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Abstract 

This thesis investigates the nature and effects of a variety of nonlinear interactions 
between gravity waves, wave groups and beaches, in order to assess where the in- 
teractions are, or may be, important. They are studied in two-dimensions (i. e. one 
horizontal dimension) using an efficient and accurate boundary integral method to 
solve the fully nonlinear equations of motion. The results of these computations are 
compared with simpler weakly nonlinear or linear models. Analytical solutions of the 
Kadomtsev-Petviashvili equation are used to investigate weakly three-dimensional 
waves on shallow water. 

Under certain conditions, deep water waves have been shown to occasionally form 
very short, steep groups. The size and time of occurrence of these groups is affected 
dramatically by the relation between the phase of the carrier wave and the initial 
modulation perturbation. Work on this topic by Henderson et al. (1999) is extended 
using weakly nonlinear theory. In addition, various properties of the steep groups 
are investigated using weakly nonlinear and linear methods. 

It is known that interactions between modulated waves on intermediate depth water 
give rise to longer (low frequency) waves. Both bound and free long waves form 
under isolated wave groups. The behaviour of short and long waves associated with 
wave groups on constant intermediate depths is described using the fully nonlinear 
model. Comparisons are made with weakly nonlinear models (primarily the Davey- 
Stewartson equations) - 

The interaction of wave groups with a plane sloping bathymetry and thus the pro- 
gression of waves into shallow water is studied using the fully nonlinear model. In 
particular, the shoaling behaviour of the waves is compared with linear theory, and 
the differences explained. The relative phases of the waves in different groups are 
found to significantly affect their interaction. 

In shallow water, individual wave crests become more important, hence the effects 
of the interaction between two solitary waves are considered with respect to their 
shoaling and breaking. The interacting waves do not add linearly and typically 
break closer to the shore than the higher of the two solitary waves on its own. 

There is a much wider range of interactions between weakly nonlinear three-dimensional 
waves than between weakly nonlinear two-dimensional waves. Analytical solutions 
of the (constant depth) Kadomtsev-Petviashvili equation are used to illustrate and 
classify the nature of the nonlinear interactions between weakly three-dimensional 
waves on shallow water, some of which prove to be counter-intuitive. 
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Chapter 1 

Introduction 

1.1 Background and Wave Modelling 

Ocean and coastal engineers are concerned with the description and prediction of 

water waves. Knowledge of the wave field is valuable in many applications, such as 

the design of breakwaters and offshore structures such as oil rigs and the design of 

harbours. One issue which has attracted the attention of the media in recent months 

is the extraordinary engineering feats involved in moving inland the lighthouse at 

Beachy Head, Dorset, England. Water waves played a part in eroding the cliff on 

which the lighthouse was situated, with the eventual result that it was in danger 

of falling into the sea. With mankind's increasing desire to protect himself and his 

property from the forces of nature (or at least to predict when the worst events may 

happen) comes an increasing demand for more detailed descriptions and a thorough 

understanding of nature's behaviour. 

Empirical evidence obtained from field studies is frequently used to form a descrip- 

tion of the wave field. Through analysis of the data, some understanding of the 

underlying physical processes governing the wave behaviour may be obtained. How- 

ever, a large amount of data is generally required. 
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A 'modelling' approach may provide a more efficient route to understanding cer- 

tain aspects of wave behaviour. Physical models and experiments are appropriate 
in many situations, although difficulties may arise in deciding the proper scalings 
for the problem, and in obtaining accurate measurements. Certain physical approx- 

imations are made in forming mathematical models. Information from analytical 

solutions to these models is useful, but is rather limited due to the small number 

of problems for which a satisfactory solution may be found. With the continued 

expansion of computers, numerical solutions to mathematical models prove in many 

circumstances to fulfill the demand for more detailed, specific information at rea- 

sonable expense. 

A number of mathematical models are used in this thesis. The primary model 
(due to Dold & Peregrine 1985) is able to compute the initial overturning stage 

of wave breaking; the other models are appropriate for waves which do not break. 

Under these circumstances, it is reasonable to consider the fluid to be incompressible, 

irrotational and inviscid. A fluid is incompressible if the density of any fluid element 

remains constant (although the density of the entire fluid need not be constant or 

uniform). This is a good approximation until waves break and entrain significant 

amounts of air. The vorticity of a fluid at rest is zero. Water waves are usually 

considered to be a perturbation of the state of rest, and so their initial velocity 

distribution is considered irrotational. Vorticity cannot then be generated (in a 

simply connected domain) except in the presence of viscosity, which is significant 

only in the bottom and free surface boundary layers. If the water depth is greater 

than about half a metre, the boundary layers are thin compared with the total water 

depth and over reasonable periods of time have little influence on the wave motion. 

However, this notion of zero-vorticity is not appropriate for breaking waves. When 

a wave breaks, the free surface falls onto itself and considerable vorticity is carried 

into the body of the fluid. The subsequent water motion is invariably turbulent. 

For an incompressible, inviscid and irrotational fluid, a velocity potential exists, and 

is governed by Laplace's equation plus (nonlinear) boundary conditions. The nu- 

merical model due to Dold & Peregrine (1985) solves this equation and the boundary 
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conditions in two dimensions (i. e. one horizontal dimension), using a boundary in- 

tegral method. In this thesis it is referred to as the fully nonlinear model. Although 

this model is not new, there exists considerable potential to further exploit its abil- 
ities. In this study, it is used to provide verification of other weakly nonlinear and 
linear models with more assumptions and approximations, and to obtain greater 

understanding of the physical behaviour of waves. 

Clearly, the applicability of a two-dimensional method is limited. The extension of 

the accurate boundary integral method to three-dimensions is possible, but compu- 

tationally very demanding. Instead, solutions of the weakly nonlinear Kadomtsev- 

Petviashvili equation (Kadomtsev & Petviashvili 1970) are used to illustrate the 

interactions between weakly three-dimensional waves (i. e. those which travel at a 

small angle to the x-axis). 

This and the other weakly nonlinear mathematical models used in this thesis (the 

nonlinear Schr6dinger equation, Davey-Stewartson equations and Korteweg-de Vries 

equation) may be derived from Laplace's equation and the nonlinear boundary condi- 

tions by means of perturbation expansions. These begin by assuming that a solution 

exists as a suitable asymptotic expansion with respect to one or more relevant small 

parameters, for example the slope of the wave surface or the ratio of wave ampli- 

tude to depth. Through substituting the expansion into the governing equation and 

boundary conditions, and collecting terms of the appropriate order, the approximate 

mathematical models are obtained. 

Figures (1.1) and (1.2) show the relative regions of validity of the weakly nonlinear 

models, with the obvious abbreviations. In figure (1.1) the parameters are the wave 

steepness ak and the dimensionless water depth kh. In figure (1.2) they are the di- 

mensionless wave amplitude ýý and the dimensionless water depth kh. Additionally, h 

all the models except the Korteweg-de Vries equation may be used to describe weakly 

three-dimensional waves, although in this thesis only the Kadomtsev-Petviashvili 

equation is used to this purpose. 
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Figurel. l: Relative regions of validity of the weakly nonlinear models, wave 
steepness against dimensionless water depth. 
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Figure 1.2: Relative regions of validity of the weakly nonlinear models, 
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Linear models are most easily formed through a linearisation of the nonlinear free 

surface boundary conditions (noting that the governing equation is already linear). 

1.2 Water Waves and Wave Groups 

The study of regular (uniform) trains of nonlinear water waves dates back to Stokes 

(1847,1880). By means of a perturbation expansion in a (small) parameter vary- 
ing with the ratio of the first order wave amplitude to wavelength, he proposes a 

steady solution to Laplace's equation. The resultant wave shape is approximately 

trochoidal, with a sharper crest and wider, flatter trough than a sinusoidal wave 
form, and the limiting (highest) steady wave incorporates a 120' slope at the crest. 
Stokes obtains a solution for arbitrary depth valid to the third order in the expansion 

parameter, and De (1955) extends this to fifth order. 

Schwartz (1974) extends Stokes' expansion computationally to high (70th) order. 

However, Stokes' expansion converges for a wave steepness less than the maximum, 

because Stokes' expansion parameter is not a monotonically increasing function of 

the wave height. Schwartz (1974) carries out expansions in terms of a new expansion 

parameter, equivalent to half the wave height, to 117th order for deep water and 

48th order for finite depth. Good results are obtained for all except high waves on 

shallow water. Pade approximants are used to sum the series, thus extending its 

radius of convergence. 

Cokelet (1977) uses a different expansion parameter, related to the fluid speeds at the 

wave crest and trough, and sums the series using Pade approximants. Confirming 

and extending the results of Longuet-Higgins & Fenton (1974) and Longuet-Higgins 

(1975), he shows that for all depths, the highest wave is not the fastest, and finds 

that the mass, momentum and energy of the waves have maxima at a wave height 

less than the maximum. 

There exist other Stokes theories, for example Fenton (1985) carries out an expansion 
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to fifth order in terms of the wave steepness itself, and finds the coefficients in terms 

of the dimensionless depth kh alone. 

Stokes' expansion is appropriate only if the Ursell number UT a is small. kTh-7 
Here a is the wave amplitude, k the wave number and h the water depth. As a 

result it is not appropriate for waves on shallow water. An approximate steady 

solution valid for small depth to wavelength ratios is given by Korteweg & de Vries 

(1895). This is known as the cnoidal wave because of its description in terms of the 

Jacobian elliptic function cn(zlm), where z is the argument and m the modulus of 

the function. Fenton (1979) gives an example of a higher order (fifth order) cnoidal 

theory with an effective expansion parameter of 
H 

where H is the wave height 
mh 

and h the water depth under the trough. 

In the limit m -ý I the cnoidal wave solution corresponds to the infinitely long 

solitary wave, first observed by Scott-Russell (1844) and given analytically to first 

order by Boussinesq (1872). A solitary wave is an isolated nonlinear wave of elevation 

which propagates on shallow water of constant depth without change of form, with 

a speed related directly to the depth of water beneath its crest. Thus higher waves 

travel faster than lower waves. Cnoidal waves are equivalent to trains of solitary 

waves to a very good approximation. 

There are many studies investigating the stability of nonlinear waves. Benjamin 

Feir (1967) indicate that a Stokes' wave train is unstable on depths greater than kh 

1.363. More is written on this topic in later pArts of this thesis. The stability analysis 

of Longuet-Higgins (1978a, b) extends their work to waves of arbitrary steepness 

subject to superharmonic and subliarmonic perturbations. He finds that a deep 

water nonlinear wave train subject to subliarmonic perturbations regains stability 

at steepness ak=0.346, and that a new type of fast-growing instability exists for 

waves of large initial steepness. From the study of waves subject to superharmonic 

disturbances it appears that the two lowest modes coalesce at ak -ý 0.436 suggesting 

that this is a point of instability. 
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Further to the latter discovery, the stability of both steep periodic water waves on 

deep water and steep solitary waves subject to superharmonic perturbations are 

studied by Tanaka (1983,1985,1986) and Tanaka et al. (1987), and more recently 

by Longuet-Higgins & Tanaka (1997) and Longuet-Higgins & Dommermuth (1997). 

For both deep water waves and solitary waves, it is found that the instability relates 

only to the local flow near the crest, and arises first at a value of the wave steepness 

or wave height corresponding to a stationary value of the energy density, that is 

ak = 0.4292 for deep water waves and -ý = 0.7824 for solitary waves. These are h 
lower than the limiting wave steepnesses of ak = 0.4432 for a deep water wave and 
a 0.8332 for a solitary wave. For deep water waves, the subsequent development of 

the instability depends on the sign of the initial perturbation. In one case, the crest 

overturns. If the perturbation is of the opposite sign, there is a smooth transition 

to a lower progressive wave with almost the same total energy, followed by a return 

to a wave of almost the initial wave height, thus defining a nonlinear recurrence 

phenomenon. For solitary waves, the appropriate sign of the initial perturbation 

leads to a monotonic transition to a lower solitary wave. 

However, the waves forming on a sea are rarely of uniform height, length or direction, 

but are generally both irregular and unsteady. Typically they are described using 

spectral analysis, in which an irregular sea surface is represented by a Fourier sum of 

uniform linear wave train components. These are taken to have spectral amplitude 

and direction distributions with the irregularity arising from random phases for 

each component. Given certain statistical assumptions, many properties of the 

wave surface may be determined. Kinsman (1965) gives a thorough description of 

this approach, including difficulties encountered in determining spectra from field 

measurements. 

Observations of the sea surface indicate that distinct groups of waves may be iden- 

tified. A spectral description is capable of describing these, by taking the phases 

of the component waves to be aligned (to some degree) at the centre of the group. 

The field study of Boccotti et al. (1993) is one such example; however, spectral 

descriptions frequently neglect consideration of wave phase. Spectral methods are 
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capable of describing nonlinear interactions between waves, but the resultant large 

number of terms may cause significant computational demands and difficulties in 

interpretation. 

An alternative modulation approach assumes the properties of the waves to be close 

to a uniform steady wave train, and thus has the advantage of admitting descriptions 

in terms of nonlinear waves. As a result it may provide a more accurate description 

of wave groups and nonlinear interactions, particularly in shallow water where the 

linear approximation is not a good one. It is the latter approach which is taken in 

this thesis. 

Wave groups are considered to be the primary driving mechanism for the generation 

of low frequency waves (Longuet-Higgins & Stewart 1962, or more recently Lo & 

Dean 1995 or Barnes 1996). Wave groups may arise on deep water as a result of the 

instability of a uniform Stokes' wave train (Benjamin & Feir 1967). Low frequency 

waves are generated as a result of differences in the momentum flux (also termed 

gradients of 'radiation stress') under groups of high and low waves, and are typically 

much larger on intermediate depth water than on deep water. 

Low frequency waves behave as currents, and may also be termed long waves. They 

typically have periods of the order 25-200 seconds, longer than those of wind waves 

which are easily visible on the sea surface with periods of approximately 5-20 seconds 

and shorter than tsunamis or tidal waves (generated by earthquakes and landslides 

on the ocean floor) which have periods of the order of minutes. One manifestation 

of low frequency waves is 'surf-beat', that is the long period variation in the water 

level or set-up close to shore. It is thought that low frequency waves (currents) in 

the surf zone are responsible for changes in beach morphology resulting from the 

transport of sediment, including (in some cases) beach erosion. In addition, long 

waves cause significant ship motion in harbours. 

In shallow water, the character of the wave groups is markedly different from those 

on deep or intermediate depth water, since waVes forming the shallow water groups 
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typically behave more as individual wave crests than those on deep water. These 

waves are modelled well by solitary or cnoidal wave descriptions (e. g. Veeramony & 

Svendsen 1996 or Barnes 1996). 

1.3 Outline of this Thesis 

The purpose of this thesis is to investigate the nature and effects of a variety of 

nonlinear interactions between waves, wave groups and beaches, in order to deter- 

mine where the interactions are, or may be, important. In each situation there are 

a number of parameters which need to be selected. Exhaustive studies would be 

prohibitively time consuming, and so in each chapter a few representative examples 

are discussed. To help guide the reader, a brief summary of the bathymetries and 

waves considered is presented in figure (1.3). 

The outline of this thesis is as follows. A description of the mathematical and 

numerical models used in this thesis is presented in chapter 2. 

The development of steep wave groups from an almost-uniform periodic wave train 

on deep water is studied in chapter 3. In open waters, waves form into groups 

of varying heights and lengths. Occasionally these groups are very steep, forming 

'freak' waves. These are important in the design of ships and ocean structures such 

as oil rigs, which may be damaged by such unexpectedly large waves. Very large 

deeply moored structures are less affected by the behaviour of the dominant waves 

on the ocean surface and more by the low frequency currents (long waves) which 

the waves generate. These currents persist beneath the surface to a greater depth 

and may put strain on the moorings. 

In the examples chosen in chapter 3, a steep group consists of waves of steepness 

between approximately ak - 0.2 and ak = 0.3 (considerably lower than the limiting 

steepness of ak -ý 0.44) and do not break. In practice many wave groups have waves 

that steepen to breaking, but since our methods cease to work at breaking, this has 
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L----------------------------- 

Chapter 3: Deep water. Periodic domain. Chapter 4: Constant intermediate depth water. 
Non-periodic domain. Wave Groups. 

Chapter 6: Constant depth shelf plus plane sloping 
Chapter 5: Plane sloping beach plus constant beach. Non-periodic domain. Two solitary waves 
depth shelf. Non-periodic domain, Wave Groups. and two solitary waves plus set-down. 

Chapter 6: Plane sloping beach plus perfectly Chapter 7: Constant depth shallow water. Non-periodic 
reflecting wall. Non-periodic domain. Two solitary and periodic domains. Two weakly three-dimensional 
waves plus backwash from broken waves. solitary waves. (Space plan of crests illustrated here. ) 

Figure 1.3: Summary of bathymetries and waves considered in this thesis 
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been avoided. The (non-breaking) groups last only a finite time and so are termed 

steep wave events (SWEs). Studies by Henderson et al. (1999) using a fully nonlinear 

model indicate that the size and time of occurrence of SWEs is affected dramatically 

by the relation between the wave phase and the initial modulation perturbation. We 

extend their work, using a computationally less intensive weakly nonlinear theory 

(the nonlinear Schr6dinger equation), and show that (within limits) this may be 

used successfully to model the development and properties of the SWEs. In common 

with many wave systems which satisfy the nonlinear Schr6dinger equation, the waves 
here may be described as self-focussing, which is a useful concept in describing the 

formation of the groups. Finally the fully nonlinear model is used to demonstrate 

that low frequency waves are formed and persist underneath steep groups. 

In the following two chapters, the initial conditions to the various numerical models 

consist of between one and three wave groups, in order to clarify the processes gov- 

erning the wave behaviour. Chapter 4 describes the chief effects of wave interactions 

on a group propagating in water of constant intermediate depth. The approach to 

many beaches in nature has a very gentle slope (1: 100 or more) and so the assump- 

tion of constant depth is both appropriate and useful. The fully nonlinear model 

is used to demonstrate the defocussing (spreading) of the group, in contrast to the 

self-focussing on deep water, and the development of low frequency waves is stud- 

ied. Low frequency waves are of importance in processes such as sediment transport 

in coastal regions and vessel motion in harbours. We assess the suitability and 

limitations of weakly nonlinear theory (mainly the Davey-Stewartson equations) in 

modelling these effects. 

As incident ocean waves approach the coastline, they increasingly feel the effects of 

reducing the water depth. This induces changes in the properties of the waves, such 

as their shape, height, length and speed, before they break. The term 'shoaling' is 

used to describe these changes. The shoaling properties of wave groups propagating 

from deep to shallow water up a plane sloping beach are studied in chapter 5. 

Knowledge of wave shoaling is valuable in the design of coastal structures, and in 

the study of sediment suspension and motion. Much work on this topic has been 
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carried out using regular progressive wave trains. However, non-uniform (irregular) 

waves may behave differently. The aim of chapter 5 is to investigate these differences 

using wave groups to represent irregular waves. To this effect, certain properties of 

the shoaling wave groups are shown to agree well with simple linear theory, and we 

explain discrepancies. The relative phases of the waves in different groups are found 

to significantly affect their interaction. 

In chapter 5, waves propagating into shallow water are observed to develop long flat 

troughs and sharp crests, and may be approximately described by solitary waves. 
Thus in chapter 6, we consider the shoaling properties of two interacting solitary 

waves which propagate on a bathymetry formed of a constant depth section and a 

plane sloping beach. This could be described as a group of two shallow water waves; 
however, as noted above, solitary waves behave more as individual wave crests than 

waves in deeper water, and so the concept of wave crest interactions is perhaps more 

relevant. Solitary waves may be affected by other waves in their environment and 

so in chapter 6, we also study the interaction of solitary waves with a longer wave 

of depression which describes either the effects of set-down or the backwash created 

by waves breaking and reflecting from the shore. The shoaling characteristics of the 

solitary waves differ from those of regular periodic waves. The wave interactions 

are shown to result in significant differences in the location of breaking and the 

amplitude to depth ratio of the waves at breaking, compared with studies using an 

isolated solitary wave as an initial condition. 

Up to this point, waves are studied in two-dimensions. This carries with it the 

assumption that uniform wave crests travel towards the shore at an angle of inci- 

dence normal to a uniform shoreline. Clearly this is not often the case, as may be 

shown by most observations of waves approaching a beach. Perhaps some of the 

most interesting three-dimensional effects occur when wave crests interact, and so 

in chapter 7, analytical solutions of the Kadomtsev-Petviashvili (KP) equation are 

used to illustrate two solitary waves interacting at an oblique angle on a beach of 

zero slope (i. e. water of constant depth). The nature of the interactions between 

the two waves is classified according to a parameter of the 2-soliton solution of the 
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KP equation. We highlight the analogy between these weakly three-dimensional 

interactions and the two-dimensional ones given by the 2-soliton solution of the Ko- 

rteweg de-Vries equation. In this way, we emphasise the large degree of complexity 

introduced to the problem of two interacting solitary waves through including the 

extra dimension. In some situations, the interaction results in a substantial increase 

in wave height and in others there is a decrease. In the light of the results presented 

in chapter 6, this has implications for wave breaking on a non-zero slope (although 

of course the KP equation models only non-breaking waves). The final sections of 

the chapter extend the illustration of the various interactions to bi-periodic waves, 

using the genus 2 solutions of the KP equation. 

Conclusions are presented in chapter 8. 
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Chapter 2 

Mathematical and Numerical 

Models 

2.1 Introduction 

In this chapter we describe the mathematical models used in this thesis and the 

methods employed for obtaining numerical solutions from these models. 

Section 2.2 describes a fully nonlinear model, due to Dold & Peregrine (1985). This 

is able to compute the initial overturning stage of wave breaking whereas the models 

described in the sections following this are appropriate for waves which do not break. 

The fluid is considered to be incompressible, inviscid and irrotational, assumptions 

which are discussed at greater length in the previous chapter. 

The weakly nonlinear models used to describe waves on deep and intermediate depth 

water are presented in section 2.3; these are the nonlinear Schr6dinger equation 

and the Davey-Stewartson equations. Linear ray theory is introduced in section 

2.4, and the Korteweg-de Vries equation and weakly three-dimensional Kadomtsev- 

Petviashvili equation in section 2.5. 
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2.2 Fully nonlinear boundary integral model 

For the flow of an inviscid, incompressible, irrotational fluid there exists a velocity 

potential O(X, Y, T) which satisfies Laplace's equation 

V20 = 0, (2.1) 

aa where V is the operator 
A-) 

ay). In the fully nonlinear model, a boundary 

integral method is employed to solve this equation, reducing the calculation of the 

motion of the fluid to evaluation of properties on its boundary (or surface) alone. 

U_ For applications on deep water in this thesis, the wave surface is assumed to be 

periodic. For applications on intermediate depth and shallow water, the fluid is 

considered to be at rest at both ends of its (non-periodic) domain. The formulation 

of the boundary integral is similar for both situations. 

The method for periodic waves is due to Dold & Peregrine (1985) (see also Dold 

1992); the extension to a non-periodic domain is described in Tanaka et al. (1987) 

and Cooker (1990). 

2.2.1 Assumptions and Governing Equations 

The fluid under consideration is two-dimensional, inviscid, incompressible, and ir- 

rotational. It is of constant density. A bed is located at Y= -H(X), and Y -- 0 is 

the static free surface level. The free surface is represented by Y= F(X, T). 

Denoting the velocity potential as O(X, Y, T), the governing equation is Laplace's 

equation (2.1) which holds in the body of the fluid. 

The boundary conditions are: 

(i) A kinematic condition on the free surface Y= F(X, T). This indicates that a 

fluid particle initially on the free surface remains on the free surface, and is given 
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by 

DF 090 
DT 9Y 

(2.2) 

where 
D= 

2)9-T + U-V and the local velocity U is given by (U, V) DT 

(ii) A dynamical condition on the free surface Y= F(X, T), expressed in a frame 

of reference moving with the local flow velocity by 

Do 
_ 

'U2 

_ gF DT 2 
(2.3) 

where g represents the acceleration due to gravity. This neglects the motion of the 

air above the free surface and assumes that the pressure on the free surface is zero. 

(iii) On the impermeable bed Y= -H(X) there is no flow normal to the bed, so 

ao 
- aN 

where N is in a direction normal to the bed. 

(2.4) 

(iv) A requirement for the fluid to be periodic in X, or at rest at both ends of a 

non-periodic domain. 

2.2.2 Solution Procedure 

The method of solution consists of four stages: 

(i) (a) If the physical bed is not horizontal, a conformal mapping is used to 

transform the physical domain to a plane with a horizontal bed. 

(b) The surface is reflected in the bed to satisfy the bed boundary condition 

by use of images. 

(c) If the surface is periodic, it is transformed to a finite closed contour 

using a conformal mapping. 

(ii) The velocity on the free surface is found using a boundary integral method. 

(iii) If the physical bed is not horizontal or if the surface is periodic, the expressions 

for velocity and its time derivatives in the physical plane are obtained. 

16 



Y (IM) 

X (Re) 

Figure 2.1: First domain with a non-horizontal bed 

(iv) The free surface is stepped in time using a truncated Taylor series. 

The stages are repeated until either the final time is reached, or the algorithm breaks 

down. They are described in the following sections. 

(i) (a) Conformal mappings for non-horizontal beds 

In this thesis, three non-horizontal beds are considered, on water of intermediate 

and shallow depth. The fluid in each case is assumed at rest at both ends of the 

horizontal spatial domain. The beds (each formed of two planes) are illustrated in 

figures (2.1) to (2.3). 

In the first domain, figure (2.1), waves propagate up a sloping beach of angle a and 

onto a flat shelf where the water depth is h. The domain is mapped to a plane with 

a horizontal bed using the conformal mapping 

Z= (W - wo) 7r+c, (2.5) 

Here W =: X+ zY represents coordinates in the physical plane, WO =D- zh is the 

complex position of the beach corner, and z=x+ zy represents coordinates in the 

plane with a horizontal bed. 
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(D, -h) 

Figure 2.2: Second domain with a non-horizontal bed 

Y (IM) 

X (Re) 

Figure 2.3: Third domain with a non-horizontal bed 
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In the second domain, figure (2-2), waves propagate along a section of constant 

depth h and onto a sloping beach of angle a. The appropriate conformal mapping 

is 

(W - WO) ir - ce 
3 

where W and z are as defined above. 

(2-6) 

The third domain, figure (2.3), is symmetric. Together with a symmetric initial 

condition, this bed simulates the effect of a perfectly reflecting wall on waves prop- 

agating up a sloping beach of angle a. The water depth at the wall is h. The 

appropriate conformal mapping is 

w i7ra 
Z= 

(W 
- 

WO) 
7r+2- exp 

(, 

7r + 2a) 
(2.7) 

At stage (iii), only the velocities U =- Ox and V Oy (physical plane) and their 

derivatives are needed in order to timestep the surface. Defining the complex velocity 

in the physical plane as 

do 
7--- u-zv (2-8) 

dW 

and in the plane with a horizontal bed as 

do 
u- ZV7 (2.9) 

dz 

the expression 

do do dz 
dW dz dW 

gives the physical velocity components U and V. Note that it is not necessary to 

find the inverse conformal mapping. 

(i) (b) Reflection of free surface in the bed 

The fluid domain is reflected in the (horizontal) bed to give a boundary as in figure 

(2.4). It is now considered in the complex plane with regular Cartesian coordinates 

as defined in figure (2.4). This illustration represents a fluid with no motion at each 
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Figure 2.4: Boundary formed by reflecting fluid in the bed 

end of its domain; it may also be taken to represent a single period of the periodic 

domain. 

Here, is a coordinate around the boundary in the direction of the tangent vector; 

later is used as an integer parameter which increases monotonically along the sur- 

face, denoting the positions of the nodes which are used to discretize the boundary. 

Similarly, 77 is a coordinate perpendicular to the boundary, in the direction of the 

outward normal. 

A fixed point, usually on the free surface, is identified by zo - x0 + iyo, whereas 

z=x+ zy is a variable point. On the boundary, z is treated as a function of 

the parameter ( and of time t, i. e. z((, t). The complex velocity is denoted by 

q(z) = Ox - toy; the subscripts denote differentiation. 

A local conversion between (x, y) and ((,, q) coordinates is given by 

dx + idy dz 
d( + Zd77 =I ZO( - (zo) 

ZO( d( 

where the brackets indicate evaluation at the point zo. Note that throughout such 

brackets following a term are used to indicate evaluation at a certain point, and all 

20 



subscripts except 0 mean differentiation with respect to the subscript variable. A 

local conversion means that the conversion applies at the given point zo. The new 

coordinates ((,, q) vary according to the slope of the surface (boundary); thus they 

depend on the position along the boundary at which the conversion is taking place. 

A more global representation of the conversion may be written as 

+ Zdq -- 
dx + idy 

Z( = 
dz (Z) (2.12) 

Z( d( 

where the evaluation of the derivative and of the new coordinates is at any point 

z on the boundary. Using this conversion, and an asterisk to denote the complex 

conjugate, the complex velocity in the new ((,, q) coordinates is: 

q(z) - Oý, (z) - ioy(z) = (o«Z) - z0,0(Z» 
Z( (Z) 

(2.13) IZ 
( 

(Z) 12' 

(i) (c) Conformal mapping for a periodic surface 

The mapping for the periodic surface assumes the choice of appropriate time and 

space scales such that the period is exactly 27r. The surface and its reflection are 

transformed to two finite closed contours by the conformal mapping 

exp(-zz) (2.14) 

where z is the complex position in a plane with a horizontal bed. 

At stage (iii), the physical velocity components U and V are recovered from the 

expression 

do do dQ dz 
dW dQ dz dW 

(ii) The velocity on the free surface 

The following derivations are for the non-periodic surface. The equivalent expres- 

sions for the periodic surface are easily derived. Initially the position of the free 
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surface and the value of the velocity potential 0 along it are known, so OC may be 

calculated directly. Cauchy's Integral Theorem is used to calculate 0,7. 

Using Cauchy's Integral Theorem, the complex velocity at a 'fixed' point zo on the 

boundary is given by 

q(zo) 
q(z) 

_ dz. 
7rZ 

P 
fb'dary 

Z- ZO 
(2.16) 

The singularity at z= zo is accounted for by the use of a Principal Value integral, 

denoted by P. 

The integral around the boundary is divided into four sections: the free surface, its 

reflection in the bed, and two vertical 'end' sections. The end sections contribute 

nothing to the integral. In the case of the periodic domain, the two ends cancel as 

the values are the same, but are integrated in opposite directions. At the ends of 

the non-periodic domain, the fluid is at rest and hence q(z) = 0. Substituting from 

equation (2.13) for q, the complex velocity on the reflected surface is related to that 

on the free surface by 

q(z* - 21h) = q*(z) = [o«z) + io, (z)] z«Z) (2.17) IZ«Z) 12 

Changing the coordinate of integration from z to (, expression (2.16) may be written 

as 

io«Z0) + 0I7(Z0) - --p z«zo)d( (2.18) 
7r 

1Z- 

ZO 

7r z* - 21h - zo 

where ( now increases from left to right along the free surface only. In this way a 

large saving in the required total number of calculation points is made. Notice that 

the second integral (representing the contribution from the reflected surface) is not 

a principal-value integral, as its integrand is non-singular. Taking just the real part 

of the above equation gives an expression for 0,,: 

0, (zo) =: -1P1 
[0«()Re ()+ 

017 (WM 
( 

d( + (2.19) 
7r Z- zo Z- ZO 

)] 

11 [0«()Re ( zý (Z(» 
- 

077«)IM 
Z( (zo) 

9. 
7r z* - 21h - zo) - 

(z* 

- 2th - zo)] 
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This is solved numerically. 

The equivalent expression in the transformed plane for the periodic surface is 

Ov (9o) 1p 
Re + Ov(ý) im de + (2.20) 

7r 

(9-90) (9-90)1 

1f 

oe (ý) Re A 90 
O'(ý)IM de. 

Here A= exp(-2h) where h is the water depth in the flat-bedded plane, ý and v 

are parameters tangent and outward normal to the transformed surface respectively 
(analogous to ( and 71). 

In the deep water limit A -ý 0 (that is h --ý oo), the term corresponding to the 

reflected surface does not disappear. However, its deep-water limit, Qp), 
makes 

no overall contribution to the integrals, and therefore may be subtracted from the 

integrand, changing it to 

AQý (Qo) 
QOQ* A 

(2.21) 

This does vanish as h --ý oo. The change results in a considerable increase in the 

diagonal dominance of the matrices which represent the integral kernel in the nu- 

merical solution. The iterative behaviour improves from being divergent when the 

alteration is not made, to being convergent. 

Numertcal solution of the integral equation 

Returning to the non-periodic notation, the free surface is now discretized into N 

distinct points. We choose ( to take integer values at these discretization points. 

Note that ( varies smoothly along the free surface, that is the distribution of points 

along the free surface must be smooth. The 'fixed' point zo is represented by (0. 

Equation (2.19) is evaluated by splitting it into approximations over equal sub- 

intervals (= [i - ý', i+ ý' ], where i is an integer between I and N. The step-function 

quadrature is used to integrate over each sub-interval: 
1 li 

F«)d( - F(%). (2.22) 
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V_ 
Fur a continuous integrand which tends to zero at ±oo, and for periodic domains, 

the step-function quadrature is as accurate as using any other approximation for 

equally spaced points. This method works satisfactorily away from the singularity. 
Near the singularity the integrand is integrated analytically. First note that 

+. l 

0(((o)P fco (2.23) 

which may be seen easily from symmetry (or other) arguments. Noting that the 

integration in equation (2.19) is split into equal subintervals, this expression (2.23) 

may be subtracted from the interval containing the singularity, so that: 

ýo + 12 
2 

0((()Re d( -P 
[0((() 

Re d(. 
z- zo (0- ýz- zo - (0 

(2.24) 

The term in square brackets above has a series expansion about (= (0 and thus 

may be written as 

Oý«o)Re z«(Z0) + 0««0) + o« - (0)- (2.25) 
( 

2z«zo) 
) 

A similar expansion for the second term on the right hand side of equation (2.19) 

gives 

017«)IM = 017 «0) IM z«(Z0) +0«-(0)1 (2.26) 
(Z 

- zo) 

( 
2z«zo) 

) 

noting that the term -[Tn 
( 

(-, (0 
) 

--":: 0 because ( is a real parameter. 

Using this treatment near the singular parts of the integration and the step function 

quadrature away from it, equation (2-19) is converted into an approximate linear 

system: 

+E A((O, 

(=1, N 

ZB «0, () 0( «). (2.27) 
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The NxN matrices A and B are given by 

A «0, Im z«Z0) (- z«Z0) if (0 
) 

Z- ZO z* - 2ih - zo 

A«0, Im Z«(Z0) ( Z( (zo) ) 
if (0 

2z( (zo) z* - 2ih - zo 

B «0, Re + 
(- z«Z0) ) 

if (0 
Z- ZO z* - 21h - zo 

B «0, Re + 
( z«Z0) ) 

if (0- 
2z«zo) z* - 2ih - zo 

(2.28) 

The values of z(, 0( and O(C in the linear system given above are estimated from the 

values of z and 0 on the free surface using tenth order, 11-point central- difference 

formulas. 

Equation (2.27) is a linear system in the unknown N-vector a 

so the equation may be rearranged and rewritten as 

a=b+Da 

where 

b ((o) + 1: B ((o, 
7r 

(=I, N (o=l, N 

and 

D= 
I A((o, 
7r 

(2.29) 

(2.30) 

(2.31) 

Equation (2.29) is solved for a using an iterative scheme, which is quicker than a 

direct inversion method. Denoting a, =b as the first iterate, and a,, as the Tn Ih 

iterate, the following iteration scheme is used: 

a, rn+l --:: = b+ Dam. (2.32) 

The scheme is considered to have converged if - a,,, j <c where E is specified 

by the user. 

Under certain circumstances, the scheme will not converge (and thus the algorithm 

breaks down). These correspond to either 

(077(())(=I, 
Nand 
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(a) the free surface containing regions of high curvature, or 

(b) the point distribution becoming too irregular in space. 

Once 0. is known on the free surface, together with 0( and z(, equation (2.13) is 

used to obtain Ox and Oy. 

(iii) Velocities in the physical plane 

If the bed is not horizontal or the surface is periodic, the velocities in the physical 

plane are found using the expressions (2.10) and (2.15). 

(iv) Time-stepping the Free Surface 

The values of X, Y and 0 on the free surface are stepped in time using truncated 

Taylor time series: 

X ((, T+ AT) =X ((, T) +AT 
DX ((, T) 

DT 

+ 
AT 2D2X ((, T) 

+ O(AT 3) 

2 DT2 

X+ AT U«, T) + 
AT 2 DU«, T) 

+ O(AT 
DT 

Y((, T +AT) = Y((, T) + AT 
DY((, T) 

DT 

+ 
AT 2 D'Y((, T) 

+ O(AT 3) 

2 DT2 

- Y+ATV(CT)+ 
AT 2 DV ((, T) 

+ O(AT 
2 DT 

T+ AT) T) + AT 
Do((, T),. 

DT 

+ 
AT 2D 20((, T) 

+ O(AT 3) 
2 DT2 

= O+AT 
I (U ((, T) 2+ V((, T)2) 

- F((, T) 

AT 2D1 

(U ((, T) 2+ V((, T)2) 
- F((, T) + O(AT 

2 DT 
(2 

(2.33) 

(2.34) 

(2.35) 

In fact, the Taylor series are truncated at the sixth order rather than the third. 

Recall that F((, T) represents the free surface elevation. The operator 
D is defined PT 
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by 

DaU 19 Va 
DT aT ax ay 

(2-36) 

The terms on the right hand sides of the above expansions must be evaluated. 
Clearly X((, T), Y((, T) and 0((, T) are already known, and U((, T) and V((, T) 

have been found from stage (ii). The terms Ux ((, T) and Uy ((, T) are defined from 

U(((, T) and V(((, T) by 

Ux ((, T) +Z Uy ((, T) - (U( ((, T) + ZV( ((, T)) Zý (z) 
(2.37) 

1 Z((Z) 12 

(compare with equation (2.13)), the ( derivatives being computed as before us- 
ing tenth order central difference formulae. The Cauchy-Riemann equations give 
Ux((, T) = Vy((, T) and Uy((, T) = -Vx((, T). Similar procedures are used to 

evaluate the higher order X and Y derivatives of U and V which occur in the higher 

order terms of the Taylor series expansion. 

Bernoulli's equation (2.3) gives OT ((, T) 
. 

Note that OT ((, T) also satisfies Laplace's 

equation. In order to find UT ((, T) and VT ((, T), the boundary integral method 

is used as described in the previous section, but with OT replacing 0. The same 

matrices A and B may be used (equation 2.28). Similarly UTT(C, T) and VTT((, T) 

are found from OTT using the boundary integral method, and thus all the terms of 

the Taylor series expansions up to the third order are known. 

It is possible to evaluate the terms OTTT and OTTTT, which occur at the fourth and 

fifth orders of the Taylor expansion, in a similar manner; however it is computation- 

ally expensive and so they are estimated using backward difference formulae based 

on the values of the third order terms at the two previous timesteps (except at T=0 

and T= AT). The timestep size AT is chosen so that the fourth and fifth order 

terms are small compared with the others, to ensure the convergence of the Taylor 

series expansion. Cooker (1990) gives details of the backward difference formulae 

and the choice of AT. 
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2.2.3 Evaluation of Data beneath the Surface 

Given knowledge of the free surface, it is possible to evaluate the velocity and pres- 

sure fields beneath it. The principle involved is the same as that for obtaining the 

surface velocity; the complex velocity is found at a given point zo (in a flat-bedded 

plane) using a Cauchy integral. The important difference is that the 'fixed' point zo 
is no longer on the surface. This simplifies the algorithm since the integrands are 

no longer singular. Near-surface properties are not easily found this way, since the 

Cauchy integral becomes nearly singular when a surface point is close to the 'fixed' 

interior point. Instead, a Taylor series expansion centred at the closest surface point 

is used. 

2.3 Nonlinear Schro"dinger equation and Davey- 

Stewartson equations 

The nonlinear Schr6dinger (NLS) equation and Davey-Stewartson (D-S) equations 

are approximate equations for weakly nonlinear modulations of a wave train. Only 

two-dimensional models are described here, although the models are capable of 

describing weakly three-dimensional waves. 

The equations are derived from the fully nonlinear equations of motion (section 

2.2.1) using the method of multiple scales. The surface elevation, now represented 

by (, and the velocity potential 0 are expanded in terms of a small parameter E= kA, 

where k and A are defined below. At the first order in c (i. e. neglecting terms of 

O(IE2)), the surface elevation of a modulated water wave train of may be described 

by 

«X, T) =1 (Aei(kX-wT) + C. C. ) (2.38) 

where A is the 'slowly varying' complex modulation amplitude (a function of the 

'slow' variables EX, OX, 
..., and cT, IE2 T, ... 

), k is the wave number of the modulated 
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ccarrier' wave train, w is its frequency and c. c. is an abbreviation for the complex 

conjugate. On water of finite depth h, the velocity potential of this wave train, to 

first order, is 

O(X, Y, T) = 00, -- 
ig cosh(k(Y + h)) (Aei(kX-u; T) + C. C. ). (2-39) 
2w cosh(kh) 

The term 00, depends on the slow variables and represents a slowly varying mean 
flow potential. It is of assumed to be 0(, E) which is the same order as the wave 

motion, and so the resulting mean flow current 
19001 is 0 (62), 

one order smaller UY 
than the wave motion, since taking a derivative with respect to a slow variable 
increases the order of the term by one. Defining B- -'9A the velocity potential 2-w I 
may be written as 

O(X, Y, T) -- 00,4 cosh(k(Y + h)) (Bei(kX-wT) + C. C. ) (2.40) 
cosh(kh) 

At the second order in c (i. e. neglecting terms of 0 (C3)), the perturbation analysis 

gives 

OB OB 
+ Cg 

OT ax 
(2.41) 

where eg is the linear group velocity of the carrier wave, defined below. This equation 

indicates that long modulations of a uniform wave travel at the group velocity. 

At the third order in E, on water of finite depth h, weakly nonlinear dispersive effects 

and the gradient of the modulation need to be taken into account in addition to a 

slowly varying current, and the Davey-Stewartson (D-S) equations are obtained: 

2wZ 
OB 

+c 
OB 

G 
02 B_ 

DIB 12 B-CB 19001 
=0 (2.42) 

(OT 
'OX) - aX2 ax 

F 
a2001 

+C0. 
aX2 ax 

The second equation represents the generation (or forcing) of the current (often 

referred to as a long wave) by the short wave modulation. The coefficients, which 

29 

VEmS 



depend on g, k and h, are given by 

2__ or2) (1 
cg gh(i - kho) 

D=109_ 12 + 13U2 
- 

2074 
2( Gr2 

C=k2 (2cp + c. (I 
_ or2)) 

gh-c 
2 
9 

(2.43) 

Here a- tanh(kh), cg is the linear group velocity and cp the phase velocity of the 

carrier wave train. The carrier wave frequency w and the group and phase velocities 

are given as 

w2 gk tanh(kh) (2.44) 

C9 
9 (a + kh(l _ Cr2)) 

2w 

CP k 

For two-dimensional waves, it is possible to eliminate the mean flow potential 001, 

giving the nonlinear Schr6dinger equation (NLS) for a fluid of finite depth h: 

2wZ 
OB 

+c 
OB 

G 
02 B+ (C2 

-D IB 12 B=0. (2.45) ( 
OT gax) - aX2 F 

If the depth kh > 1.363, the character of the solution to this equation may be 

described as 'self- focussing', and the equation is referred to as the NLS+. If kh < 

1.363, the coefficient of the nonlinear term is of the opposite sign, the solution 

exhibits 'defocussing' behaviour and is termed the NLS-. 

In the deep water limit kh -ý oo, the Davey-Stewartson equations reduce to a form 

of the NLS+: 

2wZ 
OB 

+ eg 
OB )9 a2 B_ 

4k 41B 12 B-0 (2.46) 
( 

OT ax 4kaX2 

and 

(9001 
= 0, (2.47) 

ax 

this latter equation indicating that the mean flow current is insignificant at the third 

order. 

30 



2.3.1 Nondimensional equations 

In deep water the NLS+ is typically nondimensionalised with the wave number k 

and gravity g to give 
Of I a2f 

_I 
If 12f 

at 8 9X2 2 
(2.48) 

Here f now represents the envelope of the surface elevation, and x is a space coor- 

dinate moving with the linear group velocity. 

In intermediate depth water, the NLS- and D-S equations are nondimensionallsed 

with the depth h and gravity g, to give the NLS- as 
af 

C' 
a2f 

+ (, Yn _ 
0) If 12f 

at aX2 

and the D-S equations as 

. af a2f 
_ Olf 12f _ yf aO 

v at 
a 

aX2 ax 
a2o 
-+K=0. OX2 

09X 

(2.49) 

(2.50) 

The coefficients (which depend only on the nondimensionalised depth kh) are given 

by 

1 
(or + kh(l _ 0-2)) 

2_ (1 
_ U2) (I khor) 

[4kha 

2(khu)2' 
5 

,3- 
(kh) ýF [9_ 

12+13(7 2 
-20r4 i2 16U2 a 

-Y - 
kh 

21 (a + kh(l _ or2)) (I 
_ U2)] 1 

[2al 
+f 2072 

T07 : 
21 

kh [2o72' + -11 (a + kh(l _ U2)) (1 
_ U2) 

K- 
2o, 7 

U2))2 
kh 

4u(kh) '21 - 
h) 

(a+ kh(l 
k )7 

a =: tanh(kh). 

(2.51) 

The nondimensional equations are appropriate for comparing with the output from 

the fully nonlinear model described in previous section since the same scales are 

used 
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2.3.2 Numerical method for solving the nonlinear Schr6dinger 

equation 

A method due to Taha & Ablowitz (1984) is used to compute solutions of the NLS 

equation. Considering the nonclimensionalised form (2.49), the equation is split into 

a nonlinear step 

. 
of 

v at + 3) If I'f 0 (2.52) 

and a linear step 

. 
af a2f 

i- - a- 
09t aX2 (2-53) 

where -y, K, 0 and a are constant on a fixed depth kh. The nonlinear step has an 

exact analytical solution, given by 

(x, t) =b exp [Z Ib I' (-yr, - 0) t] (2.54) 

where b is an arbitrary complex value. For the purposes of the NLS model, b is 

taken as the solution at the previous time step, and time is moved forwards over 
half a time step, giving 

(-1f 
(X, t) 12 (, YK 

(x, 
t+ `ý't )=f 

(x, t) exp 1 (2.55) 
22 

which is used as input for the linear step. Using F to represent the Fourier transform 

operator, the linear step is given by 

-1 2( 27r )2 At 
(x, t+ At) =F exp tan -) F 

[f (x, 
t+ 

At)]l 
(2.56) 

L22 

where L represents the length of the domain and n the Fourier space variable, or 

spectral wave number, and the Fast Fourier Transform (FFT) algorithm is used. 

This method is most appropriate for a periodic spatial domain, but is also used for 

a non-periodic domain by choosing the spatial period to be sufficiently large. 

32 



2.3.3 Method for solving the Davey- Stewartson equations 

This method is an extension of that above for the NLS, and is based on White & 

Weideman (1994). First the mean flow current is found by integrating the long wave 
forcing equation with respect to x: 

(9001 
ax 

(2-57) 

As for the NLS, the other equation is split into nonlinear and linear steps giving 
At 

t) 12 (2.58) f 
(Xit+ 

-) =f (x, t) exp 
(Z 1- 

Olf (XI -y', 
', Ill 'ý, t) 

2 ax 2 

and 

(x, t+ At) == F-I exp tan 2 
(27 )2 At )F [f (x, 

t+ -At)]] (2-59) 
L22 

where F, n and L are defined in the previous subsection. 

2.3.4 Agnon's modified equations 

The Davey-Stewartson equations are valid only for gh -c2=0 (1); however, c2 -ý gh 9 
as kh -+ 0. By assuming the mean flow current to be the same order as the wave 

motion, Agnon (1993) derives equations for the long wave motion generated by the 

short wave modulations valid for gh -c2=0 (c) 
. The surface potential to first order 9 

is written as 

«X, T) -- (01 +1 (Ae'(kX-wT) + C. C. ) (2.60) 

where (01 is a slowly varying set-down term which is of the same order as the wave 

motion, that is 0(, E). The velocity potential is 

cosh(k(Y + h)) 
pi(kX-wT) O(X, Y, T) = Oo + 

cosh(kh) 
(B 

ý+C. C. ) (2.61) 

where the mean flow potential 00 is 0 (1). Thus the mean flow current -X 
goo is O(f), 

the same order as the wave motion. 
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At the second order in c, the perturbation analysis gives 
OB 00o OB 

x ý -=O -+ cg+ x aT 
) 

ax 
(2.62) 

where c_, is the linear group velocity of the carrier wave. The equation indicates that 

long modulations of a uniform wave travel at the speed of group velocity plus the 

mean flow current. 

At the third order in c the following equations are obtained: 

2w% 
OB 

+c 
OB 

G 
02 B- 

DIB 12 B- CB 
a00 

=0 (2-63) 
OT gax) - 0X2 ax 

a00 020() (F+ 
C_q 

OX 

) 

0X2 
+C 

ax = 0. 

The coefficient functions G, C, D and F are as defined in equations (2.43). The first 

equation is almost identical to the first of the Davey- Stewartson equations (2.42), 

differing just by the inclusion of 00 instead of 001. The second Davey-Stewartson 

equation is modified by the inclusion of the extra mean flow current term. 

The method for solving these equations is analogous to the numerical solution of the 

Davey- Stewartson equations given in section 2.3.3. After nondimensionalisation, the 

long wave forcing equation may be integrated in X, forming a quadratic expression 

for the mean flow current -OD-OX1. Taking the positive root in the solution of this 

quadratic (not the negative root as indicated by Agnon (1993)) gives an explicit 

expression for the mean flow potential which may be used to replace equation (2.57). 

Agnon (1993) gives an expression for the set-down term (01. 

2.4 Linear Ray Theory 

For a more complete description of linear ray theory, see Crapper (1984). In brief, 

the surface elevation is as equation (2.60). The water depth is h(X, T) and the wave 

frequency is given by the usual linear dispersion relation w2- gk tanh(kh). 

The assumption of small variation over one wavelength leads to equations which 

define lines in (X, T) and which are characteristics of the system, known as rays. In 
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one dimension, the ray equation simplifies to 

dX 
dT 

C (2.64) 

Here -! 
ý- defines differentiation with respect to time along a ray, that is d 

dT TT- 
aa + cg 7y, and c is the group velocity of waves. OT 9= D-k 

Along rays, the wave number and frequency of the waves change according to 

dk 
_ _Ow 

Oh 
(2.65) 

dT Oh OX 

and 

dw 
- 

aw ah 
(2.66) 

dT Oh OT" 

If the bathymetry does not change in time, the latter equation indicates that the 

frequency of the waves remains constant on the rays. 

The amplitude A is obtained from the conservation of wave action: 

dA, t - -Act 
09 (Cg) (2.67) 

dT ax 

where the wave action A, t is defined by 

Act -E- 
pgA' (2.68) 

w 2w 

for linearised waves. Here E is averaged energy of a uniform wave train and p is the 

fluid density. Also required is an equation to give the change of phase with time: 

dO 
- -w + cgk dT 

where 0 is the phase of the wave. 

(2.69) 

The equations are solved using explicit and central difference finite difference ap- 

proximations for the derivative terms. 
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2.5 Korteweg-de Vries equation and Kadomtsev- 

Petviashvili equation 

Both the Korteweg-de Vries (KdV) equation (Korteweg & de Vries 1895) and the 

Kadomtsev-Petviashvili (KP) equation (Kadomtsev & Petviashvili 1970) may be 

used to model weakly nonlinear, weakly dispersive, non-dissipative water waves of 

small amplitude propagating on shallow water of constant depth. The KP model 
(sometimes termed the two-dimensional KdV equation) assumes the waves to be 

weakly three-dimensional, i. e. they propagate in a direction which is at a small 

angle from the x-direction. 

The equations are derived from the fully nonlinear equations of motion (section 

2.2.1) by means of a perturbation expansion in terms of the small parameters (:, 011 

and 6 for the KP equation, where c represents the wave amplitude divided by the 

undisturbed depth h, a the wave number in the direction of propagation multiplied 

by the undisturbed depth h, and 6 the ratio of the y-wave number to the x-wave 
2 62. number. The orders of magnitude of the small parameters are related byE -ý a 

Further details of the derivations may be found in Johnson (1997). The resulting 
(one-dimensional) KdV equation is 

1 
Z(T + (x +3 «X +h (xxx =0 (2.70) 

2h 6 

and the KP equation is 
13h21 

(T + (X + «X + (xxx + (yy (2.71) 
2h 6 

)X 
2 

Here ( (X, T) represents the surface elevation. 

The numerical scheme used in chapter 7 computes KP solutions of genus 2. Further 

details may be found in that chapter, or in Segur & Finkel (1985), where a thorough 

description of the method for computing these solutions is given. A FORTRAN 

program (deita. f) which computes the genus 2 solutions was obtained from the 

anonymous FTP site at the University of Colorado (ftp. colorado. edu, subdirec- 

tory /cuboulder/appm). For further details see Hammack et al. (1995). 
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Chapter 3 

Steep Wave Groups on Deep 

Water 

3.1 Introduction 

In open waters, waves form into groups of varying heights and lengths. Occasionally 

these groups are very steep, forming 'freak' waves. These are important in the 

design of ships and ocean structures such as oil rigs, which may be damaged by such 

unexpectedly large waves. Very large deeply moored structures are less affected by 

the behaviour of the dominant waves on the ocean surface and more by the low 

frequency currents (long waves) which the waves generate. These currents persist 

beneath the surface to a greater depth and may put strain on the moorings. 

In this chapter we study the development of steep wave groups from a uniform 

wave train and investigate selected properties of the groups. The waves forming the 

steep groups in the examples chosen here have steepriesses between approximately 

ak = 0.2 and ak = 0.3 (where a is their amplitude and k their wave number) and 

do not break. In practice, many wave groups have waves that steepen to breaking, 

but since our methods cease to work at breaking, this has been avoided. The groups 

persist only for a finite time and thus are termed steep wave events (SWEs). 
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Wave groups are modelled here by allowing them to evolve from a slightly modulated 

wave train, in contrast with a spectral approach which considers the surface to be 

formed of a linear superposition of uniform wave train components, with steep waves 

and groups arising when the phases of the component waves coincide. See Boccotti 

et al. (1993) for an example of a field study using this approach. 

A modulated wave train forms through the evolution of a perfectly regular wave 

train, since this is unstable to small disturbances (Benjamin & Feir 1967). These au- 

thors present a linear stability analysis of the (deep water) weakly nonlinear Stokes' 

wave solution. The linear perturbation takes the form of a pair of side bands; if these 

are within a given range, then energy from the primary motion is transferred to the 

side bands at an exponentially increasing rate. In practise, the most unstable modes 

will emerge distinctly in a system accompanied by a sufficiently low level of random 
background noise. When the side band amplitudes are approximately equal, the 

disturbance is equivalent to a uniform modulation of the initial wave train; that is 

the train forms into a series of wave groups. Benjamin (1967) confirms analytically 

and experimentally this behaviour for Stokes' waves on a finite depth h, provided 

that kh > 1.363. For shallower depths, the wave train is stable. 

Further experimental results of Lake et al. (1977) show that beyond the initial 

Benjamin-Feir instability, the wave train reforms (Fermi-Pasta-Ulam recurrence), 

and that the long time evolution consists of many such modulating-demodulating 

cycles. The growth of the side bands associated with the Benjamin-Feir instability 

is followed by a spreading of energy over many spectral components (further modu- 

lation) which then returns to the original components (demodulation). If the waves 

are sufficiently steep, the modulations are characterized by a frequency downshift 

which persists when the wave train reforms; the side bands grow asymmetrically and 

the amplitude of the lower one becomes larger than that of the primary wave. This is 

also demonstrated experimentally by Trulsen & Dysthe (1997) for three-dimensional 

waves. However it is contrary to observations from numerical studies, such as the 

modified split-step Fourier method used by Lake et al. (1977) to solve the nonlin- 

ear Schr6dinger equation and the fully nonlinear boundary integral method used by 
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Dold & Peregrine (1986), in which the missing crest reappears when the wave train 

is less strongly modulated (i. e. when it reforms). 

In practice, energy is dissipated in the modulation-demodulation process. Experi- 

ments by Melville (1982) show that the long-time evolution is not an infinite series 

of FPU cycles, but that energy is spread into the continuous spectrum. As a result 

this gradually grows, and eventually the discrete spectrum is absorbed into it. 

Stability analyses for waves of higher steepnesses have been undertaken, e. g. Longuet- 

Higgins (1978a, b) and Longuet-Higgins & Tanaka (1997). Some mention of these is 

made in chapter 1. In addition, some three-dimensional studies have been under- 

taken; for example, McLean (1982a, b) identifies a three-dimensional instability for 

waves of high initial steepness, which is supported by the experimental evidence of 
Melville (1982) and Su et al. (1982). However, in this chapter, steep waves evolve 
from a two-dimensional wave train of relatively low steepness, and are significantly 
less steep than the limiting stable deep water wave of ak ý- 0.44. The Benjamin-Feir 

instability is the most appropriate in these circumstances. 

Henderson et al. (1999) use a fully nonlinear boundary integral model to compute 

the development of SWEs, partly with a view to predicting when they might oc- 

cur and how large they may be. They find that changing the phase of the initial 

modulation perturbation has a dramatic effect on the time and size of occurrence 

of the SWEs. Here we extend their work. In section 3.2 we compare their results 

with those from a computationally less intensive weakly nonlinear model, the self- 

focussing form of the cubic nonlinear Schr6dinger equation (NLS+) given in equation 
(2.46). 

The NLS+ is one of a series of equations which model slowly modulated, weakly 

nonlinear waves. It may be derived from the fully nonlinear equations of motion 

using a multiple scales perturbation method; details are given in chapter 2. Certain 

solutions to this equation demonstrate the Fermi-Pasta-Ulam recurrence phenom- 

ena: as previously noted it is demonstrated numerically by Lake et al. (1977), and 

39 



also by Ablowitz & Herbst (1990). The analytical Ma soliton solution (Ma 1979) cor- 

responds to the periodic growth and decay of an isolated wave group, and Ablowitz 

& Herbst's (1990) 'homoclinic solution' also shows this behaviour, although it is 

periodic in space. 

Henderson et al. (1999) compare the limiting form of the Ma soliton, formed by 

taking a double Taylor series expansion of this solution about the amplitude peak 
(Peregrine 1983), with a SWE computed using the fully nonlinear model. The sur- 
face profiles are in good agreement. In section 3.3.2 we compare two SWEs with 

the more widely known envelope soliton solution of the NLS+. The agreement is 

found to be good for the waves of moderate steepness (ak r-, 0.2), but less good for 

a steeper SWE (ak ý- 0.3). The latter is partly due to the variation of the carrier 

wave number through the SWE. Experiments by Melville (1983) also illustrate this 

phenomena. He presents a method based on the Hilbert transform of the surface ele- 

vation to obtain continuous measures of certain quantities such as the wave number, 

phase and modulation amplitude. Our description is based on the measurements of 

the velocity beneath the wave surface, and is described in section 3.3.1. 

Dysthe (1979) extends the weakly nonlinear analysis used to derive the NLS to 

form an equation valid to the fourth order of the initial wave steepness on deep 

water. Numerical investigations by Lo & Mei (1985) using this equation show good 

agreement with the experiments of Su et al. (1982). Dysthe's equation introduces a 

mean flow potential term which does not appear in the NLS; this represents a slowly 

varying mean flow current induced by the (relatively short) wave modulations. In 

water of intermediate depth, this current is significantly larger, and so is included in 

the third order equations of Davey & Stewartson (1974). Longuet-Higgins & Stewart 

(1962) derive a particular form of this current (also known as a low frequency or 

long wave) for a wave group on water of intermediate depth. The 'bound' wave they 

describe gives a mean depression of the wave surface, greater for higher waves than 

for lower ones, and hence a small backflow in the water below. Long waves are of 

significantly smaller magnitude in deep water than in intermediate water. However, 

little is known about the effects of a steep wave group on the mean flow properties, 
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and section 3.3.3 investigates this using Fourier filtering techniques. 

3.2 Time evolution of Steep Wave Events 

Using the fully nonlinear model with a periodic spatial domain described in the 

previous chapter, Henderson et al. (1999) show that changing the phase of the 

initial modulation perturbation dramatically affects the development of steep wave 

events (SWEs). In this section we compare their results to those obtained using the 

weakly nonlinear NLS+ model described in chapter 2. 

3.2.1 Initial conditions for the fully nonlinear model 

We follow Henderson et al. (1999) in their choice of a representative example of 

SWE evolution. They initialise the fully nonlinear model with an accurate steady 

wave form of steepness ak -- 0.07 containing 12 waves, modulated by one long 10% 

modulation of all 12 waves. 

The (dimensional) steady Stokes' wave form is given to second order by 

a cos(kx) +Ia2k cos(2kx), 2 

and 

wa 
sin(kx) (3.2) 

k 

for the surface elevation and velocity potential on the surface respectively. The 

frequency of the wave is w, where w2= gk, correct to second order. The modulations 

to this wave train are given in the form of added perturbations: 
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(n +1 
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- 2, Ea cos (kx + 0) cos 
kx 

(3.3) 
(n) 

wa OP =f:: 
ýE: 

sin 
(n+1 

kx +0 kn+In 

+ wa 
nnI 

sin 
(n-1 

kx + 0) (3.4) 
k -1 n 

where c=0.1 and n= 12. Length and time scales which set the dimensionless wave 

number to k -- I and gravity g=I are adopted. Different phase shifts 0 are chosen. 

3.2.2 Initial conditions for the NLS+ model 

The initial conditions for the NLS+ model differ from those for the fully nonlinear 

model since only the complex amplitude of the surface elevation (or velocity po- 

tential) is required. The second and higher order terms of the Stokes' wave form 

depend on that amplitude, but are not included here. To first order, the initial 

surface elevation envelope is given, with the perturbation terms, by 

kx A(x, 0) =a+ 2Ea cos 
(n)e 

io. (3.5) 

Here a, k, n and 0 are as for the fully nonlinear model. 

3.2.3 Results 

Figure (3.1) (from Henderson et al. 1999) shows time series plots of the maximum 

surface height of the modulated wave train, with values of 0 given by -135' (bottom 

plot) ,- 1500, - 1650, ... ' - 900 7- 1050, - 120'. The results for phases 0 and 0+ 180' 

are equal when the number of waves in the modulation is even (as here). The first 

SWEs occur between 200 and 350 linear time periods and the second between 550 

and 900 periods, depending on the value of 0. Those SWEs occurring later (such as 
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Figure 3.1: Time series of the maximum surface height using the 
fully nonlinear model for values of the phase shift 0= -135', -150', 
-1650,..., -90', -105', -120'. By kind permission of K. L. Henderson. 

for 0 -- - 120') are generally lower, whereas the earlier SWEs (for example 0=- 30') 

tend to be higher. The time series plots become thicker in the vicinity of the SWEs, 

marking the variation when there is a crest at the maximum of the modulation (the 

higher part of the line) and when there is a trough there (the lower part). 

The corresponding results of the NLS+ computation are presented in figure (3.2). 

The qualitative pattern of occurrence of the first SWEs in the NLS+ model is similar 

to that in the fully nonlinear model; a phase shift of 0=- 120' causes the SWE 

to occur late and to be small in amplitude, and a high SWE occurs early when 

0= -30'. However, the NLS+ computes the (nondimensional) time of occurrence 

43 



0= -120' 
0= -105' 0= -90' 
0= -75' 0= -60' 0= -45' 
0= -30' 
0= - 15' 

0 = 00 
0 = 15' 
0 = 30' 
0 = 45' 
0 = 60' 
0 = 75' 
0 = 90, 
0= 105' 
0= 120' 
0= 1350 
0= 150' 
0= 165' 
0= 180' 

0= -165' 0= -150' 
0= -135' 

0 200 400 6QO 800 1000 
time in linear time periods 

Figure 3.2: Time series of the maximum surface height using the NLS+ for 
values of the phase shift 0= -135', -1500, -1650,..., -9001-10501-1200. 

of the SWEs to be earlier than the fully nonlinear model. For the first occurring 

SWEs, the difference between the two models is approximately 20 linear time periods 
for the most rapidly developing SWEs, and approximately 80 linear time periods 
for those which develop more slowly. The amplitude of all SWEs computed by the 

NLS+ are lower than those computed by the fully nonlinear model. The differences 

may be due in part to the higher order approximations which are included in the 

initial conditions for the fully nonlinear model, but not in those for the NLS+; SWEs 

occur slightly earlier if the fully nonlinear model is run with only a perturbed first 

order Stokes' wave. However, on the time scale of the SWE development, it is likely 

that the extra nonlinear effects included in the fully nonlinear model will have had 
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time to take effect, resulting in the differences between the two models. 

The size and time of occurrence of the second and third SWEs in the NLS+ model 
do not agree as well with the fully nonlinear model as the first occurring ones. For 

example, the second SWE for a phase shift of 0= 90' occurs almost 200 linear 

time periods earlier in the NLS+ computation, and the second SWE for 0= 30' is 

clearly higher than in the fully nonlinear model. Occasionally, 'intermediate' events 

which are small in size in the fully nonlinear computation appear much larger in 

the NLS+ model, for example that for 0= 45' occurring at a time of 450 linear 

periods (NLS+) or 550 periods (fully nonlinear). However, in other situations the 

agreement is very good, for instance when 0= -30'. 

FULLY 

NONLINEAR MODEL NLS+ MODEL 

0 Ty"'.. Ymax Ty"'.. Ymax 

-60 193.7 0.2356 175.1 0.2117 

-45 189.7 0.2378 164.0 0.2151 

-35 179.6 0.2401 160.8 0.2164 

-30 179.6 0.2407 159.2 0.2167 

-27.5 179.6 0.2407 159.2 0.2168 

-25 179.6 0.2407 159.2 0.2168 

-22.5 179.6 0.2406 159.2 0.2168 

-20 179.6 0.2404 159.2 0.2167 

-15 179.6 0.2396 159.2 0.2164 

0 189.8 0.2369 163.9 0.2140 

Table 3.1: Maximum surface heights and their times of occurrence for the 
fully nonlinear model and the NLS+ model. 
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0 - 114.9' 

0 -115' 
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0= -116° 

0 200 400 600 800 1000 

Figure 3.3: Time series of the maximum surface height using the 
fully nonlinear model for values of the phase shift 0= -117', -116', 
-115.501-115.201-115.101-1150) -114.901-114-501-11407-1130. By kind 
permission of K. L. Henderson. 

Henderson et al. (1999) carry out a linearised analysis on the plane wave solution 

of the NLS+ equation, in order to determine the early development of the waves. 

This predicts that the first SWE will occur most rapidly when 0 -- -24.9'. This is 

found to be the case for the fully nonlinear model, and also here for the computed 

solutions of the NLS+; the times and heights of occurrence of the first SWEs for 

values of the phase shift close to 0- -24.9' are presented in table (3.1). Comparing 

the two methods it is again clear that the SWEs occur earlier and are slightly lower 

for the NLS+ than for the fully nonlinear method. 

The linear analysis also predicts that the slowest growing solution occurs when 

0= -114.90. It was found to occur at 0= -115.10 for the fully nonlinear method. 

Figure (3.3) shows time series plots for 0 =- -117' (bottom plot), -1160, -115-507 
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Figure 3.4: Time series of the maximum surface height using the NLS+ for 
values of the phase shift 0= -117', -116', -115.5', -115.2o)-115.101-11501 
-114.901-114.501-1140)-1130 

-115.20, -115-10, -1150, -114.90, -114.50, -1140, -113'. The equivalent plot for 

the NLS+ is shown in figure (3.4). These figures differ somewhat, due to the longer 

time scales involved. There appears to be a smaller wave event occurring close to 

300 periods in the NLS+ computation, followed by a second steeper event at around 

600 periods. The second event corresponds to the SWEs seen at approximately the 

same time in the fully nonlinear plot. If the slowest growth of the NLS+ solution is 

to be judged on the growth of this second event (the SWE), then clearly 0- 114.90 

does not correspond to this, rather a value of the phase shift closer to 0 -1140 is 

more accurate. However, it seems more appropriate to use the smaller first event to 

determine which has the slowest growth, in which case the value of the phase shift 

appears to be approximately 0= -114'. 
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The primary advantage of the NLS+ model is that it is computationally far less 

expensive than the fully nonlinear model. Following Henderson et al. (1999) by 

using 16 discretization points per wave (thus 192 in total), the fully nonlinear model 

takes 61 hours to compute the evolution of the waves over 1000 linear time periods, 2 

on a Sun Ultra 250 with 30OMHz processor. (This is with 5th order backward 

differencing for the time derivatives and an accuracy parameter of 10-'. ) Using the 

same number of points, and a time step size of 0.2, the NLS+ model takes just 111 2 

minutes. 

3.3 Properties of Steep Wave Events 

In the following sections, the emphasis of our study changes, from considering the 

time evolution of the waves and SWEs, to investigating their properties at a fixed 

time (or small number of times). This approach is valuable for applications where 

the initial conditions from which the waves develop are not available. 

The SWEs under consideration are different from those in the previous section. 

Again we choose a representative example computed by K. L. Henderson (but not 

discussed in Henderson el al. (1999)) using the periodic fully nonlinear model de- 

scribed in chapter 2. The initial conditions are an accurate steady wave form (equa- 

tions 3.1 and 3.2) of steepness ak = 0.08, containing 25 waves, modulated first by 5 

short 10% modulations each of 5 waves, and then by 1 long 5% modulation over all 

25 waves. The surface elevation is illustrated in figure (3-5). 

0.15 
0.10 

0.05 

0.00 

-0.05 
-0.10 

0 20 40 60 80 100 120 140 

Figure 3.5: Initial condition for periodic deep water model 
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In equations (3.3) and (3.4), c=0.1, n=5 and 0 'T for the 5 short modulations, T9 

and c=0.05, n= 25 and 0 for the I long modulation. The progress of this 

wave is followed over 1000 time periods of the corresponding linear wave, Le. to 

t-20 UOO-7r The computation is considerably more intensive than those described W' 
in the previous section, since more surface points are needed to resolve the waves 

Figure (3.6) shows the results of the computation. It is a plot of modulation ampli- 

tude (envelope) of the surface elevation. The lighter regions represent higher waves 

and vice versa. The spatial axis (abscissa) has been shifted with the linear group 

velocity, and there are 11 periods of the surface in space, hence 71 small groups 22 

may be detected initially instead of 5. Time in linear periods is indicated on the 

ordinate. The shift of the spatial axis means that linear wave groups would appear 

as regions parallel to the time axis; here nonlinear effects increase the velocity of 

the modulations. 

The short modulations become steeper as they progress, consistent with the Benjamin- 

Feir instability. Whereas in the case of a simple modulation, the wave train reforms, 

although not exactly to the initial form (Lake et al. 1977), in this situation with 

the longer modulation, the waves interact further to form some steep groups, first 

at a time close to 600 periods. 

To illustrate details, we choose a time when there is a crest at the centre of a 

particularly steep group (t=588.6 linear periods). The wave surface at this time 

includes two steep groups, one of which is short and very steep group (ak 0.3) 

centred close to x= 55, and the other slightly less steep (ak -ý 0.2) close to x 100. 

It is illustrated in figure (3.7). A frequency downshift has occurred and so there are 

only 24 waves in this train (compared with the original 25); as expected the missing 

crest reappears when the wave train is less strongly modulated. 
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Figure 3.6: A space-time plot of modulation amplitude in a frame of reference 
moving with the linear group velocity. By kind permission of K. L. Henderson. 

50 

0 50 100 150 200 



(D. 40 

0.30 

0.20 

0.10 

0.00 

-0.10 

-0.20 

Wave Surface 

so 100 150 

Figure 3.7: Wave surface at time=588.6 periods. 

3.3.1 Determination of surface properties using the sub- 

surface velocity 

Examination of the surface profile in figure (3.7) indicates an important feature of 

SWEs: that the wave number is not constant through the SWE. This is particularly 

evident for the steeper group. In this subsection we use a first order method based 

on the sub-surface velocity to calculate a continuous measure of the wave number. 

The method may also be used to obtain the modulation amplitude of the surface 

elevation, and we begin by describing this. 

Modulation Amplitude 

There are many circumstances in which details of the slowly varying modulation 

amplitude are more appropriate or useful than details of the fast varying surface 

itself. The NLS model is just one such example. 

In order to compute the modulation amplitude, a horizontal line just beneath the 

wave surface is selected, and the boundary integral method is used to (accurately) 

compute the complex velocity q=u- iv there. Its modulus, also referred to as the 

flow speed, is given by ýý -+V2 and is illustrated in the middle plot of figure (3.8). 

For a uniform periodic Stokes' wave, the flow speed is constant to the second order 

in wave steepness, and so the flow speed for the wave surface presented here gives a 

good indication of the modulation of the waves and hence the lengths of the groups. 

The two shorter steeper groups are easily distinguishable from the longer less steep 

groups, and the steepest group is also the shortest group. 
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Figure 3.8: Wave surface with approximation to its envelope, flow speed and 
x-derivative of phase at time=588.6 periods. 

The flow speed may be related to the envelope (or modulation amplitude) of the 

velocity potential as follows. The velocity potential is expanded in terms of a small 

parameter c= kA, where k is the carrier wave number and A the envelope of the 

surface elevation. Writing 0 -- kx - wt, this gives 

O(X) Yi t) 001 + 002 + (B ekye-iO + B2e 2kye-2iO + C. C. 
)+0(63) (3.6) 

The terms 00, and 002 represent the mean flow potential brought about by the 

radiation stress. Here 0o, is 0 (C); 002 is 0 (f 2) 

,B is 0 (c), B2 is 0 (C2) 

, and all four 

terms are slowly varying functions of space and time, i. e. dependent on Ex, Cy, Et 

62 X) E2y, etc. However B2-- 0 in deep water. 

The complex velocity q=u- Zv is given by 700-. Due to the dependence of 001,002 
z 

and B on the slow variables, taking a derivative of one of these terms increases its 

order in c by one. The complex velocity is thus 

190 
- 

1900, + tq [Bekye-iO + C. C. ] + 0(63) (3.7) 
Oz Oz Oz 

Writing B= lbe'13, where b and 0 are real functions of the slow variables, the 2 
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derivative term above gives 

u= bke ky 
sin(0 - 0) + 
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(09001) 
ý az ) 

Y 

COS(O - 0) 
aoo 
az 

) 

(3-8) 

Here the first term on the right hand side of each expression is O(c), and the others 
0(0). In the case of a uniform Stokes' wave, the 0(0) terms are zero and the 

expressions give the velocity correct to second order; however generally the terms 

are non-zero. 

Considering only the first order (linear) terms, the flow speed is given by 

vý-u2 
-+v2 

== bke ky 

-- 21BIke ky (3.9) 

The modulation amplitude of the surface is given by 

ky 
e- 

In both cases, y takes the value of the y-coordinate of the horizontal line upon which 

the complex velocity is computed, and w is the frequency of the carrier wave given 
by the linear deep water dispersion relation w= V"g-k. The envelope is indicated by 

the dotted lines in the first plot of figure (3.8), using the x-derivative of the phase to 

represent the wave number k (see below). The lower part of the envelope is simply 

the reflection of the upper part in the line y=0. The resulting modulation amplitude 

is accurate in the regions where the waves are not steep, but unsurprisingly is not 

so good where the waves are strongly nonlinear. 

The envelope is more usually obtained using a Hilbert transform of the surface ele- 

vation (figure 3.9). This is successful in capturing the peaks of the steep groups since 

all Fourier components are retained. However, this also means that the envelope 

of the lower waves is not smooth, which may lead to problems in some numerical 

applications. 
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Figure 3.9: Wave surface with approximation to its envelope found using a 
Hilbert transform, at time=588.6 periods. 

Wave number 
A continuous measure of the wave number may be obtained from the x-derivative 

of the phase of the complex velocity. Considering only O(c) terms gives 

arct an 
()]=: 

ax 
1v 

d9x ax 

Here k remains constant at I in this example, and -'090 x 
is the adjustment to the 

wave number from the slowly varying envelope. It is illustrated in the third plot of 

figure (3.8). 

There is an abrupt change from longer wavelengths to shorter wavelengths from the 

edges to the centre of the steeper wave group (near x= 55), and a similar but much 

gentler change for the second steep wave group (near x= 100). It is clear that 

an assumption of constant wave number is not a good one for steep wave groups. 

The large value of the x-derivative of the phase of the complex velocity obtained for 

the group close to x -- 90 is due to a division by a number very close to zero (the 

flow speed there is very small) and so is not an accurate indication of wave number 

there. (The phase of a complex number is undefined when that number is zero. ) 

Note that similar problems occur with the Hilbert transform when the amplitude 

becomes close to zero. 
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3.3.2 Comparison of SWE surface elevation with weakly 

nonlinear theory 

The balance between modulation length and wave height (steeper groups are shorter 

and vice versa) is consistent with certain analytical solutions of the nonlinear Schr6dinger 

equation (NLS+). The envelope (or isolated) soliton (e. g. Peregrine 1983) is one 

such solution. It travels with the group velocity, which in deep water is half the 

speed of the individual carrier waves. The waves in the steep wave train travel at 
this speed to a first approximation, and so it appears reasonable to make compar- 
isons with this solution. 

The Envelope Soliton 

The (dimensional) envelope soliton solution in a frame of reference moving with the 

linear group velocity is given by 

2 ia 
2k 2Wt 

A (x, t) =a sech (�72-ak x) exp --4 (3.12) 

and the surface elevation by 

1 
.0 (I = Ae' I+c. c. ). (3.13) 

Here A represents the modulation amplitude of the surface elevation, and 01 = 
kx - wt + J. In order to compare the surface of the steep wave groups with the 

envelope soliton, the amplitude a is chosen using the expression for the modulation 

amplitude of surface elevation derived in the previous section (equation 3.10) at the 

centre of the SWE. Time t is taken as zero. For the first plots, the value of k is fixed 

at 1 

Higher Order Corrections to the Surface 

As described in chapter 2, the derivation of the NLS assumes a perturbation ex- 

pansion in terms of a small parameter, c- kA. At each order, an expression is 

obtained for the surface elevation, in terms of the (arbitrary) envelope amplitude 

A and arbitrary mean flow potential terms 00, and 002. The NLS arises from a 

solvability condition at the third order which gives conditions for the first order 
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surface elevation; from it a form for A may be found. This implicitly determines the 

higher order perturbations. In order to make a more accurate comparison with the 

fully nonlinear results it is appropriate to use the surface given by the higher order 

expressions. 

The higher order perturbation terms are given by (2 and (3 below (Brinch-Nielsen 

1985). They may be added to the expression (3.13) to give the total surface elevation. 

The changes are small in magnitude, so that (2=: 0 (62 ) and (3 -0(63), compared 

with (i = O(c) above. Here, the higher order terms introduce asymmetry into the 

previously symmetric envelope soliton. Neglecting mean flow potential terms, the 

higher order terms in deep water are 

OA 
eiol + C. C. +k (A 2e2iOl + C. C. ) (3.14) 

4k 09X 4 

and 
I ý_. aA 

eio, + C. C +I 
(a2A 

eiol + C. C. (3.15) 
4k ýt ax 16k 2 aX2 

k2 JA12 (ACiOl + C. C. ) 
1 (iAA 

e2i0i + C. C. 
) 

+ 16 2 19X 

+ 
3k 2 

(A 3e 3iO + C. C. ) 
16 

Comparison 

Figures (3.10) and (3.11) show the lower SWE from the fully nonlinear computation 

at t =588.6 linear periods (solid line) and the envelope soliton surface with no 

corrections (i. e. no perturbation terms) and third order corrections respectively. 

The match is good, with the profiles agreeing for almost one and a half wavelengths. 

The third order terms have the effect of slightly reducing the wavelength of the enve- 

lope soliton and so improve the agreement slightly; however the difference between 

this and the envelope soliton with no corrections is small. 

There is much less agreement between the steepest SWE and the envelope soliton 

surface shown in figure (3-12). There is a large discrepancy in the amplitudes of the 
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Figure 3.10: Comparison of the surface of the less steep SWE at time 588.6 
periods (plain line) with an envelope soliton (dashed line). 
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Figure 3.11: Comparison of the surface of the less steep SWE at time 588.6 
periods (plain line) with an envelope soliton with third order corrections 
(dashed line). 

waves as well as in their wavelengths. This is due to the choice of the amplitude; 

the value given using the first order modulation amplitude (equation 3.10) is not 

the most appropriate for a group of this steepness. 

The most successful attempt to improve the agreement is illustrated in figure (3.13). 

Here the amplitude of the envelope soliton is chosen to be the same as the height of 

the SWE crest. The phase of the carrier wave is represented by the phase of the sub- 

surface complex velocity, as described in the preceding section. In the expression 

for the envelope, 

A=a sech (vl-2-ak 2X), 

kx is replaced by the unwrapped phase of the complex velocity. (Unwrapped means 
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Figure 3.12: Comparison of the surface of the steepest SWE at time 588.6 
periods (plain line) with an envelope soliton (dashed line). 
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Figure 3.13: Comparison of the surface of the steepest SWE at time 588.6 
periods (plain line) with an envelope soliton (dashed line). The amplitude of 
the envelope soliton is chosen to be the same height as the crest of the SWE, 

and the phase of the complex velocity is used for the phase of the carrier wave. 
The variation of the envelope amplitude in space is also modified by the use 
of the phase of the complex velocity. 

that the phase is a continuous function of space, not limited to the interval (-7r 
I 

7r]. ) The central crest of the SWE is chosen as the zero point for the unwrapped 

phase. With this formulation, there is generally good agreement: the wavelengths 

of both the steep crests and the longer surrounding waves compare well, as do the 

amplitudes of the crests. Also, there is better agreement of the length scale of the 

modulation. This indicates that although the first-order method for estimating the 

amplitude is does not work well for very steep groups, the method for estimating 

the wave number k is satisfactory (if not good). 
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3.3.3 Low frequency waves 

A low pass Fourier filter of the horizontal velocity u=a along a line just beneath 9IX 

the wave surface is used to determine the form of the low frequency current under- 

neath this surface. This is illustrated in figure (3-14). Our Fourier filter retains just 

9 modes, as the length of variation is then approximately the length of the steep 

groups. 

0.40 

0.30 

0.20 

0.10 

0.00 

-0.10 

-0.20 

Wave Surface 

0.0020 

0.0010 

0.0000 

-0.0010 

-0.0020 

-0.0030 

50 100 150 

Filtered horizontal velocity, modes -9.. 9 

50 100 150 

Figure 3.14: Wave surface and the Fourier filtered current beneath it 

It is clear that the low frequency current is negative underneath the steep groups. 

This is consistent with a bound wave forming underneath each group. (A bound 

wave travels with the velocity of the group, hence is 'bound' to it. ) However, there 

is a large amount of excess 'noise' present in the form of extra oscillations. One 

explanation for this is that as the bound wave forms underneath a group, 'free' waves 

(not travelling with the group) are generated. (This phenomena is described in more 

detail in the next chapter. ) The free waves cannot escape since periodic boundary 

conditions have been imposed, and hence they continue propagating around the 

system creating this 'noise'. 

Figure (3.15) confirms that the low frequency current is negative and small in mag- 

nitude underneath the steepest crest (close to x=55), and also that its magnitude 

decreases with depth. The plot shows the variation of the filtered horizontal velocity 
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Figure 3.15: Filtered 9-mode horizontal velocity variation with depth under 
the crest of the steepest wave at time=588.6 periods. 
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Figure 3.16: Unfiltered horizontal velocity variation with depth under the 
crest of the steepest wave at time=588.6 periods. 
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Figure 3.17: Small scale variation of the unfiltered horizontal velocity with 
depth under the crest of the steepest wave at time=588.6 periods. 
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with depth under the crest, to a depth of approximately 12 wavelengths. The dashed 

vertical line furthest to the right represents the position of the wave surface at this 

point (i. e. the height of the crest) and the dotted line to its left is the level of the 

sub-surface line from which data is taken to form figure (3.14). In contrast, figure 

(3.16) shows the full (unfiltered) velocity field beneath this crest. At first glance, 
this appears to be positive and large close to the surface and negligible at greater 
depth. However, a magnification of the vertical axis (figure 3.17) indicates that 

there are changes of the order of the filtered low frequency current. The current 

at greater depth is very small, but negative. Closer to the surface, this negative 

current becomes slightly larger before suddenly becoming strongly positive. 

This is not altogether unexpected: linear theory predicts that higher modes pene- 

trate less deep than lower ones, and so close to the surface the high modes dominate, 

resulting in a large positive current under the crest. (Under the troughs each side 

of this crest the current is negative. ) The effects of the high modes reduce at a 

relatively shallow depth, leaving a small negative current due to the intermediate 

and low modes. At a greater depth these too have little effect, leaving just the very 
lowest modes to induce the tiny negative current. 

It is easy to extend the Fourier analysis downwards, as in figure (3.18), which shows 

contours of the filtered stream function. The arrows denote the direction of flow, 

and this direction alternates between adjacent 'groups' of contours. The negative 

current underneath the steep groups is clear once more, in addition to the expected 

deeper penetration of the small amplitude low modes. 

Figure (3.19) shows contours of the stream function for the full unfiltered velocity 

field. For the sake of clarity, certain contours close to the surface are not plotted. 

The influence of the higher modes closer to the surface is evident. Also, the direction 

of the flow underneath the steepest crest (as explained above) may be deduced from 

this plot. The small dense group of contours just beneath the surface at this point 

represent a positive current, since alternate groups denote alternate directions of 

flow. The high density of lines here indicates that the magnitude of the current is 
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Figure 3.18: Contours of 9-mode Fourier filtered stream function beneath 
the wave surface 
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Figure 3.19: Contours of stream function from the full velocity field beneath 
the wave surface 
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Figure 3.20: The 9-mode Fourier filtered stream function over 10 linear time 
periods. The pale lines represent the velocities of the 9 modes. 

large. Further down, the direction of the streamlines has changed and they are less 

dense, indicating a small but negative current. (In actual fact, deductions about the 

size of the current from the density of the streamlines in this figure are not strictly 

accurate, since the magnitudes of the two contour lines which penetrate the deepest 

are spaced more closely than the other lines; however the conclusions are essentially 

the same. ) 

Figure (3.20) shows a plot of filtered stream function in space and time just below 

the wave surface, again with 9 modes retained. Two spatial periods have been 

included for clarity. The dotted lines represent positive values of the computed 

stream function and solid lines represent negative values. They indicate the presence 

of a bound wave through the trace of negative current moving with the steep groups. 

The pale lines represent the velocities of the 9 'free' modes, which travel significantly 

faster than the bound wave, as expected. 
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3.4 Conclusions 

In deep water, a modulated wave train is unstable and decomposes into a series 

of wave groups (the Benjamin-Feir instability). The wave energy self-focusses to 

form the groups. It subsequently defocusses and the wave train (approximately) 

reforms. This is the primary mechanism for wave interactions in deep water; it 
differs significantly from the linear spectral approach of superposed waves. 

In this chapter, certain aspects of the development and properties of steep groups 
(SWEs) have been examined. Following Henderson et al. (1999), the effect of 

altering the phase of the initial modulation perturbation of a wave train is shown 

to dramatically alter the size and time of occurrence of the SWEs. In section 3.2, 

results from a weakly nonlinear NLS+ model are compared with the fully nonlinear 

computations of Henderson et al. (1999). The pattern of events is qualitatively well 
described by the NLS+- The NLS+ predicts that the first SWEs occur earlier than 

in the fully nonlinear method, but the dependence on phase is approximately the 

same (in terms of relative height and order of occurrence). In the case of the second 

occurring SWEs, and other smaller events in between, the agreement between the 

two methods is generally less good, especially when the first events are slow growing. 

In those cases, the NLS+ tends to over predict the height of the intermediate events 

and under predict the times at which they occur, compared with the fully nonlinear 

method. The divergence of the two methods at large times is not surprising however, 

since the additional nonlinearity included in the fully nonlinear method will have 

had time to take effect. However, the computational demands of the NLS+ model 

are significantly less than those of the fully nonlinear model. 

In examining the SWE properties at a fixed time, a first-order method based on the 

sub-surface velocity is shown to have reasonable success in computing the envelope 

of the surface elevation when the groups are not too steep (ak -ý 0.2), but is poor in 

regions of greater nonlinearity (a group with ak - 0.3, for example). The envelope 

profile is however smoother than that obtained using a Hilbert transform of the 
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surface elevation. The x-derivative of the phase of the complex velocity provides a 

continuous estimate of the wave number k. This indicates that k is not constant 

through a SWE, especially if the SWE is high, which is visible from the surface 

elevation itself. 

The balance between the length and height of an SWE is similar to that of the 

envelope soliton of the (NLS+), and comparisons are made in section 3.3.2. The 

envelope soliton solution is shown to be appropriate for wave groups of moderate 

steepness (ak -ý 0.2). Higher order corrections to the envelope soliton surface provide 

small improvements in accuracy. For a more strongly nonlinear group (ak ^-ý 0.3)7 

the agreement is less good, partly due to the variation of the wave number through 

the SWE. 

Finally, a low pass Fourier filter applied to the sub-surface horizontal velocity gives 

strong evidence of small negative low frequency bound waves beneath steep groups 

on deep water. These appear to persist, despite a number of low frequency 'free' 

waves moving through the bounded periodic domain. 
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Chapter 4 

Wave Groups on Water of 

Intermediate Depth 

4.1 Introduction 

In water of intermediate (or greater) depth, wave groups generate long, low frequency 

waves (currents) as a result of momentum flux imbalances. These low frequency 

waves typically have periods of minutes, and were first observed near the shore by 

Munk (1949), who termed them 'surf beat'. They were independently discovered and 

recorded by Tucker (1950). Low frequency waves are of importance in processes such 

as sediment transport in coastal regions, and vessel motion in harbours. Baldock et 

al. (1997) is one example of a field study motivated by issues of sediment transport in 

the swash zone. They conclude that there may be a significant relationship between 

the grouping of the incoming waves and low frequency motion in the swash zone. 

Another is O'Hare & Huntley (1994), who suggest that low frequency wave motion 

may result in the formation of bars within the inner surf-zone. 

However, this chapter is concerned primarily with the generation of long waves away 

from the shore, in water of intermediate ('finite) depth kh - 0(l). By means of a 

perturbation expansion, Longuet-Higgins & Stewart (1962) propose a mechanism for 
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their generation in water of this depth. A physical consideration of this mechanism 
is given in Longuet-Higgins & Stewart (1964), and may be summarised as follows. 

The momentum flux associated with the propagation of high waves is greater than 

that associated with low waves. As a result of these differences (which are also 

termed gradients of 'radiation stress') the fluid tends to be expelled from regions 

corresponding to the maxima of a group of waves, and accumulates close to the 

minima. A second order long wave is thus generated from the momentum flux 

associated with the propagation of first order short waves. The long wave forms a 
depression, or set-down, of the mean surface level under the group. A small backflow 

is generated in the water beneath it. The wave travels with the velocity of the group, 

and in this way is bound or locked to it, hence it is termed a bound wave. The fluid 

expelled from under the group may also form long free waves, which travel with the 

phase velocity appropriate to their wavelength. 

Sand (1982) is concerned with the paddle-generated reproduction of wave trains 

which already include and account for the group-induced long waves. This is im- 

portant when studying long wave effects because free long waves reflected from the 

boundaries of the basin increase the long wave disturbances (although such waves 

may be 'absorbed' at the boundaries by allowing them to gently break). An an- 

alytical form for the piston motion necessary to include the second order effects 

is proposed. For 'non-periodic' waves, such as an isolated wave packet, Mizuguchi 

& Toita (1996) demonstrate a way to control the generation of the long waves, 

physically (in a wave tank) and numerically (in a Boussinesq model). 

In forming analytical models of the interaction between short and long waves, a mul- 

tiple scales approach is commonly used, due to the different time and space scales 

involved. Benney & Roskes (1969) and then Davey & Stewartson (1974) use this 

method to derive evolution equations for the envelope of a wave group, plus an equa- 

tion for the long-wave motion, valid to third order in the small expansion parameter 

c -- kA. The equations are known as the Davey-Stewartson equations. If only one 

space dimension is assumed and kh < 1.363, it is possible to reduce the Davey- 

Stewartson equations to the defocussing form of the nonlinear Schr6dinger equation 
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(NLS-). Experimental validation of this equation for isolated wave groups on water 

of constant intermediate depth is given by Sherner et al. (1998a). Brinch-Nielsen & 

Jonsson (1986) extend the analysis to the 4th order in E. The expansions used in 

the above derivations (including that of Longuet-Higgins & Stewart 1962) become 

singular as shallow water is approached and Stokes' theory becomes inadequate, 

more precisely as the group velocity approaches the phase velocity. As a result, pre- 
dicted long wave amplitudes in shallow water are generally too large. Agnon (1993) 

addresses this problem by modifying Davey & Stewartson's long wave equation so 
that it is valid for shallower depths. More recently, Lo & Dean (1995) propose a 

stream function method to describe long waves due to interactions beneath wave 

groups, and find improved agreement with experiment regarding the amplitudes of 
long waves in shallow water. 

On water of variable depth, Chu & Mei (1970) and Lui & Dingemanns (1989) derive 

third-order evolution equations describing the wave envelope and associated long 

waves. The analytical and numerical study by Mei & Benmoussa (1984) indicates 

that free long waves propagating in directions different from the short wave may 
become trapped on some topographies. A numerical study by Barnes & Peregrine 

(1995) studies the long waves beneath a single wave group propagating up a plane 

sloping beach. Despite the failures in analysis at shallow depths, long bound and 
free waves are observed to exist there. The bound wave develops significantly in 

shallow water. 

This study is motivated by the work of Barnes & Peregrine (1995). The aim is 

to clarify the extent of the various processes at work in the examples that they 

present. The effect of the slope is neglected as only a horizontal bed topography is 

considered. The fully nonlinear model is used to compute the evolution of an isolated 

wave group. The effects of depth and wave steepness are described. Comparisons 

of the short and long waves are made with the Davey-Stewartson equations and 

Agnon's equations. Finally, the effect of multiple wave groups is investigated. 
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4.2 Initial Conditions 

Once one departs from considering a regular periodic wave train there is a huge range 

of incident waves that may be considered. For simplicity and uniformity, initial 

conditions in the form of a wave group with the surface properties of the deep water 

soliton of the same steepness are chosen. The non-periodic fully nonlinear model 
(described in chapter 2) is initialised with a linear wave train modulated by the deep 

water envelope soliton solution of the nonlinear Schr6dinger equation (NLS+) (e. g. 

Peregrine 1983). Second order approximations to the surface elevation and velocity 

potential appropriate to the chosen depth are added to this; these include terms of 

the appropriate Stokes' second harmonic. The (dimensional) surface elevation and 

velocity potential of the envelope soliton solution of the NLS+ are given (at time 

t= 0), in a frame of reference moving with the linear group velocity, by 

I (Ae ikx + C. C. ) 

2 
, ikx + C. C. ) g (iA, 

2w 

where A is given by 

A -- a sech 
(vl-2-ak 2X) (4.2) 

The frequency w comes from the linear dispersion relation 

w2= gk tanh(kh) . 
(4-3) 

The frequency is chosen to be appropriate to the depth on which the computation 

is carried out, although strictly (for the purposes of the exact analytical solution of 

the NLS+) it should take the deep water value given by w2= gk. The terms for the 

second order approximations (Brinch-Nielsen 1985) are 

k aA ikx + C. C. (2 (coth(kh) - tanh(kh» 1A12 _ 
c, ie 

4 2w 
( 

ax 
k2 

2e2ikx + C. C. +8 coth (k h) (3 coth (k h) - 1) (A 
ý)1 

(4.4) 

02 -3 wcosech 
4 (kh) cosh(2kh)(ZA 

2e2ikx 
+ C. C. )7 (4.5) 

16 
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where c. represents the linear group velocity given by -c; 
9gwk-. The mean flow potential 

terms 00, and 002 stated by Brinch-Nielsen are not included. 

These initial conditions simulate a bed topography stepping from infinitely deep to 
intermediate depth water (kh < 1.363), by imposing a deep water group on water of 
constant depth and only adjusting the second order terms and the velocity potential. 
For purposes of computation, the initial conditions are nondimensionalised with the 
depth h and the acceleration due to gravity g. 

4.3 Results from Water Depth kh = 1.1 

4.3.1 Wave Steepness ak = 0.1 

Figure (4.1) shows the development of a wave group computed by the fully nonlinear 

model, on a uniform depth of kh = I. I. The expression ak = 0.1 refers to the 

steepness of the wave train -'(aeikx + c. c. ) before it is modulated b the sech 2y 

term (equations 4.1 and 4.2). 

It is clear that the group spreads out as it progresses. The waves at the front of 

the lengthened group are slightly longer than those at the back of the group (figure 

4.2). In the linear description, the wave group may be considered to be formed 

from a superposition of waves of different wave numbers (Fourier components), with 

the largest component being that from the primary wave number of the surface (i. e. 
1 k= L-). The linear dispersion relation then predicts the movement of longer waves h 

to the front of the group since they travel faster than shorter waves. 

Figure (4-3) corresponds to the surface elevation at various times, with the region 

outside the primary group exaggerated and overplotted with the dotted line. As in 

the previous figure, the spatial coordinate has been shifted with the linear group 

velocity. The exaggeration highlights the long wave of elevation radiated at the 

front of the group, and the smaller wave of depression moving away from the tail of 
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Figure 4.1: Surface elevation stack plot of wave group of steepness ak = 0.1 
on depth kh = 1.1. 

the group. These result from the omission of the bound wave from underneath the 

group in the initial conditions. Long free waves are emitted as compensation for the 

bound wave which forms in the initial evolution of the group. The long waves may 

also be observed from a Fourier filtering of the surface elevation, although we do 
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Figure 4.2: Selected surface profiles of wave group of steepness ak = 0.1 on 
depth kh = I. I. 

not show this here. The exaggerated profile also highlights a group of short waves, 

travelling slower than the group. These correspond to parts of the Stokes' second 

harmonic, which occur in higher order approximations to the surface. These were 

omitted from the initial condition, and so are emitted by the group as a 'correction'. 

4.3.2 Wave Steepnesses ak = 0.05 and ak = 0.2 

Figures (4.4) and (4.5) show selected surface profiles for waves of initial steepnesses 

ak = 0.05 and ak - 0.2 respectively. Our choice of deep-water soliton shape has 

the effect of decreasing the length of the group when the waves are steeper and 

increasing it when the waves are less steep. 

Gentler waves (ak = 0.05) behave very much like a linear wave train. There is very 

little defocussing of the group. The emission of harmonic waves from the back of the 

group is still evident. A Fourier filter or exaggeration of the surface elevation (not 

shown here) is necessary to observe the long waves, which are of small amplitude. 
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Figure 4.3: Selected surface profiles of wave group of steepness ak == 0.1 on 
depth kh = 1.1 with vertical exaggeration of surface outside of the primary 
group. 
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Figure 4.4: Selected surface profiles of wave group of steepness ak = 0.05 on 
depth kh = 1.1. 

The group of steeper waves (ak = 0.2) defocusses very strongly, giving the impression 

of waves being added to the back of the group. All of the effects described above 
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Figure 4.5: Selected surface profiles of wave group of steepness ak = 0.2 on 
depth kh = 1.1. 

are demonstrated more strongly than for waves of steepness ak == 0.1. At the final 

time t == 300, the difference in wavelength of the waves at the front of the group 

compared with those at the back is much larger than for gentler waves. This may 

be explained by again considering the wave field to be formed from many Fourier 

components and noting that a short wave group such as this gives rise to a spectrum 

containing a wider range of (significant) components (wave numbers) than a longer 

wave group. A forward travelling long wave emitted as compensation for the bound 

wave omitted in the initial condition is clearly visible, and a backward travelling 

one may be detected with little difficulty in the early stages of the computation. 

Backward travelling harmonic oscillations are clearly present. 
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4.4 Results from Water Depths kh = 0.7 

and kh = 0.6 

4.4.1 Wave Steepness ak = 0.1 

For a wave of initial steepness ak = 0.1, changes in the behaviour of the wave group 

as it progresses are evident at depths corresponding to kh - 0.7 or less. Figure 

(4.6) shows a stack plot of the computation on kh = 0.6, and figure (4.7) shows 

selected surface profiles from this. A strong indication that Stokes' theory fails at 

this depth is the presence of small secondary crests in the troughs around the centre 

wave of the initial disturbance, due to the addition of higher order correction terms 

which include part of the Stokes' second harmonic. This is the same theory which is 

used to form the Davey-Stewartson equations, so we expect that this becomes less 

accurate at this depth. 

The emission of harmonic waves is evident as the group progresses, as is the presence 

of a long wave in front of the group. At this depth, the group velocity is much closer 

in value to the phase velocity and the free long wave velocity, and so the long wave 

of elevation takes much longer to emerge from the front of the group. It is now much 

larger than before, and elevates the individual waves in the group as it emerges. 

The shapes of the waves undergo significant changes as the group progresses. Even 

by a time of 100 (in nondimensional units) the waves have developed long, flat 

troughs and short well defined crests; they appear very much like solitary waves. 

This is particularly evident by the end of the computation, where the largest solitary 

wave is at the front of the group and is progressing faster than the ones behind it. 

It appears to be moving independently of the rest of the group, a behaviour typical 

of the shallow water regime. Solitary waves are also forming from the free long 

wave of elevation, as may be expected from the KdV solutions for an initial wave of 

elevation. 
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Figure 4.6: Surface elevation stack plot of wave group of steepness ak = 0.1 
on depth kh = 0.6. 
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Figure 4.7: Selected surface profiles of wave group of steepness ak = 0.1 on 
depth kh = 0.6. 

Approximate Ursell numbers are indicated for some of the waves in this computation. 

The Ursell number Ur is defined as 

Ur -- 
a 

k2h3 
(4-6) 

where a is the individual wave amplitude, k the wave number and h the depth of the 

water. The wave which is at the front of the group at t= 300 has doubled its value 

of Ur, from - 0.32 to - 0.64, and clearly does not satisfy the condition Ur <I 

required for Stokes' theory to hold. 

The behaviour of waves of steepness ak = 0.1 on depth kh = 0.7 is very similar, 

although slightly less pronounced. On lower depths it is slightly more pronounced. 

By a depth of kh -- 0.4, the waves rapidly steepen and break, indicating that, for 

this choice of initial conditions, the waves are far into the shallow water regime. 

4.4.2 Wave Steepnesses ak = 0.05 and ak = 0.2 

The waves in the steeper groups (ak -- 0.2) rapidly break on both kh = 0.6 and 

kh:: = 0.7. 
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Figure (4.8) illustrates the behaviour of waves of steepness ak = 0.05 on depth 

kh = 0.7. Second harmonic terms have not been added to this group. The group 
defocusses to a greater extent than a group of the same steepness on depth kh 1.1. 

However, it retains its identity as a group, unlike steeper waves on depth kh 0.7 

and kh = 0.6. The emission of harmonic oscillations from the back of the group is 

evident, and the slow emergence of a forward travelling long wave is just visible (it 

may be observed elevating the front portion of the group at t= 100, for example). 
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Figure 4.8: Selected surface profiles of wave group of steepness ak = 0.05 on 
depth kh = 0.7. 

4.5 Comparisons of surface elevation with the NLS- 

Whereas the NLS+ describes the behaviour of wave groups in deep water to third or- 

der, the relevant governing equations in intermediate depth are the Davey-Stewartson 

equations (Davey & Stewartson 1974). These are given in chapter 2. They include 

terms for the mean flow velocity potential Ool, which is significant at this order in 

water of this depth. It is possible to eliminate the mean flow potential term to 

give the defocussing form of the nonlinear Schr, 5dinger equation, the NLS-. In this 
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section we compare details of the surface elevation of the wave groups computed in 
the fully nonlinear model with that given by the NLS- 

4.5.1 Envelope solution 
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Figure 4.9: Selected surface profiles of wav'e group of steepness ak = 0.1 
on depth kh = 1.1. Solid line is fully nonlinear computation, dashed line is 

envelope solution of NLS-, dotted line is 'constructed' surface elevation of 
NLS-. 

The NLS- equation describes the evolution of the envelope (modulation amplitude) 

of a wave group rather than of the individual waves. Figures (4.9), (4.10) and 

(4-11) show these envelopes (dashed lines) superimposed on the results of the fully 

nonlinear computations for wave steepness ak = 0.1 on depths kh = 1.1, kh = 0.9 

and kh = 0.6 respectively. The discrepancy in the initial conditions is due to the 

omission of second order correction terms in the NLS- model. In all three cases the 

NLS- models the length of the group well. Beyond the initial stages of adjustment 

(which are longer for shallower water), the agreement with wave amplitude is good 

for the two larger depths but poorer at the edges of the group on the shallower 

depth. This is partly due to the slow emergence of the long wave at the front of the 
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Figure 4.10: Selected surface profiles of wave group of steepness ak = 0.1 
on depth kh = 0.9. Solid line is fully nonlinear computation, dashed line is 
envelope solution of NLS-, dotted line is 'constructed' surface elevation of 
NLS-. 
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Figure 4.11: Selected surface profiles of wave group of steepness ak = 0.1 
on depth kh = 0.6. Solid line is fully nonlinear computation, dashed line is 
envelope solution of NLS-, dotted line is 'constructed' surface elevation of 
NLS-. 
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group raising the wave heights in the fullY nonlinear model; in the later stages of 

the computation on kh = 0.6 the wave heights at the back of the group are lower 

than in the NLS- 

Close examination of the edges of the NLS- envelope in figure (4-11) show small 

oscillations forming after approximately t- 100. These correspond to dark soliton 

solutions of the NLS- (e. g. Peregrine 1985), but it is not clear if they have any 

physical significance. 

4.5.2 Surface elevation of carrier wave 

From knowledge of the (envelope) solution A of the NLS- and the initial wave 

number k of the carrier wave, it is possible to construct the surface elevation, which 
is given by 

1 [Ae'(kx-Lut) + C. C. ] (4.7) 
2 
Re(A) cos(kx - wt) - Im(A) sin(kx - wt) 

Here w is given by the linear dispersion relation. Note that the envelope solution A 

to the NLS- is usually in a frame of reference moving with the linear group velocity 

and that the carrier wave is not. Here we choose to shift the carrier wave to a frame 

moving with the group velocity. 

The dotted lines in figures (4.9) to (4.11) show the results of such a procedure. The 

models agree well on the larger depth, kh = 1.1, although there is a slight trend 

for the waves to travel faster in the fully nonlinear model. This is accentuated on 

depth kh = 0.9 (figure 4.10), and on depth kh = 0.6 (figure 4.11) the same pattern 

emerges, to a greater extent. 
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4.5.3 Maximum surface elevation 

Figure (4.12) shows the maximum height of a wave group of steepness ak - 0.1 

computed by the fully nonlinear code (solid) and the NLS- (dashed) on depth 

kh - I. I. The plot of the fully nonlinear results may be more accurately described 

as the highest computed grid point, and since no interpolation is carried out, this 

differs from the maximum height of the surface. This results in the small oscillations 

evident in the plot. 

U 

Figure 4.12: Maximum surface height of wave group of steepness ak = 0.1 
on depth kh = 1.1, fully nonlinear scheme (solid), NLS- (dashed). Initial 
conditions for the fully nonlinear model include second harmonic corrections 
to the surface elevation. 

2 

Figure 4.13: Maximum surface height of wave group of steepness ak = 0.1 
on depth kh = 0.9, fully nonlinear scheme (solid), NLS- (dashed). The initial 
conditions for the fully nonlinear model include second harmonic corrections 
to the surface elevation. 

The larger oscillations are due to the difference between the phase and group ve- 

locities of the waves. The phase velocity is greater than the group velocity, so 
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Figure 4.14: Maximum surface height of wave group of steepness ak = 0.1 
on depth kh = 0.9, fully nonlinear scheme (solid), NLS- (dashed). Initial 
conditions for the fully nonlinear model include only the first approximation 
to the surface elevation. 

Figure 4.15: Maximum surface height of wave group of steepness ak = 0.1 
on depth kh = 0.6, fully nonlinear scheme (solid), NLS- (dashed). Initial 
conditions for the fully nonlinear model include second harmonic corrections 
to the surface elevation. 

individual waves travel faster than the group itself and move through the group. 

This behaviour may be identified on the stack plot for kh = 1.1, figure (4.1). It is 

possible to trace the progression of individual waves, from formation at the back of 

the group, through a growth in amplitude as they move towards the centre of the 

group, then a decrease until they leave the front of it. This evolution means that 

the largest wave persists only for a limited time, which is marked by the length of 

the long oscillations in the plot of maximum surface height. As the water depth 

decreases, the difference between the phase and group velocities becomes smaller, 

and so the largest waves persist for longer. As a result the length of these oscillations 

increases, as may be observed in figure (4.13). However, in figure (4-15) the longer 

oscillations are not present after the initial adjustments. The difference between the 

phase and group velocities at this depth is much smaller, and, as noted above, the 

83 



wave behaviour is approaching that which would be expected in shallow water. This 

may be seen in the stack plot in figure (4.6); after an initial period, the waves in 

the group do not move through it in the manner described above, rather, those at 

the front persist (and act like individual solitary waves, as has already been noted), 

and are joined by new waves at the back of the group. 

There is a significant amount of adjustment initially in the (fully nonlinear) plots 

on all depths. This is largely due to the the formation and emergence of the long 

wave of elevation at the front of the group. 

In comparing the results of the two numerical methods, it appears that the NLS- 

predicts slightly greater reduction of the height of the wave group than the fully 

nonlinear model, and that the difference between the two methods increases as the 

depth reduces. This appearance of over- dispersiveness is due in part to the inclusion 

of the second approximation to the surface in the fully nonlinear computations, 

which also explains why the maximum heights of the initial conditions are not equal. 

Computations using the fully nonlinear model initialised with only the first approx- 

imation to the surface and velocity potential have been carried out for kh = 0.9 and 

kh = 0.6; the former is shown in figure (4.14), and the latter in a later section, in 

figure (4.24). For both there is a difference in the maximum wave height and as a 

result the agreement with the NLS- is improved. The difference is more pronounced 

on kh = 0.6, although the agreement with the NLS- is still relatively poor. 

In this and previous sections, the differences between the two models is shown to be 

small on the larger depths, but more significant in the shallower water. The reason 

for this is that the NLS- method is at the edge of its range of validity in shallower 

water; Stokes' theory fails and the NLS- is no longer an appropriate model. 

84 



4.6 Scaling of NLS- solutions 

The previous sections indicate that there are many parameters that can be varied 

to give different solutions. Henderson et al. (1999) indicate that, for wave groups on 
deep water, solutions (of the fully nonlinear equations of motion) may be scaled from 

one steepness to another using a transformation under which the NLS+ equation is 
invariant. This is successful for groups less than a certain (empirically determined) 

steepness, and until the nonlinear effects not included in the NLS+ model become 

significant. 

The dependence of the coefficients of the NLS- on depth kh restricts any possible 

scaling or transformation by requiring that this parameter be kept constant. In 

previous sections we have chosen to keep the value of k fixed for each depth h and 

to vary the amplitude a to achieve different wave steepnesses ak. Continuing with 

this approach, the restriction on kh means that we cannot scale between different 

depths. Nonetheless we investigate how successful the scaling is for wave groups on 
fixed intermediate depths. 

The relevant, nondimensionalised form of the NLS- is given by 

Of 92 f 

a- + ý3) If 12f 

Ot OX2 (4-8) 

where the coefficients are given in chapter 2. The envelope of the surface elevation 

is given by f. With kh fixed (and thus the coefficients constant), this equation is 

invariant under the transformation 

xt 
qof, x2 

qo qo 
(4.9) 

The NLS considers only the slowly varying envelope of the wave groups, and it is the 

slowly varying space and time variables which undergo the transformation above. 

The faster varying space and time scales of the carrier wave are not transformed in 

the NLS scaling. However, it is difficult to separate the envelope from the carrier 

wave in the fully nonlinear computations, and thus in figures (4.16) to (4.18), which 

show results from applying the transformation to a selection of wave groups in the 
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fully nonlinear model, the carrier wave has been scaled in addition to the envelope. 

Precise details of each plot are given in the captions, with an indication of the initial 

Ursell number Uro of the (unmodulated) waves. 

The scaling is generally successful in describing the defocussing behaviour of the 

group when the individual waves are approximately sinusoidal; figure (4.16) is a 

good example of this. However it is not able to scale the 'extra' effects, i. e. the 

emission of harmonic and free long waves. 
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Figure 4.16: Selected surface profiles from fully nonlinear model on depth 
kh = 1.1. Solid line represents a group of wave steepness ak = 0.1, Uro = 
0.075, dashed line a group of wave steepness ak = 0.2, Uro = 0.150 scaled 
by the NLS transformation. Second harmonics are included in the initial 
conditions. 

As the waves become more like solitary waves, the agreement between group en- 

velopes becomes poorer. Such differences begin to appear in the steeper of the two 

groups in figure (4.17) (dashed line), and become quite significant for waves which 

are steeper still on this depth in figure (4.18). On the basis of these and other 

computations (which admittedly form rather limited evidence), we suggest that, 

as a rough rule of thumb, the scaling is successful if the initial Ursell number of 

(unmodulated) waves is less than 0.3. 
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Figure 4.17: Selected surface profiles from fully nonlinear model on depth 
kh = 0.7. Solid line represents a group of wave steepness ak = 0.05, Uro = 
0.146, dashed line a group of wave steepness ak = 0.1, Uro = 0.292 scaled by 
the NLS transformation. 
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Figure 4.18: Selected surface profiles from fully nonlinear model on depth 
kh = 0.7. Solid line represents a group of wave steepness ak 0.1, Uro = 
0.292, dashed line a group of wave steepness ak = 0.15, Uro 0.437 scaled 
by the NLS transformation. 
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4.7 Modelling the Long Waves 

Calculations of the mean flow current (i. e. the x-derivative of the mean flow velocity 

potential) have been carried out using the Davey- Stewartson model. The results for 

wave groups of steepness ak = 0.1 on depths kh = 1.1 and kh = 0.6 are shown as 

stack plots in figures (4.19) and (4.20). The mean flow disperses with the group and 

clearly is larger on the shallower depth. As with the envelope solution in figures 

(4.9) to (4-11), small oscillations form as dark solitons develop, although these are 
barely visible in the plots here. 
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Figure 4.19: Stack plot of mean flow current, Davey- Stewartson model, for 
wave group of steepness ak = 0.1 on depth kh = I. I. 

The primary limitation with the Davey- Stewartson model as it stands is that it does 

not describe the long free waves which form when a bound wave is not included as 

part of the initial conditions. (Of course it has the opposite benefit of supplying 

a form of the bound wave which might be added to the initial wave group in the 

fully nonlinear computation, in order to prevent the emergence of long free waves. ) 

It is possible to adapt the model to include the free waves by writing it in a form 

not moving with the linear group velocity (C_, ) and finding (analytically) a solution 

88 



, -ýOo 

200 

100 

0 

-150 -100 -50 0 50 100 150 
ýp ... 

Figure 4.20: Stack plot of mean flow current, Davey- Stewartson model, for 
wave group of steepness ak = 0.1 on depth kh = 0.6. 

of the correct form. The second of the two Davey-Stewartson equations represents 

a long wave generated (or forced) by a short wave modulation (the forcing term is 

that on the right hand side of the equation), and we rewrite this equation in a form 

not moving with the group: 

19,001 
- gh 

0200,0 1B 12 

(4.10) OT2 OX2 ax 

where ri = 2wk + cgk 2 sech 2 (kh). 

This is its dimensional form. Since the initial expression for B is known, it is 

possible to solve for 00, and thus form an expression for the initial horizontal current 

generated by our initial conditions: 

(9001 -rja 
22 

oý - 2(C2 - C2) 

(1 
+ 

ý-g-) 

sech (r�2 (X - CT» 
9c 

-r, ja 
21-ý 

-g- sech 
2 (r11,2 (X + CT) ) 

2(C2 - C2) c 
9 

Kl 

sech 
2 (N2 (X- 

c T», (C 2- C2) 
9 

9 

where c -- ýlg-h. 
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The first two terms of the solution are the solution to the homogeneous equation, 

which is in fact a form of the linearised long wave equations. They represent the long 

free waves travelling ahead of and behind the group respectively. The third term is 

a particular solution to the equation, and represents the bound wave beneath the 

group. The constants 1'ý2 and a are determined by the initial conditions. 

In order to assess the magnitudes of these waves, we insert appropriate values for 

the case of kh = 1.1, ak = 0.1. After nondimensionalisation with gravity g and the 

depth h (represented by the dashed terms and x and t) this gives 

(9001 22 (ri (X + eit» = 0.00757 sech (r, ' (x - ct» + 0.00168 sech Ox 22 

- cf t». 2 (�Z/ (X 
- 0.00924 sech 29 (4.12) 

Although it appears from these values that the wave behind the group is a wave of 

elevation, knowledge of the linearised long wave equations indicates that although 

the current is of positive magnitude for this wave, the corresponding surface elevation 

of the long wave is of negative magnitude. The forward travelling free wave is a 

wave of elevation and the bound wave is a wave of depression, in line with the 

observations from the fully nonlinear model. It is also possible to see that the 

magnitude of the free wave ahead of the group is roughly 5 times larger than the 

free wave behind, consistent with observations of the early evolution of the fully 

nonlinear computation. 

It is possible to adapt the Davey-Stewartson model so that it solves the rewritten 

long wave equation (4.10) at each timestep. As above, we have dictated the form 

of the solution to consist of a bound wave, one forward travelling free wave and one 

backward travelling free wave. However the exact form of these waves is given at 

each time by the form of the velocity potential envelope B at that time, and thus is 

not a sech 2 profile after the initial time (equation (4.11) gives the mean flow current 

at the initial time only). 

Figures (4.21) and (4.22) show the mean flow current as described by this adapted 

model, for a wave group of steepness ak = 0.1 on depths kh = 1.1 and kh = 0.6 
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Figure 4.21: Stack plot of mean flow current, adapted D avey- Stewart son 
model, for wave group of steepness ak = 0.1 on depth kh = I. I. 
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Figure 4.22: Stack plot of mean flow current, adapted Davey- Stewartson 

model, for wave group of steepness ak = 0.1 on depth kh = 0.6. 

respectively. The vertical exaggeration of the first plot is the same as those for the 

mean flow current in figures (4.19) and (4-20), that in the second plot is one third 

of the other plots. 

91 



150 
seiectea prOT I IeS ot norizonicii VelOUILY UI IU IT lUUr II JUW ýUr I- I T., KIII UK- I 

100 

50 

0 

-250 -200 -150 -100 -50 0 50 100 
space (shifted with group velocity) 

Figure 4.23: Selected profiles of horizontal -velocity on the surface for wave 
group of steepness ak = 0.1 on depth kh = 1.1. The dark solid lines are 
the surface profile computed by the fully nonlinear model. The dotted lines 
correspond to a vertical exaggeration of the fully nonlinear results away from 
the primary group, and the pale solid lines to the same exaggeration of the 
adapted long wave Davey-Stewartson results. 

The general trends observed in the fully nonlinear computations appear to be suc- 

cessfully modelled; that is the forward travelling free wave emerges from the front 

of the wave group more quickly on the larger depth than the lower depth, and the 

difference in magnitude between the forward and backward travelling free waves is 

larger on the shallower depth. The free waves appear to spread out with time in a 

similar manner to the bound wave. 

However, a number of oscillations form on the forward travelling wave, on kh = 0.6 

particularly, and also on the backward travelling wave (although these are barely 

visible in figure (4.22)). These are not related to the timestep size or spatial point 

density. Those forming at the edge of the group envelope are suggestive of an 

interaction between the dark solitons and the current, whereas a direct explanation 

for the others is harder to come by. It is likely that they are another indication that 

the model is on the edge of its range of validity at this depth. 
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Figure (4.23) shows results from the adapted model superimposed on the results 
from the fully nonlinear computation for depth kh = 1.1, in a form similar to that 

presented earlier in figure (4.3). Here the horizontal velocity outside the primary 

wave group is exaggerated and overplotted with a dotted line. The new pale solid 

line shows the results from the adapted Davey-Stewartson model exaggerated by the 

same amount. For the early stages of the computation presented here, the agreement 

between the models is good for the backward travelling long wave, although that in 

the fully nonlinear model appears to disperse less than that in the adapted Davey- 

Stewartson model. Similarly, the forward travelling long wave appears to be higher 

in the fully nonlinear model. However, the adapted Davey-Stewartson equation 

models accurately the position of the long waves. 

4.8 Agnon's modified equations 

The match between the fully nonlinear and weakly nonlinear theories is poor in 

shallow water. It has been observed that the condition necessary for weakly non- 

linear theory (i. e. Ur << 1) does not hold for the case kh = 0.6, ak = 0.1. In this 

section, a comparison with one further weakly nonlinear theory is presented. This 

is due to Agnon (1993), and is valid for water shallower than the Davey-Stewartson 
1 

equations, requiring Ur < 
Q) 2. Further details are given in chapter 2. 3 

When the water is of intermediate depth, kh = 0(l) and gh _2=0 (1), the results cý 

of Longuet-Higgins & Stewart (1962) are recovered from Agnon's analysis, and thus 

the simulations of Agnon's modified equations for wave groups of steepness ak - 0.1 

on kh - 1.1 and kh - 0.9 show practically no difference from that of the Davey- 

Stewartson equations. On the shallower depth kh - 0-6, where gh-c 2=0(, E), there 9 

are differences. Figure (4.24) shows the maximum surface elevation for a wave group 

of steepness ak = 0.1, without higher order corrections, as computed by the fully 

nonlinear model (solid line), Davey- Stewartson / NLS- model (dashed line) and 

Agnon's modified equations (dotted line) 
- 

Clearly the latter predicts the maximum 
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Figure 4.24: Maximum surface height of wave group of steepness ak = 0.1 
as computed by the fully nonlinear scheme (solid), the NLS- model (dashed) 
and Agnon's modified equations (dotted), on kh = 0.6. 

surface elevation to be lower than the the NLS- model. Closer examination of the 

wave surface (not shown) indicates that this lower elevation is a result of increased 

dispersion-type (spreading) effects. 

The differences between the Davey- Stewartson model and Agnon's modified equa- 

tions are small. Despite Agnon's analysis being valid for smaller depths, the compar- 

ison between this model and the fully nonlinear model appears less good than that 

between the NLS- and the fully nonlinear model. This suggests that the nonlinear 

effects exhibited in the fully nonlinear example are not weak. 

4.9 Multiple Wave Groups 

The previous sections show that a single isolated wave group will spread out (disperse 

and defocus) on water of intermediate depth. It is free to do this without interference 

since there are no waves present on either side of it. In this section, the effects of 

surrounding waves are investigated, first considering three identical wave groups 

placed adjacent to one another, and then two adjacent differing wave groups. The 

suitability of the NLS- approximation in both cases is investigated. 
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4.9.1 Three identical wave groups 

The initial conditions to the fully nonlinear model here consist of three envelope 

soliton groups placed next to each other, centred a distance of 6 wavelengths apart. 
This distance was chosen to ensure that the groups were sufficiently far apart to have 

distinct initial identities, but not so far apart as to prevent significant interaction 

between them. The example presented has initial wave steepness ak =- 0.1 and is 

placed on depth kh = 0.7. Second order corrections are added to the initial condition 
for the fully nonlinear model, but not for the NLS-- 

selected surface profiles, ok=0.1, kh=0.7 
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Figure 4.25: Selected surface profiles of wave groups of initial steepness 
ak = 0.1, on depth kh = 0.7. Solid line represents fully nonlinear model, 
dashed and dotted lines the NLS- model. 

Selected profiles illustrating the progression of the waves in time are given in figure 

(4.25). The solid lines represent the fully nonlinear model, the dashed and dotted 

lines are the envelope and reformed wave surface of the NLS- model respectively. 
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As for the isolated groups on depth kh - 0.6 (figure 4.11), there is poor agreement 

of the wave surface between the fully nonlinear model and the NLS-. However, the 

envelope solution of the NLS- model characterises well the regions of interaction 

which form between the groups at the later times. We note that the linear parabolic 

equation (which is the NLS- equation without the nonlinear term) fails do to this; 

this calculation is not shown here. 
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Figure 4.26: Maximum surface elevation of wave groups of initial steepness 
ak = 0.1, depth kh = 0.7. Dark solid line: 3 adjacent wave groups, fully 
nonlinear model. Pale solid line: an isolated wave group, fully nonlinear 
model. Dark dashed line: 3 adjacent wave groups, NLS- model. Pale dashed 
line: an isolated wave group, NLS- model. 

In the fully nonlinear model, a free long wave of elevation is emitted from the front 

of each group, and this may be traced passing through the groups (or still water) 

in front of it. Similarly a small wave of depression emerges from the back of each 

group, plus some small harmonic oscillations. To a good approximation the low 

frequency wave under this surface may be considered as the linear sum of the long 

free waves and bound wave under an isolated group. Small deviations occur when 

the interactions between groups become significant. 

Figure (4.26) shows the maximum surface elevation for this initial condition pre- 

dicted by the fully nonlinear model (dark solid line) and the NLS- model (dark 

dashed line). The pale lines indicate the maximum surface elevation for an isolated 

group of the same steepness on the same depth computed using the fully nonlin- 
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ear model (solid) and NLS- (dashed). Comparing the isolated and multiple group 
computations for each model, it is clear that the multiple groups retain a slightly 
higher maximum elevation. It is not clear if this is simply a result of wave groups 

overlapping, or if the presence of surrounding waves slightly inhibits the defocussing 

of the groups slightly. In the fully nonlinear plot for three wave groups, there are 

additional oscillations of different (and varying) length scales from the short and 
long ones for the isolated group (discussed in section 4.5.3). These are due to the 

forward travelling free long waves passing through the groups and elevating individ- 

ual waves for short periods of time, as well as to wave interference, and to differing 

modulations giving the highest wave. The latter is the source of the large kink and 

subsequent rise in maximum elevation in both the fully nonlinear and NLS- plots 
for three wave groups. 

4.9.2 Two different wave groups 

For adjacent groups formed of waves of the same initial wave number, the time scale 
for the interacting waves to become significant is relatively long. This is largely 

because waves with the same wave number travel at the same speed, to a linear 

approximation. One method of inducing significant interactions more quickly is to 

consider groups consisting of waves of different initial wave numbers. 

The initial condition for figure (4.27) is formed from a solution of the deep water 

NLS+, the bound soliton. This essentially describes the interaction between two en- 

velope solitons. Here, the difference between the carrier wave numbers of the waves 

forming the two groups is large. Strictly, this is not valid for the NLS approxima- 

tion which allows only small perturbations to the carrier wave number, but for our 

purposes it provides an initial condition with waves of quite differing lengths which 

quickly interact. In figure (4.27), the water depth is h=1.1, the initial wave number 

of the waves in the left hand group is k=1, and k=1.5 in the right hand group. 

The initial amplitude of the (unmodulated) waves is a=0.1. Note that the figure is 

in a frame of reference moving with the group velocity of the left hand group, and 
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Figure 4.27: Selected surface profiles of wave groups of initial wave numbers 
k= LO and k=1.5, on depth h=I. I. Solid line represents fully nonlinear 
model, dashed and dotted lines the NLS model. 

in this frame the right hand group is seen to propagate backwards. The solid lines 

represent the fully nonlinear model, the dashed and dotted lines the envelope and 

reformed surface of the NLS model. 

As expected, the waves interact quickly, and initially the effects of defocussing are 

not easily identifiable. However, at sufficiently large time, the groups have passed 

through each other and have regained their separate identities. The defocussing of 

the group initially on the left hand side is clear. Once it has emerged from the 

interaction, the NLS is able to successfully model this group. However, the group 

initially on the right hand side has in fact self-focussed, which is not surprising given 

that the nondimensional wave number of these waves is kh - 1.65, larger than the 

critical value kh - 1.363. It is followed by a long low tail of waves. It is not surprising 
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that the NLS- model is unable to model this self-focussing group accurately. It is 

an extreme example of the disparity which occurs when the perturbation to the 

carrier wave is not small. However, it is probable that in nature waves of differing 

wave numbers are encountered, and thus this case highlights the limitation of the 

NLS models in this respect. 

4.10 Conclusions 

One characteristic of wave group behaviour on water of intermediate depth is the 

defocussing of the group, that is the spreading of the group and its energy in order to 

ensure the stability of the waves. This is in agreement with the analysis of Benjamin 

(1967) which indicates that a Stokes' wave train is stable if kh < 1.363. Wave groups 

formed of steep waves are observed to defocus more quickly and to a greater extent 

than groups composed of gentler waves. 

The effects of the different depths manifests itself in the behaviour of the individual 

waves forming the group. At depths and steepnesses where Stokes' theory fails (that 

is Ur is no longer small), the foremost waves in the group develop long flat troughs 

and short well-defined crests. They appear to act independently of the rest of the 

group, as one would expect of a shallow water solitary wave. For a wave group of 

(unmodulated) steepness ak=0.1, this type of behaviour is observed on a depth of 

kh = 0.7, where the wavelength is approximately 10 times the depth of the water. 

For water significantly shallower than this (kh = 0.4 for example), the waves quickly 

steepen and break. 

The comparison of the surface elevation of the group with the NLS- model is good 

for a wave group of steepness ak - 0.1 on the larger depths kh = 1.1 and kh = 0.9, 

with both the modulation amplitude (envelope) and the individual waves (which 

are 'reformed' analytically) in good agreement with the fully nonlinear model. The 

modulation amplitudes of the waves computed by the fully nonlinear model when 

the waves are within an appropriate range (perhaps Uro < 0.3) may be scaled from 
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one steepness to another upon a given depth using the scaling inherent in the NLS- 

model. Unsurprisingly, the NLS- model is poorer on the shallower depths (kh < 0.7) 

where Stokes' theory fails, especially with regards the modelling of the individual 

crests. The modifications of Agnon (1993) do not appear to have significant value 
in this context. The NLS- model is limited to describing wave groups where the 

wave number does not vary greatly from a fixed value. 

Another important effect of a propagating wave group is that it generates bound 

and free long waves. A free long wave of elevation propagates ahead of the group 

and a smaller wave of depressions propagates away from the back of the group. 
The NLS- model / Davey-Stewartson equations are not able to model the long 

free waves without modification, as they simply describe the set-down under a given 

surface envelope. However, once the modification is made, the comparisons with the 

fully nonlinear model for a wave group of steepness ak = 0.1 on a depth kh = 1.1 

are reasonable. Once again they are poor in shallower depths. 

The groups are observed to generate and emit second and higher order harmonic 

terms. These may be reduced by including extra terms in the initial conditions, 

but even if one could find the correct long wave form associated with a given wave 

group, it would be extremely hard to find a wave group signal which could propagate 

without change of form in the fully nonlinear model. 
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Chapter 5 

Wave groups 

5.1 Introduction 

on sloping beaches 

As incident ocean waves approach the coastline, they increasingly feel the effects 

of the reducing water depth. This induces changes in the properties of the waves, 

such as their shape, height, length, and speed, before they break. Typically their 

frequency remains close to constant, however. These changes are described by the 

term wave shoaling. More precisely, the shoaling problem may be defined as "the 

evolution of steady, progressive waves normally incident to slowly varying depth 

contours in the absence of both reflection and diffraction" (Sobey & Bando 1991)- 

Knowledge of wave shoaling is important for the design of coastal structures, and in 

the study of sediment suspension and motion. 

This chapter is concerned with the shoaling of wave groups progressing from deep to 

shallow water up a plane sloping beach. As indicated in Sobey & Bando's definition 

above, much work on this topic has been carried out using regular progressive wave 

trains. However, non-uniform (irregular) waves may behave differently. The aim 

of this chapter is to investigate these differences using wave groups to represent 

irregular waves, and thus to increase knowledge and understanding of how these 

waves behave on a beach of non-zero slope. 
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The problem of waves incident normally to a sloping beach has traditionally been 

approximated by assuming that at any position, the wave acts as if it were a steady 

wave on a fluid of the local depth, which is assumed constant. It is then assumed 
that the wave period and wave action flux are constant as the wave propagates 
from one depth to another. Frictional dissipation and reflection of energy from the 

(gentle) slope are neglected. Under these assumptions, the properties of the wave 

such as the height, wavelength and speed may be deduced from linear wave theory. 

In this chapter, the term 'linear shoaling theory' is used to refer to changes in the 

maximum height of the waves. 

Linear wave theory is, however, inadequate for accurately describing changes in shal- 

low water where nonlinear effects become increasingly important. Various attempts 

have been made to improve shoaling theory in shallow water, a number of which 

are reviewed by Sobey & Bando (1991). Amongst others, Svendsen & Buhr-Hansen 

(1977) and Hardy & Kraus (1988) match a cnoidal theory for shallow water to a 

Stokes' approximation for deeper water, but find a discontinuity at the matching 

point. Stiassnie & Peregrine (1980) account for the set-down of the mean water level 

in shallow water by assuming that the mass flux and a Bernoulli constant remain 

constant as the wave propagates, in addition to the wave period and wave-action 

flux. Matching Cokelet's (1977) extension of Stokes' expansion in deep water to 

a train of finite solitary waves in shallow water (Longuet-Higgins & Fenton 1974), 

they find good agreement with experiment. Rienecker & Fenton (1981) present a 

model based on a Fourier approximation method which is more easily able to provide 

details of spatially varying quantities such as the fluid velocity. More recently, Grilli 

& Horrillo (1996) use a boundary integral method to study the shoaling properties 

of periodic waves propagating from deep water onto an energy- absorbing beach. 

Considering the behaviour of irregular waves, Shemer et al. (1998b) present exper- 

iments demonstrating the shoaling of wave packets. Their results are qualitatively 

similar to those of Barnes & Peregrine (1995), who use a boundary integral method 

to model the progression of isolated wave groups up a plane slope and onto a shelf 

of constant depth. Barnes & Peregrine (1995) observe a large disparity in the height 
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Figure 5.1: Bathymetry used in chapter 5. Waves travel up a sloping section 
and onto a shelf of constant depth. 

of the shoaling compared with linear shoaling theory. The discrepancy is explained 

in the light of the studies of the preceding chapter, and is discussed in section 5.2. 

There is scope for comparison of other wave properties with linear wave theory, and 

these are presented later in the same section. Following this, the effects of multiple 

groups are discussed in sections 5.3 and 5.4. 

5.2 Single groups of a single frequency 

Barnes & Peregrine (1995) use a fully nonlinear boundary integral model to study 

the progress of a single wave group travelling up a plane beach. They note that this 

group and its energy appear to spread significantly, and also that the maximum wave 

height is significantly less than predicted by linear shoaling theory. In this section 

we repeat and extend some of the computations of Barnes & Peregrine (1995) using 

the same model. The purpose of this repetition is to serve as a natural link between 

the previous chapter and the following sections. 

The bed topography is a sloping beach leading onto a shelf of constant depth, illus- 

trated in figure (5.1). This prevents the waves from breaking and facilitates their 

study on water of constant shallow depth. The initial condition is a single deep 

water envelope soliton (as described in the previous chapter), with no added higher 
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order terms. Computations using a variety of beach slopes were performed; here 

we present results from slopes of 1: 10 and 1: 40. The beach corners are located at 

x= 10 for the 1: 10 beach and x= 20 for the 1: 40 beach. The depth of the water 

at the centre of the group's initial position may be computed by adding the shelf 
depth h (indicated in figures 5.6 and 5.11) to either 1.0 for the 1: 10 beaches or 0.5 

for the 1: 40 beaches. This means that the groups start in a water depth of at least 

half a wavelength. Nondimensionalisation is with the initial value of the wavelength 

and with gravity g. 

5.2.1 Typical behaviour of shoaling waves 
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Figure 5.2: Selected surface profiles for single wave groups progressing on a 
1: 10 plane beach. 'x' marks the beach corner position. 
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Figure 5-3: Selected surface profiles for single wave groups progressing on a 
1: 40 plane beach. 'x' marks the beach corner position. 
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Each group initially propagates as a deep water wave group, with the carrier waves 

travelling at twice the speed of the group, and thus waves are seen to form at the 

back of the group, increase in amplitude as they move towards the centre of the 

group, then decrease in amplitude until they pass out of the front of the group. 
As the group propagates into shallower water, the speed of the individual waves 

reduces, and they persist at the front of the group instead of passing out of it. Since 

the back of the group is in deeper water, waves continue to be added there, so that 

the total number of waves in the group increases. 

Selected surface profiles from some examples are shown in figures (5.2) and (5.3). 

The space coordinate has been shifted with the linear group velocity appropriate 

to the depth at the centre of the group, and thus the beach corner position (i. e. 

that point where the slope ends and the constant depth shelf begins) is marked by 

crosses. The waves, initially sinusoidal, transform to near solitary waves, with long 

flat troughs and shorter crests in the shallower water on the slope. 

Many features of the groups observed on a horizontal bed topography may also be 

seen here. Steeper groups spread more than the shallower ones; groups formed of 

waves of initial steepness ak =:: 0.05 barely spread at all. Higher-order harmonic 

corrections are emitted from the back of the group, as on the horizontal bed, but 

there is no clear visible evidence of free long waves until the group passes onto 

the shelf. (Barnes & Peregrine (1995) identify the low frequency waves on the 

slope by Fourier filtering the surface elevation. ) The longer carrier waves move 

towards the front and shorter waves towards the back of the group on the slope, 

and the envelope becomes slightly asymmetric. However as the waves pass onto the 

shelf, their wavelength reduces (in addition to their amplitude suddenly increasing), 

especially in the cases with wave groups of steepness ak = 0.05, due to particularly 

shallow depth chosen for those shelves. 
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5.2.2 Comparison with linear ray theory 

In this section we compare results from a linear ray theory model (described in 

chapter 2) with the four examples shown in the previous section. Linear ray theory 

is a relatively simple model for slowly varying depth. It is often successfully used 

by coastal engineers and so it is valuable to carry out a comparison. 

Figures (5.4) and (5.5) show selected surface elevation profiles, with dark lines for 

the linear model and pale lines for the fully nonlinear model. Again space is shifted 

with the linear group velocity appropriate to the depth at the centre of the group, 

and crosses denote the beach corner position. 

Generally, the agreement appears reasonable. The primary differences for gentler 

waves arise after a long period of propagation on the shelf, where in the fully non- 

linear model, waves develop sharp crests and long troughs, like solitary waves, and 

accordingly travel somewhat faster than predicted by linear theory. The shapes of 

the waves in linear ray theory of course remain sinusoidal. For steeper waves, the 

primary difference is the greater extent of the defocussing of the fully nonlinear wave 

group. 

5.2.3 Maximum surface elevation 

Figure (5.6) shows a comparison of the wave height predicted by linear shoaling 

theory (dashed line) and the maximum surface elevation of the computed wave 

groups (solid line) at each depth. Linear shoaling theory assumes that the wave 

action flux remains constant as the waves propagate, and) significantly, it assumes a 

very slowly varying linear periodic progressive wave train. It is given by the formula 

a_1 (5.1) 
ao tanh(kh) I+ 2kh 

sinh(2kh) 

where a is the amplitude of the wave, ao is the initial (deep water) amplitude of 

the wave, k the wave number and h the depth. Assumption of a linear wave train 
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implies that the frequency w of the waves remains constant with depth; thus the 
dispersion relation 

gk tanh(kh) (5-2) 

indicates that the wave number k varies with depth. It is computed using a simple 
iterative scheme to solve 

ko tanh(koho) - ko =k tanh(kh) (5-3) 

where ko is the initial (deep water) value of the wave number, and ho the initial 

depth of the water, which is sufficiently large that we may take tanh(koho) - 1.0. 

The irregularity of the fully nonlinear computational results in figure (5-6) is due 

both to the highest grid point representing the maximum surface elevation, and to 

the finite intervals at which the computation is sampled. 

Presentation in this manner highlights the differences between the fully nonlinear 

groups and linear theory which are not as easily visible from the plots of surface 

elevation in figures (5-4) and (5.5). The conclusions of Barnes & Peregrine (1995) 

are verified, that linear shoaling theory does not accurately predict the maximum 

amplitudes of the groups. In particular, short steep groups have a maximum ampli- 

tude significantly lower than predicted by linear theory, since these groups spread 

more than longer, less steep ones. The effect is more marked on gentler beaches. 

Linear theory permits the wave properties such as the amplitude to be very slowly 

varying in time and space, more slowly varying than the weakly nonlinear models 

described in the previous chapter. It is unlikely that the isolated wave groups 

presented here, particularly the short steep ones, meet this requirement for linear 

theory. Given the evidence from the previous chapter, they are sufficiently slowly 

varying for weakly nonlinear theory to be appropriate. 

Thus following the horizontal bed examples presented in the previous chapter, the 

results are perhaps not surprising, There, groups are observed to spread, shorter 

steep ones to a greater extent. Using the comparison with weakly nonlinear theory, 
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this may be attributed largely to the effects of linear dispersion and nonlinear de- 

focussing (at least until the water depth becomes shallow). Any spreading of the 

group observed in the linear theory applied here is solely a result of depth varia- 
tions. It is interesting to note that the nonlinear interaction of the groups with the 

slope causes the groups to defocus in depths kh greater than 1.363 (whereas on a 
horizontal bed in water of these depths the groups would self-focus). 

On a horizontal bed, the extent of a group's spreading appears to be partly a function 

of time. Thus on a gentler beach, the groups will spread more than on a steeper 
beach, as they have more time in which to do so. Again, linear theory takes no 

account of this parameter, being solely dependent on the (nondimensional) depth. 

Finally, notice that the maximum surface elevation increases quite suddenly and 

significantly in the cases where the waves propagate onto the shallower (h-0.05) 

shelves of constant depth, above that predicted by linear theory. It is not clear why 

this should be so; it may be the effect that the beach corner and constant depth 

section may have on the shoaling. Additionally, it is perhaps not surprising that 

the comparison is poor for shallower depths since the behaviour of the waves in the 

fully nonlinear computation is increasingly nonlinear there. 

5.2.4 Group Speed 

One aspect of linear theory lends itself naturally to comparison with an isolated 

wave group: that is the concept of group velocity. This may be derived from the 

linear superposition of two or more progressive wave trains of the same amplitude 

and slightly different wavelengths (e. g. Mei 1983). The resulting modulations of the 

wave train move at the group velocity cg, which is given (in dimensional form) by 

Ow tanh(kh) c(I+ 2kh (5.4) 
Ok 2w sinh(2kh) 

As before, w remains constant with depth but k varies. Nondimensionalisat ion is 

carried out using the initial (deep water) value of the wavelength, and gravity. 
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There is no simple measure of the speed of the computed groups, and so it is esti- 

mated as follows: at each time, the surface elevation is interpolated onto an evenly 
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Figure 5-8: Speed of single wave group progressing on a 1: 10 plane beach 
(squares), linear group velocity (solid line). The dashed line corresponds to 
the beach corner. 

spaced grid. A Hilbert transform of the surface elevation is then taken to give the 

group envelope. Since the waves are nonlinear, this envelope is very 'noisy', and so 

a Fourier filter is used to remove higher harmonics. We denote the position at which 

this smoothed envelope has a maximum to be the centre of the group. Numerically 

differentiating the positions of the group centres with respect to time gives the group 

velocity. 

Figures (5.7) and (5.8) illustrate the linear group velocity (solid line) and the speed 

of the computed groups (squares) for various groups on a 1: 10 beach and a 1: 40 

beach. The dashed line represents the start of the shelf, and above the line the 

depth is constant. The linear group velocity concept appears to be a successful one 

for the cases which we present. Perhaps the best agreement is for waves of steepness 

ak = 0.05 on the 1: 40 beach, which is not surprising, since these waves are almost 

linear and the gentle beach allows them plenty of time to adjust to the effects of 

different depths. However, the steeper group on this beach also agrees well with 

linear theory. There is a suggestion that both groups on the 1: 10 beach travel a 

little faster than linear group velocity just as they move onto the constant depth 

shelf. This is feasible since the waves have less time for adjustments on this beach; 
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however we cannot be certain that it is not just a result of the data scatter of the 

estimated wave group velocity. 

5.3 Three groups of the same frequency 
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Figure 5.10: Selected surface profiles for three wave groups progressing on a 
1: 40 beach. 'x' marks the beach corner position. 

Study of an isolated wave group is valuable for clarifying the behaviour and processes 

affecting shoaling groups. However, a group such as this, which has no interaction 

with surrounding waves, is unlikely to be encountered in nature. More typically a 

wave surface is 'groupy', that is a continuous wave form in which groups may be 

identified. In order to move our study in this direction, we consider adjacent groups 

of waves. In this section, the waves are of the same frequency and in the following 

section they are of differing frequencies. 
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Here the initial conditions consist of 3 adjacent envelope soliton groups, again with 

no higher order corrections added, spaced apart by either 10 wavelengths (ak = 0.05) 

or 6 wavelengths (ak = 0.15). We choose the same combinations of beach slopes 

and wave steepnesses as for the single groups, except that for the case of beach slope 
1: 10, initial wave steepness ak = 0.05, the beach corner is now located at x- 15.07 

to accommodate the extra length of the initial disturbance. 

The surface profiles in figures (5-9) and (5.10) show that the waves behave similarly 
to those in the isolated groups above. Unlike the horizontal bed case described in the 

previous chapter, there is not enough time for any significant interactions between 

the waves to occur on the sloping section of the beach. 
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Figure 5.11: Normalised maximum amplitude of three wave groups progress- 
ing on a plane beach (solid line); linear shoaling theory (dashed line). 

A comparison between linear shoaling theory and the maximum height of the com- 

puted surface is shown in figure (5.11). The results are very similar to those for 

the isolated groups (see figure 5.6), with the very short steep groups spreading sig- 

nificantly, thus reducing the maximum surface elevation to a level well below the 

linear shoaling coefficient. The small differences between these results and those for 

the isolated groups is that here the computed maximum amplitudes are generally 

slightly higher for the gentler beach in particular, indicating that the presence of 
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surrounding waves of the same frequency but of different heights may slightly inhibit 

the defocussing effect of the groups. 

The phases of the waves here are such that there is no interference between them 

as they interact. In nature, it is unlikely that a wave train would exist without 

some variations of phase. Figure (5-13) and the right hand plot of figure (5-12) 

show results from one example, where the waves of the middle group are 7F out of 

phase with those forming the outer groups. This potentially allows for maximum 

interference between the waves, i. e. a 'cancellation' of waves. The beach is of slope 

1: 40 and the waves of steepness ak = 0.15. The interactions between the groups 

in the previous examples appear very slight, partly because the groups are initially 

some distance from each other. In this example the groups are spaced apart by only 

4 wavelengths. A brief comparison with waves which are placed this distance apart 

and which are in phase is included. 
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Figure 5.12: Selected surface profiles for three wave groups progressing on a 
1: 40 beach. The waves in the middle group of the right hand plot are 7r out 
of phase with those in the other groups. 'x' marks the beach corner position. 

Figure (5.12) shows selected profiles of surface elevation. The change of phase sig- 

nificantly affects the 'groupiness' of the surface: the group identities are retained 

more distinctly when the middle group is 7 out of phase with the others. (Shemer 

et al. (1998b) make qualitatively similar observations in their experimental study. ) 

Close examination of the later profiles of the 'in-phase' plot shows that the identity 

of the middle group is almost completely lost, presumably by energy flow out of this 

group and also into its edges from the surrounding groups. This 'free' flow of energy 
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appears to be (largely) inhibited in the 'out-of-phase' example. 

This appears to be supported by the results presented in figure (5.13), which shows 

the normalised maximum amplitude of three 'out-of-phase' groups spaced apart by 

4 wavelengths (solid line), three 'in-phase' groups the same distance apart (dotted 

line) and linear shoaling theory (dashed line). There is little significant difference 

between the fully nonlinear wave group computations until the waves are close to 

the shelf. There, the 'in-phase' spaced groups are of smaller maximum amplitude 

than the 'out-of-phase' groups. Although it is not illustrated here, we note that the 

normalised maximum amplitude of three 'in-phase' groups initially placed 6 wave- 

lengths apart is a little higher than that of three 'in-phase' groups 4 wavelengths 

apart, and a little lower than that of three 'out-of-phase' groups spaced by 4 wave- 

lengths, in the region close to the shelf. We believe this to be a result of the higher 

harmonic corrections emitted at the back of each group interfering with the waves 

in other groups. It indicates that the initial proximity of the groups may affect their 

subsequent interactions. 

It is possible that the differences due to the variation of phase may be explained in 

the context of weakly nonlinear theory, more particularly the analytical 'dark soliton' 

solutions of the NLS- (e. g. Peregrine 1985). These correspond to a decrease of 

wave intensity below a mean (non-zero) level, with the carrier wave phase changing 

across the soliton. The wave modulation propagates without change of form. The 
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limiting case is for a modulation down to zero, where the carrier wave phase changes 
by 7r across the soliton. We conjecture that this may approximately describe the 

transition between groups for the computation where the middle group is 7F out of 

phase with the others. For no change of phase, there is no modulation of the dark 

soliton solution, which may partly explain the greater merging of the computed 

groups which are in phase. These results were obtained late in this study, and 

clearly further investigations are necessary to assess the value and accuracy of such 

a comparison. The observation of the effects of phase is however important in the 

light of spectral studies, which frequently neglect consideration of it. 

5.4 Two wave groups of different frequencies 

The previous section highlights the limited interaction between the crests of waves 

of equal frequency. In this section we consider wave groups consisting of waves of 

sufficiently differing frequencies that crests meet in the time available on the slope. 

This is of course another 'class' of irregular waves which we expect will behave 

differently from the linear description and from those in previous sections. 

The initial condition is a solution of the deep water NLS+, the bound soliton, 

which essentially describes the interaction between two envelope solitons. As in 

the previous chapter, we choose a large perturbation to the carrier wave, which is 

not strictly valid for the NLS+ but forms a useful starting condition. A variety of 

combinations of amplitude and wave number were computed, a selection of which are 

discussed below. In order for one group to catch up the other, the initial conditions 

locate the group of lower frequency behind that of higher frequency. The bathymetry 

is the same as that in the previous sections. Two slopes are considered, 1: 40 (with 

shelf depth h=0.1) and 1: 10 (with shelf depth h=0.075). 
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Figure 5.14: Selected surface profiles for various wave groups of differing 
frequency on plane sloping beaches. Further details of the group and slope 
are indicated on the plot titles. The vertical dashed lines represent the beach 

corner. 
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5.4.1 Typical behaviour of shoaling waves 

The main new behaviour, as expected, is the faster wave group catching up the front 

one and the subsequent interactions between the waves. Surface profiles are shown 
in figure (5.14), and indicate that the defocussing of the groups is somewhat masked 
by the process of interaction. However, defocussing still occurs, as can be seen from 

the cases where the back wave group passes right through the front one to emerge 

ahead of it as a longer and lower group. 

Frequently there is not time for the back group to pass completely through the front 

one on the slope. Waves propagate onto the shelf while interacting, or break before 

they get to the shelf. The incidence of breaking is significantly higher than when the 

waves do not interact as directly as here, and often occurs in relatively deep water. 

5.4.2 Comparison with linear ray theory 

One advantage of linear theory over the weakly nonlinear NLS model considered in 

the previous chapter is that it is possible to superpose solutions consisting of carrier 

waves with different wave numbers and arbitrary amplitude. This property is used 

to compare a solution given by linear ray theory with one of the fully nonlinear 

computations given above. One approach to the linear ray problem is to carry out 

a spatial Fourier transform of the initial condition, apply the ray theory to each 

Fourier component (which represents a uniform wave of constant wave number) and 

then superpose the solutions, However, a simpler approach is taken here with just 

two values of the wave number being used. These correspond to the carrier wave 

number of each envelope soliton. The results are shown in figure (5.15) and are quite 

favourable. The solid profiles represent the linear ray theory solution, and broken 

lines the fully nonlinear model. Further details of the particular wave group and 

beach are given in the figure caption. 

The linear ray solution travels slightly slower than the fully nonlinear solution. There 
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h 0.1 located at x= 20. The vertical dashed line represents the latter 
position. 

120 



1: 40. k-0ý05.0.15. k-3- 
2.8 

2.0 

-0.4 -0.2 
-p- 

1: 40, k-0.15,0.15. k-2ý, 3ý, w,, e b, ecks 
2.. 

2. G 

0.41 
-0.,. -0... -. -. o -40 -0. ý -20 -0 

plý 

1: 40, k-D-075,0.075, k-,, 3- 

. 10 

2. a 

.. o - 

o.. -0*4 -0.2 
-C. Pth 

1: 40, k-0.075,0.1, k-,, 2, 
2.. 

2.. 

0 4 , 
-0. ý -0.40 -O. SO -0.20 -0.10 

--p- 

1: 10. ok-0.05.0-15, k-n. 3- .-b,., k, 
2.8 ý 

2.0- 

-Olpth 
100, ck-0.15,0ý15. k-2-3ý, we., b,, Oks on h. If 

2-. 

20 

1.2 

-1. -1.2 -o-a -0.4 

1: 10, k-0.075,0.075. k-, 3ý 

r 2.0 

I 

1 
12 

o.. -2.0 -1.5 -1-1 

1: 10. k-0.075.0.1. k-, 2w. br,, k, on dg, of helf 
2- 

1.2 

-1.2 -1.0 -0.0 -0.4 -2 
I., 

Figure 5.16: Normalised maximum amplitude of two wave groups of differing 
frequency propagated on a plane beach (solid); linear shoaling theory for each 
frequency (broken lines). The titles of the individual plots give further details 
of each initial condition and bathymetry. 

are some discrepancies in the amplitudes of the waves (even away from the breaking 

predicted by the nonlinear model), with linear theory predicting lower waves, but the 

overall shapes of the profiles generally agree well. This also indicates that the wave 

shapes are close to sinusoidal (and therefore almost linear) in the fully nonlinear 

model, until a time close to breaking. This perhaps is not too surprising, since in 

this particular example the water on which the wave breaks is relatively deep. The 

major failure of linear ray theory is, unsurprisingly, that it is not able to detect the 

breaking of waves predicted by the fully nonlinear model. 

5.4.3 Maximum surface elevation 

The variety of initial conditions produce a corresponding variety in the trends of 

maximum surface elevation, some of which are shown in figure (5.16). The normal- 

isation is with the maximum amplitude computed at the point in space where the 
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centre of the back group is initially located. 

Linear shoaling theory assumes a very slowly varying plane wave of initially constant 

wave number. Since our initial condition is formed primarily of two wave numbers, 
the wave height according to linear shoaling theory is shown for each initial wave 

number (the two broken lines on each plot). In fact there does not appear to be 

a large amount of difference between them in water of the depths considered here. 

The 'beats' in the plots of the fully nonlinear waves are a result of the highest wave 

persisting for only a finite time (and distance). The effect of 'beats' is stronger than 

in figures (5.6) and (5.11) due to the lower frequency of the waves included in the 

examples here. 

In each example, the maximum wave height of the two wave groups initially de- 

creases, to a greater or lesser extent. This is due to some defocussing of the back 

group before its significant (larger) waves interact with the group ahead of it, and 
thus the extent of the decrease may be attributed to the distance between the 'sig- 

nificant' parts of the groups, in addition to the form of the particular wave group. 
The increase in maximum amplitude begins as the 'significant' interactions start. 
These may be likened to the 'interferences' due to differences of phase observed in 

the previous section. The rise in maximum amplitude of those waves which break 

is quite dramatic, especially in the top two plots. 

Overall the trends of maximum wave height are quite different from those presented 
for isolated wave groups or three wave groups of the same frequency. In those cases, 

the maximum amplitude follows the general trend of the linear shoaling condition, 

that is following the patterns of increase and decrease, albeit at a lower amplitude 

in the case of the steeper wave groups; here the wave interactions cause deviations 

from this pattern. 
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5.5 Conclusions 

As waves progress from deep to shallow water they typically develop from sinusoids 
to waves with long troughs and short sharp crests, similar to solitary waves. As 

observed by Barnes & Peregrine (1995), the wave height of an isolated wave group 
(representing 'irregular' waves) progressing up a plane beach is poorly represented 
by linear shoaling theory (which assumes 'regular' waves) when the wave steepness 
is not small. The groups studied here, particularly the steeper ones, are not suffi- 

ciently slowly varying for a linear approximation. As a result, linear and nonlinear 

effects (primarily dispersion and defocussing) not included in the linear model are 

significant; as indicated in the previous chapter, an isolated wave group subject to 

these effects spreads significantly as it propagates. 

The presence of other waves of the same initial wave number appears to inhibit this 

process. The degree to which it does this depends on the beach slope, the proximity 

of the wave groups and their respective phases; it is found that the relative phases of 

the waves in different groups are significant in their subsequent interactions. There 

may be a correspondence between the behaviour due to variations of phase and 

the dark soliton solutions of the NLS-, although further investigation is necessary. 
The observation is interesting particularly in the light of spectral studies which 

frequently neglect consideration of the wave phase. The interaction of one group 

with an adjacent one formed of waves of a different wave number appears to be 

considerably more significant than the defocussing behaviour in determining the 

maximum wave heights, in addition to causing the waves to break more readily. 

The linear group velocity concept provides a good indication of the speed of an 

isolated group. In modelling the surface elevation, linear theory allows the super- 

position of solutions and thus is a more useful model than the weakly nonlinear 

theories presented in the previous chapter if the wave field contains waves which are 

not small and of significantly varying lengths. Like those theories, however, it fails 

to detect or model those waves close to breaking. 
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Chapter 6 

Solitary wave interactions on 

sloping beaches 

6.1 Introduction 

In this chapter we study the shoaling and breaking of two interacting solitary waves. 
As observed in the previous chapter, waves propagating into shallow water develop 

long flat troughs and sharp crests, and may be approximately described by solitary 

waves. 

In order to improve the accuracy of shoaling theory in shallow water (where Stokes' 

approximation fails and nonlinear effects are not necessarily weak), a number of 

authors represent waves there as cnoidal waves. (For examples, see the literature 

review in the introduction to the previous chapter. ) To a very good approximation, 

cnoidal waves may be considered a train of finite solitary waves, and thus a train of 

cregular' waves appropriate for shallow water. Study of individual solitary waves or 

a cgroup' formed of two solitary waves gives insight into the behaviour of 'irregular' 

waves in shallower water. There exist many studies of isolated solitary waves (some 

examples are indicated below), and thus we concentrate our efforts on the shoaling 

of two interacting solitary waves. 
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A number of tools are used to study the propagation of shallow water waves on a 

slope. Many studies make use of the nonlinear shallow water equations or Boussi- 

nesq approximations. Analytic solutions of the nonlinear shallow water equations to 

periodic wave problems were obtained by Carrier & Greenspan (1958) and Carrier 

(1966), and to the solitary wave problem by Synolakis (1987). Grimshaw (1979) 

presents a multiple scales method to describe a slowly varying solitary wave of a 

variable coefficient Korteweg-de Vries equation. An exact solution to the equation 
is found for values of the coefficients which satisfy a certain constraint. Some exper- 

imental results are presented by Synolakis (1987). A number of numerical solutions 

have been obtained. These include Peregrine (1967) (one of the earliest extensions 

of the Boussinesq equations to variable depth), and results obtained by Hibberd & 

Peregrine (1979) using the nonlinear shallow water equations, Zelt (1991) using a 

Boussinesq model, Fenton & Kennedy (1996) using an efficient, accurate method 

based on local polynomial approximations, and Svendsen & Grilli (1990) using a 

boundary integral method. 

Otta, Svendsen & Grilli (1992) (hereafter referred to as OSG) use this same bound- 

ary integral model to study the run-up and breaking of isolated solitary waves propa- 

gating from a constant depth region onto a plane slope. They observe that the wave 

height variation of the shoaling solitary waves depends considerably more on the 

slope than on the initial wave steepness. On gentle slopes (<1: 20) the wave height 

grows monotonically, slowly at first and nearly as h-' (as predicted by Boussinesq 

theory) when the wave approaches breaking, h being the water depth. Green's law 

(derived for regular linear waves in shallow water) predicts a wave height variation 

proportional to h4 and thus may be appropriate for the earlier stages of propagation 

here, but clearly not for the later stages. On steeper slopes the wave height is almost 

constant over the slope; however no solitary waves that can propagate stably on a 

constant depth break on slopes steeper than 12' (1: 4.705). 

In section 6.2 the interaction and shoaling of two solitary waves is studied. The 

interaction itself is of a sufficiently interesting nature to merit some discussion before 

the effects of a gentle slope are included. Solitary waves may be affected by other 
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waves or currents in their environment, and so in section 6.3 a long set-down wave 
is added to the initial 'group' of solitary waves. This acts like a current on the 

solitary waves. In section 6.4 the effects on the two solitary waves of backwash from 

a broken wave reflecting from the shore are considered. 

6.2 Interaction of two solitary waves 

6.2.1 Initial conditions 

The initial solitary waves are numerically exact (i. e. numerical solutions to the fully 

nonlinear equations of motion), generated using Tanaka's (1986) boundary integral 

method. They are calculated separately and placed adjacent to each other to form 

the initial condition. The spacing between them is sufficiently large that they have 

negligible influence on each other at the initial time. 

6.2.2 Results from a beach of zero slope 

The nature of the interaction between one solitary wave catching up another on water 

of constant depth (i. e. a beach of zero slope) has been widely studied, frequently in 

the context of the Korteweg-de Vries equation. Details may be found in Drazin & 

Johnson (1989) for example, or in some of the literature reviewed in the introduction 

to the next chapter, where the interaction is studied in more detail but in a different 

context. We discuss it here since knowledge of the nature of the interaction on water 

of constant depth gives valuable insight into the behaviour of waves on a slope. 

Figure (6.1) illustrates surface elevation profiles of waves of initial amplitudes 0.1 

and 0.2 on a horizontal bed. The waves travel from right to left, unlike those in 

the previous two chapters. The higher, faster travelling wave is initially behind the 

lower, slower one, and catches it up. However, the waves merge only partially, in that 

the crests remain distinct but other parts of the waves do combine. The maximum 
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Figure 6.1: Surface profiles showing the interaction between two solitary 
waves of amplitudes 0.1 and 0.2 on a beach of zero slope. Space is shifted 
with the linear phase velocity Vfg-h. Waves travel from right to left. 
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Figure 6-2: Surface elevation of two solitary waves of amplitudes 0.1 and 0.2 
on a beach of zero slope at centre of interaction (t=309). 

surface elevation during the interaction is always less than the amplitude of the 

higher wave, and so instead of a 'linear' addition of the waves, there is a 'subtraction' 

effect. The point where the minimum surface elevation occurs is that which we term 

the centre of that interaction; in this example the profile is symmetrical at that 

time; figure (6.2) shows the surface elevation profile. The space coordinate is chosen 

for easy comparison with later figures. The waves appear to exchange identities as 

part of the interaction, so that the front wave becomes the higher, faster travelling 

one, and the back wave the lower, slower one. Also, each wave experiences a small 

phase shift. 
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Figure 6.3: Surface profiles showing the interaction between two solitary 
waves of amplitudes 0.1 and 0.4 on a beach of zero slope. Space is shifted 
with the linear phase velocity Vfg-h. Waves travel from right to left. 
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Figure 6.4: Surface elevation of two solitary waves of amplitudes 0.1 and 0.4 
on a beach of zero slope at centre of interaction (t=131). 

Figure (6.3) illustrates the interaction between waves of initial amplitudes 0.1 and 

0.4 on water of constant depth, and figure (6.4) the surface elevation at the centre 

of the interaction. The difference in wave heights is sufficiently large that the wave 

crests merge fully during the interaction (i. e. there is only a single crest at the centre 

of the interaction). Again the maximum surface elevation during the interaction is 

never higher than the height of the taller wave, and each wave experiences a small 

phase shift. 
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Figure 6.5: Bathymetry used in sections 6.2 and 6.3. Waves travel along a 
section of constant depth and onto a sloping beach. 

6.2.3 Results from beaches of non-zero slope 

The bathymetry is now composed of a horizontal bed followed by a sloping beach, 

illustrated in figure (6.5), and waves travel from right to left. A selection of pairs 

of solitary waves are tested on beaches with sloping sections of 1: 40 and 1: 20. On 

significantly steeper beaches, waves generally do not break (in agreement with the 

results of OSG). 

Figure (6.6) illustrates the maximum amplitude to depth ratio for waves of initial 

amplitude 0.1 and 0.2 on a beach with sloping section of 1: 40. The vertical dotted 

line represents the position of the beach corner; the shoreline is located at the left- 

most edge of the graph. The initial conditions have the leading wave at x=0 and 

the higher wave 20 units behind, for zero 'initial shift'. The other initial shifts imply 

that the waves start 20 or 60 units further from the slope, and so the interaction 

between them has more time to develop. The maximum amplitude to depth ratios 

of the isolated solitary waves are represented by dashed lines, and pairs of solitary 

waves by solid lines. The surface profiles of these waves are illustrated in figure 

(6.7), where the x-space coordinate is shifted with the linear phase velocity of the 

waves on the constant depth water, that is vlg-h where h-1.0 is the undisturbed 

water depth there. Note that the surface plots are vertically exaggerated. 

The results for the single solitary waves agree (qualitatively) with those presented 

by OSG for a 1: 35 beach. They both break at an amplitude to depth ratio of 
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Figure 6.6: Maximum amplitude to depth ratio of a pair of solitary waves 
of initial amplitudes 0.1 and 0.2 meeting on a beach with sloping section 1: 40 
(solid lines). The leftmost dashed line represents an isolated solitary wave 
of initial amplitude 0.1, the rightmost dashed line a solitary wave of initial 
amplitude 0.2. The vertical dotted line marks the position of the beach corner. 

approximately 1.4 (slightly greater than this for the lower wave and slight less for the 

higher wave). The later stages of development of the wave height vary approximately 

like h-', and the lower amplitude waves break closer to the shoreline. 

The maximum amplitude of each pair of solitary waves is lower than 0.2 as they 

propagate onto the sloping part of the beach, indicating that the interaction between 

the waves has begun. The most obvious effect of the interaction is the change in 

the location of breaking, which is closer to the shoreline than for an isolated solitary 

wave of initial amplitude 0.2. The amplitude to depth ratio at breaking remains 

close to 1.4, and the shape of these profiles is similar to those for the isolated waves. 

If the higher solitary wave is of significantly larger amplitude than the wave with 

which it interacts, the shoaling behaviour on a beach with sloping section 1: 40 is 

affected in a dramatic manner. The amplitude to depth ratios given in figure (6-8) 

illustrate this, and figure (6.9) shows the (vertically exaggerated) surface profiles. 

-1.4 for breaking single solitary waves is already The amplitude to depth ratio of . 

well above the maximum stable value of 0.78 (Tanaka 1986) for a solitary wave 
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Figure 6-7: Surface elevation plots of solitary waves of amplitudes 0.1 and 
0.2 meeting on a beach with sloping section 1: 40. Space is shifted with the 
linear phase velocity Vfg-h of waves travelling on the constant depth section. 
Crosses denote the position of the beach corner. 
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Figure 6.8: Maximum amplitude to depth ratio of a pair of solitary waves 
of initial amplitudes 0.1 and 0.4 meeting on a beach with sloping section 1: 40 
(solid lines). The leftmost dashed line represents an isolated solitary wave 
of initial amplitude 0.1, the rightmost dashed line a solitary wave of initial 
amplitude 0.4. The vertical dotted line marks the position of the beach corner. 

propagating on a horizontal beach; for the interacting solitary waves it is increased 

in some cases to 1.8 and 1.9. Mostly the waves approach the beach corner with 

a maximum amplitude close to 0.4, but the interaction which occurs (largely) on 

the sloping part of the beach results in the waves breaking significantly closer to 

the shoreline than for the isolated solitary wave of initial amplitude 0.4. It may 

be that the lesser amplitude of the merged solitary waves (compared with non- 

merging waves) results in them slowing, thus allowing them more time to adjust 

to the variations of depth and so delaying their breaking. The small kinks in some 

plots are due to the interactions between the waves, at the time when the maximum 

amplitude changes position rapidly from one wave crest to the other. 

Figure (6.10) shows the results for a merging pair of waves, amplitudes 0.1 and 0.4, 

on a 1: 20 beach. Again the shoaling behaviour of the single solitary waves agrees 

(qualitatively) with that of OSG (who present only a single wave on this beach). 

The amplitude to depth ratio of the waves at breaking is higher still than on the 

1: 40 beach, at close to 2.4 for the lower solitary wave and approximately 1.85 for 
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Figure 6.9: Surface elevation plots of solitary waves of amplitudes 0.1 and 
0.4 meeting on a beach with sloping section 1: 40. Space is shifted with the 
linear phase velocity Vg-h of waves travelling on the constant depth section. 
Crosses denote the position of the beach corner. 
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Figure 6.10: Maximum amplitude to depth ratio of a pair of solitary waves 
of initial amplitudes 0.1 and 0.4 meeting on a beach with sloping section 1: 20 
(solid lines). The leftmost dashed line represents an isolated solitary wave 
of initial amplitude 0.1, the rightmost dashed line a solitary wave of initial 
amplitude 0.4. The vertical dotted line marks the position of the beach corner. 

the higher one. This ratio is increased slightly for one pair of waves. That pair 
breaks closer to the shoreline than the other pair of waves, although both pairs have 

the same maximum amplitude at the beach corner. However there is little time for 

interactions between the waves to develop on this (or any steeper) beach, and so 

the difference between the results for the single waves and pairs of waves is not as 

dramatic as on the gentler beach. 

In summary, the nonlinear interaction between two solitary waves of differing am- 

plitude effectively stabilises them, so that they break closer to the shoreline than 

would an isolated wave of the higher initial amplitude. If the beach is gentle and 

the difference in wave heights is sufficiently large that the wave crests merge on the 

slope close to the point of breaking, the effect of increased stability is heightened so 

that the wave amplitude to depth ratio is significantly larger than for an isolated 

wave and the breaking position is closer still to the shoreline. 

initial shiff =0 

initial shift +10 

:------------------ 

:------------------ 
I.............. 
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6.3 Interaction of two solitary waves 

with set-down 

Typically waves on a beach are subject to influences such as currents (or long waves), 
in addition to those of surrounding waves. In this section we study the effects of a 

mass-balancing (long) set-down wave added initially to a pair of solitary waves. 

6.3.1 Initial conditions 

The set-down wave varies like -asech 2 k(x - xo). This is a simple, symmetric non- 

repeating form, which tends to zero for large x-xo to satisfy the boundary conditions 

of the fully nonlinear model. The parameter k is chosen so that the (significant) 

length of the wave is as long as it can be without the free surface touching the 

sloping beach (since this is where the fully nonlinear model runs into difficulties). 

The amplitude a is chosen so that the mass deficit of the wave balances the mass 

of the two solitary waves, and xO is chosen so that the set-down wave is centred 

between the solitary waves. The velocity potential is also needed for input to the 

model; this is calculated using the shallow water approximation 

0(X, YI 
9 0)dx ýo- 

1 «X 

where g is gravity, ( is the surface elevation and ho the undisturbed water depth in 

the section of constant depth. Figure (6.11) illustrates the initial condition used for 

two solitary waves of amplitudes 0.1 and 0.4 (the term 'amplitude' here referring to 

their heights on the water before set-down is added). 

6.3.2 Results from a beach of zero slope 

Two pairs of solitary waves are considered, of amplitudes 0.1 and 0.2, and 0.1 and 

0.4. Unlike those in the previous section, the initial conditions are no longer formed 
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Figure 6.11: Initial condition for a pair of solitary waves with initial ampli- 
tudes 0.1 and 0.2 with set-down. 
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Figure 6.12: Maximum surface elevation of two solitary waves of amplitudes 
0.1 and 0.2 with set-down (solid line) and without set-down (dashed line) on 
a beach of zero slope. 

of exact numerical solutions of the fully nonlinear equations of motion, and as a 

result there are some considerable adjustments to the waves in the early stages of 

the computations, with an oscillatory tail of waves formed behind the two primary 

waves. The 'tail' waves travel slower than the linear phase speed. They are smaller 

for the solitary waves of amplitudes 0.1 and 0.4 than for those of amplitudes 0.1 and 

0.2. In general, the effects of mass-balancing set-down are more pronounced on the 

latter pair of waves than on the former. 

Figure (6.12) shows the maximum surface elevation plotted as a function of time 

for waves of amplitudes 0.1 and 0.2, with and without set-down (solid and dashed 

lines respectively). The sampling rate is t=1. The corresponding plot for waves 

of amplitudes 0.1 and 0.4 (not illustrated) is qualitatively similar. The maximum 

elevation of the waves with set-down initially increases, then decreases. Closer in- 
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Figure 6.13: Profiles of surface elevation of two solitary waves of amplitudes 
0.1 and 0.2 with set-down on a beach of zero slope. 
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spection of the surface elevation profiles (figure 6.13) indicates that if the level of 

water directly in front of the wave is lower than that directly behind it, then the am- 

Plitude of the wave increases as it propagates, and vice versa. Thus the maxima in 

the plot of maximum surface elevation corresponds to the time at which the higher 

wave has reached the trough of the set-down wave. This behaviour is qualitatively 

similar to those solutions of a variable coefficient KdV equation which model the 

transition of a solitary wave moving over a slow depth variation (e. g. Johnson 1997). 

Whereas the plot of maximum surface elevation for the waves with no set-down is 

essentially symmetric about this central point, that for waves with set-down is not. 

The maximum surface elevation after the interaction tends to a constant value of 

; ý, -O. 13, which is lower than the initial maximum elevation. The solitary waves travel 

faster than the set-down wave, and by this time the higher wave is largely free of the 

set-down wave and is propagating into undisturbed water. The small oscillations 

present in this plot from time t= 400 onwards are due to a lack of accuracy at the 

'shoreward' boundary. It is possible to impose greater accuracy there when the bed 

is of zero slope, however difficulties with the surface touching the beach arise if it is 

of non-zero slope and so for consistency the lower accuracy condition is retained. 

The minima of the plot of maximum surface elevation occurs later for waves with 

set-down than for those without, indicating that the interaction occurs later for 

those waves. One effect of the set-down is to slow the progress of the waves, since 

the set-down acts as a backward travelling current. The behaviour of the set-down 

wave as a current is illustrated further if we consider in greater detail the speeds of 

the solitary waves. Figure (6.13) shows a stack plot of surface elevation profiles. 

After the higher solitary wave reaches the trough of the set-down (t -ý 65) and 

begins to climb out of the set-down wave, its amplitude (and thus the total water 

depth beneath the wave) begins to decrease. The speed of a solitary wave (which is 

not subject to other influences) is directly related to the depth of water beneath its 

crest, and thus one might expect the higher solitary wave here to slow down as its 

amplitude decreases. However, this is clearly not the case; the higher solitary wave 
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Figure 6.14: Surface elevation of two solitary waves of amplitudes 0.1 and 
0.2 with set-down on a beach of zero slope at centre of interaction (t=383). 
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Figure 6.15: Surface elevation of two solitary waves of amplitudes 0.1 and 
0.4 with set-down on a beach of zero slope at centre of interaction (t=142). 

clearly speeds up as it climbs out of the set-down. This is a result of the gradually 

lessening effects of the set-down current; the backward flow induced by this long 

wave lessens away from its trough, thus allowing the solitary wave to speed up. In 

this example, the effects of the current are clearly stronger than those of the water 

depth in determining the solitary wave speed. 

Figures (6.14) and (6.15) show the surface elevation of waves of initial amplitudes 

0.1 and 0.2, and 0.1 and 0.4, at the times corresponding to the centre of each 

interaction. As before, the waves appear to exchange identities during the interaction 

and are subject to a small phase shift. Comparing these with figures (6.2) and (6.4) 

respectively, for waves which do not include set-down, it may be seen that the crests 

of the waves with set-down approach more closely and thus merge more completely 

than those without. In both plots the oscillatory tail is evident, and the primary 

waves are climbing out of the set-down wave. The very small oscillations at the front 
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Figure 6.16: Maximum amplitude to depth ratio of a pair of solitary waves of 
initial amplitudes 0.1 and 0.2 with set-down meeting on a beach with sloping 
section 1: 40 (solid lines). The leftmost dashed line represents an isolated 
solitary wave of initial amplitude 0.1 without set-down, the rightmost dashed 
line a solitary wave of initial amplitude 0.2 without set-down. The vertical 
dotted line marks the position of the beach corner. 

of the group in figure (6.14) are again due to a lack of accuracy at the shoreward 

boundary. 

6.3.3 Results from beaches of non-zero slope 

Figure (6.16) shows the maximum amplitude to depth ratio of interacting pairs of 

waves of initial amplitudes 0.1 and 0.2 with set-down on a 1: 40 beach (solid lines). 

The dashed lines again represent the shoaling of isolated solitary waves (with no set- 

down) of those amplitudes, with the lower one breaking closer to the shoreline. Due 

to the later interaction time of the waves with set-down, the position of the beach 

corner and initial shifts are different from that in figure (6.6), for the same waves 

with no set-down. The interaction and set-down have the effect of reducing the 

maximum amplitude to depth ratio of the pair of solitary waves as they propagate 

onto the sloping part of the beach. They break closer to the shoreline than even the 

smaller of the two isolated solitary waves, and with a lower maximum amplitude to 
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Figure 6.17: Maximum amplitude to depth ratio of a pair of solitary waves of 
initial amplitudes 0.1 and 0.4 with set-down meeting on a beach with sloping 
section 1: 40 (solid lines). The leftmost dashed line represents an isolated 
solitary wave of initial amplitude 0.1 without set-down, the rightmost dashed 
line a solitary wave of initial amplitude 0.4 without set-down. The vertical 
dotted line marks the position of the beach corner. 

depth ratio. However, the latter results may be due in part to the way in which the 

maximum amplitude to depth ratio is measured. Here it is more precisely described 

as the ratio of the maximum surface elevation above the undisturbed water level 

(=0 to the depth of the undisturbed water at that point. This may not be the 

most appropriate measurement when the two solitary waves are affected by a longer 

wave. The issue becomes more pertinent for waves interacting with backwash, and 

thus it is discussed more fully in the next section. 

Figure (6.17) shows the maximum amplitude to depth ratio of a pair of solitary 

waves of initial amplitudes 0.1 and 0.4 with set-down (solid line) and isolated solitary 

waves without set-down (dashed line) on a 1: 40 beach. The oscillations in some of 

the plots are believed to be a result of the interpolation routine used in computing 

the maximum amplitude at each point in space rather than each point in time 

(bearing in mind that the surface points move with time). The shoaling differs in 

character from both the 0.1 and 0.2 waves with set-down (figure 6.16), and the 0.1 

1: 40 beach, amplitudes 0.1 and 0.4 

initial shift = -10 
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initial shift =0 
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and 0.4 waves without set-down (figure 6.8). In the first comparison, the amplitude 
to depth ratio is always above that of the smaller single solitary wave, and of course 
below that of the higher solitary wave. The waves break closer to the shoreline 
than the higher solitary wave, but significantly further away from the shoreline than 

the lower solitary wave. The amplitude to depth ratio at breaking varies with the 

starting position of the two waves. In the second comparison, the significantly higher 

ratios at breaking seen for waves of initial amplitudes 0.1 and 0.4 without set-down 
(figure 6.8) are generally not observed, and maybe as a consequence, the waves break 

slightly further from the shoreline than waves without set-down. 

In summary, set-down alters the behaviour of the solitary waves by reducing their 

speed (compared with the waves with no set-down), causing a delayed interaction. 

It has the effect of a backward travelling current on the solitary waves. However 

the interaction promotes greater merging of the crests. The set-down affects the 

shoaling of the solitary waves by reducing the amplitude to depth ratio at breaking, 

although this may be in part due to the way in which this measurement is made. 

The position of breaking is once again closer to the shoreline than a single (higher) 

solitary wave with no set-down, but it is more difficult to draw general conclusions 

about the comparison with two waves with no set-down. 

6.4 Interaction of two solitary waves meeting 

backwash 

In this section the backwash effects of a broken wave or group of waves reflecting 

from the shore are approximated by a long shallow wave travelling towards the 

solitary waves. 
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Figure 6.18: Bathymetry used in section 6.4. Waves travel up a sloping 
beach. A perfectly reflecting wall is located at the top of the beach. 

6.4.1 Initial conditions 

In the bathymetry used in the previous two sections, a long backwash wave would 

cause the free surface to touch the beach, causing problems in the fully nonlinear 

model. For this reason, the bathymetry here is changed to a sloping beach with a 

perfectly reflecting wall close to zero depth, illustrated in figure (6.18). There is no 

longer a constant depth section, since this would be difficult to implement due to 

the complexity of the conformal mapping. Further details of the bathymetry and 

the appropriate conformal mapping are given in chapter 2. 

In order to facilitate comparisons with previous sections, the solitary waves must in- 

teract close to the time of breaking. Therefore the model with the above bathymetry 

is initialised by first computing the development of the two solitary waves upon a 

beach of zero slope (as in section 6.2), and at a time close to the midpoint of the 

interaction, adding the backwash wave ahead of the solitary wave and introducing 

the (non-zero) slope and reflecting wall. The time at which the computation on the 

horizontal bed is stopped is used to identify the various computations on the slope 

(see the labels referring to the 'initial time' in figure (6.20), for example). 

The water depth at the wall must be sufficiently large to prevent the backwash wave 

being 'overtaken' by water rushing into its trough, since this may lead to the early 

breaking of waves other than the shoaling solitary waves. For the same reason, the 

amplitude of the backwash trough must not be too large. 
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Figure 6.19: Typical initial condition, of a backwash wave added to solitary 
waves of amplitude 0.1 and 0.2 at time t=279. 

Figure (6.19) shows a typical initial condition. The initial mass deficit of the back- 

wash wave is half that of the two solitary waves, even for the computations involving 

a single solitary wave. The form of the backwash wave is as for the set-down wave 

in the previous section, with the surface elevation varying like -asech'k(x - xo). 

As with the set-down wave, it may be considered as a seaward travelling current. 

When on the slope, the midpoint between the two solitary wave crests is placed on 

a depth of 1.0. 

6.4.2 Results from a beach of non-zero slope 

The details of the wave interactions on a beach of zero slope add little to our under- 

standing of wave behaviour on a non-zero slope in the following examples, and thus 

we show results from the latter but not the former. The results from four groups of 

computations are presented. All are on a 1: 40 slope, with water depth 0.15 at the 

wall. The first two are for solitary waves of amplitude 0.1 and 0.2 (both interacting 

and individually), with the same backwash wave placed different distances from the 

solitary waves. The second two are for solitary waves of amplitude 0.1 and 0.4, with 

two different backwash waves (but located initially in the same position). 

Figures (6.20) and (6.21) show the maximum amplitude to depth ratio of the solitary 

waves of amplitudes 0.1 and 0.2 with backwash initially centred at x= 16 and 

x= 12. These are respectively 18 and 22 units away from the midpoint of the crests 

or from the single crest, which are always placed initially on a depth of 1.0. The wall 
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Figure 6.20: Maximum amplitude to depth ratio of a pair of solitary waves 
(solid lines) and isolated solitary waves (dashed lines) of initial amplitudes 
0.1 and 0.2 with backwash initially centred at x= 16, meeting on a beach of 
slope 1: 40. The water depth at x= 34 is 1.0. A perfectly reflecting wall is 
located at x=0. 
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Figure 6.21: Maximum amplitude to depth ratio of a pair of solitary waves 
(solid lines) and isolated solitary waves (dashed lines) of initial amplitudes 
0.1 and 0.2 with backwash initially centred at x= 12, meeting on a beach of 
slope 1: 40. The water depth at x= 34 is 1.0. A perfectly reflecting wall is 
located at x=0. 

145 



is at x == 0. Here the computations of a single solitary wave do include a backwash 

wave. The 'kinks' in the plots reflect the interaction between two waves where the 

maximum amplitude passes from the back wave to the front wave 

First, the results from these computations are compared with the equivalent ones 
from the previous two sections. The 'shoreline' is defined to be the point where the 

undisturbed water would meet the beach if there were no wall in the way, i. e. 6 

units to the left of the wall. As in the previous sections, the shoreline is at the left 
hand edge of the plots; the wall is always at x=0. 

The nature of the interaction is similar to that without set-down or backwash, in 

that the crests do not merge but do exchange identities. However, the waves break 

further from the shoreline than the waves with set-down beneath them and slightly 
further from the shoreline than the waves without set-down or backwash. Also the 

amplitude to depth ratio at breaking is much lower than in both those situations. 
The lower isolated solitary wave breaks at a significantly lower amplitude to depth 

ratio than the taller isolated solitary wave (almost half of it), with the interacting 

pairs of waves breaking at ratios between these two 'limits'. This differs from the 

trends observed when there is no backwash (figures 6.6 and 6.16 for waves of the 

same initial amplitudes). 

In order to explain this effect, first note that the amplitude to depth ratio is more 

precisely defined as the ratio of the maximum surface elevation (above ( == 0) at a 

given point in space to the depth of the undisturbed water (( = 0) at that point. 

When no set-down or backwash is added, the water level at each side of the solitary 

waves is (=0, and there is no discrepancy between the two definitions. Here, how- 

ever, the backwash wave (perhaps combined with the reflecting wall and the sloping 

bed) has the effect of significantly reducing the level of water in front of the solitary 

waves, so that it is well below (-0. It remains at (=0 far behind the waves. 

This may be seen in the stack plots of surface elevation, given in figure (6.22) for 

the solitary waves with an added backwash wave initially at x -- 16 (for comparison 

with figure (6.7) depicting solitary waves without set-down or backwash). Since the 
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Figure 6.22: Stack plots of surface elevation for solitary waves of initial am- 
plitudes 0.1 and 0.2 with backwash wave initially centred at x == 16, meeting 
on a beach of slope 1: 40. 
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waves break forwards, one might choose the depth measurement to be that directly 

in front of the solitary waves, and the relevant amplitude measurement to be the 

height of the wave(s) above this depth. The amplitude to depth ratio of a breaking 

isolated solitary wave of initial amplitude 0.1 with a backwash initially centred at 

x= 16 using this measure is approximately 3.0, considerably higher than that for 

solitary waves with no added set-down or backwash. It is not then surprising that 

the waves break further (or slightly further) from the shore than in previous sections. 
However, this measurement is really only appropriate for waves close to breaking, 

when the wave front is becoming steep, as otherwise the depth measurement must 
be taken some (varying) distance ahead of the wave and becomes less meaningful. 

Although the surface elevation at the edges of the computations in the previous 

section, with set-down centred between the two solitary waves, tends to zero at the 

edges of the domain, the surface elevation directly in front of these waves when they 

break is less than zero. Thus the above discussion may serve to explain the slightly 

lower amplitude to depth ratios observed there compared with waves without set- 

down. 

Accompanying the lower level of water in front of the breaking solitary wave is 

a seaward flow due to the current effects of the backwash. This may encourage 

the waves to overturn, thus wave breaking is located further from the shoreline 

than for waves with no backwash. However, as previously noted, the current slows 

the progress of the shoaling solitary waves, which may consequently allow them 

more time to adjust to the variations of depth, and thus may delay their breaking. 

Additionally, the computations of two solitary waves with set-down on a horizontal 

bed indicate that the presence of the longer wave / current promotes greater merging 

of the solitary wave crests. In section 6.2.3 we demonstrate that this may in some 

way 'stabilise' the crests, delaying their breaking. 

Thus the location of breaking may be considered the result of a balance between 

these various effects. In turn, this balance is affected by the relative positions and 

sizes of the solitary waves and longer set-down / backwash waves (currents). 
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Figure 6.23: Maximum amplitude to depth ratio of a pair of solitary waves 
(solid lines) and isolated solitary waves (dashed lines) of initial amplitudes 0.1 
and 0.4 with smaller amplitude backwash initially centred at x= 22, meeting 
on a beach of slope 1: 40. The water depth at x= 34 is 1.0. A perfectly 
reflecting wall is located at x=0. 

In order to quantify here the effects of the different positions of the backwash waves, 

note that the initial positions of these waves differs by 4 units. However, the dif- 

ference in breaking positions is not this large; it varies from about I unit for the 

highest waves to about 2 units for the lowest waves. The backwash wave initially 

located further from the wall causes the waves to break further from the wall. It 

appears that the initial position of the backwash wave is significant, but that a shift 

in this initial position causes a smaller shift in the breaking position. The amplitude 

to depth ratios for the isolated solitary waves are similar at their breaking points, 

with the ratios for the interacting waves just a little lower when they break further 

from the wall than when they break closer to it. 

Figures (6.23) and (6-24) show the maximum amplitude (height above (- 0) to 

(undisturbed) depth ratio for the solitary waves of initial amplitudes 0.1 and 0.4 on 

a slope of 1: 40, with smaller and larger backwash waves initially located at x= 22. 

The large 'kink' for the run with an initial time of 101 in figure (6.24) represents 

the switch (at a time when there is strong crest interaction) from the initially higher 
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Figure 6.24: Maximum amplitude to depth ratio of a pair of solitary waves 
(solid lines) and isolated solitary waves (dashed lines) of initial amplitudes 0.1 
and 0.4 with larger amplitude backwash initially centred at x= 22, meeting 
on a beach of slope 1: 40. The water depth at x= 34 is 1.0. A perfectly 
reflecting wall is located at x=0. 

wave to the wave in front which was lower and is the one which actually breaks. 

The results show similarities to those above with 0.1 and 0.2 amplitude waves, in 

that waves break further from the shoreline than those without backwash. Also the 

amplitude to depth ratio is significantly lower (especially for the smaller waves) than 

for waves without backwash, since the backwash reduces the level of water in front 

of the breaking solitary wave. 

In comparing figures (6.23) and (6.24), observe that the smaller isolated solitary 

wave with the larger backwash breaks further from the shore than that with the 

smaller backwash. This is consistent with the larger amplitude backwash creating a 

lower level of water and stronger current directly in front of the solitary waves. The 

taller isolated solitary waves are largely unaffected by this; the position of breaking 

of the 0.4 amplitude solitary waves does not change, which is consistent with the 

solitary wave crest comprising more of the total depth. 

V- 
Fur the pairs of solitary waves with the larger backwash (figure 6.24), the ampli- 

tude to depth ratio at breaking decreases as the waves break closer to the shore. 
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However, this is not the case with the smaller backwash (figure 6.23), where the 

stabilising effects of the interaction appear stronger than the destabilising effects of 
the backwash current. These pairs of waves break at an amplitude to depth ratio 
similar to that of the 0.4 amplitude isolated solitary wave. 

In summary, it appears that there is here a balance between the 'destabilising' effect 
of the backwash wave, which creates a lower level of water and stronger backward 

current in front of the solitary waves and thus may promote their overturning, and 
the 'stabilising' effects of the backwash in slowing the waves and of the solitary wave 
interaction itself. 

6.5 Conclusions 

In shallow water, two solitary waves typically add nonlinearly to give a wave with 

amplitude lower than the higher crest, and so the nonlinear interaction between 

two solitary waves stabilises them, and causes them to break closer to the shoreline 

than the higher wave on its own. If the beach is gentle and the difference in wave 
heights is sufficiently large that the wave crests merge on the slope close to the point 

of breaking, the stabilising effect of the interaction is heightened and so the wave 

amplitude to depth ratio at breaking is significantly larger than for an isolated wave 

and the breaking position is closer still to the shoreline. 

An added mass-balancing set-down reduces the speeds of the two solitary waves 

(compared with the waves with no set-down), causing interaction between them to 

be delayed. The set-down acts as a seaward travelling current. The nature of the 

interaction also changes in such a way as to promote greater merging of the crests. 

The position of breaking is again closer to the shoreline than a single taller solitary 

wave, and the amplitude to depth ratio of the solitary waves at breaking is reduced. 

However, in this context the ratio of the wave height to the local water depth may 

have been a more appropriate measure. 
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Both isolated and interacting solitary waves propagating into a small backwash 

wave may break further from the shoreline than they would do if the backwash 

were not present. The amplitude to depth ratio at breaking is much lower for the 

waves with backwash than for the waves without, especially for the smaller solitary 

waves. However, this is due largely to the way in which this ratio is measured, 

which is not necessarily useful for comparison in the situation where the backwash 

creates a below zero level in front of the solitary wave. The combination of a 

small amplitude backwash plus a large difference in incident solitary wave heights 

on a gentle beach increases the amplitude to depth ratio of the interacting waves 

at breaking, reminiscent of the results for the same pair of solitary waves with no 
backwash. 

For solitary wave interaction with either a set-down or a backwash wave / current, 

the location of breaking and the value of the amplitude to depth ratio may be consid- 

ered a balance between the 'destabilising' effects of the current, and the 'stabilising' 

effects of the solitary wave interaction, together with a further 'stabilisation' due to 

the current slowing the solitary wave crests. The relative positions and sizes of the 

solitary waves and current alter this balance, quite significantly in some cases. 

Although no direct comparisons have been carried out, it is clear that the character 

of a group of two interacting shoaling solitary waves is very different from that 

which would be predicted by regular plane waves (i. e. Green's law). The solitary 

wave interaction is clearly not linear, and frequently has the effect of 'stabilising' 

the waves so that they break closer to the shore than the taller isolated solitary 

wave. This carries implications for the design of coastal structures. Long waves or 

currents and steep beaches often 'detune' the stabilising effect of a solitary wave- 

wave interaction (although this is perhaps subject to interpretation due to the way 

in which measurements are made), but under certain circumstances (a gentle beach, 

a long wave of small amplitude and a higher wave catching up a much lower wave 

just as one wave is about to break) unexpectedly high waves may occur closer to 

the shore than may have been predicted from studies of an isolated shoaling solitary 

wave. 
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Chapter 7 

Weakly three-dimensional 

interactions in shallow water, 

7.1 Introduction 

Until this point, we have considered only two-dimensional wave interactions. This 

carries with it the assumption that uniform wave crests travel towards the shore at 

an angle of incidence normal to a uniform shoreline. Clearly this is not often the 

case, as is shown by most observations of waves approaching a beach. 

We now consider analytical solutions of the Kadomtsev-Petviashvili (KP) equation 

to investigate the nature of the interactions of shallow water waves meeting at an 

oblique angle. The waves which we consider are weakly three-dimensional. They 

typically have a wave number in the y direction much smaller than that in the x 

direction, and with correct choice of orientation they may be used to approximate 

waves approaching the beach at a small angle to the shoreline. 

The purpose of this chapter is primarily to review and illustrate, in the context of 

water waves, the greater range of possible interactions which occur for weakly three- 

dimensional waves (compared with two-dimensional waves) . We begin by reviewing 
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analysis which describes the interaction between two solitary waves in two dimen- 

sions (i. e. one horizontal space dimension), namely the 2-soliton solution of the 

Korteweg-de Vries (KdV) equation (Korteweg & de Vries, 1895). This forms section 
7.2. In section 7.3, a similar review is carried out for the weakly three-dimensional 2- 

soliton solution of the Kadomtsev-Petviashvili (KP) equation (Kadomtsev & Petvi- 

ashvili, 1970). Here we give further details of this solution which have not (to our 
knowledge) been presented in previous publications, including explicit forms for an 
'interaction wave' which is generated as the two solitons approach each other. In 

section 7.4, we extend the work reviewed in section 7.3 which classifies the 2-soliton 

interactions, by illustrating that genus 2 bi-periodic solutions of the KP equation 

demonstrate the same 'types' of interactions. We use the freely available program 

of Hammack et al. (1995) that computes these solutions. Periodic 'trains' of waves 

may be considered more representative of water waves than isolated solitary waves. 

In section 7.5, physical features of this bi-periodic solution are identified using com- 

binations of the various parameters of the genus 2 solution. Here we attempt to 

provide a greater connection between properties of water waves and the analytical 

genus 2 solutions. Many of these may be found or deduced easily from the expres- 

sions given in Segur & Finkel (1985). Finally, we discuss the likely implications of 

the various interactions for water waves propagating on a beach of non-zero slope. 

The Kadomtsev-Petviashvili equation was first Proposed by Kadomtsev & Petvi- 

ashvili (1970) as part of a study of the stability of solutions of the Korteweg-de 

Vries equation. Both the KP equation (sometimes termed the 2-dimensional KdV 

equation in the context of water waves) and the 1D KdV equation describe weakly 

nonlinear, weakly dispersive, non-dissipative shallow water waves of small ampli- 

tude. A brief description of their derivation is given in chapter 2. Both equations 

describe waves which are propagating primarily in only one x-direction; the appro- 

priate model for interactions between waves travelling in general directions is the 

Boussinesq equations. 

In a manner similar to the NLS equation, there are two 'classes' of the KP equation, 

defined by the sign in front of the dispersion term. The first, KP 1, exhibits positive 

154 



dispersion and gives rise to localised 'lump' soliton solutions, and is used to model 

acoustic waves. The second, KP II, exhibits negative dispersion and its soliton 

solutions take the form of plane waves; it is the relevant form for gravity water 

waves. 

The KP equation, like the ID KdV equation, allows soliton solutions, which may 
be found using the inverse-scattering method (Gardner et al., 1974), or by simpler 

means for I and 2-soliton solutions. Such solitons are approximate descriptions of 

the solitary waves first observed by Scott-Russell (1844). Solitary waves are isolated 

shallow water waves propagating with constant form. They cannot necessarily be 

described as solitons, since the concept of a soliton includes the property that each 

soliton may always be identified after an interaction between two or more of them. 

However, we note that the terms are often interchanged. 

In section 7.2 we study analytically the interaction of the waves in the 2-soliton 

solution of the ID KdV. The character of this solution is well-known physically, nu- 

merically and analytically; for example Drazin & Johnson (1989) give an analytical 

solution, and in chapter 6 of this thesis we demonstrate numerically the nature of 

the interaction. Studies carried out specifically to verify the 1D KdV model include 

the experiments of Weidman & Maxworthy (1978), and the numerical solutions of 

the full equations of motion by Fenton & Rienecker (1982). The qualitative nature 

of the comparisons is excellent in both cases. Fenton & Rienecker (1982) identify a 

small discrepancy in the measured phase shift after the interaction has taken place. 

(Weidman & Maxworthy (1978) do not make comparisons after the interaction. ) In 

our study of the 2-soliton solution of the ID KdV, emphasis is placed on its form 

close to the interaction region. The nature of the analysis is very similar to that in 

section 7.3 for the 2-soliton solution of the KP equation. 

Miles (1977a, 1977b) considers the interaction of 2 solitons at various angles to 

each other, deriving his results directly from the full equations of motion. As we 

shall see in section 7.3, they correspond directly to the appropriate solutions of 

the KP equation. He showed that, within the constraints of a small angle, if that 
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angle (between the solitary waves) is large compared with the solitary wave am- 

plitudes, the interaction between two solitary waves is the linear superposition of 
those waves (termed a 'weak' interaction). Like the interaction between two solitary 

waves travelling towards each other, there is not enough time for nonlinear effects 
to significantly influence the interaction. At slightly smaller angles, the waves move 
independently of each other, suffering just a small phase shift upon interaction (a 

4strong' interaction). However, for sufficiently small angles within a given range, the 

interaction becomes 'resonant' or 'phase-locked'. Anker & Freeman (1978) observe 

a similar 'resonant' interaction in the long-wave limit of the Davey-Stewartson equa- 
tions. Miles studies this interaction for a single wave reflecting from a vertical wall, 

equivalent to two waves of equal amplitude meeting each other. He shows that at 

a critical angle, the apex of the incident and reflected waves moves away from the 

wall, and is joined to the wall at right angles by a third, phase-locked soliton. The 

phase-locked wave is termed the 'Mach stem' and the phenomena is 'Mach reflec- 

tion', following the analogy with reflection at a shock wave in gas dynamics. In fact 

the solution presented by Miles is non-singular only for the end-points of the range 

of angles; however the asymptotic time or distance downstream limit of the singular 

solution suggests a similar behaviour inside the range. The maximum run-up on the 

wall (i. e. the highest amplitude of the Mach stem) was found to be four times the 

height of the incident wave, i. e. twice that predicted by linear theory. This occurs 

at the upper limit of the range of angles; the run-up reduces to the amplitude of the 

incoming wave as the angle decreases to its lower limit. 

Experiments to test quantitatively Miles' resonant model are carried out by Melville 

(1980). (Earlier experimental work demonstrates the phenomena only qualitatively. ) 

He confirms the value of the critical angle at which regular reflection is replaced by 

Mach reflection, but finds that Miles' model over-predicts the run-up at the wall. 

He suggests a reason for this, namely that the model does not conserve momentum 

at the end-point of the reflected wave. (The wave has an end-point since the wall 

is finite, and so energy may be diffracted there. ) In addition to this, Tanaka (1993) 

notes that Mach reflection is a slow process and that it generally takes a long time 
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for the asymptotic state to be achieved. He notes that in Melville's experiment, the 

run-up at the wall is increasing even at the end of the measurement 

Miles' solution is valid only for waves of small amplitude, up to approximately one 
fifth of the undisturbed depth. The interaction of a larger solitary wave with a 

smaller one is studied analytically by Johnson (1982) by an extension of Miles' anal- 

ysis. He finds that in the 'strong' interaction, the small wave can have a significant 
(0(1)) effect on the larger wave. A numerical study of the 'resonant' interaction 

for waves of large amplitude is given by Tanaka (1993). His results agree well with 

those derived from Johnson (1982) when one wave is small. When both are large, 

the increased amplitude appears to reduce the critical angle of changeover from reg- 

ular to Mach reflection and when the changeover does happen, the Mach reflection 

is 'contaminated' by regular reflection. In some cases the run-up at the wall exceeds 

90% of the water depth, implying that the height of the highest two-dimensional 

steady solitary wave (ý-ý 0.83) does not give the upper bound for the run-up. 

Freeman (1980) gives a good overview of (small) soliton interactions in two di- 

mensions, including two- and three-soliton interactions, and solutions of the KP I 

equation. Murakami & Tajiri (1991) analyse the y-periodic soliton solutions to this 

equation in order to investigate the nature of the interactions between them. They 

are then classified according to a combination of parameters related to the phase 

shift. We draw attention to this work since it is similar in many respects to that 

carried out in section 7.3 for the 2-soliton solution of the KP II equation. Note 

that a substantial proportion of the analysis presented in section 7.3 may be found 

in Freeman (1980), although we present a greater level of detail. We give (new) 

explicit forms for an 'interaction wave' which is generated as the two solitary waves 

approach each other. 

The 2-soliton solutions of the KP II equation are limiting solutions of the periodic 

multi-soliton solutions found by Satsuma (1976) for N=2. These bi-periodic waves 

are two-dimensional generalizations of cnoidal waves. Such solutions give rise to 

travelling hexagonal wave patterns. Extensive comparisons between computed so- 
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lutions (Segur & Finkel 1985) and experiments are presented in Hammack et al. 
(1989,1995). In section 7.4 we indicate through illustrative means that bi-periodic 

solutions close to the 2-soliton limit may be classified in essentially the same cat- 

egories as given by Miles (1977a, 1997b). We give a physical interpretation of the 

solution in section 7.5. 

Other studies of the bi-periodic solutions of the KP equation include Milewski & 

Keller (1996), who derive an isotropic pseudo-differential equation which is appropri- 

ate for waves of small amplitude on water of arbitrary, uniform depth, and compare 
it with the KP model. They demonstrate the limitation of the former model to 

weakly three-dimensional waves, that is where the angle of interaction is small. 

Bryant (1982) carries out a linear stability analysis of periodic waves in two hori- 

zontal space dimensions, at small angles of intersection. He finds similar stability 

properties to those of one-dimensional periodic waves (Bryant 1978), in that they 

are stable to periodic disturbances parallel to their direction of propagation, but un- 

stable to a narrow band of wave numbers oblique to this direction. He also compares 

briefly the interaction of symmetric periodic waves computed by the KP equation 

with those derived from the full equations of motion, and finds good agreement for 

the smaller angles of intersection. 
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7.2 The Korteweg-de Vries equation 

The Korteweg-de Vries equation models long waves of small amplitude propagating 
in a single (+X) direction, on water of constant depth h. It is given by 

UT + coux +3 uux +I coh 
2U 

XXX 26 
(7.1) 

where co -- Vrg-h is the linear long wave velocity, g is the acceleration due to gravity 

and U(X, T) the mean horizontal velocity 

VFh U. elevation ((X, T) is given by (-V 9 

At this level of approximation, the surface 

The equation may be transformed to a simpler form 

I 

ut + 3uu., +4 UXXX =0 (7.2) 

using 

x- 
vý-3-(X - cOT) t= v/"3-coT u=U (7-3) 

2h 4h CO 

In the new coordinates, the transformation implies that the frame of reference is 

moving with speed +co. 

7.2.1 The I-soliton solution 

The 1-soliton solution of equation (7.2) may be written as 

u=a2 sech 
2 
a(x -a 

2t) (7.4) 

where a2 represents the (constant) amplitude of the soliton, and also its speed in 

this frame of reference. 

7.2.2 The 2-soliton solution 

The 2-soliton solution of equation (7-2) may be written as 
02 

B+ 2eA+B)] 
_ 

[log(, +eA+ eK (7-5) 
aX2 
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where 

A 2a(x -Xa- a 
2t) (7-6) 

B 2b(x- Xb- b't) 

a-b 
a+b 

Here a and b are constants, as are --r a and -"-rb which represent spatial phase shifts. 

We now proceed by considering different ranges of the term K'. Note that K 
depends on a single parameter, -ý, the ratio of the solitary wave amplitude. Without a 
loss of generality we take a>b>0, so that 0<K<1. 

K2 =1 

In this case, the expression given in (7-5) may be written as 

U 
a2 

[log (1 + eA) (1 + eB) ] 
dgX2 

(7.7) 

=a2 sech 
2 (a(x - x� -a 

2t» 
+b2 sech 

2 (b(x- Xb- b2 t» 

which represents the linear superposition of two solitary waves. However, note that 

for this circumstance to arise, either a=0 or b -- 0, so that in fact there is only 

one soliton. Thus considering K -ýý I demonstrates a smooth transition from the 

1-soliton to the 2-soliton solution. 

K2r,, 0 (1) 

If JAI << I and JBI << I then all four of the exponential terms inside the logarithm 

in the solution (equation 7.5) contribute equally. This represents the 'interaction 

region'. We cannot define any more clearly the nature of the solution there analyt- 

ically; however numerical solutions (such as those in the previous chapter) indicate 

that the crests of waves with sufficiently different amplitudes temporarily merge to 

form a single crest. 

However, if JAI << I and -B >> I then two of the terms inside the logarithm are 

dominant: 

U 
02 

[log (1 + eA)] (7-8) 
jqX2 

=a2 sech 
2 (a(x - x,, -a 

2t)) 
. 

160 



-A >> I JAI << I A>> 1 
dominant: 

dominant: 1+eA dominant: 
I solution: eA 

-B >> solution: u=a2 sech 
2( A2 

solution: 
U=0 1 SOLITON, U=0 

AMPLITUDE a2 
NO PHASE SHIFT 

dominant: dominant: dominant: 
I+eB +eA+eB+e A+B+Q eA+e A+B+Q 

solution: solution: solution: 
JBI << I u=b2 sech 

2 (2ýý) 2 analytical form known ub2 sech 
2 (1 (B + Q)) 2 

1 SOLITON, but no easy simplification I SOLITON, 
AMPLITUDE b2 INTERACTION AMPLITUDE b2 

NO PHASE SHIFT REGION PHASE SHIFT Q 

dominant: 
dominant: eB+e 

A+B+Q dominant: 
eB solution: e 

A+B+Q 

B >> 1 solution: u=a2 sech 
2 (1 (A + Q)) 2 solution: 

U=0 1 SOLITON, U=0 
AMPLITUDE a2 
PHASE SHIFT Q 

7 

Table 7.1: Dominant exponential terms and corresponding asymptotic solu- 
tions of the 2-soliton solution of the KdV equation. The term Q is defined by 
Q= In(K 2) ; here K ý- 0 (1). 

The solution takes the form of a single soliton with amplitude a'. 

Various pairs of terms in the solution (7.5) dominate in other circumstances. These 

are surnmarised in table (7.1), where Q is defined by Q= ln(K'), and since 0<K 

1,0. When a single term inside the logarithm dominates, then the solution 

is zero. Figure (7.1) gives a space-time plan of the solution. We observe that the 

faster, higher soliton catches up and overtakes the slower, smaller one. After the 

interaction the properties of the solitons remain the same except for the phase shifts: 

this causes the higher one to be advanced in x by a distance Q 
and the smaller one -2-a 

to be delayed by a distance 9. Similarly the higher soliton is delayed in time by 2b 
Q 

and the smaller one advanced by Q 
2a3 20 
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Figure 7.1: Space-time plan of the 2-soliton solution of the KdV equation, 
for K2 = exp(Q) ý- 0(l). The labelled lines represent the paths of the soliton 
crests. 

K2 << O(j) : 

This condition implies that the solitons are of almost equal heights. In this case the 

form of the solution differs from that described above, and it is possible to describe 

the interaction region in more detail. 

The relative magnitude of A and B to both 0 and -Q becomes important. Ta- 

ble (7.2) summarizes the solution and figure (7.2) illustrates it. The 'far-distance' 

asymptotic solutions are the solitons seen above for K -ý 0 (1). 

In the region of the interaction, the 'far-distance' solitons develop into what we call 

'transition' waves. These waves 'exchange' identities as for the K -ý 0(l) case (i. e. 

the amplitude and speed of the back wave are 'passed' to the front wave during the 

interaction, and vice versa), but each wave remains distinct. A very small, wide 

wave (termed the 'interaction wave') travels between the two 'transition' waves, as 

if to pass information and energy between them. 

The interaction region may be studied by rewriting various terms in the solution as 

follows: 

a(l + E) b= a(l - c) (7.9) 
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Table 7.2: Dominant exponential terms and corresponding asymptotic solu- 
tions of the 2-soliton solution of the KdV equation. The term Q is defined by 
Q =: ln(K2) ; here K2 << 1. 
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Figure 7.2: Space-time plan of the 2-soliton solution of the KdV equation, 
for K2= exp(Q) << 0(l). The labelled lines represent the paths of the 
soliton crests. 

where 0<E<1. For purposes of symmetry and simplicity, the phase shifts x,, and 

Xb are chosen by 

la -": ý -lb -- 
1 

In c. 2a 
(7-10) 

Substituting these into equation (7.5) and neglecting terms of O(E') gives 

U= 
02 

2 [In F] (7.11) 
ax 

where 

F= I+exp[M+P+ln(2coshN)]+exp(2M) (7.12) 

2a(x -a 
2t) 

-Inc 

N=c (2ax - 6a3t + p) . 

Interaction wave: 

Table (7.2) indicates that the dominant exponential terms of the 'interaction wave' 

solution are, in the notation used there, CA + CB. It is possible to write down the 

form of the solution here as 

u =: (a - 
b)2 sech 

2 [a(x- Xa)- b(x- Xb)- (a' -b 
3)t] 

. (7.13) 
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In the 'new' notation, the dominant terms in F are written as a single term, exp [M + 

+ ln(2 cosh N)]. Since this exponent is not linear in x, it gives rise to a non-trivial 

solution: 

u= 4C2 a2 sech 
2N 

= 462 Ce2 sech 
2 [c (2ax - 6a3t + p)] . 

(7.14) 

The solution represents a small wide solitary wave. It is more obvious from the 

second form (7.14) that the wave travels approximately three times faster than the 

'far distance' solitons observed previously. In fact this wave is not a true soliton 

solution of the KdV equation (7.2), since its phase is not related to its amplitude 

in the correct manner (which is given in equation 7.4. ) It is much wider and faster 

than a true KdV soliton of this amplitude. 

Transition waves: 
The dominant exponential terms forming these solutions are I+eA +e' and eA+ 

eB + eA+B+Q , which are equivalent to I+ exp [M +P+ In (2 cosh N) ] and exp [M + 

P+ ln(2 cosh N)] + exp(2M) respectively. Retaining all terms, these give solutions 

u= ce 
2[l + 2E tanh N +62 tanh 2 N] sech 

2") ( "2 

+ 
4a2O 

sech 2N 
I+ exp(-wl) 

where w, -M+P+ In (2 cosh N), and 

u= a2[1 - 2c tanh N+ C2 tanh 2 N] sech 
2 ýW2 

(7.16) (2 

+ 
4Ce262 

sech 
2N 

I+ exp(-'W2) 

where ýW2- -M +P+ ln(2 cosh N). Each solution represents the sum of 2 solitary 

type waves. In both cases, the second term on the RHS is the contribution from the 

small, wide interaction wave and the first term on the RHS represents the 'transition 

wave'. The latter have an amplitude which varies smoothly from a2-a2 
(1 + 6)2 to 

b2=a2 C)2 (or vice versa), and a phase shift of 1 (P + In(2 cosh N)) which varies 2 

with x and t, causing the paths of the transition solitons to 'deflect' away from each 

other when N is small. Assuming that the solitons pass closest to each other when 
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they are of equal amplitude (i. e. when N= 0), their closest approach is given by 

P+ln2 
2a 

(7.17) 

Note that when N is large, ln(2coshN) r-ý N and tanhN ý- ±1, so that the 'far 

distance' soliton solutions are retrieved. 

The 'interaction region' may be defined as that region where the solitons get close 

enough to feel each other's presence. Initially they are still a large distance apart, 

but the exponential tail of one soliton affects the crest of the other wave. Naively, 

one might expect a small exponential tail to add linearly to a soliton crest, causing 

the crest to become larger. However, this does not happen, as in fact the larger 

soliton becomes smaller, and an interaction wave develops. It is not clear, however, 

why this should happen. 

The limit K2 _+ 0: 

In this limit, the amplitudes and speeds of the 2 solitons approach equality (a ---ý b), 

that is, c -+ 0. This implies that the amplitude of the interaction wave tends to 

zero, and that the phase shifts P become infinit e, so that the closest approach of 

the two solitons is infinite. 
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7.3 The Kadomtsev-Petviashvili equation 

The Kadomtsev-Petviashvili, or two-dimensional Korteweg-de Vries equation models 
long waves of small amplitude propagating in a direction which is a small angle from 

the x-direction, on water of constant depth. 

In scaled form, it is given by 

(ut + 3uu,, +I UXXX)X + UYY : -- 0* (7.18) 
4 

The unscaled form may be retrieved using the scalings (7.3) together with 

V3-Y 

2h 

7.3.1 The I-soliton solution 

The I-soliton solution of equation (7.18) may be written as 

u=a2 sech 
2 
a[x + Ay - (a 2+A 2)t] (7.20) 

where a2 represents the (constant) amplitude of the soliton, and A is the (small) 

angle the direction of propagation of the wave makes with the x-axis. 

7.3.2 The 2-soliton solution 

The 2-soliton solution of equation (7.18) may be written as 

u=- 
a2 

[log (I + co, + eo +r 
, qX2 

where 

a =: 2a[x- Xa+ Ay - (a 2 
+A 

2)t] (7.22) 

2b(x - Xb + By - (b 2+B2 )t) 

3(a - 
b)2 

_ ; (A - 
B)2 

3(a + b)2 
-(A - 

B)2* 

167 



2.5 

2.0 

1.5 

1.0 

0.5 

0.0 

Contours of /c 
Cb 

... ....... 
- ----- 

---------- 
....... -0.6 ----------------------------- 

............ ........... ....... -0.4 ------ 2 
co'D 

. 0, . 3r 

-------------------- 
-0ý2 ------------------- 

0.0 0.2 0.4 Oý6 0-8 1.0 

Figure 7.3: Contours of the parameter r, in the (A, IF) plane. The thicker 
solid lines are given by 3 (1 _ \)2 _ jp2 =0 and 3(1 + \)2 - qj2 = 0. 

Again, x,, and Xb are constants which represent spatial phase shifts. Without loss 

of generality we assume a>b>0. We define IF - 
(A 

a 
B) 

as the normalised angle 

between the solitary waves and A-ý as the ratio of the soliton amplitudes. Thus 
a 

K may be rewritten to depend on only these two parameters: 

K 
3(l _A)2 _ 

q/2 

3(l + A)2 
- 

qf2 
(7.23) 

Figure (7.3) shows contours of x in the plane defined by these two parameters. 

The dotted lines represent negative values of K and the solid lines positive values. 

The thicker solid lines are given by 3(1 - A)' - IF' =0 where K=0, and by 

3(1 + A)2 - qf2 = 0, where r, -+ oo. Note that there should be an increasing density 

of contours close to the latter line; however the contouring routine used to form the 

plot cannot resolve these and so they have not been plotted. 

Before proceeding to consider different ranges of the term r,, we present a 'summary' 

plot (figure 7.4) of the behaviour of the interacting solitary waves for an arbitrary 
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Figure 7.4: Behaviour of the solitary waves in the 2-soliton solution of the 
KP equation, where a and b are the wave amplitudes, A is the ratio of these 
amplitudes and T is an arbitrary fixed value of the angle between them. 

fixed value of the angle IF, which may help to guide the reader through the following 

analysis. 

r, =1: 
In this case, the expression given in equation (7.21) may be written as 

02 

U=- [log (1 + ea) (I + C, 3) 
19X2 

(7-24) 

=a2 sech 
2 [a (x- Xa +AY - (a 2+A 2)t)] 

+b2 sech 
2 [b(x- Xb+ By - (b 2+B 2)t)] 

which represents the linear superposition of two solitary waves (single solitons). 

As for the analogous KdV case, r, ý- I (for any angle T) if one of the solitons 
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Figure 7.5: Two-soliton solution of KP equation for r. 0(l) ('near weak' 
interaction). Here, a=0.03, b=0.0125, A=0, B=0.1, = 1.982. 

has a near-zero amplitude, again demonstrating a smooth transition from the 1- 

soliton to the 2-soliton solution. However, for the KP equation, r, =I also arises if 
qf2 >> 3(1 + A)2, that is the angle between the solitons is large compared with their 

amplitudes. This solution corresponds to that which Miles (1977a) labels a 'weak' 

interaction. 

0(1): 

The parameter Kmay lie in this range if qf2 >> 3(1 + A)2' with the angle between 

the incident solitary waves slightly smaller than that above, or if q, 2 << 3(1 _ A)2' 

so that the difference between the soliton amplitudes is very large compared with 

the angle between them. The minimum possible angle between the waves is zero, 

which corresponds to the KdV equation. 

The nature of the solution here may be determined by considering the dominant 

exponential terms in the solution (7.21). In fact the solution is directly analogous to 
2-0(j), 

the KdV solution for Ký to the degree that the results are summarized in 

table (7.1) if one writes A=a, B-0 and Q -- R= ln(r, ). Thus the solitary waves 

meet and add nonlinearly, before moving away from each other having suffered a 

small phase shift. We describe this type of interaction, illustrated in figure (7-5), as 

cnear weak'. 

170 

4000 140 120- 



0<r, << 1 and r. >> 1: 
If qf2 < 3(1 - A)2 then r, is small, that is the angle between the solitary waves is 

small compared with the difference between the soliton amplitudes. The angle may 

however be a little larger than forK-- 0(l), the case studied above, or alternatively 

the difference between the soliton amplitudes may be smaller. If qj2 > 3(1 + A)2 

thenK is large. 

By once again considering the dominant exponential terms in the solution (7.21), the 

behaviour of the solitons may be determined. The analogy with the KdV equation 

follows through so that for K small, table (7.2) summarizes the results if one writes 

A- a7 B-ý and Q=R= ln(r, ). Table (7-3) summarizes the results for r, large. 

The solitons exchange identities and suffer a (large) phase shift after the interaction, 

but do not meet in the interaction. Following the analogy with the near-equal 

amplitude solution of the KdV equation, the solitons appear to repel one another 

and thus the soliton paths 'deflect' away from each other. This may occur when the 

solitons are some distance apart. Information is passed between them in the form of 

an 'interaction wave'. However the soliton amplitudes in the KP examples need not 

be near-equal. The interaction corresponds to that which Miles (1977a) describes 

as Cstrong'. 

For r, small, the interaction wave takes the form 

u=a 
2(l A) 2 

sech 
21 (a-0) =(a-b)2 sech 

21 (a - 3) (7.25) (2 (2 

Thus if a< 2b, that is 2A > 1, then the interaction wave is of smaller amplitude 

than the incident solitons. Its crest in the (x, y) plane lies at a smaller angle to the 

x-axis than that of the smaller soliton, although of the opposite sign. An example is 

illustrated in figure (7.6), although the interaction wave is so small that it cannot be 

identified here. If a> 2b, that is 2A > 1, then the amplitude of the interaction wave 

is in between those of the incident solitons, and its crest in the (x, y) plane lies at a 

larger angle to the x-axis than that of the smaller soliton. The interaction wave is 

not a true soliton of the KP equation since it does not have the correct relationship 

between its phase and amplitude. 
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Table 7.3: Dominant exponential terms and corresponding asymptotic solu- 
tions of the 2-soliton solution of the KP equation. The term R is defined by 
R= ln(r, ); here r, >> 1. 
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Figure 7.6: Two-soliton solution of KP equation for r, << 1 (cstrong over- 
taking' interaction). Here, a=0.06, b=0.04, A=0, B=0.01, K=0.0368. 

For K large, the form of the interaction wave is 

u= a'(1 + A)'sech 21 (a +ý+ R) (a + b)2 sech 2 (a +ý+ R) (7.26) 
(2 (2 

and thus its amplitude is larger than the sum of the incident solitons. Its crest in 

the (x, y) plane lies at a larger angle to the x-axis than that of the smaller soliton, 

and is of the same sign. An example is illustrated in figure (7.7). 

The KP interaction takes place in (x, y, t) space, in contrast to the (x, t) plane of 

the KdV solutions (figures 7.1 and 7.2), and so the interaction region will move as 

the solitary waves propagate in time. The 2-soliton solutions move uniformly so 

the spatial pattern translates with the phase velocity of their interaction. If it is 

assumed that the larger soliton propagates parallel to the x-axis, i. e. A 0, and 

that the angle of incidence between the two solitons is positive, i. e. -B T>0, 

then the sign of qj2 A2 ) determines to which side of the x-axis the interaction 

region moves. 

If r, is small, that is q, 2< 3(1 - \)2 
, and 2A > 1, then T2 _ (I - '\2) <0 and 

the motion of the interaction region is directed above the x-axis (i. e. its path has a 

positive gradient in the (x, y) plane). Writing 2A <I gives an approximate condition 

for the motion of the interaction region to be directed below the x-axis. If K is large, 

that is qf 2> 3(1 +A )2, then the motion of the interaction region is always directed 
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Figure 7.7: Two-soliton solution of KP equation for r, >> I (cstrong meet- 
ing' interaction). Here, a=0.03, b=0.025, A=0, B == 0.1, r, = 10.73. 

below the x-axis. 

As with the KdV solutions for K' << 0 (1), it may be considered that each incident 

soliton develops into a 'transition wave' just before the interaction, and then adopts 

the properties of the other incident soliton (plus a phase shift) after the interaction. 

In order to generate a physical realization of the solutions (where the incident solitary 

waves are necessarily finite), it is necessary to send the larger wave to catch up and 

overtake the smaller oblique wave when r, is small and V- (I - A') < 0. When K 

is small and qf2 _ (I _ A2) > 0, the latter condition indicates that the lower soliton 

travels faster in the x-direction than the higher soliton (i. e. b2+B2>a2), and 

so the lower soliton must be sent to catch up the higher one. For large r,, the two 

waves should be sent to meet each other obliquely. Figures (7.8) to (7.10) illustrate 

the various cases. The terms 'before' and 'after' are adopted to indicate respectively 

the 'original' waves generated, and those which result from the interaction of those 

(original' waves. 

r, -+ 0 and r, --ý oo 

Unlike the analogous KdV limits, these limits do not imply that the amplitudes of 

the two waves approach equality, rather that qf2 -4 3(1 - A)2 and qj2 --ý 3(1 + A)2. 

Then a class of 'resonant' or 'phase-locked' solutions is found. Miles (1977b) studies 

174 

>"ý 120- 4000 440 



transition 
a-- -R wave 

regions P=O 
before 

before 
x 

interaction 
wave direction of motion 

of interaction region 

-R after after 

U=O 

Figure 7.8: Plan of 2-soliton solution of the KP equation for 0<n << I 
and 2A > 1. The solid lines represent the crests of the solitary waves. One 
incident solitary wave overtakes the other. The interaction wave is of smaller 
amplitude than both incident solitary waves. The direction of motion of the 
interaction region is above the x-axis. 
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Figure 7.9: Plan of 2-soliton solution of the KP equation for 0<r, << 
1 and 2A < 1. The solid lines represent the crests of the solitary waves. 
One incident solitary wave overtakes the other. The interaction wave is of 

intermediate amplitude (compared with the incident solitary waves). The 

direction of motion of the interaction region is below the x-axis. 
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Figure 7.10: Plan of 2-soliton solution of the KP equation for r, >> 1. The 
solid lines represent the crests of the solitary waves. The incident solitary 
waves meet obliquely. The interaction wave is of larger amplitude than both 
incident solitary waves. The direction of motion of the interaction region is 
below the x-axis. 

these extensively for waves of equal magnitude. 

The solutions consist of just three 'half '-solitons. Using the labels of figures (7.8) 

to (7-10), these 'half'-solitons correspond to one 'before' soliton, one 'after' soliton 

and a phase-locked 'interaction wave'. One possible interpretation of the limits 

K --ý 0 andK-ý oo is that they represent infinite phase shifts, R= In r, --ý -oo and 

c)o respectively, and so in the limits, the second 'before' and 'after' solitons are 

not observed. 

For r, --4 0 the dominant exponential terms in the solution (7.21) are I+ ec, + CO. 

This gives 
2 

rise to incident solitons of amplitudes a 
2 

and b and phases 
11 

2a and 20, 

and a phase-locked interaction wave of form 

u=a 
2(1 

-A 
)2 

sech 
21 (oz - (a - 

b)2 sech 
21 (a - ý)) 

- (7.27) (2 (2 

Alternatively one may write oz' =a+ In r, and + In r,, so that the dominant 

exponential terms are, in the limit r, --ý 0, e" (I +c Ofal + eO'). The phases of the 
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incident solitons are then shifted and the solitons have forms 

u=a2 sech 
21 (-a - In r, ) a2 sech 

21 (oz + In r, ) (7.28) 
(2 (2 

and 

u=b2 sech 
21W+ In r, ) 

These give rise to an interaction wave of the same form as above (equation 7.27). 

For K --* oo we must make the transformation a' =a+ In r, and ý' = 3. Then 

the dominant exponential terms in the limit are 1+ eO' + e"+13'. The two incident 

solitons thus have forms 

ua2 sech 
21 (a + In r') (7.29) 

(2 

and 

ub2 sech 
2 

2 
(1) 

and the interaction wave is 

a 
2(l +A)2 sech 

2 (-1 
(a ++ In r, )) 2 + b) 2 

sech 
21 (a ++ In r, ) 

(2 

(7-30) 

An equivalent transformation is given by a'-a, 0'= 3+ ln K. Note that, as for 

K >> 1, this wave is larger than either of the interaction waves. Miles' (1977b) 

result that the maximum run-up at a wall is four times the initial soliton amplitude 

is easily recovered by setting a=b in this expression. 

The crest patterns for these resonant solutions may be seen by selecting the 3 ap- 

propriate crests in figures (7.8) to (7-10). An example for a very large value of r, 

is shown in figure (7.11). Note the extended x-axis in this picture, compared with 

figure (7-7). 

K 

When r, < 0, a steady 2-soliton solution does not exist since the solution (7.21) is 

singular. 
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Figure 7.11: Two-soliton solution of KP equation for r, -+ oo (resonant 
phase-locked interaction). Here, a=0.03, b=0.0277357 A=0, B=0.1, 
r, = 1.071 X 106. 

7.4 Genus 2 solutions of the KP equation 

The study of two isolated solitary waves is useful in determining the nature of the 

interactions between them. However, water waves in a coastal environment may 
be periodic rather than isolated. In the following section we consider the genus 2 

solutions of the KP equation which approximately describe continuous 'trains' of 

solitary waves. Such solutions have been identified by Satsuma (1976), and have 

been studied in the context of water waves by Segur & Finkel (1985), Hammack, 

Scheffner & Segur (1989) and Hammack, McCallister, Scheffner & Segur (1995). 

In this section we use a program freely available from Hammack et al. (1995) to 

compute these solutions. The intention is to illustrate the various types of interaction 

identified in the previous section as they occur for bi-periodic waves. 

The program of Hammack et al. (1995) was designed for comparison with exper- 

imental data, and thus its output is in a laboratory coordinate system. As they 

comment, this system is slightly unconventional, and differs from that presented in 

their earlier papers. Thus we make a small alteration to the program to recover a 

more conventional coordinate system, in which the relevant governing KP equation 
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is 

13h21 
(T + (x + «x + (xxx + (yy = 0. (7.31) ( 

\7g-h 2h 6)x2 

Here ( (X, Y, T) represents the surface elevation. At this level of approximation, it 

VLh U, and X, Y, T are is related to the mean horizontal velocity U(X, Y, T) by VF 9 
physical coordinates. 

However, the input to the program is related to a canonical system, different from 

that of equation (7.18). The KP equation in this system is 

(ft + 6f f., ++ 3fyy -0 

and the conversion between the two systems is given by 

X- vl'g-hT yt 
_x f= 

3( 
hh 6h 2h 

The bi-periodic solutions of genus 2 are given by 

(x, 2(9., 2 In 02 

where 02 is a Riemann theta function of genus 2. It is given by 

(7-32) 

(7-33) 

(7-34) 

00 00 
62 (011 02; B) exp[ 

I(M2b 
+ 2mnbA +n2 (bA2 + d)) + i(mO, + n02)] 

2 
m=-oo n=-oo 

(7-35) 

where the phases 01 and02 are given by 

0, - pjx + vjy + wjt + Pj (j* = 1,2). (7-36) 

Here 4), and (P 2 are arbitrary phase constants. They have no dynamical significance 

and so from now on we will assume, without loss of generality, that they are zero. The 

terms b, A and d are real valued parameters which define the elements of the Riemann 

matrix - see Segur & Finkel (1985). Note that b and A are defined differently from 

the previous section. They must satisfy certain constraints: 

-oo <b<0,0 <A<1, -oo <d< b(I _ A2). (7-37) 
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Thus, neglecting the phase constants, this solution has 9 arbitrary dynamical param- 

eters, (b, A, d, A17 P27 V1) V27U)1ýW2) 
. The KP equation provides 3 relations between 

these, so there are 6 free parameters in the system, namely (b, A) d) 111) /127 V2) - These 
6 terms form the input to the program. 

The genus 2 solution is a far more general solution of the KP equation than the 2- 

soliton solution. Segur & Finkel (1985) show that the 2-soliton solution is recovered 
from the genus 2 solution in the limits b --+ 0 with tý- finite and d -+ 0 with E2 - API 

bd 
finite. Our work in the following sections considers values of the parameters not too 
far from these limits. In this coordinate system, the parameter r, is given by 

K= 
(D3-D4 )2 

_ X2 
(7-38) 

where 

(D3 + D4 )2 
- X2 

AA2 I A2 
D3 

= 27 
[d 

-b + -d 
27r 

D4 =- (A/-tl- [12) 
d 

7*2 bA vl (I A) 
/12 bA2 +d Ill 

7.4.1 Weak interaction, r. =I 

(7-39) 

Figure (7.12) illustrates an example of a 'weak' interaction of the genus 2 bi-periodic 

solution of the KP equation (with r, close to 1). The plot shows contours of equal 

surface elevation (. Common to all the plots in this section, the solution is shown in 

the (x, y) plane at a fixed time, and the range of y is twice as large as the range of x. 
The minimum surface elevation is typically less than zero, to give a mean elevation 

of zero. The contouring routine causes small errors at the top of the diagram. 

The incident solitons of figure (7.12) are both very small and wide. They undergo 

virtually no phase shift after the interaction, and the height of the interactions is 

the linear sum of the incident soliton amplitudes. 
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Figure 7.12: Contours of surface elevation for bi-periodic genus 2 solution 
of KP equation; 'weak' soliton interaction, b= -2.75, A=0.015, d= -2.75, 
/11 = 0-11 [12 = 0-08,1"2 = 0.008, v, = -0-07878, K=1.25. 

181 



60( 

500 

400 

300 

200 

100 

0 

10 

oe 
11 10 

10 

10 ý) v 

0 50 100 150 200 250 300 
x 

Figure 7.13: Contours of surface elevation for bi-periodic genus 2 solution of 
KP equation; 'near weak' soliton interaction, b= -2.75, A=0.05, d= -2.75, 
P1 = 0-11 A2 = 0-081 P2 = 0-0081 pi = -0.03915, r, = 2.331. 
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7.4.2 Near weak interaction, K 

Solitons of slightly larger amplitudes than above give rise to a near-weak interaction. 

Figure (7.13) shows that the solitons undergo a small phase shift after the interaction 
(most obvious on the smaller incident soliton), and that the spatial period of the 

recurring pattern is slightly larger than for the weak interaction. In this example, the 
interactions are a little higher than the linear sum of the incident solitons. (Recall 

that the character of the interaction regions are undefined by the analysis of the 
2-soliton KP equation. ) 

Experience shows, however, that the near weak interaction which occurs when one 

sizable soliton meets a very small soliton is of lower surface elevation than the 
higher incident soliton. This observation is not surprising given that the interaction 

of such a pair of solitons lies close to the 'strong overtaking' region in figure (7.4), 

and according to the analysis in the previous section, the interaction wave there is 

smaller than higher incident soliton. The interaction illustrated in figure (7.13) lies 

close to the 'strong meeting' region, where the interaction wave is larger than both 

incident solitons. 

7.4.3 Strong 'meeting' interaction, v, >> 

The boundaries of the weak, near weak, strong meeting and resonant interactions lie 

close to one another in the diagram given in figure (7.4). Thus figure (7.14) shows 

an extension of the trends observed for the near weak interaction, that is that the 

incident solitons are a little larger in magnitude, the interactions are significantly 

higher than the linear sum of the incident solitons (though notably not quite as 

large as predicted by the analysis of the 2-soliton solution), the solitons undergo a 

larger phase shift after the interaction, and the period of recurrence is larger. In 

addition to these we observe that, due to our choice of the parameters, the angle of 

incidence of the higher incident soliton is reducing as the 'strength' of the interaction 

increases. 
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Figure 7.14: Contours of surface elevation for bi-periodic genus 2 solution 
of KP equation; 'strong meeting' soliton interaction, b= -2.5, A=0.1, 
d= -2.51 111 = 0-11 P2 = 0-091 P2 = 0-01i v, = -0.02855, r, = 56.201. 
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Figure 7.15: Contours of surface elevation for bi-periodic genus 2 solution 
of KP equation; 'resonant' soliton interaction, b -1.4, A=0.45, d= -1.2, 
/11 = 0-11 P2 = 0-091 v2 = 0.006, vj = -0.1542, r, -0-3862 
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Figure 7.16: Contours of surface elevation for bi-periodic genus 2 solution 
of KP equation; 'strong overtaking' soliton interaction, b= -1.5, A= -0.25, 
d= -2A P1 = -0-1) [12 = -0-08, v2 = 0.0065, vj = 0.03724, K=0.001924 
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Figure 7.17: Contours of surface elevation for bi-periodic genus 2 solution 
of KP equation; 'strong overtaking' soliton interaction, b= -1.75, A= -0.45, 
d= -2.0, p, = -0-1) P2 ` -0.08,1"2 = 0.0065, vj = 0.04138, K= -0-01159 
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7.4.4 Resonant interactioný n<0 

Clearly it is not possible to have an infinite phase shift for waves which are periodic. 

In this context, a resonant interaction implies a very large phase shift and (if the 

angle of incidence of the solitons is sufficiently large) a very long interaction region. 
Figure (7.15) illustrates such a case. Note that in this picture, as in all the contour 

plots, the apparent peaks along wave crests are not physical, but are a product of 

the contouring routine. The parameters have been chosen so that this example lies 

close to the strong meeting region in figure (7.4). Thus this example represents the 

limit of the trends observed in the previous sections: the interaction region is just 

about as high as predicted by the analysis of the 2-soliton solution, the incident 

soliton heights are higher than previously and the recurrence period is longer. 

The length of the interaction region gives it more the appearance of a soliton than in 

the previous examples, since its amplitude is uniform over a relatively long distance. 

In time it appears to propagate intact; however, since it results from the interaction 

of the two incident solitons, its motion (or more precisely, that of its ends) is governed 

by the velocities of those waves. 

However, the notion of this resonant interaction wave is very interesting. It is not 

a true soliton solution of the KP equation, but yet it dominates the character of 

this solution to that equation over a large part of the (X, Y) plane, and translates 

without change of form. Although it seems clear that this wave is a product of the 

interaction of the incident solitons, it is less obvious exactly what physical 'processes' 

maintain and support this wave away from those solitons. 

As observed in the discussion relating to the 2-soliton solutions of the KdV and 

KP equations, the waves appear to repel each other and their paths to deflect. 

It appears that when jrj ý- 0(l) or jrj >> 0(l), the repulsion occurs when the 

waves are noticeably further apart than when jrj << 1, (see figures (7.16) and 

(7-17) and the next subsection). The former results in a higher interaction wave 

travelling between the two than the latter. Clearly further investigation is needed 
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to understand the underlying processes acting here. 

7.4.5 Strong 'overtaking' interactions, K<< 

The bi-periodic solutions demonstrating this type of interaction are most easily 

generated by allowing the program to accept negative values of A as input. This is 

valid as long as a certain polynomial of degree 6 remains positive (see Segur & Finkel 

(1985) for further details), although it should be possible to generate equivalent 

solutions with A positive and less than unity. 

Figure (7.16) illustrates an example where the interaction 'wave' is intermediate in 

height between the incident solitons. The incident solitons are of long extent and 

the interaction region is comparatively shorter. The solitons clearly undergo a phase 

shift after the interaction. 

The difference in incident soliton amplitudes is slightly smaller in figure (7.17). 

Again the incident solitons are of long extent and the interaction region short. But 

here the interaction wave is smaller than either incident soliton. The pattern of 

the contours highlights the fact that the solitons do not actually meet, but appear 

to 'repel' each other in the interaction (this is also the case in figure 7.16). This 

particular example is actually just over the boundary into the resonant region (that 

is, K is just less than zero) and this gives an idea of the (relatively small) size of the 

4very large' phase shift when K is small (and thus when the angle of incidence of the 

solitons is also small). 
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7.5 A physical interpretation of the genus 2 solu- 

tions of the KP equation 

There 6 free dynamical parameters in the genus 2 solution of the KP equation pre- 

sented in the previous section. The motivation behind the following work is to find 

out what effect altering these parameters has on the physical characteristics of the 

solution when the solitons and 'interaction' waves are interpreted as solitary water 

waves. In fact it turns out that altering one parameter affects so many of the phys- 

ical characteristics that we choose to approach the problem by finding expressions 
(combinations of the free parameters) to represent each characteristic. Figure (7.18), 

which is an extended and annotated version of figure (7.15) with fewer plotted con- 

tours, illustrates some of features. As in the previous section, we consider values of 

the parameters corresponding to solutions close to the '2-soliton' limit. 

7.5.1 Phases 

The phases in the canonical system are as defined in equation (7.36): 

03 - pjx + vjy + wjt (J' = 1,2)- (7.40) 

These are given in the physical frame simply by changing coordinates as described 

in equations (7.33) 

ýL? x -T+ 
vjY + w' vrg-h- T (7.41) 

hhh 6h 

pj X+ ýj y 1-ij Vg-h wj 1,2). 
hh(h 6h 

Thus we choose to define 

Aj ph - 
Itj 

1-ý' h =- 
ýýj- 

) Wj phy 
pj v 'gh 

+ (j = 1,2) (7.42) 
yhpyhh 6h 

190 



S, 

A' 

V 

vo 

' Pa all etb ra 
fea A - 

> 

v 
Alt; i 

27r 
V P V - 

2h 

4phy i 

Iýk 

/ 

I/ 

S3 

jJ'JR /T, 'c' 
iV\ ryI/ 

7/, 7/ 

I 

4phy 

V 

V", I phy i ý,, ý/ 27r 

92 M 

Z. J 

ýt 3* 

Figure 7.18: Some 'physical' features of the bi-periodic genus 2 solution 
of KP equation with b= -1.4, A=0.45, d == -1.2, pI = 0-11 P2 = 0-09) 

P2 = 0.006, vi = -0.1542 ('resonant' soliton interaction). 
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so that the phase may be written as 

Oj : 7-- Yj phy 
X+1, ýj phy Y+ Wi phyT (3 = 1,2). (7-43) 

7.5.2 Wave numbers and Wavelengths 

The wavelength W may be defined as the distance (measured in any direction) 
between 2 points of constant phase. The wave number (in that direction) is then 

given by WJ are 
27r. In the canonical system the (x, y) wave numbers for each wave ' 

given by (I-tj, vj) . 
In the physical system the (X, Y) wave numbers for each wave J' 

are given by (Pi 
phy i Vj phy) . The wave numbers form a measure of the periodicity of 

the repeating surface pattern. 

7.5.3 M-equencies 

Clearly in the canonical system the frequency of the wave J is wj, and in the physical 
system It IS Wj phy - 

7.5.4 Parallelograms 

It is clear from figures (7.12) to (7.17) that the surface elevation is composed of 

a repeating pattern. It is possible to form a parallelogram which contains exactly 

all the information from one period (occurrence) of this pattern. Extending this 

periodically then defines the whole plane. Following Segur & Finkel (1985), the 

vertices of this parallelogram are placed at the points where the phase variables 

(01,02) take the values 

(01102)1 (oi+2-Fi, 02)i (oi+27r, 02+ 21r), (Oli 02+2-, T) (7.44) 
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where 01 and02 are arbitrary choices. The edges of the parallelogram thus lie on 
the 4 lines 

01 = Ci, 01 = C, + 27r, 02 = C23 02 = C2+27r 

where C, and C2 are arbitrary constants. The area A of the parallelogram is given 

(7.45) 

in the physical coordinate system by 

4,72 

(7.46) 
Al phy 1, /2 phy - /12 phy 1-/I phy 

with a similar expression for the canonical coordinate system. 

7.5.5 Position of the Interaction Wave 

Interaction waves are centred on the points where 
(011 02)= ((2M+I)-F, (2N+1)7r)7 

where M and N are integers. 

7.5.6 Positions of the Incident Wave Crests 

The incident wave crests are defined as the points of maximum surface elevation of 

the solitons outside of the interaction region. Segur & Finkel (1985) give a more 

extensive definition. Incident wave crests lie on lines 

03- constant, 04 constant (7.47) 

where 

03 =ý 01 
- 

ý02) 04 =: ý 02 bA (7.48) 
bA2+ d 

A wave numberA3may then be defined by/-t3 ::::: /11 - ýP2with similar expressions for 

V3i W37 A41 7-*4) W4 and the physical variables A3 
phyetc. The physical interpretation of 

these terms is not immediately obvious. The wavelength expression 
27r 

represents A3 

the distance in the x-direction between points of constant phase03, but the phase 
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shifts to which each wave is subject (see below) means that this is not always the 
distance between adjacent crests. Rather, 27r is the distance that would have been /13 

between adjacent crests had each wave not experienced a phase shift as a result of 
the interaction. 

7.5.7 Phase Shifts 

In both the canonical and laboratory systems the phase shifts experienced by each 
incident wave as a result of the interaction are given by 

, 
43 

= 2,7r ý 

1ý04 = 2gA. 

(7.49) 

The distances by which the waves are shifted are slightly different from the phase 

shifts. Terming them 83 and 84, they are given by 

83 - 
27rý 

(7-50) 
22 ýA3 -phy+ 

Vi phy 

and 

84 
2-FA (7-51) 

22 ýA4 

phy 
+ 

phy 

which may be deduced from geometric considerations. Similar expressions hold in 

the canonical system. Note that Segur and Finkel (1985) annotate these distances as 

43 and U4 in their diagrams, which is accurate only if their (unspecified) physical 

coordinates assume [Liphy and 1ýjphy equal to 1. 

7.5.8 Length and Angle of the Interaction Wave 

The angle 0, from the line X--constant at which the interaction wave lies is given 

by either of the following two expressions: 

01 
phy= arctan 

83 
arctan 

V3 phy 
(La) 

-( 
/13 phy 

) 

84 V4 phy 01 
phy=- arctan 

(Lb) 

arctan 
( 

M4 phy 

(7.52) 
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where 83 and S4 are given by the expressions (7.50) and (7-51) and the expressions 
La and Lb by 

La 

Lb 

83 
+ 

84 

tan(03 +04) sin(03 +04) 

84 
+ 

83 

tan(03 +04) sin(03 + 04) 

(7-53) 

The expressions tan(03+04) and Sin (03 + 04) may be written in terms of the (known) 

wave numbers as follows 

tan(03 + 04) ----: 
N phy 1"3 phy - A3 phy 1"4 phy (7-54) 
A3 phy P4 phy + V3 phy V4 phy 

sin(03 + 04) A4 phy V3 phy - /13 phy V4 phy 
222 ý/13 

phy 
+ V3 

pýhy 

ý/14 

phy 
+ Vi 

phy 

Again similar expressions hold for a canonical coordinate system. 

The length I of the interaction wave is given by either of the following two expres- 

sions: 

3+ 
La (7-55) 

2+2 
ýS-44 

7.5.9 Lengths of Incident Wave Crests 

The length of the non-interacting incident wave crest on03-constant is given by 

N3 
---::: 

27/-tlphy 

(IL2 
phy I"I phy - PI phy 1"2 phy) 

,2+ v2 M3 
phy 3 phy 

- 
La 

83 phy 1-/3 phy 
. /13 phy 113 phy 

(7-56) 

Similarly the length of the non-interacting incident wave crest on04=constant is 

N4 = 
27/12 

phy 
(A2 

phy 1"I phy - Al phy l, "2 phy) 

,2+v2 /14 
phy 4 phy 

114 phy 
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84 phy 1ý4 phy 
- 

Lb 
[14 phy 
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7.5.10 Minimum Water Level 

As previously noted, the minimum water level is typically non-zero in the bi-periodic 

solutions. It is given by 

tt2 2 
(MIN -2 

[2 1+ 
2M3 

3bd]* 
(7-58) 

In this expression, the wave numbers pi and P3 are the 'canonical' ones (not the 

4physical' ones). The surface elevation in the physical coordinate system Is related 
to that in the canonical system simply by the expression (MIN - 

ýfMIN- 
3 

7.5.11 Amplitude of the Interaction Wave 

The amplitude of the interaction wave (in the physical coordinate system) is given 

by 

2f 
== 

2 [1 
(D 2 2) 7r2 A) (7.59) 

332 3+ 
D4 + tanh d 

D3D4 + fMIN 
I- 

Here, D3 and D4 are given by the following expressions: 

D3 = 2-r 
AA2 

Al 
I+ A2 

(7.60) 
[d (b 

d 

D4 = 
27ý 

(AAl 92) 
d 

The wave numbers p, andA2 are those in the canonical coordinate system. 

7.5.12 Amplitude of the Incident Wave Crests 

The amplitude of the incident wave crest which lies on03=constant is given by 

2 -1 (E3bD4+D3+E3c(D3+D4) )2 

3 

[2E32,, 

+1 (D 2 +E3bD 2 +E3c(D3+D4 )2) + fMIN 
E3a 341 

where 

(7-61) 
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7r r2 E3a =I+ exp 
(2d 2) 

cosh 
( 27 

dA (7.62) 

E3b = exp 
27r 2 

(1 + A) 
(d 

E3c = exp 
27 2 

A) 
(d 

and D3 and D4 are as given in equations (7.60). In the limit b -ý 0, d -4 0, this is 
approximately equal to 

C=D2+ fmIN 
3 

[2 
31- (7.63) 

The amplitude of the second incident crest (on04=constant) is given by 
2[ -1 (E4bD3+D4+E4, (D3+D4) )2 (7-64) 3 2E42, 

+I (E4bD 2 
+D 2 

+E4, (D3+D4 )2) + fMIN 
E4a 341 

where 

E 7r2 
1 A2 27r 2A 

4a + exp 
(2 

b+d cosh 
(d 

(7-65) 

2 
(1 A A2 

E4b exp 27 ++- bdd 

E4c exp 27r 21AA (b 
- -d +d 

and D3 and D4 are as given in equations (7-60). In the limit b 07 d ---ý 0, this is 

approximately equal to 

2[ID2 
324+ 

fMIN] (7-66) 

7.5.13 Variations in time 

The spatial surface pattern stays the same in time, but translates in the X and Y 

directions with the following speeds (as given in Segur & Finkel (1985), equations 
(4.17)): 

dX 
_ 

I"I phy W2 phy 
. 

- V2 phy Wl phy (7.67) dT Al phy 1, /2 phy - A2 phy 1/1 phy 

dY_ P2 phy Wl phy - /il phy W2 phy 

dT /11 phy 1/2 phy - /12 phy 1-/I phy 
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7.6 Conclusions 

In this chapter, we have studied the 2-soliton solutions of the KdV equation and 
the KP equation and indicated the analogies between them. Both equations, but 

especially the KP equation, admit a wide variety of 'types' of interaction, depending 

on the incident soliton amplitudes and, in the case of the KP equation, the angle 
between them. For the KdV equation, there is a smooth transition between the 
I-soliton solution to the 2-soliton solution. For the latter solution, experience from 

numerical methods (e. g. chapter 6) indicates that if the crests are of sufficiently 
different heights, they merge to form a single crest in their interaction. If the crests 

are of almost equal heights, analysis of the KdV solution indicates that the crests 

remain distinct, but are linked by a very small, wide 'interaction' wave. In both 

cases, the incident solitons 'exchange' identities and experience a small phase shift 
during the interaction. The extension of the 2-soliton interaction problem to three 

dimensions results in a considerably wider range of wave behaviours. Rather than 

repeat details here, perhaps figure (7.4) serves as the best summary as to these 

various classes for the KP equation. 

Although the asymptotic analysis presented in these sections has been applied to 

these equations before, little attention has been paid to the forms of the interactions 

themselves, some of which are counter-intuitive. This aspect has been highlighted 

here. The value of such details is that they serve as a guide to unsteady wave 

behaviour in more general circumstances. A greater understanding of the way in 

which waves interact helps avoid tedious evaluation of solutions in special cases and is 

useful in determining the general character of wave evolution. This does not however 

negate the value of accurate computed results (such as those of the previous chapter 

for two-dimensional waves), since the KdV and KP models are approximations to 

full water wave problem and include only the first order nonlinear terms. 

Applications in the context of water waves includes the progression of waves up a 

(gentle) beach before breaking, with the solitary waves being modelled by the soli- 
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tons. The study here of waves on a beach of zero slope is not a bad approximation, 

as many beaches in nature are of very gentle slope. The KdV and KP models do 

not account for or predict breaking. However, the results presented in the previous 

chapter (using the fully nonlinear model) show that the nonlinear interactions be- 

tween two solitary waves (predicted by the KdV) do significantly alter the location 

and amplitude of breaking waves. Thus KP solutions where the interactions are of 
lower amplitude than the incident solitons suggests that the breaking of waves may 
be delayed, bringing them closer to the shore, and conversely the larger interactions 

such as the 'resonant' waves suggest that waves may break further from the shore. 

On a beach, waves may be continuous in nature rather than completely isolated as In 

the 2-soliton solution of the KP equation. However, the 'classes' of interaction iden- 

tified in that solution still apply to bi-periodic waves, and are illustrated in section 

7.4. Perhaps the most interesting interaction is that which is termed resonant, or 

phase-locked. As a result of the interaction of the incident solitons, an 'interaction' 

wave is produced and under the conditions of a resonant interaction, this crest is of 

particularly long extent. In common with all 'interaction' waves, this wave is not 

a true soliton solution of the KP equation. It is not clear what physical 'processes' 

might maintain and support this wave away from the solitons which generate it, and 

thus there is scope here for further study. 

Finally, interpreting the genus 2 solutions of the KP equation as interactions of 

water waves,, various physical features have been described using combinations of 

the 9 arbitrary parameters of the solution. This helps strengthen the connection 

between the analysis and its interpretation in the context of water waves. 
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Chapter 8 

Summary and Conclusions 

In this thesis, we have studied the nature and effects of a variety of nonlinear inter- 

actions between waves, wave groups and beaches. 

A uniform wave train in deep water is unstable to small disturbances and develops 

into a series of groups. These groups are self-focussing, and in some cases become ex- 

tremely short and steep, with significant adjustments to the carrier wave frequency. 

Such groups last only a finite time and so are termed 'Steep Wave Events' (SWEs). 

In our work, the initial disturbances to the wave train take the form of small modula- 

tions of the amplitude. Perhaps the most interesting aspect of thesubsequent SWE 

development is the dramatic effect on the size and time of SWE occurrence of the 

relation between the phase of the carrier wave and the initial amplitude modulation. 

Chapter 3 indicates that the qualitative patterns of occurrence of SWEs are modelled 

well by the self-focussing form of the nonlinear Schr6dinger equation (NLS+), which 

exhibits weak nonlinearity. Quantitatively, there is reasonable agreement between 

this model and the fully nonlinear model used by Henderson et al. (1999) for the 

first occurring SWEs. The second and later occurring SWEs are better modelled 

by the fully nonlinear method since this describes more accurately the nonlinearity 

which has had time to take effect. However, computations using the latter model 

are significantly more intensive than those using the NLS+ model. 
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The surface elevation of a moderately steep (ak -. 0.2) SWE may be successfully 

approximated by an envelope soliton solution of the NLS+. The agreement with a 

steeper group (ak -_. ý 0.3) is less good, due in part to the variation of the carrier wave 

number through this SWE. A first-order method based on the sub-surface velocity 
is successful in providing a continuous estimate of the wave number, and is also able 

to approximate smoothly the envelope of the gentler waves and SWEs. 

The main drawback of these results is that they relate only to two-dimensional 

waves. However, the comparisons between the fully nonlinear model and the weakly 

nonlinear NLS+ model are encouraging because of the relative ease with which the 

latter may be extended to model weakly three-dimensional waves. 

A Fourier analysis of the horizontal velocity underneath a wave surface which con- 

tains SWEs indicates the persistence of long (low frequency) bound waves (currents) 

under the steep groups. There are indications that long free waves are also formed. 

The deep penetration of these currents can result in significant forces upon the 

moorings of ocean structures such as oil rigs. 

An understanding of the wave field in deep water is important not only in ocean 

applications, but also in modelling shoreward travelling waves, which often begin 

as wind-generated deep water waves. As wave groups propagate towards the shore 

into water of intermediate (finite) depth, their behaviour alters from self-focussing 

(unstable) to defocussing (stable). Computations carried out using a fully nonlinear 

model confirm that there is no tendency for a group to form high waves as in 

deep water; instead the group spreads out. The defocussing form of the nonlinear 

Schr6dinger equation (NLS-) successfully models this aspect of the behaviour of 

one or more groups, if they are within the assumptions made in deriving the NLS. 

These assumptions are that the Ursell number must be small and that perturbations 

to the carrier wave number must be small. 

The long waves generated by the long-scale modulations of the surface are more 

significant in intermediate water than in deep water. These are perhaps the most 
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significant aspect of the interactions on water of this depth, since the generated 
long waves may propagate and develop on a beach to form strong currents closer 
to the shore (in the surf zone, for example). Both bound and free long wave com- 
ponents form underneath a group; their formation and development is modelled by 
the weakly nonlinear Davey-Stewartson equations with some adjustment to the long 

wave forcing equation. In many circumstances, it is useful to generate a wave group 
signal which propagates with little change of form on water of finite depth. After 
its initial adjustment, the group in our model does largely meet this criteria. How- 

ever, the adjustment includes the emission of free long waves, and it is these which 
may cause problems at the boundaries of (other) numerical and experimental mod- 
els. The (unadjusted) Davey-Stewartson equations provide a first approximation to 
the bound long wave which should be added to the initial group to suppress their 

emission. As with the NLS+, the Davey-Stewartson equations may be extended to 

model weakly three-dimensional waves more easily than the fully nonlinear model. 

As waves propagate up a plane sloping beach, their character changes over a short 
time scale. In chapter 5, comparisons of the properties of single and multiple wave 

groups (i. e. irregular waves) are made with linear theory (which is appropriate for 

regular waves). Groups defocus significantly as they propagate on the slope (isolated 

groups slightly more so than those surrounded by other waves), and as a result the 

maximum amplitude of the waves is lower than that predicted by linear theory. 

This is in part due to the fast amplitude variation of the groups, which is more 

appropriate for weakly nonlinear theory than for linear theory which assumes very 

slow variations. The extent of the differences between linear theory and wave group 

results from the fully nonlinear model are perhaps surprising, but they highlight the 

problems which may be encountered in applying a theory to an example which does 

not quite meet the assumptions of the theory. Linear theory is more successful in 

modelling the speeds of the groups, and is more successful than weakly nonlinear 

theory in modelling pairs of groups with significantly differing frequencies. However, 

the strong nonlinearity which leads to the overturning of waves means that it fails 

to (accurately) predict wave breaking. 
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In the context of wave group and beach interactions, results obtained late in this 

study show that the relative phases of the waves in different groups influences their 

shoaling behaviour. More precisely, in a computation of three wave groups, the 
defocussing behaviour appears to be partly inhibited if the middle group is -K out of 

phase with the others. It is possible that there is a correspondence here with dark 

soliton solutions of the NLS-, although further investigation is necessary. The issue 

of wave phase variation is similar to that emphasised in chapter 3 where that the re- 
lation between the carrier wave phase and the initial amplitude modulation is shown 
to be very important in the subsequent development of the waves. We consider that 

it may be significant since in studies using a spectral approach, consideration of the 

wave phase is often neglected. (Studies such as Boccotti et al. (1993) which do 

account for it are rather the exception than the rule and are limited to deep water. ) 

This is an interesting topic for further study. 

As waves propagate into shallower water they differ significantly from regular plane 

waves as they develop short sharp crests and long flat troughs, and begin to act 

independently of the other waves in the group. This independence is one reason that 

an isolated solitary wave is often used to 'test' or assess models in shallow water. 

However, the results presented in chapter 6 indicate that two solitary waves which 

are interacting as one or both are close to breaking result in the wave(s) breaking 

significantly closer to the shoreline than may have been predicted by consideration 

of the isolated higher wave. In the special circumstances of a gentle beach and 

a large difference between the two soliton amplitudes, the results may be quite 

dramatic with an amplitude to depth ratio at breaking which is significantly larger 

than predicted by either solitary wave alone. 

The effects on the two solitary waves of a longer wave of depression representing the 

effects of either set-down or the backwash created by waves breaking and reflecting 

from the shore are described. The set-down or backwash acts as a current on the 

solitary waves. In some cases the waves break closer to the shore than waves with 

no set-down or backwash, but more often they break further from the shore. This 

is considered to be a result of a balance between the destabilising effects of the 
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current in encouraging the overturning of the wave, and stabilising effects of the 

solitary wave interaction and of the current in slowing down the solitary waves. The 

amplitude to depth ratio at breaking is generally lower than for waves with no set- 
down or backwash, but this is considered to be an effect of the way in which the 

measurement is made. 

One advantage of a fully nonlinear boundary integral model such as that used in 

chapters 3 to 6 is the number and variety of results which may be obtained. However, 

each type of example presented in those chapters has several parameters that may 
be altered, and to form exhaustive studies would be prohibitively time-consuming. 

As a result a few representative examples are presented in each case. However, 

analytical study of a simpler model such as the Korteweg-de Vries equation, or the 

Kadomtsev-Petviashvili equation for weakly three-dimensional waves, allows for a 

clearer classification of the wave behaviour according to a parameter of a particular 

solution. This is carried out in chapter 7 for the 2-soliton solutions of the KdV and 
KP equations. The 2-soliton solution of the KP equation and the genus 2 solution 
(which describes bi-periodic 'trains' of solitary-type waves) are used to illustrate the 

interactions between weakly three-dimensional waves interacting at an oblique angle 

on a beach of zero slope. 

The interactions between two-dimensional waves (described by the KdV) are always 

of lower amplitude than the incident solitary waves. As demonstrated in chapter 6, 

this may influence the position at which they break (the KdV and KP models do 

not predict wave breaking). If the incident waves are of similar amplitudes, they 

typically do not meet, but approach closely and are joined by a small, wide, fast 

'interaction wave'. The concept of an interaction wave carries forward to the weakly 

three-dimensional KP model, where there is a wider variety of possible interactions. 

However, there the interaction wave is not always of small amplitude; in certain 

circumstances it is of surprisingly long extent and large amplitude. The physical 

processes which maintain such a wave are not clearly defined and require further 

investigation. We expect that the implications of such interactions for waves on a 

beach are that breaking will occur further from the shore than might be predicted 
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from consideration of only the incident solitary waves. 

Thus we have described a number of nonlinear interactions between irregular waves 
before and upto breaking. Future work might include study of interactions between 

broken (or broken and unbroken) waves and a beach. Analytical work on this topic 

using the nonlinear shallow water equations is studied by Peregrine (1974), and a 
field study is presented in Packwood (1980). However, the fully nonlinear boundary 

integral model gives a more precise description of waves just before they break, 

with a variety of possible bathymetries, and if coupled to a model describing the 

waves post-breaking, may be able to provide a more detailed description of these 

interactions. 

As has already been noted, extension of the numerical models to three dimensions is 

one area for potential development. Another important one is the consideration of 

vorticity, which is assumed negligible in the models in this thesis. Vorticity becomes 

important in the surf zone currents which are generated after waves break. Inclusion 

of certain vorticity effects in the fully nonlinear boundary integral model is possible 

and may be useful if its results are considered as input to a surf zone model. 
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