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a b s t r a c t

Cables are often prone to potentially damaging large amplitude vibrations. The dynamic
excitation may be from external loading or motion of the cable ends, the latter including
direct excitation, normally from components of end motion transverse to the cable, and
parametric excitation induced by axial components of end motion causing dynamic ten-

nonlinear modal coupling. Previous analyses of the vibrations, often neglecting sag, have
generally dealt with direct and parametric excitation separately or have reverted to
numerical solutions of the responses. Here a nonlinear cable model is adopted, applicable
to taut cables such as on cable-stayed bridges, that allows for cable inclination, small sag
(such that the vibration modes are similar to those of a taut string), multiple modes in
both planes and end motion and/or external forcing close to any natural frequency. Based
on the method of scaling and averaging it is found that, for sinusoidal inputs and positive
damping, non-zero steady state responses can only occur in the modes in each plane with
natural frequencies close to the excitation frequency and those with natural frequencies
close to half this frequency. Analytical solutions, in the form of non-dimensional poly-
nomial equations, are derived for the steady state vibration amplitudes in up to three
modes simultaneously: the directly excited mode, the corresponding nonlinearly coupled
mode in the orthogonal plane and a parametrically excited mode with half the natural
frequency. The stability of the solutions is also identified. The outputs of the equations are
consistent with previous results, where available. Example results from the analytical
solutions are presented for a typical inclined bridge cable subject to vertical excitation of
the lower end, and they are validated by numerical integration of the equations of motion
and against some previous experimental results. It is shown that the modal interactions
and sag (although very small) affect the responses significantly.
& 2015 The Authors. Published by Elsevier Ltd. This is an open access article under the CC

BY license (http://creativecommons.org/licenses/by/4.0/).
1. Introduction

Cables are used as structural elements in various contexts at various scales and are often prone to quite large transverse
vibrations due to their low inherent damping. Cable dynamics can be complex and has attracted extensive research,
especially regarding the effects of geometric nonlinearities, as reviewed by Nayfeh and Pai [1], Rega [2,3] and Ibraim [4]. The
dynamic behaviour of cables is greatly influenced by the static sag, as addressed by Irvine and Caughey [5] and quantified by
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Irvine’s parameter λ2, whereby the sag increases the natural frequencies in the plane of the sag (in-plane) relative to those of
a taut string or the cable in the out-of-plane direction. Much of the past research has been on taut strings (i.e. no sag, λ2¼0)
or cables in the crossover regions, the first of which occurs when λ2¼4π2. At crossovers the natural frequency of an odd
(symmetric) in-plane mode has been increased sufficiently by the sag that it equals that of an even (anti-symmetric) mode
in each plane, leading to strong modal interactions [6–9]. This situation is relevant to cables with significant sag such as
electricity transmission lines. In contrast this paper deals with the vibration amplitudes of taut cables, i.e. those with very
small sag (of which taut strings are a special case), with λ2rO(1). This applies, for example, to the inclined cables of cable-
stayed bridges. For these cables the natural frequencies and mode shapes are close to those for a taut string, i.e. a harmonic
series, the sag causing just slight detuning of the natural frequencies of the odd in-plane modes relative to the corre-
sponding out-of-plane modes. This then leads to interactions of different combinations of modes to those for cables in the
crossover regions. At crossovers there are three modes with the same natural frequency (two in-plane and one out-of-plane)
and one out-of-plane mode with half the natural frequency, whereas for taut cables there are two modes (one in each plane)
with close natural frequencies and, where those are even modes, two more (also one in each plane) close to half the natural
frequency.

The main aim of this paper is to provide analytical solutions for the steady state amplitudes of vibrations of taut inclined
cables due to harmonic planar excitation, for different combinations of modes that may be directly and/or parametrically
excited and which interact with each other nonlinearly. A secondary aim is to identify how very small sag (0oλ2rO(1))
causes differences in the behaviour from that of a taut string.

Cables may be excited dynamically by external forcing, such as from wind loading, or by motion of one or both of the
ends, such as from bridge deck or tower motion. Often in practice, in accordance with design guidelines [10,11], the
components of end motion transverse and axial to the cable axis are considered separately, the former providing direct
excitation similar to external forcing and the latter giving parametric excitation via tension variations. However, in some
situations, such as in cable-stayed bridges or guyed masts, there can be cable end motion with components both axial and
transverse to the cable, providing both types of excitation simultaneously. The resulting behaviour can be affected sig-
nificantly by nonlinear interactions between the modal responses. Although strictly there can be dynamic interactions of the
cable with the rest of the structure [12] here they are neglected and the cable end motions are prescribed, which is a
reasonable representation of the behaviour when the rest of the structure is suitably massive.

For direct excitation only, of a taut string subject to harmonic planar excitation, Nayfeh and Mook [13] identified planar
and non-planar steady-state solutions using the method of multiple scales. The amplitude of the planar solution was found
to be unstable above a critical amplitude. Thereafter a non-planar whirling solution was stable, the amplitudes of the in-
plane and out-of-plane motions being found by numerical continuation. Miles [14] similarly derived the averaged response
of a 2-degree-of-freedom (2DOF) model of a taut string (one mode in each plane with the same natural frequency) subject to
external direct excitation. He also considered stability of the solutions and identified Hopf bifurcations of the non-planar
response. Bajaj and Johnson [15] discuss the solutions further, including periodic and chaotic solutions.

Meanwhile, considering responses to external forcing of a planar 1DOF model but allowing for sag, Benedettini and Rega
[16] used a fourth order multiple time scale perturbation method to identify the steady state response amplitudes. It was
shown that a suspended cable with λ2¼15.36 exhibited initial softening behaviour due to the quadratic nonlinearity and
subsequent stiffening from the cubic nonlinearity, but a taut cable with λ2¼1.536 exhibited only stiffening behaviour from
the cubic term, with negligible effect of the quadratic term. Later Gattulli et al. [17] compared numerical continuation of a
10-mode analytical model and numerical integration of a finite element formulation for an externally forced cable with
λ2¼15.36 close to a 2:1 resonance between the natural frequencies of the third and first in-plane modes, and for a slacker
cable with λ244π2. The two methods gave similar results and although complex modal interactions were identified it was
found that only up to three low frequency modes, with certain resonant conditions, were significantly involved in the
solutions. It was also found that the kinematic condensation of the longitudinal displacements in the analytical model gave
no appreciable error. For cables with a larger range of Irvine’s parameter, Srinil and co-authors [18,19] considered the effects
of sag, inclination and kinematic condensation on modal interactions around frequency crossovers and 2:1 resonances that
occur for certain values of λ2 above 15. For such cables the inclination causes a variation in tension over the length giving an
asymmetric static sag profile, leading to frequency avoidances, rather than crossovers, and gives coupling between more
modes and increased significance of the longitudinal displacement than for horizontal cables. However, for taut cables the
variation in tension over the length and the associated features are negligible.

For parametric excitation alone, there is zero response until the input amplitude exceeds a certain threshold, dependent
on the damping, after which large amplitude transverse vibrations of the cable occur, which are affected relatively little by
the damping. Different authors have calculated the stability boundaries and the amplitudes of vibrations based on the
Mathieu–Hill equation for a single mode [20–22]. Uhrig [21] included nonlinear coupling terms between modes in his
equations of motion but reduced them to uncoupled linear Mathieu equations to define the stability boundaries.

A situation in which both direct and parametric excitation can occur is an inclined taut cable subject to vertical or
horizontal support excitation of one end, which has been considered by several authors. Cai and Chen [23] first conducted
numerical simulations of the in-plane response of inclined cables to horizontal sinusoidal motion of the upper end. Nayfeh
et al. [24] presented theoretical and experimental nonlinear responses of the similar system of a taut string subjected to end
excitation at an angle to the cable axis. The method of multiple scales and a numerical continuation technique were used to
find steady state solutions and their stability. Resonant responses were found in up to three modes; the directly excited
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mode, the paired mode in the other plane, and a parametrically excited mode with half the natural frequency. The predicted
responses agreed well with experimental measurements. Pinto da Costa et al. [25] discussed the relative importance of
direct and parametric excitation of inclined taut cables by analytically considering horizontal and vertical cables and from
numerical solutions of vibration amplitudes of four different inclined cables. Caswita and Van Der Burgh [26] addressed the
in-plane behaviour of an inclined taut string subjected to horizontal motion of the upper end. Using the method of aver-
aging, for a given input amplitude, they identified regions, in inclination angle-input frequency space, of different behaviour
involving a directly excited mode and a parametrically excited mode. Berlioz and Lamarque [27] used the method of
multiple scales to estimate the response amplitudes of a 1DOF model of the first in-plane mode of an inclined taut cable
subject to support excitation around its natural frequency (direct excitation) or at twice its natural frequency (parametric
excitation), obtaining good agreement with experiments after fitting parameters. Georgakis and Taylor [28,29] used
numerical simulations to explore the responses of an inclined taut cable subjected to sinusoidal and stochastic support
excitations, while Wang and Zhao [30] used the shooting method and the continuation technique to numerically estimate
the amplitudes of planar and non-planar responses for certain cases. Although all these papers have identified interesting
features in the dynamic behaviour of taut cables or taut strings to direct and parametric excitation, they have each con-
sidered limited cases and estimates of the response amplitudes have resorted to some numerical technique using certain
parameter values.

For cables with very small sag, the natural frequencies are close to a harmonic series [5]. Hence for primary parametric
excitation of any one mode, at twice its natural frequency, the excitation frequency is close to the natural frequency of
another mode. Therefore, inputs at an angle to the cable axis (e.g. vertical end motion to an inclined cable) can cause
simultaneous direct excitation and parametric excitation of at least two modes, which are nonlinearly coupled [25]. The
response of the directly excited mode can modify the dynamic stability and response amplitudes of other modes. The effect
on the stability boundaries was first explicitly considered by Gonzalez-Buelga et al. [31] for a 3DOF model of an inclined
cable excited vertically at the lower end around the natural frequency of the second in-plane mode. The stability analysis
was generalised by Macdonald et al. [32] to include all in-plane and out-of-plane modes, for excitation close to any natural
frequency. Marsico et al. [33] then used numerical continuation to find steady state amplitudes, for certain parameter values,
from the averaged modulation equations for the first two modes in each plane excited in-plane close to the second natural
frequency.

Extending the approach of Gonzalez-Buelga et al. [31] and Macdonald et al. [32], this paper addresses the steady state
vibration amplitudes of taut cables subjected to direct and/or parametric excitation. In contrast to previous studies, which
have mainly presented numerical results or have just considered special cases (e.g. a taut string), analytical solutions are
found, in the form of polynomials, for the general case. They allow for an infinite number of nonlinearly coupled modes in
both planes, cable inclination and small sag (which slightly detunes the odd in-plane modes and modifies the effects of the
excitation). Solutions, for excitation close to any natural frequency, are found for simultaneous steady state responses in up
to three modes: the directly excited mode, the paired mode in the other plane (with a similar natural frequency), and a
parametrically excited mode in either plane, with approximately half the natural frequency. The solutions are expressed in
non-dimensional terms using physically meaningful parameters. The assumptions in the analysis are discussed in Section
2.3, the most significant of which is that the sag is very small so the detuning of the in-plane modes is only slight.
2. Theoretical model

2.1. Equations of motion

The nonlinear cable formulation from Warnitchai et al. [34] has been adopted, which is valid for elastic inclined taut
cables and has been shown to match experiments [31,32,35]. The equations of motion include cubic and quadratic non-
linearities and allow for external loads and small support motions in all directions at both ends of the cable. The cable
geometry is defined in Fig. 1. The static sag profile lies in the x–z plane, so z represents in-plane motion and y represents
out-of-plane motion. The angle of inclination of the chord from the horizontal is θ. Axial vibrations of the cable are
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Fig. 1. Definitions of cable geometry and end motions.
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neglected since they occur at much higher frequencies than transverse vibrations. Using a Galerkin model based on near-
sinusoidal mode shapes, the equation of motion of the nth out-of-plane cable mode is expressed as [34]

m €ynþ2ξynωyn _ynþω2
ynyn

� �
þP

k
νnkyn y2kþz2k

� �þP
k
2βnkynzk

þ2ηn ub�uað Þynþζn €vaþ �1ð Þnþ1 €vb
� �

¼ f yn (1)

and that of the nth in-plane cable mode as

m €znþ2ξznωzn _znþω2
znzn

� �þP
k
νnkzn y2kþz2k

� �þP
k
2βnkznzk

þ
X
k

βkn y2kþz2k
� �þ2ηn ub�uað Þznþζn €waþ �1ð Þnþ1 €wb

� �
�αn €ub� €uað Þ ¼ f zn (2)

where yn and zn are the generalised displacements of the cable in the nth out-of-plane and in-plane modes respectively, for
any n (note that the summations over modes yk and zk, for all k, cause nonlinear coupling between modes); subscripts a and
b denote the top and bottom cable ends respectively; and the modal mass m (the same for all modes) and the parameters
νnk, βnk, ηn, ζn and αn are given by

m¼ ρAL
2

;νnk ¼
EAπ4n2k2

8L3
;βnk ¼

EAπγn2

4Lσs

1þ �1ð Þkþ1

k

 !
;

ηn ¼
EqAπ2n2

4L2
;ζn ¼

ρAL
nπ

;αn ¼
ρAL
n3π3

γLEq
σ2
s

1þ �1ð Þnþ1
� �

;

where ρ is the density, A the cross sectional area, L the chord length, E Young’s Modulus and σs the static stress.
Based on a very low sag approximation, Ernst’s equivalent modulus of the cable, Eq [36], Irvine’s non-dimensional sag

parameter, λ2 [5], and the component of weight normal to the cable axis, γ, are given by

Eq ¼
E

1þλ2=12
; λ2 ¼ E

σs

γL
σs

� �2

; γ ¼ ρg cos θ;

where g is the gravitational acceleration.
fyn and fzn are the generalised external loads on the cable in each mode and it is assumed that damping (including any

aerodynamic damping [37]) can be modelled as viscous with modal damping ratios ξzn and ξyn.
Again based on a very low sag approximation, the out-of-plane and in-plane circular natural frequencies, ωyn and ωzn

respectively, are given by [32]

ωyn ¼ωn ¼ nω1;ωzn �ωnð1þκnÞ;

where ω1 ¼ π
L

ffiffiffiffi
σs
ρ

q
and κn ¼ λ2

π4n4

� �
1þð�1Þnþ1
� �2

.

In Eqs. (1) and (2), the m terms are linear, the νnk terms are cubic nonlinearities from stretching of the cable in the deformed
shape, the βnk terms are quadratic nonlinearities from the effect of the static sag (causing asymmetry of the tension var-
iations for upwards and downwards displacements in the odd in-plane modes), the ηn terms cause parametric excitation
from the axial end displacements, the ζn and αn terms cause direct excitation from the end accelerations, and the fyn and fzn
terms cause direct excitation from external forcing. Details of the derivation of the model are given by Warnitchai et al. [34].

For conciseness the support motions can be expressed as

u¼ ub�ua; vn ¼ vaþð�1Þnþ1vb;wn ¼waþð�1Þnþ1wb:

The cable is excited by prescribed sinusoidal support motions (which in general can be a combination of u, vn and wn

components) and/or by external generalised forces fyn or fzn, close to the pth natural frequency, with excitation frequency

Ω¼ pω1ð1þμÞ
where μ is a small frequency detuning parameter.

For clarity of the notation, n represents the mode number in the general case, p is the mode number of the directly
excited mode, with natural frequency close to the excitation frequency, and its pair in the other plane, and, for even p, q
(� p/2) is the mode number of the modes (one in each plane) with natural frequencies close to half the excitation frequency
(i.e. potentially parametrically excited modes).

2.2. General non-dimensional nonlinear equations for steady state response amplitudes

The method of scaling and averaging [38] was applied to the equations of motion, as described in [32]. Time was
transformed using the relationship τ¼ ð1þμÞt and the small parameter ε was introduced for book-keeping purposes. The
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method assumes each mode responds only near its natural frequency so the responses can be expressed as

yn ¼ ync cos ðωnτÞþyns sin ðωnτÞ; zn ¼ znc cos ðωnτÞþzns sin ðωnτÞ;
where ync, yns, znc and zns are slowly varying amplitudes of each component. Averaged derivatives of the amplitudes,
represented with an additional subscript a, are, to first order ε [32] (with the external forcing terms included here for
completeness):

y0nca ¼ � ε
ωn

ξynω
2
nyncaþμω2

nynsa�
νnn
8m

ynsaðY2
na�Z2

naÞ�
X
k

νnk
4m

ynsaðY2
kaþZ2

kaÞ�
νnn
4m

znsaCnaþδ2n;p
ηn
2m

Uynsa

)
;

(
(3)

y0nsa ¼
ε
ωn

�ξynω
2
nynsaþμω2

nynca�
νnn
8m

yncaðY2
na�Z2

naÞ�
X
k

νnk
4m

yncaðY2
kaþZ2

kaÞ
(

�νnn
4m

zncaCna�δ2n;p
ηn
2m

Uyncaþδn;p
ω2

n

2m
ζnVnþδn;p

1
2m

Fyn

)
; (4)

z0nca ¼ � ε
ωn

ξznω
2
nzncaþðμ�κnÞω2

nznsa�
νnn
8m

znsaðZ2
na�Y2

naÞ�
X
k

νnk
4m

znsaðZ2
kaþY2

kaÞ
(

�νnn
4m

ynsaCnaþδ2n;p
ηn
2m

Uznsa

)
; (5)

z0nsa ¼
ε
ωn

�ξznω
2
nznsaþðμ�κnÞω2

nznca�
νnn
8m

zncaðZ2
na�Y2

naÞ�
X
k

νnk
4m

zncaðZ2
kaþY2

kaÞ
(

�νnn
4m

yncaCna�δ2n;p
ηn
2m

Uzncaþδn;p
ω2

n

2m
ðζnWn�αnUÞþδn;p

1
2m

Fzn

)
; (6)

where Y2
na ¼ y2ncaþy2nsa and Z2

na ¼ z2ncaþz2nsa are the squares of the modal amplitudes, Cna ¼ yncazncaþynsaznsa are cross-
coupling terms, δi,j is the Kronecker delta function, U, Vn and Wn are the amplitudes of the sinusoidal support motions u, vn
and wn, Fyn and Fzn are the amplitudes of the sinusoidal external generalised forces fyn and fzn, and primes represent dif-
ferentiation with respect to τ.

The quadratic (βnk) terms in Eqs. (1) and (2) are lost in the averaging to derive Eqs. (3)–(6), due to the assumption that
each mode only responds close to its own natural frequency. In practice there may be components of motion of some modes
at other frequencies, which, through the Galerkin representation, could be equivalent to distortion of the actual mode
shapes. However, the significance of these additional components for a typical taut cable is addressed in Section 5.

Marsico et al. [33] derived averaged equations equivalent to Eqs. (3)–(6) for the first two modes in each plane for end
excitation around the second natural frequency (p¼2), and found solutions of steady state vibration amplitudes for certain
parameter values by numerical continuation. Here, in contrast, analytical solutions are found, in non-dimensional form, for
any mode numbers.

The input displacement amplitudes are non-dimensionalised with respect to L: Û ¼U=L, etc., and the output dis-
placement amplitudes are non-dimensionalised as ~ync ¼ yncanπ=L, ~Yn ¼ Ynanπ=L, etc., which, given that the mode shapes
are sinusoidal, are equal to the amplitudes of cable end rotations. Two non-dimensional cable parameters are defined:
εs¼σs/E (i.e. static strain) and Γ¼ρgL/σs (i.e. ratio of cable weight to tension, the static mid-span sag normal to the chord
being given by ΓL cos θ /8). The cable inclination angle, θ, and the damping ratios in each mode, ξzn and ξyn, complete the
set of fundamental non-dimensional parameters. Irvine’s non-dimensional sag parameter can be expressed as
λ2¼Γ2 cos2 θ /εs.

Steady state solutions of the modal response amplitudes can be found by setting the derivatives of the amplitudes to
zero. Hence the above equations become, in non-dimensional form:

ξyn ~yncþbyn ~yns�
1

16εs
~Cn ~zns ¼ �δ2n;p

1

4εsð1þλ2=12Þ
Û ~yns; (7)

�ξyn ~ynsþbyn ~ync�
1

16εs
~Cn ~znc ¼ δ2n;p

1

4εsð1þλ2=12Þ
Û ~ync�δn;pX̂yn; (8)

ξzn ~zncþbzn ~zns� 1
16εs

~Cn ~yns ¼ �δ2n;p
1

4εsð1þλ2=12Þ
Û ~zns; (9)

�ξzn ~znsþbzn ~znc�
1

16εs
~Cn ~ync ¼ δ2n;p

1

4εsð1þλ2=12Þ
Û ~znc�δn;pX̂zn; (10)
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where

byn ¼ μ� 1
32εs

ð ~Y 2
n� ~Z

2
nÞþ2

X
k

ð ~Y 2
kþ ~Z

2
k Þ
)(

(11a)

bzn ¼ μ�κn� 1
32εs

ð ~Z2
n� ~Y

2
nÞþ2

X
k

ð ~Y 2
kþ ~Z

2
k Þ
)(

(11b)

X̂yn ¼ V̂nþ
nπFyn
ρAL2ω2

n

(11c)

X̂zn ¼ Ŵn� 1þð�1Þnþ1
� � Γ cos θ

π2n2εsð1þλ2=12Þ
Ûþ nπFzn

ρAL2ω2
n

(11d)

Hence there are 4 nonlinear algebraic equations in the 4 modal amplitude variables, ~ync, ~yns, ~znc and ~zns, for each mode
number, n.

byn and bzn include nonlinear coupling terms between modes, as does ~Cn. The equations for the in-plane modes (Eqs.
(9) and (10)) are identical to those for the out-of-plane modes (Eqs. (7) and (8)) except that all occurrences of y and z are
interchanged, bzn includes κn, representing the detuning of odd in-plane natural frequencies due to the sag, and the in-plane
direct excitation term X̂zn includes a contribution from axial end motion (again for odd modes only, due to the sag), in
contrast to that for out-of plane direct excitation, X̂yn.

In Section 3 the above equations are manipulated algebraically to give the steady state modal amplitudes in different
combinations of modes, in terms of the roots of polynomials. The stability of the solutions is addressed in Section 4 and
validation of the results is covered in Section 5.

2.3. Assumptions

Before presenting the analytical solutions it is appropriate to note the assumptions underlying the analysis herein. The
analysis is based on the cable model from Warnitchai et al. [34], which has its limitations, as does any model. Its main
assumptions are that:

(i) The axial wave propagation speed (¼√(E/ρ)) is much higher than the transverse wave propagation speed (¼√(σs/ρ)),
leading to the condition that √εs{1. This condition is met for materials with a high Young’s modulus, such as steel.

(ii) The static angular deviation of the cable orientation from the chord orientation (αs) is small, such that tan αsEαs.
Regarding the static sag this is commonly considered to be satisfied if the mid-span sag normal to the chord is less than
L/8, which is equivalent to the condition Γ cos θo1 and is commonly called a ‘low sag’ cable. It is then also generally
considered that the parabolic sag profile is a reasonable approximation to the actual profile. For stay cables, such as on
cable-stayed bridges, normally Γ cos θo0.1, that is to say that the mid-span sag normal to the chord is of the order of
1% of the length or less, so this assumption is well satisfied.

(iii) Similarly, the dynamic angular deviation of the cable orientation (αd) from the static configuration is small, such that tan
(αsþαd)E(αsþαd). This means that the non-dimensional modal displacement amplitudes, ~ync, ~yns, ~znc and ~zns, are small
({1), implying that the non-dimensional input amplitudes, X̂yn, X̂zn and Û, are small ({1). This latter point is also
behind the assumption that the strictly nonlinear relationship between tension and axial strain, due to the sag effect,
can be linearised using Ernst’s equivalent modulus, Eq. In practice these conditions are met for bridge stay cables,
although for cables hundreds of metres long the physical response amplitudes may still be many metres.

(iv) The detuning of the in-plane modes from the natural frequencies of a taut string is small (κn{1) and the mode shapes
are close to the pure sine mode shapes of a taut string. This occurs when λ2rO(1). This is normally satisfied for stay
cables, for which the detuning is of the order of a few percent or less.
In the scaling and averaging analysis it is further assumed that:

(v) The damping ratios of all modes, ξzn and ξyn, are small. Even with added dampers, for stay cables these values are
typically less than 1%.

(vi) The excitation frequency is close to one of the natural frequencies of the cable, i.e. |μ|{1. These are of course frequency
ranges where large responses are expected. As the magnitude of the detuning becomes greater the accuracy of the
approximation used is expected to decrease.

vii) Each mode responds only near its natural frequency. This assumption is revisited in Section 5.

As argued under each of the above assumptions, they are reasonable for taut cables such as on cable stayed bridges. The
most restrictive condition is the normally the one on λ2 given by assumption (iv). As cables become longer or have lower
tension this assumption becomes more questionable, but even for one of the longest cables on the Pont de Normandie, at
440 m long (Stay 1 in [22]), λ2¼1.77 and κ1¼0.07, so the assumption is reasonable. In relation to assumption (i), for this
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cable√εs¼0.05 and in relation to (ii), Γ cos θ¼0.07 and the mid-span sag normal to the chord is 0.9% of the length, so these
other assumptions are also satisfied.

For cables with greater sag, such as suspension cables or electricity transmission lines, assumption (iv) is not generally
valid, even if assumption (ii) holds so the cable may otherwise be considered as ‘low sag’. For such cables there has been
much other research, particularly regarding modal interactions in the crossover regions e.g. [6–9], the first of which occurs
when the first in-plane natural frequency equals the second in-plane and out-of-plane natural frequency, when λ2¼4π2.
3. Solutions for steady state amplitudes in different combinations of modes

Having derived Eqs. (7)–(10) in Section 2.2, which must be satisfied for all modes for steady state solutions, they are
manipulated here to obtain polynomial expressions, the roots of which give the amplitudes of steady state vibrations in
various combinations of modes. Thus, apart from finding the roots of one polynomial for each solution, the steady state
amplitudes can be found without recourse to numerical methods.

In Eqs. (7)-(10), an axial end input Û potentially parametrically excites both the in-plane and out-of-plane modes close to
half the excitation frequency (p¼2n). X̂yn directly excites the out-of-plane mode at the excitation frequency (p¼n) and
similarly X̂znthe equivalent in-plane mode. Nonlinear coupling could excite other modes. Inclined cables often experience
in-plane motion of the ends providing combined Û and X̂zn inputs. Out-of-plane inputs give similar behaviour to X̂zn inputs
but without the Û component. External forcing on the cable, Fyn and Fzn, is allowed for in X̂yn and X̂zn (Eq. (11c and d)) but it
does not provide parametric excitation. To cover the more general case of combined inputs, hereafter in this paper, except
where stated otherwise, in-plane support inputs are considered, in the form of vertical motion of the lower end (δ in Fig. 1)
of non-dimensional amplitude Δ̂, so Û ¼ Δ̂ sin θ, Ŵn ¼ ð�1Þnþ1Δ̂ cos θ and V̂n¼Fyn¼Fzn¼0 (hence X̂yn ¼ 0 and X̂zn is given
by Eq. (11d)). The responses for out-of-plane support inputs and external direct excitation are not explicitly derived but they
are equivalent to simplified cases of the solutions provided.

Firstly, the response of modes that are not directly or parametrically excited is considered. For 2nap (i.e. for any modes
other than the one in each plane potentially excited parametrically), Eq. (8)� ~zns–Eq. (7)� ~znc gives

�ξyn ~Cnþbyn ~Dn ¼ �δn;pX̂yn ~zns (12)

where ~Dn ¼ ~ync ~zns� ~yns ~znc.
Similarly, Eq. (7)� ~ynsþEq. (8)� ~ync gives

byn ~Y
2
n�

1
16εs

~C
2
n ¼ �δn;pX̂yn ~ync; (13)

and Eq. (9)� ~znc–Eq. (10)� ~zns gives

ξzn ~Z
2
nþ

1
16εs

~Cn
~Dn ¼ δn;pX̂zn ~zns: (14)

Also, for later reference, Eq. (9)� ~znsþ Eq. (10)� ~znc gives

bzn ~Z
2
n�

1
16εs

~C
2
n ¼ �δn;pX̂zn ~znc (15)
Table 1
Parameter values for a typical mid-length bridge stay-cable.

Basic parameters from Ben-Ahin Bridge cable [22]: Length, L 110.5 m
Cross-sectional area, A 8260 mm2

Mass per unit length, ρA 64.84 kg m�1

Young’s modulus, E 210�109 N m�2

Static tension, σsA 4895 kN
Additional assumed parameters: Inclination angle, θ 30°

Damping ratio in all modes, ξyn, ξzn 0.3%
Non-dimensional parameters: Static strain, εs ¼ σs/E 2.82�10�3

Ratio of cable weight to tension, Γ ¼ ρgL/σs 0.0144
Irvine’s parameter, λ2 ¼ Γ2cos2θ /εs 0.0548
1st in-plane mode detuning, κ1 ¼ 4λ2/π4 2.25�10�3

3rd in-plane mode detuning, κ3 ¼ 4λ2/81π4 0.0278�10�3

Natural frequencies: 1st out-of-plane, ωy1/2π 1.243 Hz
1st in-plane, ωz1/2π 1.246 Hz
2nd out-of-plane and in-plane, ωy2/2π, ωz2/2π 2.486 Hz
3rd out-of-plane and in-plane, ωy3/2π, ωz3/2π 3.730 Hz
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and Eq. (7)� ~znsþ Eq. (8)� ~znc gives

ξyn ~Dnþbyn ~Cn�
1

16εs
~Cn

~Z
2
n ¼ �δn;pX̂yn ~znc: (16)

For nap (and 2nap), eliminating ~Cn and ~Dn from Eqs. (12)–(14) yields

ξyn ~Y
2
nþξzn ~Z

2
n ¼ 0: (17)

Hence, based on the averaged modulation equations Eqs. (3)–(6), for positive damping there are no non-zero real
solutions for ~Yn and ~Zn, hence non-zero steady state responses can only exist for n¼p or n¼p/2¼q, i.e. for the modes at the
excitation frequency and at half this frequency, namely modes yp, zp, yq and zq. This result was previously found for a taut
string with equal damping in all modes [24]. Here it is found to be a more general result, for cables with small sag and for
different (but always positive) damping in each mode. Based on this result, hereafter where byn and bzn (defined in Eq. (11))
are used it is only necessary to sum over p and q rather than over all modes. It should be noted that the modal interactions
considered here, for a taut cable close to 2:2:1:1 internal resonance, are different from those previously addressed for
slacker cables around frequency crossovers [6–9], which are close to 2:2:2:1 internal resonance.

Strictly other responses can occur, which are lost in the averaging analysis. The averaging assumes that each mode only
responds close to its natural frequency, but in reality all modes (in the relevant plane) can respond to a small degree at the
excitation frequency. One special case where this can become significant and can lead to noticeable responses at twice the
excitation frequency has been identified [32]. However, the conditions for that behaviour are unusual and it is believed that
it is normally adequate to use the averaged equations, as discussed by Bajaj and Johnson [15] and as applied throughout
this paper.

In the following sub-sections, different steady state solutions are considered, involving different combinations of modes.
Example results are shown using parameter values for a typical mid-length bridge stay-cable, given in Table 1. The basic
parameters are from a cable on the Ben-Ahin Bridge [22]. The reference does not give the inclination angle for the specific
cable so a typical value of 30° is used. The damping ratios of bridge cables without external dampers are normally below
0.5% see e.g. [37]. Here a value of 0.3% is used for all modes, which enables the key features in the response plots to be
identified. Table 1 also shows the non-dimensional parameters and natural frequencies of the cable. It should be noted that
the detuning of the first in-plane mode from the corresponding out-of plane mode (κ1) is small and that of higher in-plane
modes is negligible. This is typical for mid-length bridge cables. For long bridge cables the detuning of the first in-plane
mode may be up to about 10%.

3.1. Response in directly excited mode only (zp, solution I)

For excitation near the natural frequency of any mode, that mode, in the plane of the excitation, is always excited directly
(except for purely axial input to even modes or vertical cables). For excitation in-plane with zero response in all other
modes, the response amplitude in the directly excited mode can be found from Eq. (9)2þEq. (10)2 with n¼p, yielding

9
ð32εsÞ2

~Z
6
p�

6
32εs

ðμ�κpÞ ~Z
4
pþ ðμ�κpÞ2þξ2zp
� �

~Z
2
p ¼ X̂

2
zp: (18)

This expression is as found previously [32]. It is a cubic equation in the non-dimensional response amplitude squared, ~Z
2
p .

For κp¼0 it is equivalent to an expression given by Nayfeh and Mook for a taut string [13] and for a cable with small sag, for

which κpa0 and the excitation X̂zp is affected by the sag (Eq. (11d)), it has been shown to match experimental results well

[35]. The maximum response is given by ~Zp ¼ X̂zp=ξzp, which is the same as for the linear system (i.e. Eq. (2) but ignoring all

nonlinear terms), but it occurs at μ¼ 3
32εs

~Z
2
pþκp, rather than at μ¼ κp for the linear system, because of the increase in mean

tension due to the nonlinearity.
Eq. (18) gives the response that occurs when all other modes are stable about zero amplitude, which generally occurs

when the amplitude of the input is below some threshold value, which is frequency dependent. The stability boundaries of
this solution, beyond which other modes are excited and the response in mode zp is modified, were covered in the previous
paper [32]. The following sub-sections give the steady state responses in two or three modes beyond the stability
boundaries of the above solution.

3.2. Response in directly excited mode (zp) and corresponding mode in the other plane (yp) through nonlinear coupling (solution
II)

For a cable with low sag the modes are in pairs – one mode in each plane – with close natural frequencies. For even
modes (or no sag, e.g. taut strings or vertical cables) the natural frequencies are the same in the two planes but for odd
modes there is small detuning, κn, due to the sag.

In certain conditions the nonlinear modal coupling can cause excitation of the paired mode in the plane not excited
directly, as well as in the directly excited mode. The resulting non-planar behaviour has previously been addressed for taut
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strings with equal damping in both planes [13–15]. It is considered here for the more general case of a cable with low sag,
hence detuning, and different damping in the two planes.

For n¼p and excitation in-plane X̂yp ¼ 0
� �

, taking Eq. (14)2þEq. (15)2 and substituting for ~Dn= ~Cn and ~C
2
n from Eqs. (12)

and (13) respectively leads to

ξyp ~Y
2
pþξzp ~Z

2
p

� �2
þ byp ~Y

2
p�bzp ~Z

2
p

� �2
¼ X̂

2
zp
~Z
2
p: (19)

Also substituting for ~Dn= ~Cn in Eq. (16) gives

ξ2ypþbyp byp�
1

16εs
~Z
2
p

� �
¼ 0 (20)

or ~Cp¼0.
Eqs. (19) and (20) are two nonlinear equations in ~Y p and ~Zp (and in general ~Y q and ~Zq, see Section 3.4). For zero response

in all modes except mode zp, ~Cp¼0 so Eq. (20) does not need to be satisfied and Eq. (19) reduces to Eq. (18).
Putting ~Y p¼0 (and zero response in all other modes except zp) in Eq. (20) gives

3
ð32εsÞ2

~Z
4
p�

4
32εs

μ ~Z
2
pþðμ2þξ2ypÞ ¼ 0: (21)

This corresponds to the bifurcation point beyond which non-zero responses occur in mode yp, as found in the previous
paper [32] by considering the stability of mode yp in the presence of a non-zero response of mode zp (and no other modal
responses).

For non-zero responses in both modes yp and zp (but zero responses in all other modes), Eqs. (19) and (20) must both be
satisfied.

Eq. (20) can be rearranged to give

1
16εs

~Z
2
p ¼ �ðξ2ypþϕ2Þ

ϕ
(22)

where ϕ¼ μ� 3
32εs

ð ~Y 2
pþ ~Z

2
pÞ,
Fig. 2. Frequency response curves of modes zp (a) and yp (b) for the cable in Table 1 for excitation with p¼3 for input amplitude Δ̂¼ 0:25� 10�3, but only
including the component of the input motion normal to the cable. Solid curves, stable branches; dotted curves, unstable branches; ■, bifurcation; �, fold; *,
Hopf bifurcation.



Fig. 3. Responses in modes zp (a) and yp (b) vs. input amplitude (only including the component normal to the cable) for the cable in Table 1 for excitation
with p¼3 for input frequency detuning μ¼0.05. Symbols as for Fig. 2.
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hence Eq. (19) can be expressed as

ξypðμ�ϕÞϕþ3ðξyp�ξzpÞ
2

ðξ2ypþϕ2Þ
	 
2

þ ð3ξ2ypþμϕþ2ϕ2Þϕ�3κp
2

ðξ2ypþϕ2Þ
	 
2

¼ �9X̂
2
zp

64εs
ðξ2ypþϕ2Þϕ: (23)

This is a 6th order polynomial in ϕ. The roots give the general solutions for steady state coupled motion in the two planes
for planar input (in-plane).

For perfect tuning (κp¼0) or the same damping in the two planes (ξyp¼ξzp), clearly the above equation simplifies. For
zero damping in both planes it simplifies to the cubic expression

ð4ϕþ2μ�3κpÞ2ϕ¼ �9X̂
2
zp

16εs
: (24)

In any case, having solved for ϕ, from Eq. (22) and the definition of ϕ the modal amplitudes are given by

Z
�

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�16εs

ϕ
ξ2ypþϕ2
� �s

; (25)

Y
�

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16εs
3ϕ

3ξ2ypþ2μϕþϕ2
� �s

: (26)

Having found the modal amplitudes, the sine and cosine components, and hence the motion time histories and tra-
jectories can be found from Eqs. (9)–(15). The signs of the yp components can be positive or negative, indicating two
solutions that are symmetrical with each other about the vertical plane.

Plots of the non-dimensional response amplitudes ~Zp and ~Y p are given in Figs. 2 and 3 for the cable in Table 1 for
excitation around the 3rd mode pair (p¼3). Excitation in this frequency range is chosen since, with odd p, there is no
parametric excitation of a mode with half the natural frequency (covered in Sections 3.3 and 3.4) and the modes in the two
planes are almost perfectly tuned (κ3¼0.0278�10�3, Table 1), so the system behaves effectively as a taut string. Only the



Fig. 4. Frequency response curves of modes zp (a) and yp (b) for the cable in Table 1 for excitation with p¼1 for input amplitude Δ̂¼ 0:25� 10�3, but only
including the component of the input motion normal to the cable. Symbols as for Fig. 2.
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component of input motion normal to the cable is included ðŴ3 ¼ Δ̂ cos θÞ, although the only effect of the axial component
would be a 5.7% reduction in the effective excitation amplitude from Eq. (11d).

Fig. 2(a) shows the ~Zp frequency response curves for a given input amplitude of Δ̂¼ 0:25� 10�3. The planar (zp only)
response, given by Eq. (18) and designated solution I, shows a resonance curve with hardening behaviour. The lower branch,
Ic, which exists for excitation frequencies above fold F2, is stable; the middle branch, Ib, which exists between folds F1 and F2
is unstable, and the upper branch, which exists for excitation frequencies below fold F1 is stable for low excitation fre-
quencies (Ia1) and then becomes unstable (Ia2) at bifurcation point B1, given by Eq. (21). Beyond B1 the non-planar (zpyp)
response exists, which is given by Eqs. (23), (25) and (26) and is designated II. Branch IIa is stable and exists between B1 and
fold F3. The response in mode yp, shown in Fig. 2(b), causes an increase in mean cable tension which shifts the resonance
curve for mode zp towards higher frequency than for branch Ia2. The response in mode yp grows from zero amplitude at B1 to
the same amplitude as mode zp at F3. Between F3 and F4 there is an unstable branch, IIb. Branch IIc links F4 with bifurcation
point B2, given by the second solution of Eq. (21), at which the yp response reduces to zero (Fig. 2(b)) and the non-planar
branch re-joins the planar branch, very close to F1 (Fig. 2(a)). Very close to F4 and B2 there are Hopf bifurcations (H1 and H2)
on branch IIc, between which the constant amplitude solutions considered here are unstable. In this region quasi-periodic
and chaotic responses can occur, as discussed in detail by Bajaj and Johnson [15].

Fig. 3 shows the cable response amplitudes in the same conditions except for varying excitation amplitude and a con-
stant input frequency with μ¼0.05. Figs. 2 and 3 thus show perpendicular sections through the response amplitude surfaces
in μ�Δ̂� ~Zp and μ�Δ̂� ~Y p spaces. The points and branches in Fig. 3 have the same labelling as the equivalent points and
branches in Fig. 2, although they are at different specific values of μ and Δ̂. Increasing the excitation amplitude from zero the
response follows the stable lower planar branch Ic up to F2, at which there is jump up to the stable non-planar branch IIa (the
upper planar branch Ia2 being unstable). Then decreasing the excitation amplitude the response follows that branch down to
F3 at which there is a jump back down to the planar response on branch Ic or possibly to a quasi-periodic or chaotic response
associated with branch IIc, which is between the two Hopf bifurcation points.

The responses in Figs. 2 and 3 are similar to those for a taut string with planar transverse end excitation presented by
Nayfeh and Mook [13], who described the jumps for increasing and decreasing frequency or excitation amplitude, and by
Miles [14] and Bajaj and Johnson [15], who covered the Hopf bifurcations and resulting quasi-periodic and chaotic solutions
extensively.



Fig. 5. Frequency response curves of modes zp (a) and yp (b) for the cable in Table 1 for excitation with p¼1 for input amplitude Δ̂¼ 0:25� 10�3, including
the components of the input motion both normal and axial to the cable. Symbols as for Fig. 2.
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Going beyond previous results, the solutions here also allow for detuning of the modes in the two planes due to sag, for
different damping in each mode and for the axial component of the excitation. Fig. 4 shows the normalised frequency
responses curves equivalent to Fig. 2 but for excitation around p¼1 rather than p¼3. Taking the damping in all modes to be
the same, the only difference in the normalised equations is the detuning between the relevant modes (κ1¼2.25�10�3,
Table 1). Although the detuning is still less than 1% it makes a significant difference to the responses. In comparison with the
near perfectly tuned case (Fig. 2), B2 has moved down the upper planar (Ia) branch and H2 has moved down non-planar
branch IIc. Hence the top of the upper planar branch is stabilised (Ia3) and the top section of the non-planar branch is also
stable (IIc2). There is therefore a greater range of inputs for which large steady state responses can occur than without
detuning, although certain initial conditions are required to reach these solutions.

For larger detuning B2 and B1 eventually meet, making the whole of the upper planar branch (Ia) stable and isolating the
non-planar (II) solution branches. An advantage of the proposed solutions over previous approaches using numerical
continuation is that the resulting isola is found directly.

The effect of damping is to decrease the peak responses of both solutions. The maximum response of the planar solution
(by F1) is inversely proportional to the damping in mode zp, as described in Section 3.1. For κp¼0 the sum of the damping in
modes yp and zp appears to govern the peak non-planar response amplitude (by F3). When modes yp and zp are detuned the
damping in mode yp has a greater effect on the non-planar response than the damping in mode zp.

Fig. 5 shows the frequency response curves of modes zp and yp for p¼1 for the same conditions as Fig. 4, except with
the axial component of the end input motion now also included. Since p is odd there is still no parametric excitation but
there is a 51% reduction in the effective excitation amplitude, X̂zp, due to the axial component of the input, Û (see Eq.
(11d)), which causes dynamic variation in the sag thus giving direct excitation of odd modes, particularly the first. This
effect is often overlooked in the analysis of bridge cable vibrations due to support motions but its significance has recently
been highlighted [35], whilst direct excitation of the first in-plane mode was previously considered in the context of a
cable in the first crossover region [6]. Fig. 5 shows that the maximum responses in both the planar and non-planar
solutions are reduced. Also in this instance the whole of the non-planar branch is now stable, as well as the top of the
upper planar branch.
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3.3. Response in directly excited mode (zp) and parametrically excited mode in either plane (yq, solution III, or zq, solution IV)

Based on the averaged equations to first order ε, parametrically excited responses only occur when the excitation is close
to two times a natural frequency (p¼2n) and there is an end motion input with a component longitudinal to the cable
ðÛa0Þ (see Eqs. (7)–(10)). Pure out-of-plane excitation does not contain a component along the cable axis so does not give
parametric excitation, so response to excitation in this plane is only ever in mode yp only or in modes yp and zp, as covered in
the previous two sub-sections. In-plane excitation often includes components both transverse and axial to the cable. There
is then a response in the directly excited mode (zp) and potentially in a parametrically excited mode (zq or yq, where q¼p/2).
The nonlinear coupling means that these two responses affect each other. This sub-section considers the case of the
response in modes zp and zq only (parametric response of mode yq is similar). The next sub-section includes a response in
mode yp also.

Considering the directly excited mode (n¼p, with even p so mode q exists), from Eq. (19) with ~Y p¼0,

~Z
2
pðξ2zpþb2zpÞ ¼ X̂

2
zp (27)

(or ~Zp¼0, but this would not apply when there is direct excitation of mode zp).
Note that since p is even, κp¼0, the Û term in X̂zp is zero, and for no external force on the cable X̂zp¼Ŵp. Further note

that bzp now includes a contribution from mode zq (or yq), rather than yp, as in the previous sub-section. For ~Zq¼0, Eq. (27)
agrees with the previous expression for the steady state amplitude of the directly excited mode alone, Eq. (18).

Considering the parametrically excited mode, Eq. (9)2þEq. (10)2, with n¼q¼p/2 and a response in mode zq (but not yq,
hence ~Cq¼0), leads to

ξ2zqþbzq
2 ¼ Û

4εsð1þλ2=12Þ

 !2

(28)

or ~Zq¼0, i.e. no parametrically excited response.
Putting ~Zq¼0 (and zero response in all other modes except zp) in Eq. (28) gives

4
ð32εsÞ2

~Z
4
p�

4
32εs

ðμ�κqÞ ~Z2
pþðμ�κqÞ2þξ2zq ¼

Û

4εsð1þλ2=12Þ

 !2

: (29)
Fig. 6. Frequency response curves of modes zp (a and c), yq (b) and zq (d) for the cable in Table 1 for excitation with p¼2 for input amplitude
Δ̂¼ 0:25� 10�3. (a) and (b) show solutions I and III whilst (c) and (d) show solutions I and IV. Symbols as for Fig. 2.



Fig. 7. Responses in modes zp (a and c), yp (b) and zq (d) vs. vertical input amplitude for the cable in Table 1 for excitation with p¼2 for input frequency
detuning μ¼0.05. (a) and (b) show solutions I and III whilst (c) and (d) show solutions I and IV. Symbols as for Fig. 2.
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This defines the stability boundary beyond which parametric response occurs in mode zq, as previously found by con-
sidering the stability of mode zq (or yq) in the presence of a directly excited response of mode zp [32]. It has been found to
match experimental results well, for both in-plane and out-of-plane modes [32,35]. Setting ~Zp ¼ 0, Eq. (29) agrees, to first
order ε, with equations for the stability boundary for parametric responses from previous authors [10,22], except the current
equation allows for the effects of sag, which causes Û to be reduced by a factor of (1þλ2/12) and, for odd in-plane modes,
detuning of the natural frequency. A response in mode zp, which is always non-zero when there is a component of excitation
transverse to the cable, clearly modifies the stability boundary.

Eqs. (27) and (28) together define the simultaneous steady state responses in the directly excited and parametrically
excited modes.

By expanding bzq, with responses only in modes zp and zq, Eq. (28) can be rearranged to give

~Z
2
q ¼

32εs
3

μ�κq�S
� ��2

3
~Z
2
p (30)

where S¼ 7

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Û

4εsð1þλ2=12Þ

� �2

�ξ2zq

s
.

Hence, when mode zq is parametrically excited, substituting Eq. (30) in bzp in Eq. (27), the response amplitude in mode zp is
given by

~Z
2
p 9ξ2zpþ μþ2κq�

5
32εs

~Z
2
pþ2S

	 
2
" #

¼ 9X̂
2
zp (31)

This is a cubic equation in ~Z
2
p . There are 6 roots since S can be positive or negative. Having solved Eq. (31) for ~Zp, ~Zq is

given by Eq. (30).
There is an identical pair of equations for parametric response in mode yq rather than zq, but without κq and with S

defined using ξyq rather than ξzq.
Ignoring the response in the directly excited mode, ~Zp, Eq. (30) is the same, to first order ε, as equations from previous

authors [10,11,20,25] for the parametrically excited response amplitude of the first mode, except the current equation allows
for any mode and for the effects of sag. The effect of the response in the directly excited mode is to reduce the amplitude of
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the parametrically excited mode. However, since the stability boundary is also affected, as described above, parametrically
excited vibrations may occur for some inputs in the presence of mode zp that would not occur without it.

Fig. 6 shows the frequency response curves of the directly and parametrically excited modes for the cable in Table 1 for
excitation around the 2nd mode pair (p¼2) for input amplitude Δ̂¼ 0:25� 10�3. Solution I (zp only) is the same as in Figs. 2
and 4 (except for its stability), but now, since p is even, the axial component of the input does not influence the effective
direct excitation of mode p but it can cause parametric excitation of mode q in each plane. Fig. 6(a and b) shows solution III,
with responses in modes zp and yq, whereas Fig. 6(c and d) show solution IV, with responses in modes zp and zq. Fig. 7 shows
the same solutions plotted against the vertical input amplitude for a given input frequency. It is clear that the curves for
solutions III and IV are very similar. In Fig. 6(a and c) they both show two resonance curves shifted to the right of solution I,
due to the increase in mean cable tension from the response in the parametrically excited mode. The two curves represent
the solutions for the alternative signs of S. For the parameter values considered, the solutions with positive S (IIId‐f, IVd‐f) are
always unstable. Since in the example the same damping was used for all modes, the differences between solutions III and
IV are only due to the slight increase in the natural frequency of mode zq due to the sag. The result is that there is a region
Fig. 8. Frequency response curves of modes zp (a), yq (b) and yp (c) for the cable in Table 1 for excitation with p¼2 for input amplitude Δ̂¼ 0:25� 10�3.
Only solutions with negative S are shown. Symbols as for Fig. 2.
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with a stable parametrically excited response in mode yq, along with mode zp, around μ¼0 (IIIa1, Fig. 6(a and b)) and a stable
parametrically excited response in mode zq, along with mode zp, for higher excitation frequencies (μ40.07 for
Δ̂¼ 0:25� 10�3, IVc, Fig. 6(c and d)).

Branch IIIa departs from branch Ia at B3 (Fig. 6(a)), given by Eq. (29), which, for these parameter values, is below B1, where
branch IIa starts (c.f. Fig. 2(a)). Hence in this case for even p, branch IIa is unstable and for excitation around μ¼0 there is a
stable response in modes zp and yq rather than in zp and yp. Solution II, although unstable, still exists but it is not shown on
Figs. 6 and 7 for clarity. Branch IIIa becomes unstable at B5 at which there is a bifurcation to a 3-mode response (see Section
3.4). For increasing input amplitude from rest, Fig. 7(a and b) show the response follows branch Ic up to F2 (as also in Fig. 3)
at which there is a jump up to solution IIIa (rather than solution IIa).

Fig. 6(c and d) show that branch IVc is generally stable, with a moderate response in mode zp (larger in amplitude than
for the zp only solution, Ic), accompanied by large response in mode zq, but Fig. 7(c and d) show that this branch is not
Fig. 9. Responses in modes zp (a), yq (b) and yp (c) vs. vertical input amplitude for the cable in Table 1 for excitation with p¼2 for input frequency detuning
μ¼0.05. Only solutions with negative S (and branch IIIf) are shown. Symbols as for Fig. 2.
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reached increasing the input amplitude from zero. Particular initial conditions are needed to reach this branch. There are
two Hopf bifurcations on the branch, H3 and H4, between which it is unstable. There may be quasi-periodic or chaotic
solutions in this vicinity.

3.4. Response in three modes: directly excited (zp), nonlinearly coupled in the other plane (yp) and parametrically excited in
either plane (yq, solution V, or zq, solution VI)

The final combination of modes to be considered is parametric excitation of mode zq or yq together with the directly
excited mode zp, as in the previous sub-section, but with the addition of a response in mode yp through nonlinear coupling.
As before, for there to be a parametrically excited response, there needs to be an axial component of end motion close to two
times a natural frequency. The solution is derived for a response in mode zq, since it includes κq. The solution for mode yq
instead is similar.

For response in three modes, Eqs. (19) and (20), for the response in modes zp and yp, and Eq. (28), for the parametric
response in mode zq, are still valid. However, byp, bzp and bzq (or byq) now need to include the contributions from all three
participating modes.

By expanding bzq, Eq. (28) can be rearranged to give now

~Z
2
q ¼

32εs
3

ðμ�κq�SÞ�2
3
ð ~Y 2

pþ ~Z
2
pÞ: (32)

Eq. (32) is identical to Eq. (30) except the response in mode yp has now been included.
Expanding byp in Eq. (20) and substituting for ~Zq from Eq. (32), it can now be rearranged to give

1
16εs

~Z
2
p ¼ �ðξ2ypþψ2Þ

ψ
(33)

where ψ ¼ 1
3 μþ2κqþ2S� 5

32εs
ð ~Y 2

pþ ~Z
2
pÞ

n o
,

This is different from Eq. (22) due to the inclusion of mode zq.
Eq. (19) can now be expressed as

ξypðμþ2κqþ2S�3ψ Þψþ5ðξyp �ξzpÞ
2 ðξ2ypþψ2Þ

n o2
þ 5ðξ2ypþψ2Þþðμþ2κqþ2S�3ψ Þψ
n o2

ψ2

¼ �25X̂
2
zp

64εs
ðξ2ypþψ2Þψ (34)

This is a 6th order polynomial in ψ and note S can be positive or negative. The roots give the general solutions for steady
state amplitudes of the three modes for planar input (in-plane).

For zero damping in all modes, Eq. (34) simplifies to

μþ2κq72
Û

4εsð1þλ2=12Þ
þ2ψ

 !2

ψ ¼ �25X̂
2
zp

64εs
(35)

In any case, having solved for ψ, from Eqs. (32), (33) and the definition of ψ, the modal amplitudes are given by

~Zp ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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~Y p ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16εs
5

5ξ2yp
ψ

�ψþ2μþ4κqþ4S

 !vuut (37)
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r

(38)

There is an identical set of equations for parametric response in mode yq rather than zq, along with zp and yp, but without
κq and with S defined using ξyq rather than ξzq.

Fig. 8 shows the frequency response curves for solutions involving the three modes zp, yq and yp with negative S for the
cable in Table 1 with p¼2 for a given input amplitude. The 3-mode stable solution Va bifurcates from branch IIIa at B5.
Thereafter, up to F5, the response in mode zp is very similar to what it is on unstable branch IIIa2 (Fig. 8(a)) but the para-
metrically excited response in mode yq is reduced (Fig. 8(b)). The responses in modes zp, and yp (Fig. 8(a and c)) are similar to
what they are on branch IIa (Fig. 2) but shifted to higher frequency due to the increased mean tension from the response in
mode yq. After F5 the topology of solution V continues to be similar to that of solution II. There is an unstable branch, Vb,
between F5 and F6, a Hopf bifurcation, H5, close to F6 and the solution rejoins solution III close to its apex just after another
Hopf bifurcation. After F6 ~Y q is similar to what it is on branch IIIa.
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Fig. 9 shows the steady state solutions involving the three modes zp, yq and yp with negative S for variable input
amplitude for a given excitation frequency. For increasing input amplitude from rest the response is initially only in mode zp
on branch Ic, then at F2 there is a jump up to branch IIIa (as also in Fig. 7). However, for a subsequent reduction in input
amplitude there is a bifurcation at B5 at which a response in mode yp is initiated (Fig. 9(c)). As in Fig. 8, the resulting stable
3-mode solution, branch Va, has a similar response in mode zp to branch IIIa2 (Fig. 9(a)), but the response in mode yq is
reduced (Fig. 9(b)). As the input amplitude continues to decrease there is a jump at F5 back down to branch Ic or possibly to a
quasi-periodic or chaotic solution associated with branch IIc (Fig. 3) or Vc (Fig. 9).

The 3-mode response (solution V) with positive S bifurcates off branch IIc. It is unstable for the parameter values con-
sidered so for clarity it is not shown on Figs. 8 and 9. Solution III with positive S is also unstable so it is not shown, except for
branch IIIf on Fig. 9 since it joins up with IIIc (at F7 where S¼0). As for Figs. 6 and 7, solution II is unstable so it is not shown
on Figs. 8 and 9.

Solution VI, involving zq rather than yq, is very similar to solution V (Figs. 8 and 9) but it is unstable for the parameter
values considered, except in very small regions.

No steady state solution has been found for parametrically excited vibrations simultaneously occurring in both planes
(modes yq and zq) (except when there is perfect tuning of these two modes, which occurs for even q or a taut string, in which
case the plane of the parametrically excited response is arbitrary). Similarly no solution for simultaneous steady state
responses in modes yq and zq was found by numerical continuation of averaged modulation equations similar to Eqs. (3)–(6)
by Marsico et al. [33] nor of cable equations of motion similar to Eqs. (1) and (2) by Massow [39], so it is possible that no
such solution exists.
4. Stability of solutions

The stability of all the solutions is considered by expanding Eqs. (3)–(6) for modes yp, zp, yq and zq (or modes yp and zp
only if p is odd so modes yq and zq do not exist), with ~ync ¼ ync0þync1, etc., where ync0 is the solution and ync1 is a small
perturbation. Retaining only linear terms in the perturbations, the modulation equations for the perturbations can be
expressed in matrix form as

x0
1 ¼Gx1 (39)

where x1¼{ypc1 yps1 zpc1 zps1 yqc1 yqs1 zqc1 zqs1}T and G can be expressed as

G¼G0þG1AG1B (40)
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Fig. 10. Frequency response curves of modes zp (a), yq and zq (b) and yp (c) for the cable in Table 1 for excitation with p¼2 for input amplitude
Δ̂¼ 0:25� 10�3. Curves show stable branches from Figs. 6 and 8, with symbols as for Fig. 2. Crosses indicate steady state solutions from time history
simulations of Eqs. (1) and (2); � , z-plane response; þ , y-plane response. Zero amplitude responses are omitted for clarity.
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The solution is stable if the real parts of all the eigenvalues of the matrix G are negative. So, having found the steady state
solutions from the polynomials in Section 3, the stability of each solution is determined numerically from the eigenvalues of
G (or its top left 4�4 sub-matrix if p is odd so modes yq and zq do not exist).

Modulated responses are initiated if any eigenvalues of G have a positive real part and non-zero imaginary part. Such
solutions are bounded by Hopf bifurcations.
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5. Numerical and experimental validation

The results of the analytical solutions of the vibration amplitudes given in Section 3 have been validated by numerical
integration of the equations of motion, Eqs. (1) and (2), using the Runge–Kutta (4,5) method implemented in Matlab

s

. 12
modes were included in each plane, to allow for possible modal interactions beyond those covered by the averaging ana-
lysis, in particular those associated with the quadratic nonlinearities, involving asymmetry of the effective stiffness due to
the sag and components of response equivalent to the distortion of the actual mode shapes. Obviously the modal responses
were not constrained to be near their natural frequencies (c.f. assumption (vii) in Section 2.3). For comparison with the
earlier results, the same parameters of the cable and the input were used as for Figs. 6 and 8, i.e. for vertical in-plane
excitation of the lower anchorage around the 2nd natural frequency.

Many sets of initial conditions were defined, based on the analytical solutions, including both stable and unstable
branches, and also for points beyond the predicted folds and other arbitrary initial conditions. All modes with zero response
predicted by the averaging were given initial conditions of displacement and velocity equal to 1/100th of the initial con-
ditions for the directly excited mode, zp, to give vibrations in those modes the opportunity to develop.

The steady state amplitudes from the numerical simulations are plotted as crosses in Fig. 10, along with the stable
solutions from the analytical solutions in Figs. 6 and 8, represented by curves. As can be seen there is excellent agreement of
the results, especially for solutions I, III and V. All of the predicted stable solutions, and no others, have been found. The
maximum error in the predicted non-zero amplitudes in solutions I, III and V is 4.8% of the maximum amplitude in the
directly excited mode (zp). In Fig. 10 there are no stable branches for solution II, but similarly good results were found for this
solution for the cases in Figs. 2 and 4.

In Fig. 10 the only significant discrepancies are for solution IV as the detuning of the excitation frequency μ increases
above 0.1. This is not unexpected since the accuracy of the approximation in the averaging (assumption (vi) in Section 2.3)
decreases as the detuning of the excitation frequency increases. For μ¼0.25 the error in the estimated amplitude of the
parametrically excited mode in solution IV is 6.6% (or 17% of the maximum amplitude of mode zp). The predicted break in
the stable solutions on branch IVc between the Hopf bifurcations H3 and H4 was found from the numerical simulations,
albeit for a lower range of μ. Within this range the numerical simulations either exhibited quasi-periodic or apparently
chaotic responses, as expected, or converged on the stable solution branch Ic.

For the modes with zero predicted amplitude from the averaging analysis, the amplitudes from the numerical simula-
tions were always small so the results are not plotted for clarity. The maximum amplitude of any of these modes for |μ|o0.1
was 1.4% of the maximum amplitude of mode zp, rising to 2.5% for μ¼0.25. Therefore, although clearly including these
modes gives refined results, it seems that for typical taut cables the reduction to a maximum of four participating modes in
the averaging analysis is reasonable.

In terms of validation against experiments, solution I was previously found to match the measurements from a scaled
physical model of a bridge stay-cable [35], including the effect of the axial component of the excitation. The turning points of
solution I and the bifurcations to solutions III and IV also matched experiments well [32,35]. Unfortunately the responses
after the bifurcations were not investigated in the experiments. However, for a taut string, Nayfeh et al. [24] did experi-
mentally and numerically identify the steady state responses in what are defined here as solutions I, II, IV and VI (solutions
III and V were not distinguished from IV and VI respectively, since, in the absence of sag, modes yq and zq were reduced to
only one DOF). Using their parameter values (which convert to εs¼0.0356, Γ¼0.190, θ¼90°, λ2¼0, ξy6¼ξz6¼0.092%,
ξy3¼0.088%, with excitation around the natural frequency of the 6th mode pair), the analytical expressions given here are
able to reproduce their plots, obtained by numerical continuation, for all the solutions, for both stable and unstable
branches. Their experiments showed good agreement with their numerical results for stable solutions, for three different
amplitudes of transverse excitation and two other orientations of end motions with respect to the axis of the string. Hence
the proposed analytical solutions are validated against their experiments for a taut string, with very different parameter
values from the example cable considered otherwise in this paper (Table 1). The advantages of the current analysis over that
of Nayfeh et al. [24] are the solutions being in the form of analytical (polynomial) expressions and that they can account for
the important effects of very small sag.
6. Conclusions

The steady state multi-modal vibration amplitudes of taut cables subject to dynamic excitation have been addressed. The
cable model adopted allows for cable inclination, small sag (with λ2rO(1)), which causes differences in behaviour in the
two transverse planes, an infinite number of nonlinearly coupled modes in both planes, and excitation, from cable end
motion (with components along and normal to the cable) and/or external forcing, close to any natural frequency. The
method of scaling and averaging has been used to derive modulation equations for the cable response in each mode (Eqs.
(3)–(6)) and hence a set of non-dimensional nonlinear algebraic equations for the steady state responses (Eqs. (7)–(10)). It
has been shown that, on this basis, for positive damping and planar excitation close to any natural frequency, steady state
responses can only occur in up to four modes: the directly excited mode, the corresponding mode in the orthogonal plane
(with close to the same natural frequency) through nonlinear coupling and, when the excitation frequency is close to that of
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an even numbered mode and there is a component of end motion axial to the cable, in the two modes with nominally half
the natural frequency through parametric excitation.

The main contribution of this work is to provide analytical expressions for the steady state vibration amplitudes in each
of six solutions involving different combinations of modes, in the form of a single polynomial equation for each solution.
Previously the only analytical solution allowing for the sag was for solution I (i.e. the directly excited mode only) [32], whilst
for a taut string (i.e. no sag) there were solutions for certain other specific cases involving one or two modes
[10,11,13,14,20,25,26]. All other previous solutions of the response amplitudes have been numerical, normally using time
history simulations or numerical continuation. The proposed analytical solutions allow for sag (though very small), different
damping ratios in each mode, excitation around any natural frequency, and inputs at both ends with components both axial
and transverse to the cable. As non-dimensional polynomials they can be easily applied to any taut cable to find the
response amplitude in each mode, and the number of solutions is known so none will be missed. No steady state solutions
have been found with responses in both planes simultaneously in the potentially primary parametrically excited modes (i.e.
at half the natural frequency) – it may be that no such steady state solutions exist – but solutions have been presented for all
other possible combinations of modal responses (within the limitations of the assumptions), i.e. for up to three modes.

Another key novel finding is the effect of very small sag on the nonlinear dynamic behaviour of cables. Although the
analysis is limited to cables that are close to a taut string (λ2rO(1)), the difference is important. The detuning of the first in-
plane mode due to the very small sag re-stabilises the top of the upper branch of solution I and the top section of solution II
(e.g. see Fig. 4 c.f. Fig. 2 for only 0.225% detuning) and the sag-related direct excitation from the axial component of end
motion is also important (e.g. see Fig. 5 c.f. Fig. 4 for the same detuning). Furthermore the very small sag determines the
plane in which parametrically excited vibrations occur (e.g. see Figs. 6, 7 and 10).

One other specific finding from the analytical solutions is that when a mode is parametrically excited its amplitude is
always reduced by the presence of the directly excited mode.

The derived equations have been validated by comparing the results with those from direct numerical integration of the
equations of motion including 24 modes. Excellent agreement has been found for when the detuning of the excitation
frequency from a natural frequency is small (o10%), with errors gradually increasing thereafter. It has been confirmed that
the responses in modes other than the four covered by the analytical solutions are unimportant. The results are also
consistent with previous results from numerical continuation and experiments for the simplified case of a taut string.
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