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Switches in real systems take many forms, such as impacts, electronic relays, mitosis, and the

implementation of decisions or control strategies. To understand what is lost, and what can be

retained, when we model a switch as an instantaneous event, requires a consideration of so-called

hidden terms. These are asymptotically vanishing outside the switch, but can be encoded in the

form of nonlinear switching terms. A general expression for the switch can be developed in the

form of a series of sigmoid functions. We review the key steps in extending Filippov’s method of

sliding modes to such systems. We show how even slight nonlinear effects can hugely alter the

behaviour of an electronic control circuit, and lead to “hidden” attractors inside the switching sur-

face. VC 2015 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4934204]

There are increasingly powerful methods to study the

dynamical effects of switches in otherwise smoothly

evolving dynamical systems, whether a phase transition,

a trade or policy decision, an electrical relay, a mechani-

cal actuator, or a biochemical valve. This paper is an

attempt to highlight and deal with certain ambiguities of

non-uniqueness of piecewise smooth systems like these.

Attempts are often made to show the robustness and

generality of discontinuous models by smoothing or reg-
ularizing a discontinuity, a process that is somewhat tau-

tological because, as we show, entirely different

dynamics can be obtained with different choices of regu-

larization. Fortunately, this can be resolved using non-

linear switching terms, and we introduce a general

method by developing sigmoid series expressions for dis-

continuous vector fields. We apply these ideas to a model

of an elementary electronic control circuit, and give an

example of how novel attractors may arise inside the

switching surface.

I. INTRODUCTION

Many phenomena, in either our passive attempts to

describe nature, or our active attempts to control it, are mix-

tures of steady behaviours and sharp transitions. The steady

regimes are usually relatively easy to model. The transitions

are often complicated and challenging to model, but occupy

fleeting instants of time which make it tempting to simplify

them, in the extreme, as discrete events in an otherwise

smooth system. The effect of this, and how far we can de-

velop the mathematics of a piecewise determined system, is

explored here.

Modeling a switch by means of piecewise smooth func-

tions is simple and convenient, requiring no detailed in-depth

knowledge of the physical laws during switching, but it risks

destroying information about the transition process. The

resulting simplicity has inspired an extensive theory of

discontinuity-induced bifurcations and singularities. Much of

the theoretical development is impressively powerful, and

even highly rigorous (for reviews see Refs. 2, 4, 7, 23, and

34). Its generality, its applicability to real world switching

phenomena, however, remains poorly understood (see, e.g.,

Ref. 12). We can, for example, derive piecewise smooth mod-

els as the limiting cases of smooth multiple timescale models,

collapsing the fast switching dynamics into a single instant,26

or as describing the average dynamics of stochastic28 or hyste-

retic7,33 processes. But, the limits are typically singular, and

qualitatively different systems have the same piecewise

smooth limit, resulting in ambiguity about the systems they

describe.

A resolution to this has emerged, and it seems that gen-

erality in piecewise smooth systems requires a notion of hid-

den dynamics that is observable only during a switch and not

outside it, encoded in nonlinear terms that represent the rem-

nants of asymptotically small effects that vanish in the limit

of taking a piecewise smooth model. We shall present a few

examples where nonlinear terms entirely alter the local and

global behaviour of a system, including an application to

electrical control systems.

In engineering and biological applications particularly,

an increasing number of examples of “nonlinear” switches

are becoming known. These are systems whose dynamical

equations contain nonlinear combinations of steep or discon-

tinuous “sigmoid” functions, each sigmoid being an empiri-

cal representation of a particular switching action. In

Boolean switching models of protein dynamics regulated via

Hill functions, they are very common.8,11,14 In Refs. 17

and 20, it was shown that nonlinear switching can be used to

model static friction without needing to augment Coulomb

friction with a velocity dependence. In general, nonlinear

switching can be used to model effects such as overshoot or

lag, and can resolve deterministic ambiguities that arise

when multiple switches coincide. It seems reasonable to

hope that a deeper understanding of them will permit greatera)Email: mike.jeffrey@bristol.ac.uk
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use for modeling across the physical, social, and biological

sciences.

In Section II, we recount the standard method for han-

dling a discontinuity in a dynamical system, and give exam-

ples of its ambiguity under smoothing. In Section III, we

discuss ambiguities in smoothing more generally. In Section

IV, we make these ambiguities explicit, and find how to

express them in the piecewise smooth system. We apply

these ideas to a circuit model in Section V. In Section VI, we

outline the method for solving a dynamical system at a dis-

continuity, followed by an example of the potential for novel

dynamics, in the form of a hidden attractor, in Section VII. A

few closing remarks are made in Section VIII.

II. NONSMOOTH DYNAMICS—THE CONVEX
APPROACH

Consider a piecewise smooth dynamical system

dx

dt
¼ f xð Þ ¼ fþ xð Þ for v xð Þ > 0;

f� xð Þ for v xð Þ < 0:

�
(1)

This paper is about how we extend such a model across

v(x)¼ 0, and the issues that arise in doing so.

In the standard Filippov approach7 prominent in variable

structure control5,32,33 and in piecewise smooth dynamical

systems theory,4,7 when a system switches between two sys-

tems as in (1), we form their convex combination

dx

dt
¼ f x; kð Þ ¼ fþ xð Þ þ f� xð Þ

2
þ fþ xð Þ � f� xð Þ

2
k (2)

(or a similar form dx
dt ¼ fþðxÞ þ f�ðxÞ½ � þ u fþðxÞ � f�ðxÞ½ �

with k¼ 2u� 1), where

k 2 signðvÞ if v 6¼ 0;
½�1;þ1� if v ¼ 0;

�
(3)

thus

f ðx;þ1Þ � fþðxÞ and f ðx;�1Þ � f�ðxÞ: (4)

The standard approach then seeks so-called sliding modes
which satisfy d

dt v ¼ 0 on v¼ 0. Taking coordinates x¼ (x1,

x2,…, xn) such that x1¼ v, and writing f¼ (f1, f2,…, fn), the

dynamics of sliding modes is therefore given by

0 ¼ f1 x; ksð Þ
d

dt
x2;…; xnð Þ ¼ f2 x; ksð Þ;…; fn x; ksð Þð Þ

)
on x1 ¼ 0 (5)

for some ks 2 [�1, þ1]. If no solutions of the sliding mode

problem exist for ks 2 [�1, þ1], then the flow of (2) crosses

through v¼ 0 transversally.

This definition of sliding and crossing at a switching sur-

face is sometimes justified by smoothing (or “regularizing”)

the combination (2), by replacing k with a smooth sigmoid

function, and showing that slow dynamics of the smoothed

system contains invariant manifold dynamics equivalent to the

sliding mode dynamics (5) (for theorems regarding this equiv-

alence, which remains important in spite of what follows, see

Refs. 26, 29, and 30). Unfortunately, such an argument is

tautologous. Smoothing simply preserves the dynamics we

have imposed already by writing the expression (2), and we

shall see that by changing (2) we can not only obtain different

dynamics but that the difference persists under smoothing.

Two examples illustrate the ambiguities of smoothing a dis-

continuity very clearly, and while almost trivially simple, they

help motivate the general arguments that follow.

Example 1. Let us start with a smooth system that we
wish to study,

d

dt
x1; x2ð Þ ¼ �ue x1ð Þ; 1� 2u2

e x1ð Þ
� �

; (6)

where e is a small positive parameter and ueðx1Þ is a sigmoid
function such that u0ðx1Þ ¼ signðx1Þ (so the e ! 0 limit of
ueðx1Þ is (3)). This has an invariant line x1¼ ec, where c is a
constant such that ueðecÞ ¼ 0, on which the dynamics is
given by

d

dt
x1; x2ð Þ ¼ 0; 1ð Þ: (7)

This is illustrated in the bottom right of Figure 1. Now, con-
sider a piecewise smooth model of (6) obtained by consider-
ing the behaviour either side of x1¼ 0. In the limit e¼ 0,
Equation (6) becomes

d

dt
x1; x2ð Þ ¼ �sign x1ð Þ;�1

� �
: (8)

Filippov’s linear combination for (8), using (5), simplifies
to

FIG. 1. The system d
dt ðx1; x2Þ ¼ ðsignðx1Þ; 1� 2ðsignðx1ÞÞ2Þ viewed ignoring

the nonlinear dependence on sign(x1) (left) or respecting it (right), in each case

showing the discontinuous system and its smoothing. The phase portraits as

shown correspond to Equations (9), (10), (11), and (6), respectively.

103125-2 Mike R. Jeffrey Chaos 25, 103125 (2015)

 Reuse of AIP Publishing content is subject to the terms at: https://publishing.aip.org/authors/rights-and-permissions. Downloaded to  IP:  137.222.120.226 On: Thu, 28 Apr

2016 14:07:58



d

dt
x1; x2ð Þ ¼ �k;�1ð Þ; (9)

where k is given by (3). A sliding mode on the discontinuity
surface x1¼ 0 must satisfy d

dt x1 ¼ 0 by (5), so sliding modes
exist for this system with k¼ 0, giving a sliding vector field
d
dt x1; x2Þ ¼ ð0;�1Þð , shown in the top left of Figure 1.
Clearly, this is not even close to being similar to the smooth
system’s dynamics in the bottom right portrait in Figure 1,
given by (7). Moreover, if we smooth this system, by replac-
ing k with a sigmoid function (we can use ue again for brev-
ity), we obtain

d

dt
x1; x2ð Þ ¼ �ue x1ð Þ;�1

� �
; (10)

a system with an invariant line at some x1¼ c, where c is a
constant such that ueðx1cÞ ¼ 0, but on this line, the vector
field is again d

dt x1; x2Þ ¼ ð0;�1Þð , inconsistent with (7); this
is the top right phase portrait in Figure 1.

We obtained a system whose sliding dynamics is incon-
sistent with the original system (6), and the inconsistency
persists under smoothing. This happened because we did not
keep the hidden term u2

e , neglecting it because its value is
unity for all x1 6¼ 0. If we take (6) again, and carefully
replace ueðx1Þ with k in the limit e! 0, we obtain instead of
(9) the system

d

dt
x1; x2ð Þ ¼ �k; 1� 2k2

� �
: (11)

A sliding mode on the switching surface x1¼ 0 must satisfy
d
dt x1 ¼ 0, and this has solutions for k¼ 0, which now gives a
sliding vector field d

dt x1; x2Þ ¼ ð0;�1Þð . This correctly cap-
tures the dynamics of the smooth system (7) at the transition,
and is illustrated by the bottom left portrait in Figure 1.
Moreover, obviously if we now smooth this by replacing k
with a smooth sigmoid function, we regain (6), the bottom
right portrait in Figure 1.

In this example, we obtained sliding dynamics that was

not only quantitatively wrong compared to the system we

were trying to model but traveled in entirely the wrong direc-

tion. This happened because we neglected terms nonlinear in

the switching term ue or k.

The point is that if we start from the piecewise smooth

model (8), then either (9) or (11) is a valid way of continuing

the system across x1¼ 0, amongst an infinity of other choices.

Within the framework of piecewise smooth systems theory,

we require a way to distinguish between these alternatives. In

the following sections, we will show how to express those

possible systems, separate “linear” and “nonlinear” effects,

and we shall highlight some more and less subtle effects they

give rise to.

A similar example reveals that nonlinear terms can even

affect whether the switching surface is crossed.

Example 2. Consider a system

d

dt
x1; x2ð Þ ¼ 2u2

e x1ð Þ � 1; 1
� �

: (12)

The idea is similar to the previous example so we just outline
the calculations, the phase portraits are shown in Figure 2.
This system has two invariant sets x1¼ ec6 such that

ueðec6Þ ¼ 61=
ffiffiffi
2
p

, on which the vector field is
d
dt x1; x2Þ ¼ ð0; 1Þð . In the limit e¼ 0, considering the behav-
iour either side of x1¼ 0, we have

d

dt
x1; x2ð Þ ¼ 1; 1ð Þ; (13)

from which the presence of a discontinuity is not even evi-
dent. Filippov’s method therefore does not apply, and the
system crosses through x1¼ 0. However, if we more carefully
replace ue by k in (12), we obtain

d

dt
x1; x2ð Þ ¼ 2k2 � 1; 1

� �
: (14)

In this system, as x1 passes through zero the value of k
jumps, even though the value of k2 appears not to (since it
“jumps” from þ1 to þ1). But, because k jumps, we may
seek its value when x1¼ 0 by looking for sliding modes, solv-
ing dx1/dt¼ 0. There are then two sliding modes given by
k ¼ 61=

ffiffiffi
2
p

, in which the dynamics is given by
d
dt x1; x2Þ ¼ ð0; 1Þð . So, perhaps surprisingly, while the system

FIG. 2. The system d
dt x1; x2Þ ¼ ð2ðsignðx1ÞÞ2 � 1; 1Þ
�

viewed ignoring the

nonlinear dependence on sign(x1) (left) or respecting it (right), in each case

showing the discontinuous system and its smoothing. The phase portraits as

shown correspond to Equations (13), (14), and (12), respectively.

FIG. 3. A basic switching circuit.
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(14) exhibits no apparent jump in value across x1¼ 0, the
fact that k itself jump permits sliding modes to exist, and
moreover, we observe that the sliding dynamics is equivalent
to the invariant dynamics of the smooth system (12), i.e.,
given by d

dt x1; x2Þ ¼ ð0; 1Þð . Moreover, when this system is
smoothed by replacing k with a sigmoid function like ue, we
of course return to the original system (12).

In this example, the piecewise smooth model outside

x1¼ 0 is given by (12), which is formed by patching together

two systems for x1> 0 and x1< 0. Even though the vector

fields appear continuous, their regions of definition are not.

We may then assume the system is continuous, or consider

(11) (and again an infinity of other choices) as a valid contin-

uation of the system across x1¼ 0. In this case, the assump-

tion of simple continuity turns out to be incorrect for

modeling the system (12) that we started from.

These are trivial and somewhat extreme examples, but

in Section III, we will show how vast the field of possible

regularizations is. Yet, the ambiguities these examples high-

light are extremely important to understand the modeling of

switches. Other examples can be much more subtle, as we

shall see later. In Section IV, we discuss how to handle non-

linearities to avoid ambiguity.

III. THE SMOOTHING TAUTOLOGY—KEEPING
THE HIDDEN TERMS

What is not clear in many works concerning regulariza-

tion of nonsmooth systems is that there are many ways a sys-

tem can be smoothed, and that they result in non-equivalent

systems, any of which is equally valid as an approximation

of the piecewise model (1). In this section, we make this am-

biguity explicit in the piecewise smooth system, as a

“hidden” term in the vector field.

Consider smooth systems expressible in the form

dx

dt
¼ f x; ue v xð Þð Þð Þ s:t:;

ue vð Þ 2
sign vð Þ if jvj > e

�1;þ1½ � if jvj � e

( )
þ O e=v; eð Þ; (15)

where the transition function ue is at least continuous and

e> 0 is small. The error term Oðe=v; eÞ ensures that we

obtain (1) as e ! 0 and for jvj � e. We do not specify the

form of ue beyond this; for example it need not be mono-

tonic, and need not be bounded to [�1, þ1] at v¼ 0.

Let us moreover suppose f to depend on ue in an arbi-

trary manner, that is, it could be a polynomial, trigonometric,

exponential, or other function of the sigmoid. Nevertheless,

if we take the limit e! 0 in (15), we obtain (1). Does the dy-

namics of (15) therefore tend to the dynamics of (1) as

described by (2)?

Since we do not know precisely the form of ue in the

limit e ! 0, let us introduce a simpler “reference” sigmoid

for which we do. We define it as

KeðvÞ 2
signðvÞ if jvj > e

½�1;þ1� if jvj � e

� �
þOðeÞ;

s:t: K0eðvÞ > 0 for jvj < e; (16)

and we shall use this to analyze the behaviour of ue as e
tends to zero. Since Ke(v) is differentiable and monotonic for

e> 0, at least for jvj < e, it has an inverse V (Ke) such that V
(Ke(v))¼ v/e. We can then define a new expression for ue as

a function of Ke,

WðKeÞ :¼ ueðeVðKeÞÞ: (17)

Let us now use the reference sigmoid Ke to form a linear

combination of f(x; 61),

L x;Ke vð Þð Þ ¼ 1þKe vð Þ
2

f x;þ1ð Þþ 1�Ke vð Þ
2

f x;�1ð Þþ � � �;

such that dx
dt ¼ Lðx;61Þ in the limit jvj=e!1. This will not

be exactly equal to (15) for general v and e, so taking the dif-

ference between this system and (15), we have

dx

dt
¼ L x;Ke vð Þð Þ þ E x;Ke v xð Þð Þð Þ; (18)

where Eðx;KeÞ ¼ f ðx; WðKeÞÞ � Lðx;61Þ vanishes when

Ke¼61.

Because the reference sigmoid Ke varies monotonically

with v and is well-behaved as e tends to zero, we can identify

it with a new variable k, then (18) becomes

dx

dt
¼ 1þ k

2
f x;þ1ð Þ þ 1� k

2
f x;�1ð Þ þ E x; kð Þ: (19)

The quantity k will vary dynamically according to
d
dt k ¼ dk

dv
d
dt v, where dk

dv is strictly positive (which would not

have been the case if we had identified k with ue).

The expression (19) is now e independent, and we may

consider k to represent any ue, including the limiting func-

tion k ¼ u0ðvÞ ¼ signðvÞ, with which (19) defines a piece-

wise smooth system consistent with (1), but notably more

general than (2).

Since E vanishes for v 6¼ 0, it is not fixed by (1). E is the

hidden part of the vector field, and by changing it, we obtain

arbitrarily many different non-equivalent dynamical systems,

all consistent with (1). Importantly, E gives explicit expres-

sion to these different systems.

There is, of course, no contradiction or paradox, nor

indeed any surprise, in the fact that infinitely many different

smooth systems expressible as (18), have the same limit (1)

as e ! 0. This is merely due to the non-uniqueness of the

singular limits by which smooth functions may tend towards

discontinuities. What is important is that we can represent

these different systems in the piecewise smooth limit by

(19). The system (2), therefore, is only the simplest member

of a general class given by (19).

The classes of systems obtained by smoothing may be

much more general still. The argument above began with (15)

as a prototype smooth system, but one may consider many

other kinds. For instance, consider a number of switches that

activate at a common threshold v¼ 0, with each switch having

a different sigmoid-like behaviour ue1
;ue2

;…, so (15)

becomes
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dx

dt
¼ f x; ue1

v xð Þð Þ;ue2
v xð Þð Þ;…

� �
where

uek
vð Þ 2

sign vð Þ if jvj > ek

�1;þ1½ � if jvj � ek

( )
þO ek=vð Þ: (20)

For example, we might let

ue1
vð Þ ¼ 1

2
þ 1

2

v� 1ð Þ1=e1

1þ v� 1ð Þ1=e1
;

ue2
vð Þ ¼ tanh v=e2ð Þ;

ue3
vð Þ ¼ Erf x=e3ð Þ;

ue4
vð Þ ¼ 2

p
arctan v=e4ð Þ; etc:

We can again use a reference sigmoid Ke with inverse v¼ eV
(Ke) to define a new expression for each uek

,

WkðKeÞ :¼ uek
ðeVðKeÞÞ; (21)

and derive (18) as above with

E x;Keð Þ ¼ f x; W1 Keð Þ;W2 Keð Þ;…ð Þ

� 1þ Keð Þf x;þ1ð Þ � 1� Keð Þf x;�1ð Þ
2

;

which vanishes when Ke¼61, resulting again in the piece-

wise smooth system (19).

An interesting example arises when the sigmoids appear

only linearly, but in a matrix form such as

dx

dt
¼ 1þM v xð Þð Þ

2
f x;þ1ð Þ þ 1þM v xð Þð Þ

2
f x;�1ð Þ; (22)

which we may call a matrix regularization of (1), where

MðvÞ ¼

ue1
ðvÞ 0 0 …

0 ue2
ðvÞ 0 …

0 0 uek
ðvÞ …

..

. ..
. ..

. . .
.

0
BBBBB@

1
CCCCCA

or even

MðvÞ ¼

ue1
ðvÞ de12

ðvÞ de13
ðvÞ …

de21
ðvÞ ue2

ðvÞ de23
ðvÞ …

de31
ðvÞ de32

ðvÞ uek
ðvÞ …

..

. ..
. ..

. . .
.

0
BBBBBB@

1
CCCCCCA
;

where the off-diagonal elements are Gaussian-like func-

tions dijðvÞ ¼ OðeÞ for jvj > e and dij(v) 2 [0, 1] for jvj � e.
To handle these off-diagonal terms, we need an extra step,

because they are not sigmoids; nevertheless, we can recast

them again in terms of the reference sigmoid Ke via a func-

tion Dij :¼ dijðeijVðKek
ÞÞ, then to derive the corresponding

hidden terms in E is a simple exercise, resulting in (19) as

before.

The class of piecewise smooth dynamical systems

that arise from such considerations is clearly vast, but all

cases are encompassed in (19) with a suitable hidden term

E.25 Of course, above we have written E in terms of the

systems (15), (20), or (22), expressions that are not useful

in themselves (except that they show E vanishes outside

the switching surface). Some means to express the hidden

term E explicitly is now required and, where possible, to

determine it from a system’s behaviour. We broach this in

Section IV.

IV. SIGMOID ASYMPTOTICS

Given a system d
dt x ¼ f , and from only the knowledge

that f jumps between functional forms fþ(x) and f�(x) as v(x)

changes sign, we wish to derive a complete model for the

system. This will take the form f¼ f(x; k) in terms of a piece-

wise constant k, or f ¼ f ðx; ueðvÞÞ in terms of a sigmoid

function ue.

Below, we will attempt formally to expand f as a power

series

dx

dt
¼ f x; kð Þ ¼

X1
n¼0

an xð Þkn v xð Þð Þ; (23)

where for a piecewise smooth model we assume k¼ sign(v),

and for a smooth sigmoid model we replace k 7!ueðvÞ,
assuming u0eðvÞ � 0 and

ueðvÞ ¼ signðvÞ þOðeÞ for jvj > e: (24)

The possibility of approximating a function of several

variables (x, y) by a sum of functions of a single variable

v(x) has arisen particularly in the context of universal

approximation by neural networks,3,10,22 where the sums of

interest include sigmoid functions ueðviðxÞÞ that may each

have a different threshold vi ¼ k̂ i � ðx� xiÞ and stiffness jkij
for some vectors {ki, xi}i¼1,2,… (falling therefore into our

subclass of matrix regularizations in (22)). Here, we are

interested in a single switching threshold, say, xi¼ 0, and

will be interested in the limit of infinite stiffness jkij ! 1.

An alternative is to use a series of powers of the sigmoid

function ueðvÞ, and the use of such series as solutions of non-

linear differential equations has been explored in Refs. 24

and 35 for ueðvÞ ¼ tanhðv=eÞ.
The task now is to find the coefficients of the power se-

ries (23).

A. A sigmoid sum

Comparing (24) to (1) in the states k¼61, we have im-

mediately that

X1
n¼0

anðxÞ ¼ fþðxÞ ðfrom v > 0Þ;

X1
n¼0

anðxÞð�1Þn ¼ f�ðxÞ ðfrom v < 0Þ:
(25)
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The sum and difference of these give 2
P

n even an ¼ fþ þ f�
and 2

P
n odd an ¼ fþ � f�, allowing us to eliminate a0 and a1

to obtain

dx

dt
¼ 1

2
fþ þ f�ð Þ þ 1

2
fþ � f�ð Þk vð Þ þ E x; kð Þ; (26)

where

Eðx; kÞ ¼
X1
n¼1

ða2n þ kðvÞa2nþ1Þðk2nðvÞ � 1Þ;

¼ ðk2 � 1Þ
X1
n¼1

Xn�1

j¼0

½a2nðxÞ þ ka2nþ1ðxÞ�k2j;

:¼ ðk2 � 1Þgðx; kÞ; (27)

simply factoring out k2� 1 in the second line, and then defin-

ing the double sum as a function g. Note that while E van-

ishes for k¼61, i.e., outside the switching surface, the

function g can take any value. Hence, we obtain exactly

(19), and a formula for E.

In the piecewise smooth case, the remaining coeffi-

cients an�2 that make up the hidden term g may be deter-

mined if we have any information about f at v¼ 0. For

example, say, it is known that for k¼ 0 we have

f ðx; 0Þjv¼0 ¼ rðxÞ, then a2 ¼ 1
2

fþ þ f�Þ � rðxÞð , and succes-

sive coefficients can be eliminated with knowledge of

derivatives of f with respect to k. If these quantities cannot

be determined by direct observations of a system, we may

propose forms of g to fit dynamical observations or physical

laws, depending on the modeling problem. In the smooth

case, where k is replaced by a differentiable sigmoid func-

tion ue, then more can be found by considering the asymp-

totics of the transition.

B. Asymptotics of the series

Here, we consider how (26) and (27) may be applied to

a system where the transition between f6 is smooth.

In a system that makes a sudden transition between

behaviours dx
dt ¼ fþðxÞ for large positive g¼ v/e, and dx

dt
¼ f�ðxÞ for large negative g¼ v/e, let us assume that fþ and

f� are actually steady states f(x; yþ) and f(x; y�) of a larger

bistable system in x and y, such that

y!
yþ as g! þ1;
y� as g! �1;

) dx

dt
!

fþ as g! þ1;
f� as g! �1:

((

(28)

The vector y may represent microscopic properties or exter-

nal forces independent of x, which vary significantly only

where their value jumps. The scalar g may merely be a fast

timescale t/e for small e, or else some function g(x, e) of the

internal state. Without specific knowledge of the y system,

we seek to model the effect on the system dx
dt ¼ f ðxÞ.

If we could linearize with respect to y near the steady

state fþ¼ f(x; yþ) for large negative g, treating g as a time-

like variable, then f should diverge from fþ along a direction

gþ in phase space with a time constant j (a Lyapunov expo-

nent). The resulting approximation df/dg	 j(f� fþ) has a

solution of the form f 	 fþ þ gþejgP1
n¼0 bng

�n for some

coefficients bn. This is easily extended if we cannot linearize.

For example, if f¼ fþ is a degenerate steady state of the y
system, the same asymptotic formula applies with j¼ 0 if

f¼ fþ is a saddle-node, where df=dg 	 jf � fþjðf � fþÞ=b1

for some constant b1. The same formula again holds with the

exponent replaced by �jjgjp near a non-hyperbolic steady

state of the form df=dg 	 jjgjp�1ðf � fþÞ.
Based on the typical divergence from, a linear or nonlin-

ear steady state, therefore, near either of the states dx
dt ¼ fþ or

dx
dt ¼ f�, the system behaves asymptotically like

dx

dt
	 fi xð Þ þ gi xð Þe�jijv=ejpi

X1
n¼0

b ið Þ
n xð Þ e=vð Þn (29)

as v/e ! �1 for i¼þ or v/e ! þ1 for i¼�, for positive

constants ji; pi; b
ðiÞ
n . The vector-valued functions gi(x)

describe the trajectories in function space by which dx
dt

departs from each of the fi. Provided bðiÞ0 ¼ 0 if ji¼ 0; this

ensures that the second term vanishes for v/e!61.

If we had the exact differential equations for f(x; y),

then we would now apply asymptotic matching (see, e.g.,

Ref. 1) to unify the two approximations in (29). When no

such differential equations are known, we may seek to rep-

resent f by a series approximation in x only, since y is

assumed to be beyond ready observability. The terms of the

series must be functions that give the correct asymptotic

behaviour for positive and negative v, and this can be

achieved with sigmoid functions u that vary monotonically

from �1 to þ1, switching value at g(x)¼ 0. Thus, we take

the series (23) with (24).

Finding the first two coefficients is similar to the piece-

wise smooth case. Comparing (23) to (29) at the steady states

fþ and f�, we have that a0 ¼ 1
2

fþ þ f�Þ þ
P

a2n

�
and

a1 ¼ 1
2

fþ � f�Þ þ
P

a2nþ1

�
, so

dx

dt
¼ fþ þ f�

2
þ fþ � f�

2
ue vð Þ þ E x;ue vð Þð Þ; (30)

where Eðx;ueÞ ¼ ðu2
e � 1Þgðx;ueÞ, with E and g being the

same functions as in the piecewise smooth case (27).

The remaining coefficients gathered together in g can be

found by assuming that ue has an asymptotic expansion of

the form

ueðvÞ 	 signðvÞ 1þ e�jcjv=ejpc
X1
n¼0

cnðe=vÞn
 !

; (31)

consistent with (24). For example, the Hill functions14 behave

as ZðxÞ ¼ x1=e

x1=eþh1=e 	 1
2
þ signðx� hÞð1

2
� e�j logðx=hÞj=e þ � � �Þ

for x> 0, and we let v ¼ x� h; ueðvÞ ¼ 2Zðhev=eÞ � 1, and

other common sigmoids include ueðvÞ ¼ tanhðv=eÞ 	 sign

ðvÞ 1� 2e�2jvj=e þ � � �ð Þ; ueðvÞ ¼ Erfðv=eÞ 	 signðvÞ 	e�v2=e2

ððe=vÞ � 1
2
ðe=vÞ3 þ � � �Þ=

ffiffiffi
p
p

.

To give an example of the coefficients an�2, if we

assume some symmetry in the asymptotic limit such that

jþ¼ j� and pþ¼ p�, then it makes sense to choose

jc¼ jþ¼ j�:¼j and pc¼ pþ¼ p�:¼ p, then comparing

terms of order e�kjgjp allows us to find a2 and a3 as
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a2 ¼
1

4c0

gþb
að Þ

0 þ g�b
bð Þ

0

� �
�
X1
m¼2

ma2m;

a3 ¼
1

4c0

gþb
að Þ

0 � g�b
bð Þ

0

� �
� 1

4
fþ � f�ð Þ �

X1
m¼2

ma2mþ1;

(32)

and so on, recursively for each coefficient an.

V. EXAMPLE: SWITCHING ASYMPTOTICS IN A
CONTROL CIRCUIT

The most obvious kind of sigmoidal behaviour in

physics is a mechanical or electronic binary relay (Figure 3).

Consider a typical electrical model based on a DC-DC con-

verter, with a battery voltage Vb and inductor current I. A

connecting circuit, with a capacitance C and resistance R
across which the voltage is V, is disconnected if V exceeds a

value Vb. The empirical model of the on and off positions is

‘‘on’’ :
L

d

dt
I ¼ V0 � V;

RC
d

dt
V ¼ IR� V;

‘‘off’’ :
L

d

dt
I ¼ V0;

RC
d

dt
V ¼ �V:

8>><
>>:

8>><
>>:

(33)

What then happens during the transition between these

two? The simplest model we might write down, and the can-

oncial Utkin/Filippov approach,7,32 expresses (33) as

L
d

dt
I;RC

d

dt
V

	 

¼ f ¼ V0;�Vð Þ þ �V; IRð Þl;

where l ¼ step Vb � Vð Þ: (34)

The switch l is related to the multiplier k in Sec. IV by

l ¼ 1
2
þ 1

2
k; we use l here as it is more common in this

application.

Let us then consider a more general class of systems

L
d

dt
I;RC

d

dt
V

	 

¼ f ¼ V0;�Vð Þ þ �Vl; IRp lð Þ

� �
;

where l ¼ step Vb � Vð Þ; (35)

such that p(l)¼ step(Vb�V) for V 6¼Vb and so, at least off

of the switching surface, (34) and (35) are identical. This

does not, however, mean that p(l)�l everywhere (This

class is introduced for demonstration, and it may be possible

to motivate more experimentally relevant classes from the

precise physics of a given device). For the sake of an explicit

example, we shall consider p(l)¼ l�r(1� l)l below, so

that the original system (34) corresponds to r¼ 0. We shall

ask to what extent we can distinguish between systems with

different r.

The smooth function replacing the step should be mono-

tonic and continuous, say, l ¼ ueðVb � VÞ defined in

terms of a stiffness parameter e, such that u0ðVb � VÞ
¼ stepðVb � VÞ. The resulting system,

L
d

dt
I;RC

d

dt
V

	 

¼ f ¼ V0;�Vð Þ þ �Vl; IRp lð Þ

� �
;

where l ¼ ue Vb � Vð Þ; (36)

becomes (35) as e! 0, i.e., this is an e-perturbation of (35).

The system (36) has a small deviation from the steady

states l¼ 0 and l¼ 1 for jvj > e, described by the derivative

with respect to V/e,

@

@V=e
f ¼ �V; IRp0 lð Þ

� � dl
dV=e

þO eð Þ: (37)

The p0 term means this deviation will be r dependent.

The term dl
dV=e means the deviation will be of order

OðjVb � Vj=eÞ or smaller, as discussed in Sec. IV leading

to (29). Take for example ue to be an arctan function,

specifically

ue Vb � Vð Þ ¼ 1

2
þ 1

p
arctan

Vb � V

e

	 

;

¼ step Vb � Vð Þ � e
p Vb � Vð Þ þO

e2

Vb � Vð Þ3

 !

then

dl
dV=e

¼ due Vb � Vð Þ
dV=e

¼ p�1

1þ jVb � Vj2=e2
;

¼ e2

2jVb � Vj2
þO

e3

Vb � Vð Þ3

 !
;

hence

@

@V=e
f ¼ �V; IRp0 lð Þ

� � e2

2jVb � Vj2
þO

e3

Vb � Vð Þ3
; e

 !
:

(38)

The difference between models with different r is there-

fore very small, shrinking with e and with e2

jVb�Vj2 for V away

from Vb (and alternative sigmoid functions may give devia-

tions exponentially rather than polynomially small in

jVb � Vj=e). Observing the deviation directly, therefore,

would be a challenge in practice. Nevertheless, we will show

that r has significant and observable effects on the stability

of the circuit no matter how small e is (i.e., how close the

system is to discontinuous), because the term e2

jVb�Vj2 permits

significant deviations near V¼Vb. So we now turn to the cir-

cuit’s behaviour.

With the switch in the “on” position the state spirals in

towards an attracting focus at I¼V0/R, V¼V0, as shown in

Figure 4. In the “off” position, the system is driven towards

the switching surface V¼Vb. We then need a law describing

how the systems evolves at the switch.

We can use the smooth system to derive how l jumps

between 0 and 1 across the switching surface. Differentiating

l ¼ ueðVb � VÞ with respect to t gives

103125-7 Mike R. Jeffrey Chaos 25, 103125 (2015)

 Reuse of AIP Publishing content is subject to the terms at: https://publishing.aip.org/authors/rights-and-permissions. Downloaded to  IP:  137.222.120.226 On: Thu, 28 Apr

2016 14:07:58



e
d

dt
l ¼ e

dV

dt

d

dV
l ) ~e e;Vð Þ d

dt
l ¼ d

dt
V; (39)

where ~e ¼ e= dl
dV=e satisfies e < ~e < 4e inside the transition

region jV � Vbj < e, hence ~e ¼ OðeÞ is small around

the switch. We can therefore introduce a fast timescale

s ¼ t=~e in terms of which d
ds l ¼ dV

dt ¼ f � rV. The depend-

ence on e is supressed (but, for e¼ 0, the s timescale is

instantaneous compared to t), and we can take the limit e
! 0 to obtain the piecewise smooth system, in which the

transition region becomes the switching surface V¼Vb,

on which we have

L
d

dt
I;RC

d

ds
l

	 

¼ V0;�Vbð Þ þ �Vbl; IRp lð Þ

� �
: (40)

Thus (40) prescribes the dynamics on (I, l) at a point on

the switching surface V¼Vb. Let us take the function p(l) as

pðlÞ ¼ l� rð1� lÞl; (41)

as an example, and assume jrj < 1. Then, for IR<Vb, we

have dl/ds< 0, implying that the flow crosses directly from

V>Vb to V<Vb. For IR>Vb instead, the interval or layer of

the transition, l 2 [0, 1], contains an attractor in the form of

a saddlepoint at l ¼ V0

Vb
; IR ¼ V3

b

V0Vb�rV0ðVbþV0Þ. The dynamics

outside the layer are shown in the main part of Figure 4, with

a blow up (inset) of the dynamics on l 2 [0, 1] inside the

switching surface V¼Vb, shown near the saddle.

Solutions that enter the layer l 2 [0, 1] will be attracted

to one of the two unstable manifolds of the saddle, either

traveling toward increasing I with V remaining on the

switching threshold (shown in Figure 4(a)) or traveling

toward decreasing I, before detaching from the switching

surface at IR¼Vb and spiralling in towards the focus in the

“on” position (shown in Figure 4(b)).

The critical effect of r in this system is to shift the cur-

rent I ¼ V3
b=R

V0Vb�rV0ðVbþV0Þ at which the saddlepoint occurs on

the switching surface. Figure 4 shows the behaviour of the

system from an initial condition (I, V)¼ (0, 0) for two differ-

ent values of r.

If we set r¼ 0, then from I¼V¼ 0, the system trajec-

tory enters the sliding mode to the right of the saddle, and

the current grows unboundedly, while the voltage remains

fixed at V¼Vb. In this case, the switch depends linearly on

l, and the sliding mode is simply as would be obtained from

Filippov/Utkin’s standard method,7,32 where the saddlepoint

at l ¼ V0

Vb
; IR ¼ V2

b

V0
is usually called a psuedoequilibrium.

For r nonzero, instead, the saddlepoint moves to a

higher current, and from the initial condition I¼V¼ 0, the

system hits the sliding mode to the left of the saddle, the cur-

rent falls until the sliding mode terminates, and the system

then spirals in towards the focus. The difference in the dy-

namics at V¼Vb has to do with the fact that, with r 6¼ 0, the

system is nonlinear in the switching parameter l.

The effect of nonlinearity in the voltage response to the

switch here is relatively minor—shifting the saddlepoint—

but with stark effects on the system stability. The effects can

easily be more interesting, as we show with an abstract but

novel example in Section VII. First, we shall generalize the

methods above for analyzing the piecewise smooth system,

without having to concern ourself with the asymptotics of

smoothing, yet without losing the distinction between sys-

tems that behave differently near the switch.

VI. NONSMOOTH DYNAMICS—THE NONLINEAR
APPROACH

We can generalize the methods used in Section V with a

slight development of methods proposed in Refs. 7 and 17.

We have shown in Section IV that we can express the

system (1) as

dx

dt
¼ fþ xð Þ þ f� xð Þ

2
þ fþ xð Þ � f� xð Þ

2
kþ E x; kð Þ; (42)

where

k ¼ sign v and vEðx; kÞ ¼ 0: (43)

FIG. 4. Phase portrait of the current, showing the piecewise smooth system

(main picture), and a blow up of the switching surface into the layer l 2
[0, 1] revealing a saddle. The trajectory from I¼V¼ 0 is shown, simulat-

ing values L¼ 5, V0¼ 5, Vb¼ 6, RC¼ 5/2, R¼ 15/4, and (a) r¼ 0, (b)

r¼ 1/2.
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The term E is the “hidden” part of the vector field, the condi-

tion vE ¼ 0 meaning that this vanishes outside the switching

surface.

At v¼ 0, the system (1) with (3) gives a differential

inclusion, but (as we found in Sec. V) it turns out that the

value of k can be fixed in most cases by dynamical argu-

ments. For E � 0, this is done using Filippov’s sliding

modes,7 and in Ref. 17, these ideas were extended to the

case when E is nonzero, i.e., when (42) depends nonlinearly

on k. We shall review the method briefly.

We introduce a transition timescale s which is instanta-

neous in the original timescale t (so we may think of this as

s ¼ lime!0 t=e for some e> 0, as we obtained in Section V).

Since k switches between 61 as v changes sign, its variation

is driven by the component of the vector field along rv nor-

mal to the switching surface, so we define the dynamics of

k as

d

ds
k ¼ f x; kð Þ � rv on v ¼ 0: (44)

This is the generalization of the expression we obtained

in the circuit model in Section V, and can be more generally

derived from a smoothing of (1) using arguments of

asymptotics and geometric singular perturbation theory; see

Refs. 17–19.

The expression (42) with (44) is now sufficient to pres-

cibe the dynamics of the piecewise smooth system fully.

Combining them at the switching surface, taking coordinates

x¼ (x1, x2,…,xn) in which x1¼ v(x), and letting f¼ (f1, f2,…,

fn), we have the two timescale system

d

ds
k ¼ f1 x; kð Þ

d

dt
x2;…; xnð Þ ¼ f2 x; kð Þ;…; fn x; kð Þð Þ

9>=
>; (45)

on x1¼ 0. When a solution reaches the discontinuity, the sys-

tem (45) facilitates either the transition from one side of the

switch to the other, or, if equilibria of the s timescale subsys-

tem exist (i.e., where d
ds k ¼ 0), k collapses to a value ks

given by

0 ¼ f1 x; ksð Þ
d

dt
x2;…; xnð Þ ¼ f2 x; ksð Þ;…; fn x; ksð Þð Þ

9=
; (46)

on x1¼ 0. These equilibria, if they exist, represent sliding
modes, whereby the dynamics sticks to the switching thresh-

old v¼ 0 and evolves (slides) along it. We see that these are

precisely the sliding modes defined in (5) by Filippov, except

that now with (42) and (45) they apply also to systems with

nonlinear dependence on k.

These are the basic elements for solving a system with

nonlinear switching. We have seen in three examples how

nonlinear terms can alter the dynamics. Nonlinearity can

read to much more interesting dynamical phenomena, an

example of which is given below.

VII. EXAMPLE: HIDDEN DUFFING OSCILLATOR

Consider the system

d

dt
x1; x2ð Þ ¼ x2 � cx1;�k3 � bx2 þ a cos t

� �
; (47)

where k¼ sign(x1), for constants a, c, b. The dynamics is

that of a fused focus, that is, a folding of the dynamics either

side of the switch that creates focus-like attraction towards

x1¼ x2¼ 0; this is illustrated in Figure 5(a).

For x1 6¼ 0, this is indistinguishable from the linear

switching system

d

dt
x1; x2ð Þ ¼ x2 � cx1;�k� bx2 þ a cos tð Þ; (48)

where k¼ sign(x1), which is well described by Filippov/

Utkin sliding mode theory.7,21,32

FIG. 5. The flow of: (a) the fused focus (47), and (b) its switching layer

(50), shown at a fixed time, for constants c¼ 0.1, b¼ 0.05, and a¼ 0.15. An

orbit is simulated over a time t from 0 to 500.
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Both (47) and (48) are clearly models consistent with

the system

d

dt
x1; x2ð Þ ¼

x2 � cx1;�1� bx2 þ a cos tð Þ if x1 > 0;
x2 � cx1;þ1� bx2 þ a cos tð Þ if x1 < 0:

�
(49)

Let us apply the methods from Section VI to (47) to see

the effect of the k3 term in (47). Substituting (47) into (45) to

find the dynamics on x1¼ 0 gives

d

ds
k;

d

dt
x2

	 

¼ x2;�k3 � bx2 þ a cos t
� �

on x1 ¼ 0; (50)

where s is an instantaneous transition timescale. Only the

attracting point x1¼ x2¼ 0 satisfies Equation (46), so slid-

ing modes are confined to the origin and would seem to be

of little interest. However, in the variables (k, x2), the sys-

tem (50) is a form of Duffing oscillator (see, e.g., Ref. 13),

and this can lead to rich dynamics inside the transition layer

k 2 [�1, þ1].

Simulations indeed reveal nontrivial dynamics on k and

x2 for k 2 [�1, þ1]. One simulation is shown in Figure 5(b),

showing the switching surface x1¼ 0 “blown up” into a

switching layer k 2 [�1, þ1] on x1¼ 0. The variable x2

varies only slightly, while k oscillates in an irregular pattern

between values of around jkj � a1=3.

The structure of the orbit in Figure 5(b) may appear to

be of little significance since it is negligible in the state space

of (x1, x2) in Figure 5(a). The switching parameter k may,

however, have a noticeable effect on the system, for exam-

ple, if it affects another variable. Let us introduce a third

variable satisfying some simple equation involving the

switch, say

j
d

dt
x3 ¼ k� x3; (51)

where j is some constant, then x3 will be simply 61 outside

the switching surface, but inside the surface, it will track the

dynamics of k. We choose j small enough in our simulations

so that x3 and k are indistinguishable.

After discarding transients, x3(t) is seen to have oscilla-

tory, complex, and chaotic dynamics for different parame-

ters, including Ueda’s chaotic attractor,31 as expected from a

Duffing oscillator. Figure 6(a) shows a plot of x3(t). The

speed of the timescale s matters here, so we let s¼ t/e, the

ideal instantaneous switch corresponding to the limit e ! 0.

The curves (i) and (ii) show x3(t) (or equivalently the value

of k) for e¼ 10�2 and e¼ 10�5, respectively. The oscillations

become more regular as e tends to zero, with the amplitude

of this regular oscillation tending to around a1=3.

Contrast this with the curve (iii), which shows the graph

of x3(t) for the linear model (48), obtained by replacing k3

with k in (50), and gives instead always a steady oscillation

(which does not vary appreciably with e), but with an ampli-

tude a, rather than the a1=3 of the nonlinear system.

Throughout this paper, we have tried to show that

smoothing is a tautologous process, that is, it cannot be used

to justify one way or another of resolving a discontinuous

system, say, taking (47) or (48) to resolve (49), and that sys-

tems must be distinguished in the expression of the discon-

tinuous systems themselves. We demonstrate this finally by

smoothing out the systems (47) and (48) directly, replacing k
in those expressions with

ueðx1Þ ¼
signðx1Þ if jx1j � e;

x1=e if jx1j < e;

�
(52)

and we simulate in Figure 6(b) the orbits corresponding to

those in Figure 6(a). The qualitative dynamics is similar,

with only minor quantitative differences in the precise form

of smaller oscillations, confirming that smoothing only pre-

serves the differences between the linear and nonlinear

models. Simulations using alternative smoothing functions

such as ueðx1Þ ¼ 2
p arctanðx1=eÞ or ueðx1Þ ¼ tanhðx1=eÞ, or a

smooth non-analytic function equal to exactly sign(x1) out-

side jx1j > e, yield results with no significant difference to

those using (52).

VIII. CLOSING REMARKS

The traditional use of Filippov’s theories to tackle piece-

wise smooth systems neglects the possibility of nonlinear de-

pendence on k (we should remark that Filippov’s work7 sets

out results for much more general differential inclusions, but

most of his detailed theory and most modern theory derived

from it assume linear dependence). In many cases, the

assumption of linear dependence on k will be sufficient, but

nonlinear dependence may have to be introduced if a linear

FIG. 6. Simulations of hidden dynamics, plotting z(t) (or ueðxðtÞÞ for: (i) the

nonlinear system with e¼ 10�2, (ii) the nonlinear system with e¼ 10�5, and

(i) the linear system with e¼ 10�2. Panel (a) is a simulation of the switching

layer system (50), and panel (b) is a simulation of the full system (47)

smoothed out using k ¼ ueðx1Þ. All simulations are with c¼ 0.1, b¼ 0.05,

and a¼ 0.15.
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model’s dynamics is inconsistent with experiment, if we

smooth the system out, or, something we have not discussed

here, if singularities arise that exhibit degeneracy inside the

switching surface.18

In systems with multiple switches, sigmoid series can be

developed in a similar manner. The linear (i.e., E ¼ 0) part

of the expression (26) becomes a multilinear expansion

in terms of multiple switching multipliers k1, k2,…km, a gen-

eral form for which was given in Ref. 16. The nonlinear

Eðx; k1; k2;…kmÞ term becomes a function obeying

v1v2…vmEðx; k1; k2;…kmÞ ¼ 0, where vi for i¼ 1, 2,…, m
denote m independent switching surfaces. These systems are

particularly interesting because, even if each of the ki’s

appears only linearly itself, so E � 0, there may still be mul-

tilinear dependence due to products of the ki’s. Some early

hints of novel phenomena that arise as a direct extension of

the phenomena we have shown above to multiple switches

can be found in Refs. 6 and 23.

Great intricacy is evidently to be found in not only the

global but also the local effects of discontinuity, due to singu-

larities,18 bifurcations,9,15,27 and now it seems also due to the

hidden dynamics of the switch itself. To analyse these models

and apply them to physical systems requires looking closer at

how piecewise smooth models are formulated. The regulariza-

tions in Section III indicate that the range of models possible

is much wider than sometimes appreciated, while the sigmoid

series expansions in Section IV attempt to form a general

approach to encoding these different systems via nonlinearity.

In conclusion, whether we model a system as smooth or

nonsmooth is not the crucial question, as was illustrated in

Section VII in particular. What matters is that hidden

terms—those which are negligible away from the switching

surface—are respected in whichever modeling framework

we choose. Section IV provides the means to preserve these

hidden terms in a piecewise smooth model, and to discover

them from small deviations in the “real” system if it is

actually smooth. If we choose to analyze a system using

piecewise smooth theory, then Section VI outlines the basic

approach, and the examples throughout this paper are merely

a glimpse of the kind of strange behaviours that remain to be

explored, and which may perhaps offer new means to model

the dynamics of irregular systems.
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