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 Abstract- The low peak-to-average power ratio (PAPR) in single- 

carrier systems has motivated the Long Term Evolution (LTE) 

Third Generation Partnership Project (3GPP) to adopt single 

carrier frequency division multiple access (SC-FDMA) as the 

uplink multiple access scheme. In a single-carrier (SC) system, 

traditional time domain pulse shaping is used to bandlimit the 

transmit signal. In this paper we show that by applying a 

frequency domain spectral shaping filter to SC-FDMA, the 

PAPR of a localized FDMA (LFDMA) signal can be further 

reduced at the expense of degraded bandwidth efficiency. 

Simulation results show that a PAPR reduction of 1.3 dB can be 

achieved for LFDMA when a raised cosine frequency domain 

spectral shaping filter with a roll-off factor of 0.22 is applied. 

Compared to the unfiltered system, the resulting bandwidth 

efficiency is 78.1%. This PAPR reduction can be used to enhance 

the power efficiency of the handset, or alternatively to improve 

uplink throughput and/or operating range. 

 

Index Terms--- SC-FDMA, OFDMA, 3GPP LTE, PAPR, 

Frequency Domain Spectral Shaping, Raised Cosine. 

I. INTRODUCTION 

Fourth generation (4G) systems are currently in development 

around the world [1]. They are largely motivated by the rising 

demand for high-quality digital communications at ever 
increasing data rates. Bandwidth efficiency is a measure of 

how efficiently the allocated bandwidth is utilized in a 

wireless communications system. LTE is designed to deliver 

high capacity communications with numerous high data rate 

links. It provides uplink rates of up to 50 Mbps and downlink 

rates of up to 100 Mbps [2]. The multiple access scheme in the 

LTE uplink uses Single Carrier Frequency Division Multiple 

Access (SC-FDMA). The downlink makes use of Orthogonal 

Frequency Division Multiple Access (OFDMA). Significantly, 

these multiple access solutions provide orthogonality between 

the users in a common cell, thus improving network capacity 

by avoiding intra-cell interference. 

SC-FDMA is a combination of single carrier modulation, 

orthogonal frequency multiplexing and frequency domain 

equalization (FDE) [1]. It exhibits the key advantage of a low 

peak-to-average power ratio (PAPR). SC-FDMA also provides 

the multipath resistance and flexible sub-carrier frequency 

allocation offered by OFDMA. SC-FDMA commonly exploits 

one of three subcarrier mapping schemes: distributed FDMA 

(DFDMA), localized FDMA (LFDMA) or interleaved FDMA 

(IFDMA). In the 3GPP LTE standard, LFDMA has been 

selected since it performs best in the presence of multiple 

access interference [3].     

 Battery life is a key parameter that affects all mobile 

handsets. Even though battery technology is improving, it is 

important to ensure that mobiles use as little energy as 

possible. Signals that have a high PAPR, and thus require 

linear amplification, do not lend themselves easily to power 

efficient RF amplification [4]. As a result, it is desirable to 

reduce the PAPR to improve the energy efficiency of the 

uplink transmission. High PAPR signals require a large back-

off to ensure that the power amplifier (PA) operates in its 

linear region. Back-off is defined as the gap between the PA 

operating point and the 1 dB compression point [5]. In 

traditional single carrier systems, pulse shaping is required to 
bandlimit the transmit signal. In SC-FDMA, localized and 

interleaved subcarrier mappings are the only schemes that 

preserve the low PAPR property of the single carrier system. 

Oversampling the transmit signal at the modulation output is 

required in order to obtain an accurate PAPR result. In the 

simulations reported here, oversampling was performed via 

frequency domain zero padding [6]. Frequency domain zero-

padding is equivalent to applying an oversampled sinc pulse 

shaping filter to the time-domain modulator output. The SC-

FDMA uplink requires pulse shaping to limit the inter-symbol 

interference (ISI) between neighboring time symbols [7]. 
Pulse-shaped SC-FDMA was investigated in [7], and further 

studies have considered the impact of subcarrier allocation [8]. 

Frequency domain spectral shaping can be used in SC-FDMA 

to achieve PAPR reduction. In this paper we extend the PAPR 

analysis reported in [7] to consider pulse shaped SC-FDMA. 

Furthermore, we investigate the impact of PAPR through 

frequency domain spectral shaping with localized sub-carrier 

mapping.     

This paper is organized as follows: Section II provides an 

overview of SC-FDMA, while section III introduces pulse 

shaping and its effect on PAPR. Section IV discusses the 

impact of resource allocation on PAPR. PAPR reduction 
techniques are investigated using frequency domain spectral 

shaping in section V.  Simulation results are provided in 

section VI and a summary of the key contributions are given 

in Section VII.  



 

Fig. 1. Block diagram of an SC-FDMA transmitter system. 

Notation: The mathematical notation used throughout this 

paper is described below. Bold uppercase (lowercase) fonts 

are used to indicate matrices (column vectors); frequency 

domain variables are identified with capital letters (e.g. X); 

mI  represents the mm  identity matrix; nm0  represents 

the nm  all-zero matrix; ][ , 
*(.) , 

T(.) , 
H(.) , n(.)  and 

|.|   indicate the concatenation of matrices or vectors, the 

complex conjugate, transpose, conjugate transpose, modulo-

n and absolute value operations, respectively. E  is the 

expectation operator;   is the Kronecker product operator; 

 10 ......,,.........diag nxx  denotes a nn  diagonal matrix. 

II. SC-FDMA 

3GPP LTE uses SC-FDMA to achieve multiple access [3]. 

SC-FDMA can be thought of as a form of modified 

OFDMA for uplink transmission [8]. A block diagram of a 

single antenna SC-FDMA system is illustrated in Fig. 1. For 

the k-th user ( Qk ,....,,2,1 ), the input bit stream symbol is 

passed through a bit-to-symbol mapping process. The sM  

data symbol sequence is then grouped into blocks of 

size mx . These data blocks are transformed into the 

frequency domain using an M-point DFT, leading 

to mMm xFX  as in Eq. (1). 
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with Mmn ,.......,2,1,  . MF  represents the normalized 

MM   DFT matrix. The data symbols from the DFT are 
then mapped/permuted across the entire channel spectrum, 

where MN  and MQN ' . Here 'Q is an integer that 

represents the spreading factor. It is commonly known as the 

symbol bandwidth expansion factor. This is effectively the 

number of simultaneous users that the system can support in 

a single SC-FDMA symbol [9]. S  is the MN   mapping 

matrix for physical subcarrier assignment. The subcarrier 

mapping for SC-FDMA is discussed in Section II. In the 

receiver an N-point IDFT converts the signal back into the 

time-domain. In the demodulator, only N of the M 

modulated subcarriers at the output of the DFT correspond 

to a given user. The N values are then equalized (in the 

frequency domain) and passed through an M-point IDFT to 

recover the original data block. The IDFT matrix is denoted 

by 1
NF , where  
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Fig. 1 shows the block diagram for an SC-FDMA 

transmitter [1]. We assume that the user terminals and the 

base station are equipped with a single antenna. Since 
wireless communication systems are susceptible to multi-

path components, a cyclic prefix (CP) is added into each 

transmitted block prior to transmission to remove ISI. As 

shown in Fig. 2, the CP is a repetition of the last part of the 

symbol which is then added as a prefix to the start of the 

symbol. Although this is performed at the expense of 

transmission bandwidth, the CP prevents interference from 

previously transmitted blocks due to multipath delay spread 

and hence maintains orthogonality between the subcarriers.  

 

Fig. 2. Block diagram of Cyclic Prefix insertion. 

Mathematically xTCP  represents the extended SC-FDMA 

symbol, where x and CPT are defined as follows: 
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At the receiver, the CP is removed following symbol 

synchronization. The SC-FDMA time-domain symbol is 

then converted into the frequency domain via an N-point 

DFT. After subcarrier de-mapping and frequency domain 

equalization (FDE), the symbols for the wanted user are sent 

to an M-point IDFT block. Symbol detection is then applied 

following parallel-to-serial conversion. 

III. PULSE SHAPING AND PAPR  

In digital telecommunication, pulse shaping is the process of 

changing the transmit pulse waveform. Its main purpose is 

to band limit the signal spectrum [10]. By correctly filtering 

the transmitted pulses the inter symbol interference (ISI) 

caused by the channel can be controlled.  

Raised Cosine (RC) filtering is a common solution that 

satisfies the Nyquist criteria. The overall raised cosine 

characteristics refer to the shape of the filter transition band 

in the frequency-domain. One advantage of the pulse 

shaping filter is that its bandwidth can be adjusted via 
selection of the roll-off factor. Fig. 3 shows the linear and 

log-magnitude responses of several RC filters. Its spectral 

magnitude is given by [10] and shown in Eq. (3).   
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The parameter α denotes the roll-off factor of the RC filter. 

T is the reciprocal of the time domain symbol rate, and RS is 

the single carrier symbol rate, where SRT /1 . The 

bandwidth (BW) of a RC filter is most commonly defined as 

the width of the non-zero portion of its spectrum. The 

corresponding impulse response is given in Eq. (5). This is 

obtained by taking the inverse Fourier Transform of Eq. (1) 

[7].   

IV. SUBCARRIER ALLOCATION AND PAPR 

Subcarrier mapping is the process whereby the FFT outputs 

are mapped to a specific subset of physical subcarriers. In 

SC-FDMA, the DFT output of the data symbols is mapped 

to a subset of subcarriers in a process known as subcarrier 

mapping, or subcarrier permutation. The subcarrier mapping 

transform matrix is denoted by S . For each block of M data 

samples, S  maps the corresponding M frequency 

components of the block, T

MXXX ]....,,.........,[ 110 X  onto 

a set of M active sub-carriers selected from a total of N  

subcarriers, where 'Q  is the spreading factor, 

MNQ /' and Q’ > 1. The remaining MN  subcarriers 

are used by other uplink users.  Subcarrier mapping can be 

classified into localized and distributed mapping, known as 

LFDMA and DFDMA. The mapping matrices for LFDMA 

and DFDMA are given in Eq. (6) and Eq. (7) respectively. 
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where K

ku denotes the unit column vector of length K , with 

all zero entries except at k . Q
~

 and k  denote the start of the 

user‟s subcarrier spacing for DFDMA.   
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Fig.3. An example of different subcarrier mapping modes; distributed and 

localized modes: LFDMA, DFDMA, and IFDMA for N= 64, M = 12 with 

subcarrier spreading factor, Q’ = 4. 

In LFDMA, the FFT outputs are mapped to a subset of 

consecutive sub-carriers, thereby limiting them to a fraction 

of the system bandwidth. Meanwhile, with distributed 
mapping, the FFT outputs are assigned to subcarriers spaced 

over the entire bandwidth. In time-domain SC-FDMA, a 

special distributed scheme known as interleaved FDMA 

(IFDMA) exists, where the occupied subcarriers are equally 

spaced over the entire bandwidth. Fig. 3 shows the 

distributed and localized subcarrier mapping modes for an 

uplink transmission system with four users. 

V. PAPR REDUCTION VIA SPECTRAL SHAPING 

There is a difference between the time domain pulse shaping 

used in traditional single carrier systems and the frequency 

domain spectral shaping used in SC-FDMA. The traditional 

time domain pulse shaping filter is used to band limit the 

transmit signal, whereas the frequency domain spectral 

shaping process is applied to reduce PAPR. In this paper, 



frequency domain spectral shaping is implemented in the 

frequency domain as shown in Fig. 4. Pulse shaping for SC-

FDMA is performed using an RC filter in the frequency 

domain. It is implemented after the DFT and prior to the 

subcarrier mapping process by element-wise multiplication 

with the spectrum repetition of the desired pulse shaping 

filter.  

 
Fig.4. SC-FDMA with Pulse Shaping by Frequency Domain Spectral 

Shaping 

 Let Mdata denote the number of used subcarriers (data 

subcarriers) and Msub the number of user subcarriers, where 

datasub MM  . The data symbols in the frequency domain 

are then denoted as in Eq. (8). 

T

Mdata
XXX ],........,,[ 110 X                        (8) 

Prior to spectral shaping, the frequency domain data 

symbols are up-sampled using a spectral duplication block, 

i.e 

                                          XXSD  ,                           (9) 

where   is a subdata MM   spectral duplication matrix given 

as in Eq. (10). 

 ]0;;0 )()( edataeedataedatasube MMMMMMMMM  III
       (10) 

where 2/)( datasube MMM  . Hence the up-sampled 

frequency domain symbols are given by Eq. (11). 

T

M

T
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The up-sampled symbol data is filtered via frequency 

domain spectral shaping using an RC response. Let Λ  
denote the frequency domain spectral shaping matrix where 

Λ  is a subsub MM   diagonal matrix with its k-th diagonal 

entry being the k-th spectral shaping filter coefficient. The 

spectral shaped frequency domain symbols are given by Eq. 

(12). 

SDM ΛXX                                   (12) 

VI. SIMULATION PARAMETERS, ASSUMPTIONS & RESULTS 

The system bandwidth used in this study is 5 MHz. The 

PAPR of the SC-FDMA signals using RC frequency domain 

spectral shaping with roll-off factors of 0, 0.2, and 0.5 are 
presented in this section. Unless otherwise stated, the 

number of user subcarriers Msub is 128, the number of 

transmit data symbols, Mdata is 100, 110 and 128, and the 

total number of available subcarriers N is 512. Each SC-

FDMA symbol block is appended with a CP of 32 samples 

(6.4 μs). Oversampling the digital samples at the modulator 

output is performed using frequency domain zero padding, 

and an oversampling rate of 8 is applied. In this paper, no 

channel coding or additional diversity techniques are applied 

to avoid introducing further system dependencies. 

In order to measure the PAPR of the i-th transmission 
block, the complementary cumulative distribution function 

(CCDF) is used as defined in Eq. (13).   
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PAPR0 represents a PAPR threshold and }|),({|max 2itxtx
t

 is 

the peak transmit signal power. ]|),([| 2itxE tx  is the average 

transmit signal power. The PAPR is compared against the 
above threshold to determine how often it is exceeded. We 

then plot the Complementary Cumulative Density Function 

(CCDF) against the PAPR0 threshold. A threshold 

probability of 0.1% {Pr{PAPR > PAPR0} = 10−3) is used. 

This probability represents the 99.9-percentile PAPR, and is 

donated as PAPR99.9%.   

For the time domain pulse shaping filter, the CCDF of the 

PAPR for OFDMA and SC-FDMA with different subcarrier 

mapping schemes using QPSK modulation is shown in Fig. 

5. The impact of pulse shaping is also illustrated for the case 

where the RC filter is implemented as a time domain signal 

after CP insertion and oversampling. SC-FDMA exhibits a 
lower PAPR compared to OFDMA because of its single 

carrier structure. 
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Fig. 5. PAPR comparison of SC-FDMA employing LFDMA, 

IFDMA, DFDMA, and OFDMA with QPSK signaling at α = 0. 

Fig. 6. PAPR comparison of LFDMA and OFDMA with QPSK and 

16QAM modulation at α = 0. 

It can be seen that OFDMA exhibits a higher PAPR 

compared to LFDMA, IFDMA, and DFDMA.  LFDMA and 

IFDMA are well suited for power-efficient uplink 

transmission as they provide approximately 3.3dB of PAPR 

improvement over OFDMA. 

Fig. 6 compares the PAPR of LFDMA and OFDMA 

with QPSK and 16QAM modulation at α=0.  It can be seen 

that the PAPR of OFDMA is not dependent on the 

modulation scheme. This can be explained by the IDFT 
spreading the modulated sub-carrier symbols to generate the 

time-domain waveform. Unlike OFDMA, the PAPR of the 

SC-FDMA waveform is sensitive to the choice of input 

constellation. This is due to the single carrier structure of 

SC-FDMA. The frequency-domain subcarriers in SC-

FDMA are modulated by the FFT spread time-domain 

symbols. Hence, when the IFFT process is applied, the 

resulting time-domain waveform is simply an up-sampled 

version of the original symbol modulated sequence. Hence, 

the PAPR for QPSK modulated SC-FDMA is higher than 

16QAM modulated SCFDMA. As LFDMA and IFDMA 

have the same PAPR, only the LFDMA results are shown.  
Although 16QAM gives higher PAPR than QPSK in 

LFDMA systems, 16QAM LFDMA signals still provide 

approximately 1.8dB of PAPR improvement over OFDMA 

signals. 

The PAPR of SC-FDMA signals with RC frequency 

domain spectral shaping is further investigated in this 

section.  Figs. 7 and 8 show the simulation results for QPSK 

and 16QAM modulation respectively.  In the simulation, it 

can be seen from both figures that the PAPR is reduced as α 

increases.  This is because as α increases (i.e. larger excess 

bandwidth), the RC filter ripples decay faster. Thus, the 

peak value of the transmit signal waveform will reduce 

appropriately.  
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Fig. 7. PAPR comparison of LFDMA and IFDMA with QPSK modulation 

using RC frequency domain spectral shaping at α = 0, 0.1, 0.2 and 0.5 

subcarrier, N = 512. 

Both spectrum shaped IFDMA and LFDMA transmit 

signals have the same PAPR and 16QAM signaling shows a 

lower PAPR reduction than QPSK signaling. Table 1 

summarizes the PAPR results and the corresponding 

bandwidth efficiencies. 
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Fig. 8. PAPR comparison of LFDMA and IFDMA with 16QAM 

modulation using RC frequency domain spectral shaping at α = 0, 0.1, 

0.2 and 0.5 where the number of user subcarrier, Msub = 128 and the 

number of available subcarrier, N = 512. 

Fig. 9.  PAPR of SC-FDMA for LFDMA employed RC frequency 

domain spectrum shaping and time domain pulse shaping with QPSK 

signaling at α = 0.22. 

 
TABLE I 

Comparison of PAPR and bandwidth efficiency using RC frequency 

domain spectral shaping at α = 0.2 with QPSK modulation where the 

number of transmit data symbols, Mdata = 100, 110 and 128. 
 

Bandwidth efficiency, 

subdata MM /  
78.1% 85.9% 100% 

PAPR of LFDMA 6.4dB 6.6dB 7.7dB 

VII. CONCLUSION 

For frequency domain SC-FDMA signals the abrupt 

discontinuity at the spectrum edges gives rise to a large 

variation in the continuous transmits signal waveform. The 

use of additional subcarriers to smooth the transition 

bandwidth through frequency domain spectrum shaping has 

been shown to smooth the transmit signal waveform. The 

PAPR of SC-FDMA signals can be reduced at the cost of 

degraded bandwidth efficiency. As shown in Fig. 9, results 
have shown that a PAPR reduction of 1.3 dB can be 

achieved for QPSK when RC frequency domain spectral 

shaping filter with roll-off factor of 0.22 is applied. 

Compared to the unfiltered version, the bandwidth 

efficiency is reduced to 78.1%. The resulting PAPR 

reduction can be used to enhance handset power efficiency, 

or alternatively to improve uplink throughput and/or 

operating range. 
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