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It is widely acknowledged that tracking the postbuckling response of structures

made from thin plates can be problematical. Such di�culty is associated with highly

nonlinear e�ects including mode jumping, imperfection sensitivity and their combined

interactions. Two widely used techniques that are currently used involve path fol-

lowing and asymptotic expansion. The former is often implemented in commercial

�nite element codes but can prove unreliable at representing branch switching. The

latter is a relatively quick technique due to its recursive linear nature but is only

reliable in the vicinity of bifurcations. Due to the overall complex nonlinearity, ana-

lytical closed form solutions do not exist for path following and rarely for quadratic

asymptotic expansions where simple forms have been adopted. This paper presents

an analytical-based approach that enables the e�cient optimal design of �moderately

deep� nonlinear postbuckling behaviour of laminated composite plates under uniax-

ial or biaxial loading. It provides a closed form solution that more reliably re�ects

deeper postbuckling response than the state-of-the-art. Subsequently, highly e�cient
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postbuckling optimization is attributed to the newly derived closed-form solution and

a recent two-level optimization framework.

I. Introduction

Laminated composite plates are increasingly used in primary aerospace structures. In the

current design philosophy buckling is con�ned to the ultimate load state, however, it is well-known

that plates, unlike many beams and shells, may load further in excess of their critical buckling load

before the occurrence of �nal failure. An alternate philosophy could be one in which buckling is

allowed to occur at loads closer to the limit state, thus reducing the number of plies in the laminates.

One problem with this concept is the added complications of non-linearity, caused by transverse

de�ections, and the associated di�culty it would bring to the design process. Today, solutions

for such problems may be computed routinely with commercial �nite-element codes, however, the

computational requirements of such models (albeit relatively small by current modelling standards)

are far in excess of what is practical in large-scale structural optimization problems.

Over the last two decades, relatively little work has been conducted to optimize the postbuckling

behaviour of composite structures [1�16]. Optimal design of composite structures for postbuckling

performance based on �nite element methods (FEM) generally encounter high computational cost

di�culties. Therefore, early e�orts were made to develop mathematical models that can rapidly

determine the postbuckling strength of composite structures, including use of the closed-form ex-

pressions [1, 3], Rayleigh-Ritz method [2, 6], Galerkin method [4], (Koiter's) perturbation method

[1, 3, 5] and the �nite strip method [15, 16]. Applying these e�cient models into optimization rou-

tines, a few specialized tools for the postbuckling optimization of composite structures have been

implemented, such as POSTOP [1], PANDA2 [3], NLPANOPT [5, 14] and VICONOPT [15, 16]. To

overcome the computational problems, an alternative strategy of constructing approximate models

(also known as surrogate models or response surface models) to replace the expensive FEM simu-

lation in the optimization process has been extensively used in recent years. A number of methods

have been successfully applied to build the global/local approximation models for postbuckling anal-
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ysis of composite structures, for example, the polynomial regression function [8], Arti�cial Neural

Networks [9, 10], Radial Basis Functions [10] and Kriging method [9]. The minimum weight de-

sign of composite structural components (sti�ened panels and shells) considering their postbuckling

response was carried out using these tools or approximate models. However, these speci�c codes

received limited applications and further development by other researchers partially due to their ex-

clusivity. The development of a completely analytical method that explicitly give the postbuckling

solutions (in closed-form) for the optimal design of postbuckling behaviour of composite structures,

therefore, remains of signi�cant interests.

Based on von Kármán's expressions, numerous works of analytical or semi-analytical methods

have been proposed to study the postbuckling behaviour of plates. Early works developed closed-

form solutions for isotropic plates [17�21]. Harris [22] proposed a closed-form expression for deter-

mining the initial postbuckling sti�ness of orthotropic composite plates. As an alternative method

to directly solve the governing equation or the energy function, perturbation methods provide an

e�ective way to solve the nonlinear problem asymptotically. Stein [21] proposed a perturbation

model for the postbuckling analysis of isotropic plates. Later, Chandra and Raju [23] extended

Stein's model for orthotropic plates. Shen and Zhang [30] originally employed the Airy's stress

function and perturbation method to derive the closed-form asymptotic postbuckling solutions for

isotropic plates under biaxial compression. They later extended this method in the derivation of

the closed-form asymptotic solutions for orthortropic plates [24]. However, in all of these models

the accuracy of the solutions was not retained at loads much beyond the buckling load, especially

in the case of highly orthotropic laminates. In the current work, an analytical model, based on an

improvement of Zhang and Shen's work [24], is developed giving explicit closed-form formula for

both the end-shortening strain and maximum transverse de�ection in terms of the boundary stress

resultants and material sti�nesses. The closed-form postbuckling model also enables designers to

take advantage of recent developments in structural optimization methods. The improved accuracy

of this new postbuckling solution is mainly due to the selection of an alternative choice of pertur-

bation parameter and a di�erent way of truncating the high-order terms. The new formulation is

capable of capturing moderately deep post-buckling behaviour. The terminology �moderately deep
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postbuckling� used here describes a postbuckled plate with signi�cant nonlinear behaviour. This

behaviour is in contrast to the commonly used initial postbuckling response which essentially uses

a linear model with reduced sti�ness or e�ective-width [17, 22]. The deep postbuckling behaviour

requires more nonlinear terms in the modelling process to capture the plate deformation or stress

resultants.

The optimization process for the postbuckling behaviour design of composite laminated plates

is conducted in a two-level strategy using lamination parameters as intermediate design variables

[25]. Diaconu and Weaver [26] derived the closed-form solution for the initial postbuckling response

of in�nitely long and symmetrically laminated composite plates, and applied it into a two-level

strategy for the postbuckling optimization. The closed-form postbuckling solution derived currently

is suitable for the design of �nite-length composite plates. In addition, it is also able to capture

the moderately deep postbuckling behaviour. In the �rst step, orthotropic composite plates are de-

�ned in terms of four lamination parameters (ξA,D
1,2 ). A gradient-based mathematical programming

algorithm (Globally Convergent Method of Moving Asymptotes - GCMMA) is applied to deter-

mine the lamination parameters, which minimize either the end-shortening strain or the maximum

transverse de�ection. In the second step, optimal layups are computed from the obtained lamina-

tion parameters using a genetic algorithm (GA). Numerical examples are investigated based on the

simply-supported plate with di�erent aspect ratios and in-plane loading cases.

II. Postbuckling Analysis

A. Basic equations

In classical lamination plate theory (CLPT), the constitutive equations for rectangular compos-

ite plates in a partially inverted form is de�ned as [27], ϵ0

M

 =

 a b

−bT D∗


 N

κ

 (1)

where a = A−1, b = −A−1B, D∗ = D − BA−1B and A, B and D are in-plane, coupling and

bending sti�ness matrices, respectively. The term ϵ0 is the mid-plane strain, κ is the curvature and

N, and M are in-plane stress and bending moment resultants, respectively. The composite plates
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studied in this paper are orthotropic, that is B = 0 and D∗ = D.

The von Kármán large de�ection equations that de�ne the nonlinear relation between the mid-

plane strains and mid-plane displacements are [28],

ϵ0x = u0
,x + 1

2w
2
,x ϵ0y = v0,y +

1
2w

2
,y ϵ0xy = u0

,y + v0,x + w,xw,y (2)

The in-plane stretching behaviour of a plate is modelled by the Airy's stress function(Φ) in our

model, The stress resultants N (Nx, Ny, Nxy) are de�ned as,

Nx = Φ,yy, Ny = Φ,xx, Nxy = −Φ,xy (3)

On the basis of Eqs.(1), (2) and (3), we write the compatibility and equilibrium equations for

a plate with large transverse displacements as[26, 29]

a11Φ,yyyy + (2a12 + a66)Φ,xxyy + a22Φ,xxxx

− 2a16Φ,xyyy − 2a26Φ,xxxy = (w,xy)
2 − (w,xx)(w,yy)

(4)

D11w,xxxx + 2(D12 + 2D66)w,xxyy +D12w,yy +D22w,yyyy+

4D16w,xxxy + 4D26w,xyyy +Φ,yyw,xx +Φ,xxw,yy − 2Φ,xyw,xy = 0

(5)

Con�ning the analysis to orthotropic laminates, that is a16 = a26 = 0 and D16 = D26 = 0, the

problematic anisotropic terms in Eqs. (4) and (5) are eliminated.

B. Asymptotic solutions

The closed-form asymptotic solutions for the postbuckling analysis of constant sti�ness plates

are derived with a perturbation analysis [21, 30]. As illustrated in Figure 1, the laminated plate

studied in this paper is simply-supported and subjected to a biaxial loading. The ratio between the

longitudinal loading (Nx0) and transverse loading (Ny0) is denoted by k. The four edges are assumed

to remain straight during the loading and deformation, that are constant in-plane displacement

boundary conditions,

u,y(0, y) = u,y(a, y) = v,x(x, 0) = v,x(x, b) = 0. (6)
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To satisfy the boundary conditions and also consider nonlinear structural behaviour in post-

buckling regime, the out-of-plane de�ection and Airy's stress function are expressed in the following

perturbation forms [21, 24, 30],

w(x, y) =ε
[
w1 sin

mπx

a
sin

nπy

b

]
+ ε3

[
w3 sin

mπx

a
sin

nπy

b
+

w13 sin
mπx

a
sin

3nπy

b
+ w31 sin

3mπx

a
sin

nπy

b

]
+O(ε5)

(7)

Φ(x, y) =− ϕ(0)
x

y2

2
− ϕ(0)

y

x2

2
+ ε2

[
−ϕ(2)

x

y2

2
− ϕ(2)

y

x2

2
+

ϕ
(2)
20 cos

2mπx

a
+ ϕ

(2)
02 cos

2nπy

b

]
+ ε4

[
−ϕ(4)

x

y2

2
− ϕ(4)

y

x2

2
+

ϕ
(4)
20 cos

2mπx

a
+ ϕ

(4)
02 cos

2nπy

b
+ ϕ

(4)
22 cos

2mπx

a
cos

2nπy

b
+

ϕ
(4)
40 cos

4mπx

a
+ ϕ

(4)
04 cos

4nπy

b
+ ϕ

(4)
24 cos

2mπx

a
cos

4nπy

b
+

ϕ
(4)
42 cos

4mπx

a
cos

2nπy

b

]
+O(ε6)

(8)

where m and n are the number of half-waves of w in x and y directions, respectively. Note, the

zeroth, second and fourth order terms of out-of-plane displacement (w) and �rst and third order

terms of Airy function (Φ) are eliminated due to the orthogonality condition [38]. Substituting

the expressions of (7) and (8) into the postbuckling governing equations (4) and (5) results in

a set of linear non-homogeneous equations, where the unknown coe�cients (w1, w3, · · · , ϕ(2)
20 , · · · )

can be determined by a step-by-step procedure [21, 24, 30]. The di�erence between Zhang and

Shen's model [24] and the present work is the assumption for truncating the higher order terms

(O(ε5),O(ε6), · · · ) in the derivation of closed-form expressions of these unknown coe�cients and

the choice of perturbation parameter ε. In Zhang and Shen's model, the coe�cient w3 is assumed

to be 0 and the perturbation parameter is chosen by truncating the expansion of the maximum

transverse de�ection. In our work, the perturbation parameter is chosen from the in-plane stress

resultant in the x-direction at the boundary Nx0. We have found that retaining more terms for

mode shape assumption (Eq. 7) is bene�cial to accurately capture the nonlinearity of postbuckling

behaviour of composite laminates in �moderately deep� range. As such, it is necessary to include

the coe�cient w3 in the derivation of postbuckling solution. The importance of coe�cient w3 will

be demonstrated in the subsequent comparison with Zhang and Shen's model. The in-plane stress
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resultant Nx0 is given by the following series,

Nx0 = N (0)
x + ε2N (2)

x + ε4N (4)
x + · · · (9)

where each component of the series expansion for Nx0 is related to the coe�cients in Eq. (8) by

the relations N
(0)
x = ϕ

(0)
x , N

(2)
x = ϕ

(2)
x , N

(4)
x = ϕ

(4)
x . In Eq. (9), the term ε4N

(4)
x and higher order

perturbation terms are ignored (N
(4)
x = 0 · · · ). The perturbation parameter then becomes [21, 23],

ε2 =
Nx0 −N

(0)
x

N
(2)
x

(10)

The unknown coe�cients in Eqs. (7) and (8) are determined as,

ϕ(0)
x = N cr

x =
(mπ

a

)2 [D11 + 2(D12 + 2D66)α
2 +D22α

4
]

1 + kα2
(11)

ϕ
(2)
02 =

w2
1

32a11α2
, ϕ

(2)
20 =

α2w2
1

32a22 (12)

ϕ(2)
x =

w2
1

16(1 + kα2)

(nπ
b

)2( 1

a11α2
+

α2

a22

)
(13)

w13 =
(1 + kα2)w3

1

(16a11α2)[−8kD11 + 16(D12 + 2D66) + (80− 72kα2)D22α2]

w31 =
α4(1 + kα2)w3

1

(16a22)[(72− 80kα2)D11 + 16kα4(D12 + 2D66)− 8D22α4]
(14)

w3 =
3

2

ϕ
(2)
02 w13 + ϕ

(2)
20 w31

ϕ
(2)
02 + ϕ

(2)
20

w3
1 (15)

where k = Nx0/Ny0 is the speci�ed loading ratio, N cr
x is the critical buckling load of plate and

α = na/mb is the buckling mode parameter.

For a uniaxial compression-loaded plate, the number of half-waves along the x and y directions

are given by,

m = (a/b) 4
√

D22/D11 n = 1. (16)

7



where (a/b) 4
√
D22/D11 is also known as the e�ective aspect ratio.

For the case of biaxial compressive loading, however, no formulae exists for the number of half-

waves (m and n) that can directly determine the lowest buckling load in Eq. (11). Libove [31]

proved that, when a simply-supported orthotropic plate in biaxial compression buckles, one of the

number of half waves in the principle directions, m or n, must be one. Tung et al. [32] further

studied this problem and gave the formula to determine m and n for di�erent cases, which are

classi�ed by the e�ective aspect ratio (α) and the speci�ed loading ratio (k).

The number of half-waves m and n that give the lowest buckling load of a plate under biaxial

compression can be determined through analysing the stationary points of Eq. (11). From Libove's

proof, the minimum value of N cr
x in Eq. (11) only occurs when either m or n equals to 1. Let

n = 1, the stationary condition of Eq. (11) results in a quadratic equation with respect to m2. The

following expression is then derived to approximately estimate the half-waves number m along x

direction [32],

m2 ∼=
(a
b

)√k2D11 − 2k(D12 + 2D66) +D22

D11
− k

 (17)

For the case that m equals 1, the half-wave number n is given by,

n2 ∼=
1

k

(
b

a

)√D22 − 2k(D12 + 2D66) + k2D11

D22
− 1

 (18)

Eqs. (17) or (18) have limited applicability, because both contain two square root expressions.

In a numerical procedure of searching roots m and n, Eqs. (17) and (18) are �rst veri�ed. For

instance, Eq. (17) is only used when both ∆1 = (k2D11− 2k(D12+2D66)+D22)/D11 and
√
∆1−k

are positive, otherwise m is assigned to be 1. Eqs. (17) or (18) have limited applicability, because

both contain two square root expressions. In a numerical procedure of searching m and n, Eqs. (17)

and (18) are �rst veri�ed. For instance, Eq. (17) is only used when both ∆1 = (k2D11 − 2k(D12 +

2D66) +D22)/D11 and
√
∆1 − k are positive, otherwise m is assigned to be 1.

The end-shortening strains of a postbuckled rectangular laminated plate along x and y directions

are calculated from [19],

ϵx =
1

ab

∫ a

0

∫ b

0

[
a11

∂2Φ

∂y2
+ a12

∂2Φ

∂x2
− 1

2

(
∂w

∂x

)2
]
x=0,a

dxdy

= (a11 + ka12)
(
ϕ(0)
x + ε2ϕ(2)

x

)
+

1

8
ε2
(mπ

a

)2
+

1

4
ε4w3

(mπ

a

)2 (19)
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ϵy =
1

ab

∫ a

0

∫ b

0

[
a12

∂2Φ

∂y2
+ a22

∂2Φ

∂x2
− 1

2

(
∂w

∂y

)2
]
y=0,b

dxdy

= (a12 + ka22)
(
ϕ(0)
y + ε2ϕ(2)

y

)
+

1

8
ε2
(nπ

b

)2
+

1

4
ε4w3

(nπ
b

)2 (20)

The maximum out-of-plane de�ection of a plate in postbuckling regime is computed from a

single half-wave,

wmax = εw1 + (w3 − w13 − w31)ε
3 (21)

Substituting the coe�cients in Eqs. (10)-(13) into Eqs. (19)-(21), the end-shortening strain

and maximum out-of-plane de�ection function are written as,

ϵx =(a11 + ka12)N
cr
x + (Nx0 −N cr

x )

[
(a11 + ka12) +

2a11a22(1 + kα2)

a22 + a11α4

]
+

(Nx0 −N cr
x )2

6b2

(nπ)2
(1 + kα2)2

a322 + 3a11a222α
4 + 3a211a22α

8 + a311α
12
·[

a11a
3
22(1 + kα2)

−8kD11 + 16(D12 + 2D66) + (80− 72kα2)α2D22)
+

a311a22α
10(1 + kα2)

(72− 80kα2)D11 + 16kα4(D12 + 2D66)− 8α4D22

]
(22)

wmax =
4b

nπ

[
(Nx0 −N cr

x )(1 + kα2)a11a22α
2

a22 + a11α4

] 1
2

{
1 +

(
b

nπ

)2 [
(Nx0 −N cr

x )(1 + kα2)2a11a22α
2

2(a22 + a11α4)2

]
·[

(a22 − 2a11α
4)/(a11α

2)

−8kD11 + 16(D12 + 2D66) + (80− 72kα2)α2D22

+
α6(a11α

4 − 2a22)/a22
(72− 80kα2)D11 + 16kα4(D12 + 2D66)− 8α4D22

]}
(23)

Note, the accuracy of the postbuckling model given by Eqs. (22) and (23) for biaxial compressive

loaded plates with highly orthotropic material (E1/E2 is large) is not satisfactory, when the load

ratio (k) and aspect ratio (a/b) are large. To accurately model such cases, more terms should be

included in the perturbation expansion (7) and (8). However, to derive such a postbuckling model

is cumbersome and out of the scope of this paper. From our numerical experience, Eqs. (22) and

(23) is su�ciently accurate for highly orthotropic material when k < 0.5 and a/b < 5.

For the case that laminated plates are only subjected to a uniaxial compressive loading (k =
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0, Ny0 = 0), Eqs. (22) and (23) reduce to,

ϵx =a11N
cr
x + (Nx0 −N cr

x )(a11 +
2a11a22

a22 + a11α4
)+

6b2

(nπ)2
(Nx0 −N cr

x )2

a322 + 3a11a222α
4 + 3a211a22α

8 + a311α
12
·[

a11a
3
22

16(D12 + 2D66) + 80D22α2
+

a311a22α
10

72D11 − 8D22α4

] (24)

wmax =
4b

nπ

[
(Nx0 −N cr

x )a11a22α
2

a22 + a11α4

] 1
2
{
1 +

(
b

nπ

)2 [
(Nx0 −N cr

x )a11a22α
2

2(a22 + a11α4)2

]
·[

(a22 − 2a11α
4)/(a11α

2)

16(D12 + 2D66) + 80α2D22
+

α6(a11α
4 − 2a22)/a22

72D11 − 8α4D22

]} (25)

As such, in Eqs. (22) and (23), the end-shortening strain (ϵx) and maximum transverse de�ection

(wmax) of a postbuckled rectangular plate are expressed as nonlinear functions of applied external

(compression) load. The nonlinearity of the postbuckling equilibrium path is explicitly de�ned in

terms of the composite sti�nesses (aij , Dij), plate aspect ratio (k) and external loading (Nx0−N cr
x ).

If the nonlinear terms (with respect to the applied compression loading) are ignored and only the

linear terms are retained, Eq. (22) reduces to the same form as Harris's model [22].

III. Lamination parameters

In the determination of Eqs. (22) and (23), the in-plane and bending sti�ness of an orthotropic

laminated plate are expressed in terms of four lamination parameters as,



A11

A12

A22

A66


= h



1 ξA1 ξA2 0 0

0 0 −ξA2 1 0

1 −ξA1 ξA2 0 0

0 0 −ξA2 0 1





U1

U2

U3

U4

U5


(26)



D11

D12

D22

D66


=

h3

12



1 ξD1 ξD2 0 0

0 0 −ξD2 1 0

1 −ξD1 ξD2 0 0

0 0 −ξD2 0 1





U1

U2

U3

U4

U5


(27)

10



where U1, U2, U3, U4, U5 are material invariants of composite [33]. The in-plane compliance constants

aij in terms of lamination parameters are obtained from the in-plane sti�ness Aij by the expressions,

a11 =
A22

A11A22 −A2
12

, a12 = − A12

A11A22 −A2
12

a22 =
A11

A11A22 −A2
12

, a66 =
1

A66

(28)

ξA1,2 and ξD1,2 are the in-plane and out-of-plane lamination parameters respectively and de�ned as,

ξA[1,2] =
1

2

∫ 1

−1

[cos(2θ(z̄)) cos(4θ(z̄))]dz̄ (29)

ξD[1,2] =
3

2

∫ 1

−1

[cos(2θ(z̄)) cos(4θ(z̄))]z̄2dz̄ (30)

where θ(z̄) is the layup function in the thickness direction of the plate.

Optimal laminates are determined using lamination parameters as design variables. The bene�t

of using lamination parameters over ply angles is that the entire design space is represented, regard-

less of the number of plies, by a �xed number of variables. The optimal lamination parameters for

a given application, therefore, represent the optimal design for particular lamina type rather than a

stacking sequence. Once they are known the task becomes the computation of the laminate which

most closely meets the optimal lamination parameters. In the current work, a two-level optimization

procedure was carried out to determine the layups given the optimal postbuckling behaviour [26].

The two-level approach has been applied as an e�ective means [25] to solve complex optimization

problems that are involved in the design of composite laminates. Recently, it was successfully ap-

plied to solve a challenge optimization problem for tow-steering composite laminates [35], which

possess spatially varying material properties.

Previous optimization works [26] employed an outer boundary of the feasible region of lamination

parameters. In plate postbuckling, a strong coupling between the in-plane sti�ness and out-of-

plane sti�ness is present. Consequently, an accurate boundary of the feasible region of lamination

parameters is important for obtaining meaningful optimal solutions. Based on the work in Wu et

al. [34, 35], such a boundary for ξA1,2 and ξD1,2 is de�ned by the following equations.

11



5(ξA1 − ξD1 )2 − 2(1 + ξA2 − 2(ξA1 )
2) ≤ 0 (31)

(ξA2 − 4tξA1 + 1 + 2t2)3 − 4(1 + 2|t|+ t2)2(ξD2 − 4tξD1 + 1 + 2t2) ≤ 0 (32)

(4tξA1 − ξA2 + 1 + 4|t|)3 − 4(1 + 2|t|+ t2)2(4tξD1 − ξD2 + 1 + 4|t|) ≤ 0 (33)

where t = [−1,−0.75,−0.5,−0.25, 0, 0.25, 0.5, 0.75, 1](or, for better accuracy,

t = [−1,−0.8,−0.6,−0.4,−0.2, 0, 0.2, 0.4, 0.6, 0.8, 1]). It has been shown that these 19 ∼ 23 equa-

tions in (31)-(33) are able to bound the feasible region of the four lamination parameters (ξA,D
1,2 ).

IV. Optimum Laminate Design

A. Optimization criteria

In the design of compression-loaded plates, the objective is to compute the lightest structure

subject to constraints of sti�ness, strength and stability. Traditionally, this process is performed on

the basis of a linear extrapolation of the plate behaviour made about the stress-free state. In the

present work we augment this process in two ways. Firstly, we remove the constraint on the buckling

load. The structure is free to buckle as long as it can continue to take further loading. Secondly, the

sti�ness constraints are imposed on the structure at any point along the equilibrium path. In the

optimization problem the objectives are to minimize either the end-shortening strain ϵx (=∆x/a)

along the loading direction or the maximum transverse de�ection wmax under a prescribed service

load Nx0. As the applied loading condition is identical for each optimal design, the overall structural

strength, or the load-carrying capacity, directly relates to the resultant end-shortening strain or the

maximum transverse de�ection. Their evaluation is based on the postbuckling equilibrium paths,

which are the nonlinear load-transverse de�ection and the load-end shortening curves.

The load and strain in the postbuckling equilibrium paths are normalised with respect to the

corresponding solutions of the quasi-isotropic plate. This normalisation provides the designer with a

12



useful measure to quantify the improvement of an optimal laminate over the quasi-isotropic laminate

[26]. The equivalent Young's modulus Eiso, Poisson's ratio νiso and bending sti�ness Diso of the

quasi-isotropic laminate are given by [26, 36],

Diso =
Eisoh

3

12(1− ν2iso)
, νiso =

U4

U1
, Eiso = U1(1− ν2iso) (34)

B. First-level optimal design

In the postbuckling response of constant sti�ness laminated plates, the optimization problem is

stated as follows:

Minimize:

ϵx(ξ)/ϵ
iso
x or wmax(ξ)/h (35)

Design Variables:

ξ =
[
ξA1 , ξ

A
2 , ξ

D
1 , ξD2

]
(36)

subject to:

gj(ξ) 6 0 (37)

where gj are the constraint functions in Eqs. (31)-(33) that de�ne the feasible region of these four

lamination parameters.

In a GCMMA approach [37], the objective function and the nonlinear constraints are approxi-

mated by convex separable forms in a local region as [37],

f̄
(µ,ν)
i (ξ) =

4∑
j=1

(
p
(µ,ν)
ij

α
(µ)
j − ξj

+
q
(µ,ν)
ij

ξj − β
(µ)
j

)
+ r

(µ,ν)
i (38)

where µ and ν denote the indices of the �outer� and �inner� iterations, respectively. For the detailed

expression of each variable in Eq. (38) refer to Svanberg's work[37]. The approximating formula

of Eq. (38) for the objective function and nonlinear constraints is shown to be convex separable

and conservative with respect to the each design variable (lamination parameters). The advantages

of applying the GCMMA approach is that the feasible constraints can be strictly satis�ed in an

optimization process and there is a strong likelihood of �nding the globally optimal solution.
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C. Second-level optimal design

The objective of the second level optimization process is to retrieve a realistic layup. An

anti-symmetrical stacking sequence with specially orthotropic properties ([B] = 0 , A16, A26 = 0,

D16, D26 = 0) is used. For instance, the stacking sequence with a 16-layer laminate [±θ1/ ∓ θ1/ ±

θ2/ ∓ θ2]AS possesses two independent ply varying-orientations. Larger design freedoms can be

achieved in the second level optimization process by adding more design layers. Subsequently, a GA

is used to determine the �bre orientation angles for each design layer which results in lamination

parameters matching the desired results closely. The �tness function is expressed as a mean value

of the least square distance between the obtained lamination parameters and the target lamination

parameters evaluated at a large number of points (2000 ∼ 5000) in the plate[26]. The optimization

problem is formulated as,

min ∆ξ(θi) =

[
2∑
i

wA
i

(
ξAi − ξ̃Ai

)2
+

2∑
i

wD
i

(
ξDi − ξ̃Di

)2]

ξA,D
1,2 ← [θ1, θ2, θ3, θ4]

s.t.: − π/2 6 θi 6 π/2

(39)

where θi is the �bre angle at each design layer and wA
i and wD

i are the weights to distinguish the

relative importance between ξA1,2 and ξD1,2. Based on our trial-and-error experiences, the population

size was set to be at least 20 ∼ 30 times the number of design variables, while the number of

generations is usually set to 50 ∼ 100 depending on the population size. The crossover and mutation

probabilities were chosen to be 0.7 and 0.04

V. Results and Discussion

In this section, rectangular laminated plates subjected to a uniform axial displacement compres-

sion are optimized in their postbuckling regime. The composite lamina properties of MTM49-3/T800

are given by E1 = 163GPa, E2 = 6.8GPa, G12 = 3.4GPa, ν12= 0.28. The plate thickness is 4.2 mm

(for 32 layers). The plate width (b) is 0.5 m and the aspect ratio (a/b) is 1, 2 or 5 for di�erent case

study.
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A. Model validation

Numerical results for the postbuckling behaviour of a laminated plate under uniaxial compres-

sion given by Eqs. (24) and (25) are compared with the numerical results given by �nite-element

method (FEM) and other postbuckling models. The FEM postbuckling analyses of composite plates

were carried out using commercial code ABAQUS. The S4 shell element was chosen for discretiza-

tion of the plate structure and a su�cient mesh density was selected to achieve convergence. In

addition, the nodes along each edge are constrained to satisfy the in-plane boundary conditions

de�ned by Eq. (6). Numerical results for the postbuckling behaviour of a laminated plate under

uniaxial compression given by Eqs. (24) and (25) are compared with the numerical results given

by �nite-element method (FEM) and other postbuckling models. The FEM postbuckling analyses

of composite plates were carried out using commercial code ABAQUS. A small imperfection in the

form of the �rst buckling mode shape and a magnitude of 1% of the plate thickness is included in

each �nite element models.

A unidirectional laminate [0]s is chosen for the postbuckling model validation. It was found

that perturbation methods yield the least accurate solutions for the [0]s laminates with the material

properties that are highly orthotropic (the ratio of E1/E2 is large). Figure 2 illustrates the post-

buckling equilibrium paths of a [0]s plate given by various analytical models and the FEM. Figure

2-a gives the normalised strains ϵx/ϵ
iso
x as a function of the normalised axial loads Nx0/N

iso
x . Figure

2-b shows the normalised maximum transverse displacement wmax/h as a function of the normalised

axial loads Nx0/N
iso
x . It can be seen that the present method gives a relatively accurate solution,

whereas Zhang and Shen's model fails to capture the structural behaviour in the deep postbuckling

regime. It also approves Eqs. (22) and (23) or (24) and (25) that can accurately predict moderately

deep postbuckling behaviour of highly orthotropic composite plates. Harris's model is only valid for

predicting the initial postbuckling response. As the results shown in Figure 2 are an extreme case,

the present closed-form solutions given by Eqs. (22) and (23) are su�ciently accurate for performing

the postbuckling optimization.

From our numerical experience on some extreme cases, our postbuckling solution remains valid

when the postbuckling equilibrium path has achieved a point where w/h = 1.5 ∼ 2. Hence, quan-
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titatively speaking, the �moderately deep postbuckling� in this paper refers to the out-of-plane

de�ection of a postbuckled plate where w is 1.5 ∼ 2 times of the plate thickness h.

B. Optimal results

1. Optimal lamination parameters (�rst-level)

Two types of problems were studied for the postbuckling optimization: (i) laminated plates

under uniaxial compression with di�erent aspect ratios (a/b = 1, 2, 5), and (ii) square laminated

plates under biaxial compression with di�erent loading ratios (k = 0.1, 0.2, 0.5). The lamination

parameters obtained from the �rst-level optimization procedures are demonstrated in Tables 1-4.

Tables 1 and 3 give the optimum laminates for minimizing end-shortening strain, whereas Tables 2

and 4 show the optimum designs for minimizing the maximum transverse de�ection.

The optimal laminate con�guration which gives minimum end-shortening strain or maximum

transverse displacement may be di�erent when the level of axial load (Nx0) is changed. The post-

buckling optimization for each case is carried out with respect to several axial loads. As shown in

Tables 1-4, the value of axial load Nx0 is varied from 1.5N iso
x , 2N iso

x and 2.5N iso
x for both minimising

the end-shortening strain and the maximum transverse displacement.

As shown in Table 1, for the square laminated plate (a/b = 1) under uniaxial compression,

the optimal lamination parameters that give the minimum end-shortening strain are di�erent with

respect to di�erent axial compressive load (Nx0). For the case where the length of a plate is twice its

width (a/b = 2), the optimal lamination parameters are similarly valued for di�erent values of Nx0.

When the aspect ratio increases to 5 (a long plate), the optimal lamination parameters are nearly

identical irrespective of the level of axial loading. Minimising the maximum transverse de�ection, as

shown in Table 2, the optimal lamination parameters are di�erent for di�erent given axial loading

(Nx0). However, for a �xed level of axial loading, the optimal lamination parameters remain similar

when the aspect ratio of plate is changed. This is due to the fact that the buckling/postbuckling

mode shapes of simply supported orthotropic plates are periodic sine waves and the maximum

transverse de�ection only depends on the amplitude of a half-wave.

For the cases of biaxial compressive loading, the postbuckling behaviour of square laminated
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plates with three di�erent loading ratios (k = 0.1, 0.2, 0.5) was optimized. As shown in Table 3,

the optimal lamination parameters that give the minimum end-shortening strain are di�erent with

respect to di�erent axial compressive load (Nx0). It was also noticed that the optimal lamination

parameters for the cases where k = 0.1 and k = 0.2 are close in value to each other, whereas the

optimal lamination parameters for the loading ratio k = 0.5 are quite di�erent. This behaviour

re�ects the structural behaviour of the postbuckled plates is mainly dominated by the longitudinal

compressive loading when k is small. With the increase of loading ratio k, the structural behaviour

is more a�ected by the transverse compressive loading and thus it results in di�erent optimal lam-

inate con�guration. The optimal lamination parameters that minimized the maximum transverse

de�ection of biaxially loaded plates, as shown in Table 4, match well for di�erent loading ratios

(k). Unlike the results shown in Table 2, changing the loading condition (the value of k) results in

slightly di�erent optimal solutions. It was also found that, the aspect ratio also has little e�ect on

the optimal results for minimising the maximum transverse de�ection of a biaxially loaded plate.

2. Optimal layups (second-level)

We now discuss the optimal layups obtained from second-level optimization procedure for the

uniaxial compression loaded plates. It was found that many lamination con�gurations exist that

closely match the target lamination parameters. The layups presented in Tables 5 and 6 provide

the solutions that are given by the specially orthotropic stacking sequence. In most cases, 4 or 5

design layers (32 or 40 plies) were used in the optimization process for achieving desired accuracy.

The values in last columns of Tables 5 and 6 denote the di�erence of optimal buckling load between

second level optimization and �rst level in terms of lamination parameters. It can be seen that the

postbuckling behaviour given by the optimal layups matches well with that given by the optimal

lamination parameters. For a square plate, the layup [±45/ ∓ 45/012]AS gives the minimum end-

shortening strain (ϵx). The normalised end-shortening strain for a �xed axial load gives a direct

measure of the e�ective structural sti�ness, is a function of the normalised quantities of prebuckling

sti�ness (K̄pre), buckling load (N̄ cr
x ) and postbuckling sti�ness (K̄post) given by,

ϵx
ϵisox

=
N̄ cr

x

K̄pre
+

N̄x0 − N̄ cr
x

K̄post
=

N̄x0

K̄post
− (

1

K̄post
− 1

K̄pre
)N̄ cr

x (40)
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From this expression (for K̄post < K̄pre) and for a given value of N̄x0 then end-shortening strain

reduces for increasing values of K̄post, K̄pre and N̄ cr
x . To minimize the end-shortening strain of

a compression-loaded laminate, a large proportion of 0-deg plies in the laminate is important for

carrying the compression load and also for improvement of pre- and postbuckling sti�ness of the

plate. In addition, the presence of ±45-deg plies in the outer layers improves the critical buckling

load of the laminate. As such, the [±45/∓45/012]AS layup gives the minimum end-shortening strain

to the square laminates.

In the case of rectangular plates (a/b = 2 and 5), the 0-deg plies for a laminate are found to

be preferential for a high pre-buckling sti�ness, while the outer ply angles for the optimal stacking

sequences are slightly di�erent (65 and 70, respectively) from those of the square plate. The optimal

laminates for postbuckling having the minimum wmax with respect to di�erent values of axial load

Nx0 are shown in Table 2. It is observed that in this optimization problem a large number of 90-deg

plies were dominant. Their role is to suppress the out-of-plane de�ection in the post-buckling regime

by providing a high bending sti�ness in the y-direction.

The postbuckling equilibrium paths of the optimized laminates (for square plates) are compared

and illustrated in Figures 3 and 4. The FEM results are also illustrated to validate the postbuckling

analysis given by the closed-form solutions. It is shown that the closed-form model accurately

predicts the postbuckling response of laminated plates. In Figure 3, the postbuckling behaviour

of the layups [±45/ ∓ 45/012] and [±65/ ∓ 65/012] match well because both of the layups possess

a large proportion of 0-deg piles. These two laminates give slightly improved buckling load but

much higher pre- and postbuckling sti�ness comparing with the quasi-isotropic laminate. In Figure

4, the optimal layups [±60/ ∓ 60/ ± 75/ ∓ 75/904/08]AS and [±68/ ∓ 68/908/08]AS demonstrate

signi�cant improvement for minimising the maximum transverse de�ection (over 30%). However,

their axial sti�nesses in the pre- and postbuckling regime are slightly poorer than that of quasi-

isotropic laminate, as shown in Figure 4.

For the biaxial compressive loading conditions (k = 0.2), laminate layups were retrieved and

their postbuckling behaviour are demonstrated in Figs. 5 and 6. As shown in Fig. 5, the layup

[±35/∓ 35/± 20/∓ 20/08]AS gives the minimum end-shortening strain for the axial loading Nx0 =
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1.5N iso
x and [±50/∓ 50/± 10/∓ 10/08]AS is the optimized layup for the minimum end-shortening

strain when axial loading Nx0 = 2N iso
x or Nx0 = 2.5N iso

x . It shows that a large proportion of

0-deg plies in a laminate is also important for minimising the end-shortening strains for biaxial

compressive loading cases. In Fig. 6, the layup [(±45/∓45)2/±75/∓75/04]AS shows the minimum

of maximum transverse de�ection when Nx0 = 1.5N iso
x , whereas [±60/ ∓ 60/ ± 90/ ∓ 90/08]AS

and [±70/ ∓ 70/ ± 90/ ∓ 90/08]AS are the optimized layups for Nx0 = 2N iso
x and Nx0 = 2.5N iso

x ,

respectively. Compared with the optimal layups in Figs. 4 and 6, we observe that the inner layers

of all of these layups are always a combination of [90n/0n], which is bene�cial for a laminate to

minimize its membrane strains and hence its nonlinear, in the von Kármán's sense, maximum

transverse de�ection.

VI. Conclusion

An enhanced perturbation model for the moderately deep postbuckling analysis of rectangu-

lar composite plates under biaxial compression loading has been presented. The end-shortening

strain and the maximum de�ection of composite plates in the postbuckling regime are expressed

in closed-form as a function of the applied axial loads. The newly derived closed-form expressions

(Eqs. 24 and 25) not only provide a straightforward means to predict the postbuckling response

of orthotropic composite laminates but also facilitate rapid conceptual design. The postbuckling

solutions have been validated against FEM results and were shown to be su�ciently accurate for

use in an optimization routine. The closed-form expressions and the two-level optimization method

can be readily implemented as a tool in practical composite structural design.

A two-level optimization strategy was carried out for the optimal design of the postbuckling

behaviour of laminated composite plates. The optimal laminate layups were determined for either

minimizing the end-shortening strain or minimizing the maximum transverse de�ection. Numerical

examples are studied on the laminated plate with di�erent aspect ratios and with di�erent load-

ing ratios. From the optimization results, it was observed, in general, that a layup with a large

proportion of 0-deg piles possesses high compressive postbuckling resistance, while a combination

of [90n/0n] for the inner layers of a layup is bene�cial suppressing the transverse de�ection in the
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postbuckling regime.

Table 1 Optimal design for minimizing the end-shortening strain ϵx of plates under uniaxial

compression

Plate
Loads Lamination parameters

ϵx/ϵ
iso
x

(Nx0/N
iso
x ) ξA1 ξA2 ξD1 ξD2

a/b = 1

1.5 0.74 0.53 0.42 -0.10 1.11

2.0 0.70 0.72 0.30 0.28 1.82

2.5 0.67 0.79 0.19 0.45 2.52

a/b = 2

1.5 0.62 0.795 0.845 0.476 0.90

2.0 0.63 0.778 0.83 0.40 1.27

2.5 0.62 0.79 0.839 0.445 1.66

a/b = 5

1.5 0.71 0.999 0.99 0.996 0.85

2.0 0.69 1.00 0.99 1.00 1.19

2.5 0.68 1.00 0.99 1.00 1.55

Table 2 Optimum design for minimizing maximum transverse displacement wmax of plates

under uniaxial compression

Plate
Loads Lamination parameters

wmax/h
(Nx0/N

iso
x ) ξA1 ξA2 ξD1 ξD2

a/b = 1

1.5 0.018 -0.016 -0.20 -0.76 0.86

2.0 -0.144 0.61 -0.61 0.05 1.29

2.5 -0.245 0.833 -0.787 0.54 1.53

a/b = 2

1.5 0.018 -0.016 -0.20 -0.76 0.86

2.0 -0.144 0.61 -0.61 0.05 1.29

2.5 -0.245 0.833 -0.787 0.54 1.53

a/b = 5

1.5 0.018 -0.016 -0.20 -0.76 0.86

2.0 -0.144 0.61 -0.61 0.05 1.29

2.5 -0.245 0.833 -0.787 0.54 1.53
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Fig. 2 Postbuckling model validation and comparison: (a) Normalised axial loads Nx/N
iso
x

versus Normalised axial strain ϵx/ϵ
iso
x of for a [0]s laminate (b) Normalised axial loads Nx/N

iso
x

versus Normalized maximum transverse displacement wmax/h function for a [0]s laminate.
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Table 3 Optimal design for minimizing the end-shortening strain ϵx of a square plate (a/b = 1)

under biaxial compression (k = Ny0/Nx0)

Plate
Loads Lamination parameters

ϵx/ϵ
iso
x

(Nx0/N
iso
x ) ξA1 ξA2 ξD1 ξD2

k = 0.1

1.5 0.77 0.45 0.45 -0.23 1.14

2.0 0.68 0.60 0.30 0.038 1.97

2.5 0.64 0.78 0.15 0.42 2.77

k = 0.2

1.5 0.77 0.33 0.54 -0.41 1.14

2.0 0.69 0.49 0.30 -0.16 2.11

2.5 0.60 0.70 0.12 0.23 3.05

k = 0.5

1.5 0.68 0.11 0.41 -0.66 1.07

2.0 0.65 0.24 0.26 -0.52 2.58

2.5 0.53 0.45 0.07 -0.23 4.1

Table 4 Optimum design for minimizing maximum transverse displacement wmax of a square

plate (a/b = 1) under biaxial compression (k = Ny0/Nx0)

Plate
Loads Lamination parameters

wmax/h
(Nx0/N

iso
x ) ξA1 ξA2 ξD1 ξD2

k = 0.1

1.5 0 -0.11 -0.126 -0.82 0.91

2.0 0.02 0.55 -0.49 -0.07 1.39

2.5 -0.05 0.75 -0.64 0.35 1.67

k = 0.2

1.5 0.00 -0.106 -0.12 -0.82 0.90

2.0 -0.06 0.64 -0.58 0.097 1.38

2.5 -0.12 0.85 -0.74 0.57 1.64

k = 0.5

1.5 0.02 -0.12 -0.155 -0.83 0.90

2.0 -0.04 0.58 -0.56 0.03 1.32

2.5 -0.01 0.63 -0.55 0.08 1.49

26



Table 5 Optimal laminate layups for minimizing normalised end-shortening strain ϵx/ϵ
iso
x of

rectangular plates with di�erent aspect ratios under uniaxial compression

Plate & Mode Nx0/N
iso
x Laminate con�guration ϵx/ϵ

iso
x Di�erence

a/b = 1 1.5 [±45/∓ 45/012]AS 1.11 0%

(m,n)=(1,1)
2 [±65/∓ 65/012]AS 1.83 0

2.5 [±70/∓ 70//012]AS 2.52 0%

a/b = 2 1.5 [±23/∓ 23/012/904]AS 0.92 2.17%

(m,n)=(2,1)
2 [±25/∓ 25/012/904]AS 1.33 5.2%

2.5 [±25/∓ 25/012/904]AS 1.73 4%

a/b = 5 1.5 [020/904]s 0.87 2.3%

(m,n)=(5,1)
2 [020/904]s 1.21 1.6

2.5 [020/904]s 1.56 0.6%

Table 6 Optimal laminate layups for minimizing the maximum transverse de�ection wmax/h

of rectangular plates with di�erent aspect ratios under uniaxial compression

Plate & Mode Nx0/N
iso
x Laminate con�guration ϵx/ϵ

iso
x Di�erence

a/b = 1, 2, 5 1.5 [(±50/∓ 50)2/± 25/∓ 25/904/04]AS 0.91 5%

(m,n)=(a/b,1)
2 [±60/∓ 60/± 75/∓ 75/904/08]AS 1.31 1.5%

2.5 [±68/∓ 68/908/08]AS 1.54 1%
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Fig. 3 Postbuckling responses of the optimal layups of a square plate under uniaxial com-

pression for minimizing the end-shortening strain: Normalised axial loads Nx/N
iso
x versus

Normalised axial strain ϵx/ϵ
iso
x .
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Fig. 4 Postbuckling responses of the optimal layups of a square plate under uniaxial com-
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versus Normalized maximum transverse displacement wmax/h function.
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Fig. 5 Postbuckling responses of the optimal layups of a square plate under biaxial compression

(k = 0.2) for minimizing the end-shortening strain: Normalised axial loads Nx/N
iso
x versus

Normalised axial strain ϵx/ϵ
iso
x .
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Fig. 6 Postbuckling responses of the optimal layups of a square plate under biaxial compression

(k = 0.2) for minimizing the maximum transverse de�ection: Normalised axial loads Nx/N
iso
x

versus Normalized maximum transverse displacement wmax/h function.
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