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Abstract 

The generation of a mathematical model that faithfully represents the aerodynamic loads on 

an air vehicle during arbitrary manoeuvres becomes difficult when time dependent flows are 
involved. This thesis describes the reasons for this and gives an extensive overview of current 

modelling methodologies. The concept of using unsteady aerodynamic modelling methods 
is introduced, and several of these methods are discussed and analysed. It is shown that 

under certain conditions it is impossible for conventional modelling techniques to account 
for unsteady effects, and that more than one type of time dependent modelling technique 

may be used for a particular configuration. It is important that the model achieves a balance 

between having a structure that can be shown to relate back to the physical flow processes 
that it describes, while still being computationally accurate. 

Improved static and dynamic experimental wind tunnel rigs are also required to investigate 

these time dependent flows. This has been a motivation for the design, construction and 

evaluation of a new type of wind tunnel testing facility, called the Pendulum Support Rig 

(PSR). The rig allows large amplitude movement in several degrees of freedom, and it is 
intended to complement current, and more complex, wind tunnel facilities. 

The experimental test program and computational analysis that has been performed on the 
University of Bristol's PSR is described, as well as the associated modelling of the attached 

aircraft model on the rig. Certain experimental parameters affecting the rig need to be prop- 

erly accounted for, and these include wind tunnel turbulence, control surface deflection, 

offset centre of gravity locations and electrical noise. It is shown that the rig offers several 

advantages over more conventional test techniques, and these are quantified numerically. 
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Notation 

a Speed of sound. Unsteady model parameter 

a Acceleration vector 

a* Incidence shift 
al Time-lagged incidence 

A General coefficient 
AR Gain of system 
b Wing-span 

bl Time constant 
B General coefficient 
c Unsteady model parameter. Damping coefficient 
c Mean aerodynamic chord 
c,,, Turbulence model parameter 
C General coefficient. Output vector 
CL Lift coefficient 
C1 Rolling moment coefficient 
Cm, Pitching moment coefficient 
Cn, Yawing moment coefficient 
CN Normal force coefficient 
CG Centre of Gravity 

D Direction cosine matrix 
E General coefficient. Expected value 
f Dimensional frequency 

F Functional 

g Acceleration due to gravity 
G Transfer function 

G,,, Turbulence model transfer function 
h System inputs 

H General coefficient. Transfer function 

I9 Inertia of trifilar suspension rig 
Ix. Moment of inertia in roll 
Iyy Moment of inertia in pitch' 
Izz Moment of inertia in yaw 
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I,, z Product of inertia about ox and oz axes 
k Inverse time constant. Frequency. Unsteady model parameter. Stiffness coefficient 
K Kinetic energy 
KK Potential flow coefficient 
K� Vortical flow coefficient 
K,. Turbulence model parameter 
1 Rolling moment. Characteristic length 

L Length of trifilar suspension rig 

m Pitching moment. Mass 

n Yawing moment 
p Roll rate. Pressure 
PD Pade approximant 
q Pitch rate 
q Dynamic pressure 
Q. y Moment in ry plane 
QB Moment in 9 plane 

r Yaw rate. PSR strut length 

r9 Radius of gyration 
R Radius of trifilar suspension rig. Covariance matrix 
R. y Force perpendicular to PSR strut 
s Complex frequency 
S Wing reference area. Sensitivity matrix 
t Time 

tý Non-dimensional time 
T Time constant. Period of oscillation 

u Control vector 
U Total axial velocity 

v Measurement noise vector 
V Velocity 

W Weight 

x Longitudinal coordinate in axis system. State vector 
X Axial force component 

y Lateral coordinate in axis system. Output vector 
Y Lateral force component 
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z Normal coordinate in axis system. Measurement vector 
Z Normal force component 

Greek letters 

a Angle of attack 

ao Unsteady model parameter 

al Unsteady model parameter 

,ß Sideslip angle 

, Qu, Turbulence model parameter 
S Angle of attack parameter. Kronecker delta 

Roll angle. Phase angle of system 
PSR strut angle 

77 Stabilator/rudder deflection. PSR angle 
A PSR strut angle. Model scale ratio 
A,,, Turbulence model parameter 
µ Dynamic viscosity. Internal state space variable 
II Potential energy 
0 Pitch angle. Parameter vector 
9 Estimated parameter vector 
p Air density 

a Unsteady model parameter 
T Time constant. Time 

w Frequency 

wd Damped natural frequency 

Wdr Forcing frequency 

wn Natural frequency 
Il Stability axis roll rate. Angular velocity 

Aileron deflection. Running variable in time 
Yaw angle 
Rudder deflection. Damping ratio 
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Subscripts 

0 Free stream flow conditions 

a Aircraft 

amp Amplitude 

att Attached flow 

av Average 

c Body axis system 
CB Counter-balance 

cent Centripetal 

dyn Dynamic contribution 

eq Equivalent 

g Tunnel axis system 

m Model 

mag Magnitude 

nl Non-linear 

nom Nominal angle 

o Offset 

p Roll rate. Potential flow 

Pt Potential flow 

q Pitch rate 

r Yaw rate 

rel Relative 

s Static conditions 

sep Separated flow 

sp Separated flow 

st Static conditions 
tang Tangential 

v Vortical flow 

vb Vortex burst flow 

vt Vortical flow 

x ox axis 

y oy axis 

z oz axis 
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0 Roll angle 
8 Pitch angle 

Yaw angle 

1R 



Contents 

1 Introduction 

1.1 Aims and Objectives .......................... ... 
1.2 Overview of Thesis ......... .......... ........ ... 

2 Current Experimental and Mathematical Modelling Methodologies 
2.1 Experimental Techniques ................... ..... ... 

2.1.1 Dynamic Wind Tunnel Test Techniques .............. . 
2.1.2 Coning Rigs ............................ . 
2.1.3 Review of Existing Multi-DOF Dynamic Wind Tunnel Rigs . ... 
2.1.4 Summary .......... .................. ... 

2.2 Similarity Issues ................... ` ............ . 
2.2.1 Reynolds Number and Mach Number ............... . 
2.2.2 Froude Number ............................ 
2.2.3 Reduced Angular Velocity and Strouhal Number ......... . 
2.2.4 Relative Density Factor and Relative Mass Moment of Inertia ... 
2.2.5 Summary 

.............................. . 
2.3 Flow Phenomena at High Angles-of-Attack ................ 

2.3.1 Flow Separation . .... . ..... ..... ..... . ..... 
2.3.2 Vortex Breakdown 

.......................... . 
2.4 Summary ................................... 

1 

2 
3 

6 
6 

9 
10 

11 
16 
17 

18 

19 
20 

21 
21 

22 

22 
25 

27 

3 Comparison of Aerodynamic Modelling Methods 28 

3.1 Traditional Aerodynamic Modelling ... ................... 28 

X 



3.1.1 Frequency Effects in the Determination of Aerodynamic Derivatives 30 

3.1.2 Summary ....................... ........ 36 

3.2 Description of Unsteady Modelling Methods ......... ........ 37 

3.2.1 Indicial Response Method .............. ........ 37 

3.2.2 State Space Method .................. ........ 41 

3.2.3 Transfer Function Formulation .......... .. ..... ... 43 

3.2.4 Characteristic Time Constant Approach ....... ........ 45 
3.2.5 Differential Equation Formulation .... ..... ........ . 46 

3.2.6 Fourier Functional Analysis ..... ....... ......... 
48 

3.2.7 Indirect Methods .................. ......... 51 

3.3 Comparison of Unsteady Modelling Methods ....... ......... 
52 

3.3.1 Goman's State Space model ............ ......... 
52 

3.3.2 Fan and Lutze State Space Model ......... ......... 
55 

3.3.3 Differential Equation Model .......... .. ...... ... 56 

3.3.4 Klein's Indicial Response Method .... ..... ........ . 
57 

3.3.5 Tristant's Transfer Function Model ........ ......... 
59 

3.3.6 Myatt's Roll Model ................. ...... ... 60 

3.3.7 Pashilkar's FIRM model .............. . ....... . 61 

3.4 Summary ........................ .. ......... 
63 

4 Comparison of Unsteady Aerodynamic Models Using Experimental Data 64 

4.1 Evaluation of Models Using Rolling Moment Data ............. 
64 

4.1.1 The Myatt 1997 Time Dependent Model ....... ..... ... 
65 

4.1.2 Constant or Polynomial Expression for Dynamic Component .... 68 

4.1.3 Polynomial Expression for Static and Dynamic Contribution .... 69 

4.1.4 Goman's State Space Model ..................... 
71 

4.1.5 Further Investigations into the Myatt model .......... ... . 72 

4.1.6 Lag for Entire Static Contribution .... ........... 75 

4.1.7 Revised Roll Rate Term ...................... . 76 

4.1.8 Summary ............ .................. . 77 

4.2 Evaluation of Models Using Longitudinal TSaGi Delta Wing Data ..... 78 

4.2.1 Goman's Non-linear Differential Equation Method . ..... . 
78 

4.2.2 Fan and Lutze State Space model .... ............ 79 

4.2.3 Linear Differential Equation Model .............. ... 82 

xi 



4.3 Summary ................................... 85 

5 The University of Bristol Pendulum Support Rig 86 

5.1 Design Process ......... ....................... 
89 

5.2 Type of Model ................................. 
89 

5.3 Hawk Model .................... ... .......... 90 

5.4 PC-Control, Instrumentation and Actuation ................. 
92 

5.5 Trifilar Suspension Rig ....... ..................... 
94 

5.6 Control Surface Servos ... ......................... 
96 

5.7 Force transducers ..... ......................... . 97 

5.7.1 Ring transducer .................... ..... ... 97 

5.7.2 Binocular transducer .... ........... .......... 98 

5.8 Sundry Equipment ................... . ....... ... 100 

5.9 Wind Tunnels .............. ................ ... 100 

5.10 Summary ....... ......................... ... 101 

6 Equations of Motion for Hawk Model and Pendulum Support Rig 102 

6.1 1-DOF Free-Oscillation Tests in Pitch ............ ........ 
102 

6.2 1-DOF Physical Simulations in Pitch ..................... 
103 

6.3 Multi-DOF Testing ......... ..................... 
104 

6.3.1 Maximum Likelihood Estimation Routine ... ........... 
105 

6.3.2 Parameter Estimation Routines .................... 
108 

6.3.3 State Space Formulation vs Full Non-Linear' Equations of Motion . 109 
6.3.4 Choice of Derivative Formulation ............... ... 110 

6.3.5 Sinusoidal Testing ......... .".................. 
110 

6.3.6 Control Surface Deflections .....:: ' ... ........ ... 111 

6.4 2-DOF Equations of Motion for Offset CG ............... ... 112 
6.5 Equations of Motion for 5-DOF Pendulum Support Rig ........ ... 114 

6.6 5-DOF Rig Equations with Offset CG ......... ........ ... 120 

6.6.1 Computational Approach'. .............. ... 120 

6.6.2 Vector Algebraic Approach ... . .'... .... .... ...... 122 

6.6.2.1 Additional Accelerations'due to Offset CG'. -- '. " . `.. ... 123 

6.7 Summary..... ....:........................... 128 

X11 



7 Experimental Testing and Aerodynamic Modelling 129 
7.1 Overview of Test Program .......................... 129 
7.2 Static Testing ................................ . 130 
7.3 1-DOF Tests in Pitch ............................. 131 
7.4 2-DOF Testing with Force Transducers .................... 134 
7.5 Heave Testing Using Counter-Weight Balance System . ........... 135 
7.6 Further Single-DOF and Multi-DOF Testing ................. 136 

7.6.1 Roll Tests ............................ ... 137 
7.6.2 Yaw Tests with Raised Gimbal ................. ... 138 
7.6.3 Yaw Tests with Gimbal Locked in Roll ............... 138 
7.6.4 Pitch Tests ........................... ... 140 
7.6.5 Combined Roll and Yaw Tests ................. ... 140 
7.6.6 Validation Simulations for Longitudinal Derivatives ......... 142 

7.7 Conclusions from Dynamic Testing ....... ............. . 143 

7.8 PSR Operational Difficulties .............. ........ ... 143 
7.8.1 Tunnel Noise and Turbulence .................... 143 
7.8.2 Control Surface Calibration and Resolution .......... ... 144 
7.8.3 Cable and Friction Problems ..................... 146 
7.8.4 Rig Stability Issues ..... .................. ... 146 

7.9 Limit Cycle Oscillations ........................ ... 146 
7.10 Summary ................................... 155 

8 Evaluation of Hawk Model/PSR Rig for Longitudinal Aerodynamic Studies 157 
8.1 Forced Oscillation Testing ... .... ..... ........ ...... 157 

8.1.1 Forced Oscillation Testing of Hawk model .... ......... 158 

8.1.2 Maximum Amplitude and Frequency Response ........... 165 
8.2 Quantitative Analysis of Experimental Difficulties .............. 167 

8.2.1 Open Jet Tunnel Turbulence Model ................. 168 
8.2.2 Electrical Noise Model ..................... ... 172 
8.2.3 Stabilator FreeplayBacklash ..................... 173 
8.2.4 Effects of Noise Models on Parameter Estimation Results ..... 176 

8.2.4.1 Comparison of Standard Variation and Percentage Error . 178 

8.2.4.2 Filtering .......... ............... 184 

X111 



8.2.4.3 Comparison of Standard Deviations with Experimental Re- 

sults ......... ..... .............. 187 

8.2.4.4 Summary of Noise Influences .... ........... 188 

8.3 Pendulum Support Rig Heave Motion ...... .............. 189 

8.3.1 Simulation of 2-DOF Equations of Motion for Offset CG ...... 190 

8.4 Summary .................................. . 192 

9 Computational Evaluation of Multi-DOF PSR Concept 194 

9.1 HHIRM model ................................ 
194 

9.2 Simulation Parameters .... ..... . ................. . 196 

9.3 Simulation Results .............................. 
198 

9.3.0.1 Inverted Pendulum with inverted HHIRM model ..... 
198 

9.3.0.2 Horizontal Pendulum with upright HHIRM model .... 203 

9.3.0.3 Upright Pendulum with with upright HHIRM model ... 204 

9.4 Summary of Simulation Results .... ............. ... ... 205 

9.5 Summary ................ .................. . 207 

10 Conclusions and Recommendations 208 

10.1 Conclusions ................................. . 208 

10.1.1 Wind Tunnel Rigs ....................... ... 208 

10.1.2 Traditional Modelling ..... ...... . ........... . 209 

10.1.3 Unsteady Aerodynamic Models ................... 
210 

10.1.4 Experimental Test programme ................. ... 211 

10.1.5 Theoretical Analysis of PSR Rig and Hawk Model .......... 212 

10.2 Recommendations ............................... 
213 

A Rig Construction 

B Equation for 5"DOF PSR with Offset CG 

C Results of 2-DOF Testing, 

D Full Test Results ' '.. 

A-1 

B-1 

C-1 

D-1 

Xiv, 



List of Figures 

2.1 NASA Ames Research Centre large-scale rotary rig ........... .. 10 
2.2 Coning motion ........ ..... ................. .. 11 

2.3 Diagram of Virginia Polytechnic Institute's DyPPir Rig ......... .. 12 
2.4 Stanford University Roll-Yaw Mechanism ................ .. 13 

2.5 IMD Marine Dynamic Test Facility .................... .. 14 

2.6 ONERA-IMFL `PQR' rig ......................... .. 15 

2.7 Georgia Institute of Technology Wind-Driven Manipulator ...... . .. 16 

2.8 Schematic of active two-cable mounting system ............ ... 17 
2.9 Unsteady adverse pressure gradient . ..... ..... ........ ... 

23 

2.10 Dynamic overshoot with increasing incidence ..... ..... ... ... 24 

2.11 Typical lift variation for oscillatory incidence of large amplitude ... ... 25 

3.1 Variation of calculated CC, with frequency, 65° delta wing at cx,,,, �1 = 30° .. 32 

3.2 Simple linear physical system (Greenwell (1997)) .............. 
33 

3.3 Attached and separated flow model (Greenwell (1997)) ........... 34 
3.4 Cross-plot of dynamic and static rolling moment derivatives for a 60° delta 

wing ...................................... 36 
3.5 Aerodynamic axis system for indicial response model ............ 38 
3.6 Formation of indicial responses ..... ........ .... ...... . 39 

3.7 Summation of indicial responses ....................... 
40 

3.8 Diagram of delta wing showing vortex breakdown point ............ 42 

4.1 Potential and vortical contributions to the static rolling moment 
....... 66 

4.2 Myatt IR model performance for AO = 4°, f=1.1Hz ... ........ 68 

4.3 Myatt IR model performance for AO = 4°, f=7.7Hz ............ 69 

4.4 Polynomial expression fit for dynamic component for AO = 4°, f=7.7Hz . 70 

xv 



4.5 Polynomial expression prediction for dynamic component for AO = 4°, 
f=1. l Hz .................................... 70 

4.6 Traditional model performance for 0O = 4°, f=7.7Hz ............ 71 

4.7 State-space model fit for 0¢ = 4°, f=7.7Hz 
.............. ... 73 

4.8 State-space model prediction for 0q5 = 4°, f=1. lHz 
............. 73 

4.9 Comparison of model contributions .................. ... 74 

4.10 Indicial response model performance for 04 = 4°, f=7.7Hz, excluding als 

term ...................................... 75 

4.11 Indicial response model fit for 0O = 4°, f=7.7Hz, with entire static contri- 
bution lagged .............................. ... 76 

4.12 Indicial response model prediction for 0O = 4°, f=1.1Hz, with entire static 

contribution lagged .............................. 76 

4.13 Indicial response model performance with revised roll rate term for 04 = 4°, 
f=7.7Hz .................................... 77 

4.14 Goman's non-linear differential equation model prediction. ao = 30°, /a = 
25°, f=0.2Hz 

..................... ........... 
79 

4.15 State space model fit. ao = 30°, Da = 25°, f=0.8Hz ........ ... 81 
4.16 State space model prediction. ao = 30°, Da = 25°, f=0.2Hz ...... . 81 

4.17 Values of Tl obtained from using the characteristic time constant method .. 83 
4.18 Linear differential equation model. ao = 30°, Aa = 25°, f=0.8Hz .... 83 

4.19 Linear differential equation model. ao = 30°, Da = 25°, f=0.8Hz, with 
revised time constant ..... ..... ..... ..... ..... .... 84 

5.1 Schematic of Inverted Pendulum Support Rig . ....... ..... ... 87 

5.2 Schematic of Upright Pendulum Support Rig .................. 
87 

5.3 Fully assembled Hawk model .......................... 
90 

5.4 Side view of Hawk model .............. ............ 92 
5.5 Disassembled Hawk model ............ .......... 93 

5.6 Schematic of trifilar suspension rig ........ ....... ....... 95 
5.7 Percentage inertia error due to variation in CG location point ...... 96 
5.8 FEM analysis of stresses acting on ring transducer ... 

A. 
. .. .".. 98 

5.9 Bending moment applied to ring flexure, showing high stress concentrations 99 

5.10 FEM analysis of stresses acting on binocular transducer .......... 99 
5.11 Counter-weight balance system 

... . ................ ..... 100 

xvi 



6.1 Diagram of 1-DOF free-oscillation test ...... ............. . 103 
6.2 Motion variable notation for 3-DOF tests .................. . 104 
6.3 Comparison between two different models used to simulate control surface 

behaviour . ....... ........ ....... ............ 112 

6.4 Pendulum support rig in 2-DOF longitudinal configuration ......... 113 

6.5 Pendulum support rig in 5-DOF configuration ................ 116 

6.6 Equilibrium strut angles 'yo and A0 as a function of the wind-body bank angle 
Oa ....................................... 

119 

6.7 Schematic diagram of planar double pendulum ............ ... 123 

6.8 Schematic diagram of non-planar 3-DOF pendulum ......... . ... 124 

7.1 Constrained wind-on response for model ....... ............ 
131 

7.2 Experimental and model response to doublet input .............. 133 

7.3 Comparison of lift and drag curves obtained from static and pendulum rig 
testing ............... ...................... 

134 

7.4 Plot showing relative magnitudes of a (due to heave rate) and 0....... 136 

7.5 Predicted Hawk model response to doublet input. Oo = 8°, V= 20m/s .... 
141 

7.6 Longitudinal model validation for low angles of attack ........... 
142 

7.7 Longitudinal model validation for high angles of attack ........... 
142 

7.8 Time response of Hawk model to doublet input, showing non-zero settling 

angle ...................................... 145 

7.9 C, n values for Hawk model obtained from static testing at 20m/s ... ... 148 

7.10 Plot of C�, vs a, showing limit cycle behaviour ............... 
149 

7.11 Simulation of limit cycle model compared to experimental data ...... . 151 

7.12 Plot of Cm vs Da showing model fit against experimental data ....... 152 

7.13 Dynamic stall events on a NACA 0012 airfoil, from Carr & McAlister (1977) 154 

8.1 Pitching moment for simulated forced oscillations of Hawk model ..... 160 

8.2 Pitching moment for simulated forced oscillations of Hawk model, using 

stabilators ................................... 161 

8.3 Simulation of model compared to experimental data for chirp signal input . 163 

8.4 Experimental Bode amplitude plot generated using sinusoidal inputs, and a 

model fit to this data using equation (8.5) .................. 164 

8.5 Experimental Bode amplitude plot generated using doublet inputs, and a 

model fit to this data using equation (8.5) . .................. 166 

xvii 



8.6 Block diagram of turbulence model ................. .... 169 
8.7 Block diagram of parameter estimation process for turbulence model .... 170 
8.8 Effect of turbulence model on a theoretical model of the Hawk aircraft, com- 

pared to an experimental response .................. ... . 171 
8.9 Power spectrum analysis of pitch angle experimental data and model simu- 

lation data ............................... .... 172 
8.10 Electrical noise signal generated by a stationary rotary potentiometer .... 173 
8.11 Schematic diagram of noise model ...................... 174 
8.12 Comparison of simulated electrical noise model with experimental data .. 174 
8.13 Comparison of simulated servo response and demanded motion ...... . 175 
8.14 Simple schematic diagram of noise simulation algorithm ...... .... 176 
8.15 Matlab Simulink diagram of Hawk model simulation, including noise sources 177 
8.16 Standard deviations of estimated drivatives for Hawk model, showing influ- 

ences of noise sources ..... .......... .............. 
178 

8.17 Percentage errors of estimated drivatives for Hawk model, showing influ- 

ences of noise sources ............................. 179 
8.18 Unfiltered potentiometer signal, differentiated twice ......... ... . 181 
8.19 Comparison of the electrical noise and turbulent gusts on calculated acceler- 

ation values ..... ............................ . 182 
8.20 Plot showing the relative contribution of each term to the rotational moment 

on the Hawk aircraft ............................. 183 
8.21 Comparison between standard deviations of Cfza and C,,,,, for turbulent gusts 

and stabilator freeplay ............................. 184 
8.22 Plot of acceleration values for different filter bandwidths - potentiometer 

noise added .................................. 185 
8.23 Effect of using a l0rad/s filter on the standard deviation of the estimated 

parameters ................................... 186 
8.24 Effect of using a l0rad/s filter on the percentage error of the estimated pa- . 

rameters ................................... 186 

9.1 Angle of attack response for various models (CB = counter-balance) .... 199 

9.2 Equilibrium root-loci for inverted PSR .................... 200 

xviii 



9.3 Relationship between pole locations and step responses for a second order 

system. (a) = constant (w,,, (b) = constant damping ratio C, (c) = constant 
damped frequency Wd ....... . ...... ............... 201 

9.4 Forward speed response (u) for various models - inverted pendulum .... 202 

9.5 Rudder input response in sideslip (, Q) for various models .......... 202 

9.6 Aileron input response in sideslip (0) for various models ...... .... 203 

9.7 Angle of attack response for various models - horizontal pendulum, upright 
HHIRM model ............................ ... . 204 

9.8 Equilibrium root-loci for horizontal PSR, with upright aircraft model .... 205 

9.9 Equilibrium root-loci for vertical PSR, with counter-balance system .... 206 

A. 1 Wing being assembled in jig .................... ..... A-1 
A. 2 Fuselage centre being assembled in jig ..... .......... ..... 

A-2 

A. 3 Fuselage and wing construction ................... ..... A-2 

A. 4 Rear fuselage construction ..................... ..... A-3 
A. 5 Rear stabilator attached to servo motor ........ ..... .. ..... 

A-3 

A. 6 1-DOF gimbal attached to centre fuselage plate .......... ..... A-4 

A. 7 Partially completed hawk model in open jet tunnel ......... ..... A-4 

A. 8 Completed hawk model in open jet tunnel ............. ..... A-5 
A. 9 Hawk model on 3-DOF gimbal in open jet tunnel ..... ... . . .... A-5 

A. 10 Assembly diagram of 3-DOF gimbal ................ .. A-6 

C. 1 Cma values obtained from PSR rig ...................... 
C-1 

C. 2 Cm, 
7 values obtained from PSR rig ...................... 

C-2 

C. 3 C,,,, 
q values obtained from PSR rig ... .................... C-2 

C. 4 C x. values obtained from PSR rig ...................... 
C-3 

C. 5 CX, 
7 values obtained from PSR rig ...... .. C-3 

C. 6 CXq values obtained from PSR rig ...................... 
C-4 

C. 7 Cz values obtained from PSR rig ......... , ...... C-4 

C. 8 CZ,, values obtained from PSR rig .... ......... .... C-5 

C. 9 CZq values obtained from PSR rig ............ C-5 

xix 



List of Tables 

4.1 Dimensionless model parameters estimated by Myatt ............ 
67 

4.2 Model parameters estimated for modified data .... ............ 
67 

4.3 Model parameters estimated for state space model .............. 72 

5.1 Specifications of Hawk aircraft model and pendulum support rig ...... 
94 

7.1 Value of damping derivative at various nominal angles of attack ...... 
132 

7.2 Summary of aerodynamic derivatives at various angles of attack ...... 132 

7.3 Comparison of roll damping derivatives (C1P + C`ý) obtained using Method 3 138 
7.4 Comparison of yaw stiffness derivatives (C,,, ) for raised gimbal - Method 1 138 

7.5 Comparison of rudder derivatives (C, ti, ) for raised gimbal - Method 1.... 139 

7.6 Comparison of yaw derivatives for different gimbal positions, ao = 0° ... 139 

7.7 Comparison of yaw derivatives obtained at different wind speeds. ao = 0° . 140 

7.8 Comparison of pitch derivatives for different values of 9o - Method 1, doublet 
inputs, V= 20m/s ............................... 141 

7.9 Parameters estimated for limit cycle model .................. 
150 

8.1 Parameters used for Hawk model simulations ................ 
159 

8.2 Comparison of derivatives obtained from three different types of stabilator 
inputs ..................................... 163 

8.3 Parameters estimated for turbulence model .................. 171 

8.4 Comparison of standard deviations calculated from experimental data and 
simulation models (containing noise sources) ................ 187 

8.5 Comparison of errors in parameter estimation of pitching moment deriva- 

tives. Da due to heave motion = 2°, heave displacement = 0.2m ...... 191 

xx 



8.6 Comparison of errors in parameter estimation of pitching moment deriva- 

tives. Da due to heave motion = 4°, heave displacement = 0.3m ...... 192 

9.1 Specifications of HHIRM model ....................... 195 

D. 1 Summary of roll derivatives estimated for Hawk model .... ....... D-2 
D. 2 Summary of yaw derivatives estimated for Hawk model (with raised gimbal) D-2 
D. 3 Summary of yaw derivatives estimated for Hawk model ........... D-3 
D. 4 Summary of pitch derivatives estimated for Hawk model ... ... .... D-4 

xx' 



Chapter 1 

Introduction 

Highly manoeuvrable aircraft usually have flight envelopes that cover wide ranges of altitude, 
Mach number and incidence. Moreover, they are typically inherently unstable in pitch so that 
they can only be flown with a full-authority active control system in place. 

In order to refine the airframe design and to optimise the controller design, it is necessary 
to have a sufficiently accurate mathematical model describing aerodynamic load variations 
during arbitrary manoeuvres. Such a model requires extensive sub-scale aerodynamic testing 

to be conducted - much of it in wind tunnels. The large operating envelope of such vehicles, 
in many different configurations, dictates an enormous test matrix; this, of course, results in 

high costs. 

One of the principal motivations for computational fluid dynamics (CFD) and other numer- 
ical aerodynamic prediction methods is to lower these costs. This, in principle, allows for 

a smaller wind tunnel programme: in many instances the experimental measurements are 

to validate and calibrate the computational techniques which are then used at lower cost to 

cover the large set of test points. 

However, computational methods are not yet capable of adequately predicting loads on com- 

plex shapes operating at extreme conditions (separated flows, vortex interactions, etc. ) and 
during rapid manoeuvres (time dependent aerodynamic phenomena). In fact, not even exist- 
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ing dynamic wind tunnel test techniques are well suited to this task. - This is the particular 

motivation for Pendulum Support Rigs (PSR's). 

Even once the mathematical model reaches an acceptable level of accuracy, there is signifi- 

cant expense required not only to design the control laws but also to validate and clear these, 

together with the entire physical control circuit (including actuators, sensors, digital filters 

and compensators, etc. ). For manned aircraft, this is a time consuming and costly process. In 

the case of unmanned aircraft, at least, it is possible that actively controlled free or semi-free 

wind tunnel models - as intended in the case of the PSR - may provide a suitable means for 

developing the aerodynamic model and the control laws in `parallel', rather than in series as 
is the current practice. 

1.1 Aims and Objectives 

The PSR project at the Univeristy of Bristol has consisted of two main strands: investigating 

unsteady aerodynamic behaviour and conducting a feasibility study of the PSR concept. As 

such, they are closely related, since one of the major motivations behind the PSR rig is its 

capability of generating data which can be used in the analysis of unsteady flow. It was thus 

necessary to fully understand the current methodologies in mathematical modelling, and 
investigate ways in which this could be improved or modified to have application to the rig. 
Uncertainties also existed as to the problems that may arise when physically implementing 

such a rig. It was thus necessary to build a self-actuated model aircraft and attach it to a PSR, 

conduct experimental investigations, and then develop an understanding of the parameters 

that would affect the operation of such a rig. The aims and objectives of the project are thus: 

1. Develop an understanding of the relationship between current unsteady modelling 

methods and the physical flow phenomena they can capture 

2. Formulate a quantitative comparison between the methods by implementing them on 

a single data set 

3. Identify similarities and strengths and weaknesses of the various methods, 

4. Design, construct and commission a self-actuated model aircraft and PSR system 
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5. Undertake experimental investigations of the aircraft model and PSR and construct 

mathematical models of its behaviour. Both small and large amplitude motions will be 
investigated, although the focus will be on small perturbations. 

6. Identify and develop theoretical models of the operational difficulties which would 

affect the implementation of future PSR's (e. g. wind tunnel turbulence), and use these 

for simulation purposes 

7. Further develop the equations of motion for a PSR, and conduct a theoretical analysis 

of its behaviour. 

8. Use this knowledge to suggest design modifications and identify areas of development 

for future PSR's. 

1.2 Overview of Thesis 

Chapter 2 gives an overview of the current experimental methodologies that are used to deter- 

mine the dynamic behaviour of aircraft, in particular unsteady aerodynamics. Various types 

of wind tunnels, and their associated test techniques, are discussed. A description of several 

multi-degree-of-freedom dynamic wind tunnel rigs is also included. Dynamic similarity is 

an important consideration in wind tunnel testing, and correct extrapolation and application 

of wind tunnel results to the full size vehicle is essential for good design and analysis. The 

non-dimensional parameters important to dynamic wind tunnel testing are discussed, as well 

as their implications for rig design. Chapter 2 also includes a description of the physical flow 

processes that occur during high angle of attack flight, as well as unsteady flow phenomena. 

As will be shown later, it is important that unsteady aerodynamic mathematical models take 

into the account the nature of the time dependent processes that they are intended to describe. 

This ensures a more robust model as well as one that is more physically intuitive and easier 

to apply. 

Chapter 3 starts with a brief description of traditional modelling methods which are generally 

adequate for most flight dynamics applications. This method is then applied to small ampli- 

tude forced oscillation data, and is shown to be inadequate to accurately capture the forces 

and moments on a delta wing. ° The concept is then introduced of using time dependent 
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models as a possible alternative to the more conventional modelling method. A comprehen- 

sive overview is then given of most of the current unsteady mathematical models that are 

currently used. Most literature that is available only concerns itself with one particular mod- 

elling method in each publication, and the models are rarely compared against each other. A 

useful tool for comparison is simplifying the various models down to their small amplitude 
linear form, and this reveals that the models are fundumentally very similar. 

Since there does not appear to be a study that compares various models to a single data set, 
it was decided to undertake such an investigation, and this is presented in Chapter 4. Using 

two sets of experimental data as a benchmark, the methods are compared to each other to 

establish their relative performance. The first set of data describes the rolling moment of a 
delta wing which exhibits strong nonlinear characteristics. This data is used to determine 

whether a time dependant model is in fact strictly necessary, and whether a more complex 

traditional modelling method may suffice. The second set of data is for a pitching delta wing, 

and a number of methods (as well as combinations thereof) are applied to this. It is shown 

that time dependent flows do create a problem for flight dynamics modelling, and that this 

then has implications for experimental wind tunnel rig requirements. 

Chapter 5 follows on from the previous section in that it describes a possible cost-effective 

solution for a wind tunnel rig with improved capabilities over more conventional rigs. The 

Pendulum Support Rig (PSR) manufactured at the University of Bristol is described, with 

particular reference to its design and construction, PC-control instrumentation, force trans- 

ducers and operational capabilities. 

In Chapter 6 the equations describing the behaviour of the Hawk model in its one-degree- 

of-freedom (1-DOF) and 3-DOF configurations are developed. The full set of equations for 

the 5-DOF rig with an offset CG location are also shown. These equations are extremely 

complex, and two separate methods of analysis are used to determine them. 

Chapter 7 gives a comprehensive overview of all the experimental testing that has been done 

on the rig, including the separate testing done on the aircraft model attached to the PSR - 
in this case a 1/16th scaled BAe Hawk aircraft. The PSR project at Bristol University was 

primarily a feasibility study, and the experimental programme was used to identify problems 

and issues that could occur when implementing such a rig. The experimental results reveal 

that the rig is a useful tool for the acquisition of aerodynamic data for a variety of configura- 
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Lions. Important areas are identified which will need further attention in subsequent PSR's, 
including wind tunnel specifications and aircraft model design. 

The experimental results discussed in Chapter 7 gave important insights into several aspects 

of the PSR's performance. To further aid our understanding of the rig's performance capabil- 
ities, an analysis was undertaken on several key aspects of its behaviour in the longitudinal 

plane, and this is discussed in Chapter 8. The Hawk model exhibited unusual limit cycle 
behaviour in the longitudinal plane, and an attempt is made to quantify this behaviour mathe- 

matically, with partial success. As discussed in Chapter 3, small amplitude forced oscillation 
testing is an important aspect of current unsteady mathematical modelling. The feasibility of 

using the PSR for this type of testing is investigated, as well as discussing implications this 

may have for future PSR rigs. Three main areas of experimental difficulties were encoun- 
tered in the experimental test programme: wind tunnel turbulence, electrical signal noise and 

control surface freeplay/backlash. Computational models of all three sources are developed 

and then applied to simulations of the Hawk model. This provides a useful tool for quan- 

tifying these difficulties and their effects on the performance of the rig, as well as giving 

an indication for further design modifications on subsequent PSR's. One of the benefits of 

a PSR is that it allows translational model motion, and this is quantified for motion in the 
longitudinal plane on a 2-DOF rig. This analysis identifies that differences in the location of 

the aircraft gimbal and centre of gravity can have a pronounced effect on the model aircraft 
bahaviour as well as having implications for data extraction. 

In Chapter 9 computational simulations of the 5-DOF rig in various configurations are un- 
dertaken. This gives useful insights into its performance, and is a useful indicator of how 

closely the rig is able to simulate free flight conditions. From this conclusions are drawn as 

to the potential benefits of PSR's in various configurations. 

The work concludes in Chapter 10 with a discussion of the extent to which the research 

objectives were achieved, and implications for future PSR design and testing. 



Chapter 2 

Current Experimental and Mathematical 

Modelling Methodologies 

This chapter gives an overview of the current experimental methodologies that are used to 
determine the dynamic behaviour of aircraft, in particular unsteady aerodynamics. Various 

types of wind tunnel and their associated test techniques are discussed, and a description 

of several multi-degree-of-freedom dynamic wind tunnel rigs is also included. Similarity 

parameters important to dynamic wind tunnel testing are discussed, as well as their impli- 

cations for rig design. A description of the physical flow processes that occur during high 

angle of attack flight, as well as unsteady flow phenomena, is presented. 

2.1 Experimental Techniques 

The conventional approach to prediction of aerodynamic loads via wind tunnel testing is 

the execution of static and dynamic wind tunnel tests. The latter usually comprise small- 

amplitude oscillatory tests and rotary balance techniques (although the coning associated 

with rotary balance testing is in fact steady motion), allowing the determination of damping 

and ä and 3 acceleration derivatives. Non-linearity is accounted for simply by tabulating 

the derivatives as functions of incidence, Mach number, etc. Rate-dependence (other than a 
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and ,O effects) is sometimes ignored; where it is considered, it is usually by tabulation of cer- 
tain derivatives against rate or frequency - which can produce erroneous results (Greenwell 
(1997)). 

This approach has been remarkably successful for most types of fixed-wing air vehicle over 

many decades. There are, however, numerous assumptions, approximations and sources of 

error in such modelling. Some of these arise from discrepancies between the `characteristic 

motions' required by the mathematical model formulation and the actual motions used in the 

wind tunnel (resulting, for example, in the summation of stability derivatives from small- 

amplitude oscillatory tests with damping derivatives from rotary balance tests). Others are 

associated with small-amplitude motion constraints, decoupling of secondary influences on 
the coefficients, inappropriate motion rates, etc. Then there are the experimental errors - 
interference, sting deflections, scale effects, blockage and boundary corrections etc. 

Many of the above can be overcome by careful modelling, improved test methods (such as 

combining coning with oscillations), extensive research into sting and other effects. But of 

course, these come at a cost: not only in terms of the research and development costs of 

more capable rigs but also due to the increased input power and sting stiffness requirements 
for high-rate large-amplitude testing. In addition, the mathematical model formulations cur- 

rently in use are based on small-amplitude motions (to obtain stability derivatives) and are 

not set up to utilise data from large-amplitude rigs. These models do not properly account 
for time dependence in the aerodynamic loading, and this poses problems for modelling 
highly-manoeuvrable aircraft, low-speed flight in gusts, etc. 

It is clear that a cost-effective solution to the above difficulties requires: 

9 improved model formulation to capture time dependent effects and 

" dynamic test techniques better suited to provision of data for such unsteady aerody- 
namics modelling. 

The first issue - more capable model structures - is discussed in Chapter 3. Improved model 
formulations - such as state-space, indicial responses and non-linear transfer functions - have 
been proposed (Greenwell (1997); Tobak & Schiff (1981); Chin & Lan (1992); Myatt (1997); 
Goman & Khrabrov (1994); Goman et al. (2000)) and have been shown to be successful 

7 



Chapter 2 Experimental Techniques 

for planar motions. Extension of these approaches to non-planar motions is the subject of 
ongoing research. 

One means of addressing the constraints of existing wind tunnel techniques is to deploy 

oscillatory rigs at larger amplitudes, and possibly to combine oscillatory motion with con- 
ing. However, difficulties such as the power requirement to achieve high-rate motions and 
demands on support structure (for example increasingly rigid stings create increased inter- 

ference effects) render such approaches expensive. Other disadvantages of these and most 

existing `inexorable drive' rigs are that: 

" they do not provide for arbitrary multi-degree-of-freedom (DOF) motions, which can 
be beneficial both in validating the mathematical model obtained via prescribed `char- 

acteristic motions' in the tunnel, and also refining the model using parameter estima- 
tion; 

" the aerodynamic influences of control surface movements during manoeuvres are not 
captured. 

In order to generate data suitable for modelling unsteady aerodynamic loads during manoeu- 
vres in which significant control surface movement may be present, a dynamic wind tunnel 
rig must provide: 

i. multiple degrees-of-freedom, to supply data for coupled motions; 

ii. large amplitude arbitrary motions; 

iii. high motion rates; 

iv. vehicle configuration changes during manoeuvres (control surface movements); 

v. minimal support interference; 

vi. low operating power requirements; 

vii. capability for tests on inherently unstable aircraft models if necessary. 
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2.1.1 Dynamic Wind Tunnel Test Techniques 

The majority of aerodynamic data is derived from three main classes of test techniques (Pes- 
kett (1998)): 

1. Low Speed Static and Dynamic Wind Tunnel Tests - including forced oscillation test- 
ing, whirling arm tests, and rolling and curved flow tests. These are used for the whole 
angle of attack range. 

2. Spin Tunnel and Rotary Balance Tests - generally used for high angle of attack testing. 

3. Free flight helicopter drop model tests. 

The usual wind tunnel techniques utilised for the measurement of the dynamic air loads on 

an aircraft are forced small-amplitude oscillatory motions applied to the vehicle in a single 
degree-of-freedom. Such testing is usually conducted at low angles of attack where the 

aerodynamic characteristics are reasonably linear. The vast majority of such mechanisms are 

rotational rigs (pitch, roll, yaw), outnumbering the more mechanically complex translational 
(heave, sway) motion modes. The rotary rigs generally give a combined motion: for example 

pitch rate q and rate of change of angle of attack (ä) are combined. The separation of these 

effects is difficult, requiring mechanically complex rigs. 

As discussed above, modern combat manoeuvres have extended into the high rate, large am- 

plitude, non-planar motion regime. This extends the scope of. wind tunnel testing to include 

large amplitude dynamic facilities. A common approach to the problem is the application 

of `characteristic motions' to the model (Tobak & Schiff (1981)), in which the aerodynamic 

characteristics of the aircraft are built up from four simple model motions - (i) steady angle 

of attack and sideslip, (ii) pitch oscillations (iii) yaw oscillations and (iv) steady coning (roll 

about the velocity vector) motion. 

This approach is based on two assumptions: 

i. The aerodynamic response is linearly dependant on angular rates, based on the as- 

sumptions of slowly varying motions and the absence of rate-dependent hysteresis 

effects. 
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ii. The vehicle flight path is nearly rectilinear. 

The concept can be expanded by using oscillatory coning motion, with the axis of rotation 

offset from the velocity vector. This will still limit the aircraft motions to those which do 

not differ significantly from the experimental flight path. The concept also requires several 
different dedicated test rigs. 

2.1.2 Coning Rigs 

These rigs provide a useful tool for the determination of aerodynamic derivatives due to rate 
influences only, and as such merit further discussion. They are not commonplace, being 

expensive to design, build and operate, with few tunnels having such a capability. AGARD- 

AR-265 contains a useful overview of rotary-balances currently in operation, as well as 

presenting the experimental methodologies currently employed by the operators of such rigs 
(AGARD (1990)). 

To obtain a coning motion in a wind tunnel, the model is fixed to a support system which is 

able to rotate at a constant rate, with the support usually parallel to the free-stream velocity 

- see Figure 2.1. At any point during the rotational cycle, the model attitude with regards to 

HYDRAULIC 
LINE 

COUNTERWEIGHT HYDRAULIC 
MODEL MOTOR 

03 AXIS 

t; - 4S-. ---r (I( ----4 

as ý` 
02 AXIS 

SPIN AXIS 
01 AXIS 

WIND-TUNNEL 
STRUT 

Fig 2.1: NASA Ames Research Centre large-scale rotary rig (AGARD (1990)) 

the free-stream can be described by a constant a and 0, but the model still retains non-zero 

values of p and r (the body-axis roll and yaw rates) that are dependant on the model attitude 
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and roll rate. The rotational rate of the spin axis in Figure 2.1 (i. e. the stability axis roll rate, 
SZ), is 

ci=pcosa+rsina (2.1) 

Figure 2.2 is a schematic diagram depicting a model undergoing coning motion. The mo- 

ments and forces acting on the aircraft model are usually measured using a six-component 

strain gauge balance, with wind-off tests being conducted so as to account for inertial and 

gravitational forces acting on the model. 

XI; 

V 

Fig 2.2: Coning motion (Tobak & Schiff (1981)) 

A further application of the coning technique is the development of oscillatory coning, a 

method developed at ONERA-IMFL (Tristant & Beyers (1990)). This is achieved by giving 
the axis of rotation an angle of inclination relative to the free-stream. In such tests, a and 3 

are no longer constant but vary sinusoidally with the model motion. 

2.1.3 Review of Existing Multi-DOF Dynamic Wind Tunnel Rigs 

Coning rigs are unable to generate arbitrary motion profiles in several degrees of freedom. 

A brief overview of existing rig mechanisms which allow for such multi-DOF motions now 
follows, as rigs that are novel in application. 
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Dynamic Plunge-Pitch-Roll Apparatus (DyPPiR) 

This is a rig developed at Virginia Polytechnic Institute (Ahn et al. (1989)), and combines 

three 20.6 MPa hydraulic actuators to plunge a model through a 1.5m range vertically, pitch 

the model through a ±45° range, and roll the model through a ±140° range (Figure 2.3). 

Fig 2.3: Diagram of Virginia Polytechnic Institute's DyPPir Rig 

(http: //www. aoe. vt. edu/researchlfacilities/dyppir/) 

Vertical (i. e. plunge) motion is induced by moving an actuator along a vertical shaft, which 
in turn has the pitch and roll actuator attached to it. This arrangement should allow pure 

pitch (ä = 0) and pure plunge (q= 0), but it is uncertain whether the rig has been used for 

this purpose. The pitch actuator is also located aft of the model, thus causing a fore-and-aft 

motion which would need to be accounted for. In addition to the rig being used for standard 
force and moment measurements, surface skin friction measurements and surface pressure 

measurements are also made. 

Stanford University Roll-Yaw Mechanism 

This unique support system (Pedreiro (1997)) allows the model two degrees-of-freedom, and 
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was developed to approximate the lateral-directional dynamics of an aircraft. The aircraft is 

free to rotate on a roll shaft attached to its longitudinal axis. This shaft is in turn attached 

to a motorised yaw axis, Figure 2.4. The system is unique in that it is equipped with an 

active cancellation system that eliminates the inertia and gravity moment effects introduced 

into the system dynamics by the suspension system. Measurements of the yaw position and 

acceleration are fed back to two servo motors attached to the yaw axis to counter-balance 

the rig dynamics, effectively providing free motion, as well as being able to measure the 

aerodynamic loads directly. 

MODEL 
WIND TUNNEL INCOMING FLOW 

CELL 

DRUSIU. TSS 

'YAW' AXLE 

TORQUE SENSOR 

IQI CABLI! REDUCTION 

Fig 2.4: Stanford University Roll-Yaw Mechanism (Pedreiro et al. (1998)) 

IMD Marine Dynamic Test Facility 

This is a mechanism that was developed for use in a tow tank facility (Datta et al. (1995)). 

It consists of a model attached to an axis able to roll, which in turn is attached to two lead 

screws allowing plunge and pitch motion. These screws are then attached to mountings able 

to move in a horizontal plane independently of each other, to give a lateral yaw and sway 

capability (Figure 2.5). The complete arrangement allows full six degree-of-freedom motion. 

Gimballed Mounts 

The ONERA-IMFL `pqr' rig (Figure 2.6) (Tristant & Beyers (1990)) consists of a twin gim- 
bal plus a sting mounted roll actuator. The arrangement is such that the centre-of-gravity 
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Fig 2.5: IMD Marine Dynamic Test Facility 

(http: //imd-idm. nrc-cnrc. gc. ca/facilities-other-ndtf html) 

remains fixed in the test section. The rig requires an open jet wind tunnel, and only the pitch 
degree-of-freedom is currently motorised. 

Free-motion gimballed rigs exist as well, where the model is free to have a combination of 

pitch, roll and yaw motion on a gimbal statically fixed in space. In this case the aircraft 

motion is controlled by the control surfaces on the model itself. Moment derivatives can be 

estimated from the model motion, and the gimbal can also be connected to a strain gauge 

transducer to provide aerodynamic data for the estimation of lift and drag derivatives. Ra- 

jamurthy (1997) presents results from a delta winged aircraft model suspended on a single 
degree-of-freedom gimballed rig used to investigate longitudinal aerodynamic data, and there 

is good general agreement between data estimated from static tests and the data generated 
by the rig. 

Wind-Driven Manipulator 

This concept, developed at the Georgia Institute of Technology (Magill et al. (1996)), is 
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Fig 2.6: ONERA-IMFL `PQR' rig (O'Leary (1996)) 

novel in that it utilises aerodynamic surfaces connected to the aircraft model to generate 

the required motion (Figure 2.7). A two degree-of-freedom device was developed, enabling 

combined pitch and yaw motion. The model mount is attached to a lever arm supporting a 

pair of orthogonal lifting surfaces and driven by model airplane servomotors. The aircraft 

pivots about the quarter-chord point and hence requires low torque values, and combined 

with a long lever arm is able to achieve high motion rates - up to 120°/s in pitch. Control 

can either be open or closed-loop. It should be noted that the WDM was only used for flow 

visualisation studies. Using the rig for the formulation of an aerodynamic maths model of 

the gimballed aircraft could prove difficult, since the large wind-driven actuators will cause 

significant aerodynamic effects. It should also be noted that the WDM is a special form of a 

gimbal-mounted model. 

Wire Suspensions 

The use of wire suspensions has been popular for the investigation of transonic flutter and 

gust responses (Bennett et al. (1978)). The exact nature of the suspension arrangement can 

vary, and configurations include: 
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t 
I 

Control 
Wings 

of 

Fig 2.7: Georgia Institute of Technology Wind-Driven Manipulator (Magill et al. (1996)) 

i. Tow-cable suspensions, where a cable is attached to a point inside the model, with the 

other end attached to the tunnel wall. This method of testing is no longer popular, as 
control of the aircraft model can be problematic. 

ii. Two-cable suspensions (Figure 2.8) where the model is held in the middle of the 

airstream (Bennett et al. (1978)). 

iii. Elastic Vertical Rod suspensions, used for the investigation of flutter 

iv. Stiff Vertical Rod suspensions (Cook (1987)), for the investigation of free-flight char- 

acteristics. A vertical force generator is sometimes added to these rigs to amend the 

apparent gravitational force and hence achieve Froude number similarity. 

2.1.4 Summary 

This section has given a brief yet fairly comprehensive overview of various wind tunnel test 

methodologies and multi-degree-of-freedom test facilities. Many of the rigs are mechani- 
cally complex and expensive to build and operate, while few incorporate the effects of con- 
trol surface deflections. There is thus a strong motivation and justification for the design and 

analysis of alternative forms of cost-effective wind tunnel rigs allowing multi-DOF motion. 

,A 
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Fig 2.8: Schematic of active two-cable mounting system (Bennett et al. (1978)) 

2.2 Similarity Issues 

Experimental data obtained from wind tunnel tests on scale models is used in the determi- 

nation of the behaviour of full size aircraft. These tests are also used for the verification 
of theoretical models (such as CFD analysis), as well as providing further insight and data 

where theory is deficient - as in the analysis of complex unsteady flows. The similitude of 

geometric configuration is a fundamental requirement, and the other parameters for which 

similitude is important are: 

1. Angle of attack and sideslip 

2. Reynolds number 

3. Mach number 

4. Froude number 

5. Reduced Angular Velocity and Strouhal Number 

6. Relative Density Factor and Relative Mass Moment of Inertia 

The main design parameters for the Pendulum Support Rig do not take any dynamic similar- 
ity considerations into account, but it will be useful to take a brief look at any implications 

that may arise in trying to achieve similitude. 
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2.2.1 Reynolds Number and Mach Number 

Reynolds number is the ratio of a fluid's inertia to viscous forces, and is defined generally 
as: 

Re = 
Inertia force 

_ 
PV 1 

(2 2) 
Viscous force µ 

where 

p= fluid density 

V= velocity 

l= characteristic length 

µ= dynamic viscosity 

Mach number is the ratio of fluid velocity to local sonic velocity, defined as: 

M_V 
a 

where a is the speed of sound. 

(2.3) 

Achieving equivalent values for both Re and M simultaneously is not possible in a con- 

ventional open jet tunnel. For low-speed testing it is not usually a problem to ignore Mach 

number equivalency, since compressibility effects are minimal. Under certain circumstances 

this should be treated with caution though, since even at low freestream Mach numbers (0.1), 

the maximum local Mach number on a stalling airfoil can exceed the incompressible limit of 
0.4 (Ericsson & Reding (1977)). 

Simulating the full scale Reynolds number in static and dynamic testing is not generally 

possible without violating the assumption of incompressible flow. Closed-return pressurised 

tunnels are one possible solution to this, although they are expensive to build and operate. 
Dynamic wind tunnel models will also need to be constructed from materials that would 
be able to withstand the large forces generated by such a high speed flow. It is generally 

recommended to have Reynolds numbers above the critical value (usually 0.5x106), but this 

is only possible in a limited number of tunnels. Ericsson & Reding (1977) have suggested 

that to achieve Reynolds number equivalency for dynamic testing may never be a possibility. 
One possible method around this problem is the technique of using tripwires to simulate 
boundary layer characteristics. This method works by moving the transition point from 

laminar to turbulent flow forward on a wing. 
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The problem that then arises is how to extrapolate dynamic wind tunnel test results so as 
to have applicability to the full size aircraft. This problem becomes even more complex 

when the effects of time dependent flows are considered. The strong coupling that exists 
between the vehicle motion and the complex flow phenomena makes the problem especially 
difficult. Bihrle (1990) suggests the methodology of using static tests to prove analytical 

relationships between dynamic and static aerodynamic characteristics generated by viscous 
flow effects. The effect of Reynolds number on the static characteristics are then determined, 

and this information then used to `extrapolate' the results from dynamic wind tunnel testing 

to full-scale vehicle dynamics. 

2.2.2 Froude Number 

Froude number is the ratio of the inertial to gravitational force, defined as: 

Inertia force V2 
Froude number (2.4) 

ravity force lg G 

The number was originally developed in the use of ship studies, but its equivalency is also 
important in the dynamic testing of aircraft. The physical significance of this number can be 

illustrated by considering an aircraft in steady level flight, where the lift coefficient is defined 

as: 

01 
CL =VS=2 \PS= \V2l =f CP13, V2 

(2.5) 
2P 

To achieve similitude requirements, the relative density factor (m/pl3) and the Froude num- 
ber need to be the same for both model and full size aircraft. We can also consider the case 

where the airplane is subjected to a pullup manoeuvre and experiences linear acceleration 

along the z-axis as well as centripetal acceleration 

m(z + qV + g) m zc qc gc CL _12 V2S =22 -{- -+). (2.6) /p pS (c/2) 
(2V 

2V 2V2 
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In this case relative density factor, reduced linear acceleration, reduced angular rate and 
Froude number need to correspond. 

If we are to achieve Froude number similitude, with the assumption of equal gravitational 

effects on the model (m) and the full size aircraft (a), then we obtain the following relation: 

Um 9mlm lm r' (2.7) Va= 
gala 

= ýa=V 

where A is defined as the scale ratio, and the subscripts m and a refer to the model and full 

size aircraft respectively. 

It is usually easier to achieve this similarity than that of Reynolds number equivalency. 

2.2.3 Reduced Angular Velocity and Strouhal Number 

Strouhal number is defined as: 

Strouhal number =y (2.8) 

where w is the frequency of oscillation. Reduced angular velocity is defined as: 

Reduced angular velocity = 
Vl 

(2.9) 

where Sl refers to an angular velocity. 

Reduced angular velocity applies to the angular rates of the aircraft (p, q and r), while the 
Strouhal number is used for the achievement of similitude for unsteady flow effects caused 
by oscillatory perturbations. Reduced angular velocity is the proper parameter to apply in 

the determination of dynamic derivatives (for example Cmq), although these derivatives may 
be a function of Strouhal number as well. This is particularly evident in swept and delta 

wings, where the changes in the physical flow patterns around the wing may be subject to 

significant time dependencies. 
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2.2.4 Relative Density Factor and Relative Mass Moment of Inertia 

It was shown in Section 2.2.2 that the relative density (m/pl3) was also a basic similitude 
condition. In the same way it can be shown that the relative mass moment of inertia (I/ply) 
is also a requirement of similitude by considering the equation for pitch acceleration: 

1 
Iyq = 2pV2ScCm (2.10) 

If 4 is made non-dimensional, the moment coefficient is given as 

22 

Cm =2 
Ivyl (ql 

=2 
I%ý qý 

=f 
Iyy ýl 

(2.11) CPS / \17 c3 Va Pi' Vz c PS 

C�, is now a function of the relative mass moment of inertia, as well as the reduced angular 

acceleration. This similarity can be achieved on a model aircraft by the appropriate distri- 

bution of masses, ensuring that the reduced radius of gyration (r9/l) is the same as the full 

scale aircraft. 

2.2.5 Summary 

Several similitude parameters relevant to dynamic testing have been discussed. In most 
cases it is unlikely that similitude requirements will be met with any degree of satisfaction, 

particularly for two or more parameters simultaneously. Research correlating the relationship 
between the unsteady flow structures around dynamic subscale models to that of full size 

aircraft also appears to be minimal, highlighting the need for further research in this area. 

similitude parameters will not be considered further as more immediate challenges need to 
be overcome in the development of the PSR. However, this section has given an indication 

of some of the issues that will need consideration for future PSR's. 
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2.3 Flow Phenomena at High Angles-of-Attack 

While this thesis concerns itself pertly with the modelling of unsteady aerodynamic effects, 
it will first be necessary to investigate the physical flow phenomena that cause them. In 

Chapter3 a brief overview will be given of various modelling methods, and it will be shown 

that it is advantageous that the modelling method chosen is one that bears a physical sig- 

nificance to the dynamics of the flow it attempts to capture. `Black Box' type approaches, 

while possibly showing a high degree of numerical accuracy, often fail to be physically intu- 

itive and have low adaptability when transposed to other flight conditions. It should also be 

noted that much of the complexity arising in trying to model aerodynamic forces is due to 

non-linear phenomena. The causes of such effects can be rather complex, and the modelling 

methods under investigation will have to account for both non-linearities as well as time de- 

pendancies. Only flows which exhibit unsteady effects will be discussed, as there already 

exists vast amounts of literature on steady non-linear phenomena (Orlik-Ruckemann (1983), 

Peskett (1998)). 

Most time dependent modelling applied to the determination of transient aerodynamic phe- 

nomena, in the longitudinal plane, attempts to account for either: 

1. Flow separation effects occuring at the stall angle or 

2. Movement of vortex breakdown locations over the trailing edge of delta wings. 

The second phenomenon is one most favoured for investigation by researchers, as the time 

lags associated with it are generally an order of magnitude larger than the separation effects. 
This allows it to be more identifiable under experimental conditions. 

2.3.1 Flow Separation 

The flow dynamics occurring at boundary layer separation (i. e. stall) are well understood, 
and it is assumed that the reader has an understanding of the mechanisms that occur. A brief 

explanation of the physical flow that occurs on an aerofoil undergoing dynamic motion in 

pitch angle will follow . 
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Consider the motion of an aerofoil involving changes in a only, where ä is positive and con- 

stant, and that during the motion a passes the stall angle. A delay in the onset of separation 

occurs due to two effects (Hancock (1995)): 

i. When Acx is positive, a normal pressure drag acts on the aerofoil. The shed vorticity 
induces a downwash at the wing, rotating the lift vector and inducing a drag com- 

ponent. This drag manifests itself as a reduction of leading edge suction pressure, 

reducing the adverse pressure gradient and delaying the onset of flow separation. 

ii. Figure 2.9 shows the variation of pressure in the boundary layer as it travels from point 
A to point B. The pressures are functions of time, with pB (t + At) < pB (t), hence 

minimising the pressure gradient and delaying the onset of separation. 

PA(t) 

__------__ý pB(t+At) < pB(t) 
Boundary layer 

B 

Fig 2.9: Unsteady adverse pressure gradient 

Once separation has occurred, the shear layer from the separation rolls up and forms a vortex- 
type motion. When it reaches a certain size and intensity it moves downstream at one third 

the free stream velocity. The lift acting on the aerofoil continues to increase throughout the 
delay in the onset of separation and the movement of the separation vortex over the surface 

of the wing. Only once the vortex has left the trailing edge does the lift suddenly decrease, 

rapidly falling down to its static value (Hancock (1995)). It is also noted that the increase in 

lift follows the gradient of the static lift curve before stall (Figure 2.10). 

The time scales associated with the following phenomena are approximately lt for the delay 

in onset of separation, 2t for the convection of the separation vortex, and i for the drop of 
lift from its peak dynamic to static value. This results in an overall lag of about 4t for the 
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lift to increase from the stall point until falling back to its steady state value. (i is the unit of 

aerodynamic time, where t= c/U, the time taken for the flow to travel one chord length). 

These time scales are all consistent with experimental observations, as suggested by Hancock 

(1995). Figure 2.10 illustrates the dynamic overshoot with increasing incidence. 

(Cl, 
max)dyn ""' - 

Onset of flow separation 

CL(l) 
(CL 

max static - !ý 
Static 

(4ä cjU) 

ab (ab)dyn 

a(r) =är 
a= constant >D 

a 

Fig 2.10: Dynamic overshoot with increasing incidence (Hancock (1995)) 

The flow mechanisms for the onset of reattachment are the same as mentioned above, except 

now having been switched around to delay such an onset. A similar delay time of 2i is as- 

sumed for this process. Once reattachment begins, the separation point on the upper surface 

moves downstream at the free stream velocity, and becomes fully attached after one time 

scale. 

It should be noted that time lags also exist either side of the separation region. This is 

primarily due to the formation and development of a wake, and its subsequent effect on 

the flow around the wing resulting in a time varying circulation and hence lift. However, 

this effect is less pronounced than the dynamic separation process, with smaller time scales 

as well as smaller changes in lift magnitude. Figure 2.11 shows the general pattern of lift 

variation for large amplitude oscillatory motion. 
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CL(t) 

/ 
/ 

Fig 2.11: Typical lift variation for oscillatory incidence of large amplitude (Hancock 
(1995)) 

2.3.2 Vortex Breakdown 

The flow over thin delta wings, with high angles of leading edge sweep above 60° and sharp 
leading edges, has attracted much attention in the investigation of unsteady aerodynamics. 
The flow mechanisms associated with dynamic motion show significant transient behaviour, 

both with regards to associated time scales and force magnitudes. This has made it a partic- 

ularly attractive option for experimental investigation: unsteady (i. e. time dependent) effects 

are easier to separate out from the instantaneous effects caused by the aerofoil dynamics. For 

this reason the flow behaviour over delta wings will be dealt with briefly, to further aid an 

understanding of the mathematical models that will be presented later. 

A linearised approach, referred to as slender wing (or wing-body) theory can be used to 

predict the flow over delta wings. Jones (1946) gives details of this approach which will not 
be dealt with here. This theory only holds for very low angles of attack and small aspect 

ratios. To enable the prediction of flow over wings at higher incidences, it is necessary to 

rely on physical observations of the flow over such wings, and to use this as a basis for 

an analytical model. Polhamus (1966) developed his leading edge suction analogy theory 

to explain the concept of vortex lift, and this theory enjoys widespread use and acceptance 
today. The theory states that at low angles of incidence, the flow tends to separate from the 
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leading edge, forming a concentrated primary vortex above the wing. This induces large peak 

suctions beneath it, as well as causing the formation of a smaller secondary vortex rotating 
in the opposite sense to the primary vortex. An increase in the angle of attack results in the 

vortices increasing in strength, as well as moving inboard. Polhamus's theory resulted in the 
following equation for the prediction of the lift force on a delta wing: 

CL = K. sin a cost a+ K� cos a sine a (2.12) 

where KK represents the contribution to the lift caused by the potential flow contribution, and 
the K� term the added lift contribution from the vortical flow. 

Equation 2.12 agrees well with experimental data up to approximately 20° angle of attack, 
but then starts to overpredict the lift force. This is due to the primary vortices bursting 

ahead of the wing trailing edge, resulting in a loss of normal force above the wing. The 

decrease in pressure at the rear of the wing moves the centre of pressure forward, resulting 
in a sudden pitch-up moment. Vortex bursting is the process whereby the core suddenly 
increases significantly in size and the tangential velocity at the core radius decreases. The 

bursting point probably represents a standing wave through which momentum is conserved 

while the energy state drops (McCormick (1995), page 137). At lower angles of attack the 

vortices may be bursting aft of the wing but this does not affect the lift over the wing itself. 

As the angle of attack increases, the leading edge vortices gain sufficient strength so that the 
burst point moves forward above the surface of the wing. 

Pitch motions of a delta wing in the vortex burst region reveal large dynamic loops, indicative 

of a delay in the onset of vortex breakdown as angle of attack increases together with a delay 

in the reassembly of the vortex as a decreases. Time lags are approximately to the order 

of 201, significantly larger than the lags associated with flow separation, where the lags are 

associated with the formation of the wake and its effect on the wing loading. Although 

extensive explanations are available for the static flow conditions, little attention has been 

given to the physical flow mechanisms occuring during dynamic pitch motion. Hancock 

(1995) offers the following possible explanations for the delays in vortex breakdown: 

i The core arising from the apex takes a time of 21 to move from the apex to the trailing 

edge; 

ii The core development is a function of the rate at which the vorticity spirals into the 
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core due to its spiral path, and this could take a time of 4t; 

iii The core involves a `solid body' rotation at its centre, involving the action of viscous 
stresses which should take a certain amount of time to diffuse; 

iv Time lag effects on the secondary separations could effect the rate of shedding of 
leading edge vorticity. 

It is also worth noting that other unsteady effects are present during dynamic behaviour: 

these will include effects such as circulation and boundary layer convection lags, as well as 
boundary layer improvement effects (Goman & Khrabrov (1994)). However, the time lags 

associated with these phenomena are significantly smaller than the separation effects and 

vortex breakdown behaviour discussed above, and will not be dealt with here. 

This section has given an overview of some of the flow processes that are likely to be en- 

countered when modelling unsteady aerodynamics. It is important that these are clearly 

understood when applying maths models to them, since an understanding of the flow me- 

chanics is essential to constructing models that are robust and accurate. 

2.4 Summary 

This chapter has given a brief background to some of the issues affecting dynamic wind 
tunnel testing. Various types of dynamic test techniques have been discussed, as well as the 

similarity parameters that need to be taken into account when undertaking such tests. The 

aerodynamic flow phenomena that can occur during such motions have also been presented, 

and imply the need for repeatable, controlled small and large amplitude motions in a rig such 

as a PSR. 
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Chapter 3 

Comparison of Aerodynamic Modelling 

Methods 

In this chapter traditional modelling methods, which are generally adequate for most flight 

dynamics applications, are described. These methods are applied to small amplitude forced 

oscillation data, and are shown to be inadequate under certain circumstances. The concept 
is then introduced of using time dependant models as a possible alternative to the more 

conventional modelling method. A variety of these models is then presented, and an analysis 

made of their structure. 

3.1 Traditional Aerodynamic Modelling 

The first major and fundamental work concerning itself with relating the motion variables of 

an aircraft to the aerodynamic reaction upon it was performed by Bryan (1910). This method 
has remained largely unchanged since then, and can be found in most textbooks concerning 
themselves with aircraft dynamics, such as Cook (1997) and Etkin & Reid (1996). A full 

analysis of the method will not be presented, except to mention those aspects, - and particu- 
larly shortcomings - pertinent to the investigation of unsteady aerodynamics. For the most 

part, the traditional modelling method is still widely used and applied today, with consis- 
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tent success. Its particular strengths are used in its application to the analysis of aircraft and 
flight vehicles performing in the linear flight regimes, i. e. below the stall angle. The design 

of most aircraft still relies on the method, and shows good correlation to actual flight perfor- 

mance. As mentioned earlier, increasing use is being made of the non-linear flight regimes 
by agile or combat aircraft, as these flight areas offer increased manoeuvrability. The un- 

steady aerodynamic effects caused by such vehicle dynamics offer increased complexity to 

the aerodynamic analysis, which cannot be accounted for using the traditional method. 

Assumptions of Bryan's Formulation 

Bryan made two principal assumptions in his analysis. Firstly, that the instantaneous force 

or moment on the aircraft is only dependent on the instantaneous values of the motion vari- 

ables. This allows us to write the dependant variable as a function of the independent motion 

variable, in this case using the example of the pitching moment as a function of angle of 

attack a and pitch rate q: 

Cm(t) = Cm (a(t), q(t)) (3.1) 

The second assumption is that the dependent aerodynamic variable varies only linearly with 
the motion variable. This allows equation (3.1) to be expanded around the reference state 

a=0, q=0 as a Taylor series expansion, then ignoring second and higher order terms: 

cm(t) = Cmo +c (t) ml ý' q(i) Vý` 
(3.2) 

\ 
)c, 

q=o V a, q=0 

The dimensionless partial derivatives in equation (3.2) are referred to as stability derivatives. 

Equation (3.2) is a quasi-steady model, and does not acknowledge any of the past history 

effects that may affect the instantaneous pitching moment. 

Subsequent research in the years following Bryan's formulation revealed shortcomings in the 

method. Researchers particularly noticed the lag in pitching moment caused by tailplanes 
due to a sudden change in angle of attack. This was attributed to the lag caused by the down- 

wash of the wing to be convected by the freestream velocity downstream to the tailplane. To 

account for this, an additional term was added to equation (3.2)1 
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C,,, (t) = C10 + a(t)C,,. + q(t)VC,,,, q + ä(t) yC,,,, 6, (3.3) 

Although the added term was better able to account for the unsteady effects, it violated the 

notion that the stability derivatives were partial derivatives, since a and ä are dependant 

on each other. The main problem, however, was that the pitching moment was exclusively 

a function of the instantaneous motion variables, disregarding any previous motion history 

effects. 

Further research, by studying and solving the unsteady linearised potential form of the aero- 
dynamics of wings oscillating in pitch, was able to reveal the existence of time lags. This 

resulted in responses of wings to step inputs (i. e. indicial responses) being derived, and 
hence allowed time histories of aerodynamic forces to be computed via the use of the super- 

position integral. This has led to the formulation of the Indicial Response Method, discussed 

in Section 3.2.1. 

3.1.1 Frequency Effects in the Determination of Aerodynamic Deriva- 

tives 

A common experimental technique to determine the static and dynamic derivatives of an 

aircraft is to perform sinusoidal oscillation experiments at small amplitudes. Details of the 

method can be found in Hanff (1981) and Greenwell (1997). Small variations in the inde- 

pendent variable are required, as the mathematical derivation is based on the assumption of 
linearity of the aerodynamic force within the amplitude range. To illustrate this we will con- 

sider an aircraft oscillating sinusoidally from side to side, experiencing the following sideslip 

angle variation 
yUt) 

= ßo sin (wt) (3.4) 

and rate of change of sideslip 

, ß(t) yUt) 
= flow cos (wt) (3.5) 

This is due to the lateral motion 

Y (t) _ -yo 
cos (wt) a (3.6) 
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and for small oscillations the following approximation is used 

YOW Qo ̂ ý U (3.7) 

The assumption of linearity is now invoked, and the aerodynamic response to the motion is 

assumed to be: 

Cý (t) =A sin (wt) +B cos (wt) =C sin (wt + 0) (3.8) 

This response is assumed to consist of a contribution of the static Cl,, and dynamic Cl, deriva- 

tives. Hence the in-phase and in-quadrature (or out-of-phase) derivatives are represented by 

A and B, where 

C1acs _A (3.9) C1,6 -M 180 act BB cl 
0(, ßb/2U) go (wb/2U) oQ 

(3.10) 

where 0= wb/2U, the non-dimensional frequency parameter. 

The method works well for quasi-steady motions at small amplitude and low incidence. It 

begins to show discrepancies at higher angles of attack and its application is problematic due 

to the following: 

1. It is not always possible to correlate the static derivatives obtained from the above test 

method with those derived from conventional steady state wind tunnel tests, and 

2. There is a variation in the value of the dynamic derivative calculated from different 

test frequencies. 

As frequency is reduced, the static derivatives show a tendency to converge to their values 

calculated from static tests. The dynamic derivatives, however, show a' tendency to contin- 

ually increase in magnitude. Mathematically this is due to the non-dimensional frequency 
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parameter Il decreasing significantly, without a corresponding decrease in the calculated 
value of B. Numerous studies have observed this effect but have not offered reasonable ex- 
planations of the phenomenon, and have chosen instead to select a ̀ representative' frequency 

of the aircraft from which to select an appropriate value of the dynamic derivative. 

A similar study was performed by the author on data obtained from the joint U. S. Air Force 
Wright Laboratory and Canadian Institute for Aerospace Research study on flow over delta 

wings at high angles of attack, undergoing large amplitude, high rate motions in roll angle 
(0) (Myatt (1997)). The calculations for the dynamic rolling moment derivative Cj on a 60° 
delta wing at 30 degrees angle of attack, for amplitudes of 3 and 4 degrees at a zero mean roll 
angle 0 are presented in Figure 3.1. The same trend was noticed: Ci, was not constant for 

various frequencies, and also showed a tendency to increase magnitude at lower roll rates, 
albeit for a rather limited frequency range. A description of the complete mathematical 

model, as well as a further analysis of the experimental rolling moment data, will follow in 

Chapter 3. 

U 

Fig 3.1: Variation of calculated C1 with frequency, 65° delta wing at a, = 30° 

Greenwell (1997) has explained the above by comparing the aerodynamic response of the 

oscillatory aircraft motion to a linear physical system with a sinusoidal input (Figure 3.2). 

As with the previous example, we assume the input into the system to be defined by equation 
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P(s) Ciß, o G(S) CI(S) 

Fig 3.2: Simple linear physical system (Greenwell (1997)) 

(3.4) which is now converted to the frequency domain. The output in the time domain is now 
defined as 

Ca(t) _ (Cjp, o) AR(w) sin (wt + «(w)) (3.11) 

where AR(w) and O(w) are the gain and phase angle of the system transfer function G(s) 

and C1(t) is the steady-state `rolling moment due to sideslip' gain. 

From the above response (3.11), the measured in-phase and out-of-phase frequency depen- 
dent derivatives are defined as 

co" = (wt = it/2) = Clp, oAR (w) cos (O(w)) 

Co, 
w = ßb /2U 

(wt = 0) = 
CiQ, oAR (w) sin (O(w)) 

wb/2U 

(3.12) 

(3.13) 

If the frequency (w) becomes zero, the gain function AR(w = 0) is 1.0, the phase angle 
O(w = 0) is 0, and thus 

Cip, ° = Clp, °(1.0) cos(0°) = Clp, ° (3.14) 
Clp, o(1.0) sin(0°) 

-0 C0,0 = Ob/2U 0 
(3.15) 

As expected, the in-phase derivative C: 
ß tends towards the steady state value, but Cl, gives 

an intermediate value. To overcome this problem, Greenwell applies L'Hopital's rule to 

equation (3.15), to obtain 

014,0 
-Tef f CZQ, O (3.16) 
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where Tef f is the summation of the system time constants of the transfer function G(s), 

non-dimensionalised by 

__ 
-Teff Teff 
b/2U 

(3.17) 

If the relationship defined by equation (3.16) is considered, it will be evident that a cross- 

plot of the derivatives will produce a straight line with a gradient equivalent to Te f f, passing 

through the origin. However, when the in-phase and out-of-phase components of experimen- 

tal data are plotted against each other for small amplitude oscillatory tests, the straight lines 

do not pass through the origin, but show an offset. The simple transfer function model G(s) 

thus captures the frequency variability, although a more complex model is needed to show 
better agreement with experimental data. 

Figure 3.3 suggests such a model, where it is now assumed that the aerodynamic response 

consists of two contributions: 

1. An attached flow contribution, with no time lag and 

2. A separated flow contribution which lags the sideslip angle by the phase angle 0. 

Fig 3.3: Attached and separated flow model (Greenwell (1997)) 

The rolling moment response then becomes 

Ca(t) = (Ciß, attßo) sin(wt) + (Cl, o, sep/3o) ARsep(w) sin (wt + csep(w)) . 
(3.18) 

with the two terms representing the contributions in (1) and (2) above. 
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Alternatively, the rolling moment coefficient may be represented in the form 

Ca(t) = Ciß, attI3(t) + Cl, Bep(t) (3.19) 

where the dynamic contribution is governed by the following linear differential equation, 

equivalent to the transfer function G(s) (assuming G(s) is now defined as a first-order sys- 

tem) 

Tsepd 
i, 

ep + Cl, 
sep = C1, 

sep. tattc 
(3.20) 

which in non-dimensional time becomes 

T3epd 
d`t 

ep + Ci, 
3ep = Ci, 

sepatatic 
(3.21) 

where 

t=2bt (3.22) 

Using either the frequency response of the transfer function G(s), or the linear differen- 

tial equation, the following relationship is obtained between the in-phase and out-of-phase 

derivatives: 

C1 
w- -TBep (C1ß,,,, - Cilß, 

att) 
(3.23 

A cross-plot of Cl 
p vs Cl,, for an assumed first-order response should produce a straight line, 

with a negative slope of TBep, and intercepting the y axis at TBepClp,,,, tt. This method has been 

applied to numerous different sets of data (Abramov et al. (2001); Smith (1999)) with a large 

amount of success. Greenwell (1997) applied the method to experimental rolling moment 
data for a 60° delta wing published by Lichenstein & Williams (1957). Figure 3.4 shows a 

cross-plot of the data using equation (3.23), and the success of the method is evident, only 
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seeming to fail marginally at high angles of attack (possibly indicating the presence of a 
higher-order lag). 

'Dynamic' derivative, c,. n 
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Fig 3.4: Cross-plot of dynamic and static rolling moment derivatives for a 60° delta wing 
(SZ = wb/2U, Greenwell (1997)) 

The above method of modelling has undergone various permutations, and these will be com- 

pared and dealt with in the next section. Most of the variations can, however, be reduced to 

separating the aerodynamic contribution into an instantaneous and time dependant contribu- 
tion. The time dependancies can usually be adequately modelled using a simple first-order 

lag, but higher orders can be added to model more complex flows. 

3.1.2 Summary 

In this section it has been shown that the flow structures occuring over dynamic aerofoils 

can have significant time dependencies. It is not possible to account for this using traditional 
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modelling methods, where the force or moment on the wing is a function of the instantaneous 

motion variables. Alternative forms of aerodynamic modelling are hence required, and these 

are now discussed and analysed further. 

3.2 Description of Unsteady Modelling Methods 

The previous section highlighted the need for improved aerodynamic models, especially 

when it is required to model flows that have time dependencies. It was shown that the tra- 
ditional modelling method fails to capture the aerodynamic forces/moments on an aeroplane 
that is subject to oscillatory motion, and that there are pronounced frequency effects that can 

occur. The method of using a linear differential equation or transfer function was briefly 

introduced, and this section will expand these methods further. Alternative methods of mod- 

elling will also be discussed, as well as various permutations of these models. 

The models that will be discussed include: 

1. Indicial response method 

2. State space method 

3. Transfer function formulation 

4. Characteristic time constant approach 

5. Differential equation formulation 

6. Fourier functional analysis 

7. Indirect methods such as neural networks and fuzzy logic algorithms 

3.2.1 Indicial Response Method 

The indicial response method is one of the most common mathematical techniques used to 

account for unsteady aerodynamic effects. The method was first proposed by Tobak (1954), 
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and a rigorous development of its formulation may be found in this reference. A brief outline 

of the technique will be demonstrated below. 

The indicial response (of an aerodynamic force or moment) is defined as the transient re- 

spouse of that variable to a step change in the independent variable (i. e. angle of attack, 

pitch rate, etc. ) following an arbitrary history. We will consider the pitching moment Cm as 

an example, with the two independant variables being the angle of attack parameter 5 and 

pitch rate q (Figure 3.5). 

Cm(t) =F [J(ý), 4(C)] (3.24) 

where ý is a running time variable from zero to t, and the functional F assigns a value to 
C, n(t) for each arbitrary angle-of-attack and pitch rate history (8(e), q(ý)). 

Y. C 

0 -z 

Fig 3.5: Aerodynamic axis system for indicial response model 

The indicial response is defined as the transient response to a step change in either S or q, 
following any arbitrary history in S or q. To find the indicial response, two identical motions 

are generated. The first motion consists of an arbitrary variation in S and q up to time ý=T, 

and then holding the values of S and q constant. The second motion is identical to the first, 

differing only by. a step change in 5 at time e=r (Figure 3.6). 

The indicial response is obtained by taking the C�1. limit as the step change reduces to zero 

38 



Chapter 3 Description of Unsteady Modelling Methods 
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Fig 3.6: Formation of indicial responses 

AC (t' T) lim = Cm5 [6(ý), q(ý), t, T] A(5-*O AS 
OCm (t) T) (3.25) 

o(9um oo A (ql/V) 

Any arbitrary motion history can now be divided into a series of small step changes, and 

the response to each of these changes (i. e. the indicial response) can now be summed to 

generate the total aerodynamic response - see Figure 3.7. This summation is done using the 

superposition and convolution integrals, giving the mathematical form 

Cm(t) 
= Cm(O) +1C,,,, 

5 
[5 (e), q(S), t, 7-] 

d 
5(r)dr + 

0 
Tr 

l/V 
fC,,, 

,[6 q( ), t, 7-] 
d 

q(T)dr (3.26) 

The above format includes the linear and nonlinear case, as the pitching moment response is 

a function of the entire motion history. 

Although the above form is mathematically precise it does not lend itself to practical appli- 

cation, due to the functional within the integral. First or second-order assumptions need to 
be made to reduce the model to a workable form. This entails assuming that the indicial 

39 



Chapter 3 Description of Unsteady Modelling Methods 

8(e) 9(4) 

AC, AC, 
AS Aq 

0Tt0tt 

Fig 3.7: Summation of indicial responses 

response is only a function of the most recent past, and a Taylor series expansion around the 

point of interest results in the following first-order approximation 

J(T)d7- 
-I- 

Cm(t) - Cm(O) +J Cm5 (b(T), q(r), t- T) TT 

f 
l/VJ C., (a(r), q(T), t-T)CýTq(T)dT (3.27) 

0 

Although approximations, these equations are still able to capture a wide variety of nonlinear 

and unsteady effects. 

It should also be noted here that generating indicial responses experimentally is extremely 
difficult. Rigs able to generate the small step changes required, as well as being capable 

of measuring the responses thereof and generating high fidelity data, are impractical and do 

not exist. Most techniques use semi-emperical methods to estimate the indicial responses 
(Myatt (1997)), and computational approaches have also shown good progress (Reisenthel 

& Bettencourt (1999)). 

Using the indicial response method for simulation is also problematic. The computational 

work required to calculate the response at each new time step increases exponentially, due to 

the summation integral having to be re-evaluated at each new time point. For linear indicial 

responses this problem can be avoided by converting the indicial response into a state-space 
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or transfer function format, and then performing the simulation. Myatt (1997) has shown the 

equivalence between the indicial response, transfer function and state space methods using a 

theoretical derivation. 

3.2.2 State Space Method 

The state-space method was first proposed by Goman & Khrabrov (1994), and has become a 

seminal work in the field of modelling unsteady aerodynamic behaviour. The method itself 

has been modified to a limited extent by Goman himself as well as several other authors, yet 
has still retained its basic methodology. In recent years Goman has switched to using more 

generic non-linear ordinary differential equations, discussed in Section 3.2.5. 

Flow characteristics at high angles of attack have dynamical properties, such as movement 

of separation points, vortex burst locations, etc. These properties, in turn, affect the total 

force and moment experienced by the aerofoil. A mathematical model can be obtained by 

simultaneously considering the dynamical properties of the flow phenomena, via ordinary 
differential equations, as well as the total aerodynamic dependancy on the kinematic param- 

eters. The resulting system may be described by the following state space system 

dx 
7t- =f (x, h) (3.28a) 

C= g(x, h) (3.28b) 

The state vector, x, includes the regular motion variables (e. g. a and q for longitudinal 

pitch motion) as well as the internal state vector, describing the above-mentioned dynamical 

properties. The h vector includes the system inputs, and the C vector the output (forces 

and moments). The requirement is now for a suitable mathematical form of equation (3.28), 

i. e. an equation governing the behaviour of the internal state variable in terms of the input 

variables (i. e. function f), and an equation mapping the aerodynamic outputs (i. e. function 

g). 

Goman proposed the following first-order differential equation describing the dynamics of 
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the separation point on an airfoil 

-rldt +x=xo(a-T2&) (3.29) 

xo is the variation of the separation point in steady state conditions, and rl is the relaxation 

time constant. The dimensionless coordinate xE [0,1] describes the position of the sepa- 

ration point on the airfoil surface, with x=1 corresponding to the trailing edge (i. e. fully 

attached flow) and x=0 to the leading edge (i. e. fully separated flow), Figure 3.8. The 

parameter r2 accounts for quasisteady aerodynamic effects such as circulation and boundary 

layer convection lags, as well as boundary layer improvement effects. 

ex 

akdown 
it 

Fig 3.8: Diagram of delta wing showing vortex breakdown point 

It should be noted that many authors who have applied the state space method have used the 

internal variable x to describe other dynamical properties of the airfoil. Goman & Khrabrov 

(1994) used it to describe the movement of vortex breakdown location on delta wings, and 

Fan & Lutze (1996) used two internal variables for a F-18 aircraft model, one each for the 

movement of separation point and vortex breakdown point. The static dependancy xo does 

not necessarily have to be derived from experimental static observations, but can also be 

proposed in a mathematical form. Pashilkar & Pradeep (1999) used a hyperbolic tan function 

to describe such behaviour, while Fan & Lutze (1996) use an inverse exponential function. 

The unknown constants in such an equation, as well as the above time constants, can then 

be determined from parameter estimation techniques using the dynamic force and moment 

data. 

The actual form of equation (3.28b) depends on the nature of the aerodynamic system, and 
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may take the form of a linear or quadratic polynomial (Fan & Lutze (1996)), multivariate 

orthogonal polynomials (Pashilkar & Pradeep (1999)) or a more complex function derived 

from theoretical or fundamental aerodynamics (Goman & Khrabrov (1994)). To illustrate 

this, Goman used Polhamus's equation for the prediction of lift on a sharp-edged delta wing, 

modifying the vortex contribution term by multiplying it with the internal variable x: 

C}j (a, x) = Kp sin a cost a+ x2K� sine a cos a (3.30) 

The variation of the internal state-space variable x is described by equation (3.29) and the 
final output by 

CL=CL(a, x)+Crgt. +q, (3.31) 

where c is the mean aerodynamic chord and V is the velocity. A major advantage of the 

model is the simplicity with which it captures various flow phenomena. Time constants cal- 

culated from the dynamic equation can be associated with the flow processes they model, as 

with the transfer function method, and gives the model a physical relevance. This can be lost 

in more complicated but physically irrelevant models, where an input results in a calculated 

output, but with little understanding of the underlying computational process. However, in 

more complex flows, where it is sometimes impossible to assign distinct time constants to 

various flow regimes, it is possibly easier to solve higher order state space equations without 

regard to the resulting aerodynamics. 

3.2.3 Transfer Function Formulation 

Transfer functions are widely used in all forms of engineering, especially in control theory. 
A brief description will be given on their application in capturing unsteady aerodynamic 

effects. 

Various forms of transfer functions have been suggested, and a formulation suggested by 

Tristrant (1986) will be used as an example. For small amplitude testing the following equa- 
tion was used to describe the normal force on an aerofoil 
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CNIt) = CNO + CN0c (t) + CNq qýv C+ CNdyn(t) (3.32) 

CNdyn(t) is defined in the Laplace domain as 

CNdyn(s) 
= H(s). A(s) - (3.33) 

where 

s= Laplace variable 

CNdyn(s) = Laplace transform of the dynamic contribution CNdy,,, (t) 

H(s) = transfer function relating ä(t) to the aerodynamic response 
A(s) = Laplace transform of cx 

A simple formulation of equation (3.33) would be a first-order transfer function 

CNdyn(s) 
= 1-}- TsA(s) 

(3.34) 

which is equivalent to the first-order linear differential equation 

CNdyn(t) 
= G& (t) -TdC 

ýtn(t) (3.35) 

More complex flows will have physical processes with different time scales, and these can 
be accounted for by more advanced transfer functions. Examples include wings with both 

attached and separated flows, as well as delta wings having simultaneous attached, unburst 

and burst vortical flows. When large amplitude effects are present, the system may be more 

adequately modelled using a non-linear transfer function. Hence the time constants are no 
longer constant, but functions of the motion variables themselves, i. e. T=f (a,, ß). 

A major advantage of the transfer function method is that, provided the method is kept sim- 

ple, the time constants calculated can be related back to the actual flow processes. This re- 

sults in models which account for the different lags caused by vortex breakdown/movement, 
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separation point movement, convective flow, etc. A correct understanding of the flow gov- 
erning the time dependent behaviour is important when applying the models to full scale 
aircraft. 

3.2.4 Characteristic Time Constant Approach 

The characteristic time constant approach is similar to the transfer function model, and is 

described by Goman et al. (2000). The method uses oscillatory data to calculate time con- 
stants by separating the data into in-phase and out-of-phase components, without recourse 
to more complicated parameter estimation and model optimisation techniques. The method 
is particularly suited for modelling responses at high angles of attack for small amplitude 

motion, so that the assumption of linearity of derivatives still applies. 

Goman considered the normal force occurring over various delta wings, although the method 

can be applied to other moments or forces 

CN = CNatt (a) + CN, 
aee 7+ CN�e (a) (3.36) 

The equation divides the force into separate static and dynamic contributions, with the static 
component further divided into attached and vortical burst parts. The vortical burst is gov- 
erned by the following first-order differential equation 

Tl 
dC 

dt 
vb + CNVb - 

CNv6, 

t 
(of) (3.37) 

7-1 is the characteristic time constant, and has been non-dimensionalised. Using equations 
(3.36) and (3.37), the aerodynamic derivative is calculated and transferred into the Laplace 
domain, resulting in a simple first-order lag equation 

r' ýýý,.. ýy, 

CNa (`S) CN. 
att 

+ 
CNa"b 

(3.38) = 1+TlS 

If the oscillatory motion is harmonic and it is assumed that the response of the dependant 
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variable CN is also harmonic, then the response can be divided into in-phase and out-of= 

phase components (Goman et al. (2000)) 

CNa' 
(W) = C'NC'ott + CNa�b 

1 

22 1'i-TlW 

Ti (3.39) CNd, (C`, ) ° CN&acc 
- 

CNN�b 
1+ Tl W2 

We can eliminate the dependancy of the above equations on frequency by simultaneously 

solving them so that 

C'N& (w) = CNd, 
ott 

- T1 [CNa (W) 
- CNaatt 1 (3.40) 

If it assumed that CN, 
att 

and CN,, are constants, then only two data points are needed 

to simultaneously solve the above equation for the time constant ri. In practice, however, 

various data points are collated and the time constant solved for using a linear regression 

technique. A cross plot of the derivatives for an assumed first-order response will result in a 

straight line with a slope of -7-1. 

It should be noted that this method can only be applied to small amplitude oscillatory motion, 

as the derivatives are assumed to be constant and the above derivations rely on the assumption 

of linearity. As such it has limited usefulness in being able to account for large amplitude mo- 
tion, but provides a useful means of estimating time lags which vary with incidence. These 

calculated time lags can then be inserted into other formulations (e. g. non-linear differential 

equation form) to model the aerodynamic forces and moments. 

3.2.5 Differential Equation Formulation 

This method is essentially, the same as the characteristic time constant method in that it 

accounts for the time dependant flow using a differential equation, but is able to predict the 

aerodynamic forces and moments for large amplitude motion. Further details of the method 

can be obtained from Goman & Abramov (1999). 
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The generalised model consists of decomposing the total aerodynamic force or moment into 

its different flow structures, and assigning time scales to each component 

C(t) _ Cpt(e, t/TPt) + ß'8P(e, t/Tsp) + Cvt(C t/Tvt) + Cvb(e, t/Tvb) (3.41) 

where the subscripts pt, sp, vt and vb refer to potential, separated, vortical and vortical burst 

flow respectively. Goman applied this to the normal force on a delta wing, and simplified the 

above equation to 

CN = CNvýar 
�c 

(a) + CNa 
V+ CNVb (t) (3.42) 

Only the time dependancy of the vortical burst flow has been included, as the time scales 

associated with this flow are significantly slower than those associated with either poten- 

tial, separated or vortical conditions. The two components CNpt,, 
p, vt and CNvb satisfy the 

following static conditions 

CNat (a) 
= 

CN,,,,,, 
vt 

(a) + CNvbeL 
(a) (3.43) 

The total static value CN. (a) is obtained from static experiments, and the CN,,, 
ap, vt compo- 

nent can be either obtained from CFD algorithms, or left as an unknown to be determined in 

the parameter estimation routine. The dynamic variation of the normal force coefficient due 

to vortex breakdown CNVb is governed by the non-linear differential equation 

m dCN,, 
= %n(a)(CNN, 

b, t(a*) - CN�e)n. (3.44) 
n=0 

where a* =a- r2a and k,,, is the inverse of the time constant -r7z. ' If only the first terms 

(i. e. m= 1) are considered, then the above reduces to a first-order formulation, similar to 

that employed in the state space and characteristic time constant method. Goman identifies 

several nodes in the a range, at which he estimates the values of CNpt,, 
p,,, t, 

CNVb and k (for 

m=1,2,3). CNa and r2 are assumed to be constant over the whole range of motion, 
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although no justification is given for this. A gradient or conjugate gradient method is used 
for the estimation process. The model performs well, although there is a large number of 

parameters that need to be solved for - 32 for ten a nodes. This increases even further 

when sideslipping motion is introduced into the equation. It is also harder to relate the time 

constants of the higher order equation to the physical flow processes that are occurring on 

the wing. 

3.2.6 Fourier Functional Analysis 

Fourier functional analysis is an extension of the indicial response method, and was origi- 

nally formulated by Chin & Lan (1992). The successful implimentation of the method re- 

quires a large set of experimental data of harmonic motion, at various frequencies and mean 

angles. The following form of the indicial response equation is used as a starting point for 

the lift coefficient on a wing 

CL (t) = CL (0) + zero-lag response 
t 

+ 
JO 

CL. [t, r, a(r), a(T )] 
d 

d(T 

) 

f td 
+VJ CLý [t, T, CX(T) , 

&(T)] ä(T) (3.45) 
0 

The zero-lag response accounts for instantaneous aerodynamic effects, and is hence removed 
from the integral and accounted for separately. 

In aeroelastic theory, the linear response of an aerofoil in harmonic motion can be regarded 

as the product of an amplitude function and a phase function (Bisplinghoff et al. (1955)). 

The amplitude function is a function of the motion variables and their derivatives, while the 

phase function depends on the frequency. The phase function, for two-dimensional aerofoil 
theory, can be derived from Theodorsen's circulation function. For a nonlinear response, this 

technique is extended to include the sum of products of amplitude and phase functions in 

harmonic motion, resulting in an equation of the form 
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CL = Co + (amplitude f unction)3 * (phase f unction) (3.46) 

A practical form of the above equation is required. The Fourier Functional Analysis method 

concerns itself with converting experimental data - using parameter estimation, Pade ap- 

proximants and Fourier analysis - into the form of equation (3.46). The method is briefly 

discussed below, and a more thorough derivation can be found in Chin & Lan (1992). 

For the present discussion, it will be assumed that the lift response CL to an aerofoil change 
in angle of attack a is sought. The motion of the aerofoil is assumed to be harmonic, and 

hence of the following form 

al = am + ao cos(kt') (3.47a) 

a= ao cos(kt') (3.47b) 

a= (-aok) sin(kt) (3.47c) 

where an is the mean angle of attack and ao the amplitude of a variation. t' is the nondi- 

mensional time (tV/i) and k the reduced frequency (wl/V). The lift variation is assumed to 
have a periodic response and a Fourier analysis can then be applied: 

CL = Ao +A1 cos(O) + A2 cos(20) +A cos(30) 
+ Bl sin(O) + B2 sin(20) + B3 sin(30) + ... (3.48) 

To further aid the algebraic manipulation of the method, the motion and response analysis is 

now performed in the complex plane 

CL = AD + (A1 
- 2B1)eikt' + (A2 

- ZB2)gi2kt' +(A3 - iB3)e i3kt' + 
,. 

'. '(3.49) 

It should be remembered that it is only the real part of the above equation that has physical 

significance. By rewriting a as 

a= aoeikt' (3.50a) 

cx = (iaok)eikt' (3.50b) 
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and using equation (3.46), the response is put in the following form 

CL ^' Ao(k) 

+ E11ä+E21&+C1(H11a+H21ä)(1- PDl) 

+ E126Z2 + E21&2 + C2(H12a2 + H22aä + H32ä2)(1 - PD2) + ... 
(3.51) 

Eliiij + E21äß, etc. are the zero lag response, CC are reference values used to normalise the 

lift, and PD are the Pade approximants of order 2 defined as 

PD j= 
Pli (ik)2 + P2j (ik) 

(3.52) P33 (ik)2 + (ik) + P4j 

The variables aj and &j are defined as 

äj = ikaeijIct' (3.53a) 

di aoi (3.53b) 

The terms H21, H22, H32, etc. are related to the pitch rate effect. The first term in parentheses 
following C, for example (H11a + H216t), is representative of the magnitude, with the (1 - 
PD3) term representing the unsteady aerodynamic lag. To obtain the unknown coefficients 
in equation (3.51) a two-step optimisation procedure is used. First the values of Pip P2j, P3j 

and P4j are calculated using a least squares error method, and then the values of E and H 

are calculated separately by minimising the sum of squared errors, using a one-dimensional 

gradient method. 

The final step requires the solution to be expressed in the time domain. This is done by 

factoring the Pade approximant and inverting from the frequency to time domain, using the 
inverse Fourier transform. The aerodynamic response to an arbitrary motion, in the time 
domain, is therefore given by' 
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m 
CL(t) = CL 

indicia! 
ltl 

- r, a(T), a(T)]T=o + C/av + E(Elj&j + E2jäj) 

j=1 

+f 
d(d f")j 

(1 - alle-asi (t'-T) 
- a2je-a4j(tý-T) 

d d7- dr 

=1 
Jo a 

-{- 
m It, 1 d(a. f. )j (1- alle-°'3i(t'-T) - a2je-a4j(t1-T) 

d_(T) 
d. - (3.54) 

V j=1 

1 
da dr 

The amplitude functions (a. f .) are the H terms in equation (3.51), and the Ca,, term is the av- 

erage of AO and a function of am. The optimisation procedure is performed in the frequency 

domain on harmonic motion data, using the test frequency k and phase angle 0. For arbitrary 

motion equivalent frequencies keg and Oeq are required. This is obtained by simultaneously 

solving the two motion equations 

al('r) = am + ao cos(ke9T + Oeq) (3.55a) 

äl (rr) = -aok sin(kegr + oeq) (3.55b) 

A major weakness of the method is its reliance on a large number of coefficients -a fifth-order 

model requires the computation of 55 variables. Hence there is no guarantee that the opti- 

misation procedures will result in finding a global minimum, and the variables themselves 

are highly dependant on the initial starting values. The large numbers of constants makes it 

harder to relate them to actual physical flow processes, and the model possesses very little 

physical significance. The method also requires a large body of high fidelity harmonic exper- 
imental data, encompassing various frequencies and mean angles. Peskett (1998) identified 

that a major weakness of the model was its inaccuracy under conditions where the amplitude 

and mean angle of oscillation were not similar to those used in the model construction. The 

method of obtaining equivalent frequencies and phase angles for arbitrary motions is also 
dubious. 

3.2.7 Indirect Methods 

Neural networks and fuzzy logic algorithms are a fairly recent methodology used to predict 

unsteady aerodynamic loads (Marques & Anderson (1996); Wang et al. (1999)). Their use 

can be divided into two categories:, 
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1. The prediction of aerodynamic models, using a large quantity of experimental data. 

2. The use as a feature within other predefined unsteady models, such as the functional 

within the indicial response method. 

A major shortcoming of these methods are their lack of physical relevance. The optimisation 

procedures and the nature of the model itself is an entirely computational process, and the 

resulting model is unlikely to be robust (both qualitatively and quantitatively) when encoun- 

tering flow regimes other than that encountered when generating the model itself. They are 

computationally very expensive and usually require the estimation of thousands of variables, 

a fault shared with Fourier Functional Analysis. Their adaption for use with the equations of 

motion for a free-flight aircraft would also be problematic. As a result this type of modelling 

is not investigated or considered further. 

3.3 Comparison of Unsteady Modelling Methods 

This section aims to provide a comprehensive overview of various aerodynamic models pro- 

posed thus far, as well as including other methods not yet discussed. Much of this work has 

been based on, as of yet, unpublished work by Doug Greenwell of the University of Bristol. 

Most of the models were originally developed to account for large amplitude motion with 

time dependancies, as well as significant non-linearities. As such, their original forms differ 

to a certain extent from one another, but by modifying them to account only for small am- 

plitude behaviour, comparisons can be made between their performance, as well as to what 

extent they actually do differ mathematically. It will be shown that most of them account 
for time dependancies by incorporating a first-order lag equation, but that this may take sev- 

eral forms. It should also be noted that the rate terms (e. g. CNq) have been excluded in the 

formulations below to aid comparison between the various methods. 

3.3.1 Goman's State Space model 

This method has been discussed in Section 3.2.2, but the various forms of its application will 
be presented here. 
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Original State Space model 

This is the model that Goman originally proposed in 1994, and was used to predict the lift 

force on delta wings using Polhamus's Leading-Edge Suction Analogy 

CL' (a, x) = kp sin a cos2 a+ x2k� sin2 a cos a (3.30) 

The normal force on the wing is composed of an instantaneous potential lift contribution 

and a time dependant unburst vortex lift contribution. The time dependancy is incorporated 

through the dynamic response of the internal state variable x describing the vortex burst 

position, and is usually governed by a first-order linear differential equation (Section 3.2.2) 

Tl 
ät +x= xo(a - 7-2ä) (3.29) 

where 

xo = the static variation of the internal variable x 

Tl = the response time constant governing the dynamic response 

T2 =a time lag or lead, incorporating quasi-steady effects 

Goman (1997) extended the methodology to a more generic form to account for unsteady 

aerodynamics at high angles of attack 

CN = CNI(a)g(x) + CNO(a)(1 
- g(x)) (3.56) 

where 

CNi = the normal force occuring at unburst vortical flow (x = 1), and con- 
lists of contributions from both potential and vortical flow (i. e. CNl 
CNP+CNV) 

CNO = normal force occuring at fully burst vortical flow (x = 0), and consists 
exclusively of a potental flow contribution (i. e. CNl = CNp)-,. ., I-' ý, 

Values for CNl and CNO are determined at pre-selected nodes along the angle of attack range. 
In this case the weight function is described by 

9(x) _X+ µx(x - 1) (3.57) 
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where µ is constrained to -1 < p. < 1, and the quadratic form probably being chosen so as to 

capture non-linear effects. It should be noted that the unknown parameters CNi, CNO, xo(a) 

and µ are usually determined from the parameter estimation routine, and are not usually 
based on static experimental data. An alternative form to equation (3.56) can be written in 

terms of contributions from potential and vortex flows 

CN = CNP + CNV9(x) 

= CNP + CNVB (3.58) 

The linearised transfer function form of equation (3.58) can now be derived, assuming small 

variations in a and dynamic breakdown point x 
ÖCNP ÖCNV Ög(x) 

1CN(t) ° äa 
Aa(t) + äa 9(x0)ýa(t) + CNV 

ax 
Ox(t) 

= 
OCNstatic OCNV B 

Da 
fa(t) + Ox 

AX (t) (3.59a) 

where CNVB is defined as the vortex lift component including the effects of vortex break- 

down 

CNstatic - CNP + CNV9(x0) 

CNVB = CNV9(x) (3.59b) 

Since the variation in x is small, x= xo + Ax is substituted into equation (3.29) to obtain 

T1 0x + Ox =- (7-1 + T2)-ß°Dä (3.59c) 
d 

and transferring this into the Laplace domain 

Ox(s) =- 
(Tl + 7-2)s dxo 

Act (s) (3. '59d) 
Tls+1 da 

Equation (3.59d) is now combined with equation (3.59a), also transferred into the Laplace 

domain, to obtain 
CN(S) 

- 

ÖCNstatic 

_ 

aCNVB a(x)O (1+72/71)8, 
(3.59e) 

a(S) as 

[ 

ox Öa 

]S+ 

1/T1 

A closer inspection of equation (3.59e) will reveal that it consists of an instantaneous and a 

time dependant component. Klein '& Noderer (1994) have proposed a generic mathematical 

model to capture time dependancies 

a(s) 
CN« 

s -f- bi 

[CNU - a] + abi (3.60) 
s+bl 
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This equation will be discussed further in Section 3.3.4, but provides a useful form for com- 

parison between the various methods discussed in this section. Hence a comparison between 

equations (3.59e) and (3.60) results in 

1 Ca T21 racNVB ax0 b (3.61) = 1-f- 
Tl JL äx 19a l-T, 

3.3.2 Fan and Lutze State Space Model 

Fan & Lutze (1996) have modified Goman's original state space formulation to model un- 

steady behaviour. Their model differed from Goman's original formulation by modifying 

the differential equation describing the movement of the separation point by including a 

third quasi-steady term 

dx 
_/ T -T3q(cx-a*)] , r, +x (3.62) 

An inverse exponential function is used to model the static flow separation or breakdown 

point 
xo(a) =1 (3.63) 

In this case the a* term refers to the angle of attack at which the separation/breakdown point 
is at the mid-chord position. 

The authors claim that the third time constant is necessary to model the effect that pitch-up 

motion causes the local angle of attack to decrease along the span of the wing in front of the 

rotation point, and to similarly decrease aft of it. The justification for including this seems to 
be rather tenuous since it may just make the data-fitting procedure easier by increasing the 

number of estimated variables. If we again assume small amplitude motion, and perform the 

same analysis as above by converting the equations into the Laplace domain, we obtain the 
following 

CN(S) 

- 

öCNstatic 

_ 

raCNVB a(x)0 (1 + (T2 +T3(a - a*)/Ti)S (3,64a) 
a(s) as IL 

ax as S+ 1/T1 

and re-arranging into the form introduced by Klein (see equation (3.60)) we obtain 

T2 + 7-3(a - al aCNVB Öxp 1 
b 

1= 
(3.64b) a= 1-}- 

Tl 

)[ 
äx äa T 

i 

55 



Chapter 3 Comparison of Unsteady Modelling Methods 

The two time constants (7r2 and 7-3) are now combined into a single term, and it is doubt- 

ful whether a parameter ID technique would have the capability to effectively differentiate 

between the two time constants. It should also be noted that the static variation of the break- 

down/separation point is also determined from the parameter ID algorithm, and the mod- 

elling process can thus soon merely become a `curve fitting' exercise, with little physical 

significance to actual flow parameters or conditions, although such may indeed be claimed. 
Fan and Lutze also claim that the identifiability of the r3 term is indeed problematic, but due 

to the fact that their experimentation results are conducted at q(t) = ä(t). The dependancy 

of the lift coefficient is then formulated as a function of a and x in the form of second-order 

polynomials. 

3.3.3 Differential Equation Model 

This is the same method as discussed in Section 3.2.5, and has the advantage of not being 

dependant on an internal state variable, especially since complex flows may contain multiple 
flow processes. Pitch rate terms are again ignored for simplicity, and the example of normal 
force on a pitching delta wing is used (Abramov et al. (2001)) 

CN (t) = CNyt (a) + CNdyn (t) (3.65a) 

7d dt 
ýn + CNdyn = OCNVb (a) (3.65b) 

where 

CNpt = the unburst normal force, including the vortical contribution 
CNdv� = the time dependent force due to vortex burst 

OCNve = the (negative) static lift loss defined by 

'6kgNVb 
(a), = C'Nstatic (a) 

- Civ,, (a) (3.65c) 

ýý ; ý, ý 
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The same technique that was applied to linearising the state space form is now applied to the 

above equations to formulate them in the Laplace domain 

'ý4oCNvb) =a 
ääNvb Ace 

= 

aCNýatic 

A. -a äa 
pt Aa 

= 
(CNa 

- CNpta) Da (3.66a) 

Converting the dynamic response CNdYn into the Laplace domain 

OCNdyn(s) = 
(CNa 

- CNpca) 
Da(s) (3.66b) 

TS +1 

If this is substituted into equation (3.65a) and converted into the Laplace Domain, then after 

re-arranging we obtain 
CN(S) 

_ CN« - 

(CNa 
- 

CNpta) s 
(3.66c) 

a(s) 8+ 1/T 
A comparison with equation (3.60) shows the equivalency to be 

_ 
aCNstatic 

_ 

aCNpt 
_ 

ÖOCNvb 1 

a äa as as ' bi =T (3.67) 

A significant difference with the state space form is that the quasi-steady lead/lag time con- 

stant T2 has now been incorporated into equation (3.66c), and that the dependancy on an 
internal state equation has been eliminated. The number of variables needing to be estimated 
has been reduced from five to three, simplifying the parameter identification process. 

3.3.4 Klein's Indicial Response Method 

Klein & Noderer (1994) start their formulation of an unsteady aerodynamic model using the 
linear indicial response form for lift coefficient 

CL(t) = CLýýoo)a(t) -j Fa (t 
- r)a`T)dr+ CL(oo)q(t) (368) 

The terms due to dynamic pitch motion are now included, as they are referred to in the 
discussion that follows. Klein then simplifies the above equation by assuming the indicial 

function to be in the form of a simple exponential 

-, CL,,, (t) =a (1- e-61') +c- (3.69) - 
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where 
CLa (t) = CLa (oo) - ae-bit 

Equation (3.69) is then modified to consist of an instantaneous part, a+c, and a deficiency 

function, ae'61t, so as to allow substitution into equation (3.68). The transfer function format 

can either be obtained by applying the Laplace transform to equation (3.69), or substituting 
(3.69) into (3.68) and using the convolution integral 

as 1 
CL(S) = 

(CLa 

s+b+ VCLgs 
I a(s) (3.70) 

Klein & Noderer (1995) used this method for normal force data to determine CND,, CN9 and 

a at each value of a, with the time constant bl having the same value over the whole test 

range, using small amplitude oscillatory tests. This assumes that the physical flow process 

causing the time dependancy is the same across the entire angle of attack range, and hence 

the time constant defining the unsteadiness being invariable. However, the parameter esti- 

mation process is more complex and non-linear in this case. If the time constant is assumed 

to vary with a as well, then the parameter identification method for small amplitude oscil- 
latory tests reduces to a simple two-step linear regression method, independent of starting 

guesses and providing a unique solution for all the variables being estimated (Abramov et al. 
(2001)). Klein & Murphy (1998) then modified the modelling method so as to describe large 

amplitude variation in the motion variables by changing the algebraic form of the unknown 

variables. 

The first method (Model 1) again assumes that the time constant bl is invariant, but it now 

approximates a using polynomial splines and a least squares tecnnique. The second method 
(Model 2) assumes that the time constant can also be approximated with a polynomial spline. 
It is uncertain how the form of the spline function is obtained - Klein uses second-order 

polynomials to describe the variation in CNa, CN9, a and b. The order of the polynomial 

required to model CNa and CNq is obtained from a priori estimates using static test data and 

small amplitude oscillatory testing. It is apparent that it is not possible to explicitly solve for 

all the variables, and the identification procedure becomes more involved once the variability 

of b as a function of a is introduced. To compensate for this, Klein assumed the following 

- CNa is obtained from static wind tunnel tests 

- CNq is estimated from small amplitude oscillatory data. 
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Klein et al. (1997) gives a description of the method used to extract CNq from oscillatory 
data. It does not assume any time dependancies and is based on the method of dividing the 

data into in-phase and out-of-phase derivatives, as described in Section 3.1.1. Frequency 

effects are included to the degree that the algebraic formulation has terms in it dependant 

on k, but does not explicitly contain any time dependant terms. As such, the inclusion of a 
CNq term determined from a method not accounting for time dependancies is questionable. 
Klein, however, then accounts for this by including the estimation of CNq in the parameter 
identification method via a two-stage procedure, by alternating the estimation of a and b, and 

then CN9. 

A further extension to Klein's model is suggested by Smith (1999), who extends equation 
(3.69) by adding an extra deficiency term 

()2t2e_b1t 
CN. (t) =a (1 - e-b't) + cl - c2 (3.71) 

Smith justifies the inclusion of the extra term to account for dynamic overshoot that can occur 
due to a step change in a, before returning to the steady state value. He quotes the report 
by Tobak (1954) in which the use of indicial functions were first postulated as justification 

for this. However, he does not relate this back to his own experimental data, and whether 

such an inclusion is appropriate. The response detailed by Tobak, as well as that developed 

further by Hancock (1995) (page 81), applies to the build up in circulation around a wing 
due to a step change in incidence angle. It may also be possible that the extra term could 

account for tail lag effects. 

3.3.5 Tristant's Transfer Function Model 

This is the method discussed in Section 3.2.3, and will be briefly repeated here to analyse 
its small amplitude behaviour. The model consists of breaking up the aerodynamic response 
into an instantaneous and time lagged contribution, but only includes the time dependancy 

in the dynamic contribution 

CN(t) = CNstatic(a) + CNdyn(t) (3.72) 
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where CNdyl(t) is defined by the transfer function 

CNdyn(s) _ 
G 

&(S) 
1+28 

Gs 
a(s) 1+28. 

(3.73) 

Until this stage the dynamic terms in the equations have been ignored for brevity, but are 
now re-introduced for the Tristan model. This equation is substituted into equation (3.72), 

which for small amplitude motion in transfer function format becomes 

CN(S). 
CN° + (3.74) 

a(s) 1+ Ts 

A comparison with equation (3.60) results in 

a=T, bi =T (3.75) 

Tristan then modifies the gain G and time constant T of the system to account for non-linear 

effects, by making them depend on a as well as the direction of motion 

G (a, sign (ä)) 
aT (a, sign (ä)) 

3.3.6 Myatt's Roll Model 

(3.76) 

This model developed by Myatt (1997) for the rolling moment on a delta wing at a fixed 

angle of attack consists of two main parts: an instantaneous potential flow contribution and 

a time dependant vortical contribution 

C( (t) cis(O) +Vj (0(t» +C 
IV. \t/ (3.77) 

where the subscript s refers to static values. The dynamic roll rate terms have been ignored, 

and the complete model with a more in-depth analysis will be discussed further in Section 

4.1. Myatt's model differs to a large extent from any of the previously discussed models in 

that the rolling moment due to the potential flow is determined from a CFD panel method, 

and is not a function of the parameter estimation algorithm. For static data, the vortical 

contribution is determined from the difference between the experimentally determined static 

moment and the computationally derived potential flow contribution. 
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This is significant, as not only is the theoretical form of the model related to the flow physics 
itself, but also the actual numerical data contained within it. Most models discussed in this 

chapter ascribe the form of the model to time dependent vortex breakdowns and separation 

points, yet the coefficients solved for in the model are rarely related back to values obtained 
from other forms of wind tunnel testing. The lag term in the Laplace domain is given by 

CVtn9(s` _ 
`''la (s) 

ßs+1 
(3.78) 

Substituting equation (3.78) into equation (3.77), and assuming small perturbations in roll, 

the transfer function for the rolling moment becomes 

v 

0(s) 
Cýý 

8+1/0 
(3.79) 

A comparison with equation (3.60) results in 

a= Clo,, bi = (3.80) 

3.3.7 Pashilkar's FIRM model 

The Flow Incidence Rate Model (FIRM) proposed by Pashilkar (2001) is a derivation of 

Goman's state space model, and incorporates time dependancies by the inclusion of rate- 
dependant incidence shift and lift increment functions. 

Using the normal force as an example, the model is defined as 

CN(a(t)) = CNatic (a + fi (a*, Wit)) + f2 (a*, Wit) 

where 

- f, is the incidence shift function 

- f2 is the lift increment function 

- a* is the incidence shifted by fl 

- at is the time lagged incidence, governed by 

(3.81) 
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a" =a+ fi (a*, Wit) 

T 
dt, 

+ äc = ä(t) (3.82) 

This differs from previous modelling techniques, except Tristrant's Transfer Function Model, 

in that it is the incidence rate that is lagged and not the incidence itself. It is interesting to note 

that the incidence shift is defined recursively, and Pashilkar justifies this by explaining that 

the shift function maps a(t) to a*(t). This then transforms the instantaneous incidence angle 
to the point on the static function CBtatic(a*) at which the same physical flow characteristics 

exist. The shift functions themselves are dependant on the flow state as well, and are thus 
best defined as a function of the incidence shift, hence justifying the circular definition. 

The parameter estimation routines used by Pashilkar indicated that the functions fl and f2 

could be approximated by constants, but having different values dependant on the direction 

of motion so as to incorporate hysteresis effects 

fi (a*, ai) 

f2 (a*, at) k2 ýt (3.83) 

To determine the linearised transfer function form equation (3.82) is transformed into the 
Laplace domain 

__(s) 
=s (3.84) 

a(s) 'rs +l 
Using the definition of fl in equation (3.83) above, the incidence shift becomes 

a* (s) 
-=l+ 

k1 s 
a(s) Ts +1 

(3.85) 

Assuming small amplitude oscillations and taking the derivative of CN in equation (3.81) 

with respect to a, the transfer function form is 
ff CN(S) 

CNstatic 
k1 S k2 Sl 

aýSq 
L+ 

Ts + l) + 
rs +l 

(3.86) 

The equation is the re-arranged so as to be compatable with equation (3.60) 
CN/Sl (Grstatickf +k l) 

S 

a(s) 

lJ CNatic +t N° 
Ts +12 

(3.87) 

where the equivalency is now shown to be 

%.., Nnst 
. ck±i+ k± 1N2' 

b1 =- (3.88) 
TT 
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3.4 Summary 

This chapter has highlighted the need for mathematical models that account for unsteady 

effects, and given a brief overview and comparison of different unsteady aerodynamic mod- 

els. Most of the models are rather simple, mostly relying on a first-order lag equation to 

incorporate the time dependancies. The next chapter will look at comparing a few of these 

models against a single experimental data set. It will also include investigating the feasibil- 

ity of using time dependent models, and whether these data sets can rather be modelled via 

conventional means. 

I. -I, 

"- 
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Chapter 4 

Comparison of Unsteady Aerodynamic 

Models Using Experimental Data 

The unsteady models presented in the literature rarely give an indication if the dynamic 

forces or moments could instead be accounted for using traditional modelling techniques. 

It is implicitly accepted that traditional methods are inadequate, but this is seldom proved 

or verified. Quasi-steady methods often attempt to capture time dependence by the inclu- 

sion of a rate term, for example using a Cmq term to capture pitch rate effects. Time de- 

pendant models often contain a time constant incorporated into a transfer function form or 
linear/non-linear differential equation, and this accounts for the aerodynamic processes that 
have transient qualities. 

4.1 Evaluation of Models Using 'Rolling Moment Data 

It was decided to take a closer inspection of some of the time dependant models for which 

experimental data was available. In the late 1980s the U. S. -Air Force Wright Laboratory 

(USAF/WL) and the Canadian Institute for Aerospace Research (IAR) undertook a joint ef- 
fort to investigate aerodynamics in high performance manoeuvres involving large amplitude, 
high rate motions at high angles of attack. The rolling moment on a 65° delta wing (span 
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= 0.58m) at a nominal incidence of 30° was investigated, and the data analysed by Myatt 

(1997). All testing was done at 100m/s. This data is particularly useful, as it contains ex- 

perimental observations on the location of the vortex breakdown point as well. The vortex 
breakdown point is often used in unsteady aerodynamic modelling (e. g. state space method), 
but mostly as a theoretical point which affects the aerodynamic properties, and very rarely 
is the experimental observed location related to the theoretical point predicted by the math- 

ematical model. This can be seen in the results presented by Goman & Khrabrov (1994), 

where the time constants predicted by their state space model are an order of magnitude 
larger than those observed in water tunnel experiments. 

The data is also useful in that the potential flow contributions to the rolling moment have 

been calculated using computational panel methods, and that the vortical contributions have 

then been the difference between these values and the experimentally observed static data. 

Much of the results presented in the open literature have calculated the instantaneous po- 

tential contribution from the parameter identification algorithm. This can possibly give the 
impression that the unsteady model then becomes more of an exercise in data fitting, without 

paying serious attention to the actual flow processes occuring. As a starting point we will 
first investigate Myatt's original model, and then compare this to other unsteady aerodynamic 

models as well as to various permutations of Myatt's formulation. The same methodology 

will then be applied to TsAGI data for a delta wing. 

It is worth noting here that only the description of Myatt's model (Section 4.1.1) and Go- 

man's model (Section 4.2.1) contain material that is not original by the author. Unless stated 
otherwise, all permutations and applications of existing models, including simulations and 
revised parameter estimates, are new work. Simulations of the existing models have been 

performed by the author, and were not obtained from other sources. 

4.1.1 The Myatt 1997 Time Dependent Model 

Myatt's original rolling moment model consists of a potential flow and a vortical contribu- 
tion, and may be written as 

(4.1) =C (o) +C 
(0 (0) + V1aiag (t) +C. (t) + C. (t) . 1) 

where 
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Cja (0) = initial static equilibrium condition of the vortical rolling moment 
Ci (fi(t)) = static potential contribution 
Ci. (t) = lag of the static vortical contribution 

Cl. fi(t) = potential roll-damping derivative 
m 

C. (t) = lag of the dynamic vortical contribution mla9 

Figure 4.1 shows the potential and vortical contributions to the static rolling moment as a 
function of roll angle 0. The static and dynamic potential terms are determined using a 

0.01 

0.005 

V0 

-0.005 

-0.01 

-0.015F 

-0.026 
-6 

" 

" 
" 

" 

" " 

-a -2 02as 

Roll Angle (4k, deg) 

Fig 4.1: Potential and vortical contributions to the static rolling moment 

panel method, and the static and dynamic vortical contributions - which incorporate the time 

dependancies - are defined in transfer function format 

CIV. 

1.9 
(s) 

_ 
G" (O(s)) 

, ßs +1 
(4.2a) 

_ 
als+aa 5(s) (4.2b) 

tag 
(s) 

38+1 

C'lý (0) is defined using a third-order polynomial in 0 using a linear least squares solver, so 

as to capture the non-linear variation. A gradient search method is then used to solve for the 

unknown parameters, shown in Table 4.1 
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Table 4.1: Dimensionless model parameters estimated by Myatt 

Q, t' ai/ß ao 
30.89 1.60 3.89 

The parameters are determined by minimising the error sum of squares between the predicted 

rolling moment and the experimental data, defined as 
n2 

SSE(Ci-C1) (4.3) 
a-i 

where C1 is the experimentally measured rolling moment coefficient at each point i for the n 

points considered, and C1 is the value predicted by the model (equation (4.13)). 

Simulations of the above model always tend to underpredict the rolling moment on the wing. 
This is not due to any deficiency in the theoretical modelling process itself, as it is the exper- 
imental rolling moment recorded during dynamic roll tests that shows a positive offset. This 

should not be the case for a symmetric test, and it is possible there may have been a fault 

in the experimental set up, for which Myatt proposes several possibilities. For the purpose 

of comparing alternatives modelling processes, it was decided to remove the offset from the 

data. The same model structure was used, but the parameter identification process was re- 

peated for the altered experimental data, obtaining the values in Table 4.2. 

Table 4.2: Model parameters estimated for modified data 

Q, t' ai/ß 
-Co 33.78 1.63 3.65 

It is interesting to note that the new dimensionless time constant of B= 33.78 is closer to 

the value of 32.9 that Myatt calculated using ramp and hold motions on the delta wing. This 

method involved experimental observations of the convective time required for the rolling 

moment response to reach 63.2% of its steady-state value due to a step change in roll angle. 

Figures 4.2 and 4.3 show the results of the theoretical indicial response (IR) model plotted 

against experimental data, as well as showing the static rolling moment, for two different 
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frequencies of 1.1Hz and 7.7Hz. It can be seen that the static data is considerably different 

from the dynamic data, indicating the strong influence of dynamic effects. Further investi- 

gations will reveal whether these effects can be adequately represented using conventional 

modelling techniques, or whether unsteady models are needed to account for them. The ex- 

perimental data that will be used for the comparisons will be for a roll amplitude of 4 degrees 

at a frequency of 7.7Hz. This is the maximum amplitude and rate available, and it is expected 

that the dynamic effects will be the most pronounced for this set of data. 

x 10 

C) 

0 

t' (non-dimensional) 

Fig 4.2: Myatt IR model performance for Lq = 40, f=1.1Hz 

4.1.2 Constant or Polynomial Expression for Dynamic Component 

This model is defined as 

C1(t) = Cp WO) + Ging (t) + C14ý(t) (4.4a) 

where 

Cis =C (Model 1), or (4.4b) 

C, 
.= 

A02 + BO +C (Model 2) (4.4c) 
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Fig 4.3: Myatt IR model performance for A= 4°, f= 7.7Hz 

The static terms Cp (fi(t)) and Cl, 
ýa9 

(t) are defined the same way as in Myatt's original 

model (equation (4.13)), but the dynamic terms are now redefined as above. The quadratic 

expression for C1 is used so as to account for a possible non-linear variation in its value. 
The static contribution is the same as that in Myatt's original model, and this is subtracted 
from the experimental data to obtain the dynamic contribution. The unknown parameters are 

then identified using a linear least squares optimisation routine. Figure 4.4 shows the results 

obtained from fitting the above model to the data obtained from the 7.7Hz oscillations. The 

same model (with the estimated values A, B and C) is then applied to the slower frequency 

data of 1.1Hz - Fig 4.5. The higher frequency data was used for the model fit, as this would 
have the most pronounced time dependent effects. It can be seen that both models are unable 

to adequately capture the rolling moment, and are thus unsuitable for modelling purposes. 

4.1.3 Polynomial Expression for Static and Dynamic Contribution 

This model is defined as 
cl = C1 .+ Cif c (4.5) 

This model is the same as the traditional modelling approach, where the total moment is a 

contribution of the moment obtained from static tests, as well as a dynamic contribution. 
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Fig 4.4: Polynomial expression fit for dynamic component for 0q = 4°, f=7.7Hz 
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Fig 4.5: Polynomial expression prediction for dynamic component for 04 = 4°, f=1.1Hz 

C4 is defined as in the previous section (4.1.2), being either a constant or second-order 

polynomial in 0, while Cietatic is the rolling moment obtained from static tests only. The 

static contribution is subtracted from the experimental response (C1), and the dynamic terms 

(C4 ) solved for using a linear least squares routine. From Figure 4.6 it can be seen that this 

method is very poor at predicting the rolling moment response. 
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Fig 4.6: Traditional model performance for 0q5 = 4°, f=7.7Hz 

4.1.4 Goman's State Space Model 

Myatt has included a graph in his thesis showing the variation of the vortex breakdown 

location for the left half of the delta wing, making it possible to model the difference between 

the two breakdown points (i. e. x, see Figure 3.8) as a function of the roll angle 0 

xo = 0.0980 (4.6) 

The internal state variable x is then governed by the differential equation 
dt 

+ x(t) = xo(ý) (4.7) 

The vortical roll moment is now defined by a third-order polynomial in x, using a linear least 

squares routine 
67 (x) = 0.143x3 - 0.0121x2 + 0.0214x (4.8) 

The third-order polynomial was chosen since a thord-order polynomial was used to model 

the vortical roll moment as a function of the roll angle 0. The variation of the breakdown 

point x varies linearly with 0 (see equation (4.6)), hence justifying the use of equation (4.8). 

The vortical rolling moment model is no longer a function of 0, but defined in terms of x 

CIV. 
1a9 

(s) = 
Cr (()) 

(4.9a) 

Cr 
ßa9 

(s) = 
als + aox(s) (4.9b) 
, ßs-1 
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Table 4.3 contains the values of the new parameters. 

Table 4.3: Model parameters estimated for state space model 

Qt1 ai/ß aö 
32.35 1.43 3.55 

The values of ai/, ß and aö have been scaled so as to compare them to the values obtained 
by Myatt, due to the units of x and 0 being different - see Table 4.2 for the original values. 

aö = ao/0.098 (4.1Oa) 

ai/ß = (a1/ß)/0.098 (4.1Ob) 

Figures 4.7 and 4.8 show the model response with the fit being very good, and Myatt's 

indicial response model has also been plotted to aid comparison. Three experimental runs of 
1.1,4.4 and 7.7Hz were used in the parameter estimation process. It should be noted that in 

this case the internal state variable x is a linear function of the independent motion variable 
0 (see equation (4.6)), and the results for the state-space model are quite similar to Myatt's 

model. While both models predict the rolling moment response rather well, the state space 

method is slightly better at all three frequencies. 

4.1.5 Further Investigations into the Myatt model 

To gain a further understanding of the model, the contributions of the two static terms 
Cl (C5(t)) f CIVýa9 (t) and the two dynamic terms Cpl (t) + Cý (t) from equation (4.1) 

4ia9 
were plotted out separately (Figure 4.9). This reveals that the contribution from the static 
terms are significantly larger than that of the experimentally observed static data. This can 
be explained with reference to Figure 4.1 above: the potential and vortical contributions are 

essentially of equal magnitude for a specific roll angle, but of opposite sign. The lag equation 
(4.2a) effectively causes the lag in the vortical roll response, to be in phase with the potential 
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Fig 4.7: State-space model fit for 0O = 4°, f=7.7Hz 
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Fig 4.8: State-space model prediction for 0c = 4°, f=1.1Hz 

contribution, resulting in the increased magnitude. The dynamic contribution is essentially 

out-of-phase with the static part, and the addition of the two contributions results in the total 

rolling moment giving a good fit to the experimental data. It should also be noted that the 

C'Isý> plot is asymmetric. This can be explained with reference to Figure 4.1, which shows 

that the static rolling moment is zero at about -3.5°, 0° and 4° and hence not symmetric. The 
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third-order polynomial that was used to fit the data captures this asymmetry, and Figure 4.9 

shows the response for the wing rolling between -4° and 4°, quite close to the zero cross-over 

roll angles. 
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Fig 4.9: Comparison of model contributions 

The lag of the roll rate term also merits further investigation: Myatt kept the same time 

constant ß, since he claimed that it was the same physical phenomena that caused the lag for 

both terms. This is a reasonable assumption to make, since it gives a physical relevance to 

the parameters in the theoretical model. Myatt claims that the ai term provides a vortical 

component analagous to the potential flow roll damping. However, it may be mathematically 

convenient as well, since without it it would not be possible to fit the experimental data. If 

the lag of the roll rate term is defined as 

Cimýa9 ýs) 
ß 

s+ 
1 

(s) (4.11) 

and it is assumed that the rest of the terms remain the same (including /3), then it is not 

possible to fit the model to the experimental data. Figure 4.10 shows an attempted model fit 

to the data, and the fit is very poor. Hence the al term is necessary to allow the phase shift, 

and its inclusion may be related to correcting the potential dynamic component which may 

be incorrect. This can be seen if the vortical dynamic component is re-written as 

CV (s) = 
al gi(s) + as - al/ßý(s) (4.12) ý1a9 

/ß ßs+1 

where the al/, 3 term now provides an instantaneous contribution. 
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Fig 4.10: Indicial response model performance for AO = 4°, f=7.7Hz, excluding als term 

4.1.6 Lag for Entire Static Contribution 

Myatt's original model is now defined as: 

C1 (t) 
- "a `O) 

+ C, 
-1ag 

(t) +C (t) + 
"141.9 

(t) (4.13) 

There is now no distinction between the vortical and potential flow component, and we will 

assume that a single lag acts upon the entire contribution. The dynamic part will still be 

defined by equations 4.2b and the parameters ao and ai will again be estimated to try and 

achieve a reasonable data fit, with the time constant ß retaining the same value of 33.78. The 

parameters estimated from the roll frequency of 7.7Hz were ao = 3.62 and al /0 = 1.26 

and Figure 4.11 shows that a good fit to the data is achieved. However, if we use the same 

parameter estimates for different frequencies, we see that the model performs rather poorly, 

particularly at the lower frequency of 1.1Hz (Figure 4.12). It should be noted, however, that 

at very low frequencies the model should start performing better, since the influences of the 

lag terms and the dynamic contributions will become less, and the model should predict the 

static rolling moment acting upon the wing. 
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4.1.7 Revised Roll Rate Term 

The final rolling moment model to be applied eliminates the als term from the lag of the 

roll rate contribution, and the only parameters to be solved for now are 0 and ao. C11 is 
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kept constant for this model. This model differs slightly from that discussed in Section 4.1.5, 

where 0 was not included in the parameter estimation process. The revised form follows 

from the previous section, where the inclusion of the al s term may have been mathematically 

convenient. This particular model was formulated so as to not include this term, and hence 

observe whether its inclusion in Myatt's original model (4.2b) is strictly necessary. Figure 

4.13 shows the model to give a very poor fit. In this case the choice of only being able to vary 

two parameters (3 and ao) is rather limiting: the model response fails to accurately predict 

either the amplitude or phase lag of the experimental data. 
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Fig 4.13: Indicial response model performance with revised roll rate term for 0/ = 4°, 

f=7.7Hz 

4.1.8 Summary 

The original model proposed by Myatt does model the experimental response very well, and 

alternative but more traditional modelling methods show a rather poor performance. The 

only exception is the state space model, which performs slightly better and probably would 
have been a better choice. 

In certain instances it is also possible to fit a model to a particular data set and predict the 
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response fairly well, but that this model can then fail at different frequencies and motion 

rates. The Myatt model does not have this deficiency, and is also robust at predicting the 

response to ramp and hold motions. The only slight concern is the als term, which may be 

included more to assist the parameter estimation procedure than to properly account for the 
flow physics. 

4.2 Evaluation of Models Using Longitudinal TSaGi Delta 

Wing Data 

Due to the limited amplitude range in roll of the Myatt data, no small amplitude forced 

oscillation testing was possible with the delta wing. However, much of the literature focuses 

on this area of testing, and it is discussed in detail in Section 3.2.4. Data was acquired from a 
joint TsAGI/DERA programme (Goman & Abramov (1999)) involving a pitching 70° delta 

wing in the longitudinal plane only, on which both small and large amplitude testing was 
done. The wing has a 0.727m span and testing was done at a wind speed of 25m/s. This data 

was then used to compare the following modelling methods: 

1. The non-linear differential equation model developed by Goman & Abramov (1999) 

2. The state-space method, similar to that proposed by Fan & Lutze (1996) 

3. A linear differential equation model, using data obtained from small amplitude testing. 

This will again provide an opportunity to compare different modelling methods against the 

same experimental data set. 

4.2.1 Goman's Non-linear Differential Equation Method 

This method was discussed in detail in Section 3.2.5 and the reader should refer back to the 

anlysis of this method to understand some of the results, that will follow. It should be noted 
that Myatt used a CFD algorithm to calculate the potential flow contribution for both the 
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static and dynamic components. This differs, at least in principle, to Goman's method, since 

he estimated the values of both CNpt,.,, 
ut' 

(i. e. the instantaneous part) and CN�6 from the 

parameter estimation algorithm. Using the full third-order non-linear differential equation 

formulation, and substituting the 32 parameters estimated by Goman into them, simulations 

were run by the author and compared to the experimental results. The angle of attack range 

contained 10 nodes at which the parameters were estimated, and another five nodes were 

identified separately for the estimation of the time constants. Figure 4.14 shows the results 

from one such simulation, including the various aerodynamic components, and it can be seen 

that the model shows good agreement with the experimental data. 

- "N experimental 
-- 

CN 
model 

-0- 
1r 

I 
CNv 

static 
C'Nvb 

static 
CN 

static 
CNvb 

cj 0.5F 

Fig 4.14: Goman's non-linear differential equation model prediction. 

ao = 30°, La = 25°, f=0.2Hz 

4.2.2 Fan and Lutze State Space model 

This model is an adaption of Goman's original state space method (see Section 3.2.2), with 

the main differences being that the position of the internal variable x is governed by an 

'It should be noted here that Goman uses the subscript v to refer to the total instantaneous contribution of 

all three flow components, i. e. potential, separated and vortical. Since a discussion of Goman's results will 

follow, his notation will now be adopted from here onwards. 
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inverse exponential equation, and that the normal force is described by a polynomial function 
in x and the motion variable a. The method was also described briefly in Section 3.3.2, but 

a more comprehensive evaluation will now follow. 

The position of the state variable x is governed by the first-order differential equation and is 

used to describe the position of the vortex breakdown point above the wing: 
dx 

Ti dt +x = xo(a - r26) (4.14) 

where xo is the steady state dependancy of the breakdown point, described by the inverse 

exponential function: 

xo (a) =1 (4.15) 
1+ e°(a-a ) 

The final value of CN is then governed by: 

CN = CNO + CND, (x) a+ CNQ (x) Q (4.16) 

where CN� and CNa are second-order polynomial functions in x 

CNa(x) = al+bix+cix2 
CNa (x) = a2 + b2x + c2x2 (4.17) 

This results in 11 parameters needing to be solved, and the parameter estimation process is 

then sub-divided into two different routines to simplify this process. Firstly, the parameters 

a*, a, CNO, al, bi and cl are estimated using the static data, and these parameters are then 

used in the dynamic simulation of the complete model. Parameters Ti and T2 are then op- 
timised using a gradient search method, with the remaining parameters a2, b2 and c2 being 

solved for using a linear least squares routine. Experimental data for a frequency of 0.8Hz, 

mean a of 30° and an amplitude of 25° were used for the parameter estimation process to 

obtain the following values: 

-rl = 17.46t* 

-r2 = 5.88t' 

a" = 49.9 

a=0.26 

where t* is the characteristic time of the flow, deined as t' = c/V, and 

CN = 0.0205 + (1.0389 + 0.3063x + 1.0453x2)a + (7.1848 - 36.0937x + 34.7075x2)q 
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Figure 4.15 shows the model fitted against the experimental data, and the fit is very good. 
Figures 4.16 shows this model simulated for a frequency of 0.2Hz, and while the fit is slightly 

poorer, there is still good general agreement. 
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Fig 4.15: State space model fit. ao = 30°, Da = 25°, f=0.8Hz 
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Fig 4.16: State space model prediction. ao = 30°, Da = 25°, f=0.2Hz 
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4.2.3 Linear Differential Equation Model 

This model is defined similarly to Goman's non-linear differential equation model, but hav- 

ing the following two differences: 

1. The differential equation is defined as 

dCNVb 
_ kn(a)(CNVb(1(a) - CNVb) (4.18a) 

dt 

This is effectively the same as equation (3.44) with m=n=1, and not including the 

second time constant T2. The time constant Tl, (= 1/k1) is no longer estimated from 

large amplitude data, but instead is obtained from small amplitude forced oscillation 
tests. 

2. Equation (3.43) is still used to describe the static variation of the normal force with 

angle of attack, but the contribution due to potential and unburst vortical flow (i. e. 
CN�) will now be obtained from Polhamus's equation for lift and drag on a delta wing: 

CL(a, x) =KK sin a cost a+ X2 K,, sin 2a cos a (4.18b) 

CD = CL tan a (4.18c) 

with Kp = 1.8 and K� =7r, obtained from Polhamus (1966). In Goman's formulation 

this component is determined in the parameter estimation process. 

Figure 4.17 shows a plot of the time constants determined from small amplitude tests, using a 
linear regression method suggested by Abramov et al. (2001). The time constants for values 

of a less than 30° show a large amount of scatter, with a few values being negative as well. 
Unfortunately data was only available for three different sets of frequencies and Goman sug- 

gests that at least five or six frequencies are needed to establish the time constants and their 

standard deviations accurately. It was decided to make rl =1 for angle of attack values less 

than 30°, as the calculated values are not representative of the delta wing. The computational 

algorithm was liable to introduce errors if the time constant was less than 1, and this value 

is small enough to prevent the introduction of any significant time dependancies. The values 

obtained for higher angles of attack, although showing a limited amount of scatter, appear to 

be reasonable and are hence retained. 
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Fig 4.17: Values of Trl obtained from using the characteristic time constant method 

A simulation is now run, using the time constants obtained from the small amplitude tests and 

assuming a potential and unburst vortical flow contribution obtained from Polhamus's delta 

wing equation. Figure 4.18 shows these results, and it is obvious that the model performs 

rather poorly. Of particular interest is the sudden change in the predicted response at a= 
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0 
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Fig 4.18: Linear differential equation model. as = 30°, Da = 25°, f=0.8Hz 
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30°, corresponding to the rapid drop in the time constant at this value. The response predicted 

by Goman's model (see Figure 4.14) does not show this, even though there is also a drop in 

the time constant value in this region. This is due to two reasons: 

1. Goman's variation in r1 shows a more gradual decline, and 

2. The inclusion of the other two time constants (T2 and T3) will also smooth the response. 

A more rigorous approach would be to define the time constant as being a function of the 

instantaneous flow state, and not the current angle of attack. This was done by relating 

the position of the instantaneous vortex burst point to the time constant for the same burst 

point under steady state conditions, and the results shown in Figure 4.19. The response is 

smoother, although it does underpredict the normal force at lower values of a. 
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Fig 4.19: Linear differential equation model. ao = 30°, Da = 25°, f=0.8Hz, with the 

time constant a function of the instantaneous flow state 

The model presented above relies exclusively on using information from other sources (i. e. 

small amplitude testing and Polhamus's equation) to construct the dynamic model, yet its 

performance is considerably poorer than either Gomans's non-linear differential equation 

model or the state space model. This reveals a discrepancy between an understanding of the 

flow physics and the models themselves. 
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This highlights one of the major problems in unsteady aerodynamic modelling: obtaining a 

model that performs accurately, while still being able to account for the flow processes that 

are occuring. This model was an attempt to use as much knowledge of the time dependent 

properties of the flow (from the calculated time constants), as well as using an estimate of 

the unburst normal force from Polhamus's equation. It is evident that obtaining a physically 

relevant model is not straight forward, and may explain the bias of researchers towards more 

complex, and less intuitive, mathematical models. 

4.3 Summary 

This chapter has discussed some of the unsteady modelling methods that are currently in 

use, and identified issues involved in their application. It is preferable that the unsteady 

model accounts for the actual flow processes that are occuring, although this may not always 
be possible, and more complicated but less intuitive models may exhibit a higher level of 

accuracy. Virtually all the models are limited to one degree-of-freedom or planar motion. 
This highlights the need for further research, and in particular the need for wind tunnel rigs 
that can generate unsteady aerodynamic data in multiple degrees-of-freedom. 
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The University of Bristol Pendulum 

Support Rig 

Clearly, there is no practical solution to all the limitations of existing dynamic test rigs: for 

all but full 6-DOF tests in a tunnel there will be issues associated with support structure; and 

scale effects cannot be eradicated cost-effectively. However, several are addressed by the 

`pendulum support rig' concept (Goman (1997)). 

The PSR (Figure 5.1 and 5.2) comprises a remotely controlled aircraft model suspended on 

a gimballed pendulum support strut, allowing `physical simulation' in up to five degrees of 

freedom. The 3-DOF gimbal attaching the aircraft to the pendulum strut allows the model to 

pitch, roll and yaw, while the 2-DOF gimbal attaching the strut to the wind tunnel mounting 

point allows the strut to swing longitudinally and laterally. Motions are initiated via the actu- 

ated control surfaces, rather than through the support mechanism. This offers the following 

advantages: 

i. multiple degrees of freedom; 

ii. the fact that the model is not moved via the sting strut means that it can be relatively 
light and of small cross-section, hence reducing tare and interference effects; 

iii. the model is controlled through its on-board control surfaces so that the influence of 
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Fig 5.1: Schematic of inverted Pendulum Support Rig 

Wind direction 
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Fig 5.2: Schematic of'Upright Pendulum Support Rig 

their movement on manoeuvring aerodynamics is accounted for (as with drop model 
flight tests, for example, but contrary to the situation in most wind tunnel tests); 

iv. both model motion and load data (from an instrumented strut) can he acquired; 

v. by incorporating suitable sensors and an appropriate real-time feedback control sys- 
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tem, it is possible to develop and evaluate control laws and to test unstable configura- 
tions. 

As expected, there are also difficulties that need to be overcome with such rigs: 

i. the motion is not totally arbitrary: the pendulum strut constrains the model pivot trans- 
lations to a spherical trajectory relative to the tunnel; 

ii. the dynamics of the aircraft model and of the pendulum strut may couple to create 
interesting behaviour that its not necessarily indicative of the airframe itself; 

iii. strut interference remains an issue; 

iv. low-cost motion sensors such as potentiometers add friction/stiction, and any sensors 

and actuators which rely on cables passing through the gimbals exacerbate these effects 
(such problems can be reduced by radio control of actuators, non-intrusive motion 
sensing or telemetry of on-board sensor data); 

v. the control system will introduce dead bands, lags, etc. which need to be considered; 

vi. wind tunnel corrections need to be extended to allow for large-scale motions (applica- 
ble to any large-amplitude testing). 

When utilising a PSR system, the intention would be to complement, not replace, conven- 

tional wind tunnel tests. The latter will still be more accurate at static testing, and even for 

dynamic testing the use of more than one type of rig helps to eliminate effects due to support 

stings, etc. Parameter estimation, using synchronised motion and loading data, should allow 

comprehensive model fitting to be performed - in the same vein as full-scale flight tests but at 

a fraction of the cost (admittedly also with factors such as scale effects to take into account). 

This chapter discusses the PSR rig developed and designed at the University of Bristol. 

Details concerning the construction 'of the rig will be presented, along with the design pa- 

rameters that need to be taken into account. 
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5.1 Design Process 

The manufacture of the Hawk model took place over a period of seven months, primarily 
by the author and fellow postgraduate student Paul Davison. The rig was first built in a 2- 

DOF configuration so as to gain experience with operating it before proceeding to the more 

complex 5-DOF configuration. The 2-DOF mode consisted of the aircraft attached via a 

single-degree-of-freedom gimbal to the pendulum strut, and the strut attached by a similar 

gimbal to the wind tunnel mounting point. This allowed the aircraft model to move in the 
longitudinal plane only. Various design and manufacture features had to be considered, and 
these are listed below. 

5.2 Type of Model 

An initial consideration was to use an already manufactured radio control aircraft. Although 

this would have significantly decreased the time scales required to manufacture the pendulum 

rig, it posed three specific problems. 

Firstly, models of the required size are not available commercially, as most models would 
have a wing span far too large. Initial calculations indicated that a model with a wingspan 
600mm or less was required. Testing was to be done in the Department's 1. lm Open Jet 

Wind Tunnel. Due to the dynamic nature of the experiment, and to prevent any significant 
blockage effects occurring, wingspan was the limiting factor. 

Secondly, available models do not allow for much modification without compromising struc- 

tural integrity. The model requires the installation of various types of equipment, and modi- 
fying an existing model to accommodate this would prove to be problematic. 

Thirdly, radio control models are designed for free flight and for speeds lower than the ex- 

pected wind tunnel velocities. The physical constraint of the model rotating on a gimbal will 

introduce added stresses, not accounted for in the original design. The rig model would have 

to be substantially stronger and more robust than an ordinary model aircraft intended for free 

flight, and the modifications required of such a model would prove impractical and difficult. 

89 



Chapter 5 

5.3 Hawk Model 

11 a iid IIIaIILIl1IClLI1fC 

Due to the above reasons, the decision was made to design and build a completely new 

aircraft model. Plans were obtained for a radio-controlled 1/8th scale ducted fan Bae Hawk. 

It is important to mention here that manufacturing an exact dimensionally scaled model of 

an existing aircraft was not a prerequisite: achieving proper scale effects and relating this 

to experimental values determined from a full size aircraft is not an objective of the project. 

Rather, it is to have a wind tunnel model with which to simulate large amplitude / high rate 

motion so as to generate steady as well as unsteady aerodynamic data. To this end the choice 

of model is arbitrary, so long as it provides a suitable platform to facilitate the rigorous 

experimental demands required of it. 

Although the model closely resembles a Hawk aircraft in appearance, a closer inspection 

will reveal larger engine intakes and longitudinal tailplanes. The plans were scaled down by 

a factor of two to result in a 1/1 6th scale model, with a wingspan of 600mm (Figure 5.3). 

9 

fir, .ýý... . 
.,. 

ý` 
. ., *. 

(a) Front (h) Rear 

Fig 5.3: Fully assembled Hawk model 

Modifying the plans so as to accommodate the extra aerodynamic forces and moments ap- 

plied to the aircraft is not a simple task: most of these designs are generally drawn by enthu- 
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siasts with little scientific knowledge of structural theory, using rule of thumb techniques. An 

attempt to properly quantify all the forces and stresses the aircraft will be subjected to, and 

then to translate that into an exact design is extremely problematic. The structure consists 

of a wide variety of materials joined together using adhesives, and a full and comprehensive 

analysis is unlikely to be very accurate, as well as being far too time intensive considering 

time scales of the project. A tendency was thus adopted to overcompensate in structural 

strength, to allow for any unforseen forces and impacts the model may experience. If the 

model design had been scaled using a straightforward scaling law, it would appear that the 

model could be built by scaling down the Hawk plans by half, and hence using half thick- 

nesses for all parts. 

This would not seem to be intuitively correct, however, and hence most of the parts were 

significantly modified. This would either involve using plywood as opposed to balsa wood 
for many parts, as well as introducing extra strengtheners within the model structure itself. 

Such decisions do carry a weight penalty, and this had to be assessed before construction 
began. Various spreadsheets of different construction materials were drawn up to quantify 
the variability in mass of the model and aid comparison. 

Once finished, the model had been fabricated from a wide variety of materials, including 

balsa wood, plywood, aluminium and fibreglass as the main components. Figure 5.4 shows 
the Hawk model from the side, with Figure 5.5 showing the model disassembled into its 

various components. Ensuring that the model is accurately built is a time consuming pro- 

cess: to obtain wings, tailplanes and other parts all correctly lined up is tedious and difficult. 

The fitting of hinges, servo motors, a ducted fan, threaded inserts and gimbals within a con- 
fined space, while still maintaining functionality, structural integrity and minimum weight 

proved extremely hard and time consuming. Table 5.1 lists some technical specifications of 
the model and PSR, and Appendix A contains photos of the model during the construction 

phase, as well as the gimbal design. The gimbals were designed by the author and manufac- 
tured by the Aerospace Department's workshop. 
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Fig 5.4: Side view rof'Hawk model 

5.4 PC-Control, Instrumentation and Actuation 

The key to physical simulation via rigs such as this is effective real-tine control. This has 

been achieved on the Pendulum Rig using a1 103 DSpace system, operating in the MAT- 

LAB/Simulink environment. Brief specifications of the system are: 

. 16 channel ADC (16 hit precision, 4rns conversion time) 

"4 channel ADC (12 bit precision, 8OOns conversion time) 

"8 channel DAC (14 bit precision, 5ms settling time) 

"6 position encoder inputs 

95 Pulse Width Modulated (PWM) outputs 

. 32 bits of digital I/O 
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Fig 5.5: Disassembled Hawk model 

Onboard instrumentation in the Hawk Model includes rotary potentiometers in the gimbal, 

as well as solid-state gyroscopes to provide angular rates. An accelerometer was also fitted 

to the model, but the signal proved too noisy to be of any use, and it was preferable to 

differentiate either the potentiometer or gyroscope signal. Although the specifications of the 

gyroscopes and potentiometers indicated that they had a high degree of accuracy, their output 

signal was corrupted by electrical noise from the environment. This is discussed further in 

Chapter 5. 

Each control surface is driven by a miniature servo actuator, capable of rotating 60" in 0.09 

seconds and having a maximum torque of 0.14Nm. The model has five servos in total: two 

for each tailplane and aileron, and one for the rudder. The actuators are connected in line 

with the control surfaces via a torque rod, ensuring a direct drive. 
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Table 5.1: Specifications of Hawk aircraft model and pendulum support rig 

Model 1/16 Scale BAe Hawk 

Mass (incl. various instrumentation) Approximately 1700g 

Dimensions Length: 0.655 mm 
Wingspan: 0.612 mm 
Mean Aerodynamic Chord: 0.135m 

Wing Planform Area 0.078 m2 

Model Inertias (all approximate) Ix = 0.00959 kg. m2 
Icy = 0.0395 kg. m2 
Iz, z = 0.0507 kg. m2 

Control Surfaces Independent stabilator and aileron deflection 

Ranges: 
Aileron = ±40° 

Stabilator = ±40° 

Rudder = ±20° 

Ducted Fan Graupner Electro-Impeller Speed 400 

Servos 5x Supertee Naro HP/BB 

Gimbal Potentiometers Penny and Giles RCP09 Midpot Rotary Po- 

tentiometer 

Gyroscope (pitch axis) Murata ENC-03J 

Pendulum Strut Material: Aluminium Tubing 

Outer Diameter = 15.9mm 

Inner Diameter = 9.5mm 

Length= 1.215m 

5.5 Trifilar Suspension Rig 

The moments of inertia of the Hawk Model were measured using a Trifilar Suspension Sys- 

tem. ' The rig consists of a triangular support base suspended by three support wires to a 

grounded support base, as in Figure 5.6. Given that the time period of rotational oscillation 
is measured (T), then the moment of rotational inertia in the horizontal plane about the centre 
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Grounded support plate 

L Support wires 

r-/ 

R Horizontal plane 
(Rotation of platform) 

Platform 

Fig 5.6: Schematic of trifilar suspension rig 

of rotation can be calculated from (Lieven (1992)): 

_ I9 mgR2T2 
47r2L (5.1) 

As can be seen from the above equation, the measurement includes the mass of the platform 
as well as the mass of the object being measured. It is thus necessary to accurately know 

the inertia of the rig itself if the calculations are to prove accurate. The length of the support 
wires are slightly variable depending on the mass of the object on the platform, and this was 
taken into account. 

The rig was calibrated using rectangular blocks of uniform density and hence known inertia, 

and it was found that the rig was able to calculate inertias to within 1.5% accuracy. It is im- 

portant to mention, though, that this level of accuracy is not to be expected when measuring 
the Hawk inertias: the accuracy level is very much dependant on ensuring that the CG of 
the model is directly above the centre axis of rotation of the platform. The platform used for 

this purpose has a 15cm hole in the centre, so as to allow the wing to pass through it when 

measuring the pitch inertia of the model. As such, there is no easily identifiable point on the 

platform itself with which to align the CG point. This is further complicated by not knowing 

exactly where the CG position is within the model itself. Misalignment of the CG will also 

cause a pendulum type motion of the rig as well due to the CG moving translationally, further 

compromising the accuracy of the results. Figure 5.7 shows the error to be expected if the 

CG position of the Hawk model is not aligned to the rotational point -a 2cm CG location 

error results in a 10% error in inertial measurement. This will have a knock-on effect in the 

estimation of reliable aerodynamic derivatives, as the equations of motion predict a linear 

relationship between inertial measurement error and aerodynamic coefficient error. 
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Fig 5.7: Percentage inertia error due to variation in CG location point 

5.6 Control Surface Servos 

The successful implementation of parameter estimation techniques to determine robust aero- 
dynamic models requires an accurate knowledge of the model's control surface deflections, 

due to the aircraft model driving its own motion. This has proved to be difficult on the current 

rig, due to the following factors: 

i. The current model does not allow for the provision of measuring the control surface 
deflections. Due to the size of the Hawk model, rotary potentiometers are too large to 

allow them to be installed next to the control surfaces 

ii. Initial investigations used the potentiometers on the servos, already installed for feed- 

back control, to determine the angular displacement. However, this proved rather prob- 
lematic: the signal was very noisy, and the accuracy of the pot itself is questionable. 
Measuring the signal also required disassembling the servo drive to install the nec- 

essary wires, thereby unintentionally damaging the servos and causing them to fail 

unacceptably often. 
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In an attempt to partially solve the problem, canards were introduced onto the Hawk model 

and driven by a digital servo connected to a rotary pot. This arrangement works well, yet 

requires a considerable amount of space, and does not solve the current problem of the other 

control surfaces. The performance of the new system is encouraging though, and a similar 

arrangement will be used in subsequent models. 

The servos were also characterised as the result of work undertaken in another project. 
A Matlab Simulink model attempts to capture parameters such as time delays, lags and 
freeplay/backlash characteristics. The model does not take into account aerodynamic forces 

and control linkage loads and friction from the control surface, and the random performance 

of the servo drives makes modelling them problematic. 

5.7 Force transducers 

For the purposes of steady as well as unsteady aerodynamic data analysis, it is desirable to 
include meaurement of the aerodynamic lift and drag reaction: this offers the prospect of 

aiding parameter estimation and provides information on the lag between the load and the 

aircraft's position and motion. Two flexures have been designed and analysed by the author 
for this purpose: a `binocular' configuration strain gauge balance (fitted midway along the 

strut) and a `ring' balance (virtually integral with the model gimbal, to minimise exposure to 

strut bending). The final designs had to have a high sensitivity due to the small variation of 

the aerodynamic loads on the model, while being able to carry the larger loads induced by 

the model aerodynamic forces, weight and motion. The transducer performance also had to 
be invariable to secondary loads (i. e. not in the strut direction) applied to the rig. 

5.7.1 Ring transducer 

The Ring transducer is based on a common design for measuring loads containing tension 

only, without any transverse bending loads, and can be designed to be very sensitive. The unit 
is particularly susceptible to any transverse loads, resulting in significant flexing in the force 

direction, as well as producing spurious readings. The strain gauges need to be carefully and 
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accurately applied, as the surface on the cross struts on the unit change from compression 

to tension within a space of 5mm, and the active measuring area on the strain gauges is 

only 1.2mm - see the finite element analysis for the transducer in Figure 5.8, where the red 

and blue colours indicate maximum tension and compression respectively. Figure 5.9 shows 

the transducer experiencing a small bending moment, and the associated high stresses on the 

surface on the cross-members. The ring transducer was only used for measuring strut tension 

in the 5-DOF arrangement, where bending moments on the strut are minimal. 

Material: 
S235JR 
YieId oant 235 11 

av: 71 95461 

6811191 

es lwn 
6219352 

.. 59.13902 
5618613 
53.23244 
51 27874 
47.32515 
4437135 
41,41766 
38 46397 
35.51127 
3255658 
29.6128: 
26.64919 
23.69551 
21.74 161 
17.71111 
14 83441 
1186172 
8.92713 
111311 
3.11964 

Inn, 1.16595 

Fig 5.8: FEM analysis of stresses acting on ring transducer 

5.7.2 Binocular transducer 

The binocular transducer has been designed specifically for use in the 2-DOF configuration. 

The larger size of the unit increases its capability to minimise bending moments, and strain 

gauge placement is less critical when compared with the ring transducer. The transducer is 

located approximately one third the strut length up from the aircraft model: a compromise 

between moving the unit away from the model to minimise aerodynamic interference effects, 

while keeping the unwanted bending moments on the unit to a minimum. Figure 5.10 shows 

stresses calculated by finite element analysis applied to the binocular transducer. Both trans- 

ducers were calibrated to include second-order effects, and the top of the pendulum strut was 
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Fig 5.9: Bending moment applied to ring f exure, showing high stress concentrations 
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Fig 5.10: FEM analysis of stresses acting on binocular transducer 

gauged in the 2-DOF configuration to calculate the bending moment on the transducer. The 

units were manufactured in the Department of Aerospace Engineering workshop from HE15 

T6 Aluminium, a high strength aluminium alloy commonly used for transducer manufacture. 
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5.8 Sundry Equipment 

The PSR rig and model have the capability of being used in a variety of configurations, from 

a simple 1-DOF system (i. e. pitch motion only) to full 5-DOF motion. This necessitates the 

use of sundry equipment, including: 

i. different strut lengths and designs to allow the attachment of each of the force trans- 

ducers, as well as the different gimbals; 

ii. fairings for the strut when using the rig in the I -DOF or 2-DOF configurations; 

iii. a counter-weight balance apparatus to attach to the strut, allowing greater heave motion 

in the longitudinal plane (Figure 5.11). The lift vector of the aircraft model and its 

weight both act in a downwards direction, hence making it difficult to achieve upwards 

motion. The counterbalance causes a moment in the opposite direction, encouraging 

the pendulum to have a position closer to the horizontal plane. 

A 
d. 

; ý+ý'! 
.. 

\ý 

I 
iý* 4 

Weights 

Gimbal 

(a) Counter-weighted PSR (h) Couwurr-weight urrungeiiwrnt 

Fig 5.11: Counter-weight balance system 

5.9 Wind Tunnels 

The following two wind tunnels were used for testing: 
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1.7' x 5' Low Speed Wind Tunnel: This tunnel was mainly used for static testing 

and for 1-DOF dynamic testing. It has a 2.1 mx1.5 m octagonal closed test section 

and a maximum speed of 60 m/s. The balance is mounted above the tunnel roof, and 

provides lift, drag and pitching moment values. 

2. Open Jet Wind Tunnel: This tunnel has a 1.1 m diameter test section and a maximum 

speed of 40m/s. It was used for most of the dynamic testing due to the open jet config- 

uration allowing easy access and large translational motions of the model without risk 

of it colliding with a tunnel wall. 

5.10 Summary 

This chapter has given details of the design and construction of the Hawk model and pen- 
dulum support rig, including potential problem areas such as control surface deflection and 
inertial measurements. The complete process, from conceptual design to fully assembled rig, 

needs to take into account a variety of different factors, several of which may not be satisfied 

simultaneously. The next chapter will provide details of the various equations of motion that 

were formulated for the analysis of the rig. 
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Chapter 6 

Equations of Motion for Hawk Model 

and Pendulum Support Rig 

This chapter addresses the formulation of the equations of motion for the Hawk model and 

the PSR. These equations will be required for the analysis of the experimental data that will 
be obtained from static and dynamic testings. Techniques for extracting the aerodynamic 

parameters of the Hawk model and PSR from these equations are also presented. The equa- 

tions are also amended to include the effect of a counter-weight balance system, as well as 

making allowance for offset CG locations. It is shown that this is a complex process due to 

the interaction of the aircraft and pendulum strut dynamics. 

6.1 1-DOF Free-Oscillation Tests in Pitch 

Figure 6.1 shows a diagram of the configuration used for 1-DOF experimental tests with the 

aircraft model able to rotate in pitch only (angle 0), and a torsional spring in place to provide 

additional pitch stiffness. The setup for static testing is similar to this diagram, with only the 

spring being replace by a pitch wire. The pitch wire allows the pitch angle of the model to be 

varied, as well as sensing the pitching moment acting on the model. The force directions (X 

and Z) are also defined in the diagram, with the subscript b referring to forces in the body 
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axis system. The static test program is discussed further in the next chapter. 

Xb 

Fig 6.1: Diagram of 1-DOF free-oscillation test 

A simple model governing the behaviour of the aircraft is of the form 

0= 90 + Ae-^Nin (Vi 
- (2wn +0) (6.1) 

where 

8= pitch angle 

A= initial amplitude 

(= damping ratio 

w, ti = natural frequency (rad/s) 

0= phase lag 

A maximum likelihood estimation routine is used to solve for C and w, z . Removing the wind- 

off values and with model moment of inertia in pitch measured independently (torsional 

pendulum method), the damping derivatives of the Hawk model can be estimated from 

21yywn(V Cq= 
qS, C2 

(6.2) 

6.2 1-DOF Physical Simulations in Pitch 

These tests are similar to the type of pitch testing discussed above, except that the torsional 

spring is now removed. The model is thus free to rotate in pitch, and the motion is driven by 
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inputs to the stabilators. In this case the model is of state space form 

(Mv + Mme) Ml « q Mn 
9 - 10 9 

+ 
o . ý 

Qmeasured (Mq + Mä) M« M, 7 
emeasured = 10 

[q ]+ 
0 " 1] (6.3) 

emeasured 01 0 

where 77 = stabilator angle and a=0. The variables within the matrices are defined as 

Cmc SC (C-, + Crraý) qSC C, 
nn(ISC M. =I M9 + Mý =IVM, ý =I (6.4) 

IVY vv vv 

6.3 Multi-DOF Testing 

Figure 6.2 shows a diagram of the axes definitions used for multi-DOF testing. 

ýX 

L, P, $ 

A 

Y 

Z 

Fig 6.2: Motion variable notation for 3-DOF tests 

The state space formulation used for all the testing was the same as that used in the initial 1- 

DOF testing described in the previous section, with the formulation now amended as follows 
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for roll tests: 

(Lp + Lý) L4 p + 
LC 

10 0 

Pmeasured (Lp + L4, ) LO Lt 

measured =10 +0 (6.5) 

measured 
01 

The variables within the roll state space equation are defined as 

, gSb C1 
(Czp + C1ý) gSb2 C14gSb 

, LO _, Lp + Lý 
I.. V 

(6.6) 

For yaw tests the equation becomes 

r 
= 

(Nr+N, ) NV1 In + 
NC 

"C 10 0 

? 'measured (Nr + N1) NO NC 

"ýý ýVmeasured 
r 

-10 
+0 (6.7) 

Omeasured 01 0 

Cnv, gSb 
(Cnr + Cny) gSb2 CncgSb 

N, p r, 
ZZ, 

Nr + Ný 
IzzV NC = Ixx 

(6.8) 

For ease of presentation the following description of each term will be used: 

Mme, L1,, N, 1, = `stiffness' terms 

Mq + Ma, LP + Li,, N,. + N, = `damping' terms 

M, 7, Lý, NC = `control surface' terms 

It will be clear from the context which particular term is being referred to. 

6.3.1 Maximum Likelihood Estimation Routine 

The Maximum Likelihood parameter estimation routine is commonly used for flight dynam- 

ics applications, and was used for most of the analysis of the PSR rig and Hawk model. 

In most cases the Matlab function pem was used, after formatting the equations of motion 
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for the rig in a state space formulation. The Matlab function works very well: it is very 

robust to starting guesses that may ordinarily lead to the optimisation routine settling into a 
`valley' and predicting incorrect values. As an exercise, the author programmed the MLE 

routine in Matlab as well and achieved the same answers, but the performance of the generic 
Matlab function was always superior in terms of computation time and robustness to starting 

guesses. 

Theoretical Development of Routine 

The dynamical model of an aircraft can be represented in the form 

x(t) =f [x (t), u(t), 91 (6.9a) 

x(0) = xo (6.9b) 

y(t) = 9[x(t), u(t), 9] (6.9c) 

z(i)=y(i)+v(i) i=1,2, ..., N (6.9d) 

where 

x(t) = the state vector 

u(t) = the control vector 

y(t) = the output vector 

6= the parameter vector 

v(t) = the measurement noise vector 

z(t) = the measurement vector 

i= the index for each time point, for i=1,2,3,..., N 

r? 

For the conventional maximum likelihood method, the discrete measurement noise vector is 

assumed to be zero mean white Gaussian 

. 10) (6.10) = 0' 

where E, the expected value of the noise, is zero, and the discrete noise covariance matrix, 
R, is defined by 

RSij = E{v(i)vt(j)} (6.11) 
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where 8 is the Kronecker delta, and j refers to the jth element of the parameter vector 0. 

The estimation of the parameter vector (i. e. 0) maximises the conditional probability density 
function 

0= arg max[p(ZIO)] (6.12) 

where Z is the set of the full measurement vectors z(i), for i=1,2,..., N, and B refers to the 

estimated parameters. If the covariance matrix R is known, equation (6.12) is equivalent to 

minimising the cost function 

N 

J(O) =2 [z(i) - y(i)]T R-1 [z(i) - y(i)} (6.13) 
i=l 

A common method for minimising equation (6.13) is to use a modified Newton-Raphson 

technique to determine the new set of values for the parameter vector 0, starting with an 
initial guess for the vector. This guess can be obtained from an equation error method (Klein 

(1979)) but Morelli & Klein (1997) claim that a much rougher initial guess can be used. 
Using the Newton-Raphson technique, the new update for the parameter values is given by 

oe = e-e 
N 

- S(i)TR-1S(i) 
N 

S(i)T R_1 [z(i) 

s=1 
(6.14) 

where the sensitivity matrix is defined as 

s(i) - 
8äe2) I 

_6 g- 
(6.15) 

The jth column of S contains the sensitivity for the jth parameter, and this can be computed 
from finite differences using the set of equations (6.9a) '= (6.9d). The modification to the 

parameter values predicted by (6.14) are then added to the current values (9), and in this way 
the recursive process approaches the true value of 0, provided it does not settle at a local 

minimum. 

It is possible to predict the noise covariance matrix R by using the output residuals. ' The 

estimation of R, so as to maximise the conditional probability shown in equation (6.12), is 

defined as 
N 

.R=N [ (i) - y(z)) [Z(i) '- V(i)] (6.16) T 
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The values of y determined from the current estimates of the parameter vector 0 are used 

to compute R. However, Morelli suggests that in most cases it is only necessary to retain 

the diagonal elements of R. Applying the full R matrix in equations (6.13) and (6.14) does 

not warrant the extra computational expense incurred, and this assumption is valid if the 

measurement noise sequences for the measured outputs are uncorrelated with each other. 

The recursive process then continues with the latest estimate of R being substituted into 

(6.13), and then calculating the latest parameter vector updates using equation (6.14), before 

updating R again. The process reaches convergence once the estimates of 0 and R reach 

constant values, and the estimation routine fails to update them within a specified band. 

6.3.2 Parameter Estimation Routines 

The parameter estimation method used was a Maximum Likelihood Estimation routine avail- 

able in the MATLAB environment. This routine is a quick and efficient solver, and is robust 

to starting estimates that differ significantly from the actual correct values. For this reason it 

was decided to formulate all the equations of motion in the state space form. Inspection of 

the results in Appendix D will reveal that three different methods were used to determine the 

aerodynamic derivatives: 

Method 1: This method allowed the routine to solve for the stiffness, damping and control 

surface terms simultaneously and independently of each other. 

Method 2: This relied on the assumption that the ratio of the stiffness and control surface 

term could be obtained from static trim testing. This is best understood by analysing the first 

row of the state space formulation for a stationary but non-zero displacement value and a 

control surface input (using the longitudinal pitch equation in this case): 

0= Mýa + M,, 71, and hence a= 
-- 'ý 

-. 
(6.17) 

7) . 
Ma 

Trimmed static testing was performed, and the estimation routine was now amended to solve 

only for the stiffness and damping terms, with the control surface term now being a function 

of the stiffness value. , 
'ý 

, 
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Method 3: This method was only used for the roll tests, due to the specific arrangement 

necessary to maintain stable roll angles. It is not feasible to place the gimbal location at the 

CG for roll tests, as any slight asymmetric flow will cause the model to be displaced in roll 

until it pushes against one of the end stops. For this reason the gimbal location was placed 

approximately 40mm above the CG location. This ensured that the inverted model always 

maintained a stable steady state roll angle of zero, assuming no inputs into the ailerons, since 

any deviation in roll angle will result in the gravity vector "pulling" the model back to the 

zero roll angle (i. e. wings level). 

Since the offset location was known (though only to within 3mm accuracy), it was now 

possible to solve for the roll stiffness term (i. e. LA) manually. This term is not a conventional 

aerodynamic term, and only accounts for the effect of the gravity vector on the Hawk model. 
This was then combined with Method 2, resulting in only the damping term needing to be 

solved. 

6.3.3 State Space Formulation vs Full Non-Linear Equations of Motion 

It is worth presenting here a justification for using the linear state space model formulation, 

as opposed to using the full non-linear equations of motion for the aircraft attached to a fixed 

gimbal location point, which are as follows': 

I ii-Iýzr+(I, -IIv)gr =l 
Iy7j -Ixz(r2-p2)+(Ixx-IYZ)rp.; = m 

Izzr - Ixzp + (Ivy - Ix, )pq =n (6.18) 

In the linear state space formulation p, q and r are pertubations from equilibrium and it is 

assumed that the product of rotational velocities (i. e. qr) are negligible, and may hence be 

neglected. The assumption is also made that the product of inertia term (I.,, z) is negligible, 

although this could be retained included in the above equations without interfering with the 

linearity assumption. The above equations then effectively reduce to the following form: 

Inertia x 'Rotational Acceleration = 'Externally Applied Moment (6.19) 

t We assume throughout that the x-z axes are an inertial plane of symmetry, i. e. Ix. = Iy.. = 0. 
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In the state space method the Externally Applied Moment now becomes a linear function 

of the motion variables and their rates, as well as the control surface inputs. This second 

assumption of linearity is a reasonable one to make, provided the amplitude of the Hawk 

model motion is small. However, this cannot always be guaranteed due to large values of 

tunnel turbulence. 

It should be noted that all the terms on the left hand side of equation (6.18) are available 
from the experimental data. An obvious approach would be to then solve for the 1, m and 

n moments on the RHS of equation (6.18), and hence define those moments as a function 

of angle of attack, sideslip and body axis rates. However, the Hawk model uses rotary po- 
tentiometers for determining its position, and it is necessary to differentiate this moderately 

noisy signal twice to obtain the body-axis accelerations. Although this final signal can be 

filtered, it requires a lowpass filter of relatively low magnitude, effectively diminishing the 

chances of capturing the full motion data. 

6.3.4 Choice of Derivative Formulation 

It may be noted that the roll and yaw derivatives presented in equations (6.5) and (6.5) are 
functions of the Euler angles 0 and 7P, whereas conventional practice is for them to be func- 

tions of angle of attack, sideslip and body axis rates. This was again a result of having to 

use the linear state space formulation, which resulted in performing all the lateral roll tests 

at zero 0 (i. e. zero angle of attack). This gave justification to the cross product terms in 

equation (6.18) being negligible, since a pure rolling motion at zero angle of attack about 

the X-axis results in a zero yaw rate, and vice versa. At non-zero 0 values, this is no longer 

the case. This allowed the assumption to be made that the rotational rate of the Euler angles 

are equal to the body axis rates (p, q, r). It should be noted that in this case sideslip 

angle is equal to 

6.3.5, ' Sinusoidal Testing 

Three different types of inputs were used to excite the Hawk model motion: doublet, step and 

sinusoidal inputs. Previous testing had revealed that there can exist a considerable discrep-, 
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ancy between the aerodynamic derivatives obtained from sinusoidal tests when compared to 

those derived from doublet and step inputs. This can be best understood when considering 

the first row of the state space formulation, again using the longitudinal pitch equation as an 

example: 

B=M«O+(Mq+M&)q+M, 777 (6.20) 

If a linear response is assumed, with the aerodynamic derivatives being constant, then 0 and 
its derivatives as well as the control surface deflections (71) all vary sinusoidally. If one of the 
derivatives changes, then the predicted sinusoidal response (i. e. 0) is merely phase shifted 

accordingly with a change in amplitude. Since the control surface deflection is not known 

precisely, due to there being no position feedback available, there appears to be significant 

scatter in the predicted results from one data set to another, although the fit for each individual 

experiment may be satisfactory. An alternative explanation would be that there exists a range 

of stiffness, damping and control surface values that would provide a good curve fit to the 

experimental data, but not necessarily being the correct one. 

This is contrasted to the response obtained from doublet and step inputs, where the stiffness 

term largely determines the frequency of unforced oscillation, and the damping term the 

rate of amplitude decay. Both the frequency and damping of the unforced system are not 
functions of the control surface deflection, thus effectively allowing the parameter estimation 

routine to only solve for their two values with a greater degree of accuracy. If it has to solve 
for all three values simultaneously then its accuracy will decrease. 

6.3.6 Control Surface Deflections 

Since there is no direct way of measuring the control surface deflection, it was necessary to 

somehow account for the actuator position not being exactly the same as the demanded input: 

a doublet input would not cause an instantaneous change in control surface position., This 

was achieved by passing the input command through 
'a 

simple first-order transfer function, 

which should offer a better and more realistic value. The lag of the transfer function was 

chosen so as to agree with experimental values. This model was compared to a more complex. 
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non-linear servo model created in the Department to represent this type of servo, and showed 
good general agreement (Figure 6.3). The offset value for the complex model is due to a 
freeplay simulation. 
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Fig 6.3: Comparison between two different models used to simulate control surface 
behaviour 

6.4 2-DOF Equations of Motion for Offset CG 

The differential equations describing the motion of the aircraft model in a 2-DOF configu- 

ration were developed by Goman (1997), and this is repeated here with reference to Figure 

6.4. 

Two reference systems are used to describe the orientation of the PSR rig. The inertial wind 

tunnel reference system OgX9Z9 has its origin at the point where the pendulum strut attaches 

to the wind tunnel. The model reference system OXZ has its origin at the point where the 

opposite end of the pendulum strut attaches to the model, and the CG location of the aircraft 
is described by the co-ordinates x, z, with respect to this system. The complete orientation 

of the model is described by the co-ordinates 'y, 0 and strut length r. The location of the 
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v0 

_9 

Fig 6.4: Pendulum support rig in 2-DOF longitudinal configuration 

model CG in the wind tunnel axis system is given by 

x9 = -rcos'y+xccos9+zcsin9 

zg = -rsinyy-xcsin9+zccos9 (6.21) 

The equations of motion of the rig are formulated using Lagrange equations. The kinetic 

energy of the model consists of its translational motion as well as its rotational velocity with 

respect to the CG 
m xi 2z 

K_ ý+ 
. 

+Iy2 (6.22) 

The equations for the generalised coordinates of the model CG are now substituted into the 

equation for the kinetic energy, and using the relation 8+7= 71 we obtain 

mz a 2. ý Z2) 62, z 
K=2 ry + mr [xý cos 77 +C sin rý] ry8 -I- 

m ýx° 
2 

z°ý e Iýy2 
(6.23) 

The potential energy, also in generalised coordinates, is given by 

II = -mgzg = mg (r sin 7+x sin 0-z, cos B) (6.24) 
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The Lagrange equations are defined as 
d äL äL 

_ Qry däry-äy 
d äL äL 
d= Qo (6.25) 

90 - äe 
where L=K- II. The external moments acting on the system, Q. y and QB, are defined as 

Q. y = rRy 
Qo = MYY - xcZ + zX (6.26) 

where Ry is the component of the total force acting on the model in the tangential direction 

of the strut (i. e. perpendicular to the strut length). Z and X are the components of the 

same force in the OX Z co-ordinate system (i. e. body-axes forces), and Myy is the body-axis 

pitching moment. 

Applying the Lagrange equations to the above the following equations of motion for the 
2-DOF system are obtained: 

mr2 y= -mr [xc cos ?7- zz sin i, ] 9+ mr [xc sin ll + z, cos 77] B2 

-mgr cos ry -r [Z cos ii -X sin 77] (6.27) 

[Iýý +m (xý + zý )ý B= -mr [xc cos r? + zc sin i]y+ mr [xc sin rj - z, cos 17] ý2 

-mg [x, cos 0+z, sin 0] + [MIy - x, Z + zX] (6.28) 

In equation (6.28) the ry term represents the effect of the tangential acceleration of the strut 
tip on the model motion, with the %y term accounting for centripetal effects. The mg . 

term 

represents the additional effect of the gravity vector acting on the offset CG location. 

6.5 Equations of Motion for 5-DOF Pendulum Support Rig 

To further aid analysis of the PSR rig in five degrees of freedom, the equations describing 

its motion need to be developed. This has been done in Goman (1997) and is repeated here. 

The modifications to these equations to include the effects of a counter-balance system have 

been made by the author. 
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The equations presented below will assume that the centre-of-gravity of the aircraft model 
is co-incident with the 3DOF gimbal attached to the end of the pendulum strut. While this 

may be difficult to achieve experimentally for an actual PSR rig, the addition of an offset 
CG significantly increases the complexity of the rig equations, and this will be addressed 
in the next section. This makes simulations of the rig computationally expensive, and it is 

only intended here to make comparisons with other forms of dynamic testing. The effect of 

aerodynamic force along the strut length will also be ignored, and it will also be assumed 

that the strut is massless. Again, this aids the comparison between the PSR rig and free- 

flight/3DOF testing (Chapter 9). 

The equations describing the rotational motion of the aircraft model are given by 

IxýP - I.,, zr + (II, - Ivv)9r =1 

Ivyq I,. z(r2 - P2) + (IX_ - Izz)rp =m 

Ixzi. - IxA + (Iuv - Ixx)pq =n (6.29) 

where 1, m, and n are the aerodynamic moments about the roll, pitch and yaw axes respec- 

tively, and p, q and r are the body angular rates about the same axes. Transforming the body 

angular rates to Euler angle rates 

ý= p+tan9(gsinq+rcoso) 

0= gcosq-rsinq 
1 

= (gsint5+rcosc)cos0 (6.30) 

The orientation of the pendulum strut is defined by the variables A and ry, as shown in Figure 

6.5. 

The position of the aircraft gimbal is given by" 

x= 'r cos ry cos A 

.y= rcosysinA 

z= -r sin -y (6.31) 
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Xg 

Y9 

ý9 

Fig 6.5: Pendulum support rig in 5-DOF configuration 

The kinetic and potential energies of the aircraft translational motion are then calculated as 

K= 
22 

(ý2 
+ A2 

COS2yJ 

II = mgr sin ry (6.32) 

The equations of motion for the pendulum strut are now determined by applying the La- 

grange method to equation (6.32). Defining L=K- II, then the Lagrange equations 
become 

d8L 
dt äy 
d8L 
dt ä; \ 

where Qy and Qa are the moments in the 

aL 
Q7 

aL QA (6.33) 

y and a plane respectively. This results in 

mr 
(y 

-I- A2 sin 2 ry) 
= -Xs sinY cos A- Zs + m9) cos 'Y. - Yy sin Ysin A J 

mr 
(ý 

cost y- ýy sin 2y) _ -X9 cos rysin a -F Y9 cos y cös A'' (6.34) 

Equations (6.29), (6.30) and (6.34) comprise the full set of 10th order equations that describe 

the PSR motion. It should be noted that it is not necessary to include the kinetic energy of 
the Hawk model due to rotational motion about its body axes, as the pendulum variables A 

and ry are independent of the Euler angles 0,0 and ii of the aircraft. The forces acting on the 
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aircraft (i. e. X9, Y9, Z9) are the components of the translational aerodynamic forces acting 

upon the aircraft model defined with respect to the wind tunnel axis system Oxyz (i. e. an 
Earth axis system). The transformation of the forces from the aircraft axes system to the 

wind tunnel reference system is done using the inverse direction cosine matrix D 

xg x 

Y9 = D-1 Y 

Z9 z 

with D-' being defined as 

cos'O cos 0 

D-1 = 
sin'cos0 

- sin 9 

cos V) sin 9 sin 0 cos '5sin 9 cos c 

- sinV) cos0 +sinosino 

sin Vi sin B sin 0 sin 0 sin 8 cos c 
+cos cos0 -cos0sin0 

cos 0 sin 0 cos 0 cos 0 

(6.35) 

(6.36) 

The addition of a counter balance system to the opposite end of the pendulum strut results in 

equations (6.34) being modified to 

Mr + mCarca 2 sin 2, y mca9rca [r, (y 
+2)= -Xy sin y cos A- (Zy + (Mg 

-r 
))cos 

y i 
-Y9 sin y sin A 

[mr 
+ mCa rca 1 (ý 

cos2 y- ýry sin 2y) _ -Xg cosy sin A+ Y9 cos y cos A (6.37) 

where mcB is the weight of the counter balance masses, and rCB is the length of the strut 
from the strut gimbal to the location of the centre of mass of the counter-balance weights. 

The motion of the pendulum strut needs to be taken into account when determining the 

angles a and 0 between the aircraft model and wind tunnel'direction. The components of 
the resultant wind flow vector, expressed in the tunnel reference system, are - 

vxg _VO -. r'ysinycosA rAcosysinA- 

vyg = -ry sin #y sin A+ rA cosy cos A 

vzg -ry cosy .. ý. (6.38) 
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where Vo is the wind tunnel velocity. Angle of attack, a, and sideslip, Q, are defined as 

a= sin-' 
vz 

vy+vz 

,ß= sin-1 
vx + v& + vz 

(6.39) 

To calculate a and / it is necessary to transform the components of the airflow vector 
[v 

9 vy9 vz9] into the aircraft axes system, and this is done using the direction cosine ma- 

trix 

Vx vx9 

v. =D vyg 

Vz vz9 

where 

CosBCos2ýI 

sin sin U cos 

-cos0sinV 

cos 0 sin B cos 
+sinosin? 

cos 0 sin sing 

sin sin 0 sin V, 
sin cos B 

+cos0cos? P 

cos 0 sin 0 sin cos ý cos B 
-sin0cos% 

(6.40) 

(6.41) 

The equilibrium angles Ao and yo are obtained by setting and y to zero in equation 
(6.34) 

tänAo -= 
Yg 

Xg 

_Z9 mg 
tan yo = Y9 sin Ao + X9 cos Ao 

(6.42) 

It should be noted that the equilibrium angles of the PSR rig are a unique function of the 

aerodynamic forces (i. e. X9, Y9 and Z9) defined by the wind tunnel axis system. However, 

a set of unique angles for AO and -yo does not exist for specified values of a and ß, since 
the equilibrium strut angles are also a function of the roll angle ßßa between the tunnel axis 
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system and the wind-body axes system. This is best understood by realising that there is an 
infinite array of the Euler angles 0,0 and 0 that will result in a specified value of a and 

, 
3. The roll angle qa can then be defined arbitrally for pre-selected values of a and ß. The 

transformation of the equilibrium aerodynamic forces in the aircraft body axis system to the 

wind tunnel system is then calculated as 

Xo9 100 
Yp9 =0 cos - sin 

L Zog 0 sin 4a cos 0a 

cos ,3 cos a sin, ß 

- sin 0 cos a cos 0 

- sin a0 

cos0sina Xo 

- sin, ß sin a Yo (6.43) 

cos a Zo 

The inverse of the product of the two matrices in the above equation will give the direction 

cosine matrix, but care should be exercised when determining the Euler angles of the aircraft 
from this matrix, as there exist several combinations of Euler angles that will satisfy the 

variables within it. There is only one set of unique Euler angles for the aircraft, and any 

calculated set needs to be checked that it transforms the variables from one axis system to 

another correctly. This is due to the roll angle cba that defines the orientation between the 

earth axis system and the wind axis system not being the same as the Euler roll angle of 

the aircraft. An alternative explanation would be that the Euler angles 0,0 and V' do not 

correspond to ¢a,, a and , 
Q. Figure 6.6 shows a plot of the equilibrium angles 'y and A0 as a 

function of the equilibrium roll angle q5a. 

T 

I,, dog 

Fig 6.6: Equilibrium strut angles -yo and AO as a function of the wind-body bank angle 0a 
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Chapter 6 Offset CG equations 

6.6 5-DOF Rig Equations with Offset CG 

Most of the computational work undertaken into investigating the rig dynamic behaviour 

so far has assumed the gimbal location point being the same as the centre-of-gravity of the 

model. While this assumption leads to the equations of motion for the rig being rather sim- 

ple, in reality it is more practical to have the CG position below the gimbal. This allows the 

aircraft model to maintain stable roll angles without drifting to the roll limiting positions. To 

further allow for improved parameter estimation techniques and accurate dynamical mod- 

elling, the rig equations need to be modified. 

The 2-DOF system is described by a 4th order set of equations, and can be derived quite 

easily using the Lagrange method. This method was also used by Goman to derive the equa- 

tions for the 5-DOF system (as shown in the previous section), but included the assumption 

of a CG position co-incident with the gimbal location, again simplifying the system equa- 

tions considerably. However, for the 5-DOF system with offset CG the increase in system 

variables from two to five results in a considerable growth in complexity, and it is no longer 

feasible to do the calculation by hand. The system is similar to a non-planar double pen- 

dulum (with the addition of an extra yaw variable), and although there exists considerable 

literature on double pendulums and the derivation of their motion equations, no published 

techniques have been found for the derivation of the non-planar case. 

6.6.1 Computational Approach 

The software package Maple (www. maplesoft. com) has been used to overcome the difficulty 

incurred by the sheer increase in the number of terms. Care must be taken that the equations 
do indeed describe the rig dynamics = software packages that perform algebraic computations 

are rather liable to user error, and often have problems simplifying equations correctly. There 

is the added difficulty that there is no benchmark with which to compare the full 5-DOF 

equations. However, it was possible to simulate the rig in three different configurations for 

which solutions are available, and to check these results for compatibility: 

1. The full 5-DOF rig equations were assumed to describe the 2-DOF system for which 

the solution is available, by substituting appropriate motion variable values of zero for 
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0, and A into the equations of motion. 

2. The rig was assumed not to have any offset CG. In this case the system is still described 

by a 10th order system but now of reduced complexity. They should be exactly the 

same as those developed for the 5-DOF rig in the previous section. 

3. The strut length was assumed to be zero, and the system effectively reduced to an 

aircraft rigidly attached to the end of a strut, the other end of which is connected to a 

gimbal fixed in space but able to rotate in pitch, roll and yaw (i. e. 3-DOF). This system 
is described by the equations of motion of a body able to rotate around a fixed point 
(equation 6.29), modifying the rotational inertias using the Parallel Axis Theorem if 

the rotational point is not co-incident with the CG. These equations assume body- 

axes co-ordinates, while the equations worked out using the Lagrange method contain 
Euler angle variables. Additional checks had to be performed on this method to ensure 

that external moments applied to the rig were properly accounted for. The moments 

applied to the system with body-axis co-ordinates are all orthogonal, yet the same 

moment values cannot be applied to the Euler angle system (as the Euler angles are 

not orthogonal) and hence need to be modified. 

In all three cases the results were exactly the same - numerical values were substituted into 

the equations themselves and checked for compatibility. Although an external check of the 

complete equations is not available, there is now some evidence to assume that the equations 

are correct, and can be used at a later stage for simulation purposes. Appendix B contains 

one of the second order differential equations derived using Maple, and gives an indication 

of the sheer number of terms required. 

Another option existed of using vector algebra techniques for solving the equations of mo- 

tion. This is a more intuitive technique when compared to the Lagrangian approach, but will 

produce errors if the application thereof is not correct. It also uncertain to what extent the 

equations can be arranged into a workable algebraic form for use in simulations, with, this 

method, as it would be problematic to solve for the motion variables simultaneously. It is 

unlikely that Maple would have been able to simplify these any more than the current equa- 

tions, so it was decided not to pursue this method further for simulation purposes. However, 

it was decided to develop the vector form of the equations to see if this method would corre- 

spond to, the results obtained from the more `black box' type approach employed by Maple. 

121 



Chapter 6 Offset CG equations 

If the equations for both methods match, then this will be further proof that the equations 
developed using Maple are correct. 

6.6.2 Vector Algebraic Approach 

Equations (6.29), (6.30) and (6.34) are the full set of 10th order equations for the PSR. 

Equation (6.29) is the set of equations describing the angular motion of a rigid-body about a 
fixed point in body-axes co-ordinates. In the formulation it is not necessarily assumed that 

the centre-of-gravity of the body is co-incident with the rotation point. It should also be 

noted that this equation is of the form most commonly used for flight dynamics applications, 

as it makes the assumption of the body being symmetrical about the XY and YZ planes, 

with the values of Ixe and Iyz hence being zero. If, however, the CG location is not co- 
incident with the rotation point, then the rotation point itself will experience a translational 

force due to additional accelerations incurred by the CG - for example a centripetal force. 

Equation (6.34) was developed assuming that equation (6.29) described motion for a body 

with a co-incident CG and rotation point, and hence the equations are independent of each 

other. 

The terms on the RHS of equation (6.34) are the aerodynamic forces acting on the aircraft 

model with respect to the wind tunnel reference system, and the inclusion of the mg cos y 
term accounts for the gravity vector affecting the rig motion. The terms on the LHS were 
developed in the Lagrange formulations, but it is useful to explore their physical significance: 

i The )Z term accounts for the centripetal acceleration experienced by the rig as it rotates 

around the Z-axis. This results in the pendulum strut experiencing a centripetal force 

causing it to move towards a horizontal position (i. e. y --> 0) for either a positive or 

negative value of A. ? 

ii The ýý term is less intuitive, but arises from the fact that the %y vector is itself rotating 

at a rate of A. In three-dimensional dynamics coupling such as this results in additional 

accelerations (Meriam & Kraige (1993)). 

We are now in a position to further develop equation (6.34) to account for additional terms 
due to offset CG locations. It should be noted that equation (6.34)' is independent of any 
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terms describing the angular orientation of the aircraft model (i. e. the aircraft Euler angles). 
The addition of an offset CG point induces additional accelerations, as explained in the next 

section, and hence modifies the equation to include these terms. 

6.6.2.1 Additional Accelerations due to Offset CG 

To modify equation (6.34) to account for an offset CG, we will calculate the additional forces 

that will be placed on the end of the strut by the aircraft motion. 

We will start with the understanding that a body of mass connected by a rigid link to a 
rotation point will induce a translational force on the rotation point if it has an acceleration 
relative to that point. A simple example would be a point mass on the end of a massless 
rod, rotating at a constant rate about a fixed point. The acceleration of the mass relative to 
the rotation point will induce a force on the rotation point due to centripetal effects. The 
force acting on the rotating point will be equal to the translational acceleration of the mass 

multplied by its mass value, but acting in the opposite direction to the acceleration. Hence 

a rotating mass will always have an acceleration directed towards the centre of rotation, but 

exert a force on the rotation point in the opposite direction (i. e. outwards). 

This analogy will now be extended to the arrangement of a double pendulum, Figure 6.7. 

The motion of the mass at the end of Strut 2 will cause a translational force to act at Point A, 

0 
Strut 1/ 

Strut 2A 

(_/ntrifu9aI force 

e2 

Fig 6.7: Schematic diagram of planar double pendulum 

the end point of Strut 1, and thus affect its motion. In exactly the same way, the motion of an 
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aircraft model with offset CG attached to a pendulum strut will also affect the motion of the 

strut itself, with the aircraft now behaving as a second pendulum. To formulate the equations 

of motion to account for this, we need to be able to calculate the acceleration of the aircraft 

CG relative to its gimbal rotation point and calculate the additional force that this places on 

the pendulum strut. This force will then be added to the RHS of equation (6.34) to give the 

complete set of equations describing the pendulum dynamics. 

Consider the non-planar pendulum in Figure 6.8, which has an orientation described by the 

Euler angles ¢, 0 and 0, a length of x, and which has a point mass offset from its end point 
by a distance z, This arrangement is chosen so as to simulate an aircraft model with offset 
CG, and hence needing three independent variables (i. e. the Euler angles) to describe the 

location of the mass point. An ordinary pendulum will only need two variables to describe 

its location (i. e. using spherical co-ordinates) but such a system will not be compatible with 

the rig equations. If the aircraft had a CG described by x, only, then the two Euler angles 0 

and 7' would be sufficient to describe its position. 

-Z2 

Yo 
zc 

X2 A XC 

X. X0 

ZO 

Fig 6.8: Schematic diagram of non-planar 3-DOF pendulum 

The motion and orientation of the CG relative to an inertial axis system (XOYOZ0) is com- 

pletely described by the four vectors of CO translational displacement and angular displace- 
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ment, velocity and acceleration: 

Offset CG equations 

CG displacement (body axis) =Ix, 0 z' 
] 

Euler angle displacement =[0, 

Euler angle velocity =[9 z% 
] 

Euler angle acceleration =[9 ýi ] (6.44) 

Given this information, it is now possible to calculate the acceleration of the mass point (or 

the aircraft model CG) relative to the stationary gimbal by 

aCG = atang + acent + aCoriolis + are, 

where 

atan, g = acceleration component due to tangential acceleration effects 

aCen, t = acceleration component due to centripetal acceleration effects 

aca,. zolus = acceleration component due to Coriolis acceleration effects 

a, et = acceleration component due to relative acceleration effects 

(6.45) 

This is the standard three-dimensional equation describing the acceleration of a point relative 

to a point fixed in space, and is found in most textbooks on rigid-body mechanics (e. g. 
Meriam & Kraige (1993)). However, the application to a pendulum described by three Euler 

angles with velocity and acceleration is not straightforward, and each term in equation (6.45) 

cannot be decribed by the cross products of single vectors, and needs to be expanded further. 

Each of the four terms will now be briefly defined and explained: 

1. Tangential component 

--(6.46) 
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where 

SZ1 = 
{-isinO 0 cos0] 

n2 = 
[-ýsin0 6 cosO] 

Ste = 
[-ýsin0 0 cos 0] 

r= 
[x, 

-z sin oz cos 01 

This term accounts for forces due to the accelerations of the three Euler angles. In 

two-dimensional form this term will account for tangential accelerations. 

2. centripetal component 
acent = 112 X [SZ2 x r] (6.47) 

This accounts for the additional accelerations incurred due to three-dimensional dy- 

namics. In two-dimensional form this term will account for normal accelerations (i. e. 

centripetal effects). 

3. Coriolis component 
aCoriol-is =2 [Q2 X Vrel] (6.48) 

where 

v7ei =[0 0] xr 

This terms accounts for Coriolis acceleration effects. 

4. Relative acceleration component 

are1 = 
[c 

0 0] x[ 
[¢ 

. 
0.0] xr+ 

[ý 0,0] x r] , 
(6.49) 

This term calculates the acceleration of the point due to the relative motion between 

the axis system described by and 0, and that described by the full set of Euler angles 
ý, 0and 7. 

The ' final values given by these four components are in the axis system moved relative to 

the earth/tunnel axis system through the angles V) and 0. Hence the acceleration given by 

equation (6.45) needs to be transformed into the earth system using the inverse direction 
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cosine matrix, equation (6.36), only substituting the angles O and 0, with V) = 0. The total 

acceleration is given by 

acc =[[ 
[-' 

ein B0 ýcos B] x [-ýsin 00i cos o] ]+ [-ýsin 0Bi cos BJ ]x [xc 
- zc sin 0 zc cos 01 

+ [-ýsin B9 +%cos 0] x[ [-ýsin B9 ýcos 01 x [xc 
- zc sin 4 zc cos ¢] ] 

+2 [ [-ý 
sin 09ý cos 01 x 

[¢ 0 0] x 
[xc 

- zc sin zc cos 011 

+ [ý 0 0] x[ [ý 0 0] x 
[xc 

- zc sin 0 zc cos ¢] + [¢ 0 0] x 
[xc 

- zc sin 0 zc cos 011 (6.50) 

The acceleration values aua are now multiplied by the mass of the aircraft and the sign of 

this force reversed, so as to give the force exerted by the aircraft on the end of the pendulum. 
The final equation is given by 

F8trua = -m [D-1(0, o, o)] [acc] (6.51) 

This force will be added to the RHS of equation (6.34). It is apparent that the solution of the 

equations of motion for the PSR dynamics is not a trivial exercise, and that it is impossible 

to amend equation (6.34) to account for offset CG effects by the addition of a simple vector 

equation, as incorrectly suggested by Goman (1997). 

The above approach has been described so as to give an indication of the complexity of the 
dynamics involved. While it is often preferable to describe motion dynamics in terms of 

vector notation as it allows a physical relevance to be attached to various terms, the approach 

can be liable to error. However, the above equation is indeed correct: numerical values have 

been substituted for the above vectors and compared with the results obtained from Maple, 

and agree exactly. 

The problem with the above method arises in its application: the motion of the pendulum 

strut of the PSR rig is a function of the accelerations of the Euler angles of the aircraft 
itself. The same would be true of the Euler angles, in that they would be a function of the 

accelerations of the pendulum angles (in this case y and A). A vector equation would also 

need to be determined to solve for the effect of the pendulum strut motion on the dynamics 

of the aircraft motion. This is a recursive problem, and the only way of solving it would be 

to multiply out both sets of vector equations and solve for all five variables simultaneously. 
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The length of such a set of equations would not be shorter than that calculated using the 
Lagrange method in Maple, and hence would not offer any advantages over this method. 

As of yet, the author has been unable to determine the vector equation relating the effects of 

the motion of the pendulum strut to the variation in the Euler angles of the aircraft model. 
The same approach has been used whereby the acceleration of the end of the pendulum strut 
is calculated. This is used to calculate the additional force on the aircraft model and con- 

verted to a moment acting about the gimbal point, and then added onto the RHS of equation 
(6.29). This approach works in two-dimensions (i. e. on the 2-DOF PSR) but produces errors 

when applied to the full 5-DOF rig, although the results are close to the expected values. It 

was decided not to spend more effort on this, as the current Lagrange/Maple method gives 

the correct equations of motion, i. e. two independent and completely different methods of 

calculating the rig dynamics give the same answer. 

6.7 Summary 

This chapter has presented all the equations that have been used in the analysis of the Hawk 

model and PSR. A description has also been given of the parameter estimation routines that 

have been used to extract data from the experimental results. The next chapter will show the 

application of these equations in obtaining the aerodynamic characteristics of the rig. 
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Experimental Testing and Aerodynamic 

Modelling 

This chapter presents the results and analysis of the experimental configurations of the Hawk 

model and PSR. These tests have identified various issues pertaining to the operation of such 

a rig, and these are discussed in detail. The chapter starts with a broad overview of the 

experimental test program, and then progress through the various stages, starting from static 
testing through to multi-DOF dynamic tests. 

7.1 Overview of Test Program 

Most of the test programme was done at 20m/s, resulting in a Reynolds number of approx- 
imately 20 000 based on a mean aerodynamic chord length c of 0.135m. The tests have 

generally followed a progression from static to dynamic testing, building up a knowledge 

base of the model behaviour and gradually incorporating more degrees-of-freedom. The test 

programme progressed as follows:,, 

1: Static tests: These tests involved static testing of the Hawk model in the closed return 
V. x 5' tunnel. Pitch and stabilator angles were varied, and lift, drag and pitching 
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moment were measured. 

2.1-DOF Dynamic torsional spring tests: The Hawk model was attached in a single 
degree of freedom to a fixed gimbal. Wind-on and wind-off free-oscillation pitch tests 

were conducted, and the pitch angle measured. 

3.1-DOF Dynamic tests: Similar to the above test, except the torsional spring was now 

removed and the motion driven by the stabilators. Pitch and stabilator angles were 

measured. 

4.2-DOF Static PSR tests: The Hawk model was attached to the PSR in a 2-DOF ar- 
rangement, and the strut tension was measured for fixed strut, pitch and stabilator 

angles. 

5.2-DOF Dynamic PSR tests: Similar arrangement to the above test, except the strut 

and pitch angles were varied using step inputs to the stabilators. 

6.1/2/3-DOF Dynamic tests: Only the Hawk model was used for these tests, being 

attached to a fixed gimbal allowed to rotate in either pitch, roll or yaw, or combinations 
thereof. Movement of the model was effected by control surface deflections. 

7.2 Static Testing 

The Hawk model was first placed in the Department's 7' x 5' closed return tunnel. The model 

was mounted to the 3-component external balance system via the 1-DOF gimbal, and hence 

retained the same support system which would be used in later dynamic testing. Lift, drag 

and pitching moment data was generated for a range of wind speeds (10m/s -25m/s) and 

stabilator (symmetric tailplane) deflections. The lift, drag and pitching moment balances 

were calibrated and checked, revealing that the pitch readings were too low by a factor of 10. 

The shape of the drag curve appeared correct at the time of testing, yet it was not until a year 

later that it was noticed that the numerical values were too large (Figure 7.3). This occurred 

after comparing these results to that obtained from the PSR. The cause of these errors are 

still unknown, but may be related to an electrical fault in the tunnel balance occurring after 

the calibration process. Tare tests were also performed to account for the influence of the 

pitch wire on the lift and drag readings as the pitch angle was varied. 
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7.3 1-DOF Tests in Pitch 

Two types of 1-DOF dynamic tests were initially conducted on the model: 

1. Standard wind-on and wind-off free-oscillation pitch tests (with a torsional spring in 

place, to provide stiffness for the wind-off tests) 

2. A 1-DOF physical simulation involving doublet inputs to the stabilators 

The first test is conventional in that the stabilator is fixed during the motions; the second test 

embodies the concept of the control surfaces driving the motion - an important goal of pen- 

dulum rig testing. Both tests were conducted in the Department of Aerospace Engineering's 

7' x 5' low-speed tunnel at a number of nominal incidence values (00). Figure 7.1 shows 

a wind-on free-oscillation response at Bo = 10°, and the associated model fit. This simple 

v m 

Fig 7.1: Constrained wind-on response for model 

model is of the form 

B= Bo + Ae-"fit sin 
(v"l --(2U) 

n +0) (7.1) 

A maximum likelihood estimation routine was used to solve for ( and w,. Removing the 

wind-off values and with model moment of inertia in pitch measured independently (tor- 
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sional pendulum method), the damping derivatives of the Hawk model can be estimated 
from 

C. 
2Iw,,, (V 

(7.2) = 9 gS62 

Three tests were conducted at each nominal incidence value and the damping results shown 

in Table 7.1 were obtained. 

Table 7.1: Value of damping derivative at various nominal angles of attack 

00 00 50 100 15° 20° 
Cmq - 2.40 - 0.45 -1.74 - 0.004 - 0.85 

From these preliminary results it is clear that the pitch damping derivative varies substan- 

tially with 0o. The subsequent unconstrained tests, prior to applying the doublet inputs, did 

reveal a lack of damping at Oo = 5° and 15°: the model appeared to enter a self-sustaining 
limit-cycle type condition, implying negative damping around these incidences. These cor- 

relations are important, revealing a benefit to incorporating unconstrained testing within a 

wind tunnel programme. The values for Cmq, however, need to be treated with caution: there 

was substantial flow turbulence in the tunnel, and the pitch perturbations were large. 

Figure 7.2 shows an unconstrained doublet response at 00,; ze 2°, driven by the stabilators, 

and the associated model fit using the state space equations for pitch motion. 
The difference between the nominal incidence before and after the disturbance is ascribed 

to stabilator actuator problems. From these tests, using the maximum likelihood parameter 

estimation technique on the state space model formulation, the data shown in Table 7.2 was 

produced. 

Table 7.2: Summary of aerodynamic derivatives at various angles: of attack 

00 o° 5° 10° 
Cmq -3.46 -4.64 -4.57 
Cm. -0.71 -0.76 -0.91 
Cm, -0.69 -0.77 -0.74 
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Fig 7.2: Experimental and model response to doublet input 

The average values of static derivatives from static test results were C�itr = -0.84 and 

C'�,, _ -1.1. The aerodynamic pitch stiffness results would therefore seem to lie in the 

correct region, whilst the stabilator effectiveness from the physical simulations are smaller 

than from static tests. The calibration of the stabilator potentiometers for these tests was 

in any event too crude to expect accurate data. The pitch damping derivatives are different 

from those obtained in the free-oscillation tests: in particular they do not reveal the drop in 

damping at aß�1. = 5°. It is possible that this is an example of the differences in aerodynamic 

characteristics that can arise when control surface movements are included in dynamic tests. 

These tests differed from subsequent testing in that they included a signal from the servo 

potentiometer. Although this signal was very noisy, it was probably more reliable than not 

having any servo data at all, as in subsequent tests. Unfortunately, it was found that the whole 

process of modifying the servo by the attachment of extra wires into it severely compromises 

its operating lifespan, and it was thus decided not to do this for further testing. 
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7.4 2-DOF Testing with Force Transducers 

These tests used the rig in the 2-DOF configuration with the force transducer mounted on the 

pendulum strut, and static tests were conducted with the stabilator held in a series of fixed 

positions. Static CL and CD trim curves were generated, and compared to those obtained 

from static testing of the Hawk model in the 7' x 5' tunnel. Figure 7.3 shows that agreement 

between the two sets of results is good for the lift curve, although the CD values obtained 

from static testing are higher than those generated by the pendulum rig. Inspection of these 

results reveals that the drag values from the pendulum rig with the force transducer attached 

are probably more representative of the aerodynamic model, and it is suspected that the drag 

balance in the 7' x 5' tunnel was faulty. The forces obtained from the strut are merely resolved 

into lift and drag components, and so it stands to reason that if the lift vector is correct then 

the corresponding drag calculation should also be free from error. This provides justification 

for assuming that the force transducer values are correct. 

1.2- 

1 
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a 

Fig 7.3: Comparison of lift and drag curves obtained from static and pendulum rig testing 

Dynamic testing involved step inputs to the stabilators. Data from the Hawk model motion, 

the pendulum motion and the force transducers were then used to construct a stability deriva- 
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tive model. Both the pendulum motion and the force data could be used independently to 
determine the Z and X body-axis derivatives, and this gave a useful tool for comparing the 

two methods. Comparison of all the results revealed good general agreement, although the 

X-axis derivatives obtained from the force transducer data tended to differ from the other 

predictions. This is probably due to the forces in the X-direction not affecting the transducer 

readout to the same extent as the forces in the Z-direction, and hence the parameter esti- 

mation routines are unable to solve them accurately. Derivatives with respect to stabilator 
deflection also appear to show a large amount of scatter. This is due to their effect on the X 

and Z forces being small, and being hard to determine from the noisy data sets. 

Pitching moment derivatives were calculated using two methods: 

a. A simple least squares method, using the model and pendulum data. This method 

worked well for predicting the a and 7) derivatives, but mostly returned incorrect (un- 

damped) damping derivatives. 

b. A maximum likelihood approach, applied to a state-space system of the Hawk model 

only. This gave good values for all derivatives but did not take into account any of the 

pendulum motion variables. This approach worked reasonably well on the simulated 
data but was unable to predict the models to the same degree of accuracy as the least 

squares method in that case. 

A comprehensive set of graphs is available in Appendix C, detailing the above results. 

7.5 Heave Testing Using Counter-Weight Balance System 

This testing involved the use of the counter-weight balance system attached to the end of 
the pendulum strut above the tunnel working section. The opposing mass allows the model 
to, achieve greater heave rates (i. e. higher vertical / translational motion in the longitudinal 

plane). This should theoretically allow the separation of aerodynamic derivatives due to pitch 

rate (q) and &. Experimental testing revealed that the rig was very susceptible to stabilator 
deflection, with small variations in trim causing the model to move out of the tunnel flow. 

Sinusoidal inputs into the stabilator induced pendulum swing motion, resulting in heave rates 
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that resulted in an approximate 20% change in angle of attack when compared to the change 
in a due to the variation in 0 alone. 

Figure 7.4 shows a plot of 0 (Euler angle) and a (due to heave/translational motion) as a 
function of time. However, this was not large enough to separate out the derivative effects, 

due to tunnel turbulence. The parameter estimation routine also performs better with doublet 

or step inputs into the system, but unfortunately these could not be used effectively on the rig 
itself: doublet inputs would not achieve any significant heave rates, while a step input would 

cause the model to move out of the working section. Sinusoidal inputs were thus necessary 

to obtain large enough heave rates while still limiting the model motion to within the tunnel 

flow. A subsequent computational analysis was conducted on the rig, including the effect of 
CG locations offset from the gimbal point, and these results are presented in Section 8.3.1. 
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Fig 7.4: Plot showing relative magnitudes of a (due to heave rate) and 0 

7.6 Further Single-DOF and Multi-DOF Testing 

Following the installation of a screen into the Open Jet Tunnel to reduce turbulence, it was 
decided to undertake a comprehensive test routine on the Hawk model. The tests were per- 
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formed at either lOm/s or 20m/s, and the model was driven by doublet, step and sinusoidal 
inputs to the control surfaces. Tests were performed in roll, pitch and yaw, with the model 

attached to the 3-DOF gimbal. The gimbal was then attached to a shaft statically mounted 

to the tunnel roof (i. e. the PSR strutconfiguration was not used for these tests). In total over 
1500 experiments were performed. Different parameter estimation techniques were used, 

and a large database (Appendix D) was built up. It is intended here to give a brief overview 

of the results. 

7.6.1 Roll Tests 

The roll tests were performed with the gimbal location point raised to approximately the 

level of the underside of the wing, about 40mm above the CG location. For these tests 

the yaw gimbal was locked, ensuring a zero sideslip angle. Agreement amongst all the 

different methods employed is good, although the sinusoidal tests are the poorest performers. 
It should be noted that the non-dimensional values calculated for the roll stiffness, Cl,,, differ 

significantly for the two wind speeds. This is not an error, but is merely a function of the 

fact that the term is not dependent on wind speed, but rather a function of the gravity vector, 

since 
c, 

pV2Sb 
(7.3) 

The calculated dimensional form remains constant, but when it is non-dimensionalised the 

value becomes a function of velocity, hence explaining the discrepancy. As mentioned above, 
the term is only included to account for the raised gimbal and is also necessary to describe 

the motion in the state space formulation. 

It is interesting to note that Method 3, which only solves for the damping derivative (Lp+Li), 

produces a fairly consistent estimation - see Table 7.3. The average value estimated using the 

sinusoidal inputs are reasonably consistent with the doublet and step inputs, although there is 

significant variance for both wind speeds. The consistency of these results is probably due to 

the parameter estimation routine being able to exclusively solve for the damping derivative, 

ignoring the influence of the other parameters. 
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Table 7.3: Comparison of roll damping derivatives (C1P + Cz ) obtained using Method 3 

ao = 0° lOm/s 20m/s 
'T'ype Estimate Variance 1 1 Estimate I Variance 

Doublet -0.207 0.033 -0.245 0.027 

Step -0.229 0.061 -0.203 0.036 

Sine -0.246 0.224 -0.261 0.170 

7.6.2 Yaw Tests with Raised Gimbal 

These tests differed from the yaw tests mentioned below in that the Hawk model was retained 
in the raised gimbal configuration used for the roll tests, except with the yaw gimbal now free 

to rotate. The aircraft is now able to fully rotate through all three gimbal axes, although the 

rudder inputs ensure that the motion is predominantly in yaw, thus validating the assumption 

of linearity. Agreement between all three inputs is again good, although the results from 

sinusoidal inputs again show a large variation, while the use of both Method I and Method 

2 show good agreement too. The damping derivative shows the largest variation though 

(Appendix D), while consistency between the stiffness and control surface terms is rather 

good - see Tables 7.4 and 7.5. 

Table 7.4: Comparison of yaw stiffness derivatives (C,, O) for raised gimbal - Method 1 

ao = 0° lOm/s 1 1 20m/s 

Type Estimate Variance 1 1 Estimate Variance 

Doublet -0.173 0.012 
_. -0.185 , - . 0.012 

Step -0.168 0.014 -0.176. 0.016. 

Sine -0.253 0.077 -0.199 -, 0.150 

7.6.3, Yaw Tests with Gimbal Locked in Roll 

These tests were, performed at three different angles of attack: approximately 0°, 8° and 
23°. The gimbal was now approximately co-incident with the CG location. Acomparison 
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Table 7.5: Comparison of rudder derivatives (C,,, ) for raised gimbal - Method 1 

ao = 0° lOm/s 20m/s 
Type Estimate Variance Estimate Variance 

Doublet -0.097 0.016 -0.113 0.016 

Step -0.083 0.009 -0.106 0.008 

Sine -0.062 0.036 -0.100 0.099 

between the results obtained from doublet tests for both the raised gimbal configuration and 
the new gimbal position reveal good agreement - see Table 7.6. 

Table 7.6: Comparison of yaw derivatives for different j`erent gimbal positions, ao = 00 

Derivative 1 1 Raised Gimbal CG Gimbal 

C,,, 
o -0.173 -0.178 

C1 -0.194 -0.224 
C,,, 

c - 0.097 - 0.098 

This should not be surprising: for tests at zero pitch angle the CG location is directly below 

the gimbal point, and the position of the vertical Z-axis is unchanged. Provided that variation 
in pitch angle is kept to a minimum, this should not affect the values, obtained for the two 
different tests. 

A second point to be noted is that the values obtained for the two different wind speeds of 
IOm/s and 20m/s show significant variation. The stiffness and control surface terms are four 

times larger for the higher wind speed, although this difference does not generally appear as 
large in the damping terms - see Table 7.7. This was confirmed visually as well: the Hawk 

model was far more responsive at the higher speed to rudder inputs, and showed less variation 
in yaw angle to tunnel turbulence. The standard deviation for the damping derivative at 

the lower speed also appears far greater in 'magnitude than the other tests. This is an area 

which would merit further investigation: unfortunately the rudder servo was damaged during 

testing, hence accounting for the limited volume of results available. 
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Table 7.7: Comparison of yaw derivatives obtained at different wind speeds. ao = 0° 

Speed 1 1 C,, o C.., + Cn Cnc 

10m/s -0.178 -0.224 -0.098 
20m/s -0.684 -0.375 -0.436 

It should also be noted that no results are presented for the tests performed at the higher 

angle of attack of 23°: this is due to the Hawk model having very little yaw stability in this 
flight regime. At this angle the fin is virtually engulfed in the wake of the fuselage flow and 

turbulence, resulting in a significant loss of directional stability. 

7.6.4 Pitch Tests 

There does not appear to be any consistent or significant difference between values obtained 

at the two different wind speeds, although there do exist sporadic values which show larger 

variation. The sinusoidal tests show particularly poor performance for these tests though: 

the standard deviation is often as large as the predicted variable itself. 

The main difference between the derivatives in the pre-and post-stall flight regime is that 

there is an increase in magnitude of the stiffness term and a loss in stabilator effectiveness 

associated with the higher angle of attack - see Table 7.8. Figure 7.5 shows a graph of 
the predicted state space model response plotted against experimental data, for a doublet 

stabilator input. The slight discrepancy in predicted and actual pitch angle after the Hawk 

model motion has damped out is due to the stabilator returning to a non-zero final value. 
However, this could not be accounted for due to no positional control surface feedback being 

available. 

7.6.5 Combined Roll and Yaw Tests 

The roll and yaw tests performed on the Hawk model with the raised gimbal were again anal- 

ysed to determine whether it was possible to accurately estimate the value of the so-called 
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Table 7.8: Comparison of pitch derivatives for different values of 00 - Method 1, doublet 
inputs, V= 20m/s 

00 1 1 Cma Cmq + Cm6, Cl",, 

0 -0.747 -6.781 1.259 
8 -0.818 -3.851 0.960 

23 -1.486 -3.861 0.501 

Z 

2468 10 12 14 16 18 
time (s) 

Fig 7.5: Predicted Hawk model response to doublet input. Bo = 80, V= 20m/s 

lateral coupling derivatives: i. e. yawing moment due to roll rate (NP+4, ), and rolling moment 
due to yaw rate (L,. +ý). These derivatives are significant in determining the dutch roll mode 

characteristics of the aircraft. The equations of motion were again arranged into a state space 
formulation, but unfortunately there appeared to be no consistency in the estimated values. 
This is probably due to the high levels of turbulence effectively 'masking' these parameters, 

which are generally an order of magnitude smaller than the other derivatives. The use of 

the linearised equations of motion also limits the success with which such variables can be 

estimated. The raised gimbal must also be a factor, as the aircraft now has an added natural 

frequency in roll due to the gravity vector. 
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7.6.6 Validation Simulations for Longitudinal Derivatives 

It is useful to check the performance of the longitudinal pitch derivatives, and simulations 

were performed using the pitch parameters calculated in Appendix D for an arbitrary sta- 

bilator input. Figures 7.6 and 7.7 show the results for low and high angle of attack motion 

respectively, and the model prediction is very good (red line is model stabilator angle). The 

derivatives for the low angle of attack simulations were obtained from tests with doublet 

stabilator inputs at a nominal pitch angle of 8°, and the high angle of attack simulations 

used the doublet results at 23° pitch angle. These results are particularly encouraging, as the 

derivatives were obtained from a separate test session as the arbitrary inputs, and it is not 

uncommon for different test sessions to produce varying aerodynamic data. 
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7.7 Conclusions from Dynamic Testing 

The following brief conclusions summarise the test results above and in Appendix D: 

" Stiffness vs damping estimation: The stiffness terms generally have a lower standard 
deviation, and can be predicted with greater confidence than the damping terms. This 

is due to the fact that the stiffness term contribution to the predicted aircraft model 

response is larger than the damping term, and hence the MLE solver is more efficient 
in solving for it. The stiffness term is also responsible for the natural frequency of the 

model in the plane of motion, and an error in its estimation will result in the predicted 

response and experimental data being out of phase. An error in the damping derivative 

will affect the rate of amplitude decay, with such an error affecting the model motion 
less. 

" Sinusoidal Tests: Sinusoidal tests can perform rather poorly in predicting the aerody- 

namic derivatives, for reasons discussed in Section 6.3.5. 

" Overall Accuracy of Data: While there appears to be reasonable consistency in the 

prediction of most of the variables (especially the longitudinal pitch derivatives), it 

would still be necessary at a later stage to accurately determine the lateral coupling 
derivatives. Accuracy will also be improved by the addition of control surface mea- 

surement potentiometers onto the aircraft model itself. 

7.8 PSR Operational Difficulties 

The extensive experimentation undertaken on the Hawk model gave several key insights into 

the factors that adversely affect its performance, and these are discussed below. 

7.8.1 Tunnel Noise and Turbulence 

The PSR requires a wind tunnel with a large cross-sectional area, so as to accommodate 

the large amplitude motions generated by the rig. The Open Jet Tunnel is currently the 

143 



Chapter 7 PSR operational difficulties 

only facility at the University within which to install the PSR. However, the nature of open 
jet tunnels is such that the quality of flow is invariably compromised. The Bristol tunnel 

exhibits high levels of turbulence, and this has created problems for accurate estimation of 

aerodynamic data. 

In an attempt to reduce the turbulence, rectangular tabs were installed on the outer perimeter 

of the forward part of the open section (outlet of the contraction). These generate vortex 
behaviour on the extremity of the tunnel flow, stabilising the flow in the centre of the tun- 

nel. This has generally resulted in a turbulence reduction from approximately 2% to 1.5%, 

although the levels on the outer perimeter have increased due to the increased vortex be- 

haviour. This will have implications for rig motion approaching the outer limits of the tunnel 

boundary. 

A screen aimed at breaking down the scale of turbulence was sized and procured, and in- 

stalled at the entry to the contraction in the tunnel. It appears to have been successful in 

reducing turbulence levels in the centre of the tunnel from 1.4% to M. Original turbulence 
levels at the centre of the tunnel before the addition of the tabs was approximately 1.6%, and 
hence the levels have been reduced overall by 0.6%. This is still a relatively high level of 
turbulence for a wind tunnel, although the dynamic behaviour of the model in the flow was 

visibly improved. 

7.8.2 Control Surface Calibration and Resolution 

The successful implementation of parameter estimation techniques to determine accurate 

aerodynamic models requires a proper knowledge of the model's control surface deflections, 

due to the aircraft model driving its own motion. This has proved to be difficult on the current 

rig, due to the following factors: 

i. The current model does not allow for the provision of measuring the control surface 
deflections. Due to the size of the Hawk model, rotary potentiometers are too large to 
allow them to be installed next to the control surfaces; 

ii. Initial investigations used the potentiometers on the servos, already installed for feed- 

back control, to determine the angular displacement. However, this proved rather prob- 
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lematic: the signal was very noisy, and the accuracy of the potentiometer itself is un- 
known. Measuring the signal also required disassembling the servo drive to install the 

necessary wires, thereby unintentionally damaging the servos and causing them to fail 

unacceptably often. 

The problem can be appreciated by observing the Hawk model response to a doublet input, 

shown in Figure 7.8. The model pitch angle differs considerably from the steady state value 

after the doublet input, and this can only be accounted for by assuming that the stabilators 
have not returned to their original position. In an attempt to partially solve the problem, the 
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Fig 7.8: Time response of Hawk model to doublet input, showing non-zero settling angle 

removable foreplanes introduced onto the Hawk model were driven by a digital servo con- 

nected to a rotary potentiometer. This arrangement works well, yet requires a considerable 

amount of space, and does not solve the current problem of the other control surfaces. The 

performance of the new system is encouraging though for use in subsequent models. 

The servos were also characterised as the result of work undertaken in another project, al- 

though the accuracy of the model, when subjected to aerodynamic and control linkage loads 

and friction, is unknown. Backlash and freeplay problems also compound the problem of 

modelling the servos accurately. 

145 



Chapter 7 PSR operational difficulties 

7.8.3 Cable and Friction Problems 

Usually there is a large volume of wires exiting the model due to power requirements and 
instrumentation, especially in the full 5-DOF configuration. This causes unwanted friction 

and damping. Future plans for the rig hope to address this problem via non-intrusive motion 
measurement, as well as onboard data acquisition within the aircraft model itself. 

7.8.4 Rig Stability Issues 

Work carried out at TsAGI (Goman (1997)) suggest that the PSR with a stable aircraft model 

mounted inverted should be stable. In the upright-mounted system instabilities were iden- 

tified which led to large amplitude stable pitch oscillations (limit cycles). It was proposed 
that the resulting plunging motions could in principle be used to separately determine rotary 

and translational aerodynamic derivatives. In other words, instability of the model-pendulum 

combination need not necessarily preclude testing in such regions. 

The Bristol PSR also exhibits limit cycles in pitch (discussed further in the next section): 
these oscillations are, however, due to the particular characteristics of the Hawk model itself, 

and not due to any coupling between the model and the rig. This is evident from the 1-DOF 

tests carried out on the Hawk model, where it exhibited limit cycle behaviour too. While the 

exact nature of this behaviour is not completely understood at present, it is believed to arise 
due to the stabilator being immersed in the wake of the wing, causing a non-linear variation 
in pitch stiffness and damping. 

7.9 - Limit Cycle Oscillations 

The initial l-DOF spring tests performed on the Hawk model at 20m/s revealed the existence 
of a region of low damping (Section 7.3). Subsequent tests, where the model was free to 
pitch in the longitudinal plain, revealed the presence of a limit cycle region within an angle 

of attack range of 15° to 30°, corresponding to a stabilator deflection of 12° to 21°. 
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Investigation into the limit cycle behaviour for aircraft has been mostly confined to wing rock 

phenomena. The causes of such behaviour can be complex and varied (Hancock (1995), Pg. 

468-470), but are generally attributed to positive values of dutch roll damping occurring at 
high angles of incidence. The non-linear damping variation with amplitude which sustains 

the wing rock can occur in flow regimes where lag effects are not prominent, as well as 

regions where lag effects due to the onset of flow breakdown and reattachment, including 

vortex breakdown and reassembly, are significant. 

Limit cycles for aircraft in the longitudinal plane are unusual, and examples of such be- 

haviour is rare. One such example, though, is the existence of what is termed a `stall por- 

poising' limit cycle that occurs when an aircraft is constrained to flight near to or at a wings- 
level stalled condition. The motion is due to the wing alternately stalling and unstalling, 

and Schoenstadt (1975) has developed a mathematical model to describe this behaviour. The 

model relies on the assumption that there is an instantaneous loss of lift at the stall angle, and 

a hypothetical relay is used to model this. Schoenstadt used the relay, together with some 

simplifying assumptions, to prove the existence of a limit cycle. 

The feasibility of the model was assessed for using it to account for the limit cycle oscilla- 
tions of the Hawk aircraft, as they also occurred at angle of attack values close to the stall 

angle. However, the oscillations desribed by Schoenstadt have an amplitude of approxi- 

mately one degree, substantially less that that observed experimentally for the Hawk. Also, 

the model applies to free flight, and the mathematical model contains separate variables for 

both attitude angle 0 and angle of attack a. It is the interaction of these two variables, to- 

gether with the heave motion generated by the instantaneous loss of lift, that combine to 
form the limit cycle behaviour. --: 1 

It was initially thought that identifying the causes of the limit cycle would be a simple process 
due to them occurring in the longitudinal plane only. The limit cycles occurred at an angle 

of incidence where the stabilators at the rear of the aircraft were level with the wing, and 

were hence immersed in the wake generated by it. Static pitching moment tests performed 

on the model did not show any static instability in the limit cycle region, with CM. varying 
from -1.0 to -1.8/rad. This was also observed in the general pitching moment acting on the 

aircraft during pitch tests, with a general negative slope being observed for Cm variation with 

a in Figure 7.9 (i. e. stable). 
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Fig 7.9: Q, values for Hawk model obtained from static testing at 20m/s 

To develop a mathematical model able to predict the limit cycle behaviour, the pitching 

moment acting on the aircraft is first calculated, for motion in I-DOF only. It is assumed 

that the pitch acceleration of the Hawk model is proportional to the pitching moment Cm 

acting on it 

hßä = 
2pV2SEC,, 

(7.4) 

The pitch angle data is first passed through a filter with a 30rads bandwith, in both the 
forward and reverse directions to eliminate any time delay occuring due to the filtering pro- 

cess. The acceleration (i. e. second derivative) of the'data is then calculated, and hence Cm is 

determined as a function of a. 

Due to wind tunnel noise, the amplitude and frequency of the limit cycle varied slightly, and 
hence a plot of Cm vs a showed slightly inconsistent behaviour. Most inexorable drive rigs 
impart motion through a fixed amplitude, which does not vary for each cycle of the motion. 
Due to the nature of the rig, the maximum amplitude of each cycle showed slight variation, 

and hence being able to formulate motion and aerodynamic variables as a function of pitch 

angle is slightly problematic. 

148 



Chapter 7 PSR operational difficulties 

To eliminate this, the average frequency and amplitude for a particular dataset was calculated, 

and all data was normalised with respect to these two variables. This resulted in Figure 7.10, 

a plot of Cm vs a. 

E 
U 

Angle of attack, a 

Fig 7.10: Plot of Cm vs a, showing limit cycle behaviorur 

Figure 7.10 shows two distinct regions having time dependencies, one damped (anti-clockwise 

motion) and the other undamped (clockwise). This is somewhat unusual for limit cycle be- 

haviour, where limit cycle motion is usually governed by motion from one damped region 

to another, with a negatively damped region in-between to drive the continuous motion. The 

amplitude of such motion is primarily governed by the size of this negatively damped region, 

as well as the magnitude of the damping in both stable regions. The limit cycle shown by the 

Hawk model does not show any such middle region of negative damping to drive the motion, 

and hence a standard model will not predict this behaviour. 

To represent the motion ,a model structure of the following form was proposed (in transfer 

function format) 

-Dä =. - Oä 
.- 

Da . .. (7.5a) IUy IVY 
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where 

c=-2 pV Sc Cmq 
(1-f- 

Tes) 
(7.5b) 

Cm, 
q = A, (Aa - Coffset)3 (7.5c) 

k=1 pV2S&Cma (Aa - koffset) 
(1 

+ Tks) 
(7.5d) 

The above equations correspond to that of a non-linear spring-mass damper system, and 

parameter estimation resulted in the values shown in Table 7.9. Aa is the variation of a 
from the mean angle-of-attack. The form of the equations are, to a certain extent, arbitrary: 

parameters such as coffset, koff8et, r and rk were added to the model after much trial and 

error so as to ensure that it fitted the experimental data. Time dependencies are introduced 

by adding first-order lag terms into the stiffness and damping coefficients. Also, damping is 

given a cubic variation with a. In order to obtain a usable fit with these equations, values 

of Da were offset by a large amount in equations 7.5c and 7.5d. This will require further 

investigation to be explained fully. It was not possible to obtain a simpler model that fitted 

the data, as well as predicting a response that would either decay or grow to a stable limit 

cycle. 

Table 7.9: Parameters estimated for limit cycle model 

-1.24rad-1 
Ac -0.00155rad-4 
Tc 0.04s 

Tk 0.004s', 

kof f set 0.8rad 

Coffset 0.8rad 

It was assumed that Cmc, was a constant and hence not a function of a (see also Figure 7.9), 

and the estimated value of -1.24 compares favourably to that estimated from static wind 

tunnel testing. The time constants were added so as to ensure that the model motion was not 
dependant on initial conditions, and that the amplitude of the pitch motion converged to the 

steady state limit cycle. If the theoretical model's initial pitch angle was outside the region of 
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the limit cycle, then the model without time constants would not predict that the amplitude 

would decay. 

Figure 7.11 shows the simulated model compared to experimental Da values, and Figure 

7.12 shows a plot of the Cm values predicted by the model as a function of La. The sim- 

ulation is for a limit cycle at a mean pitch angle of a,, a�i = 20° and stabilator deflection of 

-13°. 

ö 
a 

time(s) 

Fig 7.11: Simulation of limit cycle model compared to experimental data 

Although the model is able to predict the limit cycle behaviour reasonably well, it is still 

unsatisfactory in that it does not account for the flow processes that cause it. The inclusion 

of the two time constants to adequately model the behaviour does not necessarily mean that 

there are significant unsteady effects driving the motion. 

Due to the limit cycle occurring at values centered around the stall region, it was decided 

to investigate the available literature for forced oscillations of aerofoils undergoing dynamic 

stall. Research carried out by Carr & McAlister (1977) on three different aerofoils under- 

going forced oscillations for a variety of frequencies and Reynolds numbers revealed the 

presence of regions of negative and positive damping. The plots of Cm vs a show a remark- 

able similarity in shape to those obtained from the Hawk model. Both sets of graphs have a 

similar `figure-of-8' appearance, with the damped section corresponding to the lower angle- 
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c 

Fig 7.12: Plot of Cm vs Da showing model fit against experimental data 

of-attack region of the oscillation (i. e. the upper LHS of the C�i vs a plot) - see the pitching 

moment graph in Figure 7.13 for an example taken from Carr's data. 

The flow processes that a dynamically stalling wing undergoes can be described as follows, 

with reference to Figures 7.13 (a-1): 

1. Static stall angle exceeded (Fig. 7.13(a)): As the stall angle is passed, the flow over the 

aerofoil remains unchanged, with no detectable signs of now reversal. 

2. Flow reversal appears at rear chord (Fig. 7.13(b)): At approximately 19°-20° a the 
boundary layer at the rear chord begins to thicken, although the majority of the bound- 

ary layer still remains thin and unattached. 

3. Boundary layer contains large eddies (Fig. 7.13(c)): The outer boundary layer reveals 

a wavy pattern, indicating the presence of large eddies. The flow downstream of x/c = 
0.70 is now virtually stationary, with only random fluctuations due to local turbulence. 

4. Flow reversal point continues moving forward (Fig. 7.13(d)): Flow reversal now ex- 
tends to x/c = 0.30, although there appears to be no change in the trend of the normal 

and pitching moment coefficients. A region of highly disturbed boundary layer flow is 

also created. 
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5. Vortex forms on leading edge (Fig. 7.13(e)): At a= 23° there is an abrupt breakdown 

of the boundary layer in the region x/c =0 to 0.30, causing the formation of a vortex. 
This vortex moves downstream at 35%-40% of the free-stream velocity, increasing the 

magnitude of the flow reversal at the surface. The pitching moment starts to differen- 

tiate from the static values. 

6. Lift-curve slope increases (Fig. 7.13(f)): The first effect of the vortex induced dynamic 

stall appears in the slope on the normal force curve, changing in the opposite sense of 

what would be expected in quasi-steady conditions. It is interesting to note that the 

maximum normal force reached is greater than 2ira, the theoretical upper limit. 

7. Moment stall initiates (Fig. 7.13(g)): The change in the pressure distribution due to the 

moving vortex causes an abrupt change in the pitching moment acting on the aerofoil. 

8. Lift stall occurs (Fig. 7.13(h)): When the vortex is at approximately at the mid-chord 
location the maximum lift force is reached, and then falls rapidly. 

9. Maximum negative moment occurs (Fig. 7.13(i)): The vortex now moves off the trail- 
ing edge, and the pitching moment rapidly returns to its representative quasi-steady 

values with the lift continuing to drop. 

10. Full stall occurs (Fig. 7.13(j)): After some initial flow with lower amplitude oscillations 

over the aerofoil, the flow returns to a state similar to that occurring on an aerofoil 

experiencing steady-state stall. 

11. Boundary-layer reattachment (Fig. 7.13(k)): Boundary layer reattachment , occurs pro- 

gressively from the leading-edge, proceeding downstream at approximately 25%-30% 

of the free-stream velocity. At a= 7°, füll reattachment of the boundary layer has 

occurred. 

12. Re-establishment of unstalled force and moment values (Fig. 7.13(l)): Although com- 

plete reattachment of the boundary layer occurs during the downstroke, the potential 
flow only returns to unstalled conditions once the aerofoil has passed through the min- 
imum angle. 

The above description of the flow occurring on a forced-oscillating aerofoil was obtained 
from experimental observations involving the use of hot-wire anemometer probes, 'smoke- 
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Fig 7.13: Dynamic stall events on a NACA 0012 airfoil, from Carr &'McAlister (1977) 
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flow visualisation, surface pressure transducers and pitot-static tubes, and was part of a com- 

prehensive test programme. It was not possible to replicate- this on the Hawk model/PSR 

project due to a variety of constraints, including the construction of the model itself not al- 
lowing the insertion of any such measuring devices. As such it is difficult to correlate the 

flow description above to exactly what is occurring on the wing of the Hawk, but it should 
be noted that the pitching moment plots (i. e. the `figure-of-eight shape') do exhibit a certain 

similarity. This contrasts with most other pitching moment plots obtained experimentally 

which usually consist of only one hysteresis loop. 

Further investigation will be required to model the limit-cycle behaviour. The inclusion 

of time dependancies to adequately model the behaviour is interesting, although complete 

confidence in the model can only be obtained once this time dependancy can be related back 

to the actual flow processes occuring over the wing. 

7.10 Summary 

The experimental test programme was successful in that it demonstrated several key concepts 

regarding the feasibility of self-actuated wind tunnel models and PSR's: 

1. The PSR can be used to generate trimmed lift and drag curves simply and easily, 

without recourse to more expensive wind tunnel balances. 

2. Longitudinal pitch derivatives can be obtained from analysis of either the strut motion 

or the force transducer located on the strut. 

3. Repeatability of results is good for step and doublet inputs. 

4. Lead times for installing the aircraft model in an open jet tunnel, to obtaining useful. 

aerodynamic data, are usually quite minimal. 

The test programme also revealed several key areas which need addressing: 

1. Knowledge of the control surface deflections are important if accurate derivatives are 

to be obtained. 
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2. Wind tunnel turbulence will affect the performance of such rigs significantly. 

3. Translational motion can be difficult to achieve. 

4. Sinusoidal inputs to drive the model motion can result in poor estimation of aerody- 

namic variables. 

5. Under certain circumstances, rig stability issues can be an issue which will need ad- 
dressing. 

As a result of the insights gained from the test programme, it was decided to do a computa- 

tional analysis of several aspects of the rig's performance. These results will be discussed in 

the next chapter. 

__ 
7ý 

a !ý.. _ 
ý 

_.,. ., _ ,.. .. 

156 



Chapter 8 

Evaluation of Hawk Model/PSR Rig for 

Longitudinal Aerodynamic Studies 

An evaluation of several aspects of the Hawk aircraft model and the PSR was undertaken as 

a result of the experimental observations discussed in the previous chapter. The use of the rig 
for small amplitude forced oscillation testing is investigated, and several of the experimental 

noise sources (stabilator freeplay, turbulence and electrical noise) are quantified. 

8.1 Forced Oscillation Testing 

A major advantage of a free flight wind tunnel rig over the more conventional forced motion 

rigs commonly used is the fact that the influences of control surface deflections are taken 

into account. This should, in theory at least, give a more accurate representation of the 

aerodynamic parameters affecting the model motion: 

However, there are several disadvantages that can occur when using a free flight wind tunnel 

rig. The Pendulum Support Rig project has highlighted three factors which need to be taken 

into account: __. :. 
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1. Accurate data for control surface deflections: This is largely a function of model 
design and construction, and knowledge of the exact position of the control surfaces is 

necessary to estimate the aerodynamic model parameters with confidence. 

2. Wind Tunnel Turbulence: The presence of wind gusts influencing the aircraft mo- 

tion is particularly problematic, and the random nature of tunnel turbulence makes it 

hard to account for. Forced oscillation rigs have the advantage of being able to time- 

average the forces and moments acting on the model undergoing several cycles of an 

exactly repeated motion, thus minimising turbulence effects, assuming that the tunnel 

turbulence has a zero mean. 

3. Forced Oscillation testing: Forced oscillation testing is commonly applied to dy- 

namic rigs: it is useful for the determination of in-phase and out-of-phase derivatives, 

as well as investigating unsteady aerodynamic effects. Certain dynamic rigs are also 
designed so as to allow the separation of static and dynamic effects, in particular con- 
ing rigs. These are used for determining dynamic derivatives due to body axis roll and 

yaw rates, but at constant values of a and ß. It will thus be advantageous if a free flight 

rig could be used in the same way, and a conceptual investigation was undertaken to 
investigate such a possibility. 

8.1.1 Forced Oscillation Testing of Hawk model 

A strong motivation for the design and development of the PSR rig is its suitability for inves- 

tigating unsteady aerodynamic effects. Since forced oscillations are now one of the primary 
testing methodologies determining time dependent flows, it becomes necessary to assess the 

suitability of the PSR rig, and particularly the Hawk aircraft model, for this purpose. 

It will be assumed that no tunnel turbulence is present in the following simulations: this 

assumption is necessary so as to 'eliminate any variables that may colour the actual effects 
being investigated. It will also be assumed that no unsteady flows are present. 

Consider the case of the Hawk model undergoing small amplitude forced oscillation testing 
in pitch (about the CG) at anominal angle of attack of 8° - i. e. the motion'is being driven 

via an external drive, and not the stabilators. The pitching moment acting on the aircraft will 
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be assumed to be a function of a and q only, and the aerodynamic derivatives are constant 
due to the small amplitude motion 

Pitching Moment = 
M- 

a+ 
M9 

q (8.1) 
Ivy 7 

vy 

Ma and Mq are defined as in equation (6.4), and the pitching moment is dimensional. Sim- 

ulations of equation (8.1) were run for a range of various frequencies, using Hawk model 

parameters determined from earlier longitudinal pitch tests, as well as appropriate inertial 

values and a tunnel speed of 20m/s (Table 8.1). 

Table 8.1: Parameters used for Hawk model simulations 

cm -0.818rad-1 
Cmq -3.851rad'1 
Cm, 

1 -0.791rad-1 
Tunnel speed, V 20m/s 

Wing area, S 0.0781m2 

Wing chord, c 0.135m 

Inertia, IIy 0.03950kg. m 2 

For a sinusoidal change in a, the response is governed by 

Pitching Moment =2 pV ZScCma cramp sin(2ir f t) +2 pV Sc Cm9 aamp27r f COS(2ir f t) 

I (8.2) 

where f is the driving frequency in Hz and anmp is the amplitude of the sinusoidal motion. 

Figure 8.1 shows the pitching moment response plotted against a for various frequencies. 

The direction of the plots are anti-clockwise, indicating a damped response, while the general 

negative slope reveals a stable system. The higher frequency plots show, a larger circular 

profile due to the damping effect being more pronounced. Experimentally these tests would 
be run for a few cycles and the data averaged. Once this data is' obtained it is relatively 
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simple to work backwards and determine the aerodynamic derivatives. For linear systems 

this can be done by taking a Fourier Transform of the pitching moment and separating it 

into in-phase and out-of-phase components, as described in Section 2.3.3. If the derivatives 

are themselves a function of a and q, then a suitable parameter estimation routine would be 

needed. 
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Fig 8.1: Pitching moment for simulated forced oscillations of Hawk model 

A simulation is now run where the Hawk model uses its stabilators to drive the sinusoidal 

motion. The amplitude of the stabilator deflection was determined so as to give the same 

amplitude of a variation (i. e. 3 degrees) for the forced oscillation tests. Figure 8.2 shows 

the variations in pitching moment as a function' of pitch angle. It can now be seen that 
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the pitching moment profile is far narrower than that obtained from the Hawk model when 

externally forced. Amending equation (8.2) to include the extra stabilator term 
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Fig 8.2: Pitching moment for simulated forced oscillations of Hawk model, using stabilators 

Iypa(t) =2 pV2ScCm. aamp sin(2r ft+ c(f )) 

. 
i' 

.. 2pVSC Cmgaamp2r f cos(27f ft+ 0(f)) 

} pV2ScCmý, ýlamp sin(2ý f t) (8.3) 
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The phase angle 0(f) is added since the aircraft response will be out of phase with the stabi- 
lator input. Equation (8.3) has implications for parameter estimation. During experimental 

tests on the Hawk model it was found that the derivative values obtained from sinusoidal 

stabilator tests showed a high degree of variability, as opposed to those determined from 

step or doublet inputs - see the results presented in Appendix D. This is now more clearly 

understood by reformulating equation (8.3) as follows: 

D (t) =A sin(wt + q5) +B cos (wt + q) +C sin(wt) (8.4) 

It is possible to choose an arbitrary value for C (equivalent to C71,1) and still be able to solve 
for A and B so as to perfectly match the response D. The correct choice of the relative ratio 

of A: B, as well as the magnitudes of each, will determine the phase shift of the RHS of 

equation (8.4) so as to match the response D(t). It should be noted that the problem of a 

non-unique solution for the three parameters only applies to a single frequency value. The 

same solution applied to a different frequency will not work. 

The above explains the failure of the sinusoidal testing to accurately capture the aerodynamic 
derivatives. The problem can be overcome by using one of four possible approaches: 

1. Determining the ratio of C, n, a to Cm,, (i. e. B to C) from static tests. This then allows 

the determination of a unique solution for all three derivatives. This is the same as 

Method 2 discussed in Section 6.3.2. 

2. Using a suitable starting guess. The Maximum Likelihood estimation routine requires 
initial guesses to start the search algorithm. If the start values for the derivatives were 
the same as those obtained from doublet or step tests, then the final values showed 
less scatter. Of course,, this approach is slightly recursive, as the parameters being 

estimated are the same parameters that are needed to start the search. 

3. Use a sinusoidal stabilator input of varying frequency, such as a chirp signal. This 

eliminates the problem associated witha single frequency, and Table 8.2 shows the 

average derivatives calculated from seven doublet tests, compared to that obtained 
from a 'single chirp signal. Figure 8.3 also shows the experimental pitch angle data of 

the Hawk model compared to a simulation generated from the parameter estimation 
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process, and agreement is good. This method is useful in that it uses a continuous 

parameter estimation routine to search for the unknown coefficients. If more than 

one single frequency test is performed the search algorithm would have to be suitably 

modified, with an increase in its complexity. 

Table 8.2: Comparison of derivatives obtained from three different types of stabilator inputs 

Derivative Chirp test Doublet test Experimental 

bode diagram 

C... -0.52 -0.57 -0.51 
Cm4 -4.21 -5.00 -4.19 
Cm, -0.74 -0.90 -0.78 

c 

time (s) 
0 

Fig 8.3: Simulation of model compared to experimental data for chirp signal input 

4. A possible fourth method is to construct an experimental Bode diagram, either by using 

a slowly varying chirp signal or conducting single frequency tests at different frequen- 

cies. Using the equation for the response of a second-order system to a sinusoidal 

input, the magnitude of the pitch angle is then governed by 
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- a(wdr)�a9 
M17 

= 
Wn - Wdr)2 + (2(wn)2 wdr 

where 

(8.5) 

wn _ M. 

-Mg 
2 -M,, 

and M, M. and M17 are the dimensional derivatives, and wdr is the driving frequency 

of the stabilators in rad/s. 

A non-linear optimisation routine can then be used to solve for the three unknown 

variables M, 7, w,, and (. The Hawk model was excited using 32 different stabilator 

frequencies, and an experimental bode plot constructed from this. This method also 

works well, and agrees closely with those values obtained from the chirp signal and 

doublet signal - see Table 8.2, as well as Figure 8.4 which shows a good fit to the 

experimental data. Section 8.1.2 gives further details of the Bode plots constructed 

using the Hawk model. 
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Fig 8.4: Experimental Bode amplitude plot generated using sinusoidal inputs, and a model 
fit to this data using equation (8.5) 
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8.1.2 Maximum Amplitude and Frequency Response 

All forced oscillation rigs will have a maximum amplitude and frequency that they can impart 

to the model motion. This is generally a function of the power of the driving mechanism, the 

structural integrity of the rig, as well as the weight and inertia of the aircraft model. While 

these are limiting factors, they do not generally place constraints on the demanded motion 

required for small amplitude forced oscillation testing. 

In the case of free-flight testing, the maximum response in frequency and amplitude is now 

a function of the design of the model itself, as well as the characteristics of the on-board 

control surface actuators. While limiting performance from a forced oscillation rig can in 

most cases be amended by increased power input and structural modification to the rig itself, 

this would not be possible with a self-actuated wind tunnel model. Changing the size of 

the control surfaces to as to obtain greater motion rates would change the actual nature of 

the model being investigated. It is thus necessary to investigate the maximum response that 

can be obtained from the Hawk model, and see what implications this may have for forced 

oscillation testing. 

A second experimental and theoretical Bode diagram was constructed for the Hawk model 
behaviour, this time using the derivative values estimated from doublet tests - Figure 8.5. 

This differs from the previous theoretical model, in that the derivatives are now estimated 
for each doublet test, and then the numerical average of these results were substituted into 

equation (8.5). Agreement between the two different models is very good. 

It should be noted that in Figure 8.5 the magnitude, a�20,9, is not in decibels and the frequency 

is presented in Hz on a linear axis, unlike a conventional Bode plot. This enables the plot to 
be read more easily, as opposed to using logarithmic axes. 

It reveals that there is a sudden drop in magnitude at about, 1.5Hz, and that this rapidly 
decreases to about 0.5° at 2Hz. -This shows that the maximum 'amplitude and frequency 

range that can be achieved through forced stabilator inputs is constrained by the model itself, 

which has implications for dynamic scaling requirements. 

The required scaling law for motion rate equivalency is defined as 
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Fig 8.5: Experimental Bode amplitude plot generated using doublet inputs, and a model fit 

to this data using equation (8.5) 
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where m refers to the model, and a to the full size aircraft. 

A 1/16th wind tunnel model tested at 20m/s, when compared to a full scale aircraft at 160m/s, 

will have to oscillate or have rotational rates twice that of the aircraft to achieve dynamic 

similarity. This should not appear to be a problem. 

However, this may have implications where the investigation of unsteady aerodynamic ef- 

fects may be concerned. A survey of test frequencies used for the investigation of unsteady 

effects show that a wide frequency range will generate time dependent flow. Most of the 

literature deals with vortical flow over delta wings, where the associated time-scales are rel- 

atively large. However, Abramov et al. (1999) have investigated the flow over a rectangular 

NACA 0018 wing at 40m/s, and found time dependant flows at frequencies as low as 0.8Hz 

for an amplitude of approximately 15° a. This corresponds to a non-dimensional frequency 

of 0.0228, equivalent to the Hawk oscillating at 0.7Hz. This is well within the capabilities 

of the Hawk model, and hence should not pose a problem for using it to investigate time 

dependent flow. 
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The only serious concern that does remain is the large influence of the control surfaces on the 

model motion, and that this can mask the effect of the aerodynamics. If this is coupled with 

the problem of not having accurate data for the control surface deflection, as well as losing 

significant data through differentiating and filtering the position signals, then the extraction 

of unsteady aerodynamic data can be a problem. 

8.2 Quantitative Analysis of Experimental Difficulties 

To investigate the feasibility of using free flight test techniques it is necessary to understand 

the external influences and disturbances which will affect the model motion, as well as the 

measurement of the various model parameters. Three main sources have been identified 

which adversely affect the performance of the PSR rig and Hawk model: 

1. Wind tunnel turbulence 

2. Electrical noise from the rotary potentiometers which measure the Euler angles of the 
Hawk model 

3. Backlash/freeplay from the servos driving the control surfaces 

If an accurate assessment of the feasibility of the PSR rig is to be made, then it is necessary 

to fully understand how these three factors influence the fidelity and accuracy of the aero- 
dynamic parameters being measured. Most of the results presented in Appendix D. show a 
large amount of variance, and it is necessary to account for this by relating it back to the three 

factors mentioned above. This information, will prove useful in future development of such 

rigs by identifying the sources causing these inaccuracies, and minimising their influence by 

suitable design methods and modification. It also allows informed decisions to be made as 

to whether current equipment/wind tunnels are suitable for accurate aerodynamic investiga- 

tion, and whether any extra expense incurred in modifying the rig will indeed improve its 

performance. 

To accurately predict the influence of these three factors, it is necessary to have theoretical 

models capable of simulating them. The next section explains the various simulation models 

used, and their similarity to the actual disturbances themselves. 
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8.2.1 Open Jet Tunnel Turbulence Model 

In order to check and analyse the robustness of the various control laws, mathematical models 
and simulations developed for the PSR, it is necessary to accurately model the turbulence that 

occurs in the open jet tunnel. From an early stage in the test programme it was evident that 

there were large values of turbulence in the tunnel, and this has made the determination of 
accurate results difficult. 

Determining the exact form of a model is not necessarily a straight forward process. Merely 

generating a model that produces the same level of turbulence obtained from hot-wire tests 

will not necessarily account for the frequency of velocity fluctuations occurring in the tunnel. 

There are numerous sources which provide atmospheric gust models for simulation purposes 
(see McLean (1990)), but models describing wind tunnel turbulence are minimal. Such 

models are tunnel specific, and are very much dependant on the design and construction of 

the tunnel itself. It is thus necessary to develop our own model, but there are a few problems 
in determining an appropriate approximation to the gust characteristics. 

The most difficult problem is that we do not know the actual turbulence in the tunnel. While 

the effect of the turbulence in the tunnel is obvious from the erratic motion of the trimmed 

Hawk model in longitudinal pitch motion, the variation in a (i. e. angle between the lon- 

gitudinal x-axis and wind velocity vector) cannot be determined directly from the current 

experimental setup. The University does not have equipment that gives real-time informa- 

tion on the velocity fluctuations occurring in the tunnel, and the only apparatus that can be 

used is a hot-wire probe that gives tunnel turbulence based on RMS values in the flow di- 

rection. However, it is the turbulence occurring in the vertical Z-axis and lateral Y-axis that 
has the greatest effect on the model motion, whilst speed fluctuations in the tunnel direction 

(i. e. X-axis) will have a minimal effect. A possible solution to determine the direction of 
the net velocity vector is to place small wind vanes at points in the tunnel, as well as on the 
Hawk model itself. This introduces a further complication in that the flow will vary locally 

across the surface of the model, and an accurate prediction of this would be extremely diffi- 

cult. These devices would also affect the flow itself, and this approach is hence not a suitable 

solution. 

Due to limiting time constraints it was not possible to design and manufacture a separate rig 
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merely for the purposes of estimating tunnel turbulence. It was instead decided to generate 

a numerical turbulence model that, when applied to the Hawk aircraft in the tunnel, would 

simulate similar behaviour in longitudinal pitch motion, frequency and amplitude. 

The form of the turbulence generator, as suggested by McLean for atmospheric turbulence, 

is shown in Figure 8.6, where the linear filter needed to generate the appropriate spectral 
densities in the vertical Z-axis is of the form 

G. ýs) _ Kw 
+ ýS ßw) 

(S2 + SC1 +)) 

Linear filter 

White noise 
generator ON(M) 

GI(s) 
ý, ýwý 

Fig 8.6: Block diagram of turbulence model 

(8.7) 

It should be noted that it is the form of the above model that will be used, and that the 

various parameters in the linear filter and white noise generator will be modified so as to 

represent wind tunnel turbulence. McLean nuggets values for the parameters, but these apply 

to atmospheric turbulence. 

The output of this model will then be applied to the state space equations for the longitudinal 

motion of the Hawk, but now modified to include the additional parameters due to turbulence 
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aturb = change in angle of attack due to turbulence 

qturb = change in pitch rate due to turbulence 

The damping and stiffness derivatives (Mg and Ma) obtained from doublet tests on the Hawk 

aircraft were used in the state space model. It is worthwhile to note that these derivatives were 
determined from wind tunnel tests which themselves included the effects of turbulence, and 

as such the values of the derivatives and the turbulence model are not independent of each 

other. However, the amplitudes of the tests were purposefully made significantly larger than 

those caused by the tunnel turbulence so as to mask its effects, but at the risk of violating 

assumptions of linearity. 

A schematic of the entire estimation process is shown in Figure 8.7. 

Tunnel Hawk aircraft Aircraft response turbulence 

Kw cW, ßw Xiy Parameter Amplitude, 
identification frequency 
algorithm 

H 
comparison 

White noise K Gi(s) Mathematical Model response 
generator model of Hawk 

Fig 8.7: Block diagram of parameter estimation process for turbulence model 

The parameters in the linear filter (Km, c,,,, /3 and A. ) were then modified so that the output 

of the state space model matched the experimental data in frequency and amplitude, to give 
the values in Table 8.3. It was decided not to investigate the physical significance of these 

values, since only a turbulence model that matched the Hawk model response was required. 
There is also no experimental data for the turbulence in the open jet tunnel with which to 

compare such a model. .. ' 
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Table 8.3: Parameters estimated for turbulence model 

' 0.005 

GW 5 
0w 10 

A 24 

Figure 8.8 shows a plot of a for the Hawk model at a trimmed angle of attack of 0°, where 

the variation in a is entirely due to turbulence. The plot also shows the simulated variation 
in a generated from the turbulence model. Agreement between the two sets of data is very 

good, with similar responses in frequency and amplitude. 

a 

'5 
2 

8 10 
time (s) 

Fig 8.8: Effect of turbulence model on a theoretical model of the Hawk aircraft, compared 

to an experimental response 

It is also useful to further investigate the frequency of the tunnel turbulence, and Figure 

8.9 shows a power spectrum of the experimental Hawk model pitch angle response for a 

stationary stabilator input, as well as the power spectrum of a pitch angle response due to the 

theoretical turbulence model. 

Agreement between the two plots is very good, proving the validity of the turbulence model, 

and both reveal that the turbulence has a frequency of about lHz, or 6.3 rad/s. 
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Fig 8.9: Power spectrum analysis of pitch angle experimental data and model simulation 
data 

This turbulence model can now be applied to various simulations pertaining to the rig, and 

should give a reasonable indication on the effects of turbulence to the operation of self- 

actuated wind tunnel rigs in particular. 

8.2.2 Electrical Noise Model 

The noise from the rotary potentiometers in the gimbal appears to have two sources -a 
high frequency low amplitude component, and a second source appearing to have a higher 

amplitude with a more random distribution. Figure 8.10 shows a plot of the signal from one 

of the potentiometers while stationary. 

The first noise source probably comes from the potentiometer itself, as well as the amplifier, 

and it is assumed that it has a Gaussian distribution. For simulation purposes a Gaussian 

noise generator was included in the computational simulations, with a variance the same as 

that calculated from the actual potentiometer. 

The second noise source is more complex to model, appearing to have a more random com- 
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E 
0 
c 

0 

Fig 8.10: Electrical noise signal generated by a stationary rotary potentiometer 

ponent both in frequency and magnitude. The source of this noise could possibly be external 

electrical disturbances in the vicinity of the experimental rig. These larger disturbances ap- 

peared to have an average frequency of 1Hz - i. e. approximately 20 points in a 20 second 

period, but randomly spaced. This component was modelled using a band-limited white 

noise generator, adding its noise to the Gaussian noise, but at random intervals with an aver- 

age frequency of 1Hz. The intervals were calculated using a random number generator. 

This method provides good agreement in simulating the electrical noise: Figure 8.11 is a 

schematic diagram of the model, and Figure 8.12 shows a plot comparing the theoretical 

model with the actual signal obtained from a stationery potentiometer. It should be noted 

that there may be additional electrical noise present when the potentiometer is rotating. It is 

not possible to measure this since this would require an accurate knowledege of the poten- 

tiometer position, which is the variable itself that is being measured. 

8.2.3 Stabilator FreeplayBacklash 

The problems associated with accurately determining the stabilator position were first recog- 

nised early on in the test programme. The Hawk aircraft had its original servo drives taken 
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Fig 8.11: Schematic diagram of noise model 
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Fig 8.12: Comparison of simulated electrical noise model with experimental data 

apart, and the rotary potentiometers within them were wired to the data acquisition system. 
The original 1-DOF tests undertaken with the model in the 7' x 5' tunnel used this data to 

help compile the original mathematical model of the aircraft, although the signal was rather 

poor. Unfortunately the servo drives were not very robust, and tended to fail often. Re-wiring 

the servos every time would have been too time consuming, and taking them apart probably 

made them more susceptible to failure as well. 
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It is assumed that the error in the stabilator position is essentially random, with the stabilator 
having any position within a range of f1 degree. This is deduced from observing the Hawk 

response after a doublet input, where the final pitch angle varies within a one degree range. 
Since Cm, and C7, of the Hawk model have approximately the same value (-0.82 and - 
0.79 respectively), we can assume a one degree error variation for the stabilator. A simulated 

stabilator doublet response with this variability added is compared to one not containing any, 
Figure 8.13. The smoother simulated response, as well as the lag, is due to a first-order lag 

function and a delay function of 0.09 seconds that is added to the simulation to more closely 

match the response that will be obtained from the servo drive. 
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Fig 8.13: Comparison of simulated servo response and demanded motion 

It should be noted that the actual position of the stabilator at the start of a doublet or step test 

will not affect the accuracy of the calculated aerodynamic derivatives. The state space model 

assumes variations from a trim point about zero for both the pitch angle and the stabilator 

position, and it is only the deviation from this point that will result in error. Hence the 

simulation in Figure 8.13 shows that both the actual and simulated stabilator positions are 

the same before the onset of the doublet input. 
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8.2.4 Effects of Noise Models on Parameter Estimation Results 

Having formulated computational models to simulate the behaviour of the three main noise 
sources affecting the model behaviour, we are now in a position to determine the magnitude 

of each source on the accuracy of the estimated aerodynamic derivatives. 

Figure 8.14 shows a simple schematic of the model used to simulate the Hawk aircraft re- 

sponses, and Figure 8.15 shows the Simulink model used in Matlab. The State-Space blocks 

contain equation (8.8) and the freeplay variations in the doublet inputs are included within 

the `Step' blocks, being generated from the appropriate Matlab mfile. The Transfer Fcn 

block contains the turbulence model (equation (8.7)), and the Transfer Fcn2 provides the lag 

for the stabilator response. The Gaussian Noise Generator and the From Workspace block 

adds the electrical noise to the simulation. 

Wind tunnel 
turbulence 

State space I_ i+l 
_I Model response model ý'\ fý 

Stabilator input 
(incl. freeplay) 

Electrical noise 

Fig 8.14: Simple schematic diagram of noise simulation algorithm 

A simple check was first performed on the system to check that the estimation process was 

accurate and reliable. All three noise sources were set to zero and a simulation performed. 
The data from this simulation was then used to check whether the parameter estimation 

process could work back and calculate the aerodynamic derivatives used in the original sim- 

ulation. This worked very well, with the original derivatives being estimated correctly to 

three significant figures. Starting guesses used in the parameter estimation process differed 

by 10% from the assumed values of C., and Cm, , and by 25% for C,,,, 
Q values. 

The test matrix used for the simulations comprised six different doublet amplitudes of 0.5°, 

10,2°, 3°, 4° and 5°, all lasting one second. For each amplitude four types of tests were 

run: one each for the three noise sources being applied separately, and one for all three noise 

sources combined. For each of these amplitudes, ten different simulations were performed. 
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Fig 8.15: Matlab Simulink diagram of Hawk model simulation, including noise sources 

This generated sufficient data points so as to calculate the standard deviation of each esti- 

mated derivative. The different amplitudes for the stabilator doublet were necessary to gauge 
the influence of the noise sources, since it was expected that smaller amplitude pitch angle 

responses would be more susceptible to turbulence levels and stabilator freeplay. It should 
be noted that each of the ten simulations at a specific doublet amplitude contained a different 

noise signal to generate the turbulence, electrical noise and stabilator freeplay, but that this 

noise signal was repeated for the other 5 doublet amplitudes. Hence the first simulation run 
(of ten) for each doublet amplitude would contain exactly the same noise input. This allows 

a consistent comparison between all the means and standard deviations calculated from the 

simulation runs. 
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8.2.4.1 Comparison of Standard Variation and Percentage Error 

Figure 8.16 shows the standard deviation of the estimated aerodynamic derivatives Cmo,, C71q 

and Cm respectively, calculated from the ten different simulations. The top half only shows 

the doublet amplitudes of 2° - 5°, so as to show the difference in standard deviations more 

clearly. Figures 8.17 plots the percentage difference of the estimated derivative from the 

derivative used for the simulations. The absolute value of the percentage difference has been 

used so as to make the observation of any trends in the data easier to detect. 
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Fig 8.16: Standard deviations of estimated drivatives for Hawk model, showing influences 

of noise sources 

The most obvious trend is the decrease in standard deviation as the amplitude of the stabilator 

doublet increases. This is to be expected, since the magnitude of all three noise sources 

are independent of the amplitude of the model motion. The noise sources have a greater 

relative effect on the model output at smaller amplitude values, making the extraction of the 

derivatives harder. 
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Fig 8.17: Percentage errors of estimated drivatives for Hawk model, showing influences of 
noise sources 

A second trend is that the variances for the stabilator amplitudes of 0.5° and 1° tend to be 

highly variable for all three derivatives, and significantly larger than those calculated from 

the larger amplitude pitch motion. 

Smaller variations in pitch angle, caused by the smaller doublet inputs, are more difficult to 

separate out from those variations caused by the turbulence levels. This is especially true 

for stabilator amplitudes of less than one degree. The change in pitch angle caused by the 

wind tunnel turbulence is approximately one degree in amplitude. A one degree change in 

stabilator angle will also result in an approximate change of one degree in the pitch angle, 

since the values of Cma, and C,,.,,, are roughly equal in magnitude. It is thus evident that any 

changes in the pitch angle response caused by a stabilator angle change of less than unity 

will effectively be masked by the tunnel turbulence effects, and making the separation of the 

two effects problematic for the parameter estimation routine. 

The same argument can be applied to the effect of stabilator freeplay. It was mentioned 
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in the previous section that the stabilator position error was modelled by adding a random 

error of between -1 and 1 degrees to the stabilator position. This also explains why there 
is such a large variation in the derivatives estimated from the 0.5° and 1° doublet amplitude 

simulations. 

While the argument of relative magnitude between noise source and pitch angle motion ex- 

plains the high variances caused by stabilator freeplay and turbulence levels, it does not 

account for the variability caused by the potentiometer noise sources at small amplitude mo- 
tion. The amplitude of the noise signal is relatively small, being less than 0.05° for the 
Gaussian noise component, and less than 0.3° for the more random white noise sources - see 
Figure 8.10. To understand the effect of the potentiometer noise on the parameter estimation 

process, it is useful to look at the first row of the state space model shown in equation (8.8), 

simplified here to exclude the influence of wind tunnel turbulence 

4 -0 =Mgq+Maa+Mi77 (8.9) 

To estimate the unknown derivatives it is necessary to have accurate data for the rotational ac- 

celeration values. The Hawk model only has rotational potentiometers, and it is necessary to 
differentiate this signal twice to obtain the acceleration values. Gyrometers and accelerom- 

eters could give the rotational velocity and acceleration values directly without the need for 

differentiation, but the signals generated by these devices are too noisy to be of any improve- 

ment over the potentiometer signal. Unfortunately the addition of noise causes very large 

values of instantaneous acceleration from Lone time point to the next, and a 'plot of a twice 
differentiated unfiltered signal is shown in Figure 8.18. 

This reveals acceleration values greater than 2000 rad/s2, a few orders of magnitude greater 
than what can be reasonably expected. The potentiometer signal thus requires filtering to 

eliminate these effects, and all of the experimental data was put through a filter having a 
lowpass bandwidth of 30 rad/s. It should be noted that the filtering process was applied after 
the experimental data had been collected and not as the experiment was running, so as to 

prevent introducing time delays in the captured data.. This was achieved by applying the fil- 

tering process in the forward direction, and then reversing this data and applying the filtering 

backwards. Any time lags introduced in the first forward direction were then cancelled out 
by those generated in the reverse direction. 
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Fig 8.18: Unfiltered potentiometer signal, differentiated twice 

Figure 8.19 show the acceleration values calculated using this process, comparing the effect 

of the various noise sources. As can be seen, the addition of potentiometer noise results 
in acceleration values that still have a high degree of variability. This obviously creates 

problems for the estimation process, and will be more pronounced at smaller pitch angle 

variations. 

Since it is intended to gauge the relative effect of the three different noise sources, it is more 

useful to only investigate the doublet amplitudes 2° or greater. A closer analysis will now be 

made of Figures 8.16 and 8.17, but only paying attention to the top half of each figure which 
show the results of the doublet amplitudes 2° and above. The results will now be discussed 

separately for each of the three derivatives. 

Cma 

The turbulence noise causes the largest magnitude in the standard deviation values (Figure 

8.16(a)) but has the least effect in the percentage difference from the true value of C,,,.. 

This is slightly unexpected, in that it would be assumed that the noise source causing the 

greatest variance in the estimated derivative would also cause the average estimation of that 

derivative to show the greatest error. This reveals that the addition of turbulence may not 
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Fig 8.19: Comparison of the electrical noise and turbulent gusts on calculated acceleration 
values 

necessarily be a problem, as long as the experiment is repeated enough times so that its 

effects are minimised. 

It also appears that the addition of potentiometer noise causes the greatest error in the av- 

erage prediction of C�, 
a, with the stabilator freeplay having a far smaller effect. This is to 

be expected, since it is the value of Cm. (and to a lesser extent the value of C�, 
q) 

that de- 

termines the frequency of oscillation after the doublet input has finished. In other words, an 

incorrect stabilator deflection should not affect the damped frequency of the simulation once 

the doublet input has finished, and hence will have less of an effect on the estimation process 

than the potentiometer source. 

Cmq 

A similar trend is observable here with regards to the effects of turbulence, in that it has a 

greater effect on the standard variation of the Cmq variable but far less so than on the average 

value determined from such tests. 

It is also interesting to note that the standard variation and percentage error for all three noise 
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sources combined is far greater than if each of the noise sources are added separately. This 

is slightly unusual, but is probably due to the parameter estimation routine being far less 

efficient once the noise amplitudes reach a certain magnitude. 

It should also be noted that the standard deviations and percentage errors are far greater than 

that of the Cm and C,,, derivatives. The reason for this is that the contribution of the Mqq 

damping term is far less than that of the input (i. e. Mnr)) or stiffness (MQa) term. Figure 

8.20 shows a plot of each of these contributions separately, and it can be observed that the 

damping component is far less than the other two contributions. Hence a small change in 

the estimated value of the Cmq derivative will have little effect on a simulation of the Hawk 

model response, and it is far more difficult to estimate an accurate value for it. 

E 
z 

0 

cr 
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Fig 8.20: Plot showing the relative contribution of each term to the rotational moment on 
the Hawk aircraft 

Cmn 

The standard deviation plot reveals that uncertainty in the stabilator position will cause diffi- 

culty in accurately predicting the C�,, derivative, as is to be expected. The percentage error 

plot is not a good indicator of this, since the error in stabilator position is uniformly dis- 

tributed, and it is expected that a large number of simulations/experiments will eventually 
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reduce the influence of this error towards zero. 

Figure 8.21 shows a comparison between the standard deviations for Cma and C,,,,, due to 

turbulent gusts and stabilator freeplay. It was noted that the values of C, and C,,,,, are 

virtually the same in the state space formulation, and hence the variations observed in Figure 

8.21 are probably not due to the magnitude of their effects being dissimilar to each other. 
The probable cause for the differences caused by turbulent gusts (Figure 8.21(a)) is that the 
doublet input lasts for only one second out of the simulation run of 18 seconds, and the 

parameter estimation routine has thus less data with which to calculate the C,,,,, derivative. 

Figure 8.21(b) reveals that inaccurate data for the stabilator deflection will cause even more 

of a difference in the standard deviations of the two derivatives. 
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Fig 8.21: Comparison between standard deviations of C�, 
a and C, n,, for turbulent gusts and 

stabilatorfreeplay 

8.2.4.2 Filtering 

The filtering process used a lowpass 8th-order Butterworth filter with a passband edge fre- 

quency of 30 rad/s, and the data was passed through it in both the forward and reverse direc- 

tion so as to eliminate the possibility of introducing any time lags into the data. The value of 

30 rad/s was chosen somewhat arbitrally, being low enough to eliminate the influences of the 

noise sources, yet still retaining sufficient data so as to allow accurate parameter estimation. 
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It was decided to investigate the influence of using filters of different bandwidths so as to 
determine the lowest possible frequency that could be used while still retaining sufficient 
information. The damped natural frequency of the system (i. e. the theoretical Hawk model 

at 20m/s) is determined as 

Wn. =- Mý 

_- 
M4 

and hence 
2 -M, ' 

Wd = Wn (1 
- 

(2) 

8rad/s (8.10) 

It is thus apparent that any filter below this frequency will be too low, and will effectively 

smooth out the pitch angle response data. Figure 8.22 show the pitch angle response of the 

simulated Hawk model for a doublet input at three different filter frequencies, including the 

effects of potentiometer noise: it is apparent that at the lower frequency of 5 rad/s there is a 

significant loss of data. 
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Fig 8.22: Plot of acceleration values for different filter bandwidths - potentiometer noise 
added 

It was shown in Section 8.2.1 that the turbulence has a frequency of approximately 1Hz, or 

6.3 rad/s. It is thus not possible to use a filter to diminish the effects of the turbulence, since 

its frequency is less than the damped frequency of the Hawk model (8 rad/s). It was thus 
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decided to use a filter with a 10 rad/s bandwidth and repeat the simulations and parameter 
estimation routines for the three noise sources, and compare this with the results presented 

above. Figure 8.23 plots the standard deviations of the three derivatives, and Figure 8.24 

plots the percentage errors. Both sets of plots are from derivatives estimated from simulations 

with all three noise sources combined. Boths sets reveal that the lower bandwidth of 10 rad/s 

results in better estimates of the derivatives, and that a filter of this low frequency can be 

used to effectively diminish the effects of noise without causing any significant loss of data. 
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Fig 8.23: Effect of using a IOrad/s filter on the standard deviation of the estimated 
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Fig 8.24: Effect of using a lOrad/s filter on the percentage error of the estimated parameters 

However, if tests were conducted at higher frequencies, such as sinusoidal inputs, then a 
higher bandwidth would be required. It is interesting to note that the highest frequency of 

oscillations that can be induced in the Hawk model motion is approximately 20 rad/s in roll 
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angle due to aileron inputs. This is due to the low roll inertia of the model, as well as the 

ailerons having a large moment arm. 

8.2.4.3 Comparison of Standard Deviations with Experimental Results 

To afford comparison with the standard deviations of the parameter estimates obtained from 

the simulations presented above, and those obtained from experimental tests, a series of 15 

experiments were performed on the Hawk model. They all had the same doublet length of 

one second, with an amplitude of 2.5°. Table 8.4 contains the standard deviations of each of 

the three derivatives, compared to that obtained from the simulations. Both the two and three 

degree amplitude results are presented, since the experimental results contained the results 
for an amplitude of 2.5°. 

Table 8.4: Comparison of standard deviations calculated from experimental data and 

simulation models (containing noise sources) 

C'mc, CM9 Cmn 

Estimated value (experimental) -0.61 -2.48 -0.74 
Std. Dev. (experimental) 0.015 0.60 0.09 

Std. Dev. (2° doublet test) 0.041 2.26 0.19 

Std. Dev. (3° doublet test) 0.015 0.87 0.12 

The agreement between the standard variations are quite good for the 3° amplitude sim- 

ulations, with the experimental values for both C�, 
4 and C�t,, being slightly less than that 

obtained from the simulations. ' This is encouraging, in that it reveals that the theoretical 

models of the noise sources and stabilator freeplay are possibly too severe, and that the 

results in Figures 8.16 and 8.17 may be an overestimation of the standard deviations and per- 

centage differences. However, this has to be balanced with the possibility that other factors 

may influence the accuracy, with , which we can experimentally determine the aerodynamic 
derivatives, and that it is unlikely that we could determine the Cma derivative to within an 

accuracy of 3%, as suggested by Figure 8.17(a). Possible sources of error, which have not 
been taken into consideration until now, may include the following: 
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" electrical wire stiffness and damping influences 

" errors in the rotational inertias of the Hawk model 

" unwanted aerodynamic flow changes around the model caused by the removal of the 

centre wing hatch allowing the sting to attach to the aircraft 

None of the three errors listed above will affect the variability of the estimated derivatives 

but will cause them to be skewed from their correct values, and to account for their effects 

can be problematic. 

8.2.4.4 Summary of Noise Influences 

1. Variability in the estimated derivatives for pitch motion amplitudes of less than 2° 

is high, and caution should be exercised when interpreting results from very small 

amplitude experimental data. 

2. Larger amplitude testing ensures results that have a higher fidelity and less scatter. It 

should be noted that the simulations and parameter identification method are all linear. 

A large amplitude motion, whilst diminishing noise effects, may produce errors if the 

estimated aerodynamic derivatives have a pronounced variation with regards to aircraft 

orientation and motion. 

3. The effects of turbulence, electrical potentiometer noise and stabilator freeplay may 

not be linearly additive in their effects on the estimated derivatives. This may result in 

the effect of all three being far larger than each of their individual contributions (see 

Figures 8.16(b) and 8.17(b)), or that the addition of one noise source may even improve 

the standard deviation of an estimated derivative, but not necessarily its correct value 
(compare Figures 8.16(c) and 8.17(c)). 

4. The selected filter bandwidth will have an effect on the accuracy of the estimated 
derivative, and should be chosen so as to have a frequency not much greater than the 

model motion. ' 

5. The theoretical models chosen for the wind tunnel turbulence and potentiometer noise, 

as well as the simulation of the stabilator freeplay, cause standard deviations in the 
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estimated derivatives that are comparable to those obtained from experimental results. 
This allows an accurate assessment to be made as to the extent to which these noise 

sources will affect the performance of the PSR rig / Hawk model. 

8.3 Pendulum Support Rig Heave Motion 

Although most of the experimental testing has been done using the Hawk model attached to 

a fixed gimbal point (in either a one, two or three DOF configuration), a limited amount of 

testing was done using the rig in its full 5-DOF configuration. However, this did present a 

few problems which made accurate aerodynamic analysis difficult. 

The advantage of the rig is that it can be used for the estimation of derivatives due to trans- 

lational motion, for example the calculation of & derivatives while separating out effects due 

to pitch rate q. This applies in an equivalent manner to sideslip derivatives. For this reason it 

was decided to use the rig in its 2-DOF configuration and induce heave motion, and this was 
discussed in Section 7.5. 

Significant heave motion needs to be generated to enable the effective separation of these 

effects. Most testing has been done at 20m/s, and a one degree change in angle of attack 

requires a translational heave velocity of 0.35m/s. While this may not appear significant, it 

must be remembered that the model will initially start at rest from some point and accelerate 

translationally to reach this velocity. Due to the diameter of the tunnel flow, the space re- 

quired to achieve this is rather limited. This combines with the problem of tunnel turbulence 

mentioned above, which would effectively `mask' any small effect due to heave motion. It 

would thus be required to achieve an angle of attack change of at least four degrees for an 

accurate assessment of such effects, which would require a heave velocity of 1.4m/s. 

Parameter estimation routines were run in an attempt to obtain separate aerodynamic co- 

efficients but proved unsuccessful (Section 7.5). There was significant scatter amongst the 

results, and the predicted model performance was poor when compared to the experimental 
data. The sinusoidal inputs into the system resulted in a maximum amplitude of angle of 

attack change (due to heave motion) of two degrees. It was initially assumed that this was 
insufficient to enable effective parameter estimation -a reasonable assumption to make given 
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the high levels of turbulence in the tunnel. 

At this point it was suggested to possibly have an external drive mechanism forcing the 

motion of the pendulum strut, and inducing larger magnitudes of angle of attack due to 
heave motion. This also has the benefit of not having to use the stabilators to drive the 

sinusoidal motion, aiding the estimation process significantly by eliminating the effect of 
control surface influence on the model motion. This also avoided the complications of using 

sinusoidal inputs to estimate aerodynamic derivatives for the Hawk model. 

A rather crude, yet effectively simple, method of achieving strut motion was obtained by 

simply forcing the strut motion by hand. The fact that such an input into the rig system is 

not uniform and easily reproducible is not an issue: the state space model formulation and 

parameter estimation technique are obviously not dependant on the type of model input; it is 

only concerned with knowing the input itself, and this is available from the gimbal output at 
the top of the strut. 

This method also failed in being able to separate out any heave effect on the model. The 

reason for this was soon obvious: a few wind-off tests were conducted by moving the strut 

with the model attached, still in the 2-DOF configuration. Up until this stage it was assumed 
that the gimbal location was co-incident with the CG point. If this was the case, then strut 

motion would not have any effect on the longitudinal orientation of the Hawk (i. e. 0 position 
for the wind-off case). This was not the case, however, with the model exhibiting significant 

rotational motion. 

It was thus realised that the offset gimbal location was inducing additional moments on the 

model, and it was therefore. necessary to conduct further investigations into the effect of 

offset CG positions on the rig dynamics. 

8.3.1 Simulation of 2-DOF Equations of Motion for Offset CG 

Simulation was run using the equations of motion for the 2-DOF rig with an offset CG loca- 

tion (see equations (6.27) and (6.28)). These simulations were performed using a sinusoidal 
variation in strut angle ry, with representative values of the Hawk model parameters used to 

simulate the aircraft on the PSR strut. Two benchmark tests were performed to check that the 
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parameter estimation techniques were working correctly (i. e. being able to accurately derive 

the QB term as a function of the motion variables a and q): 

1. The offset CG value is zero, and 

2. Strut motion is zero. 

The equation for the pitching moment on the aircraft was defined similarly to the state space 
formulation used for the 1-DOF tests, equation (6.3). Both tests were able to derive the 

mathematical model exactly. 

It should also be noted that such simulations are completely noise free - it is the intention 

of this investigation to determine the effect of strut motion and offset CG location on the 

estimation of an accurate aerodynamic model. A simulated noise added onto the simulation 
data would only obscure the effects that are being investigated. 

Tables 8.5 and 8.6 give an indication of the effect on the success of the estimation routine for 

various configurations. 

Table 8.5: Comparison of errors in parameter estimation of pitching moment derivatives. 

Da due to heave motion = 2°, heave displacement = 0.2m 

Offset (zz) Cm. % error C. 
Q 

% error 
Om -0.75. 0.0 -6.78 0.0 

-0.01m -0.63 -16.1 -3.63 . -46.4 

-0.02m -0.65 -13.5 -2.20 - -67.6 

-0.03m -0.67 -10.8 -1.68 -75.3 

As can be seen, the performance can be relatively poor, even for small changes in CG dis- 

placement, and the estimation of the dynamic derivative Cmg is particularly poor. The simu- 
lation provides confirmation that a small change in CG location will make parameter estima- 
tion problematic, and confirms the original assumption that a small error in the determination 

of the CG position of the Hawk model prevented separation of any heave effects. 
jýýý 
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Table 8.6: Comparison of errors in parameter estimation of pitching moment derivatives. 

La due to heave motion = 4°, heave displacement = 0.3m 

Offset (z, ) Cm. % error (_Cmq % error 

Om -0.75 0.0 -6.78 0.0 

-0.01M -0.95 27.3 -0.68 -90.0 

-0.02m -0.82 9.9 -1.12 -83.5 
1 

-0.03m -1.00 34.2 -0.48 -92.9 

It also interesting to note that it is the y term in the model formulation that has the greatest 

magnitude, and hence largest effect on the error. The gravity term is approximately half this 

value, followed by the ry term. 

In order to account for CG offsets in the parameter estimation process, it is clearly not ac- 

ceptable to use a state space representation of the aircraft model alone: the dynamics of 

the complete system must be represented. To this end, it was necessary to develop the full 

pendulum rig dynamical equations (including CG offset). 

8.4 Summary 

In this chapter a study was performed as to how a self-actuated wind tunnel model would 

behave undergoing small amplitude forced oscillation testing. It was found that the control 

surfaces can have an influence on the pitching moment, potentially obscuring important hys- 

terisis effects. The use of sinusoidal inputs for model extraction was investigated, revealing a 

number of different approaches that could be suitable. There are also limitations to the max- 
imum amplitude and frequency that can be achieved with such a rig, although this does not 

appear too much of a limiting factor for the investigation of unsteady aerodynamic effects. 
The noise models developed for the PSR and open jet tunnel appear realistic, and revealed 

that small amplitude testing of less than 2 degrees angle of attack is not feasible under the 

current experimental conditions. The effects of different filter bandwidths were also inves- 

tigated. The capabilities of the PSR for inducing longitudinal heave motion were shown to 

be compromised if offset CG locations were not accounted for, and a theoretical analysis 
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revealed the reasons for this. 
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Computational Evaluation of Multi-DOF 

PSR Concept 

This chapter takes a closer look at simulations of the 5-DOF PSR, and compares its behaviour 

to 3-DOF Euler angle motion (i. e. gimbal fixed in space) and free-flight and drop test simu- 
lations. One of the main arguments in favour of the 5-DOF Pendulum Support Rig concept 
is that it more closely simulates the actual motion of a free flight model, compared to merely 

mounting the aircraft on a 3DOF gimbal that is constrained not to move translationally. This 

argument is more intuitive though, based on the premise that the more degrees-of-freedom 

the model has, the more closely it should resemble the actual flight path of the model. As 

will be discussed later, Goman (1997) proposed that an increase in strut length allowed the 

model motion to more closely approach free-flight conditions, arguing on the basis that the 

eigenvalues corresponding to the pendulum strut approached the origin, thus eliminating the 

effect of the strut and simulating free flight. 

9.1 HHIRM model 

In order to simulate the rig, a theoretical model of the aircraft attached to the rig is required, 
and it was decided to use the HHIRM model (Hypothetical High Incidence Research Model) 
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that has been used for other studies in the Department. The model was developed to provide 

a benchmark for nonlinear analysis and control system design, and the characteristics of the 
HHIRM are similar to a those of existing combat aircraft. Experimental data obtained from 

several different types of wind tunnel tests were used as a basis for the model, including 

static, forced-oscillation and rotary balance tests. It was developed by Goman et al. (1995) 

for the then Defense Research Agency in Bedford (now QinetiQ Ltd. ). 

The aerodynamic forces and moments generated by the model are nonlinear functions of 

several motion variables. Whereas most aircraft models use large tables of aerodynamic data 

to capture the full non-linearities inherent in the aircraft, the HHIRM model utilises simple 

mathematical functions of aircraft parameters. All functions used to generate the model are 

smooth, ensuring continuous first derivatives while still being highly nonlinear. This results 
in a model that is smaller and faster to run computationally than those consisting of large 

volumes of unwieldy aerodynamic tables. 

Table 9.1 contains some specifications of the hypothetical model, and a more comprehensive 
description of the model can be found in Goman et al. (1995). 

Table 9.1: Specifications of HHIRM model 

Mass 7500kg 
Dimensions Wingspan: 11.40m 

Mean Aerodynamic Chord: 3.511 m 

Wing Planform Area 37.16m2 

Model Inertias Iýý = 24550kg. m2 
Iyy = 163300kg. m2 
Izz =183110kg. m2 

.. 7 2 Ixx = -3124.0kg. m 

The aerodynamic force and'moment coefficients Cam, C, C, ', CC, Cm, CC,, are modelled as 
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functions of the following variables: 

a= angle of attack, degrees 

,0= angle of sideslip, degrees 

Pw = non-dimensional roll rate (stability-axis frame) 

rw = non-dimensional yaw rate (stability-axis frame) 

qw = non-dimensional pitch rate 

77 = elevator deflection (degrees) 

= aileron deflection (degrees) 

= rudder deflection (degrees) 

v= differential stabiliser deflection (degrees) 

The model also contains the capability for adding uncertainties to the generated coefficients, 
but this was not utilised due to it possibly obscuring the dynamics of the rig being investi- 

gated. 

For use in the pendulum equations, the model was scaled by 1/16 to be representative of a 

wind tunnel model aircraft. The mass and inertias of the aircraft were also scaled appropri- 

ately. 

9.2 Simulation Parameters 

To establish the benefits of using the PSR rig for aerodynamic testing, it is necessary to com- 
pare its performance with other types of testing, and to establish how closely the rig is able 
to simulate free flight conditions. To make suitable comparisons four different types of sim- 
ulations were run, all using a 16th scale HHIRM model with mass and inertias appropriately 
scaled, at an angle of attack of 8.82° and wind speed of 20m/s. The a value of 8.82° for the 
free flight HIRM model corresponds to steady and level flight at 20m/s (i. e. 0=8.82°). 
The four simulations were: 

1. Full 5-DOF simulation of the PSR/HHIRM. 
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2.3-DOF simulation of the HHIRM, corresponding to the HHIRM model being attached 

at its CG location to a gimbal free to rotate in pitch, roll and yaw, but fixed to an inertial 

axis system. 

3. Full 8-DOF free flight, including thrust, with the model initially trimmed in straight 
and level flight. 

4. Full 8-DOF free flight, but without the addition of thrust, and hence simulating a drop 

test. This type of simulation was only done for elevator inputs into the HHIRM model, 

with the motion constrained to the longitudinal plane. The test was done at a speed of 
20.17ni/s, so as to ensure that the forces on the aircraft were in equilibrium for a glide 

angle of 1.4°. 

The equations describing the 5-DOF PSR motions were presented in Section 6.5 above, 

and equations (6.29), (6.30) and (6.34) are used to simulate the motion. For the 3-DOF 

motion, only equations (6.29) and (6.30) are used. The free flight 8-DOF motion requires 

the addition of three equations describing the derivatives of angle of attack (a), sideslip (ß) 

and total velocity (V) (in body axes) 

ä=q- tan ß(p cos a, + r sin a) + 
mV cos ß 

(Z cos a-X sin a) 

+V 
cos ,Q 

(sin a sin 0+ cos a cos 0 cos 0) 

p sin a-r cos a+ 
mV 

(Y cos ,8-Z sin ß sin a=X cos a sin ß) 

+y(cosBsinq5cosß+sin0sinßcosa - cos9cosq5sinasino) 
m(XcosQcosa+Zcosßsina+Ysinß) 

+g(- sin 0 cos ,ß cos a+ cos 0 cos q5 cos ß sin a+ cos 0 sin q5 sin 

The ý equation is ignored in (6.30) as V) is decoupled from the remaining eight states. The 

three moment equations (6.29), two Euler angle equations (6.30) and the three equations 
presented above comprise the eighth-order model. 

Simulations of the PSR with different strut lengths were also compared, as well as comparing 
the differences between using either an inverted or upright strut orientation. 
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The effects of adding a counterbalance system to the rig were also investigated. For an in- 

verted strut orientation the counterbalance mass was 10kg, placed at a distance of 0.4m from 

the pivot point. The upright strut orientation had a mass of 1kg placed at the same distance 

of 0.4m from the top gimbal. The difference in mass between the two strut configurations 

was chosen so that the equilibrium strut angle -y had a variety of different orientations. The 

heavier mass required for the inverted arrangement was necessary to encourage lower values 

of y (i. e. have the pendulum strut more horizontal and hence induce greater heave motion), 

as the weight of the aircraft model tends to pull the strut towards a downwards vertical po- 

sition. Strut length used in the simulations, unless stated otherwise, was 1.215m, similar to 

the strut length on the PSR at Bristol University. 

The input for longitudinal and lateral tests was a control surface impulse of duration 0.5 

seconds, and an amplitude of 2° for elevators and rudder, or a1° amplitude for aileron de- 

flection. 

9.3 Simulation Results 

9.3.0.1 Inverted Pendulum with inverted HHIRM model 

Figure 9.1 shows the simulation results for an inverted PSR configuration, compared to the 

other configurations mentioned above, for a elevator impulse input applied at t=:, 2s. 

The value of yo for the inverted pendulum is -84.5°.. (i. e. almost vertical), with the counter- 
balanced strut having an initial longitudinal angle of -45°. The results for the free flight and 
drop tests are very similar, as is expected, and the 3-DOF and PSR configuration show a 

closely matched response to each other. Goman (1997) suggested that an increase in strut 
length causes the system dynamics to approach free flight conditions, due to the system poles 
describing the strut dynamics approaching zero. However, there appears to be a limit to this, 

as shown in Figure 9.2. The figure plots the system's complex poles of the inverted PSR 

for strut lengths from 0.2m to 5m. The poles dominant in'y and A, the states representing 

the pendulum motion, both approach the origin, but appear to asymptote to a certain point 
before reaching it. The movement of the points in the direction of the origin is probably due 

to the increase in the strut length causing the inertia of the pendulum to increase, reducing 
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Fig 9.1: Angle of attack response for various models (CB = counter-balance) 

its natural/damped frequency. This can be seen in Figure 9.3(a) and (b), which shows the 

response of a second-order system to a step input. Both reveal that a decrease in the complex 

part of the pole (such as the mode dominant in 'y), or a movement of the pole towards the 

origin (such as the mode dominant in A) causes a decrease in the damped frequency. 

Also plotted in Figure 9.2 are the complex poles for the 8-DOF free flight model, as well 

as the 3-DOF configuration. A closer inspection of the graphs reveals that the damped fre- 

quency of the free flight short period mode, the longitudinal 3-DOF mode, and the PSR mode 
dominant in q and B are all the same. The only difference is that the amplitude and damping 

of the free flight mode is less than that of the other two configurations. This is evident from 

Figure 9.1, as well as by considering the response in Figure 9.3(c). 

The approach of the complex poles of the strut towards the phugoid poles of the free flight 

simulation may give the impression that the longer strut may encourage motion similar to 

that of the phugoid mode. This is also intuitive: the longer strut is able to vary the forward 

speed of the attached aircraft model more than that of a shorter strut. The phugoid mode 
is dominant in forward speed u, and to investigate this, simulations were run for two strut 
lengths (0.5m and 5m), and the response of the forward speed of the model compared to that 

of the free flight configuration. Figure 9.4 shows the comparison, and it can be seen that the 
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Fig 9.2: Equilibrium root-loci for inverted PSR 

response in forward speed of the PSR aircraft is very different from that of the free flight 

arrangement. 

The simulation of the counter-balanced PSR shows that the frequency of the motion is still 

the same, but the amplitude of the a response is now closer to the free flight poles - see Figure 

9.1. This is as a result of the counter balance opposing the gravity vector acting downwards 

on the model, and causing the initial position of the strut to be more closely aligned to the 

horizontal plane. This then allows for greater heave motion and subsequent changes in a due 

to heave. 

The modes dominant in the lateral plane are all similar for the three different configurations, 

although it is interesting that the mode dominant in A becomes the dominant Euler angle 

mode (0,0) of the PSR/HHIRM model, and vice versa. The similarity in these results is 
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iII. 

(b) 

lk" 

(c) 

Fig 9.3: Relationship between pole locations and step responses for a second order system. 
(a) = constant awn, (b) = constant damping ratio (, (c) = constant damped frequency wd 

due to the lateral sway motion having a far less dominant effect than the heave motion of 

the model in the longitudinal plane. This can be appreciated by considering the force on 

the model for a and ß both equal to 8.82°: the normal `lift' force Z is equal to 17.8N, with 

the lateral side force Y equal to -0.36N. The lateral dutch roll mode is far more dependant 

on the rotational moments acting on the aircraft, than on the lateral side forces, and hence 

the poles for the 3-DOF and free flight arrangement are very similar. Figure 9.5 shows the 

sideslip variation for an impulse rudder input, and Figure 9.6 the response for an aileron 
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Fig 9.4: Forward speed response (u) for various models - inverted pendulum 

input. Both responses for the rudder input are quite similar, with the differences probably 

due to the influence of the roll and spiral modes. 
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Fig 9.5: Rudder input response in sideslip (ß) for various models 
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Fig 9.6: Aileron input response in sideslip (, ß) for various models 

9.3.0.2 Horizontal Pendulum with upright HHIRM model 

The configuration of this simulation is similar to the inverted rig, except that the HHIRM 

model is no longer inverted, but has a zero roll angle (as opposed to 180° for the inverted 

configuration). The starting position of the strut is rya = -8.8°, due to the weight of the 

model and the lift it generates being very similar. This arrangement allows virtually all the 

longitudinal strut motion to be converted into motion of the HHERM model in the Z-axis 

direction of the tunnel. It is unlikely that this configuration is practically feasible - the strut 

axis is virtually in line with that of the aircraft model - although a suitably designed strut 

may make this possible. 

Figure 9.7 shows a simulation for an elevator impulse. A strut length of 100m has been 

included as well - obviously a physical impossibility - and its response is virtually the same 

as the 5m length strut. The 3-DOF arrangement shows the greatest margin of difference from 

the free flight simulation. Between these two configurations lies the PSR responses, with the 

longer strut lengths more closely simulating the free flight arrangement. This can also be seen 

in Figure 9.8, where the increase in strut length from 0.2m to 5m causes the complex poles 

of the PSR to approach that of the short period motion of the free flight model. This differs 

from the inverted PSR, where the longitudinal mode of the aircraft model was virtually the 
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Fig 9.7: Angle of attack response for various models - horizontal pendulum, upright 
HHIRM model 

same as that of the 3-DOF model. The same phenomenon of the strut modes approaching the 

origin is also seen in this plot. However, the longitudinal strut mode is now unstable: Goman 

found the same occurrence in his investigation of the PSR rig for upright configurations. The 

lateral modes for all three configurations are again all in the same region, as in the inverted 

arrangement. 

9.3.0.3 Upright Pendulum with with upright HHIRM model 

This arrangement uses a counter-balance so as to achieve a starting strut angle closer to 

the vertical plane (yo = 41.2°). Again the strut length is varied, and the change that 

this produces in the complex pole placement is shown in Figure 9.9. However, the mass 

of the counter-balance weight is changed for each new strut length so that the equilibrium 

value of strut angle -y remains constant. The features of Figure 9.9 are similar to that of the 
horizontal pendulum arrangement, with the strut modes approaching the origin, but with the 
longitudinal aircraft model mode now being placed in-between that of the 3-DOF mode and 
the free flight short period mode. 
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Fig 9.8: Equilibrium root-loci for horizontal PSR, with upright aircraft model 

9.4 Summary of Simulation Results 

From the above three configurations, we can draw the following conclusions: 

1. An increase in strut length can cause the PSR performance to more closely resemble 

that of free flight, but only when the mean strut longitudinal angle (y) is close to the 
horizontal plane (i. e. zero). This is due to the strut allowing a greater heave component 
in the aircraft model motion, similar to that which the free flight model exeperiences. 
PSR configurations with near-vertical struts show a similar performance to the 3-DOF 

configuration. 

2. The movement of the strut poles towards the origin is merely an indicator of an in- 

crease in the rotational inertia of the strut, decreasing its natural frequency, and not 
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Fig 9.9: Equilibrium mot-loci for vertical PSR, with counter-balance system 

necessarily an indicator of closer free flight simulation. 

3. The PSR does not appear to be able to simulate the phugoid dynamics. This is due 

to the phugoid motion being dominant in forward speed u, and any variation in this 

variable on the PSR will be mainly due to the natural frequency of the strut. 

4. The lateral mode is generally unaffected by strut length, with all three configurations 

showing similar conjugate pairs. This is due to the lateral side forces being rather 

small, and this mode being more dominated by rotational moments on the aircraft 

model. 

5. Upright strut configurations, under certain conditions, can be dynamically unstable. 
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9.5 Summary 

PSR simulations 

The full set of equations for the 5-DOF PSR were developed, and were also amended to 
include the effects of a counter-balance system. These equations were then further developed 

to account for offset CG locations and were shown to be rather long, revealing the complex 
interactions between the pendulum strut and the offset CG vector. A comparison was made 
between the behaviour of the PSR and various other configurations, and useful conclusions 

were drawn from this. 
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Conclusions and Recommendations 

The investigation into unsteady aerodynamic modelling and pendulum support rigs has led to 

a number of key insights regarding their use for determining improved aerodynamic models 

of aircraft. This chapter contains a summary of these results, as well as giving an indication 

of areas which will require further investigation if such technologies are to become more 

commonplace within the air vehicle design process. 

10.1 Conclusions 

10.1.1 Wind 7ünnel Rigs 

A brief overview was given of various types of wind tunnel rigs that are currently used in 

the investigation of dynamic flow phenomena. Most of the rigs are mechanically complex, 

requiring intricate manufacture and incurring significant expense to build as well as operate. 
Many of the rigs are only able to investigate a limited range of motions (sometimes+restricted 

to a single plane), as well as having restricted amplitude ranges. The larger rigs also have 

greater power requirements and support structures which can interfere significantly with the 
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performance of the rig. Very few rigs are able to account for the influence of control surfaces, 

with the rigs generally driving the model motion via the support structure. Multi-degree-of- 

freedom motion is usually either restricted to rotational or translation motion. Rigs that are 

able to combine both types are intricate in design and operation. 

A need was thus identified for wind tunnel rigs that would provide a cost-effective solution 
to the above problems. Such a rig would be simple in design, allow multi-degree-of-freedom 

motion, account for control surface deflections, have minimal support structures and allow 
large amplitude motion. Such a rig would also need to have the capability of generating 

motions that would exhibit unsteady flow effects. 

Such a rig, as well as the wind tunnel it is used in, would also have to address issues of 

similitude. Several parameters were discussed, and it was shown that achieving an acceptable 
level of similarity will prove difficult. This complicates the process of extrapolating sub- 

scale results so as to have application to the full size vehicle, and was identified as an area of 

research that needs further investigation. 

10.1.2 Traditional Modelling 

An analysis of the flow that occurs over dynamically stalling wings and sharp edged delta 

wings was presented. This identified flow structures that had transient and time dependant 

properties. Flow separation and the movement of vortex breakdown points are the main 
sources of such behaviour. 

It was shown that traditional aerodynamic modelling methods are inadequate at accounting 
for such flow structures. At larger amplitude and higher rate motions such models give 
incorrect predictions of the aerodynamic forces and moments occurring on an air vehicle. 
This is particularly evident when analysing small amplitude forced oscillation data, where 
the effects of frequency, can be quite pronounced. An alternative modelling method was 
introduced, whereby time dependencies are incorporated into the mathematical model. This 

is a physically intuitive approach, and is able to effectively account for frequency effects. 

209 



Chapter 10 Conclusions 

10.1.3 Unsteady Aerodynamic Models 

Most of the current mathematical models in use were described and analysed. It is evident 

that they all rely, in one form or the other, on the use of time constants to account for time 

dependant effects. It is preferable that an unsteady model will satisfy both the following 

conditions: 

1. Physical relevance: the form of the model should be able to be related back to the aero- 
dynamic flow structure that is occurring over the wing. `Black box' type approaches 

are usually quite complex, and are not easy to incorporate into the existing formula- 

tions used for flight dynamics applications. Modifications to the simpler models are 

easier when accounting for design iterations of the actual aircraft, and more complex 

models may often need to be completely re-estimated. 

2. Simple structure: this is required so that it is computationally efficient, and can be 

appended on to the existing equations of motion for an aircraft. 

It was shown that achieving both simultaneously can be problematic, particularly for large 

amplitude motion. 

Many of the models discussed show a certain commonality in their basic structure, and the 

underlying method of accounting for time dependencies is through the use of a simple first 

order lag equation. `New' models are very often only slight permutations of an existing 

method, with a different mathematical format but still having the same theoretical basis. 

A further area of analysis is the use of these models for full scale flight vehicles. The author is 

not aware of any published work that incorporates time dependant models in the simulations 

of actual aircraft. If unsteady modelling is to become a recognised field in the science of 
flight dynamics, then it must be shown that it is a relevant and beneficial theory to aid the 

effective design of aircraft. 
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10.1.4 Experimental Test programme 

The experimental investigations undertaken on the PSR and the Hawk aircraft resulted in 

several key observations being made regarding its performance. The test programme high- 

lighted many of the issues affecting wind tunnel rigs where the model motion is driven by 

its own control surfaces, and hence achieved one of the primary objectives of identifying 

possible areas of difficulty that need to be accounted for in subsequent PSR designs. 

Aerodynamic Modelling 

The PSR rig was able to accurately determine trimmed lift and drag curves in reduced time 

scales when compared to more conventional closed-return wind tunnel testing. Longitudinal 

pitch derivatives were obtained from analysis of either the strut motion or the force transducer 

located on the strut. The results generally showed a good repeatability for certain parameters, 

with step or doublet inputs showing a far greater consistency than sinusoidal inputs to the 

control surfaces. The use of a counter-balance system allowed for greater heave motions in 

the longitudinal plane, although the separation of ä and q derivatives was not possible due to 

tunnel turbulence and offset CG locations. 

Control Surface Inputs 

Model motions that are driven by external drives usually have adequate provision for the 

monitoring of positional feedback. The control surfaces are usually fixed on such rigs, and 

there is thus little uncertainty in the exact orientation of the aircraft model at any point. 
Monitoring the Euler angles of the Hawk aircraft was also straightforward: the gimbal was 
designed from the outset so as to accommodate rotary potentiometers for this very task. 
However, the initial assumption of using the potentiometers inside the servo drives proved to 
be too problematic. Disassembling the servos was impractical due to a high failure rate of the 
drives themselves, and continually re-wiring them was not practical. The repeatability of the 

servo motions was also overestimated and they exhibited significant freeplay and backlash 

characteristics, as well as time delays and lags in their response. 

The implementation of parameter estimation techniques to formulate high quality aerody- 
namic data requires accurate knowledge of the control surface deflection. For most cases, 
however, the position of the servo drive had to be inferred from the demanded input. It was 
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apparent that this was not adequate if repeatable results were to be obtained. 

It is thus imperative that the design of self-actuated wind tunnel models takes into account 
the problem of measuring control surface deflections from the outset. This may include the 

addition of dedicated rotary potentiometers attached to the control surface needing to be 

measured. 

Wind Tunnel Turbulence 

It was apparent early on in the test programme that wind tunnel turbulence was to adversely 

affect the quality of the experimental data obtained from the Hawk model. Trimmed con- 
ditions showed a significant variation in pitch angle, making the estimation of aerodynamic 
derivatives problematic. Since the turbulence is random there is no way of accounting for its 

effects. 

The influence that this has on the measured model angles is similar to the effect of un- 

measured control surfaces: we lack accurate data of the model orientation. The parameter 

estimation algorithm hence cannot be applied with any reasonable confidence, since many 

of the measured variables calculated for the Hawk model showed a significant amount of 
variance. 

The only solution to this problem is to use a wind tunnel with lower turbulence. Attempts to 
improve the flow in the University's open jet tunnel were met with only partial success, since 

the levels of turbulence are generally a function of the tunnel's design and construction. 

10.1.5 Theoretical Analysis of PSR Rig and Hawk Model 

The theoretical analysis revealed that a 1-DOF self-actuated aircraft model can be used for 

small amplitude forced oscillation testing, and is able to achieve the motion rates required for 

the investigation of unsteady effects. However, the influence of control surfaces can obscure 
certain effects, and this needs to be recognised and accounted for. Various methods of data 

extraction from sinusoidal inputs were investigated, and it was shown that single frequency 

tests are an unreliable method for determining aerodynamic derivatives. 
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The quantitative analysis of the experimental difficulties again highlighted the difficulties of 

tunnel turbulence, showing that small amplitude motions are particularly susceptible to this. 

The uncertainty of the control surface position resulted in poor estimation of its derivatives, 

and the estimation of the damping derivative was harder than the other parameters due to 

its smaller contribution to the overall pitching moment. It is also important to use a filter 

bandwidth with an appropriate frequency, and that a lower bandwidth will usually result in 

improved estimations, provided that it is not lower than the damped frequency of the system. 

The 2-DOF longitudinal analysis revealed that offset CG locations significantly affect the rig 
behaviour, and that even small errors will make correct estimation of derivatives problem- 

atic. Achieving heave motions can be difficult, since the sinusoidal motion is limited by the 

magnitude and frequency of the aerodynamic forces the aircraft model can generate. 

The problem of offset CG positions was again highlighted when considering the equations 

of motion for the PSR. The equations are complex and require extensive computation to gen- 

erate them. Their application for simulation purposes will also be computationally intensive. 

The simulations of the PSR rig revealed that it does simulate free flight motion more closely 

than a fixed gimbal 3-DOF system. This similarity is also a function of the counter-balance 

system, and the mean angle of the strut. Horizontal strut positions were able to more closely 

simulate the free flight modes, due to a greater heave component in the model motion. The 

lateral modes for all the configurations were similar, and it is doubtful whether a PSR can 

offer any significant advantages in this area. 

10.2 Recommendations 

Unsteady models will need to focus on being able to relate their form and parameters to the 

time dependent flow processes that they are describing. There is currently not much research 
that is devoted to extending this field to be applicable to full size aircraft, and their current 

complex form may prohibit them from being used as a tool for flight dynamics applications. 
Research seems to be confined to sub-scale aerofoils, and it important that this is extended 
to full scale aircraft, particularly in the area of dynamic similarity. Current methods of 
boundary and blockage corrections do not extend to large amplitude motion, and also need 
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to be investigated further. 

A future PSR programme will need to take into account the following: 

1. Comprehensive static and dynamic data: it is important that there is a comprehensive 

set of good quality data available for comparison with the results obtained from the 
PSR. This will allow an accurate assessment to be made of how capable the rig is of 

supplementing or superceding other forms of dynamic wind tunnel rigs. 

2. Investigation of lateral-directional dynamics: the test programme will also need to 
look at how capable the rig is for generating lateral aerodynamic derivatives, as the 

current project has focussed primarily on dynamics in the longitudinal plane. This 

should include extraction of the coefficients governing the dutch roll mode. 

3. Control surfaces: the wind tunnel model will need to make provision for the installa- 

tion of devices to measure the position of the control surface, as this is a significant 

shortcoming of the current PSR. 

4. Wind tunnel: the chosen wind tunnel will need to have low values of turbulence - 
preferably less than 0.3% - so as to be able to derive aerodynamic data that has a high 
fidelity. The wind tunnel will also need to have the capability of being able to have a 
PSR installed, as the motion of the counter-balance system on the opposite end of the 

strut is outside the tunnel walls. 

5. External drive: further research into the idea of attaching an external drive mechanism 
to the pendulum is merited. The heave motion generated by the rig will need to allow 
the determination of translational derivatives, as this is one of the benefits that such a 
rig can offer over a more simple 3-DOF system. The possibility of attaching control 
surfaces to the PSR strut should also be investigated. 

6. Improved inertial rig: an inertial measurement rig that has an improved resolution 
than the current rig will allow greater confidence to be placed on the non-dimensional 
parameters obtained from the PSR. This should also include a rig that can accurately 
determine the location of the model CG. 

7. Alternative forms of data acquisition and control: the use of on-board data capture, 
telemetry and other forms of non-intrusive measuring will reduce the volume of wires 
into the aircraft model, minimising the effect the wires have on the motion. 
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8. Further analysis of PSR dynamics: the computational analysis undertaken thus far re- 

vealed that variation in the equilibrium strut angle, counter-weight balance and model 

orientation all affected the PSR modes. It may be possible to use this variation to ex- 

trapolate the free flight modes from the PSR dynamics by the application of possible 
`correction factors' - at least for the short period and dutch roll modes. Further areas 

of development should include an analysis of the effects of the mass and drag of the 

strut, as well as quantifying the effects of wire stiffness and strut interference. 
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Rig Construction 

Included in this appendix are photos showing various stages of the construction of the Hawk 

model. The photos also give a general idea of its internal construction and assembly proce- 
dures. 
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Fig A. 1: Wing being assembled in jig 
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Fig A. 2: Fuselage centre being assembled in jig 
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Fig A. 3: Fuselage and wing construction 
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Fig A. 4: Rear fuselage construction 

Fig A. 5: Rear stabilator attached to servo motor 

Rig construction 
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Fig A. 6: ! -L)OF gimbal attached to centre fuselage plate 
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Fig X1.7: l'uº tiulh º nºnlºletrrl hawk model in open jet tunnel 
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Fig A. 8: Completed hawk model in open jet tunnel 

Fig f1.9: Hawk mock'/ on 3-DOFgi,, ihal in open jet tunnel 
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Fig A. 10: Assembly diagram of 3-DOF gimbal 
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Equation for 5-DOF PSR with Offset CG 

The following equation is one of the five equations of motion describing the behaviour of the 
PSR with an offset CG location. A summary of its development is given in Section 6.6. 

External Moment in -y direction = 1/2m * (2 * sin(ry)2 * cos(. \)2 * x32 +2* 

sin('y)2*sin(A)2*x32+2*cos(7)2*x82)* '+1/2*m*(-2*(cos(O)*cos(')* 

xc + (cos(q5) *sin(O) * cos('b) +sin(o) * sin(g)) * zc) * sin(ry) * sin(A) * xs - 2* 

(- cos(0) * sin(d) * x, + (- cos(h) * sin(g) * sin(b) +sin(q) * cos(h)) * z, ) * 

sin(ry) * cos(A) * x3) * ý+ 1/2 *m* (-2 * (-` sin(n) * sin(O) *'sin('%) - cos(o) * 

cos(h)) * z, * sin(ry) * sin(d) * xs -I- 2* sin(0) * cos(O) * zc * cös(ry) * xs -2 

(- sin (0) * sin (0)'* cos (0)'+ cos (0) * sin (d» * zc'* sin (-'y) * cos (A) * x3) * ý+ 

1/2 *m* (-2 * (- sin(g) * sin( )* x�+cos(0) * cos(h) * sin(d) * zC) * sin(-y) 
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sin(. A) *x, -2 * (- sin(6) *cos(b) *xc+cos(q) *cos(h) *cos(h) *z, ) *sin(g) * 

cos(A) * x3 -2* (- cos(B) * xc - cos(cb) * sin(6) * zz) * cos('y) * x9) *Ö+ 1/2 * 

m* (-2 * (-cos(y) *y2 * COS (A) * xs - COS (0) * 92 * cos(O) *x, +2 * sin(-y) *%y * 

sin(A) *A*x8 -cos(-y) *cos(, \) * A2 *x3 -cos(9) *cos('b) *ý2 *x, +2*sin(O) 

Ö* sin(d) *ý*x, + (- cos(O) * ý2 * sin(8) * cos(h) - sin(0) * ý2 * sin(b) -2* 

sin(4) *ý* cos(9) *8* cos(h) +2* sin(0) ** sin(g) * sin(b) *ý- cos(0) 

sin(6) * 62 * cos(O) +2 *cos(0) *c* cos(h) *'- 2 *cos(4) * cos(B) * 6*sin(b) 

2`I - cos(c) * sin(O) * cos(' b) * 212 - sin(l5) * sin(2b) * 212) * zc) * sin('y) * cos(A) * 

xs-2* (sin(g) *ry2*x, +2*sin(q5) *ý*sin(6) *8*z, +sin(9) *92*xc-cos(cb) * 

(b2 
*COS(e) * zc-COS(c) * COS(e) *e2 *Zc ) *COS(#y) *xs-2*(- Sin('') *'Y*cos(%) * 

xs-cos('y) *sin(A) *A*x, -sin(g) *e*cos(ýb) *x, -COS(O) *sin() 4* X, + 

(- sin(q5) *ý* sin(8) * cos(0) +cos(0) * cos(9) *6* cos(h) -cos(0) * sin(6) * 

sin(d) *0 +cos(0) *c*sin(b)+sin(0) *cos(zb) *ý) *zz) *cos(ry) *'y*cos("A) * 

xs -2* (- cos(y) * %y2 * sin(A) * x3 - cos(9) * 92 * sin(b) * x, -2* sin(ry) *ý* 

cos(A) *A* x3 - cos(7) * sin(, \) * A2 * x3 - cos(O) * sin(b) * o2 * x, -2* sin(O) * 

B* cos(h) *ý *X c+ (- cos(h) * ý2 * sin(g) * sin(b) +sin(d) * c2 * cos(b) -2* 

sin(qS) *0* cos(e) *9* sin(V%) -2* sin(g5) *0* sin(g) * cos(b) *- cos(q5) 

sin(g)*92*sin(b)+2*cos(q5)*q*sin(i)*ý+2*cos(o)*cos(O)*9*cos('b) 
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i -cos(O) *sin(O) * sin(L) * ý2 +sin(0) * COS (0) * b2) * zc) * sin (-y) * sin (A) * 

xs-2* (- sin('y) *' *sin(A) *x, +cos(-y) *cos(1\) *, \*x, -sin(8) *e*sin(b) * 

xc+cos(9) *cos(h) *ý*xc+(- sin(q5) *c*sin(8) *sin(d) +cos(0) *cos(8) * 

9 *sin(') +cos(o) *sin(O) * cos(h) *' -cos(h) * c* cos('b) +sin(O) * sin(O) * 

') *zc) *cos(-y) *'y*sin(A) *x3+2* (- sin("y) *% *cos(A) *x3-cos('y) *sin(A) * 

A*x3-sin(O) *9*cos(i') *x, -cos(O) *sin(ýb) *b*x, +(- sin(q5) *q*sin(O) 

cos(o) +cos(o) *cos(O) *9*cos(h) -cos(o) *sin(O) *sin(b) *ý+cos(q) 

sin(b) +sin(q5) * cos(h) * ý) * z, ) * sin(y) * sin(A) *A* x3 -2* (- sin('y) *y 

sin(A) *x�+ cos(-y) * cos(A) *5 * x3 -sin(0) *B* sin(&) * x, +cos(9) * cos(0) * 

'* xc+ (- sin(c) *ý* sin(g) * sin(d) + cos(c) * cos(h) *8* sin('b) + cos(h) * 

sin(g) * cos(h) *ý- cos(q5) *ý* cos(h) + sin(q) * sin(i) *ý)* zc) * sin(ry) * 

cos(A) *A*x3+2*(- cos(ry)* '*x�-cos(9) *B*xc -sin(q) *c*cos(6) *zc- 

cos(h) * sin(g) *6* zz) * sin(g) *%* x3) - 1/2 *m* (2 * (- sin('y) *r* cos(A) * 

xs-cos('y) *sin(A) *A*x, -sin(g) *9*cos(h) *x, -cos(h) *sin(d) *ý*x, + 

(- sin(cb) *ý* sin(O) * cos(h) + cos(o) *cos(O) *9* cos(h) -cos(o) *sin(O) * 

sin(d) *+ cos(h) *0* sin(d) + sin(q5) * cos(O) * V) * z,, ) * (- cos(-y) * %y 

cos(A) *x, + sin. (-y) * sin(A) *A* x3) +2 * (- sin(g) *% * sin(a) *x, + cos(y) 

cos(A) * Ä* x3 -sin(0) *B* sin(d) *X, + cos(9) * cos(b) *ý* X�+ (- sin(0) 
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ý* sin(O) * sin(b) + cos(q5) * cos(O) *6* sin(d) + cos(q5) * sin(O) * cos(b) * 

ý- cos(q5) *ý* cos(b) + sin(0) * sin(0) * ý) * zz) * (- cos('y) *ý* sin(d) * 

xs - sin(-y) * cos(A) *A* x3) +2* (- cos('y) * %y * xs - cos(9) *9*x, - sin(0) * 

ý* cos(0) * zc - cos(0) * sin(g) *6* zc) * sin(ry) * %y * x3) +m*g* cos(ry) * x$ 
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Appendix C 

Results of 2-DOF Testing 

This appendix contains the full set of results obtained from 2-DOF static and dynamic testing 

of the PSR rig. For a discussion of these results see Section 7.4. 
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Appendix D 

Full Test Results 

This appendix contains the full set of results discussed in Section 7.6. The various parameters 

are defined as: 

k= stiffness values 

c= damping values 

CS = control surface derivative 

R= ratio of k/CS 

method = parameter estimation routine used 



Appendix D Full test results 

Table D. 1: Summary of roll derivatives estimated for Hawk model 

Tact Parameters 11 Method 11 1 Method 21 1 Method 3 

Input aVkc CS R It c CS R ko CS R 

Doublet 0 10 -0.257 . 0.192 -0.151 0.589 -0.261 -0.216 -0.175 0.672 -0.243 -0.207 -0.163 0.672 

Vanance: 0.016 0.047 0.019 0.067 0.012 0.047 0.008 0.000 0.000 0.033 0A00 0.000 

Step 0 10 -0.279 -0.236 -0.182 0.654 -0.241 -0.229 -0.162 0.672 -0.243 -0.229 -0.163 0.672 

Va lance: 0.040 0.067 0.025 0.036 0.007 0.055 0.005 0.000 0.000 0.061 0.000 0.000 

Sine 0 10 -0.355 -0.182 -0.196 0.580 -0.301 -0.252 -0.202 0.672 -0.243 -0.246 -0.163 0.672 

Variance: 0.100 0.149 0.106 0.296 0.066 0.247 0.044 0.000 0.000 0.224 0.000 0.000 

Doublet 0 20 -0.093 -0.303 -0.279 3.026 -0.084 -0.296 -0.280 3.323 -0.065 -0.245 -0.215 3.323 

Variance: 0.009 0.073 0.052 0.649 0.003 0.043 0.011 0.000 0. (8)0 0.027 0.000 0.000 

Step 0 20 . 0.070 -0.158 -0.213 3.078 -0.064 -0.181 -0.214 3.323 -0.065 -0.203 -0.215 3.323 

Variance: 0.011 0.037 0.030 0.180 0.002 0.020 0.007 0.000 0.000 0.036 0.000 0.000 

Sine 0 20 . 0.114 -0.134 . 0.182 1.891 -0.108 -0.301 -0.358 3.323 -0.065 -0.261 -0.215 3.323 

Variance: 0.057 0.069 0.074 0.927 0.034 0.230 0.114 0.0(10 0.000 0.170 0.000 0.000 

Table D. 2: Summary of yaw derivatives estimated for Hawk model (with raised gimbal) 

Test Parameters Method I Method 2 

Inpul aV ke CS R kc CS R 

Doublet 0 20 1 1 
-0.185 -0.104 -0.113 0.613 -0.185 -0.105 -0.113 0.620 

Variance: 1 1 0.012 0.030 0.016 0.091 0.012 0.024 0.007 0.000 

Doublet 0 10 -0.173 . 0.194 -0.097 0.560 1 1 
-0.173 -0.185 -0.090 0.520 

Variance: 0.012 0053 0.016 0.086 0.012 0.055 0.006 0.000 

Step 0 20 -0.176 -0.123 -0.106 0.606 -0.176 -0.128 -0.109 0.620 

Variance: 0.016 0.058 0.008 0045 0.016 0.066 0.010 0.000 

Step 0 10 -0.168 -0.186 -0.083 0.496 -0.168 -0.225 -0.087 0.320 

Variance: 0.014 0.052 0.009 0.063 0.012 0.130 0006 0000 

Sine 0 20 -0.199 -0.308 -0.100 0.526 -0.199 -0.419 -0.123 0.620 
Variance: 0.150 0.233 0.099 0.919 0.044 0.465 0.027 0.000 

Sine 0 10 -0.253 -0.234 -0.062 0.269 -0.191 -0.364 -0.099 0.520 
Variance: 0.077 0.208 0.036 0.183 0.016 0.212 0.008 0.000 
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Appendix D Full test results 

Table D. 3: Summary of yaw derivatives estimated for Hawk model 
Test Parameters Method I Method 2 

Input aVkc CS R kc CS R 

Doublet 8 10 -0.190 -0.256 -0.091 0.485 -0.191 -0.230 -0.082 0.430 

Variance: 0.016 0.112 0.010 0.064 0.015 0.103 0.007 0.000 

Step 8 10 -0.209 -0.408 -0.108 0.508 -0.212 -0.358 -0.091 0.430 

Variance: 0.048 0.424 0.038 0.086 0.055 0.362 0.024 0.000 

Sine 8 10 -0.383 -0.501 -0.054 0.141 -0.238 . 0.881 -0.102 0.430 

Variance: 0.115 0.421 0.038 0.120 0.011 0.377 0.005 0.000 

Doublet 0 10 -0.178 -0.224 -0.098 0.554 -0.179 -0.193 -0.084 0.470 

Variance: 1 1 0.011 0.051 0.009 0.057 0.010 0.043 0.005 0.000 

Step 0 10 . 0.188 -0.322 -0.089 0.476 -0.193 -0.399 -0.091 0.470 

Variance: 0.030 0.210 0.016 0.089 0.028 0.371 0.013 0. (X8) 

Sine 0 10 . 0.119 . 0.165 . 0.060 0.362 -0.121 -0.183 -0.057 0.313 

Variance: 0.112 0.194 0.059 0.267 0.113 0.221 0.053 0.271 

Doublet 0 20 -0.684 -0.375 -0.436 0.659 -0.688 -0.332 -0.386 0.560 

Variance: 0.127 0.087 0.054 0.140 0.122 0.051 0.069 0.000 

Step 0 20 -0.787 -0.309 -0.456 0.583 -0.793 -0.313 . 0.444 0.560 

Variance: 0.118 0.114 0.065 0.059 1 1 0.122 0.143 0.068 0.000 

Sine 0 20 . 0.818 -0.352 -0.194 0.185 -0.806 -0.721 -0.451 0.560 

Variance: 1 1 0.515 0.421 0.285 0.550 0.201 0.597 0.112 0.0170 
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Table D. 4: Summary of pitch derivatives estimated for Hawk model 
Test Parameters Method I Method 2 

Input aV kc CS R It c CS R 

Doublet 8 10 -0.757 -6.351 -0.921 1.230 -0.739 -7.677 -1.123 1.520 
Variance: 0.059 0.745 0.126 0.229 0.051 1.076 0.078 0.000 

Step 8 10 1 1 
-0.784 -6.793 -0.947 1.213 -0.780 -8.709 "1.186 1.520 

Variance: 0.116 1.772 0.204 0.217 0.116 1.568 0.176 0.000 

Sine a 10 "2.668 "10.037 0.314 -0.032 
11 

-0.726 -20.122 -1.103 1.520 
Variance: 1.020 11.016 1.243 0.586". 1 1 0.166 14.368 0.252 0.000 

Doublet 0 10 -0.894 "7.420 -0.931 1.056 -0.877 "8.327 -1.052 1.200 
Variance: 0.095 1.487 0.139 0.212 0.082 1.116 0.099 0.000 

Step 0 10 1 1 
-0.946 -8.781 -0.933 0.993 -0.936 -11.447 -1.123 1.200 

Vanance: 0.133 1.550 0.173 0.173 0.121 3.510 0.145 0.000 

Sine 0 10 -1.979 "10.046 -0.581 0.371 -0.975 -20.049 -1.170 1.200 
Variance: 1.218 7.762 0.233 0.221 0.211 14.733 0.253 0.000 

Doublet 23 10 -1.502 "3.608 -0.716 0.480 -1.500 -4.074 -0.810 0.540 
Variance: 0.088 1.106 0.088 0.077 0.084 1.053 0.045 0.000 

Step 23 10 1 1 
-1.526 -3.093 . 0.717 0.468 "1.531 -3.699 -0.827 0.540 

Variance: 0.148 1.540 0.143 0.069 0.151 1.265 0.081 0.188O 

Sine 23 10 "2.730 -10.479 -1.124 0.474 -1.773 -13.789 "0.957 0.540 
Variance: 1.049 4.974 1.127 0.415 0.630 10.710 0.340 0.000 

Doublet 8 20 -0.818 -3.851 -0.791 0.960 1 1 
-0.832 -5.761 -1.165 1.400 

Variance: 0.068 1.170 1 0.185 0.173 0.075 1.529 0.106 0.000 
, 

Step 8 20 -0.848 -3.654 -0.957 1,133 -0.846 -4.890 -1.185 1.400 
Variance: 0.123 1.606 0.152 0.122 0.124 2.259 0.174 0.000 

Sine 8 20 -1.539 -5.923 -0.659 0.685 -1.374 -24.020 -1.923 1.400 
Variance: 1.187 4.343 0.399 0.533 0.936 25.817 1.311 0.000 

Doublet 0 20 . 0.747 -6.781 -0.944 1.259 -0.758 -8.148 -1.122 1.480 
Variance: 0.048 1.171 0.187 0.213 0.049 1.906 0.072 0.001) 

Step 0 20 -0.792 -6.502 -1.015 1.281 -0.803 -8.143 -1.189 1.480 
Variance: 0.085 1.174 0.207 0.200 0.087 2.316 0.128 0.000 

Sine 0 20 -1.865 -8.104 "0.513 0.511 -0.999 -33.874 -1.479 1.480 
Variance: 1.644 10.042 0.316 0.485 0.405 48.138 1 0.600 0.000 

" 

Doublet 23 20 -1.486 -3.861 -0.743 0.501 -1.580 -5.509 -0.806 0.510 
Variance: 0.161 2.226 0.138 0.080 0.333 6.234 0.170 0.000 

Step 23 20 1 1 
-1.475 -2.951 -0.797 0.543 -1.529 -3.410 -0.780 0.510 

Variance: 1 1 0.153 1.329 0.067 0.045 0.164 1.715 0.083 0.000 

Sine 23 20 -1.340 -4.152 -0.078 -0.124 1.377 13.537 -0.702 0.510 
Variance: 0.796 7.190 0.555 0.644 0.638 17.971 0.325 0.000 
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