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Abstract (max 200 words) 23 

 24 

Slow muscle contractions allow muscles to produce maximal force and store the most elastic 25 

energy in series springs.  However, time constraints, such as those experienced during escape and 26 

predation behaviors, may prevent animals from fully contracting their muscles during spring loading. 27 

Here we ask whether animals that have limited time for elastic energy storage operate with springs that 28 

are tuned to sub-maximal muscle contractions. To answer this question, we used a dynamic model of a 29 

muscle-spring system undergoing a fixed-end contraction, with parameters from a time-limited spring-30 

loader (bullfrog: Lithobates catesbeiana) and a non time-limited spring-loader (grasshopper: 31 

Schistocerca gregaria). We found that when muscles have less time to contract, stored elastic energy is 32 

maximized with lower spring stiffness (quantified as spring constant).  The spring stiffness measured in 33 

bullfrog tendons permitted less elastic energy storage than was predicted by a modeled, maximal 34 

muscle contraction.  However, when muscle contractions were modeled using biologically-relevant 35 

loading times for bullfrog jumps (50 ms), tendon stiffness actually maximized elastic energy storage. In 36 

contrast, grasshoppers, which are not time limited, exhibited spring stiffness that maximized elastic 37 

energy storage when modeled with a maximal muscle contraction.  These findings demonstrate the 38 

significance of evolutionary variation in tendon and apodeme properties to realistic jumping contexts 39 

and the importance of considering the effect of muscle dynamics and behavioral constraints when 40 

considering energy storage in muscle-spring systems. 41 

 42 

Keywords: muscle-spring interaction, elastic energy storage, muscle dynamics, time-limited 43 

loading, fixed-end contraction, spring stiffness 44 

 45 

 46 

47 
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Introduction 48 

Muscle contractile force is transmitted to skeletal structures through elastic structures, 49 

inextricably coupling muscle and spring dynamics. Many animals utilize muscles to temporarily store 50 

energy in their springs, such as tendons, and the stored energy can be recovered later to help power 51 

movement. The time available for muscles to load in-series springs is important because stored elastic 52 

energy is proportional to force and muscle force declines with contraction velocity (Hill 1938). Some 53 

animals store elastic energy over long time periods prior to movement (Ritzmann 1973; Ritzmann 1974; 54 

Burrows 2007) while others use power amplification systems with time-limited storage phases (Zajac 55 

1989; Zajac and Gordon 1989; Wilson et al. 2003). 56 

 Given that the time available for spring-loading varies across animals and movement types, the 57 

relationship between spring properties such as spring stiffness (defined as spring constant in this study) 58 

and muscle-loading dynamics may impact performance (Fig. 1).  For example, animals that do not have 59 

enough time to fully load their springs before the onset of movement could maximize elastic energy 60 

storage for submaximal muscle contractions. Few studies have examined the evolutionary variation of 61 

spring properties (Patek et al. 2013; Rosario and Patek 2015), yet the diversity of elastic systems 62 

suggests a range of mechanical, functional and behavioral influences on their form and function.  63 

Here we test whether and how springs are tuned differently to permit maximal energy storage 64 

for time-limited, sub-maximal muscle contractions versus non-time limited, maximal muscle 65 

contractions.  We developed a dynamic muscle-spring simulation of a fixed end contraction (Fig. 1) 66 

and used it to compare time-limited (bullfrog: Lithobates catesbeiana) and non-time limited 67 

(grasshopper: Schistocerca gregaria) jumping systems. Both frogs and grasshoppers require elastic 68 

elements to achieve their high power jumping performance (Bennet-Clark 1975; Marsh and John-Alder 69 

1994; Peplowski and Marsh 1997; Roberts and Marsh 2003). Bullfrogs exhibit time-limited jumps in 70 

which a fast response is necessary, whereas grasshoppers perform longer-term muscle contractions in 71 
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advance of movement and thus are less impacted by time limitations.  We used existing, published data 72 

from these muscle-spring systems (Bennet-Clark 1975; Azizi and Roberts 2010; Sawicki, Sheppard, et 73 

al. 2015) to simulate spring loading over a range of allowable storage times. We addressed the 74 

following two questions: 1) How does variation in the time available for muscle contraction influence 75 

the amount of energy stored in springs with different stiffness? 2) Do the values of spring stiffness of 76 

bullfrogs and grasshoppers maximize energy storage given the distinct loading regimes of their 77 

jumping behavior? 78 

Methods 79 

 We ran simulations of bullfrog and grasshopper muscle-spring systems with varying spring 80 

stiffness’ (ksimulation) and determined which ksimulation resulted in maximal energy storage (kmaxE). We 81 

chose to focus on spring stiffness because this single value determined the relationship between force 82 

and spring stretch. We omitted the duration of muscle contraction using static models and included the 83 

duration of muscle contraction using dynamic models. After all simulations were run, we compared 84 

published results of spring stiffness from bullfrog tendons (kbullfrog) and grasshopper apodeme-cuticular 85 

springs (kgrasshopper) with the results of the simulations. Below, we outline how the simulations predicted 86 

energy storage in muscle-spring systems as a function of ksimulation. 87 

 Two factors, spring stretch (∆xs) and spring stiffness (ksimulation), were required in order to 88 

calculate stored energy: 89 

 ������ = 12
������������� (1) 

Determining ∆xs was complicated by the interaction between muscle and spring. For example, an 90 

increase in ksimulation suggested higher energy storage (Eq. 1); but, springs with higher values of ksimulation 91 

stretch less for a given muscle force. Consequently, it was possible to increase ksimulation such that the 92 

resulting decrease in ∆xs reduced stored energy. Therefore, to account for the interactions between 93 
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muscle and spring, we developed the following muscle-spring model. 94 

Muscle-spring model 95 

 We simulated dynamics within muscle-spring systems by connecting, in series, a model of a 96 

muscle to a model of a spring (Fig. 1). Specifically, we connected a Hill-type muscle to a Hookean 97 

spring (Hill 1938; Zajac 1989; Winters 1990). We kept the muscle properties stiffness across all 98 

simulations while varying the spring stiffness, ksimulation. Muscle and spring models were 99 

mathematically connected and implemented in R (version 3.2.1, Vienna, Austria). In the following 100 

sections, we will explain how different instances of the model were used to predict force and elastic 101 

energy storage over a range of contraction scenarios. 102 

Hill-type muscle model 103 

 We used a Hill-type muscle model to predict muscle force as a function of three factors: muscle 104 

length, muscle velocity, and muscle activation (Zajac 1989). The relative contributions to muscle force 105 

by these three factors are described by Equations 2 - 4: 106 

 107 

����������, ��, � , ! , "# = �$%&
'(()*

+,- . /012$3� ((
4
56
71

 

(2) 

 108 

�8���9��:�;, �8, !8# = 1 − ;;�,1 + ;;�, 4⁄  (3) 

 109 ��9��8������@9���A�9����, ��9�# = B
�9� ⋅ @9���A�9����: ��9� ⋅ @9���A�9���� < 11: ��9� ⋅ @9���A�9���� ≥ 1  (4) 

 110 

where ∆xm is the distance that the muscle contracted; Lo is the muscle rest length, aL, bL, and s are 111 

phenomenological parameters that were fitted to describe the shape of the muscle’s length-tension 112 

curve; v is muscle shortening velocity (∆xm/∆t); vmax is the maximum shortening velocity of muscle 113 
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contraction; tcontraction is the time the muscle has been contracting; and ract is the linear rate of muscle 114 

activation. We used each of these three functions in the Hill-type muscle model to scale maximum 115 

force production; therefore, these functions evaluated from 0 to 1 and represented the fraction of 116 

maximum force that was produced by a single component (i.e., length, velocity, or activation) 117 

independent of all others (Fig. 2). 118 

 Each of the factors impacting muscle force production were combined to estimate muscle force 119 

(Fmuscle) by multiplying the results of Eq. 2 - 4 with each other and the maximum tetanic force of the 120 

muscle (Fmax): 121 

 122 ���9�� = ��, ⋅ ������� ⋅ �8���9��: ⋅ ��9��8����� (5) 

 123 

In this model, maximum tetanic force was generated when each of the constituent effects on muscle 124 

force (Flength, Fvelocity, and Factivation) equaled 1. 125 

Hookean spring model 126 

 We represented the series elastic component of the muscle-spring model with a linear, Hookean 127 

spring. Although biological springs are not Hookean, many springs, including those of bullfrogs and 128 

grasshoppers, approximate linear force-displacement behavior over a significant region of the curve 129 

(Hollinger 2011, Bennet-Clark 1975). For this model, spring force was determined only by the 130 

displacement through which it is stretched (∆xs) and the spring stiffness (ksimulation): 131 

 132 ��GA��� = −
������������ (6) 

 133 
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Static muscle-spring model 134 

 We allowed the muscle and spring models to interact by setting two groups of variables equal: 135 

Fmuscle equaled Fspring, and the muscle shortening length change equaled the negative of spring stretch 136 

length change (i.e., ∆xm = -∆xs ; see Fig. 1 for schematic): 137 

 138 	 	 	��, ⋅ ����������, ��, � , ! , "# ⋅ �8���9��:�;, ;�,# ⋅ ��9��8������@9���A�9����, ��9�# = −
������������ (7) 
 139 

 To simplify the model, variables that described muscle properties (i.e., were only used to 140 

determine the shape of the Hill-type muscle components) were held constant for a given muscle. We 141 

further simplified Eq. 7 to represent a static, steady-state solution by setting the dynamic components 142 

(Factivation and Fvelocity) to 1: 143 

��, ⋅ ����������, ��, � , ! , "# = −
�����������   (8) 

with ∆x = ∆xm = -∆xs. 144 

Solving for ��	 in Eq. 8 resulted in the maximum internal stretch of that particular spring by its 145 

in-series muscle. This value was used to calculate maximum stored elastic energy in the static 146 

simulations, the case in which contraction time to store spring energy is not limited (see Fig. 1 for 147 

schematic). 148 

Dynamic muscle-spring model 149 

 The dynamic muscle-spring model was identical to the static model with one exception: we did 150 

not set Factivation and Fvelocity equal to 1 in Eq. 7. Holding all muscle properties constant and considering 151 

velocity as ∆xm and ∆t resulted in the dynamic model: 152 

	 	 	��, ⋅ ����������, ��, � , ! , "# ⋅ �8���9��:���, Δt# ⋅ ��9��8������@9���A�9����, ��9�# = −
������������ (9) 
 153 
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 154 

Solving for �� at each time step was complicated by the relationship between muscle length 155 

and contraction velocity. This was because �� affected muscle force in two ways. First, �� affected 156 

Flength directly; values of 
+,- .  smaller than 1 (as a result of muscle shortening contraction) decreased 157 

muscle force (Fig. 2). Second, for a given �@, greater values of �� resulted in greater contraction 158 

velocities. This reduced muscle force via Fvelocity (Eq. 3). Given that contractions that caused larger 159 

muscle excursions �� increased force production by the spring and reduced force production by the 160 

muscle (due to both Flength and Fvelocity), the challenge was to determine, at every time step of the 161 

simulation, which value of �� satisfied Eq. 9. 162 

 To satisfy all force, displacement, and velocity assumptions, we employed a numerical 163 

technique that calculated Fmuscle and Fspring for many values of �� at each time step. Starting with the 164 

first time step, we tested 5000 equally spaced �� values corresponding to �� (with units of fraction 165 

of Lo) and plugged them into Eq. 9, and thereby generated many hypothetical combinations of Fmuscle 166 

and Fspring. We then selected the value of �� that resulted in the smallest difference between Fmuscle and 167 

Fspring. We repeated this numerical technique for all subsequent time steps until the muscle and spring 168 

reached static equilibrium (i.e., when the change in muscle length between two time steps fell below an 169 

arbitrary value of 0.0001 Lo). 170 

Inputs to the muscle-spring model 171 

Muscle parameters 172 

 Simulations of a bullfrog and grasshopper were conducted using parameter values for 173 

components of the Hill-type model taken from previous studies (Table 1) (Bennet-Clark 1975; Azizi 174 

and Roberts 2010; Sawicki, Sheppard, et al. 2015). In order to compare results from the bullfrog and 175 

grasshopper, simulated contractions always started at the muscle resting length (bullfrog: Lo= 11.2 mm: 176 

Sawicki et al. 2015; grasshopper: Lo=  4 mm: Bennet-Clark 1975), and all computed length changes 177 
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were converted to and reported as strain (i.e., *Lo
-1
). The shape of Factivation, which was not reported in 178 

the literature, was approximated as a line with slope ract. The slopes of ract were chosen such that 179 

maximum activation occurred within biologically realistic muscle contraction times for both systems 180 

(within 100 to 300 ms). Based on published data, we estimated the duration of muscle contraction 181 

before the onset of jumping (tcontraction) as 50 ms in the bullfrog (Azizi and Roberts 2010) and 300 ms in 182 

the grasshopper (Bennet-Clark 1975). 183 

Spring parameters 184 

 Two values of spring stiffness were defined: 1) the actual experimentally-measured spring 185 

stiffness of the tendon/apodeme-cuticular spring (Kbullfrog or Kgrasshopper depending on the simulation) 186 

and 2) the values of spring stiffness used in the simulation to determine maximal energy storage 187 

(ksimulation). We estimated Kbullfrog as 6.69 N/mm using published data from a fixed-end contraction 188 

(Sawicki, Robertson, et al. 2015). The spring system in grasshoppers was comprised of two springs in 189 

series, the apodeme (arthropod tendon) and the cuticular semilunar process. We calculated Kgrasshopper as 190 

the effective spring stiffness of these two springs (15.37 N/mm) using the following equation:  191 

KLMNOOPQRRSM =	 T7UVWX-X⋅TY1ZT7UVWX-X[TY1Z  (10) 

where Kapodeme and KSLP are the stiffness values of the apodeme (31.4 N/mm) and semilunar process (30 192 

N/mm), respectively (Bennet-Clark 1975). The values of ksimulation were uniformly generated from 5 to 193 

350 N*L0
-1 
increments of 0.1 N*L0

-1
.  194 

Simulation parameters 195 

 We simulated all muscle contractions with time steps of 0.001 s. The total number of steps was 196 

not determined before simulation. Instead, simulations terminated when change in muscle 197 

length reduced to less than 0.001 L0
-1
 between time steps. 198 

Identification of kmaxE 199 

 The determination of the spring stiffness that permitted maximal energy storage in the static 200 
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simulations was straightforward. The value of �� in Eq. 8 was solved for many values of ksimulation. The 201 

stored energy for each simulation was calculated using Eq. 1.  The value of ksimulation that resulted in the 202 

greatest stored energy was recorded as kmaxE. 203 

 Obtaining kmaxE from the dynamic muscle-spring model followed a similar process; however, 204 

the data required an additional pre-processing step. For each time step, �� was calculated for various 205 

values of ksimulation via Eq. 9. 206 

To test the effect of muscle contraction duration (tcontraction), we ran simulations with truncated 207 

duration to exclude time steps that were greater than tcontraction. From the truncated dataset, kmaxE was 208 

determined using the methods above for the static and dynamic muscle-spring models. 209 

Results 210 

Static simulation 211 

 For both the bullfrog and the grasshopper, the amount of stored elastic energy was maximized 212 

for an intermediate spring stiffness (Fig. 4). As ksimulation increased, stored energy rose, leveled off, and 213 

declined. In the bullfrog, the spring stiffness that permitted maximal energy storage (kmaxE; dotted lines 214 

in Fig. 4) equaled 21.10 N/mm, more than double the measured value of bullfrog tendon. The amount 215 

of energy stored with kmaxE and Kbullfrog were 10.30 and 8.68 mJ, respectively (Table 2). In the 216 

grasshopper, kmaxE equaled 18.0 N/mm and the amount of energy stored with kmaxE and Kgrasshopper were 217 

2.23 and 2.21 mJ, respectively (Table 2). 218 

Dynamic simulations  219 

 As tcontraction increased, more elastic energy was able to be stored. For example, maximal elastic 220 

energy stored at 50, 100, and 300 ms was 3.15, 8.16, and 8.68 mJ, respectively for the bullfrog and 221 

0.03, 0.13, and 1.07 mJ for the grasshopper (Table 2). Also, all values resulting from the 5000 ms 222 

dynamic simulation matched those of the static simulation; therefore, because we reached the static 223 

steady-state solution by 5000 ms, we did not simulate muscle contraction past this time step. 224 
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 Similar to the static simulation, dynamic simulations also revealed that an intermediate spring 225 

stiffness resulted in maximal stored energy; however, the value of kmaxE was dependent on tcontraction 226 

(Figs. 3 & 4). Our simulation of the bullfrog muscle-spring system also showed that kmaxE was higher 227 

for faster rates of contraction (Fig. 3); therefore, as a point of comparison between the bullfrog and the 228 

grasshopper, unless otherwise stated, all reported results were taken from simulations at the highest ract 229 

tested, resulting in tetanic contractions occurring in 100 ms.  230 

In the bullfrog, kmaxE for a realistically time-limited contraction (50 ms) was 7.23 N/mm, less 231 

than half that predicted by the static solution (21.10 N/mm).  This difference was a direct consequence 232 

of the force-velocity property of the frog muscle. Additionally, Kbullfrog (7.93 N/mm) was much closer 233 

to kmaxE at 50 ms (7.23 N/mm) than to the kmaxE of the static simulation (21.10 N/mm). Alternatively, 234 

kmaxE in the grasshopper for a biologically relevant contraction duration (300 ms) was 18.0 N/mm, 235 

which matched the result predicted by the static solution (Table 2). Regardless of simulation, as tduration 236 

increased, so did kmaxE until the solution generated by the static solution was reached. This was shown 237 

by the rightward shift of the dotted line in Fig. 4 as time increased. When considering the highest value 238 

of ract used in the simulations, kmaxE did not level out until 150 ms (Fig. 3). Additionally, the peak 239 

values of energy storage all occurred at the highest rates of activation (see Supplementary Material). 240 

Discussion 241 

By simulating the dynamic interaction between muscle and spring during a fixed-end contraction, 242 

we asked two questions: 1) Does reducing the time available for spring-loading affect which springs 243 

stored the most energy? 2) Do the values of spring stiffness in bullfrogs and grasshoppers permit 244 

maximum energy storage based on their contrasting loading regimes? For both the bullfrog and the 245 

grasshopper, the time available for muscle contraction determined which spring stiffness permitted 246 

maximal energy storage. As time restriction increased (i.e., as less time was available for muscle 247 

contraction), the values of spring stiffness that permitted maximal stored energy decreased (Fig. 4). 248 
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Although the greatest amounts of elastic energy were predicted using the static solution, this solution 249 

was not reached until 5000 ms in the grasshopper, a duration of muscle contraction that is much greater 250 

than what occurred in other experiments (Table 2). Consequently, static simulations may be insufficient 251 

to model muscle-spring systems in some cases.  The static solution, however, offered an upper-bound 252 

of kmaxE and maximum stored energy in biological systems.   253 

In both the bullfrog and the grasshopper, empirically-measured values of spring stiffness 254 

matched kmaxE when taking time-limited loading into account. In the bullfrog, dynamic simulation 255 

revealed that when the duration of muscle contraction was restricted to biologically-relevant 256 

contraction durations (50 ms), kmaxE and Kbullfrog were similar (7.23 and 7.93 N/mm, respectively). 257 

Therefore, the incorporation of muscle dynamics into the simulation not only allowed the muscle-258 

spring model to behave in a more realistic way, it countered the results of the static simulation and 259 

suggested that bullfrog tendons maximize energy storage at short timescales. Conversely, results from 260 

the dynamic simulation of the grasshopper muscle-spring system suggested that the grasshopper 261 

spring-system maximized energy at relatively long timescales. In the case of grasshoppers, which load 262 

their springs with longer durations than bullfrogs (300 ms and 50 ms, respectively), the static 263 

simulation provided reasonable estimates of kmaxE and maximal stored energy. These two cases 264 

demonstrated that biological springs can be loaded along a spectrum of durations and that muscle-265 

spring system performance depended on the interaction between storage time available and muscle-266 

spring properties. 267 

 The dynamic simulation of the bullfrog also demonstrated the importance of dynamics for all 268 

rates of muscle activation. At the fastest muscle activations, kmaxE did not level out until 150 ms (Fig. 3); 269 

therefore, bullfrog muscle-spring systems that complete energy storage within 150 ms are more 270 

sensitive to muscle dynamics than those that don't. Given that maximal in vitro activation of bullfrog 271 

muscle is reached in 100 ms (Sawicki, Sheppard, et al. 2015), this further demonstrated the importance 272 

Page 12 of 26

http://mc.manuscriptcentral.com/prsb

Submitted to Proceedings of the Royal Society B: For Review Only



of muscle dynamics in bullfrog spring-systems. 273 

 The results of the dynamic simulations hinted at the importance of spring stiffness to fast 274 

muscle contractions. As muscle contraction duration decreases, the total amount of elastic energy that 275 

can be stored decreased (Fig. 4). Additionally, the sensitivity of kmaxE to muscle dynamics increased as 276 

the duration of muscle contraction decreased (Fig. 3). Therefore, in muscle-spring systems that are 277 

time-limited, properly tuning spring stiffness could help maximize energy in situations in which stored 278 

energy is decreased due to short contraction durations.  In short, as muscle dynamics became more 279 

important, the optimal spring stiffness decreased.  280 

 Given that the results from the simulation were generated by connecting a Hill-type muscle 281 

model to a Hookean spring model, it is important to note the limitations of these constituent models in 282 

the context of this study. The Hill muscle model has been shown to accurately represent general trends 283 

in the relationship between the dynamics of muscle activation and force production (Cofer et al. 2010; 284 

Winters et al. 2011; Richards and Sawicki 2012). This relationship, however, was highly dependent on 285 

activation dynamics (Josephson 1985; Stevens 1996) and may not have been accurately represented in 286 

this study. Instead of focusing on the intricacies of neuronal firing, we simplified muscle activation as a 287 

linear ramp to test, in general, whether muscle activation rate affected time-limited energy storage. To 288 

that effect, the model demonstrated that muscle dynamics played a part in determining which spring 289 

stiffness permited maximal energy storage.  290 

 The results assumed that muscle contracts at rates such that maximal activation occurs within 291 

100 ms. In reality, different jumps from the same animal could vary in muscle activation rate, thereby 292 

affecting the amount of spring stretch. The simulations show that bullfrog muscles that took longer 293 

than 100 ms to reach maximal activation stored less elastic energy for kmaxE (Fig. 3). Because the 294 

simulations were sensitive to variation in muscle activation rate, reported values of Emax and kmaxE 295 

should not be interpreted as exact predictions of optimal bullfrog performance. Nonetheless, these 296 
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values do provide a qualitative view of how muscle and spring parameters interact during time-limited 297 

energy storage. 298 

Another simplification of the model involved the use of a linear spring. Most biological 299 

structures, including bullfrog tendons, exhibit a toe-region of low spring stiffness early in the force-300 

displacement curve followed by a linear region of higher spring stiffness. Many studies remedy this by 301 

measuring spring stiffness in the linear region of the force-displacement curve. Also, it is important to 302 

note that the simulation only predicted the amount of energy stored, but other factors such as mass, 303 

material properties, and morphological lever systems directly impact the unloading of energy 304 

(McHenry et al. 2012; Anderson et al. 2014). 305 

 Our dynamic simulations revealed a phenomenon that potentially affects all spring systems that 306 

are transiently loaded by muscle. That is, muscles that can’t develop isometric force because of time 307 

restriction can achieve significant amounts of elastic energy storage when coupled with springs of 308 

lower stiffness than would be predicted in the static case. For example, because bullfrogs lack 309 

morphological latches, they are not able to load their springs with peak isometric force. Instead, the 310 

bullfrog uses a dynamic catch mechanism, which temporarily resists force via inertial loads and 311 

mechanical advantage about moving joints (Astley and Roberts 2014). The dynamic catch is able to 312 

resist some muscle contraction to permit spring loading, but not long enough for isometric contractions 313 

to develop. With the exception of salamanders, which contain anatomical latches (Deban et al. 2007), it 314 

is likely that vertebrates are inherently subject to time-limited energy storage and potentially benefit 315 

from springs less stiff than expected. 316 

 Conversely, we predict that some invertebrate systems with anatomical latches may operate 317 

with relatively higher spring stiffness that can permit maximal energy storage over long storage times. 318 

Systems that have anatomical latches, and those that use rigid connections of body parts to resist 319 

muscle contraction, can develop isometric contractions during spring loading. For example, both the 320 
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snapping shrimp (Alpheus californiensis) and froghopper (Philaenus spumarius) contain body parts 321 

that lock together to form a latch and have springs that are connected to slow, forceful muscles that 322 

contract isometrically for several seconds (Ritzmann 1973; Ritzmann 1974; Burrows 2007). Given the 323 

amount of power-amplification observed in these systems, it is likely that these muscle-spring systems 324 

are operating with values of spring stiffness that permit maximal energy storage.  325 

In some invertebrate systems, the determination of an optimal spring stiffness can be 326 

complicated by an active latch, in which an antagonist muscle contracts to keep a system latched. 327 

Active latches may permit variation in the amount of stored energy prior to movement(Burrows and 328 

Morris 2001; Burrows 2003; Kagaya and Patek 2016). For example, the bush cricket can use changes 329 

in both joint angle and activation of the latching muscle to determine how much force holds the latch in 330 

place (Burrows 2003). Meanwhile, a larger muscle can load the spring until it exceeds the force of the 331 

latch, thereby initiating movement. Given that the bush cricket can control the amount of energy stored, 332 

it is possible that it operates with a spring stiffness that results in the most stored energy for a wide 333 

range of situations. Although this idea is speculative, this study provides the tools necessary to test this 334 

hypothesis in other active latch systems in future work. 335 

Conclusion 336 

 When testing for maximal energy storage, it is important to consider the dynamic interaction of 337 

muscle and spring. Our simulations revealed that within the realm of biologically relevant timescales, 338 

the more time available for loading by muscle, the stiffer the series spring required for maximum 339 

elastic energy storage. Muscles that load in-series springs over shorter timescales benefit from less stiff 340 

springs. At short timescales, muscle force is small due to low activation and high velocity, and less stiff 341 

springs allow the spring to stretch more for a given amount of force. Thus, it is necessary to determine 342 

the effect, if any, of muscle dynamics on energy storage before concluding whether or not muscle-343 

spring systems maximize energy storage. 344 
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Figure and Table Captions 433 

Table 1. Muscle parameters that were used to create the muscle-spring system were from previously 434 

published data. Together, these parameters define the length-tension and force-velocity relationships of 435 

contracting muscle of bullfrogs and grasshoppers. Bennet-Clark 1975 
(a)
; Azizi and Roberts 2010

 (b)
; 436 

Sawicki, Sheppard, et al. 2015 
(c)
. 437 

 438 

Table 2. As the duration of muscle contraction approaches biologically-relevant durations (bold), kmaxE 439 

becomes closer to the measured spring stiffness (Kbullfrog and Kgrasshopper). Static simulations accurately 440 

model systems that exhibit relatively long loading times such as the grasshopper (grey background). 441 

Dynamic simulations are necessary for systems that exhibit time-limited contraction such as the 442 

bullfrog (white background). 443 

 444 

Figure 1. During a fixed-end contraction of a muscle-spring system, the stored elastic energy depends 445 

on spring stiffness and the force the muscle generates. A) At rest, the maximum force the muscle can 446 

generate (red circle) is much higher than the force of the spring (blue circle). While the muscle 447 

contracts, maximum muscle force (red line) decreases due to the muscle’s length-tension properties, 448 

and the spring is stretched, thereby increasing spring force. Maximum contraction is reached when 449 

maximum muscle force and spring force coincide. B) When given infinite time for contraction, all 450 

spring systems reach maximum contraction and intersect with the muscle’s length-tension curve (red 451 

line). In this example, the stored energy (area of the triangle formed) is higher in the stiffer spring 452 

system (light blue) than the more compliant system (dark blue). C) This relationship changes, however, 453 

when contraction duration is reduced to 75 ms because the muscle doesn’t reach maximum contraction 454 

in this duration. At this shortened duration, the less stiff spring system (dark blue) stores more energy. 455 

Although this demonstration provides proof-of-concept, this relationship remains to be found in 456 

biological systems prior to the present study. 457 
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Figure 2. In the Hill-type muscle model, force depends on three components: length, velocity, and 458 

activation. The contributions of each component are mathematically defined in Eq. 2 - 4. Each plot was 459 

generated using properties of bullfrog plantaris longus muscle. 460 

 461 

Figure 3. Regardless of activation rate, the spring stiffness that permits maximal energy storage (kmaxE) 462 

is dependent on the duration of muscle contraction (tcontraction). For example, kmaxE at 300 ms 463 

(approximating the static, steady state) is higher than kmaxE measured at 50 and 100 ms. For fast 464 

activations, kmaxE is more sensitive at smaller durations of muscle contraction, demonstrated by the 465 

large slope. The fast, intermediate, and slow activations reach maximum activation within 100, 200, 466 

and 300 ms, respectively. Data shown are from the bullfrog model. 467 

 

Figure 4. The duration of muscle contraction (tcontraction) determines whether the spring stiffness of 468 

bullfrog tendon (Kbullfrog, indicated by arrow) permits maximal energy storage. For example, in the 469 

static simulation, Kbullfrog does not coincide with the peak of the curve (indicated by dotted line). 470 

Results from the static simulation suggest that Kbullfrog does not permit maximal energy storage. 471 

Conversely, during time-limited muscle contractions (50 ms), Kbullfrog is closer to the peak of the curve. 472 

The leftward shift of the peak as tcontraction is reduced suggests that muscle-spring dynamics become 473 

increasingly important with shorter durations of muscle contraction. Conversely, in grasshoppers, the 474 

static solution is a close approximation of the results from the biologically-relevant loading time (300 475 

ms). Results from simulations that occur at biologically-relevant loading times are boxed. Note that the 476 

scale of y axes is different in each panel. 477 

  478 
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Tables 479 

Table 1. Muscle parameters that were used to create the muscle-spring system were from previously 480 

published data. Together, these parameters define the length-tension and force-velocity relationships of 481 

contracting muscle of bullfrogs and grasshoppers. Bennet-Clark 1975 
(a)
; Azizi and Roberts 2010

 (b)
; 482 

Sawicki, Sheppard, et al. 2015 
(c)
. 483 

 484 

 485 

Parameter Value for bullfrog Value for grasshopper Definition 

Fmax 42.7 N
 (c)
 13.1 N 

(a)
 Maximum tetanic force 

vmax 124.1 mm/s 
(c)
 7.0 mm/s 

(a)
 Maximum contraction velocity 

L0 11.2 mm 
(c)
 4.0 mm 

(a)
 Resting length of muscle 

tcontraction 100 ms 
(c)
 300 ms 

(a)
 

Time until maximum in vitro muscle 

activation 

aL 2.08 
(b)
 2.08 

(b)
 

Determines shape of length-tension 

relationship 

bL -2.89 
(b)
 -2.89 

(b)
 

Determines shape of length-tension 

relationship 

s -.75 
(b)
 -.75 

(b)
 

Determines shape of length-tension 

relationship 

mass 213.9 – 373.0 g 
(c)
 1.5 – 2.0 g 

(a)
 Range of body mass 
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Table 2. As the duration of muscle contraction approaches biologically-relevant durations (bold), kmaxE 

becomes closer to the measured spring stiffness (Kbullfrog and Kgrasshopper). Static simulations accurately 

model systems that exhibit relatively long loading times such as the grasshopper (grey background). 

Dynamic simulations are necessary for systems that exhibit time-limited contraction such as the 

bullfrog (white background). 

 Bullfrog Grasshopper 

tcontraction (ms) 
kmaxE 

(N/mm) 

Kbullfrog 

(N/mm) 

Emax 

(mJ) 

Ebullfrog 

(mJ) 

kmaxE 

(N/mm) 

Kgrasshopper 

(N/mm) 

Emax 

(mJ) 

Egrasshopper 

(mJ) 

50 7.23 7.93 3.15 3.09 6.5 15.37 0.36 0.33 

100 16.43 7.93 8.16 7.60 6.75 15.37 0.14 0.13 

200 21.06 7.93 10.29 8.68 8.75 15.37 0.53 0.51 

300 21.11 7.93 10.30 8.68 12.0 15.37 1.08 1.07 

5000 21.11 7.93 10.30 8.68 18.0 15.37 2.24 2.21 

static 21.11 7.93 10.30 8.68 18.0 15.37 2.24 2.21 

 486 
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Figure 1. During a fixed-end contraction of a muscle-spring system, the stored elastic energy depends on spring stiffness and the force the muscle generates. A) At rest, 
the maximum force the muscle can generate (red circle) is much higher than the force of the spring (blue circle). While the muscle contracts, maximum muscle force 
(red line) decreases due to the muscle’s length-tension properties, and the spring is stretched, thereby increasing spring force. Maximum contraction is reached when 
maximum muscle force and spring force coincide. B) When given infinite time for contraction, all spring systems reach maximum contraction and intersect with the 
muscle’s length-tension curve (red line). In this example, the stored energy (area of the triangle formed) is higher in the stiffer spring system (light blue) than the more 
compliant system (dark blue). C) This relationship changes, however, when contraction duration is reduced to 75 ms because the muscle doesn’t reach maximum 
contraction in this duration. At this shortened duration, the less stiff spring system (dark blue) stores more energy. Although this demonstration provides proof-of-
concept, this relationship remains to be found in biological systems.
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Figure 2. In the Hill-type muscle model, force depends on three components: length, velocity, and activation. The 
contributions of each component are mathematically defined in Eq. 2 - 4. Each plot was generated using properties of 
bullfrog plantaris longus muscle.
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Figure 3. Regardless of activation rate, the spring stiffness that permits maximal 
energy storage (kmaxE) is dependent on the duration of muscle contraction 
(tcontraction). For example, kmaxE at 300 ms (approximating the static, steady 
state) is higher than kmaxE measured at 50 and 100 ms. For fast activations, kmaxE 
is more sensitive at smaller durations of muscle contraction, demonstrated by the 
large slope. The fast, intermediate, and slow activations reach maximum activation 
within 100, 200, and 300 ms, respectively. Data shown are from the bullfrog model.
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Figure 4. The duration of muscle contraction (tcontraction) determines whether the spring stiffness of bullfrog tendon 
(Kbullfrog, indicated by arrow) permits maximal energy storage. For example, in the static simulation, Kbullfrog does not 
coincide with the peak of the curve (indicated by dotted line). Results from the static simulation suggest that Kbullfrog does not 
permit maximal energy storage. Conversely, during time-limited muscle contractions (50 ms), Kbullfrog is closer to the peak of 
the curve. The leftward shift of the peak as tcontraction is reduced suggests that muscle-spring dynamics become increasingly 
important with shorter durations of muscle contraction. Conversely, in grasshoppers, the static solution is a close approximation 
of the results from the biologically-relevant loading time (300 ms). Results from simulations that occur at biologically-relevant 
loading times are boxed. Note that the scale of y axes is different in each panel.
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