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We present a model of quantum metrology inspired by the computational model known as deterministic
quantum computation with one quantum bit (DQC1). Using only one pure qubit together with l fully-mixed
qubits we obtain measurement precision (defined as root-mean-square-error for the parameter being estimated)
at the standard quantum limit, which is typically obtained using the same number of uncorrelated qubits in
fully-pure states. In principle the standard quantum limit can be exceeded using an additional qubit which adds
only a small amount of purity. We show that the discord in the final state vanishes only in the limit of attaining
infinite precision for the parameter being estimated.

Emerging quantum technologies promise to solve problems
that are intractable or impossible using classical counterparts.
However, in many cases the origins of quantum enhance-
ments remain the subject of debate. Entanglement unambigu-
ously plays a critical role in many tasks that use pure states,
but this often ceases to be true when noise is added to the
picture [1]. One of the most studied tasks that uses noisy
qubits is provided by a model called DQC1, introduced by
Knill and Laflamme [2]. DQC1 performs efficiently a spe-
cific type of computation using highly-mixed quantum states
which is thought to be hard classically, and thereby seriously
challenges the notion that pure-state entanglement plays an
essential role in quantum computation.

The task performed by DQC1 is to estimate the normalised
trace of a quantum circuit U that acts on a collection of l reg-
ister qubits, as depicted in Fig. 1(a). The initial state com-
prises one “clean” pure qubit together with register qubits that
are maximally mixed, and only unitary gates are used for the
computation. Remarkably, the precision of the estimate does
not scale with the size of U . It is intuitively clear that DQC1
achieves an exponential speedup over any known classical al-
gorithm for several applications [3–7], and it is widely be-
lieved that classical simulation of DQC1 is hard [8]. Several
works have also analysed how the computational power of
DQC1 changes as resources, such as additional pure qubits
and measurements, are added [5, 6, 8], see Fig. 1(b).

Some studies have also investigated the role of entangle-
ment and quantum discord [9, 10] in the speedup achieved by
DQC1 [11] by looking at correlations generated at the out-
put [12, 13]. It was shown that the discord generated by
Haar-random unitary circuits remains a fixed proportion of
the maximum possible as the circuits increase in size, while
the amount of entanglement generated is vanishing. These
results have prompted widespread interest in the hypothesis
that the generation of discord by DQC1 circuits plays a crit-
ical role in the exponential speedup which is achievable for
estimating normalized trace (compared to all known classical
algorithms). However, this hypothesis remains unproven, and
furthermore it is not yet known what happens to entanglement
or discord at intermediate steps in DQC1 computations.
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FIG. 1. (a) A DQC1-complete problem is to compute the
normalised trace of a unitary transformation. After several
runs of the circuit, an estimate is obtained for 〈σx〉+ i〈σy〉 =
tr(U)/2l, with precision depending only on the number of
runs. The protocol also works when the control qubit is par-
tially pure at the start – as given by the state in Eq. (??).
In this case, the number of runs must be increased by a fac-
tor 1/ε2 to achieve the same precision as when the control
qubit is initially pure. (b) For the general DQC1 problem, an
additional n ∼ log(l) pure qubits can be introduced without
altering the computational power [? ? ].
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FIG. 2. General scheme for phase estimation: There are n
pure qubits, m semi-pure qubits, and l fully-mixed qubits
(112 = 11/2). The first qubit is the control, and the remaining
qubits constitute the register. A bulk Cnot is used to prepare
the probe, and each qubit is then subjected to the unitary
operation given in Eq. (??) for which φ is to be determined.
The readout procedure is adaptive: θr is the estimate for φ
after the first r−1 rounds. This value is used to configure
the readout circuit, which is a bulk Cnot followed by a bulk
controlled-vr, and measurement on the control.

FIG. 1. (a) A DQC1-complete problem is to compute the normalised
trace of a unitary transformation. After several runs of the circuit,
an estimate is obtained for 〈σx〉 + i〈σy〉 = tr(U)/2l, with preci-
sion depending only on the number of runs. The protocol also works
when the control qubit is partially pure at the start – as given by the
state in Eq. (5). In this case, the number of runs must be increased
by a factor 1/ε2 to achieve the same precision as when the control
qubit is initially pure. (b) For the general DQC1 problem, an addi-
tional n ∼ log(l) pure qubits can be introduced without altering the
computational power [5, 6].

We now turn to quantum metrology, and achieving quan-
tum advantage for precision in the task of phase estimation,
which is used for highly-sensitive measurements of physical
parameters [14–16]. Phase-estimation strategies that cannot
exploit quantum features are subject to the standard quantum
limit (SQL) for precision, given by ∆φ = 1/

√
n where n

particles are used for the probe, φ is the parameter to be es-
timated, and ∆φ is the root-mean-square-error for estimates
of φ. For example, this limit applies when n particles in the
|+〉 = (|0〉+ |1〉)/

√
2 state are used to measure the phase for

a Pauli rotation

uφ = eiφg where g = |1〉〈1|. (1)

However, when a GHZ state |+n〉 = (|0〉⊗n + |1〉⊗n)/
√

2
is used as the probe state with G =

∑n
j=1 gj , the precision

scales at the Heisenberg limit ∆φ = 1/n, which is the best
precision achievable [15].

For mixed-state models of phase estimation, recent results
challenge any presupposed link between entanglement and
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quantum advantage for measurement precision. Ref. [17]
considers an algorithm for multi-parameter estimation using
DQC1. This algorithm uses an adaptive protocol based on a
series of estimates with different interactions times, to achieve
a final precision scaling with the inverse total interaction time.
Ref. [18] analyses the situation where a unitary circuit is used
to prepare probe states from n uncorrelated qubits in the state
ρε given below in Eq. (5). It was found that circuits which gen-
erate non-classical correlations can achieve a quadratic quan-
tum advantage compared to circuits generating only classical
correlations at fixed ε. This result holds even for small values
of ε where there is no entanglement but large amounts of dis-
cord, and the amount of discord also grows with n. Another
recent analysis considers phase estimation using an interfer-
ometer, where the spectrum of the interferometer Hamiltonian
is fixed but not its eigenbasis [19].

Inspired by DQC1, we now ask whether a large ensemble
of mixed qubits can be used as the basis of a powerful sensor.
We consider a model where only one (or few) clean qubits
are accessible, and only one qubit can be measured at the end
[20]. Physical systems where our model applies include nu-
clear magnetic resonance [21–23] and some cold-atom sys-
tems [24]. Ordinarily for these systems only bulk operations
on the register qubits are available — which is to say the same
operation is applied to every register qubit, optionally under
global control. Hence, we demand that only bulk operations
are permitted for preparation the probe state and for the read-
out procedure.

Parameter estimation: In the theory for parameter estima-
tion [25] a process alters an initial distribution p into p(φ),
which is a function of a single parameter φ. The value of φ can
be determined by differentiating between the initial and the fi-
nal distributions. The uncertainty in this value is bounded by
the Fisher information F , which is given by:

∆φ ≥ 1√
F
, with F =

∑
k

[∂φpk(φ)]2

pk(φ)
(2)

and pk is the probability for observing outcome k. The above
inequality is the Cramér-Rao bound [26, 27].

When using a quantum system, the initial and final prob-
ability distributions are replaced by density operators % and
%(φ) respectively. The final state is measured by a positive-
operator-valued measure (POVM) {Πk} to yield classical
probabilities pk = tr[Πk%(φ)], from which F in Eq. (2) can
be computed. If the process which is parameterized by φ is
unitary then F , when optimised over all POVMs, is given by
the quantum Fisher information [28]:

Fq = 4
∑
i>j

(λi − λj)2

λi + λj
|〈ψi |G|ψj〉|2 , (3)

where {λi} are the eigenvalues,{|ψi〉} are the eigenvectors
of %, and G is the Hamiltonian generator of the phase shift.
This formula for Fq yields a tight lower bound for precision

without needing the explicit form of an optimal POVM, and
enables a straightforward comparison between probe states.

The setup: Our model uses three registers: one with n pure
qubits; one withm qubits with finite purity as given in Eq. (5);
and one with l fully-mixed qubits. Along with these three
registers, there is one pure qubit in state |0〉 which serves as
the control. The total initial state is

%0 = |0〉〈0| ⊗ |0〉〈0|⊗n ⊗ ρ⊗mε ⊗ 11⊗l

2l
, (4)

where ρε =
1

2

(
1 + ε 0

0 1− ε

)
, 0 < ε < 1. (5)

To prepare the probe state %we apply the Hadamard gate to the
control qubit followed by a CNOT gate for all qubits in the reg-
ister. Next each qubit in the register is allowed to evolve freely
under the unitary operation given in Eq. (1). The readout pro-
cedure consists of another controlled operation and measure-
ment of the control qubit. The full protocol is shown in Fig. 2.

To compute Fq for % above, we note that %0 has eigen-
vectors of the form |±; bn0 ; bmj ; blk〉; here bai represents a bi-
nary string of length a with 1s appearing i times, and the
semicolons separate the control qubit and the three regis-
ters. There are

(
m
j

)(
l
k

)
such eigenvectors each with eigen-

value λ+
j = 1

2m+l (1 + ε)m−j(1 − ε)j when the control
qubit is in state |+〉, and the eigenvalue is λ−j = 0 other-
wise. After the first CNOT gate the eigenvectors are |ψ±jk〉 =(
|0; bn0 ; bmj ; blk〉 ± |1; cn0 ; cmj ; clk〉

)
/
√

2, where caj is the NOT of
baj , i.e., |caj 〉 = σ⊗ax |baj 〉.

The generator of the phase shift is G =
∑
s |1〉〈1|s ⊗ 11s̄,

where 11s̄ is the identity operator on all but sth qubit, and s
runs from 1 to n+m+ l. Next, we note that the components
of the eigenstate of the prepared state are eigenvectors G:
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pure qubits, m semi-pure qubits, and l fully-mixed qubits
(112 = 11/2). The first qubit is the control, and the remaining
qubits constitute the register. A bulk Cnot is used to prepare
the probe, and each qubit is then subjected to the unitary
operation given in Eq. (??) for which φ is to be determined.
The readout procedure is adaptive: θr is the estimate for φ
after the first r−1 rounds. This value is used to configure
the readout circuit, which is a bulk Cnot followed by a bulk
controlled-vr, and measurement on the control.
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FIG. 2. General scheme for phase estimation: There are n pure
qubits, m semi-pure qubits, and l fully-mixed qubits (112 = 11/2).
The first qubit is the control, and the remaining qubits constitute the
register. A bulk CNOT is used to prepare the probe, and each qubit
is then subjected to the unitary operation given in Eq. (1) for which
φ is to be determined. The readout procedure is adaptive: θr is the
estimate for φ after the first r−1 rounds. This value is used to con-
figure the readout circuit, which is a bulk CNOT followed by a bulk
controlled-vr , and measurement on the control.
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G|0; bn0 ; bmj ; blk〉 = (j + k)|0; bn0 ; bmj ; blk〉, G|1; cn0 ; cmj ; clk〉 = (n+ 1 +m− j + l − k)|1; cn0 ; cmj ; clk〉 (6)

and therefore 〈ψ±j′k′ |G|ψ
+
jk〉 =

1

2
(j + k)〈b

′m
j′ |bmj 〉〈b

′l
k′ |blk〉 ±

1

2
(n+m+ l − j − k + 1)〈c

′m
j′ |cmj 〉〈c

′l
k′ |clk〉. (7)

Eq. (7) is non-zero only when j = j′ and k = k′. We note that
the numerator of the first term in Eq. (3) is the difference in
two eigenvalues, and therefore it is only necessary to consider
〈ψ−j,k|G|ψ

+
j,k〉. Hence,

Fq = 4

m∑
j=0

(
m

j

)
λ+
j

l∑
k=0

(
l

k

) ∣∣∣〈ψ−j,k|G|ψ+
j,k〉
∣∣∣2

= l +m(1− ε2) + (1 + n+ εm)2 . (8)

We can now make several observations: (i) Fq is always
greater or equal to the SQL value, which is 1 + l + m + n.
(ii) The SQL is attained when m = n = 0, i.e. the case
which is analogous to DQC1 [29]. (iii) If ε is small (or even
0) there is a linear contribution of m corresponding to size of
the register of partially-pure qubits. (iv) (n+ 1)2 exhibits the
well-known quadratic enhancement for entangled pure states
of n+1 qubits, and there is an additional contribution equiva-
lent to εm extra pure qubits. (v) Our protocol achieves optimal
precision under the assumptions of the standard DQC1 input
state (m = n = 0), access to controlled unitary operations for
preparation and measurement steps, and identical unknown
phase rotations on all qubits, see the Appendix A.

Finally, for m > 1 the purity from the partially-pure qubits
can be concentrated using into a single qubit using a purity
distillation protocol [30]. Doing this will increase the number
of both fully pure and fully mixed qubits. It would be interest-
ing to compare the performance of such a device. However,
we will address such cases in detail in a future manuscript.

Readout procedure: Next we consider how Fq given in
Eq. (8) can be attained via a suitable POVM, which in gen-
eral can require entangled measurements [31]. For our model,
attention must be given to the bulk-operation requirements for
implementing the measurements for the readout procedure,
and the following method suffices (illustrated in Fig. 2): a
bulk CNOT gate is performed, followed by a bulk controlled-
vr where vr = exp {−iθrσz}, and a measurement on the con-
trol qubit. θr here is taken to be the estimate of φ after r − 1
rounds. The initial estimate θ0 can assume no prior knowledge
of φ. In each successive round our estimate for φ is improved,
i.e., |θr−φ| < |θr−1−φ|, using an adaptive Bayesian update
or maximum-likelihood method to maximize sensitivity [32].

The measurement of the control qubit along the σx direc-
tion yields probability distribution

q±r =
1

2
(1± xr) where (9)

xr = Re
[
ei(n+1)ωr cosl(ωr) {cos(ωr) + iε sin(ωr)}m

]
,

and ωr = θr − φ (see details in Appendix B). The value for
F computed from this probability distribution, using Eq. (2),
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FIG. 3. (Colour online.) F computed from the probability distribu-
tion in Eq. (9) for n = 6 and m = l = 0 (dotted); n = l = 0
and m = 11 with ε = 0.49 (dashed); and l = 48 and n = m = 0
(solid). All three cases have the same value for Fq. When there is
no prior information about the value of φ, an initial estimate of its
value can be obtained using a small number of measurements with
single-qubit probes, half with an adaptive setting θ = 0 and half
with θ = π/2. A high-precision estimate can then be obtained using
a larger number of measurements with probe states having register
qubits. The adaptive procedure used at this stage would adjust the
setup towards maximum sensitivity, while ensuring that estimates of
φ do not become multi-valued.

yields a value that approaches the quantum Fisher information
in Eq. (8) as ωr ≈ 0. That means that the adaptive protocol
described above will yield the optimal Fisher information as
the estimate θr approaches φ. We have plotted three cases in
Fig. 3.

The features of our metrology protocol can now be related
to the general DQC1 problem Fig. 1(b), provided that the total
number of (partially)-pure qubits n+m scales as log(l) (as is
assumed for DQC1 algorithms). For operations involving the
register in Fig. 2, there is no change to the initial state of the
register when the control is in |0〉; when the control is in state
|1〉, the unitary operation is

Ur =
(
u†φvrσx uφ σx

)⊗l+m+n

. (10)

For the purposes of comparison with known results, additional
rotations on the control in Fig. 2 are not relevant, and we
can consider the circuit as an application of a bulk controlled-
unitary operation cUr. With a view to shedding new light on
the discord hypothesis for DQC1 [13], we will examine the
role of correlations (discord and entanglement) in our metrol-
ogy protocol, both for the probe and output states.

One+ε clean qubit metrology: Let us first consider the case
where n = 0, m = 1, and l > 0. In this case the probe state %
is entangled for any value of ε > 0. This can be understood by
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noting that a non-positive partial transpose for % of the state
results from applying a CNOT gate on the state in Eq. (5),
controlled on |+〉. Another way to see this is by noting that
the value for Fq here beats the SQL [33]:

Fq = l + 2 + 2ε > l + 2. (11)

In other words, even with one qubit with finite purity we can
attain better precision than what is achievable using the same
number of pure probe qubits which probe the field indepen-
dently (with phase encoded once onto each qubit). Adding
more qubits to the registers for initially partially-mixed and
pure qubits, the entanglement (between the control and regis-
ters) will increase as well as the value for Fq.

One-pure-qubit metrology: We now let n = m = 0, i.e.,
consider a l + 1 qubit state with only one pure qubit and l
qubits in fully-mixed state. From Eq. (8) we see that Fq has
the SQL value of l + 1 qubits, and that the SQL is attained
using only one pure qubit and l fully-mixed qubits. This is
highly counterintuitive in the classical setting for which only
uncorrelated qubits are used as probes. Here completely-
mixed states cannot be used to yield additional information
from a phase measurement, and the maximum value for F
would be 1 (as is attained using a single pure qubit). There-
fore the enhancement of Fq by l is fundamentally quantum.

It is tempting to say that the resource enabling this enhance-
ment in Fq is the entanglement or discord in %. However, a
closer look at % in the limit ε → 0 reveals that it is an equal
mixture of products of eigenstates of σx (for which |−〉 occurs
even number of times),

% =
1

2l+1

(
11⊗l+1 + σ⊗l+1

x

)
, (12)

and it is therefore fully classically correlated [34]. Though %
is separable, and therefore preparable via unrestricted LOCC,
it cannot be prepared using bulk LOCC operation. Without the
CNOT gate used in the state preparation, which is controlled
on a quantum superposition, the register of maximally-mixed
qubits cannot be exploited.

At this point we can ask whether there is any discord
present in the final state of the circuit. In Ref. [35] it was
shown that there is no discord in the output state of a DQC1
circuit when the controlled-unitary operation is Hermitian, i.e.
U = U† in Fig. 1 (see also Refs. [36] and for further details).
The unitary operator Ur, in Eq. (10), is Hermitian if and only
if ωr = 0, i.e. when φ is known to perfect precision. There-
fore it may be observed that the circuit in Fig. 2 contains dis-
cord for all runs except when φ is fully known. Repeating this
analysis for arbitrary values of l, m, n > 0 shows that the
final state is always separable, but has finite discord except
when ωr = 0. The only exception is when l = m = 0, in
which case the final state has no correlations. We may con-
clude that noisy input states lead to discordant output states
in our model, which sheds new light on the constant level of
discord at the output of DQC1 found in Ref. [13].

Discussion: Our results provide support for both entan-
glement and discord as enabling quantum resources in quan-

tum metrology. They are complementary to those reported in
Ref. [37], which showed that noisy multi-qubit states contain-
ing only bound entanglement can be used as probe states for
phase estimation, for which Fq scales quadratically with the
number of qubits (corresponding to scaling at the Heisenberg
limit up to a constant factor). They also contribute to efforts
to find and exploit relationships between quantum advantages
in metrology and speedups in quantum algorithms, such as
was studied in Ref. [38] with regards to query complexity for
quantum search problems.

Perhaps more importantly, our model shows how a large en-
semble of highly-mixed quantum systems can be of great util-
ity for quantum sensing. Since our model only requires bulk
coherent operations on the ensemble, it has the potential to
enable a scalable quantum technology which could challenge
state-of-the-art classical sensors in the near future [39]. The
biggest practical weakness of our model lies in the fact that
all sensitivity vanishes if qubits are lost (and even just one of
them) between the first and last controlled gates — a problem
which is shared by any measurement device using pure GHZ
states or NOON states in the context of interferometry [14].
An experimental setup which is well suited to implement our
protocol is provided by ultra-cold atoms in adjacent optical
dipole traps, where controlled gates on a large number of
register atoms can be performed using an approach proposed
in Ref. [24] using electromagnetically-induced transparency
(EIT) and Rydberg blockade. A detailed proposal is provided
in Ref. [39], with applications including ultra-precise mea-
surements of gravity.

Appendix A.— For the case that the register is fully mixed
at the start, the bulk constraint dictates that classical correla-
tions for the probe state must be generated without a “classi-
cal” strategy, i.e., local operations and a probabilistic method,
and it can only be prepared via a coherent quantum interac-
tion. Moreover, phase encoding must satisfy the same con-
straint, i.e., Uφ = u⊗nφ . Otherwise the pure control qubit can
be swapped around so that the phase is encoded sequentially
onto the pure qubit, which achieves Heisenberg limit precision
[40].

We may think of our model as application of three unitary
operations on all qubits: (i) a preparation UP ; (ii) the phase
encoding unitary Uφ; (iii) a readout unitary UR. Let us denote
UT = UR Uφ UP . If we restrict UP and UR to be controlled
unitary operations, then σx measurements on the controlled
qubit yields probabilities pφ(±) =

(
1± 1

2l tr [URUφUP ]
)
/2.

By cyclicity of trace we can put UP and UR together: Uω =
UPUR. Now, it’s clear via convexity of Fisher information
that we want to maximise the overlap in the basis of Uφ and
Uω . This can be done by ensuring that the two unitary trans-
formations have the same eigenbasis. And, that is precisely
what our protocol does. It puts Uω in the same form as Uφ,
and then adaptively choses values for ω such that ω → φ. This
makes our protocol optimal.

Appendix B.— After applying the Hadamard gate, CNOT
gate, followed by encoding the phase [41], and another CNOT
gate, we have
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%f =
1

2l+1

(
ρ⊗mε ⊗ 11⊗l e−i(n+1)φ(uφρεσxu

†
φσx)⊗m ⊗ (uφσxu

†
φσx)⊗l

ei(n+1)φ(σxuφσxρεu
†
φ)⊗m ⊗ (σxuφσxu

†
φ)⊗l ρ⊗mε ⊗ 11⊗l

)
⊗ |0〉〈0|⊗n.

Lastly, we apply controlled-vθr as well as vθr on the control
qubit yielding the final state %f . Note that vθr also commutes
with |0〉〈0|, ρε, and σxρεσx. Measuring the control qubit in
the basis of σx gives us Eq. (9).
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