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Measurements of the coherence factor R K 3π , the average strong-phase difference δK 3π
D and mean ampli-

tude ratio rK 3π
D for the decay D → K −π+π+π− are presented. These parameters are important inputs 

to the determination of the unitarity triangle angle γ in B− → D K − decays, where D designates a su-
perposition of D0 and D̄0 mesons decaying to a common final state. The results are based on a combined 
fit to observables obtained from a re-analysis of the CLEO-c ψ(3770) data set and those measured in a 
D0 D̄0 mixing study performed by the LHCb Collaboration.

© 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
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1. Introduction

Knowledge of the D → K −π+π+π− coherence factor and as-
sociated hadronic parameters is necessary for a measurement of 
the unitarity triangle angle γ (also denoted φ3) in B− → D K − , 
D → K −π+π+π− decays. (The symbol D is used to denote a neu-
tral charm-meson that is not in a flavour eigenstate, or where the 
flavour eigenvalue is not relevant for the discussion.)

The coherence factor R K 3π and average strong-phase difference 
δK 3π

D for the decay D0 → K −π+π+π− are defined as follows [1]:

R K 3π e−iδK 3π
D =

∫
AK −π+π+π−(x)AK +π−π+π−(x)dx

AK −π+π+π− AK +π−π+π−
, (1)

where AK ±π∓π+π− (x) is the decay amplitude of D0 → K ±π∓π+π−
at a point in multi-body phase space described by parameters x, 
and

A2
K ±π∓π+π− =

∫
|AK ±π∓π+π−(x)|2dx. (2)

Therefore AK −π+π+π− is the Cabibbo-favoured (CF) amplitude, av-
eraged over phase space, and AK +π−π+π− is the corresponding 
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doubly Cabibbo-suppressed (DCS) quantity. The coherence factor 
takes a value between 0 and 1. It is also useful to define the pa-
rameter rK 3π

D = AK +π−π+π−/AK −π+π+π− . In this Letter the term 
‘hadronic parameters’ of the decay D → K −π+π+π− is employed 
to refer collectively to R K 3π , δK 3π

D and rK 3π
D . Throughout the dis-

cussion charge conjugation is implicit, the good approximation is 
made that CP-violation can be neglected in D0 mixing and de-
cay [2], and expressions are given in the convention CP|D0〉 = |D̄0〉.

The role of the hadronic parameters in measurements sensi-
tive to γ can be appreciated by considering the decay of B∓
mesons to a neutral charm-meson, reconstructed in the inclusive 
K ±π∓π+π− final state, and a charged kaon. Neglecting small cor-
rections from D0 D̄0 mixing, which can be included in a straight-
forward manner [3], the decay rates are given by:

�(B∓ → (K ±π∓π+π−)D K ∓)

∝ (rB)2 + (rK 3π
D )2 + 2rBrK 3π

D R K 3π cos (δB + δK 3π
D ∓ γ ) . (3)

Here rB ∼ 0.1 is the absolute ratio of B− → D̄0 K − to B− → D0 K −
amplitudes. The phase difference between these two amplitudes is 
(δB −γ ), where δB is a CP-conserving strong phase. The coherence 
factor, which is replaced by unity in the equivalent expression for 
a single point in phase space or two-body D-meson decays, modu-
lates the size of the interference term that carries the dependence 
on γ .
 under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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The hadronic parameters can be measured in the decays of co-
herently produced D D̄ pairs at the ψ(3770) resonance [1], such as 
are available in the data sets collected by the CLEO-c and BESIII
experiments. A double-tag technique is employed where one me-
son is reconstructed in the signal decay D → K −π+π+π− , and 
the other in a tagging mode, for example, a CP eigenstate. This 
method was applied by the CLEO Collaboration to obtain first con-
straints on R K 3π and δK 3π

D , together with R Kππ0 and δKππ0

D , the 
analogous parameters for D → K −π+π0 decays [4]. A later anal-
ysis augmented the set of tags with the decay D → K 0

S π+π− in 
order to improve the sensitivity to the hadronic parameters of 
both signal modes [5]. These results have been exploited by the 
LHCb Collaboration to interpret a set of measurements with the 
decays B− → D K − , D → K −π+π+π− [6] and D → K −π+π0 [7], 
in combination with observables from other modes, to yield γ =
(73+9

−10)
◦ [8].

Observables sensitive to D0 D̄0 mixing in multibody D-meson 
decays are also affected by the same hadronic parameters [9–11]. 
The time-dependent ratio between D0 → K +π−π+π− and D0 →
K −π+π+π− decay rates is

R(t) ≈ (rK 3π
D )2 − a

t

τ
+ b

(
t

τ

)2

, (4)

where t is the proper decay time, τ is the mean D0 lifetime, a =
R K 3π (y cos δK 3π

D − x sin δK 3π
D ), b = 1

4 (x2 + y2), and x and y are the 
commonly used mixing parameters, defined for example in Ref. [2]. 
As noted in Refs. [10,11], a measurement of rK 3π

D , a and b can 
either be used to determine x and y, given external information 
on R K 3π and δK 3π

D , or employed to set constraints on the latter 
parameters, provided x and y are known. Both interpretations are 
presented in Ref. [12], which reports a first observation of D0 D̄0

mixing with this multibody final state.
Improved knowledge of R K 3π , δK 3π

D and rK 3π
D is also needed to 

help understand the contribution of D → K −π+π+π− decays to 
the width difference in the D0 D̄0 system [13].

This Letter reports a new analysis of D → K −π+π+π− decays 
in the CLEO-c data set, and benefits from an updated Monte Carlo 
simulation sample to correct a biased estimate of the background 
contamination in several sets of double tags that afflicted the re-
sults reported in Refs. [4,5]. In addition, the quasi-CP-eigenstate 
D → π+π−π0 [14] is included as a new tagging mode to aug-
ment the sensitivity of the analysis. The observables from this new 
analysis are then used to determine updated constraints on the 
hadronic parameters. Finally, a global fit is made to the observables 
from this study and those measured in D0 D̄0 mixing by LHCb, to 
obtain more precise results for the D → K −π+π+π− hadronic 
parameters. Since one of the re-measured ψ(3770) observables 
couples the K −π+π+π− and K −π+π0 systems, it is also possible 
to determine updated values of R Kππ0 , δKππ0

D and rKππ0

D .

2. Measuring the hadronic parameters with CLEO-c data

In this section the observables sensitive to the hadronic param-
eters are reviewed, and a new analysis of the CLEO-c data set is 
presented that updates the measured values with respect to those 
reported in Ref. [5]. Information on the hadronic parameters is 
then obtained from a fit to the updated measurements.

2.1. Observables

Two categories of observables exist, both based on double-
tagged measurements in which one D meson decays to the signal 
mode K −π+π+π− , and the other decays to a tagging mode. In 
the first category the tagging modes are two-body or higher mul-
tiplicity final states, which are treated in an inclusive fashion. In 
the second case, the tagging mode is the self-conjugate final-state 
K 0

S π+π− and yields are measured in different phase-space bins of 
this tagging decay, defined in the plane of the Dalitz plot.

In the category involving inclusive tags, so-called ρ observables 
are constructed, which are the ratio of the measured double-tag 
yields, after background subtraction and efficiency correction, to 
the yields expected in the absence of quantum-correlations.

ρK 3π
CP±

These are the ratios where the tagging mode is a CP-even 
eigenstate (ρK 3π

CP+ ) or a CP-odd eigenstate (ρK 3π
CP− ). Neglect-

ing corrections from D0 D̄0 mixing, which enter through the 
definitions of the branching fractions used in the normalisa-
tion factors, ρK 3π

CP± = 1 ∓ 2rK 3π
D R K 3π cos δK 3π

D /[1 + (rK 3π
D )2]. 

Precise definitions and mixing-corrected expressions for 
this, and subsequent relations, can be found in Ref. [4].

�K 3π
CP

This is a CP-invariant observable defined 
K 3π
CP ≡ ±1 ×

(ρK 3π
CP± −1). It allows the results for the CP-even and CP-odd 

tags to be combined together. Neglecting mixing, 
K 3π
CP =

−2rK 3π
D R K 3π cos δK 3π

D /[1 + (rK 3π
D )2].

ρK 3π
L S

This is the ratio involving K −π+π+π− vs. K −π+π+π−
events, i.e. those where the kaons are of like sign (LS). Ne-
glecting mixing, ρK 3π

L S = 1 − (R K 3π )2.
ρK 3π

Kπ,L S
This is the ratio involving K −π+π+π− vs. K −π+ events. 
Neglecting mixing, ρK 3π

Kπ,L S = 1 −2(rK 3π
D /rKπ

D )R K 3π cos(δKπ
D −

δK 3π
D )/ 

[
1 + (rK 3π

D /rKπ
D )2

]
, where rKπ

D is the ratio between 
the DCS and CF D → K −π+ amplitudes and δKπ

D the ac-
companying strong-phase difference.

ρK 3π
Kππ0,L S

This is the ratio involving K −π+π+π− vs. K −π+π0

events. Neglecting mixing, ρK 3π
Kππ0,L S

= 1 − 2(rK 3π
D /

rKππ0

D )R K 3π R Kππ0 cos(δKππ0

D − δK 3π
D )/[1 + (rK 3π

D /rKππ0

D )2].

The deviation of any of the ρ observables from unity or 
K 3π
CP

from zero is indicative of a non-zero coherence factor. Recalling 
that rK 3π

D , rKπ
D and rKππ0

D ∼ 0.05, it is expected that |
K 3π
CP | < 0.1, 

whereas larger effects can occur for the like-sign observables.
The observables involving K 0

S π+π− decays comprise the yields 
of double tags, after background subtraction and bin-to-bin rela-
tive efficiency correction, in eight pairs of bins in the plane of the 
Dalitz plot symmetric about the line m[K 0

S π+]2 = m[K 0
S π−]2. The 

binning scheme follows the ‘equal 
δD ’ definition of Ref. [15,16], 
where the partitioning is guided by an amplitude model developed 
by the BaBar Collaboration [17]. The observables are denoted Yi , 
where the subscript gives the bin number (i = −8 → 8, exclud-
ing 0). The values of Yi differ from those expected in the inco-
herent case in a manner that is dependent on the values of the 
coherence factor and average strong-phase difference of the signal 
mode [5]:

Yi = H K 3π

(
Ki + (rK 3π

D )2 K−i −

2rK 3π
D

√
Ki K−i R K 3π [ci cos δK 3π

D + si sin δK 3π
D ]

)
. (5)

Here H K 3π is a bin-independent normalisation factor and Ki is the 
fractional yield of D0 decays that fall into bin i. The parameters ci
and si are the amplitude-weighted averages over bin i of cos(
δD)
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and sin(
δD), respectively, where 
δD is the strong-phase differ-
ence between the D0 → K 0

S π+π− and D̄0 → K 0
S π+π− amplitudes 

at a single point in the Dalitz plot. All these D → K 0
S π+π− quan-

tities are defined ignoring D0 D̄0 mixing effects, which is appropri-
ate for double-tag yields arising from ψ(3770) mesons produced 
at rest in the laboratory, as is the case for the CLEO-c experi-
ment [18].

2.2. Yield determination and results for observables

An 818 pb−1 data set of e+e− collisions produced by the Cor-
nell Electron Storage Ring (CESR) at 

√
s = 3.77 GeV and collected 

with the CLEO-c detector is analysed. The CLEO-c detector is de-
scribed in detail elsewhere [19]. In addition, simulated Monte Carlo 
samples are studied to assess possible background contributions 
and to determine efficiencies. The EVTGEN package [20] is used to 
generate the decays and GEANT [21] is used to simulate the CLEO-
c detector response.

To ensure full understanding of all the inputs to the anal-
ysis, the selection of all double tags involving the decay D →
K −π+π+π− is re-performed, although the selection criteria are 
intended to be identical to those reported in Refs. [4,5]. The full 
list of final states reconstructed is given in Table 1, with π0 → γ γ , 
K 0

S → π+π− , φ → K +K − , η → γ γ , η → π+π−π0 and η′ →
η(γ γ )π+π− . A single new addition to the list of tag modes is 
the abundant decay D → π+π−π0, which has recently been mea-
sured to be very close to a CP eigenstate, with a CP-even fraction 
of F πππ0

+ = 0.973 ± 0.017 [14]. The selection requirements for this 
new mode are similar to those reported in Ref. [14]. In particu-
lar, a K 0

S veto is applied to the π+π− combination, as described 
in Ref. [4], in order to suppress contamination from D → K 0

S π0

decays. This veto rejects candidates where the two-track vertex is 
significantly displaced from the beamspot, or either track has a 
significant impact parameter.

The most significant change in the analysis concerns the sample 
of simulated inclusive D0 D̄0 events used to estimate the contam-
ination from specific background decays that occur in or close to 
the kinematic region where the signal peaks. The sample in the 
new analysis is a factor of two larger than that used in the original 
studies and benefits from updated knowledge of branching frac-

Table 1
D-meson final states reconstructed in the analysis.

Type Final states

Flavoured K −π+ K −π+π+π− K −π+π0

CP even K + K − , π+π− , K 0
S π0π0, K 0

L π0, K 0
L ω, π+π−π0

CP odd K 0
S π0, K 0

S ω, K 0
S φ, K 0

S η, K 0
S η′

Self-conjugate K 0
S π+π−
tions. The singly Cabibbo-suppressed modes D → K 0
S K ∓π± (here 

specifying explicitly the two final states) are a dangerous source of 
background for the like-sign ρK 3π

L S , ρK 3π
Kπ,L S and ρK 3π

Kππ0,L S
observ-

ables since B(D0→K 0
S K +π−)

B(D0→K 0
S K −π+)

∼ O(1), whereas B(D0→K +π−π−π+)

B(D0→K −π+π+π−)
∼

O(10−3) [22]. These modes were incorrectly simulated in the old 
Monte Carlo sample, being generated at a rate that was a factor 
of three lower than the measured branching fractions [22], and 
with a resonant substructure that poorly matches experimental re-
sults [23,24]. Both of these deficiencies are corrected in the new 
simulation. Fig. 1 shows the invariant mass of the π+π− com-
binations, summed over all like-sign double tags, for both data 
and simulation. The selection requirements include a K 0

S veto on 
the π+π− combination in the signal-decay candidate to suppress 
D → K 0

S K ∓π± contamination. A clear peak is seen from the resid-
ual background surviving the K 0

S veto, which is well modelled by 
the new Monte Carlo sample, but was previously described poorly. 
(The old Monte Carlo simulation also contained other deficiencies, 
apparent from poor agreement in other regions of the π+π− mass 
spectrum, but these did not impact directly upon the analysis.)

The event yields after background subtraction are presented in 
Table 2. When appropriate, the contamination from peaking back-
ground is corrected for the small effects of quantum-correlation, 

Table 2
Measured double-tagged yields and statistical uncertainties after background sub-
traction.

Mode K −π+π+π− K −π+

K +π−π+π− 4006.3± 65.0 –

K −π+π+π− 19.7± 6.2 –

K +π− 5203.7± 72.7 1723.1 ±41.8

K −π+ 26.6± 6.2 –

K +π−π0 10598.0 ± 104.8 –

K −π+π0 53.1± 9.1 –

K + K − 542.0 ± 23.4 –

π+π− 244.2± 15.9 –

K 0
S π0π0 299.5± 18.3 223.5 ±15.5

K 0
L π0 839.4± 30.6 703.0±27.9

K 0
L ω 302.8± 19.0 247.3 ±17.0

π+π−π0 1280.0± 37.2 951.9 ±31.4

K 0
S π0 701.3± 26.9 472.5 ±21.8

K 0
S ω 340.7± 19.8 202.0±15.3

K 0
S φ 57.5± 8.0 47.8±7.3

K 0
S η(γ γ ) 135.0 ± 12.1 67.2±8.4

K 0
S η(π+π−π0) 37.5± 7.2 27.2±5.8

K 0
S η′(π+π−η) 40.1± 6.4 31.7±5.7

K 0
S π+π− 2206.4± 48.6 –
Fig. 1. Invariant mass of the π+π− pairs from the D → K −π+π+π− candidates summed over the K −π+π+π− vs. K −π+π+π− , K −π+π+π− vs. K −π+ and K −π+π+π−
vs. K −π+π0 double tags. Data are shown by points, and the simulation by the filled histogram. Left: old simulation used in Ref. [4]. Right: new simulation.
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Table 3
Values of branching fractions and other parameters used in the determination of 
the CLEO-c observables.

Parameter Value Reference

B(D0 → K −π+π+π−) (8.29 ± 0.20)% [25]
B(D0→K +π−π−π+)

B(D0→K −π+π+π−)
(3.25 ± 0.11) × 10−3 [22]

B(D0→K +π−π0)

B(D0→K −π+π0)
(2.20 ± 0.10) × 10−3 [22]

(rKπ
D )2 (0.349 ± 0.004)% [2]

δKπ
D (191.8+ 9.5

−14.7)◦ [2]

x (0.37 ± 0.16)% [2]

y (0.66+0.07
−0.10)% [2]

B(D0 → K + K −) (3.96 ± 0.08) × 10−3 [22]

B(D0 → π+π−) (1.402 ± 0.026) × 10−3 [22]

F πππ0

+ 0.973 ± 0.017 [14]

which are not simulated in the Monte Carlo. The contribution 
of non-peaking background is determined in a data-driven man-
ner, as in the original analysis [4]. The yields for K −π+π+π−
vs. K −π+π+π− , K −π+π+π− vs. K −π+ and K −π+π+π− vs. 
K −π+π0 are all significantly lower than previously reported, be-
cause of the revised estimate for the level of D → K 0

S K ∓π± con-
tamination, which is the dominant source of background for these 
double tags, and is now determined to comprise around 36%, 30% 
and 30%, respectively, of the selected events in each of the three 
samples. For all the other classes of double tags, where the mean 
purity is in excess of 95%, the differences in results with respect to 
the earlier analysis are either negligible, or small and well under-
stood.

The normalisation for the like-sign observables is performed 
through measurement of the corresponding opposite-sign yields 
(e.g. K −π+π+π− vs. K +π−π+π−), which are negligibly modi-
fied by quantum-correlation effects, and from knowledge of the 
ratios of the relevant charm-meson branching fractions. The nor-
malisation for the CP observables ρK 3π

CP± is performed in one of 
two ways. For the D → K +K − and D → π+π− tags the expected 
number of events in the incoherent limit is calculated through 
knowledge of the branching ratios, the total number of D D̄ events, 
as determined through the yield of opposite sign double-tags, and 
the reconstruction efficiency, as measured from simulation. For the 
other tags, where the branching fractions and reconstruction effi-
ciencies are less well known, the normalisation makes use of the 
corresponding number of events where the CP-tag is reconstructed 
together with a D → K −π+ decay. This treatment requires correc-
tions for quantum-correlation effects in the normalisation mode, 
which introduces minor dependence on the D0 D̄0 mixing param-
eters and the ratio rKπ

D between the DCS and CF D → K −π+
amplitudes and accompanying strong-phase difference δKπ

D . Again, 
full details can be found in Ref. [4]. The external values used in 
these determinations, and their sources, are summarised in Ta-
ble 3. There are several small updates with respect to the values 
used in Ref. [5], none of which induce significant changes on the 
results.

The assignment of systematic uncertainties for the inclusive 
tags follows the same procedure as applied in Ref. [4], where 
contributions arise from uncertainties in the external parameters, 
the finite size of the samples used in the various normalisations, 
knowledge of reconstruction efficiencies (relevant only for the dou-
ble tags involving the modes D → K +K − and D → π+π−), as-
sumptions involved in the D → K −π+ normalisation procedure, 
and the potential bias from non-uniform acceptance across the 
phase space of the signal mode. For ρK 3π

CP± and 
K 3π
CP the lead-

ing source of systematic error comes from the uncertainties in 
the yields of the D → K −π+ normalisation samples. An important 
Fig. 2. Results for the ρK 3π
CP+ and ρK 3π

CP− observables for each tag. The error bars give 
the total uncertainty on the individual measurements. The blue bands represent the 
1σ bound on the averaged results for each observable. (For interpretation of the 
references to colour in this figure legend, the reader is referred to the web version 
of this article.)

Table 4
Measured values of the ρ and 
 observables, as determined in the current analysis 
and reported in the previous analysis [5]. Here the first uncertainty is statistical and 
the second systematic.

Observable Measured value Previous result

ρK 3π
CP+ 1.061 ± 0.019 ± 0.028 1.087 ± 0.024 ± 0.029

ρK 3π
CP− 0.926 ± 0.027 ± 0.042 0.934 ± 0.027 ± 0.046


K 3π
CP 0.063 ± 0.015 ± 0.021 0.084 ± 0.018 ± 0.022

ρK 3π
L S 0.757 ± 0.239 ± 0.122 1.116 ± 0.227 ± 0.073

ρK 3π
Kπ,L S 0.719 ± 0.168 ± 0.077 1.018 ± 0.177 ± 0.054

ρK 3π
Kππ0,L S

0.919 ± 0.158 ± 0.098 1.218 ± 0.169 ± 0.062

new component, dominant for the like-sign observables, accounts 
for a ±20% uncertainty in the level of residual contamination from 
D → K 0

S K ∓π± decays. In addition, small new contributions are as-
signed associated with the finite knowledge of the CP-impurity 
in D → π+π−π0 and the potential non-φ contribution to the 
D → K 0

S K +K − sample [15], and incomplete understanding of the 
effects of quantum-correlation on the background sources.

Separate values of ρK 3π
CP± and 
K 3π

CP are calculated for each CP

tag. In the case of π+π−π0 a correction factor of (2F πππ0

+ − 1)−1

is applied to the raw result for 
K 3π
CP to account for residual 

CP-odd contributions to this tagging mode. The individual results 
for ρK 3π

CP+ and ρK 3π
CP− are displayed in Fig. 2. The results for the 

mean value of these quantities, and for the CP-invariant observ-
able 
K 3π

CP , evaluated taking full account of correlations are given 
in Table 4. The χ2 for the twelve measurements in the 
K 3π

CP
combination is 10.3, which indicates good compatibility. The re-
sult for 
K 3π

CP is around 1σ lower than formerly. This shift can 
almost wholly be attributed to the inclusion of the D → π+π−π0

tag, which returns a value for ρK 3π
CP+ lower than that of the other 

CP-even tags, although still compatible. If this contribution is ex-
cluded then the average result becomes 
K 3π

CP = 0.087 ± 0.018 ±
0.023, which is in excellent agreement with that found in Ref. [5].

All the values of the like-sign observables, also presented in 
Table 4, are around 1.5σ lower than before. These shifts are a 
consequence of the improved understanding of the background in-
volving D → K 0 K ∓π± decays.
S
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Table 5
The K 0

S π+π−-tagged signal yields, corrected for relative bin-to-bin efficiency ef-
fects, normalised to the bin of highest efficiency.

Bin Yi Bin Yi

1 354.4 ± 21.3 −1 180.4 ± 15.0
2 217.2 ± 16.1 −2 56.8 ± 8.2
3 183.8 ± 13.7 −3 45.8 ± 7.0
4 62.1 ± 8.3 −4 41.7 ± 6.8
5 179.2 ± 14.5 −5 96.9 ± 10.6
6 110.4 ± 11.3 −6 33.7 ± 6.3
7 290.8 ± 18.9 −7 35.7 ± 6.5
8 293.5 ± 19.1 −8 75.9 ± 9.4

The correlation matrix for the like-sign and 
K 3π
CP observables 

and for those of the analogous quantities for the decay D →
K −π+π0 may be found in Appendix A.

Each double-tagged event involving D → K 0
S π+π− decays is 

subjected to a mass-constrained fit of the tagging candidate in or-
der to determine more reliably its location in the Dalitz plot, and 
hence the bin assignment. The background contamination in this 
sample is below 10% in all bins. A large sample of Monte Carlo 
signal events is used to determine the relative bin-to-bin efficien-
cies, which all differ by less than 5%. The resulting values of the Yi

observables, after background subtraction and relative efficiency 
correction, are presented in Table 5. All sources of systematic bias 
are negligible compared with the statistical uncertainties.

2.3. Fit to the coherence factor and average strong-phase difference

The measured values of the D → K −π+π+π− observables, re-
ported in Tables 4 and 5, are input to a χ2 fit to determine R K 3π , 
δK 3π

D and rK 3π
D . The observable ρK 3π

Kππ0,L S
couples the K −π+π+π−

results to those of the D → K −π+π0 system. Therefore the ob-
servables specific to the latter decay, with values taken from 
Ref. [5], are also included in the fit, and R Kππ0 , δKππ0

D and rKππ0

D
treated as free parameters.1 All known sources of correlation are 
accounted for.

Full expressions relating the inclusive observables to the un-
derlying physics parameters can be found in Ref. [4], and involve 
not only the hadronic parameters of the two multi-body signal 
modes, but also rKπ

D , δKπ
D , x and y. These four latter parame-

ters are therefore also floated in the fit, but with Gaussian con-
straints to the values of external measurements. The ratio of the 
‘wrong sign’ to the ‘right sign’ decay-time integrated branching 
fractions, B(D0→K +π−π−π+)

B(D0→K −π+π+π−)
, is an important additional measure-

ment. This observable can be related to rK 3π
D and the other two 

hadronic parameters, together with x and y, through the time-
integrated form of Eq. (4), as given in Ref. [5] (and analogously for 
the D0 → K −π+π0 quantities). The values of the external mea-
surements taken for the ratios of the branching fractions, and for 
the Gaussian constraints of the additional fit parameters, are listed 
in Table 3.

Equation (5) is used to interpret the Yi observables in terms of 
R K 3π , δK 3π

D and rK 3π
D (and an analogous expression is employed 

for the K −π+π0 case). Here also there are additional parame-
ters, all associated with the K 0

S π+π− system, that are floated in 
the fit with Gaussian constraints. The external values taken for the 

1 In previous studies [4,5] rK 3π
D and rKππ0

D were not fit parameters. The change 
of strategy is motivated by the importance of these parameters in the γ de-
termination, and by the additional information made available through the LHCb 
D → K −π+π+π− mixing analysis [12].
Table 6
Results from the fit to the CLEO-c observables. The uncertainties are the combina-
tion of the statistical and systematic uncertainties. The results from the previous 
update [5], where available, are also shown for comparison.

Parameter Fitted value Previous result

R K 3π 0.53+0.18
−0.22 0.32+0.20

−0.28

δK 3π
D (240+14

−24)◦ (255+21
−78)◦

rK 3π
D (5.69 ± 0.12) × 10−2 –

R Kππ0 0.83 ± 0.07 0.82 ± 0.07

δKππ0

D (168+14
−13)◦ (164+20

−14)◦

rKππ0

D (4.40 ± 0.12) × 10−2 –

Table 7
Correlation coefficients between the parameters in the fit to the CLEO-c observables.

R K 3π δK 3π
D rK 3π

D R Kππ0 δKππ0

D rKππ0

D

R K 3π 1.00 0.48 0.26 0.03 −0.04 0.01

δK 3π
D 1.00 0.45 −0.05 0.26 −0.02

rK 3π
D 1.00 −0.04 0.05 −0.01

R Kππ0 1.00 −0.32 −0.30

δKππ0

D 1.00 0.15

rKππ0

D 1.00

flavour-tagged fractions Ki are those reported in Ref. [5], and arise 
from a study of the results of amplitude models developed by 
the BaBar and Belle Collaborations [26–28,17]. The values of the 
strong-phase parameters ci and si come from quantum-correlated 
measurements performed by CLEO [15].

The best fit values and the correlations for the parameters of 
interest are given in Tables 6 and 7, respectively. Note that the 
precision on rK 3π

D and rKππ0

D is limited by the knowledge of the 
ratios of the branching fractions, rather than the CLEO-c data. Also 
shown are the previously reported results from Ref. [5]. The most 
significant change is in the value of the D → K −π+π+π− coher-
ence factor, which is about 1σ higher than previously. This shift 
is mainly driven by the change in the like-sign observables. As ex-
pected there is very little change in the D → K −π+π0 results, as 
here the only input observable that has evolved is ρK 3π

Kππ0,L S
. The 

reduced χ2 of the fit is 30.3/33, to be compared with 44.4/33 for 
the previous analysis. Hence the compatibility of the input observ-
ables has improved.

Scans of the (R K 3π , δK 3π
D ) and (R Kππ0 , δKππ0

D ) parameter space 
are shown in Fig. 3. In making these plots the values of R and δD

are fixed, while all other parameters are refitted to obtain 
χ2, 
the change in χ2 with respect to the lowest value found.

3. Constraints on the coherence factor and average strong-phase 
difference from LHCb data

The LHCb Collaboration has performed a study of the time-
dependence of the ratio between D0 → K +π−π+π− and D0 →
K −π+π+π− decay rates [12]. Several sets of results are reported, 
including those given in Table 8 from a fit for rK 3π

D and the pa-
rameters a and b, assuming the functional form given in Eq. (4).

Fig. 4 shows a 
χ2 scan of the (R K 3π , δK 3π
D ) parameter space 

obtained from the LHCb results, and imposing Gaussian constraints 
on the mixing parameters x and y according to the measured val-
ues in Table 3. The shape of the contours is significantly different 
to those obtained from the fit to the CLEO-c observables, therefore 
motivating a combined fit of both sets of measurements.
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Fig. 3. Scans of 
χ2 for the fit to the updated CLEO-c observables in the (left) (R K 3π , δK 3π
D ) and (right) (R Kππ0 , δKππ0

D ) parameter space, showing the 
χ2 = 1, 4 and 9
intervals.
Table 8
Results from the ‘unconstrained’ time-dependent 
D0 → K −π+π+π− analysis of LHCb [12].

Parameter Result

rK 3π
D (5.67 ± 0.12) × 10−2

a (0.3 ± 1.8) × 10−3

b (4.8 ± 1.8) × 10−5

Fig. 4. Scan of 
χ2 in (R K 3π , δK 3π
D ) parameter space corresponding to the results 

of the time-dependent D0 → K −π+π+π− analysis of LHCb.

4. Combined fit

The fit described in Sect. 2.3 is repeated with the LHCb 
D0 D̄0-mixing results (reported in Table 8) included as additional 
input measurements. The best fit values for the hadronic param-
eters, and the associated correlations, are presented in Tables 9
and 10, respectively. The reduced χ2 of the fit is 37.1/36. Fig. 5
shows the three possible sets of two-dimensional scans in the 
D → K −π+π+π− hadronic-parameter space; also shown is a scan 
of (R Kππ0 , δKππ0

D ). The inclusion of the LHCb observables improves 
the precision of the D → K −π+π+π− coherence factor signifi-
cantly, but lowers the central value with respect to that returned 
by the CLEO-c fit. In this region the 1σ bound on δK 3π

D is weaker, 
although the results for this parameter become significantly more 
Gaussian in behaviour. The reduction in the uncertainty on rK 3π

D is 
largely driven by the correlation with the mixing parameters x and 
y, which are constrained through external measurements in the fit. 
As expected there are only minor changes in the D → K −π+π0

results compared to those obtained from the fit to the CLEO-c ob-
servables alone.
Table 9
Results from the combined fit to the updated CLEO-c 
and LHCb observables. The uncertainties are the com-
bination of the statistical and systematic uncertainties.

Parameter Fitted value

R K 3π 0.32+0.12
−0.08

δK 3π
D (170+37

−39)◦

rK 3π
D (5.52 ± 0.07) × 10−2

R Kππ0 0.81+0.07
−0.06

δKππ0

D (180+18
−16)◦

rKππ0

D (4.40 ± 0.12) × 10−2

Table 10
Correlation coefficients between the parameters from the combined fit to the up-
dated CLEO-c and LHCb observables.

R K 3π δK 3π
D rK 3π

D R Kππ0 δKππ0

D rKππ0

D

R K 3π 1.00 0.40 −0.33 0.00 −0.14 0.05

δK 3π
D 1.00 0.43 0.13 −0.29 −0.20

rK 3π
D 1.00 0.07 −0.18 −0.11

R Kππ0 1.00 −0.29 −0.33

δKππ0

D 1.00 0.37

rKππ0

D 1.00

5. Conclusions

A re-analysis of the CLEO-c ψ(3770) data set has yielded an 
updated set of observables sensitive to the hadronic parameters of 
the decay D → K −π+π+π− , some of which are significantly dif-
ferent to those reported previously [4,5]. These observables have 
been input to a combined fit, together with measurements from 
a recent LHCb D0 D̄0 mixing analysis [12]. Results are obtained for 
R K 3π , δK 3π

D and rK 3π
D that are significantly more precise than those 

derived from the CLEO-c observables alone. New values and con-
straints are also determined for the hadronic parameters of the 
decay D → K −π+π0. These results will be valuable for improving 
sensitivity to the unitarity triangle angle γ with analyses exploit-
ing B− → D K − decays. The combined fit can be re-performed 
when future measurements of the ψ(3770) observables become 
available from the BESIII Collaboration, or when improved D0 D̄0

mixing results are reported by either LHCb or Belle-II.
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K 3π
CP ρK 3π

L S ρK 3π
Kπ,L S ρK 3π

Kππ0,L S

Kππ0

CP ρKππ0

L S ρKππ0

Kπ,L S


K 3π
CP 1.00 0.01 0.01 0.00 0.60 0.00 0.00

ρK 3π
L S 1.00 0.16 0.19 0.00 0.00 0.00

ρK 3π
Kπ,L S 1.00 0.20 0.00 0.00 0.00

ρK 3π
Kππ0,L S

1.00 0.03 0.02 0.00


Kππ0

CP 1.00 0.03 0.01

ρKππ0

L S 1.00 0.01

ρKππ0

Kπ,L S 1.00
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Appendix A. Correlation matrix for the observables measured 
with the CLEO-c data

The correlation matrix for the D → K −π+π+π− and D →
K −π+π0 inclusive observables is presented in Table A.11. The Yi
observables are all uncorrelated.
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