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ABSTRACT 

In the manufacture of large batches of forged components it is inevitable that there 
will be statistical variations in material properties, surface roughness and in the 
geometry of the component. To assess the fatigue life performance these variations 
may be accounted for by using probabilistic analysis. It is also recognised that 
various aspects of the manufacturing process will introduce residual stresses into the 
component. However, the influence of the component to component variability of 
the residual stresses is poorly understood. 

This research has been mainly concerned with measuring residual stresses in forged 
components, establishing the relationship between residual stress relaxation and 
applied mechanical loading and providing a probabilistic approach to incorporating 

residual stresses into a fatigue life methodology. 

The main objectives of the work were to measure the magnitude and distribution of 
residual stresses in hot forged steel samples using different techniques including X- 
ray and neutron diffraction and centre-hole drilling method, to establish the 
specimen to specimen variation of residual stresses, and also to relate the variation to 
particular manufacturing processes. The work also included an experimental 
programme that investigated the interaction between residual stresses and cyclic 
mechanical loading, and to determine lives in low (LCF) and high (HCF) cycle 
fatigue regimes. Finite element (FE) models were used to examine the interaction 
between residual and applied stresses. Finally the results of the modelling and 
experiments were used in a probabilistic model that was incorporated into a fatigue 
life methodology. 

Several new cases of research were studied in detail: (i) measurement and 
interpretation techniques to obtain residual stresses using neutron diffraction and 
centre hole drilling methods were improved and developed, (ii) an analytical 
interpolation technique was developed to determine through-thickness residual 
stresses based on limited measurements, (iii) statistical distributions of surface 
residual stresses were found for different stages of the manufacturing process, (iv) 

compressive residual stresses relaxed during mechanical loading at strain ranges 
regarded as being in the elastic range, (v) fatigue life statistical distributions in the 
low cyclic and high cyclic fatigue regimes were found as a function of the various 
stages of the manufacturing process, (vi) a probabilistic analysis using the statistical 
variation of the relaxed residual stresses was developed and finally (vii) it was found 
that a joint distribution function taking account of residual stresses and other random 
variables was required in the HCF regime, although it was found that the statistical 
variation of the residual stresses was the dominant function. 
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Chapter 1 

INTRODUCTION 

Under present commercial pressures, the automotive industry is trying to deliver 

cheaper, lightweight and durable vehicles which are environmentally friendly. Some 

research targets under development aim to allow higher working stresses in metallic 

components and to have increased confidence in their fatigue performance. 
Consequently there is a need to optimise fatigue strength-to-weight ratio in the early 

stage of design and thus facilitate weight reduction or the use of new/alternative 

materials (Devlukia, 1993). The majority of failures in machinery and structural 

components can be attributed to fatigue processes. Such failures generally take place 

under the influence of repeat loadings whose peak values are considerably smaller 

than the safe loadings estimated on the basis of static analyses. Fatigue is now one of 

the major considerations in design. 

The fatigue life assessment of automotive structural parts has been traditionally 

carried out using the material Stress-Life (S-N curve) performance. Although 

residual stress has been known to exist widely in components, its influence on 
fatigue life has not been considered in design for its poor understanding of its 

variability from component to component 

Hot forging is a common manufacturing process for the production of large 

quantities of engineering components. With their reputedly superior performance, 
forgings have been used for safety critical parts such as components operating under 

conditions of high dynamic stress or impact loading (Watkins, 1975). The largest 

material fraction of a typical car is made up of 25% forged steel (Devlukia, 1993). 

As a result of various aspects of the hot forging process, including subsequent 

cooling and shot blasting, internal and surface residual stresses are developed in 

forged components (Watkins, 1975; Myllymaki, 1987). Forging and thermal loading 

introduce long range residual stresses and surface treatment such as shot peening and 

shot blasting introduces short range or near surface residual stresses. Experience in 
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the automotive industry has shown that the presence of residual stresses represents a 
major source of uncertainty in determining multiaxial fatigue life. Therefore, a 
knowledge of residual stresses in forged components is necessary to be able to 

accurately assess the life of the components. 

t 

The residual stresses, which are produced during the manufacturing process, play an 
important role in the deformation and failure behaviour of the components. A 

compressive residual stress improves the fatigue behaviour of materials, while 
tensile residual stresses produce an opposite effect. Because of yielding behaviour 

and cyclic softening of material, the residual stresses in the specimen will be partly 
relaxed and redistributed under certain levels of cyclic mechanical loading or 
thermal energy. Heat treatment, such as annealing can also completely release the 

residual stresses. The relaxation behaviour under the cycle fatigue loading depends 

strongly on the material properties. The cyclic fatigue loading can release residual 

stresses significantly for some materials (James, et al, 1982). After many cycles, the 

residual stresses will no longer change and, therefore become stabilised. It is the 

stabilised residual stresses that contribute to the fatigue life. Thus, a knowledge of 

stability or relaxation behaviour of these residual stresses is of fundamental and 

practical interest (James, et al, 1981). Stable residual stresses are often desirable in 

design and are particularly important when compressive residual stresses are 
deliberately set up in the surface regions of structural components in order to 
improve their fatigue strength. If the residual stresses are taken into account in 

fatigue strength calculation, it is very important to consider the relaxation of residual 
stresses. However, in fatigue design applications, the relaxation phenomenon is 

often neglected. 

It is difficult to model the generation of residual stress in the forging process and 

experimental approaches have been often employed to study residual stresses in 
forged components. The use of X-ray and neutron diffraction methods to measure 
residual stresses is well-established. The most important advantage of these methods 
is that they are non-destructive and capable of stress measurement without stress 
relaxation. X-ray is often used to measure near-surface values and neutron 
diffraction, which is of much greater penetrating power compared with X-ray, offers 
the possibility of stress measurement on the interior of the components. Bashun et al. 
(1986) and Appleton et al. (1987) have studied the residual stresses in forged 

components using the X-ray diffraction method and indicated that the forging 

process produces residual stresses in components. 
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I 
Compared with X-ray diffraction, which only measures stresses on the surface, and 
the neutron diffraction method where it is difficult to measure stress near the surface 

of specimen, the hole-drilling method has been widely used to measure near surface 

residual stresses in engineering components (Schajer, 1988). The conventional 

method of hole-drilling assumes that the stress field does not vary with depth. 

However non-uniform residual stresses can be determined by using incremental 

technique. But so far the application of this technique is restricted to components 

with flat surfaces and no plastic reverse yielding around hole area has been taken 

into account. 

Most components have a complicated geometry and are subjected to complex 
loadings which fluctuate in magnitude as well as direction. As a result of this, two or 
three principal stresses may be nonproportional or whose directions may change 
during the loading cycles. Fatigue under such stress states is known as multiaxial 
fatigue, and assessing multiaxial fatigue life is of considerable importance in design. 

Many proposals for different multiaxial fatigue criteria have been made but there is 

no single theory which is suitable for all materials and loading conditions. 

Many experiments have indicated that there is considerable statistical scatter in 

fatigue test results. Thus, a quantitative estimation of the reliability of the predicted 
fatigue life is essential. Many studies have been done to examine methods to be used 
in analysing fatigue test data. The most commonly used and accepted procedures are 

smoothing techniques, which smooth out the observed fatigue data and hence tend to 

mask the inherent statistical scatter of the fatigue data. The major drawback in the 

application of these techniques is that the inherent statistical scatter is often ignored. 

Thus, a statistical analysis is necessary. There are many factors which contribute to 

the scatter, such as the material, loading conditions, surface roughness, 

misalignment, residual stresses and measurement techniques. The fatigue life and 

reliability are consequently a function of these variables. Therefore, probabilistic 

approaches are needed to both characterise, and interrelate, these variables for the 
design and maintenance of components. 

The factors that influence fatigue life are random in nature and therefore the 

appropriate development of analysis and design methodology should be 

probabilistic. The relevant measure of structural performance is the probability of 
failure. Failure is defined, generally, as the inability of the structure to perform its 
intended functions. In other words, failure refers to attaining or exceeding some limit 

state, which may include damage necessitating repairs, rupture, and catastrophic 
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collapse. The advantage of the probabilistic approach to design lies in the logical 

framework for analysing design uncertainties and provides a quantitative basis for 

assessing structural integrity in the form of the risk or probability of unfavourable 
performance. To ensure adequate fatigue and fracture resistance, the design must 
employ design stresses that reflect uncertainties in fatigue and fracture behaviour 

and contain at least a tacit recognition of the probability that some amount of 
damage will be incurred. This permits the formalisation of an approach to the study 
of safety and performance of structures and, ultimately, would make it possible to 

achieve optimum designs within the constraints and cost limitations. 

The main aim of the research reported in this thesis was to determine the statistical 
distribution of residual stresses, to explain how the residual stresses are influenced 

by cyclic loading and then to establish a probabilistic approach to incorporating the 

residual stresses into a fatigue life assessment. The residual stresses in forged 

components will be examined using different techniques to obtain residual stress 

profile in component and residual stress variation from sample to sample. The 

residual stress relaxation under mechanical loading will be studied. A probabilistic 
approach will be used to incorporate residual stress as an random variable into 

fatigue life analysis. 

Chapter 2 reviews the experimental, analytical and numerical investigations of other 
workers on the residual stress measurement techniques, fatigue theories, residual 
stress influence of fatigue lives and its relaxation under fatigue loading, and 
probabilistic approaches for fatigue life and reliability analysis. 

In Chapter 3, the overall experimental programme with the test procedures and test 

matrix is described. 

The residual stress measurements on forged components using different techniques 

are presented in Chapter 4. Some new developments were made for both the 

experiments and analysis of results. ' 

Chapter 5 presents the development of a theoretical approach for interpolating 
limited experimental residual stress results in round bar specimens. The theoretical 

analysis, together with a least squares method, has been developed to obtain the 
complete distribution of residual stresses in the round bar specimens. The 
interpolated results have been compared with results from using the centre hole 
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method and also using chemical etching combined with the X-ray diffraction 

method. 

The experimental work and finite element (FE) analyses on the interaction between 

residual stresses and mechanical loading are presented in Chapter 6. Two hardening 

models were used in the FE analyses, linear kinematic hardening model and 
multilinear hardening model. The latter model has been developed for cyclic loading 

and written into a user subroutine UMAT for use in ABAQUS. Residual stress 
relaxation for different initial residual stresses and different cyclic strain ranges have 
been obtained. 

Chapter 7 presents fatigue test data from four groups of specimens AF, HT, FS and 
HTS. The data were analysed using Weibull distributions. The influence factors of 
each stage of forging process on fatigue lives were studied and discussed. A more 
realistic fitting function with endurance limit was used for the S-N curve. 

Chapter 8 summarises the statistical analysis of residual stress variation from 

specimen to specimen, its redistribution after interaction with cyclic loading and its 

influence on fatigue lives. A probabilistic approach has been developed to 
incorporate residual stresses into fatigue life prediction. The relationship among 
fatigue cyclic strain ranges, relaxed residual stress and the fatigue life has been 

derived. Some other random influence factors on fatigue life, excluding residual 
stresses, have been included. Simulations to determine fatigue lives have been made. 

Chapter 9 summarises the main conclusions and suggests potential future work. 
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Chapter 2 

LITERATURE REVIEW 

Most of the literature reviewed in this chapter is directly related to 

the research work in this thesis. The review examines previous 
knowledge of residual stresses in forged components, residual stress 

measurement techniques and interpretation methods. Multi-axial 

fatigue theory and mean stress effects on fatigue life are reviewed. 
Then the effects of residual stress on fatigue life and residual stress 

relaxation due to fatigue cycles are reviewed. Probabilistic 

approaches to fatigue life and reliability analysis methods are also 

reviewed. Finally the limitations of current knowledge about residual 

stresses and their influence on fatigue life are discussed, and the 

work carried out to address the limitations are highlighted 

2.1 Residual Stress In Forged Components 

Manufacturing processes, including forging, thermal loading and shot blasting, 

introduce significant residual stresses in components. In the operation of forging, 

tensile stresses may develop in the process of changing shape and failure can often 
be traced to the occurrence of these stresses (Watkins, 1975). The non-uniform 

plastic deformation, which is generated over the whole specimen by forging and 
thermal loading and on the surface by surface treatment, is a key factor in 

determining the distribution of the residual stresses. Forging and thermal loading 

introduce long range residual stresses and surface treatment, for instance shot 

peening and shot blasting, introduces short range residual stresses. 

Compared with work on residual stresses in welded components, there is little work 
available on residual stress in forged components and complete methods for the non- 
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destructive monitoring of the level and distribution of residual stress do not exist 
(Bashun et al., 1986). The behaviour of workpieces can not be analysed easily using 

normal plasticity theory. Often finite element methods have been used previously to 

study the workpiece deformation using a rigid perfectly plastic model and in general 
do not provide residual stress distributions directly. 

Experiments have been the best way to study residual stress in forged components. 
Bashun et al. (1986) studied the distribution of residual stresses in alloy AK4-1 drop 

forgings using an X-ray diffraction method. Their study indicated that the forging 

process introduces residual stresses in components. Also Appleton et al. (1987) 

studied the residual stress caused by the indentation phase of rotary forging by using 

an X-ray diffraction method. 

Grit blasting of components as a preparation for surface cleaning is often the last 

process of hot forging before painting. Some concern has been expressed, however, 

that the grit blasting might impair the mechanical properties, particularly the fatigue 

strength. Myllymaki (1987) had carried out a series of tests to determine the effects 

of the grit blasting on aluminium alloys. Also X-ray diffraction was used to measure 

residual stresses on specimens with and without grit blasting. He concluded that the 

grit blasting did not have a significantly adverse effect on the fatigue strength of 

some materials and, indeed; had a beneficial effect with the very fine grit. The 

beneficial effect. resulted from compressive residual stresses which were confirmed 
by X-ray measurements. Therefore the grit blasting may have a similar effect as shot 

peening which is commonly used process to induce compressive surface residual 
stresses and thereby improving the fatigue strength. 

James '(1982) obtained residual stress distribution using X-ray diffraction together 

with progressive etching of the surface for grit blasted Al 2219-T851 specimens. The 

profiles of the residual stresses showed maximum compressive residual stress (about 

-200 MPa) on the surface of the specimen and dropped rapidly to zero within 50 µm 
below the surface. 

2.2 Residual Stress Measurements 

Residual stresses exist in most of components and can be generated in almost every 
step of processing such as heat treatment (Beck & Ericsson, 1987; Mark, et al., 
1987; Beck & Simon, 1987; Walker, 1981; Burnett, 1981), machining (Scholtes, 
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1987), welding (Wohlfahrt 1987; Kuznetsov, 1981), shot peening ( Niku-Lari, 

1982). 

The residual stresses are classified as three different kinds of residual stresses, called 

residual stresses of the 1st, 2nd and 3rd kind (Macherauch, 1987). The Ist kind of 

residual stresses are macrostresses that are nearly homogeneous across large areas of 

a material and are in equilibrium over the bulk of the material. They extend over 
distances that are large relative to the grain size of the material and are of general 
interest in design and failure analysis. Macrostresses are tensor quantities, which 

magnitudes varying with direction at a single point in a body. When macrostresses 

are determined in three principal directions (or six stress components are obtained), 
the maximum and minimum residual stresses, the maximum shear stress and their 

orientation can be found. Macrostresses strain many crystals uniformly in the 

surface. This uniform distortion of the crystal lattice shifts the angular position of the 

diffraction peak selected for residual stress measurements 

The 2nd kind of residual stresses are nearly homogeneous across microscopic areas 

and the 3rd kind residual stresses are inhomogeneous across submicroscopic areas. 
A combination of the 2nd and 3rd kinds of residual stresses are called microstresses 

and are resulted from imperfections in the crystal lattice. Microstresses are 

associated with strains within the crystal lattice that traverse distances on the order 

of or less than the dimensions of the crystals. Microstresses vary from point to point 

within the crystal lattice, altering the lattice spacing and broading the diffraction 

peak (Prevey, 1986). 

Residual stress states in a material are always the combinations of macrostresses and 

microstresses. There is always influence of the 3rd kind residual stresses, even 
though the 1st kind residual stresses are removed by some method like annealing. 
Consequently, a residual stress free state can never be achieved. 

There are various techniques that have been developed for measuring residual 

stresses. The X-ray diffraction and neutron diffraction have been widely used as 

non-destructive methods. The centre hole method is a semi-destructive method and 
has also been widely used. These three methods of measuring residual stresses have 

been employed to measure the residual stresses in hot forged components in this 

research. In the following a short review will be given on the three methods for 

determination of residual stresses concerning their principles, advantages and 
limitations. 
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2.2-1 X-ray diffraction technique 

In real materials there are a number of atoms arranged in periodic planes called 
lattice r'anes. The planes can be denoted by Miller Indices (hkl). X-ravs are invisible 

and travel in straight lines. Most of their properties are similar to visible light. In 

addition, X-rays penetrate materials opaque to visible light. When a X-ray beam, 

monochromated to a particular wavelength, ?,, impinges on the atoms in the lattice 

planes, it is diffracted by crystalline materials whose lattice spacing is of the same 

order as the X-ray wavelength (Cullity, 1978). The British scientist W. L. Bragg in 

1912 derived the relationship between diffraction angle and X-ray wavelength, 

which is called Bragg's law, 

nk = 2d sinA (2.1) 

where n is an integer denoting the order of diffraction, ? is X-ray wavelength, d is 

the lattice spacing of crystal planes and 0 is the diffraction angle as shown in Figure 

2.1. Any change in the lattice spacing, d, results in a corresponding shift in the 

diffraction angle 20. In polycrystalline materials, the crystal planes are distributed in 

every direction as shown in Figure 2.2, where Q is a vector bisecting the incident 

beam and diffracted beam. For diffraction to occur Q must perpendicular to the 
lattice planes (diffracting planes). Therefore, the lattice spacing in any direction for 

the polycrystalline materials can be measured by the X-ray diffraction using Bragg's 
law. The lattice spacing in any direction may be denoted by dp,, where ý is the angle 
to which the surface stress 6 ro 

is related and yl is a tilt angle measured from the 

normal direction of the surface. Then the strain in the direction defined by 4 and yf 

can be expressed in terms of changes in the linear dimensions of the crystal lattices 

dWW - do 
d o 

where do is the stress-free lattice spacing. 

(2.2) 

At the specimen surface, the stress state can be assumed to be biaxial. Based on 
elastic strain analysis, the strain e., can be found as, 

1+v 2v Eýý =E aýsin yý-E(ai+a2) (2.3) 
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where E is Young's Modulus, v is the Poisson's ratio, a1 and a2 are the two 

principal stresses on the surface plane and a, is a normal stress within the surface 

plane with the angle being cp. Equation (2.3) is a form of the traditional X-ray 

residual stress equation and has been in use since 1925 (Noyan & Cohen, 1987). 

Combining Equations (2.2) and (2.3), then the lattice spacing for any orientation can 
be expressed as, 

d, 
W =[i 

Eap do sin' y-E (a 1+a2 )do + do (2.4) 

Equation (2.4) describes the fundamental relationship between lattice spacing and 
the biaxial stresses in the surface of the specimen. From the Equation (2.4) it can be 

seen that the lattice spacing d,,,, is a linear function of sine W. If the lattice spacing 
is measured at two angles, the stress am can be determined from the slope of the line 

connected between the two points, in which the stress free lattice spacing do is not 
sensitive and can be replaced by any lattice spacing d,,, that has been measured. 

This method is called the Two-Angle Technique and the two angles were normally 
taken as two extreme values, typically 0° and 45° (Hilley, 1971). When the lattice 

spacing is measured for multiple W tilts, a straight line can be fitted by least squares 
regression and the stress aW is calculated from the slope of the best fit line. Again, 

the stress free lattice spacing do is not sensitive and can be replaced by any lattice 

spacing dP, 
v measured. This technique is called "sinew " technique (Hilley, 1971). 

There were also other similar techniques such as the Single Exposure Method in 

which the principle is the same (Hilley, 1971; Noyan & Cohen, 1987). 

In highly texture materials, the anisotropic stress-strain Hook's law has to be 

considered. Therefore the relationship between strain c mw and stresses in surface 

plane would be different and more elastic constants related to the anisotropic 
behaviour should be involved. Marion and Cohen (1975) developed a technique in 

which an additional dependence of the lattice spacing on a texture distribution 

function f (yf) was introduced. This method requires simultaneous determination of 

the preferred orientation, or texture, in the specimen to determine the function 
f (w) 

. Along with the lattice spacing, all the parameters introduced are solved by 

multiple linear regression over the function f(w) and d,, as functions of sin' w. 

There are restrictions and limitations associated with the X-ray measurements. Since 
X-ray wave lengths have only small depths of penetration into steel, the X-ray 
diffraction method is basically restricted to surface residual stress determination. The 
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irradiated area must be limited to an essentially flat region on the sample surface 
because the tilt angle yr must be constant throughout the irradiated area. For a curved 
surface, such as round bar specimen, the tilt angle yr is not constant and substantial 
error would be induced. Therefore a relatively small irradiated area is needed for the 

curve surface to reduce the error introduced by the curvature. Noyan and Cohen 
(1987) analysed the curvature influence. This curvature influence may prohibit X- 

ray diffraction from measuring residual stresses at notches and fillets where critical 
positions of specimen are located. The instrumental misalignment can also 
contribute to the measurement errors, such as sample displacement from the centre 
of the diffractometer, effect of y-axis not corresponding to the 20 axis and 
missetting of true zero of the yr-rotation. Noyan and Cohen (1987) have given a 
comprehensive discussion about these effects. 

It is obvious that X-ray diffraction does not allow direct measurement at interior 

points of steel samples. Therefore a layer removal is necessary to let the X-ray reach 
the depth to take the measurements. Using mechanical methods, such as mechanical 

machining and polishing, to remove material will cause plastic deformation and 
introduce additional residual stresses. Therefore they were excluded (Prevey, 1986). 

Electropolishing and chemical etching processes have normally been used to remove 

surface layers. (Prevey, 1986; Noyan & Cohen, 1987; Ballard & Constantinescu, 
1994). However, removal of material leads to stress relaxation which will result in 

inaccurate measurements of the interior residual stresses. Thus, the redistribution of 

residual stresses due to the removal of material has to be taken into account to 

modify the X-ray measurement results (Prevey, 1986; Noyan & Cohen, 1987; 
Ballard & Constantinescu, 1994). For the simple shapes such as flat plates or 
cylindrical bodies, closed-form solutions and calculation methods have been 
developed (Moore, et al., 1958; Sikarskie, 1967, Kang, et al., 1994; Ballard & 
Constantinescu, 1994). These corrections involve integration over the residual 
stresses measured in the layers removed from the exposed layer back to the original 
surface. The accuracy of these corrections depends on the depth of resolution over 
which the stress distribution is measured. Correction for layer removal can be 

combined with correction for sectioning to determine the total original state of the 

residual stresses. 
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2.2-2 Neutron diffraction technique 

The methodology and analytical formalism for neutron diffraction is the same as X- 

ray diffraction. For the X-ray, the depth of penetration in most metals is limited to 
less than 100 µm (Stacey et al., 1985) and the diffraction takes place within a thin 
layer of about 20 µm (Noyan and Cohen, 1987) whereas the neutron can penetrate 
deeply into metals to about 30-40 mm (Allen, et al., 1985). Therefore X-ray 
diffraction can only be used non-destructively to measure residual stresses in near 
surface region and the neutron diffraction can be used to examine internal residual 
stresses within the bulk of materials. 

The neutron diffraction measurement is over the volume of material sampled which 
is defined by intersection of the incident beam and diffracted beam. The size of 

volume can be controlled by using different neutron-absorbing cadmium masks. 
With Bragg's law used, the lattice spacing is measured in the direction that bisects 

the incoming beam and the diffracted beam. This measurement is an average value 

over the neutron volume (Allen, et al., 1985). The lattice spacing for the stress free 

da must be known if the absolute strain is required. Inside the specimen, the stress 

state is generally in a 3D stress state and therefore unlike the X-ray diffraction 

method there is no simple way to obtain stress directly using the neutron diffraction. 

To obtain the full strain state requires at least six measurements in different 

directions. The. stress components can be found by Hook's law, in which the 

macroscopic elastic constants can be used by using the effective diffraction elastic 

constants without the influence of texture (Allen, et al., 1985). If the material is 

isotropic the determination of the principal stresses from the principal strains can be 

obtained using (Smith, 1988) 

Cr 
E 

[(1-V)E, +V(£2 +£3) ' (1+v)(1-2v) 

(Y2 -E (-V)E2 +V(E3+E, ) 

(1+V)(1-2v) 
E 

63 

(1 +v)(1- 2v) ((1-v)£3 +v(£2 +E, ) 

(2.5) 

where E and v are the Young's Modulus and Poisson's ratio of the bulk material, 
respectively. If the sample is textured, the effects of crystalline anisotropy need to be 

considered (Sayers, 1984; Allen, et al., 1985). 
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To obtain the absolute lattice strain, a knowledge of either the lattice spacing do or 
the scattering peak angle 200 of the unstressed materials is necessary. Actually, for 

the d0 and 200, if one is known, the other can be found using Bragg's equation. 
However, Buttle and Hutchings (1992) pointed out that obtaining true values of d0 

or 200 may prove difficult in practice. They suggested that a small annealed sample 

with measurements made in several orientations and averaged, or at an extreme part 

of a component, may be taken to be in zero strain. A simple way to find d0 is to 

measure on a small cube that is extracted from specimen (Smith, et. al, 1988 & 

1992) where it is judged to be `stress free'. Webster et al. (1995) presented an 

alternative method of determining do in which an approximate value of do is 

assumed and the strains and stresses are calculated using the lattice spacing 

measured. Then do is adjusted by iteration until various line integrals of stress 

balance to zero. Prask et al. (1987) pointed out that a precise value for the unstressed 
lattice spacing d0 was essential since the determination of residual stress depended 

on measurement of strain values. For a cylindrical geometry, the equilibrium 

conditions are fulfilled, 

fcr 
ZZrdrdA =0 

$c0odrdz 
=0 

by adjusting the do. 

(2.6) 

The X-ray diffraction measurement does not require accurate unstressed lattice 

spacing do whereas it is important to neutron diffraction measurements. The 

unstressed lattice spacing do can be affected by many factors, such as heat treatment 

(Noyan and Cohen, 1987), prior plastic strains (Smith & Webster, 1996) and 

compositional change (Webster et al., 1995). In many cases, the composition near 
the specimen surface can be different from that of the interior. Large changes in peak 

angle occur in steel for the (211) reflection have been observed. 

In the neutron diffraction measurement, the neutron gauge volume is confined to 

within the sample and all measurements in the literature are well away from the 

sample surface (Smith et al., 1992; Rudkins, et al., 1994; Lorentzen and Ibso, 1995). 

Lorentzen (1995) found that when the neutron gauge volume was moved out of the 

sample to obtain residual stress close to the sample surface, unrealistic values were 

obtained and the calculated residual stresses were much higher than the yield stress 

of the material. There is no literature found to discuss this particular problem. 
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2.2-3 Centre hole method 

The centre hole method has been widely used as a semi-destructive technique for 

measuring residual stresses. This method consists of drilling a small hole in the 

material and measuring the resulting change in strain on the surface in the vicinity of 
the hole. The measurement of these strains due to stress relaxation gives the 

necessary data for calculating the original residual stresses at the hole area. Its 

popularity stems largely from its ease of use in many different applications and 
materials, its limited damage to the specimen, and its general reliability (Schajer, 
1988). 

In general the residual stresses in a sample are a function of location. Because the 
diameter of the hole drilled is very small compared with the dimension of the 

sample, the residual stresses have been treated as being uniform in the hole area but 

not through the depth. 

For the conventional one step method, the residual stresses are assumed to be 

uniform with depth (Mathar, 1934; Rendler, et. al, 1966; ASTM Standard, 1985; 

Measurement Group, 1986). In this case the stress state is plane stress, which can be 

expressed by two principal stresses, a max and a min, and the direction of principal 

stress, a. After the hole is drilled, the hole surface traction related to the plane stress 
state is removed and radial strain change due to the removal can be expressed as 
(Rendler & Vigness, 1966), 

Er= A(6 max 
+6 

min) 
+ B(a' max - (y 

min) 
cos 2a (2.7) 

where A and B are constants related to the material and geometry of strain gauge 

used. Equation (2.7) can be proved theoretically for a linear elastic isotropic material 
(Schajer, 1988). Normally, the specifically designed strain gauge rosette for the 

centre hole residual stress measurement has three strain gauges in three different 

directions, say 0°, 45° and 90° (Technical Note, Measurement Group, 1986). The 

measured data from the three strains are sufficient to calculate the stresses and 
direction using the Equation (2.7). 

The coefficients A and B can be obtained by using experimental calibration 
(Bathgate, 1968; Bijak-Zochowski, 1978; ASTM Standard E837-85) which involves 

measuring the rosette strains under the same applied load or calibration stress both 
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before and after drilling the hole. This procedure eliminates the effect of the initial 

residual stress in the calibration specimen and is particularly attractive since it 

automatically accounts for the mechanical properties of the test material, strain 

gauge rosette geometry, hole depth and diameter, and the strain-averaging effect of 
the strain gauge grid. The drawback of it is that the coefficients obtained using this 

procedure are strictly applicable only for residual stress measurement conditions 

which exactly match the calibration conditions. The coefficients A and B can be also 
found by using finite element analysis as long as the material elastic constants, hole 

geometry and location of strain gauges are given (Rendler & Vigness, 1966; Schajer, 

1981; Redner & Perry, 1982). 

In order to make common use of finite element results, Schajer (1981) introduced 

two non-dimensionalised coefficients 

2E 
A 

1+v 

=2EB 

(2.8) 

in which, based on the analytical results from through hole analysis, a was 

considered to be material-independent and b weakly dependent of Poisson's ratio. 
Schajer (1981) obtained partial-depth coefficients using finite element analyses and 
found ä and b vary by; less than 2% for the range of Poisson's ratio from 0.25 to 

0.35. Nickola (1986) calculated these coefficients for different values of the 
dimension ratio, D/ Do, where D is strain rosette diameter and Do is the hole 
diameter. 

One may think of the residual stresses obtained using the conventional one step 

method as representing weighted average values over a certain depth. In the case of 
the residual stresses varying with depth, the calculated residual stresses are always 
lower than the actual maximum. 

To consider non-uniform residual stresses, Soete and Vancrombrugge (1950) and 
Kelsey (1956) developed an incremental strain method in which the strain relaxation 
after successive small increments of hole depth were measured and the stresses 
originally existing within each hole depth increment were calculated. In these 

methods it was assumed that the incremental strain relaxation was wholly due to the 
stresses existing within that depth increment. Equation (2.7) was used and the A and 
B were treated as functions of depth. These A and B values for different hole depth 
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were calibrated experimentally. Obviously, the assumption in this incremental strain 
method is not true because the stresses within the new depth increment are 
redistributed due to previous increments. The subsequent strain relaxation is not only 
by the stresses existing within that depth increment, but also by the stresses caused 
by previous drilling increments. 

Nickola (1986) introduced a stress calculation method using the concept of 
equivalent uniform stress, called an average stress method. For any given depth z 
and z+ Az , the uniform stresses a: and a =+, were calculated, respectively, using 

the conventional one step method but A and B varied with depth. Then the following 
balance was considered, 

ß: +äz (z + Az) =a sz +a AZAz (2.9) 

to obtain stress a e, at the region Oz. This method lacks theoretical basis and has a 

significant shortcoming (Schajer, 1988) and may be regarded as an approximate 
engineering method. 

Schajer (1981) developed a power series method in which the strain relaxation was 

calculated using finite element method for different stress fields with power series 
variations with depth z, i. e., 1, z, z2, etc. These strain responses were then used as 
basis functions in a least-squares analysis of the measured strain relaxation. In this 

way, the measured strains were decomposed into components corresponding to the 

power series stress fields. The actual stress field is then reconstructed by summing 
the stress fields corresponding to the individual strain relaxation components. 

A more mathematically rigorous expression for the strain relaxation against residual 
stress and drilling depth was given by Bijak-Zochowski (1978), 

E(H)=1Ev 
f(z, 

H(z)dz O5z5H (2.10) 

A 

where A(z, H) is strain relax function. Theoretically, the residual stress distribution 

a(z) can be determined if the Ä(z, H) is known and strain relaxation c(H) is 

measured. But the strain function Ä(z, H) could not be determined either 
analytically or experimentally. 
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Niku-Lari and Flavenot (1985), Flaman and Manning (1985) and Schajer (1988) 

used a step-wise-constant distribution to replace actual residual stress distribution. 

Simultaneous equations were obtained 

J=1 
Eaüal=ýýEi 1<_ j<i<n (2.11) 

f=1 

where c; is the measured strain relaxation after the ith hole depth increment, a, is 

the equivalent uniform stress within the jth hole depth increment, äj is the strain 

relaxation due to a unit stress within increment j of a hole i increment deep and n is 
total number of hole depth increments. The coefficients äj are material and hole 

geometry dependent and had been determined numerically using finite element 

method. 

After the hole is drilled to a certain depth z, say z/D =>0.5 where D is the average 
diameter of strain gauge rosette, stresses in the following increments have very little 

effect on strain relaxation. Therefore, for the best results from the incremental hole 

drilling, there should be a limitation in the hole depth which is reported to be about 

z/D -- 0.15 - 0.2 (Kelsey, 1956, Schajer, 1988). 

Because all stress results have been calculated from measured strain relaxation using 

elasticity, any plastic deformation during hole drilling may induce significant error 
in stress results. The drilling operation itself does cause plastic deformation around 

the hole surface. Many investigators have thoroughly studied the influence of 
different drilling techniques. The effects were generally small (Rendler & Vigness, 

1966; Beaney & Procter, 1974; Beaney, 1978). For the ultra high-speed drilling 

using an air turbine, it had been shown that there was little influence on the residual 

stresses (Flaman, 1982, Niku-Lari & Flavenot, 1985). 

Plastic deformation may also be induced after the hole is drilled if the magnitude of 

the redistributed stresses around the hole exceeds the yield strength of material. For 

the extreme case of uniaxial stress state, the stress concentration factor is 3. 

Therefore, if the residual stresses are larger than one third of yield strength, some 

plastic yielding will take place theoretically (Nawwar, et al, 1976; Lin & Chou, 

1995). For equal biaxial stress state, the elastic limit is about half of the yield 

strength (Beghini, et al., 1995). Many investigators have studied the local yielding 

around the hole on residual stress results both experimentally and numerically. From 

the experimental results, the influence of plasticity is negligible when the residual 
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stress is less than 65-70% of the yield strength (Bynum, 1982; Nickola, 1984; Lin & 
Chou, 1995). For a through hole in a thin plate the potential error caused by the 

plastic deformation could reach 30% for residual stress near to 75% of yield strength 
(Nawwar, et al., 1976). Beghini et al. (1994) analysed through-hole with different 
biaxial stress state and linear hardening plastic material using finite element method. 
In the case of elastic-perfectly plastic material, Beghini's numerical results showed 
that the error could reach 140% for residual stress about 90% of the yield strength. 
For a blind hole, Lin & Chou (1995) tested specimens made from different 

materials and showed that the error was about 5-12% for the residual stress being 
75% of the yield strength and 32-47% error for the residual stress about 95% of the 

yield strength. In fact, it is possible and quite reasonable that elastic behaviour of 

unyielded material, existing below blind-holes, can and would retard the plastic zone 

growth. This restraining plastic zone is non-existent for through-hole applications 

and the yield zone around the hole can experience a more rapid growth resulting in 

higher error caused by the plastic deformation (Nickola, 1984). 

All theories and applications of the centre-hole method so far have been under the 

condition that the specimen surface is flat. Apparently, for specimens with curved 

surface, such as cylinder or bars, the effect of curvature has been ignored and any 

analyses for flat surfaces have been applied. No work has been found about the 

influence of curvature on residual stresses, especially for round bar specimens. A 

new method is needed however for applying the hole-drilling method to components 

with curved surfaces if there is significant curvature. 

2.3 Theories of Multiaxial Fatigue 

Fatigue damage in components may be classified into different stages, which include 

nucleation of micro defects, initiation of the crack, crack growth and fracture. These 

also can be roughly divided into two stages: crack initiation and crack growth. The 

total fatigue life is the sum of the number cycles to initiate a fatigue crack and the 

number of cycles to propagate it subcritically to some final crack size which will 
lead to failure. Since the crack initiation life constitutes a major component of 
fatigue life in smooth specimens (which may be up to 90% of the total fatigue life), 

the multiaxial fatigue theories represent, in many cases, design against fatigue crack 
initiation. For high cycle fatigue, which is normally in low stress situations, the 
deformation is primarily in the elastic regime. Stress-based criteria are consequently 

more suitable in predicting the high cycle fatigue failure (Krempl, 1974). For low 
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cycle fatigue, the stresses are generally high enough to cause appreciable plastic 
deformation prior to failure. Strain-based approaches are used in connection with the 
low cycle fatigue. To consider the interaction between the stress t nd strain in fatigue 

cycles, energy-based criteria have also been proposed (Sines & Ohgi, 1981; 
Lefebvre, et al., 1981; Garud, 1981; Ellyin, 1988). 

2.3-1 Stress-Based Criteria 

Stress-based criteria are normally used for high cycle fatigue, for which the fatigue 
life N is taken as being infinite. In reality, a fatigue life in excess of 10' or 108 is 

considered as an infinite life. 

In the case of combined bending and torsion, two empirical relations had been 

developed (Gough, et al., 1951) 

zz 
ý+ß 

=1 
ICF 6F 

for ductile materials and 

(2.12) 

2z 
ti +(t-1) a +(2-t) aF 

=1 (2.13) FF 

ßFIoCF 

for brittle materials, where 
a= fatigue amplitude of normal stress of bending 

T= fatigue amplitude of shear stress of torsion 
6F = fatigue endurance limit for normal stress 
TF = fatigue endurance limit for shear stress 

The above empirical formula can't be extended to general stress states. 

The fatigue failure criteria are similar to strength theories and can be classified as 

maximum principal stress, equivalent stress (Von Mises) and maximum shear stress 
(Tresca) criteria. For brittle materials the maximum principal stress failure criterion 
is appropriate 

aI/aF=1 (2.14) 
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The equivalent stress criterion may be expressed as (Stanfield, 1935) 

P4011 -a2)2+(a2-a3)2+(a3-(: FI)2 =aF (2.1 s) 

in which ß is an experimental parameter which depends upon the particular material 
and a given cyclic life and 

a1, a2, a3 = fatigue amplitude of principal stresses with a1 za2 Za3 

Maximum shear stress is regarded as the key factor in material failure and many 
theories have been based on this idea. The normal stress a� on the plane of 

maximum shear stress has also been considered as having an influence on material 
fatigue failure. Ellyin (1988) pointed out that many failure criteria proposed by 

several investigators (Stanfield, 1935; Findly, 1957; McDiarmid, 1974) can be 

expressed as general form 

timax +f (Cr,, ) =0 (2.16) 

where 
ßn = amplitude of normal stress on maximum shear stress plane. 

The classical approach:; toi fatigue has focused on the S-N diagram which relates 
fatigue life (cycles to failure, N) to cyclic stress amplitude, S.. The classical model 
is the Basquin equation (1910), 

NSä =C (2.17) 

where C and m are empirical constants. For multiaxial stress cases the stress 
amplitude in the design can be used as maximum principal stress amplitude ß or 
Von Mises stress amplitude a eq, a 9 or maximum shear stress amplitude rm 

,a. 

2.3-2 Strain-Based Criteria 

Early investigators, who studied low cycle fatigue using strain-controlled test, were 
generally concerned with a uniaxial stress state. This leads to the development of 
different fatigue laws. 
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A strain range-cycles to failure model proposed by Langer (1962) for low cycle 
fatigue was, 

So = BN-uZ + S. 

Sp =2 EDs 
(2.18) 

where B and Se are empirical constants and Ac is the strain range. Only in the 
linear elastic range, So is the actual stress amplitude. Langer's law has been used to 
develop design curves in the American Society of Mechanical Engineering Boiler 

and Pressure Vessel Code. 

The widely used Manson-Coffin relationship which includes low cyclic fatigue 
(Manson, 1962; Tavernelli & Coffin, 1962) is 

ýý 
=E 2Nf)° 

esP 
2c f' 

(2N fepý 

2=02+ Aý 
=E (2N f)6 +Ef (2N f)° 

(2.19) 

in which the prefix 0 in front of a variable refers to its total range, superscript e and 
p refer to the elastic and plastic component, respectively, and 

af= material strength coefficients 
ef= material ductility coefficients. 

The exponents b and c are found from regression of the test data. The Manson- 
Coffin relationship was then extended to the multiaxial stress state by defining a 
suitable equivalent strain measure. This equivalent strain measure can be determined 
from several different parameters: 

i) maximum normal strain (Libertiny, 1967), 

Act = kNf 

where k is a constant found from the best fit to the test data, 

(2.20) 
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ii) maximum total strain (Zamrik & Fishmuth, 1973), 

Ac'.. = kN f 

Emax=Max sý+sZ+s3 

where 
s1, s2, s3 = principal strains with sl Z c2 ßc3 

(2.21) 

iii) Von Mises or octahedral equivalent strain (Sines & Ohgi, 1981; Pascoe & 
DeVilliers, 1967), 

'äE eq = kN f 

Eeq =ß (E1 
-E2)2 -f- 

(E2 -E3)2 +(E3 - 

where ß is related to the elastic-plastic Poisson's ratio. ý} 
(2.22) 

iv) Von Mises's or octahedral equivalent plastic strain (Andrews & Ellison, 

1973; Zamrik & Goto, 1968), 

Osq=kNJ. 

Cq-3 (Ei)Z +(Ei)2 +(cP)Z 3 

DYöt=kNj 

Y° ý=3 
ýE1 )Z +(E2ý +(s3)Z 

(2.23) 

(2.24) 

Many investigators suggested that fatigue failure resulted from slip during yielding 
along critically orientated planes. The slip process is primarily shear driven which 
implies that the maximum shear strain plays a key role. Failure criteria, based on the 

maximum shear strain or shear plastic strain, are in the form (Ellyin, 1988), 

Dymax - kNfc 

7 max 
E1 -£2 
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DY max - 
lCN 

J 
P =C Pý Ymax l -E3 

(2.26) 

Brown and Miller (1973) introduced a theory in which they suggested that the 

normal strain c� on the maximum shear strain plane was also a factor leading to 
fatigue failure. A function relating the two strains is given by, 

Y 
max - f(6n) 

Ymax -EI-E3 

En = 
Z(E1 

+83) 

(2.27) 

in which function f can be made to vary with life. The Brown-Miller theory was 

modified by Lohr and Ellision (1980). It was argued that the biaxial fatigue failure 

was predominantly controlled by the shear strain acting in a through-thickness 
direction and not the maximum strain. In terms of the Brown-Miller function this 

was described as: 

I 
Yý =. f(En) 
Yý =EI -Er 

En = 2lE1 +Er) 

Yý =EI -Er 

£n - 2(E1 +Er) 

(2.28) 

in which y* is maximum shear strain on a plane-inclined 45° to the surface, s;, is the 

normal strain on the y plane and s, is normal strain on the surface. The Lohr- 
Ellison theory is subject to the condition that E, * el and the surface is under biaxial 

stress state. There are two cases for the Lohr-Ellison theory: case A is where Cr = C2 
which leads to y* < yma; case B is where C. = E3 which leads to y` = ym.. For the 

case B the Lohr-Ellison theory is identical to the Brown-Miller criterion. There is 

substantial data to support the Lohr-Ellison theory (Socie & Waill, 1974; Shatil, 
1990). Lefebvre (1985) thought that the tensile strain parameter (E1 + E3) did not 
result in a good correlation of biaxial fatigue data for case A and suggested to use 
volumetric strain instead. This criterion is as follows, 

Ymax 
+bs, =C 

2 
(2.29) 
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where 

1E1 +E2 
for case A 

Ea =2 

Lei + E2 +23 for case B 
(2.30) 

and b, c are constants related to material. Makinde (1989) proposed a general 
criterion based on the contours of constant fatigue life on a plot of maximum shear 
strain against the tensile strain acting normal to the plane of maximum shear strain. 

2.3-3 Energy-Based Criteria 

In the stress-based or strain-based criteria described above, either a stress range or 

strain range is chosen as a main parameter This implies that the interaction between 

stress and strain and strain history during fatigue process in terms of the stress-strain 

response of the material is not accounted for. For low cycle fatigue, the cyclic plastic 
deformation is generally believed to involve and depend on the loading path and 

strain history especially for nonproportional loading. An energy-based criteria may 
be used to overcome these shortcomings. 

A total strain energy or plastic strain energy was proposed (Ellyin, 1974), 

oaeg eEeq 
= kNf (2.31) 

Aaeq DE 
q= 

k'N f (2.32) 

in which the equivalent stress and strain are based on the Von Mises's criterion and 
k, k' are material constants. Garud (1981) proposed an approach which relates 
fatigue life to the plastic work per cycle W", 

eW° = 
jaJdsp 

= Eases 
cycle cycle 

(2.33) 

where ßy is the stress tensor and de? is plastic strain increment tensor. The criterion 

was represented in the form of a power-law, 

Nj =(A WP)" (2.34) 
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where a is a material constant. Ellyin [Ellyin, 1988; Ellyin & Golos, 1988) derived a 
failure criterion, 

OWr = k1V f+c (2.35) 

which is based on the total strain energy density per cycle with a modification to 

consider the fact that superposed hydrostatic tension decreases the fatigue life and 
the compression increases it. Ellyin suggests, 

AW` = [1 + H(p)]OW + AWP (2.36) 

where 

Awe = 
fcrudF,, 'ucycle 

and 

H(p) = 
1 10 pz0 

__ 
Ez 

p<0 
p 

Eý-Eg 

(2.37) 

(2.38) 

A Ramberg-Osgood relationship was adopted for the specially designed stress-strain 
curve, called a master curve, to calculate the strain energy. 

2.3-4 Effect of Mean Stress 

Fully reversed fatigue stress cycles are not always representative of many 
engineering conditions. The stress state in the fatigue component often consists of a 
cycling stress and a superimposed mean stress. Figure 2.3 shows a fatigue cycle with 
a non zero mean stress in which the definitions are as follows: 

stress range: Da =a max -a min 

stress amplitude: aa= (a 
max - Cr 

min )/2 

mean stress: am= (a 
max + Cr 

min 
)/2 

(2.39) 

The mean stress is also characterised in terms of the stress ratio 
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R= amin 

amax 
(2.40) 

It is believed that the mean level of the imposed fatigue cycle plays an important 

role in influencing the fatigue behaviour of engineering materials. Experimental data 

shows that the mean stress is the second most important parameter after the stress 
range or strain range (Glinka, 1990). The residual stresses can be regarded as an 
example of superimposed mean stress. 

Early work to consider the mean stress effect was mainly based on using empirical 
formulae, such as that for reversed torsion and static tension, given by (Dieter, 
1988), 

22 
T 

+I1 ," =1 
ýF aw 

(2.41) 

where am is static tensile stress and au the ultimate tensile stress and for reverse 
tension and static torsion by (Suresh, 1992), 

(2.42) 

where tim is static torsional stress and Tu is the ultimate torsional stress. These two 

empirical formulae have no potential to be extended to other loading cases or stress 
states. 

In the as - ßm plane, there may exist constant fatigue life contours as shown in 
Figure 2.4. These may be expressed as 

F(ßm, a,,, N f) =0 

satisfying the conditions 

(2.43) 

F(O, af, Nf) =0 (2.44) 

where af is defined as the fatigue strength corresponding to fully reversed loading 
(R = -1) with a fixed fatigue life Nf and 
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F(ß 
w, 

0, N f)= 0 (2.45) 

with the consideration that the ultimate tensile stress au is the static failure strength 
(R=1)or 

F(ay, O, Nf) =0 (2.46) 

with the alternate consideration that the yielding stress ay is the static failure 

strength of the material. Many simplifications of the function F() have been made 
by many investigators. Among these, well known diagrams are those due to 
Goodman (1899), Gerber (1874) and Soderberg (1939) (Dieter, 1988): 

i) Goodman's relation 

aQ +a"' =1 
Qf aN 

ii) Gerber's relation 

ao 
+ 

aM 
=1 

af au 

iii) Soderberg's relation 

aQ 
+am 

af ay 

(2.47) 

(2.48) 

(2.49) 

The above diagrams are also shown in Figure 2.4. It was concluded that Soderberg's 

equation (2.49) provides a conservative estimate of fatigue life for most engineering 

alloys; Goodman's equation (2.47) matches experimental observations quite closely 
for brittle metals, but is very conservative for ductile alloys and Gerber's equation 
(2.48) is generally good for ductile alloys (Suresh, 1992). Because few test data exist 
for conditions where the mean stress is compressive and the fact that compressive 

residual stress (leading to compressive mean stress) increases the fatigue limit, it is 

dubious that the above diagrams could be used for the case of compressive mean 

stress. Some test results (Ransom, 1954) indicate that the allowable stress range 
increases with increasing compressive mean stress up to yielding stress in 

compression. Haigh diagrams (Flavenot, 1989), shown in Figure 2.5, may be better 

2 
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than others for the case of compressive mean stress. The Haigh diagram is similar to 
the Goodman diagram and is a modification of it for high tension and compression 
mean stress ranges. 

Unfortunately these fatigue charts only consider a simple uniaxial stress state. 
However, there also exist biaxial or triaxial stress states. A general criterion is 

needed for these cases. Earlier work on uniaxial stress state was extended to general 
cases by combining with multiaxial fatigue theories. Kiocecioglu (Kiocecioglu, 
1975) suggested an extrapolation of Von Mises' criterion of plasticity to the fatigue 
limit under multiaxial stress state. The equivalent stress amplitude and mean stress 
are calculated in the usual fashion as, 

ae9, 
a 

=1 (ala 
-62a)2 +«a2a -a3a)2 +«a3a -61a 

V` 

ßeq, m -ý 
Oalm - 62m)2 + (a2m - ß3m2 + (ß3m - 61m)2 " 

(2.50) 

(2.51) 

Sines (1981) suggested that the effect of the hydrostatic mean pressure P, 
� can be 

taken into account using 

tioc, +aPm=ß 

P. =3(alm+a2m+a3m) 
j 

(2.52) 

where roct is the amplitude of octahedral shear stress and a and ß are the material 

constants. If the Von Mises equivalent stress is considered, Equation (2.52) can be 

changed to 

aeq+a'Prn=ß'. (2.53) 

where a' and ß' are material constants as well. Crossland (1956) considered 
maximum stress instead of mean stress in a criterion similar to Sines' 

tioct + 0!, 6oct, max -ß" (2.54) 

If, as previously, the Von Mises equivalent stress and hydrostatic pressure, P,,,, are 
used, the above criterion becomes 
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aeQ +a'Pmax = ß' 
1 

Pmax =3 
(aI +(y z +a3)max 

(2.55) 

There are small differences between the Sines' and Crossland's criteria and they 

seemed to agree well with the results obtained by experiment (Flavenot & Skalli, 
1989). 

To consider shear stress on the plane of maximum shear as the main parameters, 
Findley (1959) and Matake (1980) proposed a criterion of the form 

T+ ac an max =ß (2.56) 

where an, max 
is the maximum normal stress acting on the plane. Dang Van (1973) 

considered maximum hydrostatic pressure Pmax instead of a,,, max 
criterion of the form, 

and suggested a 

T+ (2.57) 

which is again similar to both Crossland's and Sines' criteria. 

Morrow (1965) proposed that the fatigue life under mean stress effects can be 

estimated from the expression, 

a= (a f -ß m)(2Nf )b (2.58) 

The Manson-Coffin relationship (2.19) can then be changed to (Morrow, 1968), 

DE` 
_ 

ai -am 
(2N 

2Ef 

ASP 
2 

=S f(2Nf)` 

E_ Ose 
+ 

Osp 
-a 

f-a, � (2Nf)h +s f(2Nf 222E 

(2.59) 

Based on experimental data, Smith et at. (1970) proposed that, for a given life, 

a ae a 
for a fully reversed cyclic fatigue test was equal to a maxC a 

for a test having a 

mean stress. The general expression can be written as roooý, -, « UNIVERsir r 
OF BRzsmL 

LIBRARY 
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6maxEa = A1Nf +A2Nj' 

where A, 9 A2 , a, and a2 are material constants. 

(2.60) 

Lorenzo and Laird (1984) proposed an approach to predict fatigue life behaviour 

under the action of mean stress effect. The life data could be described adequately by 

the Coffin-Manson law. This approach was based on the observation of fatigue data 

under mean stress. The cyclic response under mean stress was closely correlated 

with that under zero mean stress. 

It has been shown there are many fatigue failure criteria for multiaxial stress states. 
The existence of so many proposals in itself is an indication of the lack of agreement 
on an acceptable theory. Multiaxial stress tests are difficult to perform, and reliable 
data are very limited (Ellyin, 1988). ' 

2.4 Residual Stress Effects on Fatigue Life 

There is little doubt that residual stresses exist in engineering components. These 

may be induced from manufacturing processes or mechanical loading. They play an 
important role in integrity and reliability of components and their design 

optimisation (Macherauch, 1987). Compressive residual stresses induced by surface 
treatments such as shot peening and shot blasting appear to increase the fatigue 

strength of components. Conversely tensile residual stresses which often exist in 

welded and forged components decrease the fatigue strength of the components. 

Residual stresses are most effective if they are of the opposite sign to the operating 

stresses, i. e. tensile residual and compressive operating stresses or compressive 

residual and tensile operating stresses (Glinka, 1990). 

The beneficial effect of compressive residual stresses on fatigue life is often used for 

improving fatigue performance of components. The shot peening process, which 
produces surface compressive residual stress, has been used for prelongating fatigue 
life of components subjected to cyclic loading (Meguid & Chee, 1983). This 

technique is most effective in the long fatigue life range corresponding to low stress 
amplitudes. It is also known that this beneficial effect is most distinct under tension 

cyclic load. 
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If the residual stresses aR, combined with applied mechanical stresses, are in the 

elastic range, the residual stress field can be 
. considered not to change during 

mechanical loading and the theory of superposition can be applied. Therefore, the 

normal way to consider the effect of the residual stresses in fatigue is by using the 

Haigh or Goodman charts shown in Figure 2.4 and Figure 2.5, in which Qm, the 

mean stress in a fatigue cycle, is replaced by the combined mechanical and residual 

stress am+ 6R (Flavenot & Skalli, 1989; Glinka, 1990). Then criteria which consider 

mean stress effects in Equations (2.39-2.58) may be chosen. Numerous test results 
had been treated using the following relationship, 

aQ =a f- a(am + aR) (2.61) 

for constant fatigue life where a is a constant (Flavenot, 1989). Morrow's 

relationship (2.59) incorporating residual stress as a mean stress influence has been 

used widely by many investigators (Lawrence, et al., 1981; Glinka, 1990; Suresh, 

1992; Kandarpa, et al., 1996). Lawrence et al. (1981) used the Morrow's relationship 
(2.59) to estimate crack initiation lives of 105 or greater, which corresponds to the 

high cyclic fatigue range. 

2.5 Residual Stress Relaxation Due to Fatigue Loading 

It is well accepted that the residual stress state may not be stable during fatigue. The 

influence of compressive residual stresses in increasing fatigue life is recognized to 

be highly dependent on stress stability, since relaxation may take place early in the 

fatigue (James, 1987). The effect of residual stresses decreases with increasing stress 

amplitude and number of cycles as a result of residual stress relaxation (Jhansale & 

Topper 1973; James & Morris, 1981; James, 1982). 

In many cases, residual stresses relax and redistribute during cyclic loading 

especially in soft materials because of the Bauschinger effect and cycle, softening 
(Sarkani & Lutes, 1988, Lu, et al., 1988; James, 1982; James & Morris, 1983; 

Vöhringer, 1987). X-ray diffraction methods has been used to study the relaxation of 

residual stress (James, 1982; James & Morris, 1983; Vöhringer, 1987; Zhang et al., 

1991). A model using finite elements was introduced to predict the residual stress 
distribution during and after fatigue (Lu, et al., 1988). It was concluded that for a 

cyclic hardening material, residual stresses relax in the first series of cycles. For a 
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cyclic softening material, they relax with the increase of the number of cycles up to a 

stabilised state. In this case the residual stresses are more relaxed compared with 
hardening materials, which reduces the effect of residual stresses on fatigue strength. 

When a large mean stress is applied, residual stresses can actually be induced at the 

surface due to ratcheting of microplastic surface strain (James & Morris, 1983). In 

this extreme case residual stress could be increased instead of relaxation. 

In principle, residual stress relaxation occurs when the linear superposition of 

applied stress and residual stress reaches the yield point of material. The onset of 

stress relaxation is delayed by the presence of sufficient stable obstacles to 
dislocation movement (Vöhringer, 1987). Under the cyclic loading, the residual 

stress relaxation depends on the combined stress state of applied stress and residual 

stress. Therefore the mechanisms of relaxation can be separated into three regimes 
(James, 1987) 

(i) The combined stress above the macroscopic yield strength. 

(ii) The combined stress between the yield strength and endurance limit. 

(iii) The combined stress below or near the endurance limit. 

The relaxation of residual stress in a specimen is not always in one regime. For 

example, in the first regime, the residual stress can be relaxed rapidly due to 

plasticity and the combined stress could be changed below the yield strength in 

which the relaxation mechanism belongs to the second regime. For cyclic softening 

or hardening materials, the yielding strength can change with the cycles and 

therefore the relaxation could be between (i) and (ii). 

2.5-1 Combined stress above yielding strength 

The local residual stress distribution will change if the local yield strength is 

exceeded by the sum of the applied stress and the local residual stress. The sign of 

the change will be opposite to that of the applied loading direction that induces the 

change. For example, when the surface stress state is compressive, and the sample is 

fatigued in fully reversed loading, the surface yield strength may be exceeded in 

compression and the surface residual stress will decrease. Bulk yielding is not 

necessary; microplastic deformation such as at a surface or notch will relax the local 
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residual stress state. Relaxation is rapid at high stress amplitude and decreases 

exponentially with increasing cycles. James (1982) measured surface residual stress 

relaxation using X-ray diffraction after fatigue cycles. Results showed that the 

residual stress state did not fully relax to zero. In general, relatively soft materials 

that show reasonably homogeneous microplastic deformation characteristics will 

relax in this manner when cycled in fully reversed loading. 

Boggs and Byrne (1973) investigated the relaxation of shot peened residual stresses 
in Ni-Co alloys, 60%Co alloy and 20%Co alloy (lower strength, higher stacking 
fault energy). Cycled at amplitudes just above the yielding strength in fully reversed 

cantilever bending, rapid relaxation took place in the first 100 cycles before 

equilibrating to a constant decay slope for the 20%Co alloy. And little such decay 

occurred in the higher strength, lower stacking fault energy 60%Co alloy. There was 

virtually no change of micro-hardness during cycling, from which the authors 

concluded that the residual stress relaxation in the 20%Co alloy was due to dynamic 

recovery in the same sense as the recovery produced in thermal stress relief prior to 

any recrystallization. 

Many fatigue tests have shown that preloaded or overloaded specimens with tensile 

residual stress, such as in welded specimens, could significantly reduce the fatigue 

damage done by subsequent small amplitude cycles because the large tensile residual 

stresses were reduced or relaxed by the large plastic deformation resulted from the 

overload (Sarkani & Lutes, 1988; Nawwar & Shewchuk, 1983; Berge & Eide, 

1981). 

Berge and Eide (1982) did variable-amplitude loading tests on weldment specimens 

and found that short-range residual stresses were relaxed due to local yielding and 

the residual stresses were eliminated by peak stresses of yield magnitude for some 

specimens. 

The residual stress effect was almost negligible in the low cycle fatigue range for 

N< 105 cycles (Glinka, 1990) because the residual stresses were totally eliminated 
by the plastic deformation. 

2.5-2 Combined stress between yielding strength and endurance limit 

Cycle-dependent relaxation of the residual stress is a counterpart of the cyclic creep 
mechanism (Suresh, 1992; Valluri, 1963). The process of creep results in a 
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progressive reduction in the mean stress (residual stress here is meant the same as a 

mean stress) with increasing strain cycling. The relaxation can occur not only in 

cyclically softening materials but also in cyclically hardening material (Sandor, 
1972). It has generally been predicted that there is an exponential decrement of 

residual stress with the number of cycles. Jhansale and Topper (1973) used an 

empirical formula to estimate the residual stress (as mean stress) relaxation for high 

cyclic fatigue, 

am/ams -(2N, '1)k" (2.62) 

where ß� is initial value of mean stress, 2N, is elapsed reversals and k is 

relaxation exponent which is a function of strain amplitude. 

After a certain number of cycles, the residual stress distributions appear to stabilize. 
The redistributed residual stresses can then be incorporated into fatigue life 

estimation as a mean stress effect. The criteria discussed previously therefore can be 

used. 

2.5-3 Combined stress below or near endurance limit 

Residual stresses may relax even though the maximum cyclic stress is well below 

and near to the endurance limit (Pattinson & Dugdale, 1982; Hayashi & Doi, 1971; 

Gould & Pittella, 1973). This kind of residual stress relaxation is probably by 

mechanisms different from those for large cyclic stress amplitudes. Many factors 

may contribute to the relaxation (James, 1987): 

" Stress concentrators, such as at grain junctions, dislocation pileups and 

phase boundary, provide the mechanism for the relaxation. 

" Defects of microcracks generated during the latter phase of the cycling 

process may have initiated an elastic relaxation. 

" Local temperature increases during fatigue at high rates of cyclic loading 

may induce the relaxation. 

" For strain hardening materials microplastic deformation takes place 
below the fatigue limit until strain hardening occurs in deformed grains 

and relaxation is possible during this period. 
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Generally speaking, residual stress relaxation at this level is quite small and can be 

negligible in most cases. 

Vöhringer (1987) did not consider the relaxation in the third regime and summarised 
the relaxation behaviour during fatigue cycling as shown in Figure 2.6. In this figure 
R, was defined as composite yield point that included both material yielding 
strength and residual stress and Re was defined as cyclic composite yield point. 
Four curves represent different cyclic load conditions and material cyclic behaviour. 
For the curve 1, the cyclic load condition is c r,, < min(R,, R,,,,, ) and there is no 

relaxation. For the curve 2, the cyclic load condition is k, 
cw <aa< Re that is for 

cyclic softening materials and the residual stress is relaxed gradually. For the curve 
3, the cyclic load condition is R, <aa<R, » that is for cyclic hardening materials 

and the relaxation only occurs in first cycle. for the curve 4, the cyclic load condition 
is aa> max(Re, Re ) and most residual stress will be relaxed in this case. The 

relaxation described in Figure 2.6 by Vöhringer is schematic and it could be more 

complicated in actual cases. 

2.6 Factors That Influence Scatter in Fatigue Test Data 

There are many factors which influence the fatigue test and cause scatter in fatigue 
data. These factors vary randomly from specimen to specimen. Both quantitative 

estimation and statistical analysis are needed to characterize these variables and find 

the relationship between these variables and the scatter of fatigue results. These 
factors include (Jacoby & Nowack, 1972): type of material and its condition; type of 
loading; size and shape of a specimen and structure; and the environment. Some 

parameters used in the data analysis model, such as a cumulative damage analysis, 
probably also influence the resulting scatter. 

Testing machine or installation may also be an important influence (Weibull, 1961; 
Heywood, 1962). The scatter caused by the testing machine can be attributed to 

many factors (Jacoby & Nowack, 1972), for instance, to misalignment of specimens 
due to careless clamping, to errors in the load-measuring system, to deviations in the 
control circuit, to faulty cycle counters, or simply to the various skills of different 

persons handling a machine. Accounting for all of these effects is inherently 
difficult. Kandil and Dyson (Kandil & Dyson, 1993a; Kandil & Dyson, 1993b) 

proposed a quantitative model which predicts the influence of bending caused by 
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load misalignment on the extent of life time scatter in low-cycle fatigue (LCF). They 

suggested that 

i) The load-strain offset mechanism of bending leads to the largest data- 

scatter LCF test. 

ii) The scatter in the data between laboratories is always greater than that 

observed in a single laboratory. Furthermore when a dual extensometer is 

used these differences disappear. 

iii)The magnitude of the repeatability and reproducibility scatter bands are a 
function of the fatigue characteristics of the materials being assessed. 

The relevant equations for the limits to reproducibility of lifetime 1V f1, the minimum 

number of cycle to failure, and 1V f2, the maximum number of cycle to failure, are 

1VfI =Nf 1+2QEb 
a 

, 
I 

NJ2 = N; 1-2 
AF 
Ac' 

c 
,{ 

(2.63) 

where N; is the number of cycles to failure under zero bending, Oeb is the bending 

strain range, / cc is the control total axial strain range and ß is the slope of the 
tangent to the curve of log Os, as a function of log Nf. 

The scatter in fatigue test data is also a function of mean stress and amplitude of 
cyclic loading (Schijve, 1961). Under the constant amplitude load in a fatigue life 

range below about 105 cycles, the scatter is about the same as that under program or 
random loading (Jacoby & Nowack, 1972; Schijve, 1961; Gassner & Schütz, 1961). 
For variable amplitude loading tests of any kind, the scatter is determined mainly by 

the highest loading level. Since residual stress can be viewed as a type of mean 
stress, some scatter can also be inferred to result from varying residual stress 
magnitudes. 

Goto (Goto, 1992; Goto, Nisitani & Miyagawa, 1993) studied small crack growth 
and concluded that the scatter in fatigue life is due mainly to the growth behaviour 

of small cracks with dimensions on the order of the micro-structure. The influence of 

DEC 
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micro-structure on microcrack propagation is especially large at lower stress ranges, 
i. e. near the fatigue limit. 

Surface roughness influences crack initiation as well. Maiya and Busch (1985) 

concluded that decreases of the fatigue life owing to surface roughness resulted from 

the reduction in the number of cycles for the crack initiation. This is not surprising 
since the majority of a fatigue life is taken up initiating the crack. Ryu and Nam 
(1989) and Kim and Nam (1990) carried out low-cycle fatigue tests on Cr-Mo-V 

steel specimens with two different degrees of surface roughness at 550°C and found 

the fatigue life of specimens with a rough surface was approximately half of that of 

specimens with a smooth surface. Furthermore Wareing and Vaughan (1979) 

suggested that low-cycle fatigue was dominated by the crack propagation process 

and they insisted that the difference in fatigue life between machined and 

electropolished specimens of type 316 stainless steel resulted from the different 

initiated crack shapes. But for some materials, which cavitate at grain boundary 

during creep-fatigue cycling, the surface roughness has little effect on creep-fatigue 
life (Kim and Nam 1990). Devlukia and Parsons (1993) carried out tests dealing 

with the influence of surface roughness on fatigue behaviour of three steels. The 

results showed that in the low cyclic regime the fatigue life had a pronounced 
reduction and for high cycle fatigue the results demonstrated the conflicting effects 
of surface roughness and presence of residual compressive stresses. As it is evident 
from these results that there is still controversy over the influence of surface 

roughness. It clearly influences the life but the degree is dependent on several 
factors. For each specimen the surface roughness is not always the same and there is 

a statistical variation from specimen to specimen. Therefore surface roughness is 

another influence factor on the scatter of fatigue life data. 

2.7 Probabilistic Approaches to Fatigue Life Analysis 

Deterministic methods have been normally used to assess structural reliability or 
safety. The parameters in the methods, such as the fatigue strength of material, stress 

range, residual stresses, etc., have been typically based on average values. In some 
industries, the values used for strength and stress range are chosen as the worst case 
quantities. This then results in unrealistically conservative assessments of safety. In 

general, the statistical distributions of these parameters have been ignored in the 
deterministic models. 
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It has been generally recognized that most design parameters of engineering 

structure and system have statistical variations. The use of statistical methods in the 

planning and interpretation of fatigue experiments has become a necessity in modem 
technology. There are mainly two aspects in the statistical analysis of fatigue data: 

one assumes that the stress amplitude is constant with many influencing factors 

varying from specimen to specimen (or structure to structure). Many distribution 

functions have been proposed for the description of the statistical variations of 
fatigue (Weibull, 1961; Gertsbakh & Kordonskij, 1969; Freudenthal & Gumbel, 

1956; Sobczyk, 1994). The other approach is that the loading is treated as a variable 
during fatigue. Consequently the variation of stress amplitude can be regarded as 

either a regular or random pattern. 

If the scatter in fatigue failure is simply considered as being a function of stress 
amplitude a and the number of load cycles N, the probability of fatigue failure P can 
be represented using a set of equiprobability curves in a P-a-N diagram 
(Freudenthal, 1952), 

P= F(a, N) (2.64) 

in which the two quantities a and N are assumed to be independent variables. This 

equation, (2.64), is actually the cumulative distribution function of the number of 
cycles to fatigue failure which is treated as a random variable. There are several 
distribution functions that have been applied to fatigue data analysis (Sobczyk, 1994; 
Sheikh et at., 1986). The most frequently used distributions are the logarithmic 

normal and Weibull distributions: 

i) Logarithmic normal distribution 

In this distribution, the logN is chosen as the random variable X. The 

probability density function is given by (Jacoby & Nowack, 1972; Engesvik & 

Moan, 1983), 

_z 1 ) 
.f 

(X) = 2ýS 
exp _i 2S2 

X= log N 

and the cumulative distribution is given by 

(2.65) 
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x1 (X-X)2 
P exp - 2ýcS 2S2 

(2.66) 

where X is the sample arithmetic mean and S is the sample standard 
deviation of the log-transformed life data. The estimation of X is, 

X=1 1ogNl, 
n t=1 

and the unbiased estimation of S is 

S= 
1 ý(IogN; -X)2 

n -1; _ý 

(2.67) 

(2.68) 

in which n is the number of the constant fatigue tests, N, is the fatigue life of 
the ith fatigue test. A minimum life parameter, N0, can be incorporated into 

the logarithmic normal distribution (Jacoby & Nowack, 1972). In this case, the 

random variable is log(N - No). 

ii) Weibull distribution 

The general three-parameter Weibull distribution is expressed as (Weibull, 
1961), 

N-No a 
P=1-exp - Na - No 

N> No (2.69) 

where Na is a characteristic life and ß is the Weibull slope. The probability 
density function for Weibull distribution can be obtained by differentiating 

equation (2.69) 

.l 
(N) =ß 

N- No ß-' 
exp - 

N- No v 
N> No 

Na -N0 Na - No Na - No (2.70) 

f(N)=0 N< No 

The form of equation (2.70) can be changed to 
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log log(! 1 
PJ =ß 1og(N - NO) -ß log(NQ - No ). (2.71) 

From the above equation, we see that there is a linear relationship between 

log logt 
1I 

and log(N - N0) on which Weibull paper is based. Johnson 
1-P 

(1964) gave a comprehensive introduction to the application of the Weibull 
distribution to fatigue experiments. 

For high stress levels, using two parameters without No the Weibull 

distribution fits experimental fatigue data quite well and the three-parameter 
Weibull distribution provides a better fit of the experimental fatigue data 

((Sobczyk, 1994). 

Both logarithmic normal and Weibull distributions were found to be applicable to a 

wide range of materials and testing conditions. Within certain limits (Gertsbakh & 

Kordonskij, 1969; Freudenthal & Gumbel, 1956) there is no real difference between 

these distribution functions. The Weibull distribution is often preferred because it 

leads to more realistic reliability analysis (Freudenthal, 1961). Panda (1991) used 
these two distributions to evaluate the reliability of a component, a connecting link, 

and found the difference to be only within 92 to 94%. The correlation coefficient 
from the linear regression analysis were 0.9255 and 0.9925 for these two 

distribution, respectively, which indicated that the life of the connecting link was 

more Weibull distributed than logarithmic normal distributed. 

In these two distributions, the fatigue life is selected as the random variable and 
fatigue life distribution is assumed to be known. As discussed in section 2.6 in this 
Chapter, the scatter of fatigue life is caused by many stochastic influencing factors, 

say 

Xl I X2' . .. ' 
Xm (2.72) 

These stochastic factors could be the randomness of material properties, random 
defects and imperfections of structural components and random loads. 

In most cases, the random variables can be described by normal distribution (Frost, 

et al., 1974) with a density function described by 
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1 -(ß aoz (a) - 2nS 
exP 2SZ 

(2.73) 

where ßo and S are the arithmetic mean and standard deviation, respectively, of the 

normal distribution. In some cases of reliability analysis, normal variable can be 

approximated by an "equivalent normal". (Rackwitz & Fiessler, 1978; Ditlevson, 

1984). 

The relationship between fatigue life and these stochastic influence factors can be 

expressed in deterministic models (Ang, 1975; ASCE, 1982), 

N= g(X,, X2,..., X, 
�). 

(2.74) 

Considering these factors as random variables, The fatigue life N is also a random 
variable. Then the probability of failure, p1, relative to a service life, n, can be 

estimated, 

pf = P[N <n] =1G 
Jfx(x�x2,..., xm)dx, ... dxn, (2.75) 

where f, () is joint probability density function of (X,, X2, """, X), the integration 
is performed over the region G in which G= {g(X,, X2, """, X�) < n} . The 

cumulative distribution function (CDF) of N is expressed as (Wirsching, et al., 
1991), 

FN(n) =P [N<_n]. (2.76) 

The measure of reliability is the probability of survival or successful performance 

which can be expressed as 

RN(n)= P[N>n]=1- JG 
ff. (XP x2,..., xe, )dx,... dxm (2.77) 

If the joint probability density function of (X,, X2, """, Xe, ) is known, the 

probability of failure pf, the CDF and the reliability can be obtained through the 

integration. In many cases the random variables are assumed to be independent and 
the joint probability density function can be expressed by individual probability 
density functions for each random variable, 
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fX (xI3Ix2 
9.. . 9xm 

)_ fs, (xI). fx= (X2)*' . fx� (xm ) (2.78) 

which will make the integration much easier. Bargmann et al. (1994) used the 

Manson-Coffin relationship (2.19) as the deterministic model and Neuber's rule to 

obtain the notch strain 8a from the nominal stress Sa and geometry dependent 
factor Kf. Therefore there were four random factors, c s' , 

Kf and Sa 
, that 

affected fatigue life distribution and reliability. For the given distribution densities 

of each random variable, Bargmann et al. then expressed the fatigue life in multiple- 
integral closed form. An algorithm termed the "complete-probability fast 

integration" (CPFI) was developed. Better results were obtained compared to those 

using the approximate methods. 

In most structure reliability analyses there are two problems: 

i) When more random variables are included in the probabilistic model, the 
integration will get much more complicated and numerical methods to 

complete the integration need significant computer time. 

ii) The full distribution density functions for the random variables are seldom 
known and only the first and the second moments of X, may be available, 

such as mean and standard deviation estimated from sample data. 

These difficulties have led to the development of approximate reliability analysis 

methods such as the second-moment approach which relies on a knowledge of the 
first and second moments of random variables, means and standard deviation, rather 
than their probability distributions (Hasofer, 1974; Cornell, 1975). The function 

given by Equation (2.74) then is linearized using a Taylor's series expansion about 
the mean values. The reliability analyses based on the second-moment and the 
linearization had been named the first-order, second-moment (FOSM) methods 
(ASCE, 1982). The algorithm for FOSM has been improved by many investigators 

(Rackwitz & Fiessler, 1978; Chen & Lind; 1983). The point where Taylor's series 
expansion takes place had been recognized at design point on plane given by 

Equation (2.74) from which the distance to origin in "reduced variables" plane is 

minimum, where the reduced variable is conducted from (X - X0) / S. The error of 

reliability calculation using FOSM depends on how well the straight line 

approximates the curve given by Equation (2.74) around the design point. The 

second-order reliability method (SOSM) had been proposed (Breitung, 1982; 
Fiessler, et al., 1979; Wu & Wirsching, 1987) to improve the accuracy of FOSM by 
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taking second order terms from Taylor's series expansion. However more 

complicated calculation procedures are required. The names FOSM and SOSM are 

sometimes called FORM (first-order reliability method) and SORM (second-order 

reliability method), respectively. 

Kandarpa et al., (1996) adapted the same methods described by Bargmann et al. 
(1994) to obtain a deterministic model for the fatigue life calculation. The random 
variables were af, c' ,Kf and fatigue strength exponents and the mean stress was 

considered as an effect on strain life. The reliability methods FORM and SORM, 

which have been included into an analysis program PROBAN (PROBAN, 1989), 

were both used. The FORM gave over-predicted failure probability results. It was 
concluded that FORM and SORM provided the sensitivities of the reliability index 

with respect to any set of distribution or model parameters. 

The recognition of the effects of the random loads on fatigue life has led to extensive 

studies of random processes and their application to the description of actual fatigue 

loads in the working environment. An example of this might be the loads produced 
by road-surface roughness for automobiles. Swanson (1968) has given an excellent 

review of random load testing. The effect of variable-amplitude loading on fatigue 

performance is normally accounted for with cumulative damage rules. Typically, 

these rules attempt to relate fatigue behaviour under a complex loading history to the 
known behaviour under constant amplitude loading. For the random cycle loading, a 

cumulative damage model, based on deterministic considerations, is normally 
needed in the analysis. Many theories of cumulative damage have been proposed to 
help the designer predict the fatigue life of components subjected to varying 
amplitude loading based on the presently available constant-amplitude fatigue 

response (Kujawski & Ellyin, 1988). If the load sequence effect is not important, a 
linear cumulative damage rule can then be used to calculate the fatigue life (Zapatero 

& Dominguez, 1990). The most frequently used cumulative damage model is 
Miner's linear cumulative rule (Miner, 1945) 

En, =i ; Nj 
(2.79) 

where N, is the number of cycles to failure at stress amplitude a; and n, is the 
number of cycles at stress amplitude a,. If the fatigue N, is considered to be a 
random variable for the given aj, a median fatigue life N; (1/2) may be chosen to 

replace N, (Nash, 1983). 
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Miner's linear cumulative rule has proven to be useful. It is simple to apply and 
predicts the number of cycles to crack initiation and failure. It was generally thought 
that the rule more accurately described fatigue damage of structure components 
whose life consisted mainly of crack initiation. Unfortunately this damage theory 
does not account for load sequence effects on fatigue life. In some cases the load 

sequence has little influence. Manson (1965) observed that Miner's rule was quite 
accurate for 2024-T4 aluminium and Ti-6A1-4V smooth axial specimens tested 

under a two level (i. e., high-low, low-high) strain sequence. Significant influences of 
the load sequence on fatigue life was also reported (Albrecht & Yamada, 1977; 
Abtahi, et al., 1976). Many other non-linear cumulative rules have been proposed 
(Collins, 1981; Morrow, 1986; Wu & Huang, 1991) but they are much more 
complicated than the Miner's rule. Saunders (1972) has shown that, under certain 
fairly general assumptions, Miner's rule yields the mean life of a fatigue 

components. 

For the variable amplitude loading, Albrecht (1981) introduced the concept of an 
"equivalent" stress range to correlate data from variable amplitude cycle load tests 

with data from constant amplitude tests (this should not be confused with the range 

of the Von Mises stress). The idea is that for an equal number of cycles, the 

equivalent stress range will cause the same fatigue damage as the sequence of 

variable amplitude stress ranges it replaces. The computed stress range is expressed 

as 

m 
l/m 

ae = ýEyial 

where 

ae = computed stress range 
a; = ith stress range 
yr = frequency of occurrence of ith stress range 
m= slope of S -N curve. 

(2.80) 

In this analysis, the load spectra, in the form of histograms, was replaced by a 
lognormal distribution of equivalent stress ranges. The application was made to 
bridge stress histories. The fatigue properties of a structural detail was represented 
by a lognormal distribution about a straight line plotted in logarithmic coordinates of 
stress versus cycles to failure. The equivalent stress range distribution was 
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transformed to a lognormal distribution of design load cycles using the slope of the 
S-N curve. The fatigue reliability analysis was then determined by considering the 
difference between the two distributions. 

The concept of random process has been applied to the fatigue damage process 

analysis under the random loads. The most common ones used are Gaussian process 

and Markoff process (Rychlik, 1994). The Markoff process discrete form is the 

Markoff chain (Bagdanoff, et al., 1978,1982). Itagaki and Shinozuka (1972) used 
Monte Carlo techniques to simulate the fatigue failure under random loading in 

which the fatigue damage process was described by the sequence of stress peak point 

process. The statistical characteristics were found to be in excellent agreement with 

those from the experimental results. 

In general, the basic idea underlying the probabilistic treatment is that a 
deterministic cumulative damage theory must first be developed for ideal 

nonvariable specimens. This can then be randomised to taken into account material, 

geometric and loading variability (Hashin, 1983). 

2.8 Concluding Remarks 

There is no doubt that residual stresses exist in hot forged components. But from 

literature there has be only a little work on determining the complete residual stress 
distribution in hot forged components (Bassinet al., 1986; Appleton, et al., 1987; 

James, 1982; Myllymaki, 1987). There is certainly no evidence available on the 

statistical distributions of the residual stresses from sample to sample for hot forged 

components. 

Many methods have been developed to measure residual stresses. They can be 

classified as non-destructive, semi-destructive and destructive methods. The non- 
destructive methods are always preferred. It has the obvious benefit that specimens 

can be used for other tests after the measurements and the structures will be not 
interrupted from service. But every method has its own advantages and 

shortcomings. 

The X-ray diffraction is a non-destructive method, and easy to use and is normally 

the first choice for measuring residual stress in steel components. The only 
limitations are that its measurements are only on surfaces of components and the 
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residual stresses measured are the combination of macrostresses and microstresses. 
To obtain residual stress inside the specimens, an etching technique needs to be 

introduced. The overall technique becomes a destructive method (Prevey, 1986). 

Neutron diffraction can be used to measure residual stresses inside the specimens 

non-destructively. But because there are limited neutron sources and it is time- 

consuming, the method is not widely used in engineering applications. The stress 
free lattice spacing is required to determine the absolute strains (Prask, et al., 1987). 
Some methods have been proposed (Smith, et al., 1988 & 1992; Webster, et al., 
1995). The neutron diffraction can not be used to measure residual stress near to the 

surface of a component (Lorentzen, 1995), and there is a need to investigate surface 
effects in neutron diffraction measurements. 

The centre-hole method is a semi-destructive method which uses a small hole drilled 

into the specimen surface. It can be used to measure residual stresses near surface. 
Using the incremental technique, the residual stress distribution below the surface 

within the distance of hole radius can be obtained (Niku-Lari & Flavenot, 1985; 

Schajer, 1988). No work has been reported for hole drilling on curved surfaces. For 

round bar specimens the influence of the curvature may be significant and a method 

needs to be developed to calculate the stresses from strains measured from hole 
drilling. The plastic deformation during hole drilling has significant influence on 

residual stress outcome when residual stress is about 70% or more of the yielding 

strength of material (Nickola, 1984). In some special cases where the surface 
residual stresses result from surface plastic deformation, such as shot peening and 
shot blast treatment, the stress state on the surface is on the yielding surface because 

of the Bauchinger effect. The hole drilling operation will then cause further plastic 
yielding (Zhu & Smith, 1994). This kind of plastic deformation will have much 
more of an influence on the computed residual stresses than for normal yielding 
without Bauschinger effect. It is evident that there has been only limited work 
undertaken to consider how this influences the residual stress calculations. 

The choice of which method to measure residual stresses depends on many factors, 

such as which residual stresses need to be measured, whether on specimen surfaces 

or in the bulk interior of the specimen. The availability of the method is also one of 
the major factors. Nevertheless, to use more methods is always better than one. 
Residual stress results from different methods can be verified with each other and 
whole residual stress profile can be built up using the different results. In Chapters 4 

and 5, a comprehensive study of residual stresses in the hot forged components is 
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carried out. The residual stresses are measured using different measurement' 
techniques. A theoretical analysis has been developed to interpolate residual stresses 
between surface and bulk interior measurements. The surface residual stress 
distributions from sample to sample for different specimen group are statistically 
analysed in Chapter 7. 

There is no doubt that residual stresses have significant influence on fatigue life. In 

many earlier studies the residual stresses had been considered as a mean stress effect 
(Lawrence, et al. 1981; Flavenot & Skalli, 1989). Residual stresses will also relax 
during fatigue (James, 1987, Glinka, 1990). The relaxation of residual stresses 
during fatigue has been investigated experimentally (Weiss, et al., 1979 & 1980; 

Jhansale & Topper 1973; James & Morris, 1981; James, 1982). It has been generally 

recognized that residual stresses have no effect on low cyclic fatigue because the 

residual stresses are totally relaxed by the large plastic deformation (Glinka, 1990). 

There is no closed form relationship between fatigue strain range and relaxation of 

residual stress. There is also little consideration of the influence of residual 

relaxation during fatigue cycling on fatigue life. 

The many influencing factors that contribute to the generation of residual stress are 

uncertain among specimens, and therefore the residual stresses vary from specimen 
to specimen. The residual stresses are therefore a random variable. To incorporate 

the residual stress as, airandom variable into reliability analysis, a deterministic 

model of fatigue life including residual stress is needed. Most investigators have 

used Morrow's relationship (Morrow, 1968), Equation (2.59), and have incorporated 

residual stress incorporating residual stress as a mean stress influence (Lawrence, et 

al., 1981; Glinka, 1990; Suresh, 1992; Kandarpa, et al., 1996). In a stochastic model 
by Kandarpa et al., (1996), the random variables were chosen af, c',, Kf and 

fatigue strength exponents. The mean stress was included in their model as an effect 

on fatigue life but not as a random variable. No other studies have been found that 
incorporate residual stress as random variable into reliability analysis. 

In Chapters 6 and 7, the residual stress relaxation for different cyclic strain ranges is 

studied. The redistribution of residual stresses for different samples under different 

cyclic strain range is obtained. A stochastic model is developed to incorporate 

residual stress into probability to failure or reliability analysis, and residual stress 
relaxation is considered as the relaxation being related to cyclic strain range. 
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Chapter 3 

OVERALL EXPERIMENTAL PROGRAMME 

This chapter presents the overall experimental programme for 

determining residual stresses in hot forged components and assessing 
the interaction with mechanical loading, and finally the influence on 
fatigue life. The material, specimens, test equipment, test procedure - 
and test matrix are presented. 

3.1 MATERIAL AND SPECIMENS 

The material used in this work was medium alloy steel EN15R that is widely used in 

automotive components. The material was supplied by Rover Group and John 

Stokes and Sons, Ltd in the form of cylindrical bars. The composition of the alloy is 

given in Table 3.1. The forging processes, used in manufacturing the bars, simulated 
the manufacture of wheel suspension arms for automobiles that were hot die forged. 

The basic forging process consisted of initial induction heating of a steel billet to 

about 1200 to 1250 T. The billet was then moulded in a hot forging press, followed 
by finish pressing. The excess material was clipped and the forged components were 
allowed to cool in air to room temperature. Then the components were heat treated 
(harden and tempered), followed by shot blasting to clean the surface of oxide scale. 
This cleaning was done so that components could then be painted. However the test 
bars were not painted. To understand how each stage of the forging process 
influenced the residual stresses and finally the fatigue life, some bars were extracted 
at each stage of the process. The forging process and each stage are shown in Figure 
3.1. The results of tensile tests carried out by Rover (Devlukia, 1993b) for round bar 

specimens of this material are reported in Table 3.2. 

Three forged suspension arms were also received for X-ray measurements to 
determine the residual stresses at the surface near fatigue critical locations. The 

suspension arm is shown in Figure 3.2. 
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Two rectangular bars, with cross section of 65x65 mm, were received. One bar was 
not subjected to shot blasting. Both X-ray diffraction and centre hole method were 
used to measure the residual stresses on these two bars. To verify the centre hole 

measurement a stress free sample was manufactured from one end of the non-shot 
blasted bar, machined to obtain parallel faces and then annealed at 600°C- 620°C. 
The stress free plate was 65x65x20 mm. 

Twenty forged bars, identified as U-batch, were received. These specimens were 
subjected to the completed forging process. The geometry of the bars is shown in 
Figure 3.3. The specimens were used to determine residual stress distribution from 
sample to sample and also residual stress distribution across section of specimen. 

To understand each stage of the forging process influenced residual stresses and 
fatigue lives, round bar specimens reflecting different stage of the process were 
produced. There were four groups of specimens: 

(i) AF = as forged, without heat treatment and shot blast 
(ii) HT = heat treated without shot blast treatment 
(iii) FS = forged & shot blasted without heat treatment 
(iv) HTS = subjected to the complete process 

The residual stress distributions from sample to sample for each group of specimens 
were determined from X-ray measurements. For the U- and HTS batches, the profile 
of residual stress distribution was determined from measuring some specimens using 
various methods: X-raydiffraction, neutron diffraction and centre hole method. 

Some of the round bars were subjected to the mechanical loadings to study the 
interaction between residual and applied stresses. To apply the loading, male screw 
threads were machined at both ends of the specimens to enable them to be fitted into 

a test machine. 

3.2 EXPERIMENTAL EQUIPMENT AND MEASUREMENTS 

3.2-1 Test equipment 

X-ray diffractometer 

The instrument used to carry out the X-ray diffraction measurements was a Philips 
horizontal diffractometer with a chromium X-ray source. The lattice plane examined 
was (211) and the corresponding diffraction angle (20) is approximately 156°. The 
sin 2 yf method was used to determine the residual stresses. Variables for the X-ray 
measurements are listed as follows: 
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Operating voltage 40 kV 
Current 40 mA 
Divergence slit 0.25° 
Receiver slit 1.8 mm 
Bragg angle 20 -- 156° 
Angle of scan 155°--5 157° 
Step per peak 30-40 
Dwell time each step 20-30s 

y values chosen with sin2 y values: 
0.0,0.05,0.1,0.2,0.3,0.4,0.5,0.6 for suspension arms 
0.0,0.1,0.2,0.3,0.4,0.5 for round bars 

A 'BBC B' microcomputer was used to control the scan with the program `SET 
UP'. The post-processing of data to obtain residual stresses was carried out using 
this computer via the program 'ANALYSE 1'. 

Neutron diffractometer 

Neutron diffraction measurements were carried out at the Riso National Laboratory, 
Denmark, using the TAS8 instrument in single detector mode. The reactor produced 
a continuous spectrum of thermal neutrons from which a monochromatic crystal 
selects the desired wavelength of about 3A. The neutron diffractometer was 
controlled using a computer and allowed the detected counts to be recorded for a 
period time, or for a fixed number of counts detected in a low efficiency monitor 
counter placed in the incident beam. All measurements were obtained from the (110) 

reflection with the diffraction angle (20) close to 90 degree. The sample volume 
given by the diffractometer was defined by the intersection of the incident and 
scattered neutron beam, as shown in Figure 3.4. The centre of sample volume was 
located using a laser beam with an accuracy of ±0.5 mm at the exact point of 
intersection of incident beam and diffracted beam. The sample volumes used were 
1x1x 10 mm, 1x1x5 mm, 2x2x2 mm for different measurements. The locations 

of these volumes are discussed. 

Centre Hole Equipment 

The RS-200 Milling Guide manufactured by the Measurements Group Inc. was used 
in hole drilling. The Milling Guide is a highly accurate instrument for analyzing 
residual stresses by the hole-drilling method. The holes were drilled in the centre of 
strain gauge rosettes with a precision carbide cutter using a high-speed air turbine to 
which a clean dry air of 40 psi capable of approximately 0.2 meter/min was supplied 
from a compressor. The drilling depth was controlled by the depth-setting 
micrometer for incremental drilling. The device is shown in Figure 3.5. 
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The model and types of strain gauge rosettes used were TEA-06-062RK-120 and 
WA-06-030WR-120 that were manufactured by the Measurements Group Inc. 
specially designed for the hole-drilling method. The geometry of the strain gauge 
rosette is shown in Figure 3.6. The parameters of the rosettes include 

Type: TEA-06-062RK-120 WA-06-030WR-120 
Resistance: 120±0.4% 120±0.8% 
Gauge factor: 2.06±1.0% 2.1±1.3% 
Gauge length: 1.59 mm 0.8 mm 
Mean diameter 5.13 mm 2.7 mm 

For each of the rosettes, the diameter of the hole will be different. The larger one is 
mainly for use on flat surfaces and the smaller one was used for bars to reduce the 
influence of curvature. 

Test machine for mechanical loading 

The machine used to apply cyclic mechanical loading was a ball-screw driven 
DARTEC testing machine. The load capacity is ±100 kN. There are various forms 
of controls: load, extension, stroke and external input. The 9500 control cabinet is 
used to control the machine when setting up a specimen for testing. A series of 
finger touch controls and digital display meters are on the front of the cabinet. A 
personal computer was connected to the cabinet to set up the control programme, to 
monitor progress of the test and to record the test results. The load cell of the test 
machine was calibrated with the error within 0.1%. Alignment of the loading 
column was checked using a strain gauge specimen. The bending strain difference 
on opposite sides was within 2%. Two displacement transducers were used to 
measure displacements over the gauge length. The average of the displacements on 
both sides was used as the extension for control and output. The transducers were 
also calibrated. 

Test machine for hardness measurements 

The machine used to measure hardness was a Vickers hardness test machine made 
by Vickers-Armstrongs Ltd. The indenter is a diamond point in the shape of a 
pyramid with a square base. The depth of penetration, h, is one-seventh of the 
indentation size, d, measured on the diagonal. A wide range of standard force can be 
used between 1 and 120 Kg. The hardness number can be found from a given table 
by using the indentation size, d measured. 
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3.2-2 Strain Data Acquisition 

Centre hole measurements 

For the centre hole method, a strain rosette, shown in Figure 3.6, was bonded on 
each bar surface and a hole was drilled at the centre of the rosette. The strains were 
recorded after-each drilling step. A strain measuring instrument, manufactured by 
Tinsley Strain Measurements, was used for the strain data acquisition. This 
instrument has ten channels with direct digital reading. The quarter bridge 

configuration was chosen for each strain gauge. 

Mechanical loading tests 

For the mechanical loading tests, strain gauge rosettes were bonded on both sides of 
the bars. The strains measured at each location were in three directions: axial, hoop 

and 45°. The strains, time, load and extension were recorded using an ADU MM700 

unit. There are sixteen channels in this unit that can record 16 data channels plus 
time at the same time. This instrument is operated from a personal computer using 
the DIALOG software that reads data automatically at a given period. With use of 
this instrument, the strains, load and extensions against time can be recorded and 
saved to disk automatically. 

3.3 TEST PROCEDURES AND TEST MATRIX 

Tests carried out were mainly in three parts, 

a) Determination of residual stresses in hot forged components and bars. 

b) Interaction of residual stresses with applied mechanical loading. 

c) Fatigue tests to determine the influence of residual stress on fatigue life 

Table 3.3 lists all the specimens that were tested, and the various measurements 
taken. 

3.3-1 X-ray diffraction 

To understand the reliability of the X-ray diffraction method, measurements were 
first made on the stress free plate which was annealed at 600°C- 620°C. 
Repeatability of the X-ray measurements was tested on one specimen from the U- 
batch. For the suspension arms, the rectangular bars and round bars from the U- 
batch, residual stresses were measured on surface in three direction: axial, hoop and 
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45°. For the AF, HT, FS and HTS round bars the X-ray measurements were made on 
both sides of specimens and only in axial direction. 

For one specimen from the HTS batch, the X-ray diffraction method combined with 
chemical etching method was used to obtain a residual stress distribution through 
the specimen. The X-ray measurements were made in axial and tangential directions 
after each etching. The original residual stresses then can be found by using an 
analysis described later. 

3.3-2 Neutron diffraction 

The neutron diffraction method was used to measure residual stresses inside the 
round bars. Six U-batch specimens were measured at the centre and 2mm either side 
of the centre of the specimens. All measurements were obtained from the (110) 

reflection with the diffraction (20) close to 90°. For radial and tangential strains the 
neutron gauge volume was 1x1x 10 mm for which the 10 mm length was 
orientated along the axial direction of the bars, and for axial strain measurements the 
volume was 2x2x2 mm. The stress free lattice spacing was obtained from 

measuring specimen end where it was assumed that the stress state was 
approximately zero. 

Detailed measurements were also made on specimens HTS19 and HTS22 

specimens. To investigate possible surface effects of neutron diffraction method, 
measurements were first made on stress free samples that were obtained from the 
application of mechanical loading. The specimens were confirmed to be stress free 
by obtaining centre hole measurements. The methods of determining residual stress 
distributions from the neutron diffraction measurements were developed as 
described later in the thesis. 

3.3-3 Centre hole measurements 

Centre hole method was used to measure residual stresses near the surface of 
specimens. Prior to taking measurement on the forged bars, this method was first 

applied to a stress free plate to make sure that there were no additional stresses 
introduced by the hole drilling operation. For the two rectangular bars and the U- 
batch round bars, larger strain gauge rosettes were used. To avoid using the 3-D FE 

analysis for interpreting the strains (described later), smaller strain gauge rosettes 
were used for the round bars from HTS and FS batches. The strains were recorded 
after each drilling step. The drilling increment was about 0.08 mm for the larger 
strain gauge rosettes, and 0.0254 mm for the smaller strain gauge rosettes. The hole 
diameters were measured after drilling. 
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The strain gauges were bonded on the centre of one side of each specimen. For the 

round bar specimens, the strain gauge rosettes were carefully wrapped and bonded 

around the cylindrical part in the centre of the bar. 

3.3-4 Mechanical loading 

Residual stress relaxation was investigated by applying mechanical loading to round 
bars and then measuring residual stresses using X-ray diffraction. The specimen 
attachments are shown in Figure 3.7. The bars were loaded under total strain control. 
Two types of loading conditions were used, tensile loading and cyclic mechanical 
loading. A number of strain ranges were examined and applied step by step, up to 
10000 tc. The residual stresses were measured using X-ray diffraction after 
unloading after each step. 

3.3-5 Fatigue tests 

Fatigue tests were carried out at Rover on round bars. The test machine was an MTS 
testing, model 80010. A 10 mm extensometer was fixed to side of each specimen. 
The fatigue tests were carried out under total strain controlled. Fatigue life N was 
recorded after specimen failure. 

To check the bending caused by the irregular shape of the forged round bar 

specimens, strain gauges were bounded on three specimens (on both sides) in each 
group. The strains werefbecked on both sides under tensile elastic loading before 
fatigue testing. 

Sixty specimens were selected from the four batches of bars, AF, HT, FS and HTS. 
Fourteen in each group were fatigue tested. In each batch, two strain ranges were 

chosen for the fatigue tests, one (2E = 2200 µs) was for high cyclic fatigue tests 

and the other (c= 6000 µE) was for low cyclic fatigue tests. 

3.3-6 Hardness measurements 

Hardness measurements were carried out on round bars from HTS, FS and U- 
batches. The measurement positions were near to the ends of each round bars. The 
measurements were carried on two sides, A and B, of each bar from HTS and FS 
batches and one measurement on each bar from U-batch. The force used was 30 kg. 
The hardness obtained was via the Vickers pyramid number that was converted from 
the measured indentation size d using a conversion table. 
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Chapter 4 

RESIDUAL STRESS MEASUREMENT AND 
ANALYSIS 

This Chapter presents the results of the measurements of residual 

stresses in hot forged components. The techniques used were X-ray 

diffraction, neutron diffraction and centre hole method New 

developments were made in the experiments and subsequent analysis 

of the results. The residual stress results obtained by using different 

techniques are then compared. 

4.1. Introduction 

In this Chapter residual stresses in hot forged specimens are studied. Residual stress 
measurements were obtained from three different techniques, including X-ray 
diffraction, neutron diffraction and centre hole drilling. The X-ray diffraction 

method was mainly used to determine residual stresses on the surface of specimens. 
Together with chemical etching, the X-ray diffraction method was also used to 
determine residual stresses inside one sample. The neutron diffraction method was 
used to establish the residual stresses in the interior of specimens and the hole- 
drilling method used to measure near surface residual stresses, as illustrated in 
Figure 4.1. An analysis has also been developed for interpreting relaxed strain data 
from the incremental hole drilling method for components with curved surfaces. 
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4.2 X-ray Diffraction 

4.2-1 Principles 

Extending the analysis given in section 2.2-1, Equation 2.4 is reduced to 

. d 
d" 

=1 Ev a` "sin2yr 
o 

(4.1) 

where n denotes the normal direction and d� is the spacing of the lattice planes 

parallel to the surface. The definition of local coordinate system for the X-ray 

measurements is shown in Figure 4.2 where z is the direction normal to the surface 
of specimen. Because elastic deformation is very small, that is d� /do =1 + c,, 1, do 

can be replaced by d� in Equation (4.1) without losing accuracy. Then Equation 

(4.1) becomes 

dw - dn 
- 

I+ V2 
dE am sin yr . 

(4.2) 

This equation (4.2) is a basic equation for X-ray diffraction analysis. It should be 

noted that in the above equation, the unstressed lattice spacing is no longer necessary 

and the equation is independent of the angle 4. From the Equation (4.2), we can see 
that two measurements are essential to determine the residual stress aý, one of 

which is the tilt angle yf being zero. In practice, there are always more than two 

measurements for different w together with the use of regression technique to reduce 
the experimental errors. 

In the above analysis, the stress components near to the surface, cr., ti" and tin,, are 
ignored, where z is along the normal direction. The existence of these stress 
components near surface gives rise to errors in the measurement method. There are 
other aspects of the X-ray analysis that consider the influence of these stress 
components (Noyan, 1983; Hauk, 1983). 

4.2-2 Analysis of Plane Stress 

It has been assumed that near to the specimen surface, the state of stress is in plane 
stress and can be described by three parameters c r, ay and ti, n, as shown in Figure 
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4.3. In any direction, with the angle being 4. measured from the x axis toward the y 
axis in a counterclockwise direction, the normal stress 6ý can be expressed as 

64 = 
ßx 

2 

6y 
+ 

6x 

2 
ay 

cos2ý +'Cxy sin2ý . 
(4.3) 

By using the X-ray diffraction method, the stress ao can be obtained directly. To 
determine the stress state ax, ay and rxy, measurements of stress ao must be taken 

at a minimum of three directions. By using Equation (4.3) 

ßX = Qý 
4_00 

ßy = ßý 
I0=90" 

(ax + cry) Tý, = CFO 
0=45* -2 

TY = -aýI ,+1 
(ax+ay). 

ý=-as 2 

The two principal stresses can be expressed as 

a1=amax=((Nx+cry) +1 (ax-ay)Z+4i2 
XY 22 

a2 - 6min -2 (ßx + 6y )-2 (ax - ay )2 +4 tiý 

(4.4a) 

(4.4b) 

(4.4c) 

(4.4d) 

(4.5a) 

(4.5b) 

4.2-3 Analysis for X-ray diffraction combined with surface layering 

using a chemical etching method 

Surface material layer removal is required to measure residual stresses below the 

surface by using the X-ray diffraction method. Mechanical methods, such as 

mechanical machining and polishing, will however introduce additional residual 

stresses. Therefore they were not considered. Electropolishing and chemical etching 
method have been used to remove surface layer material. Significant relaxation of 
residual stress in the surface exposed by layer removal can occur. For solid circular 
cylinders, hollow cylinders and plates or bars with rectangular cross-sections, some 
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analyses have been derived to take account of the stress redistribution (Moore, et al., 
1958; Sikarskie, 1967). In the following, a detailed description of the analysis for the 

redistribution of the residual stresses in a solid round bar subjected to layer removal 
is given. 

Axial residual stress 

Consider only the axisymmetrical case of a bar and assume the axial residual stress 
distribution is independent of z, then 

as =a, (r) 05r51 

where the radial co-ordinate r is non-dimensionalised by the radius of the bar. 

According to equilibrium, the sum of total axial force should be zero, 

1 
jaZ(r)dA 

= 27t jrßs(r)dr 
= 0. 

A0 

For a layer of material of thickness t removed, the force on the area removed is 

j6: (r)d, 4, A, 

(4.6) 

(4.7) 

(4.8) 

where A, is the area removed. The area A, is a ring shape which inner radius being 

1-t and out radius being 1. Thus, integration Equation (4.8) becomes 

1 
F= 27t jrat(r)dr. 

. 
1-r 

The force on the remaining area before layer removal is 

1-1 

F_, = 27L jras(r)dr 
. 

0 

From Equation (4.7), it can be shown that 

(4.9) 

(4.10) 

F, 
_, +F, =0. (4.11) 

58 



Chapter 4: RESIDUAL STRESS MEASUREMENTAND ANALYSIS 

After the layer removal, the force on the remaining area is changed from F, 
_, 

to 
F_, + F,, where F. is to be determined. For the remaining area equilibrium dictates 

that the total axial force is still zero. Thus 

F, 
_, +Fw=0. 

Comparing Equations (4.11) and (4.12), the F. is found that 

F, =F,. 

(4.12) 

(4.13) 

For the remaining bar the axial force increases by Fw which results in an axial stress 
increase. Assuming that the axial stress changing on the remaining bar, after the 
layer removal, is uniform, then the axial residual stress change is, 

Das,, = 
F° 

_(2 )Z 
I 

Jras(r)dr 
. 

(4.14) 

where Lß=,, represents the axial residual stress increment after a layer of thickness t 
is removed. Therefore, the axial residual stress ßz, on the new surface after layer 

removal is 

ý 
az,, = az(r)Iý=ý_ý +2Zf ras(r)dr (4.15) 

(1- t) , _, 

where a;,, represents the axial residual stress on the exposed surface after layer 

removal. This residual stress azf can be directly measured by X-ray. Although 

Equation (4.15) is different from that given by Moore (1958) in formulation, they 

are equivalent as they can be derived from each other. 

Tangential residual stress 

There are also radial a, (r) and tangential ae(r) residual stresses in the sample and 

are assumed to be independent of z. According to equilibrium, the relationship 
between them is 

co = 
dP 

ýr6r ý. (4.16) 

59 



Chapter 4: RESIDUAL STRESS MEASUREMENTAND ANALYSIS 

If a layer is removed, the radial distributed force which is equal to a, (r)I,. =, _r 
on the 

new surface is removed. The tangential residual stress change, Acre,,, due to the 

radial distributed force removal is 

ýß0, 
r -ßr(r)lrsl-r ý (4.17) 

Therefore the tangential residual stress on the new surface, ae,, is changed due to 

the layer removal, so that 

ae,, = aa(r)I. 
=t-r - 

6r(r)l.. t-r . 
(4.18) 

which can also be measured directly by X-ray diffraction. Equation (4.18) is exactly 
the same as that given by Moore (1958). 

4.2-4 Results on Specimen Surfaces 

Measurements on stress free sample 

To verify the reliability of the X-ray measurement on the material En15R, six 

measurements of residual stresses were made on a plate which was annealed to be 

stress free. The results are shown in Table 4.1. From the measurements, it can be 

seen that for the stress free plate the X-ray still measured some residual stresses 
which might result from the existence of 2nd and 3rd kind residual stresses 
(Macherauch, 1987). The residual stresses were found to be in compression with the 
largest value being -55 MPa, and the smallest -19 MPa. 

Repeatability of the X-ray measurements 

Many factors influence the accuracy of the results measured by X-ray diffraction. It 

was necessary to assess the repeatability of the measurements on one location using 
the X-ray diffraction. The work was carried out on specimen U1 at location M1, as 
shown in Figure 4.4. The results are listed in Table 4.2. It was evident that at the 
chosen location there was a compressive residual stress of about -300 MPa. The 
difference between the maximum and minimum values is about 27 MPa, within 10% 

error of the maximum compressive residual stress. 
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Suspension arms 

Three suspension arms were examined. The measurement point for the residual 

stresses was near the critical location (and approximately 5 mm away). Figure 4.5 

shows part of the suspension arm (see also Figure 3.2) and the reference frame. 

Residual stresses of the three suspension arms are listed in Table 4.3. It was evident 
that the maximum compressive principal residual stresses in the three components 

varied from -255 MPa to -316 MPa. 

Rectangular bars 

In the two rectangular bars, one was subjected to shot blasting and the other was not. 
The dimensions of the cross section is about 65x65 mm. Measurements were made 

on one side of each specimen. The results are also shown in Table 4.3. In the case of 
the bar not shot blast the surface residual stresses were in compression but at only 

about one half of those in the shot blast bar. 

Round bar specimens, U-batch 

For the U-batch round bars, the residual stresses were measured in the gauge length. 

Many measurements were made on several locations in one U-batch specimen U1. 

The reference frame is shown in Figure 4.4. The results for the specimen UI are 
listed in Table 4.4. Excluding the measurements on flash line, the axial residual 

stresses varied from -285 MPa to -306 MPa and the tangential residual stresses 

varied from -277 MPa to -318 MPa. 

For all other U-batch specimens, U2 to U20, the residual stresses were measured at 
location Ml on each specimen. The results are shown in Table 4.5. The results of 

residual stress variation from sample to sample are also shown in Figures 4.6-4.7. 

The axial residual stresses varied from -177 MPa to -346 MPa with average value 
about -286 MPa and the tangential residual stresses varied from -277 MPa to -318 
MPa with an average value about -240 MPa. The principal direction varied from 0° 

to 23°. 

Round bar specimens: AF, FS, HT and HTS groups 

The four batches of specimens represented different stages of the hot forging 

processes. There were eighty specimens, twenty in each group measured by X-ray 
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diffraction. The residual stresses were measured only in axial direction on both sides 
of specimens which corresponding to locations M1 and M3, shown in Figure 4.4. 

Tables 4.6-4.9 show the measured axial residual stresses for each batch. The results 
of residual stress variations are also shown in Figures 4.8-4.11. 

For AF batch, the axial residual stresses varied from 59 MPa to -69 MPa with 

average value about -16 MPa. For HTS batch, the axial residual stresses varied from 

-9 MPa to -69 MPa with average value about -25 MPa. Comparing the results from 

the HT batch with those from the AF batch, it can be seen that the heat treatment 

made the scatter of the residual stresses much less. 

For FS batch, the axial residual stresses varied from -186 MPa to -369 MPa with 

average value about -272 MPa. For HTS batch, the axial residual stresses varied 
from -267 MPa to -469 MPa with average value about -373 MPa. Comparing the 

results from the HTS batch with those from the FS batch, it can be concluded that 

the heat treatment contributed to the much higher residual stresses in the HTS batch. 

4.2-5 Residual Stresses by Chemical Etching Combined with X-Ray 

To compare with other measurements for the distribution of residual stress in the 

round bars, the X-ray diffraction method together with the chemical etching method 

was used to obtain the subsurface residual stress distribution. Because it is a 
destructive method, this method was only applied to round bar specimens HTS05, 

HTS18 and HTS24 in which the HTS05 had been subjected to high cyclic fatigue 

and HTS18 had been subjected to cyclic mechanical loading with large plastic 
deformation. 

The chemical etching process does not cause additional surface roughness and 

residual stresses if it is well controlled. As a trial, a mixture of strong acids, 
HNO3(78%)+ HCL(38%), in the ratio 1: 1 was used. Tables 4.10-4.11 present the 
diameter change for specimens HTS18 and HTS05 after each layer removal and 

residual stresses measured using X-ray diffraction. It is shown in Table 4.10 for 
HTS 18 that after a layer removal of thickness 0.03 mm the axial residual stress 
dropped from -183 MPa to -30 MPa. Measurements on HTS05, shown in Table 
4.11, has shown that the residual stresses decreased as each layer was removed. This 

meant that the actual residual stress distribution near surface decreased from the 

surface to the interior. 
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A full layering method was applied to specimen HTS24. For the metal removal 
process to be more controlled, a less acidic solution was used. The solution consisted 
of, 

Nitric acid + Hydrogen peroxide + oxalic acid + water 
HNO3 (15%) + 

150m1 

H202 + C2H204 + H20 
50m1 20g 500m1 

It took about one hour to remove a 0.05 mm layer. The sample was taken out every 5 

minutes to clean the surface by using running water and soft paper. 

Axial and tangential residual stresses were measured by the X-ray diffraction on the 

new surface after each chemical etching. The measured axial and tangential residual 

stress results are presented in Table 4.12. 

The axial and tangential residual stresses measured after chemical etching were the 

stresses that had been redistributed. If it is assumed that the relaxation was elastic 

after the chemical etching, the original distribution of residual stresses can be 

derived from the measured results. Equations (4.15) and (4.18) give the relationships 
between the original distribution and the measured results after layer removal. 

To determine the residual stress distribution in the round bar from the measured 
results, a method was developed which considers the conditions for equilibrium in 

the round bar, which are expressed as 

R 
Jrazdr 

=0 
0 

for axial residual stress and 

R 
fa0dr=0 

0 

for tangential residual stress, and the boundary condition 

(4.19) 

(4.20) 

arI, 
aR =0. (4.21) 
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Let r be radial co-ordinate that is non-dimensionlised by radius of bar so that 
0 <_ r <_ 1 and the R is replaced by 1 in Equations (4.19-4.21). The distributions of 

axial and tangential residual stresses will be determined separately. 

Axial residual stress distribution 

Assume that the axial stress distribution is of the form 

ao 
QZ= R+b42+C43 4>0 

where 4= r-q 

(4.22) 

where a, b, c are constants to be determined and q represents the boundary between 

plastic region and elastic region. After the plastic zone is removed, the residual stress 

will be totally relaxed. And therefore q is estimated from the measurements of the 

axial residual stress on the new surface, a=,,, with the condition that 

6zj11=1-q = ý. 

Inserting Equation (4.22) into Equation (4.15) and integrating gives, 

ßz, =6z+ 
+ 

2[2a 
(1-(, +g)Z)+b(4t4+3gt3-444-3q4 3) 

(ý q) 

+c(5I t5 +ýgt4 -545 -4q44)J 

for4 >0. 

(4.23) 

(4.24) 

For equilibrium by inserting Equation (4.22) into Equation (4.19), the constants, a, 
b, c, must satisfy the following condition 

a+b(lt4+1Rt3-144-1443)+C(lr5+igt4-145 
-1944)0 (4.25) 

243435454 

Using Equation (4.24) and the condition (4.25) as the equations in curve fitting and 
the experimental data a=,, measured by X-ray diffraction, the constants a, b and c 

were obtained and are presented in the Table 4.13. The fitted distributions for both 

a21 and az are shown in Figure 4.12. From the Figure 4.12 it can be seen that there 
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is only a slight difference in the fitted results between side A and Side B. This may 
be due to the difference between measurements on both sides of the specimen or the 

specimen being not precisely axisymmetric. 

Tangential residual stress distribution 

Using same curve fitting technique, the radial stress distribution is assumed to take 
the form 

a 4<-0 

a, = a+b42+c43 4>0 

where 4= r-q 

(4.26) 

where a, b, c are constants to be determined which satisfy the boundary condition 
(4.21), 

a+ bt2 + ct3 =0 (4.27) 

and q is estimated from the measurements of the tangential residual stress on the 
new surface, ae,, with the condition that 

/ 
ae' 

r=I-y - 
0. (4.28) 

The q value should be same as that estimated from axial residual stress 

measurements. Then the tangential residual stress distribution is found from using 
Equations (4.16) and (4.26) and differentiating, to give, 

a ýs0 

ae =a +b ý2 + cý3 + (4 + g)(2b4 + 3c42 )4>0. (4.29) 

where 4= r-q 

Inserting Equations (4.26) and (4.29) into Equation (4.18), it is found that 

ae,, =(4 +q)(2b4 +3cý3) (4.30) 

for >0. 
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Using Equation (4.30) as the equation in curve fitting and the experimental data a,,, 

measured by X-ray diffraction, the constants, b and c, were obtained. Then the 

constant, a, was found from using Equation (4.27). The fitted constants for both 

sides A and B are listed in Table 4.13. The fitted distributions for aä,,, Cr,. and ae are 

shown in Figure 4.9. Because of the difference between measurements on both sides 

of specimen there was also a slight difference between the fitted results on sides A 

and B. 

4.3 Neutron Diffraction 

4.3-1 Principles 

Bragg's law is also applicable to neutron diffraction. Any non zero stress state will 
introduce elastic deformation leading to a small lattice spacing change Ad. It will 

result in a corresponding peak angle shift 06. Differentiating equation (2.1), when ? 

is constant, gives 

0A=-tanA"Ad 
d 

(4.31) 

Thus the lattice strain 8e, in the direction of the scattering vector Q which bisects the 
incoming beam and detected beam as shown in Figure 3.4, is obtained 

ee = 
Ad=_ 

AO " cot6". d 
(4.32) 

To obtain the absolute lattice strain, a knowledge of either lattice spacing do or the 

scattering peak angle 260 of the unstressed materials is necessary. Actually, for the 
do and 260, if one is known, the other can be found using Bragg's equation (2.1). As 

indicated earlier, a simple way to find d0 is to measure on a small cube that is 

extracted from the specimen (Smith, et. al, 1988 & 1992) where it is judged to be 

`stress free'. 

In all estimates stress-induced strains are measured by using equation (4.32) and 
then stresses calculated. In the interior of the specimen, there are normally six 
independent components of stress, which requires at least six strain measurements in 
different directions. For some special cases, such as where the direction of the 

principal stresses are known, measurements in three orthogonal orientations are 
often sufficient for a full definition of the stress state. Also, if only three normal 
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stresses in three orthogonal orientations are concerned, three strain measurements in 
the three orthogonal directions are sufficient. Using Hooke's law, the stresses are 
given by 

ax =E [(l - V)Ex + V(E y+ sz) (1+v)(1-2v) 
E _,. .- -- 

ß= (1+v)(1-2v)[(1-v)sz+v(sX+Ey) 

ay - (1 + v)(1- 2v) 
F 

6Y 
n... vl m.. \ 

p- V)Ey -f- V(Ez + Ez ) (4.33) 

The measured strains and stresses can be regarded as average values over the sample 
volume. The volume sampled is illustrated in Figure 3.4. This method is sensitive to 
the volume of material sampled, absorption in the material and the angle resolution 
of the neutron diffractometer. 

4.3-2 Results of Measurements on Six U-Batch Specimens 

Interior residual strains were measured in only six bars, specimen U l, U9, U10, 

U 13, U 18 and U20, see Table 3.3. Prior to examination of the round bar specimens, 
peak angles were measured from one end of a specimen where it was judged to be 

"stress free". The diffraction peak angle 20 measured for the lattice spacing [110] 

was approximately 95.3° which was taken as the reference peak angle 200. The 

cylindrical system was employed for the round bars, as shown in Figure 4.1. Strains 
in three directions, axial (z), radial (r) and tangential (0), were measured. For radial 
and tangential strains the sample volume was 1x1x 10 mm, and for axial strains the 

volume was taken 2x2x2 mm. The diameter of each round bar was about 8 mm. 
Strain measurements at the centre and 2 mm either side of the centre ensured that the 

sampling area (represented by a rhomboid of 2 mm equal sides for the axial strains) 

was entirely within the material. The stresses in the three directions, axial, radial and 
tangential, are given by 

,=E [(1 - V)&', + V(Ee + Sz)] 
(1 + v)(1- 2v) 

a- 
E 

[(1 - v)Ee + v(E; + Ez)] a (1+v)(1-2v) 

az =E [(1- V)Ez + V(E8 + Er)] 
(1 + v)(1- 2v) 

(4.34) 
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in which ce, c and cz represent radial, tangential and axial strains measured by 

neutron diffraction and Cyr ,o and 6Z represent radial, tangential and axial stresses, 
respectively. 

Figures 4.14 to 4.16 show the residual strains measured in the six specimens. 
Figures 4.17 to 4.19 give the residual stresses calculated from the residual strains. In 

general the largest residual stresses were in the axial direction. However the 
variation from sample to sample was substantial. 

4.3-3 Development of Analysis - Near Surface Effect of Neutron 
Diffraction 

In the neutron diffraction method it has been normally required that the whole 
neutron gauge volume is in the sample (Rudkins, et. al, 1994; Lorentzen, et. al, 
1995). When the neutron gauge volume moves out of the sample to obtain near 
surface strains or stresses, some unrealistic values were obtained. If the dimension of 
the gauge volume is chosen to be 1 mm, which is about the minimum that can be 

used in most cases, and the diagonal dimension is about 1.4 mm, the measurements 
of residual strains can not be made within 1.4 mm from surface. 

However, residual stresses on and near the surface are quite important in evaluating 
the fatigue life of the components. In many cases, short range residual stresses exist 
in components, particularly when subjected to shot peening or shot blast treatments, 

and the residual stress gradient is quite large within short distances. The incremental 

centre-hole method is normally used to obtain residual stress profile within this 

region (Niku-Lari, et. al, 1987; Zhu & Smith, 1994). But there are some problems 
with using this method. One is that it is a semi-destructive method, and the second is 

the problem with the plastic deformation during hole-drilling resulting in 

overestimating residual stresses (Nickola, 1984, Zhu & Smith, 1994). 

An investigation has been undertaken to examine the surface effect of neutron 
diffraction measurements and to determine a method of interpreting the near surface 
residual stress distributions. 
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Experimental results 

To examine the surface effect without the presence of residual stresses, two forged 

bars were prepared for the neutron diffraction measurements, specimens U6 and 
HTS 18. Cyclic mechanical loadings were applied to the two specimens and the half 

strain range was up to 10000-12000 tc (details are given in Chapter 6). The centre 
hole method was used to measure the near surface residual stresses and it was found 

that there were no residual stresses left in these two specimens (details are given in 

Section 4.4). 

Although the specimens were mounted fairly accurately for neutron diffraction 

measurements, there was always some misalignment. To locate the centre of the 

sample, the neutron diffraction peak intensity as a function of position were used. 
The neutron gauge volume was 1x1x5 mm. The neutron diffraction peak intensity 

depends mainly on the material absorption, the neutron gauge volume and the 
distance travelled by the neutron beam in the sample. Figure 4.20 shows the neutron 

peak intensity for specimen HTS 18 for tangential strain measurements. It can be 

seen that the figure is not symmetrical about the centre. The centre was then shifted 

about 0.55 mm and the intensities for the left and right hand side were drawn as a 
function of the absolute distance from shifted centre. Figure 4.21 shows the results. 
All subsequent measurement locations were then adjusted based on the revised 
centre of the specimen. 

Measurements were made in two directions, axial and tangential, across the section, 

and using overlapping neutron gauge volumes. The surface effect was found to be 

different for each side because different parts of the neutron gauge volume were 
involved as shown in Figure 4.22. To look at the surface effect on how the gauge 

volume was approached from different sides, specimen HTS 18 was examined in 

detail for axial strain measurements. After the specimen was measured from the right 
hand side edge to the centre, the specimen was turned 180° and then continually 

measured from the centre to the left hand side edge. In this way, the axial peak angle 

profile scanned from the left to the right, shown in Figure 4.23, exhibited a purely 

surface effect from different approaches without the influence of differences in 

material, shape and stress state between the two sides. The peak angle was also 

measured on stress free sample U6 in the axial direction without turning the 

specimen around. The results are also shown in Figure 4.23. Figure 4.24 shows the 

results of measurements on specimen HTS 18 in the tangential direction and show a 

similar trend to the measurements in the axial direction. It is shown from these 
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measurements on the stress free samples that the each side appears to have an 
opposite surface effect. 

After completing the measurements on the stress free samples, two samples HTS 19 
and HTS22 were examined. The two specimens had been subjected to prior cyclic 

mechanical loading with that 
Zs 

=1000µs and 1800µs , respectively. Neutron 

diffraction strain measurements were obtained in the axial and tangential directions. 
The peak angle measured for HTS 19 and HTS22 in axial and tangential direction are 
shown in Figures 4.25 and 4.26 and compared with those from the `stress free' 

sample HTS 18. It can be seen that the peak angle was moved upwards near to the 
edges of the specimens which means there were compressive residual stresses and 
strains near to the specimen surface. 

Determination of measurement location from gauge volume centre 

The neutron diffraction occurs over the whole neutron gauge volume. Thus, the 
result obtained is an average value over the gauge volume. It is practical to express 
the result of the measurement at a single point. Normally, the material volume 
weighted centre is used to determined the location of the material volume. The 

weighted centre can be found by 

fXdv 

x. fdv 

v, ý 

(4.35) 

where V,,, is the material volume within neutron gauge volume V. If the neutron 
gauge volume is totally inside the sample, V. =V and material weighted centre is 

equal to neutron gauge volume centre. When the neutron gauge volume moves out 
of the specimen, V<V and the material weighted centre is different from the 

neutron gauge volume centre. 

In the case of a round bar sample, in which all components are assumed to be 

axisymmetrical, the weighted centre is not the best choice in expressing the location 

of measurement. For example, if a measurement is over an arc with 
r=r. &-0, S 0: 5 0, the measured result will be the same as that at the location 

r=r, &0=0. However, this location is not the weighted centre of the arc. 
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To express the location of the measurement for the axisymmetric case, a special 
parameter called the radial centre of material volume, r,, is introduced 

rý _ 

Jrdv 

fdv (4.36) 

which is similar to the Equation (4.35) for the material weighted centre. But there is 

significant difference between them, especially when measurement is within a short 
distance from the centre of the bar about the gauge volume dimension. -When the 
neutron gauge volume is right at the centre of the bar the radial centre of material 
volume is not at the centre and is about half way between the bar centre and the edge 
of the gauge volume. A numerical integration method was used to obtain the radial 
centre from Equation (4.36). Figures 4.27 and 4.28 show axial strain and tangential 

strain profiles for specimen HTS 19 when using both the neutron gauge volume 
centre and the radial centre. 

Direct method of determining residual stresses using results from the stress free 

sample 

After the peak angles 20 were obtained from the neutron diffraction measurements 
across a section in a specimen in the axial and tangential directions, there were two 

parameters required for determining the strains. One was the peak angle 20 for the 

stress free state for the same material and conditions and the other was to take 

account of the surface effect. These two could be obtained from the measurements 
on the stress free samples. Two assumptions were made before making use of the 

measurement results from the stress free sample, 

a) The material and test conditions for both the stressed sample and 
stress free sample were the same and therefore the 260 's in these two 

samples are equal. 

b) The surface effect was independent of stress state and only influenced 
260. The changes of 260 were the same in different samples as long 

as the geometrical shapes were same for these two samples. 

71 



Chapter 4: RESIDUAL STRESS MEASUREMENT AND ANALYSIS 

Therefore, based on these assumptions the strains were found by taking the 
difference between the measurements on the stressed and the stress free samples. 

The measured peak angles for the stress free sample HTS 18 and samples HTS 19 and 
HTS22 in axial and tangential directions are presented in Figures 4.25 and 4.26 

using the location of gauge volume centre. By taking the peak angle difference 
between samples, UTS 19 and HTS22, and stress free sample HTS18, the axial and 
tangential strains, cs and c9, were obtained for specimens HTS19 and HTS22. The 

results are shown in Figures 4.29 and 4.30 in which the locations are expressed in 
terms of the nondimensionlised radical centre, rr /R 

. Linear interpolation was used 
to obtain values at a point which is located between measurement positions. 

To obtain distributions of the stress components, a, and ße, an assumption about 
distribution of radial strain or radial stress was required. The radial stress must 

satisfy the following conditions, 

Qrlr`O = QOIr: 
O 

(or 
Erlr-O = Eelr. O) 

and 6rIr. 
R 

=0. 
(4.37) 

Using Hooke's law, the radial stress at the centre is given by 

6, 
Ir. 

or, i 
E 

+UE=Iýo . (1+u)(1-2u) 
( 
\Eelr=o 

ý (4.38) 

One assumption for the ß, was that its maximum value is at the location 

r=0.5 - 0.6 R. Then a distribution of or was taken the form, 

a, =a+bt2+cý', t=r/R (4.39) 

where a, b and c are determined using the a, values at centre and surface and 

condition of its maximum value between 4= 0S and 4=0.6. The distributions of 
a, are shown in Figures 4.31,4.32,4.33 and 4.34. The strain c, is then given by 

Er = 
(1 ý1 )(u)ý u) 

ßr -1 
Uu (Ee + sZ ). (4.40) 

Finally, the axial and tangential stresses were obtained, 
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E r.. .. -� CFO 
- n. 1 ,. vl _ ý,. ý 

L(1- U)E6 -h U(Er + Sz), 
`l-r vJýa-ý, VJ 

1;, 

ßz = `" [(1- U)Es + U(E, + CO)] (1 + U)(1- 2u) 

(4.41) 

The calculated residual stresses are shown in Figure 4.31 for HTS 19 and Figure 4.32 
for HTS22. 

From the axial and tangential residual stresses shown in the Figures 4.31 and 4.32, it 

can be seen that they do not satisfy equilibrium, which has been expressed in 
Equations 4.19 and 4.20. This may be due to several reasons: 

a) There were measurement errors. 

b) The stress free lattice spacing do for different samples may not be 

guaranteed to be the same and it might vary within one sample, 
because the conditions of process and treatment may not be the same 
everywhere. 

c) The stress free sample HTS18 had undergone large cyclic plastic 
deformation to relax the residual stresses which could result in 

changing the stress free lattice spacing do. 

Therefore it was possible that there were systematic differences in the stress free 
lattice spacing do between the stress free sample HTS 18 and samples HTS 19 or 
HTS22. To correct it a constant strain was added to both axial strain sZ and 
tangential co in Figures 4.29 and 4.30. The stresses and strains were recalculated 

using the procedure stated above. The modified stress results are shown in Figures 

4.33 and 4.34 for specimens HTS 19 and HTS22, respectively. 

Average method of determining residual stresses without using the results of the 

stress free sample 

From the neutron diffraction results obtained from the stress free samples HTS 18 

and U06, shown in Figures 4.23 and 4.24, it can be seen that the surface effects on 
right hand side and left hand side were approximately asymmetric. If the surface 
influence on peak angle measurements is assumed to be asymmetric about the 
centre, we have 
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()(x)= fl(X)+f2(X) 

f2 (x) 
_ -f2 (-'X) 

(4.42) 

where A(x) expresses the measured peak angle from the left hand side to the right 
hand side across the centre, f (x) is the function that describes the contribution from 

elastic strain and f2(x) is the function that describes the contribution from the 

surface effect. In the following f(x) is determined. In order to eliminate f2(x), the 

peak angles on the left side and the right side at the point of symmetry are summed, 
so that 

O(x) = 
O(x) 2(-x) 

=f 
(x) 

2+ 
fl (-x) 

xz0. (4.43) 

If the strains are symmetrical about the centre, Equation (4.43) becomes 

O(x) = fl (x) xz0 (4.44) 

which means that the function O(x) is purely related to the strain profile. If the 

strains are not symmetrical about the centre, the result from Equation (4.43) can be 

treated as an average value over both sides on the line of symmetry. 

Therefore without using results from stress free sample and assuming that the 

geometrical influence by neutron diffraction on measured results were asymmetrical, 
the peak angles on the left and right sides were summed. Linear interpolation was 

also used because the measurements were not on the same location on both sides. 
For this technique, the stress free lattice spacing do was first assumed, and then the 

axial and tangential strains distributions were obtained. The radial stress was 

assumed in the same way as previously. The resulting strains are shown in Figures 

4.35 and 4.37. Then all stress components were calculated using Hooke's law. The 

parameter do was finally adjusted by using the equilibrium shown in Equations 4.19 

and 4.20. The resulting residual stress distributions are shown in Figures 4.36 and 
4.38. 
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4.4 Centre Hole Method 

4.4-1 Principles of Analyses for Flat Surfaces 

Conventional One Step Method 

The theory for the one step method is based on a through-thickness hole of a thin 

plate where the residual stresses are uniform (Mathar, 1934; Rendler, et. al, 1966). 

The residual stress state is assumed to be biaxial in a plane stress state. After a strain 

gauge rosette, which normally includes three strain gauges in three directions, is 

bonded to a sample surface, a hole is drilled in the centre of the rosette. Then the 

strain changes due to hole drilled are recorded. Usually a blind hole is enough 
because after the hole is deep enough (about the distance of hole diameter) there is 

no further measurable strain change. The plane strain state has three unknowns to be 

determined and there are three strain changes in three directions obtained. Therefore 

the surface stress state can be determined. Figure 3.6 shows a typical strain rosette 

arrangement and a description of the main dimensions. For either a through-hole or a 
blind-hole, elastic analysis gives the relationship between the measured surface 

radial strain sr and the relieved residual stresses after hole drilling (Schajer, 1988), 

E, (CC) = A(vl +Q2)+ B(ai -a2)cos2a (4.45) 

where A and B are constants related to the material, hole diameter, the geometry of 

the strain gauges and the depth of the hole, a is the relative location of the direction 

between strain gauge 1 and principal stress al. After the hole is drilled and 

measurement of strains in three directions, 0*, 45° or 225° and 90°, obtained, then 

the relationship between the measured strains and the stress state, described by the 

two principle stresses a, and a2 and the angle a, is found from the Equation 

(4.45), 

el = A(a, +a2)+ B(a, -a2)cos2a 
s2 = A(a, +a2)+B(a, -a2)cos2(a+45°) 
E, = A(a, + a2) + B(a, - a2) cos2(a + 90°) 

The a, , a2 and a can be solved from the Equations (4.46) 

(4.46) 
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61 - 
EI + E3 

+ 2E2 (E! - E2 ý2 + (E2 - E3 
4A 4B 

E, +E3_ý 62 
4A 4B 

(E1 + (E2 
- E3 

tan2a = 
E, -2E2 +63 

S3-el 

(4.47) 

In the Equations (4.47), the two constants, A and B need to be found. The method to 

obtain these constants has been reviewed in Section 2.2-3. 

Incremental Hole-Drilling Method 

Many methods have been developed to find non-uniform residual stress distribution 
by hole drilling (Schajer, 1988). Among these methods, the integral method (Bijak- 
Zochowski, 1978; Niku-Lari, 1985; Flaman, et. al, 1985) gave a good stepwise 
approximation to the actual stress variation with depth. 

In order to determine the residual stress distribution from the integral method, some 
assumptions are required (Niku-Lari, 1985): 

i) The material is elastic. This means the stress released during drilling is less 

than the elastic limit and the plastic deformation caused by drilling is 

negligible. 

ii) The stress components normal to the surface are very small compared to the 

other stress components. 

iii) The stresses in each layer of material which is removed by drilling is 

uniform. An average value in each layer is therefore used. 

iv) The material is isotropic and only two elastic constants are required, 
Young's Modulus, E, and Poisson's ratio, U. If the material behaves 

anisotropically, more than two elastic constants are required. 

From the assumption 2, the stress state is plane stress and three independent 
parameters, principal stresses a,, a2 and angle a between strain gauge 1 and 
principal stress a,, need to be found to determine the stress state. Because the 
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residual stresses vary with depth, therefore the three parameters are the functions of 
depth 

a, = a, (h), a2 = a2 (h) and a= a (h) (4.48) 

where h is the normal distance from the surface. With this integral method, the 

actual stress distribution is to be replaced by a step-wise-constant distribution shown 
in Figure 4.39. For n total drilling steps the corresponding depth of the hole being 
h, , the distribution is assumed as 

aI = ai,, 

a2 = a2,, 

a=a, 

Assuming only stresses in ith layer are removed after the hole is drilled with j steps, 

where i <_ jSn, Equation (4.45) is still valid and the strain changes at the surface 

can be expressed as 

s;; ) = Aj1 (a I,, + az, r) + B; r((; i, r - az, ) cos2a, 

Eiji = A;, ((11, º+az, )+B,, (at, -(7Z, )cos2(a, +45°) 

s3j? = Afi(aj4, 
ýta2., 

)+B;, (a,,, -a2,, )cos2(a, +90°) 

for h; 
_15 

h5h, 1= 1, ".., j, ".. n . 
(4.49) 

(4.50) 

The coefficients AA; and B f, are functions of the hole diameter, the geometry of the 

strain gauges, the position of the layer i and the depth of the hole. These coefficients 

can be calculated using finite element method (Niku-Lari, 1985; Schajer, 1988). 

Since all stresses are removed from the surface of the hole after hole drilling, the 

strain changes at three locations are, 

EI! ) 
_ý E1! 

) 

t=1 

E21) _ý2,1 
i=1 

i 
E31) _ý E3, i 

j =1, """n 

j =1, ""n 

j =1, ""n 

(4.51 a) 

(4.51 b) 

(4.51 c) 
i=1 

which are the strains measured from the strain rosette after j steps. Equations (4.51) 

can be restated as 
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J-1 
Ei ý- EiI) _ EI! ) 

! =1 

j=1, """n 

j =1, """n 

j =1, """n 

(4.52a) 

J-1 
(J) (J) 

_ 
(J) E2, J - E2 CU) 

! =1 
J-1 

(J) (J) U) 
E3, J - E3 E3j 

i=1 

(4.52b) 

(4.52c) 

Because stresses, a,,, , a2,, , and angles a,, for i from 1 to j-1 have been obtained 
for i from previous steps. Using Equations (4.50), the strains, e(J)), c/ and e3(j) 31 

from 1 to j-1 can then be found. Then the strains, c(J) , 
$1 and E3J'3 , are obtained 

from Equations (4.58). Finally inserting the strains c, i, E2, j and 6-'ý , obtained into 

Equation (4.56), the stresses al,, a21 and principal direction angle a, can be found. 

4.4-2 Development of Analysis for Components With Curved Surfaces 

All current theoretical and numerical analyses for the hole-drilling technique are 
based on the Equation (4.49). This formula only applies if axial symmetry about the 
hole is maintained before and after hole being drilled, and the specimen surface is 

flat. If a component has a curved surface, such as a round bar, the above formula is 

no longer valid. For an experiment using the solid round bar there was substantial 

surface curvature. 

In order to determine the stress distribution from the incremental hole drilling 

method on a curved surface the same assumptions described in section 4.4-1 apply. 
In addition to these assumptions it is assumed that plane stress conditions exist in the 

area where a hole is drilled and that stresses only vary with depth (in the z-direction 

normal to the surface), so that the residual stresses can be expressed by using three 

independent parameters 

ax = ax(h), ay = ay(h) and Txy = Ty (h) (4.53) 

where X-axis relates to the direction of gauge 1 direction, Y-axis gauge 3 direction 

and h is the normal distance from the surface. When a hole is being drilled to a depth 
H, the strain changes on the surface at three locations, say a, b, c, are measured 

Ea = Ca(H), Eb = Eb(H), E, = E, (H) (4.54) 

Using matrix notation, 
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6ý (h) 
ä= ä(h) = ay(h) 

ixy(h) 

and 

sp(H) 
s=s(H)= Eb(H) 

E, (H) 

(4.55) 

(4.56) 

Assuming that only stresses on the hole surface in the range (h, h+ dh), where 
h5H, are being removed, then the strain change at the surface should be 

A 

dE = A(h, H)ä(h)dh (4.57) 

where the function A(h, H) is 3x3 matrix relating to material, the hole dimensions 

and the geometry of the strain gauges. Integrating Equation (4.57), we obtain the 
integral equation 

E(H) Ä(h, H)ä(h)dh (4.58) 

which is similar to that in the integral method described by Bijak-Zochowski (1978). 
If A(h, H) is known and s(H) is measured as a function of H, then the unknown 
distributions of residual stresses ä(h) can be theoretically determined by solving the 
integral equation. 

With the average strain method, the actual stress distribution is to be replaced by a 
step-wise-constant distribution as shown in Figure 4.39. For n drilling steps and h� 
the corresponding depth of the hole, the distribution is assumed as 

- a, - 6(h)1 hj_j5h5h, 

x, l 

yj 

xy,! 

0 i =1, """n and h=H1 
(4.59) 

the integral equation (4.58) then becomes 

79 



Chapter 4: RESIDUAL STRESS MEASUREMENTAND ANALYSIS 

s(hj) Ä(h, h, )ä(h)dh = Äý, ä, i <_ j <_ n, j =1, """, n (4.60) 
r=ý '' r=t 

where 

ÄJ, = 
r"-. Ä(h, hj)dh. (4.61) 

Äj, is a 3x3 matrix and can be found by finite element analysis. If Äj, is known and 
E(hj) is measured, then the unknown residual stresses ET, can be determined by 

solving the linear algebra equations (4.61). However, Äj, for all i and i have yet to 

be determined. 

4.4-3 Finite Element Calculations to Determine Coefficients 

Calculations of coefficients Aft and Bft 

For the centre hole method used for components with flat surfaces, the geometry 
around the hole is axisymmetrical and those coefficients Aj, and Bi, used in 

Equation (4.50), have been calculated for many geometric cases, such as different 

hole diameters, using finite element (FE) analysis by Niku-Lari (1985) and Schajer 

(1988). 

To determine the coefficients Ali using FE, a unit pressure was applied on the 

surface of the ith layer. In this case both geometry and loading are axisymmetric. An 

axisymmetric FE model was therefore adopted. Two types of elements were used, 8 

node isoparametric solid element and 6 node triangular solid element. A 

representative mesh is shown in Figure 4.40. From the FE analysis, the coefficient 
A., can be determined from the displacements by 

= 
urz - u. l Aýi 
2 (rz -rl) 

(4.62) 

where rl and r2 are radii of the strain rosette shown in Figure 3.6, url and ur2 are the 

radial displacements at r= ri and r= r2, respectively. Since nodes are at r= rl and 
r= r2, then ur, and ur2 are the node displacements. 
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To determine By,, three-dimensional FE analysis is normally required. Since the 

geometry is axisymmetric, by Fourier transformation, this problem can still be 

treated in two dimensions (Schajer, 1981) which is always preferred. Niku-Lari 
(1985) has suggested using a FE module EF2D of CASTOR 2D which performs 
elastic analyses of small strains and displacements of axisymmetric bodies, but 

under non-axisymmetric loadings. However this software was not available. 

Schajer (1988) calculated Ajr and Bj1 for many geometric cases but all applied to flat 

plates. The terms A j, versus B,, are plotted in Figure 4.41. Using linear regression, 
an approximate relationship between Aj, and B1, is 

Bi, =1.4355Aj, -0.05271 (MPa-1). (4.63) 

Also the coefficients A j, and B j, can be obtained by quadratic interpolation of the 

values of Aj, and Bpi presented by Schajer (1988) by using finite element method for 

different geometric cases. 

Calculating coefficient matrixes Äßi for a round bar 

Since a round bar has a cylindrical surface, the geometry is no longer axisymmetric 
after a hole drilling and three-dimensional FE analyses are necessary. A particular 

mesh for the hot forged round bar is shown in Figure 4.42. 

From Equation (4.60), we obtain the strain change caused by only removing äl from 

ith layer 

sji =A j; ä1. 

Using a matrix format, Equation (4.64) becomes 

I C 

p1aJ+ aI' 11 12 13 
i' i' A 

- a21 a22 a23 

i' lý iý a31 a32 a33 

6 x 

X Icry 

Txy 

(4.64) 

(4.65) 

The procedure to obtain the coefficient matrix 2j, using finite element (FE) analyses 
was as follows: 

1 
Txy 
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i) Generate FE mesh with the hole depth h,. 

ii) Let ax = 1, ay =0 and T, = 0, then calculate the surface traction of the 
hole in ith layer corresponding to this stress state. 

iii) Convert the surface traction into node forces acting on the FE model. 

iv) From FE calculations find the strain values at three locations at which the 

strain gauges are located. 

v) Using Equation (4.65), we obtain the first column of the coefficient 
matrix Äßl 

fl 
al1 

fl 
a21 

fl a31 

(4.66) 

vi) Let ay' =1, ax =0 and Tom, = 0, and using the same procedure as above to 

obtain 

(4.67) 

vii) Let ti =1, ax = ay = 0. In this case, the loading condition is 

asymmetric and the constraint boundary condition should be different 
from the above cases. This yields the third column of the matrix Äj; 

(4.68) 

viii) In turn, let j= 1, " " ", n and i= 1, " " ", j, then all the coefficient matrixes Äßi 

are determined. 

ii I 

a,; i= LI I 

11 
a31 
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The FE element type chosen was a twenty-node isoparameteric element. A refined 

mesh surrounding the hole was used. Assuming the number of drilling steps is ten, 

then the number of loading cases was 

10 
N=3xIj=165. 

J=1 
(4.69) 

Extensive finite element analyses were carried out. FORTRAN programs were 

written for procedures (iii) and (iv) to convert surface traction into node forces and 

node displacement results into strains. These results were then used to obtain the 

coefficient matrixes 2j,. Table 4.14 presents a example of coefficient matrix A,, for 

a round bar specimen with bar diameter 8 mm, with hole diameter 1.74 mm, drilling 

increment 0.08 mm, using the larger strain gauge type, gauge 1 along the hoop 

direction and gauge 3 along the axial direction. 

4.4-4 Experiments 

Procedure and specimens 

The device and strain gauge rosettes for the hole drilling have been described in 

Chapter 3. The holes were drilled incrementally. The larger rosettes were mainly 

used for specimens with flat surfaces and only two round bar U-batch specimens, 
together with FE analysis for curved surfaces. The smaller rosettes were used for 

round bar specimens from the HTS and FS batches. 

For the larger strain gauge rosette used, the hole diameter was 1.7-2.0 mm and the 
depth of most holes was about 1.6 mm. Within the first 60% of the total depth, the 
increment of the depth was equal to 10% of the total depth. For the remaining 40% 

of the depth, the increment are equal to 20% of the total depth. Therefore there were 

normally eight increments for one hole. In one case, specimen U5, two holes were 
drilled, one on each side. For one of the holes, drilling was done with ten drilling 

steps and a depth increment of about 0.08 mm. 

The smaller strain gauge rosettes were mainly used for round bar specimens from U, 
HTS and FS batches. The motivation for using these smaller rosettes was to reduce 
the influence of the curvature of the round bar specimens on the strain results from 
hole drilling and therefore to use a simple analysis for flat surfaces. The hole 
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diameter was 0.9-1.0 mm. the holes were drilled incrementally with an incremental 
depth of 0.0254 mm. The strains were recorded at each step. 

The specimens for the hole drilling using the larger strain gauge rosettes included 

two hot forged rectangular bars with dimensions 65x65x585 mm (one of which was 
subjected to shot blast treatment), a stress free plate and two hot forged round bar 

specimens U5 and U 11. 

Round bar specimens for the hole drilling with the use of smaller strain gauge 

rosettes included U15, HTS09, HTS17 HTS20 from HTS batch, FS16 and FS18 

from FS batch. 

4.4-5 Experimental Results 

Effect of the drilling operation on residual stresses on EnISR specimen 

Niku-Lari (1985) had carried out a series of tests for different materials to analyse 
the hole-drilling condition, their effect on hole geometry and further the residual 

stresses. It was concluded that drilling methods had no effect on the micro-structure 
of the materials and residual stresses and using compressed-air turbine system had 

advantages over other drilling methods. 

In order to determine any influence of the drilling operation on residual stresses for 

the En15R specimens, first drilling was carried out on the stress-free plate that had 

examined by X-ray. The strain changes measured by three gauges on the surface of 
the plate with respect to the depth of the hole were given in the Table 4.12. It can 
been seen that the strains were very small, and it can been assumed there were no 
residual stresses introduced by the hole drilling operation. 

Two rectangular bars with flat surfaces 

For the two rectangular bars, one of which had shot blast treatment, the surfaces 
were flat. The larger strain gauge rosettes were used. Two tests were made on each 
bar. The results of strain measurements with respect to the drilling depth are listed in 
Table 4.15 and shown in Figures 4.43 and 4.44. Comparing the strain results of the 
two rectangular bars, it can be seen that shot blast sample had more strain release 
compared to the non-shot blast sample, and therefore there were more residual 
stresses in shot blast specimen than in non-shot blast specimen. 
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By using the elastic analysis for flat surfaces, the residual stresses in the two 

rectangular bars are presented in Figures 4.45 to 4.48. From the results we can see 
that after 5 steps with drilling depth beyond 0.7 mm some of the interpolated stress 

results become unrealistic. The residual stresses at the surface for the shot blasted 
bar were quite high and the values from the second drilling were near to the yielding 

stress which was also unrealistic. This high prediction may be caused by plastic 
deformation during hole drilling. Detailed discussion of this behaviour will be given 
in Section 4.4-6. 

Round bar specimens with larger strain gauge rosettes used 

The larger strain gauge rosettes were bonded to round bar specimens U1l and U5, 

the latter specimen being drilled on both sides. The strain results were listed in Table 

4.15 and also presented in Figures 4.49 and 4.50. From the strain results measured it 

can be seen that the strain relaxation from the three incremental centre hole 

measurements were quite similar. Therefore the residual stresses at these locations 

on the U-batch specimens would be expected to be similar. From Figure 4.49, it can 
be seen the strain release at the first step was quite small compared with other tests. 
This may be due to the effect of surface roughness of the specimen. 

Because the strain gauge rosette used for round bar specimens was quite large 

compared with the dimensions of the round bar, there was a significant effect of 

curvature on the results of strains and 3-D FE analysis was necessary. Since FE work 
for each hole analysis was extensive, only the strain data from the second test on 

side B of specimen U5 were analysed. 

The hole diameter for this analysis was 1.74 mm. The details of the procedure of the 

FE analysis have been described in previous sections 4.4-2 and 4.4-3. The residual 

stress results for the specimen U5 from using the 3-D FE analysis are given in 

Figure 4.51. The residual stresses of specimen U5 were much higher than those 

measured by X-ray diffraction method (shown in Table 4.5). We anticipate that if 

additional plastic deformation takes place then an elastic analysis would 

overestimate the magnitude of the residual stresses. This will be discussed in a later 

section, and the residual stresses will be modified by considering plastic yielding 
during the hole drilling process. 
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Round bar specimens using smaller strain gauge rosettes 

To avoid extensive 3-D FE work, which was necessary when using a larger strain 
gauge rosette on the round bar specimen, smaller strain gauge rosettes, WA-06- 
030WR-120, were used for hole-drilling specimens U15 side B, HTS09 side A and 
B, HTS17 side A, HTS20 side B, FS 16 side B and FS 18 side B. The strain gauge 
rosettes were easier to wrap and bond around specimens than the previous larger 

ones. The holes were drilled incrementally using the high-speed air turbine. The hole 
diameter Do for each hole drilled was different and varied from hole to hole. The 

average value was about 0.9 mm. 

The results of strain relaxation as a function of drilling depth are shown in Figures 
4.52 to 4.58. Preliminary estimation of the residual stresses using these results 
indicated that the residual stresses were unrealistic high. Using the 2-D elastic 

analysis of incremental hole-drill described in section 4.4-2, most of the residual 
stress results estimated were up to -700 MPa. An extreme example was a result from 

specimen HTS09 where it was found that axial residual-stress on the surface of side 
A reached -1300 MPa. These results were much higher than those measured by X- 

ray diffraction and some even higher than the yield stress of the material. This 
behaviour assumed to be a consequence of plastic deformation during hole drilling 
(Nickola, 1984) and more details will be in the next section. Therefore an 
introduction of a modification to consider the plastic deformation after hole drilling 

was inevitable. This work can be done by both theoretical and FE analyses. 
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4.4-6 Plastic Modification 

Many investigators had noticed the effects of plasticity and local yielding around the 
drilled hole and the potential errors in determining the residual stresses were 

estimated (Nawwar, et al, 1977; Bynum, 1981; Procter, et al, 1982; Scaramangas et 

al, 1982; Nickola, 1984; Beghini, 1994; Lin, et al, 1995). But there are no effective 

methods to consider the influence of plastic yielding on the residual stress 

predictions. 

To understand the effect of plastic yielding during hole drilling, two questions need 
to be answered. 

1) Is the stress state in a loading condition (the increment of Von 
Mises equivalent stress greater than zero, daeq >_ 0) or in an 

unloading condition (daeq < 0) during hole drilling? 

2) Is the stress state on the yield surface before and after hole 

drilling? 

Examples can be given to answer the first question. Take a biaxial stress state for a 

plate, where 
", ýW, 4 

aX=cry =a or a, =ae=a (4.70) 

and the equivalent stress a9 . is 6. After a hole is drilled, the radial stress at the 

hole surface is released and the stress state at the hole surface is changed to, 

a, =0 
ae = 2a 

(4.71) 

The equivalent stress for this stress state is aeq = 2a . Therefore the stress state 

during hole drilling is in a loading condition. 

The second question is not easy to consider. It depends on many factors, such as 
stress state, material stress-strain behaviour and the strain history from which the 

residual stresses are introduced. For an elastic-perfectly plastic material, it is 
determined by the residual stress state. With a biaxial residual stress state, if the 

residual stress is greater than 50% of the yield stress, the stress state around the hole 
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area will be on the yielding surface. For the uniaxial residual stress state, 
measurements are inherently limited to stresses to within 1/3 of the yield stress to 
keep the stress state within the elastic region (Nawwar, et al, 1976). 

So far, it appears that no one has considered the influence of strain history on strain 
relaxation during hole drilling. For residual stresses introduced by non-uniform 
plastic deformation, such as by the processes of shot peening or shot blasting, the 

residual stress state may already be on the yield surface before hole drilling, 

especially for the materials that exhibit a Bauschinger effect. To explain this, we just 

simply describe how the residual stresses are produced as a result of shot peening: 

When a ball hits the sample surface (assume z is the normal direction of 
the surface), a pressure is applied. Let the stress state be 

ax <ay= ax <0 and the deviatoric stresses Ss <0 and Sy, = Sx > 0. 

As there is large plastic deformation, the ay and ax will get close to 

at. After impact, the pressure is relieved and the stress state becomes 

ax =0 and ay = ax <0 which are the residual stresses and the 
deviatoric stresses are S. >0 and Sy = Sx < 0. Thus the vector of 

deviatoric stresses is completely reversed after the pressure removed. If 

the material has a strong Bauschinger effect, there is no doubt that there 
is reverse yielding and therefore the residual stress state is on the yield 
surface. 

Because the stress state at every point on the specimen is on the yield surface, the 
deformation will be in the plastic region during the hole drilling operation. Large 

errors will be inevitable if an elastic analysis is simply used to interpret the measured 
strain. 

For the round bars which had been subjected to shot blasting, we knew that there 

were high compressive residual stresses on the surface. These residual stresses 

mainly result from non-uniform plastic deformation during shot blasting. Therefore, 

the residual stress state is in reverse yielding and hole-drilling operation will cause 
further plastic flow. Thus the deformation by drilling a hole is partly elastic and 

plastic and depends on the residual stress state, hole geometry and stress-strain curve 
during reverse yielding. Tension-compression test have shown that Enl5R steel 

exhibits a significant Bauschinger effect (Shatil, 1990). Figure 6.5 shows cyclic 
stress-strain curve from a tensile-compressive test on specimen HTS18. From the 

stress-strain curve we can see that there is big difference between plastic 
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deformation from reverse yielding on the stress-strain curve and one which only 
considers elastic deformation. 

For -the shot blast specimens, since drilling a hole results in continued reverse 
yielding, the material response curve, shown in Figure 6.5, in the compression part 
was taken into account. The general solution for the strain release after hole-drilling 
is much more complicated but it may be possible to study this further by using FE 

analysis. Here a simple case is considered and an analytical solution is found. 

For the analysis, we assume the following, 

i) The residual stress is uniform in the surface layer and ßmax = (: Ymiß 

ii) The material is uniform and isotropic and stress-strain curve satisfies 
6= Ae'. 

The hole drilling operation can be idealised as being in two steps: first by drilling the 
hole but keeping the radial residual stress as a pressure on the hole surface and 
second by removing the pressure from the hole surface. In the first step, there is no 
strain change. The strain change is only caused by removing the radial residual stress 
as a pressure from the hole surface. The analytical solution for the strain release after 
a hole drilling was obtained based on Gao's work (1992) 

E, = F(r, 61e,, A, n) . (4.72) 

This solution (4.72) includes a set of equations which can be solved by using 
iterative procedures. The details of the analysis are given in Appendix 4A. A 
FORTRAN program to obtain a solution for Equation (4.72) is presented in 
Appendix 4B. Fig. 4.59 shows the results of strain release against residual stress for 
large rosette with hole diameter Do = 1.89 and small rosette with hole diameter 
Do = 0.91. Compared with elastic strain relaxation, the strain relaxation are much 
larger using the plastic analysis. In Figure 4.59, the plastic response curve may be 

represented as a function of strain relief, where 

6R=f(E). (4.73) 

where aR is the residual stress obtained from the plastic analysis and the elastic 
response curve is a straight line given by 

ý 
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ßR = kE 

where aR is the residual stress obtained from the elastic analysis. 

(4.74) 

In the next step we may make use of the plastic result shown in Figure 4.59 to 
modify the residual stress results aR obtained from the elastic analysis. The 

procedure includes: 

1) Obtain the residual stress value 6R from elastic analysis 
2) Find the strain value c on the elastic straight line using the aR 
3) Obtain stress value c P. from the plastic response curve 

Consequently, the plastic modification can be expressed as 

aR -fcQRlk)" 
(4.75) 

In Figure 4.51, the elastic analysis results of specimen U5 were obtained using larger 

strain gauge rosette and 3-D FE analysis. Then plastic modification analysis was 
carried out on the elastic result and the residual stress result after the plastic 
modification is also shown in Figure 4.51. 

For the specimens where smaller strain gauge rosettes were used, an elastic analysis 
for a flat surface with the average stress method was used, which was a good 
approximation to a stress distribution with a small gradient. Then the residual stress 
results were modified by using Equation (4.75). Figures 4.60 to 4.66 show the 

modified residual stress results for specimens from U-, FS and HTS batches. In 

general most of the results were in good agreement with those measured by X-ray 

diffraction method at the surface. Residual stresses in HTS specimens were higher 

than those in U and FS specimens. Specimen surface roughness appeared to have a 
large influence on hole drilling results. If the drilling location was just at the trough 

of the roughness, there would have been only small strain relief in the first few steps. 
Hole drilling results from specimen FS 16 in Figures 4.57 and 4.65 show an extreme 
case. 
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4.5 Comparison of Residual Stress Results Obtained by Different 
Techniques 

For the round bars, several techniques and methods have been used to measure and 
estimate the residual stresses. These techniques may be summarised as follows, 

Technique 1: X-ray diffraction used to measure residual stresses on the 

specimen surfaces. This is a non-destructive method. 

Technique 2: X-ray diffraction combined with chemical etching used to 

obtain residual stress distributions across specimen sections. 
This is a totally destructive method. 

Technique 3: Neutron diffraction used to measure residual stresses in the 
interior of the specimens. This is a non-destructive method. 

Technique 4: Using detailed neutron diffraction measurements across 

specimen sections together with some techniques dealing with 

near surface effects to obtain residual stress distributions. This 

is a non-destructive method 

Technique 5: Centre hole method used to measure residual stresses near to 

the surface with in a depth of about 1 mm from specimen 

surface together with plastic modification analysis. This is a 

semi-destructive method. 

Techniques 1,3 and 5 were used to measure the residual stresses in round bars from 

U-batch. Figures 4.67 and 4.68 show the results for axial and tangential residual 

stresses, respectively. From Figures 4.67 and 4.68, it can be seen that the residual 

stresses obtained by using technique 1 are in general in good agreement with those 
by technique 5 on the surface. The trend of residual stress distribution can be seen 

approximately. 

Techniques 1,2,4 and 5 have been used to measure the residual stresses and residual 
stress distributions in specimens from the HTS batch. Figures 4.69 and 4.70 present 
the results for axial and tangential residual stresses, respectively. It can be seen that 
the results by these techniques broadly agree with each other. 
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4.6 Discussion 

From Table 4.2, it can be seen that the scatter obtained from repeat measurements of 

residual stresses by using X-ray diffraction technique was in the range of about 20 

MPa. So it may be considered that the experimental scatter of the X-ray 

measurements for the hot forged round bars was within ±20 MPa. 

From the X-ray diffraction measurements on the `stress-free' plate, listed in Table 

4.1, the measured residual stresses were all in compression with a maximum value at 

50 MPa. This gives same evidence of the presence of 2nd and 3rd, kind residual 

stresses in the `stress free' plate. But we are still not certain that the 2nd and 3rd kind 

residual stresses in the round bars are the same as in the `stress-free' plate because of 

the influence of heat treatment. So a difference up to -55 MPa between residual 

stress measured by X-ray and macro-residual stress must be accepted. On the other 

hand, the residual stress measured using X-ray diffraction is an average value over a 

certain volume (Cullity, 1978) and the depth of penetration of the X-rays in steel is 

about 10 µm. It is also expected that the residual stress would be a minimum at the 

peak and a maximum in the trough of the surface profile as a result of surface 

roughness. Consequently the average value (as measured by X-ray) would be less 

than the value in the trough which is what we were attempting to measure. Removal 

of the surface roughness by low intensity polishing and subsequent X-ray residual 

stress measurement revealed that the compressive axial and tangential residual 

stresses increased by 100 MPa (Zhu, 1994). Table 4.22 presents the results of 

residual stress change before and after polishing for specimens HTS09, U15 and 

AF04 (without shot blast treatment). It can be seen that specimen AF04 without 

residual stress before polishing had about 200 MPa axial residual stress after 

polishing, which means that the process of material removal by polishing can itself 

introduce residual stresses. Consequently these higher compressive residual stress in 

HTS specimen as measured by X-ray must again be treated with caution. Therefore, 

the residual stresses measured by X-ray diffraction should be theoretically lower 

than those in the trough of the surface profile but errors caused by the presence of 
2nd and 3rd kind residual stresses might compensate for this. 

For round bars from U-batch, X-ray results in Table 4.5 show that in all cases the 
tangential and axial residual stresses were compressive, with axial residual stresses 
being lower than tangential stresses. This suggests that on the surface there was a 
compressive biaxial stress state. It is notable that the variation of residual stresses 
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from specimen to specimen was greater than the error associated with the X-ray 

experimental technique. 

From the X-ray measurements on AF, HT, FS and HTS batches shown in Tables 4.6 

to 4.9, we can see that there were much more compressive residual stresses in shot 
blasted bars than those with not shot blasted. This indicates that the surface residual 
stresses were mainly caused by shot blasting. The surface residual stresses in HTS 
bars were higher than those in FS bars while residual stresses in HT bars than in AF 
bars. The difference between HTS and FS and between HT and AF is associated 
with heat treatment, hardening and tempering. This means that heat treated bars had 
higher residual stresses introduced by shot blasting than those without heat 

treatment. The heat treatment made the material harder and consequently the yield 

stress was higher. For a harder material, residual stresses as a result of shot blasting 

will be larger. Hardness measurements were carried out for bars from HTS, FS and 
U-batches. The results are presented in Tables 4.16 to 4.18. The measured hardness 

as a function of surface residual stresses is shown in Figure 4.71. It can be seen that 

there is correlation between hardness of the steel and residual stresses produced by 

shot blasting. The HTS bars and U-batch bars were subjected same forging process 
including heat treatment, hardening and tempering which had been confirmed by 

microstructure examinations of bars from the two batches. (Zhu, 1995). But the 

measured residual stresses and hardness of U-batch bars were all lower than those of 
bars from HTS batches which may be explained as the difference of materials and 
treatment between different batches. 

The shot blasting also introduced increased roughness on the bars. It can be seen 

clearly that shot blasted bars, such as those in the HTS and FS batches, surface 

roughness measurements were made on the bars from the AF, FS, HT and HTS 

batches. These measurements were carried out by Rover at Gaydon Test Centre 

using a Talysurf measuring device. Tables 4.19 to 4.20 present the measured 

roughness results. In the Tables 4.19 to 4.20, R,, is the arithmetic mean of the 
departures of the roughness profile from the mean line, R, is the maximum peak to 

valley height of the profile and K, 
tf 

is a surface roughness related fatigue strength 

factor. Table 4.18 gives the mean values and standard deviation for normal 
distribution of R, and K, f. Figure 4.72 shows the surface roughness versus axial 

residual stress for shot blasted specimens from HTS and FS batches. It can be seen 
that rougher surfaces are associated with lower compressive residual stresses. This 

may be explained as follows, 
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Harder steel generally has a higher yield stress. Under the same 
conditions of shot blasting, the harder steel will exhibit less plastic 
deformation. This results in lower surface roughness, while the 
higher compressive residual stress is related to the higher yield 
stress. 

However, within one group of specimens, it is difficult to say that there is a 
correlation between surface roughness and residual stresses. 

The technique of chemical etching combined with the X-ray technique to measure 
residual stress distribution in a specimen is a completely destructive method. 
Therefore this technique was only applied to a few specimens. Because of the 
influence of surface roughness, the measurements for the first few increments were 
uncertain. This can be seen in more detail in Tables 4.11 and 4.12. 

Neutron diffraction results in Figure 4.14 show that the axial residual stresses in the 
interior of specimens were predominantly tensile. The other stress components, 
radial and tangential shown in Figures 4.18 and 4.19, exhibited some uncertainty in 

value, but the absolute values were less than those on the surface. Also the 

experiments show that the residual stresses vary from specimen to specimen and 
statistical analysis is necessary. In general the largest residual stresses were in the 

axial direction. However the variation from sample to sample was substantial. 

Figures 4.15 and 4.16 show that the measured tangential residual stresses were not 

equal to radial residual stresses at the centre of the bars. This implies that the 

residual stress state in the specimens was not precisely axisymmetric. This was not 

surprising in view of the flash lines generated as a consequence of the non- 

axisymmetric forging technique. 

When using neutron diffraction to measure residual strains across a sample section, 
the irregular geometry of the bars had a significant influence on the results. This can 
be seen from the profiles of the neutron peak intensity against measurement position 
shown in Figures 4.20 to 4.21. For the neutron diffraction measurements the neutron 
diffracted intensity must be kept to a certain level (Noyan, et al, 1987; Lorentzen, 
1995). Because the diffracted neutron peak intensity dropped as the neutron gauge 
volume moved out of the sample, shown in Figure 4.20, the accuracy of the 
measurements near to the surface could be affected. To overcome this difficulty, 
longer scan time might be considered to improve the accuracy. 
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The surface effect of neutron diffraction was quite significant which can be seen 
from measurements on stress free samples shown in Figures 4.23 and 4.24. Without 

modification, the residual stress results could be unrealistically high. To explain this 

phenomena, we may consider a fact that the wave length of the neutron beam has a 
certain spread (Leffers, et al., 1987). Assume the wave length of the neutron beam 

varies from X-6,: to ?o+6,, where )La is the wave length at the beam centre and 
6,, represents the spread. For simplicity it may be assumed that the variation of the 

wave length across the beam width is linear. Take the sample surface to be flat 

(without curvature). For neutron gauge volume being inside the sample, the weight 
centre of the gauge volume is same as the neutron beam centre and the average wave 
length equals to X0. Here we may assume the neutron gauge volume is a cube with 

the width being W. Let us move half of the gauge volume out of the sample, then the 

weight centre of the remaining gauge volume in the sample will shift W/6 where W 

is the beam width as well. Based on the linear variation of the neutron wave length, 

the average wavelength for the remaining gauge volume should be equal to ?o- 
S'` 
3 

at the right hand side and X0 +3 at left hand side as shown in Figure 4.73. 

Consequently, the average wave length changes due to the neutron gauge volume 

moving out the sample. Let us use the Bragg's law, Equation (2.1), and differentiate 

it, assuming X is not constant 

DA = -tanA" 
d+ 

tanA 
ý (4.76) 

where AX represents the change of average wave length at the weight centre as the 

neutron beam moves out of the sample. Therefore the peak angle shift is not only 

contribution by lattice space changes but also by the wave length change at the 

weight centre. For stress free sample, the Ad is assumed to be zero and the peak 

angle shift is purely caused by the wave length change at the weight centre. This can 
be seen from the measurements on stress free samples U06 and HTS 18 as shown in 

Figures 4.23 and 4.24. For further analysis, more details about the variation of wave 
length of the neutron along the beam width are required. 

Centre hole measurements on stress free plate presented in Table 4.15 showed that 
drilling operation would not cause additional strain change and therefore it may be 

concluded that the drilling operation did not affect the results of residual stress 
measurements of the centre hole method. 
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For the hot forged rectangular bar without the shot-blasting, the residual stress 
results are shown in Figures 4.45 and 4.46. The first result has a large error when the 
depth reaches 0.8 mm which was close to the limit. The compressive residual 
stresses were only in a thin layer, 0.3 mm, which was close to the surface. The 

residual stress results from the rectangular bar subjected to shot-blasting, in Figures 
4.47 and 4.48, show that the compressive stresses dominate the measurement region. 
Compared to the results of the bar without shot-blasting, it can be concluded that the 

shot-blasting increases the depth of compressive region from surface. This is 

intuitively what one might expect. 

The analysis developed for interpreting the relaxed strain data obtained from centre 
hole measurements on round bars is general and would be suitable for any 

components with curved surfaces. However, there are limitations in using the 
incremental hole drilling method. From the FE analysis, the magnitude of the 
influence matrix Äßj decreases with hole depth and decreases to less than 1% of 211 

(corresponding to the first increment) when the hole reaches a depth of about 1 mm. 
Therefore for the same error in strain measurement for any depth, the error for the 

calculated stress could be about one hundred times greater than in the first ' layer. 

This implies that there is a limitation to the depth to which the hole can be drilled. 

This depth for the round bar specimen is roughly the same as described by Schajer 
(1988) for plane surfaces. This depth is about 0.25 times the mean radius of the 

strain rosettes D and practically this limit is reduced to 0.15D- 0.2D. For 

D=5.13mm, the limit is about 0.8 -1.0mm. 

The proposed plastic modification for the centre hole is an approximate method. In 
Gao's work (1992), his analysis was subjected to the condition that all the stress and 
strain components were uniform through the thickness of plate. But the residual 
stresses were not uniformly distributed along depth in our shot blasted specimens. 
However, This approach can be regarded as an average over depth. Nevertheless, 
further work is required using both theoretical and numerical methods to study the 

plastic influence on the residual stress measurements. 

The calculated residual stresses ä, , shown in Equation (4.65), accumulates all the 

errors before this step i. This can be simply shown by taking n=2 in Equations 
(4.60), 
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E(k)=21161 
E("2) = 22161 + 22262 

The solution for the above equations is 

61 = AIIýEý"1) 

G2 =AziEihz)-AnAz1A>>l44) 

(4.77) 

(4.78) 

where Äi 1 and A are the inverse matrixes of 211 and 222, respectively. Assuming 
that each matrix has an error from the FE analysis and measurement, we obtain the 
error for the stresses, given by 

861 =SÄ�ls(hl)+2l11SE(h1) 
8ä2 = 5A22 c(h2) + ÄZ2 8 (hi) 1 -SÄn A21AuA22 SAziAiilEýý) 

- 
2z2 AZ1SAu'Ei4) - Az2 A21Aii 844) 

(4.79) 

where S expresses the error of each matrix. Obviously, the error 862 is much bigger 

than 8&j. Since the error accumulates, more increments do not imply improved 

results for the interpreted residual stresses. Therefore, the total number of increments 

and the depth of the hole'rieed to be optimised. 

In general, all of the elastic results show that the measurement error from the hole- 

drilling technique can be significant. It is partly due to the technique itself and partly 
due to the calculation method. So, great care must be taken in both the 

measurements and calculations. It is necessary to make sure that the strain gauge 

rosette is properly bonded, the hole is drilled exactly in the middle of the rosette and 
the depth increments and the hole diameter are determined as accurately as possible. 
Furthermore since the coefficients need to be determined very accurately, the finite 

element model must be built according to the measurements obtained on the 

geometry of the hole. The mesh must be fine enough in the area of the hole. The 

calculation method may need to be improved to obtain improved stress results. In the 

case of residual stress introduced by surface plastic deformation, such as shot 
blasting and shot peening, reverse yielding will take place whenever a hole is drilled 

particularly if the material exhibits the Bauschinger effect. The strains measured by 

the strain gauge rosettes will be much larger than the strains from elastic 
deformation alone. Therefore, plastic modification is required. 
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From the comparison of residual stress results by different techniques, shown in 
Figures 4.67 and 4.68 for U-batch specimens and Figures 4.69 and 4.70 for HTS 

specimens, we can see all the measurement techniques gave consistent results, 
compressive in the surface layer and tensile in the interior of the bar. In general the 
results from each measurement technique are in good agreement with each other 
within each region, although there was considerable scatter from both experimental 
error and the variation from specimen to specimen. 

4.7 Conclusions 

1) X-ray diffraction measurements have shown that there were large biaxial 

compressive residual stresses on the surface of the shot blasted bars. 

2) In the complete hot forging process, X-ray diffraction measurements have 

shown that the residual stresses were mainly generated by shot blasting. The 
heat treatment (hardening and tempering) itself did not introduce residual 
stresses, but indirectly it led to an increase in the magnitude of the residual 
stresses, generated by shot blasting. 

3) X-ray diffraction combined with a chemical etching method can be used to 
determine residual stress distributions in round bars, but it is a totally 
destructive technique. 

4) The axial residual stresses in the interior of forged round bars, measured by the 
neutron diffraction method, were predominantly tensile, although there was 
considerable scatter from specimen to specimen. 

5) The neutron diffraction method together with a technique to account of surface 
effects can be used to measure residual stresses near surface. The measurements 
have shown that the near surface residual stresses in the round bars were in 

compression. Also a new interpolation method have been developed to obtain 
residual stress distribution across section using a combination of the neutron 
diffraction results. 

6) Centre hole measurements on a "stress-free" plate have shown that the drilling 
operation itself has no effect on the residual stress results. 
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7) The centre hole measurements have shown that the residual stresses near to the 

surface of shot blasted bars were in biaxial compression and that the maximum 
compressive residual stresses were on surface. 

8) An incremental hole drilling technique has been developed for components with 

curved surfaces. Extensive 3-D FE calculations were carried out to obtain the 

coefficient matrices. 

9) For the shot blasted bars, the plastic reverse yielding effect on the hole drilling 

results has been studied and a new method has been developed to modify the 

elastic results by taking into account of this effect. 

10) Comparison has been made among the results by different techniques. All 

measurement techniques gave consistent results, compressive in the surface 
layer and tensile in the interior. 

11) In general all results were found to broadly agree with each other, although 

there was considerable scatter from both experimental error and the variation 
from specimen to specimen. 
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Chapter 5 

INTERPOLATION OF RESIDUAL STRESS 
DISTRIBUTIONS 

This chapter presents the development of a theoretical approach for 
interpolating limited experimental residual stress results in round 
bar specimens. The theoretical analysis, together with a least squares 
method, has been developed to obtain the complete distribution of 
residual stresses in the round bar specimens. The interpolated results 
have been compared with results from using the centre hole method 
and also using chemical etching combined with the X-ray diffraction 

method. The results were found to be in good agreement. 

5.1 Introduction 

Residual stresses are the self-equilibrating internal stresses existing in a free body 

with no external loading being applied. Manufacturing processes, including forging, 

thermal loading and shot blast, introduce significant residual stresses in the 

components. The non-uniform plastic deformation field, which is generated in the 
interior of the specimen by forging and thermal loading and at the surface by surface 
treatment, is the key factor in determining the distribution of residual stresses. This 

plastic deformation field, related to the strain history during forging process and 

subsequent surface treatment, is difficult, even impossible, to completely determine. 

But there are a number of relationships between the residual stresses, elastic strains 

and plastic strains which can be used to estimate residual stresses from limited 

measurements. 

Finite Element (FE) analysis has been used to investigate the interaction between 

residual stresses and fatigue cyclic loading. This is described in Chapter 6. To 
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incorporate residual stresses in the FE analysis requires an accurate distribution of 
the residual stresses in the component. Residual stresses have been measured using 
non-destructive methods, such as X-ray diffraction measuring residual stresses at 
specimen surface and neutron diffraction measuring residual stresses in the interior 

of specimens as described in Chapter 4. However, the detailed residual stress 
distribution across the complete section of a component is difficult to obtain. 
Numerical methods such as FE are now used to obtain approximate solutions. 

Any stress and strain state in the components must satisfy the necessary equations 
and conditions. These include equilibrium equations, compatibility equations, 
constitutive equations, boundary conditions, plastic strain incompressibility and 
some constraint conditions. It is difficult and often impossible to find a solution 
satisfying all equations and conditions precisely. Using these equations and 
conditions a general solution, based on unknown plastic strains, is derived to 
determine the complete residual stresses distribution. An example of the technique is 

presented in this Chapter. 

5.2 Basic Equations 

5.2-1 Equations of Equilibrium 

Take a cubic element at a point in a body with all components of stress acting on as 

shown in Figures 5.1 and 5.2 for rectangular or cylindrical co-ordinate system. There 

are six independent components of stress 

a x, a y, a z9 T A, T ZV, T 
xy 

for rectangular system 
CT� a0, as, To.., T 

Zr' 
TrA for cylindrical system 

(5.1) 

For cylindrical co-ordinates (r, O, z), which are often used for problems like stresses 
in circular rings, disks, cylinders and round bars, the element cut from the body with 
stresses acting on is shown in Figure 5.2. Also there are six independent components 
of stress. The stress transform from the rectangular co-ordinate system to the 
cylindrical co-ordinate system can be written as 

r 
6r Tto Tn COSD SIT10 0 

Ter 60 Teý =-Slrie COSO 0 

.r 
Tý 6z 001 T, 

ßxT 
xy 

T 
xz 

TYx 6Y TYz 

Tzx Tzy 6z 
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Many problems in stress analysis which are of practical importance are concerned 
with a solid of revolution deformed symmetrically with respect to the axis of 
revolution, such as round bar by symmetrical loading. In this case, the equation of 
equilibrium becomes, 

öa, 
+ 

öTrs 
+ a, -ae 

Or oz r 
ö'Lz, 

+öas+tin 0 
ar az r 

5.2-2 Components of Displacements and Strains 

(5.3) 

There are also three displacements and six independent strain components for each 
co-ordinate system. The displacement transform from the rectangular system to the 

cylindrical system is as follows, 

u. cos0 sin0 0 ux 
ue = -sinO cosO 0 uy 

u: 001U. 
(5.4) 

And the strain transform from the rectangular co-ordinates system to the cylindrical 
co-ordinates system can be written as, 

Cr 

y 0, 

2 
Y zr 

7,0 Yz 
22 

Co 

TA 
22 

Ye.. 
2 

Ez 

cos0 sin0 0 

_ -sinO cosh 0 
001 

Es 

'i 
ys 

2 
Yrx 

Y 
xY Y 

xz 

22 

Ey 

Y zy 

7 ý. 

22 

2 

Es 

cosO -sinO 0 

sinO cos0 0 

001 

(5.5) 

In the case of axially symmetrical deformation, ue = 0, the relationship between 

strains and displacements is expressed as, 

au aut 
= E, 

ar 
Ee _ 

r' E. _ 
aZ ' 

au au 
7,0 =0, Yn= az ar' Y: e=O 

(5.6) 
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5.2-3 Stress-Strain Relationship 

Residual stresses in the specimens are produced during manufacturing processes, in 

which non-uniform plastic deformation are introduced. The plastic deformation is 

related to the strain history. Consequently it is difficult to find its magnitude and 
distributions. The deformation in the specimens will be partly elastic and partly 

plastic. It is generally assumed that strains in the specimens are divisible into elastic 

and plastic components, so that, 

Eij =cý +EP (5.7) 

where Eü is elastic strain components and cp is plastic strain components which 

satisfy the incompressibility condition, 

Ep =0. (5.8) 

The elastic strain components s 'ij is related to the residual stress components by 

Hooke's law. Thus, the relationship between stresses and strains for the cylindrical 

system is, 

E, _ [a, - V(ae +6Z)]+E, P 
yý" 

e co =E [ae - V(a, +az)]+E P 

Ez =E 
[az-v(a, +CFO ), +EP 

2(1 + v) 710 =E To +Yýe 

2(1+v) P Yo. =E Tez + 702 

2(1 +v) P Yz. =E 'r, +Yz, 

(5.9a) 

(5.9b) 

(5.9c) 

(5.9d) 

(5.9e) 

(5.9f) 

where E is Young's Modulus and v is Poisson's ratio. The plastic strains, which are 

related to the strain history involved in the manufacturing processes, are quite 
difficult to find. Fortunately for residual stress measurements, the elastic strains s 
can be measured and then residual stresses a ij are calculated by Hooke's law. 
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5.2-4 Uniqueness and Non-Uniqueness of Solution 

It can be proved that if the plastic strain distribution is known for a specimen, the 
distribution of residual stresses in the specimen can be determined uniquely. 
Conversely, with a given residual stress distribution, one cannot find a unique 
plastic strain distribution. For example, for zero residual stresses, the solution of 
plastic strain distribution for the rectangular system could be in the form, 

EP =a,, sy =a2, E° =-(aý +a2), 

yý, =a3, Yý =aa+ Yry =as 
(s. io) 

where a,, a2, a3, a4 and a, are arbitrary constants. Therefore the solution for 

plastic strain distribution is not unique. From Equations (5.9), it can be seen that the 

plastic strains are equal to the total strains when there are no residual stresses. 
Therefore the plastic strains have to satisfy the compatibility equations just as is the 

case for the total strains. 

The non-uniqueness of solution may be stated as: if the residual stress distribution in 

a component is given, the corresponding plastic strain distribution can be found to 
be not unique. The difference between any two solutions of the plastic strains 
corresponding to the same residual stress distribution is just same as one of the 

plastic strain distributions corresponding to the zero residual stress state and 
therefore satisfies the condition of the incompressibility and compatibility equations 
which all strain components should satisfy. 

5.3 Solution for the Round Bar 

The cylindrical co-ordinate system of round bar has been shown in Figure 4.1. 
Assuming that all components of stresses, strains and displacements are independent 

of z and 0, the round bar can be treated as a generalised plane strain problems and 
the equations of equilibrium (5.3) reduce to 

aß, 
+a, -ae =0. är r 

The strain components (5.6) are reduced to 

(5.11) 
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S= 
Öur 

,E 6= 
ur 

, s. = COnSt 

ar r 
Yr9 =0, Y ez =0, Yzr =0, 

which lead to the compatibility equation, 

dEe 
r-=Er-Ee. 

dr 

(5.12) 

(5.13) 

The relationship between stresses and strains in cylindrical co-ordinates is 

Er=1 
[ar-v(ae+a=)]+ 

se =ý 
[6e 

- Vý6r +ßz)]+s; 
ý 

v(ae +a, )]+ 

r 

r 

where the plastic strains components satisfy incompressibility given by, 

Ee+Ep+EP=0. 

The boundary conditions include free traction on the outer surface 

ßrlr=R= 0 

(5.14) 

(5.15) 

(5.16) 

where R is the radius of the round bar and the sum of all forces in the axial direction 

must be zero 

JA a=dA=O (5.17) 

where A indicates that the summation must be carried out over the entire cross. 
sectional area of the bar. 

By solving Equations (5.11 to 5.17), residual stresses can be determined as a 
function of the plastic strains 
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6r =-2(1Ey2)[EPrlEa dr'-(1-2v)RZ rr'('s; 
+se)dr' 

+ (1- 2v) i £r'(I: + Ee )dr'] 
r 

(5.18) 

ae =- 
E 

2[2(1- v)Ee - 2veP +f E'P - EeP dr' 
2(1-v ) r' 

-(1-2v) 
RZ fr'(E; 

+Ee)dr'+(1-2v)r fr'(c' +Se)dr'] 

aZ 
E2 [-2(1-v)se -2s; +2vE' -Ee p 

dr' 
2(1- v r' 

+ 2(2 - v) 
RZ rr'(c, 

+ Ee )dr'] 

where r' is a integral variable. 

(5.19) 

(5.20) 

The complete solution for the residual stress distribution requires information about 
the plastic strain distribution. In the following we consider an interpolation 
technique where limited information about the residual stresses are known together 

with an assumed plastic strain distribution. 

5.4 Interpolation of residual stresses measured 

In the round bar specimens the true plastic strains and their history are very difficult 

to obtain. Since for a given residual stress state the corresponding plastic strains are 
not unique we can use this non-uniqueness to choose an approximate plastic strain 
field. It is very important to chose a suitable plastic strain distribution to consider 
both short-range and long-range residual stresses. A linear plastic strain distribution 

gives rise to a linear residual stress distribution. We assume simple power law forms 
for the plastic strains cP and 0, since we have an expectation of the form of the 

residual stress distribution. 

ee = Cjr2 + C2r3,8p = C3r2 + Cgr3, (5.21) 
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where C,, CZ, C3, and C4 are constants to be determined. After inserting Equation 
(5.21) into Equations (5.18 to 5.20), the residual stress distribution can be obtained 
as a function of a number of constants, 

a, = Cifil(r)+C2f12(r)+C3f13(r)+Cefle(r) 

ae=C, . 
fz t (r) + C2 f22 (r) + C3. fi3 (r) + Ce 

. 
fze (r) 

az = Cif31 
(r) + C2f32 (r) + C3f33 (r) + Cef34 (r) 

(5.22) 

where f;. (r) are known functions obtained by integrating Equations (5.18 to 5.20) 

and shown in Appendix 5A. At several points where r= rm, the stresses a1, ae and 
a2 are measured. These are denoted as ak� where k=1,2,3 represents r, 0 and z, 
respectively. The least squares method is used to determine the constants Cf 

(j=1,2,3 and 4). The total sum of squares of the errors is expressed as 

3n42 

ER(Ci, Cz, C3, C4)=ýý 2: CJfkJ(rak, 
n k-I m. l J=1 

(5.23) 

where n is the number of data points. It can be shown that the minimum of the error 
is attained at unique of values C1, C29 C3 and C4 which are the solution of the 
simultaneous equations, 

aER(c, , c2 , c39c4) 
-o ac, 

j=1,2,3,4. (5.24) 

Then Equations (5.24) become simultaneous linear equations for C1, C21C3 and 
C49 

4 

La; jCj=b; i=1,2,3,4 
j=1 

where, 

3n 
fki (r. Zkjl /rmý 

k=1 m=l 
3n 

b, =Z 
I: 

J{k; 
(rm)'6kn, 

k=1 m=1 

(5.25) 

(5.26) 
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After C1, C29 C3 and C4 are determined from the Equations (5.25), the residual 
stress distribution can be obtained from using the Equations (5.22). 

5.5 Result of Interpolation 

In the following the limited information obtained from X-ray and neutron 
diffraction measurements was used to determine the constants C,. The average of 

the measured axial, tangential and radial residual stresses at 0,0.5 and 1, from 

Figures 4.17 to 4.19 and Table 4.5 for the specimens U1, U9, U10, U13, U18 and 
U20 were used. The average values are listed in Table 5.1 and using the least square 

method outlined previously, the constants C, to C4 were obtained by solving 
Equation (5.25) and presented in Table 5.2. Using these constants therefore provides 

a complete solution for the residual stress distribution. The results for the 

interpolated axial, tangential and radial residual stress distributions are shown in 

Figures 5.3 to 5.5. Figure 5.6 presents the comparison of the axial residual stress 
distribution with the centre hole results from U5 and U 15. The axial residual stresses 
determined through chemical etching combined with X-ray diffraction of HTS24 are 

also presented in Figure 5.6. 

5.6 Discussion 

The limited neutron and X-ray diffraction measurements for U-batch specimens 
combined with a theoretical analysis and a least squares method, have provided an 
interpolated residual stresses distribution. The analysis is only considered for the 

axisymmetric case. However, it is possible to apply this method to more general 
cases. The general plane strain condition sZ = const can be modified to c= EZ(r) 
which may be pertinent to different manufacturing process, such as the cold-drawing 
process. The assumption regarding the plastic strain distribution is also flexible 

since for a given residual stress distribution it is possible to have a number of plastic 
strain histories. Therefore the functional forms of the radial and hoop plastic strain 
distributions, Equation (5.21), are somewhat arbitrary but nevertheless chosen to 

provide sensible residual stress distributions. Another feature is that the analysis 
ensures that the errors are minimised. Clearly, if the residual stresses appear to be 

more localised, such that the short-range residual stresses dominate, the functional 
form of the plastic strains is no longer arbitrary since the plastic strains should be 
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considered to be localised. The equation (5.21) should therefore reflect the extent of 
the plastic strain distribution. 

The forging process does not give rise to axisymmetric deformation since the bars 

were pressed between two dies. It would be expected that this would lead to long- 

range residual stress distributions in the centre of the gauge length of the bar that are 
not precisely axisymmetric. Figures 4.12 and 4.13 show that the measured tangential 

residual strains were not equal to radial residual strains at the centre of the bars, 

suggesting some degree of non-symmetry. Nevertheless, the shot blasting gives rise 
to short-range (near-surface) residual stress which would be expected to be 

axisymmetric. The interpolation method was based on axisymmetric deformation 

and consequently some errors would be inevitable due to the non-symmetry. 

From the comparison of interpolated results and centre hole results for U-batch 

specimens, shown in Figure 5.6 for axial residual stress, we can see the both results 
agree broadly within a depth of 0.5 mm (0.5/R=1.25). Because the residual stresses 
near to the surface in the HTS specimens were higher than those in the U-batch 

specimens, there would be some differences expected near to the surface in the 

results for the two batches. It can be seen from the results obtained by different 

techniques that there was considerable variation in the residual stresses from bar to 
bar. The interpolated residual stress distributions, shown in Figures 5.3 to 5.5, may 
be considered as the average distributions of the residual stresses in the forged round 
bar specimens. 

5.7 Conclusions 

1) Residual stresses were introduced by non-uniform plastic deformation generated 
during manufacturing process. 

2) Residual stresses can be found if the plastic strain field are given. 

3) For a given residual stress field the corresponding plastic strain solution is not 
unique. 

4) A theoretical solution for residual stresses has been found for the axisymmetric 
case with the plastic strains given. 
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5) Using limited experimental results from neutron and X-ray diffraction a 
theoretical analysis, together with a least squares method, has been developed to 

estimate the multiaxial residual stress distribution in the bars. 

6) It has been shown that there was good agreement between interpolated results and 
measured centre hole results. Similar trends were also obtained from 

measurements obtained by the X-ray diffraction technique combined chemical 
etching. 
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Chapter 6 

INTERACTION BETWEEN RESIDUAL STRESSES AND 
MECHANICAL LOADING 

This chapter presents experimental work and FE analysis on the 
interaction between residual stresses and mechanical loading. Two 
hardening models were used in the FE analyses, linear kinematic 
hardening model and multilinear hardening model. The latter model 
has been developed for cyclic loading and written into a user 
subroutine UMAT for use in ABAQUS Residual stress relaxation for 
different initial residual stresses and different cyclic strain ranges 
have been obtained Comparisons have been made between results of 
experiments and FE analyses. 

6.1 Introduction 

An elastic-plastic finite element analysis can be used for the prediction of the 

residual stress redistribution during and after fatigue (Lu, et al, 1988). In the finite 

element model, the initial residual stress field, the plastic stress-strain state, the 
behaviour of cycle stress-strain curve of material and the condition of cycle loading 
have to be known. Also, the yield criterion influences the results of the calculation. 

In Chapters 4 and 5, residual stresses were measured by different techniques. The 

complete distributions of the residual stresses were then determined by using an 
interpolation analysis for the hot forged round bars subjected to shot blasting. In this 
Chapter, surface residual stress changes due to the tension-tension loading and 
cyclic tension-compression loading were measured using the X-ray diffraction 

method. The surface strain history caused by the mechanical loading was also 
recorded using strain gauge rosettes. 
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Elastic-plastic finite element analyses were then carried out to predict the residual 
stress relaxation using different material models. A linear kinematic hardening 

model was used for tensile-tensile load case. The linear kinematic hardening model 
was also used for cyclic tensile-compressive load case. An improved material model, 
using multilinear kinematic hardening characteristics to simulate the cyclic stress 
strain behaviour, was developed. This model was written into a user subroutine 
UMAT in ABAQUS and used to simulate relaxation of residual stresses under cyclic 
mechanical loading. 

6.2 Experiments 

Forged bars, U06, U10, U14, U19, and HTS18 were tested. The tensile loadings 

were applied to specimens U10, U14 and U19. Axial loading was first applied to 

each specimen to produce a certain plastic deformation. Then the specimen was 

unloaded and removed to measure surface residual stresses using X-ray. The loading 

histories of specimens U14 and U19 are shown in Figures 6.1 and 6.2. For specimen 
U10, the strain gauge rosettes were put on both sides of the round bar specimens 

within the gauge length. The average axial stress versus surface strains on both sides 
is shown in Figure 6.3, from which it can be seen that the strains on each side were 

not equal. This means that there was bending effect which results from the specimen 
having an irregular shaped cross section. Tables ' 6.1 and 6.2 give the plastic 
deformation and residual stress changes due to tensile mechanical loadings for 

specimens U 14, U 19 and U 10. The residual stress relaxation against tensile strain is 

also presented in Figure 6.8. 

Cyclic loading was applied to specimens U06 and HTS 18. In the first few cycles, the 
strain range was small. Then the strain range was increased to a given value and 
retained for several cycles. X-ray measurements were taken after several cycles. The 

stress-strain cyclic histories are shown in Figures 6.4 and 6.5 for specimens U06 and 
HTS 18, respectively. The plastic strains obtained from strain gauges and the residual 
stresses measured by X-ray after cyclic loadings are given in Tables 6.3 and 6.4 for 

specimens U06 and HTS 18, respectively. 

Finally, specimens U06 and HTS18 were centre hole drilled to determine the 
residual stresses after the cyclic loadings. The equipment, small strain rosette and 
drilling steps are the same as those described in Chapter 4. The strain release due to 
hole drilling are shown in Figures 6.6 and 6.7 for specimens U06 and HTS18, 
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respectively. Also shown are the results for specimens U15 and HTS09 which had 

not subjected to mechanical loading. It can be seen that there were no residual 
stresses left in the specimens U06 and HTS 18 after the cyclic mechanical loadings. 
The relaxation results due to cyclic loadings are shown in Figure 6.9. The difference 
between the results from X-ray diffraction method and centre hole method may 
indicate that the residual stress relaxation on specimen surface was different from 

that under the specimen surface because of the influence of surface roughness. 

From the experimental results, it can be seen that both tensile loading and cyclic 
loading would relax residual stresses. For large tensile strain, the residual stresses 
would be relaxed completely. For cyclic loading, the residual stresses were relaxed 
under the surface and across the section, but the residual stresses may be generated 
and redistributed at the rough surface. 

6.3 Material Modelling for Finite Element Analysis 

Most structures under cyclic loading with plastic deformation have complex 
multiaxial stresses and strains which are strain-history dependent. Many incremental 

plasticity models have been developed to describe the stress-strain behaviour for 

general cases. Because of the complexity of the constitutive equations, few 

analytical solutions have been found and only approximate results can be obtained 
by using a numerical technique such as the finite element (FE) method. 

Commercial packages of FE method have been widely distributed and available for 

both research and engineering design. Among these ABAQUS has a well known 

reputation for plasticity analysis. 

In ABAQUS, only two material hardening models for metals can be directly used. 
One is isotropic hardening and the other is linear kinematic hardening. For many 
practical cases, these two models are not enough to describe material properties. 
Fortunately, ABAQUS allows users to develop their own material models, and 
provides an interface whereby any mechanical constitutive model can be added to 
the array. The constitutive model is then programmed in a user subroutine UMAT in 
FORTRAN code. 

The user subroutine is called at each material calculation point at each iteration of 
every increment to define the mechanical constitutive behaviour of the material. 
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When the subroutine is called, it is provided with the material state at the start of any 
predefined field variables, such as increment stress, temperature and time; with the 

strain increments and time increments. The subroutine must perform two functions: 
it must update the stresses and solution dependent state variables to their values at 
the end of the increment, and it must provide the material Jacobian matrix, 
ä0a/8Ac, for the constitutive model. The accuracy with which the Jacobian matrix 
is defined will usually be a major determinant in the rate of convergence of the 

solution, and so have a strong influence on computational efficiency. 

In order to model the complex material response using UMAT, a constitutive model 
and the method of determining Jacobian matrix for this model are required. In the 
following, a brief introduction of isotropic hardening and linear kinematic hardening 
is presented. Detailed multilinear kinematic hardening model and determination of 
Jacobian matrix are described. 

6.3-1 Isotropic hardening model 

In this isotropic hardening model, the hardening is governed by one scalar variable, 
such as accumulated plastic strain p in most cases 

p=f3 dE? d8f , 

and the loading function is 

f= fr(ay)-k(p)=0. 

If fy is taken as the Von Mises yield function, Equation 6.2 becomes 

f= 
!S 

Sý -k(p)=O 

where S, is a deviatoric stress tensor, 

'sJ -ßJ-3ýß11+a22+a33ý" 

(6.1) 

(6.2) 

(6.3) 

(6.4) 

The elastic strains are obtained by using Hooke's law and the plastic strain 
components are given by Prandtl-Reuss equation 
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dsi = dý, = 
asy 

(6.5) 

where dA, is called plastic multiplier and can be determined by differentiating 

Equations 6.1-6.2 and making use of Equation 6.3 

d?, 
da 

k '(p) 
where ß eq 

is Von Mises equivalent stress 

Q 
eq 

=32 SýSý . 

For the simple case of uniaxial stress, the isotropic hardening becomes 

dse = da/E 
ds 

p= 
da/k'(p) if la+dal z k(p) 

ds 
p =0 if la + dal < k(p) 

p= fldspl 

(6.6) 

(6.7) 

(6.8) 

where k(p) is determined from uniaxial tensile test. If the stress-strain in uniaxial 

tension is expressed as 

a=Es a<ay 

a=ay+g(sp) azay , 
(6.9) 

function k() then equals to function g(). From Equation 6.3, it can be seen that 

Von Mises yielding surface expands isotropically as plastic strains are accumulated. 
This isotropic hardening behaviour is illustrated by considering a uniaxial case as 

shown in Figure 6.10. 

6.3-2 Linear kinematic hardening model 

For many materials, compressive yielding is often much lower after plastically 
deformed in tension. This is called Bauschinger effect. Obviously isotropic 
hardening cannot model this Bauschinger effect. The kinematic hardening then was 

af 
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developed to deal with this kind of hardening behaviour. The idea is that the shape 
of loading surface is fixed while the centre of the loading surface can be moved. 
This kinematic hardening model can be expressed as, 

f 
-fY('Srf -XJJ)-ßy'U (6.10) 

where the hardening variable X. is of a tensorial nature and indicates the present 
position of the loading surface. The linear relationship between X, and c1 is 

(6.11) = CosP 

where Co is a constant which can be determined from uniaxial tension. The plastic 

strains can also be obtained using Prandtl-Reuss Equation 6.5. By adopting Equation 

6.11 the kinematic hardening model (6.10) becomes a linear kinematic hardening 

model. 

For the simple case of uniaxial stress, linear kinematic hardening becomes 

dse = da/E 

ds = da (2 Co) 

dsP =0 

if la+da-CoEpI Z ay (6.12) 

if la+da 
- CoEpl<ay 

where Co is determined from uniaxial tension stress-strain result 

a=Es a<ay 

a=ay+HEp azay 
9 (6.13) 

where H is linear hardening Modulus. By comparing Equation 6.12 with Equation 
6.13, then 

Co=3H. (6.14) 

The linear kinematic hardening model under the uniaxial stress case is also shown in 
Figure 6.10. The constants for the model are given in Table 6.5 for two batches, U 

and HTS of the forged En15R steel. 
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6.3-3 Comparison of the two hardening models with behaviour of En15R steel 

Figures 6.4 and 6.5 show the stress-strain behaviour of Enl5R under cyclic loading 
for different batches. The stress shown in the figures is the axial average stress 
across the section and the strain is the axial surface strain. Because there were 
residual stresses in the specimens, the curve of average stress against surface strain 
was only an approximation of the real stress-strain behaviour of a residual stress free 

sample. 

From the material curve shown in Figures 6.4 and 6.5, it can be seen that after 
tension beyond yielding followed by compression, the reverse yielding occurs much 
earlier than predicted by using the isotropic hardening, shown in Figure 6.10. 
Therefore, the isotropic hardening model does not correspond to the experimental 
observations of reverse yielding and was not suitable for the case of reverse loading. 

Linear kinematic models are possibly better for modelling cyclic loading. Compared 

with the experimental cyclic stress-strain curves shown in Figures 6.4 and 6.5, the 
linear kinematic model has some deficiencies outlined below: 

1. The hardening Modulus is not constant for the real material, and it is 

plastic deformation and history dependant. The difference is quite 
large, and it is therefore a problem to chose the most suitable 
hardening Modulus when using the linear kinematic hardening model. 

2. From the experimental stress-strain curves, the initial yielding stress is 

much higher and cannot be used as the radius of loading surface in the 
linear kinematic hardening model. 

3. After initial yielding, the hardening Modulus in the experimental stress- 

strain curves is very small and the stress-strain curve is much closer to 

perfect plasticity. Under unloading and compression there is a strong 
Bauschinger Effect. Both these aspects can not be included in the linear 

kinematic model. 

Therefore, the isotropic hardening model can only be used when there is no 
unloading. The linear kinematic model may be used for cyclic loading but is not 
truly representative for initial yielding and determining the appropriate hardening 
Modulus is a problem. 
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6.3-4 Multi-linear kinematic hardening model 

For cyclic loading, a better model was required to consider initial yielding and 
reverse yielding (Bauschinger Effect). ABAQUS allows the user to develop their 

own material models. These can be included in the user subroutine UMAT as a 
FORTRAN program. 

A theoretical multilinear kinematic model was proposed by Mroz (1967). This 

model consists of a certain number of surfaces in stress space, inserted one into 

another with linear kinematic hardening as shown in Figure 6.11. The key point is 
that there is kinematic movement of the surfaces. Let us assume we have n surfaces 
expressed by each function, 

fL =fY('SI -XY. L) -KL =0 

where fy takes Von Mises criterion function, XU, L is the current centre of the 

surface L and 'CL is the radius of the surface L with 

K1 <K2 <"""<KL <KL+1 <"""<Kn. (6.16) 

Surface L only is allowed to move around within surface L+1 and they can move 
together. When load point is on the Lth surface, this loading point together with the 

surface will tend to move towards the point on the (L+1)th surface where its normal 
direction is the same as that as the point on the Lth surface. The translation of Lth 

surface is therefore, 

dXU, L = dµ(SY. L+t - Sy) (6.17) 

where SÜ, L+, is the stress point on (L+1)th surface such that the outward normal at 
this point is identical to the outward normal to the Lth surface at the current point S 

and dµ is a constant increment related to the stress increment. 

Lds. ä! 
i dµ = a/L 

(SY 
L+1 -`Sj) 

as;; \ 
(6.18) 
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The plastic strain increments are given by Prandtl-Reuss equation, 

AP =A 
S` 

# 

The projection of the stress increment dS on the normal to the surface fL is 

dF=dS, * 
K 

SL * 
L. Ts-y/ 

1ý 

which contributes to the plastic deformation 

dp deUP de UP 

Assume the relationship between them is 

dF =3 HLdp 

(6.19) 

(6.20) 

(6.21) 

(6.22) 

where the hardening Modulus HL may depend on stress S but it is preferable to use 

a constant value, which may be determined from a uniaxial test. Under uniaxial 

stress Equations (6.20) and (6.21) become 

dF = 
Jdcr 

and 

dp=di 
P. 

Inserting Equations (6.23) and (6.24) into Equation (6.22), we get 

da = HLde 
P. 

(6.23) 

(6.24) 

(6.25) 

Thus the hardening Modulus HL can be directly obtained from a uniaxial stress test. 

Consequently, the multiplier d? can be derived from Equations ( 6.19 to 6.22) 
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afL 
dSu * S, 1 

Uh = 

HL afL * afý 
` as,, as,, 

(6.26) 

If the Lth surface reaches the (L+I)th surface, the two surfaces will move together 
towards (L+2)th surface in the way same as the movement of Lth surface towards 
(L+I)th surface. The nth surface is the initial yielding surface which follows the 
isotropic hardening rule. 

For the four surfaces chosen, there are therefore four hardening Moduli Hi to H4 

which are taken as functions of maximum equivalent plastic strain in the history, 

Ht(£pm), H2(Ep'm)I H3(Ep'm), Ha(Ep'm) (6.27) 

where 

>o(P"'= max (t)cv (t) 
F3j 

(6.28) 

The radii of surfaces 1,2 and 3 are kept constant whilst the radius of the fourth 

surface, K4, equals the maximum equivalent stress in the history, 

eq K1, K2,1C3, K4 -6max) " (6.29) 

All these functional relationship and constants are determined from uniaxial cyclic 
stress-strain curves. 

Figure 6.12 shows an example of how to determine the parameters of the multilinear 
kenematic hardening model using uniaxial stress-strain curve from HTS 18. For the 
initial yielding which represents isotropic hardening of the fourth surface, the stress- 
strain curve is expressed as 

ay, +Hl, sp sp S400µs 

a= a y2 + HI2 sp 400 <sp5 8000 µs (6.30) 
ay3+HI3sp sp>8000µE 
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where HI,, HI2 and HI3 are hardening modului for the fourth surface expansion 
and listed in Table 6.6. Therefore the fourth hardening modulus H4 equals to HI1 or 
HI2 or HI3. The maximum tensile plastic strain is, 

e9, m_Ee+_E ßmax 

pP max E (6.31) 

Then the plastic strain from the point of maximum tensile stress to the next point of 
maximum compressive stress in one cycle equals to 2c'. The diameters of each 

surface are measured from the point of tensile maximum stress as shown in Figure 
6.12 and presented in Table 6.6. The hardening modului between surfaces are 

9u_ -')x. I, -- - H, z -"-l = "-z "-i 
0.1(2Ep , m) 0.1 Ep ,m 

_ 
K3 -KZ H2 
0.2 E`q, m 

P 

_ 
K4 -K3 H3 
U. 7Ep'"' 

(6.32) 

The hardening modului are no longer constants and are plastic strain and history 
dependent. 

The constants and parameters of multilinear kinematic hardening from U06 are also 
presented in Table 6.6. 

This multilinear kinematic hardening model has been developed to consider both 

isotropic hardening and kinematic hardening behaviour. It also includes the perfect- 

elastic-plastic feature. Using a 3D-element, with uniaxial tension and compression, 
the strain range from 10,000µs to -10,000µs, Simulation trials has compared with 

experimental results. It was shown that satisfactory results were obtained regardless 
of the strain ranges. It can be seen that the multilinear kinematic model is an 
improved model. 

6.3-5 Jacobian matrix 

In the FE method, a constitutive rate equation must be transformed into an 
incremental equation with a suitable integration procedure. In ABAQUS 
STANDARD, a backward Euler integration has been used. It requires an 
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incremental expression for the internal state variables, such as stresses, strains, for 

the local iteration. 

The relationship between stress increments and strain increments can be expressed 
as 

{ia}=D{AE} 

where D is the Jacobian matrix 

D_aAa 
aAc 

(6.33) 

(6.34) 

For isotropic hardening and linear kinematic hardening models, the Jacobian matrix 
can be obtained analytically. But for multilinear kinematic model, a numerical 
method was be developed to find the Jacobian matrix. 

If there are six components in stress array { a} and strain array { c}, 

{a1 
62 63 ß4 ß3 661= 

{ßx 
Qy az Tzy Tzx Txy} (6.35) 

{6 
1 62 E3 s4 8S E6}= 

{Ex 
8y E: Y: y Yzx Y. ryl 

(6.36) 

the Jacobian matrix D is a6x6 matrix 

Fd� """"d,, 1 (eE. I 10 H--I 

ii 

d61 " 

II eEZ eE3 
DE4 

eEs 
d66 J [As 

The procedure to calculate the Jacobian matrix includes: 

i) Let 
AE,. =1 
DE, 

= 0, i=2,... 6 . 

(6.37) 

(6.38) 
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ii) Calculate the stress increment by using the constitutive equation. 

iii) Using the Equation (6.37), we obtain the first column of the Jacobian 

matrix D 

d1l 

d21 
d31 
dal 

dsl 

d6l 

(6.39) 

ee, "t 

In turn, let As i =1 for j= 2,3..., and other strain components set to zero and using 

the same procedure as above, we get all the six columns of the Jacobian matrix D 

with 

d 1, 
d2, 
d31 
daj 
ds, 
db; s 

I 

,4 

Aa l 
Aa 2 

Aa 3 
Aa4 
Aas 
Aa6 

(6.40) 

AE, -1 

Because all stress increments are found by the numerical method, the Jacobian 

matrix obtained is therefore only an approximate solution. This procedure of 
determining Jacobian matrix is part of the UMAT routine. 

For the forged and shot blast specimens, an axisymmetric analysis was carried out. 
An UMAT subroutine for this case is presented in appendix 6A. 

6.4 Initial Residual Stress Input 

In ABAQUS, residual stresses can be input as an initial condition. The residual 
stresses can be defined as either element by element or by its location. The residual 
stress calculation is programmed in a user subroutine SIGINI in FORTRAN code. 
This user subroutine is called for each material points. When this subroutine, 
SIGINI, is called, the location with coordinates is provided and the subroutine must 
provide the initial stress array (residual stresses). The number of stress components 
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depends on the element type for which this subroutine call is being made. The 

equilibrium of the residual stress input can be checked by ABAQUS. The SIGINI 

subroutines for two residual stress input cases are presented in Appendix 6B. 

6.4-1 Residual stress distributions 

In Chapter 5 residual stress distributions were determined from measurements in 
bars from U-batch. The functional form of the residual stresses was determined in 

section 5.4 and presented in Appendix 5A. It can be seen that the functions of 
residual stress distributions can be expressed in simplified form as, 

a, =C1(1-r2)+CZ(1-r3) 
ae = Cl(1-3r2)+C2(1-4r3) 

a= = C3(2-4r2)+C4(2-5r3) 

(6.41) 

where r is the nondimensionalised radius of the round bar, r/R, and C, to C4 are 

constants determined in section 5.4. 

Based on the measurements using the X-ray method together with chemical etching 
described in Chapter 4, the distributions of residual stresses in the HTS round bars, 

shown in Figure 6.14, take the form, 

ßr = 
a 

a+b42 
d 

4so 
4 >o 

(6.42) 

ae = dr 
(ra, ) 

and 

aZ = 
JC 

C+4 

ýso 
ý>o 

(6.43) 

(6.44) 

where 4=r-q and a, b, c, d are constants which can be determined by using 

equilibrium and boundary conditions. Assuming that the surface axial and tangential 
residual stresses are az, and aA1, the constants are 
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where 

a=-ß01(1-q) 2 

ße1 
2(1- q) 

d= all 
1-q-t 

c=-d*t 

ßel 

2(1- q) 

d=a: t 

1-q-t 

c=-d*t 

03+q-q2 
r= 

(1-g)2/2+g(1-q)3/3 

(6.45) 

(6.46) 

q was taken as 0.84. In the FE simulation, the initial surface axial residual stresses, 
ßz1, were taken as -450 MPa, -400 MPa, -350 MPa, -300 MPa and -250 MPa. The 
initial tangential residual stresses, a,,, were about 50 MPa lower than az1. The 

residual stress field was input by user subroutine SIGINI given in Appendix 6B 

6.4-2 Initial state input for multilinear kinematic model 

In many cases, the residual stresses are generated by nonuniform plastic 
deformation. The plastic strain state reflects the loading history and will influence 
the present stress-strain behaviour. Therefore an initial plastic strain state and the 
position of yield surfaces are required as an input when the interaction between 

applied load and residual stress is considered. 

For isotropic hardening and kinematic hardening models, there is no option for 
including the initial plastic strain state in ABAQUS. However, for the multilinear 
kinematic hardening model developed, there is the possibility to input initial plastic 
strains and their related historic variables in the user subroutine UMAT when the 
routine is called at the first time. 

If it is assumed that the maximum equivalent plastic strain Ep'"' from the previous 
strain history due to shot blasting is known, the corresponding maximum equivalent 
stress a eq can be obtained from the uniaxial tensile curve. The ßey is the radius of 
the 4th yield surface. 
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The initial state will be related to initial residual stress field. Only the residual stress 
distribution for the HTS batch, shown in Equations (6.42 to 6.46) is considered for 
determination of the initial state. 

Determination of initial plastic strains 

For the round bar, it is a generalised plane strain condition, 

Ez (r) = const (6.47) 

where z is along axial direction. It is assumed that the tangential strains also keep 

constant, that is 

Ee (r) = const . (6.48) 

When r: 5 q, there is no plastic deformation. Therefore, 

E=(r) _ E=I. 
sq 

= E: (0) 

Ee(r) - Eelrsq -E6ý0ý 

(6.49) 

where c (0) and c (0) can be found using residual stresses at r=0 together with 
Hooke's law, 

1sE 
=(0) = [c-2va] 

se (0) =1 [a - v(a + c)] 

(6.50) 

where the constants a and c are expressed in Equation (6.45). Consequently the 

plastic strains can be found, 

EP == sz (0) -E [a= - v(ae + a, )] 

E9 = se (O) -ý 
[ae - V(as + a, )] 

Es = -(Ez + SP) 

Ee(r) - Eelrsa -EeýO) 

(6.51) 
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Determination of initial position of yield surfaces 

The positions of first, second and third surface are determined based on the residual 
stress and loading condition of the shot blasting. The residual stress state is, 

s aý =arRý a2 = a9 
R, 

a3 -aR (6.52) 

where it has been shown for the forged bars that a2 and a3 are in compression and 
a, is a small value. Then the deviatoric stresses are 

SR 
r=3 aR -3 ýae +R) 

R2R1RR Se = 3ae -3(ar +a: ) 

S: R=3as-3(ae+aR) 

(6.53) 

Considering that the surface loading type of shot blasting being along the radial 
direction, the maximum deviatoric stresses corresponding to the cq can be 

expressed approximately 

S; = -ßS; 
Se, " = -ßSeR 

S: '" =- ß SR 

where ß is a constant value determined from follow condition 

I 
2(S"'S; 

+ Se Se +S. Sz )= 69 

2 
(SRSR + Se Se + Ss S= )= aq 

(6.54) 

(6.55) 

Then ß is found by inserting Equation (6.54) into Equation (6.55) to give 

- eq 
F' R 

CF-- 

ým 

eq 

(6.56) 
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Figure 6.13 illustrates the loading points, surface movements for two surfaces in one 
dimension. When the stress state is on point A which corresponds to the maximum 
loading in the history, the location of Ist yield surface centre, shown in Figure 6.13, 

C, ' can be found, 

OC, = IOCiI 
A=aäK 

OA - 
OA 

II eq 
where OCl and OA are vectors, 

X,, 1 S, m 

OC; = X0,1 , 
OA = Se 

. 
Xz1 S: 

(6.57) 

(6.58) 

Therefore the locations of centres for all surfaces for the maximum loading in 

history can be determined from 

Xejý- v eg 
m, 

J SO' ý1=1,2,3. (6.59) 

For the present residii stress state being on the first yielding surface, point B in 

Figure 6.13, the centre for the first yield surface will move from q to C,, and 

_ 
OC, =IOC, I OB =6eaRK' OB 

II e4 

which leads to 

1Xr, 1 R 
SR 

r 

X- 
6eq -K1 SR 

91 -R9" 
aeq 

Sz Xz, 
i 

(6.60) 

(6.61) 

The input of plastic strains and centres of yielding surfaces is included in the user 

subroutine UMAT which is shown in Appendix 6A. 
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6.5 Finite Element analysis for Residual Stress Relaxation 

6.5-1 Tensile loading alone 

For the round bar specimens, the axisymmetric shape and loading were assumed. 
Uniform displacement along the axial direction was applied to meet the generalised 
plane strain condition. The FE mesh and loading condition are shown in Figure 6.14. 
Because there was no reverse yielding during tensile loading and unloading, the 
initial state of plastic strain had little influence on residual stress relaxation results. 
Therefore, the multilinear hardening was not employed for this loading case. Results 

using linear kinematic hardening model for both U and HTS batches were obtained 
and compared with each other. The results of the analyses will be compared with 
experimental results from U-batch tests reported in Table 6.1 and 6.2. 

Young's Modulus and Poisson's ratio were assumed to be the same for U and HTS 
batches. The yielding stress and hardening modului are different for the two batches 

and they were taken from uniaxial tension-compression curves Figure 6.4 for U- 
batch and Figure 6.5 for HTS batch. The constants for the linear kinematic 
hardening model are given in Table 6.5 for the two batches of forged En15R steel. 

Based on X-ray measurements from U-batch bars, described earlier in section 4.2-4, 

the initial axial residual stresses at the surface were chosen 200 MPa as a 
representative low value and 297.5 MPa as the mean value of the distribution. The 
initial tangential residual stresses were chosen as 180 MPa and 234.5 MPa, 

respectively, based on the measured results shown in Figures 4.6 and 4.7. 

For the residual stress relaxation simulation of the HTS specimen, the initial axial 
residual stresses at the surface were chosen 300 MPa as a representative low value 
and 400 MPa as the mean value of the distribution. The initial tangential residual 
stresses were chosen 280 MPa and 350 MPa, respectively. 

The calculated residual stress relaxation as a function of total strain is shown in 
Figure 6.15. It can be seen that relaxation for different bars from different batches 

and different initial residual stresses has the same trend as the tensile strain increase. 
There is a elastic range of applied strain where there is no relaxation because the 

sum of residual stress and applied stress is less than yield stress. There also appears 
to be good agreement with experimental results. 
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6.5-2 Residual stress relaxation under cyclic loading 

The FE mesh and loading conditions were the same as used for tensile loading case, 
shown in Figure 6.14. In the analysis two kinds of material models were used: linear 
kinematic hardening and multilinear kinematic hardening. The two linear kinematic 
hardening models were the same as used in the tensile loading case for U and HTS 
batches and their parameters are listed in Table 6.5. 

Using linear kinematic hardening 

For the parameters of linear kinematic model for the U-batch, the initial residual 
stress state at surface was taken with c r' = -297.5 MPa and c -2345 MPa. 

The results for the residual stress relaxation as a function of number of cycles for 

different cyclic half strain ranges are shown in Figure 6.16. 

For the linear kinematic model parameters for the HTS batch, the initial residual 

stress state at the surface was considered for two cases. Case 1 assumed that 

Cr z= -300 MPa and UR = -280 MPa and for case 2 it was assumed that 

a : 
R= -400 MPa and aä= -350 MPa. The residual stress relaxation as a function 

of number of cycles for different cyclic strain ranges is shown in Figure 6.17 for 

case 1 and in Figure 6.18 for case 2. 

Using multilinear kinematic hardening 

Table 6.6 lists the parameters of the multilinear kinematic model that were taken 
from the stress-strain curve of specimen HTS 18, shown in Figure 6.12. The 

simulation for cyclic uniaxial loading using this model is shown in Figure 6.4. The 

FE mesh, loading and boundary conditions, and initial residual stress input are 

shown in Figure 6.14. Different initial surface axial residual stresses were chosen 
starting from a' = -250 MPa decreasing to az= -450 MPa in steps of 

-50 MPa. 

For cyclic loading, the half total strain ranges were taken as 1000 tc, 1400 µe, 1800 

µe, 2200 µe, 2600 µe, 3000 gc and 3200 µe. As an example for an applied half total 

strain range 
Ze 

= 1000 µc , first the axial load was applied to give a tensile strain 

c= 1000 pe, then unloaded and compressed to give a compressive strain 
e= -1000 µe and finally unloaded to zero axial load. This is just for one cycle. For 
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more cycles, the load was just repeated as for the first cycle. In some cases the 

number of cycles was up to ten. Figures 6.19 to 6.23 show axial residual stress 
relaxation for different cyclic half strain ranges and initial surface axial residual 
stresses. 

Figure 6.24 shows the redistribution of axial residual stress in specimens for 
different strain ranges after 1st cycle. 

From Figures 6.19-6.23, it may be assumed that the surface residual stress relaxation 
on the surface eventually becomes stabilised. If it is assumed that the relaxation of 
the surface residual stresses conforms to the following function, 

ßRN =6R, +b*e-`N (6.62) 

where N is the number of cycles. a R, N, b and c are fitted constants. a R, is the 

stabilised residual stress for N= oo. Consequently the stabilised residual stresses for 

each cyclic loading range can be found without carrying out more calculations for 

many more cycles. The fitted curves using Equation (6.62) for different initial 

surface residual stresses and cyclic strain ranges are also shown in Figures 6.19 to 
6.23. 

The results for the stabilised residual stresses as a function of the initial residual 
stress for different cyclic strain ranges are shown in Figure 6.25. These relaxation 
results are also shown in 3-D in Figure 6.26 in which the relaxed residual stress a R, 
was a function of both the initial residual stress aR and the applied cyclic half strain 
range Ac/2. There are some boundary conditions for the relationship among the 
three variables a R" , Cr Rand As/2. When Ac =0 there is no relaxation, a R. =aR. 
If Cr R=0, then a R. should be zero for any Ac . Assuming a functional form as an 

approximate relationship among the three variables, 

aR, =I+A, (Os/2) + AZ (AE/2)2 IaR (6.63) 

where A, and A2 are two constants. Using curve fitting technique A, and A2 were 
found to be 

Ai = -2.02 x 10'S 
A2 = -8.43 x1 0-8 

(6.64) 
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Figure 6.27 shows the fitted result expressed by Equation (6.63). 

6.6 Discussion 

It is obvious that residual stress can be released by mechanical loading. But how 
does relaxation take place? For the round bar steel, the yield stress was about 650- 
700 MPa from tensile results shown in Figures 6.1 to 6.3 for U-batch specimens. So 
the limit of elastic strain was about 3200-3400 pe. On the surface, the axial residual 
stress was about -270 MP and the corresponding elastic strain, by Hooke's law, is 

about -1300 pe. If we consider the yield stress on the surface is the same as about 
650-700 MPa, then the range of surface elastic strain should be about 4500-4700 tc. 
From the tensile tests on U-batch specimens, all surface strains under the mechanical 
loading are less than 5000 µe. So the residual stress relaxation should be elastic 
which would mean that the curve of residual stress reduction versus surface plastic 
strain is linear. But the actual relaxation, shown in Tables 6.1 and 6.2 and Figure 
6.15, indicated that relaxation of residual stresses was a non-linear function of the 

surface strain. To explain this, we should consider the Bauschinger effect for the 

material. This effect has been shown in Figures 6.4 and 6.5. The surface material 
had been subjected to various treatments with various complicated strain histories 
during the manufacturing process. The surface stress state was in biaxial 

compression which could be at yield surface. When tensile loading was applied, the 

yield stress would be much less than 650 MPa and the elastic range could be less 
than 3200 tc which depends on the behaviour of the Bauschinger effect of the 
material. Figure 6.15 shows the nonlinear relaxation under the tensile loading by 
both experiments and FE analysis. 

For cyclic mechanical loading, reverse yielding was the most likely case because of 
the presence of the compressive residual stresses. Consequently more relaxation of 

residual stress took place. From the FE analysis results, it can be seen that more 

residual stresses were relaxed under cyclic loading than under tensile-tensile 
loading. This can be explained by that residual stresses were in compression. The 

residual stress relaxation is mainly related to the yielding behaviour. The yielding 

point is much lower under compressive loading than under tensile loading because 

of the Bauschinger effect. Therefore under cyclic loading, there would be more 
plastic deformation resulting in more residual stress relaxation. The FE results have 

shown that residual stresses completely relax when the cyclic strain range is beyond 

the elastic limit. 
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Comparison of results from linear kinematic hardening and multi-linear 
kinematic hardening 

The multi-linear kinematic hardening model is an improved model for the cyclic 
stress strain behaviour compared to the linear kinematic, especially for small plastic 
strains. If the plastic strains were large, there was not much difference between the 
hardening moduli of the two hardening models. Another advantage in using the 

multilinear kinematic hardening model was that the plastic deformation, generated 
by shot blasting, and consequently a history dependent variable could be input into 
the user subroutine UMAT. 

The results using linear kinematic hardening model, shown in Figures 6.17 and 6.18, 

can be compared to those using multilinear kinematic hardening model, shown in 
Figures 6.20 and 6.22. The figures show the results for the HTS batches with the 

same conditions for the initial residual stress distribution. It can be seen that for a 
smaller cyclic strain range there was much more residual stress relaxation using 
multilinear kinematic hardening model than using linear kinematic hardening model. 
However for large cyclic strain range, there was not much difference between using 
these two hardening models and most of the residual stress was relaxed. 

Comparison of results from hole drilling, X-ray and FE 

From the FE analyses for cyclic loading, shown in Figures 6.16 to 6.23, it can be 

seen that as the cyclic strain range increased more relaxation of the residual stresses 

occurred. When the strain range reaches a certain value, residual stresses will be 

totally eliminated. Even for strain ranges that are regarded as within the elastic range 
a certain degree of relaxation will occur because the surface had already undergone 

plastic deformation due to shot blasting. This relaxation only takes place during the 
first cycle. 

From hole drilling results, shown in Figures 6.6 and 6.7, it can be seen that the 

residual stresses in the U06 and HTS specimens, which had undergone large strain 
cyclic loading, had totally relaxed. This is in general agreement with the FE 

analysis. 

However the X-ray measurements only indicated that about 40 to 60 % relaxation of 
the residual stresses, shown in Figure 6.9, had occurred. This may be due to the 
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surface roughness where the residual stresses in the peak of the surface profile do 

not relax in the same way as that under the surface. At a notch the residual stress 
could be built up instead of relaxed, but this would only influence a very thin layer 

which also depends on the surface roughness. The X-ray measurements would also 
include microstresses (Macherauch, 1987) which will not relax by mechanical 
loading. 

6.7 Conclusions 

1) Experiments have been carried out to study the residual stress relaxation in 

round bars subjected to tensile and fully reversed cyclic loading. 

2) The Finite Element method has been used to simulate the residual stress 
relaxation under the mechanical loading. 

3) The linear kinematic hardening model has been used in the finite element 
analysis of residual stress relaxation. 

4) A multilinear kinematic model has been developed also to simulate cyclic 
stress-strain behaviour of EN15R steel. This material model has been written 
into user subroutine UMAT in ABAQUS. 

5) Under the tensile loading, the residual stresses decrease as the tensile strain 
increase. Both experimental results and finite element prediction are shown to 
be in good agreement. 

6) Under cyclic loading, most relaxation of the surface residual stresses occurs in 

the first cycle. The residual stress relaxation have been shown to stabilise after 
certain number of cycles. 

7) Even for low cyclic strain ranges, regarded as in the elastic range, residual stress 
relaxation takes place because surface material had undergone prior plastic 
deformation due to shot blasting. 

8) From the FE analysis, the residual stresses are shown to totally relax when the 
cyclic strain range is beyond a certain value. 
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9) Complete relaxation of residual stress under large cyclic strain ranges for 

specimens U06 and HTS 18 was confirmed by centre hole drilling. 

10) The relationship between the initial residual stress and relaxed residual stress 
for different cyclic strain ranges has been established. 
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Chapter 7 

EXPERIMENTAL WORK ON STATISTICAL EFFECTS 
ON FATIGUE LIFE 

This Chapter presents fatigue test data from four groups of specimens 
AF, HT, FS and HTS. Results were analysed using the Weibull 
distribution. The influence factors of each stage of forging process on 
fatigue lives were studied and discussed. A more realistic fitting 
function with endurance limit was used for the S-N curve. 

7.1 Introduction 

There were four stages in the complete forging process. At each stage the residual 

stresses generated are different. In Chapter 4, surface axial residual stresses have 

been measured for specimens from four batches representing the four stages. The 

results have been shown in Figures 4.8 to 4.11. It can be seen that the residual 
stresses were mainly due to shot blasting. 

It is expected that residual stress has a strong effect on fatigue lives. However, other 
influencing factors were also generated for different stage of forging process, such as 
material property change and surface roughness, and there would also have a 
significant effect on fatigue lives as well. 

In this chapter, fatigue test data from four batches, AF, HT, FS and HTS for half 

strain range being 2200 µs and 6000 µs are presented. The experimental data are 
analysed using the Weibull distribution. The influence of different forging process 
on fatigue lives in the high cycle (HCF) and low cycle (LCF) fatigue regimes are 
presented and discussed. A three-parameter function was suggested for the S-N 

curve fitting which included the endurance limit to take account of the HCF regime. 
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7.2 Analysis of Fatigue Data from AF, HT, FS and HTS Batches 

The four batches of specimens, AF, HT, FS and HTS, represent the different stages 

of the forging process. It has been shown in Chapter 4 that the residual stresses and 

surface roughness for the bars from each batches were different. Therefore, the 

fatigue lives for each batch would be expected to be different. Sixty specimens 

selected from the four groups , 
fifteen in each group, were fatigue tested at Rover. 

Fourteen in each group were tested. In each group, two strain ranges were chosen for 

the fatigue tests, 
. 2T 

= cc = 2200 µE for HCF lives and 
A-T 

= cc = 6000 tc was for 

LCF lives. Tables 7.2 to 7.6 list the test matrix and fatigue lives. 

Assuming that the fatigue lives can be described by the Weibull distribution, where 

cumulative distribution function and distribution density have been given by 

Equations (2.69) and (2.70), respectively, the linear relationship between 

P) and log(N - No) can be obtained from the Equation (2.71), log ln(1 1 

1og 1n 
1 

lP 
= ßlog(N�, - No) - ßlog(No - No) (7.1) 

where Pn, is medium rank, N. is the fatigue life from test, No is the assumed 

minimum life, N,, is the characteristic life and ß is the Weibull slope. Using 

regression analysis, No, N,, and ß were obtained, and shown in Table 7.5, for each 
batch subjected to given fatigue strain ranges. Figure 7.1 shows the test results and 
the fitted curves using Equation (7.1). Figure 7.2 show the fatigue life Weibull 
distributions for the two strain ranges 2200µs and 6000µs. Figure 7.3 present the 

probability of failure. The reliability can be obtained from the following expression 

(NP 
N>No. (7.2) R(N)=1-P(N)=exp -_ N- 00 

For high cycle fatigue with the half strain range being 2200 µE, the effect of 
manufacturing process on fatigue lives can be seen from Figures 7.1 and 7.2. The 
HTS batch, which had been subjected to the complete manufacture process (forged 

plus hardening & tempering plus shot-blasting), had the best fatigue behaviour, 

whilst the AF batch, which had been subjected to only the forging process, had the 

shortest fatigue lives. Comparing the HT and AF batches, the heat treatment 
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enhanced the fatigue life and reduced the scatter. The shot blasting treatment 
improved the fatigue life significantly but also increased the scatter. 

Under low cycle fatigue with the half strain range being 6000 µs, the complete 
forging process had a complete opposite effect on fatigue lives, as shown in Figures 

7.1 and 7.2. The AF batch had the longest fatigue lives whilst the HTS batch had 

shortest fatigue lives. But the scatter was small compared to that of the HCF 

specimens and the fatigue lives life for all the group was quite low. 

For the influence of the residual stress on fatigue life, Figure 7.4 presents the 

correlation between residual stresses and fatigue lives for the HTS batch. It can be 

seen from this figure that for half cyclic strain range being 2200 µs, which was in 

HCF regime, there was a limited correlation between residual stresses and fatigue 

lives and for larger compressive residual stress the fatigue life was longer. However, 

for half cyclic strain range being 6000 pe, which was in LCF regime, it is shown 
from the figure that there was no correlation between residual stresses and fatigue 

lives. This may indicate that residual stresses has no effect on fatigue life in LCF 

regime. 

Surface roughness is another influencing factor on fatigue lives. The surface 
roughness of round bar specimens has been measured and presented in Chapter 4. 
Figure 7.5 gives the correlation between surface roughness, A, and fatigue lives for 

4,10 
the HTS batch. It can be seen from this figure that for the smaller half cyclic strain 
range of 2200 tc there was a limited correlation between surface roughness and 
fatigue lives, so that the rougher the surface the shorter the fatigue life. For the half 

cyclic strain range of 6000 tc, which involved large plastic deformation, there was 

almost no correlation between residual stresses and fatigue lives. This may indicate 

that large plastic deformation had reduced the influence of surface roughness on 
fatigue lives. 

7.3. Fatigue Curve for En15R Steel 

For the En15R steel, from another batch of hot forged shot blasted bars, many 
fatigue tests have been conducted at Rover (Devlukia, 1993) with different surface 
finishing conditions at Rover. The total fatigue strain ranges were from 2x 1800 µs 
to 2x 10000 µe . The S-N curve then was obtained by using curve fitting with 
Manson-Coffin relationship. The fatigue test data of the forged bars are shown in 
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Figure 7.6 and compared with fatigue data of HTS and HT. The Manson-Coffin 

relationship that includes elastic and plastic strain components has been normally 
used as a fitting function for low cycle fatigue (Tavernelli, et al, 1962; Manson, 
1962). This approach was not adopted here. Considering that the residual stresses 
appear only to influence high cyclic fatigue and for En15R steel there was a lower 
limit to the fatigue strain corresponding to infinite fatigue life, the fitting function 
for the S-N curve is chosen as, 

ACT 
=c+a*N; 2 

(7.3) 

where Os T is total strain range applied, Nf is fatigue life, a, b and c are fitting 

constants to be determined. The constant c is related to the endurance limit of 
materials on which residual stresses have significant influence (Desvignes, et al, 
1987). For most steels and copper alloys the endurance limit is about 35% to 50% of 
the ultimate tensile strength (Suresh, 1992). 

The fitting strategy was as follows 

Fit Log(a) + b* log(N f) - Log(£ - c) to zero. (7.4) 

This procedure was similar to a linear regression and can be done by multi-step 
linear regression. With given c, a and b was obtained by linear regression from 
Equation (7.4) and the error was found to relate to c, 

ER(c) [Log(a) + b* log(N ,)- Log( A' 
- c) 

2 1 
(7.5) 

J 

where i represents fatigue data point. Then c was taken as ER(c) being the 

minimum. Using the fatigue data for the bars of Barstock batch 2, the fitted results 
of a, b and c are as follows, 

a=2.1429x105 
b= -0.4965 
c =1477.6 

The fitted curve is also shown in Figure 7.6 

(7.6) 
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For the purpose of predicting the influence of shot blasting on fatigue life, which can 
be seen by comparison of fatigue test results from HTS specimens with those from 
HT specimens, the fatigue test results of HT specimens (without shot blast 

treatment) were taken into account, 

A c/2 Fatigue life Nf for HT specimens 
2200 90750 
6000 2700 

which was the distribution centre based on analysis of Weibull distribution of the 
fatigue lives. A curve of Equation (7.3) can not be determined with only two data 

points. So assuming the endurance limit c equal to 1500, then the a and b were found 

using Equation (7.3), 

a=3. OE+5 
b= -05315 
c=1500 

(7.7) 

which is slightly different from those in (7.6). These constants were used throughout 
the prediction of the fatigue life distribution of HTS samples (with shot blast 

treatment effect) in Chapter 8. 
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7.4 Discussion 

The fatigue test results for bars from each batch, AF, HT, FS and HTS, are shown in 

Figure 7.1. The Weibull distribution densities for the batches are shown in Figure 

7.2. From these two figures it can be seen that at HCF conditions the HTS batch 

exhibited the longest lives, whilst the AF batch had the shortest. Comparing the 

results of the HT batch during HCF with that of AF batch, the heat treatment 

reduced the scatter significantly without changing the mean life. Shot blasted forged 

samples (FS) improved the fatigue life, but not as significantly as for HTS batch. In 

contrast at a high strain range the difference between the various batches was not so 
pronounced. Nevertheless, it was evident that the complete forging process had a 
complete opposite effect with LCF conditions compared with HCF conditions. The 

HTS batch had the shortest fatigue lives, while the AF batch had the longest. 

However, under LCF conditions the heat treatment reduced the scatter as well. 

To explain these experimental results, the following points are suggested: 

1) The hardening and tempering heat treatment made the material 

properties more uniform and removed residual stresses and 

subsequently reduced the scatter of fatigue lives as shown in Figure 

7.2 for both HCF and LCF. 

2) The heat treatment also increased the elastic limit which may 

enhance fatigue lives for HCF. However, the heat treatment reduced 
the ductility of the material which was detrimental for LCF because 

plastic deformation dominates during LCF. 

3) Shot blasting has been shown to introduce compressive residual 

stresses and increase specimen surface roughness. Generally 

compressive residual stresses increase fatigue life and surface 

roughness has an opposite effect. 

4) For HCF conditions, most of the residual stresses will not be relaxed 
during fatigue. The positive effect by compressive residual stresses on 
fatigue is much more than the negative effect caused by surface 

roughness. Thus, the fatigue life will increase for HCF. 
Consequently, the shot blasting increases the fatigue life under HCF 

conditions just as shown in Figures 7.1 and 7.2. 
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5) Large plastic deformation dominates under LCF and therefore 

residual stresses will be totally relaxed in a few fatigue cycles, which 
has been proved by both experiments and finite element analysis. 
Therefore, residual stresses introduced by shot blasting will have no 
effect on fatigue life. However, surface roughness caused by shot 
blasting decreases the fatigue life, as shown in Figures 7.1 and 7.2. 

6) Through out the fatigue tests, other influence factors on fatigue lives 

still existed, such as bending effect. This may explain why some HTS 

specimens got higher lives than those for the HT specimens at the 
fatigue range of 6000 µs as shown in Figures 7.1 and 7.2. 

Therefore, to judge the influence of each stage of forging process would depend on 

what kind of fatigue load (cyclic strain range) the specimen would undertake. For 

high cyclic fatigue the complete forging process is the best. But for the specimens 

are mainly used under low cyclic fatigue, only a forging process without heat 

treatment and shot blasting may be suggested. 

For fitting the S-N curve, generally, the more parameters the fitting function has, the 
better the fit will be. For Manson-Coffin relation (2.19), two parts are included; an 
elastic part for HCF and a plastic part for LCF. The Manson-Coffin relation has four 

parameters to fit the S-N curve and therefore it is quite good for LCF fatigue data 

and has been widely used. The only drawback is that it does not include a endurance 
limit (Suresh, 1992). The Fitting function Equation (7.3) used here has three 

parameters including the endurance limit. It is therefore a good equation for the HCF 

regime but not as good as the Manson-Coffin relation in the LCF regime as shown in 
Figure 7.6. 
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7.5 Conclusions 

1) Fatigue test data from four batches, AF, HT, FS and HTS, were analysed using 
the Weibull distribution. The failure probability for two strain ranges, 2200µs 

and 6000µs, for each batch were obtained. 

2) The shot blast treatment was shown for high cycle fatigue to improve fatigue 
lives significantly but increase scatter and for low cycle fatigue to reduce fatigue 
lives and also increase scatter. 

3) The heat treatment enhanced fatigue lives slightly in HCF and reduce fatigue 
lives in LCF, and reduce scatter in both conditions dramatically. 

4) It was found that compressive residual stresses had no benefit under LCF 

because the residual stresses were relaxed out due to large plastic deformation. 

5) Fatigue S-N curve for En15R steel has been analysed using a non-linear curve 
fitting technique. A more realistic fitting function was adapted. 

, 40A 
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Chapter 8 

PROBABILISTIC ANALYSIS FOR THE INFLUENCE 
OF RESIDUAL STRESS ON FATIGUE LIFE 

This Chapter presents statistical analysis of residual stress variation 
from specimen to specimen, its redistribution after interaction with 

cyclic loading and its influence on fatigue life. A probabilistic 

approach is developed to incorporate residual stresses into fatigue 

life prediction. The relationship among fatigue cyclic strain range, 

relaxed residual stress and the fatigue life is derived. Some other 

random influence factors on fatigue life except the residual stress are 
included. Simulations to determine fatigue lives are then made. 

8.1. Introduction 

Because of the inherent randomness found in fatigue data it is doubtful that 
deterministic methods can be used adequately in constructing mathematical models 
of fatigue. Fatigue of real materials should be regarded as a random phenomenon 

and analysed by use of the probabilistic approaches. 

In probability theory, the probability distribution are regarded as a priori given, 
whereas in the analysis of real phenomena the probability distribution are seldom 
known. Hence, in stochastic modelling, attention should be focused on 
determination of the probability distribution of random quantities entering the 

model. Often the probability distributions are introduced as hypotheses (such as 
Normal distribution and Weibull distribution); so, they should be subject to 

subsequent verification. 
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There are many uncontrolled factors that influence fatigue life and cause scatter of 
fatigue test data, and these were discussed in Chapter 2. The shot blast treatment has 
been shown to generate significant residual stresses in components. In the following 

therefore the residual stresses, in shot blast specimens, are considered as a main 
influencing factor on fatigue life and the residual stresses in specimens are treated as 
a random variable. The other influencing factors on fatigue life are introduced in a 
simple way. The residual stress distribution was assumed as normal distribution or 
Weibull distribution. The probability distribution density functions of fatigue life, 
for different simulation conditions, have been obtained and compared with fatigue 

test results. 

8.2 Specimen to Specimen Variation of Residual Stresses 

8.2-1 Histograms from X-ray Measurements 

The residual stresses were introduced by forging` process. Because in the 

manufacture of large batches of forged components there were statistical variations 
in the geometry of the components, material properties and surface roughness, the 

residual stresses in the forged components would be expected to have inevitable 

variability from component to component. The statistical method therefore was used 
to analyse the residual stress distribution from specimen to specimen. 

The X-ray diffraction method was used to measure surface residual stresses on round 
bars from U, AF, HT, FS and HTS batches. The results were shown in Chapter 4. 
Figures 4.6 and 4.7 show the histograms of the distributions of surface axial and 
tangential residual stresses on the surface of a total of twenty hot forged round bars 
for the U-batch. Figures 4.8 to 4.11 show the histograms of the distribution of axial 
residual stresses for AF, HT, FS and HTS batches which represent different stages of 
the forging process. There were twenty specimens in each group and two 

measurements taken from each bar. From these figures, the differences between the 

variation in the residual stress distributions for each batch of specimens can be seen. 
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8.2-2 Statistical Analysis 

There are two most frequently used distributions to express the random variables, 
normal and Weibull distributions. In Chapter 2, the Weibull distribution was 
described for fatigue date analysis. In the following normal and Weibull 
distributions have been fitted to the experimental results for the surface axial 
residual stresses. 

Normal distribution 

Assuming that the residual stresses satisfy the normal distribution, then the 

probability density function is given by 

1_ (aR - äR)2 f ((YR) = 2nS exp 2S2 (8.1) 

where U. is the sample arithmetic mean and S is the sample standard deviation. The 

estimation of U. is, 

UR- 

n ,. ý 

and the unbiased estimation of S is 

1n 
s- (aR, 

i - aR)z 
Yi-1 i=1 

(8.2) 

(8.3) 

in which n is the number of the measurements and a'R, is the residual stress of the 
ith measurement. Table 8.1 gives the results of the means UR and standard deviation 

S of the normal distributions for each batch of specimens and Figure 8.1 presents the 
distribution density f (c R) for each group. 

The probability of residual stress aR at any stress point au in an interval Da can be 

given by integrating Equation (8.1) 

(6R-"R IdaR 
(8.4) 

+O 

. SAa 

osec 

21[ S2 
P{au -OSOa<aR<a� +O. 50a} 

f 

�'- 

1 
exp - ZSZ 

- 
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which gives the histogram of the normal distribution. The histograms from the 

normal distributions are compared with the histograms of experimental results for 

axial residual stresses of U, FS and HTS batches, shown in Figure 8.3. 

Weibull distribution 

It may be assumed also that the distribution of the surface axial residual stresses 
satisfy the Weibull distribution and its cumulative distribution function is given by 

aR - a° P(aR) =1- exp -a 
ap -a° 

or 

P(aR) =1- exp -a 
a° - aR 
ao -aa 

GR >60 

ßR C Q0 . 

(8.5) 

(8.6) 

where ao is a minimum (or maximum) stress, ßa is characteristic stress and ß is the 
Weibull slope. The form of Equation (8.5) can be written as, 

log logC 
11 pJ =ß log(aR - ao) -ß log(aa - ao) . (8.7) 

Employing the least squares method, ß and ß log(aa - ao) can be found for a given 
value of ao. Table 8.2 gives the fitted results for ao, ao and ß for each batch and 
Figure 8.2 presents the distribution density curves of f (a, ) for the Weibull 

distribution given by Equation (2.70). 

The probability of residual stress aR at any stress point at, in an interval La can be 

obtained from using Equation (8.6) 

P{au - OS Oa <a R<au + 05äa} 

= exp - 
au + 050a - ao 

P- 
exp - 

au - ()SAG - ao 
ap - ao aa ao PI (8.8) 

which gives the histogram of the Weibull distribution. Figure 8.3 shows the 
histograms for both the Normal and Weibull distributions and compares them with 
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the histograms from the measured X-ray results. It can be seen that there are only 
negligible difference between these two distributions. 

8.2-3 Analysis of Redistribution of Residual Stress after Interaction with 
Mechanical Loading 

Residual stresses appear to have a significant influence on fatigue life, especially for 
high cycle fatigue (Flavenot, 1989, Glinka, 1990). During fatigue cycling, the 

residual stresses in a specimen interact with the external loading leading to 

additional plastic deformations occurring especially when the residual stresses have 
been created by non-uniform plastic deformation. The residual stresses will be 

redistributed and become stabilised after a certain cycles. This interaction between 

the residual stresses and fatigue loading has been studied in Chapter 6. It is the 

redistributed and stabilised residual stresses that play a key factor in determining 
influence on fatigue life. The residual stress distribution from sample to sample will 
also change. Let us assume that the surface axial residual stress distribution density 
function is faR (OR) , where aR represents the surface axial residual stress a= , and 

the probability of residual stress is given by 

QR 

PaR 
lßR) = 

ff,,,, (ßR)daR 

QR, Mn 

(8.9) 

Under cyclic fatigue loading with the half strain range 
ACT l 

given by c, the 

residual stress aR relaxed to 0R ., 

aR. = g(ae, E, ) 

or aR =g1 (aR'2Ec) (s. t o) 

where function g() may be determined by both experimental and finite element 
methods. Differentiating Equation (8.10), 

daR = ag , (aR"E`) da R,. aa 
R' 

Inserting Equation (8.11) into Equation (8.9), we get 

(8.1 1) 
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PaR. (ßR')- 
aJ 

faR(g'(aR'9Ec))ag_'ÖaRýEc)daR,. (8.12) 
ax, d. R' 

Therefore the density function, f, (a,. ), for relaxed residual stress (Y R' is obtained 

JaR, 
(ßR')-faRlg ýlaR'ýEcýýag'ýaR'+Ecý 

öaR, 
(8.13) 

The functional relationship between aR, and aR, Equation (8.10), have been 

obtained for the HTS specimens in Chapter 6, and are described by Equation 6.63 

and also shown in Figure 6.27. By inserting Equation 6.63 in Equation (8.13), the 
distribution density of the relaxed residual stress becomes, 

f 
CFR, 

s 1+A, E+A2ý) 

1 
+A, Ec +A C 

(8.14) 

By using Equation (8.14), for the normal distribution of the surface axial residual 
stresses from specimen to specimen, the curves of redistribution density are obtained 
and shown in Figure 8.4 for different cyclic strain ranges. From the Figure 8.4, it can 
be seen that the residual stress distribution centre moves towards zero and the 

standard deviation becomes smaller as cyclic strain range increases. When the strain 
range is over 3400 tc, the residual stresses will be relieved as the FE predicted and 
the influence of the residual stresses on fatigue life could be eliminated. 
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8.3 Probabilistic Model to Predict Fatigue Life for Hot Forged Shot-blast 
Bar Specimens 

8.3-1 Residual stress influence on fatigue life as an applied mean stress 

As indicated in Chapter 6 by FE analysis and in Chapter 7 by fatigue tests, the 

residual stresses take effect in the HCF regime and are completely relieved in the 
LCF regime. Therefore the analysis of the residual stress effect on fatigue life is 

mainly carried in HCF regime. Figure 2.5 shows the Haigh diagram of constant 
fatigue life which includes the effect of mean stress. The line of constant fatigue life 

can be expressed as 

6a 
+am =1 Qf 6u (s. 1 s) 

where am is applied mean stress, a� is ultimate stress of the material and aQ is 

applied cyclic loading which within the elastic regime can be expressed as 

a =Aa =EE. °22 (8.16) 

The fatigue strength af can be determined by letting am =0 in Equation (8.15) and 

making use of Equations (8.16) and (7.3), 

ar = E*(c+a*Nf). (8.17) 

By considering the residual stress after relaxation, am, as being equivalent to a 
mean stress and using the yield stress ay to replace the ultimate stress Cr, for 

En15R steel, the fatigue S-N curve can be obtained, 

Ac 
=(1- aR, )(c+a*Nf) 

r 
(s. is) 

which has included the residual stress influence on fatigue life. The relaxed residual 
stress, (: r R' , 

is related to the initial residual stress, aR, and half the fatigue cyclic 
strain range, is / 2, given by Equation (8.10). 
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By comparing Equation (8.18) with that proposed by Morrow (1965), given by 
Equation (2.58), Equation (8.18) can be expressed as 

aa = (a f- aaR, )(c' + a'* Nb ) f 

where 

a' 
a= ý 

ßy 

(8.19) 

(8.20) 

and (c' + a'* N b) is equivalent to (2N. )b in Equation (2.58). In Morrow's model a 

equals one, and therefore Equation (2.58) would overestimate the mean stress effect 
(assuming that the relaxed residual stress aR, is equivalent to a mean stress) on 
fatigue life. 

8.3-2 Other factors that influence fatigue life 

Apart from the effects from residual stresses, there are also other factors which 
influence the fatigue life and give rise to scatter in fatigue data, such as surface 
roughness introduced by shot blasting which has been shown in Chapter 4, the 
irregular shape of the forged bars, eccentric axial loading, etc. It is very difficult to 
consider all these influencing factors as individual random variables. For 

convenience here we introduce a general random variable D into Equation (8.18). 
The distribution density function for D is assumed fD (D) and satisfies the 

condition 

JfD(D)dD=1, 
(8.21) 

If the fatigue life N is statistically distributed, whether the residual stresses exist or 
not, the random D can be put into Equation (8.18) as 

2E =(1- 
QR')[c+a*(N. ID)]. 

r 

(8.22) 

If there are no residual stresses in the sample, the distribution of fatigue lives N is 
similar to the distribution of random variable D which reflects the influencing 
factors on fatigue lives except the residual stresses. 
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Alternately, the local strain range can be treated as a statistical distribution because 

of surface roughness caused by shot blasting results in different strain ranges at 
different locations even within the same sample. In this way, the random D may be 

put into Equation (8.18) as 

DE =(1- 
aR 

)(c+a*Ný) 
2Y 

(8.23) 

For both approaches, the distribution of D has to be determined to better fit the 
experimental results. 

8.3-3 Distribution of fatigue life N 

In both Equations (8.22) and (8.23), it can be seen that the residual stress a, is a 
random variable and D is introduced as a random variable to consider other 
influencing factors. Therefore, the fatigue life Nf is also a random variable. If the 
joint probability density of the two random variables c. (which is related to aR 
and Ac/2), and D is known, the distribution of fatigue lives Nf and its distribution 
density can be found. 

Equations (8.22) or (8.23) may be expressed in a general form 

G(ßR., As, D, Nf) =0 (8.24) 

or alternatively in terms of the initial residual stresses as 

G(aR, ic, D) = Nf (8.25) 

The probability of failure is given by, 

F(Nf) = P(N <_ Nf) = 
JjfaR, 

D(aR, D)d6RdD (8.26) 
G(aR, Ac, D)SN f 

where faR D(aR, D) is a joint probability density of the random variables, initial 

residual stress aR and random variable D. 
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It may be assumed that the random variables aR, and D are independent, and the 
density function faR, D(aR, D) can be expressed by two independent density 

functions 

faR, D 
(aR 

, D) = 
fa,, (a R 

)fD (D) . (8.27) 

Then Equation (8.26) becomes 

FN(Nf) = P(N S Nf) = JJfaR 
(aR)fD(D)daRdD. (8.28) 

G(aR, Ae, D)SNf 

The density function f^, (N f) may be found by differentiating F, 1(N1) provided 
that the FN(N f) 

is differentiable, 

dF (N ) P(N5N +AN )-P(NSN ) NI! JJ fN(NI) = FN(NI) = dNJ = Lim 
AAlI 

= Lim 1 II fai(aR) fD(D)daRdD (8.29) 
AN f-º0 O jýl J Nf<G(aR, Ae, D)SNf+ANf 

which can be derived into a single curve integration (see Appendix 8A) 

fN(1Vf)= f fQ, 
Q(aR). 

ýn(D)dL 

L GQR2 +Go2 

L= IG(aR, Os, D) =Nf 
} 

where 

G, aG(aR, Os, D) 
aaR 

_ 
öG(aR, As, D) G° 

aD 
aG(aR, oE, D) G° 

aD 

(8.30) 

(8.31) 

A parametric equation for the curve L= {G(aR, c, D) = N1 may be expressed as 

D=D 
1aR = aR(D) 

(8.32) 
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Using an analysis given in Appendix 8B, Equation (8.30) becomes 

fNcNf) = JfaROF )fo(D) dD. I 
This integration can be done using a numerical method. 

8.4 Simulations to Determine Fatigue Lives 

(8.33) 

To determine the fatigue life distribution using Equation (8.33), the distribution 
density functions of random variables residual stress aR and D need to be found. 
The distribution density function faR(QR) is given by Equation (8.1) for Normal 

distribution derived from Equation (8.5) or (8.6) for Weibull distribution. The 
distribution function density fD(D). has not been determined. 

Three approaches will be presented to simulate the fatigue lives: 

(i) Assuming that there is only an influence from the residual stresses 

(ii) Assuming that there is a combined influence of D and CF R, where D is 

assumed to be independent of cyclic strain range and determined from 

results in the LCF regime. 

(iii) Assuming that the local strain range is a random variable D because 

of surface roughness, irregular shape of specimens and eccentric load 

and using a perfect fit to D to produce the correct distribution of 
fatigue lives Nf. 
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8.4-1 Residual stress effect only 

By considering the influence of residual stress as a random variable without any 
other effects, the relationship between the relaxed residual stress a., and the fatigue 

life, shown in Equation (8.18),. was used to predict the fatigue life distribution of 
bars from the HTS batch. The relaxed residual stress can be expressed as a function 

of fatigue life 

eE aR. = ay 1- 
2(c + a*N )J 

(8.34) 

where Ac/2 is taken as 2200 pc. Then using an analysis given in Appendix 8C the 
distribution density of fatigue life N is given by, 

fN(Nf)= fQx Qy 1-2(c 
+a*N f) 

aaR, 
aN, 

(8.35) 

This computed distribution is shown in Figure 8.5 and compared with Weibull 
distributions of HT and HTS lives derived from fatigue test results. The probability 
of failure is shown in Figure 8.8, and again compared with the HT and FITS test 

results. It appears that by considering the influence of residual stress alone the model 
overestimates the fatigue life. 

8.4-2 Residual stress influence plus a random distribution on fatigue life 

Here it is assumed that the fatigue life is statistically distributed, so that from 
Equation (8.22) where D,, replaces D to denote that the random variable is 

dependent on life 

ZE = (1- 6. )[c+a*(NIIDN)ýý" 
r 

The relaxed residual stress is also independent of the random variable D. . 

(8.36) 

If we assume that the residual stresses were all relaxed when the half fatigue strain 
range was 6000 µe, then from Equation (8.36) with Cr R" = 0, the relationship 
between the random variables Nf and D is 
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NJ 
(6ooo_c)bD 

(8.37) 

The distribution of fatigue life fN. aooo (N f) has been obtained for the strain range 
being 6000 µs which was derived from fatigue test results. Then the distribution 
density of DN using the analysis given in Appendix 8C is given by 

fD (DN )- 

. 
fN, 6000 

1C 6000 - cl -11b 
DN lr 

6000 - cl -1/b 
aJaJ 

(8.38) 

This is shown in Figure 8.6. The distribution density of fatigue life simulated is also 
shown in Figure 8.5, and the probability of failure is shown in Figure 8.8. This 

estimate is better than the analysis for residual stress alone, where the mean is closer 
to the experimental mean and there is a degree of overlap, but again the model 
overestimates the effects. 

8.4-3 Residual stress influence plus a random distribution of strain range 

Here it is assumed that the strain range is randomly distributed so that from Equation 
(8.23) where De replaces D to denote that the random variable is dependent on 

strain range 
*141 

De 
2s 

=(1-vR')(c+a*f 
Y 

(8.39) 

The relaxed residual stress a R, now depends on the local strain range DB 2E 
. Then 

Equation (8.10) can be expressed as 

2E) . 
ßR' 

62 

where Ac is fixed. The Equation (8.39) then becomes 

D AE 
£2 

f 
ý S(a R, De 

1- 2 

](c+a*Nf) 

ay 
i 

(8.40) 

(8.41) 
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where the function g has been shown in Equation (6.63) of Chapter 6. The 
distribution density of random variable De may be chosen as 

1fD(DB)=0 
1fD 

(De )= OLB-'(D-Do) 

D. < Do 

Da z Do 
(8.42) 

where Do and a are constants to be chosen to get best fit of fatigue life distribution. 

For Do = 0.9785 and a=0.0445, the distribution density of the random variable 
D6, fo(DC), is shown in Figure 8.7. The predicted distribution of fatigue life for 

strain range being 2200 tc is shown in Figure 8.5. The probability of failure is also 

shown in Figure 8.8. 

8.5 Discussion 

From the comparison of the histograms of Normal and Weibull distributions of 
residual stress with experimental data, shown in Figure 8.3, it can be seen that the 
both distributions fitted quite well. So both distributions can be applied to further 

analysis without much difference. The choice of distribution for further application 
depends on its convenience in the analysis. For example, if FOSM (see section 2.7) 
is used for reliability analysis, the Normal distributions for all random variables are 
required (ASCE, 1982). 

For analysis of the redistribution of residual stress, Equation (6.63), representing a 
functional relationship between relaxed residual stress and initial residual stress and 

cyclic strain range, was used. Because we are limited to the selected functional form 

for fitting the FE results, it was not accurate to use Equation (6.63) to express the 

relaxed residual stress when it totally relaxed to zero. However, the influence of 

using this expression on fatigue life analysis may be small because the residual 

stress would be small. To express the relaxed residual more precisely, more 
functional terms are required in Equation (6.63) and some conditions must be 

applied. For example, if the calculated relaxed residual stress was less than zero, the 

zero relaxed residual stress should be imposed. 

The analysis of the influence of residual stress on fatigue life was confined to the 
HCF regime, since it for it had been shown the residual stress relaxed in LCF regime 
at high applied strain ranges and had no influence on fatigue life. A more accurate 
expression Equation (7.3) for the S-N curve in the HCF regime was used. The Haigh 
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diagram was the simplest expression for the mean stress effect on fatigue lives. Its 

straight line may not fit the experimental data well and was very conservative for 
ductile alloys for tensile mean stress (Suresh, 1992). On the other hand, for 

compressive mean stress it could result in exaggerating the mean stress effect. The 
Gerber's relation (2.48) is not correct for compressive mean stress effects because it 

treats compressive mean stress the same as a tensile mean stress to reduce fatigue 
life. To improve the model to consider the compressive mean stress effect, a relation 
similar to Haigh's and Gerber's can be used 

a° +a"' =1. ( -) 
2 

aý a. 
(8.43) 

Using Equation (8.43) and same procedure in Section 8.3-1, Equation (8.18) is 

changed to I 

2E 
_ (1- aR(c+a*Nf). (8.44) 

r 

Comparing Equation (8.44) with Equation (8.18), it can be seen that the compressive 
residual stress effect is reduced. For further application in using Equations (8.43) 

and (8.44), more work, which includes the following, needs to be done, 

(i) Experimental data to support the diagram expressed by Equation 

(8.43) 

(ii) Simulations of fatigue lives under different conditions using Equation 
(8.44) 

By using Equations (8.13) and (8.18), the changes in the S-N curve for different 

residual stress (or mean stress) can be determined, respectively. These curves can 
then be compared with the experiments. 

In the simulation with residual stress alone, the predicted mean value of the fatigue 
lives was about 66% larger than the experiment result. The exaggeration of mean 
stress effect from the Haigh relation Equation (8.15) could be one of the main 
reasons for the overestimation. 
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The random variable DN was introduced to represent other influencing factors on 
fatigue lives apart from residual stress. The difficulties in determining the 
distribution density of D. were: 

(i) Separating the residual stress influence from other influencing factors 
in fatigue test data. 

(ii) The random variable D. could be dependent on half cyclic strain 
range, A&/2. 

In the second simulation, the second point was ignored and the random variable DN 

was assumed to be independent of cyclic strain range. The distribution density of 
DN was determined from experimental fatigue data at the half cyclic strain range 
6000 µs at which there was no residual stress effect. The resultant estimate was 
better than the simulation for residual stress alone, where the mean was closer to the 

experimental mean and there was a degree of overlap. But again the model 
overestimated the effects with the predicted mean value of the fatigue lives about 
43% larger than the experimental result. Except for the exaggeration of mean stress 
effect from the Haigh relation, another reason would be that the DN was treated as 
being independent of the cyclic strain range Ae and was not sufficient to represent 
the other influencing effects at half cyclic strain range 2200 tc. 

In the third simulation, a random variable D. was introduced based on the fact that 

the main influencing factors, except the residual stress, were surface roughness, 
irregular shape of the bars and eccentric axial loading which would make the surface 
strain range different from applied axial strain range. The distribution density of DB 

could not be determined from experimental fatigue data on half cyclic strain range 
6000 ps since D. would be strongly dependent on the applied axial cyclic strain 

range. A distribution density function was proposed with some parameters to be 
determined. For each different applied cyclic strain range the parameters can be 
determined from best fit of experimental fatigue data. 

159 



Chapter 8: PROBABILISTICANALYSIS FOR THE INFLUENCE OF RESIDUAL STRESS ON FATIGUE LIFE 

8.6 Conclusions 

1) The sample to sample variation of residual stresses for each batch were analysed 
using Normal and Weibull distributions. The histograms from the both 
distributions were compared with those from X-ray measurement results. It was 
found that there was little difference between the two distributions. 

2) The redistribution of residual stresses due to cyclic loading and its sample to 

sample variation was analysed. The redistribution density functions for different 

cyclic strain ranges were obtained for the HTS batch. 

3) The Haigh diagram was used to incorporate the influence of residual stress into 
fatigue life. The relationship among fatigue cyclic strain range, relaxed residual 

stress and the fatigue life was derived. 

4) A general form of determining fatigue life density was derived based on the 
relationship between the fatigue life N1 and other two random variables. 

5) Fatigue life distribution density with residual stress alone was obtained for the 
HTS batch. 

6) To include the other statistical factors, general random variable D,,, and D. 

were introduced into equation of fatigue life S-N curve. 

7) The distribution density of D. was determined based on the assumption that the 
distribution of DN was similar to the distribution of fatigue lives and 
independent of cyclic strain range. Then fatigue life distribution density was 
obtained using the distribution densities of DN and residual stress. 

8) The random variable De was based on the fact that the local surface strain range 

was a statistical distribution because of surface roughness and other factors. Its 
distribution density was proposed and the parameters were chosen to best fit the 

experimental fatigue test data. 
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Chapter 9 

CONCLUDING COMMENTS AND 
RECOMMENDATIONS FOR 
POTENTIAL FUTURE WORK 

In this thesis, detailed stress distributions in *hot forged specimens 

were obtained through the application and development of various 

measurement techniques such as X-ray and neutron diffraction, 

together with centre-hole drilling. An analytical interpolation 

approach was developed to determine cross-section residual stress 
distribution based on limited measurements. The interaction of 

residual stress with mechanical loading was studied using both 

experiments and FE analyses for which a multilinear kinematic 

hardening model was formulated and written in user subroutine 
UMAT for use in ABAQUS. Fatigue tests were carried out on bars 

from different batch representing different stage of forging process. 
The fatigue data was analysed using Weibull distribution. A 

probabilistic approach using the statistical variation of the relaxed 

residual stress and other influencing factors was developed to predict 
fatigue lives. 

9.1 Concluding Comments 

Residual stresses in hot forged components have been measured using various 

measurement techniques such as X-ray and neutron diffraction, together with centre- 
hole drilling. Some of results and comparisons are shown in Figures 4.67 to 4.70. X- 

ray results showed compressive residual stresses on the specimen surface as a result 

of shot blasting. Neutron diffraction measurements gave the residual stress profile in 
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one specimen. Centre-hole drilling also indicated compressive residual stresses at 
the surface. Although no one technique provided definitive results, the combination 
of methods provided increased confidence in the results. 

Measurements on specimens from AF, HT, FS and HTS batches extracted from 
different stages of hot forging process revealed that the residual stresses in the hot 
forged components. were mainly due to shot blasting. The heat treatment prior to 

shot-blasting contributed to higher compressive residual stresses in HTS batch. The 

statistical distribution of surface residual stress within the batches of the samples 
have been obtained using both Normal and Weibull distributions. 

To obtain additional residual stress distributions cross the section of the samples, 
surface chemical etching was used to create new surfaces and X-ray measurements 
were made on the new surfaces. Since material removal redistributed the residual 
stresses, an analysis was carried out to determine the original residual stress 
distribution. From these results, together with the measurements of centre-hole, the 
layer of compressive residual stress was found to be about 0.16 mm from surface. 

To consider that cases when there are only limited interior (neutron) and surface (X- 

ray) measurements of residual stresses, a new analytical interpolation method, using 
equilibrium, compatibility, and elastic-plastic constitutive equations, was developed 

to estimate the complete cross-section residual stress distribution. The solution of 
the residual stresses was expressed as integration equation which included two 
independent plastic strain components. As an example, the two plastic strains were 
assumed to have simple power law forms and included constants which could be 
determined from the limited residual stress measurements using a fitting technique. 
From the results shown in Figures 5.3 to 5.5, it can be seen that the interpolated 

residual stress distributions are the average distribution of the measured residual 
stress in the hot forged bars. 

To consider cyclic stress-strain behaviour, a multilinear kinematic hardening 

material model has been formulated. This model includes initial hardening and non- 
linear hardening under different cyclic strain ranges. To study the interaction of 
residual stresses with mechanical loading, FE analyses, using this multilinear 
kinematic hardening material model, have been carried out. Initial state inputs 
included initial residual stresses, initial plastic strains and initial positions of 
yielding surfaces. It has been found that the residual stress relaxation was mainly 
due to plastic deformation. It can be seen from Figures 6.19 to 6.23 that even if the 
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low cycle strain range is regarded as being in the elastic range, surface compressive 
residual stress can still relax because the material had undergone prior plastic 
deformation. Most relaxation occurs in the first cycle, and relaxation stabilises after 
a certain number of cycles. Complete relaxation will take place for cyclic strain 
ranges beyond the elastic limit. In general, it was found that the numerical results 
were not in agreement with the X-ray measurements of surface residual stress 
relaxation. However, near surface centre-hole measurements did confirm that the 

residual stress had relaxed for large cyclic strain ranges. 

Uniaxial fatigue tests have been carried out for specimens from the AF, HT, FS and 
HTS batches of En15R steel in LCF and HCF regimes. The fatigue data has been 

analysed using a Weibull distribution. It was found that in the high cycle, low strain 
fatigue (HCF) regime, the HTS batch had the longest lives, which means that the 

presence of surface compressive residual stresses is a major contributing factor in 
improving fatigue life. In the low cycle, high strain fatigue (LCF) regime, the HTS 
batch had the shortest fatigue lives which means that the residual stresses had been 

relaxed completely and. therefore had little influence on fatigue life while other 
influencing factors dominated, such as surface roughness and heat treatment. 

There was no doubt that in the HCF regime, the longest fatigue lives were obtained 
when surface compressive residual stresses were present. Therefore in the 

probabilistic model f&Pfatigue life analysis the variation of the residual stress 
together with the established relationship between initial and relaxed residual 
stresses for different cyclic strain ranges was taken into account. To include the 
other statistical factors, general random variables DN and DB were introduced in the 

probabilistic model. For DN the assumption was that the distribution of fatigue lives 

was similar to the distribution of DN without the presence of residual stress. The 
distribution of Dv was assumed to be the same for whole cyclic strain range but in 

general it should be cyclic strain range dependent. For De it was assumed that the 
local strain range is a statistical distribution because of the effects of surface 
roughness and geometric irregularities. These effects could only be assessed 
empirically. The distribution of De was determined by assuming that the predicted 
fatigue life distribution best fitted the experimental fatigue life distribution. 

The main feature of these studies has been to show that a probabilistic fatigue life 
analysis can take account of the statistical nature of the residual stresses. The 
experimental results have shown that the surface compressive residual stresses 
played a dominant role. However, the analysis has shown that the benefits were 
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slightly diluted by other deleterious effects such as surface roughness and geometric 
irregularities. Without further study these effects could only be assessed empirically 
in the current research. 

Although the probabilistic model has been applied to results from uniaxial fatigue 

tests, the methodology is equally applicable to multiaxial fatigue. The functional 

relationship between the relaxed residual stresses, initial residual stresses and 
multiaxial strains under applied loading can be determined using the same model 
described in Chapter 6, with additional information required about the local 

geometry in the FE simulations. The fatigue life tests can be carried out on notched 
bars, and the fatigue lives can be expressed in terms of multiaxial strain parameters. 
The multiaxial fatigue life distribution density is then determined using the Equation 
(8.33). The results shown in this research, for uniaxial conditions, have 
demonstrated that there is considerable promise in the methodology proposed. 

Overall, this research has shown that residual stresses increased high cycle fatigue 

strength significantly but the influence became smaller as the cyclic strain range 
increased and there were no effect of residual stresses on low cycle fatigue because 

of residual stress relaxation behaviour. This is in general agreement with those in 

literature review in sections 2.4 and 2.5. The variation of residual stresses from 

specimen to specimen also contributed to the scatter of fatigue life test data. The 

probabilistic model considered not only the original residual stress distribution but 

also the residual stress relaxation associated with cyclic strain range. Together with 
introduction of other influencing factors, this model gave better understanding about 
residual stresses in fatigue life assessment. In summary, the new developments and 
advances in the work include: 

i) Statistical distributions of surface residual stresses were found for 

different stages of the manufacturing process. 

ii) Better understanding of residual stresses in forged components and 
their influence on fatigue life was obtained. 

iii) Measurement and interpretation techniques for the neutron diffraction 

and centre hole residual stress measurement methods were developed. 
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iv) An analytical interpolation technique to determine through thickness 

residual stress distributions using limited information from 

measurements was developed 

v) A multi-linear kinematic material hardening model was incorporated 

into an FE analysis, and introduced initial residual stresses and 

plastic deformation. 

vi) It was found that residual stresses relaxed for cyclic strain ranges well 
below endurance because of the presence of prior plastic deformation 

arising from generation of residual stresses. 

vii) Fatigue life statistical distributions in low cyclic and high cyclic 
fatigue regimes were found as a function of the various stages of the 

manufacturing process. 

viii) A probabilistic model to incorporate relaxed residual stress as a 
random variable into fatigue life analysis was developed 

ix) It was found that a joint distribution function taking account of 

residual stresses and other random variables was required in the HCF 

regime, although it was found that the statistical variation of the 

residual stresses was the dominant function. 

9.2 Recommendations for Future Work 

1) It has been shown that the results of X-ray measurements include micro-stresses 
and the influence of surface roughness. Further investigations are required to 

separate the micro-stresses from macro-stresses and analyse quantitatively the 
influence of surface roughness for the hot forged En15R steel. 

2) To determine near surface residual stresses (short range) using neutron 
diffraction, all influencing factors contributed to the surface effect need to be 

classified and analysed and more experimental work on differently prepared 
samples is necessary. 
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3) For the centre hole measurements on shot blasted specimens, it has been shown 
that plastic deformation during hole drilling had a significant influence on 
interpretation of measured strains using elastic analysis. The proposed plastic 
modification was based on Gao's work (1992) in which the stress and strain 
components were uniform along thickness. However, in the shot blasted 

specimens, the residual stresses had a near surface gradient and all stress and 
strain components and deformation in normal direction are not uniform. 
Therefore further investigations are required to study the surface strain changes 
during hole drilling considering both plastic stress-strain response and the stress 
gradient. This can be done using FE analysis for axisymmetrical conditions. For 
different location z, along the normal direction, the initial condition input and 
stress-strain response are different. The user subroutine UMAT may be required 
to carry out the input. 

4) Under cyclic loading, residual stresses were equivalent to mean stress and there 

should be a ratchetting effect. The residual stress relaxation behaviour under 
cyclic loading with including ratchetting needs further investigation. 

5) Further studies of residual stress relaxation under multiaxial loading are required. 
The relationship between the relaxed residual stresses, the initial residual stresses 
and the applied multiaxial loading needs to be determined. 

6) The fatigue tests carried out were only on two cyclic strain ranges, 2200 tc and 
6000 µe. More fatigue tests on different cyclic strain ranges are required to 

understand fully the influence of residual stress and its relaxation on fatigue in 

total cyclic ranges from LCF to HCF. 

7) For modelling the influence of residual stresses on fatigue lives using 
probabilistic approach, the role of the compressive mean stress on fatigue life 

requires further investigation. More experimental data is required to examine the 
relations proposed by Haigh and Gerber and Equation (8.43). 

8) The probabilistic model was developed for uniaxial loading. It is clear that more 
work is required to extend the model to multiaxial conditions. 
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Appendix 4A 

ANALYSIS OF STRAIN RELIEF AFTER A HOLE DRILLED 
IN A PLATE CONTAINING RESIDUAL STRESSES AND 
THE MATERIAL EXHIBITING EXPONENTIAL 
HARDENING. 

This analysis is based on the Gao's work (1992) and most of the notations and 
definitions are same as those used in Gao's paper. As it has be proved that the stress 
state at every point on specimen surface is on the yield surface and the deformation 
will be in the plastic region during the hole drilling operation (see section 4.4-6), the 
material stress-strain curve is expressed as 

a 
eq = AE ýq (4A-1) 

where aq and E eq are Von Mises equivalent stress and strain, respectively, and the 

aq is expressed as, 

aeq = ae -a, aa +a; (4A-2) 

A is a material constant and n is the strain hardening exponent. If the range of a eq or 
E eq 

during the plate loading (da 
eq Z 0) is known, the fitted value of A and n at that 

range can be used. 

The equilibrium equation is, 

da 
ae -a, =r dr 

The constitutive equations are, 

r 

Co = 
E`9 (ae - 05a, ) 
aeq 
E 

E, = `9 (a, -OSae) 
a#q 

E 

e, = `9 (a, -0-Sae) aeq 

(4A-3) 

(4A-4) 
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The compatibility equation is, 

rýe =S, -Ee dr 
(4A-5) 

The boundary conditions are a little different from Gao's and there is no elastic- 
plastic boundary, r, = oo. Assuming the residual stress state is a biaxial compressive 
state, 

a, =ae =aR, and a, 
qO=-aR (4A-6) 

The initial residual stress state in the plate is 

a, l r= -"a eqO, a eq =a eqo, 
a, 

lrýao 
= -a eqO . 

(4A-7) 

where a is hole radius and the boundary conditions after pressure is removed from 
hole surface are expressed as, 

a. l,. a 0, Cy eglr. a>aeqo, a, lr--co _-aegO. (4A-8) 

Using an auxiliary variable ý= 4(r) and expressing stresses in the form, 

ý, gsin(ý- 6) 

2 

las a 

a, =-ýa, 9cos0 

9 (4A-9) 

which satisfy the Equation (4A-2) automatically. From the boundary condition (4A- 
7), some auxiliary values of 0 at r=a and r= oo are found, 

'. = ý(r = a) = -n/2 
ýo =ý(r=oo)=-1L/! 

Substituting Equation (4A-9) into Equation (4A-4), it is found that, 

Co = E, y siný 

E, _ -E, 4 sin 
i 

(4A-10) 

(4A-11) 

Inserting Equations (4A-1), (4A-3), (4A-9) and (4A-1 1) into Equation (4A-5), we 
obtain, 

2 
a, =-T3 a, 9cosý 

ýo =ý(r=oo)=-1t/6* 

a" 
E, _ -s, q sin(ý +ý) 
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da, cosý+fsiný 
I 

eq 
43COSý 

-i siný 
n 

dý . (4A-12) 

Integrating the above equation for r from r= co to r which corresponds to 4 from 
ý� to 4 and a., from a ,. o to ß eq 

Jt is find 

a eq 
=a 

eq0 

3x2+n 

cos(ý., +ýx) 3x +1 %r3n(n-1) (ý -ý., ) . (4A-13) 
cos(ý +ý 

exp 3n2 +1 

where 4M is defined as 

ýs= arccos . 
In 

3W +1 
(4A-14) 

Substituting Equations (4A-9) and (4A-13) into Equation (4A-3) and making some 
rearrangements, we obtain 

dr 
- 

2siný dý 
+ 

2J3-n(1- n) ýcösý dý 

r cosý +f siný 3n2 +1 cosý +[3 siný 

_ 
3n2 +n 2cosý t& +0�)dý 
3n2 +1 coso +-13 sino 

(4A-15) 

Integrating this equation for r from a to r and 4 from 4. to 4, it is found that 

r 

r=a it I-/k 

-jL, % 1 

sin(ýo+-)I., "yoTYeJ 
-0 

iý ýrVJýyI -T ýRI 

nVý COO. +M 

6 

2n 

ýni74-1 3 1- n2 exp -2 (ý -tCa) (4A-16) 
23n+1 

Assuming the strain gauge location is from r=R, to r= R2 . Using Equation (4A- 
16) together with iteration technique, auxiliary values, 4, and 42, are found 

4i = +(R1) and 42 =4 (R2) (4A-17) 

Then divide [4, , 
ý2 ] into m steps with increment i4 "": 02-4, )/m. For each 4j, 

ý, = 01 + (. /-1)eO, j =1,......, m+1 (4A-18) 

the radius r. corresponding to the 4j is determined from the Equation (4A-16). 

veq. j at the location r= rj is calculated using Equation (4A-13), 

jsiniý, + ý, DI ..,, crA iAN 
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a 
eq. j =a eqo 

coO � +ýM) 
cOs(ýj +ýM) 

ant+n 
3n'+1 

exp 3n2 +1 
(4A-19) 

Inserting ve., into Equation (4A-1), Cq, % is obtained. Then using Equation (4A- 
11), c, J is found. 

Consequently, the average strain between r=R, and r= R2 . for the strain gauge is 
obtained, 

E=I Jc, dr =1+E, i )(r- r) l2. (4A-20) 
R2 -A R2 - R, 

i=, 

The initial radial strain c, 0 can be found from using Equations (4A-1) and (4A-4) 

I 
(Ceqo y 

sr0 2A 
(4A-21) 

Consequently the strain change due to pressure being removed from hole surface is 
obtained, 

AE, =Er - Era. (4A-22) 

The FORTRAN program of this analysis to obtain the strain Os, is presented in 
Appendix 4B. 
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Appendix 4B 

FORTRAN PROGRAM OF DETERMINING STRAIN 
RELIEF AFTER A HOLE DRILLED IN A PLATE 
CONTAINING RESIDUAL STRESSES AND MATERIAL 
EXHIBITING EXPONENTIAL HARDENING. 

DIMENSION PAI(1001), RR(1001), STR(1001), STN(1001), STNR(1001) 
K=100 
PI=3.1415926 
Al=-PI/2. 
B1=(-PI/6. -PI/120. ) 
RA=1.0 : hole radius 
R1=1.87 : strain gauge between RI and R2 
R2=3.55 
DO 600 J=1,110 : this loop is for different initial stress state 
SI0=5. *J 
SO=SIO 

15 CALL MATERIAL(SO, EN, AA) : AA-A, EN-n 
PAN=SQRT(1. /(1. +I. /(3. *EN*EN))) 
PAN=ACOS(PAN) : PAN- 4n 

CALL PAICAL(RI, A1, B1, EN, PI, PAN, PA) : get 
PAI=PA 
CALL STRESS(SI0, EN, PAN, PA 1, STR1) 
IF (ABS(STR1-S0). LT. 0.1) THEN 

GOTO 25 
ELSE 

S0=STR1 
GOTO 15 : iteration here is to chose A and n at this point 

END IF 
25 CALL STRESS(SIO, EN, PAN, A1, STRM) 

CALL PAICAL(R2, AI, BI, EN, PI, PAN, PA) 

PA2=PA : get ý2 
CALL STRESS(SIO, EN, PAN, PA2, STR2 
H=(PA2-PA 1)/K 

C SIO=ABS(S0) 
DO 100 I=1, K+1 
PAI(I)=PA1+(i-1)*H 

RR(I)=EXP(S QRT(3. ) * (1-EN * EN) * (PAI (I)-A 1)/(2. * (3. * EN * EN+ 1))) 
CC=AB S(COS(PAI(I)+PAN)/COS(A 1+PAN))* * (2. * EN/(3. * EN * EN+1)) 
RR(I)=RA*RR(I)*CC*SQRT(SIN(A1+PI/6. )/SIN(PAI(I)+PI/6. )) : get rj 
STR(I)=EXP(S QRT(3. ) * EN * (EN-1) * (PAI(I)+PI/6. )/(3. * EN * EN+ 1)) 
CC=ABS(COS(PAN-PI/6. )/COS(PAI(I)+PAN)) 
C C=C C** ((3 .* EN * EN+EN)/(3 .* EN * EN+ 1)) 
STR(I)=STR(I)*CC : get a eq 
STN(I)=(STR(I)/AA)**(lJEN) : get eeqj 
STNR(I)=-STN(I)*SIN(PAI(I)+PI/3. ) : get ß,,, 
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100 CONTINUE 
SUM=0.0 

DO 120 I=1, K 
SUM=SUM+(RR(I+1)-RR(I))*(STNR(I+1)+STNR(I))/2. : carry out integration 

120 CONTINUE 
STRAIN 1=SUM/(R2-RI) 
STRAIN=SUM/(R2-R1)+(1. /AA)* *(1. /EN)/2. 
STRAIN 1=STRAIN*(SI0* *(1. /EN)) 

C WRITE(*, *)PAI(I), RR(I), STR(I) 
WRITE(*, 550)SIO, STRAIN 1, STRM, STRI, STR2 

550 FORMAT(F5.0,4F8.2) 
600 CONTINUE 

END 
SUBROUTINE PAICAL(R, AI, BI, EN, PI, PAN, PA) : get $ from using Eq. (4A-16) 
PA1=A1 
PA3=B1 
PA2=A I /2. +B 1/2. 

200 R2=EXP(SQRT(3. )*(1-EN*EN)*(PA2-AI)/(2. *(3. *EN*EN+1))) 
CC=ABS(COS(PA2+PAN)/COS(A 1+PAN))* *(2. * EN/(3. * EN* EN+ 1)) 
R2=R2 * CC * SQRT(SIN(A 1 +PI/6. )/SIN(PA2+PI/6. )) 

IF (ABS(R2-R). LT. 0.00001) THEN 
GOTO 500 

ELSE 
IF (R2. LT. R) THEN 
PAI=PA2 
PA2=PA 1 /2. +PA3/2. 
GOTO 200 

ELSE 
PA3=PA2 
PA2=PA 1 /2. +PA3/2. 
GOTO 200 
END IF 
END IF 

500 PA=PA2 
RETURN 
END 

SUBROUTINE MATERIAL(SI, EN, AA) : material parameters are function of stress state 
X=SI/100. 

EN=0.9607632-F0.00 1668 *X-0.00445 *X*X 
AA=0.198021 3+0.0101314*X-0.00383 *X*X+0.0017485 *X*X*X 
RETURN 
END 

SUBROUTINE STRESS(SI0, EN, PAN, PAI, STRI) : get 6eq using Eq. (4A-13) 

PI=3.1415926 
STRI=EXP(SQRT(3. )*EN*(EN-1)*(PA 1+PU6. )/(3. *EN*EN+1)) 
CC=ABS(COS(PAN-PI/6. )/COS(PA 1+PAN)) 
CC=CC* *((3. *EN*EN+EN)/(3. *EN*EN+1)) 
STRI=STR1 *SIO*CC 
RETURN 
END 
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Appendix 5A 

FUNCTIONAL FORMS OF f,, (r) IN EQUATION (5.22) 

The plastic strains were assumed as 

se = C, r2 + CZr3, E; = C3r2 + C4r3 
, (5A-1) 

where C1, C2, C3, and C4 are constants to be determined. After inserting Equation 
(5A-1) into Equations 5.18 to 5.20, the residual stress distribution can be obtained as 
a function of a number of constants, 

a, = Cif l(r) + Czf z (r) + C3f 3 (r) + C4f 4 (r) 

ae = Clfil (r) + Czfzz (r) + C3fz3 (r) + C4fz4 (r) 

as = Cl. f3i (r) + Czf3z (r) + C3f33 (r) + C4f34 (r) 
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APPENDIX 6A 

USER SUBROUTINE UMAT 

SUBROUTINE UMAT(STRESS, STATEV, DDSDDE, SSE, SPD, SCD, 
I RPL, DDSDDT, DRPLDE, DRPLDT, 
2 STRAN, DSTRAN, TIME, DTIME, TEMP, DTEMP, PREDEF, DPRED, MATERL, 
3 NDI, NSHR, NTENS, NSTATV, PROPS, NPROPS, COORDS, DROT, PNEWDT, 
4 CELENT, DFGRDO, DFGRD I, NOEL, NPT, LAYER, KSPT, KSTEP, KINC) 

INCLUDE 'ABA_PARAM. INC' 
CHARACTER* 8 MATERL 

DIMENSION STRESS(NTENS), STATEV(NSTATV), 
1 DDSDDE(NTENS, NTENS), DDSDDT(NTENS), DRPLDE(NTENS), 
2 STRAN(NTENS), DSTRAN(NTENS), TIME(2), PREDEF(1), DPRED(1), 
3 PROPS(NPROPS), COORDS(3), DROT(3,3), DFGRDO(3,3), DFGRDI(3,3), 
4 DES(6,6), DPS(6,6), SDS(6,6), DPSD(6,6), DSTRESS(6), DPSTRAN(6), 
5 ALPH(4,6), HH(5), SYD(5), ALPHA I (6), ALPHA2(6), DALPHA(6) 

DIMENSION EELAS(6), EPLAS(6), ALPHA(6), OLDS(6), OLDPL(6), 
I DSTRANI(6), DSTRANO(6), DPSTRANI(6), DDSDDEI(6,6), 
2 DDSDDEO(6,6), DSTRESSL(6), SS(6), SSS(6) 

PARAMETER(ZERO=O. DO, ONE= I . DO, TWO=2. DO, THREE=3. DO, SIX=6. DO, 
1 ENUMAX=. 4999D0, NEWTON=10, TOLER=I. OD-10) 

C 
C *s********+******************************+******************+******* 
C "THIS PROGRAM SUBDIVIDE STRAIN INCREMENT BASED ON STRAIN" 
C *****+++**++**************+++++++++++**+++*+++++++++++*+****+++***** 
C 

IF (NDI. NE. 3)THEN 
WRITE(7,1) 

FORMAT(//, 30X, ***ERROR - THIS UMAT IS ONLY FOR', 
'ELEMENTS WITH 3 DIRECT COMPONENTS') 

CALL XIT 
END IF 

DEQPL=ZERO 
EMOD=PROPS(1) 
ENU=MIN(PROPS(2), ENUMAX) 
EBULK3=EMOD/(ONE-TWO*ENU) 
EG2=EMOD/(ONE+ENU) 
EG=EG2/TWO 
EG3=THREE*EG 
ELAM=(EBULK3-EG2)/THREE 
CALL ASET(DDSDDEO, ZERO, 6*6) 
DO K1=1, NDI 

DO K2=1, NDI 
DDSDDEO(K2, K 1)=ELAM 

END DO 
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DD SDDEO(K I, K 1)=EG2+ELAM 
END DO 
DO K1=NDI+I, NTENS 
DDSDDEO(K1, K1)=EG 

END DO 
CALL ROTSIG(STATEV(1), DROT, EELAS, 2, NDI, NSHR) 
CALL ROTSIG(STATEV(NTENS+ I), DROT, EPLAS, 2, NDI, NSHR) 
CALL ROTSIG(STATEV(2*NTENS+1), DROT, ALPHA, I, NDI, NSHR) 

DO K1=1, NTENS 
ALPH(I, K 1)=ALPHA(K 1) 

END DO 
CALL ROTSIG(STATEV(3*NTENS+1), DROT, ALPHA, I, NDI, NSHR) 

DO K1=1, NTENS 
ALPH(2, K 1)=ALPHA(K 1) 

END DO 
CALL ROTSIG(STATEV(4*NTENS+1), DROT, ALPHA, I, NDI, NSHR) 

DO K1=1, NTENS 
ALPH(3, K 1)=ALPHA(K 1) 

END DO 
C*** get elastic matrix 
C 

CALL ASET(DES, ZERO, 6*6) 
DO K1=1, NDI 
DO K2=1, NDI 
IF(NDI. EQ. 2) THEN 

DES(K 1, K2)=-(ONE+ENU)/EMOD 
ELSE 

DES(K 1, K2)=-ENU/EMOD 
END IF 

END DO 
IF(NDI. EQ. 2) THEN 

DES(K 1, K 1)=(ONE-ENU* ENU)/EMOD 
ELSE 

DES(K1, Kl)=ONEIEMOD 
END IF 

END DO 
DO K1=NDI+I, NTENS 

DES(K1, K 1)=TWO*(ONE+ENU)/EMOD 
END DO 

C 
C*** Next is to input initial strain history state based only on the HTS residual stress state 
C 

NIT=INT(STATEV(5 *NTENS+9)) 
IF(NIT. NE. 110 1 1959)THEN 

STATEV(5 *NTENS+9)=11011959.1 
RP0=8.4D-1 

IF(COORDS(1). GT. RPO)THEN 
e=EMOD 
v=ENU 
RR=COORDS(1) 
q=0.84 
X=RR-q 
stl=350. 
szl=400. 
b=st1/(2*(1-q)) 
a=-b*(1-q)**2 
cc=0.5+q-q* *2 
dd=(1-q)**2/2+q*(1-q)**3/3 
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C 

t=dd/cc 
d=sz l /(1-q-t) 

c=-d*t 
srO=a 
st0=a 
sz0=c 
sr1=STRESS(1) 
st1=STRESS(3) 
sz1=STRESS(2) 

er0=(sr0-v*(st0+sz0))/e 
et0=(st0-v* (sr0+sz0))/e 

ez0=(sz0-v * (sr0+st0))/e 

etp=et0-(st 1-v * (sr l +sz 1))/e 
ezp=ez0-(szl-v*(stl+srl))/e 
erp=-etp-ezp 
EPLAS(1)=erp 

EPLAS(2)=ezp 
EPLAS(3)=etp 
DO I=NDI+ 1, NTENS 
EPLAS(I)=ZERO 
END DO 

CALL GETDEQPL(EPLAS, DEQPL, NDI, NTENS, TWO, THREE) 
EQPLO=DEQPL 

DO II=I, NTENS 
ALPHA(II)=ZERO 

END DO 
CALL YIELDING(STRESS, ALPHA, ESTRO, NDI, NTENS, SIX, TWO, TIIREE) 

C 
C find maximum stress in history 
C 

DEQPLI=ZERO 
IF(ESTRO. GE. 10. D0)THEN 

EQPL1=0.2*EQPLO 
1212 DEQPL=EQPLO+DEQPL I 

IF(DEQPL. GE. PROPS(7))THEN 
SMISES=PROPS(6) 

ELSE 
IF(DEQPL. GE. PROPS(S))THEN 

HH(4)=(PROPS(6)-PROPS(4))/(PROPS(7)-PROPS(5)) 
SMISES=PROPS(4)+HH(4)*(DEQPL-PROPS(5)) 

ELSE 
HH(4)=(PROPS(4)-PROPS(3))/PROPS(5) 
SMISES=PROPS(3)+HH(4)*DEQPL 

END IF 
END IF 

C 
C find H1 H2 H3 
C 

DO K1=1,2 
CC=PROPS(10+K 1) * DEQPL 
STATE V(5 * NTEN S+K 1)=(PROPS(K 1 +8)-PROPS(K 1 +7))/CC 

END DO 
Hi =STATEV(5 *NTENS+1) 
' H2=STATEV(5*NTENS+2) 
CC=DEQPL* (ONE-PROPS(11)-PROPS(12)) 
H3=(SMI SES-PROPS(10))/CC 

IF(ESTRO. LE. ABS(2. *PROPS(9)-SMISES))THEN 
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DEQPL I=(ESTRO-ABS(2. *PROPS(8)-SMISES))/H I 
ELSE 

I F(ESTRO. LE. AB S(2. * PROPS(10)-SMISES))THEN 
DEQPL 1=(2. * PROPS (9)-2. * PROP S (8 ))/H 1 
DEQPL 1=DEQPL I+(ESTRO-ABS(2. * PROPS(9)-SMISES))/H2 

ELSE 
DEQPL 1=(2. * PROPS(9)-2. * PROPS(8))/H 1 
DEQPL 1=DEQPLI+(2. *PROPS(10)-2. *PROPS(9))/H2 
DEQPLI=DEQPL 1+(ESTRO-ABS(2. *PROPS(10)-SMISES))/H3 

END IF 
END IF 
CC=DEQPL-DEQPLI 
DD=ABS(CC-EQPLO) 
IF(DD. GE. 0.1)THEN 

GOTO 1212 
END IF 

END IF 
C 

C 
STATEV(5 *NTENS+7)=DEQPL 

SITYDRO=(STRESS(1)+STRESS(2)+STRESS(3))/THREE 
DO K1=1, NDI 
SS(K 1)=STRESS(K 1)-SITYDRO 

END DO 
DO K1=NDI+I, NTENS 

SS(K1)=STRESS(K1) 
END DO 
IF(SS(1). GT. I O. DO)THEN 
STATEV(5*NTENS+6)=DEQPL 
STATEV(5 *NTENS+7)=DEQPL 1+EQPLO 

IF(DEQPL. GE. PROPS(7))THEN 
SMISES=PROPS(6) 

HH(4)=ZERO 
ELSE 

IF(DEQPL. GE. PROPS(5))THEN 
HH(4)=(PROPS(6)-PROPS(4))/(PROPS(7)-PROPS(5)) 
SMISES=PROPS(4)+HH(4)*(DEQPL-PROPS(5)) 

ELSE 
HH(4)=(PROPS(4)-PROPS(3))/PROPS(5) 
SMI SES=PROPS(3)+HH(4)* DEQPL 

END IF 
END IF 

STATEV (5 *NTENS+S)=SMISES 
STATEV(5 *NTENS+4)=HH(4) 

DO K1=1,2 
CC=PROPS(10+K 1)* DEQPL 
STATEV(5 *NTENS+K 1)=(PROPS(K 1+8)-PROPS(K 1 +7))/CC 
END DO 
CC=DEQPL* (ONE-PROPS(11)-PROPS(12)) 
STATEV(5 *NTENS+3)=(SMISES-PROPS(10)YCC 

DO K1=1, NTENS 
ALPHA(K1)=ZERO 
SSS(K1)=ZERO 

END DO 
CALL YIELDING(STRESS, ALPHA, BB, NDI, NTENS, SIX, TWO, THREE) 

C 
C swape z with t 
C 
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SSS(1)=SS(1) 
SSS(2)=SS(3) 
SSS(3)=SS(2) 

DO K1=1, NTENS 
CC=-SMISES*SSS(K1)BB 
ALPH(I, K1)=(ONE-PROPS(8)/SMISES)*CC 
ALPH(2, K 1)=(ONE-PROPS(9)/SMI SES)* CC 
ALPH(3, K 1)=(ONE-PROPS(10)/SMISES)* CC 
EELAS(KI )=ZERO 

DO K2=1, NTENS 
EELAS(K 1)=EELA S(K 1)+DES(K 1, K2) * STRES S(K2) 

END DO 
END DO 

C 
C PUT EQPLO BACK 
C 

DEQPL=EQPLO 
STATEV(5*NTENS+6)=DEQPL 
STATEV(5 *NTENS+7)=DEQPL 1+EQPLO 

C 
C considering loading point located between f3 and f2 
C 

DO K1=1, NTENS 
ALPHACK 1)=ALPH(2, K 1) 

END DO 
CALL YIELDING(STRESS, ALPHA, DD2, NDI, NTENS, SIX, TWO, TIIREE) 

IF(DD2. GT. PROPS(9))THEN 
BT2=ONE-PROPS(9)/DD2 
DO K1=1, NTENS 
ALPH(2, K 1)=ALPH(2, K 1)+BT2 * (SS(K 1)-ALPH(2, K 1)) 

ALPH(1, K I)=S S(K 1)-(S S(K 1)-ALPH(2, K 1)) * PROPS(8)/PROPS(9) 
END DO 

END IF 
C 
C considering loading point located between f2 and fl 
C 

DO K1=1, NTENS 
ALPHA(K 1)=ALPH(1, K 1) 

END DO 
CALL YIELDING(STRESS, ALPHA, DD 1, NDI, NTENS, SIX, TWO, THREE) 

IF(DD 1. GT. PROPS(8))THEN 
BT1=ONE-PROPS(8)/DD 1 
DO K1=1, NTENS 
ALPH(1, K1)=ALPH(1, K1)+BTI *(SS(K1)-ALPH(1, K1)) 

END DO 
END IF 

END IF 
WRITE(7, *) 
WRITE(7, *)' STRESS=' 
WRITE(7, *)(STRESS(I), I=1,3) 
WRITE(7, *)' ALPH(I, KI)=' 
WRITE(7, *)(ALPH(1, K1), K1=1,3) 
WRITE(7, *)' ALPH(2, K1)=' 
W RITE(7, *)(ALPH(2, K 1), K 1=1,3 ) 

WRITE(7, *)' ALPH(3, K1)=' 
WRITE(7, *)(ALPH(3, K 1), K 1=1,3) 

END IF 
END IF 
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C 
C *** end of history input 
C 

DO K1=1, NTENS 
ALPH(4, K 1)=ZERO 

END DO 
DO K1=1, NTENS 

OLDS(K1)=STRESS(KI) 
OLDPL(K 1)=EPLAS(K 1) 
EELAS(K 1)=EELAS(K 1)+D STRAN(K 1) 

DSTRESS(K1)=ZERO 
DO K2=1, NTENS 

DSTRESS(K 1)=DSTRESS(K1)+DDSDDEO(K 1, K2)*DSTRAN(K2) 
END DO 

STRES S(K 1)=STRES S(K 1)+DSTRESS(K 1) 
END DO 
DO K1=1, NTENS 
ALPHA (K 1)=ALPH(1, K 1) 

END DO 
CALL YIELDING(STRESS, ALPHA, SMISES, NDI, NTENS, SIX, TWO, THREE) 

IF(STATEV(5 *NTENS+5). GT. 1. OD-6) THEN 
SYIELD=PROPS(8) 

ELSE 
SYIELD=PROPS(3) 
HH(1)=1.0D8 
HH(2)=1.0D8 
HH(3)=1.0D8 
HH(4)=(PROPS(4)-PROPS(3))/PROPS(5) 

DO K3=1,4 
STATEV(5 *NTENS+K3)=HH(K3) 

END DO 
END IF 

IF(SMISES. GT. (ONE+TOLER)*SYIELD) THEN 
NED=1 
NFIX=1959 

IC=4 
DO K3=1, NTENS 

STRESS(K3)=OLDS(K3) 
END DO 

DO K1=1,3 
SYD(K1)=PROPS(K1+7) 

END DO 
SYD(4)=STATEV(5 *NTENS+5) 
IF(SYD(4). LE. PROPS(3)) THEN 

SYD(4)=PROPS(3) 
END IF 
IF(STATEV(5 *NTENS+5). LT. PROPS(3))THEN 

SYDI=PROPS(3) 
H 1=(PROPS(4)-PROPS(3))/PROPS(5) 
STATEV(5 *NTENS+4)=H 1 
SYD2=PROPS(4) 
H2=(PROPS(6)-PROPS(4))/(PROPS(7)-PROPS(5)) 

CALL ISOMAT(STRESS, DDSDDEO, DSTRAN, DPSTRAN, DQPL, NED, 
1 SYD 1, SYD2, H 1, H2, NDI, NTENS, EG, EG3, EBULK3, ZERO, ONE, TWO, THREE, SIX) 

JJ=4 
GOTO 1050 

END IF 
CALL FINDTT(ALPHA, STRESS, DSTRESS, SYIELD, NDI, NTENS, 
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I THREE, TWO, ZERO, TT) 
IF(TT. LE. I . D-10)THEN 

TT=ZERO 
NST=1 

DO K3=1, NTENS 
DSTRANI(K3)=DSTRAN(K3) 

END DO 
ELSE 

NST=O 
NFIX=NFIX+1 

DO M1=1, NTENS 
DSTRANI(M 1)=(ONE-TT)*DSTRAN(M 1) 
STRESS(M 1)=STRESS(M 1)+TT*DSTRESS(M 1) 

END DO 
END IF 

DO K3=1,4 
HH(K3)=STATEV(5 *NTENS+K3) 
END DO 

DO M1=1, NTENS 
DPSTRAN(M 1)=ZERO 
END DO 
DO 999 JJ=1,4 
IF(JJ. LT. 4)THEN 

CALL GETDEQPL(DSTRANI, DERO, NDI, NTENS, TWO, THREE) 
DERO=ABS(DERO)* 1. D-9 
IF(DERO. LT. 1. D-13 )THEN 
DERO=I. D-13 

END IF 
DO K1=1, NTENS 

ALPHA(K 1)=ALPH(JJ+ I ,K 1) 
END DO 

CALL YIELDING(STRESS, ALPHA, SMISES, NDI, NTENS, SIX, TWO, THREE) 
IF(SMISES. GT. (ONE-TOLER)* SYD(JJ+ 1))THEN 

GOTO 998 
END IF 

IF(NFIX. EQ. 1959)THEN 
NST=JJ 
NFIX=NFIX+1 

END IF 
DO K1=1, NTENS 

ALPHA 1(K 1)=ALPH(JJ, K 1) 
ALPHA2(K 1)=ALPH(JJ+1, K 1) 
DSTRANO(K 1)=DSTRANI(K 1) 

END DO 
H=HH(JJ) 

CALL MATZHU(DES, STRESS, DSTRESS, ALPHAI, ALPHA2, DALPHA, 
1 DSTRANO, DPSTRANI, NDI, NTENS, SYD(JJ), SYD(JJ+1), H, DERO, NEG, 
2 DSTRESSL, TL) 

DO M1=1, NTENS 
DPSTRAN(M 1)=DPSTRAN(M 1)+DPSTRANI(M 1) 
STRESS(M 1)=STRESS(M 1)+DSTRESS(M 1) 
DSTRANI(M 1)=DSTRANI(M 1)-DSTRANO(M 1) 

END DO 
IF(NEG. EQ. O)THEN 

NED=JJ 
GOTO 1000 

END IF 
GOTO 998 
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END IF 
IF(NFIX. EQ. 1959)THEN 

NST=JJ 
END IF 
NED=JJ 

SYD 1=STATEV(5*NTENS+S) 
Hi =STATEV(5 *NTENS+4) 

IF(SYD 1. LT. PROPS(3))THEN 
SYDI=PROPS(3) 
H I=(PROPS(4)-PROPS(3))/PROPS(5) 
STATEV(5 *NTENS+4)=H 1 
END IF 
IF(SYD 1. LT. PROPS(4))THEN 
SYD2=PROPS(4) 
H2=(PROPS(6)-PROPS(4))/(PROPS(7)-PROPS(5)) 

ELSE 
SYD2=PROPS(6) 
H2=ZERO 

END IF 
HH(5)=H2 
SYD(5)=SYD2 

DO M1=I, NTENS 
DO M2=1, NTENS 
DDSDDEI(M 1, M2)=DDSDDEO(M 1, M2) 

END DO 
END DO 

CALL ISOMAT(STRESS, DDSDDEI, DSTRANI, DPSTRANI, DQPL, NED, 
1 SYD 1, SYD2, H 1, H2, NDI, NTENS, EG, EG3, EBULK3, ZERO, ONE, TWO, THREE, SIX) 

DO M1=I, NTENS 
DPSTRAN(M 1)=DPSTRAN(M 1)+DPSTRANI(M 1) 

END DO 
GOTO 1000 

998 1=I+1 
999 CONTINUE 
1000 IF(NST. NE. 4)THEN 

DO K1=1, NTENS 
DSTRESS(K 1)=STRESS(K l)-OLDS(K 1) 

END DO 
CALL GETDDSDDE(DDSDDEO, DSTRAN, DES, OLDS, DSTRESS, ALPH, SYD, 

I HH, NST, NED, NDI, NTENS, EG3, ZERO, ONE, TWO, THREE) 
ELSE 

DO K1=1, NTENS 
DO K2=1, NTENS 

DDSDDEO(K 1, K2)=DDSDDEI(K 1, K2) 
END DO 

END DO 
END IF 

1050 IF(JJ. EQ. 4)THEN 
DO KI=1, NTENS 

ALPHA(K1)=ZERO 
END DO 

CALL YIELDING(STRESS, ALPHA, SMISES, NDI, NTENS, SIX, TWO, THREE) 
STATEV(5*NTENS+5)=SMISES 

IF(SMISES. LT. PROPS(4))THEN 
STATEV(5 *NTENS+4)=(PROPS(4)-PROPS(3))/PROPS(5) 

ELSE 
IF(SMISES. LT. PROPS(6))THEN 

STATEV (5 *NTENS+4)=(PROPS(6)-PROPS(4))/(PROPS(7)-PROPS(5)) 
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ELSE 
STATEV(5*NTENS+4)=ZERO 

END IF 
END IF 
SITYDRO=(STRESS(1)+STRESS(2)+STRESS(3))/THREE 

DO MM=1, IC-1 
DO K1=1, NDI 
ALPH(MM, K 1)=(ONE-PROPS(? +MM)/SMISES)*(STRESS(K 1)-SITYDRO) 
END DO 
DO K1=NDI+I, NTENS 
ALPH(MM, K 1)=(ONE-PROPS(? +MM)/SMISES) * STRESS(K I) 
END DO 
END DO 

IF (SMISES 
.LE. PRO PS (4 ))THEN 

EP=PROPS(5)* (SMISES-PROPS(3))/(PROPS(4)-PROPS(3)) 
ELSE 

IF(SMISES. LE. PROPS(6))THEN 
EP=PROPS(5)+(PROPS(7)-PROPS(5))* (SMISES-PROPS(4)) 

1 /(PROPS(6)-PROPS(4)) 
ELSE 

EP=PROPS(7) 
DO M1=1, NTENS 
DSTRANO(M 1)=EPLAS(M 1)+DPSTRAN(M 1) 

END DO 
CALL GETDEQPL(DSTRANO, EQPL, NDI, NTENS, TWO, THREE) 

EP=MAX(EQPL, EP) 
END IF 

END IF 
DO K1=1,2 
CC=PROPS(10+K 1)* EP 
STATEV(5 *NTENS+K 1)=(SYD(K 1+ 1)-SYD(K 1))/CC 

END DO 
CC=EP*(ONE-PROPS(1 I )-PROPS(12)) 
STATEV(5 *NTENS+3)=(SMISES-SYD(3))/CC 

GOTO 1100 
END IF 
SITYDRO=(STRESS(1)+STRESS(2)+STRESS(3))/THREE 
DO K3=1, NTENS 

ALPH(JJ, K3)=ALPH(JJ, K3)+DALPHA(K3) 
END DO 

IF(JJ. GT. 1)THEN 
DO MM=1, JJ-1 
DO K1=1, NDI 
ALPH(MM, K 1)=(ONE-SYD(MM)/SYD(JJ))* (STRESS(K 1)-SITYDRO) 

1 +ALPH(JJ, K1)*SYD(MM)/SYD(JJ) 
END DO 
DO K1=NDI+I, NTENS 
ALPH(MM, K 1)=(ONE-SYD(MM)/SYD(JJ)) * STRESS(K 1) 

1 +ALPH(JJ, K1)*SYD(MM)/SYD(JJ) 
END DO 
END DO 

END IF 
1100 DO MI=I, NTENS 

EPLAS(M 1)=EPLAS(M I )+DPSTRAN(M 1) 
EELAS(M 1)=EELAS(M 1)-DPSTRAN(M 1) 

END DO 
SPD=ZERO 

DO K1=1, NTENS 
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SPD=SPD+(STRESS(K 1)+OLDS(K 1))*DPSTRAN(K I )/TWO 
END DO 
CALL GETDEQPL(DPSTRAN, DEQPL, NDI, NTENS, TWO, THREE) 

STATEV(5 *NTENS+7)=STATEV(5 *NTENS+7)+DEQPL 
CALL GETDEQPL(EPLAS, EQPL, NDI, NTENS, TWO, THREE) 

IF(EQPL. GT. STATEV(5 *NTENS+6))THEN 
STATEV(5*NTENS+6)=EQPL 

END IF 
END IF 

BB=100. 
STATEV(5 *NTENS+8)=STATEV(5 *NTENS+8)+1. 
NMES=INT(STATEV(5 *NTENS+8)BB) 
IF(NMES. EQ. 1)THEN 

STATEV(5 *NTENS+8)=STATEV(5 *NTENS+8)-BB 
END IF 

1200 DO K1=1, NTENS 
STATE V(K 1)=EELAS(K 1) 
STATEV(K 1 +NTENS)=EPLAS(K 1) 
STATE V(K 1+2 *NTENS)=ALPH(1, K 1) 
STATEV(K 1+3 *NTENS)=ALPH(2, K 1) 
STATEV(K 1+4*NTENS)=ALPH(3, K1) 

END DO 
CALL ASET(DDSDDE, ZERO, NTENS*NTENS) 

DO K1=1, NDI 
DO K2=1, NDI 

DDSDDE(K 1, K2)=DDSDDEO(K 1, K2) 4, -i 
END DO 

END DO 
DDSDDE(NTENS, NTENS)=EG 

RETURN 
END 

C 
------------------------------------------------------ C 

c The next subroutine is to inverse a matrix 
c 

SUBROUTINE INVERSEMT(A, ZERO, ONE, N, KEP) 
INCLUDE 'ABA_PARAM. INC' 
DIMENSION A(6,6), B(6) 
KEP=1 
DO 10 K=1, N 
KK=N-K+1 
W=A(1, l) 
IF(W. LE. ZERO) GOTO 30 
DO 20 I=2, N 
G=A(I, 1) 
IF(I-KK) 2,2,3 

3 B(I)=G/W 
GOTO 4 

2 B(I)=-G/W 
4 DO 20 J=2, I 
20 A(I-1, J-1)=A(I, J)+G*B(J) 

A(N, N)=ONE/W 
DO 10 I=2, N 

10 A(N, I-1)=B(I) 
DO K1=2, N 

DO K2=1, K1-1 
A(K2, K1)=A(KI, K2) 
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END DO 
END DO 

RETURN 
30 KEP=-KEP 

RETURN 
END 

C 
------------------------------------------------------ C 

c The next subroutine is to find T for + T* Dä just on the yield 
C surface 
C 

SUBROUTINE FINDTT(ALPHA, STRESS, DSTRESS, SYIELD, NDI, 
NTENS, THREE, TWO, ZERO, TT) 

INCLUDE 'ABA_PARAM. INC' 
DIMENSION ALPHA(NTENS), STRESS(NTENS), DSTRESS(NTENS) 
SITYDRO=(STRESS(I)+STRESS(2)+STRESS(3))/THREE 
DSITYDRO=(DSTRESS(1)+DSTRESS(2)+DSTRESS(3))/THREE 
ASI=ZERO 
BSI=ZERO 
CSI=ZERO 
DO K1=1, NDI 
AS 1=AS I+(DSTRESS(K 1)-DSITYDRO)* *2 
BS I=BS 1+(DSTRESS(K1)-DSITYDRO)*(STRESS(K1)-SITYDRO-ALPHA(K1)) 
CS 1=CS 1 +(STRESS(K 1)-SITYDRO-ALPHA(K 1)) * *2 
END DO 

ASI=THREE*ASI/TWO 
BSI=THREE*BSI/TWO 
CSI=THREE*CS1/TWO 
DO K1=NDI+I, NTENS 
AS 1=AS I +THREE* DSTRESS(K 1)* *2 
BS 1=BS I+THREE*DSTRESS(K1)*(STRESS(K1)-ALPHA(K1)) 
CS 1=CS 1+THREE*(STRESS(K1)-ALPHA(K1))* *2 
END DO 

CS! =CS 1-SYIELD*SYIELD 
TT=(SQRT(BS 1* *2-AS 1* CS 1)-BSI)/AS 1 

RETURN 
END 

C 
----------------------------------------------------- 

C The next subroutine is to calculate Jacobian matrix, stress 
C increment and plastic strain increment 
C 

SUBROUTINE MATZHU(DES, STRESS, DSTRESS, ALPHA 1, ALPHA2, DALPHA, 
1 DSTRAN, DPSTRAN, NDI, NTENS, SYDI, SYD2, H, DERO, NEDGE, DSTRESSL, TL) 

INCLUDE'ABA_PARAM. INC' 
DIMENSION DDSDDE(6,6), STRESS(NTENS), DSTRESS(NTENS), 

1 DSTRAN(NTENS), DPSTRAN(NTENS), ALPHAI(NTENS), ALPHA2(NTENS), 
2 DES(6,6), DPS(6,6), STRESSI(6), ALPHA(6), DALPHA(6), DSTRANI(6), 
3 ALPHAO(6), STRESSO(6), DSTRESSL(6) 

PARAMETER(ZERO=O. DO, ONE=1. DO, TWO=2. DO, THREE=3. DO, SIX=6. D0, 
1 TOLER=I. D-6) 

NEDGE=O 
DO K1=1, NTENS 

DPSTRAN(K 1)=ZERO 
STRESSO(K 1)=STRESS(K 1) 
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ALPHAO(KI)=ALPHA 1(K1) 
STRESSI(K 1)=STRES S(K I) 
ALPHA(KI)=ALPHAI(KI) 

DALPHA(K1)=ZERO 
END DO 
SYIELD=SYD I 

CALL FINDDPS(DPS, STRESSI, ALPHA, SYIELD, H, NDI, NTENS, TWO, THREE) 
DO K1=1, NTENS 

DO K2=1, NTENS 
DDSDDE(KI, K2)=DPS(K 1, K2)+DES(KI, K2) 

END DO 
END DO 
CALL INVERSEMT(DDSDDE, ZERO, ONE, NTENS, KEP) 
IF(KEP. EQ. -1) THEN 

III=1 
GOTO 20 

END IF 
DO K1=1, NTENS 

DSTRESS(K 1)=ZERO 
DO K2=1, NTENS 

DSTRESS(K1)=DSTRESS(K1)+DDSDDE(K1, K2)*DSTRAN(K2) 
END DO 

END DO 
CALL YIELDING(DSTRESS, DALPHA, SMISES, NDI, NTENS, SIX, TWO, THREE) 

KK=INT(SMISES* 5. D2/SYIELD)+2 
TL=ONE/DBLE(KK) 
DO K1=1, NTENS 
D STRANI(K 1)=TL *D STRAN(K 1) 
DSTRESS(KI)=TL*DSTRESS(KI) 

END DO 
MNK=1 
CALL DSHIFT(STRESSO, DSTRESS, ALPHAO, ALPHA2, DALPHA, SYD 1, SYD2, 

1 MNK, NDI, NTENS, ZERO, ONE, TWO, THREE) 
DO K1=1, NTENS 
STRESSI(K 1)=STRESSO(K 1)+DSTRESS(K 1) 
ALPHACK 1)=ALPHAO(K 1)+DALPHA(K 1) 

END DO 
DO 200 N1=1, KK 

MM=O 
50 CALL FINDDPS(DPS, STRESSI, ALPHA, SYIELD, H, NDI, NTENS, TWO, THREE) 

MM=MM+1 
DO K1=1, NTENS 

DO K2=1, NTENS 
DDSDDE(K I, K2)=DPS(K 1, K2)+DES(K I, K2) 

END DO 
END DO 
CALL INVERSEMT(DDSDDE, ZERO, ONE, NTENS, KEP) 
IF(KEP. EQ. - 1) THEN 

III=2 
GOTO 20 

END IF 
DO K1=1, NTENS 

DSTRESS(K 1)=ZERO 
DO K2=1, NTENS 

DSTRESS(K1)=DSTRESS(K1)+DDSDDE(K1, K2)*DSTRANI(K2) 
END DO 

END DO 
CALL DSHIFT(STRESSO, DSTRESS, ALPHAO, ALPHA2, DALPHA, SYD 1, SYD2, 

201 



APPENDIX 

1 MNK, NDI, NTENS, ZERO, ONE, TWO, THREE) 
ERROR=ZERO 
DO K3=1, NTENS 
ERROR=ERROR+ABS(STRESSI(K3)-STRESSO(K3)-DSTRESS(K3)) 

END DO 
IF(MM. GT. 2)THEN 
IF(ERROR. GT. ERRI )THEN 
GOTO 92 

END IF 
END IF 

DO K3=1, NTENS 
STRESSI(K3)=STRESSO(K3)+DSTRESS(K3) 
ALPHA(K3)=ALPHAO(K3)+DALPHA(K3) 

END DO 
CALL YIELDING(STRESSI, ALPHA2, SMISES, NDI, NTENS, SIX, TWO, THREE) 

IF(SMISES. GT. SYD2)THEN 
CALL FINDTT(ALPHA2, STRESSO, DSTRESS, SYD2, NDI, NTENS, 

I THREE, TWO, ZERO, TTO) 
CC=SYD1/SYD2 
MMM=O 

55 DO K3=1, NTENS 
TL=TL*TT0 
DSTRANI(K3)=TT0*DSTRANI(K3) 
DSTRESS(K3)=TTO*DSTRESS(K3) 

STRESSI(K3)=STRESSO(K3)+TTO * DSTRESS(K3) 
ALPHA(K3)=STRESSI(K3)-CC* (STRESSI(K3)-ALPHA2(K3)) 

END DO 
CALL FINDDPS(DPS, STRESSI, ALPHA, SYIELD, H, NDI, NTENS, TWO, THREE) 

DO K1=1, NTENS 
DO K2=1, NTENS 

DDSDDE(K 1, K2)=DPS(K 1, K2)+DES(K I, K2) 
END DO 

END DO 
CALL INVERSEMT(DDSDDE, ZERO, ONE, NTENS, KEP) 
IF(KEP. EQ. -I) THEN 

III=3 
GOTO 20 

END IF 
DO K1=I, NTENS 

DSTRES S(K I)=ZERO 
DO K2=1, NTENS 

DSTRESS(K 1)=DSTRESS(K 1)+DDSDDE(K 1, K2)* DSTRANI (K2) 
END DO 

END DO 
CALL FINDTT(ALPHA2, STRESSO, DSTRESS, SYD2, NDI, NTENS, 

1 THREE, TWO, ZERO, TTO) 
MMM=MMM+1 
IF(MMM. GT. 21)THEN 
WRITE(7, *)' TTO=', TTO, ' SYD2=', SYD2 
WRITE(7, *)' NOT CONVERGE WHEN REACH THE NEXT YIELDING 

1 SURFACE IN UMAT-MATZHU' 
GOTO 92 

END IF 
IF(MMM. GT. 7)THEN 
END IF 

IF(ABS(TTO-ONE). GT. 1. OD-11)THEN 
IF(MMM. EQ. 7. OR. MMM. EQ. I I. OR. MMM. EQ. 15. OR. MMM. EQ. 19)THEN 
WRITE(7, *)' MMM=', MMM, ' TTO=', TTO 
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TT0=(TTO+ONE)/TWO 
END IF 

GOTO 55 
END IF 

56 TL=TL*TT0 
DO K1=1, NTENS 

DSTRAN(K 1)=DSTRAN(K I) * DBLE(N 1-1)/DBLE(KK)+TT0 * DSTRAN I(K 1) 
DSTRES SL(K 1)=TT0 *DSTRES S(K 1) 
STRESSI(K1)=STRESSO(K1)+DSTRESSL(K1) 
DSTRESS(K 1)=STRESSI(K 1)-STRES S(K 1) 
DALPHA(KI)=STRESSI(K1)-ALPHA I (K 1)-CC*(STRESSI(KI)-ALPHA2(K1)) 

END DO 
NEDGE=1 
GOTO 300 

END IF 
IF(ERROR. LT. DERO)THEN 
GOTO 100 

END IF 
IF(MM. GE. 10)THEN 

CALL YIELDING(STRESSI, ALPHA I, SMISES, NDI, NTENS, SIX, TWO, THREE) 
WRITE(7, *)' ERROR=', ERROR, ' SMISESI=', SMISES 
CALL YIELDING(STRESSI, ALPHA2, SMISES, NDI, NTENS, SIX, TWO, THREE) 
WRITE(7, *)' MM=', MM, ' SMISES2=', SMISES 
WRITE(7, *)' MNK=', MNK, ' SYD1=', SYD1; SYD2=', SYD2 
WRITE(7, *)' STRESSO=' 
WRITE(7, *)(STRESSO(I), I=1,6) 
WRITE(7, *)' STRESSI=' 
WRITE(7, *)(STRESSI(I), I=1,6) 
WRITE(7, *)' DSTRESS=' 
WRITE(7, *)(DSTRESS(I), I=1,6) 
WRITE(7, *)' DSTRANI=' 
WRITE(7, *)(DSTRANI(I), I=1,6) 
WRITE(7, *)' ALPHAO=' 
WRITE(7,32)(ALPHAO(I), 1=1,6) 
WRITE(7, *)' ALPHA=' 
WRITE(7,32)(ALPHA(I), I=1,6) 

32 FORMAT(6E18.8) 
CALL XIT 
END IF 
IF(MM. GT. 10)THEN 

92 WRITE(7,94) 
94 FORMAT(//, 1 OX, '* **ERROR - NOT CONVERGE LOCATION 2', 

1 'THERE IS SOMETHING WRONG FROM INPUT, TRY TO REDUCE INCREMENT) 
WRITE(7, *)' THE ABOVE ERROR MESSAGE IS FROM ZHUS UMAT DEVELOPED 

1 BY WUXUE ZHU IN DEPT OF MECH ENGNG BRISTOL UNIVERSITY' 
CALL XIT 
END IF 
ERRI=ERROR 
GOTO 50 

100 DO K1=1, NTENS 
STRESSO(K I)=STRESSI(K 1) 
ALPHAO(K 1)=ALPHA(K 1) 
STRESSI(K1)=STRESSO(K1)+DSTRESS(K 1) 
ALPHA(K 1)=ALPHAO(K 1)+DALPHA(K 1) 
DO K2=1, NTENS 

DPSTRAN(K1)=DPSTRAN(K1)+DPS(K1, K2)*DSTRESS(K2) 
END DO 

END DO 
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200 CONTINUE 
DO K1=1, NTENS 
D STRESS(K 1)=STRESSO(K 1)-STRES S(K I) 
DALPHA(K1)=ALPHAO(K 1)-ALPHA 1(K 1) 
END DO 
GOTO 300 

20 WRITE(7,30) 
30 FORMAT(//, 30X, ' **ERROR: THE COEFFICIENT MATRIX IS NOT POSITIVE', 

I 'DETERMINANT, AND THERE IS AN ERROR IN THE DATA! STOP!! ') 
WRITE(7, *)' III=', III; KEP=', KEP; ntens=', NTENS 
WRITE(*, *)' stress=' 
write(7, *)(STRESS(I), I=1,6) 
write(7, *)' stran=' 
write(7, *)(DSTRAN(I), I=1,6) 
write(7, *)' ALPHA1=' 
write(7, *)(ALPHA 1(I), 1=1,6) 

CALL YIELDING(STRESS, ALPHAI, SMISES, NDI, NTENS, SIX, TWO, THREE) 
WRITE(7, *)' NDI=', NDI; SMISES=', SMISES 
CALL XIT 

300 RETURN 
END 

C 
------------------------------------------------------ C 

c The next subroutine is to find Von Mises stress 
C "A- 

SUBROUTINE YIELDING(STRESS, ALPHA, SMISES, NDI, NTENS, SIX, TWO, TIIREE) 
INCLUDE'ABA_PARAM. INC' 
DIMENSION ALPHA(NTENS), STRESS(NTENS) 
SITYDRO=(STRESS(1)+STRESS(2)+STRESS(3))/THREE 

SMISES=(STRES S(1)-SITYDRO-ALPHA(1))* *2 
1 +(STRESS(2)-SITYDRO-ALPHA(2))**2 
2 +(STRESS(3)-SITYDRO-ALPHA(3))* *2 

SMISES=THREE*SMISES 
DO K1=NDI+I, NTENS 

SMISES=SMISES+SIX*(STRESS(K 1)-ALPHA(K 1))* *2 
END DO 
SMISES=SQRT(SMISES/TWO) 
RETURN 
END 

C**** 
------------------------------------------------------ C 

C The next subroutine is to find increment of yield surface centre 
C 

SUBROUTINE DSHIFT(STRESS, DSTRESS, ALPHAI, ALPHA2, DALPHA, SYD 1, SYD2, 
I MM, NDI, NTENS, ZERO, ONE, TWO, THREE) 

INCLUDE 'ABA_PARAM. INC' 
DIMENSION STRESS(NTENS), DSTRESS(NTENS), ALPHA 1(NTENS), 

I ALPHA2(NTENS), DALPHA(NTENS), STRESSI(6), ALPHA(6), DSTR(6), 
2 DX(6), DY(6) 

DLT=ONE/DBLE(MM) 
TS=SYD2/SYDI-ONE 
DO K3=1, NTENS 

STRESSI(K3)=STRESS(K3) 
ALPHA(K3)=ALPHAI(K3) 
DSTR(K3)=DLT*DSTRESS(K3) 

END DO 
DSITYDRO=(DSTR(1)+DSTR(2)+DSTR(3))/THREE 
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DO 100 M1=1, MM 
SITYDRO=(STRESSI(1)+STRESSI(2)+STRESSI(3))/THREE 
DO K1=1, NDI 

DY(K 1)=STRESSI(K 1)-SITYDRO+DSTR(K 1)-DSITYDRO-ALPHA(K 1) 
DX(K 1)=ALPHA2(K 1)-ALPHA(K 1)+TS * DY(K 1) 

END DO 
DO K1=NDI+I, NTENS 

DY(K 1)=STRESSI(K 1)+DSTR(K 1)-ALPHA(K 1) 
DX(K 1)=ALPHA2(K l)-ALPHA(K 1)+TS * DY(K 1) 
END DO 
ASI=ZERO 
BSI=ZERO 
CSI=ZERO 
DO K1=1, NDI 
ASI=ASI+DX(K1)**2 
BSI=BSI+DX(K1)*DY(K1) 
CSI=CSI+DY(K1)**2 
END DO 

ASI=THREE*AS1/TWO 
BSI=THREE*BS1/TWO 
CSI=THREE*CS1/TWO 
DO KI=NDI+I, NTENS 
AS 1=AS 1+THREE*DX(K1)* *2 
BS 1=BSI+THREE*DX(K1)*DY(K1) 
CSI=CSI+THREE*DY(K1)**2 
END DO 

CS 1=CS 1-SYD 1* *2 
T=(BS 1-SQRT(BS 1* *2-AS 1 *CS 1))/AS 1 

DO K1=1, NTENS 
ALPHA(K 1)=ALPHA(K 1)+T* DX(K 1) 
STRES SI(K 1)=STRESSI(K 1)+DSTR(K 1) 

END DO 
100 CONTINUE 

DO K3=1, NTENS 
DALPHA(K3)=ALPHA(K3)-ALPHA 1(K3) 

END DO 
RETURN 
END 

C 
------------------------------------------------------ C 

c The next subroutine is to find the matrix DPS with which 
c dEE 

p= 
DPS* deä 

C 
SUBROUTINE FINDDPS(DPS, STRESS, ALPHA, SYIELD, H, NDI, NTENS, TWO, THREE) 

INCLUDE'ABA_PARAM. INC' 
DIMENSION DPS(6,6), STRESS(NTENS), ALPHA(NTENS), FLOW(6) 
SITYDRO=(STRESS(1)+STRESS(2)+STRESS(3 ))/THREE 

DO K1=1, NDI 
FLOW(K1)=THREE*(STRESS(K1)-ALPHA(KI)-SITYDRO)/(TWO* SYIELD) 

END DO 
DO K1=NDI+I, NTENS 
FLOW(K l)=THREE* (STRESS(K l)-ALPHA(K I ))/SYIELD 

END DO 
DO K1=1, NTENS 
DO K2=KI, NTENS 

DPS(K 1, K2)=FLOW(KI)*FLOW(K2)/H 
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END DO 
END DO 
DO K1=2, NTENS 
DO K2=1, K1-1 

DPS(K 1, K2)=DPS(K2, K 1) 
END DO 

END DO 
RETURN 
END 

C 
------------------------------------------------------ C 

c The next subroutine is to get equivalent plastic strain increment 
c 

SUBROUTINE GETDEQPL(DPSTRAN, DEQPL, NDI, NTENS, TWO, THREE) 
INCLUDE 'ABA_PARAM. INC' 
DIMENSION DPSTRAN(NTENS) 

DEQPL=O. DO 
DO K1=1, NDI 

DEQPL=DEQPL+DPSTRAN(K l )* DPSTRAN(K 1) 
END DO 

DO K1=NDI+I, NTENS 
DEQPL=DEQPL+DPSTRAN(K1)*DPSTRAN(K1)/TWO 

END DO 
DEQPL=SQRT(TWO*DEQPL/THREE) 

RETURN 
END 

C 
------------------------------------------------------ C 

c The next subroutine is for the 4th yielding surface with 
c isotropic hardening to get plastic strain increment and 
c Jacobian matrix 
c 

SUBROUTINE ISOMAT(STRESS, DDSDDE, DSTRAN, DPSTRAN, DEQPL, NED, 
1 SYD I, SYD2, HI, H2, NDI, NTENS, EG, EG3, EBULK3, ZERO, ONE, TWO, THREE, SIX) 

INCLUDE 'ABA_PARAM. INC' 
DIMENSION STRESS(NTENS), DDSDDE(6,6), DSTRAN(NTENS), 

1 DPSTRAN(NTENS), DSTRESS(6) 
DIMENSION FLOW(6), ALPHA(6), OLDS(6) 
DO K1=1, NTENS 

OLDS(K1)=STRESS(KI) 
DSTRESS(K1)=ZERO 
DO K2=1, NTENS 

DSTRESS(K 1)=DSTRES S(K 1)+DDSDDE(K I , K2)* DSTRAN(K2) 
END DO 
STRESS(K1)=STRESS(K1)+DSTRESS(K1) 

END DO 
DO K1=1, NTENS 
ALPHA(K1)=ZERO 
DPSTRAN(KI)=ZERO 

END DO 
CALL YIELDING(STRESS, ALPHA, SMISES, NDI, NTENS, SIX, TWO, THREE) 
SYIELD=SYD1 
HARD=H1 
DEP1=1. D6 

DEQPL=(SMISES-SYIELD)/(EG3+H 1) 
IF(H 1. LT. 1. D-6)THEN 
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GOTO 100 
ELSE 

DEP 1=(SYD2-SYD1)/H 1 
END IF 

IF(DEQPL. GT. (ONE+I. D-6)*DEP 1)THEN 
NED=5 
SYIELD=((H 1-H2)* SYD2+H2*SYD 1)/H 1 
HARD=H2 
DEQPL=(SMISES-SYIELD)/(EG3+H2) 
END IF 

100 SITYDRO=(STRESS(1)+STRESS(2)+STRESS(3))/THREE 
DO K1=1, NDI 
FLO W(K 1)=(STRES S(K 1)-SITYDRO)/SM ISES 

END DO 
DO K1=NDI+I, NTENS 
FLO W(K 1)=STRESS(K 1)/SMISES 

END DO 
DO K1=1, NDI 
DPSTRAN(KI )=DPSTRAN(K I )+THREE/TWO*FLOW(K 1)*DEQPL 
STRESS(K 1)=FLOW(K1)*(SYIELD+HARD*DEQPL)+SITYDRO 

END DO 
DO K1=NDI+I, NTENS 
DPSTRAN(K 1)=DPSTRAN(K 1)+THREE/T WO * FLO W(K 1)* DEP 1 
STRESS(K 1)=FLOW(K 1)*(SYIELD+HARD*DEQPL) 

END DO 
DO K1=1, NTENS 

DSTRESS(K1)=STRESS(K1)-OLDS(KI) 
END DO 

EFFG=EG * (SYIELD+HARD * DEQPL)/SM ISES 
EFFG2=TWO*EFFG 
EFFG3=THREE*EFFG 
EFFLAM=(EBULK3-EFFG2)/THREE 
EF FHRD=EG 3* HARD/(EG3+HARD)-EFFG3 
DO K1=1, NDI 
DO K2=1, NDI 
DDSDDE(K2, K1)=EFFLAM 

END DO 
DDSDDE(K1, KI )=EFFG2+EFFLAM 

END DO 
DO K1=NDI+I, NTENS 

DDSDDE(K1, K1)=EFFG 
END DO 
DO K1=1, NTENS 
DO K2=1, NTENS 
DDSDDE(K2, K1)=DDSDDE(K2, K1)+EFFHRD*FLOW(K2)* FLOW(K1) 

END DO 
END DO 
RETURN 
END 

C 
TKe -s The next subroutine is to calculate Jacobian matrix using 

c the method decribed in Section 6.3-5 
C 

SUBROUTINE GETDDSDDE(DDSDDE, DSTRAN, DES, STRESS, DSTRESS, ALPH, SYD, 
1 HH, NST, NED, NDI, NTENS, EG3, ZERO, ONE, TWO, THREE) 

INCLUDE'ABA_PARAM. INC' 
DIMENSION DDSDDE(6,6), STRESS(NTENS), DSTRESS(NTENS), 
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1 DES(NTENS, NTENS), DSTRAN(NTENS), ALPH(4, NTENS), ALPHA 1(6), ALPHA2(6), 
2 DSTRESSI(6), DALPHA(6), DPSTRAN(6), DSTRANI(6), DDSDDI(2,6,6), DLT(2), 
3 HH(5), SYD(5), DSTRANO(6), FLOW(6), ALPHA(6), STRESSI(6), DSTRESSL(6) 

NSTN=NST 
DLT( I )=S. D-6 

CMAX=MAX(DSTRAN(1), DSTRAN(2), DSTRAN(3), DSTRAN(4), 
1 DSTRAN(5), DSTRAN(6)) 

CMIN=MIN(D STRAN(1), DSTRAN(2), DSTRAN(3), DSTRAN(4), 
1 DSTRAN(5), DSTRAN(6)) 

IF(ABS(CMIN). GT. ABS(CMAX))THEN 
DLT(1)=-DLT(1) 

END IF 
DO K1=1, NTENS 

D STRANI(K 1)=D STRAN(K I) 
END DO 

DO 666 L1=1,1 
DO 444 M 1=1, NDI 

DO K1=1, NTENS 
STRESSI(K 1)=STRESS(K 1) 
D STRAN I(K 1)=D STRAN(K I) 

END DO 
DSTRANI(M 1)=DSTRAN I(M 1)+DLT(L I) 

IF(NST. EQ. O)THEN 
NSTN=NST+1 
DO K1=1, NTENS 

DSTRES SI(K 1)=ZERO 
DO K2=1, NTENS 

DSTRESSI(K1)=DSTRESSI(K1)+DDSDDE(KI, K2)*DSTRANI(K2) 
END DO 

END DO 
DO K1=1, NTENS 
ALPHA(K 1)=ALPH(1, K 1) 

END DO 
ti CALL FINDTT(ALPHA, STRESS, DSTRESSI, SYD(1), NDI, NTENS, 

1 THREE, TWO, ZERO, TT) 
DO K1=1, NTENS 

DSTRANI(K1)=(ONE-TT)*DSTRANI(K1) 
STRES S I(K 1)=STRE S S(K 1)+TT* D STRES SI (K 1) 

END DO 
END IF 

IF(NED. GT. NSTN)THEN 
DO 400 JJ=NSTN, MIN(NED, 4)-1 
DO K1=1, NTENS 

ALPHA 1(K1 )=ALPH(JJ, K 1) 
ALPHA2(K 1)=ALPH(JJ+ 1, K 1) 
DSTRANO(K 1)=DSTRANI(K 1) 

END DO 
CALL GETDEQPL(DSTRANI, DERO, NDI, NTENS, TWO, THREE) 

DERO=ABS(DERO)* 1. D-9 
IF(DERO. LT. 1. D-13)THEN 

DERO=I. D-13 
END IF 

C 
CALL MATZHU(DES, STRESSI, DSTRESSI, ALPHA 1, ALPHA2, DALPHA, 

1 DSTRANO, DPSTRAN, NDI, NTENS, SYD(JJ), SYD(JJ+1), HH(JJ), DERO, NEG, 
2 DSTRESSL, TL) 

DO K1=1, NTENS 
STRESSI(Kl)=STRESSI(K1)+DSTRESSI(K1) 
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END DO 
IF(NEG. EQ. O)THEN 

GOTO 1000 
END IF 

DO K1=1, NTENS 
DSTRANI(K 1)=DSTRANI(K 1)-DSTRANO(K 1) 

END DO 
400 CONTINUE 

END IF 
IF(NED. LT. 4)THEN 

DO K1=1, NTENS 
ALPHA 1(K 1)=ALPH(NED, K 1) 
ALPHA2(K 1)=ALPH(NED+1, K 1) 
DSTRANO(K 1)=DSTRANI(K 1) 

END DO 
CALL GETDEQPL(DSTRANI, DERI, NDI, NTENS, TWO, THREE) 

DERO=ABS(DERI)* 1. D-9 
I F(DERO. LT. 1. D-13)THEN 
DERO=I. D-13 

END IF 
CALL MATZHU(DES, STRESSI, DSTRESSI, ALPHA 1, ALPHA2, DALPHA, 

I DSTRANO, DPSTRAN, NDI, NTENS, SYD(NED), SYD(NED+1), HH(NED), DERO, NEG, 
2 DSTRESSL, TL) 

IF(NEG. EQ. I)THEN 
CALL GETDEQPL(DSTRANO, DERO, NDI, NTENS, TWO, THREE) 

CC=(DERI-DERO)/DER1 
DO K1=1, NTENS 

DSTRESSI(K1)=DSTRESSI(KI)+CC*DSTRESSL(K1)/TL 
END DO 

END IF 
DO K1=1, NTENS 

STRESSI(K1)=STRESSI(K1)+DSTRESSI(K1) 
END DO 

ELSE 
DO K1=1, NTENS 

DO K2=1, NTENS 
STRESSI(K 1)=STRESSI(Kl)+DDSDDE(K1, K2)*DSTRANI(K2) 

END DO 
END DO 

DO K1=I, NTENS 
ALPHA(K1)=ZERO 

END DO 
CALL YIELDING(STRESSI, ALPHA, SMISES, NDI, NTENS, SIX, TWO, THREE) 
IF(NED. EQ. 4)THEN 
SYIELD=SYD(4) 

HARD=HH(4) 
DEQPL=(SMISES-SYIELD)/(EG3+HARD) 

ELSE 
SYIELD=((HH(4)-HH(5))* SYD(5)+HH(5)* SYD(4))/HH(4) 
HARD=HH(5) 
DEQPL=(SMISES-SYIELD)/(EG3+HARD) 
END IF 

100 SITYDRO=(STRESSI(1)+STRESSI(2)+STRESSI(3))/THREE 
DO K1=1, NDI 
FLO W(K 1)=(STRESSI(K 1)-SITYDRO)/SMISES 

END DO 
DO K1=NDI+I, NTENS 
FLO W(K 1)=STRESSI(K 1)/SMISES 
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END DO 
DO K1=1, NDI 
STRESSI(K1)=FLOW(K1)*(SYIELD+HARD*DEQPL)+SITYDRO 

END DO 
DO K1=NDI+I, NTENS 

STRESSI(KI)=FLOW(K1)*(SYIELD+HARD*DEQPL) 
END DO 
END IF 
DO K1=1, NTENS 

DSTRESSI(K 1)=STRESSI(K 1)-STRESS(K 1) 
END DO 

1000 DO M2=1, NTENS 
DDSDDI(L I, M2, M 1)=(DSTRESSI(M2)-DSTRESS(M2))/DLT(L 1) 

END DO 
444 CONTINUE 
666 CONTINUE 

DO MI=1, NTENS 
DO M2=1, NTENS 
DDSDDE(M 1, M2)=DDSDDI(1, M 1, M2) 
END DO 

END DO 
RETURN 

END 

------------------------------------------------------ 

Note: 

1) XIT is an internal subroutine ofABAQUS to use before program stop. 

2) ASET is an internal subroutine ofABAQUS to set matrix zero. 

3) ROTSIG is an internal subroutine ofABAQUS to assign each 
components and adjust it with rotation caused by large deformation. 
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APPENDIX 6B 

USER SUBROUTINE SIGINI FOR RESIDUAL STRESS 
INPUT 

Subroutine for U-batch specimen residual stress input 

SUBROUTINE SIGINI(SIGMA, COORDS, NTENS, NCRDS, NOEL, NPT, LAYER) 
C** --------IT IS A SUBROUTIN FOR INITIAL STRESS INPUT IN ABAQUS 
c** ----- the surface axial residual stress is -297.5 and tangential 
c** ----- residaul stress is -234.9 

INCLUDE 'ABA_PARAM. INC' 
c---SIGMA(NTENS) -STRESS 
C---COORDS--An array containing the initial coordinates of this point 
c---Ntens--Number of stresses to be defined 
C--Ncrds-Number of coordinates. 
C--Noel--Element number 
c--Npt--Material (constitutive) calculation point number in the element 
c--Layer--Cross-section integration point number for beam or shell elements 
C IMPLICIT REAL*8(A-H, O-Z) 

DIMENSION SIGMA(NTENS), COORDS(NCRDS) 
DIMENSION CC(4), ST(3), FSCC(3,4) 
DATA CC/-280.347,265.199, -225.85,174.457/ 
RR=COORDS(1) 
FSCC(1,1)=l. RR**2 
FSCC(1,2)=1. RR**3 
FSCC(1,3)=0. 
FSCC(1,4)=0. 

FSCC(2,1)=1. -3, *RR**2 
FSCC(2,2)=1.4. *RR* *3 
FSCC(2,3)=O. 
FSCC(2,4)=O. 
FSCC(3,1)=0. 
FSCC(3,2)=O. 
FSCC(3,3)=1-2. *RR**2 
FSCC(3,4)=2. -5. *RR* *3 

DO 90 1=1,3 
ST(I)=0. 

DO 80 K=1,4 
ST(I)=ST(I)+CC(K)*FSCC(I, K) 

80 CONTINUE 
90 CONTINUE 

SIGMA(1)=ST(1) 
SIGMA(2)=ST(3) 
SIGMA(3)=ST(2) 
SIGMA(4)=0. 

RETURN 
END 
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Subroutine for HTS specimen residual stress input 

SUBROUTINE SIGINI(SIGMA, COORDS, NTENS, NCRDS, NOEL, NPT, LAYER) 
C** --------IT IS A SUBROUTIN FOR INITIAL STRESS INPUT IN ABAQUS 
c** ---- the differerence with sub-strl. f is for distribution of residual stress 
c** ----Sr=a+b*(r-q)^2, Sz=c+d*(r-q) 

C** ----- by changing cc(3), cc(4) with the factor 0.831932773=247.5/297.5 
INCLUDE'ABA_PARAM. INC' 

c---SIGMA(NTENS) -STRESS 
C---COORDS--An array containing the initial coordinates of this point 
c---Ntens--Number of stresses to be defined 
C--Ncrds--Number of coordinates. 
C--Noel--Element number 
c--Npt--Material (constitutive) calculation point number in the element 
c-Layer--Cross-section integration point number for beam or shell elements 
c IMPLICIT REAL*8(A-H, O-Z) 

DIMENSION SIGMA(NTENS), COORDS(NCRDS) 
RR=COORDS(I ) 
q=0.84 
X=RR-q 
st1=350 
szl=400 
b=stl/(2*(1-q)) 
a=-b*(1-q)**2 
cc=0.5+q-q* *2 
d d=(1-q) ** 2/2+q * (1-q) **3 /3 
t=dd/cc 
d=szl/(I-q-t) 
c=-d*t 
IF(RR. LE. q)THEN 
sr--a 
st--a 
sz=c 

ELSE 

sr=a+b*X**2 
st=a+3*b*X**2+2*b*q*X 
sz=c+d*X 

END IF 
SIGMA(1)=sr 
SIGMA(2)=sz 
SIGMA(3)=st 
SIGMA(4)=0. 

RETURN 
END 
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Appendix 8A 

DERIVATION OF DISTRIBUTION DENSITY 
FUNCTION-I 

Assume that the probability of z can be expressed as 

F(z) = 
JJf(x, 

y)dxdy. 
g(x, y)Sz 

Then the differentiation of F(z) is 

(A-1) 

f: (Z) - F'(z) = Lim 
F(z + Az) - F(z) 

= Lim 1 $ff(x, y)dxdy . (A-2) AN &-+0 AZ n 

where ) is an area on X-Y plane 

S= {z < g(x, y) Sz+ Az} (A-3) 

From Figure A-1, it can be seen that the integration in Equation (A-2) can be 

transformed to 

fff(x, 
y)dxdy= 

f$f(x, 
y)dLdt . (A-4) 

nn 
The slope of the curve g(x, y) = const at a point (x, y) is 

k=-gs 
gY' 

Then the slope of normal of the curve g(x, y) = const at the point (x, y) is 

k'=-1=gy 
k gx' 

On the other hand, the k' can be obtained in another way, 

AY 
AX 

(A-5) 

(A-6) 

(A-7) 
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Hence from Equations (A-6) and (A-7), it is found 

Ay 
_gy Ax gx 

By differentiating the equation g(x, y) =z of the curve, it is found 

Az=g"Ax +g'Ay 

(A-8) 

(A-9) 

Solving Equations (A-8) and (A-9), the following relationships among the 
increments Ox, Ay and Az are obtained 

AY S 
[]A = 

g, 
2 

+x gy, 
2 

A 

81 
Ay =2y, 2 OZ 

O 
Ox 

+ OOy 

v'A-t, 

It leads to 

nr= ýx2+Dy2 = 

121 12 
". 

gj + gy 

Hence, 

ý $f(xY)cIxdY 
=ý 

JJf(xY)dLdt 
ýý dt f (x, y)dL 

nn 

12 
x, Y)/2 

AZ 

JAtf(x. 
Y)dL 

f( 

L 
gx + gy 

dL 

Then Equation (A-2) becomes 

fs(z) = Lim 
1 Jjf(xY)dLdt 

= 
f(x'Y) 

dL . etýo Az 

Lp =2 
+ py2 

iff( 

where L is a curve, 

L= {8(X, Y) =z. 
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Appendix 8B 

DERIVATION OF DISTRIBUTION DENSITY 
FUNCTION II 

A parametric equation for g(x, y) =z may be expressed as 

Jx=x 

Y= Y(x), 

The curve integration Equation (A-13) becomes, 

fz (Z) 
_( .f 

(x, Y) 
,J º2 +gº2 
L gx 

y 

dL =rf 
(x, Y) 

LJ gx2 + Sy2 
V i+ y, 2dx. 

(B-1) 

(B-2) 

Differentiating equation g(x, y) = z, where z is treated as a constant, it is found that 

gý + gyY' = 0. (B-3) 

It leads to 

y, = (B-4) 

Inserting Equation (B-4) into Equation (B-2), The curve integration finally becomes, 

. 
r: (z) = 

jf(x, y) dx 

L 
Igrl (B-5) 

215 



APPENDIX 

Appendix 8C 

DERIVATION OF DISTRIBUTION DENSITY 
FUNCTION III 

Assume x is a random variable defined in the range (xp, xe) which distribution 
density is fx (x) . The probability of x is 

Fx (x) = P(X <_ x) =f fx (x)dx. (C-1) 
X4 

For a random variable y, its functional relationship with x is 

x= g(y) g'(y) >o or g'(y) <Oy r= 
(ya, 

yb ) 
Xa = g(ya) xb = g(yb) 
and its reverse function: y= h(x) 

Then for g'(y) > 0, the probability of y is 

FY (y) = P(Y 5 y) = P(h(X) 5 y) = P(X S S(y)) 

g(y) y 

= Jfx (x)dx = 
ffx(g(y)g'(y)dy 

xa yo 

The probability density of y is obtained 

f, (v) = Ix (g(y)g'(y) 

With the same way, for g'(y) < 0, the probability of y is found 

fY (y) = fx (g(y)[-g, ((Y)] 
. 

(C-2) 

(C-3) 

(C-4) 

(C-5) 

Consequently, combining equations (C-4) and (C-5), the probability density of y is 

Jr (Y) = fx (g(Y)I g'(Y)I . (C-6) 
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TABLES 

Table 3.1. Material chemical composition for mild steel En15R, (%) by weight 
C Si SP Mn Ni Cr Mo 

0.4 0.17 0.004 0.022 1.59 0.17 0.07 0.02 
Note: The remainder is Fe. 

Table 3.2. Mechanical test results of a bar sample of En15R for cyclic loading 
from ROVER (Devlukia, 1993b). 

Qu ßo, A*/Ao SEE, n 
831 MPa 583 MPa 21% 60% 195 GPa 1.25 GPa 0.14 831 MPa 
Note: o, - ultimate stress; ,. - tensile stress plastic strain 0.5%; 

AO - area of cross section; A* - area of cross section after fracture; 
S- (L - Lo)/Lo , Lo is gauge length and L is the gauge length after fracture; 
E- Young's Modulus; E, - linear hardening modulus;. 
n- Hardening exponent 

Table 3.3. Specimens and Tests. 

Specimens X-ray 
diffraction 

Neutron 
diffraction 

Centre 
hole 

Mechanical 
loading 

Hardness Roughness Fatigue 

test 
U01 
U02 
U03 
U04 
U05 
U06 
U07 
U08 
U09 
U10 
Ull 
U12 
U13 
U14 
U15 
U16 
U17 
U18 
U19 
U20 

au 

583 MPa 
a03 A*/Ao 

21% 
8 

60% 195 GPa 
E 

1.25 GPa 
E, n 

0.14 

Note: U8 had been cut to examine microstructure 



TABLES 

Table 3.3. Continued. 

Specimens X-ray 
diffraction 

Neutron 
diffraction 

Centre 
hole 

Mechanical 
loading 

Hardness Roughness Fatigue 

test 

Suspension 
arm No 37 
Suspension 
arm No 38 
Suspension 
arm No 39 

Square 
bar 1 
Square 
bar 2 
AFO 1 
AF02 
AF03 
AF04 
AF05 
AF06 
AF07 
AF08 
AF09 
AF 10 
AF 11 
AF 12 
AF13 
AF14 
AF 15 
AF 16 
AF 17 
AF 18 
AF 19 
AF20 
HTO 1 
HT02 
HT03 
HT04 
HT05 
HT06 
HT07 
HT08 
HT09 
HT10 
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Table 3.3. Continued. 

Specimens X-ray 
diffraction 

Neutron 
diffraction 

Centre 
hole 

Mechanical 
loading 

Hardness Roughness Fatigue 
test 

HT 11 
HT12 
HT 13 
HT14 
HT 15 
HT16 
HT17 
HT18 
HT 19 
HT20 
FSO1 
FS02 
FS03 
FSO4 
FS05 
FS06 
FS07 
FS08 
FS09 
FS10 
FS11 
FS12 
FS13 
FS14 
FS15 
FS16 
FS17 
FS18 
FS19 
FS20 
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Table 3.3. Continued. 

Specimens X-ray 
diffraction 

Neutron 
diffraction 

Centre 
hole 

Mechanical 
loading 

Hardness Roughness Fatigue 
test 

HTSO1 
HTS02 
HTS03 
HTSO4 
HTS05 
HTS06 
HTS07 
HTS08 
HTS09 
HTS 10 
HTS 11 
HTS12 
HTS13 
HTS14 
HTS15 
HTS16 
HTS 17 
HTS18 
HTS19 
HTS20 
HTS22 
HTS24 

Note: HTS24 and HTS05 had been layer removed using chemical etching. 
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Table 4.1. Measurements of residual stress on the 
stress free plate at a random location. 

Measurement No. 6, MPa STD, MPa 
1 -19 6 
2 -31 11 
3 -21 2 
4 -40 8 
5 -55 12 
6 -50 6 
7 -34 5 

Note: STD is standard deviation when using regression method 
using equation (4.7) to obtain residual stresss a,. 

Table 4.2. Repeat measurements of axial residual stress on the round 
bar specimen U1 at the location M1. 

Measurement 
No. 

ß 
MPa 

STD 
MPa 

Time interval Note 

1 -304 6 After test, the bar was taken away 
2 -312 11 17 days later The bar was re-installed in X-ray rig. 

3 -303 9 2 hours later The bar wasn't moved. 

4 -316 11 2 hours later The bar wasn't moved. 

5 -299 11 19 hours later The bar wasn't moved. 

6 -289 7 2 hours later The bar wasn't moved. 

7 -304 15 17 hours later The bar wasn't moved. 

8 -305 6 2 hours later The bar wasn't moved. 

9 -291 8 4 hours later The bar was re-installed again in X- 
ray rig. 

ote: STD is standard deviation when using regression method using 
equation (4.7) to obtain residual stresss ao . 

Table 4.3 Residual stresses in suspension arms and rectangular bars 
measured by X-ray diffraction. 

No. a, X MPa 
a45 
MPa 

ayy 
MPa 

TXY 
MPa 

aI 
MPa 

a2 
MPa 

Principal 
direction, 0 

SA 37 -249 -261 -219 27 -204 -265 20° 
SA 38 -255 -316 -263 56 -203 -316 100 
SA 39 -217 -243 -243 -22 -205 -255 20° 
Bar 1 -154 -152 -165 8 -150 -169 20° 
Bar 2 -280 -295 -274 -18 -259 -295 22° 

ote: SA: Suspension arm 
Bar 1: Hot forged rectangular bar, not shot blasted. 
Bar 2: Hot forged rectangular bar, shot blasted. 
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Table. 4.4 Residual stresses in round bar UI 
measured by X-ray diffraction. (see Fig. 4.5) 

Location 
Hoop 
aXX 
MPa 

645 

MPa 

Axial 
ßyy 
MPa 

TXy 
MPa 

ß1 
MPa 

a2 
MPa 

Principal 
direction 

0 
Ti -277 -242 -294 43 -241 -329 22° 
BI -279 -250 -285 32 -249 -314 22° 
Ml -277 -182 -305 108 -181 -400 22° 
M2 -261 -172 -182 50 -158 -285 19° 
M3 -318 -304 -306 -7 -302 -321 19° 
M4 -288 -181 -296 111 -181 -402 23° 

Table 4.5. Residual stresses in MPa of U-batch round bar specimens 
measured by X-ray diffraction. 

specime 
n 

No. 

Hoop 
aXX 
MPa 

a45 

MPa 

Axial 
an, 

MPa 
'CXY 
MPa 

a, 
MPa 

a2 

MPa 

Principal 
direction 

0 

U1 -277 -182 -305 108 -181 -400 22° 
U2 -240 -224 -302 47 -214 -327 20° 
U3 -315 -244 -274 51 -240 -349 22° 
U4 -291 -281 -329 29 -275 -345 20° 
U5 -204 -225 -261 7 -203 -262 7° 
U6 -150 -212 -276 1 -150 -276 0.5° 
U7 -185 -208 -284 26 -179 -290 13° 
U8 -205 -238 -255 -8 -204 -256 9° 
U9 -246 -226 -286 40 -222 -311 21° 
U10 -186 -151 -177 31 -151 -212 23° 
U11 -270 -219 -303 67 -218 -356 22° 
U12 -261 -245 -249 10 -243 -267 20° 
U13 -222 -281 -328 -6 -221 -328 2° 
U14 -224 -255 -270 -8 -223 -271 9° 
U15 -195 -261 -339 6 -194 -340 2° 
U16 -220 -182 -238 47 -181 -277 22° 
U17 -242 -228 -321 53 -220 -343 20° 
U18 -246 -319 -346 -23 -241 -351 11° 
U19 -316 -279 -298 28 -277 -337 22° 
U20 -302 -210 -292 87 -210 -384 22.50 
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Table 4.6 Axial residual stresses of AF bars by X-ray diffraction. 
Specimen No. Side A, MPa Side B, MPa 

AFO1 -17 24 
AF02 26 19 
AF03 -2 -43 
AF04 4 -2 
AF05 -32 -12 
AF06 -28 -27 
AF07 -25 -25 
AF08 36 0 
AF09 -11 -23 
AF10 -15 -25 
AF 11 59 22 
AF12 -35 -6 
AF 13 -2 26 
AF 14 -48 -32 
AF 15 -41 -59 
AF 16 -36 -49 
AF 17 -53 -69 
AF 18 -37 -21 
AF 19 45 -6 
AF20 -45 -64 

Note that side A and side B correspond to locations M1 M3 in Figure 4.4 

Table 4.7 Axial residual stresses of FS bars by X-ray diffraction. 

Specimen No. Side A, MPa Side B, MPa 
FS01 -293 -369 
FS02 -232 -214 
FS03 -252 -307 
FSO4 -298 -321 
FS05 -273 -232 
FS06 -357 -285 
FS07 -268 -279 
FS08 -259 -272 
FS09 -272 -314 
FS 10 -243 -186 
FS 11 -289 -328 
FS 12 -238 -271 
FS 13 -269 -299 
FS 14 -277 -261 
FS15 -326 -286 
FS16 -313 -337 
FS 17 -235 -260 
FS 18 -233 -200 
FS 19 -238 -229 
FS20 -252 -215 

Note that side A and side B correspond to locations M1 M3 in Figure 4.4 
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Table 4.8. Axial residual stresses of HT bars by X-ray diffraction. 
Specimen No. Side A, MPa Side B, MPa 

HT01 -59 -27 
HT02 -21 -35 
HT03 -23 -25 
HT04 -14 -30 
HT05 -11 -10 
HT06 -33 -41 
HT07 -17 -23 
HT08 -32 -13 
HT09 -24 -11 
HT 10 -23 -25 
HT11 -15 -26 
HT 12 -44 -32 
HT13 -25 -20 
HT 14 -9 -22 
HT15 -14 -17 
HT 16 -47 -29 
HT 17 -23 -31 
HT18 -11 -26 
HT19 -18 -25 
HT20 -24 -35 

Note that side A and side B correspond to locations MI M3 in Figure 4.4 

Table 4.9. Axial residual stresses of HTS bars by X-ray diffraction. 
Specimen No. Side A, MPa Side B, MPa 

HTS01 -447 -347 
HTS02 -335 -371 
HTS03 -334 -410 
HTSO4 -291 -293 
HTS05 -363 -318 
HTS06 -383 -318 
HTS07 -376 -391 
HTS08 -347 -416 
HTS09 -376 -355 
HTS 10 -404 -349 
HTS 11 -424 -377 
HTS 12 -383 -363 
HTS13 -393 -276 
HTS14 -469 -474 
HTS15 -331 -328 
HTS16 -397 -441 
HTS17 -333 -405 
HTS18 -375 -348 
HTS19 -353 -358 
HTS20 -404 -447 

Note that side A and side B correspond to locations M1 M3 in Figure 4.4 
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Table 4.10 Axial residual stress measurements for HTS 18 by X-ray 
with surface layer removal by chemical method. 

Steps Diameter 

mm 

Residual stress 
MPa 

original diameter 8.30 -348 

after cyclic load 

(10000µe) 

8.30 -183 

after 1st corrosion 8.24 -30 

after 2nd corrosion 6.74 73 

Note: HTS18 had been subjected to cyclic mechanical loading and 
shown to be stress free by hole-drilling method 

Table 4.11 Axial residual stress measurements for HTSO5 by X-ray with 
surface layer removal by chemical etching method. 

Steps Diameter 

mm 

Side A. 
MPa 

Side B 
MPa 

original diameter 8.56 -363 -319 

after fatigue (2200µc) 8.56 -316 -354 

after 1st corrosion 8.46 -353 -309 
after 2nd corrosion 8.38 -263 -226 

after 3rd corrosion 8.30 -219 -217 

after 4th corrosion 7.88 -118 -104 
Note: HTS05 had been subjected to cyclic fatigue with strain range being 

DE 
= 2200µc, Nf =518054 2 

Table 4.12 Axial residual stress measurements for HTS24 by X-ray with 
surface layer removal using chemical etching method. 

Diameter 
mm 

a: a , Side A. 
MPa 

a: ý , Side B 
MPa 

a,,, Side A. 
MPa 

ae, , Side B 
MPa 

8.44 -440 -375 -393 -337 
8.25 -383 -317 -360 -280 

8.13 -401 -343 -309 -262 

7.90 -361 -310 -306 -327 

7.64 -203 -192 -157 -177 

7.40 -48 -58 -48 -63 

7.20 -3 -14 .1 -9 
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Table 4.13 Fitted constants a, b and c in equations (4.22) and (4.26) for 
residual stress distribution in HTS24 by X-ray with surface 
layer removal using chemical etching method. 

Constants for axial 
Side A. 

for axial 
Side B 

for hoop 
Side A. 

for hoop, 
Side B 

a 83.785 68.378 37.421 34.327 

b 
-6.827E+4 -5.229E+4 -1.932E+3 -1.905E+3 

C 3.001E+5 2.166E+5 2.938E+3 3.528E+3 

Table 4.14 Coefficient matrix A j, for a round bar specimen with bar diameter 8mm, 
hole diameter 1.74 mm, drilling increment 0.08mm, strain gauge type 
TEA-06-062RK-120, gauge 1 in hoop direction and gauge 3 in axial direction. 
i=1 i=2 i=3 i=4 i=5 

-. 0897 . 0158 . 0194 
j=1 -. 0353 -. 0265 -. 1323 

. 0193 -. 0846 . 0000 

-. 1096 . 0162 . 0205 -. 1022 . 0185 . 0278 
j=2 -. 0442 -. 0330 -. 1600 -. 0376 -. 0282 -. 1405 

. 0226 -. 1041 . 0000 . 0215 -. 0857 . 0000 

-. 1287 . 0174 . 0224 -. 1216 . 0200 . 0304 -. 1142 . 0211 . 0357 
j=3 -. 0520 -. 0384 -. 1846 -. 0461 -. 0344 -. 1676 -. 0377 -. 0277 -. 1425 

. 0258 -. 1186 . 0000 . 0253 -. 1044 . 0000 . 0233 -. 0831 . 0000 

-. 1521 . 0194 . 0295 -. 1449 . 0226 . 0373 -. 1410 . 0241 . 0438 -. 1195 . 0231 . 0414 
j=4 -. 0587 -. 0428 -. 2068 -. 0528 -. 0389 -. 1904 -. 0460 -. 0337 -. 1697 -. 0362 -. 0257 -. 1399 

. 0292 -. 1308 . 0000 . 0292 -. 1179 . 0000 . 0279 -. 1018 . 
0000 

. 0249 -. 0788 . 0000 

-. 1644 . 0216 . 0336 -. 1581 . 0249 . 0413 -. 1556 . 0266 . 
0479 -. 1389 . 0258 . 0464 -. 1082.0239.0347 

j=5 -. 0641 -. 0463 -. 2256 -. 0582 -. 0424 -. 2094 -. 0516 -. 0374 -. 1895 -. 0439 -. 0312 -. 1650 -. 0337 -. 0232 -. 1335 

. 0324 -. 1404 . 0000 . 0325 -. 1282 . 0000 . 0315 -. 1134 . 0000 . 0293 -. 0957 . 0000 . 0254 -. 0720 . 0000 

-. 1767 . 0239 . 0370 -. 1708 . 0274 . 0447 -. 1690 . 0293 . 0513 -. 1542 . 0289 . 0500 -. 1288 . 0276 . 0392 
j=6 -. 0687 -. 0490 -. 2421 -. 0628 -. 0452 -. 2258 -. 0563 -. 0404 -. 2063 -. 0491-. 0346 -. 1832 -. 0410 -. 0284 -. 1574 

. 0352 -. 1483 . 0000 . 0354 -. 1364 . 0000 . 0345 -. 1224 . 0000 . 0328 -. 1061 . 0000 . 0298 -. 0878 . 0000 

-. 1887 . 0261 . 0401 -. 1829 . 0299 . 0477 -. 1814 . 0320 . 0543 -. 1673 . 0318 . 0532 -. 1438 . 0310 . 0427 
j=7 -. 0726 -. 0512 -. 2561 -. 0666 -. 0473 -. 2399 -. 0601-. 0426 -. 2205 -. 0531-. 0371-. 1981 -. 0456 -. 0313 -. 1736 

. 0376 -. 1546 . 0000 . 0379 -. 1430 . 0000 . 0372 -. 1294 . 0000 . 0356 -. 1139 . 0000 . 0331 -. 0971 . 0000 

-. 1992 . 0280 . 0430 -. 1936 . 0321 . 0505 -. 1921 . 0344 . 0572 -. 1784 . 0344 . 0561 -. 1557 . 0338 . 0458 
j=8 -. 0757 -. 0529 -. 2680 -. 0697 -. 0490 -. 2517 -. 0632 -. 0443 -. 2324 -. 0563 -. 0389 -. 2102 -. 0490 -. 0333 -. 1865 

. 0397 -. 1598 . 0000 . 0401 -. 1483 . 0000 . 0395 -. 1349 . 0000 . 0380 -. 1199 . 0000 . 0357 -. 1039 . 0000 

-. 2079.0296.0456 -. 2023 . 0339 . 0531 -. 2009 . 0364 . 0597 -. 1873 . 0365 . 0587 -. 1649 . 0361 . 0484 
j=9 -. 0783 -. 0542 -. 2780 -. 0722 -. 0502 -. 2616 -. 0657 -. 0455 -. 2423 -. 0588 -. 0402 -. 2202 -. 0517 -. 0348 -. 1968 

. 0415 -. 1639 . 0000 . 0420 -. 1525 . 0000 . 0414 -. 1392 . 0000 . 0400 -. 1245 . 0000 . 0379 -. 1089 . 0000 
-. 2145 

. 0308 . 0479 -. 2090 . 0353 . 0554 -. 2077 . 0379 . 0620 -. 1941 . 0382 . 0609 -. 1719 . 0379 . 0507 
j=10 

-. 0803 -. 0551-. 2860 -. 0742 -. 0511 -. 2696 -. 0677 -. 0464 -. 2502 -. 0608 -. 0411 -. 2282 -. 0538 -. 0357 -. 2049 

. 0429 -. 1670 . 0000 . 0435 -. 1557 . 0000 . 0430 -. 1425 . 0000 . 0417 -. 1279 . 0000 . 0396 -. 1126 . 0000 

Table 4.14 Continued 
i=6 i=7 i=8 i=9 i=10 

j=6 -. 1025 . 0247 . 0334 
-. 0307 -. 0199 -. 1254 

. 0256 -. 0650 . 0000 
j=7 -. 1234 . 0290 . 0378 -. 0935 . 0248 . 0323 

-. 0374 -. 0244 -. 1472 -. 0271 -. 0163 -. 1152 

. 0299 -. 0794 . 0000 . 0254 -. 0575 . 0000 
j=8 -. 1372 . 0323 . 0411 -. 1132 . 0293 . 0365 -. 0813 . 0241 . 0306 

-. 0414 -. 0269 -. 1615 -. 0332 -. 0203 -. 1349 -. 0235 -. 0128 -. 1041 

. 0330 -. 0875 . 0000 . 0296 -. 0704 . 0000 . 0249 -. 0500 . 0000 
1=9 -. 1473 . 0348 . 0438 -. 1251 . 0323 . 0396 -. 0988 . 0283 . 0345 -. 0674 . 0227 . 0288 

-. 0443 -. 0285 -. 1725 -. 0366 -. 0223 -. 1474 -. 0288 -. 0162 -. 1216 -. 0198 -. 0095 -. 0926 

. 0353 -. 0933 . 0000 . 0324 -. 0775 . 0000 . 0288 -. 0614 . 0000 . 0241 -. 0429 . 0000 
1=10 -. 1546.0367.0462 -. 1332 . 0344 . 0421 -. 1086 . 0309 . 0373 -. 0821 . 0266 . 0324 -. 0534 . 0209 . 0270 

-. 0465 -. 0296 -. 1810 -. 0390 -. 0236 -. 1566 -. 0317 -. 0178 -. 1321 -. 0244 -. 0123 -. 1076 -. 0162 -. 0064 -. 0806 
. 0372 -. 0974 . 0000 . 0345 -. 0823 . 0000 . 0313 -. 0673 

. 0000 . 0277 -. 0525 . 0000 . 0230 -. 0358 . 0000 



TABLES 

Table 4.15 Results of strain measurement by hole-drilling method, 
with using the larger strain gauge rosette TEA-06-062RK-120 

Drilling depth 0.16 0.32 0.48 0.65 0.8 0.97 1.29 1.61 
(mm) 

Stress free E1 1 0 0 -1 -2 -2 -3 -4 
E2 1 1 0 0 0 -1 -2 -4 

plate E3 0 0 0 0 -1 -1 -2 -3 

Non-shot E1 45 66 78 84 87 88 94 98 
blasted bar: E2 46 73 87 87 82 76 70 69 

1st test E3 55 83 95 85 71 57 42 38 

Non-shot E1 55 115 145 158 109 106 122 129 

blasted bar: E2 49 88 107 110 61 55 58 57 

2nd test E3 48 87 103 103 50 41 39 33 

Shot blasted E1 43 117 168 210 239 271 273 272 

bar: E2 39 105 143 174 193 222 226 227 
1st test E3 72 154 203 240 277 326 330 329 

Shot blasted E1 114- 190 240 280 303 319 335 339 
bar: E2 94. 148 192 227 245, 260 277 283 

2nd test E3 108 177 228 268 288 302 317 321 

Round bar E1 -5 43 153 272 322 343 360 350 
E2 20 107 202 286 334 385 412 468 

No. U11: E3 2 59 160 240 272 280 270 262 

Round bar E1 67 160 239 310 348 375 400 399 
No. U5: E2 87 172 237 290 319 339 349 346 
1st test E3 206 297 346 372 384 390 392 388 

Drilling depth (mm) 0.08 0.16 0.24 0.32 0.40 0.48 0 . 56 0.65 0.73 0.8 

Round bar E1 22 72 122 163 202 241 268 289 304 320 

No. U5: E2 18 54 89 120 147 176 202 226 247 268 
2nd test E3 23 64 107 140 165 187 199 205 208 208 
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Table 4.16 Hardness measurement of round bar specimens from 
HTS batch. Vickers Pyramid Numerals 

Specimen No. Side A Side B 
HTS01 293 281 
HTS02 281 298 
HTS03 301 301 
HTSO4 293 285 
HTS05 307 293 
HTS06 299 285 
HTS07 290 283 
HTS08 277 292 
HTS09 280 271 
HTS10 285 301 
HTS11 305 308 
HTS12 305 285 
HTS13 275 263 
HTS14 298 298 
HTS 15 289 293 
HTS16 290 298 
HTS17 298 282 
HTS18 301 295 
HTS19 290 287 
HTS20 317 323 

Table 4.17 Hardness measurement of round bar specimens from 
FS batch. Vickers Pyramid Numerals 

Specimen No. Side A Side B 
FS01 249 263 
FS02 246 254 
FS03 261 274 
FSO4 283 280 
FS05 266 255 
FS06 263 263 
FS07 275 251 
FS08 253 256 
FS09 268 252 
FS10 266 253 
FS11 293 272 
FS12 258 249 
FS13 247 265 
FS14 261 264 
FS15 263 251 
FS16 266 269 
FS17 278 241 
FS18 269 262 
FS19 240 255 
FS20 245 263 
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Table 4.18 Hardness measurement of round bar specimens from 
U-batch. Vickers Pyramid Numerals 

Specimen No. Axial residual stress Hardness 
U02 -302 261 
U03 -274 254 
U07 -284 264 
U09 -286 251 
U12 -249 251 
U13 -328 260 
U15 -339 271 
U17 -321 271 
U18 -346 268 
U20 -292 256 

Table 4.19 Surface roughness K-factor of forged specimens AF and FS 
Sample 

reference 
Ra 

(µm) 
Rt 

(µm) 
Ksf Sample 

reference 
Ra 

(µm) 
Rt 

(µm) 
Ksf 

AFO1-A 6.22 42.9 0.768 FSOI-A 7.83 46.4 0.762 
AFO1-B 5.44 43.5 0.769 FSO1-B 7.10 55.4 0.745 
AF02-A 6.25 48.5 0.757 FS02-A 7.73 56.5 0.743 
AF02-B 6.42 41.8 0.771 FSO2-B 8.52 71.0 0.722 
AF03-A 5.24 34.0 0.791 FS03-A 7.30 60.3 0.737 
AF03-B 3.11 22.2 0.830 FSO3-B 7.68 48.0 0.758 
AF05-A 6.69 49.4 0.756 FSO4-A 7.07 46.9 0.761 
AF05-B 3.83 25.4 0.818 FSO4-B 6.73 46.1 0.762 
AF06-A 4.75 36.4 0.784 FS05-A 8.26 60.3 0.737 
AF06-B 2.84 20.7 0.837 FSO5-B 7.48 56.8 0.743 
AF07-A 7.27 61.6 0.736 FS05-A 6.78 46.9 0.761 
AF07-B 3.82 32.2 0.796 FSO6-B 10.68 72.3 0.720 
AF08-A 4.83 47.5 0.759 FS07-A 6.89 54.8 0.746 
AF08-B 3.29 28.6 0.807 FSO7-B 5.31 39.1 0.778 
AF09-A 3.07 22.1 0.831 FS08-A 7.09 65.2 0.730 
AF09-B 2.90 21.5 0.833 FSO8-B 8.4 55.8 0.744 
AF10-A 4.32 29.6 0.803 FS09-A 8.06 47.8 0.759 
AF10-B 4.62 35.1 0.788 FSO9-B 9.24 55.1 0.746 
AF 11-A 3.91 26.3 0.814 FS 10-A 7.64 44.7 0.765 
AF11-B 5.00 36.7 0.783 FS10-B 7.04 50.6 0.753 
AF 12-A 2.60 19.7 0.841 FS 11-A 9.54 80.8 0.710 
AF12-B 5.06 37.0 0.783 FS11-B 8.19 53.7 0.749 
AF13-A 5.54 60.4 0.737 FS12-A 7.14 48.3 0.758 
AF13-B 3.62 20.6 0.837 FS12-B 6.33 39.1 0.778 
AF 14-A 3.02 22.2 0.830 FS 13-A 8.51 51.9 0.751 
AF 14-B 3.87 44.8 0.765 FS13-B 7.79 66 0.729 
AF 15-A 3.66 25.8 0.816 FS 14-A 7.04 39.5 0.777 
AF 15-B 3.70 23.3 0.826 FS14-B 8.54 58.7 0.741 
AF16-A 3.54 30.5 0.801 FS15-A 6.78 61.9 0.735 
AF 16-B 3.83 24.6 0.821 FS 15-B 7.31 47.3 0.762 
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Table 4.20 Surface roughness K-factor of forged specimens HT and HTS 
Sample 

reference 
Ra 

(µm) 
Rt 

(µm) 
Ksf Sample 

reference 
Ra 

(µm) 
Rt 

(µm) 
Ksf 

HTO1-A 5.87 41.1 0.773 HTSO1-A 5.34 36.9 0.783 
HTO1-B 4.71 29.6 0.803 HTSO1-B 5.85 41.5 0.772 
HT02-A 4.47 28.1 0.808 HTS02-A 7.49 46.2 0.762 
HT02-B 4.14 34.0 0.791 HTS02-B 9.01 45.4 0.764 
HT03-A 3.76 27.2 0.811 HTS03-A 6.91 47.6 0.761 

HT03-B 4.67 34.4 0.789 HTS03-B 7.23 36.9 0.783 

HT04-A 4.08 27.1 0.812 HTSO4-A 7.19 42.1 0.771 
HT04-B 5.45 45.8 0.763 HTSO4-B 7.45 50.2 0.754 
HT05-A 4.28 27.7 0.809 HTS05-A 5.18 33.2 0.793 
HT05-B 4.55 33.1 0.793 HTS05-B 5.52 39.7 0.776 
HT06-A 3.06 20.3 0.839 HTS05-A 6.43 43.5 0.768 
HT06-B 4.80 37.5 0.781 HTS06-B 8.22 48.6 0.757 
HT0.7-A 4.28 24.7 0.820 HTS07-A 7.02 44.5 0.765 
HT07-B 3.41 23.4 0.825 HTS07-B 6.32 42.7 0.769 
HT08-A 3.68 33.8 0.791 HTS08-A 6.12 35.6 0.786 
HT08-B 3.99 30.5 0.801 HTS08-B 6.44 48.5 0.757 
HT09-A 4.48 28.9 0.806 HTS 10-A 6.23 40.8 0.774 
HT09-B 4.46 46.4 0.762 HTS 10-B 7.61 39.6 0.776 
HT10-A 4.68 29.1 0.805 HTS11-A 4.45 29.6 0.803 
HT10-B 3.84 25.1 0.819 HTS11-B 5.70 48.4 0.758 
HT11-A 4.47 37.8 0.781 HTS12-A 5.40 37.7 0.781 
11T11-B 3.57 25.3 0.818 HTS12-B 5.12 52.5 0.751 

HT12-A 3.83 34.4 0.789 HTS13-A 6.57 50.0 0.755 
HT12-B 3.37 26.0 0.816 HTS13-B 7.83 45.1 0.764 

HT13-A 3.49 36.7 0.783 HTS14-A 6.77 38.8 0.778 
HT13-B 4.76 31.9 0.796 HTS14-B 5.60 40.1 0.775 

HT14-A 3.94 30.5 0.801 HTS15-A 7.50 56.1 0.744 
HT14-B 4.10 31.3 0.798 HTS15-B 8.52 51.8 0.751 
HT15-A 4.66 33.4 0.792 HTS16-A 6.06 42.0 0.771 
HT15-B 4.16 29.4 0.804 HTS16-B 5.69 39.3 0.777 
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Table 4.21 Parameters of normal distribution for Rt and Ksf 
Rt (µm) Ksf 

HT HTS AF FS HT HTS AF FS 
Mean 31.48 43.16 33.83 54.24 0.799 0.769 0.796 0.749 
STD 6.13 6.10 11.84 10.04 0.0176 0.0133 0.0313 0.0169 

Table 4.22 Axial residual stress change on the surface 
before and after polish measured by X-Ray. MPa 

HTS09 U 15 AF04 

Side Side Side Side Side Side 

A B A B A B 
Before polish 

-376 -355 -279 -336 4 -2 

1st polish 
-456 -443 -394 -367 -190 -157 0.15-0.2 mm 

(in axial) 
2nd polished 

-214 -198 0.1 mm 
(in tangential) 
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Table 5.1 The average of the measured axial, tangential and radial stresses used 
in the fitting for the specimens U 1, U9, U 10, U 13, U 18 and U20. 

Location, r/R 0 0.5 1.0 
F,, MPa -25.2 18.77 0 

879 MPa -25.2 25.32 -241.5 
aZ , MPa 119.39 156.34 -286.5 

Table 5.2 The constants, in Equation (5.21), obtained from solving Equation (5.25). 

C, CZ C3 C4 

-267.44 311.644 334.181 -577.537 
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Table 6.1 Plastic deformation and axial residual stress change due to tensile 
mechanical loading for specimens U14 and U19. 

U14 U19 
Sid eA Sid eB Sid eA 

E, µe 6R, MPa E, µe 6R, MPa C, µe "R, MPa 

Original 0 -235 0 -252 0 -298 
1st plastic deformed 2200 -245 2746 -217 3955 -169 

2nd plastic deformed 3517 -229 4203 -179 
3rd plastic deformed 3925 -143 5076 -115 

Note: c -- surface axial tensile strain 
ßR -- surface axial residual stress 

Table 6.2 Plastic deformation and residual stress change due to tensile mechanical 
loading for specimen U 10. 

Side A Side B 
Loading 

Steps 
E, axial 

µe 

ßR, axial 
MPa 

ßR., 45° 
MPa 

CYR, hoop 
MPa 

c, axial 
Re 

ß'R, axial 
MPa 

ßR., 45° 
MPa 

QR, hoop 
MPa 

Original. 0 -255 -235 -248 0 -240 -235 -248 
1st 4257 . 110 -202 -257 6633 -69 -170 -234 

2nd 4375 -166 -237 -224 7305 -133 -203 -238 
3rd 4531 -104 -179 -260 7578 -102 -178 -263 
4th 5195 -88 -185 -238 8383 -47 -156 -220 
5th 5508 -71 -152 -228 9180 -IS -151 -242 



Table 6.3 Plastic deformation and residual stress change due to cyclic mechanical 
loading for specimen U06. 

Side A Side B 
Loading 

Steps 
Plastic Strain Range, 

AEp. µE 

Axial Stress, 

MPa 

Plastic Strain Range 
Aep, PC 

Axial Stress, 

MPa 

Original 0 -296 0 -234 
1 1330 -232 1280 -193 
2 5100 -183 5330 -158 
3 6700 -200 6700 -204 
4 8400 -127 8300 -159 
10 9000 -156 9000 -134 

Table 6.4 Plastic deformation and residual stress change due to cyclic mechanical 
loading for specimen HTS 18. 

Side A Side B 
Loading 

Steps 
Plastic Strain Range, 

AsP, µe 
Axial Stress, 

MPa 
Plastic Strain Range. 

AsP, µe 
Axial Stress. 

MPa 
Original 0 -375 0 -348 

1 4100 4100 
2 12600 -169 12600 -207 
4 13000-14000 -217 13000-14000 -206 
9 12500-13000 -208 12500-13000 -180 

Table 6.5 Constants of linear kinematic model for U-batch and HTS group 
Batch Young's 

Modulus 
Poisson's 

ratio 
Radius of 

yielding surface 
Hardening 

Modulus, H 
U 208 GPa 0.28 538 MPa 22.7 GPa 

HTS 208 GPa 0.28 653 MPa 24.1 GPa 
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Table 6.6 Parameters of multilinear kinematic model for HTS and U batches. 

HTS U 
Young's Modulus 208 GPa 208 GPa 

Poisson's ratio 0.28 0.28 
Initial yielding stress ay, ay, = 800 MPa ay,, = 600 MPa 

in initial tension 
Second yielding stress aye in initial 

aye = 835 MPa aye = 670 MPa 
tension and corresponding tensile 

ý= 400µE s ,= 500µs E plastic strain cP,, and hardening P P 
Modulus HI1 between ay, and aye 

HI1 = 87SGPa HI, =140GPa 

Third yielding stress ay3 in initial 
ay3 = 870 MPa ay3 = 700 MPa 

tension and corresponding plastic Cpl = 8000µs EP2 = 7000µs 
tensile strain c, 2 , and hardening 

HI2 = 4.6 GPa HI2 = 4.6 GPa 
Modulus HI2 between ay2 and ay3 

Hardening Modulus in initial HI3 =0 HI3 =0 
tension HI3 when Cr > ay3 , 

Maximum equivalent plastic strain seq, m 

P 
seq"m 

P in the strain history 
Radius of 1st surface, r., 470 MPa 420 MPa 
Radius of 2nd surface, K2 630 MPa 540 MPa 
Radius of 3rd surface, K3 750 MPa 600 MPa 

aeq, 
max corresponding aeq, mex corresponding 

Radius of 4th surface, K to the sP .m to the sä .m 

Hardening Modulus (K2 - K, ) (K2 - K1) 

between surface 1 and surface 2 10% seq'm 10% se°'m P P 

Hardening Modulus (K3 -x2) (K3 -K2) 
between surface 2 and surface 3 20% ceq. m 20% se9. m P P 

Hardening Modulus (x4 -K3) (K4 -K3) 

between surface 3 and surface 4 70% se9'm 70% eq"m P P 
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Table 7.1. Fatigue test matrix and results for FS specimens, * Strain gauged 
Specimen 

No. 
RS 

(MPa) 
Rank Rt 

(µm) 
Rank T. I. R. 

(mm) 
Rank DE 

(half) 
Life 
(N) 

FSO1 A -293 6 46.4 11 0.06 B 6 2200 135830 
FS02 B -214 15 71 3 0.03 A 11 2200 117164 
FS03 A -252 13 60.3 6 0.09 B 3 2200 132596 
FS04 B -321 3 46.1 12 0.04 A 10 6000 3330 
FS05 A -273 9 60.3 7 0.01 B 14 spare 

* FS06 A -357 1 72.3 2 0.02 B 13 6000 1992 
FS07 A -268 12 54.8 10 0.00 15 6000 3174 
FS08 B -272 10 55.8 8 0.03 A 12 6000 3684 
FS09 B -314 4 55.1 9 0.05 A 7 2200 89744 
FS 10 A -243 14 44.7 13 0.07 B 5 6000 3168 
FS11 A -289 7 80.8 1 0.04 B 9 6000 3706 

* FS12 B -271 11 39.1 15 0.11 A 2 2200 125038 
FS13 B -299 5 66 4 0.04 A 8 6000 3104 

* FS 14 A -277 8 39.5 14 0.20 A 1 2200 170614 
FS15 A -326 2 61.9 5 0.08 B 4 2200 135834 

Note: T. I. R. is a short for Total Indicate Readingwhich indicate the offset o 
crosee section. 

Table 7.2. Fatigue test matrix and results for HTS specimens, * Strain gauged 
Specimen 

No. 
RS 

(MPa) 
Rank Rt 

(µm) 
Rank T. I. R. 

(mm) 
Rank Os 

(half) 
Life 
(N) 

HTS01 A -447 2 36.9 14 0.09 B 4 2200 527502 
HTS02 B -371 10 45.4 5 0.07 A 5 6000 3430 

HTS03 B -410 4 36.9 15 0.02 A 15 2200 513896 
* HTSO4 B -293 14 50.2 2 0.06 A 7 6000 2944 

HTS05 B -318 13 39.7 11 0.05 A 12 2200 518054 
HTS06 A -383 7 43.5 7 0.06 B 8 6000 2160 
HTS07 B -391 6 42.7 8 0.07 A 6 2200 714770 

* HTS08 B -416 3 48.5 3 0.15 A 2 6000 2032 
HTS 10 B -349 11 39.6 12 0.10 A 3 2200 234984 
HTS 11 B -377 9 48.4 4 0.06 A 9 2200 165464 
HTS12 A -383 8 37.7 13 0.05 B 10 spare 
HTS 13 B -276 15 45.1 6 0.05 A ' 11 2200 348658 
HTS 14 B -474 1 40.1 10 0.20 A 1 6000 3008 
HTS 15 B -328 12 51.8 1 0.04 A 13 6000 1920 
HTS16 A -397 5 42 9 0.02 B 14 6000 1664 
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Table 7.3. Fatigue test matrix and results for AF specimens, * Strain gauged 
Specimen 

No. 
RS 

(MPa) 
Rank Rt 

(µm) 
Rank T. I. R. 

(mm) 
Rank es 

(half) 
Life 
(N) 

* AF01 B 24 12 43.5 4 0.04 A 10 2200 78208 
AF02 A 26 13 48.5 2 0.05 B 7 2200 61498 

* AF03 A -2 10 34 8 0.18 B 1 2200 116942 
* AF05 B -12 8 25.4 11 0.08 A 3 2200 89280 

AF06 A -28 4 36.4 6 0.06 B 4 2200 84924 
AF07 A -25 5 61.6 1 0.01 B 14 6000 3640 
AF08 B 0 11 28.6 9 0.05 A 8 spare 
AF09 B -23 7 21.5 14 0.06 A 5 6000 4302 
AF10 B -25 6 35.1 7 0.04 A 9 6000 3562 
AF11 A 59 15 26.3 10 0.03 B 11 6000 3530 
AF 12 B -6 9 37 5 0.00 15 6000 2754 
AF 13 B 26 14 20.6 15 0.05 A 6 2200 65218 
AF14 B -32 3 44.8 3 0.03 A 12 6000 2846 
AF15 B -59 1 23.3 13 0.01 A 13 2200 80790 
AF16 B -49 2 24.6 12 0.09 A 2 6000 4234 

Table 7.4. Fatigue test matrix and results for HT specimens, * Strain gauged 
Specimen 

No. 
RS 

(MPa) 
Rank Rt 

(µm) 
Rank T. I. R. 

(mm) 
Rank As 

(half) 
Life 
(N) 

* HT01 B -27 5 29.6 9 0.10 A 2 2200 84016 
HT02 B -35 2 34 5 0.02 A 14 6000 2400 
HT03 B -25 8 34.4 4 0.04 A 13 2200 76868 
HT04 B -30 4 45.8 1 0.10 A 3 6000 2680 
HT05 A -11 14 27.7 12 0.06 B 9 6000 2878 

* HT06 B -41 1 37.5 2 0.11 A 1 2200 95580 
HT07 A -17 11 24.7 15 0.05 B 10 2200 80848 
HT08 B -13 13 30.5 8 0.05 A 11 spare 
HT09 A -24 9 28.9 11 0.10 B 4 2200 84764 
HT 10 A -23 10 29.1 10 0.10 B 5 6000 2966 
HT11 B -26 6 25.3 14 0.08 A 6 6000 2546 
HT12 B -32 3 26 13 0.06 A 8 2200 92508 
HT13 A -25 7 36.7 3 0.04 B 12 6000 2332 

* HT14 A -9 15 30.5 7 0.00 15 6000 2496 
HT15 A -14 12 33.4 6 0.08 B 7 2200 99044 
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Table 7.5. Fitted parameters of Weibull distribution for fatigue tests 
data of AF, FS, and HTS batches 

No Na R 
AF ( eE/2 = 2200ýtz) 0 89809 4.82 

FS (oE/22200ps) 0 140271 5.36 

HT (As/2 = 2200µE ) 0 91378 11.27 
HTS (As/2 = 220011E 

) 0 500453 2.04 

AF (eE/2 = 6000µE ) 0 3820 5.97 

FS (As/2 = 600011E ) 0 3470 4.69 

HT (As/2 = 6000µE ) 0 2724 11.44 
HTS (eE/2 = 6000µE ) 0 2717 3.8 



TABLES 

Table 8.1. Parameters of Normal distribution of axial residual stresses 
for 5 specimen groups. (MPa) 

Specimen 
Group 

Distribution Centre Standard Deviation 
S 

HT -24.7 10.7 
HTS -372.9 46.7 
AF -15.6 30.6 
FS -272.1 41.8 
U -286 39.7 

Table 8.2 Parameters of Weibull distribution of axial residual stresses 
for 5 specimen groups. (MPa) 

Specimen 
Group 

Weibull slope 
ß 

Minimum stress 
ao 

Characteristic stress 
as 

HT 1.60 -7.1 -27.1 
HTS 5.12 -587.3 -353. 
AF 2.27 -81.5 -6.9 
FS 5.42 -474.4 -255.1 
U 1.91 -361.1 -276.2 



Fig. 2.1 Diffraction of X-ray by a crystal 

Fig. 2.2 X-ray diffraction with a tilt angle p 
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Fig 2.4 Diagrams of constant fatigue life 
with the mean stress effect. 
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Fig 2.5 Haigh digram of constant fatigue life 
with the mean stress effect *4t, 

(Vohringer, 1987) 
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Fig 2.6 Schematic diagram of surface residual 
stress relaxation under cyclic loading 
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Fig 4.42 A FE mesh of round bar specimen 
for hole-drilling technique 
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Figure 6.17 
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Figure 6.18 

Axial residual stress relaxation by FE prediction 
with different cyclic strain range (half), the initial 

residual stresses: ßZ -400 MPa, ße=-350 MPa 
Linear kinematic hardening for HTS 
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Figure 6.19 
Axial residual stress relaxation by FE prediction 
with different cyclic strain range (half), the initial 

residual stresses: aZ -450 MPa, a0=-400 MPa 
Multi-linear kinematic hardening for HTS 
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Figure 6.20 
Axial residual stress relaxation by FE prediction 
with different cyclic strain range (half), the initial 

residual stresses: ßZ -400 MPa, ße=-350 MPa 
Multi-linear kinematic hardening for HTS 
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Figure 6.21 
Axial residual stress relaxation by FE prediction 
with different cyclic strain range (half), the initial 

residual stresses: a -350 MPa, 68=-310 MPa 
Multi-linear kinematic hardening for HTS 
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Figure 6.22 
Axial residual stress relaxation by FE prediction 
with different cyclic strain range (half), the initial 

residual stresses: a z=-300 MPa, ße=-280 MPa 
Multi-linear kinematic hardening for HTS 
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Figure 6.23 
Axial residual stress relaxation by FE prediction 
with different cyclic strain range (half), the initial 

residual stresses: aZ -250 MPa, ae=-250 MPa 
Multi-linear kinematic hardening for HTS 
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Fig 6.24 Redistribution of axial residual stress in 
one specimen after first fatigue cycle 
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Figure 6.25 
Surface axial residual stress relaxation after 

fatigue cycle for different initial residual stresses 
o, 
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