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ABSTRACT 18 

The prediction of  the stress-strain response of granular soils under large numbers of repeated 19 

loading cycles requires subtle changes to existing models, although the basic framework of 20 

kinematic hardening/bounding surface elasto-plasticity can be retained. Extending an existing 21 

model, an extra memory surface is introduced to track the stress history of the soil. The 22 

memory surface can evolve in size and position according to three rules which can be linked 23 

with physical principles of particle fabric and interaction. The memory surface changes in 24 

size and position through the experienced plastic volumetric strains but it always encloses the 25 



2 

 

current stress state and the yield surface; these simple rules permit progressive stiffening of 26 

the soil in cyclic loading, the accurate prediction of plastic strain rate accumulation during 27 

cyclic loading, and the description of slightly stiffer stress-strain response upon subsequent 28 

monotonic reloading. The implementation of the additional modelling features requires the 29 

definition of only two new constitutive soil parameters. A parametric analysis is provided to 30 

show model predictions for drained and undrained cyclic loading conditions. The model is 31 

validated against available tests on Hostun Sand performed under drained triaxial cyclic 32 

loading conditions with various confining pressures, densities, average stress ratios and cyclic 33 

amplitudes.  34 

Keywords: constitutive relations; fabric/structure of soils; friction; plasticity; cyclic loading; sands. 35 
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Introduction   36 

The accurate prediction of the mechanical response of granular soils subjected to large 37 

numbers of non-monotonic repeated loads is fundamental for the assessment of the 38 

serviceability and safety of many geotechnical engineering systems including foundations for 39 

road pavements (McVay and Taesiri, 1985), offshore structures such as wind turbines 40 

(Leblanc et al., 2009, Klinkvort and Hededal, 2013, Diambra et al. 2014) or oil and gas 41 

platforms (Randolph and Gourvenec, 2011) and foundations for vibrating or reciprocating 42 

machines among others. Currently available theoretical models for soil behaviour can capture 43 

the basic features of the non-monotonic cyclic behaviour of soil, such as progressive pore 44 

pressure generation for undrained conditions or progressive accumulation of plastic strain for 45 

drained loading. However, achieving a satisfactory quantitative accuracy for large numbers of 46 

repeated loads and effectively accounting for stress level and density conditions is still a 47 

challenging task.  48 

The complexities of the response of a soil under cyclic loading are largely linked to the 49 

evolution of internal particulate fabric together with effective stress and/or density state. For 50 

loose or medium dense granular soils, cyclic straining causes densification and progressive 51 

evolution of particles into a more efficient packing. A more stable configuration is reached 52 

inducing a progressive increase in soil stiffness and reduction of further plastic strain 53 

accumulation (Wichtmann et al., 2005). Discrete element method (DEM) simulations of 54 

cyclic triaxial tests (O’Sullivan and Cui, 2009) have confirmed a redistribution of the relative 55 

magnitude of contact forces rather than a particles redistribution.  56 

The most widespread constitutive approach to model the non-monotonic behaviour of soils is 57 

to incorporate kinematic hardening and/or bounding surface techniques (Mroz et al, 1978, Al-58 

Tabbaa and Muir Wood, 1989, Manzari and Dafalias, 1997, Gajo and Muir Wood, 1999a). In 59 

these models the yield surface, enclosing the elastic states of the soil, moves to follow the 60 



4 

 

current stress state while the soil stiffness is generally proportional to the distance between 61 

the current stress state and its image on the bounding surface. While reversed plasticity 62 

during unloading, hysteretic behaviour and the progressive accumulation of plastic strains 63 

with the number of cycles can be simulated, these models have no features specifically 64 

intended to memorise the evolution of internal structure when the soil is subjected to repeated 65 

cycles. The predictions that are obtained for cyclic loading tend to show a very steady 66 

ratcheting behaviour; they are hardly affected by the small changes in specific volume during 67 

cycling and they fail to reproduce the progressive changes of strain accumulation rate with 68 

loading cycles. The stiffness of the sand hardly changes during the cycles.  69 

Papadimitriou et al. (2001) and Papadimitriou and Bouckovalas (2002) also demonstrated the 70 

need for additional modelling features to account for the evolution of soil fabric during cyclic 71 

loading. They suggested that the evolution of plastic soil stiffness is affected by the 72 

accumulated plastic volumetric strains during each loading cycle. Dafalias and Manzari 73 

(2004) accounted for these changes by proposing a fabric-dilatancy tensor whose evolution is 74 

governed by the plastic dilative volumetric strains; the trace of the fabric-dilatancy tensor 75 

affects the flow rule of the model. Maleki et al. (2009) also implemented changes of the 76 

hardening modulus and stress-dilatancy law between monotonic/virgin and cyclic loading 77 

conditions. Within a multi-surface framework, Di Benedetto et al. (2014) proposed that a new 78 

loading surface should be generated each time the load path underwent stress reversal while  79 

all the previous loading surfaces were still memorised and the hardening modulus would be 80 

affected by the normalised plastic shear work. A history surface has been implemented in a 81 

three-surface model for clay (Stallebrass and Taylor, 1997) and more recently for sand 82 

(Jafarzadeh et al., 2007) to account for the evolution of soil anisotropy while subjected to 83 

non-monotonic loading in a cubical true triaxial cell. 84 
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A different modelling strategy is followed in this paper: the potential modelling benefits are 85 

explored of implementing an additional and evolving ‘memory surface’ to retain more 86 

information of stress history and somehow record the effect of repeated loading. The memory 87 

surface is a geometrical representation of the stress history and it bounds a region of stress 88 

states which the soil fabric ‘feels’ that it has already experienced. In contrast with other 89 

models, this memory surface is allowed to evolve both in size and position and thus simulate 90 

the changes in soil fabric during monotonic and repeated loading; the size and location of the 91 

memory surface may be a measure of the soil fabric and  its anisotropy respectively. While in 92 

undrained cyclic conditions the change in effective stress generally has a dramatic effect on 93 

the soil stiffness and thus the soil response, the changes in soil density during drained cyclic 94 

loading appear to have less effect so that additional hardening mechanisms are necessary. 95 

Thus this paper concentrates on the ability of the proposed hardening mechanisms to capture 96 

the effects of soil fabric evolution during large numbers of drained cycles of loading. 97 

Simulations of drained cyclic and subsequent monotonic loading responses will be analysed 98 

for a range of densities, stress levels and cyclic amplitudes, while it will be demonstrated that 99 

the implemented modelling features enable also good simulations of the cyclic undrained 100 

response. 101 

 102 

Basic concepts of proposed model  103 

 104 

Description of the conceptual framework 105 

The proposed modelling framework is built on a baseline soil model which broadly follows 106 

the kinematic hardening, bounding surface plasticity model proposed by Gajo and Muir 107 

Wood (1999a). A purely elastic region is bounded by the yield surface (f) which is a wedge 108 

with its apex at the origin of the q-p stress axes. When the soil stress state σ (σ=[q, p]T where 109 
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q is the deviatoric stress and p is the mean effective stress) lies on the edge of the yield 110 

surface, the soil undergoes elasto-plastic deformation and a kinematic movement of the yield 111 

surface is imposed to satisfy the consistency condition. The possible stress states are bounded 112 

by a bounding surface (or strength surface F) whose opening is governed by a state parameter 113 

ψ (Been and Jefferies, 1985) which accounts for the difference in current specific volume (υ) 114 

and the respective one at critical state (υcsl) for the current stress p: 115 

                                                                                                               (1) 116 

Different formulations have been proposed for the critical state line in the literature. If the 117 

stress range is limited, a linear formulation of the critical state line can be selected (Gajo and 118 

Muir Wood, 1999a). In this paper, the critical state line is assumed to be linear in the 119 

compression plane (υ-ln p) and the specific volume at the critical state is calculated as υcsl 120 

=υλ-λ lnp, where υλ and λ are two constitutive parameters defining the critical state specific 121 

volume for p=1 kPa and the slope of the critical state line (CSL), respectively. The strength 122 

surface approaches the critical state line as ultimate critical state conditions are 123 

asymptotically approached (Gajo and Muir Wood, 1999a) .  124 

Fig. 1a provides an overview of model surfaces. The current value of the tangent plastic soil 125 

stiffness is dependent on the distance between the current stress state (σ) and its image (or 126 

conjugate) stress (σB) on the bounding surface, defined in Fig. 1a. Adopting this framework 127 

to simulate soil response under drained cyclic loading conditions, plastic soil stiffness will 128 

only slightly vary upon consecutive cycles  because of the limited changes in the soil state 129 

parameter (ψ) which affects the slope of the bounding surface. Soil behaviour is mostly 130 

governed by the state parameter if subjected to moderate to large shearing and soil fabric 131 

changes become of a second order importance. Thus the mechanical response between 132 

consecutive cycles will be rather similar and the changes in stiffness will be hardly 133 

noticeable. Evolution of model surfaces under such conditions and the corresponding stress-134 
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strain response are presented in Fig. 1a and b, respectively. A further representation of the 135 

model surfaces in the deviatoric stress space is proposed in Fig. 1c, where an Argyris shape 136 

(Argyris et al., 1974) of the deviatoric section has been selected.   137 

 138 

Additional model features: The memory surface and its evolution 139 

The memory surface is an additional wedge in the q-p stress plane which recalls the stress 140 

states already experienced by the soil (Chow et al., 2015; Corti et al., 2015). When the 141 

current stress state lies inside the memory surface, the memory surface fM acts as an 142 

additional bounding surface so that the plastic soil modulus is governed by an additional 143 

hardening term depending on the distance between the current stress state and its projection 144 

on the memory surface. This reproduces the experimentally observed stiffer soil behaviour 145 

during repeated loading compared with virgin loading. Three rules describe the evolution of 146 

the memory surface: Rule 1, the memory surface changes in size because of the experienced 147 

plastic strains; Rule 2, the memory surface always encloses the current stress state; Rule 3, 148 

the memory surface always encloses the current yield surface. Model response for simple 149 

stress paths in both the triaxial stress space and the deviatoric stress space is presented in Fig. 150 

2a-b-c-d. One can interpret the memory surface as a record of the current fabric of the soil, 151 

describing the range of stresses that can be imposed without major disruptions to particle 152 

arrangement. The yield surface indicates the stress changes that can be imposed with 153 

essentially negligible interparticle movement. 154 

 155 

Rule 1: The memory surface changes in size with the plastic strains 156 

Positive plastic volumetric strains lead to a denser soil state which is generally related to a 157 

more stable configuration and stronger soil fabric. It seems quite reasonable to associate 158 

such conditions with an expansion of the memory surface as shown in Fig. 2a-b. In 159 
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contrast, it is postulated that negative (dilative) plastic volumetric strains produce a 160 

decrease in size of the memory surface which reproduces the loss of memory of some 161 

already experienced stress states (Fig. 2c-d). This last damage mechanism follows the 162 

experimental evidences by Tatsuoka et al (1997) who observed a decrease in soil stiffness, 163 

compared to virgin loading conditions, if large shearing or large amplitude cyclic loading 164 

was applied. Analogously, for cyclic loading under undrained conditions, a dramatic 165 

reduction in plastic stiffness can be observed when the load reversal is applied at high 166 

stress ratios (Ishihara et al., 1975, Georgiannou et al., 2008). Similarly to this proposal, 167 

Papadimitriou et al. (2001) and Papadimitriou and Bouckovalas (2002) introduced a 168 

damage to the soil fabric (leading to a reduction is plastic stiffness) when soil experiences 169 

dilative plastic volumetric strains. 170 

Rule 2: The memory surface must always include the current stress state 171 

Since the memory surface bounds a region of stress states which the soil fabric ‘feels’ that 172 

it has already experienced, the current stress state must always lie within its boundaries. 173 

During virgin loading conditions (when the current stress state is trying to explore an area 174 

outside the memory surface), the evolution of the memory surface must ensure that the 175 

current stress state lies on its boundaries as shown in Fig. 2a-b-c-d for both surface 176 

expansion and surface contraction. 177 

Rule 3: The memory surface must always include the current yield surface 178 

 According to the interpretation of yield and memory surfaces given at the beginning of 179 

this section, it would be rather awkard to allow the yield to move outside the memory 180 

surface. The yield surface thus represents the miminum size of the memory surface and 181 

this requirement has to be considered in the contraction evolution law associated with 182 

negative plastic volumetric strains as shown in Fig. 2c-d. 183 

 184 
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Selected laws for the evolution of the memory surface which respect the three rules are 185 

discussed in the following section. 186 

 187 

Mathematical formulation of the model 188 

 189 

The model surfaces  190 

The model assumes Mohr-Coulomb type failure conditions and the slope of the Critical State 191 

Line Mcs is linked to the critical state friction angle ϕcv by the usual relationships: 192 

                     (2) 193 

where t assumes the value of +1 or -1 if shearing is occurring in compression (Mcs=Mcv) or 194 

extension (Mcs=Mev), respectively. Following the original development (Gajo and Muir Wood 195 

1999a), the model is conveniently developed in a normalised stress space. The normalised 196 

stress state is defined as:  197 

                                                                                                                       (3) 198 

where r is a function depending on the state parameter ψ (Eq. (1)) and expressed as:  199 

                                                                                                                 (4) 200 

where k is a constitutive parameter. Some attention should be paid to the choice of the value 201 

of k such that r remains positive for the investigated range of soil density. While the use of a 202 

normalised stress space leads to a simplified and more elegant modelling formulation,  the 203 

validity of the proposed modelling strategy holds even if implemented in the conventional  204 

stress space (σ=[q, p]T).  205 

With state parameter defined in (1) and strength variation defined in (4) it is clear that the 206 

normalising ratio r can become negative. Alternative defintions of ψ and r can be easily 207 

adopted to avoid this problem (e.g. Li and Dafalias, 2000).   208 



10 

 

The bounding surface (F) is a wedge in the normalised stress space and its opening is equal to 209 

the critical state wedge opening, defined in Eq. (2): 210 

                                                                                                  (5)                                           211 

where  is the normalised stress ratio and .   212 

The size of the yield surface is defined by the scalar m, representing the yield surface 213 

opening, that assumes the value mc or me if the direction of shearing is heading towards 214 

compression or extension, respectively. The scalar m is proportional to the opening of the 215 

bounding surface Mcs  216 

                    (6) 217 

where R is a constitutive parameter. The yield surface (f) is expressed by:  218 

                    (7) 219 

where the quantity α= αq/αp, with αq and αp being the components of the unit direction vector 220 

of the centre of the yield surface α= [αq, αp]
T. In the following development, the subscript □q 221 

and □p indicate deviatoric and isotropic components, respectively. 222 

Following the described framework, the memory surface (fM) is a wedge defined by opening 223 

angles mM=mc
M and me

M in compression and extension, respectively, and the unit direction of 224 

the centre of the memory surface αM=[αq
M, αp

M]T. Initially, when the stress state lies on the 225 

hydrostatic axes ( ), the memory surface (fM) is assumed to coincide with the yield 226 

surface but, as soon as the soil yields, the evolving stress history is followed through the 227 

evolution of the memory surface.  228 

The memory surface is formulated as: 229 

                                                                    (8) 230 

with αM=αq
M/αp

M. A schematic representation of model surfaces is provided in Fig. 3a-b. 231 

For consistency with the other model surfaces, the following relationship between the 232 

extension and compression sizes of the memory surface holds:  233 
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                                                                                                     (9) 234 

 235 

General elasto-plastic constitutive relationships 236 

When the stress state lies inside the yield locus (  ), the soil obeys laws of 237 

isotropic elasticity and the incremental stress-strain relation (δσ-δε, with ε=[εq, εv]
T) becomes:  238 

                                                                                        (10) 239 

where De is the elastic stiffness matrix and it is expressed in terms of elastic tangent shear 240 

modulus G and bulk modulus K. The normalised elastic stiffness matrix , representing the 241 

elastic stiffness matrix in the normalised stress space, is calculated as: 242 

                                                               (11) 243 

When yielding occurs ( ), elasto-plastic conditions apply. The loading direction 244 

n, representing the outward normal to the yield surface, is calculated from partial 245 

differentiation of Eq. (7) 246 

                                                                                               (12) 247 

The dilatancy flow rule governing the evolution of the plastic strain increment (δεp= [δεq
p, 248 

δεv
p]T) and assumed to be non-associative, is of the following form: 249 

                                                                              (13)  250 

where the constitutive parameter A is a flow rule multiplier and kd is a constitutive parameter 251 

governing the dependence of the plastic dilatancy on the state parameter. The outward normal 252 

of the plastic potential m is calculated directly from Eq. (13): 253 

                                                                                               (14)  254 
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Following the classical elasto-plasticity theory, the plastic strain increment vector can be 255 

defined as  256 

                                                                                                        (15)  257 

From Eq. (15), the plastic volumetric strain increment is re-written as  258 

                                                                                                    (16) 259 

where H is the hardening modulus which describes the required smooth (in general highly 260 

non-linear)  stress-strain relationship.  261 

For implementation in the normalised stress space, the unit vector m must be defined in this 262 

space by considering an extra small deviatoric component (Gajo and Muir Wood, 1999a) 263 

                                                                               (17) 264 

The stress-strain relationship  is finally defined by combining Eqs (10), (15) and (17) 265 

as  266 

                                                                         (18) 267 

As shown in Fig. 2a-b the conjugate stress on the memory surface ( , with  268 

being the stress ratio associated with ) and on bounding surface ( ) must 269 

be introduced (Fig. 3a). It should be noted that the conjugate stresses are calculated on the 270 

current deviatoric stress space (Fig. 3b). 271 

The hardening modulus H is modified from the one proposed originally by Gajo and Muir 272 

Wood (1999a) to account for the inclusion of the memory surface through the distance bM 273 

between the current stress state  and its image on the memory surface  (Fig. 3a-b): 274 

                                                                                                                (19) 275 

where h is an appropriate  function to define the stiffness changes within the memory surface. 276 

                                                                                                                (20) 277 
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where   is the distance between the current stress state ( ) and the 278 

conjugate one on the bounding surface ( );   is the distance 279 

between the current stress state ( ) and the conjugate one on the memory surface ( ); 280 

 (following Gajo and Muir Wood, 1999b) is the 281 

maximum value that b can assume; B and μ are two constitutive parameters governing the 282 

stress-strain response in monotonic and cyclic conditions, respectively and r is defined in Eq. 283 

(4). Although the hardening modulus H is always positive, the model can predict strain 284 

softening because of its implementation in the normalised stress space (Gajo and Muir Wood, 285 

1999). 286 

When the stress state lies on the memory surface (the distance bM=0 and h=1), soil is in a 287 

virgin state and the original formulation of the hardening modulus employed by Gajo and 288 

Muir Wood (1999a) is re-established. In this case, the hardening modulus H is fully governed 289 

by the parameter B. Instead, when the stress state lies fully inside the memory surface (fM), 290 

the constitutive parameter μ controls the increase in value of the hardening modulus H 291 

(through the term h) if compared to virgin loading conditions for the same stress state and 292 

size of the bounding surface. It should be noted that under non-monotonic loading conditions, 293 

the memory surface changes in size: an expansion of the memory surface leads to a 294 

progressive increase of the term h, leading to progressive increase of plastic soil stiffness; 295 

similarly, a reduction in size of the memory surface leads to a reduction in plastic soil 296 

stiffness.     297 

 298 

Mathematical implementation of the rules for evolution of the memory surface 299 

While the consistency condition of the yield surface can be found in Gajo and Muir Wood 300 

(1999a) (note the slightly different definition of the yield surface), in this paper more 301 

attention is given to the implementation of the memory surface. The evolution of the memory 302 
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surface is described by defining the translation of the memory surface centre αM and the 303 

changes in the memory surface size mM. 304 

 305 

Evolution of the memory surface opening 306 

Following the described framework, when soil experiences plastic contractive volumetric 307 

strains, the memory surface expands (shown in Fig. 2a-b); whereas when soil experiences 308 

dilative plastic volumetric strains, the memory surface contracts (shown in Fig. 2c-d). The 309 

stress state and the yield surface must always lie on or inside the memory surface; this 310 

condition is particularly important for virgin conditions, where the memory surface evolves 311 

to accommodate the newly experienced stress state. Moreover, the condition of inclusion of 312 

the yield surface represents a limit to the contraction of the memory surface when soil 313 

experiences dilative plastic volumetric strains (Fig. 2c-d). 314 

In order to develop an evolution rule for the memory surface, it may be convenient to 315 

imagine the expansion/contraction of the memory surface guided by the evolution of the 316 

image stress ( ). It should be noted that for virgin loading conditions, the image stress 317 

coincides with the current stress state. It is possible to rewrite Eq. (16) for the image stress 318 

and invert it to obtain a relastionship between plastic volumetric strains and change of the 319 

image ratio stress ( ). 320 

          (21) 321 

where HM is the value of the hardening modulus if the stress state were coincident with the 322 

current image stress ( ): 323 

                                                                                                             (22) 324 

By assuming that the expansion of the memory surface is the result of a surface stretching to 325 

include the new image stress (but keeping the same shape) as shown in Fig. 2a-b, it is 326 
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possible to define the following evolution law for the opening of the surface in triaxial 327 

conditions: 328 

          (23) 329 

where z=|Mcs|/(Mcv+|Mev|) and t are terms to consider whether the image stress is located on 330 

the compression or extension side of the memory surface. However, a further shrinkage of the 331 

surface should be allowed when plastic dilative strain takes place. An additional term for the 332 

size of the surface is then introduced to produce the following general expression for the 333 

evolution of the size of the surface:  334 

                    (24) 335 

where ς is a constitutive parameter governing the memory surface contraction and the symbol 336 

<A> represents the Macaulay brackets (<A>=A if A>0 else <A>=0). The quantity bM
MAX-bM is 337 

introduced to ensure that the memory surface never intersects the current yield surface. 338 

Similarly to bMAX, bM
MAX is simply expressed as: 339 

                                                                      (25) 340 

Equation (25) is the final expression of evolution for the size of the memory surface which is 341 

valid for all the loading conditions presented in Fig. 2a-b-c-d. 342 

 343 

Translation of the memory surface centre 344 

The translation of the memory surface centre αM follows the Mroz rule (Mroz, 1967, Yu, 345 

2006) which assumes that the translation of the centre of a surface occurs along the vector 346 

joining the image stress on such surface and the image stress on the next surface. The 347 

direction of translation of the yield surface and memory surface can be observed in Fig. 3a in 348 

the triaxial stress space and in Fig. 3b in the deviatoric stress space. Following the Mroz rule, 349 

the evolution of the memory surface centre can be expressed as  350 
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                                                                                                   (26) 351 

where τ is a scalar quantity. Eq. (26) must be slightly modified to ensure that the norm of 352 

α
M+δαM is unitary (Gajo and Muir Wood, 1999b) 353 

                                                           (27) 354 

The consistency condition ensures that the image stress ( ) remains on the memory surface: 355 

                       (28) 356 

where  357 

                                                                                        (29) 358 

It is now possible to define the scalar quantity τ  by substituting Eq. (21) and Eq. (29) into Eq. 359 

(28) and then combining Eq. (28) and (27). The validity of this proposal has been checked for 360 

generalised multixial loading conditions. For the triaxial loading conditions of this paper, the 361 

evolution law of the centre of the surface becomes: 362 

                                                                                       (30) 363 

 364 

Calibration of the model and effect of individual model parameters 365 

 366 

Summary of constitutive model parameters 367 

The proposed memory surface development requires only two extra constitutive parameters 368 

(μ and ς) in addition to those required for the selected baseline model, making a total number 369 

of 12 necessary parameters. These are summarised and described in Table 1.  370 

 371 

 372 
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Calibration of parameters and their influence on simulations 373 

 Parameters of the baseline model  374 

The calibration procedure and the influence of the parameters related to the newly introduced 375 

memory surface is presented here with reference to the experimental work performed by 376 

Escribano (2014) on Hostun RF sand. The parameters for the baseline soil model (first ten 377 

parameters in Table 1, from G  to kd) have been calibrated to obtain satisfactory simulations 378 

of the stress ratio-deviatoric strain (η-εq) and volumetric trends (εv-εq), shown in Fig. 4a and 379 

Fig. 4b respectively, and the selected parameters well agree with published simulation 380 

attempts on similar materials (Diambra et al. 2010, Diambra et al. 2011). These show triaxial 381 

drained compression tests on four sand specimens of different densities and tested under 382 

conventional drained triaxial test conditions at different constant cell confining pressures. The 383 

elastic parameters have been deduced from the empirical relationship proposed by Hardin and 384 

Black (1966); the proposed formulation is slightly modified to ensure dimensional 385 

consistency: 386 

                                                                                         (31) 387 

where G0 is the dynamic shear modulus and patm=100 kPa represents the atmospheric 388 

pressure. The elastic shear modulus is assumed to correspond to the dynamic modulus 389 

defined in Eq. (31). It was observed that after many loading cycles, when the soil was in a 390 

pseudo-elastic condition, Eq. (31) well described the elastic shear modulus. The critical state 391 

parameters υλ and λ were selected following the experimental campaign on Hostun Sand of 392 

Escribano (2014), while the parameters A, kd and B were calibrated following the existing 393 

guidelines for the calibration of the Severn-Trent Sand model for Hostun Sand (Gajo and 394 

Muir Wood, 1999a).  395 

 396 
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Parameters for memory surface evolution 397 

The available drained cyclic triaxial tests performed by Escribano (2014) consisted of a 398 

preliminary shearing under constant mean stress (p) to a target stress ratio ηave from which the 399 

cyclic shear stress with amplitude of stress ratio Δβ=Δq/p was applied symmetrically, varying 400 

only the axial vertical stress and keeping a constant cell pressure, as shown in Fig. 5a-b. For 401 

the following simulations, there is a discrepancy between experiments and simulations during 402 

the first half-cycle, and for this reason the concept of accumulated strain εacc, as defined by 403 

Wichtmann (2005) is introduced. This represents the permanent strain accumulated during 404 

cyclic loading at the end of each cycle.  405 

The constitutive parameter μ controls the evolution of stiffness within the memory surface 406 

and governs strain accumulation during cyclic loading. The calibration of μ requires 407 

experimental results from cyclic tests. The value of the parameter was chosen by 408 

simultaneously and satisfactorily fitting the trend of strain accumulation with the number of 409 

cycles shown in Fig. 6a and fitting the stress-strain response during renewed monotonic 410 

loading at the end of the cyclic stage, as shown in Fig. 6b.  411 

Fig. 7a-b provides a parametric analysis on the influence of the constitutive parameter μ for 412 

the strain accumulation during cyclic loading and the stress-strain response on subsequent 413 

monotonic reloading to failure. It is possible to increase the importance of the distance bM in 414 

the definition of the hardening modulus (see Eqs (19) and (20)) by increasing μ resulting in 415 

more rapid soil stiffening (Fig. 7b) and thus less accumulation of deviatoric strains with 416 

number of cycles (Fig. 7a). Increasing the hardening modulus through μ reduces the 417 

overshooting on subsequent monotonic reloading (Fig. 7b) because the surface expansion 418 

(which bounds an increased stiffness region) is reduced by the lower plastic permanent 419 

volumetric strain developed (see Eq. 24).  420 
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The contraction term introduced in Eq. (24) is essential for a reasonable prediction of the soil 421 

behaviour under undrained cyclic loading conditions. As suggested by experimental evidence 422 

(Ishihara et al., 1975, Georgiannou et al., 2008), contraction of the memory surface occurs 423 

only when the soil experiences dilative plastic volumetric strains. A comparison of model 424 

simulations with and without the damage mechanism is provided in Fig. 8. Without the 425 

contraction mechanism, continuous cycling would cause progressive expansion of the 426 

memory surface inducing a progressive soil stiffening (Fig. 8a-b). By contrast, the damage 427 

rule in Eq. (24) permits rapid contraction of (damage to) the memory surface when the soil 428 

experiences plastic dilative strains and allows the correct qualitative simulation of pore water 429 

pressure build up and effective stress path response (Fig. 8c-d). Under drained conditions the 430 

memory surface progressively contracts leading to a large strain accumulation, and an almost 431 

constant accumulated strain rate; this is consistent with the experiments performed by 432 

Wichtmann (2005) where it was experimentally observed that for a dense soil cycled at a 433 

high average stress ratio soil stiffening is rather slow leading to a large accumulation. 434 

The rate of memory surface contraction is governed by the parameter ς in Eq. (24) and its 435 

influence on the simulations for loading-unloading undrained triaxial tests with stress reversal 436 

is illustrated in Fig. 9. Reducing ς results in an increased rate of contraction of the memory 437 

surface which is reflected in Fig. 9 by the reduced extent of the stiffer response zone within 438 

the memory surface during the unloading stage. While the influence of this parameter for the 439 

drained test conditions simulated in the following is generally negligible, a value of 440 

parameter ς=0.00003 was imposed. 441 

 442 

 443 
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Model simulations and performances 444 

The use of the model to simulate the experimentally observed cyclic drained response of 445 

Hostun RF sand at different densities, stress ratios and initial mean pressure (Escribano, 446 

2014) is explored in this section. The single set of constitutive parameters presented in Table 447 

1 has been adopted.  448 

 449 

Typical simulations 450 

Typical simulations of the deviatoric stress-strain and volumetric soil behaviour under 451 

drained cyclic triaxial loading are shown in Fig. 10 and Fig. 11 for both loose and dense 452 

specimens, cycled at constant mean pressure of p=100 kPa but at different average stress 453 

ratios, ηave =0.25 and 0.50, respectively. The cyclic amplitude Δβ=0.31-0.33 was rather 454 

similar for all the four tests simulated. The model simulates the experimental data quite well; 455 

the predictions are good for the accumulated deviatoric strains for all the four tests and a 456 

smaller accumulation of strains is predicted with increased specimen density (compare Fig. 457 

10a-b and Fig. 11a-b). The trends in the volumetric planes in Fig. 10c-d and Fig. 11c-d are 458 

well reproduced with limited influence of the density on the slope of the responses. There are 459 

some small discrepancies on the predicted slopes of the accumulated εv-εq trends, with the 460 

modelling suggesting (as expected) a steeper slope for the looser sample. These slopes are 461 

indeed governed by the adopted flow rule in Eq.(13).  462 

 463 

Rate of accumulation of plastic strains 464 

An explicit comparison of measured and predicted accumulation of deviatoric and volumetric 465 

plastic strains with the number of cycles for specimens cycled at different densities and 466 

average stress ratios is presented in Fig. 12 and Fig. 13. The tests in Fig. 12 were all cycled at 467 

an average stress ratio ηave=0.5, while the soil density and cell confining pressure are varied. 468 
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The proposed model generally captures rather well the magnitude of the deviatoric strains 469 

and the order of the trends of the different tests (Fig. 12a-b). The magnitude and order of the 470 

volumetric trends is also quite well captured but probably with less accuracy, as the model 471 

seems to underestimate the volumetric strains for the loosest void ratio e0=0.819 and slightly 472 

overestimate for the densest e0=0.718 (Fig. 12c-d). Experimental uncertainty may be relevant 473 

perhaps induced by non-uniformities of volumetric strains that may occur during cycling 474 

(Escribano, 2014) or there may be an effect of isotropic testing stress level (p0) which is not 475 

fully captured by the proposed memory surface expandion rule. The tests in Fig. 13 were all 476 

performed on loose specimens (relative densities Dr=7% to 29%) at the same confining 477 

pressure but with different average stress ratio ηave =0, 0.25 and 0.50. The model simulates 478 

the deviatoric responses and even predicts negative deviatoric strains when cyclic loading is 479 

applied at ηave=0 (Fig. 13a-b). There is also a good agreement between measured 480 

accumulated volumetric strains (Fig. 13c) and related model predictions (Fig. 13d) except for 481 

the test in which cyclic loading is applied at ηave=0, where the model underestimates 482 

volumetric accumulated strains. This discrepancy at low average stress ratio stress states may 483 

be linked to the adopted flow rule (Eq. (13)) and the employment of a non-linear dilatancy 484 

function (e.g. Li and Dafalias 2000, Cazacliu and Ibraim 2016;  Ibraim et al. 2010) may lead 485 

to more accurate predictions.  486 

Cyclic tests with variable amplitude 487 

In a more realistic scenario, soil is subjected to cyclic amplitudes of different magnitudes. 488 

Such conditions have been reproduced in the triaxial cell, where a sample of medium density 489 

(e0=0.925 and p0=100 kPa) was subjected to cyclic amplitude of different magnitudes. The 490 

test was performed following the loading stages shown in Fig. 14. The target average stress 491 

ratio, at which cyclic loading was applied, was always reached through shearing the sample at 492 

constant mean pressure (stages AB, BD, DF and FH in Fig. 14), with ηB=0.2, ηD=0.5, ηF=0.7 493 
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and ηH=0.9. The cyclic loading was then applied under typical triaxial conditions (stages BC, 494 

DE, FG and HI in Fig. 14) imposing ΔβBC=0.18 for Ncyc=50, ΔβDE=0.48 for Ncyc=5, 495 

ΔβFG=0.62 for Ncyc=10 and ΔβHI=0.84 for Ncyc=10. The sample was finally subjected to 496 

monotonic shearing at constant mean pressure. The comparison between the experimental 497 

findings and model predictions is shown in Fig. 15a-b-c-d. The experimental stress-strain 498 

response (Fig. 15a) is well reproduced by the model as shown in (Fig. 15b) even though the 499 

response from model simulations seems to be stiffer than the predicted one. The model 500 

predicted just elastic response while simulating the first cyclic sequence (BC) because the 501 

stress state was always enclosed within the elastic region. The measured volumetric strains 502 

(Fig. 15c) are generally lower than the predicted ones (Fig. 15d). Experimentally, soil seems 503 

to dilate during the first cyclic loading sequence (Fig. 15c) while just pure contraction would 504 

be expected. These discrepancies might be related with non-uniformities in the experimental 505 

measurements of volumetric strains.  506 

   507 

Conclusions  508 

This paper proposes additional ingredients for kinematic hardening bounding surface 509 

constitutive models to improve the simulation of the behaviour of granular soils under large 510 

number of repeated/cyclic loading. The proposed formulation incorporates an additional 511 

memory surface, which represents the somewhat stable fabric associated with the historic 512 

stress states which the soil has the feeling that it has already experienced. When the stress 513 

state lies inside the memory surface, an additional hardening term depending on the distance 514 

of the current stress state to the memory surface is introduced to capture the stiffer soil 515 

behaviour typically observed during repeated loading by comparison with virgin loading.  516 

The memory surface evolves according to three rules each of which can be linked 517 

qualitatively to the changes in fabric (particle arrangement) which result from the occurrence 518 
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of plastic strains and which tend to modify the ability of the soil to remember its past. Rule 1) 519 

The memory surface changes in size following the experienced plastic strains. Rule 2) The 520 

memory surface always encloses the current stress state. Rule 3) The memory surface always 521 

encloses the current yield surface. The expansion of the memory surface with plastic 522 

contractive volumetric strains is the key development which permits successful simulation of 523 

the stiffening behaviour of soil under cyclic loading conditions and also the increased stress 524 

range for stiff response observed upon monotonic reloading following a series of cyclic stress 525 

changes.  526 

Evidently, such a modelling framework can be constructed using any desired elasto-plastic 527 

constitutive model as the basic element. Just two additional constitutive parameters are 528 

needed. The value of the proposed modelling framework has been demonstrated against an 529 

extensive testing campaign of drained cyclic triaxial tests on Hostun RF sand. Accuracy of 530 

prediction of accumulated deviatoric and volumetric strain has been shown for tests on 531 

samples with a range of initial density, up to 1500 loading cycles of different amplitude and 532 

average stress ratio.  533 

Though the model has been formulated in terms of stress and strain conditions which are 534 

accessible in the axisymmetric triaxial apparatus, the memory surface concept and its 535 

hardening mechanisms have been described qualitatively in a general principal stress.  536 

There are improvements to the model that might be anticipated. These might include: 537 

modifications to the detail of the functions and criteria which govern the expansion and 538 

translation of the memory surface; a closer inspection of the behaviour of the soil under 539 

cycles of loading which incur plastic volumetric expansion – noting that such volume 540 

changes tend to be linked with shearing at high stress ratios for which localisation and other 541 

undesirable responses may occur which may undermine the reliability of experimental data – 542 

and the inclusion of an anisotropic elastic stiffness matrix which is more sensitive to the 543 
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plastic strains that have occurred (which themselves indicate changes in soil fabric through 544 

particle slippage and rearrangement). However, the emphasis in the model development has 545 

been on the minimum degree of complexity required to describe features of response which 546 

are observed experimentally.   547 
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 553 

Notation list 554 

The following symbols are used in the paper: 555 

A = flow rule multiplier; 556 

B = monotonic loading hardening modulus constitutive parameter; 557 

b = distance between the stress state and its image on the bounding surface; 558 

bM = distance between the stress state and its image on the memory surface; 559 

bmax = maximum value of b; 560 

bM
max = maximum value of bM; 561 

d = dilatancy; 562 

De = elastic stiffness matrix (  in the normalised stress space); 563 

Dep = elasto-plastic stiffness matrix; 564 

e0= initial void ratio; 565 

f = yield function; 566 

F = bounding surface function; 567 

fM = memory surface function; 568 
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G = elastic shear modulus; 569 

H = hardening modulus; 570 

HM = hardening modulus if stress state coincides to the image stress on the memory 571 

surface ; 572 

k = effect of state parameter on soil strength constitutive parameter; 573 

K = elastic bulk modulus; 574 

kd = flow rule constitutive parameter; 575 

Mcs = critical state line slope; Mcv and Mev in compression and extension, respectively; 576 

m = unit direction of plastic flow m=[mq, mp]
T; m* is its transformation in the normalised 577 

stress space; 578 

m = yield surface opening;  m=mc or me in compression and extension, respectively; 579 

mM = memory surface opening; mM=mc
M or me

M in compression and extension, respectively; 580 

n = unit loading direction n=[nq, np]
T; 581 

p = effective mean pressure (p0 initial mean pressure); 582 

patm = 100 kPa, atmospheric pressure; 583 

q = deviatoric stress; 584 

R = ratio of opening of yield surface and strength surface; 585 

t = quantity to distinguish between compression (t=1) and extension (t=-1); 586 

z=|Mcs|/(Mcv+|Mev|); 587 

α = yield surface centre α=[αq, αp]
T. The slope is calculated as α=αq/ αp; 588 

α
M = memory surface centre αM=[αM

q, α
M

p]
T.The slope is calculated as αM=αM

q/ α
M

p; 589 

Δβ = cyclic amplitude (=Δq/p0); 590 

δε = strain increment vector; δεq and δεv deviatoric and volumetric strain increment; 591 

δεp
v = plastic volumetric strain increment; 592 

εv
acc = accumulated volumetric strains; 593 



26 

 

εq
acc = accumulated deviatoric strains; 594 

 = normalised stress ratio; 595 

 = stress ratio for ; 596 

ηave = cyclic average stress ratio; 597 

λ = critical state line slope in υ-ln p plane; 598 

μ = memory surface hardening modulus constitutive parameter; 599 

v = Poisson’s ratio; 600 

σ = current stress state; 601 

= normalised stress state; 602 

= image stresses on the bounding surface and memory surface; 603 

ς = memory surface damage constitutive parameter; 604 

τ = scalar quantity to calculate δα; 605 

υ = specific volume; 606 

υλ = intercept for critical state line in the υ-ln p plane; 607 

ϕcv = critical state friction angle. 608 

 609 
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with the number of cycles b) stress strain response. 714 



31 

 

Fig. 8. Memory surface model simulations (a, b) without the contraction mechanism 715 

implemented a) q-p b) q-εq and (c, d) including  the contraction mechanism c) q-p d) q-εq 716 
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Fig. 9. Parametric analysis of the damage constitutive parameter ς. 0 – initial state; 1 – stress 718 
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curve b) stress-strain curve from simulations c) experimental volumetric response d) 724 
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c) experimental volumetric strain accumulation d) simulation of volumetric strain 728 

accumulations (Δβ=0.33-0.47). 729 

Fig. 13. Progressive strain accumulation with the number of cycles for loose samples a) 730 

experimental deviatoric strain accumulation b) simulation of deviatoric strain accumulations 731 

c) experimental volumetric strain accumulation d) simulation of volumetric strain 732 

accumulations (Δβ=0.31-0.35). 733 

Fig. 14: Schematic representation of the stress path adopted in the test performed at different 734 

cyclic amplitudes. Testing conditions: e0=0.824 and p0=100 kPa with ηB=0.2, ηD=0.5, ηF=0.7 735 

and ηH=0.9. Monotonic loading applied in the stages AB, BD, DF and FH  and cyclic loading 736 

applied in the stages BC, DE, FG and FI imposing ΔβBC=0.18 for Ncyc=50,  ΔβDE=0.48 for 737 

Ncyc=5, ΔβFG=0.62 for Ncyc=10 and ΔβHI=0.84 for Ncyc=10. 738 
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Fig. 15: Soil response while subjected to varying cyclic amplitude at different average stress 739 

ratios a) experimental stress strain response b) stress strain response from simulation c) 740 

experimental volumetric response and related d) simulation. 741 
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List of tables 743 

Table 1: Constitutive parameters of the proposed Memory Surface Hardening Model 744 

 745 

 746 



Parameter Description Value 

G Elastic Shear Modulus G0 

v Poisson’s ratio 0.1 

ϕcv Friction angle at critical state conditions 29.5° 

λ Slope of the critical state line in the v-ln p plane 0.031 

υλ 

Value of the specific volume on the critical state 

line at p=1 kPa 

2.065 

R 

Ratio between the opening of the yield surface and 

the strength surface 

0.075 

B Parameter controlling hardening modulus 0.0013 

k 

Parameter controlling the relationship between 

soil strength and state parameter 

3.8 

A Flow rule multiplier 1.1 

kd State parameter dependence in the flow rule 1.3 

μ New hardening constitutive parameter 16 

ς Damage rule parameter  0.00003 

 
































