical solution for the location of the interface. We 

note that examining the case when R: ý S yields similar results. 

5.3.3 Discussion of the Non-Exchange Flow System 

In deriving the model for the non-exchange flow case, we have applied the 

same assumptions as per Chapter 2. One of these stated that the equilib- 

rium configuration of the dual-plume system consisted of two well-mixed 

layers. Theoretical and numerical calculations subsequently indicated that 

the system may actually consist of a single fluid layer. However, this even- 

tuality is a key result in the theory, and did not in fact violate any of the 

assumptions used to derive the model. 
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However, the non-exchange configuration presents a different circum- 

stance. Here, the assumption of a two-layered system is incorrect. There 

are no values of the initial mass fluxes associated with the fluid sources that 

form a two-layer system. We note at this point that the global conservation 
laws are still valid, however. 

There are two broad circumstances which may account for this be- 

haviour. The first is to consider that the non-exchange case always consists 

of a single well-mixed fluid layer. This could only be the case if all of the 

net entrained flux associated with each of the plumes vented from the con- 

fined region via the corresponding mass sink. In other words, the total flux 

of fluid associated with the ascending plume at a vertical distance z=H 

would leave the confined region via the upper outflow vent. This would also 

be the exact case for the descending plume. 

However, this prospect seems unlikely. It is plausible for specific initial 

conditions, but unfeasible for all values of R and S. Suppose R= 10S. This 

would immediately imply that the fractional dilutions associated with each 

plume are different in magnitude. Further, we would expect that bs >> 

DR. Hence, the return flow associated with the descending plume would 

be much greater in magnitude than the corresponding return flow for the 

ascending plume. This is not a sufficient condition for the net entrained fluid 

associated with both plumes to completely vent from the confined region. 

This follows from the equation for global conservation of mass, namely 

Ql + Q2 --- :: Qu + Ql (5-39) 

A more physically-reasonable explanation is that the system consists of pre- 

cisely three distinct fluid layers. This represents a substantial result in itself. 

The central layer comprises unmixed ambient fluid. In this situation, the 

significant amount of the net entrained fluid associated with each plume 
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vents via the corresponding mass sink. However, there is still a return flow 

associated with each of the plumes. The equilibrium steady-state is the sit- 

uation for which the return flows do not meet at some point in the confined 

region. Instead, the magnitude of fluid vented via the mass sink is large 

enough that the fronts eventually come to rest. This leaves the central fluid 

layer effectively comprised of unmixed ambient fluid. 

A priori, we would expect that for the case R=S, the depth of the upper 

and lower fluid layers would be governed by the magnitude of the mass fluxes 

associated with the fluid sources. Hence, as R and S increase, the fractional 

dilution associated with each of the plumes would decrease. The magnitude 

of the return flows would therefore also decrease. Consequently, the upper 

and lower layers would decrease in depth, leaving a large central region 

of unmixed fluid. This may be a desirable occurence in certain industrial 

processes, for example separation of fluids after flowing through a neutral 

agent. 

However, to model the three-layer system and perform a set of experi- 

ments that verify its configuration is beyond the scope of the present work. 

Hence, we now examine the case for which Q, < Q0. 

5.3.4 Q, < Q0 : The Exchange-Flow System 

We begin with the expressions for global conservation of mass, 

Ql + Q2 Qu - Ql (5.40) 

and global conservation of buoyancy 

QlPl + Q2P2 + QlPext : -- QuPu 
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As previously, we consider the local conservation laws as they relate to each 

of the fluid layers. For the upper layer, conservation of mass gives: 

Q3 + Q2 Q4 + Qu (5.42) 

while buoyancy conservation yields 

Q3Pu + Q2P2 --` Q4PI + QuPu (5.43) 

Similarly, we have conservation relations for the lower fluid layer. Firstly, 

mass conservation: 

QI+ Q4 + Ql :::::::: Q3 

and finally buoyancy conservation: 

QlPl + Q4PI + QlPext Q3Pu 

Equation (5.40) implies that 

Qu:: ý Ql + Q2 + Ql 

(5.44) 

(5.45) 

(5.46) 

and hence we may use this relation to eliminate Q,,, from the consequent 

expressions. Next, we form (5.43) - (5.42) - p,, to give 

Q2 (P2 - Pu) - Q4 (PI - Pu) (5.47) 

Using (5.40) and (5-41): 

Ql = 
QIPI + Q2P2 (Ql + Q2) Pu (5.48) 

(pu pi) 

Further, equation (5.41) implies that 

3 
Ql (pi - Pi) + Ql (Pext - Pi) (5.49) 

Pu - Pext 

Combining these two relations: 

Q3 = 
Ql (pl - pl) + (P'-'t - Pl) 

QlPl + Q2P2 - (Ql + Q2) pu (5.50) 
(pu - pi) 

I 
Pu - Pext 

I 

133 



5.3. MODELS OF NATURALLY-VENTILATED SYSTEMS 134 

Equation (5.42) implies that 

Qu :::::::: Q3 + Q2 - Q4 (5-51) 

And so 

Qu = 
Ql (PI - PI) + Q2 (Pext - PI) +Q2 - 

Q2 (P2 - Pu) (5.52) 
Pu -AA- ou 

Hence, we now have expressions for Q3, Q41 Q,, and Q, in terms of Qj, Q21 

p, p, and Pext- Scaling as per section X, these equations have the following 

dimensionless forms: 

Q4 
S ýU) (5-53) 

&xt 
S- (R+S)& Rýj (5.54) 

ýu - &xt pu 

S (R + S) ýu (5.55) 
ýu -A 

QU 
=sS- 

(R + S) ýu Rýj + S&xt 
(5-56) 

ýu -A&-A 

Further, the normalised form of equation (5.43) gives 

Q3 ýu +S Q4 A+ Qu ýu (5.57) 

Substituting for ý3, Q4 and ý,, into the above expression, and re-arrangingi 

gives: 
(R + S) ý2 &xt SýJext 

u ýJextS (5.58) 
Pu - &xt ýu 

Some further algebra then yields 
(R+S)ý,, ýexL 

- S&&xt 
-&xt (5-59) M. fie xt 

ý. -&xt 
&xt S] 

Next, we take the dimensionless form of (5.44), and substitute for Q4, Q1 

and Q3 to give 

S-(R+S)& S- (R + S) ýu Rýj R++& &xt (5-60) 
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Re-arrangement of the above expression eventually yields 

Pext (i + S) 

S+ (R + S) &xt 

In a similar manner to the non-exchange case, we recall equation (2.12) from 

Chapter 2: 

Q4 &)1/2 5/2 

Combining this with equation (5.55) results in an expression for the location 

of the fluid interface: 

ýu )1/2 
2/5 

+- hu 

(5.61) 

(5-62) 

(5-63) 

1f we take R=S, then the equations reduce to the following forms: 

Pu 
(I R) &xt 

(5-64) 

P1= 

(I + 2&xt) 

R (2 ýu + &xt) 
ýu (I R) + R&xt 

(5-65) 

5.4 Numerical Results for the Exchange-Flow Case 

We now examine the numerical solutions for the exchange-flow system. Fig- 

ure 5.3 shows the densities associated with each of the fluid layers for the 

two cases of &_-t = 0.1,0.3, with R=S. We may immediately see that, in 

both cases, there exist values of R such that the system is unstably strati- 

fied. For &., t = 0.1, the system is just in stable stratification for R -- 

The corresponding value is R -- 3.8 for the case &,, t = 0.3. 

Even though the model represents only a simple picture of what occurs 

at the lower vent, this does not compromise the validity of the result. We 

explain this as follows. When the double-vented system admits exchange 

flows, there is an inflow of fluid mass via the lower orifice. This fluid is 
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relatively light compared with the density of the lower fluid layer. Further, 

it is implicitly assumed that the cross-sectional area of each vent is much 

greater than the cross-sectional area of each plume source. The simplest 

way to model the flow in via the vent, therefore, has been utilised in the 

model. However, the simple model is still physically reasonable. 

We now elaborate upon the result. When R --+ 0, ý, -ý 0 and & -* 1. 

Hence, the density contrast between the two layers is greatest when the 

source mass fluxes are small. This occurs because the inflow via the lower 

vent decreases the density of the lower fluid layer. Therefore, the density 

of the lower fluid layer decreases. This occurs even though the descending 

plume continues to supply relatively dense fluid. 

Consequently, the ascending plume experiences a much smaller increase 

in density as it propagates through the lower layer. As it reaches the in- 

terface, it is much lighter than in the single-vent case. The density of the 

upper fluid layer therefore tends towards the input density of the ascending 

plume. 

However, for values of R>2.0, the system becomes stably stratified 

when &,, t = 0.1. Hence, we may state a key result: the principle effect 

of increasing the total mass flux entering the exchange-flow system is to 

stabilise the density stratification. 

The controlling factor for this is the fractional dilution associated with 

the descending plume. As R increases, the fractional dilution D-'ý of the 

descending plume will decrease. Hence, the descending plume arrives at the 

interface progressively less diluted. Now, global mass conservation dictates 

that fluid mass is lost via the upper vent only. Hence, all of the net entrained 

flux associated with the relatively dense descending plume arrives in the 

lower fluid layer. This is greater in magnitude than the inflow of light fluid 
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via the lower aperture. Hence, we expect as R increases, the density of the 

lower fluid layer will rapidly tend towards the input density of the descending 

plume. Further, the larger the magnitude of &,, t, the greater the stability 

of the system. This is the behaviour shown in figure 5.3. 

Further, figure 5.2 indicates that the location of the interface is sensi- 

tive to the total flux of mass entering the system. Further, we see that in 

the exchange-flow case, the filling-box system always comprises two layers. 

However, as R increases, the lower layer becomes very deep. This is due to 

the net entrained flux associated with the ascending plume leaving via the 

upper mass sink. However, the steep gradients in figure 5.2 also occur be- 

cause of the fluid mass enter%ng the confined region via the lower aperture. 

This additional mass flux will effectively enhance the magnitude of the re- 

turn flow associated with the descending plume. Hence, the increase in h is 

much greater with increasing R than in the model of Chapter 2. This influx 

of mass via the lower orifice also explains why the system always comprises 

two fluid layers. 

To predict when the exchange-flow system is stably stratified, we may use 

" simple argument. Suppose that the minimum value of R required to obtain 

" stable stratification is denoted RO. This value occurs at the limiting case 

when &= ý1. Hence, we may eliminate the upper- and lower-layer densities 

and subsequently combine equations (5.64) and (5.64). Proceeding in this 

manner, we obtain, after some algebra, a cubic in RO: 

1 ?3 ý3 ý2xt 2 ý3xt ý2xt] [& 

0 
[2 

ext -6e- 7&xt - 2] + RO [-2 
e -2 e+ 

Ro 
e'rt] + Iýexd =0 

(5-66) 

The cubic is plotted over the range of interest for &xt = 0.1 and 0.3 in figure 

5.4. We see that the predictions for the minimum value of R required to 

produce a stably-stratified system are in good agreement with the numerical 
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FIGURE 5.2: Graph of interface location as a function of R for the equal-magnitude 

n aturally- ventilated exchange case. 

results presented in figure 5.3. Hence, equation (5.66) represents a very 

useful, simple method to predict when the exchange-flow system will be in 

a stable configuration. 

5.5 The Effect of External Wind Upon 

Displacement Ventilation 

So far in this Chapter, we have made the assumption that the external 

ambient fluid does not affect flow into or out of the confined region. 

However, suppose that the building was ventilated on a windy day. Mo- 

tion of this type in the external ambient may affect the fluid flows occurring 

inside the building. There are two principle cases. Firstly, the external wind 

may act to assist the flux of fluid entering the building. If the lower vent is 

located at the bottom of one of the vertical boundaries, for example a door, 

the effect of the wind will be to increase the flow of relatively cold fluid into 

Interface Location as a Function of R for the Exchange-Flow System 

1- 

138 



5.5. THE EFFECT OF EXTERNAL WIND UPON 
DISPLACEMENT VENTILATION 139 

1 

0.8 

0.6 

c 0 

0.4 
E 
0 

0.2 

0 

Layer Densities in the Exchange-Flow System 

'Upper-Layer-ext-dens=0.1' 

Lower- Layer-ext-dens=O. 1- -------- Lower-Layer-ext-dens=0.3" 

--------------------------------------- 

0.1 1 
R 

10 

FIGURE 5-3: Graph of density variation as a function of R for the equal-magnitude 

naturally- ventilated exchange case. 

the confined region. Mass conservation therefore dictates that the flow of 

relatively light fluid out of the upper vent will therefore increase. Hence, 

the flux of mass through the lower opening is now given by 

A, 
Ap, 

+ gl'h 
1/2 (A 

(5-67) 

where Ap, is the pressure gradient arising due to the wind external to the 

confined region at the lower opening, which has an area A,. 

The second, more complicated situation occurs when the pressure due 

to the wind opposes the direction of the displacement ventilation flow. In 

this case, fluid leaving via the upper vent may encounter a strong breeze. 

This has the effect of opposing the flux of mass leaving via the vent. 

If the external force due to the wind is sufficiently large, it may exceed 

the magnitude of the the buoyant force driving fluid out of the confined 

region. Should this situation occur, the direction of the displacement flow 

may be reversed. Hence, relatively dense fluid enters the warm upper layer 

via the top vent, and relatively warm fluid enters the dense lower layer via 
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the vent located in the base of the room. Each of these auxiliary flows may 

have relatively small mass fluxes when compared with the plume sources, 

but they may possess relatively strong fluxes of buoyancy. 

We may model, to leading order, this situation by assuming that density 

in the room increases according to 

dgl 
=9 IQW dt 

where 

(5.68) 

Q,, = A* I/ AP 
-g, H) 

1/2 
(5.69) ( 

-P 

We may examine the implications of this model by undertaking some ele- 

mentary stability analysis. Re-writing equation (5.68) as: 

dgl 
-91 (0 - Hg f) 1/2 

dt ce 
(5.70) 

where a= A*1H and 13 = AP1, o We nlay find the equilibrium points of this 

O. D. E by considering the steady solutions: 

f1 J3 
01 g =: H 

(5.71) 
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Introducing a small perturbation G to the equilibrium solution and linearis- 

ing equation (5.70), we obtain 

dG' 
_ 

01/2 GI 
(5.72) 

dt a 

which has general solution 
1/2 

G'= G'oe" a (5-73) 

where Go is the initial value of G'. Hence, the system is linearly unstable 

to small density perturbations. The intrusion of a small amount of dense 

fluid into the relatively light upper will cause a large density contrast that 

will is unbounded as time increases. This directly implies instability and 

overturning of the stratification. 

However, we note that the nonlinearity in equation (5.70) is sufficient 

to cause the right-hand side of the ordinary differential equation to change 

sign, provided that 
Hg 6>9 12/3 

a2 a 
(5.74) 

which is a physically reasonable possibility. Hence, we need to continue the 

analysis beyond considering the linear case. Further, we note that linear 

instability is a sufficient condition for instability, but linear or marginal 

stability is only a necessary condition for stability. Hence, we proceed by 

considering the including the nonlinear terms in (5.70). In a typical stability 

calculation, this is often extremely complicated. However, in the present 

case, the analysis is relatively straightforward. Hence, we first note that 

equation (5.70) is separable and has a closed-form solution given by 

GI =10_ 
01/2 

Itanh 

2a 
(5.75) 

H( 

This function is Plotted in figure 5.5. Now, the function y- tanh (t) has 

asymptotes y= ±1. Consequently, since we are only concerned with the 
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behaviour of the solution for t>0, we take the negative root of 0'/'. Hence, 

the function asymptotes to +1 as t --ý oc, and so the large-time asymptotic 

behaviour of the solution is 

GI 1 (0+ 01/2 (5.76) 
H 

Since a, 0>0, the nonlinearity implies that there is a stable configuration 

that may be attained. Therefore, the stable state is dependent upon the 

imposed pressure due to the external wind. Hence, there is a value of G' 

for which the effect of the wind is to mix intruding fluid into each of the 

stratified layers in such a manner that they remain in a stable stratification. 

Effectively, each layer experiences a change in density due to the intruding 

fluid which is less than the density transported into the layer by the relevant 

plume. Assuming that each layer remains well-mixed, the stability condition 

implies that 

l4wind < l4plume (5.77) 

Consequently, the system remains in a stable two-layer configuration 

because of the well-mixed constraint governing the density of each layer. 
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Hence, p, > p., as before. 

5.6 Conclusions 

In this chapter, we have presented and discussed new steady-state models 
for natural ventilation based upon a dual-plume filling-box system. Our aim 
has to been to complement and extend the current models of natural ven- 
tilation of buildings. Typically, the physics of such flows are very complex. 

Therefore, simple models may offer both useful insight and also important 

results. 

The models derived in this section arise from a limiting case. This ar- 

gument, based upon comparison with the steady-state model derived in 

Chapter 2, identifies two possible flow regimes. Firstly, the non-exchange 

flow case, whereby fluid leaves the confined region via both apertures, was 

discussed. The key result in this case was a departure from a two-layer 

system. Although modelling this case was beyond the scope of the present 

work, reasons for considering the system to consist of three fluid layers were 

discussed. It was shown, however, that the system cannot comprise two lay- 

ers for any values of R and S. The infeasibility of a single-layer configuration 

was also discussed. 

The second regime represented the more typical natural-ventilation pro- 

cess. In this exchange-flow case, fluid exited the confined region via the 

upper orifice, and relatively light ambient fluid entered the container via 

the lower aperture. There were two key results in the case R=S. Firstly, 

the system was unstably stratified when the mass fluxes associated with the 

sources was small. The second result indicated that increasing the mass 

fluxes associated with the fluid sources stabilised the system. Further, the 

mass flux entering via the lower vent caused the interface to be located close 
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to the upper boundary in the case of a stably-stratified system. Finally, a 

simple argument yielded a cubic equation that predicted the values of R 

that would ensure the system was stably stratified. 

In the final section, the effect of an imposed pressure gradient upon the 

filling-box system were investigated. The pressure manifested due to the 

effect of an external flow in the ambient fluid outside the filling-box region. 

This represented the effect of wind upon the naturally-ventilated system. 

It was assumed that the imposed pressure was constant, and hence it may 

be taken in steady-state to assume that the pressure was due to a time- 

averaged, and hence steady, effect of the wind. 

Two possibilities were described for this this situation. Firstly, the effect 

of the wind was be to enhance the displacement ventilation flow through the 

system. This occurred if the direction of the imposed pressure acted in the 

same direction as the naturally- ventilated flow of fluid through the system. 

A simple expression for the additional flux of fluid through the container was 

assumed. In the second case, the wind acted in the opposite sense. and it 

was found that the system may not attain a steady-state configuration due 

to the effect of relative dense fluid entering the upper layer via the vent in 

the top boundary. A simple stability analysis was performed to derive some 

conditions for which the system may attain a stably-stratified configuration 

were discussed. a 
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Chapter 6 

Transient Dynamics: Theory 

and Experiment 

"Look back on Time, with kindly eyes - 

He doubtless did his best - 

How softly sinks that trembling Sun 

In Human Nature's West. " 

- Emily Dickinson 

6.1 Introduction 

In Chapter 2, we presented a model for the steady-state equilibrium con- 

figuration of the dual-plume filling box system. Numerical solutions of the 

model, confirmed by experimental and theoretical analysis, indicated that 

the steady-state of the system consisted of either two distinct well-mixed 

fluid layers separated by a well-defined interface, or a single well-mixed fluid 
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layer. The initial conditions for which the latter circumstance arose were 

identified. 

In general, however, the equilibrium state consists of a two-layer strati- 
fication. Experimental observations indicate that this is the result of where 

the fronts associated with two distinct filling-box flows meet (please refer 

to Chapter 3 for a discussion of this). In the pre-equilibrium phase of the 

system, there exist three separate fluid layers. In addition to the filling-box 

fronts, each associated with a return flow due to one of the plumes, there 

is a central region of unmixed ambient fluid. This gradually diminishes in 

depth as the two fronts advect through the container. 

It may be seen from the brief description given above that the time 

regime over which the system converges to steady-state equilibrium involves 

some complex, non-trivial fluid dynamics. This is because in addition to the 

propagation of the two fronts, the density of the mixed regions also evolves 

as a function of time towards their steady-state values. 

Our aim in this Chapter then is to examine the time-dependent, transient 

evolution of the dual-plume filling-box system from its initial conditions to- 

wards its eventual steady-state equilibrium. There are several reasons for 

doing this. The first reason is that the time-dependent dual-plume filling- 

box system has not previously been studied. Secondly, in addition to this, 

the effect of sources which possess non-zero associated mass fluxes upon the 

evolution of the transient system is also new work. It is not straightforward 

to estimate precisely what effects the addition of mass into the system will 

have. Thirdly, the transient system has several useful applications, particu- 

larly in conjunction with the steady-state model of Chapter 2. For example, 

in the context of ventilating a room, the steady-state model allows a pre- 

diction of the final temperature distribution. However, the transient model 
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allows evaluation of the time it takes to reach the equilibrium temperatures. 

We model the convergence process from first principles in §6.2, and 

show that when the time-dependent terms vanish, the model reduces to 

the steady-state equations derived in Chapter 2. In §6.3, we describe the 

implementation of a numerical method to calculate the evolution of the time- 

dependent density profile. The method is based upon a technique originally 

due to Germeles (1975). Numerical results obtained by this method are then 

presented. The solutions are compared with experimentally -obtained tran- 

sient data corresponding to the displaced-source configuration of Chapter 3. 

Next, in 6.5, we discuss a phenomenon that occurs for certain sets of initial 

conditions, and describe how this affects the numerical routine. In §6.7, we 

return to an issue briefly discussed in chapter 2, namely the effect of locat- 

ing the mass vent below the ceiling of the container. However, we analyse 

the effects of this configuration upon the transient stage. We conclude this 

chapter in §6.8. 

6.2 Derivation of the 11-ansient Equations 

We now proceed to derive a model of the transient time regime for the 

dual-plume filling box. We begin with global conservation of mass for the 

system, which remains unchanged from the model of Chapter 2. The same 

definitions apply, which we repeat here for clarity. The vertical distance 

of the interface from the lower boundary is h, the height of the confined 

region is H, and the virtual origins associated with the plume sources are 

denoted by h,, and hl for the ascending and descending plume respectively. 

Therefore: 

QO - Ql +Q2 
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Conservation of mass for the lower layer takes the form 

dh 
_ 

(Ql + Q4 - Q3). 
(6.2) dt A 

and, similarly, mass conservation for the upper fluid layer is given by 

d(H-h) 
_ 

Q2+Q3-QO-Q4 
(6-3) dt A 

where A is the uniform cross-sectional area of the container. Hence, gener- 

alisation of the model to containers of different shape is straightforward (c. f. 

Baines & Turner, 1969) by specifying the functional form of A 

Conservation of buoyancy follows from the mass conservation relations 
described above. Thus, for the lower fluid layer, we have 

dh 
pl- dt 

(QlPl + Q4P4 - Q3P3) 
(6.4) 

A 

and for the upper layer, buoyancy conservation is given by 

d (H - h) 
pu dt 

Q2,02 + Q3,03 - QOtOu - Q4,04 
(6-5) 

A 

We note here that in the initial stages of evolution, the system comprises 

three distinct fluid layers. The top and bottom layers are associated with 

the filling-box flows arising from each of the turbulent plumes. The central 

layer consists of unmixed ambient fluid. This layer reduces in depth until 

the fronts associated with each of the filling box flows meet. Further, we 

assume that the top and bottom layers consist of fluid that is well-mixed to 

leading order. We now need to obtain expressions for the rate of change of 

density of each fluid layer as a function of time. We proceed as follows. 

We consider the effect of a small vertical increase Jh in the location of the 

fluid interface. We propose that this occurs due to an increase in the volume 

of the lower layer via the entrainment flux associated with the descending 
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plume. This consequently changes the density of the lower fluid layer due 

to the influx of fluid of contrasting density via the Plume. We have 

+ 6p,,, ) (H -h+6 (H - h))] - [plh + p,,, 6 (H - h)] (6-6) 

-QOPu6t + QIP16t - Q3P36t + Q4P46t 
A 

Hence, in the limit R --* 0, we obtain 

(H h) 
dp,, 

+ (pi - P,,, ) 
d (H - h) 

(6.7) 
dt dt 

Q2P2 + Q3P3 - QOPu - Q4PI 
A 

and, similarly, we have: 

[(pi + 6pl) (h + 6h)] - [p,, (H - h) + pj6h] (6.8) 

QIP16t - Q3P36t - QOPu6t + Q016t 
A 

h 
dpl 

+ (pu - pl) 
dh 

dt dt 
Q3PI + Q2P2 - Q4P4 

(6-9) 
A 

Using the equation for the conservation of mass in the upper layer in equation 

(6.8) and re-arranging gives: 

dp,, 
-I- [Q2P2 - QOOu + Q3P3 - Q4P4 - 601 -, Ou) (Q2 + Q3 - QO - Q4)] 

dt (H - h) A 
(6-10) 

Using the equation for the conservation of mass in the lower layer in equation 

(6.12) and re-arranging gives: 

dpi 
=1 [QlPl + Q4P4 - Q3 - (Pu - Pl) (Ql + Q4 - Q3)] dt hA 

The third equation occurs directly from the consideration of conservation of 

mass in the lower fluid layer, and has the form 

dh 
_ 

QI+Q4-Q3 
(6-12) dt A 
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We now proceed to apply the scalings (2.32) - -(2.33) in chapter 2 to nor- 

malise the expressions (6.12) -- (6.14). This is useful for illustrating and 
identifying key properties of the transient system. Applying these scalings 

and re-arranging the equations, we arrive at a set of three nonlinear first- 

order ordinary differential equations, namely: 

dý,,, 
-IS- (R + S) + ý11 

/2 ý3 + 
5/2 

&)1/2 ý4 h+ hu)5/2 
di I-h 

I 

- 
(A 

-M+ 
(h 

+ hl)5/2 
_ (R + S) _ 

(I 
_ &) 1/2 (1 

_h+ 
hu ) 5/2 )(ý- 

13) 

dýj 
=1 

[(l 
_ ýU) 1/2 ý4 h+ hu) 5/2 

U) (6.14) 
di h 

s+ý 5/2 
_ (R + S) 1/2 h+ fi) 

5/2 

dh ýl /2 
+ 

5/2 
(6.15) 

dt 
R+(l - 

ýU) 2h+ 
hu 

We now proceed to show that the equations for the transient case reduce to 

the steady-state equations when the time-dependent terms vanish. In this 

situation, equation (6.18) becomes: 

R+(1 ý) 1/2 (i 5/2 1/2 
-h+ 

h" )=ý1 (h 
+ 

5/2 
(6.16) 

which is identical to equation (2.43) of chapter 2. It is this relation that 

forms the basis of the steady-state expression for the location of the fluid 

interface as a function of the mass fluxes associated with the plume sources. 

The time-independent form of equation (6.14) is 

Q1,01 + Q4,04 - Q3,03 - Pu (QI + Q4 - Q3) + Pl (QI + q4 - Q3) ----::: 0 (6.17) 

Re-arranging and solving for pl yields 

, OuQl +, OuQ4 Q1,01 
P1 = 2Q4 + Ql Q3 

(6.18) 
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Upon using the relation 

Q4 :::::::: QI- Q3 

152 

(6-19) 

and transforming to dimensionless form, we arrive at 

P1= 
, Ou 

(Ql 
+ ý4) 

(6.20) 
Q4 

which is identical to the expression for the steady-state density associated 

with the lower fluid layer. Finally, the upper-layer density is given by an 

identical expression to the steady-state case. Global conservation of mass 

remains unchanged, namely 

QlPl + Q2P2 QOPu 

and also 

Ql + Q2 QO (6.22) 

Hence, in dimensionless form, the density associated with the upper fluid 

layer is given by: 
s 

(6.23) 
R+S 

This is also identical to the corresponding equation 2.44 in chapter 2. 

Therefore, we conclude that the transient equations reduce to the steady- 

state model of Chapter 2. 

6.3 The Numerical Method 

We now wish to numerically solve the system of equations (6.16) - -(6.18) 

to obtain the location of the first fronts and the evolution of the mixed 

regions, both as functions of time. To achieve this we implement a numerical 

technique based upon a method due to Germeles (1975) to evaluate the 
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ambient density profile for a single-plume filling-box system. We describe 

the model for this case in §6.3.1. 

Germeles' method was applied to the problem in which the source pos- 

sessed a non-zero associated mass flux. 1n §6.3.2, we discuss the extension 

and subsequent application of the technique to the transient dual-plume 

filling-box system, with sources which possess non-zero associated mass 

fluxes. 

6.3.1 Theory for the Single-Plume Case 

The similarity solution of the plume equations (1.6)-(1.8) yields an expres- 

sion for the volume flux of the plume as a function of vertical distance from 

the plume source. In the case of an unstratified environment, this is given 

by 
1/3 

=AB 0 
(Z + zo)5/3 (6.24) 

where the empirical constant A-0.15 and zo is the length of the virtual 

origin associated with the plume source. Dimensional analysis gives the 

velocity of the return flow as 

dz AB 1/3 (Z + Zo)5/3 0 W=- 

dt A 
(6.25) 

where A is the cross-sectional area of the container, which is assumed to 

be much greater than the effective cross-sectional area of the plume for all 

values of -ý. This is a principle requirement for the plume to possess a self- 

similar form, since the flow is not impeded by the boundaries of the confined 

region. The location of the first front as a function of time is therefore given 

by solution of (6.28), namely: 

I 
z- -zo + ý2/ 3 

2AB 
1/3 t -3/2 
0 

3A 
(6.26) 
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Hence, for a container of vertical height H and cross-sectional area A, the 

filling box time scales as 

Ir r--i 
3A [(z 

0 
2/3) 

-H -2/3 (6.27) 
2, \B 1/3 

0 

In the limit zo -ý 0, the first front takes an infinite time to reach the bottom 

of the container. This is because the limit represents a source of buoyancy 

with zero associated mass flux. 

The density evolution of the mixed region produced above the first front 

due to the propagation of the plume is given by solution of the advection 

equation 
OP� (t, Z) OP� (t, Z) 

at +w (Z) 
az 

(6.28) 

The advection equation (6.31) represents a conservative system, comprising 

surfaces of constant density propagating with velocity w. This is readily 

apparent upon application of the method of characteristics. An effective 

technique is to therefore utilise an adaptive grid in which the grid points 

move with the surfaces of constant density. This method is implemented in 

two stages. Firstly, the plume equations are integrated from the source to 

the top of the container. Upon successive time steps, a new grid point is 

added to the topmost grid point of the domain. Secondly, the grid points 

from the previous time step are then moved downwards. The density profile 

in the environment may then be evaluated in the region above the first front. 

6.3.2 The Dual-Plume Filling-Box 

We now apply the method to the dual-plume filling-box system. The di- 

mensionless equation describing the evolution of the density in the system 

is unchanged from §3.1, namely: 

IM +üM. 0 (6.29) 
at Ox 
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To calculate the ambient density profile as a function of time, we firstly 

utilise a fixed step-size fourth-order Runge-Kutta method to numerically 

integrate the plume equations from the horizontal boundaries of the confined 

region at i=0 and i=1. The plume equations are re-cast in the following 

form: 
I dQ 

-2 IEIýrl/4 
di 

(6.30) 

dM 
d -ý 

=2 
(ýa 

- f3) (6.31) 

dB 
dý 

1/4 (6.32) 

which are equivalent to equations (1.6), (1-7) and (1.8) of chapter 1. Re- 

writing the equations in this form makes explicit the fact that the density 

evolution of the two mixed layers are functions of the buoyancy fluxes as- 

sociated with the the plume flows. Worster & Huppert (1983) used an ap- 

proximate analytic expression to evaluate the buoyancy flux, although their 

method introduced small errors into the calculation. A similar technique 

will be described later as an means of error checking. 

Initially, the location of the two fronts are set at i=0 and i=I for 

the filling-box flows associated with the descending and ascending plumes 

respectively. The plume equations representing the ascending plume are 

integrated from ý=0 to i=1, and the fluxes of mass, momentum and 

buoyancy at the top grid point n= 100 are evaluated. Similarly, the de- 

scending plume equations are integrated from i=I down to i=0 and 

the fluxes associated with the downward-propagating plume are evaluated 

at the lower boundary. A key step in the application of the method is that 

the velocity of the two fronts are effectively independent of each other, and 

so a non-uniform time-scale is employed in each time step. This is defined 
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as 

di -- , 
dý 

AAQT 
(6-33) 

where AQT is the total entrained volume flux associated with the plume 

that originates from the source which possesses the greater associated mass 

flux. The values of the density profile in the room and the location of the two 

fronts are then stored in two arrays. The velocity of each front is evaluated 

according to: 
& Qn 
dt A 

(6-34) 

where ý, is the normalised volume flux of the plume flow at grid location 

n, and the fronts are moved up or down, respectively, a distance dependent 

upon their respective velocity and the magnitude of the time step. However, 

there are now points in both the density array and the front arrays which are 

consequently unknown. Linear interpolation is used to approximate these 

values. The interpolated values are compared with an approximate ana- 

lytic solution. The interpolated values are then updated into the arrays 

representing the front location and the density profile. The calculation is 

compared with the analytical prediction as an error-check. If the error at- 

tains an unacceptable magnitude, the step is re-calculated by dividing the 

previous time-step up into sub-arrays of smaller resolution. This is not an 

adaptive technique per se, but an additional calculation to remove error. If 

the error is still relatively large after this re-calculation, an error message is 

flagged and the numerical routine terminates. The overall time is updated 

by the amount dt, and the process is repeated. Hence, the density profile 

and location of the two fronts is evaluated as a function of time over a total 

time T. 
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6.4 Results 

In this section, we present some theoretical, numerical and experimental 

results for the time-dependent dual-plume filling-box system. Firstly, in 

section 6.4-1, we compare numerical results for the location of the filling- 

box fronts as functions of time with experimental data. 

Next, in section 6.4.2, we investigate the time-dependent density evolu- 

tion of the two mixed regions in the filling-box system. We present some 

numerical for the density evolution as a function of time. These are com- 

pared with a simple theoretical model for the time-dependent mean density 

profile. 

We then proceed by comparing the numerical results to experimentally- 

obtained data for the density evolution of the system. The theoretical model 

is also discussed further. 

6.4.1 Time-Dependent Progression of the Filling-Box Fronts 

We apply the numerical technique described in section 6.3.2 to evaluate the 

progression of the two filling-box fronts as functions of time. The technique 

was applied for two cases: firstly, z.,, =I cm and z, =2 cm, and also for the 

configuration such that z,, =4 cm and z1 =2 cm. The results are shown in 

figures 6.1 and 6.2. 

In both cases, the numerical results are in good agreement with ex- 

perimental data. The overall trend of the experimental results are well- 

represented by the numerical solutions. However, it may be seen that there 

is some scatter associated with the experimental data, which at some points 

is distant from the numerical results. 

This is the result of error in measuring the precise location of each of the 

filling-box fronts. Although assumed to be sharp density jumps in theory, in 
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FIGURE 6.1: Comparison between theory and experiment for the propagation of the 

two fronts associated with the plume return flows. The experimental data is for upper 

and lower source displacements of 1cm and 2cm respectively. The numerical solution was 

obtained by assuming equivalent upper and lower virtual origin terms. 

actuality the fronts themselves have a depth of a few millimetres. Further 

error was also due to external vibration, which tended to disrupt the location 

of the interface by a few millimeters. This is a frequent occurence when 

performing experiments with stratified fluids, due to the sensitivity of the 

experimental system to external vibration. This could have been rectified 

by performing the experiments in a room with a concrete floor, for example. 

To minimise random error, a transparent grid was attached to the front 

of the tank. This was generated by direct manipulation of a PostScript file, 

and resulted in an accurate grid of 1cm by Icin. This was found to be of 

assistance in obtaining much of the experimental data. Fýirtller, the fronts 

were measured at several points along their length and an average value 

taken. 

In conclusion, the agreement between experimental data aild numerical 
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Figure 6.2: Comparison between theory and experiment for the propagation of the two 

fronts associated with the plume return flows. The experimental data Is for upper and 

lower source displacements of 4cm and 2cm respectively. The numerical solution was 

obtained by assuming equivalent upper and lower virtual origin terms. 

solution is good, with the data in acceptable overall correlation with the 

numerical results. 

6.4.2 The Time-Dependent Density Profile 

In this section, we present experimental data for the time-dependent density 

evolution of the dual-plume filling-box system. The experiments were per- 

formed using the displaced-source configuration used in Chapter 3. Further, 

R=S in all cases. We then compare the experimental data to numerical 

results for the density profile. 

It is also of interest to consider a simple theoretical model for the time- 

dependent evolution of the density profile. We begin by presenting some 

numerical results and comparing these with the mean-density model. 

I 
-MUU-A/u. ciat- 
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6.4.3 Obtaining an Approximation of the Convergence Time 

The transient model, specified by equations (6.16), (6.17) and (6.18), is suf- 

ficiently complex that it requires numerical solution. Whilst this is desirable 

to obtain specific information about the time-dependency of the dual-plume 

filling-box system, a simple approximation for the convergence time would 

also be very useful in applications. Since the time taken for the transient 

system to converge to equilibrium is dependent upon many factors, such as 

the initial plume mass fluxes and their respective source densities, and since 

the plume flows develop according to these conditions, obtaining an approx- 

imation for the convergence time from dimensional analysis is not possible. 

It is therefore useful to be able to estimate T from another method. 

In this section, therefore, we present a simple model for the evolution 

of the mean fluid density within the confined region. This allows us to 

obtain an approximate scale for the time taken for the system to converge 

to equilibrium. We firstly define p as the mean density profile of the ambient 

fluid in the confined region. We may then propose a simple model for the 

evolution of p as a function of time: 

d [p (t) V] 
-::::: [Pl M Ql + [P2 (t) (t)] Q2 (6.35) dt 

where V is the total volume of fluid in the confined region. Consequently. 

there exists a value Of 02 -p and also a value of p, -p such that these 

parameters are independent of t. These are the steady-state values to which 

the system converges. We therefore have: 

and hence: 

(PI - P)Ql + (P2 - P)Q2 0 

QlPl + Q2P2 
Ql + Q2 

160 
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and so this simple model tracks the evolution of the mean density until a 

time such that p-p., Hence, this formulation is applicable only when the 

difference between the densities associated with the upper and lower fluid 

layers is small. However, in spite of this limitation, the model provides a 

simple means of examining how the density approximately changes as the 

system evolves towards the steady-state values. We therefore have 

dp= QlPI+Q2P2 (Ql + Q2) (6-38) 
dtIvI-Iv 

where the first term on the right-hand side of the above expression represents 

the total density flux of fluid entering via the sources in unit time and the 

second term on the right-hand side represents the mean flux of ambient fluid 

leaving the confined region via the mass sink in unit time. This follows from 

the global conservation of mass relation, namely that Q,,, t : -- Q1 + Q2. We 

proceed by re-writing 6.41 in terms of an appropriate integrating factor, 

d [pexp (Ql + Q2) 
t] = 

(PlQl + P2Q2 ) exp 
(t (6-39) 

dt vvv 

and then we arrive at the solution for P: 

(PIQI + P2Q2) 
_ 

(PIQI + P2Q2 Ql + Q2 Ql + Q2 ý 
exp vt +go exp v Ql + Q2 QI+Q2 ) 

(6.40) 

where go is the initial mean density profile, which is equal to the density 

of the initial ambient fluid. We may normalise this expression as per the 

scalings of chapter 2 to yield 

I(S) [I 
_ e-(R+S)t] +f e- 

(R+S)t 
p- R+S 

PO 

where an appropriate scale has been chosen so that V --ý I. Consequently, 

the solution implies that, as t -+ oc, the mean steady-state density profile 

is given by: 
(6.42) 
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FIGURE 6.3: Mean density evolution as a function of time for the dual-plume filling-box 

system. The curve represents the the solution of equation 6.43 for R=S=0.5 and an 

initial ambient density TO = 

Hence, equation (6.44) may be used to track the mean density evolution 

from an initial ambient density of PO to the final equilibrium value of ý". 

Consequently, this simple model provides only an approximation to the mean 

density, since it assumes that ýj is close in value to the upper-layer fluid 

density. 

Figure 6.3 shows the time evolution of the mean density profile by using 

this model. The ambient fluid has an initial dimensionless density equal to 

1.0, and R=S=0.5. The model predicts that the system converges to 

equilibrium in as dimensionless time i= 400. 

Figure 6.4 shows the density evolution of the dual-plunie steady-state 

system. The figure consists of the normalised relative density as a function 

of dimensionless height for various nornialised times. 

The figure shows central immixed region, consisting of anibient fluid with 

relative dimensionless density 1.0. This is particularly clear for i -- 50, where 
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FIGURE 6.4: Results from the application of the numerical technique. Solution 

curves for the density profile of the ambient fluid are shown as functions of dimension- 

less height time. The curves represent the state of the system at dimensionless times 

7- = 50,100,150,200,250,300,350,400 The plot was obtained for the sources which pos- 

sessed equal-magnitude associated mass fluxes R=S=0.5. The virtual origin terms 

were h,, = hi = 1.0/30-0. 
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the discontinuity between the unmixed fluid and the two filling-box fronts 

may be seen. As the dimensionless time increases, the two fronts progress 

through the confined region, and the density evolves towards its equilibrium 

values. For the initial conditions specified, convergence to steady-state oc- 

curs in i- 400, with a small contrast in density between the upper and 

lower fluid layers. This allows comparison with the mean-density model, 

shown in figure 6.3, which also predicts approximately the same mean den- 

sity occurring in a time i- 550. 

6.4.4 Experimental Results for the Time-Dependent Density 

Profile 

In this section, we present experimental data for the time-dependent density 

profile of the dual-plume filling-box system. In total, sixteen experiments 

were performed. In each case, the mass fluxes associated with the fluid 

sources were equal in magnitude, with Q, ý Q2 = 0.175litres min-. The 

input densities were also the same for each experiment. The fluid entering 

via the lower source had a density of p, = 1030 kg M-3, and the fluid from the 

upper source pi = 1050 kg M-3. The ambient fluid had an initial density 

po = 1040 kg M-3. These values give a mass flux scale as Qp = 4.47 x 

10-6 M3 s-1. Applying these scale, we have R=S=0.653. 

The upper source displacement was varied in the experiments. Further. 

the value of the initial ambient density was changed to ensure that con- 

vergence to equilibrium occurred over a different timescale. Finally, two of 

the experiments were repeated with the mass sink located in the floor of 

the tank. The purpose of this was to verify that the system has the form 

specified by equations (2.52) - -(2.54) in Chapter 2. 
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Experiment Upper source 

displacement 
.1 

Initial ambient 

density 

Notes 

Al I cm 4% 

A2 2 cm 4% 

A3 3 cm 
.1 

4% 

A4 4 cm 4% 

A5 5 cm 4% 

A6 6 cm 4% 

A7 7 cm 4% 

A8 8 cm 4% 

A9 
r9 

cm 4% 

AlO 10 cm 4% 

All 11 cm 4% 

A12 12 cm 4, ý 
A13 

I 
13 cm 4% 

Bl 
I 

I cm 1% 

C1 1 cm 1.5% Mass sink 

in lower layer 

Ccl 12 cm 1.5% Mass sink 

in lower layer 
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Figure 6.5 shows the time-dependent density profile obtained from experi- 

ment Al. The density profile is plotted at regular dimensionless time inter- 

vals T, a parameter normalised by scaling with the filling-box time -r. The 

system converges to a two-layer configuration. Each fluid layer is well-mixed. 

The density of the upper layer to converges to the predicted steady-state 

value ý,, = 0.5. This value arises from the fact that R=S. We note that, 
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FIGURE 6-5: Time-dependent density profile of experiment Al and corresponding nu- 

merical solutions for the density profile as functions of dimensionless time and height. 

The solid line represents the numerical solution for a corresponding dimensionless time 

T= 400. 

the densities for times t =: t4 and t= t5 are identical. We may conclude 

that the system has therefore reached equilibrium. 

The bold line is the numerical solution for the density profile correspond- 

ing to t= t3. The location of the fluid interface is reasonably well-predicted 

by the numerical solution, but there is a margin of error in the values of the 

upper and lower-layer densities. In actuality, the numerical solution has con- 

verged faster than the experimental density profile, but is in good agreement 

with the final steady-state values. 

Figure 6.6 is the experimentally-obtained ti me- dependent density profile 
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FIGURE 6.6: Time-dependent density profile of experiment A3 and corresponding nu- 

merical solutions for the density profile as functions of dimensionless time and height. 

The solid line represents the numerical solution for a corresponding dimensionless time 

T= 300. 

corresponding to experiment A3. A key point to note is that above and 

below the interface location the fluid layers are well-mixed. However, the 

data for measurements located in the region of the interface, at i -- 0.5 and 

i -- 0.65 shows a slight density gradient. However, the agreement between 

the numerical solution and the experimental data is again reasonable. Figure 

6.7 shows the time-dependent density profile obtained from experiment A5. 

It is clear in this figure that there are gradients in the density profile. The 

numerical solution, however, still predicts two distinct layers separated by 

a density discontinuity. There is considerable disagreement between the 
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FIGURE 6-7: Time-dependent density profile of experiment A5 and corresponding nu- 

merical solutions for the density profile as functions of dimensionless time and height. 

Note the slight stratification present in the density profile. The solid line represents the 

numerical solution for a corresponding dimensionless time -r = 350. 

numerical solution and the experimental data for T= t4. However. the 

system still converges to equilibrium with the predicted values of the upper 

and lower layer fluid densities. Further experimental work indicated two key 

points. Firstly, for all the experiments performed throughout the course of 

the work, the dual-plume filling-box system eventually converged to steady- 

state. The equilibrium values of the tipper-layer density were particularly 

convenient to compare with the experimental values, and the predictions 

were in excellent agreement with the empirical results. 

The second point concerns the well-inixed approxiniation. As the inag- 
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nitude of the upper-source displacement was increased, the experiments in- 

dicated that the system was not well-represented by a well-mixed approxi- 

mation. This is an interesting result, especially since all of the steady-state 

results indicate that in equilibrium the assumption of each layer being well- 

mixed is correct. 

The well-mixed approximation is implicit in the numerical routine. It is 

assumed that the filling-box flows, which are driven by each of the plumes, 

contain regions of fluid which are approximately uniform in density. To ade- 

quately represent these regions as being potentially stratified would require 

a more complicated numerical technique. This may involve direct solution 

of the advection equation when stratification in the mixed region is encoun- 

tered. Further, as commented upon in section 6.5, the present numerical 

routine is unable to resolve the possibility of fountain-like behaviour by one 

of the plume flows. We also note that increasing the magnitude of the source 

displacements seems to increase the occurrence of density gradients. How- 

ever, experimental observations suggest that increasing the source displace- 

ments alone does not produce a density profile exhibiting density gradients 

more severe than that seen in figure 6.7 for experiment A5. 

In concluding this section, it is seen that for relatively small source dis- 

placements the numerical routine is in good agreement with the experimental 

values of the density profile. There is some discrepancy, however, between 

the empirical and numerical density profiles in terms of the density as a 

function of time. However, the same program produces very good overall 

agreement with the location of the filling-box fronts as a function of time. 
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6.5 Dynamics associated with the 

propagation of a turbulent fountain 

It was seen in sections 6.3 and 6.4 that the results of the numerical method 

are in good agreement with experimental data for the lower-layer density 

and the location of the fluid interface. However, all of these results relate 

to the case for which R=S. If we recall the parameter R* = RI(R + S), 

defined in Chapter 2, we find that the numerical routine is insufficient to 

evaluate cases for which R -+ 0 or R* -+ 1. In this section, we explain 

the limitations of the numerical technique with reference to experimental 

observations. 

Let us consider the case R* -- 0.1. In this situation, the mass flux 

associated with the upper source is relatively large. Suppose further that 

the input density of the descending plume is also relatively large, for example 

an aqueous saline solution of 5% concentration compared to an ambient with 

1%. Since S is large, the fractional dilution associated with the plume is 

small, and it arrives at the lower boundary relatively undiluted. Hence, 

within a short time of commencing the experiment, we expect that a layer 

of dense fluid would form at the lower boundary of the confined region. 

For certain values of R, the ascending plume would entrain a relatively 

large amount of the dense fluid from the lower layer. This was found to 

be the case when R* -+ 0. The ascending plume possessed enough initial 

momentum flux to progress vertically through the container, past the in- 

terface. However, at this point, it was actually a negatively buoyant jet. 

This was apparent with careful observation of the experiments, which were 

videotaped using a shadowgraph in conjunction with a high-quality video 

camera. Observations showed the ascending plume did not reach the top of 
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the container, and distributed a flux of volume over an area as it flowed in 

the fountain phase. This redistribution of buoyancy significantly changes the 

dynamics of the filling-box system since it implies that the fountain creates 

an intermediate-level stratification. 

Further, it may also be possible for one of the plumes to become trapped 

by the resulting stratification (see, for example, Cardoso & Woods, 1993). 

These physical effects violate one of the fundamental assumptions of the 

model, namely that each layer is well-mixed to leading order. However, it 

was found that in every experimental case, the filling-box system eventu- 

ally adjusted itself so that two approximately well-mixed layers formed and 

convergence to steady-state was consequently achieved. 

During the fountain phase, however, the numerical technique could not 

resolve the fluid mechanics of the fountain. In these cases, the numerical so- 

lutions of the system of differential equations returned function values that 

could not be resolved by the interpolation method. Although the Runge- 

Kutta methods are generally viable for differential equations with disconti- 

nuities, the adaptive grid method was unable to deal with the distribution 

of density over an area. Hence, the program based upon the numerical 

technique simply halted. It did, however, predict approximately when the 

fountain effect occurred, compared to experimental observation. However, 

in the form used to obtain the numerical solutions presented in this Chap- 

ter, the program would be inappropriate to use as a predictor of the precise 

initial conditions required to create the fountain effect or its duration. 

The relatively dense fluid associated with the plume was distributed 

over an area rather than being advected to the upper fluid layer. Such 

a redistribution of relatively dense fluid mass in the upper region of the 

container was found to significantly influence the transient stage of the dual- 
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plume filling-box evolution. Essentially, the approximation that the total 

buoyancy associated with the plume as it crosses the boundary is mixed 

into the layer that the plume flow terminates in is no longer valid in the 

case of the fountain flow. 

Further, the approximation that each of the two buoyant fluid layers 

are well-mixed to leading order was also not applicable. This is due to the 

fact that the redistribution of relatively dense fluid by the fountain creates 

a stratified region to form in the container. The assumption of a weak 

stratification is not applicable in this case. 

However, extension of the current numerical technique to such cases is 

quite complex. Quantification of the filling-box processes associated with 

turbulent fountains represents relatively recent research (see chapter I for 

more details), particularly in the case of initially-stratified ambient fluid. 

The physics of a system consisting initially of a fountain and a plume, in 

a dual-source filling-box configuration, have not yet been studied. In the 

present work, the principal complication added the fountain flow is the dis- 

tribution of relatively dense fluid over a region with a substantial area. This 

presents a problem in modelling the resulting flow due to the lack of self- 

similarity and application of direct scaling techniques. In principle, however, 

one could progress by extrapolating from the experiments sets of initial con- 

ditions which caused the fountain to manifest. These could be used in a 

more rigorous numerical technique to obtain appropriate solutions of the 

advection equation (7.31), such as a finite-difference scheme. This approach 

would be preferably to say, a finite-element technique due to the increased 

complexity of the latter, or the implementation of a spectral method since 

such numerical routines do not work well when discontinuities are present. 
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6.6 Venting Below The Ceiling 

In this section, we return to the question posed at the end of chapter 2, 

namely, what are the effects upon the transient system if the outflow vent 
is located in one of the vertical boundaries rather than the ceiling of the 

container? It was concluded that if the steady-state system still comprised 

two well-mixed fluid layers for the case of a mass sink located upon the a 

side-wall, the global and local equations for mass and buoyancy conservation 

were unchanged. The system was therefore identical to the canonical model. 
Our principal investigation in this section will therefore be to analyse the 

effect of venting below the ceiling upon the evolution of the transient dual- 

plume filling-box system. 

6.6.1 Theory 

Consider first a single-plume filling-box ventilated above the floor. The 

system is driven by a posit ively-buoyant ascending plume. A downward- 

propagating first front arises due to the return flow associated with volume 

flux of the plume at the top of the confined region. 

The return flow experiences a discontinuity upon passing the location of 

the mass sink. This is apparent upon considering a control volume consisting 

of a horizontal surface below the ventilation opening, coupled with the upper 

part of the closed room, above this horizontal surface. Consequently, the 

net flux through this surface is zero. 

We now need to extend the above analysis to the transient dual-plume 

filling-box system. We firstly consider the case such that the mass sink is 

located in one of the vertical boundaries. Further, we assume that the vent 

is located in the upper half of the container, namely at a vertical height 

greater than ft/2. We may then impose the condition that only the return 
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flow associated with the ascending plume will experience a discontinuity 

upon passing the outflow vent. Such a restriction assumes that, in steady- 

state, the interface will be located below the mass sink. Further, we need 

only initially concern ourselves with a time-scale 0<t<T, where T is 

the time taken for the two fronts to meet. Taking downward-propagating 

velocities as being positive, the speed of the first front associated with the 

ascending plume is given by 

Qa 
A 

(6.43) 

where Q,, is the volume flux of the ascending plume at a height z=H and 

A is the cross-sectional area of the confined region. The above expression 

is valid only when the return flow is above the mass sink, so is only true 

initially. When the descending front reaches the location of the mass sink, 

its velocity is given by 
Qa - Qo 

wv =A- (6.44) 

where global mass conservation gives Qo :::::::: Q1 + Q2. Hence, the possibility 

exists that if Q,, Q1+ Q2 , the front will halt its descent at a vertical height 

equal to zo, the location of the outflow vent. In this situation, no such 

restriction is placed upon the return flow associated with the descending 

plume, and hence this front will rise to meet the other discontinuity. In 

this situation, the interface location will be at z= zo. However. the lower 

fluid layer will end just below the outflow vent so that the system is still 

asymmetric with regards to the mass sink. 

In the case for which Q,, :AQ, the descending front continues past the 

location of the outflow vent. However, the velocity of propagation associated 

with this return flow will be reduced upon passing the location of the mass 

sink. Therefore, locating the the outflow vent in the vertical boundary 

will have the effect of raising the location of the fluid interface. This is 
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because the reduction in velocity of the descending front will cause it to 

meet the ascending front further up the container. Therefore, we may form 

the dimensionless parameter ý, defined according to 

Ql + Q2 
Qa (6.45) 

to estimate the effect of the sink upon the steady-state flow. Hence, when 
ý-1, the interface is located at the mass sink. Typically, however, ý<1, 

and hence the smaller the magnitude of the parameter, the less that the 
interface will be displaced vertically upwards from the canonical case of a 

vent located in the upper boundary. 

In conclusion, the argument presented in chapter 2 is only valid for a 

relatively small value of ý. One may not infer by examining the steady- 

state case the precise effects of venting below the ceiling upon the overall 
development of the dual-plume filling-box system. 

6.7 Conclusions 

A model has been derived to describe the evolution of the dual-plume filling- 

box system from a specified set of initial conditions through its subsequent 

development to its final steady-state. 

The model is numerically solved by an improved method based upon an 

algorithm first applied by Germeles (1975). The technique involves inte- 

grating the plume equations to calculate the magnitudes of the return flows 

associated with each plume. 

The method of characteristics applied to the advection equation allows 

the density in the well-mixed region behind each front to be evaluated. 

The dependence of the progression of the two fronts upon the mass fluxes 

associated with the sources is also examined. The numerical results are in 
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good agreement with the experimental data for both the location of the fluid 

interface and the densities associated with each fluid layer. 

It was found that the numerical routine was insufficient to resolve the 

situation whereby one of the plumes acquired the characteristics of a turbu- 

lent fountain. The effect of this, deduced from experimental observations, 

was a redistributed of buoyant fluid over a wide region. This greatly com- 

plicated the fluid mechanics of the system. However, it was observed that 

the dual-plume filling-box did always converge to steady-state equilibrium. 

Finally, the effects upon the transient system of venting below the ceiling 

were discussed. It was found that such a configuration could have a signif- 

icant effect upon the development of the final equilibrium state. This was 

principally affected the location of the fluid interface. 
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"To keep a drowsy emperor awake; 

Or set upon a golden bough to sing 

To lords and ladies of Byzantium 

Of what is past, or passing, or to come. 

- William Butler Yeats, Sailing to Byzantium 

The fluid mechanics of a particular class of turbulent buoyant fluid flows 

propagating in a confined region has been extensively investigated. During 

the course of the present work, we have examined the consequence of sources 

which possess non-zero associated fluxes of mass upon the overall dynamics 

of each system. These effects have shown several novel features which have 

not been previously investigated. 

A model of the filling-box system driven by two plumes of opposite buoy- 

ancy was derived for the steady-state regime. The effects of plume sources 

which feature significant associated fluxes of fluid mass were investigated. 

The system possessed an internal asymmetry which was dependent upon 

the vent via which fluid mass flowed out of the confined region. The re- 

sulting algebraic equations specifying the dimensionless interface location 

between the two well-mixed fluid layers, and the density associated with 

each of these layers, were solved numerically as functions of the source mass 

fluxes. It was found that for a system with the outflow vent located in the 

upper fluid layer, the density of the top layer was constant for a given value 

of the normalised source mass fluxes. It was further shown that the lateral 

drift associated with the flow of mass through the system has a negligible 

effect upon the vertical propagation of each of the turbulent plumes. The 

model was applied to the physical situation of ventilating a confined region 
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subject to U. K. health and safety guidelines. 

The canonical dual-plume filling-box model of chapter 2 was extended to 

consider plume sources which are effectively two-dimensional. A system that 

was driven by a combination of two such line plumes was investigated. It was 
found that the effect of such a system was to translate the solution curves 

when compared with the canonical model. A further system, consisting 

of a hybrid combination of a line plume and an axisymmetric plume was 
then studied. Finally, this system was used to examine and compare the 

mechanics of entrainment that occur for a line plume and an axisymmetric 

plume. 

Global quantities associated with the system were investigated experi- 

mentally in the steady-state regime. The model of chapter 2 was extended 

to consider sources that were located a vertical distance away from the up- 

per and lower boundaries of the confined region. The numerical method of 

chapter 2 was extended to investigate the implications of source displace- 

ment with regards to the location of the fluid interface and the densities 

associated with each fluid layer. The numerical solution was seen to be in 

good agreement with the experimental results. Further, the tendency of the 

the lower source displacement to greatly influence the system was noted. 

This was substantiated with the calculations of chapter 6. The additional 

asymmetry in the source displacements was explained in term of the location 

of the mass sink. 

The canonical model of Chapter 2 was applied directly to the situation 

of natural ventilation of a confined region. A second mass sink was provided 

in the lower boundary. A simple model was applied to predict whether there 

would be an exchange flow with the external ambient fluid, or whether the 

flux of mass through the system would be one-way. In both cases, the 
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models were solved to find the steady-state configurations in terms of the 

mass fluxes associated with the plume sources. In the case of a system 

which admitted exchange-flow behaviour, it was assumed that the external 

ambient was quiescent. However, this condition was later relaxed, and a 

simply model applied to predict the effect of external wind propagating in 

the opposite direction to the flow of mass via the upper vent. A simple 

stability calculation was performed to show how the density distribution in 

the room was affected. 

The transient was regime was investigated for the flow configuration pre- 

sented in chapter 2. It was shown that the time-dependent model reduced 

to the steady-state system in the limit t -ý oc. The model was solved nu- 

merically by an extension of a technique which relied upon simple analysis 

of the advection equation. A simple model for the exponential density dis- 

tribution was also derived and showed good agreement with experimentallý - 

derived results for the density profile. The convergence to steady-state for 

all Physically-applicable values of the source mass fluxes was also proved. 

Finally, the influence of the location of the mass sink a vertical distance 

below the upper boundary upon the subsequent development of the steady- 

state model was noted and discussed. This was found to be consistent Nvith 

the experimental and numerical results of Chapter 3. 
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