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ABSTRACT 

This work presents a novel zero Poisson’s ratio (ZPR) honeycomb structure that can achieve 

deformations along two orthogonal directions and avoid the increase of effective stiffness in the 

morphing direction by the restraining the Poisson’s effect in the non-morphing direction. Opposite to 

current ZPR honeycombs for one-dimensional wing morphing the proposed novel zero Poisson’s ratio 

honeycomb configuration can perform two-dimensional deformation and present a cellular structure 

with smooth edges. Analytical models related to the uniaxial, in-plane shear and bounds of the out-of-

plane (transverse) shear stiffnesses are derived and validated using the finite element techniques. The 

in-plane behaviour of the honeycomb is investigated using a parametric analysis against the geometry 

of the unit cell, while the out-of-plane transverse stiffness is also evaluated versus the gauge thickness 

of the cellular honeycomb structure panels. The theoretical and numerical models exhibit good 

agreement and show the potential of this novel ZPR configuration for morphing sandwich panel cores.  
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1 Introduction 

Morphing aircraft can change their configurations in different points of their flight envelope to 

significantly improve the aerodynamic and aeromechanics performance and allows the aircraft to 

perform multiple missions. Morphing wing layouts are classified into three major types: planform 

alteration (involving span, chord, and sweep changes), out-of-plane transformation (twist, 

dihedral/gull, and span-wise bending), and airfoil adjustment (camber and thickness) [1, 2]. The 

morphing structure should possibly deform when subjected to low amplitude driving forces and 

withstand the aerodynamic load simultaneously [3], and therefore cannot be made by simply using 

conventional and readily available materials [4]. The morphing structure must also show a mechanical 

anisotropy with low in-plane stiffness to minimize the actuation energy, but also possess high out-of-

plane stiffness to carry the aerodynamic pressure load. A cellular composite structure made from a 

honeycomb core with compliant face sheets has been proposed for morphing applications by Olympio 

and Gandhi [5], with low in-plane and high out-of-plane stiffness obtained when the honeycomb core 

has a sufficient transverse thickness without large weight penalties [6]. 

Cellular structures in general have attracted the attention of many engineers and technologists for 

several decades because of their lightweight and out-of-plane stiffness properties [7]. Several cellular 

structures with positive, negative and zero Poisson’s ratio have been designed to satisfy different 

performance requirements. Conventional hexagonal honeycombs with positive Poisson’s ratios have 

been widely used in the industry, and its elastic and nonlinear mechanical properties extensively 

investigated through theoretical analysis, finite elements methods and experiments [7-12]. When the 

cell geometry becomes re-entrant (i.e., butterfly shaped) the effective Poisson’s ratio is transformed 

into negative [8, 13-17]. Besides the re-entrant honeycomb topology, there are some other auxetic 

cellular configurations such as the chiral [18-21], star-shaped [22], and double arrowhead honeycomb 

[23, 24]. These cellular configurations have however some drawbacks when used in morphing skins 

or morphing structures sections, because of the anticlastic or synclastic curvatures that positive and 

negative Poisson’s ratio materials exhibit [9, 23], and these properties are not conducive to an 

efficient use in variable camber wing applications because of their out-of-plane deformation fields. 

On the other hand, when a conventional honeycomb is deformed along one direction, the large 

Poisson’s contraction (or expansion in the case of auxetic honeycomb) occurs in the absence of any 

constraint in the non-morphing direction [25]. The Poisson’s contraction or expansion can lead to a 

large increase in the ‘effective’ in-plane axial stiffness in the morphing direction, resulting in a 

corresponding increase of the required force for morphing actuation [25]. To overcome these 

shortcomings, zero Poisson’s ratio (ZPR) honeycombs have been designed and fabricated [26-29], 

and characterized for morphing skins applications [6, 25, 30-32].  

The majority of the current zero Poisson’s ratio honeycomb configurations proposed in open 

literature are suitable for one-dimensional wing morphing only because they exhibit elongation along 
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only one direction while showing a non-uniform deformation along the transverse direction because 

of their sawtooth edges due to alternate contraction and expansion of the +θ/−θ rows [25].  

This work presents a novel zero Poisson’s ratio honeycomb structure for two-dimensional 

morphing that can achieve the deformation along two orthogonal directions and at the same time 

avoid the effective substantial stiffness increase in the morphing direction by restraining the Poisson’s 

deformation in the non-morphing direction. The elasticity of this ZPR honeycomb is investigated 

using theoretical and numerical techniques. The in-plane uniaxial and shear engineering constants 

have been derived with an analytical model and validated by a finite element analysis. The out-of-

plane properties and the transverse shear modulus, were characterised through numerical interpolation 

formulas relating analytical upper and lower (Reuss and Voigt) shear modulus bounds.  

 

2 The zero Poisson’s ratio honeycomb design 

The layout of the novel zero Poisson’s ratio honeycomb and its unit cell are presented in Figure 1. 

The unit cell possesses a horizontal, vertical and central symmetry. The geometry of unit cell can be 

expressed by defining two walls with lengths H and L, thickness t, and two internal cell angles (φ and 

θ). The gauge thickness of the honeycomb structure panels is indicated as b. As other notations used 

in the Cellular Material Theory [7], the geometry of the unit cell is also defined by nondimensional 

parameters like α, β, and γ (cell wall aspect ratio α = H/L, thickness ratio β = t/L, gauge thickness 

ratio γ = b/L).  

 
Figure 1 Layout of the novel zero Poisson’s ratio honeycomb and geometric parameters of a unit 

cell. 

The geometric parameters of the unit cell needs to satisfy the following constraints and inequalities 

to avoid contacts and intersections of the walls: 

 

𝜃 > 0 (1) 
𝜑 > 0 (2) 
𝜃 < !

!
− 𝜑 (3) 

𝑐𝑜𝑠𝜃 > 𝛼𝑠𝑖𝑛𝜑 (4) 
𝑠𝑖𝑛𝜃 < 𝛼𝑐𝑜𝑠𝜑 (5) 
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Solving the above inequalities, one can obtain a map of the admissible intervals of the angles φ and 

θ under different aspect ratios α. When α < 1, we obtain: 

 

0 < 𝜑 < !
!
 (6) 

0 < 𝜃 < arcsin (𝛼𝑐𝑜𝑠𝜑) (7) 
 

Conversely, when α ≥ 1, the range of the parameters are the following: 

 

0 < 𝜑 < arcsin (!
!
) (8) 

0 < 𝜃 < arccos (𝛼𝑠𝑖𝑛𝜑) (9) 
 
Figure 2 shows the feasible ranges of the angles θ and φ with different aspect ratios α. The widest 

feasible range of geometry parameters occurs when α = 1. The more the aspect ratio deviates from 1, 

the narrower the admissible range of the internal cell angles become. Because of the unit cell 

symmetry, the curves corresponding to α = 0.5 and α = 2 are symmetric about the line ϕ=θ. The 

symmetry means that the mathematical functions describing these curves are mutually inverse, and 

the angles θ and φ have similar admissible ranges at the corresponding aspect ratio.  
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Figure 2 Feasible ranges of angles θ and φ with different aspect ratio α. 

 

The relative density is an important parameter for a honeycomb structures, and it is defined by: 
!
!!
= !

!!
 (10) 

 

In (10), 𝐴 and 𝐴! are respectively the cross-sections perpendicular to the honeycomb thickness 

direction and the load bearing area. Here, we assume that the honeycomb has low β values [7], and 
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that all cell walls have the same thickness. The cross-section area can be calculated by multiplying the 

total cell wall length and wall thickness, and the relative density of the honeycomb results in: 
!
!!
= !(!!!)

!"#$%"#$&
 (11) 

 

3 Analytical model 

3.1 In-plane mechanical properties of the zero Poisson’s ratio honeycomb 

The theoretical analysis that describes the in-plane mechanical properties is based on the use of 

Castigliano’s second theorem. The analytical model is based on the assumption that the cell wall 

undergoes axial and flexural deformations. When a stress σ is applied on the horizontal direction (1), 

one set of cell walls along the 1-direction carries the load. By symmetry, the quarter unit cell is 

considered with two fixed-ends and loaded along the 1-direction (Figure 3).  

 
                                            (a)                                                                              (b) 

Figure 3 Forces and moments corresponding to the homogenized horizontal (1) direction tensile 

properties: (a) fixed-ends of quarter unit cell, (b) arbitrary section of the beam.  

 

From the equilibrium of the moments on the left end of the beam, the distribution of moments at 

an arbitrary section can be obtained as: 

𝑀! = 𝑃 ∙ 𝑠 ∙ 𝑠𝑖𝑛𝜑 −𝑀 (12) 
 
In which: 
 
𝑃 = 𝜎𝐿𝑏𝑐𝑜𝑠𝜃 (13) 
 

The deflection angle can be obtained by integrating the bending-moment equation: 

∆ 𝑠 = !!
!!!
𝑑𝑠 + 𝑐 (14) 

 

In (14), c is a constant of integration, Es is the young’s modulus of the initial material, and I is 

second moment of area of the beam. For symmetry, the deflection angle at the turning point of the cell 

wall is zero, therefore we have the boundary conditions ∆ 0 = 0,∆ H = 0. Applying these BCs to 

Eq. (14) we obtain: 

 

𝑐 = 0 (15) 
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𝑀 = !"#$%&
!

 (16) 
 

The displacement along the 1-direction can be obtained by the unit-load equation for the case 

where axial and flexural deformations are considered: 

 

𝛿 = !!!!
!!!

𝑑𝑠 + !!!!
!!!

𝑑𝑠 (17) 
 
 
In which Ms and Fs are actual loads, and M1 and F1 are unit loads (moments and forces). The 
formulation of the actual loads are: 
 
𝑀! = 𝑃𝑠𝑠𝑖𝑛𝜑 − !"#$%&

!
 (18) 

𝑀! = 𝑠𝑠𝑖𝑛𝜑 − !"#$%
!

 (19) 
𝐹! = 𝑃𝑐𝑜𝑠𝜑 (20) 
𝐹! = 𝑐𝑜𝑠𝜑 (21) 
 

By substituting the expressions MS, M1, FS and F1 into equation (17) we obtain:  

 

𝛿 = !!!!!!"#$!

!"!!!
+ !"#!"#$!

!!!
 (22) 

 
The strain along the 1-direction is expressed as: 
 
𝜀 = !

!"#$%&
 (23) 

 

The Young’s modulus along the 1-direction is formulated as follows: 

𝐸! =
!
!
 (24) 

 
Substituting the expressions 𝜎 and 𝜀 in (24) we obtain the expression of the nondimensional 
Young’s modulus along the direction 1: 
 
!!
!!
= !!!"#$

!"#$(!!!"#$!!!!!"#$!)
 (25) 

 

Due to the symmetry, the rotation at the intersection of the walls with different lengths is assumed 

to be zero. By ignoring the deformation at the point of intersection, the inclined walls along the 1 

direction (with length H) and in the 2-direction (with length L) have independent deformations. The 

deformations of the cell walls along the 1-direction with the length H are only dependent on the H and 

𝜑 parameters. Meanwhile, the deformations of the cell walls along the 2-direction (length L) remain 

zero during loading along the 1-direction, and the strain along the 2-direction is zero. As a result, the 

Poisson’s ratio 𝜐!" is zero. 
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A similar methodology can be used to obtain the Young’s modulus along the 2-direction, and the 

resulting nondimensional modulus is: 

 
!!
!!
= !!!"#$

!"#$%(!"#$!!!!!"#$!)
 (26) 

 

Similar consideration made above for the ν21 Poison’s ratio can be applied when a tensile loading 

is exerted on the 2-direction, and the Poisson’s ratio ν12 is also zero. 

 

When comparing equations (25) and (26) it is possible to observe that the expression of E2 can be 

obtained from the formulation of E1 by swapping the geometric parameters (H with L, and 𝜃 with 𝜑). 

The transformations can also be expressed by replacing 1/𝛼 with 𝛼, and 𝛽/𝑎 with 𝛽. The symmetry 

of the lattice allows these transformations, which simplify the modeling of the honeycomb 

configuration. 

 

To calculate the homogenized shear modulus a uniform shear stress is applied to the honeycomb, 

as shown in Figure 4. The honeycomb undergoes pure shear in an antisymmetric system, due to the 

symmetry of the geometry but the antisymmetric loading present in this configuration. A quarter unit 

cell is isolated by cutting along the horizontal and vertical symmetry planes. Antisymmetric systems 

have only antisymmetric internal forces at symmetric planes, therefore only antisymmetric shear load 

(F1 and F2) at the symmetric cross sections are present.  

 
                                             (a)                                                                       (b) 

Figure 4 The honeycomb in pure shear: (a) unit cell subjected to pure shear stress; (b) the loads and 
displacements of the quarter unit cell caused by a shear stress. 

 
 

The loads can be determined from the equilibrium of the quarter unit cell (F1=P2; F2=P1), for 

which: 
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𝑃! = 𝜏𝛼𝐿𝑐𝑜𝑠𝜑 (27) 
𝑃! = 𝜏𝐿𝑐𝑜𝑠𝜃 (28) 
 

By using standard beam theory for cantilever beams [33], the deflection can be calculated 

as 𝜔 = (𝐹𝑙!)/3𝐸𝐼. The shearing deflections u and v corresponding to the horizontal and vertical 

directions are derived as: 

 

𝑣 = !!!"#$(!")!!"#$
!!!!

 (29) 

𝑢 = !!!"#$!!!"#$
!!!!

 (30) 
 
The shear strain 𝛾!" is therefore obtained as: 
 
𝛾!" =

!
!"#$%&

+ !
!"#$%

 (31) 
 
The shear modulus is 𝐺!" = 𝜏/𝛾!", and the related nondimension in-plane shear modulus is finally 
expressed as: 
 
!!"
!!
= !!

!(!!!!)!"#$!"#%
 (32) 

 
 

3.2 Out-of-plane mechanical properties  

 

The out-of-plane mechanical properties of the zero Poisson’s ratio honeycomb are described by the 

transverse Young’s modulus 𝐸! for the normal loading along the gauge thickness direction (3), and 

the transverse shear moduli 𝐺!" (and 𝐺!"). The transverse modulus 𝐸! scales as the relative density 

[7]: 

 
!!
!!
= !(!!!)

!"#$%"#$&
 (33) 

 

The expressions related to the transverse shear moduli are more complicated, due to the absence of 

a simple stress distribution. Each cell face bears a non-uniform deformation and does not remain 

plane because of the constrains imposed [7]. Exact calculations are only possible by using numerical 

methods [11, 16, 21, 34, 35]. However, the upper and lower bounds (Voigt and Reuss) of the two 

transverse shear moduli can be calculated by using a simplification of the method proposed by Kelsey 

et al [7, 36]. The two bounds involve the calculation of the strain energy associated with a strain 

distribution that allows compatible deformations, and the application of a stress distribution that 

satisfies equilibrium. 

Let us consider a uniform shear strain 𝛾!", caused by a shear stress 𝜏!" applied along the 1-

direction to the face normal to the 3-axis. Almost all the elastic strain energy of the honeycomb cell 
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can be considered dissipated with the shear deformation of the cell walls, the bending stiffness and the 

energies associated with bending being significantly smaller [7]. The theorem of minimum potential 

energy can be therefore written as an inequality for the shear along the 1-direction: 

 
!
!
𝐺!"𝛾!"!𝑉 ≤

!
!
𝐺! (𝛾!!!𝑉!) (34) 

 

In (34), 𝐺! is the shear modulus of the cell wall material, 𝛾!! are the shear strains in the cell wall 

and the summation is carried over the cell walls with volumes 𝑉!  and 𝑉!. 

The transverse shear strains in the cell walls with lengths H and L are: 

 

𝛾! = 𝛾!"𝑐𝑜𝑠𝜑 (35) 
 

𝛾! = 𝛾!"𝑠𝑖𝑛𝜃 (36) 
 

By evaluating the sum one obtains: 
!!"
!!
≤ !(!!"#$!!!"#$!)

!"#$%"#$&
 (37) 

 

The theorem of minimum complementary energy provides the lower bound for the transverse 

shear modulus. When shear along the 1-direction is applied, the theorem can be expressed as an 

inequality: 

 
!
!
!!"!

!!"
𝑉 ≤ !

!
!
!!

(𝜏!!𝑉!) (38) 

 

The global shear stress 𝜏!" on the face normal to the 3-axis along the 1-direction induce the local 

shear stresses 𝜏! and 𝜏!. By symmetry, the equilibrium along the 2 and 3 directions can be obtained 

automatically. The resultant external shear stress along the 1-direction therefore is: 

 

𝜏!"𝐻𝑐𝑜𝑠𝜑𝐿𝑐𝑜𝑠𝜃 = 𝜏!𝑡𝐻𝑐𝑜𝑠𝜑 + 𝜏!𝑡𝐿𝑠𝑖𝑛𝜃 (39) 
 

Equations (38) and (39) are not directly solvable, and the lower bounds do not have a closed form 

solution but need to be obtained using numerical techniques like the finite element approach [21, 34]. 

The transverse shear modulus has an inverse correlation with the gauge thickness ratio 𝛾, due to the 

effect of the in-plane bending deformations of the walls [11, 16, 21, 34, 35]. The transverse shear 

modulus remains almost constant for a gauge thickness ratio 𝛾 higher than 20 [34]. In this work, the 

lower bound of this new zero Poisson’s ratio honeycomb is identified for a ratio 𝛾 of 30 by Finite 

Element simulations (for details please see paragraph 4). Like in the case of hexagonal 
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centrosymmetric honeycombs, the transverse shear modulus can be calculated by interpolating the 

upper (𝐺!) and lower (𝐺!) shear moduli bounds as a function of the gauge thickness ratio [11, 34]: 

 

𝐺!" = 𝐺! + 𝑓(𝛾)(𝐺! − 𝐺!) (40) 
 

A least-squares fitting (R2=0.98 and 95% confidence level) over 1146 configurations of the zero 

Poisson’s ratio honeycomb gives a reasonable approximation of the transverse shear modulus. In the 

13 plane. Quite differently from the hexagonal honeycomb for which 𝑓 𝛾 = 𝐾/𝛾, the function 𝑓(𝛾) 

has a more complex relation: 

 

𝑓 𝛾 = 𝛼𝛾! + 𝑐 (41) 
 
In (40) a=1.4052, b=-0.50285 and c=-0.30149. 

 

4 Finite element modelling 

To validate the in-plane and out-of-plane linear elastic properties of the honeycomb structures 

numerical simulation have been performed using a commercial FE analysis package (ANSYS, version 

15.0, Ansys Inc.). The elements used in the models have a constant thickness and linear elastic and 

isotropic material properties. Full-scale models consisting of 10 X 50 unit cells for the estimation of 

the Young’s modulis and 10 X 10 unit cells for the in-plane shear modulus and the transverse 

modulus have been developed,(Figure 5). After a convergence test the mesh density was fixed at 10 

elements per length l. The cell geometric configurations considered in the simulations were three 

aspect ratio values α (0.5, 1.0 and 2.0) constant cell wall thickness ratio β = 0.1 and angles θ and φ 

ranging between 5° and 80° with a step 5°. The material properties were set as the ABSplus basic 

material used in the fused deposition modelling (FDM) systems [27] ( 𝐸! = 2.265GPa and Poisson’s 

ratio 𝜐! = 0.25). 

The 2D FE models representing the in-plane mechanical properties were developed by using 

BEAM189 elements with three nodes and six degrees of freedom (including translations in the x, y, 

and z directions, and rotations about the 3 Cartesian axis). The tensile and shear deformations of the 

honeycomb under a linear static loading were developed by imposing rotations and displacements 

along the 1 and 2 directions in all nodes on lines A and B in Figure 5(a). The boundary conditions are 

listed in Table 1. All degrees of freedom of the nodes on line B were coupled. For the shear 

deformation the nodes belonging to lines C and D had antisymmetric boundary conditions to produce 

a state of pure shear. The homogenised stresses were calculated by averaging the reaction forces along 

the direction of the imposed displacements over the honeycomb boundary (line B). The average 

tensile and shear strains were calculated as the ratios between the imposed displacements. The moduli 

E1 and G12 were then obtained as the ratios between the averaged stresses and the imposed strains. 
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For the out-of-plane properties, the 3D FE models were developed by using SHELL181 elements 

with different geometric configurations. The SHELL181 element has four nodes and six degrees of 

freedom at each node (including translations in x, y, and z directions and related rotations. The 

transverse shear deformations of the honeycomb were created by imposing rotations and 

displacements along the 1 and 2 directions for all the nodes belonging to the surfaces E and F (Figure 

5(b)). The boundary conditions are also listed in Table 1. The nodes on surfaces A and B had 

antisymmetric boundaries, while the nodes placed on surfaces C and D had symmetric boundary 

conditions to avoid the effects of the free boundaries. The homogenised stresses were calculated by 

averaging the reaction forces along the direction of the imposed displacements over the honeycomb 

boundary (surface F). The average transverse shear strains were calculated as the ratios between the 

imposed displacements (𝑢!) and gauge thickness. Finally, the modulus G13 were obtained as ratios 

between the averaged stresses and imposed strains. 

 

 

Table 1 Boundary conditions on the FE models to calculate the engineering constants 

Boundary 
In-plane properties Out-of-plane properties 

E1 G12 G13 

A 𝑢! = 𝑢! = 𝑢! = 0 𝑢! = 𝑢! = 𝑢! = 0 Antisymmetric 

B 𝑢! = 𝑖𝑚𝑝𝑜𝑠𝑒𝑑, 𝑢! = 𝑢! = 0 𝑢! = 𝑖𝑚𝑝𝑜𝑠𝑒𝑑, 𝑢! = 0 Antisymmetric 

C Free Antisymmetric Symmetric 

D Free Antisymmetric Symmetric 

E   
𝑢! = 𝑢! = 𝑢! = 0 

𝑟𝑜𝑡! = 𝑟𝑜𝑡! = 𝑟𝑜𝑡! = 0 

F   
𝑢! = 𝑖𝑚𝑝𝑜𝑠𝑒𝑑, 𝑢! = 𝑢! = 0 

𝑟𝑜𝑡! = 𝑟𝑜𝑡! = 𝑟𝑜𝑡! = 0 
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                                                (a)                                                                    (b) 

Figure 5 Finite element models: (a) 2D geometric model for the simulation of the in-plane 

properties, (b) 3D geometric model for the out-of-plane properties. 

 

5 Results and discussions 

Figures 6-8 show the comparison between the FE homogenization and the theoretical predictions 

for the non-dimensional Young’s modulus 𝐸!/𝐸! versus 𝜑 and 𝜃  for 𝛽 = 0.1, 𝛾 = 1,𝛼 = 0.5, 1.0, 

2.0. The feasible ranges of the angles θ and φ are calculated according to the geometrical limits 

(Figure 2). The nondimensional Young’s modulus decreases with increasing value of the angle 𝜑, but 

decreases for increasing values of 𝛼 and the angles 𝜃. Cell walls of length H tend to increase the 

bending deformation for increasing length (corresponding to increasing 𝛼 values) and increasing 

inclined angles  𝜑. The bending deformations result in larger effective strains, and therefore lead to 

lower effective Young’s modulus. The angle 𝜃 and the length L determine the effective load along the 

1-direction by changing the section area perpendicular to the loading direction. The section area 

decreases with increasing angles 𝜃 , and as a result the Young’s modulus tends to decrease 

accordingly. Young’s modulus values obtained by using the finite element techniques show a very 

close agreement with the theoretical predictions, although they tend to be more conservative 

compared to the analytical results The main sources of discrepancy come from the different models 

used in the FE homogenization and theoretical analysis. The FEM beam model used is based on 

Timoshenko beam theory, while the beam model used in theoretical analysis is an Euler-Bernoulli 

beam. By ignoring the transverse shear strains the theoretical analysis gives a smaller effective 

deformation that results in a higher Young’s modulus. The relative errors increase with the angle 𝜑 

and decrease with the aspect ratio 𝛼  (the largest errors are 10.4%, 3.4%, and 1.0% for 

𝛼 = 0.5, 1.0, 2.0.). 
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Figure 6 FE homogenization and theoretical predictions for the non-dimensional Young’s modulus 

𝐸!/𝐸! versus 𝜑 and 𝜃 for 𝛽 = 0.1, 𝛾 = 1,𝛼 = 0.. 

 
 

Figure 7 FE homogenization and theoretical predictions for the non-dimensional Young’s modulus 

𝐸!/𝐸! versus 𝜑 and 𝜃 for 𝛽 = 0.1, 𝛾 = 1,𝛼 = 1.0. 
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Figure 8 FE homogenization and theoretical predictions for the non-dimensional Young’s modulus 

𝐸!/𝐸! versus 𝜑 and 𝜃 for 𝛽 = 0.1, 𝛾 = 1,𝛼 = 2.0. 

 

Figure 9 shows the results of the FE homogenization for the Poisson’s ratio 𝜐!" versus 𝜑 and 𝜃 for 

𝛽 = 0.1, 𝛾 = 1,𝛼 = 0.5, 1.0, 2.0. Within the theoretical analysis it is assumed that the inclined walls 

along the 1-direction (with length H) and along the 2-direction (with length L) have independent 

deformations due to the symmetry, and therefore the Poisson’s ratio 𝜐!" is zero. This assumption was 

validated in a substantial way by the FEM results. The largest value of the Poisson’s ratio 𝜐!" is 

4.1X10-4 which occurs at 𝛼 = 1.0,𝜑 = 5°, 𝜃 = 75°. The largest value drops to 1.1X10-4 when the 

feasible ranges of the angles θ and φ are limited to 5° and 40°. The average value of all the numerical 

simulations data shown in the figure is 3.5X10-5, which is a very small value, and significantly lower 

than the intrinsic Poisson’s ratio of the core material. The novel honeycomb configuration proposed 

can be therefore effectively considered as a ZPR lattice with the ability of deforming in two 

dimensions. According to Olympio and Gandhi [25], the zero Poisson’s ratio effect can avoid a 

substantial increase of the effective stiffness in the morphing direction by restraining the Poisson’s 

contraction (or bulging) in the non-morphing direction. The existence of a lattice with the two in-

plane Poisson’s ratio equal to zero means means that the honeycomb is suited for two-dimensional 

morphing applications. 
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Figure 9 FE homogenization for the Poisson’s ratio 𝜗!" vs 𝜑 and 𝜃 for 𝛽 = 0.1, 𝛾 = 1,𝛼 = 0.5, 

1.0, 2.0. 

Figures 10 to12 show the comparison between the FE homogenization and the theoretical 

predictions for the non-dimensional elastic modulus 𝐺!"/𝐸! versus 𝜑 and 𝜃 for 𝛽 = 0.1, 𝛾 = 1,𝛼 =

0.5, 1.0, 2.0. The in-plane shear modulus increases with increasing angles 𝜑 and 𝜃, while decreases 

also in this case with increasing 𝛼 values. The more compact the cell units are, the larger the in-plane 

shear modulus becomes. In contrast with the Young’s modulus, the largest in-plane shear modulus 

values occur at 𝜑 = 80°, 𝜃 = 5° for 𝛼 = 0.5 . Similarly to the case of the Young’s modulus, the shear 

modulus obtained by the finite element simulations show a close agreement with the theoretical 

predictions, with a largest relative error 5.7% occurring at 𝛼 = 0.5,𝜑 = 5° 𝑎𝑛𝑑 𝜃 = 75°, while the 

average relative error is around 1.5%. Also in this case, the results from the FE calculations are 

somehow more conservative than the analytical ones. The main sources of discrepancy also come 

from the different beam models used in the FE homogenization and in the theoretical analysis. 

 
Figure 10 FE homogenization and theoretical predictions for the non-dimensional elastic modulus 

𝐺!"/𝐸! versus 𝜑 and 𝜃 for 𝛽 = 0.1, 𝛾 = 1,𝛼 = 0.5. 
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Figure 11 FE homogenization and theoretical predictions for the non-dimensional elastic modulus 

𝐺!"/𝐸! vs 𝜑 and 𝜃 for 𝛽 = 0.1, 𝛾 = 1,𝛼 = 1.0. 

 

 
Figure 12 FE homogenization and theoretical predictions for the non-dimensional elastic modulus 

𝐺!"/𝐸! vs 𝜑 and 𝜃 for 𝛽 = 0.1, 𝛾 = 1,𝛼 = 2.0. 

 

Figure 13 shows the non-dimensional transverse Young’s modulus 𝐸!/𝐸! , which can be the 

density ratio 𝜌/𝜌!. The same with the in-plane shear modulus, when thickness ratio β is kept constant, 

the non-dimensional transverse Young’s modulus increases with the increasing angle 𝜑 and 𝜃, while 

decreases with the increasing 𝛼.  
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Figure 13 Theoretical results for relative density versus 𝜑 and 𝜃 for 𝛽 = 0.1, 𝛾 = 1,𝛼 =

0.5,1.0,2.0. 

 

Figures 14-17 show the results related to the theoretical upper bound and the numerical lower 

bound of the non-dimensional transverse shear modulus versus 𝜑  and 𝜃  for 𝛽 = 0.1, 𝛾 = 1,𝛼 =

0.5, 1.0, 2.0. Similarly to what observed firstly by Grediac and then other Authors [11, 16, 21, 34, 35], 

the transverse shear modulus has an inverse relation with the gauge thickness ratio 𝛾 due to the effect 

of the wall in-plane bending deformation. Figure 14 also shows the non-dimensional transverse shear 

modulus versus the internal cell angles for different γ values (γ=1, γ=20.) and β=0.1, α=1.0. In this 

work, the lower bound of this ZPR honeycomb is identified for a ratio 𝛾 of 30. Figures 15-17 illustrate 

the theoretical upper bound and the numerical lower bound of the non-dimensional transverse shear 

modulus again versus the internal cell angles, this time for the series of parameters β=0.1, γ=1 and 

α=0.5, 1.0, 2.0. The upper and lower bounds increase as the angle θ increase, but diminish with 

increasing α and φ values. The difference between the upper and lower bound increases as the angle 

φ and θ increase, and tend to decrease for larger α parameters. The values of the bounds appear to be 

more sensitive to the angle θ. Unlike the hexagonal honeycomb case, the cell walls transverse to the 

2-direction (with length L) are not vertical, but inclined at an angle θ. The wall with length L will 

therefore withstand a combination of shear and bending deformations, resulting in a non-unique value 

of the shear modulus, and therefore giving rise to upper and lower bounds. The shear deformation in 

the cell walls will be dominant for small φ or large θ angles when subjected to a transverse shear 

stress along the 1-direction. 

As in the case of hexagonal centrosymmetric honeycombs, the transverse shear modulus can be 

approximated by linking through the gauge thickness the upper (𝐺!) and lower (𝐺!) shear bounds. 

The relation can be expressed as in equation (41), which is obtained by a least-squares fitting 

(R2=0.98 and 95% confidence level) over 1146 configurations. Figure 18 show the non-dimensional 



 18 

transverse shear modulus 𝐺!"/𝐺!  vs. γ  for α = 1,φ = θ = 30°, β = 0.1 . A significant agreement 

between the FEM data and approximated relation can be observed. 

 
Figure 14 Non-dimensional transverse shear modulus vs. 𝜑 and 𝜃 for different γ (γ = 1, γ = 20.) 

and 𝛽 = 0.1, ,𝛼 = 1.0.  

 

 

 
Figure 15 Theoretical upper bound and numerical lower bound of the non-dimensional transverse 

shear modulus vs. 𝜑 and 𝜃 for 𝛽 = 0.1, 𝛾 = 1,𝛼 = 0.5. 
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Figure 16 Theoretical upper bound and numerical lower bound of the non-dimensional transverse 

shear modulus vs. 𝜑 and 𝜃 for 𝛽 = 0.1, 𝛾 = 1,𝛼 = 1.0. 

 

 
Figure 17 Theoretical upper bound and numerical lower bound of the non-dimensional transverse 

shear modulus vs. 𝜑 and 𝜃 for 𝛽 = 0.1, 𝛾 = 1,𝛼 = 2.0. 
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Figure 18 Non-dimensional transverse shear modulus 𝐺!"/𝐺! vs. γ for α = 1,φ = θ = 30°, β =

0.1. 

6 CONCLUSIONS 

In this work, a novel zero Poisson’s ratio honeycomb structure has been designed, modeled and 

evaluated from an analytical and numerical point of view. The investigation focused on the effects of 

the unit cell geometrical configurations to the in-plane properties (Young’s modulus, in-plane shear 

modulus, and Poisson’s ratio) and out-of-plane properties (transverse shear modulus). The theoretical 

and numerical models show a general excellent agreement. The novel zero Poisson’s ratio honeycomb 

shows the possibility of performing two dimensional deformations with tailored stiffness that could be 

used to design zero Poisson’s ratio cellular honeycomb structures for planar morphing applications. 
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